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Summary 

Statement of problem studied 
This research effort was a multi-pronged effort to develop integrated nanomechanical 
and nanoelectronic devices, to explore what new types of physics could be investigated 
using the integrated devices. The main goal was to create a coupling between the 
electronic and the mechanical degrees of freedom (phonons), that could be detected 
either by its effect on the dc transport properties of the electronic device, or by direct 
detection at the resonant frequency of the mechanical structure.  
 
Our efforts were therefore directed at a number of different areas: fabrication of 
mechanical devices using materials with strong piezoelectric effects (GaAs and AlN); 
fabrication of electronic devices with potentially strong coupling to phonons, either 
through the piezoelectric effect or through deformation potential coupling (quantum dots 
and Josephson junctions), and fabrication of electronic devices with strong coupling to 
the charge (single electron transistors, SETs). The various electronic devices were 
integrated in a number of different ways with mechanically suspended structures. In 
addition to the experimental effort, we also spent some effort developing theoretical 
models and approaches for understanding and predicting some of the behavior in these 
types of structures. 
 

Summary of important results 
Over the course of this project we have developed a large number of experimental and 
theoretical concepts in a number of different areas. We have developed two major 
materials systems for applications in nanomechanical/nanoelectronic systems (AlN and 
GaAs). We have implemented a number of electronic devices integrated with 
nanomechanical structures (quantum point contacts, quantum single and double dot 
structures, Josephson tunnel junctions, single electron transistors). We have developed 
and measured the phonon conductance and electron phonon coupling using a variety of 
SIN tunnel junction structures, both at quasi-dc and at radio frequencies, the latter 
allowing us to probe the time dynamics of the electron-phonon coupling. We have 
theoretically developed concepts relating to phononic band gaps analogous to photonic 
band gaps, an architecture for coupling Josephson phase qubits with nanomechanical 
resonators for phase-coherent communication and phase state storage, and a 
piezoelectric coupling scheme for SETs coupled to a piezoelectric beam of GaAs. 
 
Significant accomplishments included the development of a quantum-point contact 
displacement sensor, demonstrated at 4.2 K but in principle operable at room 
temperature; quasi-dc and radiofrequency thermometry allowing us to measure the 
static and dynamic temperature in a mechanically suspended structure, as well as the 
phonon conductance through highly transmissive supporting beams. 
 
One of the more notable successes was in strongly coupling a SET to a doubly clamped 
mechanical resonator, with detection through the capacitive coupling of the resonator to 
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the gate of the SET. With this approach, we were able to detect displacements of the 
resonator with as small as 23 fm amplitude, and the displacement noise we achieved 
was about 2x10-15 m/Hz1/2, only a factor of 100 above the quantum noise limit for that 
beam, with a resonance frequency of 116 MHz. A 1 GHz beam would have a bit more 
than three times the displacement noise and therefore its quantum noise would be only 
roughly one-twentieth that of our displacement detector. This result was published in the 
journal Nature, and had significant impact in the media, with articles in the New York 
Times and various on-line technical newsletters. The future direction for this work would 
be to attempt the same measurement with a higher frequency resonator, improve the 
coupling to reduce the effect of the noise, and to then attempt squeezing both in the 
thermal and quantum regimes. 
 
Overall under this program we published one Nature article, six Applied Physics Letters, 
one Physical Review B brief communication, one Journal of Applied Physics article, and 
have one manuscript submitted to Phys. Rev. Lett. In addition we have one manuscript 
in preparation for Phys. Rev. Lett., and two in preparation for Phys. Rev. B.  
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We now turn to a summary of the various areas we worked on over this program. I will 
only describe the more interesting areas of development; I have attached copies of all 
the publications and manuscripts, which can be referred to for more information about 
areas not discussed, and of course for more detail on the areas that are described here. 
 

Materials development 
We focused here on two materials systems, aluminum nitride (AlN) and gallium 
arsenide (GaAs).  
 
Aluminum nitride resonators  
AlN is an interesting material because it has a strong piezoelectric coefficient and is 
also quite stiff and quite light, making it an ideal material for high frequency mechanical 
resonators. The strong piezoelectric coefficient makes it potentially useful for coupling to 
electronic devices through the induced polarization when a mechanical element is under 
strain.  
 
Experimentally, we investigated the use of single-crystal AlN as a resonator material; 
this work was published as “Single-crystal aluminum nitride nanomechanical 
resonators”, A.N. Cleland, M. Pophristic and I. Ferguson, Appl. Phys. Lett. 79, 2070 
(2001). The AlN was grown by MOCVD on single crystal silicon, a simple materials 
system that lends itself well to nanofabrication using fairly standard techniques. AlN can 
be grown c-axis oriented on <111> oriented Si, without too many defects (most of the 

defects are threading dislocations due 
to the lattice mismatch). We grew 0.17 
µm thick films on bulk (350 µm thick) 
Si wafers. These were then patterned 
using a single layer of electron beam 
lithography: A pattern of wire bond 
pads and single wire (Au) electrodes 
were patterned in PMMA, and a metal 
trilayer of Ti adhesion (3 nm thick), a 
35 nm Au film, and a 60 nm Ni film; 
the Ni served as an etch mask for the 
anisotropic reactive ion etch of the 
AlN. Beam lengths ranged from 3.6 to 
5.9 µm, with 0.2 µm widths. The ends 
of the beams were defined by a step 
increase in the width to 2.4 µm. The 
electrode pattern was transferred to 
the AlN film using anisotropic Cl2 
based reactive ion etching (RIE). The 

AlN etch rate was approximately 150 nm/min, with very vertical sidewalls. The etch rate 
for the Si substrate and the Ni mask was negligible in these conditions. 
 

 
Figure 1. Series of four AlN beams, with the 
undercut lengths ranging from 3.9 to 5.6 µm. 
The beams are 0.17 µm thick, and the widths 
are 0.2 µm, increasing to widths of 2.4 µm at 
either end. 
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The Ni was then removed using a 
commercial Ni etchant, and the structures 
released by etching the Si substrate with an 
isotropic wet etchant. A 15 second etch was 
sufficient to mechanically free the 
resonators; the structures were rinsed in 
methanol, and dried in air. An electron 
micrograph of a set of completed beams is 
shown in Figure 1.  
 
Electrical contacts to the completed 
resonators were made with Au wire bonds, 
and the structures were placed in a vacuum 
can, which was evacuated and then 
submerged in liquid helium, in the bore of 
an 8 Tesla magnet. The resonators were 
oriented with the plane of the sample 
parallel to the magnetic field, allowing a 
magnetomotive measurement of the beam 
resonance frequency and quality factor. A typical measurement is shown in for a 3.3 µm 
long beam, displaying a clear resonance at 82 MHz with a quality factor Q = 2.1 x 104. 
Varying the magnetic field for a fixed rf drive power shows the expected quadratic 
dependence on magnetic field, shown inset in the figure. 
 
These resonators can be made with resonance frequencies in the range from a few 
MHz up to well over 1 GHz. Displacement was measured using the magnetomotive 
technique, as described above. However, the strong piezoelectric signal affords the 
possibility of sensing motion using a polarization sensitive device, such as a field effect 
transistor, a quantum point contact or a SET. 
 
Gallium Arsenide resonators 
We have fabricated a number of quite different structures from GaAs, ranging from 
simple beams, to beams with integrated quantum point contacts and double quantum 
dots. The latter structures included, in a heterostructure, a two-dimensional electron gas 
that was etched and suspended along with the underlying and overlying GaAs, such as 
shown in Figure 3. These structures were fabricated with a combination of optical and 
electron beam lithography, metal deposition and Ohmic contact annealing, and 
anisotropic etch mask definition followed by etch.  
 
The structure was etched from a single-crystal GaAs heterostructure grown by 
molecular beam epitaxy, comprising a bulk <100> GaAs wafer, 700 nm of Al0.7Ga0.3As 
(the sacrificial layer), 600 nm of GaAs, 40 nm of Al0.3Ga0.7As, a Si delta-doped layer, 70 
nm of Al0.3Ga0.7As, and a 10 nm GaAs capping layer. The suspended mechanical 
structure includes all layers above the sacrificial layer (see below). The two-dimensional 
electron gas (2DEG) in which the QPC or quantum dot is formed is at the lower GaAs- 
Al0.3Ga0.7As interface, where similar samples had a carrier density of 1.4x1015/m2, and a 

Figure 2. Measured resonance of a 3.9 
µm long beam, measured at 4.2 K in a 
transverse magnetic field of 8 T. Applied 
rf power was -85 dBm. Inset: Measured 
resonance for a constant rf power of -75 
dBm, while varying the magnetic field 
through integer values from 1 T (smallest 
peak) to 8 T (largest peak). 
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mobility of 40 m2/V-s at 4.2 K. In our device, the 2DEG mobility was significantly 
degraded by processing. 
We used photolithography to define a set of NiAuGe ohmic contacts to the 2DEG. Next 
electron-beam lithography was used to define Ti/Au (5 nm/40 nm) electrodes for the top 
gates, as well as for actuation of the mechanical structure. A second photolithography 
step defined Ti/Au (5 nm/110 nm) wire-bond pads to make contact with the metal 
electrodes and ohmic contacts. A second electron beam lithography step then defined 
the structural masking layer. The unmasked area of the heterostructure was etched 
using SiCl4-based reactive ion etching, etching to a depth of about 800 nm, almost 

through the sacrificial layer. The sacrificial layer 
was then etched using a timed submersion in 
concentrated hydrochloric acid, followed by a 
10% solution of hydrofluoric acid. This resulted 
in a structure with a suspended thickness of 
0.72 µm. 
 
Resonator frequencies similar to those for the 
AlN resonators are easily achieved. In addition 
we hoped to observe thickness (dilatational) 
resonances in the quantum dot structures 
shown in Figure 3, but were not successful in 
that attempt (see below). We were successful in 
coupling a QPC to a resonator’s piezoelectric 
signal, where the flexural motion of the 
resonator would modulate the QPC 
conductance. This approach is nominally 
capable of achieving the quantum limit of 
detection. This work was published as  
“Nanomechanical displacement sensing using a 

 
Figure 3. Double quantum dots patterned in a mechanically suspended GaAs beam 
resonator. Left shows large-scale view with bond pads, right shows close up of 
suspended section. 

 
Figure 4. SEM micrograph of the 
QPC electrodes defined on the 
surface of a suspended beam. The 
magnetic field is used for 
magnetomotive actuation is 
indicated, as is the direction of 
flexure ∆z. Inset: Larger scale image 
of the structure, with the dotted line 
outlining the suspended area. 
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quantum point contact”, A.N. Cleland, J.S. Aldridge, D.C. Driscoll and A.C. Gossard, 
Appl. Phys. Lett. 81, 1699 (2002). 
 
In Figure 4 we show a successful QPC integrated with a 10 MHz mechanical resonator; 
the entire structure in the dotted outline is suspended. QPC’s can be formed at either 
end of the resonator by applying negative voltages to the appropriate top-surface 
electrodes. 
 
One difficulty is that a QPC cannot easily be used to read out at high frequencies, due 
to its intrinsic high electrical resistance. We therefore employed the QPC as a mixer, 
using the nonlinearity of the intrinsically fast device to mix the output signal down to 
acoustic frequencies with a local oscillator signal. In Figure 5 we show the circuit 
schematic used to accomplish this, along with a series of resonance curves for the 
response of the QPC when the beam was driven using the magnetomotive effect. 
 
We can estimate the displacement 
sensitivity of the QPC from our 
measurements; using the magnetomotive 
reflectance measurements, we can 
calculate the midpoint displacement ∆z of 
the structure, and from the corresponding 
magnitude of the IF current, we find the 
responsivity of about 28 ∆z nA/µm. Our 
current detection is limited by the voltage 
noise in the IF preamplifier, and 
corresponds to a noise of 3x10-12 m/Hz1/2, 
better than what is achieved with optical 
interferometry. The corresponding force 
noise is about 0.3 nN/Hz1/2. The sensitivity 
improves with reduction in size scale, due 
to the increase in strain for a given 
displacement. Our device geometry allows 
for significantly smaller structures, with 
correspondingly higher frequencies, 
potentially approaching 1 GHz. The delicate 
sensitivity of the QPC can therefore potentially be employed as a quantum-limited 
displacement sensor, and allow the entanglement of a phase-coherent electron 
transmission sensor with a mechanical resonator. 

Strongly coupled electronic devices 
We worked on a number of different approaches to achieve strong coupling between 
electrons and phonons in these systems. Our approaches included superconductor-
insulator-superconductor (SIS) Josephson junctions, superconductor-insulator-normal 
metal (SIN) tunnel junctions, quantum point contacts, single- and double-quantum dots, 
and single electron transistors (SETs). We used a number of different diagnostics to try 
and observe electron-phonon coupling and thereby quantify the coupling. The main two 

 
Figure 5. (a) Measurement schematic for 
electrostatic drive and detection using the 
QPC. The LO drive signal is capacitively 
coupled to electrode 1, and is amplitude 
modulated at the IF frequency of 13.7 Hz. 
The QPC current is lock-in detected with 
the IF signal as a reference. (b) IF current 
through the QPC for a range of applied LO 
powers. The remnant magnetic field is 
estimated from magnetomotive 
measurements to be less than 0.01 T. 
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approaches were to look for effects in dc transport, such as features due to opening a 
new channel for energy loss, or understanding the detailed behavior in terms of thermal 
transport between the electron and phonon systems, and measuring effects at radio 
frequencies, using the electronic device as a direct detector of a signal from a high Q 
mechanical resonator vibrating on resonance. 
 
Quantum point contacts.  
We described the quantum point contact experiment above, in the section on GaAs 
materials-based resonators. This work was published as  “Nanomechanical 
displacement sensing using a quantum point contact”, A.N. Cleland, J.S. Aldridge, D.C. 
Driscoll and A.C. Gossard, Appl. Phys. Lett. 81, 1699 (2002) 
 
Single-electron transistor coupled to resonator 
This experiment was developed in stages. We first had to determine how to extract 

radio frequency signals from the SET, 
with frequencies up to 1 GHz. This was 
accomplished by developing a technique 
for using the SET as a mixer, driven by a 
local oscillator provided by an external 
RF signal. Our first implementation of this 
allowed us to demonstrate mixing to 300 
MHz (R.G. Knobel, C.S. Yung and A.N. 
Cleland, Appl. Phys. Lett. 81, 532 
(2002)); later implementations worked to 
well above 700 MHz. 
 
For this experiment, we used a 
lithographically patterned SET, 
comprising two Al/AlOx/Al tunnel 
junctions and two interdigitated coupling 
capacitors, fabricated using electron 
beam lithography and shadow 
evaporation. The device was fabricated 
on a GaAs heterostructure, to allow for 
in-situ fabrication of nanomechanical 
structures. 
 
The device was mounted on a dilution 
refrigerator and cooled to 30 mK. All 
leads were filtered with metal powder 
filters and source and drain leads with 
RC filters at 1.5 K and at room 
temperature. The SET was operated as a 
mixer both in the superconducting state, 
and in the normal state, in a magnetic 
field of 1 Tesla. The relatively large value 

 
Figure 6. (a) Schematic diagram for mixing. 
The gate charge is set for maximum current 
(dashed vertical line), and a signal and (for 
heterodyne mixing) local oscillator voltage 
are coupled to the gate. (b) Mixing circuit 
schematic for both homodyne and 
heterodyne mixing. The SET is in the 
dashed box in the center. (c) Homodyne 
detector signal at dc, measured as a 
function of signal voltage. The signal at 20 
MHz was applied to gate 2, while the SET 
was in the superconducting state. Points are 
experimental data, the dashed line is the 
expected Bessel function response. (d) 
Heterodyne mixing spectral density about 
152.15 Hz, with the SET in the normal state. 
Vertical axis is in units of input signal 
charge spectral density. 
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of the SET resistance limited the noise performance and output bandwidth. 
 
The homodyne response is shown in Figure 6(c) for gate 2 at 20 MHz.  A fit to the 
expected dependence is also shown; the zeroes in the response allow us to calibrate 
the signal voltage. The non-zero capacitance between the gate and source-drain leads 
can rf-modulate the source-drain voltage as well. 
 
For heterodyne mixing, the signal voltage is applied to one gate, and a local oscillator 
voltage is applied to the other gate. The source-drain current is modulated by both 
signals, and a current generated at the intermediate (difference) frequency. The IF 
signal (magnitude and phase) was detected using a lock-in amplifier, whose reference 
signal was generated by a separate mixer, shown in Figure 6(b). High-pass filters 
ensured that this reference signal was not transmitted to the SET. The measured 
spectral response is shown in Figure 6(d), showing the peak at the IF frequency as well 
as the sideband noise. 
 

We also measured the 
heterodyne mixer 
amplitude as the dc 
source-drain voltage and 
dc gate voltage are varied. 
The e periodicity in CgVg is 
observed, and the 
dependence on VSD has 
the expected maximum 
near e/2C. The gain of the 
device is tunable by 
varying the dc gate bias, 
source-drain voltage, and 
oscillator power. The IF 
response was calculated 
using an analytic model for 
the SET, and the 
measured response 
follows the predicted 

behavior, but is approximately a factor of 2 smaller than calculated. At present we do 
not understand this discrepancy. 
 
Figure 7 shows the frequency dependence of the mixer signal, for fixed IF and constant 
LO and signal power. The figure shows a measurable signal up to 300 MHz, limited by 
the cutoff frequency for this device. Figure 7(b) shows the 250 Hz output bandwidth for 
the SET. This bandwidth can be increased by lowering the junction resistance, 
operating in the superconducting state, or reducing the cable capacitance. Use of a 
closely coupled preamplifier or tuned LC circuit could further increase the output 
bandwidth. Noise measurements near the intermediate frequency at optimum gain yield 

 
Figure 7. (a) Mixing signal amplitude as a function of LO 
frequency at constant IF frequency; the signal and LO 
powers were -68 dBm and -61 dBm respectively. The low 
frequency rolloff is due to high-pass filtering, and the high 
frequency rolloff due to the device limitation. The dashed 
line is a guide to the eye. (b) Mixing signal as a function of 
IF frequency for an LO frequency of 50 MHz. The dashed line 
is a fit giving a -3 dB single-side bandwidth of 250 Hz. 
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a signal charge sensitivity of 4x10-3 

e/Hz1/2, limited by noise in the room-
temperature electronics. 
 
Developing this mixer system then 
allowed us to employ the SET as a 
displacement sensor for a 
radiofrequency mechanical resonator. 
It has been a long-standing goal to 
detect the effects of quantum 
mechanics on a macroscopic 
mechanical oscillator. Position 
measurements of an oscillator are 
ultimately limited by quantum 
mechanics, where ``zero-point 
motion'' fluctuations in the quantum 
ground state combine with the 
uncertainty relation to yield a lower 
limit on the measured average 
displacement. Developing a position 
transducer, integrated with a 
mechanical resonator, which can 
approach this limit would have 

important applications in the detection of very weak forces, for example in magnetic 
resonance force microscopy as well as in a variety of other precision experiments. One 
implementation that might allow near quantum-limited sensitivity is to use a single 
electron transistor (SET) as a displacement sensor. In this technique, the exquisite 
charge sensitivity of the SET at cryogenic temperatures is exploited to measure motion 
by capacitively coupling it to the mechanical resonator.  We achieved the first 
experimental realization of such a device, yielding an unequalled displacement 
sensitivity of 2x10-15 m/Hz1/2 for a 116 MHz mechanical oscillator at a temperature of 30 
mK, a sensitivity roughly a factor of 100 larger than the quantum limit for this oscillator. 
 
Our device consists of a 3 µm long x 250 nm wide x 200 nm thick doubly-clamped beam 
of single-crystal GaAs, capacitively coupled to an aluminum SET, located 250 nm from 
the beam. The beam was patterned using electron beam lithography and etched from a 
GaAs heterostructure using a sequence of reactive ion etching and dilute HF wet 
etching. The SET was formed through double-angle shadow evaporation, using a 
pattern defined in a second step of electron-beam lithography. The device was mounted 
on a dilution refrigerator and cooled to 30 mK. All electrical leads were filtered. An out-
of-plane 8 T magnetic field was applied to drive the aluminum out of the 
superconducting state, and to provide a field for actuation and sensing of the beam 
motion. 
 
The beam was driven using the magnetomotive technique, in which an alternating 
current through the beam electrode, along its length in the presence of the magnetic 

 
Figure 8. The device used in the experiment. (a) 
Scanning electron micrograph of the device, 
showing the doubly-clamped GaAs beam, and 
the aluminum electrodes (colorized) forming the 
single electron transistor and beam electrode. 
The scale bar is 1 µm long.  The Al/AlOx/Al 
tunnel junctions have approximately 50x50 nm2 
overlap. The inset (b) shows a schematic of the 
operation of the device. 
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field, generates a Lorentz force. We 
measured the induced electromotive 
force (EMF) developed along the beam 
due to its resulting motion through the 
magnetic field by measuring the 
reflected and transmitted power. The 
beam vibrates in its fundamental in-
plane mode with a resonant frequency 
of 116.7 MHz. The measured EMF fits 
well to a Lorentzian function with a 
quality factor of 1700. The beam 
displacement is related to the EMF. We 
thus determine the displacement as a 
function of power, yielding the 
resonator mass m = 2.84 x 10-15 kg and 
effective spring constant k = 1530 N/m. 
The device is shown in Figure 8. 
 
Figure 9 (a) shows the mixer signal for 
a drive power of -125 dBm. Using the 
magnetomotive calibration, this 
corresponds to an extrapolated 
amplitude of 2.3x10-14 m on resonance. 
The charge detected by the SET is due 
to the change in coupling capacitance 
times the beam voltage, as well as 
secondary signals due to the induced 
EMF, and capacitively coupled charge 
due to cable resonances and ohmic 
losses. The former is very small 
compared to the direct signal (less than 
1%), and the second varies slowly with 
frequency. Thus the total signal 
detected by the SET has the form of a 

Lorentzian, plus a background with an arbitrary phase. 
 
The quality factor Q and resonant frequency obtained using the SET were the same as 
those from the magnetomotive technique, and the amplitude varied as P1/2. The SET 
response is found to be 9.9 V/µm, proportional to the displacement, when the SET is 
biased optimally, with a LO frequency offset from the beam drive signal by 151 Hz.  As 
the SET gate voltage is varied from the optimum value, the sensitivity decreases and 
interference with the background becomes more pronounced. The resonant signal 
decreases linearly with magnetic field, and increases linearly with beam voltage. 
 
The detector noise is about 100 times larger than the thermal noise of the measured 
beam, and about a factor of 20 larger than the quantum noise in a 1 GHz resonator with 

 
Figure 9. Single electron transistor 
measurement of the beam motion.  (a) 
Intermediate frequency voltage (SET mixer 
output) as a function of beam drive frequency, 
for P = -125 dBm drive power. The solid line is 
a fit to a Lorentzian plus linear background 
with arbitrary phase.  The  beam electrode had 
a dc voltage of 5 V, the LO power was -70 
dBm, and the IF was 151 Hz. The SET gate 
voltage was tuned to give maximum signal. 
(b) IF voltage for P = -115 dBm drive power, as 
a function of dc gate voltage and drive 
frequency. The slowly varying background 
interferes with the resonance signal, whose 
phase varies with the gate voltage. 
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Q=104.  By using improved electronics and impedance matching, the second-stage 
noise could be reduced by roughly a factor of ten, and better lithography could reduce 
the SET-beam separation, increasing the SET response.  A higher quality factor would 
yield larger signals in both the thermal and quantum limits; experimentally the Q is 
observed to reduce as the resonators are made smaller, at least partly due to surface 
damage and contamination. Flash heating of resonators in vacuum has been 
demonstrated to yield significantly higher quality factors, a technique that could be 
applied here.  The expected increase in displacement sensitivity using a combination of 
these techniques could, in a second-generation device, allow measurement in the 
quantum-limited regime. 
 
Hence we have demonstrated an ultrasensitive, potentially quantum-limited 
displacement sensor based on a single-electron transistor, enabling us to read out the 
motion of a nanomechanical resonant beam at its resonant frequency. The device has a 
displacement sensitivity of 2.0x10-15 m/Hz1/2 at the 116.7 MHz resonant frequency of the 
mechanical beam, limited by the noise in the conventional electronics. 
 

SIN thermometric tunnel junctions 
One important question relates to the coupling 
strength between electrons and phonons in a 
mechanically suspended structure. We 
therefore pursued a number of measurements 
to try and quantify this coupling, using 
primarily normal metal-insulator-
superconductor (NIS) tunnel junctions, with 
which the temperature of the electrons can be 
determined from the zero-bias conductance. 
We therefore have built a number of structures 
that allow us to heat the electrons and the 
phonons, and from thermal measurements 
extract the coupling. 
 
The primary experiment was published as 
“Thermal conductance and electron-phonon 
coupling in mechanically suspended 
nanostructures”, C.S. Yung, D.R. Schmidt and 
A.N. Cleland, Appl. Phys. Lett. 81, 31 (2002). 
A more recent experiment showed how to 
implement the thermometer at radio 
frequencies, published as “Nanoscale radio-
frequency thermometry”, D.R. Schmidt, C.S. 

Yung and A.N. Cleland, Appl. Phys. Lett. 83, 1002 (2003). We have since completed an 
experiment where the electron-phonon coupling could be measured in a dynamic 
fashion, allowing us to watch in time domain as a pulse energy dissipated from the 
electrons into the phonons with few-nanosecond time scale. This work is submitted to 

 
Figure 10. Micrograph of suspended 
structure, with 1 µm scale bar. Top 
left: Log spiral antenna for coupling 
radiation to the device. Bottom: 
Schematic of device, indicating the 
GaAs suspended island, the six 
supporting legs, the SIN tunnel 
junctions and the ohmic SN contacts. 
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Phys. Rev. Lett., “Direct temporal 
measurement of hot-electron 
relaxation in a phonon-cooled metal 
island”, D.R. Schmidt and A.N. 
Cleland. 
 
We demonstrated the integration of 
SIN tunnel junctions with a nanoscale 
suspended single-crystal GaAs 
structure, allowing us to measure the 
electron-phonon coupling in a normal 
metal film on the suspended 
structure, as well as measure the 
phonon thermal conductance through 
the supporting legs. Our device can 
be applied to e.g. infrared bolometry. 
 
The device was fabricated from a 
GaAs/AlGaAs heterostructure 
consisting of a 200 nm GaAs top 

layer and a 400 nm Al0.7Ga0.3As sacrificial layer, on a bulk GaAs substrate. The lateral 
dimensions of the mechanical structure were defined using electron-beam lithography to 
pattern an etch mask, used for a timed anisotropic reactive ion etch of the GaAs 
heterostructure. We used SiCl4 to etch to a depth of 400 nm. The structure is shown in 
Figure 10; the six supporting legs are 
0.2x0.2x0.3 µm3, and the central GaAs 
island is 0.2x5x6 µm3. The AlGaAs 
layer was removed with a timed wet, 
undercutting the island and six legs. 
The tunnel junction circuit was defined 
on the surface of the suspended 
structure, using a second step of 
electron-beam lithography to create a 
stencil mask for angled shadow 
evaporation. These included a pair of 
SIN tunnel junctions connected back-
to-back in a SINIS pair configuration, 
and a separate SINIS pair with two 
ohmic superconductor-normal metal 
(SN) contacts to the center normal 
metal element. Only (superconducting) 
Al was deposited on the support legs, 
minimizing the thermal conductance. 
The tunnel junctions can be used as 
SINIS junction pairs, or, using the SN 
contacts, as single SNIS junctions. 

 
Figure 11. Electron temperature measured as 
a function of power dissipated in the normal 
metal, measured at 0.025 K, 0.24 K, 0.3 K, 0.4 
K, and 0.5 K (indicated by the intercept). The 
0.025 K data intercepts Tel at 0.15 K; solid 
lines are fits to the data. Inset is a diagram of 
the measurement setup. 

 
Figure 12. Island temperature as a function of 
power dissipated in the island phonon gas, 
measured at 25 mK (circles) and 50 mK 
(triangles). Solid line is a fit to the data, yielding 
a phonon mean free path of 7.7 µm.  The long 
dash line is for a 1 µm mean free path for 
comparison. The quantum of thermal 
conductance is indicated by the short dashed 
line. 
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We measured the electron-phonon coupling by passing a dc current through the two SN 
contacts, heating the normal metal, and monitoring the electron temperature Tel using 
one of the SNIS junctions. The SIN junction, located 5 µm from the dc injection point, is 
ac biased to allow a lock-in measurement of the zero-bias conductance, extracting the 
electron temperature. Negligible measurement power was dissipated. Figure 12 shows 
Tel as a function of power, for different mixing chamber temperatures. The solid lines are 
fits to the standard bulk hot electron form, in agreement with previous measurements. 
Measurements at other temperatures yield similar fits and fit parameters. Calculations of 
the acoustic mismatch between the Cu and the GaAs phonon gases predict a reduced 
fit value for the power law. However, the applicability of acoustic mismatch theory is 
debatable, as the phonon modes in the Cu film are effectively two dimensional below 1 
K. Note that we identify the island phonon temperature with the mixing chamber 
temperature. 
 
The thermal conductance of the support legs was measured by dc biasing one of the 
SINIS pairs, and measuring the corresponding rise in phonon temperature using an 
electrically isolated SNIS junction. The heating power deposited in the normal Cu 
section (C1) of the first SINIS pair heats the island phonon gas, and is then transmitted 
through the legs to the bulk substrate. The phonon temperature is inferred from the 

electron temperature of the normal Cu 
section (C2) of the SNIS thermometer, 
using the previously determined 
electron-phonon coupling. The 
measured thermal conductance is 
shown in , for mixing chamber 
temperatures of 25 mK and 50 mK. The 
solid line is a fit to the data of the form 
expected for bulk thermal conductance. 
This corresponds to a mean free path of 
7.7 µm, indicating that the phonons 
undergo primarily specular (rather than 
diffuse) reflections within the legs. Also 
plotted (short dashes) is the quantum of 
thermal conductance for six legs. The 
data agrees well with the bulk theory, 
crossing over to the quantum limit at 
approximately 170 mK. Note the large 
phonon mean free path in our device 
masks the transition to the quantum 
limit; we have also plotted the bulk 

thermal conductance for a 1 µm mean free path (long dashes), which would make the 
transition to the quantum limit at 550 mK. In addition, the thermal conductance of the 
legs is significantly larger than the electron-phonon effective conductance, so the 
assumption that the phonon temperature is equal to the dilution refrigerator temperature 
in the electron-phonon heating measurements is a good one. 

 
Figure 13.  rf-SIN thermometer. Background: 
SEM image of SIN tunnel junction.  Left inset: 
Electrical circuit used to readout thermometer, 
with a tuned LC circuit impedance matching the 
junction to the 50 Ω readout cabling. Right 
inset: Reflected power loss, with a peak as a 
function of temperature when perfect 
impedance matching occurs. 
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We have also succeeded in demonstrating how to read out these thermometers at high 
frequencies: The SIN thermometer is ultimately limited by its intrinsic RC time constant 
to about 10 GHz, and we have successfully developed circuitry allowing the readout of 
these intrinsically high resistance devices at frequencies up to about 300 MHz, with 1 
GHz a trivial extension of this demonstration. The image shown in Figure 13 captures 
the essence of the concept, an image that was published on the cover of the 
corresponding issue of APL, “Nanoscale radio-frequency thermometry”, D.R. Schmidt, 
C.S. Yung and A.N. Cleland, Appl. Phys. Lett. 83, 1002 (2003). 
The basic concept is to embed the SIN junction in a tuned LC circuit, the junction 
serving to determine the reflected power from the circuit driven on resonance. The 
reflected power loss is plotted in the upper right, showing increasing loss as the SIN 
resistance approaches the optimal (impedance-matched) resistance as a function of 
temperature.  
 
The LC circuit is designed to resonate 
at between 0.1-1 GHz, and the 
effective Q  (determined be the ratio of 
the characteristic (L/C)1/2 impedance to 
the cable 50 Ω impedance) determined 
the bandwidth of the reflected power 
measurement, and is typically of order 
1/10th the resonance frequency, or 
between 10-100 MHz. The measured 
loss allows determination of the 
junction resistance, and from a 
measurement (or calculation based on 
BCS theory) of the temperature 
dependence of the zero-bias 
resistance, the temperature can be 
extracted. 
 
We have since used this new technique 
to make the first measurement of the 
dynamic electron-phonon coupling in a 
metal island, extracting temperature as 
a function of time as the electrons emit phonons. Data are shown in Figure 16.This 
allowed us to measure the heat capacity of the metal island, with a result that agreed 
with the small volume of metal of about 1 fJ/K. Extending the lithographic techniques to 
smaller structures should allow us to demonstrate a heat capacity of only 10 kB, 
equivalent to only 10 degrees of freedom in a classical system, which should allow us to 
measure the heat capacity of just a small number of e.g. spins in a metal. This work has 
been submitted for review (D.R. Schmidt, C.S. Yung, A.N. Cleland, submitted to Phys. 
Rev. Lett. (2003)). 

 
Figure 14. Dynamic measurement of electron-
phonon coupling, showing heating and cooling 
cycle of electron gas in a small metal island at 
300 mK. Red line is fit of dynamic theory to 
data, allowing us to fit the electron-phonon rate 
of 6 µsec, corresponding to a time constant of 
1.2 µsec. 
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Theoretical treatments 
Phonon bandstructure calculation 
 One interesting area is whether the phonon dispersion curves in a mechanically 
suspended structure can be controlled in order to enhance or reduce the transport of 
phonons. This is of interest if one wishes to “trap” phonons in a small volume. We 
therefore completed a model calculation where we replaced a simple insulating beam, 
the basis for calculating the quantum of thermal conductance, by a beam made from an 
artificial one-dimensional phononic crystal. We found that at the lowest temperatures, 
and longest thermal phonon wavelengths, the quantum limit of thermal conductance is 
recovered, while for intermediate temperatures, where the dominant phonon wavelength 
is of the order of the phononic crystal repeat distance, a significant suppression of the 
conductance is predicted. At higher temperatures the conductance returns to that of a 
simple beam. This work was published as “Thermal conductance of nanostructured 
phononic crystals”, A.N. Cleland, D.R. Schmidt and C.S. Yung, Phys. Rev. B 64, 
172301 (2001). 
 
Periodically modulated mechanical structures, which generate classical band structures, 
have been used for some time for applications in ultrasound and ultrasonic transducers; 
a description of the current theoretical and experimental work appears in a review by 
Kushwaha. The dispersion relation for acoustic phonons traveling in a periodically 
modulated material is found to develop gaps in the transmission spectrum at 

wavevectors associated with the modulation 
wavevector; these gaps should have an effect 
on the thermal conductance of a beam 
fabricated from such a material. 
We have calculated the dispersion relations 
for a periodically modulated, quasi one-
dimensional beam, using two different 
acoustic models. We find that the resulting 
band structure, with gaps at frequencies that 
correspond to the phonons dominant at quite 
low temperatures, yields significant reductions 
in the thermal conductance from the quantum 
limit GQ at moderate temperatures. However, 
the presence of delocalized Bloch states at 
the lowest phonon frequencies, below the gap, 
gives a thermal conductance that approaches 
GQ at the lowest temperatures. 
 
One model we used was for the longitudinal 
acoustic mode in a beam of variable cross-
section. This structure is shown in Figure 16. 
Another model we used involved varying the 
density and elastic constants of a material in a 
similar fashion. The outcome of these types of 
structures, in terms of the effect on phonon 

 
Figure 15. a) Calculated thermal 
conductance in units of the quantum 
of thermal conductance, for one mode 
of a phononic crystal beam, as a 
function of temperature normalized to 
the bandgap center. The solid line is 
for a simple beam, showing the 
quantum value GQ = 1, and the dotted 
lines are for phononic crystal beams 
with bandgap widths of 0.2, 0.4, 0.6 
and 1. (b) Thermal conductance 
including the higher order modes, for 
the simple beam (solid line) and for 
the same series of modulation. 
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transport and phonon conductance, can be 
represented by the resulting thermal 
conductance as a function of temperature. We 
assume the beam is adiabatically coupled to 
thermal reservoirs at either end, using smooth, 
graduated increases in the cross-sectional area 
to the bulk solid; we therefore avoid end-to-end 
phonon resonances, and the acoustic mismatch 
from abrupt area transitions. We calculate the 
temperature dependence of the thermal 
conductance for a single low frequency Bloch 
mode, with transmissivity equal to one for 
frequencies in the allowed bands, and zero in 
the forbidden gap region. The result of the 
calculation is shown in Figure 15(a), calculated 
for temperatures well below the cut-off 
temperature for the second mode. In part (b) of 
that figure we display the temperature 
dependence including the higher order modes. 
 
Applications to quantum computation 
Building on the work of coupling the SET to a high-frequency flexural resonator, we 
have also developed a quantum computation scheme in which phase qubits are 
coupled to mechanical resonators, the former used for actual computation, and the 
latter as memory and quantum state transfer elements. 
 
We have prepared a manuscript that is being submitted to Phys. Rev. Lett. as 
“Quantum information processing with nanomechanical resonators”, A.N. Cleland and 
M.R. Geller. The quantum-information-processing architecture is based on the 
integration of ultrahigh-frequency nanomechanical resonators with Josephson-junction-
based qubit circuits, which can be used to implement the single- and multi-qubit 
operations critical to quantum computation. The qubits are eigenstates of large-area, 
current-biased Josephson junctions, manipulated and measured using strobed external 

circuitry. Two or 
more of these 
``phase qubits" are 
coupled to a high-
quality-factor 
piezoelectric 
mechanical 
resonator, which 
forms the 
backbone of our 
architecture, 
enabling coherent 
manipulation of the 

 
Figure 16. Calculated dispersion 
relation for modulation strengths 0, 
0.1, 0.25 and 0.5 in the longitudinal 
acoustic model. The gap  for is 
indicated, as is the bandgap center 
frequency. Eleven bands were 
included in the calculation, the 
lowest two are shown here. 

 
Figure 17. Proposed architecture for achieving two-qubit 
entanglement with the use of a nanomechanical resonator. The 
qubits are the two Josephson junctions, coupled to a resonator, 
shown as a disc with a split gate 
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qubits. The integrated system is analogous to one or more few-level atoms (the 
Josephson junction qubits) in a tunable electromagnetic cavity (the nanomechanical 
resonator). 
 
Our implementation uses large-area current-
biased Josephson junctions, with 
capacitance C and critical current I0; a circuit 
model is shown in Figure 17. The 
nanomechanical resonator is designed with a 
fundamental thickness resonance frequency 
between 1 - 10 GHz, with a quality factor Q of 
105 – 106. Piezoelectric dilatational 
resonators with thickness resonance 
frequencies in this range, and quality factors 
of order of 103 at room temperature, have 
been fabricated from sputtered AlN. Single-
crystal AlN can also be grown by chemical 
vapor deposition. Our simulations are based 
on such a resonator, with a diameter and 
thickness of 1x0.5 µm2. Such resonators can 
be used to coherently store a qubit state 
prepared in a current-biased Josephson 
junction, return it to that junction, or transfer it 
to another junction, as well as entangle two 
or more junctions. These operations are performed by tuning the energy level spacing 
of the qubit state into resonance with the resonator quantum levels, generating 
electromechanical Rabi oscillations. The full Hamiltonian for the system is equivalent to 
that of a few-level atom in an electromagnetic cavity. The cavity ``photons'' here are 
phonons, which interact with the ``atoms'' (here the Josephson junctions) via the 
piezoelectric effect. This analogy will allow us to adapt quantum-information processing 
protocols developed for cavity-QED to our solid-state architecture. 
 
We first show that we can coherently transfer a qubit state from a junction to a 
resonator, simulating this process by numerically integrating the exact amplitude 
equations. The Josephson junction had a Josephson coupling energy EJ = 43.05 meV 
and charging energy Ec = 53.33 neV. Our main result is shown in Figure 18. The qubit 
transfer depends sensitively on the shape of the bias current profile s(t) = I(t)/I0, which 
starts at s=0.50, and is then adiabatically changed to the resonant value s=0.928. We 
find that the time during which s changes should be at least exponentially localized. 
Therefore one must bring the system into resonance as quickly as possible without 
violating adiabaticity. The power-law tails associated with an arctangent function, for 
example, lead to deviations from the desired behavior, shown in Figure 18(b).  The 
result in Figure 18(a) was obtained using Gaussian profiles with a cross-over time of 1 
ns. All quasibound states were included in the calculation, and convergence with the 
resonator's Hilbert space dimension was obtained. The junction is held in resonance for 

 
Figure 18. (a) Phase qubit storage. 
Solid curve is |c10(t)|2, dashed curve is 
analytic RWA calculation, dash-dotted 
curve is bias current s(t). (b) Qubit 
storage with arctangent bias-current 
profile. All other parameters are the 
same as in (a). Solid curve is 
numerical result. 
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half a Rabi period, during which energy is exchanged at the Rabi frequency. The 
systems are then brought out of resonance. 
 

To pass a qubit state a|0>+b|1> from 
junction 1 to junction 2, the state is 
loaded into the first junction and the bias 
current changed to bring the junction 
into resonance with the resonator for 
half a Rabi period. This writes the state 
a|0> +b|1>into the resonator. After the 
first junction is taken out of resonance, 
the second junction is brought into 
resonance for half a Rabi period, 
passing the state to the second junction. 
We have simulated this operation 
numerically, assuming two identical 
junctions coupled to the resonator 
described above. The results are shown 
in Figure 19, where cm1 m2 n is the 

probability amplitude (in the interaction representation) to find the system in the state 
|m1 m1 n >, with m1 and m2 labeling the states of the two junctions. We can prepare an 
entangled state of two junctions by bringing the first junction into resonance with the 
resonator for 1/4 of a Rabi period, which, according to our RWA analysis, produces the 
state (|100> - |001>)/21/2. After bringing the second junction into resonance for a half of 
a Rabi period, the state of the resonator and second junction are swapped, leaving the 
system in the state (|100> - |010>)/21/2 with a probability of 0.987, where the resonator 
is in the ground state and the junctions are entangled. Using the cavity-QED analogy, it 
will be possible to transfer the methodology developed for the standard two-qubit 
operations, in particular controlled-NOT logic, to the electromechanical system, using 
mostly existing technology and demonstrated techniques. 

 
Figure 19. Qubit transfer between two 
junctions. Solid curve is |c100(t)| 2, dashed-
dotted curve is |c001(t)|2, dashed curve is 
|c010(t)| 2. Thin solid and dotted curves show 
s1(t) and s2(t), the bias currents through 
junctions 1 and 2. 
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It has been a long-standing goal to detect the effects of quantum
mechanics on a macroscopic mechanical oscillator1–3. Position
measurements of an oscillator are ultimately limited by quantum
mechanics, where ‘zero-point motion’ fluctuations in the quan-
tum ground state combine with the uncertainty relation to yield a
lower limit on the measured average displacement. Development
of a position transducer, integrated with a mechanical resonator,
that can approach this limit could have important applications in
the detection of very weak forces, for example in magnetic
resonance force microsopy4 and a variety of other precision
experiments5–7. One implementation that might allow near
quantum-limited sensitivity is to use a single electron transistor
(SET) as a displacement sensor8–11: the exquisite charge sensi-
tivity of the SET at cryogenic temperatures is exploited to
measure motion by capacitively coupling it to the mechanical
resonator. Here we present the experimental realization of such a
device, yielding an unequalled displacement sensitivity of
2 3 10215 m Hz21/2 for a 116-MHz mechanical oscillator at a
temperature of 30 mK—a sensitivity roughly a factor of 100 larger
than the quantum limit for this oscillator.

A classical simple harmonic oscillator, in equilibrium with its
environment at temperature T, will have an average total energy k BT.
The position of the oscillator fluctuates continuously, with a root
mean square displacement amplitude dx¼ ðkBT=mq2

0Þ
1=2 for an

oscillator of mass m and resonant frequency f 0 ¼ q 0/2p. This
classical displacement amplitude can be made arbitrarily small by
reducing the temperature. One implication of quantum mechanics,
however, is that the quantized nature of the oscillator energy yields an
intrinsic fluctuation amplitude, the ‘zero-point motion’
dxzp ¼ ð�h=2mq0Þ

1=2. This is achieved for temperatures T well below
the energy quantum, T ,, TQ ; �hq0=kB: A second implication

of quantum mechanics is that the instrument used to measure
the position of the oscillator will necessarily perturb it, further
limiting the possible measurement resolution, as quantified by the
Heisenberg uncertainty principle. A continuous measurement of
the average position of an oscillator, using a quantum-limited
amplifier, is thus limited to

ffiffiffi
2
p

times the zero-point motion, or
dxmeas * ð�h=mq0Þ

1=2:We note that ‘back-action evading’ techniques
have in principle unlimited measurement precision, although
these yield less information and are still subject to zero-point
fluctuations if the measurement is slower than the oscillator
relaxation time1,12.

A 1-GHz nanomechanical flexural resonator was recently
demonstrated13. This resonator would have TQ ¼ 50 mK, so when
operated on a dilution refrigerator at 10 mK, the inequality T ,, TQ

could be reached. A resonator with similar dimensions would be a
candidate for detecting the transition from classical to quantum
noise, because the small mass gives a relatively large zero-point
displacement noise, dxzp < 2 £ 10214 m: In terms of the spectral
displacement noise density, this corresponds to S1=2

x ¼

5 £ 10218 m Hz21=2 on resonance, fairly small due to the relatively
low quality factor Q < 500. Techniques to measure the displace-
ment of large-scale resonators, such as optical interferometry or
electrical parametric transducers1,14,15, can achieve better displace-
ment noise limits than this, but the larger mass of the resonator
makes reaching the quantum limit more difficult. Such techniques
do not scale well to nanomechanical resonators, and other tech-
niques more applicable to these size scales16,17 are unlikely to
approach quantum-limited sensitivity. The single electron transis-
tor provides a possible system in which sufficient sensitivity can be
achieved.

The single-electron transistor (SET) consists of a conducting
island separated from leads by low-capacitance, high-resistance
tunnel junctions. The current through the SET is modulated by
the charge induced on its gate electrode, with a period e, the charge
of one electron. The SET is the most sensitive electrometer18,19, with
a demonstrated sensitivity below 1025 e Hz21/2. The motion of a
nanomechanical resonator may be detected by capacitively coupling
the gate of the SET to a metal electrode placed on the resonator, and
biasing the electrode at a constant voltage Vbeam (see Fig. 1). The
capacitance C between the SET and the beam then has a coupled
charge q ¼ VbeamC. As the beam vibrates in the x direction, in the

Figure 1 The device used in the experiment. a, Scanning electron micrograph of the

device, showing the doubly clamped GaAs beam, and the aluminum electrodes (coloured)

forming the single electron transistor and beam electrode. Scale bar, 1 mm. The

Al/AlOx /Al tunnel junctions have approximately 50 £ 50 nm2 overlap. b, A schematic of

the mechanical and electrical operation of the device.† Present address: Department of Physics, Queen’s University, Kingston, Ontario K7L 3N6, Canada.
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plane of the device, the resulting variation in capacitance DC will
modulate the charge induced on the SET, Dq ¼ VbeamDC, changing
the SET source–drain current. As the voltage V beam is increased, the
charge modulation Dq and the sensitivity to the resonator motion
will increase. However, the source-drain current is due to the
stochastic flow of electrons through the SET, so the centre island’s
voltage fluctuates randomly. This causes a fluctuating ‘back-action’
force on the beam. This force increases as V beam increases, resulting
in a voltage for which the total noise is minimized. The displace-
ment sensitivity at this optimal voltage is calculated9,10 to be of order
10216 m Hz21/2, approaching the sensitivity needed to measure
quantum effects.

Our device (Fig. 1) consists of a 3mm long £ 250 nm wide £
200 nm thick doubly-clamped beam of single-crystal GaAs, capaci-
tively coupled to an aluminum SET, located 250 nm from the beam.
The beam was patterned using electron beam lithography and
etched from a GaAs heterostructure using a sequence of reactive
ion etching and dilute HF wet etching20. The SET was formed
through double-angle shadow evaporation, using a pattern defined
in a second step of electron-beam lithography21,22. The device was
mounted on a dilution refrigerator and cooled to 30 mK. All
electrical leads were filtered23. An out-of-plane 8 T magnetic field
was applied to drive the aluminum out of the superconducting
state, and to provide a field for actuation and sensing of the beam
motion.

The beam was driven using the magnetomotive technique, in
which an alternating current I through the beam electrode, along its
length l in the presence of the magnetic field B, generates a Lorentz
force F ¼ IlB:We measured the induced electromotive force (EMF)
E developed along the beam owing to its resulting motion through
the magnetic field16,24,25 by measuring the reflected and transmitted
power. The beam vibrates in its fundamental in-plane mode with a
resonant frequency f0 ¼ 116.7 MHz (see Fig. 2). The measured EMF
fits well to a lorentzian function with a quality factor Q < 1700. The
beam displacement Dx is related to the EMF E by25:

Dx¼
E

ylBq
ð1Þ

where y ¼ 0.523 is an integration constant. We thus determine the
displacement Dx as a function of power P, as shown in Fig. 2,

yielding the resonator mass m ¼ 2.84 £ 10215 kg and effective
spring constant k ¼ 1,530 N m21.

The SET was characterized using low-frequency electrical
measurements, giving a series junction resistance
RJ1þRJ2 ¼ 200 kQ, a gate capacitance C g ¼ 0.59 fF, a coupling
capacitance between the beam electrode and the SET of
C ¼ 0.13 fF, and a total SET island capacitance CS ¼ 1.3 fF. In
order to detect motion at the resonant frequency of the beam, the
SET was operated as a mixer11, with a local oscillator (LO) voltage
V LO applied to the gate at a frequency offset from the drive
frequency by an intermediate frequency (IF) of less than 1 kHz
(f IF ¼ j fLO 2 f j). The SETwas biased so as to give optimum mixing
signal, with V sd < e/CS and the dc gate voltage adjusted to give
peak dc current. The V LO amplitude was set to give maximum signal
gain, with coupled charge at the LO frequency q LO < 0.4e. The
voltage across the SET was measured at the intermediate frequency.

Figure 3a shows the mixer signal for a drive power
P ¼ 2125 dBm. Using the magnetomotive calibration, this corre-
sponds to an extrapolated amplitude of Dx ¼ 2.3 £ 10214 m on
resonance. The charge Dq detected by the SET is due to the change
in coupling capacitance times the beam voltage, Dq ¼ VbeamDC, as
well as secondary signals due to the induced EMF, and capacitively
coupled charge due to cable resonances and ohmic losses. The
former is very small compared to the direct signal (less than 1%),
and the second varies slowly with frequency. Thus the total signal
detected by the SET has the form of a lorentzian, plus a background
with an arbitrary phase, as shown in Fig. 3a.

The quality factor Q and resonant frequency f0 obtained using the
SETwere the same as those from the magnetomotive technique, and
the amplitude varied as P 1/2. The SET response is found to be 9.9

Figure 3 Single electron transistor measurement of the beam motion. a, Intermediate

frequency voltage (SET mixer output) as a function of beam drive frequency, for

P ¼ 2125 dBm drive power. The solid line is a fit to a lorentzian plus linear background

with arbitrary phase. The beam electrode had a d.c. voltage V beam ¼ 5 V, the LO power

was 270 dBm, and the IF was 151 Hz. The SET gate voltage was tuned to give maximum

signal. b, IF voltage for P ¼ 2115 dBm drive power, as a function of d.c. gate voltage and

drive frequency. The slowly varying background interferes with the resonance signal,

whose phase varies with the gate voltage.

Figure 2 Magnetomotive measurements of the beam resonance. Upper inset, Raw

magnetomotive transmission data (20 averages, 10 Hz bandwidth) as a function of drive

frequency f, for a drive power P ¼ 285 dBm, with a fit of a lorentzian line shape with a

linear background. The fit yields the resonance frequency f 0 ¼ 116.7 MHz and

quality factor Q ¼ 1700. The main plot shows the measured midpoint displacement Dx

of the beam driven at its frequency resonance f ¼ f 0, as a function of magnetomotive

drive power P at 30 mK and in an 8 T magnetic field. The fit response Dx ¼

839
ffiffiffi
P
p

nm=W1=2 (solid line), with the beam’s known physical geometry (lower inset),

corresponds to an effective spring constant k ¼ 1,530 N m21 and resonator mass

m ¼ 2.84 £ 10215 kg.
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Dx Vmm21, proportional to the displacement Dx, when the SET is
biased optimally, with a LO frequency offset from the beam drive
signal by 151 Hz. As the SET gate voltage is varied from the
optimum value, Fig. 3b, the sensitivity decreases and interference
with the background becomes more pronounced. The resonant
signal decreases linearly with magnetic field B, and increases linearly
with V beam.

Figure 4a shows the output voltage noise of the SETmixer. For the
intermediate frequency used (151 Hz), the noise (,20 nV Hz21/2) is
dominated by the second-stage amplifier. The displacement sensi-
tivity can be calculated from the SET response: We find a peak
sensitivity of S1=2

x < 2:0 £ 10215 m Hz21/2.
We can now evaluate the potential for quantum-limited detec-

tion: In Fig. 4b we show the calculated thermal and quantum noise
for this beam, and for a 1–GHz resonator, which would be in its
quantum ground state at the base temperature of our dilution
refrigerator. We see that the detector noise is ,100 times larger than
the thermal noise of the measured beam, and about a factor of ,20
larger than the quantum noise of a 1–GHz resonator with Q ¼ 104.
By using improved electronics and impedance matching, the
second-stage noise could be reduced by roughly a factor of ten,
and better lithography could reduce the SET-beam separation,
increasing the SET response. A higher–quality factor would yield
larger signals in both the thermal and quantum limits; experimen-
tally the Q is observed to reduce as the resonators are made smaller,
at least partly due to surface damage and contamination. Flash

heating of resonators in vacuum has been demonstrated to yield
significantly higher quality factors26,27, a technique which could be
applied here. The expected increase in displacement sensitivity
using a combination of these techniques could, in a second–
generation device, allow measurement in the quantum-limited
regime.

In conclusion, we have demonstrated an ultrasensitive, poten-
tially quantum-limited displacement sensor based on a single-
electron transistor, enabling us to read out the motion of a
nanomechanical resonant beam at its resonant frequency. The
device has a displacement sensitivity of 2.0 £ 10215 m Hz21/2 at
the 116.7–MHz resonant frequency of the mechanical beam, limited
by the noise in the conventional electronics. A
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Figure 4 Noise and quantum limits for the device. a, Output voltage noise S
1=2
V as a

function of mixer intermediate frequency in the same configuration as used for the driven

beam measurements (LO ¼ 270 dBm, f LO ¼ 100 MHz, V sd < e/C S, V beam ¼ 5 V,

B ¼ 8 T, T ¼ 30 mK). For the displacement measurements, an intermediate frequency of

151 Hz was used, corresponding to a noise level of about 20 nV Hz21/2. b, Calculated

displacement noise for two resonators, the resonator measured in this experiment (solid

lines) and for a hypothetical 1–GHz resonator (dashed lines), fabricated from GaAs with

dimensions 450 £ 50 £ 40 nm and Q ¼ 104. The black lines correspond to the thermal

noise and the grey lines include the back-action noise and zero-point motion in an ideal

quantum-limited position measurement. The measured noise of our device is indicated by

the black circle.
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We experimentally demonstrate the high bandwidth readout of a thermometer based on a
superconductor–insulator–normal metal~SIN! tunnel junction, embedded in a rf resonant circuit.
Our implementation enables basic studies of the thermodynamics of mesoscopic nanostructures. It
can also be applied to the development of fast calorimeters, as well as ultrasensitive bolometers for
the detection of far-infrared radiation. We discuss the operational details of this device, and estimate
the ultimate temperature sensitivity and measurement bandwidth. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1597983#
av
e
as
i

ti
w
a
re
I

he
m
-

e.
s

-
is

e
lm
on

fo

f
in
te
pe
e

en

nc
nn
o
d
nc

-

a
ig
be

al-
ull
esos-

on
dio-
nc-
ies.
he

d-

al
ffu-
ol-
ant,
ling
the
asi-
all-
trate
-

nt

nd-
. A
g rf

ect
cuit

d by

tact.
Thermodynamic studies of mesoscopic devices h
lagged far behind the corresponding electrical and magn
investigations. This dearth can be attributed to a lack of f
robust thermometers that can be easily integrated w
nanoscale structures. Electronic thermometers that func
at very low temperatures and have fast response times
enable future probes of thermal physics at smaller size sc
and shorter time spans than have previously been explo
and are also a key technology for far-infrared bolometry.
this letter, we describe our development of a nanoscale t
mometer, based on a superconductor–insulator–nor
metal ~SIN! tunnel junction, that should allow thermody
namic measurements in the 1–100-MHz frequency rang

The measurement of temperature in nanoscale system
a difficult problem for which a number of different ap
proaches have been used. One very sensitive technique
use a dc superconducting quantum interference devic
measure the Johnson–Nyquist noise in a normal metal fi
This approach has been used to measure electron–ph
coupling effects in normal metal films,1,2 as well as in the
first observation of the quantum of thermal conductance
phonons3 by Schwab and coworkers.4 By contrast, the earlier
measurement of the quantum of thermal conductance
electrons5,6 used the thermoelectric effect in a quantum po
contact. Another semiconductor-based method uses the
perature dependence of weak localization in heavily do
GaAs.7 Thermopower in mesoscopic AuFe wires has be
extensively studied using noise thermometry with conv
tional amplifiers.8

Here, we describe the use of submicron SIN tunnel ju
tions as high-speed thermometers. Large-area SIN tu
junctions have been used as the thermistor element in b
metric applications,9 and we have previously use
mechanically-suspended SIN junctions as low-freque
thermometers to confirm the measurement of the quantum
thermal conductance.10 At temperatures sufficiently below
the superconducting transition temperatureTC , the tunnel
junction’s small-signal resistance at zero bias,R0

[dV/dI(0), is exponentially dependent on the ratio of tem
perature T to the superconducting energy gapD, R0

}eD/kBT. This resistance can be measured using very sm
bias currents, with negligible self-heating. The resulting h
responsivity of the SIN junction, and the fact that it can
1000003-6951/2003/83(5)/1002/3/$20.00
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well impedance-matched to room-temperature amplifiers,
lows its use in a variety of situations. For example, f
density-of-states measurements have been made on m
copic devices with SIN junctions.11

Previous applications of submicron SIN tunnel-juncti
thermometers have been conducted under dc or au
frequency heating conditions. However, these tunnel ju
tions should be able to operate at much higher frequenc
The intrinsic electrical bandwidth is set by the product of t
tunnel resistanceR0 and the junction capacitanceCJ , f 3 dB

51/2pR0CJ . For a fixed tunnel barrier thickness, this pro
uct is independent of the junction areaA. With typical values
of R0A;103 V mm2 and CJ /A;10213 F/mm2, this corre-
sponds tof 3 dB;2 GHz.

The time scale for the thermal relaxation of the norm
metal electrons depends on the cooling mechanism. Di
sive cooling of the electrons into a larger normal metal v
ume occurs at time scales dictated by the diffusion const
and can be made less than 1 ns. The time scale for coo
via phonon emission is set at low temperatures by
electron–phonon relaxation time, and possibly by the qu
particle relaxation time in the superconductor. The sm
signal electron–phonon thermal conductance to the subs
is Ge2p55SVT4, whereS is a material-dependent param
eter andV the normal metal volume.2,12 The electronic heat
capacity is also proportional to volume,Ce5gVT, resulting
in a volume-independent thermal time consta
t th5C/Ge2p5g/5ST3;10T23 ns K3.13 The relaxation
rate of a phonon-cooled metal is thus about 1/t th;108 Hz at
1 K, and 105 Hz at 100 mK.

Stray cabling capacitance limits the measurement ba
width of many mesoscopic devices to the audio range
number of researchers have recognized the merits of usin
resonant circuits to eliminate the bandwidth-reducing eff
of this capacitance. The device is placed in a resonant cir
with a discrete inductorL and capacitanceC, such that the
device resistance acts to damp the circuit resonance~see Fig.
1!. Thus, the resistance measurement can be performe
measuring the power reflected from theLC circuit near its
resonance frequencyf res51/2pALC, which can easily be
arranged to fall in the 50–2000-MHz range. Go¨del et al.14

employed this technique to measure a quantum point con
2 © 2003 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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Record charge sensitivity was achieved by Schoelk
et al.15 by reading out a single-electron transistor~SET! in a
LC resonant circuit. Fujisawaet al.16 used a qualitatively
similar transmission-based measurement to study the h
frequency noise in a GaAs quantum dot. The maximum re
out bandwidthD f is set by the width of theLC resonance,
which for a large resistance device is set by theZ0550 V
cable, and is of order D f 5 f res/Q5Z0/2pL;10
2100 MHz. While a frequency of 100 MHz is still below
the intrinsic electrical bandwidth of the SIN junction, it
sufficient to allow the measurement of the electron–pho
relaxation time for a submicron SIN thermometer as well
other phonon-mediated relaxation processes.

We fabricated the SIN tunnel junctions using a stand
multiple-angle evaporation technique, using Cu as the n
mal metal and Al as the superconductor.17 The tunnel junc-
tion had a 90 nm thick Al layer and a 90 nm thick Cu lay
with an overlap area of 0.331.0 mm2, and a normal state
resistance of 2.5 kV. The Cu normal metal element is ele
trically and thermally connected to the Au ground lead.

We glued the GaAs chip to a printed circuit boa
mounted in a small metal box, and made electrical conn
tions using Au wire bonds. A surface-mounted coil provid
L5390 nH of inductance. The stray resonant capacitancC
50.6 pF resulted in aLC resonance frequency of aboutf res

5340 MHz.
The box containing the SIN junction was mounted in

3He cryostat wired with the measurement circuit shown
Fig. 1. The current–voltage characteristics for temperatu
from 310 to 950 mK are shown in Fig. 2, with the differenti
resistance at 315 mK shown in inset~a!. The measured su
perconducting voltage gap is 2D/e5386mV, typical for
thin film Al. The differential resistance at zero biasR0(T) is
plotted in inset~b!.

FIG. 1. Top: Schematic of the tunnel-junction layout, on the right show
the metal electrode geometry with the tunnel junction in the dotted cir
and on the left the larger-scale bond pads with theLC circuit, theC due to
the capacitance of the bond pads. Bottom: Readout circuit, configured
simultaneous dc and rf measurements. All electrical leads are therm
clamped at each stage of the cryostat, and the dc and rf portions are
nected together through a rf bias tee. The resonant circuit comprise
inductorL and capacitanceC, the latter in parallel with the tunnel junction
SIN.
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We then measured the reflected rf power from theLC
resonator with the embedded tunnel junction. For swept
quency measurements, an rf signal was generated at
source~reflection! port of a two-port network analyzer, an
used to measure the reflection coefficient of the resonato
a function of both dc current bias and temperature. T
source power at the top of the cryostat was typica
2100 dBm~100 fW!, with a one-way cable loss of about 2
dB. We display our measurements in terms of the to
round-trip return lossRloss, including the cable loss.

Figure 3~a! shows the measured return loss at theLC
resonance frequency, as a function of dc current bias.
return loss is given byRloss5u(Z01Z)/(Z02Z)u2, whereZ
is theLC resonator impedance,Z'R/Q2 for an SIN differ-
ential resistanceR5dV/dI measured on resonance. The r
turn loss clearly corresponds to the dc differential resista
shown in Fig. 2~a!. Below 510 mK, additional structure ap
pears, as shown in Fig. 3~b!. This double-lobed behavior is
easily understood: For one value ofR, theLC resonant cir-
cuit is most closely matched to the cable impedanceZ0 ,
maximizing the return loss at that point. This occurs f
R(I )522 kV in our measurements. This is also exhibited
the temperature dependence of the return loss, shown in
4~a!. The maximum in the return loss is observed
;510 mK, for whichR05dV/dI(I 50);20 kV. The opti-
mal temperature range for rf thermometry can be contro
by the choice of circuit parameters.

Finally, we measured the noise properties of the rf th
mometer, using a mixer to detect the reflected power. T
mixer local oscillator~LO! was provided by a separate sign
source phase-locked to the rf drive. The phase of the LO
adjusted to achieve monotonic response as a function of b
The mixer output was low-pass filtered (,20 MHz), ampli-
fied and Fourier transformed using a dynamic signal a
lyzer, allowing measurement of the noise from dc to 1
kHz.

The dominant source of noise was from the first-sta
amplifier, and as expected was flat, with no measurablef
component. For an input power of2110 dBm~10 fW! to the
LC resonator, we measured a resistance noise of 40V/Hz1/2.

,

or
lly
on-
he

FIG. 2. Dc current–voltage characteristics, measured at a number of d
ent temperatures. The superconducting gap of Al is easily visible at
lowest temperature~solid line: 315 mK! which was thermally smeared as th
temperature was raised~dash-dot, 510 mK; dotted, 780 mK; dashed, 9
mK!. Inset ~a!: Bias-dependent differential resistanceR(I )5dV/dI(I ) at
315 mK. Inset~b!: Zero-bias resistanceR0 as a function of temperature.
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Using a temperature responsivitydT/dR of 7 mK/V, we cal-
culate the temperature noise to be;280mK/Hz1/2. While
this is comparable to the spectral noise density of the
measurement for similar input power, the bandwidth is
higher.

This noise figure is very promising for our measurem
system, but leaves significant room for improvement. T
first-stage amplifier can be operated at cryogenic temp
tures, improving its input noise by a factor of 15. Second
lowering the temperature of the SIN tunnel junction to bel
300 mK would increase the sensitivity. Lastly, the input
power and frequency can be optimized for largest sign
These contributions are multiplicative, and each can real
cally lower the noise by about an order of magnitude.
therefore estimate that a noise temperature of better
1 mK/Hz1/2 is attainable. The measurement bandwid
achieved using our resonant circuit is approximately
width of the resonance shown in Fig. 3, or about 10 MHz
an optimized SIN-based thermometer were integrated in
bolometer, it would potentially be able to detect single fe
THz photons at count rates of up to about 107 Hz.18

In conclusion, we have demonstrated a technique
measure the temperature of the normal metal side of an
tunnel junction thermometer with a bandwidths of up to 1
MHz. This rf-SIN opens up possibilities for studies of bas
thermodynamics in nanostructures, and for bolometric de
tor technology. Thermodynamic measurements can now
performed at sub-ms time scales with the rf-SIN.

We acknowledge financial support provided by t

FIG. 3. Return loss as a function of drive frequency. TheLC resonance is
strongly modulated by biasing the SIN junction, shown by the three cu
at 0.0, 6.0, and 13.0 nA. The return lossRloss includes the contribution due
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Nanomechanical displacement sensing using a quantum point contact
A. N. Clelanda) and J. S. Aldridge
Department of Physics and iQUEST, University of California, Santa Barbara, California, 93106

D. C. Driscoll and A. C. Gossard
Materials Department and iQUEST, University of California, Santa Barbara, California, 93106

~Received 10 May 2002; accepted for publication 10 June 2002!

We describe a radio frequency mechanical resonator that includes a quantum point contact, defined
using electrostatic top gates. We can mechanically actuate the resonator using either electrostatic or
magnetomotive forces. We demonstrate the use of the quantum point contact as a displacement
sensor, operating as a radio frequency mixer at the mechanical resonance frequency of 1.5 MHz. We
calculate a displacement sensitivity of about 3310212 m/Hz1/2. This device will potentially permit
quantum-limited displacement sensing of nanometer-scale resonators, allowing the quantum
entanglement of the electronic and mechanical degrees of freedom of a nanoscale system. ©2002
American Institute of Physics.@DOI: 10.1063/1.1497436#
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The observation of quantized plateaus in the cond
tance of high-mobility quantum point contacts1,2 has gener-
ated significant interest in both the physics and application
these devices. The highly sensitive dependence of
source-drain conductance of a quantum point contact~QPC!
on electrostatic fields provides a straightforward means
detecting very small electronic signals. The QPC has b
used, for example, to detect charge motion and controlla
introduce quantum decoherence in the electron trans
through an electron interferometer.3,4 A QPC has been
demonstrated5 as a scanned charge-imaging sensor, wit
measured charge noise of about 0.01e/Hz1/2 at 1 kHz.

Of further interest is the potentially extremely larg
bandwidth attainable using a QPC, due to the very sm
intrinsic capacitance (;100 aF) and short electron trans
times (;1 ps); the QPC should in principle respond at fr
quencies up to of order 10 THz.6 However, the relatively
large resistance of the QPC, coupled with unavoidable s
cabling capacitance, typically limits its practical bandwid
to the order of 104– 105 Hz. The QPC has however recent
been demonstrated7 to work well as a radio frequency~rf!
mixer, by employing the nonlinearity in the QPC curren
voltage characteristic to generate harmonic multiples of
applied rf signals. A local oscillator~LO! at a frequency
vLO , combined with a signal atvS , will, through the QPC
nonlinearity, generate signals at the sum and difference
quenciesuvLO6vSu. For a sufficiently small intermediat
frequency ~IF! v IF5uvLO2vSu, the difference frequency
will lie within the output bandwidth of the QPC, and th
signal can thereby be detected. Mixing has be
demonstrated8 at frequencies up to 2.9 GHz, with an optim
conversion loss of213 dB.

In this work we demonstrate the use of a QPC mixer
a displacement detector, where we take advantage of th
ezoelectric effect in GaAs to modulate the current through
integrated QPC. Previously, a micromachined GaAs m
chanical resonator that included an integrated field-ef
transistor~FET! has been demonstrated,9,10 with a measured

a!Electronic mail: cleland@iquest.ucsb.edu
1690003-6951/2002/81(9)/1699/3/$19.00
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displacement sensitivity of 1029 m/Hz1/2. A significant limi-
tation in this device was the low output bandwidth, of ord
103 Hz.

Our device is shown in Fig. 1. The structure was etch
from a single-crystal GaAs heterostructure grown by m
lecular beam epitaxy, comprising a bulk^100& GaAs wafer,
700 nm of Al0.7Ga0.3As ~the sacrificial layer!, 600 nm of
GaAs, 40 nm of Al0.3Ga0.7As, a Si delta-doped layer, 70 nm
of Al0.3Ga0.7As, and a 10 nm GaAs capping layer. The su
pended mechanical structure includes all layers above
sacrificial layer~see below!. The two-dimensional electron
gas ~2DEG! in which the QPC is formed is at the lowe
GaAs–Al0.3Ga0.7As interface, where similar samples11 had a
carrier density of ;1.431015/m2, and a mobility of
;40 m2/V s at 4.2 K. In our device the 2DEG mobility wa
significantly degraded by processing.

We used photolithography to define a set of NiAuG
ohmic contacts to the 2DEG. Next electron-beam lithog
phy was used to define Ti/Au~5 nm/40 nm! electrodes for
the top gates, as well as for actuation of the mechan
structure. A second photolithography step defined Ti/Au~5
nm/110 nm! wire-bond pads to make contact with the me
electrodes and ohmic contacts. A second electron beam

FIG. 1. SEM micrograph of the QPC electrodes defined on the surface
suspended beam. The magnetic fieldB used for magnetomotive actuation i
indicated, as is the direction of flexuredz. The numbers identify the elec
trodes:~1! is the drive electrode that also serves as a QPC gate,~2! and~5!
define the source and drain ohmic contacts,~3! and~4! the other sides of the
two QPC gates. Only one QPC was used at a time. Inset: Larger scale im
of the structure, with the dotted line outlining the suspended area.
9 © 2002 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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thography step then defined the structural masking layer.
unmasked area of the heterostructure was etched u
SiCl4-based reactive ion etching, etching to a depth of ab
800 nm, almost through the sacrificial layer. The sacrific
layer was then etched using a timed submersion in con
trated hydrochloric acid, followed by a 10% solution of h
drofluoric acid. This step was timed to suspend the late
area shown by the dotted outline in Fig. 1, creating a str
ture with a suspended length of roughly 45mm and a thick-
ness of 0.72mm.

The sample was placed in a vacuum can that was s
merged in liquid He at 4.2 K. A magnetic fieldB could be
applied in the plane of the sample~see Fig. 1!.

We recorded the current–voltage characteristics of
QPC as a function of the voltage applied to the top g
electrodes, numbered 1 and 4 in Fig. 1, as shown in Fig. 2~a!.
In Fig. 2~b! we show the zero-bias conductance as a func
of gate voltage. Quantized steps are not visible in this m
surement at 4.2 K. We then characterized the response o
QPC as a rf mixer, by applying a combination of a loc
oscillator and a signal to the gate electrode 1, and measu
the current through contacts 2 and 5 at the intermediate
quencyv IF . We found that the mixer operates well up to
LO frequency of about 20 MHz, and for intermediate fr
quencies up to about 2 kHz; these frequencies are limited
the particular measurement configuration rather than by
QPC itself.12 For a typical configuration with a gate voltag
of 20.8 V, dc bias voltage across the QPC of 60 mV, an
LO power of211 dBm, the IF currenti IF through the QPC
was linear in the signal voltagevS , with i IF'0.9vS mA/V.

We characterized the mechanical properties of the s
pended structure by applying an in-plane magnetic fieldB,
and measuring the resulting electrical impedance of the d
electrode 1. This impedance acquires additional real
imaginary frequency-dependent terms due to the comb
tion of Lorentz-force actuation and the resulting electrom
tive voltage developed as the structure moves in the m
netic field.13,14 The fundamental resonance frequency
v0/2p51.503 MHz, with a quality factorQ'3000. In Fig.
3~a! we display the response forB55 T. Shifts in the reso-
nance frequency are apparent, due to the nonlinear resp
for large motional amplitudes.15,16

We employed the QPC to detect the motion: In-pla
strain in GaAs, generated by out-of-plane flexure, will ge
erate out-of-plane piezoelectric fields.17 These modulate the

FIG. 2. ~a! Current–voltage characteristic for the QPC, measured for dif
ent gate voltagesVg50, 20.64,20.73,20.76,20.77,20.78,20.79, and
20.81 V. ~b! Conductance at zero bias as a function of gate voltage. In
Schematic of measurement setup.
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QPC conductance in a manner analogous to the top gat
Fig. 3~b! we display the measured QPC currenti IF when the
drive electrode 1 was driven with an amplitude-modula
signal, which served to both generate magnetomotive ac
tion of the structure, and as a local oscillator for the QP
mixer. The change in the QPC mixer response as a func
of vLO is due to the generation of a frequency-depend
piezoelectric voltage atvLO between the 2DEG layer and th
top gates, and the amplitude modulation of the gate dr
then mixes this voltage to the intermediate frequencyv IF ,
permitting detection of the motion. Data are for a range
magnetic fields, with the expectedB2 dependence for the
peak amplitude.

We could also actuate and sense the structure in the
sence of a magnetic field; in Fig. 4 we display the QP
current as the LO frequency is swept through the mechan
resonance, for different LO powers. Mechanical actuat
occurs due to the electrostatic interaction between the d
electrode 1 and the substrate, and the QPC detects both
frequency-independent voltage, and the resonant piezoe
tric voltage due to the strain in the structure.

We can estimate the displacement sensitivity of the Q
from our measurements; using the magnetomotive refl

-

t:FIG. 3. ~a! Amplitude and phase of signal reflected from magnetomot
drive electrode. Measurements made with applied power of270 dB in a
magnetic field of 5 T;~b! intermediate frequency current through QPC f
same applied power to magnetomotive drive electrode, in magnetic field
1, 2, 3, 4, and 5 T. IF frequency wasn IF5v IF/2p513.7 Hz, with 100%
amplitude modulation of the LO signal.

FIG. 4. ~a! Measurement schematic for electrostatic drive and detec
using the QPC. The LO drive signal is capacitively coupled to electrod
and is amplitude modulated at the IF frequencyv IF/2p513.7 Hz. The QPC
current is lock-in detected with the IF signal as a reference. Care was t
to ensure that no spurious mixing signals were detectable.~b! IF current
through the QPC for a range of applied LO powers, withPLO5261, 256,
253.5,251, and248.5 dB. The remnant magnetic field is estimated fro
magnetomotive measurements to be less than 0.01 T.
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tance measurements, we can calculate the midpoint disp
ment dz of the structure, and from the corresponding ma
nitude of the IF currenti IF , we find the responsivityi IF

'28 dz nA/mm. Our current detection is limited by th
voltage noise in the IF preamplifier, and corresponds t
noise of dzrms'3310212 m/Hz1/2, better than what is
achieved with optical interferometry.18 The corresponding
force noise is aboutdF rms'0.3 nN/Hz1/2. We note that the
thermal force noiseA4kBTmv0 /Q'1 fN/Hz1/2!dF rms,
well below our electrical noise level. As noted by Be
et al.,10 the sensitivityimproveswith reduction in size scale
due to the increase in strain for a given displacement.
device geometry allows for significantly smaller structur
with correspondingly higher frequencies, potentially a
proaching 1 GHz. The delicate sensitivity of the QPC c
therefore potentially be employed as a quantum-limited d
placement sensor, and allow the entanglement of a ph
coherent electron transmission sensor with a mechan
resonator.19

The authors thank R. Knobel for valuable conversatio
and acknowledge the support of a Research Corporation
search Innovations Award, the National Science Founda
XYZ-On-A-Chip Program, and the Army Research Office
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7W. Gödel, S. Manus, D. A. Wharam, J. P. Kotthaus, G. Bo¨hm, W. Klein,
G. Tränkle, and G. Weimann, Electron. Lett.30, 977 ~1994!.

8A. G. C. Haubrich, D. A. Wharam, H. Kriegelstein, S. Manus, A. Lorke,
P. Kotthaus, and A. C. Gossard, Appl. Phys. Lett.70, 3251~1997!.

9R. G. Beck, M. A. Eriksson, R. M. Westervelt, K. L. Campman, and A.
Gossard, Appl. Phys. Lett.68, 3763~1996!.

10R. G. Beck, M. A. Eriksson, M. A. Topinka, R. M. Westervelt, K. D
Maranowski, and A. C. Gossard, Appl. Phys. Lett.73, 1149~1998!.

11J. G. E. Harris, D. D. Awschalom, K. D. Maranowski, and A. C. Gossa
J. Appl. Phys.87, 5102~2000!.

12The LO cable was not 50V terminated, leading to large cable resonanc
and the IF output bandwidth was limited by the QPC impedance of ab
1 MV.

13A. N. Cleland and M. L. Roukes, Appl. Phys. Lett.69, 2653~1996!.
14A. N. Cleland and M. L. Roukes, Sens. Actuators A72, 256 ~1999!.
15D. Greywall, B. Yurke, P. Busch, A. Pargellis, and R. Willett, Phys. Re

Lett. 72, 2992~1994!.
16B. Yurke, D. Greywall, A. Pargellis, and P. Busch, Phys. Rev. A51, 4211

~1995!.
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Single-electron transistor as a radio-frequency mixer
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We demonstrate the use of the single-electron transistor as a radio-frequency mixer, based on the
nonlinear dependence of current on gate charge. This mixer can be used for high-frequency,
ultrasensitive charge measurements over a broad and tunable range of frequencies. We demonstrate
operation of the mixer, using a lithographically defined thin-film aluminum transistor, in both the
superconducting and normal states of aluminum, over frequencies from 10 to 300 MHz. We have
operated the device both as a homodyne detector and as a phase-sensitive heterodyne mixer. We
demonstrate a charge sensitivity of,431023 e/AHz, limited by room-temperature electronics. An
optimized mixer has a theoretical charge sensitivity of&1.531025 e/AHz. © 2002 American
Institute of Physics.@DOI: 10.1063/1.1493221#
m

n
is
io
on
to
l-

rg

m
ac
E
1

to
n

ed

E
t

a
dt
t o

is
th
on
In
ec

y
o

s
e

l at
and
loyed
re-

ome

ed

ron

al-

no-

nd
-

s a
al

bar
t 30
was
this
Coulomb blockade can occur when current through
device passes through high-resistance contacts to a s
capacitance island. The condition for Coulomb blockade
that the resistance of each contact must exceedRK[h/e2

'25.8 kV, and the electrostatic charging energyEC of the
island must satisfyEC[e2/2CS@kBT, whereCS is the ca-
pacitance of the island. The charging energy can be tu
electrostatically using a gate capacitively coupled to the
land; the current is periodic in the gate charge, with a per
e, the charge of one electron. In this mode of operati
these devices are known as single-electron transis
~SETs!.1,2 An important application of the SET is as an u
trasensitive electrometer, with a theoretical cha
sensitivity3 of order 1026e/AHz.

The high electrical resistance associated with Coulo
blockade, coupled with the unavoidable stray cable cap
tance, has traditionally limited measurements with the S
to frequencies&104 Hz. This can be increased to about
MHz by placing a first-stage amplifier in close proximity
the SET.4,5 A significant innovation has recently bee
demonstrated,6 where the SET is coupled through a tun
LC tank circuit, so that at the resonance frequencyv0

51/ALC the output impedance of the SET is matched to
50 V cable. This technique, termed a radio-frequency S
~rf-SET!, allows operation at resonance frequencies up
;10921010 Hz, with a demonstrated charge sensitivity ne
the theoretical limit. However, the measurement bandwi
about the resonant frequency is limited to a few percen
v0 , as the tank circuit quality factor must satisfyQ
*A2RK/50 V'30 to achieve impedance matching. Th
limits applications of this device to measurements where
frequency of the signal to be measured is externally c
trolled, or is known beforehand to fairly high precision.
addition, the tuning circuit requires a well-characterized el
trical environment, which is not always easily achieved~for
example, with carbon nanotube-based transistors!.

Here we demonstrate the use of the SET as a homod
detector and as a heterodyne mixer. In the former, the n

a!Electronic mail: cleland@iquest.ucsb.edu
5320003-6951/2002/81(3)/532/3/$19.00
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linear dependence of the currentI on the coupled charge i
employed to mix a rf signal to dc, while in the latter, th
signal is mixed with a local oscillator to generate a signa
the difference frequency, close to dc, whose amplitude
phase may be measured. These techniques may be emp
with any gated Coulomb blockade device, allowing measu
ments at frequencies up tovmax'I/e, above which nonadia-
batic current transport and photon-assisted tunneling bec
significant.

For this experiment, we used a lithographically pattern
SET, comprising two Al/AlOx /Al tunnel junctions and two
interdigitated coupling capacitors, fabricated using elect
beam lithography and shadow evaporation1 @see Fig. 1~a!#.
The device was fabricated on a GaAs heterostructure to
low in situ fabrication of nanomechanical structures:7 We
plan to implement the mixer as a motion sensor for a na
mechanical resonator, capacitively coupled to the SET.8

The device was mounted on a dilution refrigerator a
cooled to.30 mK. All leads were filtered with metal pow
der filters9 and source and drain leads withRC filters at 1.5
K and at room temperature. The SET was operated a
mixer both in the superconducting state and in the norm
state, in a magnetic field of 1 T. Figure 1~b! shows the

FIG. 1. ~a! Electron micrograph of a typical sample, showing the'50
350 nm2 overlap of the junctions and the two gate capacitors. The scale
is 1 mm. ~b! dc normal-state current–voltage characteristic of the SET a
mK, where the modulation due to gate 1 is shown; the same behavior
seen when modulating gate 2. The device parameters extracted from
measurement areCG154.2310216 F, CG252.8310216 F, R[R11R2

5850 kV, andCS'2310215 F.

^^^^Vcp^"^^ 
© 2002 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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normal-state current–voltage characteristic, as the dc bia
one gate was varied. The relatively large value of the S
resistance limits the noise performance and output ba
width, as discussed below.

For near-optimalVSD, as shown in Fig. 2~a!, the
source–drain currentI SD is approximately sinusoidal in th
gate voltageVG , with peak-to-peak amplitude 2DI 0 about
an average valueI 0 , and periode in the gate chargeCGVG ;
at optimal source–drain biasDI 0'I 0 . For homodyne detec
tion, we bias the gate with a dc voltageVG such that the
current is at a maximum, and apply a rf voltageVS cosvSt.
For frequencies smaller than the tunneling rate, the dc
rent is then the time average of the instantaneous cur
^I SD@VG1VS cos(vSt)#&. At frequencies of orderI /e and
higher, electrons can be transferred through the SET no
diabatically, reducing the Coulomb gap.10 At still higher fre-
quencies, where the photon energy is comparable to the
ference in final energy states\v'DE, photon-assisted
tunneling can occur. This effect is negligible in o
measurements.11 For heterodyne mixing, we couple a loc
oscillator ~LO! voltage VLO cosvLOt to the other gate, as
shown in Fig. 2~b!.

The homodyne response is shown in Fig. 2~c! for gate 2
at 20 MHz. For a model current dependenceI SD'I 0

2DI 0 cos(2pCGVG /e), we expect

^I SD~VS!&5I 01DI 0 UJ0S 2pCGVS

e D U, ~1!

where J0 is the zeroth-order Bessel function. A fit to th
dependence is shown in Fig. 2~c!; the zeroes in the respons
allow us to calibrate the signal voltageVS . The nonzero

FIG. 2. ~a! Schematic diagram of mixing. The gate charge is set for ma
mum current~dashed vertical line!, and a signal and~for heterodyne mixing!
local oscillator voltage are coupled to the gate.~b! Mixing circuit schematic
of both homodyne and heterodyne mixing. The SET is in the dashed bo
the center.~c! Homodyne detector signal at dc, measured as a function o
signal voltage. The signal at 20 MHz was applied to gate 2, while the S
was in the superconducting state. Points are experimental data, an
dashed line is the expected Bessel function response.~d! Heterodyne mixing
spectral density aboutv i f 5152.15 Hz, withCGVS50.1e, CGVLO50.3e,
vLO/2p520 MHz, andvS5vLO1v i f , with the SET in the normal state
The vertical axis is in units of input signal charge spectral densityqS

5CGVS .

CaVs = Q.le 

•» nL*J»M»»»nJlsAl/^l»jW>NVt 

CoVs/' 

148 152 156 
(0/2JC (HZ) 
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capacitance between the gate and source–drain leads c
modulateVSD as well, causing deviations from Eq.~1! at
larger rf amplitudes.

For heterodyne mixing, the signal voltage is applied
one gate, and a local oscillator voltageVLO cosvLOt to the
other gate. The source–drain current is modulated by b
signals, and a current is generated at the intermediate
quency v i f 5uvS2vLOu. The if signal ~magnitude and
phase! was detected using a lock-in amplifier, whose ref
ence signal was generated by a separate mixer, shown in
2~b!. High-pass filters ensured that this reference signal w
not transmitted to the SET. The measured spectral resp
is shown in Fig. 2~d!, showing the peak atv i f as well as the
sideband noise.

Figure 3~a! shows the heterodyne mixer amplitude as t
dc source–drain voltageVSD and dc gate voltageVG are
varied. Thee periodicity in CGVG is observed, and the de
pendence onVSD has the expected maximum neare/2CS .
Figure 3~c! shows theif current as a function of signal am
plitude VS ; the same dependence is found whenVLO is var-
ied. The gain of the device is tunable by varying the dc g
bias, source–drain voltage, and oscillator power. Theif re-
sponse was calculated using an analytic model for the SE12

and is shown in Figs. 3~b! and 3~d!. The measured respons
follows the predicted behavior, but is approximately a fac
of 2 smaller than calculated. At present we do not underst
this discrepancy.

Figure 4~a! shows the frequency dependence of t
mixer signal, for fixedv i f and constant LO and signa
power. Figure 4~a! shows a measurable signal up
vLO/2p'300 MHz, limited by thevmax/2p;300 MHz cut-
off frequency for this device. Figure 4~b! shows the
;250 Hz output bandwidth for the SET. This can be i
creased by lowering the junction resistance, operating in
superconducting state, and reducing the cable capacita
Use of a closely coupled preamplifier or tunedLC circuit
could further increase the output bandwidth. Noise meas

-

in
e
T
the

FIG. 3. ~a! Amplitude of the mixing signal as a function of the dc ga
charge for a range ofVSD ~offset for clarity, withVSD54, 50, 100, and 150
mV bottom to top!, with vLO/2p520 MHz andv i f /2p5152.15 Hz. ~b!
Modeled mixing current as a function of the dc gate charge,VLOCG

50.2e, VSCG50.25e at 30 mK varyingVSD as in ~a!. ~c! Measuredif
current as a function of the rf charge on the gate forvLO/2p520 MHz and
v i f /2p5152.15 Hz, with fixed source–drain biasVSD590mV. The three
traces are for varyingVLOCG /e. ~d! Modeledif current forVSD5100mV at
30 mK varyingVLOCG as in ~c!.

-0.4 0 0.4 

F^CQ/C 
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp



g
s

u
t

nt
t

ho-
io-
r a
is

ues
nse,
fig-
on
n to

ed
o-
Cor-
nk

, N.

nd

E.

ys.

mi,

h-
o

534 Appl. Phys. Lett., Vol. 81, No. 3, 15 July 2002 Knobel, Yung, and Cleland
ments near the intermediate frequencyv i f at optimum gain
yield a signal charge sensitivitydqS,431023e/AHz, lim-
ited by noise in the room-temperature electronics@Fig. 2~d!#.

The heterodyne response can be understood by usin
sinusoidal approximation for the current–charge respon
The heterodyne currentDI i f at v i f is then related to the
signal and LO voltagesVS andVLO by

DI i f 52DI 0J1S 2pCGVS

e D J1S 2pCGVLO

e D , ~2!

in terms of the first-order Bessel functionJ1 . The small sig-
nal if current gaingI5DI i f /DI S is optimized forVLO at the
first maximum ofJ1 , CGVLO'0.293e. For a current source
DI S5vSCGVS!vSe, the current at optimal bias isDI i f

5gII S'3.66DI 0CGVS /e51.83(vmax/vS)DIS. Current gain
is therefore expected at frequencies belowvmax;300 MHz
for this device.

We estimate the expected charge noise for the mixer
ing the current shot noiseSI(v)'2eISD. The output noise a
v, referenced to the input charge noise powerSq(v), is ap-
proximately

Sq~v!5
2eISD

~]DI i f /]qs!
2 '

2eISD

~3.66DI 0 /e!2 , ~3!

yielding input charge noisedqS( f )'0.97Ae/I 0. For our de-
vice this yieldsdqS( f )'1.331024e/AHz, while for an op-

FIG. 4. ~a! Mixing signal amplitude as a function ofvLO at constantv i f

5152.15 Hz; the signal and LO powers were268 and261 dBm, respec-
tively. The low-frequency rolloff is due to high-pass filtering, and the hig
frequency rolloff is due to theI SD/e limitation. The dashed line is a guide t
the eye.~b! Mixing signal as a function ofv i f for vLO550 MHz. The
dashed line is a fit that gives a23 dB single-side bandwidth of 250 Hz.

0 200 400 
(Og/27I (MHz) 

1 10 
(Oi/27I (kHz) 
Downloaded 17 Sep 2002 to 128.111.14.151. Redistribution subject to A
the
e.

s-

timized SET withR52RK , C51 fF, we finddqS( f )'1.5
31025e/AHz. This optimized SET would have a curre
gain of gI'30 at 100 MHz and 3 at 1 GHz. An importan
question remains regarding the impact of 1/f charge noise: If
this noise modulates the mixer gain, it will contribute atv,
while if not the mixer can operate outside the 1/f noise-
dominated band even for lowv i f .

In conclusion, we have demonstrated the use of a lit
graphically defined single-electron transistor as a rad
frequency mixer that allows the detection of signals ove
fully tunable 300 MHz band. The use of this technique
complementary with SET bandwidth-enhancing techniq
such as the rf-SET. The generic nature of the mixer respo
and the ease with which the mixer operation can be con
ured, should allow its application in devices using carb
nanotubes, single molecules, and quantum dots in additio
metal tunnel junction circuits.

The authors acknowledge the financial support provid
by the National Science Foundation XYZ-On-A-Chip Pr
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poration through a Research Innovation Award. They tha
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Thermal conductance and electron-phonon coupling in mechanically
suspended nanostructures
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We have fabricated and characterized the principal thermal properties of a mechanically suspended
nanostructure, consisting of a micron-scale suspended GaAs island, upon which we have defined
superconductor-insulator-normal metal tunnel junctions. The tunnel junctions allow for sensitive
thermometry and heating of the electrons in a thermally isolated normal metal element, permitting
the determination of the low-temperature thermal conductance of the legs that support the GaAs
island, as well as the low-temperature electron-phonon coupling. This device forms the basis of a
nanoscale bolometric detector, whose optical performance can be estimated from these
measurements. ©2002 American Institute of Physics.@DOI: 10.1063/1.1491300#
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It has recently become possible to fabricate fully s
pended, three-dimensional integrated devices that can
used for sensitive measurements of energy and thermal tr
port in nanostructures. Recent experiments have meas
the low temperature thermal conductance of submic
single crystal GaAs wires,1 in the range of 1–10 K, as wel
as the quantum of thermal conductance of a suspended p
crystalline silicon nitride membrane,2 in the range of 0.1–10
K. A challenging problem is temperature measurement of
suspended device. Tigheet al.1 relied on the temperature de
pendence of the zero-bias resistance of ann1-doped GaAs
resistor, while Schwabet al.2 used a dc superconductin
quantum interference device to monitor the Johnso
Nyquist noise in a normal metal film. An alternate approa
is to employ a superconductor-insulator-normal metal~SIN!
tunnel junction as an electron thermometer. These have b
used for measuring the thermal conductivity of large-sc
suspended silicon nitride membranes,3 as well as for elec-
tronic refrigeration.4–6 SIN tunnel junctions have also bee
used as sensitive probes of the electron energy distributio
mesoscopic metallic systems.7 Here we demonstrate the in
tegration of SIN tunnel junctions with a nanoscale suspen
single-crystal GaAs structure, allowing us to measure
electron-phonon coupling in a normal metal film on the s
pended structure, as well as measure the phonon the
conductance through the supporting legs. Our device ca
applied to infrared bolometry.

The device was fabricated from a GaAs/AlGaAs hete
structure consisting of a 200 nm GaAs top layer and a
nm Al0.7Ga0.3As sacrificial layer, on a bulk GaAs substrat
The lateral dimensions of the mechanical structure were
fined using electron-beam lithography to pattern an e
mask, used for a timed anisotropic reactive ion etch of
GaAs heterostructure. We used SiCl4 , flowing at 10 sccm at
a pressure of 3 mTorr, with a rf power of 100 W, to etch to
depth of 400 nm. The structure is shown in Fig. 1; the
supporting legs are 0.230.233 mm3 and the central GaAs
island is 0.23536 mm3. The AlGaAs layer was remove

a!Electronic mail: cleland@iquest.ucsb.edu
310003-6951/2002/81(1)/31/3/$19.00
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with a timed wet etch in 7% hydrofluoric acid, undercuttin
the island and six legs. The tunnel junction circuit was d
fined on the surface of the suspended structure, using a
ond step of electron-beam lithography to create a ste
mask for angled shadow evaporation. These included a
of SIN tunnel junctions connected back-to-back in a SIN
pair configuration, and a separate SINIS pair with two ohm
superconductor-normal metal~SN! contacts to the center nor
mal metal element. The tunnel junctions were made by fi
evaporating 100 Å of Al, perpendicular to the sample s
face, and oxidizing in 200 mTorr of O2 for 3 min, forming
the superconducting-insulating connections for the SIN ju
tions; the oxidation time determines the normal state junct
resistance (RN). A second evaporation of 100 Å of Al, at 45
to the sample surface, formed the superconducting con
tions for the SN contacts. A final evaporation at245° of 600
Å of Cu completed the tunnel junctions. Only~superconduct-
ing! Al was deposited on the support legs, minimizing t
thermal conductance~see Fig. 1!. The tunnel junctions can

FIG. 1. Micrograph of suspended structure, with 1mm scale bar. Top left:
Log spiral antenna for coupling radiation to the device. Bottom: Schem
of device, indicating the GaAs suspended island, the six supporting legs
SIN tunnel junctions and the ohmic SN contacts.

SIN 
junctions 

Cu(N) M 
Ai (s) n 
AlOx(l) ■ 
GaAs □ 
© 2002 American Institute of Physics
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be used as SINIS junction pairs, or, using the SN contacts
single SNIS junctions.

Electrical contacts to the device were made with Au w
bonds. The device was mounted in a stainless steel can
mally anchored to the mixing chamber of a dilution refri
erator, with a base temperature of 25 mK. All electrical co
nections to the sample were extensively filtered at ro
temperature, at the 1 K pot, and at the mixing chamber wit
p filters, three pole RC filters and stainless steel pow
filters.

We calibrated the SINIS junction pairs as electron th
mometers by measuring the zero-bias conductanceG
5dI/dV(Vdc50) as a function of the mixing chamber tem
peratureTmix . Figure 2 shows the measured normalized c
ductanceRNG of one of the SNIS pairs, withRN520 kV.
The other SINIS pair was very similar, withRN5130 kV.
Also shown is a one-parameter fit to Bardeen–Coop
Schrieffer~BCS! theory,8 giving a transition temperature o
Tc51.3 K, that of bulk aluminum. Measurements below 0
K deviate from the BCS theory, possibly due to multip
Andreev reflections in the normal section of the SINIS pa9

or an indication of sufficient spurious radiation that the el
trons do not cool to below 150 mK, due to the small volum
of Cu ~V5630.330.06mm3 of Cu!. Bulk electron-phonon
coupling theory indicates that for this volume, an ambie
power of 10214 W is sufficient to heat the electrons toTel

5150 mK, for an island phonon temperatureTisland'Tmix

525 mK.10 We note that the measurement-induced hea
of the electron gas is negligible, as measurements were d
with an applied power of only'10217 W.

We measured the electron-phonon coupling by passin
dc current through the two SN contacts, heating the nor
metal, and monitoring the electron temperatureTel using one
of the SNIS junctions, as shown in the inset of Fig. 3. T
SIN junction, located 5mm from the dc injection point, is ac
biased to allow a lock-in measurement of the zero-bias c
ductance extractingTel from the fit in Fig. 2. Negligible
measurement power was dissipated. Figure 3 showsTel as a
function of powerP, for different mixing chamber tempera
turesTmix . The solid lines are fits of the formP5SV(Tel

n

2Tisland
n ), with n54.84 and S523109 W/m3 K4.84, for

Tmix525 mK, in agreement with previou
measurements;10–12 bulk theory predicts n55 and S
'0.2– 23109 W/m3 K5. Measurements at otherTmix yield

FIG. 2. Normalized zero-bias conductanceG of one SNIS tunnel junction,
as a function ofTmix . Conductance is in units of the normal state resista
RN , and Tmix was measured by a calibrated thermometer. Solid line i
BCS fit to the data.
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similar values forn and S. Calculations of the acoustic
mismatch13 between the Cu (Tlatt) and the GaAs (Tisland)
phonon gases predictTlatt.Tisland, which results in a re-
duced fit valuen. However, the applicability of acoustic mis
match theory is debatable, as the phonon modes in the
film are effectively two-dimensional below 1 K.14 Note that
we will identify the island phonon temperatureTisland with
Tmix .

The thermal conductance of the support legs was m
sured by dc biasing one of the SINIS pairs, and measu
the corresponding rise inTisland using an electrically isolated
SNIS junction. The heating power deposited in the norm
Cu section (C1) of the first SINIS pair~see inset of Fig. 4!
heats the island phonon gas, and is then transmitted thro
the legs to the bulk substrate. The power dissipated isP
5I (V22D/e), using the measured currentI and voltageV
across the heater SINIS pair, assuming quasiparticle re
ation to the gap (D5180meV) as the dominant heating pro
cess, with negligible subsequent recombination.15 Tisland is
inferred from the electron temperature of the normal Cu s
tion (C2) of the SNIS thermometer, using the previous
determined electron-phonon coupling. The measured ther
conductance is shown in Fig. 4, forTmix525 and 50 mK.
The solid line is a fit to the data of the formP5a(Tisland

4

e
a
FIG. 3. Electron temperatureTel measured as a function of powerP dissi-
pated in the normal metal, measured atTmix50.025, 0.24, 0.3, 0.4, and 0.5
K ~indicated by the intercept!. The 0.025 K data interceptTel at 0.15 K;
solid lines are fits to the data. Inset is a diagram of the measurement s

FIG. 4. Island temperatureTisland as a function of powerP dissipated in the
island phonon gas, measured atTmix525 mK ~circles! and 50 mK ~tri-
angles!. Solid line is a fit to the data, yielding a phonon mean free pathL
57.7mm. The long dash line is forL51 mm, for comparison. The quan
tum of thermal conductance for six legs is indicated by the short dash
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2Tmix
4 ) with a53.3310210 W/K4. This corresponds to a

mean free pathL57.7mm,16 indicating that the phonon
undergo primarily specular~rather than diffuse! reflections
within the legs.1 Also plotted~short dashes! is the quantum
of thermal conductance2,17 for six legs, 6343G0

58p2kB
2T/h. The data agree well with the bulk theor

crossing over to the quantum limit at;170 mK. Note the
large phonon mean free path in our device masks the tra
tion to the quantum limit; we have also plotted the bu
thermal conductance forL51 mm ~long dashes!, which
would make the transition to the quantum limit at 550 m
In addition, the thermal conductance of the legs is sign
cantly larger than the electron-phonon effective conductan
so the assumption thatTisland'Tmix in the electron-phonon
heating measurements is a good one.

We can estimate the performance of this device a
bolometric detector, assuming an operational temperatur
100 mK. Antenna-coupled infrared power heats the electr
in C2 , through the two SN contacts, and the resulting te
perature rise inC1 is detected with a SINIS pair~see Fig. 4!.
We take the electron heat capacitancesC15C2'7.4
310219 J/K at T50.1 K,18 and for the island phonon
Cisland'1.0310220 J/K. The thermal conductance betwe
the electrons inC1 and C2 and the island phonons i
Gel-ph'1.1310214 W/K, and the phonon thermal conduc
tance of the support legs isGlegs'1.5310213 W/K. The
dominant thermal noise source is due to the finite value
Gel-ph . The estimated noise equivalent power~NEP! at low
frequencies is NEP5(4kBT2Gel-ph)

1/2'7310220 W/Hz1/2.
Current noise from the first-stage amplifier is a significa
additional contribution for this device, due to the high ze
bias resistance;108 V, limiting the effective NEP to'4
310217 W/Hz1/2.19 We are investigating alternative ap
Downloaded 01 Jul 2002 to 128.111.14.253. Redistribution subject to A
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proaches to reading out the device, using a single-elec
transistor as a first-stage amplifier.
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Piezoelectric displacement sensing with a single-electron transistor
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We propose a displacement sensing scheme for rf mechanical resonators made from GaAs, based on
detecting the piezoelectrically induced charge. By using a single-electron transistor to detect the
charge, we calculate that a significantly higher displacement sensitivity can be achieved than by
using capacitive displacement sensing, primarily due to the strong piezoelectric coupling strength.
We estimate a displacement sensitivity of order 10217 m/Hz1/2 for a 1 GHz GaAs resonator. Our
model solves the coupled electromechanical response self-consistently, including the effects of both
dissipative and reactive electronic circuit elements on the resonator behavior. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1507616#
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There is significant interest in developing detecti
schemes that might achieve quantum-limited displacem
sensing of nanometer-scale resonators.1–3 At present, one of
the most promising approaches is to use a single-elec
transistor ~SET! capacitively coupled to a flexural bea
resonator.1,4 In this scheme, the flexural beam is biased w
a constant voltage, so that its motion changes the ch
coupled to a nearby SET, hence changing the current thro
the SET. Increasing the voltage applied to the beam lead
larger coupled charge signals, but also increases the b
action coupling between the SET and the beam. For a m
cantilever and SET, applying the optimal bias voltage yiel1

a displacement sensitivity of 4310216 m/Hz1/2.
Here, we demonstrate that if instead the resonator is

ricated from a piezoelectric material, such as GaA3

AlGaAs,5 or AlN,6 and the SET is configured to sense t
piezoelectric voltage developed when the beam flexes, th
significantly higher displacement sensitivity can be achiev
we calculate a noise figure of 5310217 m/Hz1/2, dominated
equally at peak sensitivity by the current and back act
noise of the SET. This technique is similar to that of Be
et al.,7 where an integrated field-effect transistor was used
sense strain. Here, the superior noise performance of the
permits several orders of magnitude improvement in the
placement sensitivity.

In Fig. 1~a!, we show the heterostructure design fro
which the device could be fabricated, and in Fig. 1~b!, a
schematic view of the doubly clamped resonator that
cludes the SET. The heterostructure includes a tw
dimensional electron gas~2DEG! 50 nm below its surface
which acts as a ground plane for the actuation and detec
signals. The device is fabricated using a sequence
electron-beam lithography, etching, and metal deposition
define the SET and the mechanical resonator.4 The model
resonator, with dimensionsL3w3t50.6430.230.1 mm3,
is designed to operate at the fundamental flexural freque
v1/2p51.027(E/r)1/2(t/L2)51.0 GHz, using Young’s
modulusE585 GPa andr55.32 g/cm3 for GaAs.

Flexure of the resonator in thez direction, with the

a!Electronic mail: cleland@iquest.ucsb.edu
2250003-6951/2002/81(12)/2258/3/$19.00
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^100& crystal axis aligned alongz, will generate a piezoelec
tric polarization densityP alongz, with the polarization am-
plitude proportional to the distance from the midpointz
50) of the beam.8 The polarization induces a screenin
charge on the detection electrode, which can be detecte
the SET. Conversely, when an electric field is applied
tween the actuation electrode and the 2DEG, alongz, the
beam will respond with an in-plane strain, which couples
the fundamental flexural mode. For a neutral axis displa
mentU(x), the polarization densityP(x,z) a heightz above
the neutral axis isP(x,z)50.315d14EzU9(x).9 Here, d14

53.03 pC/N is the relevant piezoelectric constant
Al0.3Ga0.7As.5,8 For the fundamental flexural mode, the p
larization density is largest at the beam surfacez5t/2, and is
maximum at the beam endsx56L/2, crossing zero atx
560.276L, and reaching a secondary~negative! maximum
at the beam centerx50. This polarization induces a chargeq
on the detection electrode, which extends from the beam
to the zero-crossing point, over the full widthw of the beam.
The induced charge is the integral of the polarization at
surface,P(x,t/2), over the area of the detection electrode

The circuit connected to the detection electrode will
fect the electromechanical response of the resonator~a some-
what related effect was described by Schwab!.10 The re-
sponse can be determined by solving the coupled elect

FIG. 1. ~a! GaAs/AlGaAs heterostructure design; layer thicknesses in
cated in parentheses. A 2DEG is formed at the GaAs-~modulation-doped!
Al0.3Ga0.7As interface. Vertical axis is not to scale.~b! Sketch of device; the
resonator has dimensionsL3w3t, with the SET situated at one end of th
beam, coupled to a detection electrode, with an actuation electrode th
driven by a rf source at the other end.Vg is the voltage applied to the gat
of the SET, andVds the drain–source bias voltage. The GaAs crystal ax
and the geometric axes, are indicated.
8 © 2002 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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and mechanical equations of motion self-consistently. I
piezoelectric material, the stress, strain, electric field,
polarization density provide a complete description of
state of the system, and any pair of these can be chose
the independent variables, the other two determined thro
the linear piezoelastic relations.11 In our case, we conside
only the fundamental flexural mode for the resonator, el
trically coupled through the detection electrode shown
Fig. 1~b!, and we simplify the full tensor relations to thos
involving the force F coupled to the fundamental mod
shape, the displacementU5U(0) of the beam midpoint, and
the chargeq and voltageV induced on the detection elec
trode. These are then related to one another through
relations9

S F
q D5S k a

a CD S U
VD . ~1!

Here, k5Mv1
2 is the effective spring constant for a bea

massM , C is the geometric capacitance associated with
detection electrode, anda is a scaled piezoelectric consta
that relates the force to an applied voltage, for fixed displa
ment, and the induced charge to a displacement, for a fi
voltage. The material symmetries make the constants
these two relations equal. For the fundamental mode of
model GaAs/AlGaAs flexural resonator, we havek
52700 N/m, C50.448««0(wL/t)565 aF, and a
50.771d14E(wt/L)56.231029 C/m.

The mechanical resonator response includes inertial
dissipative terms in the displacementU, and we model the
electrical circuit as a Nyquist equivalent circuit with impe
anceZ(v) and voltageVe(v), as shown in Fig. 2~a!. The
coupled equations of motion, using Eq.~1!, are then given by

S k2Mv21 iM
vv1

Qm
1

ivZ

11 ivCZ
a2DU

5FD1
1

11 ivCZ
aVe ,

q5
aU1CVe

11 ivCZ

6 . ~2!

For a real impedanceZ(v)5R, at low frequencies
vRC!1, the circuit damps the resonator, giving a net qu
ity factor 1/Qt51/Qm11/Qel with the electrical contribution
Qel5Mv1 /a2R. This type of damping has been observ
with an atomic force microscope cantilever in carb
nanotube-based SETs.12 If the force FD is the thermome-
chanical noise at temperatureT, with classicalspectral den-
sity SF(v)52kBTMv1 /pQm , and the resistor has Nyquis

FIG. 2. ~a! Nyquist equivalent circuit connected to the piezoelectric det
tion electrode, with impedanceZ(v) and voltage sourceVe(v). ~b! Circuit
model for detection electrode as the island of the SET.

(a) (b) 
'92 

Vg2 

T 
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voltage noise at temperatureT, SV(v)52kBTR/p, the ef-
fective force noise from Eq.~2! is that corresponding to ther
momechanical force noise for a quality factorQt . Theclas-
sical spectral density of the displacement noiseSX

T(v) at
temperatureT, including both the thermomechanical an
electrical noise, is given by

SX
T~v!5

1

~v1
22v2!21~vv1 /Qt!

2

2kBTv1

pMQt
. ~3!

On resonancev5v1 , the displacement noise isSX
T(v)1/2

5A2kBTQt /pMv1
3. For mechanical resonators at low tem

peratures, with\v1*kBT, we should use the Callen–
Welton quantum formula for the noise,13 SF(v)
5(v1 /pMQt)\v coth(\v/2kBT), replacing the last ratio in
Eq. ~3!. The temperature dependence of this displacem
noise on resonance for the model beam with an assu
quality factorQt of 104 is plotted in Fig. 3~a!. The quantum
limited displacement noise of this beam is 1
310217 m/(rad/s)1/2.

At high frequenciesvRC@1, the electrical circuit stiff-
ens the mechanical response, shifting the resonance
quency without adding dissipation. In this limit, the voltag
noise is reduced by theRC rolloff of the circuit.

For capacitive loading of the resonator, withZ
51/ivCe , the external circuit will only act to stiffen the
effective mechanical response, so that the resonance
quency shifts tov18

25v1
21a2/MCe .

We now analyze the displacement sensitivity of the
ezoelectric resonator coupled to a SET, whose circuit

-

FIG. 3. ~a! Displacement noise as a function of temperature, at the be
resonance frequency for the model beam. The dashed line is the clas
thermal noise, while the solid line is the Callen–Welton noise.~b! Displace-
ment noise as a function of gate voltage, at the beam resonance frequ
for the model SET withVds50.3e/CS at 10 and 100 mK.~c! Displacement
noise atVg250.4e/Cg2 as a function of frequency detuning from the bea
resonance, showing the resonance response effect on the back-action
In plots ~b! and ~c!, dashed lines are back-action noiseSX

B , dashed–dotted
lines readout noiseSX

R , and solid lines total noise for 10 mK while dotte
lines indicate the total noise for 100 mK.
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shown in Fig. 2~b!. In order to measure the motion of th
beam at the resonant frequency, the SET can either be
with a resonant tank circuit14 ~termed rf-SET!, or can be used
as a rf mixer;4 in the latter implementation, operation at fr
quencies up to and above 1 GHz is achievable. Th
frequency-shifting techniques should not significan
modify the noise analysis presented here.

The displacement sensitivity is limited by two effect
The current noise of the SETSI(v) adds to the detecte
displacement signal, generating a spectral noise den
SX

R(v) referenced to the beam displacement, which we te
the readout noise. In addition, the fluctuation in the num
of electrons on the SET center island causes the island
age to fluctuate. This voltage noise actuates the beam r
nator, providing a source of back-action noise, with displa
ment spectral densitySX

B(v) ~again referred to the beam
displacement!. Semiclassical expressions for the noise o
SET have been developed by Korotkov;15 here, we use the
approximate model developed by Zhang and Blencow16

which applies in the low-temperature limitkBT!eVds , so
that only terms involvingn andn11 electrons on the SET
island are kept.

With the resonator coupled to one input gateCg1 of the
SET, the input impedance is that of the other island cap
tances in parallel,Z(v)51/ivCS8 with total island capaci-
tanceCS5CJ11CJ21Cg11Cg25CS8 1Cg1 . The total dis-
placement noise spectral densitySX(v), referred to the beam
displacement, is the sum of the contributions from the re
out and back-action noise,

SX~v!5SX
R~v!1SX

B~v!, ~4!

where we ignore correlations between these two no
sources. The readout noiseSX

R(v) is related to the SET cur
rent noiseSI(v) by the displacement responsivity of th
SET,

SX
R~v!5SI~v!/~dIds /dU!2, ~5!

where dIds /dU is the derivative of the SET current wit
midpoint displacementU. From Eq.~2!, we can relate the
SET-coupled chargeq(U) to the displacementU for fixed
voltage Ve , dq/dU5a/(11Cg1 /CS8 ), and using the form
for the SET current-charge dependenceI ds(q) we can deter-
mine the readout noiseSX

R . The back-action noise can b
evaluated from the relation between displacementU and
voltageVe for fixed drive forceFD ; the voltageVe , equal to
the SET center island voltage, is related to the numbern of
electrons on the center island byVe5(en1q̃)/CS , whereq̃
is the charge bias applied to the SET, assumed noise
From the expression16 for the spectral density of the numbe
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noise Sn(v), we then have the spectral density of volta
noise SV(v)5(e/CS)2Sn(v), and from Eq. ~2!, we can
evaluate the corresponding back-action displacement n
SX

B , with

SX
B~v!5

1

~v18
22v2!21~vv1 /Q!2 S aCS8

MCS
D 2

SV~v!, ~6!

with the resonance frequency shifted by the circuit capa
tance.

In Fig. 3, we display the two contributions as well as t
total noise, calculated for an optimized SET with junctio
resistancesRJ15RJ25100 kV, junction capacitancesCJ1

5CJ250.15 fF, and gate capacitancesCg15Cg2565 aF, at
temperatures of 10 and 100 mK.

The detection of the piezoelectrically induced charge
a mechanical resonator with a SET has been shown to
prime candidate for nearly quantum-limited displacem
sensing. Piezoelectric detection is additionally attractive
cause the piezoelectric signals scale favorably to the sm
stiff resonators needed to approach the regime where\v1

*kBT. In both the capacitive and piezoelectric schemes,
detection of deviations from the classical motion will be d
ficult for nanomechanical resonators withv1/2p,1 GHz.
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Nanomechanical resonators can be fabricated to achieve high natural resonance frequencies,
approaching 1 GHz, with quality factors in excess of 104. These resonators are candidates for use
as highly selective rf filters and as precision on-chip clocks. Some fundamental and some
nonfundamental noise processes will present limits to the performance of such resonators. These
include thermomechanical noise, Nyquist–Johnson noise, and adsorption–desorption noise; other
important noise sources include those due to thermal fluctuations and defect motion-induced noise.
In this article, we develop a self-contained formalism for treating these noise sources, and use it to
estimate the impact that these noise processes will have on the noise of a model nanoscale resonator,
consisting of a doubly clamped beam of single-crystal Si with a natural resonance frequency of 1
GHz. © 2002 American Institute of Physics.@DOI: 10.1063/1.1499745#
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I. INTRODUCTION

Nanomechanical resonators are rapidly being pushe
smaller size scales and higher operational frequencies, p
due to potential applications as on-chip high-Q filters and
clocks. Such resonators would have the potential for rep
ing bulk quartz crystals and surface-acoustic wave resona
in technological and precision measurement applicatio
which require extensive separate circuitry and space requ
ments. High-frequency resonators have been fabricated f
bulk Si,1 silicon-on-insulator,2 silicon carbide,3 silicon
nitride,4 and from polycrystalline Si~poly-Si!.5,6 High reso-
nance frequencies can be achieved using submicron lith
raphy to define doubly clamped beams with relatively la
length-to-thickness ratios ofL/t;10– 20. Smaller aspect ra
tios, with L/t;2 – 5, allow high frequencies to be achieve
with less stringent demands on lithographic capability. F
these smaller aspect ratios, however, thermoelastic dam
begins to become an important source of energy loss
noise, ultimately limiting the quality factor and nois
performance.4,7

The resonance frequency of a mechanical structure
general scales as 1/L, whereL is the scale of the resonato
As the size scales are reduced and frequencies increa
however, the short-term stability of the resonator will be lim
ited by certain fundamental noise processes.8 These noise
processes include the thermomechanical noise generate
the internal loss mechanisms in the resonator,9 Nyquist–
Johnson noise from the readout circuitry,10 and adsorption–
desorption noise from residual gas molecules in the reson
packaging.11 Another noise source is due to temperature fl
tuations caused by the finite thermal conductance of
resonator;12 these fluctuations are fundamental to any obj
with finite heat capacity, and are distinct from environmen

a!Electronic mail: cleland@iquest.ucsb.edu
2750021-8979/2002/92(5)/2758/12/$19.00
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thermal drifts that can be controlled using oven-heated pa
aging, similar to that used for high-precision quartz cloc
Resonators fabricated from polycrystalline materials, such
those including poly-Si and silicon nitride, are also expec
to demonstrate noise from anelastic noise processes ca
by grain-boundary and point defect motion.13

At present, there does not exist a single self-contain
formalism for describing the resonance and noise proper
of nanomechanical resonators. In the first part of this wo
we therefore develop such a formalism, based on the w
known Euler–Bernoulli theory of beams. We hope that t
will provide a clear and useful framework for future deve
opments in the field. In the latter part of the work, we u
this formalism to calculate the effects of the most significa
and fundamental, classical sources of noise on resonator
formance. The importance of thermomechanical noise, a
ing from the nonzero dissipation and temperature of a re
nator, has been recognized for some time, and its effects h
been included in previous noise analyses of mechan
resonators.9,14Other noise sources have also been included
more recent analyses, as mentioned herein. However,
results are not in agreement with the results of these m
recent works, in particular, in terms of the magnitude of t
impact of the noise, as well as the method of analysis
some of the noise sources, in particular, that of the effec
temperature fluctuations. We have also included a discus
of defect noise, that to our knowledge has not previou
been considered.

We do not consider noise or physical limitations pr
duced by particular transducer implementations. Electros
cally driven and detected resonators suffer from surf
charge motion; magnetomotive approaches require la
stable ambient magnetic fields; optical approaches req
stable sources of monochromatic light. We are more c
cerned with the limitations set by the physics of resona
8 © 2002 American Institute of Physics

IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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behavior, and transducer approaches should be evalu
separately from these.

II. DOUBLY CLAMPED BEAM RESONATORS

A. Euler–Bernoulli theory

In Fig. 1, we show the structure forming the basis of o
calculations: A doubly clamped beam of lengthL, width w,
and thicknesst, oriented along thex axis, driven into flexural
resonance with displacement along they axis.

The dynamic behavior of a flexural beam is most eas
treated using the Euler–Bernoulli theory, which applies
beams with aspect ratiosL/t@1.15 For an isotropic material
the transverse displacementY(x,t) of the beam centerline
~along they direction!, obeys the differential equation

rA
]2Y

]t2
~x,t !52

]2

]x2
EI

]2Y

]x2
~x,t !, ~1!

wherer is the material density,A5wt is the cross-sectiona
area,E is Young’s modulus, andI 5wt3/12 is the bending
moment of inertia. The clamped ends, atx50 and x5L,
impose the boundary conditionsY(0)5Y(L)50 and
Y8(0)5Y8(L)50. The solutions have the form

Yn~x,t !5~C1n~cosknx2coshknx!

1C2n~sinkn2sinhknx!!exp~2 iVnt !, ~2!

with eigenvectorskn satisfying cosknL coshknL51. The first
four eigenvectors are given byknL5 4.730 04, 7.8532,
10.9956, and 14.1372. The angular frequenciesVn are given
by

Vn5AEI

rA
kn

2 . ~3!

The fundamental eigenfrequency is given by

TABLE I. Numerical solutions for a doubly clamped beam.

n51 2 3 4

knL 4.730 04 7.8532 10.9956 14.1372
nn /n1 1 2.756 5.404 8.933
C1n /L 21.0000 21.0000 20.9988 21.0000
C2n /L 0.9825 1.0008 0.9988 1.0000

FIG. 1. Doubly clamped beam with lengthL, width w and thicknesst. The
end supports are assumed infinitely rigid.
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and the higher modes arenn /n152.756, 5.404, and 8.933 fo
n52, 3, and 4.

The eigenfunctionsYn in Eq. ~2! are mutually orthogo-
nal, and we normalize them to the beam length, so that

E
0

L

Yn~x!Ym~x!dx5L3dmn . ~5!

The corresponding coefficientsC1n and C2n are listed in
Table I. An arbitrary solutionY(x,t) to undriven or driven
motion can be written

Y~x,t !5 (
n51

`

an~ t !Yn~x!, ~6!

where the amplitudesan are dimensionless.
The fundamental frequencyn1 is a function of the ma-

terial parametersE andr as well as the beam dimensionst
and L. High frequencies can be achieved by reducing
overall resonator scale, by choosing stiffer and lighter ma
rials, and by reducing the aspect ratioL/t; all three of these
approaches are being used, and at present the highes
ported frequency is 0.63 GHz, for a SiC beam.16 For the
purposes of this article, we will focus on a single-crystal
beam with dimensions as given in Table II; the releva
physical properties for Si are given in Table III, all at roo
temperature. Our calculations are for the fundamental re
nancen51.

In the next section, we discuss the anelastic proces
that result in a finite quality factorQ for the beam resonance
described within the context of Zener’s model for anelas
solids. In that section, we will describe how the Zener mo
is included in the formalism described so far. In later se
tions, we discuss other types of noise that are not descr
within the context of the Zener model; these have to do w
parametric changes in the physical properties of the reso
tor, such as its mass and length, which cause the na
resonance frequency of the resonator to change, but do
necessarily involve energy dissipation. Any single parame
change can be associated with a change in the reson

TABLE II. Parameters for the beam in this calculation.

L t w M n1 k1

~mm! ~mm! ~mm! ~fg! ~GHz! (mm21)

0.66 0.05 0.05 3.84 1.00 7.17

TABLE III. Properties for Si at room temperature.

Density r 2330 kg/m3

Young’s modulus E 1.6931011 N/m2

Thermal conductivity k 1.48 W/cm K
Specific heat CV 1.64 J/cm3 K
Sound speed cs 5860 m/s
Phonon mean-free path l 50 nm
Thermal expansion aT 2.831026/K
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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energy, depending on where in the oscillation cycle
change occurs, but given events that occur randomly ove
oscillation period, on average, the energy change is zero.
noise sources we discuss include adsorption–desorp
noise due to molecules around the resonator, tempera
fluctuations that change the length and longitudinal stres
the resonator, and defect motion within the resonator.
latter can to some extent be included in the Zener model,
some modes of defect motion will not generate intrinsic d
sipation but instead give rise to parametric changes.

For these sources of parametric noise, an instantan
measurement of the response of a resonator, as a functio
frequency, would indicate the actual dissipation associa
with material losses, while a measurement that takes a n
zero time to complete allows the resonator frequency to fl
tuate over the period of the measurement, and would giv
response curve that appears to be associated with a h
rate of dissipation than is actually present, due to the spr
of resonance frequencies that appear over the course o
measurement. Separating these two effects experimenta
a very challenging but intriguing problem.

B. Dissipation in mechanical resonators

The most significant mechanism for energy loss in a
nomechanical resonator is through intrinsic losses in
beam material, which can be treated using Zener’s mode
anelastic solids.13 Other important loss terms include the
moelastic processes,7 which are negligible for the resonato
geometry and dimensions given here, and through the tr
duction mechanism,17 which can usually be minimized
through design considerations.

In Zener’s model, the Hooke’s stress–strain relations
5Ee, relating the stresss to the straine, is generalized to
allow for mechanical relaxation in the solid:

s1te

ds

dt
5ERS e1ts

de

dt D , ~7!

whereER is the relaxed value of Young’s modulus. Loa
applied slowly generate responses with the relaxed modu
while rapidly varying loads involve a different value for th
modulus.

We consider harmonic stress and strain variations,s(t)
5seivt ande(t)5eeivt. At low frequenciesvt!1, this be-
comes the standard Hooke’s law relation withE5ER . At
high frequenciesvt@1, the modulus becomesE5EU

5(ts /te)ER , theunrelaxedYoung’s modulus. For interme
diate frequencies, Young’s modulus is complex, of the fo

E5Eeff~v!S 11
ivt

11v2t2
D D , ~8!

with mean relaxation timet5(tste)
1/2, fractional modulus

differenceD5(EU2ER)/ER , and effective Young’s modu
lus

Eeff5
11v2t2

11v2te
2

ER . ~9!
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Equation~8! implies that the stresss will include a com-
ponent that is 90° out of phase with the straine, which
causes energy loss at a rate proportional toD. For smallD,
we define the quality factorQ as the ratio of the imaginary to
the real part ofE:

Q215
vt

11v2t2
D. ~10!

We then use the effective Young’s modulusEeff in the
Euler–Bernoulli formula, Eq.~1! at frequencyv,

v2rAY~x!5Eeff~v!I S 11
i

QD ]4Y

]x4
~x!. ~11!

The spatial solutionsY(x) are the same as for Eq.~1!, but the
dispersion relation giving the damped eigenfrequenciesVn8
in terms of the undamped frequenciesVn is

Vn85S 11
i

2QDVn , ~12!

for small dissipationQ21. The imaginary part ofVn8
implies that thenth eigenmode will decay in amplitud
as exp(2Vnt/2Q).

C. Driven damped beams

We now add a harmonic driving forceF(x,t)
5 f (x)exp(ivct), where f (x) is the position-dependent forc
per unit length. The force is uniform across the beam cr
section and directed alongy, and the carrier frequencyvc is
close toV1 . The equation of motion is15

rA
]2Y

]t2
1EA

]4Y

]x4
5 f ~x!eivct. ~13!

We solve this equation for long times,V1t/Q@1, so any
transients damp out. The solution then has the formY(x,t)
5Y(x)eivct. The amplitudeY(x) may be complex, so tha
the motion is not necessarily in phase with the forceF. Ex-
panding the displacement in terms of the eigenfunctionsYn ,

2vc
2rA(

n51

`

anYn~x!1EA(
n51

`

an

]4Yn

]x4
5 f ~x!. ~14!

Using the defining relation for the eigenfunctions, Eq.~1!,
the dispersion relation, Eq.~12!, and the orthogonality rela
tions, Eq.~5!, this can be written

~Vm8
22vc

2!am5
1

rAL3E0

L

Ym~x! f ~x!dx, ~15!

for each termm in the expansion. Forvc close toV1 , only
them51 term in Eq.~15! has a significant amplitude, give
by

a15
1

rAL3

1

V1
22vc

21 iV1
2/Q

E
0

L

Y1~x! f ~x!dx, ~16!

for small dissipationQ21.
We now take a uniform force,f (x)5 f . The integral in

Eq. ~16! is then
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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h15
1

L2E0

L

Y1~x!dx50.8309. ~17!

The amplitude is then

a15
h1

V1
22vc

21 iV1
2/Q

f

M
, ~18!

whereM5rAL is the mass of the beam, and the correspo
ing displacement of the beam isY(x,t)5a1Y1(x)exp(ivct).

If the force distributionf (x) is instead chosen to be pro
portional to the eigenfunctionY1(x), the integral Eq.~16! is
unity, so thath1 in Eq. ~18! is replaced by the number 1.

We point out that the response function, Eq.~18!, while
similar to that of a damped, one-dimensional harmonic os
lator, differs slightly in theQ-dependent denominator, but th
difference is only apparent for small values ofQ: For values
of Q greater than 15, the fractional difference at any f
quency is less than 1%.

III. NOISE IN DRIVEN DAMPED BEAMS

Systems that dissipate energy are necessarily sourc
noise; the converse is also often true. This is the basic s
ment of the fluctuation–dissipation theorem, and is b
known in relation to electrical circuits, where it is termed t
Nyquist–Johnson theorem. An electrical circuit element w
an electrical impedanceZ(v) that has a nonzero real par
R(v)5ReZ(v), will be a source of noise, that is, of fluc
tuations in the voltageV(t) across the impedanceZ, or
equivalently in the currentI (t) throughZ. A voltmeter placed
across the circuit element will measure an instantane
voltage that fluctuates with a Gaussian distribution in am
tude, with zero average value, and a width that is determi
only by R(v) and the temperatureT. A useful way to quan-
tify the noise is to use the average spectral density of
noise in angular frequency space, defined for a noise vol
V(t) by

SV~v!5K E
2`

`

V2~ t !cos~vt !dtL . ~19!

Here the angle brackets^ . . . & indicate that a statistical en
semble average, over many equivalent systems, is to
taken. The spectral density is proportional to the electr
noise power in a unit bandwidth. The Nyquist–Johnson th
rem states that this quantity is given bySV(v)
5(2/p)R(v)\v coth(\v/kBT). At high temperatures or low
frequencies, such thatkBT@\v, this approaches the class
cal limit SV(v)→2kBTR(v)/p. The spectral noise densit
SV( f ), as a function of frequencyf 5v/2p, is given in the
high-temperature limit bySV( f )52pSV(v)54kBTR( f ).
The metric units ofSV( f ) are V2/Hz. The corresponding
current spectral noise density isSI( f )5SV( f )/R2( f )
→4kBT/R( f ), in the high temperature limit, with units o
A2/Hz.

The fluctuation–dissipation theorem applies to mecha
cal resonators with nonzero dissipation, i.e., with finiteQ,
and ensures that the mechanical resonator will also b
source of noise, but due to the resonant nature of the
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sponse of the resonator, the noise spectral density takes
somewhat different form. We will only treat the high
temperature limit,kBT@\v, for the resonator noise.

A. Dissipation-induced amplitude noise

The displacement of a forced, damped beam driven n
its fundamental frequency is given by Eq.~18!. In the ab-
sence of noise, this solution represents pure harmonic mo
at the carrier frequencyvc . As discussed, the nonzero valu
of Q21 and temperatureT necessitates the presence of noi
from the fluctuation–dissipation theorem. Regardless of
origin of the dissipation mechanism, it acts to thermalize
motion of the resonator, so that in the presence of dissipa
only ~no driving force!, the mean energŷEn& for each mode
n of the resonator will be given bŷEn&5kBT, whereT is
the physical temperature of the resonator. This noise term
been considered by a number of authors.9,14

The thermalization occurs due to the presence of a n
force f N(x,t) per unit length of the beam. Each point on th
beam experiences a noise force with the same spectral
sity, but fluctuating independently from other points; t
noise at any two points on the beam is uncorrelated. T
noise be written as an expansion in terms of the eigenfu
tions Yn(x),

f N~x,t !5
1

L (
n51

`

f Nn
~ t !Yn~x!, ~20!

where the forcef Nn
associated with the moden is uncorre-

lated with that for other modesn8; the factor 1/L appears
because of the normalization of theYn .

The noise forcef Nn
(t) has a white spectral densit

Sf n
(v), and a Gaussian distribution with a zero mean. T

magnitude of the spectral densitySf n
may be evaluated by

requiring that it achieve thermal equilibrium for each mo
n. The spectral density of the noise-driven amplitudean of
the nth mode is given by

San
~v!5

1

~Vn
22v2!21~Vn

2/Q!2

Sf n
~v!

M2
. ~21!

The SI units forSf n
are (N/m)2/~rad/s!5kg2/~s3 rad). Those

for San
are 1/~rad/s!, becausean is dimensionless.

The kinetic energyKEn of thenth mode associated with
the spectral densitySan

is given by

^KEn&5
1

2E0

`E
0

L

rAv2San
~v!Yn

2~x!dxdv

5
1

2E0

`

rAL3v2San
~v!dv'

p

4

QL2

Vn

Sf n
~v!

M
,

~22!

where the last equality becomes exact in the limitQ21→0.
The error in Eq.~22! for finite Q is less than 1% forQ
.10.

In order that this yield thermal equilibrium, the kinet
energy is^KEn&5 1

2kBT, so the spectral densitySf n
must be

given by
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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Sf n
~v!5

2kBTMVn

pQL2
. ~23!

The termL2 appears in Eq.~23! becausef Nn
is the force per

unit length of beam. An equivalent derivation for a on
dimensional simple harmonic oscillator yields the force d
sity SF(v)52kBTMV/pQ. We can write the spectral den
sity of the thermally driven amplitude as

San
~v!5

Vn

~Vn
22v2!21~Vn

2/Q!2

2kBT

pML2Q
. ~24!

When superposed with a driving force with a carrier fr
quencyvc5V1 , the amplitude noise power consists of
d-function peak at the carrier superposed with the Lorentz
given by Eq.~24!, as sketched in Fig. 2.

B. Dissipation-induced phase noise

The form in Eq. ~24! represents frequency-distribute
amplitude noise. Equivalent expressions can be written
the phase noise, the fractional frequency noise, and the A
variance,18 which are useful for time-keeping and filter a
plications. We note that the different expressions are
equivalent ways of expressing the same noise, and do
represent additional sources of noise. The resonator is dr
by the carrier signal near its resonance frequencyV1 , and in
addition by dissipation-induced noise. The time-depend
amplitude is then

a~ t !5a0 sin~vct1f~ t !1u!, ~25!

wheref(t) represents a phase variation from the carrier
frequencyvc'V1 ; the amplitudea0 is constant, andu is a
phase offset. Following Robins,19 we pick one frequency
component atv for the phase variation,f(t)5f0 sin(vt).
Assuming small maximum deviationf0 , the amplitude may
be written

a~ t !5a0 sin~vct1u!1a0

f0

2
sin~~vc1v!t !

2a0

f0

2
sin~~vc2v!t !. ~26!

FIG. 2. Frequency spectrum of a driven beam in the presence of n
showing both the central driven peak as well as the noise sidebands.
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The phase variation atv generates sidebands spaced6v
from the carrier, with amplitude6a0f0/2. The lower side-
band is phase coherent with the upper sideband, with
opposite sign; this is characteristic of phase noise. Indep
dent sideband signals can be generated by adding an am
tude noise sourceM (t) to the phase noisef(t), so that the
amplitude is written as

a~ t !5a0~11M ~ t !!sin~vct1f~ t !1u!. ~27!

We consider a single component atv for both the phase and
amplitude modulation, so that

M ~ t !5M0 sin~vt !
~28!

f~ t !5f0 sin~vt !.

Again assuming small variations, this can be written as

a~ t !5a0 sin~vct1u!1 1
2 a0~M01f0!sin~~vc1v!t !

1 1
2 a0~M02f0!sin~~vc2v!t !. ~29!

Setting the amplitudeM05f0 , the lower sideband disap
pears and we are left with the independent upper sideb
term,

a~ t !5a0 sin~vct1u!1a0f0 sin~~vc1v!t !. ~30!

Choosing the opposite sign relationM052f0 allows the
lower sideband to be chosen.

A noise signal at a frequency offset from the carrier c
be created from the superposition of a phase and an am
tude modulation of the original carrier. In applications whe
the resonator is to be used as a frequency source or a c
the amplitude modulation is unimportant: Use of a ze
crossing detector, or a perfect limiter, eliminates the effe
of the amplitude modulation. We therefore ignore this no
source. This is equivalent, from the arguments leading to
~26!, to limiting the noise to that which is phase cohere
between the upper and lower sidebands, with amplitu
a(vc1v)52a(vc2v). Noise which has the opposit
phase relation, witha(vc1v)51a(vc2v), is due to am-
plitude modulation. Noise associated with only one sideba
consists of the sum or difference of these two ‘‘modes’’.

Dissipation-induced noise, of the form given by E
~24!, is intrinsically phase incoherent on opposite sides of
carrier signal atvc . Half of the noise power is therefor
associated with amplitude modulation, and half with pha
modulation; the phase noise power is thereforehalf the origi-
nal total noise power.

We can evaluate the dissipation-induced phase noise
a resonator driven at its fundamental resonance freque
We drive the resonator with a forcef per unit length, at the
frequencyvc5V1 . The amplitude for the response is give
by Eq. ~18!,

a152 i
h1

V1
2

Q f

M
. ~31!

The amplitude lags the force by 90°, and includes the m
tiplicative factorQ. Dissipation generates incoherent nois

e,
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distributed about the carrier with noise power given by E
~24!. The phase noise power densitySf(v) at frequencyv
from the carrier frequency is then given by

Sf~v!5
1

2

Sa1
~V11v!

ua1u2

5
V1

~2V1v1v2!21~V1
2/Q!2

kBT

pua1u2L2MQ
. ~32!

For frequencies that are well off the peak resonancev
@V1 /Q, but small compared to the resonance frequen
v!V1 , we may approximate the denominator as

Sf~v!'
kBT

4pV1v2ua1u2L2MQ

'
kBTV1

8pEcQv2
~V1 /Q!v!V1!. ~33!

Here, we define the energyEc at the carrier frequency,Ec

5MV1
2L2ua1u2/2. This can also be written in terms of th

power Pc5V1Ec /Q needed to maintain the carrier amp
tude, i.e., that needed to counter the loss due to the non
value of 1/Q:

Sf~v!'
kBT

8pPcQ
2 S V1

v D 2

~V1 /Q!v!V1!. ~34!

We can also write this expression in terms of frequencf
52pv,

Sf~ f !'
kBT

4PcQ
2 S n1

f D 2

~n1 /Q! f !n1!. ~35!

C. Frequency noise

The phase fluctuations can also be viewed asfrequency
fluctuations, where the amplitudea(t) has a time depen
dence

a~ t !5a0 sinS E
2`

t

v~ t8!dt81u D . ~36!

The time-dependent frequencyv(t) is related to the carrie
frequencyvc and the phasef(t) by

v~ t !5
d~vct1f~ t !!

dt
5vc1

df

dt
. ~37!

We define time-dependent frequency variationdv(t) as

dv~ t !5v~ t !2vc5
df~ t !

dt
. ~38!

We consider a single-phase modulation component, so
f(t)5f0 sin(vt). The frequency variation

dv~ t !5dv0 cos~vt !5vf0 cos~vt ! ~39!

represents a sinusoidal variation of the frequency, with a
plitude dv05vf0 , modulated atv. The time-dependen
amplitude in Eq.~36! is
Downloaded 12 Nov 2002 to 128.111.14.151. Redistribution subject to A
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a~ t !5a0 sin~vct1~dv0 /v!sin~vt !1u!

5a0 sin~vct !1
1

2
a0

dv0

v
sin~~vc1v!t !

2
1

2
a0

dv0

v
sin~~vc2v!t !, ~40!

a result very similar to that for phase variations, Eq.~26!.
The arguments leading to the spectral density, Eq.~34!,

may be reworked to yield the equivalent expression for
frequency variation noise densitySdv . A more useful quan-
tity is the fractional frequency variation, defined asy
5dv/vc . The noise density fory is related to that for the
phase noise density by

Sy~v!5S ]y

]f D 2

Sf~v!5S v

vc
D 2

Sf~v!, ~41!

where we use the fact that modulation atv generates side
bands at6v from the carrier atvc . From Eq.~34!, we then
have

Sy~v!'
kBT

8pPcQ
2

~vc /Q!v!vc!. ~42!

In the frequency domain, this is

Sy~ f !'
pkBT

4PcQ
2

~nc /Q! f !nc!. ~43!

D. Allan variance

A third useful quantity, commonly used to compare fr
quency standards, is the Allan variancesA(tA).20,21 The
phase and frequency noise are defined in the frequency
main; the Allan variance is defined in the time domain, as
variance over time in the measured frequency of a sou
each measurement averaged over a time intervaltA , with
zero-dead time between measurement intervals. The defi
expression for the square of the Allan variance is

sA
2~tA!5

1

2 f c
2

1

N21 (
m52

N

~ f̄ m2 f̄ m21!2, ~44!

where f̄ m is the average frequency measured over themth
time interval, of lengthDt5tA , andf c is the nominal carrier
frequency. The squared Allan variance is related to the ph
noise density by21

sA
2~tA!52S 2

vctA
D 2E

0

`

Sf~v!sin4~vtA/2!dv, ~45!

wherevc52p f c andv is the modulation frequency.
The Allan variance can be calculated for various fun

tional forms for the phase noise density. For a fractio
frequency noise that has a 1/f component, so thatSy(v)
5A(vc /v), whereA is a scale factor, the phase noise de
sity is Sf(v)5A(vc /v)3, and the Allan variance is

sA~tA!5A2 loge 2Avc. ~46!
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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Hence a 1/f fractional frequency noise yields an Allan var
ance that is independent of the measurement time interv

For a source that displays frequency drift, the fractio
frequency noise will have the formSy(v)5B(vc /v)2; the
phase noise density is thenSf(v)5B(vc /v)4, and the Al-
lan variance is

sA~tA!5Ap

3
Bvc

2tA. ~47!

Finally, for a white fractional frequency noise densi
Sy(v)5C, the phase noise density has the formSf(v)
5C(vc /v)2, and the Allan variance is

sA~tA!5ApC

tA
. ~48!

In particular, for the approximate form for the phase no
density Eq.~34!, the Allan variance is

sA~tA!5A kBT

8PcQ
2tA

. ~49!

Defining the dimensionless drive energy«c as the ratio of
drive energy per cycle to the thermal energy,«c

52pPc /vckBT, we have

sA~tA!5
1

Q
A p

4«cvctA
. ~50!

We see that the Allan variance falls inversely with the squ
root of the productvctA , and it is also proportional to the
dissipationQ21. Other things being equal, increasing t
resonator frequencyvc lowers the Allan variance.

In Fig. 3, we display the approximate result Eq.~50! as a
function of vctA , scaled to remove the dependence onQ
and on«c ; we also show the full result obtained from int
grating Eq.~32!, for values ofQ.100; for values ofQ less
than this, the calculated value for the scaled variance f
below that plotted.

We see that the approximate expression given by
~50! works quite well for averaging timestA more than a few
tens of the oscillation period 2p/vc ; in time-keeping or

FIG. 3. Dependence of the Allan variancesA on the dimensionless time
interval vct; the Allan variance has been scaled to remove the ove
dependence onQ and on drive energy«c . The full dependence@from Eq.
~32!# is plotted as a solid line, while the approximate form@Eq. ~50!# is
plotted as a dotted line.

0.01      0.1 1 10        100     1000 
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frequency-lock applications, one is typically interested
times much longer than this, so the approximate form is qu
adequate.

We now turn to examining what the implications are f
the fundamental sources of noise in our model resonator.
will focus on calculating the predicted dependence of
Allan variance.

E. Model resonator Q-dependent noise

We calculate the dependence of the Allan variancesA on
the time interval andQ for our model 1 GHz resonator, de
scribed in Table II. The results of the calculation are sho
in Fig. 4. The drive power levelPc is chosen so that the
amplitude of motiona1 in Eq. ~18! is equal to the beam
thicknesst, approximately the amplitude for the onset
nonlinearity. The calculated temperature rise due to diss
tion in the resonator from this level of drive power is ve
small, of order 0.1 K. We also display for comparison t
Allan variance for an oven-controlled 10 MHz quartz crys
oscillator, the HP10811D.22 For quality factors higher than
105, the calculated thermally induced fluctuations are co
parable to or better than those of the bulk quartz resona

IV. TEMPERATURE FLUCTUATIONS

We now turn to a discussion of the effects of finite the
mal conductance and heat capacitance on the Allan varia
The small dimensions associated with our model resona
and of nanoscale resonators in general, imply that the h
capacity of the resonator is very small. The correspond
thermal fluctuations are proportionally larger, and these m
in turn produce significant frequency fluctuations, due to
temperature dependence of the resonator material param
and geometric dimensions. Here, we present a simple m
through which the magnitude of these effects can be e
mated.

A heat capacitancec, connected by a thermal conduc
tanceg to an infinite thermal reservoir at temperatureT, will
have an average thermal energy^Ec&5cT in the absence of
any power loads. Changes in the temperature relax with

ll
FIG. 4. Allan variancesA as a function of measurement intervaltA , cal-
culated for the model 1 GHz resonator for a range of values ofQ from 103

to 106. The drive power levelPc was chosen so that the amplitude of motio
a15t, the beam thickness, For comparison, we also display the varianc
a 10 MHz quartz crystal frequency standard, the HP10811D; figures ta
from manufacturer’s specifications.
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thermal time constanttT5c/g. The energyEc will however
fluctuate, as the fluctuation–dissipation theorem applies
finite thermal conductances in a manner similar to
dissipation-induced mechanical noise.23 The thermal circuit
therefore includes a power noise sourcep with spectral den-
sity Sp(v)52kBT2g/p ~see Fig. 5!. The instantaneous en
ergy of the heat capacitance can then be writtenEc(t)5cT
1dE(t), where the spectral density of the energy fluctu
tions dE(t) can be derived from the thermal circuit,

SE~v!5
2

p

kBT2c2/g

11v2tT
2

. ~51!

We can interpret the energy fluctuations as temperature
tuationsdTc(t), if we define the temperature asTc5Ec /c.
The corresponding spectral density of the temperature fl
tuations is given by

ST~v!5
2

p

kBT2/g

11v2tT
2

. ~52!

At low frequenciesv, below that of the thermal frequenc
1/tT , the temperature fluctuationsdT follow those driven by
the noise sourcep, while at higher frequencies the nonze
heat capacitance acts as a filter.

For a resonator with the geometry shown in Fig. 1, th
is no clear separation of the structure into a distinct h
capacitance and thermal conductance. Instead, we divide
resonator into slices of lengthDx and cross-sectional are
A5w3t, so that the nth slice has heat capacitycn

5CvADx, whereCv is the specific heat per unit volume
The (n21)th andnth slices are connected to one another
the thermal conductancegn5kA/Dx, with thermal conduc-
tivity k given by the classical formula,k5(1/3)CVcsl (l is
the phonon mean-free path andcs the sound speed!. The
thermal conductancesgn are associated with noise pow
sourcespn , with spectral densitySpn

(v)52kBT2gn /p. Fi-
nally, the temperatures at the ends of the beam, where
beam is mechanically clamped, are assumed to be give
the reservoir temperatureT; see Fig. 6.

In this model, energy fluctuations in the slicesn21 and
n are anticorrelated through the shared conductancegn : An
energydE driven into thenth slice bypn corresponds to the
same energy taken from the (n21)th slice. These energ
fluctuations then relax through conductance into adjac
slices, and so on through the beam length, so that the
some correlation between the fluctuations in all slices,
though the correlations get weak for distant slices.

FIG. 5. Thermal circuit with a finite thermal conductanceg and a finite heat
capacitancec, including a power noise sourcep.
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One might expect that the most accurate model wo
use slices with differential lengthsDx5dx→0. However,
once the slices become shorter than the phonon mean
path l , the temperature in a slice is no longer well define
We therefore choose slices with a lengthDx5l 550 nm, so
that each element has a volumeV550350350 nm3. The
corresponding heat capacity isc5CVV52310216 J/K, and
the thermal links haveg5kl 57.431026 W/K. The ther-
mal time constant istT530 ps, corresponding to therma
frequencies;35 GHz, well outside the range of frequenci
of interest for resonator phase fluctuations,V1 /Q!v
!V1 . For the purposes of this calculation, therefore, we c
treat the thermal fluctuations in the low-frequency limit.

Consider only thenth power source of the conductanc
pn . If we take the frequency component atv, the (n21)th
and nth slices have temperature variationsTn21(v) and
Tn(v) given by

~21 ivt!Tn2152
pn

g
1Tn221Tn

~53!

~21 ivt!Tn5
pn

g
1Tn211Tn11 .

The corresponding equation for the (n1m)th slice is given
by

~21 ivtT!Tn1m5Tn1m211Tn1m11 . ~54!

Taking the limit vtT!1, we find that the power sourc
pn(v) driving thenth slice generates a temperature variati
T(v)5pn(v)/2g uniformly across the beam. The corre
sponding anticorrelated source2pn(v) driving the (n21)th
slice generates an equal but opposite temperature varia
Hence, in the limitvtT!1, the fluctuations driven by con
ductances within the beam have no net effect.

The other source of temperature fluctuations comes fr
the conductances at the beam ends,g1 andgN11 . These also
drive the beam uniformly, but as the energy that appear
the first and last elements does not have an adjacent ant
related source, there is now a net effect. The final result fr
this model is that the temperature of all the elements in
beam fluctuate uniformly, with spectral densityST(v) given
by the incoherent sum of the two end sources,

ST~v!5
4

p

kBT2/g

11v2tT
2 ~vtT!1!. ~55!

FIG. 6. Thermal model for doubly clamped beam, consisting of a se
connection of heat capacitancescn and thermal conductancesgn , each as-
sociated with a cross-sectional slice of the beam of lengthDx. Each thermal
conductance is associated with a power noise sourcepn . The ends are
assumed clamped at the reservoir temperatureT. There are a total ofN
5L/Dx elements.
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We have kept the frequency dependence of the thermal
cuit in order to retain the high-frequency cutoff in the flu
tuations.

The effect these temperature fluctuations have on
resonator behavior involves changes in the density and e
tic modulus, which affect the frequency directly, and throu
changes in the overall resonator length. The density and e
tic modulus determine the resonator frequency through
combinationAE/r, which is the sound speedcs ; this quan-
tity has the fractional temperature dependen
(1/cs)]cs /]T52531025/K for pure Si.24 The correspond-
ing temperature dependence of the resonator frequenc
given by

1

Vn

]Vn

]T
5

1

cs

]cs

]T
~sound speed dependence!. ~56!

The changes in resonator length generate longitud
stress in the resonator, as the ends are assumed ri
clamped. The resonator lengthL changes with temperatur
due to the thermal expansion of Si, with (1/L)]L/]T5aT

52.831026/K. A temperature changeDT therefore induces
a longitudinal extensional stresst52EaTDT. This in turn
causes a change in thenth resonator frequencyVn(t), which
for small extensional stresst is given by15

Vn
2~t!5Vn

2~0!1kn
2 t

r
, ~57!

in terms of the beam eigenvectorskn and eigenfrequencie
Vn5AEI/rAkn

2 . The fractional frequency dependence d
to length change is therefore

1

Vn

]Vn

]T
52

1

2

E

r

kn
2

Vn
2
aT ~ length dependence!. ~58!

Hence, the spectral density of fractional frequency flu
tuationsSy(v) caused by the combined temperature dep
dence on sound speed and beam length is given by

Sy~v!5S 1

V

]V

]T D 2

ST~v!

5S 2
cs

2kn
2

Vn
2

aT1
2

cs

]cs

]T D 2
kBT2/pg

11v2tT
2

. ~59!

For the fundamental mode, we havek154.73/L, and insert-
ing the model resonator parameters, we find

Sy~v!5~1.631028/K2!
kBT2/g

11v2tT
2

5
2.7310221

11v2tT
2

1

rad/s
.

~60!

From the fractional frequency noise, Eq.~60!, we calcu-
late the Allan variance:

sA~tA!5~2.2531024/K2!AkBT2/gtA

59.3310211
1

AtA

, ~61!

in the limit tA@tT . The contribution of thermal fluctuation
to the Allan variance for our model resonator is therefore
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the same magnitude and dependence on averaging timetA as
that due to mechanical dissipation for a resonator withQ of
about 104, and is a significant source of fluctuation. Ways
reduce the size of this source of variance include the us
materials with larger thermal conductance, such as AlN~3.20
W/cm K!25 and sapphire ~4.50 W/cm K!, or better
temperature-compensated materials, such as quartz.

V. OTHER SOURCES OF NOISE

There are a number of other sources of noise that
affect resonator performance. We discuss here two s
sources, one due to adsorption–desorption noise of resi
gas molecules, and the other due to defect motion within
resonator structure.

A. Adsorption–desorption noise

Adsorption–desorption noise has been discussed in s
detail by Vig and Kim12 and Yong and Vig.11 The resonator
environment will always include a nonzero pressure
surface-contaminating molecules. These molecules, w
they adsorb on a site on the resonator surface, mass loa
resonator, and thereby change its resonance frequency
the molecules adsorb and desorb due to their finite bind
energy and nonzero temperature, the resulting change
frequency translate to a source of phase or fractional
quency noise. As discussed herein, this type of noise d
not fit into the Zener formalism, as the adsorption
desorption cycle is not intrinsically a dissipative one: As t
arrival and departure times of the atoms are random, they
not on average change the energy of the resonator, but c
its frequency to change in a discontinuous fashion, leav
the quality factor unchanged. This type of parametric no
~where the overall resonator mass is fluctuating! is therefore
not described by the lossy stress–strain relation develo
by Zener.

The frequency change due to a single adsorbed m
ecule,DV, is proportional to the ratio of the molecule t
resonator total mass,m/M ; smaller mass resonators are mo
sensitive than larger ones. Furthermore, as the resonator
scale is reduced, the number of adsorption sitesNa on the
resonator surface grows in proportion to the number of to
number of resonator atoms: The surface-to-volume ra
grows inversely to the size scale. Hence, nanoscale res
tors are more susceptible to adsorption–desorption n
than larger, bulk mechanical resonators.

We use a simple model to estimate the noise from t
source. We assume a single molecular species with masm,
surface binding energyEb , and pressureP. Expressions may
be derived for the adsorption and desorption ratesr a and r d

at any given surface site;11 with sticking coefficients, the
adsorption rate at any site is given by

r a5
2

5

P

AmkBT
s. ~62!

The sticking coefficient is typically temperature dependen26

Once bound to the surface, a molecule desorbs at a rate
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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r d5nd expS 2
Eb

kBTD , ~63!

where nd is the desorption attempt frequency, typically
order 1013 Hz, andEb is the desorption energy barrier. Th
average occupationf of a site is thenf 5r a /(r a1r d); the
variance in the occupation probability issocc

2 5r ar d /(r a

1r d)2.
An expression may then be derived for the phase no

Sf(v) resulting from the statistics of the adsorption
desorption process:11

Sf~v!5
2Nasocc

2 tA /p

11v2t r
2

DV2

v2
. ~64!

Here,t r is the correlation time for an adsorption–desorpti
cycle, 1/t r5r a1r d . A simple mass-loading formula may b
assumed,DV5(m/2M )V1 , whereM is the resonator mas
and V1 is the fundamental frequency of the resonator.
corresponding expression for the fractional frequency no
is then given by

Sy~v!5
Nasocc

2 t r /2p

11v2t r
2 S m

M D 2

. ~65!

We calculate the Allan variance,

sA~tA!5ANat r

2tA

soccm

M
, ~66!

in the limit tA@t r .
The occupation variancesocc

2 , and therefore the noise, i
maximum when the site occupation probability isf 50.5,
i.e., when the adsorption and desorption rates are equal.
noise is minimized when the occupation probability is eith
near zero or near unity. For typical packaged pressures,
lecular sticking coefficients, and binding energies, occu
tion probabilities are quite small; we therefore try to min
mize the occupation to reduce the fluctuation variance.
exponential dependence of the desorption rater d on tempera-
ture provides a useful approach; heating the resonator, u
an on-chip heating element, causes significant increase
the desorption rate and therefore in the occupation varia
socc

2 .
In Fig. 7, we plot the Allan variance for a 1 saveraging

interval, as a function of package pressure, for two reson
temperatures, 300 and 500 K. We have chosen a contam
molecule with an binding energy ofEb510 kcal/mol, with
one adsorption site every 0.25 nm2, and a sticking coefficien
of 0.1, typical values for gas molecules adsorbing on m
surfaces.11,26 Note that the sticking coefficient is typicall
temperature dependent,26 but here we have taken it as co
stant. We show for comparison the overall Allan variance
the HP 10811D 10 MHz quartz oscillator, again for a 1 s
averaging interval.

It is clear from Fig. 7 that this source of noise is e
tremely important. Great care must be taken to passivate
resonator surface, thus reducing the sticking coefficient,
duce the pressure, for instance by including getters in
package, and possibly raising the ambient temperature.
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B. Defect motion

The last source of noise we would like to consider is th
caused by defect motion within the resonator volume. F
the single-crystal resonators we have been considering,
fect levels are very low in the base material. Statistica
there are of order 0 to 1 defects within the volume of t
resonator. We therefore do not expect this to provide a s
ous source of noise in these resonators.

However, there has been extensive work on develop
polycrystalline materials for resonators, especially using s
con nitride and poly-Si.5,6 These materials include a larg
density of grain boundaries, point defects, and some vo
and the motion of these defects can cause phase and
quency noise in high-Q resonators. Amorphous Si created b
implantation has defect densities of order 1%;27 similar lev-
els are expected for chemical vapor deposition-grown po
silicon. The quality factors of resonators fabricated from t
material are comparable, at room temperature, to those m
from single-crystal materials such Si and GaAs, but def
processes may still play a very important role.

Point defects in a solid can be treated as elastic dipo
with symmetry different from that of the underlying cryst
~see e.g., Nowick and Berry13!. In the relaxed state, the de
fects are randomly oriented; reorientations occur due to th
mally induced motion, at a rateGd5n0 exp(2Dg* /kBT), with
an attempt frequencyn0;1012 Hz and free energy barrie
Dg* , typically of order 0.1–1 eV. If we consider a defe
with two possible orientations, with equal energies, the
cupation probabilities are given by the Gibbs distribution a
are each equal to 1/2; the variance in the mean occupatio
equal to 1/4, with mean reorientation timetd51/Gd . De-
fects in which the possible orientations have different en
gies will have smaller variances in the occupation, and th
will be a range of reorientation times as well.

A single defect moving or reorienting itself can cause
change in the local Young’s modulusE; if the defect has two
possible configurations,2 and 1, the corresponding loca
modulus changes fromEs1E2 to Es1E1 , whereEs is the

FIG. 7. Allan variance for a 1 saveraging interval as a function of packag
pressure for two resonator temperatures, 300 and 500 K. The contam
molecule has a binding energyEb510 kcal/mol, with one adsorption site
every 0.25 nm2, and a sticking coefficient of 0.1. Also shown is the fra
tional noise for the HP10811D 10 MHz quartz resonator, for a 1 s averaging
interval.
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Downloaded 12 No
TABLE IV. Expressions for the various spectral noise densities worked out for different representations
same noise, as well as for noise associated with different fundamental processes.

Type of noise Symbol Expression Equation

Force noise, moden Sf n
(v)

2kBTMVn

pQL2
~23!

Amplitude noise, moden San
(v)

Vn

~Vn
22v2!21~Vn

2/Q!2

2kBT

pML2Q
~24!

On-resonance amplitude noise, moden San
(Vn)

2kBTQ

pML2Vn

~24!

Off-resonance phase noise, moden51 Sf(v)
kBT

8pPcQ
2 SV1

v D2

~34!

Off-resonance fractional frequency noise,n51 Sy(v)
kBT

8pPcQ
2

~42!

Allan variance,n51 sA(tA) A kBT

8PcQ
2tA

~49!

Temperature fluctuations ST(v)
4

p

kBT2/g

11v2tT
2

~55!

Allan variance, temperature fluctuations sA(tA) ~2.2531024/K2!AkBT2/gtA
~61!

Allan variance, adsorption desorption sA(tA) A2Nat r

tA

soccm

M
~66!

Allan variance, defect motion sA(tA) A2sv
2

^V&2
Atd

tA

~68!
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defect-free modulus. Typical values forE6 are in the range
0.01– 0.1Es . A mole fractionCd!1 of such defects, all si-
multaneously reorienting from2 to 1, will cause the effec-
tive modulus to change13 from Es1CdE2 to Es1CdE1 . If
we consider a total mole fraction of identical defectsC0

!1, that reorient independently between configuratio
2 and1 with equal free energies, so that the two config
rations are equally likely, the average elastic modulus for
solid will be ^E&'Es1C0(E21E1)/2. The variance in the
elastic modulus is given by the Poisson formula,sE

2

'C0(E12E2)2/4. Additional noise sources can appe
from the defect motion itself; the defect may resonate a
frequency near the resonator natural frequency, causing
ditional dissipation and additional noise terms. We igno
such effects here.

Applying this discussion to resonator frequency fluctu
tions, if we assume the defects all have equal impact on
resonator frequencyV, the mean resonator frequency^V&
will be that calculated from Eq.~3! using the average modu
lus ^E&. The frequency will have a mean variance given
sV

2 5(C0/8)(V12V2)2, whereV6 are calculated from Eq
~3! using the moduliEs1C0E6 .

These fluctuations, occurring with a single reorientat
time td , will generate fractional frequency noise with th
spectral density

Sy~v!5
2

p

sV
2

^V&2

td

11v2td
2

. ~67!
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For this distribution, the corresponding Allan variance ha
similar functional form to that shown in Fig. 3. The defe
reconfiguration timetd can range fromms to minutes or
hours at room temperature, with an exponential tempera
dependence. For averaging timestA much larger thantd ,
the approximate form for the Allan variance is

sA~tA!5A2sv
2

^V&2
Atd

tA
. ~68!

If we assume a defect mole fractionC050.001, and modulus
changesE6560.1Es , the frequency variance issV'1
31026V. For a defect reconfiguration timetd51 ms, we
find an Allan variance attA51 s of 531028, a quite large
contribution compared to those we have been consider
Clearly, active defect concentrationsC0 of less than 1 part in
105 are needed to achieve Allan variances competitive w
those of single-crystal resonators.

We note that a typical solid will include a range of r
orientation timestd , which when superposed generical
produce 1/f noise through the Dutta–Dimon–Horn model.28

In that case, we can write

Sy~v!'A
vc

v
kBTD~Ē!, ~69!

where D(Ē) is the density of defect states at energyĒ
52kBT loge(v/n0) and A is a scale factor. In this case th
Allan variance works out to be@see Eq.~46!#
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sA~tA!'A2 loge 2AvcAkBTD~Ē!. ~70!

Here, we see the Allan variance independent of averag
time tA , but with a magnitude comparable to that of E
~68!.

Such processes, which play an important role in sing
crystal and polycrystalline metals, and for which much inf
mation in metals exists, need to be investigated in silic
nitride and poly-Si to determine whether these play an
portant role in limiting resonator performance.

VI. CONCLUSIONS

We have described a formalism for treating the re
nance behavior, loss processes, and resulting frequency
phase noise in nanoscale resonators. We then applied
formalism to evaluate the role of a number of fundamen
and material-dependent noise sources, and how these so
affect the frequency stability of a model 1 GHz nanom
chanical resonator. For practical applications, the relev
comparison has been made with an industry standard,
oven-controlled high-precision quartz crystal. We find th
the anticipated resonator noise is predominantly from th
momechanical noise, temperature fluctuations,
adsorption–desorption noise. The noise levels from th
sources are comparable in magnitude to that of the qu
crystal, provided some care is taken to minimize certain
portant loss processes. In Table IV, we have tabulated
various expressions for the noise, from different treatme
and from different noise sources.

The results we have calculated here are for a dou
clamped, flexural resonator. Any resonator whose basic e
tions of motion can be reduced to those of a linear sim
harmonic oscillator, driven by a force term, will have resu
of the form shown here. The results for a cantilevered be
a torsional resonator, and a longitudinal wave resonator
therefore all be identical to these, except that the resona
frequencies and the mode shapes are different, so tha
numerical prefactors will be somewhat different.

For practical applications, nanoscale resonators can
fabricated on chip with electronics needed to provide pre
sion frequency control. This would obviate the need for
externally packaged and controlled quartz crystal, and en
integrated fabrication.

Clearly, there are gaps in the available data for evalu
ing whether the noise performance calculated here can
achieved in fact. More systematic approaches, measuring
performance of high-Q resonators operated in phase-lock
loops, with controlled variations in temperature, enviro
ment, and materials, need to be followed in order to de
Downloaded 12 Nov 2002 to 128.111.14.151. Redistribution subject to A
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mine whether the suggested applications are indeed viab
better understanding of the role of defects and molecu
adsorption and desorption is also needed to evaluate th
fect these have on frequency stability.
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The thermal conductance of mechanically suspended nanostructures has recently received much attention, in
part due to the recent prediction and observation of the quantum limit for thermal conductance, which is
observed in long, thin insulating beams at very low temperatures@D. E. Angelescu, M. C. Cross, and M. L.
Roukes, Superlattices Microstruct.23, 673 ~1998!; K. Schwab, E. A. Henriksen, J. M. Norlock, and M. L.
Roukes, Nature404, 974 ~2000!; I. G. C. Rego and G. Kirczenow, Phys. Rev. Lett.81, 232 ~1998!; M. P.
Blencowe, Phys. Rev. B59, 4992 ~1999!#. In this brief report, we describe a model calculation where the
simple beam used to calculate quantum conductance@L. G. C. Rego and G. Kirczenow, Phys. Rev. Lett.81,
232~1998!# is replaced by a beam made from an artificial one-dimensional phononic crystal. We find that at the
lowest temperatures and longest thermal-phonon wavelengths, the quantum limit is recovered, while for inter-
mediate temperatures, where the dominant phonon wavelength is of the order of the phononic-crystal repeat
distance, a significant suppression of the conductance is predicted. At higher temperatures the conductance
returns to that of a simple beam.

DOI: 10.1103/PhysRevB.64.172301 PACS number~s!: 65.40.2b, 65.80.1n, 62.25.1g
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The ability to fabricate suspended nanoscale structu
that include temperature-sensitive and electronically ac
devices has allowed the development of highly sensitive
chanical electrometers and calorimeters, and the recent
servation of the quantum of thermal conductance.2,5–7 In
bolometric- and calorimetric-detector applications, the
ergy sensitivity of the detector is ultimately limited by th
nanostructure heat capacityC and the thermal conductanceG
linking the capacitance to a temperature reservoir. In gene
smaller size structures yield smaller heat capacities. The t
mal links, which also act as mechanical supports for the s
pended structure, give increased thermal isolation w
smaller cross sections and larger length-to-diameter as
ratios. An example of a nanoscale bolometer is shown in
1. The device consists of a small block of single-crys
GaAs, suspended by four thin beams from the bulk substr
A pair of superconductor–insulator–normal-metal~Al-I-Cu!
double-tunnel junctions have been patterned on the sur
of the suspended block, and act as heaters and thermom
allowing the measurement of the thermal conductance of
supports; a more complete description of this device w
appear in Ref. 8.

The thermal conductance in this structure is determi
by the conductance of the four thin beams supporting
central block; these comprise a 0.2-mm-thick GaAs beam
with an overlying 0.05-mm-thick superconducting Al elec
trode. Operated well below the superconducting transit
temperature, the thermal conductance is that of an elect
insulator, dominated by the thermal conductance through
delocalized phonon modes connecting thermal reservoir
either end of the beam. The thermal conductanceG is given
by the formula1,3,4,9

G5
\2

kBT2 (
n

1

2p E
0

`

Tn~v!
v2e\v/kBT

~e\v/kBT21!2 dv. ~1!

Heren runs over the delocalized phonon modes in the be
andTn(v) is the phonon transmissivity for that mode at fr
0163-1829/2001/64~17!/172301~4!/$20.00 64 1723
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quencyv; each mode has a continuum of transmitting fr
quencies. Most of the modes in a beam have low-freque
cutoffs similar to those for electromagnetic waves in a wa
guide; a simple beam has only four modes that do not h
such cutoffs, one longitudinal, one torsional, and two flexu
modes. At the lowest temperatures, therefore, only these
modes can conduct energy, and if each of these modes
transmissivityT →1, the thermal conductance approache
universal quantum limit:GQ5N(p2kB

2/3h)T, with N54 be-
ing the number of low-frequency modes. In this low
temperature limit, the thermal conductance is independen
the beam length and cross section, and is proportional tT.
This prediction for the thermal conductance has recen

FIG. 1. Electron micrograph of a nanoscale bolometer, comp
ing a pair of Al-I-Cu-I-Al tunnel junctions fabricated on the surfac
of a (23330.2)-mm3 GaAs block, which is suspended by fou
(0.230.234)-mm3 beams from the bulk substrate. Below is
sketch of the geometry including the tunnel junctions, and a hig
simplified thermal model, indicating the heat capacitanceC of the
central block~dominated by that of the normal Cu metal!, and ther-
mal conductanceG for each of the four beams.

Al   I   Cu I Al 
i^ ^ \,i 
©2001 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW B 64 172301
been experimentally demonstrated by Schwabet al.2

The prediction for the low-temperature quantum limitGQ
appears to be quite robust. A recent calculation9 includes the
effect of surface roughness on the thermal conductance
simple beam; the roughness causes elastic scattering bet
the allowed phonon modes, including scattering betw
forward-traveling and reverse-traveling phonons. The
thors found that if the roughness has a correlation lengthL,
then phonons with wavelengths much larger than or m
smaller thanL have a transmissivity approaching unity. Th
thermal conductance of a roughened beam is then given
the quantum limit for temperatures low enough that the ch
acteristic phonon wavelength is larger thanL, and returns to
the dependence given by Eq.~1! for temperatures high
enough that the dominant phonon wavelengths are m
smaller thanL. At temperatures between these limits, a mo
erate suppression of the conductance belowGQ is found,
where the scattering is the strongest; this explains the co
sponding suppression seen in the experiment2 at intermediate
temperatures.

In this paper, we investigate the thermal conductance
beams fabricated from beams made from artificial phono
crystals in the absence of scattering. Periodically modula
mechanical structures, which generate classical band s
tures, have been used for some time for applications in
trasound and ultrasonic transducers;10 a description of the
current theoretical and experimental work appears in a
view by Kushwaha.11 The dispersion relationv(k) for
acoustic phonons traveling in a periodically modulated m
terial is found to develop gaps in the transmission spect
at wave vectorsk associated with the modulation wave ve
tor; these gaps should have an effect on the thermal con
tance of a beam fabricated from such a material. We h
calculated the dispersion relations for a periodically mo
lated, quasi-one-dimensional beam using two differ
acoustic models. We find that the resulting band struct
with gaps at frequencies that correspond to the phon
dominant at quite low temperatures, yields significant red
tions in the thermal conductance from the quantum limitGQ
at moderate temperatures. However, the presence of del
ized Bloch states at the lowest phonon frequencies, be
the gap, gives a thermal conductance that approachesGQ at
the lowest temperatures.

Our first model is for the longitudinal acoustic mode in
beam of variable cross section.x being the coordinate alon
the beam length, andA(x) being the~position-dependent!
cross-sectional area, the longitudinal displacementu(x,t)
satisfies the approximate one-dimensional equation12,3

1

cl
2

]2u

]t2 5
]2u

]x2 1
1

A

]A

]x

]u

]x
, ~2!

wherecl is the longitudinal sound speed. We assume a p
odic variation in the cross sectionA, of the form
] ln A(x)/]x5«GsinGx, with amplitude« and wave vectorG
~see inset to Fig. 2!. The solutions to Eq.~2! can be expanded
in the Bloch form with wave vectork and frequencyv,
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u~x,t !5 (
n52`

`

Un exp@ i ~k1nG!x1 ivt#. ~3!

In the limit «→0, the terms in Eq.~2! with different n are
decoupled and yield the dispersion relationsv25cl

2(k
1nG)2; these are drawn in Fig. 2 in a repeated-zo
scheme. With nonzero«, these terms become coupled, w
numerically solve the eigenvalue equations Eq.~2!.

We find that gapsDv open in the dispersion spectrum
the Brillouin-zone edgesk56G/2 corresponding to a fre
quencyv05clG/2 in the center of the gap. In Fig. 2 w
show the dispersion relations for the two lowest bands,
the unmodulated («50) beam, and for a range of variation
amplitudes «. This structure therefore forms a one
dimensional phononic crystal, with a forbidden frequen
band centered atv0 , of magnitudeDv/v0>«.

As an example, a beam fabricated from Si with a thic
ness of 0.2mm, can easily be patterned with a modulat
width w varying from 0.1 to 0.5mm with a periodicity of
2p/G50.5mm. The variational amplitude in Eq.~2! is then
«5 2

3 , and the corresponding bandgap is centered atv0
5clG/2533 GHz. The calculation predicts a gap with ban
width Dv522 GHz, taking the sound speedcl54300 m/s.

In our second model we use a scalar phonon model of
type used by Santamore and Cross.9 The scalar phonon dis
placement fieldF(r ,t) satisfies the homogeneous wa
equation with elastic modulusE and densityr,

r
]2F

]t2 5“•~E“F!. ~4!

The beam is now fabricated as a composite structure wi
periodic variation in the density and elastic modulus, so t
E5E(x) andr5r(x), as sketched in Fig. 3. The beam h
width w along they axis and thicknesst alongz. We assume
that the surfaces of the beam are stress-free, so that]F/]n̂
50 for a local surface normaln̂ at z50,t andy50,w.

The solutions to Eq.~4! are separable and have the for

FIG. 2. Calculated dispersion relation for modulation streng
e50, 0.1, 0.25, and 0.5 in the longitudinal acoustic model. The g
Dv for «50.5 is indicated, as is the band-gap center freque
v05clG/2. Eleven bands were included in the calculation, the lo
est two are shown here.
1-2
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BRIEF REPORTS PHYSICAL REVIEW B 64 172301
F~r ,t !5f~x!coskly coskmzeivt ~5!

with transverse wave vectorskl5 lp/w( l 50,1,2,...) andkm
5mp/t(m50,1,2,...). The functionf(x) satisfies

1

r~x! FE~x!kl
21E~x!km

2 2
]

]x
E~x!

]

]xGf5v2f. ~6!

We assume that the elastic modulus has the spatial de
denceE(x)5E0@11« cos(Gx)# with a modulation amplitude
« and wave vectorG; the inverse density has the same ty
of dependence, 1/r(x)5(1/r0)@11d cos(Gx)#, with ampli-
tude d. If « and d are taken to have the same sign, then
increase in elastic modulus is coupled with a decrease
density. The solutions to Eq.~6! have the same form as fo
our previous model with

f~x!5 (
n52`

`

fnei ~kx1nG!x. ~7!

Inserting this form into Eq.~6!, we can calculate the eigen
value solutionsv(kx) for the modes (kx ,l ,m). In the limit
«,d→0, the ‘‘empty-lattice’’ solutionsv25c0

2(kx
21kl

21km
2 )

are found with wave velocityc0
25E0 /r0 . For nonzero« and

d, we solve the coupled equations numerically; the soluti
are plotted in Fig. 3 for the two lowest bands (l ,m)5(0,0)
and (l ,m)5(1,0) as a function of longitudinal wave vecto
kx . In the calculation we have retained terms of second or
«d, which mix wave vectors in bandn with those in bands
n62; dropping these does not significantly change the re
shown in Fig. 3.

We again find that gaps open in the dispersion spectrum
the Brillouin-zone boundariesk56G/2, with the magnitude
for the gap between the lowest two bands approxima
given by Dv/v0>« for d5«. If our composite structure

FIG. 3. ~a! Dispersion relation for empty lattice, showing th
three lowest modes for the scalar model, plotted in an extend
zone scheme. Dashed box shows the region plotted in detail in~b!.
~b! Dispersion relation including the structural modulation, plott
in the reduced-zone scheme. The calculation is for perturba
strengthsd5e50.1, 0.25, 0.5, and 0.75. Black solid and dash
lines are for the (kx ,l ,m)5(kx,0,0) mode, and solid and dashe
gray lines are for the (kx,1,0) mode. The geometric paramete
were w52t and modulation wave vectorG50.6p/t. Inset shows
the geometry for the structure.
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consists of a 0.2-mm-thick beam of Si~E547 GPa, r
52330 kg/m3! combined with Pb ~E516 GPa, r
511 340 kg/m3!, we have «>0.5 and d>0.65, and we
choose a periodicity 2p/G50.5mm. The calculation then
yields a band center atv05c0G/2514 GHz with bandgap
width Dv50.56v058 GHz.

These two approximate methods for calculating the d
persion relation of a one-dimensional phononic crystal yi
rather similar results. We now consider what the implicatio
are for the thermal transport through a beam fabricated w
such a periodic structure. We assume that the beam is a
batically coupled to thermal reservoirs at either end, us
smooth, graduated increases in the cross-sectional areaA to
the bulk solid; we therefore avoid end-to-end phon
resonances,3 and the acoustic mismatch from abrupt ar
transitions.1,13 We calculate the temperature dependence
the thermal conductance for a single low-frequency Blo
mode with transmissivityT~v! equal to 1 forv in the al-
lowed bands, 0,v,v02Dv/2 and v .v01Dv/2, and
zero for v in the forbidden gap region. The result of th
calculation, using Eq.~1!, is shown in Fig. 4~a!, calculated
for temperatures well below the cutoff temperature for t
second mode@the mode (kx,1,0) in the scalar model, Eq
~4!#. In part ~b! of that figure we display the temperatu
dependence including the higher-order modes.

At the lowest temperatures, such that the primary phon
frequency is much smaller than the lower band-gap e
v02Dv/2, the thermal conductance for the single mode
given by the quantum limitGQ . As the temperature is in
creased, the phonon distribution passes through the gap
quencyv0 , and the thermal conductance falls to a minimu
at a temperature roughly given bykBTmin>\v0 /2.7. Above
this temperature, significant numbers of phonons popu
the upper band; at high enough temperatures the result f
simple beam is recovered, with conduction occurri
through a number of cutoff modes. This behavior is rema

d-

n

FIG. 4. ~a! Calculated thermal conductance in units of the qua
tum of thermal conductanceGQ for one mode of a phononic crysta
beam as a function of temperature normalized to the band-gap
ter v0 . The solid line is for a simple beam showing the quantu
valueG/GQ51, and the dotted lines are for phononic crystal bea
with band-gap widthsDv/v050.2, 0.4, 0.6, and 1. The dotted lin
shows~b! Thermal conductance including the higher-order mod
for the simple beam~solid line! and for the same series of modula
tion widthsDv/v0 .

{a) Q>) 
ji!i; 
I'lii 

b 
J'l'.'l Qi) 0.5 

■.\\\       ^>'<- 

\ \  i i 
\\ 11 

■\"\_    / / 

0.1 1 10 

to 

0.1 

k^TITidiQ 
1-3



ted
pl

e
an
he
er
re
du

c-
to
f
u
7.
g
he
s

ga

al
as-
hat

ure

is
al

the
er-
the
ab-
lity
a-

ns
bel
pro-
e

1-
tion

BRIEF REPORTS PHYSICAL REVIEW B 64 172301
ably similar, although larger in magnitude, to that calcula
for scattering due to imperfections in the surface of a sim
beam, as shown by Santamore and Cross.9 Here we can tune
the amount by which the conductance is lowered at interm
diate temperatures by increasing the width of the gap,
shift the point of minimum conductance by changing t
crystal-repeat distance. However, at low enough temp
tures the quantum of conductance will always be recove

For our two numerical examples cited above, the mo
lation of the cross-sectional widthw of a Si beam from 0.1 to
0.5 mm yields a minimum in normalized thermal condu
tance at a temperature of 0.25 K, with a reduction by a fac
of 0.7. For the composite modulated beam consisting o
modulated Si/Pb overlayer structure, the normalized cond
tance minimum is at 0.11 K, with a reduction factor of 0.5

We have only considered the thermal conduction throu
effectively one of the four types of conducting modes in t
beam. The other three modes will developed band gap
well, at the same wave vectorskx56G/2, but at somewhat
different center frequenciesv0 due to the different acoustic
sound speeds for these modes, and with different band
e
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Dv due to the different coupling strengths. The total therm
conductance will consist of the superposed conductance
sociated with each mode and will therefore smear somew
the features shown in Fig. 4. However, a significant feat
should still be visible at intermediate temperatures.

In conclusion, we find that the quantum of conductance
quite robust, and for any given phononic crystal the therm
conductance at low enough temperatures will recover to
quantum limit. At moderate temperatures, however, the th
mal conductance can be controllably reduced below
quantum limit, over a range of temperatures set by the f
rication parameters for the phononic crystal. This capabi
may prove useful in bolometric and calorimetric applic
tions.
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Single-crystal aluminum nitride nanomechanical resonators
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Aluminum nitride is a light, stiff, piezoelectrically active material that can be epitaxially grown on
single-crystal Si. AlN is beginning to play a role in the integration of semiconducting electronic and
surface acoustic wave devices, and may prove useful for the integration of other types of mechanical
devices as well. We describe the growth and subsequent electron-beam patterning and etching of
epitaxial AlN-on-silicon films into nanomechanical flexural resonators. We have measured
resonators with fundamental mechanical resonance frequencies above 80 MHz, and quality factors
in excess of 20 000. ©2001 American Institute of Physics.@DOI: 10.1063/1.1396633#
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Aluminum nitride is proving to be a useful material
the semiconductor industry, as it can be grown epitaxially
^111& Si substrates, typically by metalorganic chemical vap
deposition~MOCVD!, forming high quality, smooth films
with thec axis oriented along the growth direction. AlN is
very light (r53255 kg/m3), stiff material, with a Young’s
modulus of 345 GPa and ac-axis sound velocity of 11.4
km/s. The large piezoelectric constante3351.5 C/m2 corre-
sponds to an electromechanical coupling constantk2

56.5%.1 Aluminum nitride is fracture resistant and chem
cally nonreactive, with negligible etching rates when e
posed to most strong acids and bases.2

This material is a clear candidate for the integration
surface-acoustic wave devices on chip with silicon-ba
electronics. In addition, it can be used to fabrica
submicron-scale cantilevers and flexural beams. Such
pended, mechanically active structures allow application
force microscopy, optical couplers, and stable oscillators
filters. Other materials under development for these appl
tions include Si, both single crystal and polycrystalline, po
crystalline silicon nitride, GaAs, and silicon carbide.3–10Me-
chanical actuation and sensing in most of these mate
relies on electrostatic, optical, or magnetomotive techniqu
which suffer from poor coupling and implementation dif
culties. Aluminum nitride, by contrast, provides both the po
sibility for very high resonance frequencies and piezoelec
actuation.

We have developed a method to fabricate radio f
quency flexural resonators from single-crystal AlN film
Here we describe the fabrication process, as well as meas
ments demonstrating fundamental resonance frequen
above 80 MHz and very high quality factors, in excess
23104.

The AlN films samples were grown on^111& Si wafers in
a multiwafer, rotating disk MOCVD system under low
pressure conditions. Triethylaluminum~TEA! and ammonia
(NH3) were used as the Al and N precursors, with H2 as the

a!Author to whom correspondence should be addressed; electronic
cleland@physics.ucsb.edu
2070003-6951/2001/79(13)/2070/3/$18.00
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carrier gas. Low pressures were used to accommodate
low vapor pressure of TEA, and to minimize pre-reactio
Prior to buffer layer growth, the Si wafers were etched for
s in 10% hydrofluoric acid. The wafers were then heated
10 min at 900 °C in a H2 atmosphere, leaving an atomical
clean surface for epitaxy. An AlN nucleation layer~25 nm
thick! was then grown at an approximate surface tempera
of 550 °C and TEA and NH3 flows of 0.6mmoles/min and
1.1 moles/min, respectively. The AlN epilayer was th
grown at 1100 °C, with a TEA flow of 0.9mmoles/min, es-
tablishing a V/III ratio of 12 000; a growth rate of 0.15mm/h
can thereby be achieved. Film thicknesses were measure
optical interferometry to bet50.17mm. A more detailed
description of the growth system and process can be fo
elsewhere.11

Flexural resonators were fabricated using a combina
of optical and electron beam lithographies. Optical lithog
phy was used to define a liftoff pattern for large-scale wi
bond pads, which consisted of a 3 nmthick Ti adhesion layer
followed by a 110 nm thick Au film. Electron-beam lithog
raphy was then used to define a liftoff pattern for a me
electrode that runs along the length of each resonator
magnetomotive excitation.5 The electrode comprised a 3 nm
Ti adhesion layer, a 35 nm Au film, and a 60 nm Ni film; th
Ni served as an etch mask for the anisotropic reactive
etch of the AlN. Beam lengths ranged from 3.6 to 5.9mm,
with 0.2 mm widths. The ends of the beams were defined
a step increase in the width to 2.4mm.

The electrode pattern was transferred to the AlN fi
using anisotropic Cl2-based reactive ion etching~RIE!.
Samples were placed in a parallel-plate load-locked R
chamber, which was pumped to 531027 Torr. Chlorine gas
was admitted at 10 sccm, with a chamber pressure o
mTorr. A rf plasma was ignited with 200 W of rf powe
yielding a substrate voltage of 400 V. The AlN etch rate w
approximately 150 nm/min, with very vertical sidewalls. Th
etch rate for the Si substrate and the Ni mask was neglig
in these conditions.

The Ni was then removed using a commercial
etchant,12 and the structures released by etching the Si s
il:
0 © 2001 American Institute of Physics
IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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2071Appl. Phys. Lett., Vol. 79, No. 13, 24 September 2001 Cleland, Pophristic, and Ferguson
strate with an isotropic wet etchant@5 parts ammonium fluo-
ride:120 parts nitric acid:60 parts de-ionized~DI! water13#. A
15 s etch was sufficient to mechanically free the resonat
the structures were rinsed in methanol, and dried in
Structures fabricated in this way did not in general collap
obviating the need for CO2 critical point drying. An electron
micrograph of a set of completed beams in shown in Fig
Note that the narrow part of the beams is completely und
cut, while the wider steps are undercut to a depth of appr
mately 0.3mm. We take the nominal lengthL of the beam to
be the length measured from the edge of the undercu
either end; the lengths for the beams we describe here ra
from 3.9 to 5.6mm.

Electrical contacts to the completed resonators w
made with Au wire bonds, and the structures were place
a vacuum can, which was evacuated and then submerge
liquid helium, in the bore of an 8 T magnet. A semirigid 50V
coaxial cable connected room-temperature electronics
each resonator. The center pin of the cable was connecte
one end of each resonator, with the other end of the reson
grounded. The resonators were oriented with the plane of
sample parallel to the magnetic field, with the beam len
perpendicular to the fieldB, allowing magnetomotive mea
surement of the beam resonance frequencyV and quality
factorQ.5 A typical measurement is shown in Fig. 2 for a 3
mm long beam, displaying clear resonance atV/2p

FIG. 1. Series of four AlN beams, with the undercut lengths ranging fr
3.9 to 5.6mm. The beams are 0.17mm thick, and the widths are 0.2mm,
increasing to widths of 2.4mm at either end.

FIG. 2. Measured resonance of a 3.9mm long beam, measured at 4.2 K i
a transverse magnetic field of 8 T. The applied rf power was285 dBm.
Inset: Measured resonance for a constant rf power of275 dBm, while vary-
ing the magnetic field through integer values from 1 T~smallest peak! to 8
T ~largest peak!.

82.56 82.60 

Frequency (MHz) 
Downloaded 28 Sep 2001 to 128.111.14.253. Redistribution subject to A
s;
r.
,

.
r-
i-

at
ed

e
in
in

to
to

tor
he
h

582 MHz with a quality factorQ52.13104. Varying the
magnetic field for a fixed rf drive power shows the expec
quadratic dependence on magnetic field, shown in the in
in Fig. 2.

We measured a number of resonators with differ
beam lengths but fixed widths; the measured dependenc
resonance frequency on nominal beam lengthL is shown in
Fig. 3, along with three theoretical curves.

The resonance frequencyV for a flexural beam of thick-
nesst, width w and lengthL is given by solving the Euler–
Bernoulli beam equation,

2rAV2Y5
]2

]x2 EI
]2Y

]x2 , ~1!

whereY(x) is the displacement along the thickness axis,x is
measured along the beam length,r andE are the density and
elastic modulus,A5wt the cross-sectional area, andI
5wt3/12 the bending moment of inertia; these paramet
can be position dependent.

For a doubly clamped beam with uniform material a
geometric parameters, Eq.~1! yields solutions with the natu
ral resonance frequencyV0(L) given by

V0~L !

2p
51.027AE

r

t

L2 . ~2!

The elastic modulus for an AlN beam with length alon
the ^1000& crystal direction and flexure in thê0001& direc-
tion is given by E5(c112c12)(c1112c12)/(c111c12)
5280 GPa.1,10,14 This predicted curve is shown as a dott
line in Fig. 3.

The resonators include a thin Au film, withr
519320 kg/m3 and E578 GPa~the Ti wetting layer has a
negligible effect!. The main effect of the metal is to mas
load the resonator, reducing its frequency from that given
Eq. ~2!. For the large ratio of AlN thicknesst1 to the metal
thickness t2 , the resonance frequency for the compos
structure is approximately10

FIG. 3. Measured resonance frequencies for five beam lengths~closed
points!, with calculated resonance frequenciesV0(L)/2p using the nominal
beam lengthL ~dotted line!, V08(L)/2p adjusted for Au mass loading
~dashed line!, and V/2p using the numerically calculated frequency a
counting for the stepped beam width~solid line!. Inset: Geometry defining
the beam widthw50.12mm, step widthW52.4mm, nominal lengthL and
effective lengthL85L22Dl .
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V08~L !

2p
'1.027

E1

r1

1

A11r2t2 /r1t1

t1

L2 . ~3!

By evaluating Eq.~3! for our structures, we find a mass
loaded frequencyV08(L)'0.67V0(L), in terms of the bare
resonance frequencyV0(L). This curve is plotted as a
dashed line in Fig. 3.

A second correction involves the fact that the beams
not uniform in width along the suspended length, but co
prise a 0.2mm wide section of lengthL8, followed by a short
section with width 2.4 mm and undercut lengthDl

50.3mm at either end. The nominal lengthL is given by
L5L812Dl . One way to approximate the effect of th
width increase is to take the effective lengthL8 in Eqs. ~2!
and ~3!, assuming that the wider section of the beam is r
idly clamped. However, the increase in beam stiffness p
vided by the width increase is not equivalent to clamping
beam, so this does not yield an accurate result.

We therefore used a version of Stodola’s iterat
method,15 in which the flexure equation, Eq.~1!, is solved
numerically for the actual beam geometry, yielding an exc
lent approximation to the actual mode shapeY(x). The reso-
nance frequency may then be evaluated using Raylei
method.16 We have applied this technique to the beam geo
etry shown in the inset in Fig. 3. The resulting correctio
areV(L)/V08(L)51.26– 1.41; the correction varies with th
proportion Dl /L. In Fig. 3 we show this calculated fre
quency as a solid line, showing a fairly good corresponde
to the measured dependence, with no adjustable parame

In conclusion, we have described the fabrication a
measurement of high frequency nanomechanical beams,
ricated from single-crystal AlN and measured using a m
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netomotive technique. In addition, we find that we can fai
accurately account for the beam frequencies when adjus
for mass loading and for the specific beam geometry. Ap
cations of these types of structures to piezoelectrically dri
and detected beam resonances are presently underway.
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Nanoelectronic and nanomechanical systems
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Nanomechanical systems, integrated with nanoelectronic transducers and sensors, are in an early
stage of development. Research is focused on the development of radiofrequency mechanical res-
onators, sensitive electrometers and magnetometers, and potentially quantum-limited energy and
motion sensors. This paper will review the current state of our efforts in this area, and will describe
research in which the integration of mechanics and electronics will potentially allow the demon-
stration of macroscopic quantum effects in mechanical systems. We are particularly interested in
observing and measuring quantum-limited systems, whose behavior is strongly affected by the mea-
surement system; such systems may provide further insight into the quantum measurement process.

Keywords: Nanomechanics, nanoelectronics, single electron transistor, bolometer
We are developing a number of novel approaches for the integration of electrical systems with the mechanical

degrees of freedom in nanometer-scale structures. Our central theme is to unify the very sensitive characteristics
of tunnel junctions with mechanically suspended structures. Projects underway include the development of
a nanoscale bolometer comprising a suspended structure with a very small heat capacity, weakly linked to
the environment, mechanically suspended beams with an integrated two-dimensional electron gas, and flexural
resonators electrically coupled to single electron transistors, which act as displacement sensors.

I. FLEXURAL RESONATORS

Flexural resonators, either in the form of cantilevers or doubly-clamped beams, form a basic element in
nanomechanical structures. A doubly-clamped resonator with thickness t and length L has a fundamental
flexural resonance frequency given by

Ω0

2π
= 1.027

√
E

ρ

t

L2
. (1)

FIG. 1: Series of four AlN beams, with the undercut lengths ranging from 3.9 to 5.6 µm. The beams are 0.17 µm thick,
and the widths are 0.2 µm, increasing to widths of 2.4 µm at either end.

∗ Corresponding author: E-mail: cleland@physics.ucsb.edu



Frequency (MHz)

ν = 82.585 MHz
Q = 21,000

A
m

pl
itu

de
 (

V
)

Frequency (MHz)

FIG. 2: Measured resonance of a 3.9 µm long beam, measured at 4.2 K in a transverse magnetic field of 8 T. Applied
rf power was -85 dBm. Inset: Measured resonance for a constant rf power of -75 dBm, while varying the magnetic field
through integer values from 1 T (smallest peak) to 8 T (largest peak).

A beam fabricated from Si with thickness t = 0.2 µm and a length of 100 µm has a resonance frequency of
about 170 kHz; shortening the length to 10 µm increases the frequency to 17 MHz, and a further reduction to
1 µm brings the frequency up to 1.7 GHz. Quality factors for the fundamental resonance have been measured
in excess of 20,000 [1, 2]. Such resonators form candidates as stable local oscillators for time-base and frequency
standards applications [3, 4].
These structures are coupled to external electronic circuitry using a number of methods: through magnetomo-

tive transduction, through electrostatic displacement sensing and actuation, and through the piezoelectric effect.
The magnetomotive technique [1, 5] involves placing the mechanically active element in a transverse magnetic
field, and passing a current through a metal film integrated with the mechanical structure. A Lorentz force
develops as a result, generating a displacement; the displacement then generates an electromotive voltage, which
can be sensed using external electronics.
In Fig. 1 we show a set of flexural beams fabricated from single-crystal aluminum nitride. We have been

developing this material because of its low density, high elastic modulus, and relatively high fracture strength.
This material can be grown as single crystal films on 〈111〉-orientation Si wafers using metal-organic chemical-
vapor deposition. The films can subsequently be patterned using a combination of electron beam lithography
and thin metal film deposition. The AlN can be anisotropically etched using Cl2-based reactive ion etching, and
the substrate Si selectively removed using an isotropic Si etch (ammonium fluoride, nitric acid and water). More
fabrication details are discussed below.
The structures shown in Fig. 1 were measured using the magnetomotive technique; a series of resonance curves

is shown in Fig. 2. Resonance frequencies have been measured [2] in the range of 40-80 MHz, with quality factors
measured to be somewhat higher than 20,000.
The electrostatic approach involves the use of displaceable capacitors, where a voltage applied across the plates

of a mechanically flexible capacitor causes one plate to displace with respect to the other. The displacement can
be detected by monitoring the resulting change in capacitance [3]. An example of a nanoscale structure with
electrostatic drive and sense, fabricated from single-crystal Si using a silicon-on-insulator substrate as the base
material, is shown in Fig. 3.

II. SET-BASED DISPLACEMENT SENSING

We are attempting to develop a potentially quantum-limited displacement sensing approach, based on the
single-electron transistor (SET). The structure we are fabricating comprises a doubly-clamped flexural beam,
coupled through a capacitive, mechanically variable capacitor to the gate lead of the SET. A micrograph of a
completed structure, with doubly-clamped beam and adjacent single-electron transistor, is shown in Fig. 4. The



FIG. 3: Single-crystal silicon flexural resonators coupled by capacitive transducers, allowing both displacement actuation
and sensing. The horizontal scale bar is 1 µm. The flexural resonance frequency of these structures is measured to be 68
MHz.

mechanical beam can be driven using an external signal, using magnetomotive displacement; it will also exhibit
thermally-driven fluctuations due to its finite value of damping, parameterized by the quality factor Q. Further,
as discussed below, we expect the beam to exhibit motion driven by the back-action measurement noise from the
SET. The beam can be biased with a dc voltage V0, which induces a coupling charge on the capacitor; motion
of the beam changes the charge coupled to the single-electron transistor, modulating the drain-source current in
the transistor.
In a recent innovation [6], the SET can be used as a radio-frequency electrometer, for which the input charge

noise has been measured to be about 2×10−5 e/
√
Hz. There has been a proposal to use the SET as a displacement

sensor [7], estimating the displacement sensitivity when it is coupled to a radiofrequency resonator, and a recent
estimate of the magnitude of the electrical back action generated by the SET on the resonator [8].
The displacement of the resonator is sensed by changes in the coupling capacitance Cc and the corresponding

coupled charge. The sensitivity of the SET as a displacement sensor is determined by its charge sensitivity, by
the sensitivity of the coupling capacitance on the resonator displacement, and by the magnitude of the SET
back-action on the mechanical resonator. The back-action is caused by the force exerted on the resonator when
the voltage on the center island of the SET fluctuates. This can be evaluated as follows: The electrostatic
charging energy of the coupling capacitance is ε = CcV

2
c /2, where Cc(x) is the position-dependent capacitance,

and x is the displacement at the midpoint of the resonator; the voltage Vc is the voltage across the coupling
capacitor. This voltage consists of the externally-imposed voltage V0 and a noise voltage δV , which fluctuates
due to the stochastic nature of electron flow through the SET.
The electrostatic force generated by Vc is given by F = dε/dx = (V 2

c /2)dCc/dx. A fluctuation δV in the
voltage Vc gives rise to a fluctuation δF in the force through

δF = V0
dCc

dx
δV, (2)

where V0 is the constant value of Vc.
Following Schwab [8], the noise voltage δV can be evaluated using the amplifier noise model developed for

the SET by Devoret and Schoelkopf [9]. It has a spectral density due to the SET input current noise SI(ω)
driving the coupling capacitance Cc, given by SI(ω)/ω2C2

c . The spectral noise density SF (ω) of the force on the
resonator is then given by

SF (ω) =
(

V0
dCc

dx

)2
SI(ω)

ω2C2
c (x)

, (3)



An optimized SET, with both tunnel junction resistances equal to the quantum of resistance h/e2 ≈ 25 kΩ,
has a current noise that at low frequencies is approximately given by

SI(ω) =
5
9

C2
c (x)
CΣ

hω2, (4)

where CΣ is the total capacitance of the SET island.

Single-electron transistor

Flexural beam

V0

Cc

FIG. 4: Electron micrograph of a doubly-clamped beam coupled to a single-electron transistor. The resonating beam
includes an interdigitated capacitor Cc(x) coupled to the gate of the single-electron transistor; the displacement x of the
beam center point changes the coupled charge, and modulates the current through the transistor. The beam can be biased
with a dc voltage V0.

The displacement spectral density Sx(ω) may then be evaluated using the response function of the resonator;
for a resonator with mass M , resonance frequency Ω0 and quality factor Q, this is related to the force spectral
density SF (ω) by

Sx(ω) =
1

(Ω2
0 − ω2)2 + (ω2

0/Q)2
SF (ω)
M2Ω4

0

. (5)

For a high quality factor resonator, with Q � 1, the response (5) is very narrow-band, so the spectral density
of the force (3) may be taken to be frequency-independent, with SI(ω) evaluated at ω = Ω0.
The back-action noise of the SET can now be re-stated as an effective noise temperature: The dissipation

associated with a finite value of the quality factor Q generates a fluctuating force of magnitude [4]

SF (ω) =
2kBTeffMΩ0

πQ
, (6)

where Teff is the temperature; this relation is determined by the fluctuation-dissipation theorem. For the SET,
we therefore can define an effective noise temperature

Teff =
5π

18kB

QV 2
0

MΩ0

(
dCc

dx

)2
h

CΣ
. (7)

In addition to the SET-driven noise, the resonator has a physical temperature T , so in the classical limit
kBT � �Ω0, the total noise amplitude of motion corresponds to a temperature T + Teff .
This motion is sensed by the SET, with a displacement sensitivity determined by the coupling of the resonator

to the SET and the SET input voltage noise SV (ω). The voltage noise for an optimized SET is given by

SV (ω) =
65hCΣ

288C2
c (x)

, (8)
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FIG. 5: Displacement noise energy as a function of coupling strength α/α0, for different resonator temperatures in units
of the temperature quantum TQ = �Ω0. The optimal coupling is achieved when the minimum displacement energy is
equal to the thermal energy.

and is approximately white. Referring the voltage noise as a effective displacement noise Sx eff , we have

Sx eff(ω) =
(

Cc(x)
V0

1
dCc/dx

)2

SV (ω)

≈ hCΣ

4V 2
0 (dCc/dx)2

. (9)

The thermally-driven displacement has a frequency spectrum concentrated in the band centered on Ω0 with a
width ∆Ω = 2Ω0/Q; integrating the noise power over this band, we find a mean square noise

∆x2
th =

∫
∆Ω

Sx(ω)dω ≈ 1.11
2kB(T + Teff)

πMΩ2
0

. (10)

The input displacement noise of the SET integrated over the same band gives a minimum detectable square
displacement

∆x2
min = Sx eff ∆Ω =

hΩ0CΣ

2QV 2
0 (dCc/dx)2

. (11)

The coupling strength α = V0dCc/dx can be tuned by adjusting the dc voltage V0; increasing the voltage
reduces the minimum detectable displacement ∆xmin, but also increases the effective temperature Teff . At zero
resonator physical temperature T = 0, the optimum coupling α0 is achieved when ∆xth = ∆xmin, or when

α0 = V0
dCc

dx
=

√
MΩ2

0CΣ

Q
. (12)

At this optimal bias point, the minimum displacement noise is ∆x2
min = h/2MΩ0, close to that given by the

standard quantum limit of �/2MΩ0. Taking a model resonator of Ω0 = 2π × 108 Hz, mass M = 3 × 10−16 kg,
the rms displacement noise is 4× 10−14 m.
At non-zero resonator temperatures, the optimal coupling value α decreases. In Fig. 5 we show the dependence

of the thermal and back action-driven displacement energy MΩ2
0∆x2

th/2, and the corresponding detectable energy
MΩ2

0∆x2
min/2, as a function of coupling strength. The thermal energy is calculated for a number of resonator

temperatures, in units of the quantum temperature TQ = �Ω0/kB . The optimal bias voltage V0 is determined
by the point at which the minimum detectable energy intersect the thermally-driven motion.



III. NANOSCALE BOLOMETER

A second major project is aimed at the development of nanoscale bolometers, with the potential for substan-
tially increased sensitivity to infrared light in the frequency range of 0.1-10 THz. A bolometer consists of a
volume whose temperature is changed by absorbing infrared light, and a thermistor element that detects the
changes in temperature. The volume has a heat capacity C, a thermal conductance to the temperature bath
G, and a corresponding thermal time constant τ = C/G. The minimum detectable radiated power, called the
noise equivalent power (NEP ) is set by thermal fluctuations through the thermal conductance, and is equal to
NEP =

√
4kBT 2G. Operating at lower temperatures with smaller thermal conductances leads to smaller values

of the NEP .
There is a however a quantum limit to the minimum achievable thermal conductance, first predicted theoreti-

cally [10–13] and later verified experimentally [14]. For a thermal conductance formed by a nanoscale wire, this
quantum limit is achieved at low temperatures and is given by

GQ =
4π2k2

BT

3h
, (13)

where h is Planck’s constant. The corresponding limit to the noise equivalent power is given by

NEP =
(
16π2k3

BT 3

3h

)1/2

. (14)

At a temperature of 100 mK, this corresponds to 5 × 10−19 W/Hz1/2; at 20 mK this is 4 × 10−20 W/Hz1/2,
values that are 10-100 times smaller than is presently achievable.
Even smaller values should be achievable by engineering the thermal link that provides the conductance G. The

quantum limit (13) is achieved for a straight wire with unity phonon transmissivity; conductances smaller than
this can be achieved by engineering the phonon dispersion relation for transmission through the conductance. We
have completed calculations that indicate that a periodically modulated structure, forming a phononic bandgap,
can for a range of temperatures achieve a thermal conductance significantly less than the quantum limit [15].
An example of such a structure and its dispersion relation is shown in Fig. 6.
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FIG. 6: Calculated dispersion relation for different modulation strengths, using a longitudinal acoustic model. The gap
∆ω is indicated, as is the bandgap center frequency ω0.

The corresponding calculation for the thermal conductance, in units of the quantum of thermal conductance,
is shown in Fig. 7.
Structures such as these may prove useful in tuning and adjusting the thermal conductance of nanoscale

structures.
We are presently fabricating and characterizing a nanometer-scale bolometer, for which we use a mechanically

suspended volume of semi-insulating GaAs, which is patterned using electron-beam lithography to define a
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FIG. 7: (a) Calculated thermal conductance in units of the quantum of thermal conductance GQ, for one mode of a
phononic crystal beam, as a function of temperature normalized to the bandgap center ω0. The solid line is for a simple
beam, showing the quantum value G/GQ = 1, and the dotted lines are for phononic crystal beams with bandgap widths

∆ω/ω0 = 0.2, 0.4, 0.6 and 1. (b) Thermal conductance including the higher order modes, for the simple beam (solid line)
and for the same series of modulation widths ∆ω/ω0.

volume, 2 × 3 × 0.2 µm3, suspended by thin, 4 × 0.2 × 0.2 µm3 legs from the bulk substrate. The thermistor
element is a aluminum-aluminum oxide-copper-aluminum oxide-aluminum tunnel (SINIS) junction, fabricated on
the surface of the GaAs. The volume of copper normal metal is 3×0.3×0.04 µm3, and the tunnel characteristics
of the junction are sensitive to the temperature of the electrons in this normal metal. A electron micrograph and
sketch of the structure appears in Fig. 8. This structure has a heat capacity approximately 104 times smaller
than micromachined bolometers, and we anticipate bolometric sensitivity of order 100 times higher than in these
other bolometer designs [16–18].

1 m

CuAl

1 m

Al

T0T0

I I

CuAl

FIG. 8: Electron micrograph of a nanoscale bolometer, comprising a pair of Al-I-Cu-I-Al (SINIS) tunnel junctions fab-
ricated on the surface of a 2 × 3 × 0.2 µm3 GaAs block, which is suspended by four 0.2 × 0.2 × 4 µm3 beams from
the bulk substrate. Below is a sketch of the geometry including the tunnel junctions, and a highly simplified thermal
model, indicating the heat capacitance C of the central block (dominated by that of the normal Cu metal), and thermal
conductance G for each of the four beams.

A set of low temperature differential conductance curves as a function of bias voltage are shown for one of the
SINIS tunnel junctions, showing the very strong temperature dependence of the zero-bias conductance, and at
the lowest temperature a fairly well-defined superconducting gap ∆ = 180 µV per junction. In tunnel junctions
with large volumes of normal metal, the gap structure is defined by large peaks in the conductance at ±∆,
which are missing here; we believe this is due to very weak electron-phonon coupling in these structures, which
causes excessive heating of the normal metal electrons at non-zero bias; this question is still under investigation.



However, the zero-bias conductance is found to be well described by the conventional BCS theory for NIS tunnel
junctions (see e.g. Solymar [19]). The non-equilibrium situation at non-zero bias can be phenomenologically
explained using a hot-electron model, where the electrons in the normal metal are thermally decoupled from the
phonons; this effect is fairly well understood in fully three dimensional phonon systems, i.e. in bulk insulating
substrates, but the situation when the substrate has a strongly reduced geometry as here is less clear. Calculations
indicate that for phonons in a fully three dimensional system, the effective electron-phonon thermal conductance
scales as the fifth power of the electron temperature T 5

el, while in an effectively one-dimensional phonon system,
such as applies here at the lowest temperatures, the electron-phonon conductance should scale as T 4

el.

FIG. 9: (left) Conductance as a function of bias voltage for a suspended SINIS tunnel junction, measured at a series of
temperatures from 25 mK to 900 mK. (right) Zero-bias conductance as a function of temperature, showing a good match
to the predictions of classical BCS theory.

Measurements of the electrical readout noise of the SINIS thermistor elements yields a temperature sensitivity
of 6 µK/

√
Hz at an operating temperature of 100 mK; we estimate the thermal time constant τ to be 4 µsec. The

corresponding estimate for the electrical noise-limited NEP is 2 × 10−18 W/Hz1/2 at 100 mK, within about a
factor of 5 of what we expect. This bolometer should be able to detect single 1 THz photons with a signal-to-noise
of unity; we are presently attempting to couple signals optically to verify whether this is the case.

IV. FABRICATION TECHNIQUES

Our integrated structures are fabricated through a combination of electron-beam lithography, metal deposition,
anisotropic reactive ion-beam etching, and isotropic wet etching. In Fig. 10 we display the major steps associated
with a GaAs-based structure definition. We start with heterostructure substrate, comprising a bulk, semi-
insulating GaAs substrate, a sacrificial AlGaAs layer 0.4 µm thick, and a top semi-insulating GaAs structural
layer 0.2 µm thick. This heterostructure is grown on a bulk GaAs substrate using molecular beam epitaxy
(MBE), and can be designed with different layer sequences, thicknesses, and so on.
We then begin patterning the structure. We use conventional electron beam lithography to pattern a poly-

methyl methacrylate bilayer (PMMA), comprising a 495 KD molecular weight bottom layer and a 960 KD weight
top layer, the PMMA dissolved in an anisole solvent. Each layer is spun on at 3 kprm for 45 seconds and baked
for 10 minutes at 180◦C. The pattern is exposed with a scanning electron microscope configured for lithography;
the electron beam dosage is about 350 µC/cm2, with a beam voltage of 35 kV. After exposure, we develop
the pattern in a 1:3 methyl isobutyl-ketone:isopropyl alcohol (MIBK:IPA) developer, and rinse in IPA. The use
of the PMMA bilayer, with a lower resolution underlayer and higher-resolution top layer, yields a undercut
resist profile which gives a high-yield metal and insulator liftoff. We then thermally evaporate a layer of SrF2

(strontium fluoride), an insulating material that has a fairly low sublimation point, lifts off well, and is partially
water-soluble. The SrF2 layer ranges from 10-100 nm in thickness, depending on subsequent steps. Following
the evaporation, the unwanted SrF2 is lifted off with the PMMA by soaking for several minutes in acetone.
The SrF2 provides an excellent mechanical mask for the subsequent anisotropic reactive-ion etching of the

GaAs and AlGaAs substrate material. We use a commercial parallel-plate reactive ion etcher, and flow pure Cl2
gas at a pressure of 5 mtorr and a flow rate of 10 sccm. An rf power of 150 W generates a self-biased plasma
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FIG. 10: Suspended heterostructure definition, starting (1) with a GaAs heterostruture substrate, (2) patterning an etch
mask, (3) anisotropic etch of the GaAs and AlGaAs layers and (4) sacrificial wet etch, suspending the final structure.

voltage of about 350 V, and yields a GaAs and AlGaAs etch rate of about 0.1 µm/min. The etch is carried out
to a depth corresponding to complete etching of the exposed GaAs and AlGaAs layers, typically 0.6 µm, ending
on the bottom, bulk GaAs layer. The SrF2 mask is not noticeably etched by this process, and the SrF2 can then
be removed by soaking in distilled water for 2-3 minutes.
Following this step, the exposed AlGaAs can be removed using either concentrated hydrochloric acid or a

dilute (10%) solution of hydrofluoric acid; these acids do not noticeably etch GaAs, leaving the structural layer
intact. The etch time varies with the size of the desired, final suspended structure. For the structure we use for
the bolometer design above, etch times of order 1-2 minutes are appropriate.
The nanoscale tunnel junctions are patterned on the surface of the suspended structure. These tunnel junc-

tions can comprise either aluminum-aluminum oxide-aluminum tunnel junctions, which below the supercon-
ducting transition temperature of Al (about 1.5 K for thin-film aluminum) forms a superconductor-insulator-
superconductor (SIS) tunnel junction, or copper-aluminum oxide-aluminum tunnel junctions which are normal
metal-insulator-superconductor (NIS) junctions below 1.5 K. Aluminum is an excellent material for fabrication
of such structures on the deep sub-micron scale, because it forms finely-grained thin films that are fairly stable
in air, and its oxide is thermally and mechanically stable, providing a high-voltage tunnel barrier for tunnel
junctions. The challenge in fabricating nanoscale tunnel junctions is that the trilayer (metal-metal oxide-metal)
structure must be defined in a single vacuum cycle in order to achieve high reliability structures. This can be
achieved either by unpatterned, bulk trilayer deposition of the two metal films and intermediate oxide layer, which
is subsequently patterned to form the tunnel junction structures, or by using a suspended resist bridge tech-
nique to pattern the films as they are deposited, and using different evaporation angles to achieve he geometric
differentiation. We have followed the latter approach, which is sketched out in Fig. 11.
We spin-coat the substrate with a bottom layer of the copolymer methyl methacrylate and a top layer of 960

KD molecular weight PMMA, the first spun at 2 krpm for 45 seconds followed by a 10 minute 180◦C bake,
the second at 3 kprm for 45 seconds followed by the same 180◦C bake. Exposure is done by electron-beam
lithography at 35 kV with a 350 µC/cm2 dosage; develop is in 1:3 MIBK:IPA with an IPA rinse. The co-polymer
is extremely sensitive to the electron beam dosage, and overdevelops approximately 0.3-0.5 µm laterally beyond
the edge of the exposed pattern. This significantly undercuts the top PMMA layer and allows us to use the
directional nature of thermal evaporation to define the tunnel junctions, as shown in Fig. 11.
Once the suspended bridge pattern has been defined, we fabricate the tunnel junction by placing the structure

in a thermal evaporator, and pumping the chamber out to a few times 10−7 torr. The substrate is then tilted by
an angle of 20-25◦ with respect to the line of sight to the evaporation crucible, and a thin film (30-100 nm) of Al
is evaporated from a W crucible. The Al film is then oxidized by admitting a small pressure (∼10 mtorr) of pure
oxygen to the chamber, and waiting from 10-100 seconds to achieve the correct oxide thickness. The substrate
is then tilted to −20◦ to −25◦ with respect to the line of sight, and a second metal film (either aluminum for
an SIS tunnel junction, or copper for a NIS tunnel junction) is evaporated. The completed structure is then
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FIG. 11: Fabrication sequence for angled metal tunnel junctions; in step (1), a bilayer resist is spun and baked on the
substrate, in (2) the electron beam lithography pattern is written, in (3) the pattern developed out, and in (4) metal
evaporations are carried out at two angles, defining the tunnel junction in the center of the pattern.

removed from the evaporator and liftoff completed in acetone. Tunnel junction areas can range from 0.01-0.3
µm2, depending on the particular pattern and the tilt angles, and tunnel junction resistances range from 100
Ω to 10 MΩ, depending on the junction area and oxidation time. Areas are highly repeatable, and junction
resistances tend to reproduce to within a factor of two, other factors being the same.
We are also pursuing a quite different, parallel approach to integrated electromechanical devices. This approach

uses GaAs substrates that include a buried two-dimensional electron gas in the top structural layer; the two-
dimensional electron gas can be contacted through diffused ohmic contacts to measure transport characteristics,
and can be gated using lithographically patterned electrostatic top gates that allow the lateral definition of the
electron gas in the two-dimensional sheet. This approach has been used to define single quantum dots in the
electron gas as well as double quantum dots, the latter allowing extremely sensitive spectroscopic probing of the
electrons’ electrical environment (see e.g. [20]). We have been pursuing the development of such structures to
allow probing of the vibrational environment, by embedding a double quantum dot structure in a mechanically
suspended structure. An example of the types of structures we are fabricating is shown in Fig. 12.
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Direct temporal measurement of hot-electron relaxation in a phonon-cooled metal island
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We report temporal measurements of the electronic temperature and the electron-phonon thermal relaxation
rate in a micron-scale metal island, with a heat capacity of order 1 fJ/K (C ∼ 107 kB) . We employed a
superconductor-insulator-normal metal tunnel junction, embedded in a radio-frequency resonator, as a fast (∼
20 MHz) thermometer. A resistive heater coupled to the island allowed us to drive the electronic temperature
well above the phonon temperature. Using this device, we have directly measured the thermal relaxation of the
hot electron population, with a measured rate consistent with the theory for dynamic electron-phonon cooling.

PACS numbers: 65.90.+i, 63.20.Kr, 65.40.Ba

Measurement of the heat capacity C of a thermodynamic
system, in contact with a thermal reservoir through a thermal
conductance G, necessitates the measurement of temperature
over time scales shorter than the characteristic thermal relax-
ation time τ = C/G. For mesoscopic devices, this time scale
becomes exceedingly short, as both the electron and phonon
heat capacities scale with device volume V . Furthermore,
it is difficult to thermally isolate a phonon system from its
environment, as even a very weak mechanical suspension is
limited at low temperatures by the scale-independent quan-
tum of phonon thermal conductance [1–4]. Electrons in a
metal however naturally decouple from their phonon envi-
ronment at low temperatures, with an electron-phonon ther-
mal conductance Ge−p ∝ V T 4. As the electron heat ca-
pacity scales as Ce ∝ V T , the electron-phonon thermal re-
laxation time τe−p = Ce/Ge−p is independent of volume,
and scales as T−3. At 1 K, τe−p is of order 10 nanosec-
onds, a time scale that is accessible using a radio-frequency
superconductor-insulator-normal metal (rf-SIN) tunnel junc-
tion thermometer [5].

In this letter, we present large-bandwidth measurements
of the electronic temperature of a micron-scale metal island.
Our measurement has ample bandwidth with which to directly
measure τe−p at temperatures up to 1 K. This system therefore
allows us to probe the thermodynamic behavior of electrons in
very small metal volumes, potentially with heat capacities as
small as 10 kB . Such small metal volumes are prime can-
didates for energy absorbers in far-infrared photon-counting
bolometers [3], and would allow unprecedented calorimet-
ric sensitivity in the mesoscopic regime. Measurements over
time scales shorter than τe−p are also critical for developing
a complete understanding of the thermodynamics of meso-
scopic systems.

The thermal decoupling of electrons and phonons at low
temperatures was first described theoretically by Little [6],
with a more general discussion provided by Gantmakher [7].
For a bulk metal with volume V , the power flow Pe−p from
the electron gas at temperature Te to the phonon gas at Tp is
given by

Pe−p = ΣV (Tn
e − Tn

p ), (1)

where Σ is a material-dependent parameter. For a spherical

Fermi surface and a Debye phonon gas, n = 5.
A number of researchers have verified that Eq. (1) applies

to the static heating of thin-film metals, albeit with n slightly
lower than 5 (fit values for n fall in the range from 4.5 to
4.9, with values for Σ in the range 1 − 2 × 109 W/m3-K5

[8, 9]). These measurements were made using a dc supercon-
ducting quantum interference device (dc-SQUID) to measure
the Johnson-Nyquist noise in the metal film, and thus extract
the electronic temperature.

A second approach to measuring the electron temperature
in thin metal films was presented by Nahum et al. [10]: using
a SIN tunnel junction as an electronic thermometer. These au-
thors suggested that such a structure could form the heart of a
bolometric detector. Measurements of the static energy distri-
bution of electrons in a normal metal under voltage bias were
made by Pothier et al. using a similar SIN-based thermometer
[11]. Yung et al. [3] also demonstrated a SIN thermometer in
contact with a normal metal island, the whole fabricated on a
micron-scale suspended GaAs substrate.

Here we study the dynamic temperature response of a small
metal island using a SIN tunnel junction thermometer. Well
below the superconducting transition temperature TC , the
tunnel junction’s small-signal resistance at zero bias, R0 ≡
dV/dI(0), is exponentially dependent on the ratio of temper-
ature T to the superconducting energy gap ∆, R0 ∝ e∆/kBT .
A sub-micron scale SIN tunnel junction therefore has a low-
temperature resistance that can easily exceed 106 Ω, limiting
conventional time-domain measurements to bandwidths of or-
der 1 kHz. In order to monitor changes in this resistance at
sub-microsecond time scales, we circumvent the unavoidable
stray capacitance in the measurement circuit by embedding
the junction in a LC resonant circuit, as shown in Fig. 1
[12]. We then measure the resistance of the SIN junction,
and thus the normal metal electron temperature, by measur-
ing the power reflected from the circuit at the LC resonance
frequency. A change of the junction resistance R0, induced
by heating the electrons, in turn changes the amplitude of the
reflected radio frequency signal. In this technique, the stray
cable capacitance C is in resonance with the inductor L, the
resonator also serving to impedance-match the resistance of
the tunnel junction to the measurement system. This readout
scheme is analogous to that employed in the radio-frequency
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single electron transistor (rf-SET) [13].
Our device is fabricated on a 4×4×0.5 mm3 single-crystal

GaAs chip using four lithography steps. A 85 nm thick Au
center island and wire-bond pads were first deposited on the
GaAs substrate; an intermediate Au pad was also deposited
in this layer. We then deposited a 100 nm thick NiCr film,
designed to have a 50 Ω resistance, matching the characteris-
tic cable impedance Z0. The ground leads and heater contact
were evaporated in the third layer, using superconducting Al
to ensure thermal isolation below 1 K [14]. The NiCr contacts
the Al via the intermediate Au pad, to ensure low interfacial
resistivity. The tunnel junction thermometer was deposited in
the fourth lithography step. We used a standard suspended
resist bridge, double-angle evaporation method to define the
tunnel junction [15]: A 90 nm thick Al electrode was evapo-
rated, and the Al then oxidized in 200 mTorr of pure O2 for 90
s. The junction was completed by evaporating a 90 nm thick
Cu counterelectrode, which also contacted the center Au is-
land.

The device is shown in Fig. 1(a). Note that the Au center
island is electrically grounded, so that heating signals applied
to the NiCr resistor do not couple directly to the SIN junction,
but instead affect it by changing the temperature of the Au
island. The heating signals are in principle therefore limited
by diffusion time from the NiCr through the Au island and
then along the Cu electrode to the SIN tunnel junction; we
estimate this time to be less than 10 ns.

We mounted the chip containing the device on a printed
circuit board, which was enclosed in a brass box. Gold wire
bonds (25 µm diameter) were made between the Au bond pads
on the chip and Cu coplanar striplines on the circuit board.
A chip inductor with L = 390 nH was placed in series with
the SIN junction. The resonance capacitance C was from the
geometric capacitance of the stripline and Au bond pads, with
C = 0.5 pF. The expected LC resonance frequency is fres =
1/2π(LC)1/2 ∼= 350 MHz, the tuned circuit quality factor
is Q =

√
L/CZ2

0
∼= 20, and the measurement bandwidth

is ∆f = fres/Q ∼= 20 MHz. The measurement circuit is
shown in Fig. 1(b). The tunnel junction is configured for
simultaneous dc and rf measurements via a bias tee, not shown
in Fig. 1.

We have described the technical aspects of rf-SIN ther-
mometry elsewhere [5]. Here we will describe the salient as-
pects as they pertain to these measurements. We determined
the resonance frequency of the LC circuit to be 345 MHz.
A carrier signal source was connected through a directional
coupler to a coaxial line, which was in turn connected to the
LC resonant circuit. The carrier frequency was set close to
the LC resonant frequency [16]. The signal reflected from
the LC resonator was high-pass filtered and amplified using
a low-noise amplifier. This amplified signal was then mixed
with a local oscillator (lo), provided by a second rf signal
source phase-locked to the carrier source. The intermediate
frequency (if) output from the mixer was low-pass filtered,
amplified, and the resulting time-dependent signal captured by
a sampling oscilloscope. The NiCr resistor was heated using

either a dc or an rf pulsed source: A pulse sent to the resistor
heats the NiCr, the Au island and the Cu electrode, changing
the electron temperature, and therefore changing the ampli-
tude of the carrier signal reflected from the tuned LC circuit,
as shown in Fig. 1(d).

In order to characterize the response of the system, we first
heated the NiCr resistor using a f0 = 25 kHz sinusoidal drive
signal. Figure 2 shows the response for various drive powers.
The if signal was low-pass filtered (f < 2 MHz), and each
curve is the result of averaging 256 drive periods. The left axis
is the mixer if voltage, and the labels on the right axis indicate
the electron temperature inferred from the change in reflected
signal. The instantaneous power dissipated in the resistor is
proportional to the square of the voltage applied the heater
(P (t) = V 2(t)/RNiCr); this causes the reflected signal to be
modulated at twice the heater signal, 2f0 = 50 kHz. At low
powers P , contributions at 25 kHz were also present, due to
a small dc offset on the heater voltage V (t), V (t) = Vdc +
V0 sin 2πf0t. At the highest powers, the reflected signal is
clipped near the Al superconducting transition temperature:
The junction resistance is temperature-independent above TC .

The measured signal depends on the proper adjustment of
the detection mixer’s local oscillator (lo) phase. In order to
correctly adjust this phase, we first applied a heater signal
sufficient to get a clipped response. The phase of the lo was
then adjusted to achieve maximum differential response be-
tween the lowest (∼= 300 mK) and highest (∼= 1400 mK) elec-
tron temperatures. The SIN junction ranges from 105 kΩ to 6
kΩ over this temperature range, and passes through the value
of R0 where optimal matching with the cable impedance oc-
curs [17]. In the parlance of radio-frequency electronics, the
carrier signal is over-modulated, so the absolute value of the
reflected power is a non-monotonic function of temperature.
However, as we are sensitive to the phase of the carrier, the
proper quadrature of the mixer if voltage does have a mono-
tonic response. Finally, the reflected if signal as a function of
cryostat temperature, for no heater voltage applied, was used
to construct the temperature calibration, Vif (T ).

We measured the quasi-static relation between the electron-
phonon power flow Pe−p and the electron and phonon temper-
atures, Te and Tp, as given by Eq. (1). We applied a series of
3 µs pulses while varying the peak heating power, and moni-
tored the resulting time-dependent electron temperature. The
substrate temperature was kept at 300 mK. The signal was
filtered with a 2 MHz low-pass filter, and the result of 256 av-
erages is shown in Fig. 2. This is equivalent to a dc heating
measurement with a key difference, namely that as the heating
pulses were delivered to the device at a 1 kHz repetition rate,
the duty cycle was only 0.3%, so that the substrate phonons
did not have sufficient time to heat. The equivalent measure-
ment in a dc heating experiment requires 300 times as much
power, with significant phonon heating a likely outcome. We
find a fit relation matching that of Eq. (1), with n = 4.7 and
Σ = 2.1×109 W/m3-K4.7, in good agreement with previously
measured values [3, 8, 9].

We finally performed measurements of dynamic electron-
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phonon cooling, by monitoring the detailed time-dependent
behavior of the electron temperature at the end of a heating
pulse. Figure 3 shows the measured response to a heater pulse
(2560 averages, using a 50 MHz low-pass filter). The heating
voltage pulse was configured to have 1.6 ns leading and trail-
ing edge widths. The initial temperature rise is at least as fast
as the time resolution of the measurement, with an expected
rate Ṫ = P/Ce

∼= 140 mK/nsec, as we are directly heating
the electron population. The rapid onset also indicates that
electron diffusion in the composite metal structure is not a
rate-limiting factor. At the end of the pulse, the heating power
drops to zero, leaving a non-equilibrium hot electron popula-
tion that relaxes by phonon emission. Initially this relaxation
is seen to be quite rapid, but it slows markedly as the electron
temperature nears the phonon temperature.

The shape of the relaxation curve shown in Fig. 4 can be
understood by examining the dynamics of the electron tem-
perature. The electron heat capacity is Ce = γV Te, where γ
is the Sommerfeld constant. The power flow to the phonons
is given by Eq. (1). The time rate of change of the electron
temperature Ṫe is then

Ṫe = −Σ
γ

(Tn−1
e − Tn

p

Te
). (2)

Using the normalized temperature θ ≡ Te/Tp, this is

θ̇ = − 1
n

1
τe−p(Tp)

(θn−1 − 1/θ), (3)

in terms of the small signal thermal relaxation rate τ−1
e−p =

nΣTn−2
p /γ for electrons near the phonon temperature [18].

We fit our measured response to Eq. (3) using this rate as the
only adjustable parameter, finding the value τe−p = 1.6 µs
[19]. This is in agreement with the measured value of Σ, and
a composite γ which takes into account the relative metal vol-
umes in the device. We can thus determine the the heat capac-
ity of the metal island, Ce ∼ 1 fJ/K ∼= 107 kB at 300 mK.

There are some extremely interesting opportunities for elec-
tronic calorimetry in this temperature and size regime. In-
triguing theoretical results have been presented for the ther-
modynamic response of mesoscopic superconducting disks
[20], and giant moment electronic paramagnets such as PdMn
[21] and PdFe [22] offer a means of probing the thermody-
namics of a mesoscopic phonon-electron-spin-coupled sys-
tem.

We are far from the ultimate calorimetric limits for this
technique. Devices with active metal volumes that are smaller
by a factor of 104−105 can be fabricated, yielding a total heat
capacity of order ∼ 10 − 100 kB at 30 mK. Changes in the
heat capacity of less than 10% are easily detected, yielding
a sensitivity of order 1 kB , i.e. that associated with a single
degree of freedom.

In summary, we have performed sub-µs timescale measure-
ments of the electron temperature of a micron scale metal is-
land, cooled dynamically by phonon emission. The ability to

apply and measure the response to fast heat pulses has permit-
ted us to directly measure the electron-phonon thermal relax-
ation, and thus extract the heat capacity of the metal island.
This, to our knowledge, is the smallest measured heat capac-
ity to date. The device that we have fabricated is a major step
forward for mesoscopic thermodynamics, provides a platform
for sub-aJ/K calorimetry, and can potentially play an impor-
tant role in future single photon and phonon bolometers.
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FIG. 1: (Color Online)(a) Optical micrograph of the electron
calorimeter. The center Au island is contacted on the left by a rf-
SIN thermometer, and on the right by a NiCr resistor. The outer
ground leads and the contact right of the resistor are superconduct-
ing Al. inset: Detail drawing of the SIN junction, Al shown in gray,
Cu in white, and overlap junction area in black. The dotted outlines
are fabrication artifacts. (b) Electrical circuit. The SIN thermome-
ter is embedded in an LC resonator formed by a discrete inductor
and the stray lead capacitance. The junction resistance is monitored
using the power reflected from the LC resonator at its resonance fre-
quency. (c) Thermal schematic. The calorimeter electron gas Ce

is thermally isolated by the superconducting Al contacts (GAl); the
dominant thermal link is thus through the substrate phonons (Ge−p).
The NiCr resistor directly heats the electron gas. (d) Timing diagram.
The voltage pulse applied to the heater causes the temperature to rise,
saturate, and then decay. The envelope of the reflected power from
the LC resonator is directly related to the temperature.
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FIG. 2: (Color Online) Response to a 25 kHz heater drive (left axis:
Mixer if voltage, right axis: Electronic temperature). The thermome-
ter response is at 50 kHz as discussed in the text. Each trace is the
result of 256 averages with a 2 MHz low-pass filter. The baseline
signal is for zero heater power, with power ranging from 300 pW to
100 nW. At the highest power the signal clips at T = TC ≈ 1400
mK. The 25 kHz components at low power are due to a dc offset in
the heater signal.
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140 nW. The resulting electronic temperature for each pulse is used
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We describe a quantum-information-processing architecture based on the integration of ultrahigh-
frequency nanomechanical resonators with Josephson-junction-based qubit circuits, which can be
used to implement the single- and multi-qubit operations critical to quantum computation. The
qubits are eigenstates of large-area, current-biased Josephson junctions, manipulated and measured
using strobed external circuitry. Two or more of these “phase qubits” are coupled to a high-quality-
factor piezoelectric mechanical resonator, which forms the backbone of our architecture, enabling
coherent manipulation of the qubits. The integrated system is analogous to one or more few-level
atoms (the Josephson junction qubits) in a tunable electromagnetic cavity (the nanomechanical
resonator). Our architecture combines the best features of solid-state and cavity-QED approaches,
and may make possible multi-qubit information processing in a scalable, solid-state environment.
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The lack of scalable qubit architectures, with suffi-
ciently long quantum-coherence lifetimes and a suitably
controllable entanglement scheme, remains the princi-
pal roadblock to building a large-scale quantum com-
puter. Superconducting devices exhibit robust macro-
scopic quantum behavior [1]. Recently, there have been
exciting demonstrations of long-lived Rabi oscillations in
current-biased Josephson junctions [2, 3], subsequently
combined with a two-qubit coupling scheme [4], and in
parallel, demonstrations of Rabi oscillations and Ramsey
fringes in a Cooper-pair box [5–7]. These accomplish-
ments have generated significant interest in the poten-
tial for Josephson-junction-based quantum computation
[8]. Coherence times τϕ up to 5µs have been reported in
the current-biased devices [2], with corresponding quality
factors Qϕ ≡ τϕ ∆E/h of the order of 105, yielding suffi-
cient coherence time to perform many logical operations.
Here ∆E is the qubit energy level spacing.

In this paper, we describe an architecture in which
ultrahigh-frequency resonators coherently couple two or
more current-biased Josephson junctions, where the su-
perconducting “phase qubits” are formed from the energy
eigenstates of the junctions. We show that the system is
analogous to one or more few-level atoms (the Josephson
junctions) in a tunable electromagnetic cavity (the res-
onator), except that here we can individually tune the
energy level spacing of each atom, and control the elec-
tromagnetic interaction strength.

Other investigators have proposed the use of electro-
magnetic [9–16] or superconducting[17, 18] resonators to
couple two or more Josephson junctions together. The
use of nanomechanical resonators to mediate multi-qubit
operations has not to our knowledge been described pre-
viously, although an approach to create entangled states
of a single nanomechanical resonator has been proposed
[19]. The use of mechanical as opposed to electromag-
netic resonators has the advantage that potentially much
higher quality factors can be achieved [20], with signifi-

|0>

|1>

U
|2>

δ

∆E

∆U

C

R

I0

Ib

FIG. 1: Left: Equivalent-circuit model for a current-biased
Josephson junction. A capacitance C and resistance R in
parallel with an ideal Josephson element with critical current
I0, all with a bias current Ib. Right: Metastable potential
well in the cubic potential limit, showing the barrier height
∆U that separates the metastable states from the continuum.
Here there are three quasi-bound states |0〉, |1〉, and |2〉, the
lower two separated in energy by ∆E.

cantly smaller physical dimensions, enabling a truly scal-
able approach.

Our implementation uses large-area current-biased
Josephson junctions, with capacitance C and critical cur-
rent I0; a circuit model is shown in Fig. 1. The largest
relevant energy is the Josephson energy EJ ≡ �I0/2e,
with a charging energy Ec ≡ (2e)2/2C � EJ. The dy-
namics of the Josephson phase difference δ is that of
a particle of mass M = �

2C/4e2 moving in an effec-
tive potential U(δ) ≡ −EJ(cos δ + s δ), for bias current
s = Ib/I0 [21, 22]. For bias currents s < 1, the po-
tential U(δ) has metastable minima, separated from the
continuum by a barrier ∆U ≡ U(δmax) − U(δmin) →
(4
√

2/3)EJ(1 − s)3/2 for s → 1−, as shown in Fig. 1.
The curvature U ′′(δ) defines the small-amplitude plasma
frequency ωp ≡ √

U ′′(δmin)/M = ωp0(1 − s2)1/4, with
ωp0 =

√
2eI0/�C =

√
2EcEJ/�. The Hamiltonian for

the junction phase difference is HJ = P 2/2M + U(δ),
with P = −i�d/dδ the momentum operator. The junc-
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FIG. 2: Proposed architecture for achieving two-qubit entan-
glement with the use of a nanomechanical resonator. The
qubits are the two Josephson junctions, coupled to a res-
onator, shown as a disc with a split gate.

tion’s zero-voltage state corresponds to the phase “par-
ticle” trapped in one of the metastable minima.

The lowest two quasi-bound states in a local minimum,
|0〉 and |1〉, define the phase qubit. State preparation is
typically carried out with s just below unity, in the range
s = 0.95 − 0.99, where the effective potential U(δ) is
strongly anharmonic, and for which there are only a few
quasibound states [3, 4]. The anharmonicity allows state
preparation from a classical radiofrequency (rf) field, as
then the frequency of the classical field can be set to cou-
ple to only the lowest two states. In our information pro-
cessing scheme, by contrast, single quanta are exchanged
between the junction and the resonator, so anharmonic-
ity is not necessary; we find it convenient to work with s
between 0.5 and 0.9.

We will focus here on coupling a single resonator to
two Josephson qubits; the extension to larger numbers of
resonators and junctions will be considered in later work.
The architecture for the two-junction circuit is shown in
Fig. 2. The disk-shaped element in the center of the
figure is the nanomechanical resonator, consisting of a
single-crystal piezoelectric disc sandwiched between two
metal plates, and the Josephson junctions are the crossed
boxes on either side of the resonator. We assume the use
of high-impedance measurement and bias circuits for the
junctions, such as those developed by Martinis et al. [3].

The phase qubit state |0〉J of a single junction is pre-
pared by waiting for any excited component to decay.
The pure state |1〉J, or a superposition state α|0〉J+β|1〉J,
is prepared by adding a classical rf current Irf to the bias,
Iφ1(t) = Idc + Irf cos(ωrft). Both Idc and Irf vary slowly
compared to �/∆E. When ωrf is near resonance with
the level spacing ∆E/�, the qubit will undergo Rabi os-
cillations, allowing the controlled preparation of linear
combinations of |0〉J and |1〉J.

The nanomechanical resonator is designed with a fun-
damental thickness resonance frequency ω0/2π ∼ 1 −
10GHz, with a quality factor Q ∼ 105 − 106. Piezo-
electric dilatational resonators with thickness resonance
frequencies in this range, and quality factors of order
of 103 at room temperature, have been fabricated from
sputtered AlN [23, 24]. Single-crystal AlN can also be
grown by chemical vapor deposition [25]. Our simula-

tions are based on such a resonator, with a diameter and
thickness of 1×0.5 µm2 [26]. Such resonators can be used
to coherently store a qubit state prepared in a current-
biased Josephson junction, return it to that junction, or
transfer it to another junction, as well as entangle two
or more junctions. These operations are performed by
tuning the energy level spacing ∆E into resonance with
�ω0, generating electromechanical Rabi oscillations.

Referring to Fig. 2, the total bias current of junction
1 is Idc1 + Ires, where Ires is the current through the
resonator from that junction. A simple model for the
resonator [27] allows us to write Ires = Cres(V̇ + h33U̇),
where Cres is the resonator geometric capacitance, h33

the relevant piezoelectric coupling constant, V̇ the rate of
voltage change, and U̇ the rate of change of the mechan-
ical displacement. The current Ires is partly due to the
capacitance Cres and partly due to the piezoelectrically-
coupled displacement U . Cres, in parallel with the junc-
tion capacitance C, renormalizes the phase mass M to
M̃ = �

2C̃/4e2, where C̃ = C + Cres.
With the resonator coupled to the superconducting

phase through the voltage V , the Hamiltonian for the
combined junction-resonator system is H = HJ + Hres +
δH. Here Hres = �ω0a

†a is the Hamiltonian of the iso-
lated resonator, where we have quantized the resonator
displacement field with creation (destruction) operators
a† (a), and only included the fundamental dilatational
mode. δH is the phase-resonator interaction,

δH = −(� Cresh33/2e)U̇ δ = ig(a − a†)δ, (1)

where the coupling constant g is

g =

√
3 �

3/2 Cresh33
√

ω0

2
√

2 e
√

ρV
. (2)

For our model resonator g ≈ 0.820 µeV.
In the junction eigenstate basis, the junction Hamilto-

nian is HJ =
∑

m εmc†mcm, with creation (destruction)
operators c†m (cm) acting on the phase qubit state. The
interaction Hamiltonian is

δH = ig
∑
mm′

〈m|δ|m′〉 c†mcm′(a − a†). (3)

The eigenstates of the noninteracting Hamiltonian H0 =
HJ + Hres are |mn〉 ≡ |m〉J ⊗ |n〉res, with energies
Emn = εm + �ω0 n, where n is the resonator occupa-
tion number. An arbitrary state can be expanded as
|Ψ(t)〉 =

∑
mn cmn(t)|mn〉 exp(−iEmnt/�) with ampli-

tudes cmn(t).
The full Hamiltonian is equivalent to that of a few-level

atom in an electromagnetic cavity. The cavity “photons”
here are phonons, which interact with the “atoms” (here
the Josephson junctions) via the piezoelectric effect. This
analogy will allow us to adapt quantum-information pro-
cessing protocols developed for cavity-QED to our solid-
state architecture.
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We first show that we can coherently transfer a qubit
state from a junction to a resonator, using the adiabatic
approximation combined with the rotating-wave approx-
imation (RWA) of quantum optics [28]. We assume that
the bias current s changes slowly on the time scale �/∆E,
and work at temperature T = 0. The RWA is valid when
∆E and �ω0 are close on the scale of �ω0/Qres, and when
the interaction strength g � ∆E. At time t = 0, we
prepare the resonator in the state |0〉res. In the RWA,
neglecting relaxation, we obtain the amplitude evolution

i� ∂tc0n = −ig
√

n 〈0|δ|1〉 eiωdt c1,n−1

i� ∂tc1n = ig
√

n + 1 〈1|δ|0〉 e−iωdt c0,n+1, (4)

where ωd ≡ ω0 − ∆E/� is the resonator–qubit detun-
ing. We integrate to find the reduced density matrices
ρJ(t) (in the qubit subspace) and ρres(t) (in the zero- and
one-phonon resonator subspace). The junction phase is
initially prepared in the pure state α|0〉J + β|1〉J, corre-
sponding to the reduced density matrix

ρJ(0) =
[|α|2 αβ∗

α∗β |β|2
]

. (5)

We allow the junction and resonator to interact for a
time ∆t = π/Ωd, where the Rabi frequency is Ωd =
(Ω2

0 + ω2
d)1/2, in terms of the tuned (resonant) value

Ω0 = 2g|〈0|δ|1〉|/�. After the interaction interval ∆t,
the resonator is then found to be in the same pure state,

ρres(π/Ωd) =
[ |α|2 −αβ∗eiπω0/Ωd

−α∗β e−iπω0/Ωd |β|2
]

, (6)

apart from expected phase factors. The phase qubit state
has been swapped with that of the resonator. The cavity-
QED analog of this operation has been demonstrated ex-
perimentally in Ref. [29].

To assess the limitations of the RWA, we have simu-
lated this process by numerically integrating the exact
amplitude equations

i� ċmn =
∑
m′n′

〈mn|δH|m′n′〉ei(Emn−Em′n′ )t/� cm′n′ . (7)

The Josephson junction had parameters corresponding
Ref. [3], EJ = 43.05meV and Ec = 53.33 neV. We used a
4th-order Runge-Kutta method with a time step of 10 fs.
Our main result is shown in Fig. 3. The qubit transfer
depends sensitively on the shape of the profile s(t), which
starts at s = 0.50, and is then adiabatically changed to
the resonant value s = 0.928. We find that the time
during which s changes should be at least exponentially
localized. This can be understood by recalling that the
RWA requires the qubit to be exactly in resonance with
the resonator (in the Q → ∞ limit). Therefore one must
bring the system into resonance as quickly as possible
without violating adiabaticity. The power-law tails asso-
ciated with an arctangent function, for example, lead to
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FIG. 3: (a) Phase qubit storage. Solid curve is |c10(t)|2,
dashed curve is analytic RWA calculation, dash-dotted curve
is s(t). (b) Qubit storage with arctangent bias-current profile.
All other parameters are the same as in (a). Solid curve is
numerical result for |c10(t)|2.

TABLE I: Final state amplitudes cmn(π/Ωd) for phase-qubit
coupled to nanomechanical resonator.

probability amplitude Re cmn Im cmn |cmn|2
c00 −0.009 −0.006 0.000

c01 −0.252 −0.972 1.007

c10 0.018 0.090 0.008

c11 −0.010 0.003 0.000

deviations from the desired behavior, shown in Fig. 3(b).
The result in Fig. 3(a) was obtained using Gaussian pro-
files with a cross-over time of 1 ns. All quasibound states
were included in the calculation, and convergence with
the resonator’s Hilbert space dimension was obtained.
The junction is held in resonance for half a Rabi period
π/Ωd, during which energy is exchanged at the Rabi fre-
quency. The systems are then brought out of resonance.
The final state amplitudes are given in Table I, and are
quite close to the RWA results.

To pass a qubit state α|0〉 + β|1〉 from junction 1 to
junction 2, the state is loaded into the first junction and
the bias current changed to bring the junction into res-
onance with the resonator for half a Rabi period. This
writes the state α|0〉 + β|1〉 into the resonator. After
the first junction is taken out of resonance, the second
junction is brought into resonance for half a Rabi period,
passing the state to the second junction. We have simu-
lated this operation numerically, assuming two identical
junctions coupled to the resonator described above. The
results are shown in Fig. 4 and Table I, where cm1m2n is
the probability amplitude (in the interaction representa-
tion) to find the system in the state |m1m2n〉, with m1

and m2 labelling the states of the two junctions.
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is |c100(t)|2, dashed-dotted curve is |c001(t)|2, dashed curve is
|c010(t)|2. Thin solid and dotted curves show s1(t) and s2(t).

TABLE II: Final amplitudes cm1m2n for state transfer.

probability amplitude Re cm1m2n Im cm1m2n |cm1m2n|2
c100 0.038 −0.013 0.002

c001 −0.314 0.152 0.121

c010 −0.882 0.422 0.956

We can prepare an entangled state of two junctions by
bringing the first junction into resonance with the res-
onator for one quarter of a Rabi period [30], which, ac-
cording to our RWA analysis, produces the state (|100〉−
|001〉)/√2. After bringing the second junction into res-
onance for a half of a Rabi period, the state of the res-
onator and second junction are swapped, leaving the sys-
tem in the state (|100〉 − |010〉)/√2 with a probability
of 0.987, where the resonator is in the ground state and
the junctions are entangled. Using the cavity-QED anal-
ogy, it will be possible to transfer the methodology devel-
oped for the standard two-qubit operations, in particular
controlled-NOT logic, to the electromechanical system,
using mostly existing technology and demonstrated tech-
niques.
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FIG. 5: Preparation of entangled Josephson junctions. The
solid and dotted lines are s1(t) and s2(t), respectively, and
the dashed curve indicates the probability for the system to
be found in the state (|100〉 − |010〉)/√2.
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