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FOREWORD

This report describes the theoretical basis behind the low frequency propagation and
scattering models used in Personal Computer Shallow Water Acoustics Tool-set
(PC SWAT 7.0). PC SWAT is a user-friendly sonar simulation developed by Dr. Sammelmann.
It is used widely throughout the Department of Defense.

This report has been reviewed and approved by the Littoral Warfare Technology and
Systems Department and Delbert C. Summey.

Approved by

e,

Delbert C.Summey, Hea
Littoral Warfare Technolegy and
Systems Department

iii/iv




CSS/TR-02/10

CONTENTS
SECTION PAGE
1.0 INTRODUCGTION ......ooieteeireneeeieesttesisinesieststesssses e et ba b e b essrs e s s e st a s ot s n s b e s s e bbb e R s b e bbb bs I-1
2.0 ACOUSTIC WAVE EQUATION ......ooercrerertrceeritniii it sassessesssse et s saesesss s saesas e ssasssnsansssasenss 2-1
3.0 STURME-LOUVILLE ........cctiiieietiniieiioniiresissssseiesssnsesse e saesssess s sssstssestssssesessast sasstassssasssssssssssnsssssones 3-1
3.1 THEOREM L.ttt rrtseesestsee e sat s s bbb s b sae et e st b s e s e st st st s b e b b s bt 3-1
3.2 THEOREM 2.t seeercesssisscsis et saisse st s b bbb bbb e s sa b e e s s st sasadsasabasesasbe s bt b s b shs st s b s s b e neas 3-1
33 THEOREM 3.....oeeieeteieecentsssecet e seseesssssssat st ssssssse s srass shanssnss s sessasssssassesastssesssasanestastsbssunsiosssnssnoseane 3-2
3.4 THEOREM 4.ttt et st et sas st b s sa e aab s b e s b b e n e £t st s et st sas b sRe b bt bbb e bt n s s ncnsnn e 33
35 THEOREM 5.ttt et ses e st e os s e shes it s s sass s b s e se e s s sk e b b s s st s a e e s s b s s st b st s e bt 33
3.6 THEOREM B...eveieecreieteteesseecereciesesessest s ssss s sassbsassbeb s sn s asses e e b s s ssass st et s st st asen e st astebstestsdbhsbiassunsanansns 3-4
4.0 GREEN’S FUNCTION FOR A RANGE INDEPENDENT OCEAN ......cccooviimitnistisnenseccessssesiinins 4-1
5.0 RADIAL GREEN’S FUNCTION.....cointiiitiminincntencetse st sttt e snsae st sas s sanss 5-1
6.0 CONSTRUCTION OF THE DEPTH-DEPENDENT GREEN’S FUNCTION ..o 6-1
7.0 NORMALIZATION OF DEPTH FUNCTIONS ......covieeettn et 7-1
8.0 N HOMOGENEOUS FLUID LAYERS OVER A RIGID BOTTOM ...t 8-1
9.0 N HOMOGENEOUS FLUID LAYERS OVER A HOMOGENEOUS HALF-SPACE.........ccccoounecniicnnas 9-1
10.0 N INHOMOGENEOUS FLUID LAYERS. ...ttt i 10-1
11.0 EXAMPLE: ISO-VELOCITY LAYER OVER A RIGID BOTTOM ......ccovininneinenrccnecnisinisssssnsnens 11-1
120 EXAMPLE: PEKERIS MODEL ..ottt tetesteeie ettt ses e ssns e smsstasssissinses 12-1
13.0 EFFECT OF A SMALL WAVE-HEIGHT, RANDOMLY ROUGH, TWO FLUID INTERFACE ON
THE COHERENT COMPONENT OF THE REFLECTED AND TRANSMITTED FIELD .................... 13-1
140  EFFECT OF SMALL WAVE-HEIGHT SURFACE ROUGHNESS ON PROPAGATION OF SOUND
IN THE OCEAN......iioirireretecsiereseec s estessstsssss st otaa s e s et s s s aa s e b s s s as s s ae s s ts s s suemteseatsacsbesnsntsbssbbsrbeses 14-1
150  ASYMPTOTIC EVALUATION OF THE TIME DOMAIN SOLUTION ......coiminiiiiictneccenenes 15-1
16.0 REPRESENTATIONS OF CYLINDRICAL WAVE FUNCTIONS ...ttt e, 16-1
17.0 REPRESENTATIONS OF SPHERICAL WAVE FUNCTIONS.......coimn ittt 17-1
18.0 TRANSFORMATION BETWEEN SPHERICAL AND CYLINDRICAL WAVE FUNCTIONS............. 18-1
19.0 EXPANSION OF NORMAL MODE IN TERMS OF A SPHERICAL BASIS. ... 19-1
20.0 METHOD FOR INCLUDING DIRECTIVITY OF THE SOURCE AND THE RECEIVER
IN THE NORMAL MODE TERM ...ttt sssss sttt sse e sens s sessssssssnsseses 20-1
21.0  ROTATION OF COORDINATE SYSTEMS ...ttt ettt st sesta st sase e s sensesesaons 21-1
22.0 HELMHOLTZ INTEGRAL EQUATION. ..ottt ettt sb et 22-1
23.0  SCATTERING FROM A RIGID TARGET ....cucoiiiiiiiriiiiecteecetetietes et tessssess ettt sussssansasanas 23-1
24.0 SCATTERING FROM A SOLID ELASTIC TARGET .....ccoinininieinieieie sttt 24-1
25.0  SCATTERING FROM AN ELASTIC TARGET IN A WAVEGUIDE .........oviiviirieninntsiecseneniinens 25-1
26.0 NORMAL MODE REPRESENTATION OF SCATTERING FROM A ROUGH INTERFACE.............. 26-1
27.0 NORMAL MODE REPRESENTATION OF SCATTERING FROM VOLUME
INHOMOGENEITIES ...ttt cesinsstsn s sasnsssisssssssesssisssssssssnsesssissessssssasssssessasasessssnsuenss 27-1
28.0 TIME DOMAIN REPRESENTATION OF SCATTERING FROM A ROUGH INTERFACE
AND VOLUME INHOMOGENEITIES ...ttt ss st sae s oas 28-1
29.0 PLANE WAVE APPROXIMATION OF SIGNAL-TO-NOISE RATIO CALCULATIONS. ......c.cccccneueeee 29-1
30.0 COMPUTATION OF NORMAL MODES ........ooioiiiiinreieriiinnneienisscsssesissessesesssstssesssse sacssnessssssnes 30-1
31.0  SAMPLE CALCULATIONS ...ttt saes e e s ne s s s b s s s s s s ansssens s s entatesasasanas 31-1
320 REFERENCES ...ttt sttt eeses s et sse s st s es e b s s bs b e b s e b e b et a s b ebs s as e b s et bbb e s e s e sheuseas b satasn 32-1
DISTRIBUTION ..ottt rtseseetsstesasesanssess st s b b e s s s s s s b b et e b b e s e e b e e st s e s en s sssbess s bbb st ebes )

vivi




CSS/TR-02/10

1.0 INTRODUCTION

This report describes the theoretical basis for the low frequency propagation and
scattering models used by PC SWAT 7.0. These models are based on the normal mode
description of propagation of sound in a range independent waveguide.

In addition to the Introduction and Reference sections, this report is composed of
thirty sections. Section 2 gives a brief derivation of the acoustic wave equation. Section 3
provides a brief review of the theory of Sturm-Louville operators. Sections 4, 5, and 6 provide a
description of the construction of the Greens’ Function in a horizontally stratified waveguide.
Section 7 provides a derivation of the normalization of the depth functions in a waveguide in
terms of the boundary conditions at the top and bottom of the waveguide. Section 8 describes the
construction of the normal mode description of propagation in a waveguide with a piece-wise
constant sound speed and density profile and a rigid basement. Section 9 describes the extension
of the methods of Section 8 to include a homogeneous half-space as the basement of the
waveguide. Section 10 extends the normal mode description to include piece-wise linear sound
speed profiles. Sections 11 and 12 provide examples of the normal mode description in an
isovelocity waveguide with a rigid and homogeneous half-space basement. Sections 13 and 14
describe the effects of small-scale roughness of the coherent (mean) field. Section 15 provides
the derivation of the time domain description of the propagation of normal modes based on a
saddle point analysis of the propagation of a normal mode. Sections 16, 17, and 18 describe
representations of cylindrical and spherical wave functions, and the transformations between
these two sets of solutions of the free-field Helmholtz Equation. Section 19 describes the
expansion of the normal mode contributions to propagation in terms of a spherical basis set about
the source and receive points. Section 20 describes the use of the multipole expansion of the
Greens’ Function in the inclusion of the effects of the directivity of the source and the receiver on
the acoustic field. Section 21 describes the effects of rotating the local coordinate system on the
spherical expansions of the Greens’ Function. Section 22 presents a review of the
Helmholtz Integral Equation in preparation for the introduction of the spherical T-matrix
approach to scattering from a target. Sections 23 and 24 derive the spherical T-matrix approach
for scattering from rigid and elastic solids. Section 25 describes the scattering from an elastic
target in a waveguide based on the preceding section on the spherical T-matrix. Sections 26, 27,
and 28 describe the normal mode and time domain representation of the scattering from a rough
interface and volume inhomogeneities. Section 29 describes the plane wave approximation of
the computation of the signal-to-noise ratio using the normal mode method. Section 30 describes
the global matrix method of solving for the normal modes, and Section 31 presents some
examples computed using PC SWAT 7.0.

1-1/1-2
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2.0 ACOUSTIC WAVE EQUATION

Conservation of mass and momentum are given by the hydrodynamic equations of

motion'?:

%p+?ogﬁ)=o 2.1)
d. . = _ -
p—é?v +pveVy=-VP+pF (2.2)

where p is the density of the fluid, v is the velocity of the fluid, P is the pressure of the fluid, and
F is the external force per unit mass (for example, gravity). The acoustic wave equation is
defined by linearizing the above hydrodynamic equations by making the following change of
variables in the above equations.

pP=p,+dp (23)
V=V, + 6 24)
P=FR+p (2.5)

The linearized equations of motion are:

) - R

=00+ 7 ¢ (8p7%) + ¥ # (0,7) =0 2.6)
0 R = 1 = 610_.

— OV eV&+oveVy, =——Vp+—VP, 2.7
5 +v, + Vo ) p+p§ A 2.7

If one neglects the thermal conductivity of the fluid, and diffusion of the components of
the fluid, the acoustic propagation of a wave can be treated as an adiabatic process, where the
density and pressure fluctuations are proportional:

& =cp (2.8)

In the above equation, c is the speed of sound in the fluid given by the partial derivative of the
pressure in the fluid with respect to density at constant entropy:

& = (—gﬁ)(as ~0) 2.9)
P
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Assume that in the absence of the wave the medium is at rest. In addition, neglect
gravitational effects on the wave, that is, the gradient of the background pressure field in
Equation 2.7. In this case, the linearized equations of motion are:

v =
po——a-;- = —Vp (210)
P e s @.11)
at _po *

Eliminating the velocity of the acoustic wave in the above pair of first order differential
equations, one arrives at the following second order differential equation in terms of the pressure
of the acoustic wave for a stationary medium:

=1 = 9,1 dp
V—eVp+— =
PRV

)=0 2.12)

In the case of a monochromatic wave with ¢ time dependence, the acoustic wave
equation takes on the following form:

pﬁ-;)l—vazp =0 (2.13)

0

where

k _o (2.14)
c

is the acoustic wavenumber of the wave.
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3. STURM-LOUVILLE OPERATORS
This section provides a brief overview of the theory of Sturm-Louville operators. An
overview of the Sturm-Louville Equation can be found in Morse and Feshbach®*.

The Sturm-Louville Differential Equation is a linear, second order differential equation of
the following form:

=L P Ly )+ (g3) ~ W) =0 G.D

The differential operator

Lol 4

d
v @ P(X)Zx- +(g(x) — Aw(x))} (32)

is a self-adjoint operator on the space of smooth functions C”(a,b) on which the following inner
product is defined:

<y ly'>= [Ww (Iw(x)dx

THEOREM 1

This theorem establishes the criterion for a pair of solutions of the Sturm-Louville
Equation to be linearly independent.

If the functions p(x) and g(x) are continuous function in the interval (a,b) and ,(x) and ¥, (x)
are a pair of solutions of the differential equation:

—5x-;w(x>+p<x)%w(x)+q<x)w<x>=o (3.3)

for which the Wronskian (%) is defined below:

)R, ) G4

Wy, ¥,) = wi(

3-1
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is non-zero for a point in the interval (a,b). Then every solution of this differential equation in
this interval is a linear combination of these two functions.

THEOREM 2

This theorem yields information about the Wronskian of a pair of solutions of the
Sturm-Louville Equation.

If y,(x) and y,(x) are solutions of the Sturm-Louville Differential Equation:
2 o) Ly (x)+ (gx)~ AW (x) =0 65)
ac P 1 '

Then the Wronskian of these two functions is of the following form:

dy,(x) _dy,(x)
dx dx

W(y,.y,) =y (x) ¥,(x) = Const/ p(x) (3.6)

THEOREM 3

This theorem states that two eigenfunctions of the Sturm-Louville Equation are
necessarily orthogonal if they have different eigenvalues. Note, the converse statement is not
true.

Let y(x) and y'(x) be two eigenfunctions of the Sturm-Louville Equation:

—;j;p(x)fx—w(m(q(x)—/lw(x))w(x) -0 3.7)

with eigenvalues A # A', respectively. Then the inner product
b
<y ly'>= [y ()wx)ds =0

vanishes.

32
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THEOREM 4

This theorem describes the orthonormality and completeness of the spectrum of the
Sturm-Louville Equation. Equations 3.9 and 3.10 describe the orthonormality of a suitable basis
of eigenfunctions of the Sturm-Louville Equation. Equation 3.11 describes the completeness
condition for this basis.

Suppose the eigenvectors of the Sturm-Louville Equation
~L ) Ly()+ (g(x)~ Ny (x) =0 )
I 4 I q 4 .

consist of a discrete set of eigenvectors , (x) with a discrete spectrum and a continuous set of
eigenvectors ¥, (x) with a continuous spectrum. Then one can normalize a complete set of
eigenvectors, such that the following orthonormality conditions are valid:

<y, |y,>=0,., (3.9)
<Y |y >=6(A-1) (3.10)

and the following completeness condition is valid.

1 1
LYW [ (x)ar = o S ) @3.11)

THEOREM 5

This theorem describes the construction of the Green’s Function for the
Sturm-Louville Equation from a complete orthonormal basis of the spectrum of the equation.

Let G(x,x": A) be a solution of the inhomogeneous Sturm-Louville Equation:
d d ‘ 1 ] '
= p(x)EG(x,x 1 )+ (q(x) — AM(x))G(x,x'": A) = —6(x—x") (3.12)
subject to the boundary conditions:

o,G(a,x" 1)+ p, de—G(a,x': A)=0 (3.13)

o,G(b,x": 1)+ ﬁZ%G(b,x': A)=0 (3.14)

3-3
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Let v, (x) be a complete, orthonormal basis of the discrete spectrum, and y(x,4) be a

complete, orthonormal basis of the continuous spectrum as described in Theorem 4. Then the
solution of the above differential equation for the Green’s Function of the
Sturm-Louville Equation is of the form:

Gx,x': 4) = T ¥nOWa®) | _2_% RACTAICH), (3.15)

A-2,) (A-4Y)

in terms of this basis.

THEOREM 6:

This theorem describes an alternative solution for the Green’s Function of the

Sturm-Louville Equation, which does not require the construction of an orthonormal basis of the
homogeneous equation.

Let G(x,x": 1) be a solution of the inhomogeneous Sturm-Louville Equation:
d d

- ;p(x)aG(x, x': A)+(g(x) = AW(x))G(x,x": A) = -8 (x ~ x") (3.16)

subject to the boundary conditions.
d

o,G(a,x" )+ f, ;G(a,x’: A)=0 3.17)
d

a,G(b,x": 1)+ ﬂzzx—G(b,x'z A)=0 (3.18)

Let y,(x) and y,(x) be a pair of solutions of the differential equation:

= p0)L () + ()~ AW ()= 0 (3.19)

and the boundary condition:

oW (@)+ By (@) =0 (3.20)
d

o, (b)+ B, ;Wz(b) =0 (3.21)
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at x = a, and x =b, respectively. Then the Green’s Function can be represented in the form:

Gx,x: 4) = “"(’;;,)('Z?)(">) (3.22)

in terms of the functions y,(x) and y,(x), where

dy,(x) dy(x)
s o Y, (x) (3.23)

. W(x) =y, (x)

is the Wronskian of these two functions.

3-5/3-6
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4. GREEN’S FUNCTION FOR A RANGE INDEPENDENT OCEAN

This section gives a brief overview of the construction of the Green’s Function for a
range independent waveguide. One must adopt a cylindrical coordinate system where the upper
surface is given by the plane z =0, and the z-axis is oriented downward. The source is located at
a
depth z_ at a horizontal range r = 0.

The Green’s Function for the acoustic wave equation in a constant density ocean is a
solution of the differential equation:

A 1d 14 d°

T ra T ag d2+k )G(F, ?)=——5(r 7)0(z-2,)6(¢-¢,) (4.1)

subject to appropriate boundary conditions.

Make the simplifying assumption that the speed of sound is a function of the depth
coordinate only. Make the further simplifying assumption that the source is omni-directional and
located a horizontal range r = 0. In this case, Green’s Function simplifies to the following
differential equation:

d 1d 4’

o+t Tk@NG(z.z, )_——5(r)5(z z,) 4.2)
Here
2z .
Gr,2,2,) = — [G(r.r, =0,0,8,,2,2,)d¢ 4.3)
27 ;

is the relationship of the three-dimensional Green's Function of Equation 4.1 to the
two-dimensional Green’s Function of Equation 4.2.

Neglecting the inhomogeneous term on the right hand side of Equation 4.2, the left hand
side of the differential equation is separable. Define the one-dimensional Green’s Functions for
the radial and depth coordinate as solutions of the following differential equations for a given
separation parameter A:

j—zG( /1)+——G (r:A)+AG.(r: /1)-—-————5(r) (4.4)
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d2
-c-i——-z—Gz (2,2, : A)+ (k(2)’ = A)G.(z,2, : A) = (z - z) 4.5)
z
The two-dimensional Green’s Function G(r,z,z,) can be written as the spectral integral
G(rz,2,) = —— [G,(r: 2)G. (2.2, : 1yda (4.6)
27 ¢

of the radial and depth Green’s Function over an appropriate Contour C. The Contour C can be
either chosen to enclose all the poles of the radial Green’s Function or the depth Green’s
Function in a positive sense, that is, the Contour C is chosen such that either the spectral integral

1 o L
— Cj G, (r: DA =>—0(r) @7

over the radial Green’s Function is equal to the Dirac Delta Function with respect to range, or the
spectral integral

—1-, J.G:(z,zs :A)dA =8(z-z,) (4.8)
2m 2

over the depth Green’s Function is equal to the Dirac Delta Function with respect to depth. The
fact that such a contour may be chosen is due to the fact that both the radial and depth dependent
Green’s Functions are the Green’s Functions of a Sturm-Louville Differential Equation.

Now one may make the change of variables:
g* =21 4.9)

One can express the spectral integral for the Green’s Function as the integral:

+o0—i
Gr\2.2)== [G,(r:9)G, (2.2, : )adg (410
n

—oo+i()
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5. RADIAL GREEN’S FUNCTION

This section presents a derivation of the radial Green’s Function.

The radial Green’s Function for a range independent waveguide satisfies the following
differential equation, '

L G+ L 6. )+ 46, q) =~ 8(r) 5.1)
@t O g 7544 27 .
subject to the boundary conditions

d 1
I ZL6.(r)=——
im, (7 7 ()] 7

lim, P (%G, (r)~igG,(r) =0
dr

at the origin and at infinity. The boundary condition at the origin follows from integrating
Equation 5.1 in an infinitesimal region about the origin. The boundary condition at infinity
follows from the requirement that the Green’s Function asymptotically approaches an outgoing
plane wave.

Equation 5.1 is the Bessel Differential Equation of Order 0. Thus, the Green’s Function
is of the form:

G,(r:q) = AHg (qr)+ BH" (gr)

where H"(gr)and H{? (gr) are the Hankel Functions of the first and second kind. The

boundary condition at infinity allows us to discard the term with the Hankel Function of the
second kind. The boundary condition at the origin determines the coefficient A. The radial
Green’s Function is given by the following expression:

i
G,(r:q) =ZH5"(qr)

5-1/5-2
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6. CONSTRUCTION OF THE DEPTH-DEPENDENT GREEN’S FUNCTION

This section describes the construction of the depth dependent Green’s Function from
solutions of the homogeneous differential equation.

The depth dependent Green’s Function is a solution of the following differential equation.

1 9G,(2,z,;9)
pz) oz

LGy(z=0,2,39) = p(z)% LR D= (2,2:q) =~z -2,)  (6.1)

The Green’s Function is subject to the following boundary conditions.

BG,(z=0,2;9) = fT(¢)G,(z = 0,2,39)+% (@) 3Gy (z=0.259) _ (6.2)
p0) oz

B,Gy(z=d,z,;9) = f*(9)G,(z=d,z,;9) + £ @3G(=dz59) _, (6.3)
p(d) dz

The Green’s Function satisfies the following conditions in the limit z approaches the
source depth:

lim, (G, (z, +&,2,)— G,(z, — £,2,)) = 0 (6.4)
lime_,o(an (z,+&2,) 9G,(z, —-e,zs)) ——p(z) (6.5)
0z 0z

Let p,(z) and p,(z) be a pair of solutions of the homogeneous differential equation that

satisfy the boundary condition at the surface and bottom respectively, that is, they satisfy the
differential equation

Lp(z)=0 (6.6)
Lp,(z2)=0 6.7)
and boundary condition

Bp(z=0)=0 (6.8)
B,p,(z=d)=0 (6.9)
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The depth dependent Green’s Function is given by the following expression:

G,(z,2,;q) __n(EIp(z)

6.10
W(z;q) (6.10)

where
W(zq) = p(2) a”gf)—apéf) p2(2) 6.11)

is the Wronskian of the two solutions, and
z_ =min(z,z,) (6.12)

z, = max(z,z,). (6.13)

6-2
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7. NORMALIZATION OF DEPTH FUNCTIONS

This section describes the normalization condition of the depth functions and the depth
dependent Green’s Function following the discussion by Porter®.

The depth function is a solution of the following differential equation:

Lawe) = p@5 =D ) - ) =0 .1

and the following boundary conditions:

B@w(z=0)= /T (@u(z=0)+ EDWE=0 _, (72)
p(0) 0z
Bz =d) = P (@u(z=d)+ EDWE=D _, (7.3)

p(d) 0z

In general, a non-zero solution of the above differential equation and boundary conditions
only exists for a discrete spectrum of eigenvalues.

Let p,(z) and p,(z) be a pair of unforced solutions of the differential equation:
L@p(2)=0 7.4
L(g)p,(2) =0 (7.5)
and boundary condition at the surface (bottom), respectively:

B (g)p(z=0)=0 (7.6)

B(q)p,(z=d)=0 (7.7

Here, boundary conditions are only imposed on p,(z) and p,(z) at one end of the
domain, respectively. This relaxation of the boundary condition at one end of the domain allows
the existence of a continuous spectrum of solutions. The functions p,(z) and p,(z) are

analogous to the left-going and right-going traveling waves on a one-dimensional string. The
depth functions are analogous to the standing waves on this string when both ends of the string
are clamped.

7-1
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Let

W(z.q) = p,(2) a"gz‘z)—apéf’ Py(2) (7.8)

be the Wronskian of the above pair of solutions of this differential equation. The two solutions
are said to be linearly independent if the Wronskian is non-zero.

Recall the depth dependent Green’s Function may be represented in the form

Gy(z,2,;9) = ..pl_(zs)LZ(_z_ﬁ

(7.9)
W(z,;9)
in terms of this pair of solutions and the Wronskian. The spectrum of normal modes is
comprised of those values of q for which the above Wronskian vanishes:
W(z,:9)=0 (7.10)

Let y(z) be the depth function at eigenvalue ¢, at which the above Wronskian vanishes.

Without loss of generality, one may assume p,(z) and D,(z) form a one-parameter family of
solutions of the depth equation that satisfy the limiting conditions:

limq—-)q,, pl(z) = '//(Z) (7‘1 l)
lim,_,, py(2) =y (2) (7.12)
that they approach the depth function y(z) as q approaches the eigenvalue q,-

The following relationship:

P(2)L(q, )y (2) = (L(q) p,(2)y(z) =
(7.13)

W) 2Dy piayy+ (g -y P -

between ¥(z) and p,(z) follows from the fact these two functions are solutions of the depth
equation for eigenvalue g, and q, respectively. Integrating the above quantity over the water
column, one arrives at the expression

(( py(2)

(222 e ))/p(z»

D
=g ~q) [P (21 p(z)dz (7.14)
0
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Similarly, the relationship:
OLDPD - L@ P = (p Y- D p i pey=0  @19)
proves that the ratio
Wz pe) = () B -2 by o) (7.16)

of the Wronskian and the density is a constant.

Using the relationship:
oy (z) _9py(2) 1 dy(x)__1 dp,(2) 1
P.(2)—— % (2)= ('//() 2 ) )P, (2)y(2) (7.17)

and the boundary conditions

1 aye=D)__/G),, 18
w(z=D) oz )" (7.19)
one arrives at the expression

P00 2Dy ) L@ _ LGy ), (DYw(D) (7.19)
g’ £°@.,)

Since the depth function ¥(z) satisfies the boundary condition at both the top and bottom
surface, one has the following expression for the impedance of the depth function at the top
surface:

1 3O __ /()
w(0) oz g @4,)

Utilizing the fact that the ratio of the Wronskian and density is a constant one obtains the
following relationship for the impedance of the function p,(z) at the top surface:

p(0) (7.20)

1 p()_ 1 pO W9 _ @ p(0)+ W(z:q)

O = pO = p0  F@ 7 pEOPORLO (721

7-3
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Using Equations 7.17, 7.20, and 7.21 one arrives at the following expression:

£,(0) a‘gf’) AW

0z
(7.22)
= (LD L), 01, Ow0) + Wz )~ (2 4, W(0) ,(0)
g(q) g,
Here, use of the vanishing of the Wronskian
W(z:q,)=0 (7.23)

at the eigenvalue g, has been made to add a term that is proportional to this term to
Equation 7.22.

Substituting Equations 7.19 and 7.21 into Equation 7.14, one arrives at the following
expression for the normalization of the depth functions:

2_ 2 Dsz(Z)W(Z)dZ fB(q)_fB(qm)
@ q’")a' p(2) +(g‘g(q) A C

)p,(D)y(D)+

_(fT (q) _ fT (qm))pz (0)'/,(0) _ (W(Z : q) - W(Z : q'") W(O)/PI(O) =( (724)
g (@) g(q.) p(2)

Divide this equation by (¢” - g.,) and take the limit q approaches g, to obtain the
following relationship between the Wronskian and the normalization of the depth functions.

L W) g W 4y D (S g, D (SN (1.25)

p(z) oz s P2 99 2'(g,) 99 g°(g,)

Without loss of generality, one can normalize the depth functions such that the partial
derivative of the Wronskian at the m’th normal mode is given by the expression:

oW (z;q,,)

S = 24,0(2) (7.26)
q

by requiring the following normalization condition on the depth function:

’jeV(z)w(z) #-1 917G,

1 i(fg(qm)
s p2) 2q, 99 g'(q,)

2 _
4, 0q g"(qm))y,(D) =1 (27

W) + 3
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In the case of a pressure release surface and a rigid bottom, the partial derivative terms in the
above expression vanishes and the previous expression reduces to the usual normalization
condition in the case the spectrum is discrete.

7-5/7-6
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8. N HOMOGENEOUS FLUID LAYERS OVER A RIGID BOTTOM

This section describes the construction of the Green’s Function for N fluid layers over a
rigid bottom.

The Green’s Function is given by the following spectral integral:

1 +oo~i0)
G(r,z,z,) = IH W (grG.(z,z, : q)qdq 8.1)
~o04-i0
where G_(z,z, :q) is the depth dependent Green’s Function. This spectral integral can be

represented as a sum of residues of poles of the depth dependent Green’s Function in the upper
half g-plane. The remainder of this section will be devoted to solving the characteristic equation
for the location of these poles, and the evaluation of the depth functions.

Let {p,,c, : n=0,1..N —1} denote the density and sound speed in the N layers. Let
{z, :n=0,1...N} denote the z-coordinate of the N+1 interfaces. Without loss of generality, one

may assume z, =0,and z, =D.
The depth function in the n’th layer is required to satisfy the differential equation:

dF(z)
dz

+(k2-g*)=0 (3.2)

where k, = w/c,is the wavenumber in the n’th layer. The functions:
Fn+ (Z) — e+ih,,(z—z,,) (83)
Fn- (Z) — e-ih,,(z—z,,) (84)

denote a basis for the downward and upward going waved in the n’th layer, where

h,(q) =irJg* — k2 (8.5)

is the vertical wavenumber in the n’th layer, and q is the horizontal wavenumber. Here one
adopts the conventions of Ewing, Jardetsky, and Press® for the vertical wavenumber; that is, the
imaginary component of the vertical wavenumber is greater than zero on the physical sheet, and
the branch cut is the hyperbola on which the imaginary component is zero in the complex g-
plane.
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Let the following sum represent the depth function in the n’th layer:
F,(2)=AF,"(2)+ A;F, (z) (8.6)

of upward and downward-going waves. The depth function is required to satisfy the following
boundary conditions.

Fy(zy)=0 (8.7)

Fn (Zn+l) = Fn+l (zn+l)’ n= O’I(N— 2) (88)

L an(an) — 1 an+l (zn+l) ,n= 0,1“(N _2) (8.9)

pn dZ pn+l dZ

Fyazy) _, (8.10)
dz

The above boundary conditions specify the upper surface to be a pressure release surface,
and the bottom surface a rigid surface. The remaining boundary conditions are continuity of
pressure and the normal velocity between adjacent layers.

Equation 8.7 implies the following condition
Ay =—4; 8.11)
on the depth function in the top layer. Equation 8.10 implies the following condition

Ao =+A+_ e+2ih,,,_,d~_, (8]2)
N-1 N-1

on the depth function in the bottom layer. The remaining boundary conditions imply the
relationship:

A, =MA (8.13)

where A, is the column vector

A"'
I 8.14
’ (A;] ®19
and M, is the matrix
Mn{M,". M*:J (8.15)
MZl M22




4 1
det(M )
Mlnl — (l + pn+]
Mln2 _ (1 pn+l
Mzn1 = (1 _ pn+l

n

h
M;z - (1+ pn+] n
p

n

Here,

d,=(z

n+l

is the thickness of the n’th layer.

The characteristic equation for the normal modes is the transcendental equation:

an (ZN)
dz

: +ihy_dy_,
=ihy_,(Ay_e

CSS/TR-02/10

( Mgz —MznlJ

n n
M, M

h_n)e+ih,,d,, /2

n+l

L)e"’""" /2

n+l

L gy

n+l

)e—ih,,d,, /2

n+l

-z,),n=01..N-1

_A;l_le‘"‘zv—ldzv-l/)/= 0

(8.16)

8.17)

(8.18)

(8.19)

(8.20)

(8221)

(8.22)

where the depth function in the bottom layer is determined by the following relationship between
the depth function in the top layer with that in the bottom layer:

Ay, =M, . MA,

w=ill)

(8.23)

(8.24)

The above relationship determines the depth functions throughout the waveguide up to
the multiplicative factor 4, . This factor is determined by normalizing the depth functions
according to the following condition:

3F(z)F(z) do=3 [l

p(2)

DF) , _

p.

dz =1

(8.25)
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Let {g,,} be a complete basis for the normal modes in the complex g-plane, and

F(z:q,)the corresponding depth function. Then the Green’s Function for this waveguide is
equal to the following summation:

i

G(r,z,2,) = > H'Yq,"F(zq,)F(z,:q,) (8.26)

4p(z,) 5

where the depth functions satisfy the following orthonormality condition:

&F(z:q,)F(z:q,)
N

dz = 8" (8.27)

An alternative method of computing the Green’s Function is to directly evaluate the
contour integral given in Equation 8.1. This is the approach used in fast field programs such as
“SAFARTI” and “OASES”. This approach requires the construction of the depth dependent
Green’s Function off mass shell. It has the advantage that one doesn’t have to solve the
transcendental equation given by Equation 8.22 for the normal modes.

In order to construct the off mass shell solution for the depth dependent Green’s Function
one constructs the functions p,(z) and p,(z)according to the following prescription. First,
define the quantities:

z_=min(z,z,) (8.28)
z,=max(z,z,) (8.29)

Suppose the coordinates z_ and z, are located in the n and n’ layers respectively, that is,
These coordinates satisfy the inequalities:

z,<z <z, (8.30)
z,<z,<2z,, (8.31)

Define the coefficients:

{5+ )
+ +1

‘.‘l"_ = M,,_,...Mo( J (8.32)
\4. ) -
{7+ ) —ihy_id

A " +e N-1EN-1

=M LM , 8.33
(4 " 2(+ eJ &
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and define the functions:

pi(2)= AF} () + 4F; (2) (8.34)

p,(2) = A F} (2)+ A,F; (2) (8.35)
These functions satisfy the homogeneous equation for the depth functions, and the

boundary condition at the upper and lower surface, respectively. The depth dependent
Green’s Function is given by the following expression in terms of these two functions:

_pi(z)p,(z,) (8.36)

G.(2,2z,:9)= W(p,,p,)z,)

where

dp,(z) dp\(2) ,(2) (8.37)

W(p,, =
(p)>P,)=p,(2) & e

is the Wronskian of this pair of functions.

As a means of comparing the above contour integral representation with the normal mode
representation of the Green’s Function, the normal mode representation is given by the following
expression in terms of the depth functions of the normal modes.

1 3y F(z:q,)F(z q,) (8.38)

G"s:= 2 2
5z =00 @’ -4°)

Substituting the above expression for the depth dependent Green’s Function into
Equation 8.1, one arrives at the normal mode expression for the Green’s Function given in

Equation 8.26.

8-5/8-6
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9. N HOMOGENEOUS FLUID LAYERS OVER A HOMOGENEOUS HALF-SPACE

This section describes the modifications of the previous section, when the rigid bottom of
the previous section is replaced by a homogeneous half-space.

One of the major differences between the case of a homogeneous half-space and a rigid
bottom is that in the case of a half-space there are generally a finite number of normal modes,
where as, in the case of a rigid bottom there are generally an infinite number of normal modes.
In addition, the integrand of the equation

+oo—i0)

G(rz,2)= 2= [HP@)G.(2:2, : ady ©.1)

—~oo4+i{}

is generally not an even function of the vertical wavenumber of the homogeneous half-space.
This results in a branch cut contribution of the spectral integral from the integration of the
spectral integral around the branch cut of the vertical wavenumber of the homogeneous half-
space in the complex g-plane. The half-space also affects the normalization of the normal
modes.

Let {p,,c, :n=0,1..N —1} denote the density and sound speed in the N layers. Let
{z, : n=0,1...N} denote the z-coordinate of the N+1 interfaces. Without loss of generality, one
assumes z, =0, and z, =D. Let {p,,cy} denote the density and speed of sound in the
homogeneous half-space.

The depth function in the n’th layer is required to satisfy the differential equation: -

WG | k2 -g?y=0 9.2)
daz

where k, = w/c,is the wavenumber in the n’th layer. The functions:

F!(z)=e"™MC™ | 9.3)
F (z)=e ™t (G2
denote a basis for the downward and upward going waved in the n’th layer, where

h(@)=ig* ~k; 9.5)

is the vertical wavenumber in the n’th layer, and q is the horizontal wavenumber.
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One may again represent the depth function in the n’th layer as the following sum
F,(2)= 4}F, (2)+ 4;F; (2) 9.6)

of upward and downward going waves. The depth function is required to satisfy the following
boundary conditions:

Fy(z,)=0 ©.7)
F(2,4)=F,,(z,,), n=01..(N 1) (9.8)

_l_an (zn+l) — 1 an-H (zn+l)
pn dZ pn+l dZ

, n=01.(N-1) (9.9)

Assuming the source is above the homogeneous half-space, one requires the condition
that the coefficient:

45 =0 (9.10)
of the upward moving waves in the homogeneous half-space vanish.

Equation 9.7 implies the following condition
Ay =—A4; (9.11)

on the depth function in the top layer. Boundary conditions shown in Equations 9.8 and 9.9
imply the relationship,

A, =MA (9.12)

where 4, is the column vector

A = (j ] (9.13)

and M, is the matrix given by Equations 8.15 through 8.20 in the previous section.

Equation 9.10 in conjunction with Equations 9.8 and 9.9 imply one can replace the boundary
condition for the rigid bottom by the following boundary condition:

B
SP(@Fu(zn :q)+gp “”% vr(2y 14) =0 0.14)

N-1
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where the coefficients f?(q) and g®(q) are given by the following expressions:

—ihy ()

)= (9.15)
N
g’ (g)=1 (9.16)
The depth functions {F(z: q,,)} are normalized by the following condition:
BF(z: 1 9 f°
[ (z:9,) 9 L Yadyp(p. gy =1 | (9.17)
0 p(z) 2qm aq g (qm)
The Green’s Function is given by the following residue term and cut contribution:
G(r,z,z )" ( 52 (9. F(z9,)F(z,:9,)+GC,(rz2z,) (9.18)
Here, the cut contribution is given by the following expression:
1 +oo
Gos(r:2,2,) = o [HP @G (2.2, :+hy) =G, (2,2, : =hy Yy 9.19)

The above integral is an integral over the branch cut for the homogeneous half-space,
where the integrand is proportional to the difference in the depth function across the cut.
Evaluation of the above integral requires the construction of the off mass shell representation of
the depth dependent Green’s Function.

In order to construct the off mass shell solution for the depth dependent Green’s Function
one must construct the functions p,(z) and p,(z)according to the following prescription. First,
define the quantities:

z_=min(z,z,) (9.20)

z,=max(z,z,) (9.21)

Suppose the coordinates z_ and z, are located in the n and n’ layers respectively, that is,
these coordinates satisfy the inequalities:

Zn < Z< < Zn+l ‘ (9'22)

z,<2, <z,, | | (9.23)
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Define the coefficients:
(4*) +1

1.4.” =M, ...MO( J (9.24)

A, ) -1
{7+

. 1

4'1 =M ...M;,'_,( ) (9.25)
y 0
and define the functions:
P(2)=A]F} (2)+ 4 F, (2) (9.26)
p,(2) = ALF} (2) + A,F; (2) (9:27)

These functions satisfy the homogeneous equation for the depth functions, and the
boundary condition at the upper and lower surface, respectively. The depth dependent
Green’s Function is given by the following expression in terms of these two functions:

_P (z.)p,(z,)

G.(z,z,:9)= 9.28
(2,2,:9) W (o p)z) (9.28)
where

W(pyr ) = pi(2) "”;Z(z)—d";&(z) p2(2) (9.29)

is the Wronskian of this pair of functions.
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10. NINHOMOGENEOUS FLUID LAYERS

This section describes the modifications of the previous two sections in the case the index
of refraction squared is a piece-wise linear function of depth. In this case, the complex
exponential functions of the previous sections are replaced by complex Airy functions. In the
case of an inhomogeneous layer, there is no longer a natural split of the depth functions into
upward moving and downward moving components. This work is based on the description by
Stickler’ on the computation of normal modes in a waveguide with a piece-wise linear index of
refraction squared.

Let {p.,c",c? :n=0,1..(N —1)} denote the density, sound speed at the top of the lay,er,
p'l n n

and sound speed at the bottom of the layer for the N inhomogeneous layers, where the index of
refraction squared is the following linear function of depth:

c,'(2)=a,-B,(z-2,) (10.1)
a,=(c)” (10.2)
B, =) =(c)?)/d, (10.3)

Define the change of coordinates:

z—>Z,(2) (10.4)

in the n’th layer, where the coordinate function Z,(z) is required to satisfy the following
constraint:

az,(2)

T)'Z =~@" /c(2)* - ¢*) (10.5)

Z,(z)

The coordinate function Z, (z) is given by the following linear function of z:

Z,(2)=-L (& (e, - B.(z-2,))~ ") (10.6)
where the coefficient L, is given by the expression

L, =@'BH™"° (10.7)

10-1
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The derivative of this coordinate function is given by the expression:

dZ (z) _

. o’ B, 12 (10.8)

The differential equation for the depth function

fi—%ﬂﬂkf (2)-4*)F,(2)=0 (10.9)

in the n’th layer is transformed into the following differential equation:

I 7 F =0 (10.10)
dz

n

under the coordinate transformation z — Z, . Equation 10.10 is the Airy Differential Equation,
which implies the depth function is given by the following linear combination of Airy Functions:

F,(2) = A Ai(Z,(2)) + A]Bi(Z, () (10.11)

Note the above expression for the depth function becomes ill conditioned in the limit the
sound speed gradient in the layer vanishes, that is, the coefficient B, = 0 approaches zero. In

this case the coordinate transformation z — Z, becomes ill defined.

The ill-conditioned nature of this coordinate transformation for infinitesimally small
sound speed gradients can lead to numerical overflow errors in the computation of the depth
functions. Therefore it is necessary to place a minimum limit on the sound speed gradient for
which the above linear representation of the index of refraction squared will be used. If the
sound speed gradient is below this minimum, the sound speed profile in the layer is considered to
be a constant, and the depth functions of the previous two sections are used.

Thus one introduces the following basis for the depth functions if the sound speed
gradient is sufficiently small:

F*(2)= gt (z=20) (10.12)

F(z) = e ™Mt (10.13)

10-2




CSS/TR-02/10

where the sound speed
c,=(cl+c2)/2 (10.14)

is equal to the average of the speed of sound at the top and bottom surface, and

h(@)=iJg* -k (10.15)
is the vertical wavenumber. Otherwise, we use the following basis:

Fi(z)=A4i(Z (2)) (10.16)
F (z)=Bi(Z,(2)) (10.17)
for the depth functions, provided the gradient [, is sufficiently large.

Let

dF; (2) _dF}(2)

" L SF (2) (10.18)

W,(z:9)=F (2)

denote the Wronskian of the above basis for the depth functions. In the case of vanishing
gradient (iso-velocity layer), this Wronskian is given by the expression:

W, (z:q)=-2ih,(q) (10.19)

where A, (g) is the vertical wavenumber of this iso-velocity layer. Otherwise, the Wronskian is

equal to the expression:
W(z:q)=0’B,L7 7 ‘ (10.20)
where the expression

dBi(x) _ dAi(x)

Ai(x) =

Bmp% (10.21)

is used for the Wronskian of the Airy Functions.

The depth function F,(z:q) in the n’th layer may be represented by the following linear
combination of the functions F'(z:q) and F, (z:q):

F(z:qQ)=A F'(z:q)+AF (z:9q) ’ (10.22)

10-3
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The depth function in the top layer satisfies the following constraint for a pressure release
surface:

Fy(z,)=0 (10.23)

In addition, the depth function must satisfy the constraint of continuity of pressure and
normal velocity at the interface between adjacent layers:

F (z,,)=F,,(z,,), n=01.(N-1) (10.24)

__1__ an (zn+l) — 1 an+l (zn+l)
pn dZ pn+] dz

, n=0,1..(N -1 (10.25)

In the case of a rigid basement, the depth function satisfies the boundary condition:

FuaC) (10.26)
dz

at the bottom surface. In the case of a homogeneous half-space, the coefficient for an upward
moving wave in the basement is required to vanish and the depth function is required to satisfy

the constraints of continuity of pressure and normal velocity at the interface with the
homogeneous half-space:

A; =0 (10.27)
Fy.(zy)=Fy(zy) (10.28)

1 dF,‘,_,(zN)= 1 dF,(zy)
P n-tn dz Py dz

(10.29)

The constraint on the depth function by the presence of the bottom can be reformulated
by a boundary condition of the following form:

B
I @F e+ DL p, oi9)=0 (10.30)

N-1

where the coefficients f*(q) and g®(g) are given by the following expressions in the case of a
homogeneous half-space:

7o) ="2n(@ (10.31)

N

gl (@=1 (10.32)

10-4
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and the following expressions in the case of a rigid bottom:
i (@) =0 (10.33)
g¥ (g =1 (10.34)

The depth functions {F(z: g, )} are normalized by the following condition:

YF(D:q,)* =1 | (10.35)

(

‘]F( 1qn)’ 1 9 (4
" 6) 2qm o7 g°(g,)

Equation 10.23 implies the following relationship for the coefficients of the depth
function in the top layer:

A7 =—A; (10.36)

Equations 10.24 and 10.25 imply the following relationship between the coefficients of
adjacent layers:

An+l = MnAn (10'37)

Here A, is the coefficient vector

A+
A4, =" 10.38
’ (AI ] (%39
and M, is the propagator matrix
M, =[Mln' M':) (10.39)
M21 MZZ

whose matrix elements are given by the following relations:

" o (Z0) P AFF(Z,0)
Mn =+4+— {F ( n+|) I(Z 1) P pi (Z 1) n+] (Z,,+1)} (10.40)
n+1( n+l) Z pn dZ
" i (Z0) P AF (2,) o
M), =4+———{F, (z n+1) Fra(z 1) P nsi (z 1) Fo(z,.)} (1041)
n+l( n+]) z pn dZ
" ! () _ P AFS (Z) o
BTN e - 10.42
T E L el (1042)

10-5
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m + (Zn+l) pn+l dF (zn+l)
My, =—————{F, (2, ) ;
z n+1 ( n+1 ) ] pn dZ

1! (Zn+| )}

Recall that the expression:

dF;(z) dF}(z)

W (z:9)=F'(2) - -

F, (2)

is the Wronskian of the basis for the depth functions in the n’th layer.

(10.43)

(10.44)

Using Equations 10.36 and 10.37, the depth functions in all the layers are determined up

to a common multiplicative factor. However, the depth functions constructed from

Equations 10.36 and 10.37 do not necessarily satisfy the boundary condition in Equation 10.30 at
the bottom layer. This equation acts as the characteristic equation, whose solutions determine the

location of the normal modes in the complex g-plane.

Given the above construction of the coefficients of the depth function, the ¢

onstruction of

the depth dependent Green’s Function and the spectral integral proceeds in analogy to the

previous two sections.

10-6
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11. EXAMPLE: ISO-VELOCITY LAYER OVER A RIGID BOTTOM

This section describes an iso-velocity layer over a rigid bottom.
The characteristic equation for the normal modes in this case is given by the equation:
cos(h,d)=0 (11.1)

where

hy =iyq® — k2 (11.2)

is the vertical wavenumber. The solutions of this equation are given by the modes vertical
wavenumber:

ho(qm)=(m+1/2)—g— (11.3)

The normalized depth function is given by the following relationship:

F(z:q,)= /25  sin(k, (g, )d) (11.4)

The Green’s Function is given by the following modal summation:

G(r,z,2,) = 5%2 H" (g, r)sin(hy(q,)z)sin(h,(g,)z,) (11.5)

11-1/11-2
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12. EXAMPLE: PEKERIS MODEL

This section describes the Pekeris Model, that is, an iso-velocity layer over a

homogeneous half-space.

The normal modes for the Pekeris Model are given by the solutions of the characteristic

equation:
mhy, cos(h,d) —ih, sin(hyd) =0

where m is the density ratio.

m=Pu
Po
The depth dependent Green’s Function is given by the following expression:
G.(22,)= sin(hyz_) (mh, cos(h,(d -z, ))—ih, sin(hy(d — z,)))

h, (mh, cos(h,(d))— ih, sin(hy(d)))
The depth function in the top layer is given by the following expression:
F(z:q)= A sin(hyz)
where the normalization factor is given by the expression.

. mh, 2p(z,)h,
Ay =— 272 2 . 2 2
sin(h,d) hd(m°hy —h')+im(h; —h)

(12.1)

(12.2)

(12.3)

(12.4)

(12.5)

The normal mode portion of the Green’s Function is given by the following sum of

residues:

GMade (I‘, 2, ZS ) =

,
z M . : mh, hy
.2;H0 (qu)sm(hoz)sm(hozs)[Sin(hod)) hd (e )+ i — )
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The branch cut contribution to the Green’s Function is given by the following spectral
integral:

GCul ("', z, Z,) = +i’£ Ihlzdhl H(()I) (qr) Sln(hoz) Sln(hozs )

12.7
4z mhZ cos(hy, )’ + b2 sin(hyd)? (12.7)
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13. EFFECT OF A SMALL WAVE-HEIGHT, RANDOMLY ROUGH, TWO FLUID
INTERFACE ON THE COHERENT COMPONENT OF THE REFLECTED AND
TRANSMITTED FIELD

This section describes the effects of a randomly rough two-fluid interface with small
wave-height on the coherent component of the reflected and transmitted field®.

Let{p,,c,} and {p,,c,} denote the density and sound speed in Regions One and Two,

where the plane z = 0 is the interface between Region One (z > 0) and Region Two (z <0) in the
unperturbed case. The pressure field in Regions One and Two are solutions of the differential
equations:

Vip, +klp =0 (13.1)
Vip, +kip,=0 (13.2)

where p, and p, are the pressure fields in Regions One and Two respectively. Here, &, and £,

are the wavenumber in Regions One and Two respectively. The pressure field is subject to the
following boundary conditions at the interface z =0.

p(z=0)=p,(z=0) (13.3)
pil dp, (;Z= 0 _ p% dp, (;Z= 0) (13.4)
Let

Dine = exp[+il-c.0‘ L o7 —iky .z} (13.5)

be the incident field, where l—c.o' | is the horizontal wave-vector of the incident field in the xy-

plane, and

o = ifk2, — k] (13.6)

is the vertical wavenumber of the incident field. The unperturbed solution for the pressure field
in the two regions is given by the following expressions:

p, = expl+ik, , 7 —iky 2]+ R, exp[+ik,, oF +ik,,.z] (13.7)
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p, =T, exp[+il€0' L oF —iky, .Z]
where

R = kio.! Py —ky.!p,
’ k! P tky./p,

2klo.z !/ p,

T,=1+R, =
k20.: /pz +k20.: /pz

are the reflection and transmission coefficients of the interface.

(13.8)

(13.9)

(13.10)

Consider the case that the interface is a random rough surface given by the equation:

z=q(r)
where a(r) is a random variable with zero mean and slope.
<a>=0

<V,a>=0

The pressure field is required to satisfy the boundary conditions:

p(iz=a)=p,(z=0a)

1op@z=a)_1 op,(z=0)
P on P on

where
i:Vﬂ: ! (—Vla.v.{.i)
on J1+V, aeV o oz

is the derivative in the direction of the normal to the rough surface:

_de e

- 1
n= s
,/1+Vlaovla( ox dy

(13.11)

(13.12)

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

Let us express the pressure field in Regions One and Two as the sum of the mean field

and a zero mean stochastic field.
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p, =< p; > +w, (13.18)
D, =< p, >+w, (13.19)

Expanding the fields about the mean surface, one arrives at the following boundary
conditions on the mean surface (z = 0):

dp, o’ 9 dp, 0’9
1[ap, . 3°p &P & .o
F[apz‘ G “VL“'VP‘}
1
2 2 33
pi[agzz maa;z *%aa? -vla-vpz} (13.21)
2

Here, one has only kept terms up to quadratic terms in the random variable. Taking the
ensemble average of the above equations, one obtains the following equations for the mean field
on the mean surface (z = 0):

<p >-<p,>=F (13.22)

1d<p> 19d<p,>_
p oz p, Oz

F, (13.23)

The source terms on the right hand side are given by the following expressions quadratic
in the random variable:

ow, ow. <a’>|d*<p > 9*<p,>
F =~ L —2|>- L~ 2 13.24
: <a[:az azJ> 2 [ oz’ 0z’ } ( )

F, =_<O{L82w, __1_82w2:|>_<a2 >[_1_E)3 <p> 13d<p, >]+

p, 9z2 p, oz’ 2 |p o7 p, oz
<vla.v{%_ﬂ> ,) (13.25)
1 2

Note, the source terms are quadratic in the random variable. Subtracting Equations 13.24
and 13.25 from Equations 13.20 and 13.21, one arrives at the following boundary conditions for
the stochastic field on the mean surface (z = 0).
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w,—-w, =G, (13.26)
Lowm 1w _q (13.27)
p, 0z p, oz

The source terms on the right hand side of the boundary conditions are given by the
following expressions linear in the random variable:

d<p, > d<p,>
G =— _ 13.28
' ar[ oz Jz ( )
2 2
Gz=‘d|:—l"a <fl>_ia <€z >]+€71a‘V[<pl>—<‘p2 >:| (13.29)
p, 0z p, oz P P>

In order to solve Equations 13.22 and 13.23 for the mean field, one must eliminate the
stochastic field from the right-hand side of these equations. In order to do this, one must first
solve Equations 13.26 and 13.27 for the stochastic fields in terms of the mean field and the
random wave height. One may solve Equations 13.26 and 13.27 by taking the Fourier Transform
of these equations. This enables us to reduce the solution of these equations into a set of
algebraic equations for the spectral strength of these fields.

Let us introduce the following Fourier decomposition of the random wave height:
_ 1 2g ~ +if oF
atr)=>— [a°¢,@&)e (13.30)

Assume the cross correlation function of this random variable is homogeneous. Then the
cross correlation function depends only upon the difference of the two points, and is of the
following form:

<a(ro(r)y>=<a’>o(r-r)=<a®> % j d*E S(E)etT (13.31)

where <@’ > is the root mean square wave height squared, and S(¢) is the power spectrum of
the surface. The following ensemble averages follow from the above definition of the power
spectrum:

<a(r)a(n) >=< a® > S(n)e* ™ (13.32)

<e(5)a(m) >=275(8, ~n ) <a’ > S(n) (13.33)
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The Fourier decompositions of the stochastic fields in Regions One and Two have the
following form:

1 +iE, oF+if 7 ~
W (r2) = 5= [d°6, ™€) (13.34)

1 +iE | OF~i&y 2 v
wy(r,2) =~ [d?6, ™R, ) (13.35)

The functions G, and G, are linear functionals of the random variable that have a
Fourier decomposition of the following form:

G/)= 5 _L_ [a%, [a'n, et aE -z, Em) (13.36)

G,(r)= A, [d*n.e™TEE -mE, €M) (13.37)

(2)

The Fourier coefficients g, (£,7) and g,(£,7) have the following form in terms of the
Fourier Transform of the mean field and its derivatives:

g = [a<ap,> 9<P, ]() (13.38)
'z 0z

g¢&m=
(13.39)

13%<p> 1d%°<p, > . o= _l<3> <>
BRI R i O R RGN B AR ()
p, 0z py Oz v 2

Substituting Equations 13.34 through 13.37 into Equations 13.26 and 13.27, one arrives
at the following algebraic equations for the Fourier coefficients of the stochastic field:

RO - = [an.aE-negEn (13.40)

lé}: ~1(§)‘ 5

1 2

@)= [d'n.o¢-me,Em (13.41)

Solution of the above equations leads to the following expression for the Fourier
coefficients for the stochastic field:
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~oe 1o a-m  |ic.
wl(f)— Py Id n, iél.:/pl +i§2'1/,02|: 2, g;(&ﬂ)*’&(fﬂ?)] (13.42)
~ _L 2 a(é-n) _ifl.:
"= Jarn, i 1p +ik,. | Pz[ P, gl(f,n)+g2(§,n)] (1349

Substituting the above expressions for the stochastic field into Equations 13.24 and 13.25
for the source terms of the mean field, one obtains the following expressions:

1 1 .
l:gl.:élzgl (é’ n)(p— - -/—)—j - l(gl,: + 52.: )gz (é’ n):l

2 ]

<at> +ifl,oF S(E-n)
=— " |d%, |d* .
] (271')2 '[ 61"- e igl,: /p, 'Hfz,: !p,

<oz>82
2 9z?

—(<p >=-<p,>) (13.44)

<a > +ii], oF S(f"ﬂ)
d*é, |d*n et
@)’ ey 1 e i&.1p+ik,.1p,

. G

1 2

2 =

[zv:,.:zz

172

.. +£,.)8. ¢, 77)'*‘( )gz(f n)

+E_L .(E_L _ﬁl)[mgl(gan)+(—l“"ijgz(5aﬂ)}:|
PP, P P

_<a’>d (<p> <p,> (13.45)
2 823 ,D, ,02 .

To lowest order, the mean field is given by the unperturbed solution given below:

< 1o >=exp[+ik, , oF){exp[-ik,,,z]+ R, exp[+ik,,_z]} (13.46)

<Py >=T, exP[‘*’iEo.L o7 —iky, .z] (13.47)
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120’ , is the horizontal wave-vector of the incident field, and

ki, =iqko oko —kf (13.48)
is the vertical wavenumber in Region One, and

Ky, = i\/ EO,.L hd EO,.L -k; (13.49)

is the vertical wavenumber in Region Two. R, and T, are the reflection and transmission
coefficients of the incident wave:

/1 p,—k,, ./
Ro — klO.z pl 20,z pZ (13‘50)
klO,z /p] +k20,z /pZ

T,=(1+R,)= 2k 1P (13.51)
0o 0/~ .
klo,z /pl +k20,z /pz

The Fourier coefficients of the unperturbed solutions are given by the following
expressions:

< Do > (E)=2n0(&, -k, , ){exp[-ik,,.z]+ R, exp[+ik, .z]} (13.52)
<P >(§)=276(E, ~ k)T, expl—iky, 2] (13.53)

Since the mean field and stochastic field are accurate up to terms quadratic order in the
random wave height, one can substitute the unperturbed solution for the mean field in Equations
13.38 and 13.39 for the stochastic field source terms. This substitution leads to the following
simplification:

g,(Em) = 2181, ~ ko VB, (E) (13.54)

gz(gan)=27r6(7h_ko,J_)Ez(é) (13.55)

§, (f)=ikm‘z(l—RO)-—ikzo'z(1+R0) (13.56)

)= (1+Ro)[" : _Km: B oe@ —ic'o,lxi—pi)} (13.57)
1 2 1 2

Similarly, one may substitute the above results and the unperturbed solution into
Equations 13.44 and 13.45 for the source terms of the mean field without loss of accuracy.
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<at> -
F, == —=explik;, 7] [a¢,

S(gJ. —kO.J.) |:

~ 1 1 . _
iél,z /p, ’Hfz.: /p, 4:L:fz'zgl(5)(;7__“-)_1(51.: +§2.: )g, (f):|

2 pl
<a >

explik, , o F](1+ Ry )k}, —k7.) (13.58)

a’> S(fl_ko.L)

< ,
F = xplik, , o7]|d’
. expliky , o] éigl.:/pﬁi(fz.:/pz

(51.: + éz,z )gl (5) + [‘él':' - gﬂ]gz (f)

1 2

[ffl.zfz,z

172

+& o(& ~k,, )[—@—ié—l g (5>+(i——1—]§2 (é)ﬂ

12 i 2

2 3
k310.z k 20,z

(1-Ry)-

1 2

<
-1

2 explik,, » ?]( 1+ RO)J (13.59)

In the above equations one notes that Equations 13.58 and 13.59 may be expressed in the
following form proportional to the root mean square (rms) wave height and incident field
evaluated at the unperturbed surface.

F,=<a’ > p, (z=0)F, (13.60)
F,=<a’> p, (z=0)F, (13.61)

p 1 2 S(gl-kO,J.) ~ 1 B 1 . N
A= o it o [5":6“&@(_2 X 1(5"’+52'z)g2(5)]

+%(1 + Rk, —k3,) (13.62)
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o d? S(f_L_ko,J_) -ifl,zéz 51 522 ~
e j élzé,:/pﬁié,:/pzx W2 Gcten. )g‘@”(m 2} )

L. - i (
+E o &, —ku)( G %62) 5 24 i—ijgz (cf)ﬂ

lp2 pl p2

3 3
_,%[" 0 (- Ry)- K2 <1+Ro)) (13.63)

1 2

The generalized reflection (R) and transmission (7) coefficients are defined by the
following equations:

<p, >=1+R)p, (z=0) (13.64)
< p, >=1p;,.(2=0) (13.65)
k
19<p>_ ~i—2(1-R)p,,.(2=0) (13.66)
p oz P ‘ :
k
19<p>_ 5 Ip;n.(z=0) (13.67)
p, Oz P

Substituting the above expressions into the boundary conditions:
<p >—<p,>=F,=<a’>Fp, (2=0) (13.68)

19d<p> 109<p,>

=Fyy=<a’ > F,p, (2=0) (13.69)
p oz p, Oz

one arrives at the following equations for the generalized reflection and transmission
coefficients:

1+R)-T=<a’>F (13.70)
k k .
— i (1-R)+i2ET=<a’>F (13.71)
p p ’
1 2
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Solving linear Equations 13.70 and 13.71, one arrives at the following expressions for the
generalized reflection and transmission coefficients for the coherent component:

k..lp—k,./ ky, » .
R = s P =K 1P, +<? >|:¢F;_ipz]/(kl':/pl +k,./p,) (13.72)
kl.:/pl+k2.:/p2

P,

— 2kl,z /pi
k./p+k, . Ip,

k a a
-<af >[ =R +in]/("1,: /1p, +k,.!py) (13.73)

The Fourier transform of the cross correlation function of the scattered field is given by
the following expectation value:

i&,.8.&)! p, +Z,)|
51,: /pl +fz,; /pz ”

<HOW (&) >=2m8(, ¢, ) <’ >S(&) (13.74)

The cross correlation function of the scattered field is given by the following expression:

<w(r)w, () >=
(13.75)

i£,.2/(&)/ p, '*'2'2(5)"2

1
E./p+&.1p, |

d*¢, <a? > S(¢)
2

exp[i, o (F — ') +i&.(z - 2)]

Similarly, the cross correlation of the field scattered into Region Two is given by the
following expression.

<wy(r)w, (r') >=

—ifn.zgl(f)/l’l+§z(f)|lz E o(F i L (13.76)
5,':/pl+¢2‘z/p2 “ exp[i&, o (F —7")—ié (z—-2')]

1 d*é, <a* > S(¢)
2

Suppose the spectrum S(£, ) is sharply peaked around the origin, so that one is justified
by approximating the spectrum as the delta function:

S(¢,)=2m6%(&)) (13.77)

in the above integrals. In this case one arrives at the following asymptotic expression for the
coherent reflection coefficient and transmission coefficient, where

ko, iRy, oKy, — 7 (13.78)
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and

ky: =1y EO,J. * EO,L —k; (13.79)

are the vertical wavenumber in Media One and Two in the case of a flat interface, respectively.

ko, /p.—k,./ [k, . . R
R=Dw0: P s P oo | B0 F,o—ino}/(km,z/pl+k20,z/p2) (13.80)
ky./pt+ky,/!p, | P, :
2k,./p (k. »
T= 0z 71 —<@?>| 22 F +iF Nk, ! P, + k! 13.81
km,:/P.'szo,z/Pz ", 10 FiFy (/( 10,2 Py Ky, p,) ( )
F,= ! [k ky 2 (-l——i)—i(k +ky )8 ]
l(; l'k,o‘z/p,+l'k20,_./p2 10,220,286 10 p2 ] 10,z 20,z 20 (1382)
#2 (R —K.)
" 1 . ~ 1 klzo k220v ~
F,= ko k ki, +ky + (==
20 iklo,z/p]+ik20,z/p2 (’ 10,2 20,zgl()( 10,z 20,-) 7 ( Py i )82
(13.83)
i ko ky
~—{(1-Ry)—=-(1+R)—=}
2 | o
Elo = iklO,z (I_Ro)_ikzo,z (1+Ro) (13.84)
- kL. k2.
8o = (1+ R {—= —%} (13.85)
1 2
k. lp —k, . /
Ro — IO,Z pi 20,2 pz (13.86)

klO,:/pl +k20.z /p2

After some tedious algebra, the following simplifications maybe made to the above
equations:

R=R,(1-2k},, <a’® >) (13.87)

T=T0(1+-;—<a2 > (ki —kz.)") (13.88)
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The reflection and transmission coefficients thus given agree with Equations 57 and 58 in
Reference 18. Equation 13.87 also agrees with the low frequency limit of the Kirchhoff
approximation, which gives an effective reflections coefficient for the mean field of the
following form:

R=R,exp[-2k} , <a’ >] (13.89)

Having derived the effects of a surface with small wave-height surface roughness on the
reflected and transmitted field. Let us reformulate this result into a format amenable to
calculation in a waveguide.

Let p, and p,, represent the solution for the pressure field in Media One and Two in the
absence of surface roughness. They satisfy the boundary conditions:

Pio = P (13.90)
_l_dplo - 1 dpzo (1391)
pdz p, dz

at the interface between Media One and Two, and the differential equations:

d?
d;m +(k2—g*)p,, =0 (13.92)
d?

dpz” +(k; =4 )Py =0 (13.93)

Let &p, and &p, denote the difference
&, =< p, >-p, (13.94)
P, =<Dp, >—Dy (13.95)

of the mean field in Media One and Two in the presence of surface roughness and the flat surface
field in Media One and Two. They satisfy the boundary conditions

&~ &, =F, =<’ > (b,p,, +b, ; jz”) =<0 > (b,py +b, ; dgj) (13.96)
1 1

1 d 1 dp, 2 1 dp,,

—_—, ——— —<a > + —)=<a‘ > +c, — 13.97

D, dz é’l 0, d &’z (et — b dz (e,py e, . d ) ( )
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at the interface between Media One and Two, and satisfy the same differential equations as the
functions p,, and p,,, respectively. The source terms F, and F, are given by the following

expression:

_S@ >, SEL k) N N
hi= Jaé. i& 1 p, +i&,, /1 p, {5,,252,,g1(5)(p2 P l(gl,z"'gz,z)gz(f):l

<a’>
——— (k. k3 )Py (13.98)

<a’ >.[ 2 S8, —ko)
2z - i&,. /P +i&, ./ p,

l:"—ifl’zjz'z (4 Lt fz,: 3 &)+ (é—z - @Jg 2 ©)

F,=

+E.L .(E_L _Eo,l)(MN (5)+(_'—Jg2(§)]:l
PP P P

2
P SE 2k, ) B0 (13.99)
2 p dz

where one has neglected higher order terms. The functions g, and g, are given by the following
expressions in terms of the functions p,, and p,,:

_~ 1 dp,,
=—(p - = — 13.100
g2, m,pchk —(p, pzm = ( )
" kL. ki, ~ - -1 1
g, &) =(—=- p VP10 =k o (&, —k ) ————)pyq (13.101)
1 2 1 2

Substituting the above expressions into Equations 13.98 and 13.99, one arrives at the
following expressions for the coefficients of the boundary conditions for the perturbed fields:

= l(k’. —kf,z)

2 2 (13.102)

2 S(éJ. _k_l_) kl,z kz z
1 1,z 2,z k *GL k T

I éé. +égwf§ *s [ , m) ¢ X. )
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b, = _2_;; (_&;3—._/%)_2 fae, g,jfli—éfj)/pzf";z'z (13.103)
S B i
) 7 : ff 5’2‘ ) a-(&—k}){%—%—ﬂ-(&—A)(;}l-—g—z-)}
(13.104)

e ey LBi=p) S, -k e
=5k ~k)- 2T p,p, -[ 6*5,,:/p,+§2_:/p2 G +8 .6 +E o (6 k)

(13.105)

Let us make the simplifying assumption, that the surface roughness spectrum is isotropic.
In this case one can reduce the above expressions into the following relations:

1o E__ 2 S(¢'-9)
b=yt -k -C=0) jq 4o vk, 7, G o) (13.106)
(pl —pz)z T ' gt S(q'_Q) £
b, =+i-———— |q'd. s 13.107)
Y ojq q&.,z/pﬁé,z/pz"f‘ (
=_'£__Ifi 2“ 'da' S(q'—q) 13.108
CI l( 1 pZ (;[q qfl,:/pl+§2,z/p2 ( )
1 (L =p)7 S(q'-q) 2
, == (k! —k}) -2 |g'd, +ENMELE, . + 13.109
e =5k k)= jq 1ot g, Gt b+ (13.109)

Hereq = k 1 | 1s the magnitude of the horizontal wavenumber. The above expressions can be
substituted into Equations 13.96 and 13.97 for the boundary conditions of the perturbed field.
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14. EFFECT OF SMALL WAVE-HEIGHT SURFACE ROUGHNESS ON
PROPAGATION OF SOUND IN THE OCEAN

This section describes the effects of surface and bottom roughness on propagation of
sound in an otherwise horizontally stratified waveguide.

Let
z=0,(x,y) (14.1)
and
z=d+ay(x,y) : (14.2)

denote a realization of the randomly rough surface and bottom of the waveguide, respectively.
The random fields @, and &, are homogeneous, zero mean random fields with cross correlation

functions of the form:

' 2 ' <& ’ > 2 . E = =
<a,(Ne.(r')>=<a,” >0, (r-r)=—"7>— Id &S (€))exp[+i&, o(F —7")] (14.3)
<0, (e, (r) >=<a;’ >0, (r—r') =i0—2‘§[-3 [a2£,5,&,)expl+i, o (F—7)] (14.4)

where S,(£,) and S,(£,) are the spectral density of the rms wave height of the surface and
bottom, respectively.

In the case of a flat surface and bottom, the normal mode contribution to the propagation
of sound in the waveguide is of the following form:

— I (O] . .
Prose =7 p(zx)znjHo (9,7)F(z:9,)F(z,:q,) (14.5)

where F(z:q,) is the depth function of the n’th normal mode. The depth function is a solution
of the differential equation:

d 1 d ) s 2 ) _
P(Z);Z';-(S’;I,‘Z'F(Z'qn)'*'(k(z) -q,)F(z:q,)=0 (14.6)
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subject to the following boundary conditions:

(g, F(z=0:q,)+ 8 HE(2=0:4,) _,

p(0) dz
. gs(q,)dF(z=d:q,) _
f3(q,)F(z=d:q,)+ () ~ =0
_ih0:q) .
fr(q)————-—p(o) (1-R;4(9))

g (g)=(01+ Rr.o (9)

fg(q)=1fff—(‘;;—‘fl<l—&,o(q))

g:(9)=(1+R;,(q))

Here,

h(z:q)= +i\/q2 -k*(z)

is the vertical wavenumber, and
Rr.o (9)=-1

h(d:q)! p(d)~hy(d : )/ p,(d)

Rpo(g9)= h(d:q) p(d)+hy(d:q)! py(d)

(14.7)

(14.8)

(14.9)

(14.10)

(14.11)

(14.12)

(14.13)

(14.14)

(14.15)

are the reflection coefficients of the surface and bottom in the case of a flat surface and bottom.

Assume the sediment is modeled as a fluid layer, where

hy(z:q)=+iJq? —k, (2)

(14.16)

is the vertical wavenumber in the sediment, k,(z) is the wavenumber in the sediment, and

P5(2) is the density of the sediment.

The effect of small wave-height surface roughness on the coherent (mean) component of
the normal modes can be accounted for by substituting Equation 13.80 for the effective reflection
coefficient of the rough interface into Equation 14.9 through 14.12. In evaluating the parameters
the quantities in Section 13 are defined by the following limiting value of the parameters on the

two sides of the interface at z=d:
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p =lim__, p(z=d+€) (14.17)
p, =lim,_, p(z=d-¢€) (14.18)
k =lim,_, k(z=d +&) (14.19)
k, =lim,_, k(z=d-€) (14.20)

An alternative method of accounting for small wave-height roughness is to treat the
effects of surface roughness as a perturbation of the normal mode equations. Let F(z:q,)

denote the depth functions of the unperturbed waveguide with flat boundaries.
These functions are solutions of the differential equation:

d*F(z:q)

3 +(k*(2)-¢*)F(z:q)=0 (14.21)

and satisfy the following normalization condition.
j’ dzF (z:q)F(z:q)/ p(z) =1 (14.22)
0

Here, one must make the assumption the density is piece-wise constant. The effect of surface

roughness is to perturb the above eigenvalues and eigenfunctions.

Let F(z:q,)+0F(z:q,) denote the perturbed depth function and g,+dg, the perturbed

eigenvalue due to roughness of the interface at z=d. The perturbed eigenfunction satisfies the
following boundary condition at z=d: '

1 dF(z=d:q)

lim, ,(0F(d+£:q)-OF(d—€:q))=<a’ >(bF(z =d:q)+b2————d-———) (14.23)
p iz
. 1 d 1 d
1 —————0F(d+¢e:q)- —OF(d-€:q))=
lmmo(p(d%)dz (d+e:q) o) & (d~€:9)) a2
<a2>(ch(Z=d!q)+Cle)
P dz

The coefficients on the right hand side of the boundary conditions are given by either
Equations 13.102 through 13.105 for a general surface roughness spectrum, or by Equations
13.106 through 13.109 for an isotropic surface roughness spectrum.
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The perturbed depth function satisfies the differential equation:

d’F(z:q9)+6F(z:q)
dz?

+(k*(2)-q" -8°)F(z:9)+OF(z:¢)) =0 (14.25)

where &7 is the perturbation of the horizontal wavenumber squared. Keeping only first order
terms, one arrives at the differential equation:

d*OF(z:q)

E +(k*(2)-¢")OF (z:9) =84’ F(z: q) (14.26)

relating the perturbed depth functions and the perturbed eigenvalue. Here the perturbed
eigenvalue acts as a source term for the perturbed depth function. This result is typical of first
order perturbation theory.

Combining Equations 14.21 and 14.26 one arrives at the following result for the depth
derivative of the Wronskian of the perturbed and unperturbed depth functions:

F(z: q)-‘iéza(;—:q-)-—éf‘(z : q)fiiizz"—q) =8&°F(z:9)F(z:q) (14.27)

Dividing the above product by the density and integrating the resulting product over the
entire waveguide, one arrives at the following relation.

2 2 1 (Z Q)I (2 .q) 1 (Z:q)(57 "(Z q) 1 "(2 q)& (Z q) 2
5[ ‘ p(Z) OI p(z) ( )

Here, one has made use of the orthogonality condition of the unperturbed depth functions.
Assuming the density is piece-wise constant, the above integrand is a total derivative in each
layer of the waveguide except at the interface z=d, where the perturbed depth function is
discontinuous. In this case, the above integral is equal to the following limit:

d° =—1im,_,(F(z:9)éF (z: 9)— F'(z: q)6F (z:q))/ p(2) |5, (14.29)

Using the boundary conditions given by Equations 14.23 and 14.24 for the discontinuity

of the perturbed field at the boundary, one arrives at the following expression for the perturbed
eigenvalue:

& =-<a’>{c,F(d:q)’ +(c,~b)F(d:q)F'(d:q) p-b,(F'(d:q)/ p)*} (14.30)
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To first order in perturbation theory, the perturbed depth functions are equal to the
unperturbed depth functions evaluated at the perturbed eigenvalue g +dg . In particular, the

perturbed depth function &F(z:g) is given by the difference

OF(z:q)=F(z:q+d9)—F(z:9) (14.30)
Note, in the above first order perturbation theory, the effect of multiple rough surfaces is

additive to first order. Thus, one can represent the effect of a rough surface and bottom by the

sum of the perturbations of each surface on the unperturbed eigenvalues.

In the case of a sound soft surface at z = 0, the perturbation of the eigenvalue is given by
the following relationship:

& =+<a? > b,(F'(z=0:q)/ p(0))? (14.31)

The coefficient b, is given by the following limit p, — 0 of Equation 13.107 in the case
of an isotropic surface roughness:

b, =+ip, [q'dq'S(q'-9%,. (14.32)
0

In the case of a rigid rough surface at z=D, the perturbed eigenvalue is given by the
following expression:

& =—<a®>c,(F(z=0:9)) (14.33)

The coefficient ¢, is given by the following limit p, — +e of Equation 13.108 in the
case of an isotropic rough surface:

RS, S(g-
¢ =—ip,(=2)* [q'dg 2g=) (14.34)
p2 0 52,:
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15. ASYMPTOTIC EVALUATION OF THE TIME DOMAIN SOLUTION

This section presents an asymptotic analysis of the propagation of a Gaussian pulse in a
waveguide in the time domain. This analysis is based on a saddle point evaluation of the
asymptotic evaluation of the normal mode expression for the Green’s Function.

The Green’s Function for the propagation of a monochromatic signal in a
waveguide is of the following form.

G(r,2,,2) =ﬁZHé"(an)F(zs :q,)F(z:4,) (15.1)

Substituting the asymptotic expression

HO (gr) ~ ’ 2 iarrra) (15.2)
gr

for the Hankel Function into Equation 15.1, one obtains the following asymptotic expansion of
the Green’s Function:

i ( 2 .
G(r,z,,2) = e TR (z 1q YF(z:q,) (15.3)
4p(z,) Z m,r

Propagation of a pulse is described by the Fourier Transform:

G(r,z,,2:0) = [S@)G(r,z,,2: 0)e ™ dw (15.4)
where S(w) is the spectrum of the incident signal. In the following one may assume a spectrum
of the following form:

(w- a)o)2

i) (15.5)

S(@) = exp(-

where @, is the center frequency, and Aw is the bandwidth of the pulse. The incident signal is
of the form

s(t)= [S(@)e ™ dw=2rAwexp(~1* A0’ 12— i) (15.6)
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T=—o (15.7)

represents the pulse length of the incident signal.

Substituting Equation 15.3 and 15.5 into Equation 15.4, one obtains the following
expression for the propagation of a Gaussian pulse in a waveguide:

G(r,z,z:t)=

i o ) , (15.8)
ey Iexp(z(an—a)t—ﬂ'/4)—-(w—a)o) 12A0YF (2, : q,)F(z: q,)dw

One must now assume that this integral is dominated by the exponential term and the
depth functions inside the integral are approximately equal to their value at the center frequency
of the pulse. Under this assumption, evaluation of Equation 15.8 reduces to the evaluation of
integrals of the following form:

400

I(r.z,z:0)= [expli(q,r—ax—7/4)-(0-0,)* /280%)de (15.9)

—~co

where the horizontal wavenumber g, () is an implicit function of frequency. Expanding the

argument of the exponential function about the center frequency, one obtains the following
expression for the integral:

1,(r,z,,z:1) = exp(i(g, (@, )r — @yt —7z/4)+]:exp(—a2 (@-w,) —i(w-w,)t~t,)do  (15.10)

where the reciprocal of the group velocity of the mode is:

q'n(w)=M (15.11)
dw

the rate of change of the reciprocal of the group velocity is

d’q (@

q",(0)= _51_"(2_) (15.12)
do

the travel time for the mode is

t,=rq', (@) (15.13)
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and the complex width squared of the effective Gaussian is

2 1 i
o = ——g" (o 15.14
2' 2 2q n( 0) ( )

Equation 15.10 can now be computed by completing the square in the argument of the
exponential function to recast the integral into a simple Gaussian of the form:

Iz _ Jexp(-ax*)dx (15.15)
o

The resulting integral is given by the following expression:
I,,(r,zx,z:t)z—-‘gexp(i(q,,(a)(,)r—a)ot—75/4)—~(t—t,,)2 /4a*) . (15.16)

Substituting Equation 15.16 into Equation 15.8, one obtains the following asymptotic
expression for the time domain representation of a Gaussian pulse propagating in a waveguide:

G(r,z,,z:1) =
(15.17)

! Z 2 \/;F(zs:q,,)F(z:q,,)exp(z’(q,,r—a)ot—rt/4)—(t—tn)2/4a2)
4p(z) TNg 7

where the normal modes are evaluated at the center frequency.
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16. REPRESENTATIONS OF CYLINDRICAL WAVE FUNCTIONS

This section focuses on different representations of cylindrical wave functions.

The regular cylindrical wave functions are given by the following expressions:

Re ) (r:a) = %’?Jm (kpsin(a))e"==@ {:f;((:n"g))::j} (16.1)
RCZ (r o) = 8; m) J ( k D sin(@))e ~ikz cos(x) {Zlo;((’:lg)): :Oe} (16.2)

Here, the function £(m) is defined by the following relationship:

L,m=0
&(m) = {2 ':Ht 0} (16.3)

The irregular cylindrical wave functions corresponding to outgoing waves are given by
the following expressions:

A ()= 8(’”)H<” (kpsin(a))e *"““‘”’{cf)s(mma_:e} (16.4)
sin(m@)o =o0

25 ra)= g(m)H“’ (kpsin(a))e "’““‘“’{cf)s(m(p)a:e} (16.5)
sin(mp)o =o0

The variable o represents the angle of the wave with respect to the z-axis. The horizontal
wavenumber g, and vertical wavenumber 4 are given by the following expressions in terms of
this angle:

g = ksin(a) (16.6)
h = kcos(X) | (16.7)

The downward-going cylindrical wave functions and upward-going wave functions are
related by the following relationship:

ReyO)(r:a)=Rey(r:mr-a) (16.8)
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The following expansion
exp[ix cos(ax)] = i i"J,(x)e"" = Jy(x)+ ZEi"J,, (x)cos(nex) (16.9)
n=—o =
follows by substituting the expression
t=iexplia] (16.10)

into the generating function for the regular Bessel Functions:

exp[x(t—1")/2]= iJ,,(x)t" (16.11)

nz—co

Equation 16.8 serves as the basis for the following expansion of a plane wave in terms of
the regular cylindrical wave functions:

exp[iiE or]= i E(m)(xi)" J,, (kpsin(er)) exp[xikz cos(a)]cos(m(p — B))

do - cos(mf),c =e (16.12)
= 47:';;@1')"’ Re y (r:a) gé_:l{sin(mﬁ):a ;0}
where the components of the wave vector are given by the following expressions:
k. = ksin(a)cos(B) (16.13)
k, = ksin(a)sin(B) (16.14)
k, =kcos() (16.15)

Using the orthogonality of the trigonometric functions and the above expansion of the
plane wave in terms of regular cylindrical wave functions, one arrives at the following plane
wave expansion of the regular cylindrical wave functions:

. 1 %% [e(m) [cos(mB),oc=e - -
)N / .
Reyl(r:a)= e 5[ ) {sin( Vo= O}exp[itk rldp (16.16)

The above integral representation of the regular cylindrical functions may also be inferred
from the following integral representation of the regular cylindrical Bessel Function:
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bE4

)y Jexp[iix cos(B)]cos(nB)dp

J, (x)= i - ’]exp[iixcos( Blcos(nB)dp =

2ﬂ(+ 7 jexp[+zxcos( p)tinBldp

Making the following substitution:
k o7 = kpsin(a) cos(8 — @) + kz cos(cx)

of the dot product in Equation 16.16, one arrives at the following integral:

ReyP(r:a) =

,S(m {COS("’ﬁ )0 = }exp[ii(kp sin(a)cos( — ¢) + kz cos(e)]df
47Z'(+l)

sin(mpB),o =

which is of the form of Equation 16.17, and leads to the result listed in Equation 16.16.

A similar plane wave expansion of the outgoing cylindrical waves:

., __"”'2“"" o1 |E(m) cos(mfl),oc=e
Xon(r:0)= 27" ,,/2'[,.,, explik +7] 2 {sin(mﬂ),d = o}d'B

can be obtained from the following integral representation of the Hankel Functions:

7/ 24ie0
HO(x)= “l,,‘ Iexp[+ix cos(fB) —infldp
m 7/ 2—ico

The expansions:

G(r,r") =explik|r—rl/4x | r-ri=2iky. [sin@)daRez;,(r:@)Re 25, (@)

om ¢,

G(r,r")=exp[ik|r—r]/4x|r-r'|= 2ikz Isin(a)daz:m (r, :0)Rey (r.:)
om ¢

(16.17)

(16.18)

(16.19)

(16.20)

(16.21)

(16.22)

(16.23)

of the free field Green’s Function follow from the integral representation of the free field Green’s

Function. The contours Cand C, are the following contours:
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C, =[0,7/2]U[x /2,12 - ios) (16.24)
C_=(m/2+is0,7/2)U[n/2,7] (16.25)
C = (+i%,0]U[0, 7]U[7r, 7 — ioo) (16.26)

The contour C, is used in the case (z—z') >0 and the contour C_ is used in the case
(z-2')<0 in Equation 16.22. Conversely, the contour C_ is used in the case (z—z')>0, and
the contour C, is used in the case (z—2z') <0 in Equation 16.23.

A derivation of Equations 16.22 and 16.23 follows. Start with the following integral
representation of the free field Green’s Function:

G(r,r")= I exp[+zp0(r M(p? -k* —i0) (16.27)
Introduce the variable
M=p;-Fk

and express the denominator of Equation 16.27 as the following product:

(P’ -k*-i0)=(p, +i,/p§ +M* -i0)(p, -i,/pf +M? -i0) (16.28)

Equation 16.27 takes on the following form:
G(r r') =

"] jdpx exp[+ip, x"] jdpy exp[+ip,y"1/(p, +i p? + M? —i0)(p, —iyp? + M? —i0)

(16.29)

(2)

The integral over p, can be performed by the method of residues, where one either

closes the contour in the upper half or lower half plane, depending upon whether the variable
y"'=(y=-)") is positive or negative. Performing the integration over the variable p, one obtains
the following expression for Equation 16.29:

G(r,r') =
+27a
+2i (2 ) ¢

(16.30)

exp[+ip,x"Jexp[Fy" p2 + M? /[ p> + M?
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where the upper sign is chosen in the case y"=(y—y') >0 is positive, and the lower sign is
chosen in the case it is negative. Introducing the following transformation:

p, =iMsin(p) (16.31)

in Equation 16.30, one arrives at the following contour integral:

G@r,r")=
. Hoo 7/ 2+ioo 1 632
—8;2 [dp. expl+ip,2"]  [dBexpl-x"Msin(B)F y" M cos(B)] (16.32)
=0 7/ 2—ico

Expressing the argument of the exponential in polar coordinates:
x"Msin( )+ y" M cos(f) = Mp"cos(f £ ¢) (16.33)

Equation 16.32 takes on the following form:

. oo 7/ 2400
G(r,r'):g;[z [dp. expl+ip,2"] [dBexpl-p" M cos(B £ )] (16.34)
—o0 7T/ 2—jon

The integral over the variable S is equal to the following expression:
7l 2+io0 +00
j'd,B exp[—-Mp"cos(B L )] =—i Idﬂ. exp[—Mp"cosh(A) = nH " (iMp")] (16.35)
7/ 2—io0 —oo
Substituting the above expression into Equation 16.34, one arrives at the following expression
for the free field Green’s Function:

G(r,r') = é J'dpz exp[+ip.z"1H" (i p? =k p") (16.36)

Introducing the following coordinate transformation:

p. =kcos(@) (16.37)

iM :i,/pzz —k? = ksin(e) . (16.38)

into Equation 16.36, one arrives at the following integral representation of the free field Green’s
Function.:

.y M—ico

G(r,r") = éljfr— Idasin(a) exp[ikz" cos(@)1H " (kp"sin()) (16.39)

+ijoo
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Replacing the integral over the complex angle by an integration over the horizontal
wavenumber:

g = ksin(q) (16.40)

one arrives at the following version of Equation 16.39:

.7 +ico+(
G(r,r') _ Ik i15“'1exp[+ihz"]H“>(qp") (16.41)
h 0

+ijoo—0

where the integral is around the branch cut of the vertical wave number:

h(g)=i\g* -k = kcos(a) (16.42)
that is, the integral is along the following contour:
(+ico—£,0-ie]U[0~ig,k - ie]U[k +ie,0+ie]U[0+ig,io0 + €] (16.43)
where £ is an infinitesimal displacement.

One can deform the contour around the branch cut of the vertical wave number into one
along the real axis, provided one chooses the sign of the vertical wave number such that the

imaginary part of the product Im(hz") > 0 is positive. In this case, Equation 16.41 takes on the
following form:

] ik s d L] " "
G(r,r') = gf?J,- ogh—qexp[ﬂh |2"1H" (gp™) (16.44)

Using the relationships:

Hg?(x)=H,"(-x) (16.45)
Jo<x)=%(Hs”(x>+Hé”(x» (16.46)

one can express Equation 16.44 into the following integral over the regular Bessel Function:

.y too—i0

k d : " "
G(r,r") =1i; [ T expl+in| [, (gp") (16.47)

0-i0 h

Equations 16.44 and 16.47 serve as a basis for generating an integral representation of the
free field Green’s Function in terms of the cylindrical wave functions.
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Substituting the expansion:

HO (gp") = 3 emH (a9, (ap.)cosim(p ') (16.48)

m=0

into Equation 16.44, one arrives at the following expression for the free field Green’s Function:

G@r,r")= 12

m=0

™ cos(m(p— ) jH“’(quJ (gp)expl+ih|z—2'lqdg/ h (16.49)

Equation 16.49 can be expressed in terms of the outgoing and regular cylindrical wave
function:

G(r, r)—zz jq % D Re 2D (. 2 ) (16.50)

where 7, =7 and 7. =F'if p>p',and 7 =7'and 7. =7 otherwise. The upper sign is chosen
if the quantity (z, —z_) >0 is positive, and the lower sign is chosen if it is negative. Converting
Equation 16.50 into an integral over the complex angle o

g =ksin(@) (16.51)
one arrives at the following expression for the free field Green’s Function:

G(r, r)—zkz j 22 (r, :@)Re x 2 (7. : d)sin(@)dor (16.52)

where C is the contour defined by Equation 16.26.

Substituting the expansion:

Jolgp") = ib‘(m)J w(ap)J ,(gp')cos(m(@ - ") (16.53)

m=0

into Equation 16.47, one arrives at the following expression:
] ~+w 8(m) ' T ' . ]
G(r,r') = 212—8” cos(m(@~ ") [J,.(ap)J ,(ap") expl+ih|z—z"lqdq/h (16.54)
m=0 0 .

Expressing Equation 16.54 in terms of the regular cylindrical wave functions, one arrives
at the following expression for the free field Green’s Function in terms of the cylindrical wave
functions:
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G(r,r)= ZiZ jRezj,n (r:q)Rey: (r: q)g%[Z (16.55)
on ¢

The upper sign is used in Equation 16.55 if the quantity (z—2z')>0 is positive, and the

lower sign is used if it is negative. Transforming the integral in Equation 16.55 into one over the
complex angle o, one obtains the expression:

G(r,r')=2iky. J’Re 2 (r:2)Re 7S (r': @)sin(@)dar (16.56)
on C,

where the contour C, is used if the quantity (z—2')> 0 is positive, and the contour C_
is chosen if the quantity is negative.
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17. REPRESENTATIONS OF SPHERICAL WAVE FUNCTIONS

This section describes various representations of the spherical wave functions.

The regular and outgoing spherical wave functions are defined by the following
expressions:

em)I+1) (- m) cos(mp),o=e
Rey,,, (r)= J/(kr)J (I+m)! B" (cos(@ )){sin(m(p),0'=o} (17.1)
a em)(2l+1) (- m) cos(m@),c =e
Vo (1) = (kr)\/ Tl cos® )){Sin(m@’a =0} (17.2)

where j,(kr) and A’ (kr) are the regular spherical Bessel Function and Hankel Function of the
first kind, respectively. The functions:

a2 d ( l)rn(l_xZ)m/Z dm+l

21 l! dxm+l

Pr(x)=(=D)"A-x*)" ——PB(x)= (x*-1) (17.3)

are the real associated Legendre Functions of the first kind. These functions can be extended to
the complex plane in two ways. The first method is to define the function

m

:x"' P(x = cos(8)) | (17.4)

B (cos(9)) = (-1)" sin(6)"

in terms of a complex angle 6. The second method is to define the associated Legendre
polynomial as the analytic function

. dm z ___1 m/2 dm+1
/2___1)1(x) ( )

B"(z)=(z*-1
i (Z) (Z ) dxm 2 1' d m+l

-1 (17.5)

of the variable z, where the function 13,'" (2) is related to the real associated Legendre Functions
on the branch cut [-1,+1] by the following expressions:

lim,_, P"(x+i€) =(—i)" P"(x) (17.6)

£-0

lim,_, B" (x—i€) = (+i)" " (x) \ (17.6)

£-30
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In the following one may use the extension of the spherical wave functions by the
extension of the associated Legendre polynomials defined by Equation 17.4 by the notation
Rey,,, and v ,. Similarly, one may use the notation:

R ()= . () \/e(m):;'zrlﬂ) g m;' (oo ()){::((:g)): :} (17.7)

em)2+1) (I-m)! ~
(I +m)!

Vo (r)=h", (kr)\/ -F"(co (9)){Sin(m¢) oo

cos(mg),o = e} (17.8)

to denote the extension of the spherical wave functions to complex variables defined by
Equation 17.5. The two representations are related by the following relationships along the
branch cut [-1,+1] of the associated Legendre polynomials:

lim,_, ¥, (x+i€)=(-)"y,,,(x) (17.9)
lim,_, ¥, (x—i€) = (+i)"y,,,(x) (17.10)

The complex associated Legendre polynomials satisfy the following addition theorem:

; B (cos(B) B (cos(d')) cos(m(p - ¢'))

P,(cos()) = Ze( 4

=0 (1 (; (17.11)
= Ze(m)( 1)"' ! B (cos(B)E" (cos(89)) cos(m(¢ - 9")
m=0
The complex angle y is defined by the following expression:
cos(y) = cos(d) cos(¥") +sin(P)sin(') cos(p - ¢') (17.12)

The associated Legendre polynomials satisfy the following orthogonality relationships:

) o 2 (+m)

IP (B (s =2, (17.13)

S Sm o 2 (m)

JP, (x£i0)F" (x £ i0)dx = (-1) Ae1 = (17.14)
m ' 1(l+m) m

_{P, (P, O O (17.15)
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de (D" (+m)! .,
\/I—x2 m (I- m)‘a'"’ (17.16)

+1
jﬁ,"'(xi i0)P™ (x%i0)

The spherical harmonics are defined by the following expressions:

_ |em@l+D (-m)!, cos(m@),c =e

Ym,(ﬂ,w)—\/ ar (im) £ (cos( )){ in(m(a)’azo} (17.17)
¥ (8.0)= em)(21+1) (I m) B (cos(9)) cos(m@),0c=e (1718)

Yom arr m)! sin(mg),o =0 '

They satisfy the following orthogonality conditions:

jdrp jsm(zs)dz? ot B O o (8,0) = 85 50 8] (17.19)
jdw Ismw)dﬂYm,w OV (0, 0) = (~1)" 52 575} (17.20)

-

Using the following identity from Reference 9 evaluated at v =1/2,
explixcos(@)]=T(v)(v/2)” Z WV +k)i*J,,, (x)CY (cos()) (17.21)
k=0

and the identities:

jl(x)'—‘\/zz']kmz(x) (17.22)
X
C{"?(x)=P,(x) (17.23)

one arrives at the following expansion of a plane wave in terms of regular spherical Bessel
Functions:

exp[+i1€ o 7] =explikrcos(y)] = i Q21 +1)i' j, (kr) P (cos(y)) (17.24)

=0

The angle ¥ is the angle between the two vectors k and 7. Let (¥,9) and (a, B)
be the polar coordinates of the direction of the position and wavenumber vectors, respectively.
Then the angle v is defined by the following relationship:

cos(y) = cos(a) cos(¥) + sin(a) sin(F) cos(S — @) (17.25)
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Substituting the expansion of the Legendre polynomial given by Equation 17.11 into
Equation 17.24, one arrives at the following expansion of a plane wave:

exp[il? or]= i (21 +1)i* j, (kr)i e(m) - m)!F;'" (cos(3)) A" (cos(a)) cos(m(B - 9))
I=0 m=0 (/ +m)! (17.26)

i (21 +1)i* j, (kr)i (=D e(m) g ; :;:i’;’" (cos(z?))f’;"' (cos(a))cos(m(B - @)

Expressing this equation in terms of the regular spherical wave functions and spherical
harmonics, one arrives at the following expansion of the plane wave:

exp[+ik o7 ]=

(17.27)
+00 + o +00 +/ o ~

Ay iy Y ReY (DY, (0, ) =4y i’ S Y (-1 Re i, ()F,.. (e, B)
1=0 m=00=¢ 1=0 m=00=¢

Using the orthogonality condition of the spherical harmonics and the expansion of a plane
wave in terms of spherical wave functions given by Equation 17.27, one arrives at the following
plane wave representation of the regular spherical wave functions:

2 +n

Rey,, (r)= 2-71;77 jdﬂ jsm(a)daexp[+ii o 7)Y, (a,) (17.28)
0 -
2r +r

Rey,, (r)= Z—:n,—, [dB [sin@)daexpl+ik ¢71E,, (e, B) (17.29)
0 -

The irregular (outgoing) spherical wave functions have the following integral
representation:

2x
v, ()= 571;,- Jdﬂé!sin(a)daexp[ﬂl? 7Y, () (17.30)
2r
7, ()= L [dB [sin(@)darexp[+ik o 71F,, (e, B) (17.31)
27’ o

The contour C, is used in the case of the inequality z >0, and the contour C_ is used in
the case z<0.

The proof of Equation 17.30 follows. From the addition theorem of the spherical

harmonics and the definition of the angle ¥ in Equation 17.25, one arrives at the following
transformation:
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P(cos(y))=§—122 ,(3,0)Y,,,, (e, B) (17.32)

Equation 17.32 rotates the vector (,9) to (0,0) . Using the fact that the spherical
harmonics form a linear representation of the rotation group, one may represent the effects of the
rotation:

(@,9)=R.(¥)R,(B")R.(')(0,0) (17.33)

on the spherical harmonics by the following unitary transformation:

0

I o
Yy o RA(¥)o R, (B)oR (@)= >.D @\ 87 Y om (17.34)

m'=00"=e o'miom

The rotation coefficients in Equation 17.34 are given by the following expression:

DY .. By = 5%5",/ Yt (8,90) (17.35)

From Equations 17.32 through 17.35 one arrives at the following result:
Y 0 (@ B) = Y (8, @) By (cOS(7)) (17.36)

Substituting Equation 17.36 into Equation 17.30, one arrives at the following expression:

sin(a)da exp[+ik o 7Y, (c, f) =

(17.37)
1

loml
27

%,9) jdﬁ jsm(a)daexp[ﬂkrcos(y)]P (cos(y))

(A
Making a change of integration form the variables (e, B) to the variables (7, 8") one
obtains the result:

2r

0 C,

577 You (:9) jdﬂ" [sin(y)dy expl+ikr cos(y)1F (cos(1)

C,

The above integrand is independent of the variable " and the integration over this variable is

trivial:
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—_— Id,B Ism(a)daexp[ﬂk 7)Y, (a,B)=

(17.39)
27

7 You (8,9 [sin(y)dy expl+ikr cos(p)|P cos(y))
C,
Making the change of variables

Z =cos(¥) (17.40)

in Equation 17.39, one arrives at the following integral:

2
L [dB fsin(@)daexpl+ik o 71V, , (@, f) =
2m' & o

(17.41)
2

2

i
(8,9) [dZ expl+ikrZ]F(2)
Substituting the Rodriguez Formula for the Legendre polynomials from Reference 9 into
Equation 17.41:

B@)= =L@ -y (17.42)

and integrating by parts one arrives at the following expression for the integral:

— .[dﬂ Isln(a)daexp[+1k o7]Y,.(a, B) =

27
(17.43)
2z (tkr) 2
oo g Yo B.0) jdz exp[+ikrZ](1-Z)
Using the following integral representation of the spherical Hankel Function:
x 1
B (x) = =57 j Z explixZ](1-Z?)' (17.44)
one arrives at the result:
Vo (r) = B ()Y, (8,0) = 5— J‘d/} Ism(a)daexp[ﬂk o7V, . (e, B) (17.45)

A similar derivation follows for Equation 17.31.
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The free field Greens’ Function has the following expansion in terms of the spherical
wave functions:

G(F, 7" k) =exp(ik |F —7')/ 4 | F - 7'|— h‘”(klr 7'|)~zk2y/m,(r )Rey, (r.)  (17.46)

This expansion follows from the following addition theorem for Bessel Functions from
Reference 9 evaluated at v =1/2:

1)
HO (w)/w” —2”F(V)Z(v+k) +'f(“) J "+*(”) CY (cos(ar)) (17.47)
u

w= \/ u? +u" 2uu'cos(ax) ' 4 (17.48)

the following identities and the addition theorem for spherical harmonics glven by Equation
17.32 are:

WO ()= 2= H,, (%) (17.49)
2x
j[ (X) =J2J1+1/2(x) (1750)
2x
Co'D (x) = P,(x) (17.51)
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18. TRANSFORMATION BETWEEN SPHERICAL AND CYLINDRICAL WAVE
FUNCTIONS

This section discusses the transformations between spherical and cylindrical wave
functions of the free field Helmholtz Equation.

The transformations from spherical to cylindrical wave functions are given by the
following expressions:

Re y 2 (o) = ZB‘*’ (@)Rey,, (18.1)

I=m

B (@)= B (x-) = (& )’""',/2’ FLEZM! b cos(an)) (18.2)
| 2 (I+m)!

Equation 18.1 follows from the expansion of the free field Greens’ Function in terms of spherical
and cylindrical wave functions.

The transformations from cylindrical to spherical wave functions are given by the
following expressions. The upper contour is used in Equations 18.4 and 18.5 if the z-coordinate
is positive, and the lower contour is used if it is negative:

Rey,, = ’]'sin(a)dafB‘*) (@)Re (@) (18.3)
:
W g =2 [sin(er)daB. (@)Re 25 (@) : (18.4)
C:
v, =2 J'sin(a)daB“’ (@)Rex3 () (18.5)
C:
= jsm(a)daB“’ @12 (@) (18.6)

Equation 18.3 follows from Equations 18.1 and 18.2 and the orthogonality of the
associated Legendre polynomials. The remaining transformations follow from the expansion of
the Greens’ Function. Note: Equation 18.5 follows from Equation 18.4 under the
transformation:

a->r-a (18.7)
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in the integrand. A discussion of these transformations may be found in References 10 through
12 by the author.

The proof of Equation 18.1 follows. Equations 16.12 and 17.27 give the expansion of a
plane wave in terms of cylindrical and spherical wave functions. Equating these two expansions,
one arrives at the following relationship between cylindrical and spherical wave functions:

expltik o7 =473 1’3 S Rey (Y, (@, ) =

1=0  m=00=e

4ﬂ§Z(i-i)"' Re 3 (r:e) f@l{cos(mﬂ),o» =e

o e o 27 (sin(mB),0=0

} (18.8)

Using the orthogonality of the trigonometric basis set,

[e(m) [costmp),o=e (18.9)
2z sin(mP),0=0

Equation 18.1 is obtained upon multiplying both sides of Equation 18.8 by the basis given
in Equation 18.9 and integrating with respect to 8 from 0 to 27 .

Equation 18.3 follows from Equation 18.1 and the orthonormality condition.

n

jsin(a)daB;f’ (@B (a)=65" (18.10)

ml'
0

Equations 18.4 and 18.5 follow from the expansions provided by Equations 16.56 and
17.46 of the free field Greens’ Function in terms of cylindrical and spherical wave functions:

G, 7':k) =ik Y i (r)Rey, ,(r.)
oml
=2iky. jRe 29, :@)Re yO(r. : a)sin(@)da (18.11)
om C,

=2iky. [RezS)(r, :0)Re 15 (r. : @)sin(e)dex

om C:
The upper contour is used in the case the quantity (z, —z_) > 0is positive, and the lower

contour is used if the quantity is negative. Substituting the expansion of the regular cylindrical
wave function in terms spherical wave functions provided by Equation 18.1, one arrives at the
following expression:
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G(,r: k)‘lkZsz(r )Rey,, (7.)

=2ikY [Rex(r, :0)B (@)Rey,, (r.)sin(@)da (18.12)

oml C,

=2iky. [Rez$)(r, a)B‘*’(a)Rey/m,(r )sin(@)dor

oml C;

Equating the coefficients of the regular spherical wave function in Equation 18.12, one
arrives at the following expressions for the representation of the outgoing spherical wave
function in terms of regular cylindrical wave functions:

l//aml (7')
=2 j Re x%” (r: @)BS) (@) sin(r)dex (18.13)

=2 jRe 25 (r:)BY) (a)sin(@)dex

C;
thus proving Equations 18.4 and 18.5.

Equation 18.6 follows from Equations 16.52 and 17.46, which provide the following
expansion of the free field Greens’ Function in terms of cylindrical and spherical wave functions:

G(¥,r": k) —thl//m,(r JRey .., (7. )—zkz _"Z(” (r, a)Rez“’(r o) sin(a)do (18.14)

Substituting the expansion provided by Equation 18.1 of the regular cylindrical wave
functions in terms of spherical wave functions one arrives at the following expansion of the free
field Greens’ Function:

GF\F' ) = 2, Y o (1 REY g ) = sz Ix‘*’(r :@)BS) (@) Rey,, (r)sin(e)dor (18.15)

Equating the coefficients of the regular spherical wave functions, one arrives at the
following expression:

W gt () = Iz“’(r:a)B‘”(a)sm(a)da (18.16)

thus proving Equation 18.6.
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19. EXPANSION OF NORMAL MODE IN TERMS OF A SPHERICAL BASIS

This section describes the expansion of the normal mode representation of propagation in
a waveguide in terms of a spherical basis set about the source and receiver points. Throughout
this section, one will assume the density and sound speed are piece-wise constant as described in
Sections 8 and 9.

From Equations 9.18 and 9.19 the normal mode representation of the Greens’ Function in
a homogeneously layered waveguide with a homogeneous half-space as a basement is given by
the following normal mode and branch cut contributions:

i

G(r,z,,z)= H®(q,r)F(z,:9,)F(z:9,)+G,(7,2,,2) (19.1)
4p(zx)zn: ’ | °
Ge. (r,zs,z)=8L J’hNthHé”(qr){G: (z,z, :+hy)—G_(z,2, : —hy)} (19.2)
7r-oo

The following function is the depth function of the normal mode in the n’th layer:
F(z,q)=AF'(z:q)+A,F (z:9),z,<z<z,, (19.3)
The functions:

F*(z:q)=exp(tih,(z~z,)) (19.4)

are the basis set of upward and downward-going waves in the n’th layer, and the coefficients
{4 :n=0,1...N} are the coefficients of the depth functions of a normal mode as described in

Sections 8 and 9. The function G,(z,z,) is the depth dependent Greens’ Function defined in
Section 8 and 9. In the case of a rigid basement the cut contribution vanishes.

Using the expansion:

H(w)= iﬂ vk ) (u') cos(kg) (19.5)

k=—o0

w=\u? +u —2uu'cos() (19.6)

19-1




CSS/TR-02/10

from Reference 9, and the following properties for integral order Bessel Functions:
HE(x) =D H{ (x) (19.7)
() =(=D* I, (x) (19.8)

one obtains the following expansion of the normal mode contribution to the Greens’ Function
about the source point:
i
4p(z,)
i

H"(q,|F=AF, DF(z:q,)F(z,+Az,) =
(19.9)

S emH (g, (4,0, )F (z:4,)F (2, + Az, )cos(mAp,)
m=0

Here, (Ar,,Az,,A@,) are the polar coordinates of the displacement of the point about the source
point (0,z,,0), where the orientation of our coordinate system is such that the source and

receiver points lie in the ¢ =0 plane of the coordinate system. Expanding the depth functions in

terms of upward and downward-going plane waves, one may express Equation 19.9 in terms of
the product cylindrical wave functions about the source and receive points:

i

2m AV s s' s s
ZZ Z Grcv (Z : 9. )Gsrc (zs : qn )Zt(lm),Nm (r’O’O : qn )RCZ‘(M)'NW (Ars ’ AZS ’Aq)s : qn)
p(z;) om s=+ s'=+

H(q, |7 —AF, )F(z:q,)F(z, +Az,) =
(19.10)

The following functions are the coefficients of the expansion of the depth functions in
terms of upward and downward-going plane waves about the source and receiver points, where
N, and N, are the indices of the layers within which the source and receiver are located.

G..(2,:9,)=4; Fy (z,:9,) (19.11)
G..(z:9,)=4y Fy (z:q,) (19.12)

Define the following generalization of the expansion coefficients of the regular
cylindrical wave functions in terms of regular spherical wave functions in the N’th layer:

21+1(I-m)! d”

B @)= () | g )" S P e (19.13)

Equation 19.13 is equivalent to Equation 18.2 evaluated at the complex angle e, defined by
Equation 19.14, where k,, is the wave number in the N’th layer:
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qg=kysin(a,) . (19.14)
In this case the Vertibal wave number is given by the following expression:

h,v(q)=+i,/q2 ~k} =k, cos(ey) (19.15)

Substituting the following expansion of the regular cylindrical wave functions in terms of
regular spherical wave functions into Equation 19.12:

Re X n.. —ZB o (DREW s (19.16)
I=m

one arrives at the following expansion of the normal mode contribution to the Greens’ Function
in terms of a spherical basis set around the source point:

H"(q,|F-AF, NF(z:q,)F(z,+Az,) =
4 ( ) (19.17)

ZAoml.Nm (r,ZS,Z : qn)ReWoml,Nm (Ars’Azs’A¢s)
oml

) src(z qn)Z(S) (700 qn) ml N, (qn) (19'18)

Ay, (r525,2: q,)=

rev
s=+ s'=+

Simplifying Equation 19.18, one arrives at the following expression:
Ao, (1:2,,2:9,) =

e 2 R o )
8¢ p(’:) /e(m)mn(an)F (z:9,){4y _Fy (2,:9,)Bmy, +4y Fy (2,:4,)Byn.}

(19.19)

The odd parity terms vanish in Equations 19.18 and 19.19 because one has chosen the orientation
of our coordinate system such that the source and receiver points lie in the ¢ =0 plane.

The expression for expanding the normal mode contribution about the receiver point
instead of the source point is made by exchanging the source and receiver depths in
Equations 19.18 and 19.19, except in the density term in these equations.

The expression for expanding the normal mode contribution about both the source and
receiver points, where (Ar,,Az_,A@,) is the displacement of the source point and (Ar,Az,A@) is

the displacement of the receiver point follows from expanding Equation 19.19 about the receiver
point.
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Apyn (P +4F|,2,,2+Az:q,)=
e 2m e(m)
" p(,)

45, Fy,. (z q,) v +An_Fu (2,:4,)Boy )

H"’(q,, |F+AF )F,_(z+Az:q,) (19.20)

Using Equations 19.3, 19.4, and 19.5 to expand the Hankel Function and depth functions
in Equation 19.20 about the receiver point, one arrives at the following expression:

W,N (|r+Ar|, 2,,z4+Az:q,)) =

. 6‘(”' o -~
) p(z ) ZH mek (4,72, (g,Ar) cos(k(z - Ap)) (19.21)

{A;:,mF;m(z.qn)exp(ﬂh Az)+ Ay Fy (z:q,)exp(-ih, Az)}
Ay, Fy, (2,:9,)B,y, +4y Fy_(2,:9,)B,, }

The factor of 7 in the cosine function arises from the choice of orienting our coordinate
system such that the direction of the line from the source point to the receiver point is in the
direction ¢ =0. One can make the following rearrangement of the summation in Equation 19.21:

Z H®, (gr)J,(gAr) cos(k(x — Ap)) =

k=—co0

2O HD,(ar) + ()" B, (ar)) ahr)costm (- Ap) = (19.22)

m'=0

3 &) '9('"')( D" (HY, (gr)+ ()" HE, . (gr)J,.(ghr)cos(m' Ap)

m'=0

Upon substitution of Equation 19.22 into Equation 19.21, one obtains the following
expression for the expansion about the receiver point:

amIN (Ir+Arl’ 3’2+M:qn)=

e 2m s(m 6‘(”1) m SR 210 '
O —— ) Z( D" =~ H @)+ (D" H,2, (3,7 (9,87 ) cos(m' (Ap)) (19.23)

{4y _Fy_(z: qn)exp(-!-lh Az) +4y_Fy_(z:q,)exp(-ih, Az)}
{A;,,FI;,,(Z: :qn)B+1N +A F (Z qn)B_IN }

Making the following substitution into Equation 19.23:

cos(m'Ag),c'=e

R 2w, (8r,82,80) = [0 (qAr)expCinto) S o2

sin(m'Ap),o'=
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one arrives at an expansion in terms of the regular cylindrical wave functions about the receiver
point:

AM,N (F+Ar|,z,,z+Az:q,)=

ZZZ%E 2’“ 8"")( )" 4z g(m)(H;‘lm @)+ (D" HY, . (q,7) (19.25)

s'=+0'=em'=0

{A+ F+ (Z 24, )Bml Nee + AI:’WFIGW (Zs 4, )B;I,Nm }A;;mFli;n (Z : qn)Rex;'v'm‘,Nm, (Ar? AZ9A¢)

Substituting the expansion of the regular cylindrical wave function in terms of the regular
spherical wave functions about the receiver point one obtains the following expansion:

Ayyn (F+AF],2,,2482:4,)= 3 Do omrw,, 52 DRy (Ar,Az,Ap)  (19.26)

o'ml

Lom N, ctmrn,, (r,z,,2)= 5;5 ;

( 3 D" Je(m)e(m ) (HE, . (9,r)+ D" H, i (4,0)

{A+ F+ (Z qn)BmlN +ANmFNm. (z, :qn)B;zl,Nm} (1927)
{A+ F+ (z: qn)BmIN +A;/,0,FA7M, (z:qn)B;l,Nm,}

The overall factor of (—1)™ in Equation 19.27 is due to the fact that the orientation of the

coordinate systems at the source and receiver points are oriented such that the line from the
source to the receiver point is in the direction ¢ =0, that is the orientation of the local coordinate

systems at the source and receiver points are parallel.

Substituting Equation 19.26 into 19.17, one arrives at the following expression for the
expansion of the normal mode component about both the source and receiver points:

————H’(q, |F+AF ~AF, DF(z+Az:q,)F (z, +Az,) =
, ( . (19.28)

Z Z 1-‘1'»71I.N,,, o'ml'N, . (r’ zs s 2t qn ) RC 'ﬂaml,N_‘,r (Ars 4 Azs > A¢s ) Re Waml,Nm. (Ar’ AZ’ A¢)

oml ¢'m'l'

Here, (Ar,,Az,,A@,) is the displacement of the source point, and (Ar,Az,A@) is the
displacement of the receiver point.

A similar expansion may be made for the integrand of the branch cut contribution, where
the coefficients {4} of the depth functions are replaced by the expansion coefficients (4%, 4%}
of the depth dependent Green’s Function in the integrand.

19-5




CSS/TR-02/10

The generalization of Equations 19.19 and 19.27 to local coordinate systems whose z-axis
are vertical but whose orientation of the x-axis is not parallel to the line from the source to the
receiver are given by the following expressions:

27 ,s(m) (.) cos(mg,),0 =e
A 2 L At ;: n = Hm n F : n :
i, (12,2,0,:4,) o)V ex (9.1)Fy, (z:9 ){sm(mm,azo} (19.29)

{A;w FI\Z"_ (zs : qn )Br':;l,l\/,,r + A;/m Fb.l-,,, (Zs : qn )Br;l,Nm. }

m y
rml,Nm,a'm'l',Nm (r.z,,2,0,,0)= z) Ve(m)e(m)(H, . (g.N+CD"HY (g,7)

+ + + - - - COS(M(D_‘, ),0=e
{AN.mr F')\/,,c (Zs . qn)B,,,,le + ANmFNm (Z; ‘q, )B,"[‘Nm } {sin(m¢J ),0 = 0} (1930)
b o . e - cos(m'p),0'=e
{ANm,F N, (z:9, )BmI,Nm, + AN,n. F N, (z:4, )B. v . . .}
=" sin(m'p),0'=0

Here ¢, is the angle between the x-axis of the local coordinate system at the source and the
location of the receiver as seen from the source, and @ is the angle between the x-axis of the

local coordinate system at the receiver and the location of the source as seen from the receiver.
Note, in Equations 19.19 and 19.27 these two angles have the following values: ¢, =0, and
o=r.
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20. METHOD FOR INCLUDING DIRECTIVITY OF THE SOURCE AND THE
RECEIVER IN THE NORMAL MODE TERM

This section uses the results of Section 19 to include the effects of the directivity of the
source and the receiver in the normal mode description of propagation.

Let D, (,9) denote the beam pattern for the source, and Dy, (%, ¢) denote the beam

pattern of the receiver. Using the orthogonality of the spherical harmonics, one can project the
beam patterns for the source and receiver onto the spherical harmonics by performing the
following surface integrals:

r r

oo = [P [sin(BADY,,, (8,9)Ds..(8,0) (20.1)
0 0
2r n

gy = [ [SIN(D)ADY 1 (B,0) Dy, (B,0) (202)
0 0

These integrals can easily be performed for arbitrary beam patterns by using Gauss
Legendre integration of sufficiently high order. Using the expansion of the normal mode
contribution about the source and receiver points given by Equation 19.28:

L _HO(g, |F+AF ~AF F(z+Az:q,)F(z, +Az,) =
4p(z.) (203)

Z Z l_‘c;mI,NJ,r oml'N,., (r’ Z552, (os P q, ) Re '//aml,Nm (A}‘T 4 AZS ’ A¢; ) Re l//o'mI,Nm. (Ar’ AZ, A(/’)

oml o'm'l'

one may project the above normal mode contribution onto the directivity pattern of the source
and receiver by performing the following summations:

Z Z romI,N_(,t.a’m'I‘,Nm, (r’ Zs 25 ¢s ’ (0 : q)dSrc,omldRcv,a'm‘[‘ (20'4)

oml o'm'l’

The coefficients {T,,, v g, (7:2,,2:9,,9:9)} are defined in Equation 19.30.

In the case the receiver is omni directional, the projection of the normal mode onto the
directivity of the source is given by the following summation:

Z Aaml,Nm (r’ 2552, ¢s : q)dSrc,omI (205)
oml
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The coefficients {4,,,, (7,z,,2,9, :q)} are the expansion coefficients of the normal mode
contribution about the source point defined in Equation 19.29.

Equations 20.4 and 20.5 assume the coordinate system used in computing the projection
of the source and receiver beam pattern onto a spherical basis are parallel to the coordinate
system used in computing the coefficients in Equations 19.29, and 19.30. In the event these
coordinate systems are not parallel, the computation of projection of the source and receiver
beam patterns onto a spherical basis set will require rotating the origin of the argument (#3,¢) of
the directivity functions.
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21. ROTATION OF COORDINATE SYSTEMS

This section describes the procedure for rotating the local coordinate systems at the
source and the receiver for an arbitrary orientation. A practical introduction to the theory of
representations of the rotation group “SO(3)” is provided by Tinkham'®. More advanced
treatises on representation theory are provided in texts by Helgason14 and Weyl".

The conventions of Rose are used to describe an arbitrary rotation as a series of three
rotations about the fixed axes (x,y,z):

R(e,B,7)=R.(@)°R,(B)°R.(7) 2L1)

The equivalent rotation about relative axes is given by the following set of three rotations
about the rotated axes:

R(a,B,7)=R.(@)°R,(B)°R.(¥)=R..(Y)° R, (B)°R.(@) (21.2)

Here, (x',3',2'") are the axes obtained by rotating the axes (x,y,z) by the rotation R, () about
the z -axis, (x",y",z") are the axes obtained by further rotating the axes by the rotation R,,( B
about the y'-axis, and (x'",y"",z"") are the axes obtained by further rotating these axes by the
rotation R_.(&) about the z''-axis.

The complex spherical harmonics are defined as follows:

Y, (8,0)= /gg_l% exp(+im@) P (cos()),m =~I,~(I =1)...+1 (21.3)

Assume the Condon-Shortley phase convention for negative indices given below:
P (cos(8)) = (=1)" P (cos(8)) (21.4)
Y, (3,9)=(-D"Y,,(5,9) (21.5)
The spherical harmonics {Y,,(8,¢):m=—I,—(/ =1)...+1} form a (2/+1)-dimensional
irreducible representation of the rotation group “SO(3)” on the homogeneous manifold

SO(3)/SO(2)~S?. The spherical harmonics obey the following transformation rules under an
arbitrary rotation:

+/
R(e, B,7)* (Y, ), 9) = Y, (R(e, B,7)(B,90)) = ZYmv(ﬁJf))Difem(a,ﬂ,?’) | (21.6)
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The Wigner rotation coefficients D\/.(c, B,%) are given by the following relationships
from Reference 13:

D). (e, B.y) = exp(~im'@)exp(-imy)d<)), (B) (21.7)

d.(B)=

AL JG+mG—m)(G +m)(—m')!
- K +m=k)(j —m'—k)\(k + m'—m)!

(cos(B/2))/ 2+ (—sin( B/ 2)) 2+ (21.8)

The summation in Equation 21.8 extends overall possible values of the index k for which
the denominator is finite, that is, k satisfies the following inequalities:

k>0 (21.92)
j+m-k>0 (21.9b)
j—m—k >0 (21.9)
k+m'-m>0 (21.9d)

Equation 21.9 results in the following limits for the index k:

min(j +m, j —m') 2 k > max(m—n',0) (21.10)

The Wigner coefficients form an irreducible, unitary representation of the group
Spin(3)~SU(2) corresponding to the covering group of the rotation group “SO(3)”. “SU(2)” is
the Z,-valued covering group of the rotation group “SO(3)” associated with the spinor

representation of the rotation group. One of the properties of the group “SU(2)” is that the
rotation of a spin 1/2 representation by 27 results in a multiplication of the spinor by —1.

The relationship between group elements in “SU(2)” and “SO(3)” is given by the
following correspondence:

u(@, B.7)e SUQ2) > u(e, f,)ou" (@, B,7) =R, (. B,Y)0, (21.11)

Here, u(a, B,y)e SU(2) is the following group element:

(21.12)

u(@, B.y) = (+ exp(+i(a+y)/2)cos(B/2) +exp(+i(y—ar)/2)sin(B/ 2)]

—exp(—i(y—@)/2)sin(f/2) +exp(—i(ax+7¥)/2)cos(f/2)
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The Hermitian matrices {0, :i=1,2,3} are the following Pauli spin matrices:

(o (01 (21.13a)
= 13a
1o
0 —i
o, =| ’) (21.13b)
\+ I 0
+1 0
o, = J (21.13¢)
0 -1
The matrix R, ;(&,B,7) is the three-dimensional rotation matrix with the following
elements:

R, (a, B,7) = +cos(@) cos(f)cos(y) —sin(a)sin(})
R, , (e, B,y) = +sin(@) cos(S) cos(y) +cos(@) sin(y)
R (e, B,y)=—sin(f)cos(?)

R, (a, B,7) = —cos(@) cos(B)sin(y) —sin(@) cos(7)
R, (e, B,y) = —sin(a)cos(B)sin(y) + cos(@) cos(y)
R, (@, B,y) = +sin(B)sin(y)

Ry, (e, B,7) = +cos(@)sin( )

R, (a, B,7) = +sin(@)sin(f)

Ry (e, B,y) =+cos(B)

This matrix is given by the following rotations about the z-axis and y-axis:

R.(NR, (AR ()=
+cos(y) +sin(y) O0Y +cos(B) 0 -—sin(B) ) +cos(e) +sin(e) O
—sin(y) +cos(y) 0 0 1 0 —sin(x) +cos(a) O
0 0 1\ +sin(B) 0 +cos(f) 0 0 1

21-3
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The correspondence between the Wigner coefficients and the matrix representation of the
corresponding group element is given by the following relationship:

D (@.B.)=U..(R,(-NR,(-B)R,(-2)) = U (R, ()R (B)R.(7))") (21.16)

Here, {U ,‘,,’,),,,.(g) :m,m'=—l,...+1} are the matrix elements of a (2/+1)-dimensional unitary
representation of the group element ge SO(3) < SU(2). Strictly speaking, this matrix is a
representation of the covering group “SU(2)”. The group “SU(2)” is a non-trivial Z,-valued

principal fiber bundle over the group “SO(3)”. However, in the case of integral angular
momentum, the above matrix elements are constant along the fiber of this principal bundle, and
the matrix elements may be considered to be functions of the base space “SO(3)”. The constant
nature of this matrix along the fiber follows from the fact that for integral angular momentum a
rotation by multiples of 27z leaves the representation unchanged.

The action of the group element ge SO(3) acting on the spherical harmonics can be
expressed in the following form in terms of this unitary representation:

L*(7,)=)Y, U (g™ (21.17)
The function:

L, :S0(3)/50(2) = SO(3)/ SO(2) (21.18)

Lg'l=lgeg'l={geg'eh: he SO(2)} (21.19)

denotes the natural left action

SO(3)xSO(3) — SO(3) = SO(3)/ SO(2) = §* (21.20)
(8,.8)—>geg' > gelg']=[geg'] (21.21)
of the group element g e SO(3) acting on the homogeneous space

7 :SO(3) - SO(3)/ SO(2) = §* (21.22)
g 7(g)=[g]l={geh:he SO22)} (21.23)
and L, * denotes the pullback of this function.

One may introduce the following transformation from the complex spherical harmonics:

{Y,,(0,9) :m=—I,...+1} to the real spherical harmonics {Y,.(8,0):0=e,0m=0,.1}:
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T (2,0) = Y0 (1, (B,0) + ()" L. (8.9 (21.24)
B 8( )
Y, (0,9)= Y, (3,9)- (D)"Y, (3,9)) (21.25)

The effect of the rotation R(e, 3,7) on the real spherical harmonics is of the form:

R(@, B.Y) (Yo )(B,0) = ZZYamz(ﬂ(ﬂ)Dgfnm(a,ﬁ,}’) (21.26)

o'=em'=0

The matrix elements of the real Wigner rotation coefficients are given by the following
relationships:

S(m)

De(,?em 2 {D('.?m-i—(—l)'" Dfl,zm-i-( - D(I)_m+( l)mm'Dfl”),.y_m} (21.27)
DY, =2 E(’") 2 (D, (1) D + (D7D, = (D™ DY) (21.28)
DO == 8((’")) (DO, +(=1y" DY, ~(-y" DY, ~(-y"" D, .} (21.29)
DO =5 8(('”)){ DO, ~(1y" DY, —(-1y" DX, +(-y™" D, _} (2130)

From Equations 21.7 and 21.8 one may derive the following relationships by rearranging
the terms in the summation in Equation 21.8:

DY (&, B.,y)=exp(-im'@)exp(—imy)d ., (B) (21.31)
do_.(By==n""d?., . (B) (21.32)
d . .(B)y=(=)""dD. . (B) (21.33)

Substituting Equations 21.31 througlf 21.33 into Equations 21.27 through 21.30, one
arrives at the following representation of the real Wigner rotation coefficients:

DY = 88(('")) d9) (B)cos(m'e+my)+(~1)" d.,,(B)cos(m'c—my)} (21.34)
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D = |5 G0 Bysin(micr+ my)+(=1)" d (B)sin(m'a—my)} (21.35)
om'.em — 8("‘1') m'm 7 -m'\m }, .
DY —_ 8(m) {d(j) (,B)sin(m'a+m )_(_I)M'd(.i) (,B)sin(m'a——m )} (21 36)
em'om — 8(m') m'\m y -m'\m 7 .
DY = fi’l’l{d;f." (B)cos(m'a+my)—(=1)"d"%) (B)cos(m'c—my)} (21.37)

om',om g(m,) \m

Consider the case j = 1. The spherical harmonics are given by the following
relationships:

Y, =-, /3- sin()e*® =-1/i Xty (21.38)
87 8t r
3 3 z
Y, =+, |— cos(d) =+, =2 21.39
=+ cos(0) ,/ p (2139)

Y, =+\/-3—sin(z9)e"”‘" Y (21.40)
87 8

T r

In the case of the rotation R(2,0,0) =R, (@) about the z-axis, the Wigner rotation
coefficients in the case j=1 are given by the following relationships:

exp(-i) O 0
D,‘,,'.?m (,0,0) = 0 +1 0 (21.41)
0 0 exp(+ia)

In this case, the rotated spherical harmonics are given by the following linear combination
of the spherical harmonics:

Y, oR.(@) =Y, (21.42a)
Yuo R (@)=Y, (21.42b)
Y, oR(x)=€""Y,, : (21.42c)

In the case of the rotation R(0,3,0)= R, () the Wigner rotation coefficients in the case
J=1 are given by the following relationships:
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Dr(nl'?m (0’ ﬂ,O) =

( cos(B/2)° —~~2cos(B/2)sin(S/2) sin(f/2)*
+42cos(B/2)sin(B12) cos(B/2)* —sin(B/2)* —+2cos(B/2)sin(B/2) |= (21.43)
\ sin(f/2)? +4/2 cos(B/2)sin(B/2) cos(B/2)

((+cos(B)/2 —2sin(B)/2 (1-cos(B))/2
+2sin(B)/2  cos(B)  —2sin(B)/2
(1—cos(B))/2 +~2sin(B)/2 (1+cos(B))/2

The rotated spherical harmonics are given by the following linear combination of the
spherical harmonics:

Y, oR,(B)=- \/82” (xcos(f) = zsin(B)+iy) _

7

" (21.44a)
1 2 . 1-
( +c<;s(ﬂ» b+ sin(p)E + ( c;s(ﬁ)) v,

. _ |3 (xsin(B)+zcos(f)) _
Y°:/_Ry(ﬂ )_+\/; r B (21.44b)
"'TZSin()B)Y]l +cos(B)Y,, +—‘/22$in(,3)Y_,,
Lo By L DD

8z r (21.44c)

(=cosB) y V2 gy, (+eos(B))
2 11 2 01 2 -1
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22. HELMHOLTZ INTEGRAL EQUATION

This section reviews the Helmholtz Integral Equation in anticipation of the next section
on the T-matrix description of scattering from a target.

The free-field Greens’ Function for the Helmholtz differential equation is given by the
following expression:

. exp(+ik|r =7")) _. - -
67:1) =SB =S (B IRV ) @2.1)

This function satisfies the following inhomogeneous partial differential equation:
(VeV+Ek)GEF, 7 k)=-8*(F 7" (22.2)

Let S_ US, denote the bounding surface of the volume V', where the surface S, is the
surface at spatial infinity, and S, is the union of the surfaces of all scatterers in the volume. Let
the function

W = v/lncidenl + WSL’allered (22 3)

denote the solution of the Helmholtz Equation in the volume ¥ resulting from the scattering of
the incident field v, .,,, from the scatterers interior to this volume. The incident field is given

by the following surface integral over the sphere at spatial infinity:

W teidon F) = [[dA @ {GF 7V Y(F) -y (FIVGE, 7' b)) (22.4)

Using Greens’ Theorem, one obtains the following integral equation for the total field:
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jdz o (GF, 7 k)Vy(F') - VGEF, 7 k)w ()}

) jd;i o (G(F,7: k)Vy () - VGF,F: ("))

= }a’V{G(F,F‘: K)V e Vy(7') -V o VG(F,F" k)w(F')}
= i [av (Ve VG(F,7: k) + K*GF.7: W ()

y(F).rev
- %w(?),?e av
0,reVudV

(22.5)

Substituting Equation 22.4 for the surface integral over the sphere at spatial infinity, one
obtains the following integral equation for the field in terms of the incident field and the surface

integral over the surface of the scatterers:

v(r),revV
- -~ e et D Sy - |
W tncidera (F) = _[dA°{G(r,r'Ik)Vl//(r')—VG(","'ik)l//(r')}= Ey/(r),re 14
So -
0,reVudV

Equation 22.6 is the Helmholtz Integral Equation for the acoustic field.
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23. SCATTERING FROM A RIGID TARGET

This section gives a basic description of the spherical T-matrix approach to scattering
from a rigid target. One of the first articles to appear on the use of the spherical T-matrix
description of acoustic scattering is the article by Waterman'®. Hackman'’ provides a review of
the spherical and spheroidal T-matrix methods.

In the following derivation, one may make use of the following bilinear expansion of the
free-field Greens’ Function in terms of spherical wave functions:

G(F, 7' k) =ik ) W, (7)Rey,, (7.) (23.1)
oml
Let the function
l// = ‘/’lncident + WScaﬂered (23 2)

denote a solution of the Helmholtz Equation representing the acoustic field in the presence of a
rigid target. The acoustic field is required to satisfy the following boundary condition on the
surface of the rigid target:

AeVy|=0 (23.3)

The incident and scattered fields satisfy the following Helmholtz Integral Equations:

W neiaon F) = [[dA @ (GF F: )V W (F) —y(FYV G, F: )} (23.4)
v(@F),reV
W idon )= [dAAGFF: WV Y (F) -V GF, F: )y ()} = -;—w(f),f eV (23.5)
% 0,7 eV udV

Substituting Equation 23.3 for the normal gradient of the acoustic field on the surface of
the target into Equation 23.5, one arrives at the following integral equation:

y(r),reV
Vi P+ [dAOTGE P kW) = Ly 7 e 3V 23.6)
S 2
’ 0,7¢VuadV
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The incident field and scattered field may be expanded in terms of the regular and
outgoing spherical wave functions:

v/lncidcnl = Zaoml Re l//mnl (23.7)
oml

W scatered = 2 Do W ami (23.8)
ol

The scattered field on the surface of the target may be expanded in terms of the regular
spherical wave functions:

'//Scallered = Z ﬂ oml l//oml (23 9)
oml

Substituting Equations 23.7 and 23.9 into Equation 23.2, one arrives at the following
expansion of the acoustic field on the surface of the target:

V15= D (gt + B )REY 1y | (23.10)
oml

Substituting Equations 23.1 and 23.10 into Equation 23.6 evaluated at a point interior to
the target, one arrives at the following linear equation:

Zaoml Re Waml + Z Re l//aml Z Qoml,o‘m'l‘ (aa'm'l’ + ﬂa'm'l’) =0 (23 1 l)
om! onl

o'm'l'

The matrix Q is the infinite dimensional matrix defined by the following surface integral over the
surface of the target:

Qoml.a‘m'l' == .”‘d‘z hd 6 Waml RWa’m'l' (23 1 2)
S

Substituting Equations 23.1 and 23.10 into Equation 23.6 evaluated at a point exterior to
the target, one arrives at the following linear equation:

Zbomll/,aml - Zvlaml Z ReQamI.a'm'l' (ad'm'l' + ﬁa‘m‘/') = O (23 1 3)
oml oml

o'ml

The matrix ReQ is the infinite dimensional matrix defined by the following surface integral over
the surface of the target:

ReQ, gy =~ [[dA 0V Rey,,, Rey,,,, (23.14)
S

The solution of this pair of infinite dimensional linear equations is given by the following
expression:
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Bt = Lot ormr G (23.15)

o'm!'

Here, the matrix T is the T-matrix of the scattering from the target defined by the following
matrix product

Tt == O RE Qe gy O rarrms (23.16)

o'm""

In the case of a rigid sphere, the T-matrix is diagonal and has the following form in terms
of the derivative of the regular spherical Bessel Function and Hankel Function:

A )

it == 23.17
oml,c'm'l oml h,(”'(ka) ( )
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24. SCATTERING FROM A SOLID ELASTIC TARGET

This section describes the scattering from a solid, elastic target using the spherical
T-matrix methods described by Hackman'’.

In order to describe the scattering from an elastic target it is necessary to introduce the
vector Helmholtz Equation for an elastic solid. Let us begin by describing the Helmholtz
Equation for a fluid in terms of Newton’s’ Second Law of Motion and the stress tensor fora

homogeneous, isotropic fluid:
2 -
U _G.F (24.1)

T, =-g,P (24.2)

Equation 24.1 is Newton’s’ Second Law of Motion for a fluid in terms of the displacement
(u,) of the fluid and the stress tensor of the fluid (7};). Equation 24.2 is the stress tensor of a

homogeneous isotropic fluid, where P is the pressure of the fluid, and gu is the metric tensor of

the coordinate system. Substituting Equation 24.2 into Equation 24.1 and assuming a harmonic
dependence on time, one arrives at the following expression for the displacement of the fluid in
terms of the gradient of the pressure:

= -VpP (24.3)
pa

Analogous equations of motion for a homogeneous, isotropic, elastic solid are given

below:
di o =

=VeT 24.4
P (24.4)
T, =g, AVei+u(Vu,+V u) (24.5)

Here, the parameters A and | are the compression and shear components of the Lame’ constants
of the material. The longitudinal and shear velocities are given by the following expressions in
terms of the Lame’ constants and the density of the material:

v, = /“2# (24.6)
p
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v, = | (24.7)

Substituting Equation 24.5 into Equation 24.4, one arrives at the following equation of
motion for the elastic solid:

2

du L .
p dtlzl' =g"V, T, =(A+2u)V,(Vei)+u(V eV(u,)-V,(V eu))

= (A+2u)V;(V 0 id) - (VX (Vxu)),

(24.8)

In the case of an elastic solid, it is often convenient to express the displacement vector in
terms of the Debye potentials ® and 4:

7=Vo+Vx4 (24.9)

Substituting Equation 24.9 into Equation 24.8, one arrives at the following equation of
motion for the Debye potentials:

pj%(&“np +VxA)=(A+2u)V(V e V) — u(V x (VX (Vx 4))) (24.10)

This equation of motion is equivalent to the following pair of differential equations, since
the longitudinal and transverse components of the vector in Equation 24.10 are uncoupled:

2

p?(VCD) =(A+2u)V(V e VD) (24.11)

p-gtiz(VxZ) =-p(Vx(Vx(Vx 4))) (24.12)

Extracting an overall gradient from Equation 24.11, and curl from Equation 24.12, one
may express this pair of equations in the following form:

2
p-gt—zcb:(uzy)v.% (24.13)
d* - e = -
pFA =-u(Vx(Vx 4)) (24.14)

Let # and w be a pair of solutions of the equations of motions for an elastic solid
occupying the volume ¥ . The following surface integral over the boundary of this volume is
equal to zero:
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[[fav @, ;1% (W) - w9 ,T" @)} = [[favv .17 (W) - w17 ()} =

) ] . (24.15)
[fddn, .17 (w)-wT" )} = jjdA{a of (w)—wef (u)} =0
oV av
Here, the vector
t,(u) =T, (u)n’ (24.16)

is the surface traction at the boundary of the volume ¥, where the vector 7 is the outgoing
normal to the surface oV . Equation 24.15 is the third Betti Identity for the equations of motion
for the elastic solid. This identity is used extensively in the construction of the T-matrix
description of an elastic target.

The boundary conditions between a pair of elastic solids are that the displacements and
surface tractions be continuous at the boundary.

i =i (24.17)

fu,)=7(u.) (24.18)

Here, #, and #_ are the displacement vectors on the two sides of the boundary evaluated at the

boundary. In the limit the shear modulus of both solids approach zero, the above boundary
conditions become the following boundary conditions between two fluids, respectively.

—l—ﬁoVP; =Lievp (24.19)

P.=P (24.20)

The boundary conditions between a fluid and a solid are that the normal components of
the displacement and surface traction are continuous, and the tangential surface traction of the
solid vanishes at the boundary.

i, ern=i_eh (24.21)
f(u,)ori=T(u)en (24.22)
F(u,)xi =T )xi=0 ° (24.23)

The tangential surface traction of an inviscid fluid is zero. Equations 24.3 and 24.2 give
the displacement vector and stress tensor of an inviscid fluid in terms of pressure.
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The vector spherical wave functions:

View =VX(FYL,(r) (24.242)
Vs ot =£—Vx17,m, (24.24b)
T
- 1
Vi =7—V¥qn (24.24¢)
s kL

are the analogues of the scalar spherical wave functions. The functions
Ve (r)= K" (k,r)Y,. (8,0) (24.252)
Wi (r) = h{" (kr 7)Y 5,y (3,0) (24.25b)

are the scalar spherical harmonics for the longitudinal and transverse components of the acoustic
field. They are solutions of the following scalar Helmholtz Equations:

VeVyl, +k2yt, =0 (24.26a)
VeVyl +kiy’ =0 (24.26b)

The first two vector spherical wave functions are solutions of the transverse wave equation, and
the third vector spherical wave function is a solution of the longitudinal wave equation.

The incident and scattered fields may be expanded in terms of the regular and outgoing
spherical wave functions, respectively:

W inctds = D At REW o (24.27)
oml

'/’Scutlered = Z boml '/,anl (2428)
oml

The displacements and surface tractions interior to the target may be expanded in terms of
the regular vector spherical wave functions:

; _

=) > A, anReV, ., (24.29)
=1 oml
3

=33 A, tReV,,,) (24.30)
=1 om!
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The displacements and surface tractions on the fluid side of the interface may be
expressed in the following form:

- 1 &
iy =gt VWi +V scea) | (2431)
?+ = (l//lncidenl + y/Scallerell )ﬁ (2432)

The displacements and surface tractions on the fluid and elastic solid sides of the
boundary are related by the following boundary conditions:

i, eA=i_eh (24.33)
i en=f eh (24.34)
7 xa=0 (24.35)

Substituting Equations 24.31 and 24.32 into Equations 24.33 and 24.34, one obtains the
following expressions for the acoustic field and its normal gradient at the boundary in terms of
the elastic field in the interior of the target:

yls=t,en=1on (24.36)
AoV | = p,0'i, eh=p.0*u_eh (24.37)
The scattered field satisfies the following integral equation:

+ WScattéred (F )’; & V

24.38
_l//lncidenr (F),'—:E V ( )

[dd e (G, 7: V() -VGE,F: ()} = {
N

Substituting Equations 24.36 and 24.37 into Equation 24.38, one obtains the following
integral equation for the scattered field:

_ - + r),reV
J'dA{G(F,F “k)p,w'u_ei—-ieVG(F, 7 k)t_en}= { Vscarerea (7 o7 € (24.39)
N

- l//lnciden! (F)’ ? eV
Substituting the bilinear expansion of the free field Greens’ Function

G(F,7': k) =ik Y W o (F.)REW,,, (F) (24.40)
oml

and the expansions for the normal displacements and surface traction given by Equations 24.29
and 24.30 into Equation 24.39 evaluated at a point exterior to the scatterer, one obtains the
following linear equation for the scattered field:
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3
bﬂ’"’ = Z z Re aml,r'a'm'l‘Ar'.a"m'l‘ (24.41)
r'=lo'm'l’
Re Qam!,t'a‘m‘f' =ik jjdA{p+w2 Re Womlﬁ *Re I;:1".0"m'l' - 73 s V Re '//omlﬁ hd ?(RC Vr'.o"m'!' )} (2442)
s

Evaluating Equation 24.39 at a point interior to the scatterer, one obtains the following
linear equation for the incident field:

3
Aom = Z Zme.r‘a'm'l'Ar',a'm'l' (2443)
'=l o'm'l’
Qo v = I IdA {p.0’ Womi o Re I}-r'.tr'm'l’ —AeV Vool (Re Vegmr)} (24.44)
S

The interior fields satisfy Betti’s Third Identity:

[[dA(ReV, ,, 7. —u_eF(ReV,,,)} =0 (24.45)
h)
Using the identity
i_ = AxX(AXi_)—(G_ e Ay =Ax(Axi_)— (i, e A)h (24.46)

one can express Equation 23.45 in the following form:

j [dA{Re Veom ®L — (A0, )AoT(ReV, )+ (Ax(Axu_)) oI ReV, )} =0 (24.47)

s

Assume the acoustic field on the surface of the target has the following expansion in
terms of the regular spherical wave functions:

W, =) BouReW,, (24.48)
oml

In this case, the displacements on the fluid side of the interface have the following expansion:

1 =
u+ = -p—z)—{z ﬂm,V Re '//m[ (24.49)
+ oml

Substituting the above expansion into Equation 24.47, one arrives at the following linear
equation between the expansion coefficients of the fields on the fluid and target sides of the
interface:
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3
Z Pml,ﬁ"m'l' o'ml' Z ZRtaml,r'a'm'l'Ar'o"m'l' =0 (2450)
o'm'l '=1 o'm'l'
Pt = | [AA{(F 0T (ReV 5, )8 V REW 51)} (24.51)
S
Rtoml,z'o"m'l' = “‘J-dA{RC I_/‘mml.. ;(Re I'-/.‘r'o"m'l') - ?(Re I—/.m-ml ) b (ﬁ X (ﬁ X Re I71'0-'m'l' ))} (2452)
N

Combining Equations 24.41, 24.43, and 24.50, one obtains the following representation
for the T-matrix:

T=ReQR™'P(QR™'P)™ (24.53)

The expansion coefficients for the interior fields are given by the following linear
equation in terms of the expansion coefficients of the incident field:

A=R'P(QR'P)'a (24.54)

An alternative formulation of the T-matrix for a solid target is obtained by using the
boundary conditions to express Equations 24.39 and 24.45 in the following form:

+ WScallered (; )’ F € V (24.5 5)

dALG(F, 7 k) p,w*u_eh—-neVG(F,F: k)i, e iy = { el
3,'- p - Wlncident (r )’ re V

[[d4{Re, o o7, —u_ o T (ReV, )} =0 (24.56)
S

Suppose the surface traction at the surface of the target has the following expansion in
terms of the spherical harmonics:

Aet, =Y B, Y0 (24.57)
oml

Evaluating Equation 24.55 at a point exterior to the target, one obtains the following
linear equation for the scattered field:

3
bm"l = Z Z Re Qanl,‘rd'm'l'Ar,a'm'l' - Re Mom[,a"m'l' a'ml (2458)
7=1 o'm'l'
ReQ sy = kP, 0" [[dARY , ReV (24.59)
N
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ReM e omy = ik HdAﬁ o VReY ¥y (24.60)
N

Evaluating Equation 24.55 at a point interior to the target one obtains the following linear
equation for the incident field:

3
Aomp = _Z Z Qaml.m'm'l‘At.a"m'l' + Moml,a'm'l' a'm! (246 1)
=1 a'm"’
Qoml,r'a'm'l‘ = lkp +m2 IIdA Yom Re I}-t',a'm'l' (2462)
S
Mgy = ik [[dti 0V Y, (24.63)
S

Evaluating Equation 24.56, one obtains the following linear equation between the interior
and exterior fields:

3
Z F mml.a"m'l'ﬂ a'm’l'_z ZRm'ml,r'a"m'l'Ar',a'm‘l' =0 (2464)
o vl o'
Pt gy = [[dA(i 0 ReV, )Y, (24.65)
s
Reomt pomr = H‘M?(Re Vr.aml) *Re I-/.t'.a'm‘l' (24.66)
S

Combining Equations 24.58, 24.61, and 24.64 one obtains the following expression for
the T-matrix:

T =—(Re M —ReQR™' PY(M — QR P)™! (24.67)
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25. SCATTERING FROM AN ELASTIC TARGET IN A WAVEGUIDE

This section uses the results of Sections 19 through 24 to describe the scattering from an
elastic target in a waveguide. This section assumes the scattering from the target is described by
the spherical T-matrix of the target.

The free-field scattering from the target is of the following form:

V scattered = Z Z Y oL omt omt Qim (25.1)

oml o'm'l'

The coefficients a_,, are the expansion coefficients of the incident wave in terms of
regular spherical wave functions

Wlncident = Zao'ml Re Waml (25 '2)
oml

In Section 19, the following expansion of the normal mode contribution to the waveguide
Greens’ Function was derived in the following form:

L _HO(q, |F+AF—AF )F(z+Az:q,)F(z, +Az,) =
4p(z,) 253)

Z Z YN, ctmi N, (r,z,,2:9,)ReW s, v (Ar,,Az,,AQ )Rey,,, v (Ar,Az, Agp)

oml o'm'l'

The coefficients of this expansion are defined as follows:

I e .
I“a'ml,/\/,,‘.,t:!'m'l',Nm, (r’zs’z’¢s9¢)= p(Z ) g(m)g(m‘)(Hr(nl*)-m'(an)+(_1) Hl(nl-)-m'(an))

. . I - cos(mg,),0=e
Ay Fy (2,:9.)Bun, + Ay Fy (z,:9,)Bon H . } (25.4)
<" sin(m@,),0=0
cos(m'gp),c0'=e

AL Fy (z:q)B,, +Ay Fy (z:9,)B.
{ N, Nm,( q,) ml N, N Nm,( q,.) ""’N'”}{sin(m'(o),a'=o}

Here ¢, is the angle between the x-axis of the local coordinate system at the source and the

location of the receiver as seen from the source, and ¢ is the angle between the x-axis of the
local coordinate system at the receiver and the location of the source as seen from the receiver.
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In Section 20, the following expansion of the directivity functions of the source and
receiver in terms of spherical harmonics was introduced:

2r n
Ay om = [do [sin(9)d0Y,,,(8,9)D;,.(8,0) 25.5)
0 0

2r n
drovou = [d0 [sin()dBY,,, (5,0) Dy, (3,0) (25.6)
0 0

Neglecting multiple scattering terms, the normal mode contribution of the scattering from
an elastic target has the form:

WScaltered (q : q') =

22 2 DdsconT,

re.oml™ oml Ng. ;0"m"l" Ny,
oml o'm'l G m" " G m
.
T, a"m'l',o"m"l"ra'm'l "Nrg:6™m™ " Ny, (r Rev-Tgr? z Tgt? Zpeys (ngt-—Rcv’ ¢R¢v—Tg1 -q )dev,c"'m'"l"‘

(rSn:- Tgt? erc ’ Z'f'gf ’ ¢Src—7'g1 ’ ¢Tgl -Sre : q) (2 5 7)

The addition of multiple scattering terms to the calculations replaces the free field
T-matrix in the above expression with the waveguide T-matrix of the following form:

TV =T +iR)™ (25.8)

Here, the matrix R is the rescattering matrix of References 10 through 12. Generally, the
rescattering matrix only affects the scattered field by a few decibels.
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26. NORMAL MODE REPRESENTATION OF SCATTERING FROM A ROUGH
INTERFACE

This section presents the normal mode description of the scattering from a rough
interface. This formalism can be utilized to describe both surface and bottom reverberation from
a rough interface. The topic of bottom reverberation due to volume inhomogeneities in the
sediment will be addressed in a separate section on the normal mode representation of volume
reverberation.

This section begins by recalling Equation 19.29 representing the expansion of the normal
mode contribution to the Greens’ Function in terms of a spherical basis about the source:

o [e(m) ., cos(mg,),0=e
A b &~ Ky : n = Hm n F : n .
iy, F325:2:0, 2 d,) o)\ 8z (g.1)Fy_(2:9 ){sm(m(os),0"=o} | 26.1)

{A;lm F, 1;:,( (z,:9, )B;I,Nx,p + A;/m F 1\7,” (2,9, )B;I,Nm }

Expand the normal mode contribution to the Greens’ Function in terms of a cylindrical
basis set about the field point:

A (F+AF,z,,z+Az,0, :q,) =

_ , (26.2)
S B ot homni (12,,5:0,,9, 14, )Rex (Ar,Az,Ap)
One may make use of the following expansion of the Hankel Function:

) — N 8(m') m ' g ' '

Hm (W) - Z 2 {Hm+m'(u) +( 1) Hm—m' (u)}Jm' (u )COS(m q)) (263)
=0

_ 2 2 '

w= \u? +u—2uu'cos(@) (26.4)

One may also make use of the following representation of the depth function in terms of
upward and downward-going plane waves:

F(z+Az:q)= Ay (q)Fy (z: q)exp(+ihyAz) + Ay (q)F) (2 : q) exp(—ihy Az) (26.5)

Substituting Equations 26.3 and 26.5 into Equation 26.1, one obtains the following
expression for the expansion coefficients in Equation 26.2.
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B"oml.N,,, wo'm' N (ra 2,52, ¢_¢ s ¢r : q, ) =
m m'
plz )\/8<m>e<m'>{H;‘1m-(an)+(—1) H,.,.(q,n)}
A Py G 4B, + 4 Fy, (20,0800 345, Fi (204,)

cos(m@,),0 =e_ cos(mg,),0'=e
sin(mg,),0 =0 sin(mg,),0'=0

(26.6)

Here ¢, is the angle between the x-axis of the local coordinate system at the source and the

location of the receiver as seen from the source, and ¢, is the angle between the x-axis of the
local coordinate system at the receiver and the location of the source as seen from the receiver.

One may introduce the following expansion of the directivity functions of the source and
receiver in terms of spherical harmonics:

2z r
Ay = [dp fsin(8)dBY,,,(8,0)Ds, (8,0) (26.7)
0 0
2 4
oo = [P [SIN(B)ABY,,,,(8,0) Dy, (8,0) (26.8)
0 0

The above expansion is used to include the effects of the beam pattern of the source and receiver
on the scattered field.

Suppose scattering from the interface is described statistically by a scattering function
S(8,7',9) dependent upon the frequency and the incident and scattered angles. The scattering

from the rough interface is equal to the surface integral of the product of the incident field, the
scattered field, and the scattering function over the rough surface. Decompose the rough
interface into rectangular facets, whose areas are small in comparison to the range to and from
the facet. In this case, the scattering function is approximately constant over the area of the facet,
and the surface integral over the facet requires the integration of the following product of
cylindrical wave functions:

+/2 +hi2

[ @ [dvReys,(r0,0:9)Re £2,.(r0,0:q") (26.9)

=112 -h!2

In general, the above integral is restricted to one over either the upward or
downward-going components of the cylindrical wave functions. Equation 26.9 may be expressed
as follows:

 HI2 +h/2 _ (] "
Samorm(d:9)=¥——"——> S(”;)E(m ) [ax [ aw, (rq)Jm.(rq'){cf)s(m(p)’a: GEOMOT= (6.10)
4 RN sin(m@),c =0 sin(m'p),0'=0
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One may simplify the calculation by replacing the rectangular facet by a circular facet of
the same area. In this case, Equation 26.10 takes on the following simplified form:

Somam(@:4)= -‘1;5; o :[rdr.] (qr)J,(q'r) | (26.11)
In the limit R — +oo, the integral approaches the following limit:

e S (4:4) =505 87664 (26.12)

Here, one has used the fact the following integral is equal to the Dirac delta distribution:

JadeT, (@), (g0 =604 | - (26.13)

0

In order to simplify Equation 26.11 and obtain a closed form solution, replace the above
integral by the following Gaussian weighted integral:

Smern (4:4") =-§5:'6;:" [rdrd,(ar)T (@' Py exp(-a’r?) (26.14)

0

The parameter “a” is chosen such that the following integral is equal to the area of the facet:

00

27 rdrexp(—a2r2)=%a”2 =7R* =1Ih (26.15)

0

L (26.16)

a=
anr? 20k

One may regard this approximation as replacing the incident field by a Gaussian beam
with the appropriate beam width.

The following integral is found on page 718 of Reference 18:

o]xdxexp(—azxz).l (ax)J, (ﬁx)— exp( ﬁ ), (aﬂ (26.17)

0

Substituting this integral into Equation 26.14, one arrives at the following approximation
of Equation 26.11.

2
Sonerw(4:0) = T-87 87 exp(-(q* + 4" YR 1)1, (gq'R") (26.18)
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The integral given in Equation 26.18 is proportional to the area of the facet. The ratio of
Equation 26.18 and the area of the facet may be regarded as the directivity function of a flat facet.
The normal mode contribution to the scattering from the facet is given by the following
expression:

V scatered TopsTop 19>9") ='p-(£2222 22 ZdSrc,mlB;nl,NM;d'm‘,Nb (eps2,5255 Pt Pis ° Q)

P (Zb ) oml s=+o'm' ¢"m"s'=+ c"m"I"
S;:;',a'm' (a’ a" ﬂ : q’ q')B;""m"‘l",NRu, o"m" N, (rbr ’ Zr ’ Zh ’ ¢rb ’ ¢br : q')dkcv,o""m'“l”'
(26.19)

where r,, is the horizontal range from the source to the facet, 7, is the horizontal range from the
facet to the receiver, z,is the depth of the source, z, is the depth of the receiver, and z, is the

depth of the facet. Other variables are the angle between the x-axis at the source and the location
of the facet (¢,, ), the angle between the x-axis at the facet and the location of the source (¢, )

the angle between the x-axis at the receiver and the location of the facet (¢,, ), and the angle
between the x-axis at the facet and the location of the receiver (@, )-

?

The function Sf,'.f,:.'a.m, (a,a',B:q,q") is given by the following expression in terms of the
scattering function S(,7",9) and the function S, ....(g:¢') defined in Equation 26.18.

SHa,—a',B),s=+,5s'=+
SHa+a', B),s =+,5'=—
S(-a,~a', B),s =—,s'=+
S(-a+a',B),s =—,s'=—

S;:.'a"m' (a, a" ﬁ 9, q') = Sm.a'm' (q : q') (2620)

The angles a, o' are the grazing angles of the incident and scattered field at the interface
defined by the following relationship, and the angle S is the azimuthal angle between the source
and receiver as seen from the facet:

q =k, cos(a) (26.21a)
q'=ky, cos(a') (26.21b)

In the case one is given a statistical representation of the scattering from a randomly
rough facet in terms of a scattering strength, Equation 26.20 is replaced by the following
function, where the function S(+a,+a', B) is the square root of the scattering strength:
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S(+a,“a',ﬁ)’s = +,S'= +
SGHa+o!', B),s =+,5'=— (26.22)
S("'a,—a',ﬂ)>s = —,S': +
S(_a,+a|,ﬂ),s = _',S': —_

S5 (@0, B:4,4") = Somem (g ")

Shrien(q:q') =
(26.23)

ﬂ‘-Rz g om' 2 12 2 ] 2 .
576 exp(-(q” + 4" IR 1)1, (a9 7R W= Zlogla) exple i)

Here u, and u, are a pair of uniformly distributed random numbers in the interval from 0 to 1
used to generate a single realization of a randomly rough surface.
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27. NORMAL MODE REPRESENTATION OF SCATTERING FROM VOLUME
INHOMOGENEITIES

This section presents the normal mode description of the scattering from volume
inhomogeneities. This formalism can be utilized to describe scattering from volume
inhomogeneities in the case of both volume and bottom reverberation. For simplicity, attention
will be restricted to the case of isotropic scattering from volume inhomogeneities.

This section begins by recalling Equation 19.29 representing the expansion of the normal
mode contribution to the Greens’ Function in terms of a spherical basis about the source:

2 (e 0 |
pz)\ 8 H,’(q,")Fy_(z:9,){

A Fr, (0B, + Ay, Fy, (2:9,)Bun,

cos(mg,),0 = e}

A4 22,2, - = .
o, (TsZ5:2,9,:4,) Sin(mp,),6 =0 @7.1)

Express Equation 27.1 in terms of upward and downward-going plane waves about the
field point:

Aam (r9zs’z’¢s :qn)=
1N, 27.2)
Ao, N (T 2,,0, : q,)exp(+ihy (z—2zy))+ A ann,. (7,2,,0, :q,) exp(=ihy (z—zy))
. 21 [e(m) .0 cos(mg,),0 =e
A ol N, b ' ] s : n = Hm n .
e (520051 4.) =2 Hn @ g 0= 00 27.3)

{4y Fr (2,:4,)Bun, + A Fy, (2,14,)Bn, A% (4,)

Here, one makes use of the following expansion of the depth function in terms of the propagator
matrix:

Fy(z:9)= 4}, (q)exp(tihy (2~ 2, )+ Ay () exp(—ihy (2= 2,)) (27.4)

Introduce the following expansion of the directivity functions of the source and receiver
in terms of spherical harmonics:
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2r n
dyeom = [do [sin(®)dvY,, (8,0)D;, (5,0) 27.5)
0 0
2n n
roam = [do [sin(9)dBY,,,(8,0)D,,(3,0) 27.6)
0 0

Use the above expansion to include the effects of the beam pattern of the source and
receiver on the scattered field.

Consider the isotropic scattering due to volume inhomogeneities from a given volume
element whose horizontal cross section is constant. Scattering from such volume
inhomogeneities can be approximated by the following integral over depth:

- - z+d
Z Z ZdSrc.oml Z dR(V.O"m'I‘Area j dZ p(zf ) Sanume Azlml.fv:’s,r (r\' 12552, ¢s : q)A:'m'I'.NRn, (rr 32,52, ¢r : q')

s=+ s'=+ oml o'ml p(z)
(7.7

Here, Area is the area of the horizontal cross-section of the volume element and Syorume 18 the

linear scattering strength per unit volume, that is, the scattered field at unit distance is equal to
the product of the linear scattering strength, the volume of the scattering volume, and the incident
field. Assume the scattering strength is constant and isotropic within each layer of the
waveguide. In this case, the integral over depth in each of the layers in the waveguide contains
an integral of the following form:

[dzexpl+ishy (z—zy)+is'h', (z—z,)) =

2y (27.8)
————— {exp[+ish, (z,, —z,) +is'h', (2., — 2z, )] -1

i(shN+s'h',,,){ pl+ishy(zy, —zy)+is'h'y (2, —2y)]-1}
In the case the denominator i(sh+s'A') vanishes, this integral is equal to the depth of the layer
dy =(zy, —zy). The depth integrated scattering from volume inhomogeneities with the given
horizontal cross-sectional area may therefore be expressed in terms of the following summation:

ZZ-:Z_:Z z e ot res oy {expl(+ishy +is'h' \ Yz y,, —2\)]-1}

N s=+s'=+oml o'm’ (+iShN + is'h'N ) (27 9)
zr) s s '
B—(_-SVolume.NAreaAmnl,Ns,,,N (rx 25 ’¢x : q)Aa"m'I',N,‘.‘.,N (rr 2, ,(0,. ‘q )

N

Here, p, is the density of the N’th layer, and S,,,,,,.. v is the linear scattering strength of the N’th
layer.
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Consider the case were the scattering from a random collection of volume
inhomogeneities is described by a depth dependent volume scattering strength. The energy in the
scattered field at a unit distance is equal to the product of the volume scattering strength, the
volume of the volume containing the scatterers, and the energy of the incident signal. In this
case, replace the product of the linear scattering strength and the cross-sectional area of the
volume in Equation 27.9 by the following expression:

Syomen Area = m‘iﬂ;if./— 2log(u,) exp(+27iu,) (27.10)

N

Here, VSS,, is the volume scattering strength in the N’th layer, d,, is the thickness of the N’th
layer, and », and u, are a pair of uniformly distributed random variables between 0 and 1. In

this manner, one produces a single realization of the scattering from random volume
inhomogeneities. Equation 27.10 describes a zero mean Gaussian random process, with standard
deviation squared proportional the product of the volume and the volume scattering strength.
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28. TIME DOMAIN REPRESENTATION OF SCATTERING FROM A ROUGH
INTERFACE AND VOLUME INHOMOGENEITIES

This section combines the results of Sections 15, 26 and 27 to create a time domain
representation of the normal mode contribution to the scattering from a rough interface and
volume inhomogeneities. Our attention will be limited to the propagation of a simple Gaussian
pulse with the following frequency spectrum:

(0-,)’

YV | (28.1)

S(w) = exp[~-

Here, @, = 27f, is the angular frequency of the center frequency, and A@ is equal to 27 times

the bandwidth of the incident signal. The time domain representation of the incident signal is of
the following form:

s(t) = Tde’(w) exp[—ion] =2 Awexp[-* Aw® /2~ iwt) (28.2)

The approach adopted in this section is to approximate the scattered field by a Gaussian
integral of the following form:

Sscatiered (1) = waF (@)exp[-a’ (0-,)* + Bo- )] (28.3)

One approximates this integral by either the saddle point approximation or the method of
stationary phase. In the case of a broadband signal, the bandwidth is sub-divided into a
collection of sub-bands for which the above technique is applied:

Jr

St () = F(@y) [d0expl-0* (@2, + f(@=@,)]= F(@,)*—expl+(5/20)"]  (284)

This technique is extended to an arbitrary band-limited signal by convolving the scattered
signal from a broadband Gaussian pulse with the incident signal. This technique approximates
the spectrum of the incident signal by the following Gaussian weighted spectrum, where the
bandwidth of the Gaussian pulse is sufficiently large this approximation has adequate accuracy:

S(@) = S(w) exp[—(@ - ®,)? / 2A0*] (28.5)
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From Equations 26.6, 26.18, 26.19, and 26.20 one obtains the following representation of
the scattering of a monochromatic wave by a facet on a rough interface, where the function
S(9,7',9) is the bistatic scattering function of the rough surface:

=z . "
WScallered (':vb";b - 4.9 ) -

ﬂ(ﬁlzzz ZZ_: ZdSrc,amlB;nl,N_w;a'm'.N,, (7145255245 0ss P 2 ) (28.6)

P(z;, ) oml s=+o'm'c"m"s'=+0"m""

S;":',o"m" (@.0',f:9,9 ')B:'"m"'l'",Nh omt Ny T3 203215 @ Py, 1 ') Rev,0™m™ ™
Bsm"Nm o'm' N (r’ zs 2y ¢.\' b4 ¢r : qn) =

—Z”—;\/e(m)s(m') (HD, (g,r)+(=1)"H®, (g.)

Pz,

(4, Fu (2,:9,)B, + 4y Fy (2,:4,)B;, Y4, Fy_(2:4,)

cos(m@,),0 =e_cos(mg,),0'=e
sin(m@,),0 =0 sin(mg,),c'=0

(28.7)

SH+a,~a',B),s =+,s'=+

. S(Ha+a',B),s =+,5'=—
Sy m(@0,B:q,4)=S, ...(q:q" 28.8
mom (003 B:4,4') = S0 (4 9") S0, B).s = —.8'= + (28.8)

S(-a+a',f),s =—,s'=~
. ot _ﬂz ' om' 2 12 2 (] 2
Somom(q:9')= 2 65 6, exp(—(q° +4" )mR* 12)I, (qq'7R*) (28.9)

The problem of deriving the time domain representation of the scattering from a rough
surface entails expressing the following integral in the form of Equation 28.3:

l//Scallered (’T\'h ’ rrb > qn ’ qn‘ : t) =

+e _ o o (28.10)
_.‘da) exp[—lat] cxp[—(w - wo ) / 2Aa) ]WS('arlered (r.'vh ’ rrb’ : qn ’ qn' : w)

One may begin by deriving an asymptotic expression for the coefficients defined in
Equation 28.7 by substituting the following asymptotic expression for the Hankel Functions:

HY(x) =\/Z explix—imm/2—ir/4] (28.11)
X

Upon substitution of Equation 28.11 into Equation 28.7, one obtains the following
asymptotic expression:
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Bc;ml Ngo:0'n', 202,00, q,) =
2 (28.12)
exp[lqn "'17[/4] oml,Ng,.,c'm', N(Zy’z ¢3’¢r qn)
7q,r
B o om0 (2,02, 0000, 14,) = (’”) —iy™ Je(m)e(m’)
{dy Fy (z,:9,)Bun,. t Ay, Fu, (2,:9,)Byn, A Fy_(2:9,) (28.13)

cos(mg,),0 =e_cos(m@,),0'=e
sin(m@,),0c =0 sin(my,),c'=0

Next, one derives an asymptotic expression for the directivity function of the facet based
on the asymptotic expansion for the modified Bessel Function in Equation 28.9. Make the
following approximation for Equation 28.9:

787 exp[—(g—q')* 7R* / 2)exp[-qq'7R* ]I, (99'7R") (28.14)

om,o'm'

Define the following asymptotic expansion of Equation 28.8:

Ser (0,0, B14,q") = expl-(g - ¢')' mR* 1 218, (@', B 14, 4") (28.15)

S @, B:q,9)=

SHa-~a',B),s =+,s'=+

S(+a,+a', B),s =+,5'=— (28.16)
S-a-a',B),s =—,s'=+

SC-a+a',f),s =—,5'=—

R e
=07 67 expl-aq' k1L, (q4'7R")

Substituting Equations 28.12 and 28.15 into Equation 28.6, one obtains the following
asymptotic expansion for the scattering from a facet on a rough interface:

> e "
wScattered (rts'h b4 rrh < 4,9 ) -

2 1 (28.17)
exp[l(qrsb +q b) (q q ) ﬂ"R /2]'//Scartered (rvb’ rb * q q )

. 1]
m qq rsb rrb

~ - = " _
W&'atlered (’;h”;'b . qﬂq ) -

Pz, )ZZZ z Z Z Sre,oml omI,Ns,c;a"m',N,, (25525 P Pis 2 ) (28.18)

p( b) oml s=+06'm'c"m"s'=+c"m""

S -
Sa; ,0"'m" (a’a"ﬁ 14,9 )Bo""m"'l“’ Nge:0"m" Ny (Zr’zh’¢rb’¢br q )thva 'm" "
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Substituting Equation 28.17 for the asymptotic expression for the scattered field from a
monochromatic source into Equation 28.10 one obtains the following expression:

WScanered (rsb ’ rrh > qn ’ qn' : t) =

[dwexpl~iax)exp[~(@ - @)} 1200 +i(g, 7,y +4,7,5) (4, ~ q,.)*7R? /2] (28.19)

2 1 L .
— !/,Scaltered (rsb H rrh ’ qn ? qn' . w)
m qnqn'rshrrb

Expand the integral about the center frequency by making the following substitutions and
keeping only terms of quadratic order in the exponential evaluated about the center frequency:

9n =G0 19 0 (O—0)+ " (0~ 0,)" /2 (28.20a)
9 = Qo+ w0 (@=0y) + 4" (@ - @) /2 (28.20b)
9no = 9,(@) (28.20c)
dg, (0= w,)
v =99, 0=0) 28.20d
n0 da) ( )
d*q,(w=a,)
Vpo = 28.20e
q n0 d(l)z ( )

'/’Scallered(rsh’rrh s q,:9, :t) =

2 , 1 ~ T
o '/,Scallered (’trb I EY Quo * 0)0 ) (282 1)
m 9209 n0Tsh"

exp[i(qnorsh + qn'Orrh) - iwot_(qno _qn'o)zﬂ:Rz /2] jdwexP[—az (0- ), )2 - iﬂ(a)‘wo)]

2

B 2A0°

=G " Ty + 9" o 1)+ (G 0~ o )2 TR 12 (28.22)

ﬂ =t- (q'nO rsh + q'n'O rrh) - i(qno - qn'O )(q'no —q'n'O )ERZ (28‘23)

Upon completing the Gaussian in Equation 28.21, one arrives at the following expression
for the field scattered from the facet on the rough interface:
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'//Scanered(rsbsrr[,:: q,.:9, :t) =

2 1 ~ -
—_ WScallered (rsb ’ rrb ’ an ’ qn‘O : wo ) (2824)
m u 9109 noso¥rp

. . V27 _
expli(q,orss + duolss) — 1®olo = (Gno — quo) AR’ /2]——%—exp[—(t ~1,)% 1277 —iw, (t — 1,)]

tO = (q'no rsb + q'n'o rrb ) - i(an - qn'O )(q'no _q'n'o )”Rz (2825)
2 2 1 of N " (] ' 2 2
T = 2a = Aa)z - 21(q n0 rsb + q n'0 rrb) + (q nO_q n'0 ) ﬂ‘-R (2826)

The parameters #, and 7 are the complex arrival time and pulse-length of the scattered signal,

respectively. Neglecting terms proportional to the area of the facet, the travel time reduces to the
sum of the travel times of the two modes.

From Equations 27.3 and 27.9, one obtains the following expression for the depth
integrated scattering from volume inhomogeneities with horizontal cross-sectional area Area:

WScalrered(rs’rr’Zs’zr’¢s’¢r :qn’qn' :w) =

2222 Z FR fexp[(+ishy +is'H'y Nzyn —2y)1— 1) (2827)

N s=+s'=+oml a'm'l’ (+iShN + iS'h'N )

p(z,) . : :
- SValume,NAreaA;ml,NS,(,N (rs 2255 ¢’s *qn )A;"m‘l',NRW,N (rr 32,5 ¢r M qn')

N
271 ’ £(m) ,,a cos(mg,),0 =e
Aidm YA JS E] ] : =T _—H( :
1N, N(r Zs ¢s qn) p(Zs) 87'[ m (an){Sin(m¢$),O'=O} (28.28)

{4y, Fy (2,:4,)Bun, + 43, Fr (2,:4,)Bun A5 (4,)
The time domain representation of the scattered field is given by the following equation:

l//Scutlered (rs ’ rr » z.c 2 Zr b4 (as > ¢r : qn ’qn' : t) =

< 28.29
Ida) exp[—iax]exp[—~(@ — @)’ 1 2A0* W guterea s s ¥r 35255 2,5 Py s @y 2 A5G - ) ( )

~00

Substituting the asymptotic expansion for the Hankel Function into Equation 28.28, one
arrives at the following asymptotic expansion of Equation 28.27:

WScalrered(rs’rr’Zs’zr’(o.\"¢r :qn’qn’ :(l)) =

2 1 (28.30)

Y exp[i(anx + qn'rr )]WSC(IRUI‘L’(] (zs ’ Zr ? ¢.\' 4 ¢r : qn 4 Qn' : a))
m qnqn'rsrr
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WScallered (z: ’ zr ’ (Ds ’ ¢r : qn ’ qn' : w) =
——— expl(+ishy +is'h'y, Wz, —2zy)] -1
DIDIDIDID I . texpl(tishy . ”.),( e 1= (28.31)
N s=+5'=+ oml o'm'' (‘HShN +is'h N )

z,) ~ ~
-p—(__SVolume.NAreaAmnl.NS,t.N (Z.r’¢s : qn )Ao'm'l',NRn,,N (zr ’¢r : qn')

N
~ 2, ., |e(m) cos(mgp ),c=e
A eun, v (2,0, 1q,) = —(—i) —(——)-{ ‘ }

p(z,) 87 'sin(mg,),6 =0 (28.32)

{A;',,(FAZ,, (z,:q, )B;I,Nm. + A;',,,Ft;,,, (z,:9, )B;I,Nm }AtN(qn)

Substituting Equation 28.30 into Equation 28.29 and expanding the argument about the

center frequency, keeping terms of quadratic order in the expansion, one arrives at the following
approximation of the scattered field:

'//Scaneretl(rs’rr’zs’zr’¢s’¢r :qn’qn' :t) =

2 ’ 1 -
- __—W&'allered (z:’zr’¢s9¢r : an’qn'O : wo) (2833)
m qnoan'rsbrrh

eXPli(G,07sp + Gols) — IDyt] J'da)exl)[_a2 (@-a,) ~if(o-o,)]

2

YRR Y (28.34)
B=t=(g'ru+q' wr) (28.35)

Upon completing the Gaussian in the integrand, one obtains the following asymptotic
representation of the scattered field:

y/Sca!Iered(rs’rr”zs’zr ’¢s’¢r :qn ’qn' :t) =

2 ’ 1 ~
— ___WScallered (Zs’zr’¢s’¢r : an’qn'O : wo) (28'36)
] anan'rsrr

) . «/ 2r
expli(q,o7, + .07, ) —i0yt,]

exp[—(t—1,)* /277 —iw,(t - 1,)]

to = (q’no rs + q’n'o rr) (28.37)

2 2

l ; " "
T°=20" = e =2i(q" o1, +q" o 1) (28.38)

The parameters ¢, and 7 are the effective arrival time and pulse-length of the scattered signal.
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29. PLANE WAVE APPROXIMATION OF SIGNAL-TO-NOISE RATIO
CALCULATIONS

This section uses the plane wave approximation of the normal modes to calculate
signal-to-noise ratio (SNR). This approximation decomposes the normal mode contribution to
the Greens’ Function at the source and field point into upward and downward-going plane waves
with a grazing angle given by the following relationship between vertical wavenumber and
acoustic wavenumber at the source and field points:

Re(hslf—@))zsin(ﬂs,c) (29.1)

Sre
The parameter o, denotes the grazing angle of the normal mode at the source. A similar

expression is used for the grazing angle of the normal mode at the field point. The vertical
wavenumber is positive for downward going plane waves, and negative for upward going plane
waves. Similarly, the grazing angle is positive for downward-going plane waves and negative for
upward-going plane waves. This sign convention is related to the fact that the z-axis is directed
downwards in PC SWAT.

One begins with the time domain representation of a normal mode. Propagation of a
pulse is described by the Fourier Transform:

G,(r.z,,z:1)= [S(@)G,(r,2,,2: W)™ dw (29.2)
Here S(w) is the spectrum of the incident signal. In the following instance, one may assume a

spectrum of the following form:

(0-w,)’

) (29.3)

S(@) = exp(-

Here, m, is the center angular frequency, and A is the angular bandwidth of the pulse.

Propagation of an arbitrary band-limited pulse can be obtained by convolving the scattered signal
from a broadband Gaussian pulse with the incident signal. The incident signal is of the following
form: -

s()= [S(w)e™dw=2nAwexp(—1* A0’ 12~ iw,1) (29.4)

The parameter T represents the pulse length of the incident signal.

29-1




CSS/TR-02/10

r= (29.5)

1
Aw
Equation 15.17 describes the time domain representation of the Greens’ Function, as
shown below:

G,(r,z,,z:1) = d > 2 J;F(zs:q")F(z:qn)exp(i(an—a)ot—n'/4)—(t—t,,)z/40:2)
ap(z,)\Ng,rr @

(29.6)
Here, the reciprocal of the group velocity of the mode is:
q, (@)= %.(2) (29.7)

dw

the rate of change of the reciprocal of the group velocity is:
9", (©)= %(;@ (29.8)
the travel time for the mode is:
t,=rq', (@) (29.9)
and, the complex width squared of the effective Gaussian is:
o= ——-i-q",, (@,) (29.10)

2007 2

The normal mode terms in Equation 29.6 can be decomposed into an upward and
downward-going plane wave:

Gt (r,z,,z:t) =

d 2 J;F*(zx:q,,)F*(z:q,,)exp(i(q"r—a)ot-ft/4)—(t—t,,)2/4a2)
4p(z)V g7 «a

(29.11)

Here, the function F*(z:g) represents the decomposition of the depth function into upward and

downward-going plane waves, as defined below in terms of the components of the propagator
matrix in the N’th layer containing the depth z:

F*(z:q) = Ay(9)Fy (z:9) = 43 (g) explihy (q)(z ~ z,))] (29.12)
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The normal mode contribution to the signal from the target is of the following form:

L8, s, . . — 2
WXS o Scattered(rs,r,.,Z“.,Z,.,Z,¢s,¢, 4,9y ‘t+t’) _(47[) ASrcDSrc(Sz}Src’ﬂ'_(os)

(29.13)

The parameter 4, =10%'? is the amplitude of the incident field at a unit distance from the
source, where SL is the source level of the projector in decibels. The vectors (,,z,,9,) and s
(r.,z,,9,) are the cylindrical coordinates of the source and receiver relative to the target, that is,
r, is the range from the target to the source, z, is the depth of the source, and ¢, is the bearing
of the source as seen from the target. Similarly, . is the range from the target to the receiver, z,
is the depth of the receiver, and @, is the bearing of the receiver as seen from the target. The
functions G (r,z,2': t) are the decomposition of the n’th normal mode contribution to the

Greens’ Function in terms of upward and downward going plane waves at the two endpoints.
The angle:

8 =sin” (Re(f%—))) (29.14)

is the grazing angle of the n’th normal mode at the target. The angles &, and ¥, are the

grazing angles for the outgoing and incoming normal mode at the source and receiver,
respectively. The function S, (8,9,79,¢") is the bistatic scattering function for the target. In

the case of an omni-directional point target, this function is equal to the constant 10™'?°, where
TS is the target strength in decibels.

In general, one estimates the signal from the target by incoherently adding the magnitude
squared of all the normal mode contributions given by Equation 29.13 that arrive at the receiver
within a pulse length of each other.

The next step in evaluating the signal-to-noise ratio of a system is to estimate the amount
of surface, bottom, and volume reverberation arriving at the receiver as a function of travel time.

First, consider the case of calculating the mean square surface reverberation. The
magnitude squared of the normal mode contribution to surface reverberation is of the following
form:

I '//:'Slsxﬂface(rs9rrazs’zr:z = 0’(0 U PY M t+t') |2=
ey 4, ? Dy, (s9,,.0)D,,(5'Oroy» 0) P G (r,,z,2=0: NG (r,,z=0,z, :t') P (29.14)

d
SSwface (ﬂn ’ 19n' T — (o)(vSrc t 'dia: A 0HorAR)

Here, the quantity Sg,,,..(3,2,9) is the bistatic surface scattering strength.
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The term:
drea=v r. Yo ps AR (29.15)
Src’s dw Hor .

is the area ensonified by the incident signal, where AR is the range resolution of the signal, and
A®y,, is the horizontal beam-width of the system. The parameter r, is the range from the
projector to the ensonified area on the surface, and z, is the depth of the source. Similarly, r, is
the range from the receiver to the ensonified area, and z, is the depth of the receiver. The
parameter z is the depth of the surface. The angle ¢ is the azimuthal angle between the projector

and the receiver, as seen from the center of the ensonified area. Fora monostatic, active sonar,
this angle is approximately zero.

In the discussion of bottom reverberation, one may decompose the bottom reverberation
into two parts. The first describes bottom reverberation due to the roughness of the interface.
The second describes bottom reverberation due to volume inhomogeneities in the sediment.
High frequency models of bottom reverberation usually combine these two contributions into a
single scattering function, since the sound is generally limited to a narrow layer about the
interface owing to the attenuation of sound in the sediment. In the case of low frequency
propagation, the sound has significant penetration into the sediment, and scattering from volume

inhomogeneities cannot be considered to arise from scattering from a thin layer about the
interface.

| W"“"Bmm (r,>7,,2,,2,,2,,9:q,,q, :t+1') |*=
(47)* | Ag,. I*| Ds,, (s9,, 0D, (8'Cp,, @) ' G3* (1, 2,52, : )G (7,2, 2, : 1) | (29.16)

SBonom (1}" ’ '}n' ’ ¢r - ¢s + ”)(vSrcrs -chqLAﬁHorAR)
(7))

Here, the quantity S,,,,, (25,2,9) is the bistatic bottom scattering strength for the rough
interface. The term:

dq
Area=vg r.—=A¥, AR 29.17
re vSrc rs dw Hor ( )

is the area ensonified by the incident signal, where AR is the range resolution of the si gnal, and
Ad,,, is the horizontal beam-width of the system. The parameter r, is the range from the

projector to the ensonified area, and z, is the depth of the source. Similarly, . is the range from

the receiver to the ensonified area, and z, is the depth of the receiver. The angle @ is the

azimuthal angle between the projector and the receiver, as seen from the center of the ensonified
area. The parameter z is the depth of the bottom interface. In the case of a multi-layered bottom,
one can easily sum over the scattering from each interface.
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The magnitude squared of the mean normal mode contribution due to the scattering from
volume inhomogeneities in the N’th layer is of the following form:

| W.\',S',S",S"'Valume (rs,rr,zs,zr,z,¢ . qnﬂqn' :t +r') |2=
(47[)4 IAs,,_- |2| Dsrc(sﬁsrc,o)DRcv(snv Rw,¢) |2| p(Zr)/pN Izl G’-:',S'(l"s,zs :t)G:‘",‘;"(l’,,Z,. :t') IZ

[exp{ {+is'hy(g,) +is'h'y (4, )} Zxa = 20)] —1}
(+is"hy(q,) +is" 'y (4,:))

2

dgq
v r.—=A®%, AR)S
(Src.\'da) Hor )

Volume

(29.18)

The function G¥*(r,z, : 1) is the following function, where the coefficients A4y (g) are
the coefficients of the depth function in the N’th layer: '

G*'(r,z,: 1) =
i 2 \/;I—FS

4p(z)\gqm @

(29.19)

(z, : 4,)4y" () expli(q,r — oyt -7/ 4) (¢ ~1,)" 1 4a’)

These functions arise by integrating the product of the two Greens’ Functions over the
depth of the scatterer:

Iden”'(rs,zs,z G, (12,2, 1 1) =
£z) Ide""""(;;,zs,z G, (r,z,,z:1) (29.20)
N zZy
PED sy 2 -0 (o, :f>[°""“+” e ‘ZN)]“}
(+1s N(qn) t+1s h N (qn'))

N
One may use the following expression for the upward and downward-going components
of the depth function in terms of exponentials and the coefficients of the propagator matrix in
evaluating the above integral.

F*(z:9) = 4} (q)expl£ihy (q)(z - z,)] (29.21)

An alternative expression for the scattering from volume inhomogeneities is to replace
Equation 29.18 by the following expression:
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555" . . 2_
sts s Valume(rs,rr,z:,zr,z,¢.qn,qn. .t+t')' =

(4”)4 l ASrc Izl DSrc (SﬂSrc ’O)DRcv(S'” Rcv’¢) ]2| p(zr)/ pN IZI 5:““(’}’25 : t)él:'mv:"(rr’zr : t‘) lz
(1 —exp[—(2s'Im(h) + 25" Im(A"))(z,,, — 25 )])
Volume (2s'Im(h) + 25" Im(h"))(z,,, — 2y )

d
(vSrcrx :;qaL)Al)HorAR(ZNH - zN ))S

(29.22)

In deriving this expression one replaces Equation 29.20 by the following incoherent sum of the
magnitude squared of the Greens’ Function over depth, that is, one performs a summation over
the energy rather than pressure as a function of depth:

2

INe

j de|G, " (r,,2,,2:0G,” (r,,2,z, : t')|2 = j dz p—f(f'—) G, (r,z,21)G, " (r.,2,,z:1)
zy N N
2 L]
‘p(zr ) s . s s" .t . t " (] —
LG (2, 10)G (1,2, 1) [dzexp[-(25 Im(h) + 25" Im(R))(z - 2,)] =
N zy
p(z,) i (1- exp[~(2s'Im(k) + 25" In(A))(z,,, = 2,,)])

—=G," (r,, 2, :t)G,f.m's"(r,,z, ) (Zya—2y)
N

(2s'Im(K) + 25" Im(H"))(zp,, — 2y
(29.23)

In the limit the imaginary component of the vertical wavenumber vanishes the following
limit is obtained:

(1~ exp[—(2s'Im(h) + 25" Im(A"))(z ., — 2,)]) 1

(29.24)
(2s'Im(h) + 25" Im(h"))(zy,, — zy)

The quantity S,,,,,, is the volume scattering strength for volume inhomogeneities in the N’th
layer. The term:

Volume = vg_r. %Az?,,mAR(zM, ~z,) (29.25)
(7

is the volume ensonified by the incident signal. The parameter r, is the range from the projector
to the ensonified volume, and 2z, is the depth of the source. Similarly, 7, is the range from the

receiver to the ensonified volume, and z, is the depth of the receiver. The angle ¢ is the

azimuthal angle between the projector and the receiver, as seen from the center of the ensonified
volume. In the case of a multi-layered bottom, one can easily sum over the scattering of the
volume inhomogeneities in each layer. Scattering from volume inhomogeneities in the water
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column (volume reverberation) is similarly treated. One must implicitly assume the directivity of
the beam is approximately constant over the depth of the layer, thus application of Equation
29.18 or 29.22 may require sub-dividing the layers into smaller layers.

Calculation of the signal-to-noise ratio begins with calculating the return from the target
at a fixed range by adding those returns from the target that return within a pulse length of each
other using Equation 29.13. This process produces the envelope of the time series representing
the different multipath returns from the target. Next one calculates the scattering from the
surface and the bottom by integrating Equations 29.14 and 29.16 with respect to the range from
the projector to the ensonified area on the surface and bottom respectively. Again, one adds
contributions to the envelope of the surface and bottom reverberation that lie within a pulse
length of each other. This process produces the envelope of a time series representing the
scattering from the surface and the bottom. Next, one uses either Equation 29.18 or 29.22 to
compute the scattering from volume inhomogeneities in the sediment by integrating these
equations with respect to the range from the projector to the ensonified volume in the sediment.
Similarly, one integrates either Equation 29.18 or 29.22 with respect to range from the projector
to the ensonified volume to obtain the scattering from volume inhomogeneities in the water
column. Finally, one adds the ambient noise term to the sum of the surface, bottom, and volume
reverberation levels to determine the total noise in the system. The signal-to-noise ratio for the
system can be estimated by taking the ratio of the largest return from the target and the total noise
arriving at the sonar at the same time.
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30. COMPUTATION OF NORMAL MODES

Direct application of the characteristic equations in Sections 8 and 9 lead to numerical
instability in the case of large sound speed gradients in the water column. This section describes
a numerically stable technique for solving the characteristic equation for the normal modes in a
waveguide.

Suppose one has a waveguide consisting of N homogeneous layers, where the following
matrices transform the depth coefficient at a given interface into the pressure and normal
displacement at that interface:

MY = exp(+ihyd,,) (30.1a)
MY = exp(-ihydy) (30.1b)
M) =41 Py exp(+ih,dy) (30.1¢)
N
MY = —Ih—”exp(—ihNdN) (30.1d)
N
MEN =+1 (30.1¢)
MEN =41 (30.1f)
M) =+
P (30.1g)
h
M) =12 (30.1h)
Py

Suppose the depth function in the N’th layer is of the following form:
Fy(2) = A, exp(+ihy, (z—z,)) + Ay, exp(=ihy (z—z,)) (30.2)

The equations of continuity of pressure and the normal displacement at the N’th interface
are of the following form:
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0= M ll,\;'N_l M II.VZ'N-i AjN-—l M 1I.v1'N M II.VZ'N A—+N 30.3
YAl M VN - |7 MMV NN - (30.3)
2,1 2,2 AN—-I 2,1 M2.2 AN
In the case of a rigid bottom, one can express the equations of continuity and the
boundary condition at the pressure release surface and the rigid bottom by the following set of
linear equations:
0=cC4 (30.4)
AT = (A2, 45,47 4 A A5 (30.5)

The global matrix C is the matrix whose first row is given by the following expression that
encapsulates the boundary condition of a pressure release surface.

Cy1.ov = (1,1,0,0,...0,0) (30.6)

The last row of the global matrix C takes on the following for and encapsulates the boundary
condition of a rigid bottom:

Covion = (0,0,...,+i L exp(+ih,d,),~i ﬂ'«exp(—ih vdy )) (30.7)

N N
The intermediary rows of the global matrix C express the equations of continuity of pressure and
normal displacement in the intermediary interfaces. The non-zero elements of the global matrix
C in the intermediary rows are of the following form:
C2n+i+l,2n+j+l = +Mi','}'n (3083)
Cotntyrivtznejon =M i'j;l‘" (30.8b)

The global matrix C is extremely sparse and has the following quasi-diagonal form.

(1 1 0 0 0 0
MII:IO Ml','f _ Mll',ll -M l121 0 0
C=|M;] M} -M; -M}y, 0 0 .. (30.9)
0 0 My MYy -M} -MY
L0 0 M M -ME -ME

In the case the bottom layer is a homogeneous half space the last row in the global matrix is of
the following form.

Covion = (0,0,...,0,1) (30.10)
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This equation encapsulates the boundary condition that the upward-going component of the
depth function in the homogeneous half space vanishes.

Note, terms with a negative exponential in the global matrix C may be eliminated by
rescaling the columns of the matrix. In this manner, the off-diagonal terms are either Order 1 or
they are exponentially damped. The characteristic equation for the normal modes is found by
tri-diagonalizing the global matrix C and taking the product of the remaining diagonal terms to
obtain the determinant of the global matrix C. The normal modes are those values of the
horizontal wavenumber for which this determinant vanishes.

PC SWAT 7.0 solves this characteristic equation for the normal modes in the case the
sound speed is real by using a combination of the method of bisection and Newton’s Method to
obtain the solution for the normal modes in the absence of attenuation. PC SWAT then uses
perturbation theory of the normal modes to estimate the complex eigenvalues due to attenuation
in the water column. The resulting normal modes have a small imaginary component
corresponding to the attenuation of the mode. Attenuation of the normal mode in the sediment is
handled by altering the vertical wavenumber in the sediment, which generally has a significant
positive imaginary component. The effects of attenuation in the sediment on the horizontal
wavenumber are ignored, since the attenuation is generally large enough that perturbation theory
is not applicable.

In the case of a rigid bottom, the coefficients of the depth functions are found by solving a
linear equation of the following form:

V =GB (30.11)
(-M M} 0 0 0 0
=My -My, 0 0 0 0
G=| M} M} -M}} -M3 0 0 (30.12)
M; My -MyY M3, 0 0
o 0 MP MY -MP -M7 )
B=(4' A ..., 45, 47) (30.13)
+1
v, = —(M""(_ J)] (30.14a)
+1
v, = —(M"°[_ J)Z (30.14b)
V,=0,i#12 | (30.14c)
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The matrix G is the 2(N-1) x 2(N-1) dimensional sub-matrix of the global matrix C
obtained by eliminating the first two columns and the first and last rows. The vector ¥ represents
the source term due to the depth coefficients in the top layer, where one must assume the depth
coefficients in the top layer are given by the following expression:

Ay +1
? = (30.15)
A, -1
PC SWAT solves the above equations by using Gaussian elimination with partial

pivoting to find the inverse of the matrix G. The coefficients of the depth function in layers
1,2,...N are then obtained by the following matrix multiplication:

(A A s Ay A3) =GV (30.16)

In the case of a homogeneous half space, PC SWAT forms the matrix 2(N-2) x 2(N-2)
dimensional sub-matrix of the matrix C by eliminating the first two columns and the last two
columns, the first row, and the last three rows. The vector B is the 2(N-2) vector containing the
depth coefficients for layers 1,2,...(N-1). The depth coefficient in the homogeneous layer is

obtained by using the propagator matrices to relate the depth coefficients in the (N-1)’th layer to
the N’th layer.
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31. SAMPLE CALCULATIONS

This section describes a set of test cases of the low frequency propagation model. This
model is described in Reference 1.

Table 31-1 displays a comparison of the complex Green’s Function for a rigid waveguide
of depth 300 m calculated by PC SWAT and the exact normal mode solution at a frequency of
200 Hz. The source is located at mid water column. The range to the field point is 300 m. As
can be seen from Table 31-1, PC SWAT agrees with the exact solution to six significant figures.

TABLE 31-1. COMPARISON OF EXACT AND APPROXIMATE SOLUTION OF THE GREEN’S

FUNCTION
PCSWAT EXACT
Depth, M Real Imaginary Real Imaginary

0 2.156952E-21 -1.742372E-48 0.000000E+00 0.000000E+00
3.1 -7.601606E-06 -7.848293E-05 -7.601606E-06 -7.848293E-05
6.2 -9.370370E-04 1.848949E-04 -9.370370E-04 1.848949E-04
9.3 5.937188E-04 5.420785E-05 5.937188E-04 5.420785E-05
12.4 4.005531E-04 -2.861161E-04 4.005531E-04 -2.861161E-04
155 -3.460245E-05 3.103788E-04 -3.460245E-05 3.103788E-04
18.6 7.772559E-05 -1.685571E-04 7.772559E-05 -1.685571E-04
21.7 -7.101162E-04 -2.997450E-04 -7.101162E-04 -2.997450E-04
248 2.578272E-05 3.199933E-04 2.578272E-05 3.199933E-04
27.9 3.287343E-04 -5.274567E-05 3.287343E-04 -5.274567E-05
31 2.759619E-04 3.640188E-04 2.759619E-04 3.640188E-04
34.1 -3.689313E-06 6.981516E-06 -3.689313E-06 6.981516E-06
37.2 -2.695758E-04 -5.676645E-04 -2.695758E-04 -5.676645E-04
40.3 1.927261E-04 -1.785782E-04 1.927261E-04 -1.785782E-04
434 -3.423437E-04 8.770414E-05 -3.423437E-04 8.770414E-05
46.5 -6.500707E-05 5.725958E-04 -6.500707E-05 5.725958E-04
49.6 8.186082E-05 2.823280E-05 8.186082E-05 2.823280E-05
52.7 -1.378475E-04 -9.820521E-05 -1.378475E-04 -9.820521E-05
55.8 7.905617E-04 2.852105E-05 7.905617E-04 2.852105E-05
58.9 7.423926E-05 -2.768488E-04 7.423926E-05 -2.768488E-04
62 -6.218280E-04 2.453624E-05 -6.218280E-04 2.453624E-05
65.1 8.851132E-05 -4.144703E-04 8.851132E-05 -4.144703E-04
68.2 -1.450531E-04 -2.095526E-05 -1.450531E-04 -2.095526E-05
713 -3.120984E-04 4.758295E-04 3.129984E-04 4.758295E-04
74.4 1.079975E-04 2.570571E-04 1.079975E-04 2.570571E-04
775 -2.536621E-05 1.390918E-04 -2.536621E-05 1.390918E-04
80.6 2.644454E-04 -2.384132E-04 2.644454E-04 -2.384132E-04
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TABLE 31-1. COMPARISON OF EXACT AND APPROXIMATE SOLUTION OF THE GREEN’S
FUNCTION, CONTINUED

Depth, M

83.7
86.8
89.9
93
96.1
99.2
102.3
105.4
108.5
116
114.7
117.8
120.9
124
1271
130.2
133.3
136.4
139.5
142.6
145.7
148.8
151.9
186
1568.1
161.2
164.3
167.4
170.5
173.6
176.7
179.8
182.9
186
189.1
192.2
195.3
198.4
201.5
204.6
207.7
210.8

PCSWAT
Real

5.999015E-04
-1.663070E-04
-3.274314E-05
3.078189E-04
-2.750968E-04
-3.570023E-04
-3.382565E-04
2.291967E-05
-1.661176E-04
-5.834619E-04
3.460832E-04
1.763182E-04
-3.589055E-04
3.807956E-04
3.738250E-04
-3.827622E-05
3.019754E-04
3.601126E-04
1.806243E-04
3.077695E-04
1.474091E-04
4.343452E-04
2.670685E-04
-6.337753E-05
7.366325E-04
5.727772E-05
-1.872883E-05
7.384581E-04
-7.500781E-05
1.815121E-04
2.031955E-04
9.574840E-05
1.778534E-04
-5.309431E-04
2.515085E-04
-2.746774E-05
-8.236512E-04
1.617321E-05
2.697329E-05
-3.961550E-04
-2.016652E-04
4.106582E-04

Imaginary

4.540631E-04
-2.418384E-04
-7.096214E-04
2.401429E-04
-4.493027E-04
-2.424585E-05
5.974809E-05
-2.152185E-04
5.873839E-04
4.815931E-05
2.040280E-04
2.856471E-04
2.928459E-04
3.962045E-04
-3.303400E-04
5.404839E-04
2.317492E-04
-4.246805E-04
3.596155E-04
3.466247E-05
5.509475E-07
-2.044144E-04
9.472733E-05
3.846362E-04
-5.794180E-04
2.611416E-04
4.375409E-04
-3.635707E-04
2.628381E-04
3.189365E-04
2.004866E-04
1.482104E-04
2.029185E-04
5.078087E-04
7.838585E-05
6.725184E-05
2.094750E-04
-7.181784E-05
-5.519383E-05
-3.287576E-04
-3.599796E-04
5.658139E-05
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EXACT
Real Imaginary
5.999015E-04 4.540631E-04
-1.663070E-04 -2.418384E-04
-3.274314E-05 -7.096214E-04
3.078189E-04 2.401429E-04
-2.750968E-04 -4.493027E-04
-3.570023E-04 -2.424585E-05
-3.382565E-04 5.974809E-05
2.291967E-05 -2.152185E-04
-1.661176E-04 5.873839E-04
-5.834619E-04 4.815931E-05
3.460832E-04 2.040280E-04
1.763182E-04 2.856471E-04
-3.589055E-04 2.928459E-04
3.807956E-04 3.962045E-04
3.738250E-04 -3.303400E-04
-3.827622E-05 5.404839E-04
3.019754E-04 2.317492E-04
3.601126E-04 -4.246805E-04
1.806243E-04 3.596155E-04
3.077695E-04 3.466247E-05
1.474091E-04 5.509475E-07
4.343452E-04 -2.044144E-04
2.670685E-04 9.472733E-05
-6.337753E-05 3.846362E-04
7.366325E-04 -5.794180E-04
5.727772E-05 2.611416E-04
-1.872883E-05 4.375409E-04
7.384581E-04 -3.635707E-04
-7.500781E-05 2.628381E-04
1.815121E-04 3.189365E-04
2.031955E-04 2.004866E-04
9.574840E-05 1.482104E-04
1.778534E-04 2.029185E-04
-5.309431E-04 5.078087E-04
2.515085E-04 7.838585E-05
-2.746774E-05 6.725184E-05
-8.236512E-04 2.094750E-04
1.617321E-05 -7.181784E-05
2.697329E-05 -5.519383E-05
-3.961550E-04 -3.287576E-04
-2.016652E-04 -3.599796E-04
4.106582€E-04 5.658139E-05
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TABLE 31-1. COMPARISON OF EXACT AND APPROXIMATE SOLUTION OF THE GREEN’S

FUNCTION, CONTINUED
PCSWAT EXACT
Depth, M Real Imaginary - Real ' Imaginary
2139 1.827767E-04 -2.275882E-04 1.827767E-04 -2.275882E-04
217 9.763994E-05 -3.040782E-04 9.763994E-05 -3.040782E-04
220.1 3.429965E-04 - 2.782708E-04 3.429965E-04 2.782708E-04
2232 -8.857475E-05 4.557982E-04 -8.857475E-05  4.557982E-04
2263 3.194040E-04 - 1.128602E-04 3.194940E-04 -~ 1.128602E-04
2294 -2.846170E-04 - -1.218884E-04 -2.846170E-04  -1.218884E-04
2325 -6.002076E-04 3.137906E-04 -6.002076E-04 3.137906E-04
2356 1.232101E-04 3.605080E-05 1.232101E-04 3.605080E-05
238.7 -1.108531E-04 -6.004108E-04 -1.108531E-04 -6.004108E-04
2418 2.773905E-04 -6.520506E-05 2.773905E-04 -6.520506E-05
2449 -1.062994E-04 -1.729520E-04 -1.062994E-04 -1.729520E-04
248 1.828837E-04 1.295178E-04 1.828837E-04 1.295178E-04
251.1 6.021326E-04 6.909265E-04 6.021326E-04 6.909265E-04
254.2 -5.457961E-04 -3.855391E-04 -5.457961E-04 -3.855391E-04
257.3 -1.582388E-04 -1.412799E-05 -1.582388E-04 -1.412799E-05
260.4 -2.968068E-04 3.720943E-04 -2.968068E-04 3.720943E-04
263.5 -1.973936E-05 -5.479777E-04 -1.973936E-05  -5.479777E-04
266.6 6.874971E-04 -5.917463E-05 6.874971E-04 -5.917463E-05
269.7 -1.082978E-04 1.171910E-05 -1.082978E-04 1.171910E-05
2728 -7.321751E-05 -1.322922E-06 -7.321751E-05 -1.322922E-06
275.9 -2.318374E-04 6.503385E-04 -2.318374E-04 6.503385E-04
279 5.030232E-05 -4.674538E-05 5.030232E-05 -4.674538E-05
282.1 4.462274E-05 = -5.669501E-04 4.462274E-05 -5.669501E-04
285.2 -1.375995E-04 -1.844840E-04 -1.375995E-04 -1.844840E-04
288.3 3.717545E-04 9.333937E-05 3.717545E-04 9.333937E-05
2914 -3.635994E-04 4.157779E-04 -3.635994E-04 4.157779E-04
2045 2.495043E-04 2.992173E-04 2.495043E-04 2.992173E-04
297.6 9.235150E-05 -3.025371E-04 9.235150E-05 -3.025371E-04

Figure 31.1 presents a comparison of the coherent transmission loss between the high
frequency and low frequency models in PC SWAT 7. The waveguide is 100 m deep with a rigid
bottom and pressure release surface. The source and receiver are both located at a depth of 50 m.
The frequency of the projector is 1000 Hz. Table 31-2 contains the sound velocity profile for the
waveguide. In the case of the high frequency model a user-defined surface and reflection loss
of 0 decibels is used.

TABLE 31-2. SOUND VELOCITY PROFILE OF TEST CASE

Depth (m) Sound Speed (m/s)
0 1500
50 1460
100 1500
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Transmission Loss

! ! ]

— LF
— HF

Coherent Transmission Loss (dB)

FIGURE 31.1 COMPARISON OF TRANSMISSION LOSS FOR HIGH FREQUENCY AND LOW
FREQUENCY PROPAGATION MODELS

Note, the incoherent transmission loss for the high frequency and low frequency

propagation models are not directly comparable, since each ray trajectory in the high frequency
model represents a coherent sum of normal modes.
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