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1. INTRODUCTION

Lattice materials are porous materials consisting of periodic cells or non-
periodic cells. The cells are composed of rods, or shells, or solid structures.
The size of cell is usually small with respect to the size of the body filled
with the lattice materials. The lattice materials with simple microstructures
are characterized by a single length scale, for instance, Lattice Block Ma-
terials which are developed by JAMCORP corporation. The hierarchic lat-
tice materials have hierarchic multi-scale microstructures. In either case, we
deal with a multi-scale problem. The lattice materials can offer significantly
higher strength-to-weight and stiffness-to-weight ratio than their base materi-
als and have obvious advantages in engineering applications. Besides heteroge-
neous materials[17, 28, 30, 33], lattice models are used in many other applica-
tions such as porous media[12, 16, 33], fracture models[31], crystal physics[21],
biophysics[20]. For a survey of some applications, we refer to {30, 32].

Various mechanical models for the lattice problems with periodic and non-
periodic structures have been studied. There are papers addressing these prob-
lems, especially in the mechanics, material science, and physics literatures. For
mathematical theory which is related to the problem of the lattice materials
we refer to the book [8] and her various papers, e.g. [7, 9, 10]. Various math-
ematical aspects of lattice problems have been studied. Problems of periodic
lattices in entire spaces and numerical methods are analyzed based on Greens
function and Fourier transform [3, 21, 22, 23, 24]. A combination of homoge-
nization and multigrid method on unstructured mesh is applied to problems of
non-periodic lattices [6, 14]. The recovery method has been developed recently
for problems of bounded lattice [4], which convert discrete lattice equations to
a finite element discretization of a continuous partial differential equation.

The results of these papers are mostly for problems of periodic lattices in
entire spaces R?, but not for problems of unstructured lattices on unbounded
and bounded domains with prescribed boundary conditions. In addition, the
scale of cells in these papers is assumed so small that asymptotic arguments
such as homogenization can be utilized. Further, most papers only address
the problems in presence of absolute terms in the equations so that the cor-
responding bilinear form satisfies the inf-sup condition on a pair of discrete
Sobolev spaces. In practical applications, these assumptions may not be valid.
If the scale of cells may not extremely small, then the homogenization will not
give us satisfactory solution of lattice problems. In particular, the absolute
terms do not exist in applications, it is a pure mathematical hypothesis for
the convenience in mathematical analysis. For problems without such abso-
lute terms we need to develop new mathematical approaches for problem of
unstructured lattices.

This final progress report summarizes the progresses of our research in the
period 1999-2002, including many results which are original and have not been
published yet. In the past three years, we started with problems of periodic
lattices in entire spaces, and then focused on the mathematical framework
for problems of unstructured lattice in unbounded domains without absolute
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terms. The Fourier transform is a very powerful tool for study of problems of
lattices with periodic structure and for design of effective numerical methods
such as generalized p-version of finite element methods [25, 26], even for those
on bounded and unbounded domains with boundary layers. But it is not valid
for unstructured lattices. The new approach is to establish the equivalence
between the problems of lattices and partial differential equations(not homog-
enized equations), and the equivalence between grid functions and continuous
functions. With help of such equivalences we can establish various embedding
results among discrete function spaces which lead to the existence and unique-
ness of solution of lattice problems, also it will results in an effective algorithm
via the numerical solution of the corresponding partial differential equations,
e.g. multigrid method. The problems we presented are of truss type which re-
sult in systems of difference equations with infinite number of unknowns. Such
lattice problems are addressed in discrete energy space or Sobolev spaces over
lattices. The mathematical framework we have established and mathematical
foundation we have laid down for the problems of unstructured trusses can be
applied to or generalized to problems with complicated microstructures such as
plates and shells, or three dimensional solid structures and many non-periodic
lattice problems.

The report is organized as the follows. In Section 2, we address problems
of periodic trusses in entire spaces R%,d = 1,2,3. The problem is setup with
various important concepts such as connectivity and rigidity. With Fourier
transformation the equivalence between a discrete problem and a semi-discrete
problem is established, and a representation formula of solution of truss prob-
lem is derived. at the end of this section, two lattice problems are analyzed
in the theoretical framework. In next section we present the major progresses
of research on the problems of unstructured trusses without absolute terms in
entire spaces. The extension of grid functions to continuous functions over R?
is defined by a linear interpolation is explicitly constructed, which leads to an
embedding of the energy space into weighted L? spaces. The existence and
uniqueness of the solution are proved for problem without absolute terms in
one, two and three dimensions by different way. In Section 4 a boundary value
problem of unstructured trusses in half spaces R% is analyzed. A sufficient
condition on the external force f is derived, under which the existence and
uniqueness of solution of the boundary value problem is proved. At last we
conclude with current and future research directions on problems of lattices,
mathematical models and computational methods. In two appendices, the so-
lution of Possion equation in entire spaces R%,d = 2, 3 and the boundary value
problem in half spaces R¢,d = 2,3 are discussed in modified function spaces,
which are parallel to the problems of lattices in entire and half spaces, some
embedding results are essential to the existence of the solution of such lattice
problems.




2. PERIODIC LATTICES IN ENTIRE SPACES

2.1. General setting of periodic in entire spaces R?

Lattices are comprised of cells and nodes. Let @ be a master cell in R?
with unit size, which is an interval in one dimension, and is a polygon in
two dimensions, and is an polyhedron in three dimensions. The master cell is
extended periodically in entire space by an integer translation:

d
Qm = {yeRd|y=m+Zmit(i),m€Q},mezd. (2.1)
=1
where Z = {0,£1,42,...} denotes the set of all integers, and t@ is a unit
vector in z; axis. There is a set Kg of nodes {a;("“)}i=1 in the master cell @,
and a set K,, is the integer translation of Kg by

d
Kp = {z™") = 2 4 Zmit(i),x(”) € Kg},me 2% (2.2)
i=1
Note that the indices k of nodes in each cell @), are the same although the
locations of these points in different cells are different. Hence we denote the
set of indices {1,2,...,¢} by K. Without losing generality, we assume that
the cells @,,’s and sets K,,’s are mutually disjoint, namely,

QnﬂQm=@,KnﬂKm=@,n¢m,n,m€Zd.

The lattices shown in Fig.2.1 and 2.2 are two typical examples with Q =
[0,1),K = {1,2} and @ = [0,1)?, K = {1}, respectively.

E; E; E, E, E, E,

(a) A lattice

A g 1

(b) Master cell Q furnished with springs

Fig. 2.1 A periodic lattice in R!

We now further specify the connectivity of lattices. By b(™*") we denote
an elastic rod connecting the nodes z(™*) and 2(®* with intersect area A and
length bm:#nA) By E®mA) we denote the Young’s modules of the elastic rod
b{smA), For the sake of simplicity, we will omit cell index m whenever m = 0.
For instance, we write z(0%) = g(®)  pOmmA) = pEmN) etc. We assume that

(C.1) Each node is connected to others by the rods,at least one node and at
most M nodes;

(C.2) Any two nodes z(™*) and 2™ are linked by the shortest chain Ly, xn x:
gmr) = gmA) y glrada) y glsds) ool gneds) = (D) such that
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z(m:M) ig connected to z(P+1A+1) 1 <t < s~ 1, and

Ix(m’ﬁ‘) —_— x(n’A)| S Z |x(nt+l,At+l) — x(nt;At)l S nlx(man) — x(n’A)L
1<t<s—1

where 7 is independent of m, n, k and A;

(C.3) The length of rods are uniformly bounded i.e. for any z(™*) and g™
which are connected, there holds

bl S b(m,n,n,)\) — lx(m,n) — x(n:)‘)l S b2_

To effectively describe the connectivity of the lattice, we introduce B, and
Bm,)\
B, = {(n, ) € Z¢ x K such that 2® and z{™» are connected }  (2.3a)

and
B, = {n € 2% such that (n,)) € B,}. (2.3b)

Va4 444 %
VAL s

VAV VAV
AV L

(a) A lattice (b) Master cell Q furnished with springs

Fig. 2.2 A periodic lattice in R?

B, and By ), based on the connectivity of the nodes z(®%) in the cell Qo, can

be periodically generalized to sets B{™ and Bf:;) for all m € Z¢ by the integer
translation. Due to the periodicity , it is easy to verify that

n € By if and only if —n € By, (2.4)

and
E(n,n,/\) — E()\,—n,h:). (25)

We further assume that lattices are rigid in the sense that if the new config-
urations of all cells resulted from a continuous transformation, which remains
the lengthes of all rods fixed, are congruent to the original ones. A cell is rigid
if the new configuration of the cell resulted from a continuous transformation,
which remains the lengthes of all rods of the cell unchanged, are congruent to
the original one. These difinitons of rigidity are based on the graph theory and
coincide with those of [1]. Obviously, a lattice is rgid if all cells of the lattice
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are rigid, but a rigid lattice may have some non-rigid cells. For instance, a cell
consisting of triangles in two dimensions and tetrahedrons in three dimensions
for which each edge is an elastic rod, is rigid, a lattice which is composed of
such cells is referred as a triangular or tetrahedral lattice. Of course, a rigid
lattice may not be triangular or tetrahedral. For the various definition of rigid-
ity in general and verification of rigidity for a lattice or a truss system, which
is not trivial, we refer to [2] and also to [1, 11, 27, 30].

A lattice is characterize by the local structure K, the global and periodical
translation on Z¢, and the connectivity B,. We now denote the lattice with
the above structures by G = G(K, 2%, B,).

2.2. A Truss Problem on Periodic Lattice

Let 4 = (Um)meze and upm = (Umk)sex be a grid functions on G and K, re-
spectively, and each um, is a vector (ul, ., uZ ;- - -, s, ;) With s-components.
In one dimension, s = d = 1, and u,,, denotes the displacement for elastic
rods or the temperature of heat problems at the node z(™*). In two and three
dimensions, s = 1 when u,,, denotes the temperature. For the elastic prob-
lem, s > d. If the connections of rods are non-rigid, then s = d, and up,,
denotes the displacement at the node z(™*), If the connection of rods are
rigid, then s = d(d + 1)/2 for d = 2,3, and u,,, denotes the displacement
and rotation at the node 2(™*), We furnish the rods with springs in the axis
directions at each node with Hook’s coefficients denoted by diagonal matrices
Cmr) = G m € 24,k € K. We assume that the ratio of the length of rods
and the intersect area A of rods >> 1. For the convenience to characterize the
nature of our methodology, we will focus on the case that s=d , namely, the
rods join with hinges, and the bending is not considered here.

If external forces exert on the rods at the nodes, denoted by f = (fn) =
(fm.x)(mux)czdxk, We have the equilibrium equation

A (um+n,)\ - um,n) _ d
- Z B )ISC(m+n,>\) — p(mx)|2 + C(N)um,ﬂ = fmu VM € 2% VK € K.
(n”\)EBN

(2.6)
with
(w(“”\) _ x(n)) (x(n)\) _ x(ﬂ))T

|;1;(na)‘) —_ w(ﬁ)l |x("’/\) — x('i)|

E(K,,‘n,A) —_ AE(n,ﬂqA) (2.7&)

which is a matrix for s = d > 1 and a scalar quantity AE®™) for s = 1,1 <
d < 3, and ‘
Cc® = diag(C®,c{,...,c), ¢ >o. (2.7b)

Similarly, C*® is a matrix for s = d > 1 and a scalar quantity C*) for
s=1,1<d<3.

Let H*(G) and L?(G) be the Sobolev spaces over the lattice G with the

norms
Hu”f:?(g) = Z Z|“m,n|2 (2.8)

mezd kek
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and
||U||§11(g) = luﬁp(g) + ||u||%2(g) (2.9a)
where |u|g1(g) is the semi-norm,
2 |um+n A — Un n,|2
|u|H1(g) = Z Z Z |x(m+n,;\) _x(n,z,n)|2' (2'9b)

meZe k€K (n,\)EB

The corresponding variational problem is defined as
B(u,v) = F(v) (2.10)
with the bilinear form on H*(G) x H(G)

1 (Umtn — Umye)
B(u, ’U) = Zmezd ZKE’C{Z(TL,)\)EBN §<E(K,n’)‘) |x(7:_‘m7’l)\) — :L‘E::”')l,

(2.11a)

Um NA ’Um,n
( m+_:z AA m ,2 )+ (C(n)um,m Um,n)}
|.'L'( ) ) —_ x( t] )|

and the linear functional on H'(G)

F(U) = Z Z(fm,m'vm,n>a (2.11b)

mezd keEK

where (z,y) = Z;.Ll ;y; is the inner product of two vectors in R, and |z|*> =
(z, ).

The energy of the elastic rods is

1 (mtn ) — Umoe)
G(U) = B(u’ ’LL) = Zmezd z:n,elc{z:(n,)\)eB,c §<E(n,n,)\) |.’IJ(7;’:'”$‘) — z?:n’;)]a

(Umtn = Umys)
|x(rrzz-;?k) — ;czlrl'jn)l) + (CPup s, Umyn) }-

The energy space denoted by E(G) is the family of all grid functions u on G
with finite energy G(u), and ||u||gg)y= G(u)/? is referred as the energy norm
of u.

Proposition 2.1 If a lattice G is rigid, then

(Kﬂn:A) (um+n5A - um)"") (um'i'n,A - um,n) _
m s [

if and only if u is a rigid body motion.

Proof The proof is technical, we refer to [2].

Triangular and tetrahedral lattices are rigid, but a rigd lattice may not be
triangular or tetrahedral. It can be proved that the lattice shown in Fig. 2.3
is rigid, but is not of triangular type. The lattice shown in Fig. 2.4 is neither
rigid and nor of triangular type.




Fig. 2.3 A rigid and non-triangular lattice in R?

(a) A non-rigid lattice

(b) A non-rigid body motion on a non-rigid lattice

Fig. 2.4 A non-rigid lattice in R?

Lemma 2.2 The bilinear form B on H'(G) x H'(G) given in (2.10) is contin-
uous, and it is coercive if C®) > 0 for all k € K.

Proof. Note that

(x(n,A) — _IL-("':))T (z(n’A) — m("))
20N — 2@ g0 — g®)|

(cosb:, cosby, .. .,cos0,)T (cosby, costs, . . ., cosdy)
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where 6, is the angle between the rod b= and the z,-axis. We have imme-
diately
| |B(u,v)| < Cllullmg)llvllar g
with
C = Maz{ max AE®™) max C"}.
nEB K, AEK 1<e<d,keK

Hence, the bilinear form B is continuous. Since C*) > 0 for all k € K, we
have

<C(N)um,mum,n) = ”u”%ﬂ(g)-
Here and hereafter 22" means equivalent with constants independent of major
subjects, e.g. the functions u. For s = 1, there holds

(E(ﬁyn,A) (um+n’A — um’n’) (um'{'naA — um,ﬂ) >
lx(m—}-n,)\) —_ x(m,n)l’ ‘m(m+n,)\) _ x(m,n)!
AE("‘""’;A)

= Ix(m-}-n,)\) — g(ms) |4|

AE(K,’H,)\) 0 9
= g — gme 2 [Uminr = tmal” 2 difulirs(g)

(zm+nA) — gmm) 4y — U |

with di = mingep, , krek AE®mA) For s =d > 1,

(E(n,n,/\) (um+n,>\ - um,lﬂ) (um+n,A - um,n) >
|$(m+n,)‘) — x(m,n)l’ lx(m+n,)\) — x(m,n)l

AE(rmA)
= |x(m+n’)\) — x(m’n) 7 |<$(m+n,}\) — x(maﬂ), Umetn, A — um,n)|2 (2.13)
AE(n,n,)\)

= e = gma)]2

lum+n,)\ - um,n|2cosz¢n,n,z\ Z dl‘ulip
9

where d; = mingex (e, AE®™Nc0s?P 5. By the rigidity assumption, u
will be a rotation if d; = 0, which is not in L?(G). Hence, d; > 0 foru € H(G),
and

B(u,u) > dilul3ng) + dallull?zg) 2 dllulling

with dy = minlsgsd,nen Cén) > 0.and d = min{dl, d2}. ]

Theorem 2.3 Suppose that C®) 0 for all K € K. Then, for any f €
(HY(G))™!, the variational equation (2.7) has a unique solution v € H'(G),
and

llullzrgy < Cllfll ey
In particular, if f € L?(G), there holds

lull ey < Clifllz2g)- (2.14)

Proof. The theorem follows from the previous lemmas and Lax-Milgram
Theorem. a

Remark 2.1 The condition that C® > 0 for all k € K can be weakened to
C’g") # 0, the energy norm ||u|| g(g) is equivalent to the norm ||u| z1(g) due to the

connectivity assumption [2]. If C'é") = 0, Theorem 2.2 can not stand because
the energy space E(G) is not equivalent to H*(G) and it is not embedded in
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L? (G). Because of the importance of lattice problems without absolute terms
(i.e. Cé'“) = 0) in applications we shall elaborate it in Section 3 and 4.

The relation between the solution of the equilibrium equation (2.6) and the
solution of the variational equation (2.10) is given in next Theorem.

Theorem 2.4 If u € H!(G) is the solution of the variational equation (2.10),
then it satisfies the equilibrium equation (2.6). Vice versa, If u € H*(G) solves
the equilibrium equation (2.6), it satisfies the variational equation (2.10).

Proof. We first prove that the solution u of the equilibrium equation (2.6)
satisfies the variation equation (2.10). For v € H*(G), multiplying (2.6) with
U and summarizing with respect to m and &, we have

DI I L —"
4 IEK B Ix(m"l"n?)‘) —_ x(ma’{‘)l, |x(m+n1’\) —_ x(m”")l
meZe K,AEK NEDB )

+ 3 Y (CY g, ) = DY (Fres Vme)s

meZd keK mezd keK

The above sums exist since u,v € H(G). Letting m +n =m' and n = —n/,

we get

(5,m,)) Um4nr — Umk Um,k
.Zmezd AZEIC ; <E o Im(m'{'nix) — x(m:n)l ’ |x(m+n,)\) —_ x(m,n) I)
K, NnEDL X

= Z Z Z <E(N,—’mA) Um!/ A — Um'4n' ik Um/+n' )
m' €24 lx(mla)‘) — x(ml'l'n,»")l, |_’L‘(m’a)‘) — x(m’+nla’9)|

KAEK —anBn‘)\

Due to the properties (2.4) and (2.5) :

E(N,—nl,/\) —_ E()\,nl,h‘,)
= Bn,)‘ %ff n' e B)\,,.;

there hold

') Um' T Un/4nl s U +n'
Zm’ezd ZN,AEIC Z—n'GBn,,\ <E(n’ e |;L-(m’,;\) — x(m’+n,’,n)|’ |g;(m’,)\) — m(r’n'+n’,ﬁ)|>

_ an' U’ A — Um0/ k U’ 40! 6
== Zm’ezd ch,«\elc Zn’EBA,n <E( " |.’I:(m’,;\) - x(m’+n:,ﬁ)|, Im(m’,k) — g;(f’n’+n’,~)|>
(2.15)

Which leads to the (2.10) immediately.

We now show that the variational solution u € H*(G) solves the equilibrium
equation (2.10). Let v € H'(G) be such that vy, = 0 for all kK € K except
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k = 1. Then the variational equation leads to

ST Y et e sy
e L [zmn,) — gmm] [giminl) — zlms)|
meZd KEK NED, 1

Z Z Z E(l n,1)_ Umtn X — Um, U )
Zd \eK neB |g(mtnA) — glmD)]” |gmtn, ™ = x(m D]
me n€By )

+ D AC™un,, vma) = Y (Fmts V)
mezd meze

Selecting v, such that vy, = 0 for all k € K,m € Z except v,1, Due to
(2.15), we obtain

N z Z (E(“’"v\) Urntn, A — U, V1. )
XE€Bx n€B |z(mtnd) — g(@1)|” |p(@tnd) — x(m )|
x NEDMm

+ (COus1,vm1) = (F1, V1)

which implies

_ (8,n,)) Untn ) — Um,l
Z Z E |z n2) — g2 +CWupny = fn
AEB n€Bg

Similarly, there holds for any m € Z¢
LYY meen et co, g,

ZmnA) — gmD[?
AEB, nEBl,)‘ | I

Actually, the above argument can be carried for any x € K. Thus, we have
the equation (2.6). O

2.3 Fourier transform for lattice problems

For grid functions u on the periodic lattice G in entire spaces, we introduce
the Fourier transform

Flu)= Y ume™ =a(1) (2.160)

mezZd

which is a linear functional over the space Cg2,(I%) = {4 € C>(I%)|a(t) is a

or-periodic function }, where I¢ = (—m, ). 4(t) is a complex-valued vector
function, (@, (t))xex, and each 4, (t) has s components @4(t),1 < £ < s, and

=) umse <™, VeeKk. (2.16b)

mezZd

The inverse Fourier transform is defined as
_l(ﬁ') = (Um)mezd (2'17a)
for any a(t) € C,.(I%), and

= (27)7¢ [ a(t)e <™t>dt (2.17b)
Id




13

For lattice problems we are interested in some of specific spaces over G,
e.g. L*(G), then F(u) € L?(I%), which has a stronger topology than the linear

functional on the space Cpg,.(/ ), In particular, we are interested in the Fourier

transform on the spaces L2(G),v > 0 with the norm

lullZzgy = D D1+ M) fumsl*

meZd kek

Lemma 2.5 The Fourier transform realizes isomorphism: L2(G) <> L(I¢) and
L%(G) « HE,.(I%), where Hy, (I%) is the subspace of 27- periodic functions in

per
HY(I%), and
”u”%z(g) = (27T)_d”'a”%2(_[d), (2.18a)

lullZag) = a3 (ray- (2.18b)

Proof. It is easy to verify that

il = [, X T tPa= [ 305 3 b <merar

mezd keK 0<L<s mezd keK 0<E<s

= @0 YY) (up = @m)ull}e

mezd keEK 0<L<s

which implies an isomorphism : L?(G) <> L?*(I%) and (2.18a). For 4(t) €
HY_ (I%) with integer v > 0, there holds

per

d
Da(t) = [ J(ime)*a2)
=1

for any a = (o, a,...,0q) With || =, ,<,0 < v, which leads to
el ey = Y L+ mP) fumf® = |lulEs ).
mezd

For non-integer v > 0, H”, (I?) is defined as an interpolation space, and (2.18b)

per
stands for non-integer v as well. O

We now apply Fourier transform to the variational problem (2.10). We
introduce a bilinear form B and a linear functional F', namely,

L 1 n (,a/\e—z'<n,t> - '&n)
B(1,9) = fId EnEK{Z(n,A)GBn §<E’( ) z@N) — 7@

(,a)\e—'i<n,t> — @n)
2@ — )]

(2.19)

) + (CWi,, d,) }dt

and
Fo)=3" / (F, 8. dt. (2.20)
KEK n
Then we have the following lemma.
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Lemma 2.6 Let u,v € H(G) and f € L*(G), and let 4, #, f be their Fourier
transform, respectively. Then there hold

B(u,v) = (2r)%B(a, ) (2.21a)

and
F(v) = (2n) 4 (). (2.21b)

Proof. For 9 = 4 U € <™ and f = ¢ fm€<™t>_ there holds
mez mezZ ’

F(@) = z£d<fn,ﬁn)dt = Z[d Z <fn,m'l)m,n>ei<(n_m)’t>dt

KEX KkeK n,meczZd

(27r)dZ Z < fm,mvm,n > .

KEK meZd
This leads to (2.21). Similarly we have

> / d(c<~>am Byt = (2m)2D Y (COupx, Vi) (2.22)

KkeK KEK mezd
It is easy to see that

/ Y L (e~ <> — ) (Bre™ ™ —b),
I 52K (nN)eB. 2 |x(n,/\) _ x(n)| ) |$(n,}\) — x(")|

um’)\ei<(m—n),t> _ um’nez<m,t>)

1 K,n, (
= /Idz Z §<E( A)Z 2N — )| 4

KEK (n,\)EBy mezZd
el : eam!
(,Um,’)‘e <m/ —n,t> __ vml’nez<m ,t>) )dt
Z |a;(n»>\) — ;1;(“)|

m'ezZd
1 (u —Unpy) (v — Uk
—_ a3 nlCRODY) m-+n,A ™m,K m+n,A m,Kx
1 (w —Unmx) (v = Um.k)
_ d a4 NG m+n,A m,K m+n,\ m,kK
which together with (2.22) yields (2.21). O

In order to properly define a variational problem over I¢ x Kg,we need to
introduce new function spaces. Let L?(Kg) and H*(Kg) be the spaces of grid
functions on K¢ with the following norms

”w”%ﬂ(k' y Iwn|2 - |w:le|2
Q
KEK kEK 1<I<s

and | |2
9 _ Wy a — Wg 9
ol =3 D Tz =g + 10y
KEK (n,\)EBx

L* (I H'(Kg)) and L? (I¢,L%(Kg)) are spaces furnished with the norms :

A2 _ A 2
191 e sy = [, 1O oy
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and
19125 630y = [, 15O ey

Lemma 2.7 If f € H'(G), then f(¢) € L? (I¢, H'(Kg)),l=0,1, and

”f(t)”Lz’(Id,Ht(KQ)) = (27T)d“f”H‘(9’)

Proof. The assertion follows easily from the definition of the spaces. O

Remark 2.2 The functions & = 4(t) in the space H'(I?),1 = 0,1 are vector func-
tions with sq components, and the functions 4 = 4(t, z(®) in L? (I¢, L*(Ky))
are those defined on a semi-discrete domain I¢ x Kq with s components. Ob-
viously, the space L? (I?) coincides with the space L? (I4, L*(Kg)), and

||f||L2(1d,L2(KQ)) = || Fllz2(z4)-

But the space H'(I%) is totally different from the space L? (I¢,H(Kjg)).
The latter is related to the connectivity By, and the former is not. Further-
more, the space H'(I?) is an isomorphism of the space L3(G), and the space
L?(I%, H*(Kg)) is an isomorphism of the space H'(G) according to Lemma
2.6.

The bilinear form B in (2.20) and linear functional F' in (2.21) are defined
on I2 (I¢, H'(Kq)) x L* (I¢, H*(Kq)) and L* (1%, H'(Kq)), respectively. The
energy space £ = E (I¢ x Kq) is defined as one equivalent to L? (I, H'(Kq))
if C®) = 0, with an energy norm

[l

2 — Bl \1/2
E(IxKq) — B(w, w)"/?.

We are now able to precisely address the variational problem over the domain
I d x K, Q-

Theorem 2.8 Let B and F' be the bilinear form and linear functional on
L2 (14, H'(Kg)) x L? (If, H'(Kg)) and L? (Id,Hl(KQ)), given in (2.19) and
(2.20), respectively. If f € L2 (I L*(Kg)) and C® # 0,Vk € K, then the
variational problem

B (4, %) = F(9), Vo € L* (I, H(Ky)) (2.24)
has a unique solution % € L? (I¢, H}(Kjg)), and

”ﬁ“L"’(Id,Hl(KQ)) S C”f”(L2(Id,L2(KQ)))' (2.25)

Remark 2.8 Combining Theorem 2.8 with Theorem 2.3 and Lemma 2.6, we
have that the equivalence between the problem (2.10) and the problem (2.24),
i.e. the equation (2.24) has a unique solution @ € L? (I, H'(Kg)) and the

estimate (2.25) holds for f € (I, L?(Kq)) if and only if the problem (2.10) has
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a unique solution u € H'(G) and the estimate (2.14) holds for f = F~( fe
L*(G), and u = F~1(a).

Applying Fourier transform to the equilibrium Equations (2.6) leads to an
equilibrium equations over I¢ x Ko

A ('&Ae_i<n’t> - ’&n) A F
- > E&™ 2N —g@E T C"a, = f.,Vk € K. (2.26)
(n’)‘)EBK

Then we have a theorem indicating the relation between the solution of (2.24)
and the solution of (2.26).

Theorem 2.9 If 4 € L? (I¢, H'(Kg)) is the solution of the variational equa-
tion (2.24) with f € L? (I¢, L*(Ky)), then it satisfies the equilibrium equa-
tion (2.26). Vice versa, if 4 € L? (I¢, H'(Kg)) solves the equilibrium equa-
tion (2.26) with f € L? (I%, L?(Kg)), then it satisfies the variational equation
(2.24).

Proof. The proof is analogous to that for Theorem 2.3. O

2.4 Presentation Formula of Solutions

The equation (2.26) gives a system of linear equations

o)) = f(z) (2.27)

where 4 = (47,47 .. QE)T and 4, = (a},...4%)7

with sq components, and o is a block matrix

,k € K. & and f are vectors

o = (Tx)1<rrce

Each of block o) is a s X s matrix. It follows from (2.26) that

Orw= Y (1—e <) Ermm 4 Ct), (2.284)
Nn€EBkx
Opr=— Y e <HPErERA), (2.28b)
n€B,\

Lemma 2.10 The matrix o has following properties :
(1) o is a Hermitian matrix and Hermitian block matrix;
(2) oa(—t) = aak(t)T for A,k € K, and o(—t) = o (t)7;
(3) o(t) is a positive definite matrix for all ¢ € I¢ If C*) 2 0 for x € K;;

. (4) If C®) =0, o (t) is a semi-positive definite matrix for all ¢ € I* and is
a positive definite matrix for all ¢ € I¢ for all ¢ € I¢ except ¢t = 0.

Proof.
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(1)1t follows from (2.28b) and (2.4) — (2.5) that for k # A

Oxr = — Z e i<nt>R(EnA) — _ E i< ErnA)
nEB, ! nEB)\’K
_ j : ei<m,t>E(n,—m,/\) — _ E eZ(mat>E(A,m,N) = EA’,;-
mEB)\,n mGBA,n

For k = )\, we shall write
B.x =B, UB;,
where
Bf ={n=(ny,ns...ng) € Bes | >0,1<1<d}
B, ={n=(n1,ny...n4) € Be | <0,1 <1< d}
Due to the definition (2.3) of By, 0 € B, which implies R} N R, = 0. By
the property (2.4), n € B, if and only if —n € B, . Therefore

Ton=C®+4 Y sin’ —<——n2’t—>E(’“’”"‘) (2.29)

neBT,

O« is a real matrix. Thus we have shown that o is Hermitian block matrix.
Note that C*) and E®"*) are symmetric matrices, which implies the o is a
Hermitian matrix as well.

(2) For X # k, by the properties (2.4) and

. —i<n,~t>(K,nA) — —i<—n,t> (kA
an,)(—t) — EnGBMA € ’ E( ) = Z—nGB,\,N € E( )
— —i<m,t>R(k,—m,\) _ _ —i<m >, M) —
- z:rﬂ,GB)‘,,c € E( ’ ’ ) - Z’I'II,GB)\’,e € E ’ ) - a.)\,li(t)‘

It is trivial by (2.29) that o4 . (t) = o(—t), V& € K. Since each block oy .(t)
is symmetric, we have o(—t) = a(t)T.

(3) Let b(t) = (B(t)) _ € L%, H'(Kg), and let b € 7~ (E(t)). Then, by
Lemma 2.6, b € Hl(g"), and
[ (@@, bpt = B.b)

= Z Z Z (E(K’n’)\) (bm+n,A - bm,lc) ) (bm+n,)\ - bmy"»

meze kEKQ (n,\)EBy

+Z<C(ﬂ)bm+n, bmtr) 2 dl“’l%{l(g) + d2||b”i2(g)
K€K
where d; and d, are given in (2.13). Note that

i) = [, BOBnxardts Wiy = [ 1560 it

which implies that

[ @b, bend 2 a [ e+ [ 15O
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and that for almost every t € I¢
(o (£)b(2), B(t)) > dilb(t) 3 () + A2l IFaieq) = dallb(®)]|F2 (k-

with dy > 0. Note that o(¢) is a Hermitian matrix and analytic in ¢{. Hence
o (t) is positive definite for all ¢ € I¢.

If C®) = 0 for all k¥ € K, there holds
(o (£)b(2),b(t)) > du[b(t) () = 0.

o (t) is semi-positive definite for all ¢ € I¢. By [?], det(o(¢)) = 0 if and only if
t = 0, which implies that o (¢) is positive definite if ¢ # 0. O

In terms of o~ (¢),we now can derive a representation formula of the solution
the lattice problem.

Theorem 2.11 If C®) % 0 for k € K and f € L?(G), the solution of the
lattice problem (2.6) can be represented by

u=Fl (a"l(t) i®) (2.30a)
where f = F(f) € L*(I%), with
o = (2) / oL () f(t)emi<mt> dp (2.308)
Id

and

1771 (o0 F0) i) < Clllras oy

Proof. Since o(t) is positive definite for all ¢ € I¢ if C(®) # 0,
i=o"'(t)f(t)

is the solution of the equation (2.26). By Theorem 2.8, it solves the variational
equation (2.24), and

“ﬁ”L?(I",Hl(Kq)) < C||f||L2(Id,L2(KQ))'
Let u = F~! (4(t)). Then u € H'(G) and solves the equation (2.6), and

||f-'1 (o‘(t)_lf(t)) ”Hl(g) = ”u||H1(g) < C”ﬂlle(Id’Hl(KQ))
__<. C||f||L2(Id,L2(KQ))'
O
If C® = 0 for all k € K, then for any b € E(Kg) Since o(t) is a positive
definite matrix for ¢t € I¢ and t # 0,0 !(t) exists for all ¢ # 0 and
a(t) = o7 () (0).

o~1(t) is singular at the origin, and 4(t) has pole at ¢ = 0 in general if f(t) €
L*(I%(i.e. f € L*(G). Therefore, the integral in (2.30) may diverge due to the
singularity at the origin. To make the integral converge, we have to impose
additional conditions on f(t) which are able to absorb the singualrity of & at

the origin. For instnace, f € HY,, (I¢) with v > 1 and vanishing at ¢t = 0,
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which is equivalent to f € L2(G) with v > 1and ), .54 D ek fox = 0. Based
on the analysis on the lattice probloems without absolute terms in next section,
the following theorem on the existence and uniquness solution and validation
of the representation formula can be proved.

Theorem 2.12 If f € L2(G) with v > 1ford =2 and v =1 for d = 1,3,
and ¥,z > .cx fax = 0, then the lattice problem (2.6) with C*) = 0 has
solution, which can be representd by the formula (2.30) and

lullane = 177 (0@ F®) ) < Ol o) & 1 3o

2.5 Two Examples Of Lattice Problems

We will analyze two concrete lattice problems. One is one-dimensional, and
another is two-dimensional. Although the structures of these two problems
are simple, the analysis we carry out here can be generalized to other lattice
problems.

A lattice problem in one dimension

Suppose elastic rode of two different materials with half-unit length and in-
tersection area A are connected by hinges at nodes, shown in Fig. 2.1. The
master cell Q = [0,1), containing two nodes (), k € K = {1,2}. The nodes
in cells Q,, for m € Z are denoted by z(™*), k = 1,2. Let M = {z(™*) m €
Z,k = 1,2} denote the global mesh containing all nodes. Suppose that the
rods are furnished with springs at each node. By E; and E; we denote the
Young’s modulus of the rode, and by 4C; and 4C,, the Hook’s constant of the
springs, respectively. A lattice G denotes such a structure, connectivity and
periodic translation.

Equilibrium Equation

Let u; and 4f; denotes the displacement of the rods and external force at the
nodes z;, we have the following equilibrium equations

~A{E1(um2 — Um1) + Ea(tm1 — Um-12)} + Crtm1 = fm,1 (2.31)
—A{Es(um+1,1 — Umz2) + E1(tum2 — Um1)} + Colme = fmo '

Variational Equation
The corresponding variational equation
B(u,v) = F(v).
where u,v and f are functions defined on G, with the bilinear form

B(U, ’U) = Zmez (umﬂ - umyl)AEl (’Um,g - um,l) + C’lum,I’Um,I
+ Yomez(Umi1,n — Um2)AEs(Umi11 — Um2) + Colim 2Um,2

and the linear functional

F)=> " frmjvm

mez j=1,2
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The energy space E(G) contains functions on G with finite energy E(u),
E(u) = ;B(u, u) 7 LY ez AB1(Um2 — Um,i1)? + Cru2
2 2omez AB2(Umi1,1 — Um2)® + Cotig 5.
The spaces H'(G) and L? (g) are furnished with the norms
||U”H1(g) |U|H1(g) + ““||L2(g) Z (Um,2— Um,1)2 + (Umt1,1— um,2)2 + Hu”%w)
meZ

and

lullfegy = Y lumal* + [um,al
meZ

Hence, the energy norm ||u||g@y = E(u)Y/? is equivalent to the norm of the
space H(G) if C; + Cy # 0, and equivalent to the semi-norm of the space
HY(G) it C; + Cs = 0.

Fourier transform

For f = f(m), m € Z, we introduce the Fourier transform
=Y f(m)e™,tel=(-m,n)

which realizes an isomorphism between L?(G) and L?(I), and between L2(G)
and H{'I), where the space L2(G) is defined as a weighted space with a weighted

L?-norm
||U||%3(g) = Z (1+ mz)y(|um,1|2 + |tm,a2l?).

mezZ

The inverse Fourier transform gives f = F~1(f) with
_ 1 7 —imt
fm) = 5 [ Feimia
Applying the Fourier transform to the equations (2.31), we obtain
A(E1 -+ Eg)ﬁl - A(El + Egeit)’ib +Cily, =f1
—A(E1 + Eze_it)’ﬁq + A(El + Ez)ﬁz +Chia = fo

The corresponding matrix
_( Bu —Ep
o(t) = ( —FEy  Eap )

with Ey; = A(El + Ez) +C1, By = A(El + E2) +Cs, Epp = A(El + Ezeit) and
Es = A(E, + Eze™™). o(t) is a Hermit matrix, and

det(o) = 4A’E, Eysin’t/2 + A(Cy + Cs)(E1 + Ep) + C1C.
Obviously, if C; + Cy > 0, o(t) is positive definite for ¢t € I, o~1(¢) exists,

0 =z (22 B )

Representation Formula
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If C; + Cy > 0, the solution of equation (2.32) can be given by

Uy \ _ f 1
( Uy ) =70 ( f2 )
Therefore, the solution of the problem (2.31) can be represented as

= F (a,(t)) = FY Z Bre(t) fol2)), £ =1,2
1<e<2
with
D11() = Gaary Bons $22(t) = @ P
$12(0) = gy Ber $21() = oy B

If C; = Cy = 0,0(t) is positive definite for ¢ € I except ¢ = 0, and has a
pole of order 2 at t = 0. If | f(t)| = O(|¢|*) with & > 1/2 near the origin, then
@ has a pole of order 1 at t = 0. Hence @ ¢ L?(I, L?(Kg)), but

(e®)n, @) = (™), f) < oo
which implies that ||ulgg) < oo if f € L}(G) and 3 o2 ek fmn = O
Hence the problem (2.31) with C; = C5 = 0 has a unique solution in E(G) up
to a constant. The argument above based on Fourier transform can be utilized
for periodic lattice problems in entire spaces without absolute terms [?, 15],
and leads to a result coinciding with Theorem 2.16.

A lattice problem in two dimensions

Suppose elastic rods with intersection area A and unit length are connected
by hinges at nodes zx; = (k,7) € 22, periodically, shown in Fig. 2.2. The
master cell Q = [0,1)?, in which there is only one node (), and the index set
K= {1} The mash M = Umz(kﬂ)ezzx( A = Uk,j)ez2Zk,j = U(k,j)ezz(k ])
We will use x; to denote the nodes in stead of zm1b, Suppose that the
rods are furnished with springs at each node. By E and C = diag(C,C),
we denote the Young’s modulus of the rods, and the Hook’s constant of the
springs, respectively. A lattice G in two dimensions denotes such a structure,
connectivity and periodicity.

Equilibrium Equatlon

Let uy; = (ul) v Uk, )) and fi; = ( félj), fk?) be the displacement vector and ex-
ternal force vector at the node zi ; = (k, 7). We have the following Equilibrium
equation

AE(—Aluil,;—l-Alu,(cl_)l,j) +;AE)E¢ %%( A12U +A12U§ce)1,j_1)
a 7 i

AE(-—Azu(z) =+ A2u1(c23_1) +1AE Ze 1, 2( A12u + AIZUg) 1,j—1)
+Ou) = 7O

(2.33)

where
) () {) f; ¢ ) f) ¢ )
Avud) = ufdy; — ud, Al = )y — ud, Al = W, 1, — ud)/V2.

Variational Equation
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The corresponding variational equation is
B(u,v) = F(v)
where the linear functional F' and the bilinear form B are defined as ¢
Z f lz:jvk,j
(k,j)ez?

and
B(u,v) Z(k J)ez? (Arur) "EA; + (Douk, ) TEAgvg,;
(Auuk,]) E* A12uk,3 + C’uk jVk,j

where E = AET and E* = AEbb”, T is an identity 2 X 2 matrix, and b is a
vector = (cos%, sinZ)T.
Fourier Transform
We introduce the Fourier transform for functions f = {fi;, (k,j) € 2%}
FH=Ft)= D fee®H t=(ts,t) € (-7, 7)°
(k,j)e2?

which leads to an equation in matrix form

o (t)it) = f(t) (2.34)

O'(t) — O11 019
021 022
on = AE(4sin®% +\/_3m2(t1+t2)) c

O12 =09 = ——\/_AEsmzﬁl—"—ﬁ2
02 = AE(4sin?2 + /2 sm2w"l) C

where

with

o(t) is a real and symmetric matrix, and

det(o) = A2E2(16sin’%sin? + 4v/2sin? 832 (sin? + sin?22))
+2AEC (2sin®4 + 2sin?% + \/—sznzﬁlﬁ—tzl) +C2.

If C > 0, the matrix o~!(2) is analytic in a strip X; = {z : [Imz| < 6} with
8 > 0, and o (t) is positive definite for ¢t € (—, 7)?, and

_1() 1 O22 —021 )
det(o) \ =012 Oou

Representation Formula

If C > 0, then o(t) is positive definite, then we a solution of the equation

(2.34)
@®@), 82@)" = e OO (@), FO )T
Then solution of the equation (2.33) can be represented as

(w®,u®)T = F o (B)(fO ) FAENT) )
=FH(Xi<r<o $1,.fO(2), D1<e<a P2f ()T
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with
¢11(t) = ge-%;)-(AE (4sin% + v/2sin? (_tl_';ti)) +0),
$12(t) = ¢2(t) = EEZI(T,.—)\/EAESZ.nzg—l——;i),
$22(t) = gozy(AB(4sin®% + Vasin2ttl) 4 C).

If C = 0,0(t) is positive definite for ¢t € I2 except ¢ = 0 and has a pole
of order 2 at t = 0. If |f(t)| = O(|t|*) with & > 0 near the origin, then the
equation (2.34) has a solution 4(t) ¢ L%(I, L?(Kg)), and has a pole of order 1
at t = 0. It can be shown that

(e(®)at), a(t)) = (o7 (O f(2), f()) < 0o

which implies that ||u||gg) < oo if f € L3(G) and Y, cz2 D pex fmn = 0 and
that the problem (2.33) with C' = 0 has a unique solution in E(G) up to a
constant. This coincides with Theorem 2.16

3. UNSTRUCTURED LATTICES IN ENTIRE SPACES
3.1 Non-periodic lattices in entire spaces

A lattices G in R%,d = 1,2, 3 is called unstructured if it is not periodic or
quasi-periodic. It is comprised of countable number of nodes distributed in
entire spaces, which are connected by elastic rods. Let K = {zx,k € N =
{1,2. ...}} denote the set of nodes, and let b be elastic rod connecting the
nodes z; and z, with the Young’s modules E*# and intersect area A. The
distribution and connection of the nodes can be periodic or non-periodic. The
assumptions on the connectivity and rigidity for periodic lattices in previous
section should remain the same, but given in the non-periodic setting. The
assumption on connectivity is now decribed as follows:

(C'.1) Each node is connected to others by the rods,at least one node and at
most M nodes.

(C'.2) The length of rods are uniformly bounded from below by b, and from
above by by, i.e. for any z; and xz, which are connected, there holds

b < |zk — ze| < bo.

(C".3) Any two nodes zjx and z4,k,£ € N are linked by a chain Ly x§’°") =

T — :cgk’e) — xgk’z) = oo = 2 = g, such that xék’e) is connected to

xﬁi’f),l <t<s—1,and

kL k4
loe—zd < Y lalsy — 2™ < mlak -zl
1<t<s—-1
There may be several chains connecting the nodes z; and z;, L, denotes
always the shortest one. In particular, s = 1 if x; and z, are connected.

To describe effectively the connection of the nodes, we introduce a set of
indices
Ki={{eN |x¢ is connected to zx}
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which together with the assumption (C.1)-(C.3) gives the connectivity of a
lattice. The nodes {zx,k € N} and the connectivity of the nodes uniquely
characterize the structure of a lattice denoted by G = G(K, K).

For sake of convenience, we partition the entire space R? into cells Q,,, m =
(my,my,...,mg) € Z¢ such that they are disjointed and UpezeQm = R%
Here Z = {0,+1,£2...} as in Section 2. @Q,, is an interval in R!, a polygon
in R?, and a polyhedron in R3. Q,, N Q, is a vertex, or an edge, or a face,
or empty set for any n,m € N,n # m, where Q,,, denotes the closure of Q.
Furthermore, a partition of R? is assumed to satisfy

(Q.1) Vertices of Q,, are nodes of G, and edges of @, are elastic rods;

(Q.2) Every node must be a vertex of a cell, or is located on an edge of a cell,
or in interior of a cell, and each node is shared by at most ng cells;

(Q.3) The diameter of cells is uniformly bounded,

JQ S dzag(Qm) S dQ;
.4) The number g¢,, of nodes in each @y, is uniformly bounded by g¢;

Q.6) Each cell is rigid. According to [1}, there is a sufficient condition for the

Q
(Q.5) Each node in a cell is connected to at least one node in the same cell;
(
rigidity nof a cell,

em > dgm — d(d+1)/2
where e,, be the number of rods in the cell Q,,, which leads to rigidity of
lattices.

We may introduce a local number (m, k), &k € Npp = {1,2,...,gn} for the
node z; in the cell Q,, such that z; = (™) and |zx|?> & [m|? = 3, cicq Imul>
The connection of nodes can described locally described by T

={(n,A) | z™+tmA) is connected to x(m”‘)},

Proposition 3.1. If z;, = 2(™*) and z, = z{mA) are in the same cell Q,,, the
ndq
1

number of nodes on the chain L;, is not more than

Proof. Due to (C'.3), there is a chain‘Lk,g linking the nodes z; and z, : :v}g,e =
Tk — Tpy — Ty y— - = 2h p = 3. By (C.2),(C.3),and (Q.3), there holds

si< Y (2D - o) < mlok — ol < ndo,

1<t<s—1
which leads to the assertion of the proposition. a
Let up = (ul,u2,...,u)" be a vector function on the nodes {zx,k € N'}. As

in previous section, we shall deal with the problems with s =1for 1 <d <3
and the truss problems with non-rigid joint in one, two and three dimensions
for which s = d = 1, 2, 3. We furnish the rods with springs in the axis directions
at each node with Hook’s coefficients denoted by diagonal matrices C¥, k € N.
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We assume that the ratio of the length of the rods and the intersect area A of
rods >> 1.

If external forces exert on the rods at the nodes zj, denoted by f = {fx, k €
N}, we have an equilibrium equation for the elastic rod problem

-) E® G “’“)2 + Chuyy, = fr,Vk €N (3.1)
€Ky, |3fe — x|
where -
E®O — Ap*9 (ze — k) (Te — k)
|z¢ — zi|? |7 — m |2
and

Ct = diag(C¥,C¥,...,CH), CF>0,1<1<d.

Let H'(G) and L?(G) be the discrete Sobolev spaces with the norms

lullfzgy = lwel? (3.2)
keN
and
”U”Hl(g) |U|H1(g) + ||U||L2(g) (3.3a)
where |u|g1(g) is the semi-norm,
Up — Ug
lultng) = Z Z | e :2 (3.3b)
keN tery, 108 T Tk
Similarly, the corresponding variational equation can be derived
B(u,v) = F(v)Vv € H(G) (3.4)
where
Uy — Vg — k
B(u,v) = Z {Z —(E e) ) +(C uk,v;c)} (3.5a)
keN \LeKy x’“' |xe '
is a bilinear form on H!(G) x H 1(g), and
= Z(fk,vk). (35b)
keN

is a linear functional on H'(G).

The energy of the lattice g is defined as
G(w) = Blu,w) = Y {Y 5(E® e o)+ (Crunu)} (36)

keN £eKy m’“‘ Ixe—x |

The energy space denoted by E(G) is the family of all grid functions u on G
with finite energy G(u) defined in (3.6), and G(u)'/? is referred as the energy
norm ||u||g(g). The assumption (Q.6) leads to the rigidity of lattices, and

S B T el ~® (57)

if and only if v is a rigid body motion.
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At the node z; = z(™*), we may write u = U, CF = CmK) f = e
etc. Due to the d13301ntedness of cells, we have the following proposition which
allows us to write the norms either in global numbering or in local numbering.

Proposition 3.2 For v € L%(G), v € H(G) and w € E(G), there hold,

respectively,
lullZegy =D D luml”
mMEN KENm
2 . |'Un,>\ - vm,n|2
Plire =22 2, 2 Led—gmap
meN kENm (nA)EKT
and

2 _1 k) Wnd — Wmyk Wp A — Wnk
lollzg) = 2 Xmen Lenin Dz B el — st o) — o))

+ Zme/\f ZneNm <C(m"€)wm,m wm,n) .

As analogue of the Theorem 2.3, we have the existenc and uniqueness for
the non-structured lattice problems (3.1).

Theorem 3.3 The variational form B on H'(G) x H'(G) given in (3.6) is
continuous and coercive if CF # 0 in the sense that there exists a node z,, =
z(™*m) in each cell such that C*= # 0, and the problem (3.1) has a unique
solution u € H(G).

Proof The proof is analogous to that for periodic lattice problem (2.6). For
the detail in the non-periodic setting, we refer to [?].

3.3 Problems Without Absolute Terms

The proof for the existence and uniqueness of solutions for non-periodic
lattices with absolute terms is similar to those for periodic lattices which we
have invetigated intensively. We should concentrate on the problem of non-
periodic lattices without absolute terms in this section for which the Fourier
transform can not be used. Fourier transform is an extremely powerful tool for
periodic lattices with and without absolute terms. It is worth to pointing out
that in practical applications, problems of structured or unstructured lattices
are associated with no absolute term, i.e. C*) = 0 for all kK € N'. We need to
develop a new approach for analysis of non-periodic lattices without absolute
terms,which is extremely important practically and theoretically

We seek u € E(G) such that

B(u,v) = F(v) Yv € E(G) (3.8)
where
(r,8) Yt — Ve — Uk a
B(u,v) = ,CEZN% (E |$e—$k| |$e'"$k|> (3.9a)
and
F(v) = (f,0)g = ) _(fr, vs)- (3.95)

keN
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For the problem (3.8), the energy space E(G) does not coincide the H'(G),
and E(G) is not embedded in L?*(G). Actually, the “energy norm” ||u| g, is
equivalent to the semi-norm |u|g1(g). Consequently, the solution of the lattice
problem is not unique and may not exist in H(G). Hence we have to modify
the space H'(G), such that the solution exists uniquely in modified space
H'(G) with the norm equivalent to semi-norm of H(G).

The modification of the spaces and the equivalence of the norms for one
dimension is different from those for two and three dimensions. We shall
address them separately. To this end, we define a weighted space L2 ,(G) for
all dimensions with the norm

lullZz @) = Lken (1+ |z4[2)" 1og® (1 + |zx]) [ug|”
~ v 2
2 Y ezt Donens, (1 [m[2)” 10g (1 + [m]) [t

where v and o are real numbers. We shall write L2 ((G) = L*(G), L2,(G) =
L%(G). Obviously, L2 ,(G) 2 L*(G) if v,0 < 0,and L2 ,(§) C L*(G) ifv,0 > 0.

3.3.1 Problems without absolute terms in one dimension

Lemma 3.4 If v € E(G), and vp = 0, then

(3.10)

lollz2, 6y < Clvlmyg)- (3.11)

Proof. Due to the proposition 3.2, we shall use local numbering for the nodes.
First, suppose that z(™® and (™Y in the cell Q,, are always connected for
any k € N, with k # 1. Then

|V 2 [vm,1 |
ZmGZ EneNm 1 _T_l:n2 < o ZmEZ ZKEK: (vmjﬂ - 'Um,l) + Emez 1 j:m2
2
2 |[vm1|
< C |U|H1(g) + Dmez 1 +m2) y
(3.12)

If there are some k € N, such that (™) and z(™1) are not connected,
there always exists by (C”.3) a chain Ly, 1 m gml) = 1) _y plnzde) .oy
zers) = z(m%) and due to Proposition 3.1

> ol SOX T X ) o < Ol

meZ mEZ KENm (n,\)EBT
(3.13)

Hence, (3.12) holds for the cases that z(™*) and z(™!) are connected or not
connected.
Let wy, = vy 1. It is sufficient to show that

2 0

= Wi 2
mz=1 o SC > [m = W (3.14)

m=1
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We assume that vy = vg,; = wo = 0. We have by Cauchy inequality

; 1|1-1|)-m7|n2 < 21 (Z_: (wj — w;— 1)>

< St (Bo-w) ()

where ¢ € (0,1), arbitrary. Note that

Siv<c [ e <om
j=1 !

which implies that

(e 9] |wm|2 (e 9] ml_e m 0
g
Zl+m2 = C'Zl+m2.2:(1”]._%_1)]
m=1 m=1 j=1
oo o0 m-¢

For j < 1, there holds

— m —-1- * - -
2 Trm —sz E<C/j A< CYy
m=j =i
which leads to (3.14). Therefore, there holds
i |'U17'l,,1|2 <C§:|vm1"‘vm_112
— 1 + m2 -— ] E]

m=1

Similarly, it is true for m < 0. Therefore we have
|Um,1|
»o OZ Vm1 = Vm—1,1]” (3.15)

Note that vy, and v,—1,1 may be connected or not connected, the argument
for (3.13) can be carried once more here. Hence, we have

Z I'Um,l - 'Um—-1,1|2 <C Z Z E Ivm+n,)\ - 'Um,/cl2 <C Ivﬁ{l(g) )

meZ mEZ KENm (n,\)EBT
which together with (3.12) and (3.15) leads to (3.11). O
Theorem 3.5 If f € L}(G) and ), fr =0, then for any v € E(G) it holds

that
Z ek

kEN

[(f,v)g| = < || fllzzglvlm) (3.16)
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Proof. Note that L!'(G) C L?(G) and the sum ) ., fi exists. By Lemma

3.4 we have
1(Fvdal = D vk = | ) fie (0 — o)
keEN kEN
1/2 ( 1/2
Vg —

< 1+ |z ?) 1

(kez;v( j2el?) | el ZN 1+|zk|2
< Clflzzglvlag-

We introduce the space H'(G) with the norm

) R 1/2
lullzn) = {lulz ) + [uBe)}
and a quotient space
HY(G) = H'(9)/P:

with norm v

”U”ﬁl(g) = O}gg llu— a”le(g)
where P, is the set of all constant functions on G, which is a subspace of H'(G).
Then, by Lemma 3.4 ,

lull g1 gy = |ulmg) = [lullg)-

In the framework of the space H*(G) and H'(G) we are addressing the

existence and uniqueness of the solution of the problem (3.8) with d = 1.

Theorem 3.6 If f € L2(G) and Y., fx = 0, then the problem (3.8) with
d = 1 has a solution u € F(G), and

lulmgy < CllfllL3g)- (3.17)
The solution is unique up to a constant.
Proof. Due to the equivalence between |u|s1(gy and [ul] 41,
|B(u,v)] < Clulmg)lvlmg)
< Cllullggyllvll g,
and
|B(u, u)| > Dlilt gy > Dljullgg)-
By Theorem 3.5, it holds that

|F ()] < ClIfllzz) 1]l g1g)-
By Lax-Milgram Theorem, the variational problem has a unique solution u €
H(G), and
||U||f11(g) < C”f”L%(g);
which implies (3.17) and the uniqueness of the solution in E(G) up to a con-
stant.
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3.3.2 Problems without absolute terms in two dimensions

With suitable spaces L2 ,(G) and H'(G) we are able to address properly the
problem (3.8) without absolute term in two dimensions. The next theorem is
essential to the existence and uniqueness of solutions.

Theorem 3.7 If f € L},(G), and Y, fx = 0, then for any v € E(G),
(£, v)gl < Clifllzz @) lv]mro) (3.18)

with constant C independent of f and v.

The theorem is parallel to Theorem 3.6 for one dimension, but the proof for
two dimensions needs some embedding results for functions in R?, which is
contained in Appendix A. In order to use these results, we have to extend by
linear interpolation grid functions on G to whole space R2.

Let K,, be a set of nodes which are located in Q,,, where Q,, is the closure
of the cell Q,,. Obviously, z(™*) € K,, for all k € K, and some nodes (™" in
neighboring cells are included as well. Let K}, K} and KE be subsets of Kp,
for nodes at vertices, on edges (not including vertices) and in the interior of
Qm, respectively. Then K,, = KEUKY UK.

By T = {ti,i = 1,2,...,T} , we denote a triangular partition of Qm
satisfying the following conditions:

(T.1)Vr, = K., where Vr, denote a set of all vertices of the partition 7p,;

(T.2) The partition is regular, i.e. t; Nt; for ¢ # j is a vertex, or a whole edge,

or empty.
L
&

. AN

(@) Initial Partition T 21 (b) Partition Tm1 (c) Partition T“f =T,

Fig. 3.1 Triangular partition of cell Qy,

The construction of such a partition can be started with an initial partition
7.2 of Qy, for which (T.2) holds and V7o = K, shown in Fig. 3.1(a). For the
partition 7,0 there may be some nodes in the interior of triangles #;s. If a node
(™" € KI is in the interior of t;, we divide ¢; into three smaller triangles by
connecting z(™*) to four vertices of ¢;, shown in Fig. 3.1(b). Repeating the
process for each node in the interiors of all simplices, we have a partition 7,
of Q,, for which (T.2) holds and no node z{™*) € K,, is located in the interiors
of all triangles. Note that nodes z(»*) € KZ U KE may be located on an edge
of ¢; in the partition 7,}. Suppose there are [ nodes are on an (open)edge of a
triangle t;, we divide the triangle ¢; into [ + 1 smaller triangles by connecting
these [ nodes and the vertex opposite to the edge, shown in Fig. 3.1(c). If




31

this edge is shared by a pair of triangles ¢; and ¢;, we divide each of these two
triangles into [ + 1 smaller triangles. Applying this process to each edge of the
triangles will results in a triangular partition 7y, satisfying (T.1) and (T.2).

The triangular partition 7, of the cell @,, can be individually carried out,
a combination of the triangular partitions 7, for all m € Z? forms a partition
T of R?, and V7 = Upyez2 K = Ugen iy where Vi is the set of all vertices of
T.

Based on such a partition 7, we can extend a grid function v on G to a
function @(z) for z € R? by a linear interpolation. Let ¢;(z) be a linear
function in t; such that ¢;(x(™*)) = uy . at all vertices of ¢;, and let ¥, (z) be
a piecewise linear function in Q,, such that 9,,(z) = ¢;(z) in ¢;,1 < i < T.
Then, there holds

IQ/)m(w)I%Il(Qm) = 219'57" l¢i(*7")|%11(t,-)
|'u'n,n - ul,)\lz

<C Ztigém D o) gt et 2R — U2
< C Y tican Loatnm gtNey [Uns — Ul

Let @i(z) = ¥m(z) in Q@ for all m € Z2. Then, 4(z) is continuous and
piecewise linear function in R?, and

iy <C Y. D Y s —unf (3-19)

mEZ2 t;CQm x(mr) gl X et;

Note that if the vertices (™ and z®"» of t; in Q,, are not connected, due
to (C".2) and Proposition 3.1, they are linked by the shortest chain Ly 4 :
grM) = k) 5 g2d) ...y g(reds) = 2N with s uniformly bounded,
where the node (™) is connected to the node z(™+1Ai+n for 1 < j < s — 1.
Hence, there holds

|Un,n - Ul,Al <C Z Iunj7/\j - ,u”nj+1’)‘j+1|
1<j<s-1
which with (3.19) implies that

|ﬂ|%[1(R2) <C Z Z Z |um,n - Un+m,A|2~ (3°20)

meZ2 KENm (n,\)EBD

Theorem 3.8 Let u be a grid function on the lattice G, and let @ be the
extension of u by a linear interpolation, described as above. Then |u|g1g) =
|61 (r2), and ||ul|zz (g) & ||Ellzz  (r2), i-e. there are two positive constants C;
and C; independent of u and % such that

C'1|u|H1(g) < I’allp(Rz) < Cgl’dl[p(g) (3.21)

and
Cullullzg (o) < lillzz, mey < Callulzz 0 (3.22)
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Proof. Since ii(z) is a piecewise linear function interpolating the grid function
u at each node z(™*), and for z € Qpn,

(14 2%)”1og? (1 + |z|) = (1 + |m|?)* log? (1 + |m)),
it holds that
@@ @m D L+ m)1og™ (1 + |m|)|unxl
z(mr)e Ky,
which implies (3.22).
The second inequality of (3.21) follows from (3.20). It suffices to show the

first inequality of (3.16). Suppose that z(m") and z("tmA) are connected. If
z(m*) and £(®tmA) are in the cell Qp, it is easy to see that

|um,n - un+m,/\| < CW)mIHl(Qm)- (323)

We next consider two connected nodes z(™*) and z(**™» which are located
in different cells @, and Qn. Let Qn,,1 < j < J be a sequence of cells with
Qn, = Qm and @, = Q, such that @y, is neighboring to Qn,,,. Due to the
assumption (C".3), J is uniformly bounded. Select a common vertex z(MiAi) of
the cell Q; and Qy,,;,1 < j < J — 1. Therefore, we have

|Um, i — un+m,>\| < [t — un1,>\1| + [Umtn — u"J)\JI
(3.24)
+ Zlgjg.]—l I'U'nj,t\j - unj+1,>\j+1|
Since z(™*}) and z(™i+1A+1) are in the same cell Qy,,,, we have for 1 < j <
J—2

|unj,>\j - unj+1,>\j+1l < O|¢nj+1|H1(an+1)’ (3.250,)
Similarly, there hold
U — Uni | < Clvm| (@), (3.25b)
and
|um+n,)\ - unJ-1,/\J-1| < Clwn|H1(Qn)' (3'250)
A combination of (3.24) and (3.25) leads to
1<5<J
The first inequality of (3.21) follows easily from (3.23) and (3.26). O

Lemma 3.9 For u € H'(G) there exists a constant o such that

lu —ellz2, 9 < Clulmig) (3:27)

Proof Let @(z) be the extension described above and a = [, 4(x)dz where
I' = {z € R?| |z| = 2}. By Theorem A.1 there holds

. 2
. 9 & — «f 1
i — | dr + ————dx < Cli
[ti-aPds+ [ e < Ol
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where S = {z € R? | |z| < 2},5° =R?\ S. This estimation and Theorem 3.8
lead to (3.27). O

We are now able to prove Theorem 3.7.

Proof of Theorem 3.7 Let 9(z) be the extension of v, and a = [ 9(z)dx
where T' = {z € R? | |z| = 2}. Since } ;.\ fx = 0, we have by Theorem 3.8
and Lemma 3.9

|<f,’U>g| ](f,v—a)gl

Clifllzz, @llv —ellz2, )
Cllfllzz yo) 17 — ellz2, _ (w2
ClIfllzz ) |0 m w2
Cllfllzz ) vl ro)-

INIA IN A

O

We are able to address the existence and uniqueness of the solution of the
problem (3.1) with d = 2 in the energy space F(G).

Theorem 3.10 If f € L},(G) and ), fx = 0, then the problem (3.1) with
d = 2 has a solution u € E(G), and the

|ulmg) < ClIfllzz, ) (3.28)

The solution is unique in E(G) up to a constant for s = 1 and a rigid body
motion for s =d = 2.

Proof By the property of the bilinear form B
|B(u,v)] < Cllullzgllvlzeg)

and

B(u,u) = |lull%);
B is continuous. Due to Theorem 3.7, f € L?,(G) with }_, . fr = 0 defines
a linear functional on F(G), and

F(v) = (f,v)gl £ Cllfllz2, _,@lvlme < Clifllzz, _0llvlEw@-

If a function with zero strain energy is regarded as ”zero” in E(G), the energy
space E(G) is a Hilbert space. By Lax-Milgram Theorem, there exists a unique
solution u € E(G) such that

lullz@ < Cllflez -

Hence (3.23) holds. Owing to the rigidity of the lattices, a function with
zero energy is a constant for s = 1 and a rigid body motion for s = d = 2.
Therefore, the solution of the problem (3.8) in two dimensions is unique up to
a constant for s = 1 or a rigid motion for s = d = 2. O

3.3.3 Lattice problems without absolute terms in three dimensions
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For the existence and uniqueness of solutions on lattice G in R3, we have to
establish the extension of grid functions on three dimensional lattice G to whole
space R3.

As in two dimensions, let Q,,, be the closure of @, and let K, be a set of all
nodes in Q,,. By K, KE, KF and K], we denote the subsets of K,, for nodes
at vertices, on the edges (not including the vertices), on faces (not including
nodes on the edges and at vertices), and in the interior of Q,,, respectively.

By 7 = {ti,1 < i < T} we denote a tetrahedral partition of Q. satisfying
the conditions :
(T.3) Vz, = Ky, where V., denotes a set of all vertices of the partition 7;

(T.4) t;Nt; for i # j is a vertex, or an edgé of ¢;, or a face of ¢;, or empty.

(b) Partition of a simplex (c) Partition of simplex
t , with a node in the interior t, with nodes on a face F;

Fig. 3.2 Tetrahedral partition 7, of cell Qp,

Each t; is a simplex with faces Fj;,1 < j < 4. The construction of such a
partition can be started with an initial partition 7,2 of Q,, such that (T.4) hold
and Voo = KV shown in Fig. 3.2(a). For the partition 7, there may be some
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nodes in the interior of simplices #;s. If a node ™" € K, is in the interior of
t;, we divide ¢; into four smaller simplices by connecting z(™*) to four vertices
of ¢;, shown in Fig. 3.2(b). Repeating the process for each node in the interiors
of all simplices, we have a partition 7;} of @y, for which (T.4) holds and no
node z(»*) € K,, is located in the interiors of all simplices. Note that nodes
™% € KI U KE U KE may be located on the closure of faces of ¢;s in the
partition 7'1 Suppose there are several nodes are on Fz] which is the closure of
Fz] According to the triangular partition of a cell in two dimensions, described
in previous subsection, there is a triangular partition 7},« ={n,1 <1< L}
of F;; such that (T.1) and (T.2) are satisfied. Connectmg the vertices of the
partition ’Tp and the vertex opposite to the face Fj;, we divide this simplex
t; into several smaller simplices. If F;; is shared by a pair of simplices, the
division can be done in each of them. Carrying this division on each face of
simplices #; and each simplex in the partition 7.}, we will obtain a desired
partition 7, satisfying (T.3) and (T.4). A combination of the partitions 7y,

for all m € 23 form a tetrahedral partition 7 of R® and Vi = U,czsKpm,
where Vr is the set of all vertices of 7.

As in two dimension, based on such a tetrahedral partition 7 of R3, we can
extend a grid function u defined on three dimensional lattice G to a function
i(z) for £ € R® by a linear interpolation. Let ¢;(x) be a linear function
in t; which interpolates u at the vertices of ¢;, and let ¥,(z) = ¢;(z) for
z € t;,1 <i < T, which is a piecewise linear and continuous function in Qp,,
and

9 !un,n - ul,)\|2
Wbty S C Y D [0 — ZEN 2

£:COm o(mm) gUN) et
< C |t — uga|?
> Up,e — U] -
tngm E(n"‘),w(l”\)eti

Let @i(x) = ¥m(z) for z € Qm,m € Z3. Then, i(z) is a continuous and
piecewise linear function in R3, and

|'&|§11(R3) <C Z Z Z [t — i |

MEZ3 4;CQum z(mn) 2N ) ety

Note that vertices of a simplex #; may not be connected. Arguing as in two
dimensions for (3.15), we have

Wiy SC D2 D D [t = tminal* < Clulfng),
mezZ3 KEK (n,\)EB,

The arguments for the equivalence between norms of u and its extension
%(x) in two dimensions can be carried out in the three dimensions. Hence we
have the following theorem which is parallel to Theorem 3.8.

Theorem 3.11 Let u be a grid function on a lattice G, and let @ be the exten-
sion of u by linear interpolation, described as above. Then, |u|g1(g) = |@|m1(R3)
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and |uzz (g) = |13, (r3), i-e. there are two positive constants independent of
v and @ such that
01|U|H1(g) < |7‘1IH1(R3) S Czl’LLIHl(g) (329)
and
Cilulzz ) < lElz,m3) < Calulrz ,(9)- (3.30)
Lemma 3.12 For v € E(G) there exists a constant « such that
lv = allzz,g) £ Clvlag) (3.26)

Proof. Let ¥ be the extension of v described above, and let
.1 .
o= rll>rcr>10|_5'—|/sv(r’ 6, $)dS

where S is the unit sphere centered at the origin. By Lemma A.10 the above
limit exists. Due to Theorem 3.11 and Lemma A.12, we have

2
lv —ellzz ) £ C/ al dz < C’/ |Vi|?dz < Clv|m(g)-
R3
O
Theorem 3.13 If f € L}(G), and Y, fi = 0, then for any v € E(G),
[(f,v)6] =) fivk| < Cllfllz2g)|vlmo) (3.31)
keN

Proof. Let 9 be the extension of v, and let

1
o= lim——/i} r,0,0)dS
r—oo S| Jg ( ¢)
as in previous lemma. Then by Cauchy inequality and Lemma 3.5 and Lemma,
3.9

(£, v)g]

[{f,v — a)g| < Cliflle2gyllv — ellz2, g
< COlfllzallt = ellzz gws) < CllfllL2) 0] (r2)
< Cllflizaglvlaye)-

O

and due to lemma 2.1, its (energy) norm is equivalent to the semi-norm of

H'(G). Note that P, = span{e;,7i43,1 <1< 3} fors=d=3,and P, =P,

denotes the set of constant functions on G for s = 1, which are defined in
(2.16).

Theorem 3.14 If f € L%(G) and Y,y fx = 0, then the problem (3.8) with
d = 3 has a solution u € E(G), and the

lulm gy < Cllfllz2,(0)- (3.3)

The solution is unique in E(G) up to a constant for s = 1 and a rigid body
motion for s =d = 3.
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Proof. It is shown that

|B(u,v)| < Cllullg@)llvlleg)
and
B(u,u) = ||ull}g):

By Theorem 3.13, f € L?(G) with Y.\ fr = O defines a linear functional
over E(G), and

|F(v)| = [{f,v)g] < Cllfll2gylvlarey << Cllfllzzgllvlz@)-

Let functions with zero energy be regarded as a ”zero” element in the energy
space E(G), then E(G) is a Hilbert space. By Lax-Milgram Theorem, there
exists a solution u € E(G) such that

lulmigy = vllee) < Clifliez @) -

By the rigidity of the lattices and Proposition 2.1, a function with zero energy
is a constant grid function for s = 1 and a rigid body motion for s =d = 3 on
G. Therefore the solution of the problem (3.8) is unique up to a constant for
s =1 and a rigid body motion for s =d = 3. O

4. UNSTRUCTURED LATTICES IN HALF SPACES
4.1 Setting of unstructured lattices in half spaces R%

For a lattice G in a upper-half space R: = {z = (z/,z4) € R?| 24 > 0}, the
conditions (C".1)-(C".3) on connectivity and the assumption on the rigidity are
valid. The notations in previous section will be adopted here. In addition we
need to precisely characterize unique features of lattices in an half space Let
Iy = {z = (z/,z4) € R%| z4 = 0} be the hyperplane. For d = 2, I'; is the
real line and it is consisting of rods and nodes. For d = 3,T'; is the z; — =
plane and is consisting of polygons for which each edge is a rod and these
polygons are faces of the polyhedral cells. By K® we denote the subset of K
in which nodes are on the hyperplane Iy, and K° = K \ K°. K? is referred as
the boundary I'g of the lattice G By N® we denote the subset of A such that
z € K® for k € N®, and N = N\ N°.

By K? we denote a subset of K, in which the nodes are on the hyperplane
'y, and K = K, \ K. Further, we denote the subset of Ny, by A, for the
indices of nodes in K and N2 = N, \ WV, We may set mg =0 for those
cells Qm, m € Z¢ connected to I‘d Therefore, K?, and N2 are not empty for

m € 24,my =0, and K3, = K, and KJ, = Kn, for all m € Z4,mq > 0.

4.2. Boundary Value Problems We consider the boundary value problem
- E®S (1 - “’“l + Cruy, = fi, Vk € N (4.1a)
2Ky, |ze — x|

with boundary condition
up =0 for k € N (4.1b)
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0]
(a) A unstructured lattice in half space R} (b) An interior cell

Fig. 4.1 An unstructured lattice in half space R

where

E®S — AER (ze — @) (T — zx) "
|ze — zkf? |ze — e[?
and
C* = diag(C¥,C%,...,C), Cf>0,1<1<d

Let H'(G) and L?(G) be the discrete Sobolev spaces with the norms

gy = > usl® (4.2)
keN©
and
lullf gy = luling) + lullZz) (4.3a)
where |u|g1(g) is the semi-norm,
g — ui|?
by =D D oo 72 —Te (4.3b)
kENO LeK Te = Tk

By H}(G), we denote the subspace of H'(G), in which functions vanish at the
boundary I'g = K.
The corresponding variational equation

B(u,v) = F(v), Vv € Hl(g) (4.4)
are associated with
B(u,v) = gy WY YT + (Ckuy, v 4.5a
) kGZNO {Zezlck<2 |$Z_mk| |$e $k|> < k k) ( )
is a bilinear form on H}(G) x H}(G), and

v) =Y {fe ). (4.5b)

keN©
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is a linear functional on Hy(G).

The energy of the lattice G is defined as

Glu) = Z{Z< R BTk TN 4 (Clug,u)) (46)

keNC £eKy xk' IIL‘e—.’L’ |

As analogue of the Theorem 3.3 for unstructured lattice problem, we have
the existence and uniqueness for the boundary value problems (4.1).

Theorem 4.1 If C* # 0 in the sense that there exists a node zy,, = g (mosm)
in each cell such that CF= = 0, the problem (3.1) has a unique solution u €

H(G).
4.3 Problems Without Absolute Terms

There is no essential difference to address the existence and uniqueness of
solution for problem (3.6) in entire spaces and the boundary value problem
(4.1) in half spaces if the problems associated with absolute terms. We should
focus the treatment for problem without absolute terms in half space, which
is essentially different from those for the problem in entire space. Without
the absolute term the boundary value problem is to find a u € Eo(G) = {v €
E(G) | v=00onl'g} such that

B(u,v) = F(v), Yv € Ey(G) (4.7)

where b is a bilinear form on Ey(G) x Ep(G),
B(u,v) —E®H e — Ve~ 4.8a
W= 3 G e (4%

and F is a linear functional on Ey(G),

F(v) = (f,0)g = > {fe, va)- (4.9b)

keN

For the problem (4.7), the energy space E(G) does not coincide the H'(G),
and E(G) is not embedded in L?(G). The “energy norm” ||u||g(g) is equivalent
to the semi-norm of H'(G). Due to Lemma 2.1 and the boundary condition
(4.1b) we have the uniqueness of the solution in Ey(G).

Theorem 4.2 If u € Ey(G) is a solution of the problem (4.1) over the lattice
G which satisfies the rigidity assumption, then it is unique.

Proof If there is another solution v € Eo(§), then |ju — v||g@¢) = 0. Since

the lattice G is rigid under the assumption, by Lemma 2.1, u — v is a rigid
body motion. Since (u — v) |r;= 0, hence u = v. O

The theorem tells the space Eo(G) is a normed space and the energy norm
is a norm for the space Ey(G). For the existence of the solution, we need to
find a weighted space in which function f is linear functional over Eo(G). To
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this end, we introduce a weighted space L2(G) with the norm
lllZsiey = D (1+Izeal?)” Juil?
keN©

with a real number v, where x4 is the d-th coordinate of the node z; which is
the distance form the node zj to the hyperplane I'y. We shall write L3(G) =
L?(G). Further, we need to modify the H(G) by introducing the space H*(G)
with the norm

1/2
ey = { Iz, @) + lulin)} -
and the space
F3(G) = {u € A*(G) | tmye = 0 on I}
To prove Eo(G) C L2,(G), which is essential for the existence of solution, we
have to extend the grid functions on G to continuous functions in R4 by the

linear interpolation in one, two and three dimensions. For d = 1,u € Ey(G) is
extended to @ such that

'I](:Ek) =u for k € N. (410)

For d = 2,3 the extension of u based on the triangular partition has been
described in previous section. can be carried out here, and (4.10) holds at
every node of G for all dimension. Arguing as in proof of Theorem 3.8, we
have the equivalence of norms of u and ().

Theorem 4.3 Let u be a grid function on the lattice G, and let % be the
extension of u by a linear interpolation, described as above. Then |u|g1(g) =
|@ i (r2), and [|ullzz @) = [1@llzz, r2), i-e. there are two positive constants Cy
and C, independent of 4 and % such that

Cll’u,lHl(g) < |'&IH1(R2) < C’2|u|H1(g) (4.11)
and

Cillullez ) < lillzz ,®2) < Collullzz () (4.12)

The equivalence between norms of u and its extension 4leads to a desired
embedding lemma.

Lemma 4.4 Ey(G) C L?,(G),and for u € Ey(G), there holds
lullz2, 6y < Clulmg) (4.12)
with C independent of u.

Proof Let i(z) be the extension of u by a linear interpolation described above.
Due to Theorem 4.3, @i(z) € Ey(R%). By Lemma B.1,

II,&’”L2_1(R‘_Z|_) S Clﬂ'?{l(}{i).
which together with Theorem 4.3 imply (4.12) immediately. O

The following lemma indicates that the energy norm ||u||z() is a norm of
the energy space Ey(G).
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Lemma 4.5 The space Ey(G) is equivalent to the space H{(G), and for u €
Ey(G) there holds

lullz@) = llull g1(gy = [ulmig)- (4.13)
O

Lemma 4.6 If f € L?(G), then for any v € Ey(G) there holds
[(f, )| < ClifllzallvllE@)- (4.14)

Proof By Schwarz inequality, there holds
(£, ) < Clfllzzllvllzz ,g)-
Due to Lemma 4.4-4.5 we have

I(f, )| < Cllfllzz)lvlare) < Cllfllz@llvllE)-
0

The above lemmas lead to the existence and uniqueness of solution for the
problem (4.7).

Theorem 4.7 For f € L2(G), the problem (4.7) for d = 1,2, 3 has a unique
solution u € FEy(G), and

lull 2@y < ClIfllL2g)- (4.15)

Proof Due to Lemma 4.5, we have for u,v € Ey(G)
1B(w,v)] < Clulmglvlm o)
< COllull ggyllvll gy

and
B(u,u) = |u|§p(g) > D||u||i~p(g).

By Lemma 4.6, f defines a linear functional F(v) on Ey(G), and for v € Ey(G)
[F()| = [{f,9)] < Clifllz2, @) lIvllz@) < Clifllzz, @10l 7:0)-

By Lax-Milgram Theorem, there exists a unique solution u € H3(G) such that

lull agy < ClIfllz2,0)
which with Lemma 4.6 leads to the assertion of the theorem. O

Remark 4.1 The boundary I'y can be a very general curve, and the function
zq = ¢(z') is required to be a piecewise continuous function and allow to
approach oo as |2'| = 0o, e.g. z3 = 22 for d = 2. The weight (1 + z3)” may
be modified to (1 + d(z)?)” where d(z) is the distance from z to the boundary
Ty, for the detalis of such a modification we refer to [2].

CONCLUSION

The lemmas and theorems in previous sections indicates that a mathematical
framework for problems of unbounded lattices has been established. In this
framework we are able to prove the existence and uniqueness of solution for the
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problems of unstructured lattice in entire and half spaces. This is a significant
progress in research of lattice problems.

" We have derived the appropriate function spaces which the data f (e.g.
external force) belongs to, and proved the existence of solutions for the lattice
problems without absolute terms in entire and half spaces if the date f is
given in these function spaces. The function spaces and approaches to prove
the existence theorems are quite different in one,two and three dimension.
Meanwhile, because of the Dirichlet boundary condition for lattice problems
without absolute terms in half spaces, the function spaces and approaches to
prove the existence theorems are the same or very similar in one, two and
three dimension. This reflects the fundamental differences between problems
without boundary and the boundary value problems. The results reported
here and in forth coming papers could be further extended and generalized
as indicated in various remarks and comments in previous sections. Although
the theorems are proved for truss problems, it can be utilized or generalized to
problems of general lattices such as plates shells, and three dimensional solid.

Based on the progresses we have made in the past years, our research on
lattices should be further carried on. The focus of the research at next stage
will be the analysis of complicated models and design of effective computation.
A direct extension of our research results is the investigation on the existence
and uniqueness of solutions for general lattice problems without absolute terms
in unbounded domains, associate with various structures such as plate, shell
and 3-dimensional solid. This is an important issue and has been an not- well-
unanswered problems for last 2 decades. The extension of grid functions by
a linear interpolation for rigid and non-triangular or non-tetrahedral lattices
implies an effective numerical approach for unstructured lattices, i.e. multigrid
method. To this end we shall define partial differential equations(PDE) asso-
ciate with boundary conditions or no boundary conditions, which is equivalent
to corresponding lattice problems. This equivalent PDE is not homogenized
one because homogenization is not applicable to the unstructured lattice, and
can be solved on fine and coarse grids. The discretization of the PDE on the
grid of lattices is the original problem of lattice. The approach has been inves-
tigated for unstructured lattices in bounded domains [4], it could be carried
for unbounded lattices.

If the scale of cells of lattices is very small, we have to deal with a multi-scale
problem which is one of the most popular topics of modeling and computing in
modern applied and computational mathematics and engineering. The frame-
work we have built for the problem without absolute terms will help us to
analyze various aspects of such multi-scale problems.
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APPENDIX A

In this appendix we will address the existence and uniqueness of solution of
the Dirichlet problem of Laplace equation in R?,d = 2,3. We are interested in
this problem because it is similar to the problem (3.1) of unstructured lattices
in entire spaces without absolute term. In particular, some embedding results
play a key role for proving the existence and uniqueness of solution for such
lattice problems. We seek a solution v € H(R?) of the variational problem :

B(u,v) = F(v) Yo € HR?) (A.1la)
with
B(u,v) = | Vu-Voudz, u,v € HRY (A.1b)
Rd
and
F(v) = fvdz, v € HRY (A.lc)
R4

where d = 2,3, and
HRY) = {ulue Hou(RY), |u| g1 (may < 00}

Here |u|g1gre) is the semi-norm of the Sobolev space H 1(R?) involving only
the first derivatives.

A.1 In two dimensions

Let H' (R?) be a closure of C* functions with the norm

u2
[ull% gz = / |uf*dz + / | |2 dz + / |Vu|?dz (A.2)
S S 1 R2

e r2log®r

where (r,) are the polar coordinates, the disc S = {z € R?|r = |z| < 2} and
Se=R*\S. By L2, (R?) we denote a weighted space with the norm

lullZz ,me) = /S|u|2dx + . |u|?r? log® rdz. (A.3)

Then we have
||“||§?1(Rz) = ||U||%2_1,_1(R2) + |U|%11(R2)-

We further introduce
Hy(R?) = {u € HR?) | /uds = O,}
and )
Hr(S°) = {u | / |VuPdz < a,u = 0}
where I' = 05, and we define a qu(ftient space
HY(R?) = A'(R?)/Py (A.4a)
with the norm

||u||£1(R2) = jnf |lu - oflm ) (A.4b)
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where P, is the set of all real numbers. Since Py C H'(R?), the quotient space
is well defined. For the existence and uniqueness of the solution of the problem

(A.1) with d = 2, we need to establish the equivalence between ||u|| = R and

|ulgirey and to show that F(v) in (A.1c) defines a linear functional over
H'(R?).
Theorem A.1 If u € Hy (R?), then
2
/ lufPda + / 2' W ip<c [ vufas (4.5)
Se T og T

with constant C independent of w.
Theorem A.1 is a major theorem in this section, we need several lemmas to
prove it.

Lemma A.2 Let u(t) be a function on (0, co) satisfying u(2) = 0 and
2

/oo du tdt < oo
o |dt '
Then
00 Iu|2 /oo du 2
dt<C — A6
/2 tlogzt - 9 |dt (4.6)
Proof. Due to Theorem 1.14 of [29)
o | du|?
2wdt < C / —| vdt
/2 lul“wdt < C, @ v
where w = TT =t and Cp, = SUP,¢ycoo Fi(t), With
0 '21; t %
Fi(t) = ( / wdt) ( / 'u‘ldt> :
t 2
Note that
o oo
+ o tlogt logt
and
t t 1
/ v ldt =/ —dt =logt —log2.
2 2 t
Then
Fr(t) = l—(-)Et———!gg—zSlfor2§1&§c>o,
logt
and (A.6) follows immediately.
Lemma A.3 If u € Hr (5°), then
/ [uf* dz < C ]Vu|2dx (A7)
se r2log?r
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Proof. Note that u(r,6) |,=o= 0, which implies by Lemma A.2 that

o0 1 o0
/ W ——dr < C / Ou
2 rlog®r 9

with constant C independent of 6. Integrating with respect to 6 from 0 to 27

2
i rdr
we have (A.6).

Lemma A.4 Let u € H(S), where H*(S) is a usual Sobolev space on a
bounded domain S. Then the following norm

2 2

} (48)

ull|sy = {|U|§11(5) + ‘/PUdS
is equivalent to the norm, ||ul|z1(s).
Proof. Obviously |||ull|m1(s) is a norm to H'(S). Note that
/uds
r

We need to show that

2
<c / [uf2ds < Cllull 4 . < Cliullans)
T

7Y () =

which implies
”|UIHH1(S) < Cl”’u”Hl(s).

lullz(sy < Calllulllmys)-
If it is false, there exists a sequence u; € H'(S),j = 1,2,... such that

”uj”Hl(S) = 1, and
/uds
r

Since H'(S) cc L?(S), there exists a subsequence denoted by u; again, which
is a Cauchy sequence in L*(S). Since |uj|gzg — 0 as j — oo, {uj};2, is a
Cauchy sequence in H'(S) as well. Hence limj,cou; = up in H'(S). This
implies that D®up = lim;_,o, D%u; = 0 for |a| = 1. Therefore u, is a constant
in S. Note that

/1* (uj — uo) ds

which leads to

2

wsllZs) = lilhz(sy + —0asj—o0

2
< C’/ (uj — up)” ds < Clluj — uo||%1(sy) = 0 as j — oo,
r

/uods = lim | u;ds=0.
r

J—o0

Hence ug = 0 in S. It contradicts the fact that |Jug|lmis) = limjse
l|luj|| m1(sy = 1. Thus the lemma is proved.

Lemma A.5 If u € Hy(R?),u has the Fourier series on I':

o0
u(2,6) = Z ay cos k6 + by sin k0
k=1
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and

00
Z (aﬁ + bi) k < CI“I%P(S) < C|U|§11(R2)

k=1

Proof. Since [.uds = 0, the coefficient ag = 0, and
[o.¢}
U(2,0) =) (ax cos k6 + by sin k) .
k=1
Then by the trace theorem we have
o0
(af +82) k = [[ull ey < Cllullng,
k=1
by Lemma A.4

< Cllullns) = Cluling) < Clulinms)-

We now prove Theorem A.1.

Proof of Theorem A.l. For u € Hy(R?) we can find a harmonic function
u; such that (u—u1)|r =0 and [, |V, de < oo. Let up = u — uy. Then
ug € Hy (5¢), and by Lemma A. 3

U
Sc| 2| r210g r

1 _w<c f Vs da (A.9)

Since u;(2,0) = u(2,8),u; has a Fourier series on I'

o

u1(2,0) = Z (ax cos k@ + by sin k6)
k=1
with ap = 0. Because u; is harmonic in S¢,

00 D) k
6) = k inkd) { -
uy (7, 6) Z(akcos 0 + by sink )(r)

k=1
and
T A rdr
/ |u1| > ng TrdrdO < C’; (a,c + bk) 4 /2 TICY I Togr
< CY (G+5)k
k=1
by Lemma A.5
< Clulfs) (4.10)

Note that us |[p= 0 and Awu; = 0 in S, which implies that
Vu Vugdzr = uzglil—ds - / uoAudz = 0.
ge 6?’1, c
Hence
|U|§11(Sc) = IUII%{I(Sc) + |U2|%11(sc)a
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which together with (A.9) - (A.10) leads to

2
uls, o < C(Iuala, oo+ lualis, s0)
2
C IUI%I1(S)+|U'2IH1(S°)
C|“|§11(R2)'

(A.11)

IAIA

We next shall show that
lullz2(s) < Clulmys) (A.12)
Let v; be harmonic in S and v;|r = ur, and let v = u — v;. Since v2|r = 0,
by Lemma A.4
lvallzegsy < llvallasy < C'lvalgsy - (A.13)

Since v; is harmonic and [.v1ds = [ uds =0

v (r,0) = i (ax, cos k8 + by sin k6) (g)k

k=1
and
o125y < CZ (af +b}) k < Clultn(s)- (4.14)
k=1

Since v; is harmonic and v, vanishes on I', we have, by the argument above
for u; and us, that

0lt(s) = |v1|§11(5) + [val3ps)

which together with (A.13) — (A.14) leads to (A.12) immediately. A combina-
tion of (A.11) and (A.12) yields (A.5).

Corollary A.6 The norm ||ul| g1 (g2 is equivalent to |u|g1(r2), and the spaces
H'(R?) and H(R?) are equivalent.

Remark A.1. The weight function w(z) = 1in S, and w(z) = r~2log™?r in
S¢. 8¢ excludes the origin and unit circle. We may select others weight, e.g.,
w(z) = (1+72) 'log 2(2 + r) for all z € R It is essential for the selection
of the weight that

lw| = O (|z|"%log ™2 |z|) for large |z|.

Also S can be selected to any bounded domain with Lipschitz boundary, and
it is not necessary to be the disk centered at the origin and with radius 2.

Theorem A.7 If f € L}, (R?), and [, fdz = 0, then for any v € H (R?)

/R2 fudz

with constant C' independent of u.

< Cllfllez o lvlm ) (A.15)
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Proof. Let v € H (R?), and let & = [ vds. Then (v — o) € H° (R?), and

fudzx

= f(v— a)dz

R2
< “f”L{I(R?)“'U - 04||L31,_1(R2)

R2

by Theorem A.1
< C||f||L‘;’,1(R2)|”|H1(R2)'

Theorem A.8If f € L}, (R?) and [g, fdz = 0, then the problem (A.1) with
d = 2 has a solution v € H (R?), and

lulm g < Cllfllez,me)- (A.16)
The solution is unique up to a constant.
Proof. Due to Corollary A.6 we have

1B, )| < Julm @ lolmme) < Cllul -

N P

and

|B(u, u)| = lulfpge) = lul® .
HI(R2)

By Lemma A.2 there holds
|[F(v)] < C”f”L’f’,l(R“‘)llel(R?)

= C||f||L§,1(R2)||U||I;1(R2)

By Lax-Milgram lemma there exist a unique solution u € H* (R?) such that

||U||I;1(R2) < Ollfllzz,me)

which together with Corollary A.6 leads to the assertion of the theorem.

Corollary A.9. If f € L2, (R?) with » > 1 the problem (A.15) has a unique
solution in H (R2) up to a constant, and

lullzme < CllFllzz @2

A.2 In three dimensions

In three dimension we shall deal with the existence and uniqueness of the
solution of variational problem (A.1) in the way different from the approach
in two dimensions, e.g. we will not introduce the quotient spaces.

Let

. _ 1 B 1 2w T )
a(r) = E/Su(r, 6,6)dS = |—5_'_|/o /0 u(r, 8, ¢)sinf df d¢ (A.17)

where S denotes the unit sphere, and (r,0, ¢) are the spheric coordinates.

Lemma A.10 If u € H(R?), then lim, o @%(r) = A exists.
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Proof. Forr > 1,

ou(t, 0 P)
a(r) |S|// — "2 dtdS + v(1)

Let r;,j = 1,2,... be an arbitrary sequence with lim; , 7 = 00. For r; >
we have

ey -t = & [ [ 258 s

r; 1/2 rj 1/2
< C( / / |M|2t2dtds> ( / t’2dt)
SJr; at T;

1 1 1/2
< C (—- - —) u| g1 (ms)

T T
This implies that {@(r;)}$2, is a Cauchy sequence and that 4(r;) converges
to the same limit A for all sequence {r;}$2; with lim; ;o 7; = 00. Therefore,
lim, o %(r) exists, and lim,_, o @(r) = A.

Lemma A.11 Let @(r) be given in (A.17) and A = lim,, @(r). Then

oo o0
/ li(r) — APdr < C / @ (r)Prdr < Clulmgs) (A.18)
0 0
Proof Let w(r) = @(r) — A. Then lim,_,o w(r) = 0. By Hardy inequality 330

[19], we have
o0 o0
/ |w(r)dr < C’/ |w'(r)|?r3dr
0 0

which is the first inequality of (A.18), The second one follows from
(e ] oo
[ wepeas [ f 240.0:9) 24,4,
0 0 Js or

Theorem A.12 If |u|gygs) < 0o, then there exist a constant « such that

O

2
/' “'d <C |Vu|2dx
R3

r?

Proof.Let o = A = lim,_,, @(r). Then

[ o [ HOzelyy [ BoH0l)  (a

For the first term on the right hand side of (A.19), we have by Lemma A.11

~ _ 2 00
/R 3 latr) — o g, < /S /0 @(r) - of?drdS < CluPngs).  (A20)

r

For the second term we write

u(r,6,4) — |Sl/ u(r,8,¢) — u(r,d',¢")) sind’ df' d¢'
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and
u(r,8,¢) —u(r,¢,¢') = u(r,0,¢) — u(r, ¢, 9) + u(r, ¢, ) — u(r, 6", ¢).
Note that

' _ ? ou(r,7,9)
lu(r,6,¢) — u(r,0',9)* = | T or

4 8u(r, 6,9) s
< _— 7
C/o | 20 |“d6

d7'|2

which implies

/ lu(r, 6, @) — u(r, &, §)2dS < / 10U, 9)
s s 00
and 6 01~ )
/ [u(r,6, ) _2“(7"’ s <o [ |vulds. (A.21)
RS T R3
Similarly, it can be shown that
' _ roan |2
RS T R3
A combination of (A.19)-(A.22) leads to (A.18). O
Theorem A.13 If f € L3(R?), and [; fdz = 0, then for any v € H(R?),
| [ rodal < Ol gl (423)

Here and thereafter Dy denote a ball centered at the origin with radius R, and
12y = [ (1 +7%)|fPdz.
1 R3
Proof. Since [p, fdz =0

/ fvdm:/- flv—A)dx
R3 R3
with A = lim, e |—}S—,T Jsv(r,0,0)dS. By Lemma A.11,

/2
1/ 2\
|fR3 fodz| < C{fRS |f|2(1+r2)da:} {fRa (1+'r2)dz}
< ClIfllz2msylvlmms)-
O

The next theorem addresses the existence and uniqueness of the solution of
the variational equation (A.1) with d = 3 in the case that fRs fdz = 0.

Theorem A.14If f € L}(R?), and [;, fdz = 0, then the variational problem
(A.1) with d = 3 has a solution u € H(R3),

lulm @) < Cllfllzme), (A.24)
and the solution is unique up to a constant.
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Proof. It is easy to see that for u,v € H(R?)
IB(U, ’U)I < CIU|H1(R3)|'UIH1(R3)a
1B(u,u)] = |ulfns

and by Theorem A.11, f is a linear functional on H(R?), and

[, odel < Cll oz olicuoy

If functions v in H(R®) with |v|}:gs) = 0 is regarded as a "zero” element,
then the space H!(R?) is a Hilbert space with ||u||g®s) = |u|mms). By Lax-
Milgram Theorem, there exist a unique solution u € H (R?), and

lull zmsy < Cllfllzzms)-
which leads to the assertion of the theorem. 0

In three dimensions we noticed that there are functions up € H(R?) satisfies
the equation

—Aug = fo-

with [s fodz # 0, and up(z) = O 1 as |r| — oo. For example,
R ||

3r2 .
1—6? mn Dl
Uy =
33 1. .
8—7'('-(5 - ;) n Dl
and
i in D1
f — —AUO — 4dr
0 in D¢

where D; is a unit ball and D$ = R®\ D,. Note that [g, fodz = 1 and fo has
compact support D;, and |ug|g1(ms) < co. Hence in the case that fR3 fdz #£0
we seek a weak solution u = coup + w € H(R?) such that w satisfies the
variational equation :

B(w,v) = /R3(f — cof,)vdz Vv € H(R?) (A.25)

with ¢p = [gs fdz. Since z = (f — cofo) € L}(R?) and [gs2dz = 0, by
Theorem A.13, w exists, and

lwllzms) < Clizllzzmsy < Cllcol + [1fll22as))-

Therefore we have a corollary on the existence and uniqueness of the solution
for variational equation (A.1) in three dimensions.
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Corollary A.15 If f € L}(R3), and [g, fdx = co # O, then there exists a
solution u € H(R3) such that u = coug + w, where w € H(R?) is the solution
of the variational equation (A.25),

luey < O gy +1 [ e

and the solution is unique up to a constant.




54
APPENDIX B

In this appendix we will address the existence and uniqueness of solution
of the Dirichlet problem of Laplace equation in half space or in domains of
half-space type. We are interested in this problem because it is similar to
the problem (3.1) of unbounded lattices with boundary condition and without
absolute term. In particular, an embedding result contained in Lemma A.1
play a key role for proving the existence and uniqueness of solution for such
lattice problems.

Let R? = {z = (2',24) € R* | z4 > 0} be the upper half space, and let
Ty={z = (z',z4) € R*| z4 = 0} be its boundary. By H'(R%) we denote the
Sobolev space over R%, and we introduce the energy space :

B(RY) = {u | v € Hlu(RD), lulim gy < o0}

where |uly1(ge) is the semi-norm of the Sobolev space H*(R%) involving only
the first derivatives. E(R?) and H'(R%) are not equivalent, and the energy
norm |u|g(gd) is equal to the semi-norm |ulg1(rey- By Eo(R%) we denote the
subspace of E(R%) in which functions vanish on T'y.

We now address the existence and uniqueness of the solution of the varia-
tional problem : seek u € Ey(R%),d = 2,3 such that

B(u,v) = F(v), Yv € Eo(R%) (B.1a)
with
B(u,v) = Vu - Vodz, u,v € Eg(R2) (B.1b)
R
and
F(v) = fudz, v € Eg(R?) (B.1¢)
Rl

where Ey(R%) = {u € E(RL) |u=0o0nTy}, Tg={z = (¢',xs) € R? | 34 =
0} is the hyperplane, and

E(Ri) = {U’ l u€ Hllocal(RfiI-)7 l’u’lHl(Rﬁ.) < OO}

Here |u| g1(ge ) is the semi-norm of the Sobolev space H 1(R%) involving only the
first derivatives, and R? = {z = (%', z4) € R* | z4 > 0} is the upper-half space.
E(R1%) is called the energy space with energy norm |u|g(rey = B(u, v)1/2 which
is equivalent to the semi-norm |u|g1(pd). Eo(R%) is its sub space of functions
vanishing at the boundary I'y, which is not equivalent to the Sobolev H'(R%),
and is not embedded in L?*(R%). Therefore, the problem (3.1) may have no
solution in Ey(R%), e.g. if f € L*(R%). Hence we have to find a space for
f which has stronger topology than L?(R%) for existence of solutions for the

problem (B.1). To this end, we introduce a weighted space L2(R%) furnished
with a norm

ullZg ag) = / 2 (1 + 22)”dz (B.2)
R
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We further modify the H!(R%) by introducing the space H'(R%) with its norm
sty = N2 gy + Iy (B3)

and the space H}(R?) = {H'(R%) | u =0 on T'g}.

We are interested in such a problem because it is parallel to the problem (4.1)
of unbounded lattices without absolute term, and a embedding result contained
in Lemma B.1 play a key role for proving the existence and uniqueness of
solution for such lattice problems.

Lemma B.1 Ey(R%) C L2,(R%), and for u € Ey(R%)
el a) < Cllullsgae) (B.4)
with constant C' independent of u.

Proof For u € Ey(R%), there holds
T !
w(z) = (e, 4) = / @f(—(,;’—t)dt
0
Selecting a o € (0, 1), we have by Schwarz inequality
8t
< Cfa:d t=odt f:d l (3t )|2ta'dt (B5)
— C l-o fowd |3'LL(IU t) |2ta'dt

which leads to

7 Bux ,t)
ol ity < € g (205 05

—a

z Bux t) 9.0
=C [pardfy’ (1 e I )|2t dt) dzy}da’.

|2t”dt) dz
(B.6)

Note that
o g " rag 3u(z t)
Jo 1+ 22 2 (o 15—
Oux t o IX7
= [ ( )|2t"(f —L—dxg)dt

a 2 1+ (B.7)
C [y | ule — e ([ xdl “dzq) dt
= Cfy |

t
Combining (B.5)-(B.7) we have
lullzz, (rey < Clulm(rey = Cllull gaz)-

>t dt)dx

IN

O

As a consequence of Lemma B.1, we have the following corollary which
indicates that the space Eo(R%) is a normed space and the energy norm is a

norm of the space FEy(R?), which is equivalent to the norm of H*(R%).
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Corollary B.2 The space Ey(G) is equivalent to the space Hj(R%), and
lul|£() is a norm of the space Eo(R%). For u € Eo(R%), there holds

lullpere) = lulmrg) = llullzre)- (B-8)

Lemma B.3 If f € L?(R%), then for any v € Eo(R%), there holds
1 + +
(£, 9)] < Cllf lzme) ol eae)- (B.9)

Proof By Schwarz inequality, there holds
F 0 < W llaanyllvllze, me)
which together with (B.4) and (B.8) leads to (B.9) immediately. O

We now are able to address the existence and uniqueness of solution for the
problem (B.1) in the framework of the space Hj(R%).

Theorem B.4 For f € L(R%), the problem (B.1) has a unique solution
u € Eo(R%), and
ey < Cllfllzzcae)- (B.10)

Proof By Corollary B.2, there hold for u,v € Ey(R%)
1B(u,)| < Cllullsgas ollsgagy < Cllelnges 1ol
and
B(u,u) = “uan(R‘i) 2 D”u”ﬁl(Ri)'
Due to Lemma B.3, f € L?(R?) defines a linear functional on Eo(R%), and
|F ()| < Cllfllzzreylvll ey < Cllllzzreyllvll 1erey-

By Lax-Milgram Theorem, the variational problem (B.1) has a unique solution
u € H}(R?), and
”U”iﬂ(Ri) < C|\fllz2g)-

Corollary B.2 implies the existence and uniqueness of the solution in Ey(R%)
for the problem (B.1), and (B.10) follows from (B.8).
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