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STOKES’ MECHANISM OF DRAG REDUCTION

1. INTRODUCTION

Some of the recent developments in viscous drag reduction technology appear in the
Proceedings of the Interational Symposium on Seawater Drag Reduction (reference 1). During
the opening remarks at this meeting, VADM (Ret.) M. Firebaugh of Electric Boat Corp.
emphasized that the subject remains extremely difficult. Passive methods, where no additive-
like polymer or micro-bubble needs to be carried on board, are more desirable. The present

interest in the method of superposing a spanwise wall oscillation, which applies to both air and

water, arose in this light.

The discovery that the turbulence production in a boundary layer is not random and has
an underlying quasi-cyclical nature has raised the hope that its control might be feasible;
however, the development of drag reduction technology by means of turbulence suppression has
been hampered by a lack of any well-founded theory. An attempt to control individual
turbulence bursting is bound to be unrealistic in practice because the individual turbulence
bursting numbers per unit area abound at higher Reynolds numbers. Moreover, individual

turbulence bursting spatial and temporal locations cannot be predicted precisely.

Akhavan et al. (references 2 and 3), on the other hand, have carried out a direct numerical
simulation (DNS) of a low-Reynolds-number, turbulent-channel flow where the wall was given a
spanwise oscillation. They showed that, at certain oscillation frequencies that are non-
dimensionalized by wall variables, the viscous drag was reduced substantially. This was a true
prediction and, as such, a rarity. Two sets of subsequent experiments (references 4 and 5),
carried out in turbulent boundary layers at low Reynolds numbers, have substantially verified the
basic claim of Akhavan et al. Thus, this technique of turbulence suppression is in a unique

position of being well-founded by a DNS simulation and experimental confirmation. An

application of the approach is given in reference 6.




The mechanism of drag reduction by spanwise wall oscillation is not clear. There is
speculation that a Stokes’ mechanism is at play; however, no clear evidence of its existence is
available. The modification of a laminar Stokes’ mechanism in a turbulent environment also is
not obvious. Most importantly, the manner by which any presumed Stokes’ mechanism disrupts
the normal turbulence production process needs to be understood. The purpose of this report is

to provide these theoretical underpinnings to this technology.



2. RELEVANT PAST RESULTS

Stokes and Rayleigh (reference 7) have considered the linear harmonic oscillation of an
infinite flat wall parallel to itself and in an infinite, otherwise undisturbed medium, given by
w=W cos(ft). Here, w(y,t) is fluid velocity at height y from the wall at time ¢, W is wall
velocity, and 27f is frequency. This is known as Stokes second problem. An exact solution of

the Navier-Stokes equations for this flow can be obtained. When the non-dimensional, surface-

normal distance is expressed as 7=y, ’%U) , the velocity profile is given by

w(y,t) =We™ cos(ft —n). The physical significance relevant to the present work is as follows:
the spanwise oscillation imposes a perturbation that has a damped harmonic character away from

the wall. Its amplitude is We™, and a fluid layer at distance y has a phase lag of 7 with respect

to the motion of the wall, and a viscous wave of thickness oc / %, is created.

The following tentative remarks can be made: because turbulence production in a
turbulent boundary layer is basically a cyclical process, the superposed spanwise wall oscillation
forces a lag on the near-wall fluid with respect to the wall, compared to what normally occurs in
an unperturbed wall. This forced-phase mismatch between the incoming turbulent boundary
layer and the wall has the potential to “misfire” the turbulence production trigger. However, the
unabated flow of energy from the mean flow can be expected to manifest itself in the formation
of some new near-wall waves, which do not occur in a normal, unperturbed turbulent boundary
layer. The work done in creating these near-wall waves, known as Stokes’ vorticity waves layer,

may be considered as the penalty of this drag-reduction method.

Akhavan et al. have carried out the DNS simulation of a turbulent channel flow

(references 2 and 3). The Reynolds number based on bulk velocity and channel-half width was

3000. When a spanwise oscillation of time period 7., of 100 %] , is imposed on the turbulent

flow, a dramatic reduction in fluctuating vorticity near-wall was achieved, and the viscous drag

was reduced by 40%. Here, U, is friction velocity. The results were essentially the same



whether it was the wall or the bulk fluid that was oscillated. The spanwise bulk fluid or wall
velocity was 0.8 times the streamwise bulk velocity. Interestingly, at the same oscillation
frequency, when the spanwise wall velocity was increased to 1.2 of the streamwise bulk velocity,
the drag reduction increased to 50%. This suggested to Choi (reference 8) that a non-

dimensional parameter, encompassing both spanwise oscillation frequency and velocity,

governed the amount of drag reduction at a given Reynolds number, rather than 7,_"* alone
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The low-Reynolds-number true prediction of Akhavan et al. in a channel flow has been
essentially verified by Laadhari et al. (reference 5) and Choi et al. (reference 4) in low-Reynolds-
number turbulent boundary layers. This also indicates that the mechanism is a wall-layer
phenomenon. Two plots of relevance to the present work are depicted in figures 1 and 2. Figure
1 shows the reduction in streamwise velocity (AU ) near-wall. The velocities are non-

dimensionalized by freestream velocity U, and the surface-normal distances are given in wall-
layer coordinate y*. The choice of U, as the velocity scale for AU is influenced by the
apparent influence of the ratio of spanwise wall velocity to bulk flow velocity on drag reduction,
as discussed in the previous paragraph. Figure 1 shows that the data do not collapse; i.e., U, is
not the appropriate velocity scale and y™ is not the correct representation of length near-wall.
There is a systematic variation with the frequency of wall oscillation /. It will be shown in this

report that an appropriate scaling will improve the collapse in the data. Interestingly, the

apparent scatter in the data at the lowest frequency of f =7 Hz will also be eliminated. This

examination of figure 1 indicates that the physics of the flow is not revealed by this format.
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Fzgure 1. Measurements of Change in Axial Velocity Due to Spanwise Oscillation of a
Turbulent Boundary Layer Normalized by Freestream Velocity
(Symbols: O- 1 Hz; [ - 3 Hz; A-5 Hz; and x - 7 Hz of wall-oscillation
Jfrequency. Figure reproduced from Choi et al. (reference 4).)
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Figure 2. Comparison of Simulation and Measurements of Drag Reduction Due to Spanwise
Wall Oscillation (reference 4) (Symbols are measurements in turbulent boundary layers:
O- Choi et al. (reference 4); A- Laadhari et al. (reference 7); —— is DNS
simulation in a channel flow dicovered by Akhavan et al. (reference 6).
Figure reproduced from Choi et al. (reference 4).)




Figure 2 indicates the variation of reduction of skin friction with a new non-dimensional,

a1 AZa
wall-oscillation parameter

discovered by Choi et al. (reference 4). Here, o =2zf and AZ

is the amplitude of the spanwise wall oscillation. The skin friction is measured after the
oscillating wall. The value of this non-dimensional, wall-oscillation parameter is demonstrated
by the fact that 1t leads to a good collapse of the two independent experimental data sets and a
near-collapse with the DNS simulation. Note that Choi et al. have converted the DNS simulation
data, which is time dependent, to allow a comparison with the experimental turbulent boundary

layer, which is spatially developing.

In the following section, the near-wall flow mechanism due to the perturbed flow will be
extracted from these measurements and Choi et al.’s flow visualization. This will lead to a
clarification of the variation in the velocity reduction data in figure 1; a drag-reduction model
will also be developed that will further reinforce the collapsing ability of Choi et al.’s parameter

Ao
2U

T

and provide a physical interpretation of it.



3. HYPOTHESIS OF DRAG REDUCTION: KINEMATIC
REORIENTATION OF VORTICITY

It is hypothesized that spanwise wall oscillation causes a “partial slip” between the
streamwise turbulent boundary layer flow and the wall that is the source of vorticity. This leads

to a lower level of production and turbulence-induced viscous drag; this hypothesis is shown
schematically in figure 3. Here @, represents the near-wall streamwise vortices that abound

naturally in a turbulent boundary layer. The spanwise wall-oscillation imposes a wall vorticity

of @, in the spanwise direction. The net vorticity @ is inclined at an angle of  to the flow
direction. If ¢, is skin friction of the undisturbed boundary layer and c is the skin friction of

the disturbed layer, then the reduction in viscous skin friction is given as follows:

c% =1- Sina. 1)
Jo

Here g is the maximum reduction in skin friction that can be achieved purely by
suppression of turbulence. Further drag reduction, for example, may be created from separation
of the mean flow or the application of any body force; however, methods such as suction and
injection are not being considered here. At this point, it is not clear how the value of # can be
estimated; rather, from figure 2 it is assumed that #=0.5. As shown in figure 3, drag reduction

is zero when o, = 0° and 180°, and it is at its maximum when a = 90° and 270°. It is implied that

at o = 90° and 270°, all turbulence production is suppressed.
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Figure 3. Schematic of Drag Reduction Hypothesis of Vorticity Reorientation

The relationship between drag reduction and vorticity reorientation angle « given by
equation (1) is displayed in figure 4. A comparison with figure 2 shows that the decrease in drag
reduction, predicted by the DNS simulation for values of Choi et al.’s wall-oscillation parameter

YA

greater than that for the condition of maximum drag reduction, is reproduced. A physical

justification is also given by the hypothesis. However, a comparison of equation (1) with the
experimental data and the simulation is premature because the relationship between the

AT

oscillation parameter and the vorticity reorientation angle a has not yet been established.

T
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Figure 4. Drag Reduction Due to the Proposed
Vorticity Reorientation Hypothesis

4. SCALES OF TURBULENT BOUNDARY LAYER (TBL)
UNDER STOKES’ PERTURBATION

First, the Stokes’ layer-like behavior lying buried in the measurements of mean velocity
profiles and in the flow visualization of the perturbed layer due to Choi et al. (reference 4) will

be extracted. This will then be used to examine the state of the boundary layer at the condition

of maximum drag reduction.

4.1 INNER-LAYER SCALES OF AN OSCILLATING TBL

Figure 1 shows that the spanwise oscillation has an effect on the mean streamwise
velocity, which leads to a large reduction near the wall that changes over at 30< y* <50 toa
much smaller increase. It is unclear if this damped oscillatory behavior continues to another
wavelength beyond y* = 70. It is reasonable to suspect that an appropriate scaling should

reveal the Stokes’ layer behavior lying nascent in this plot.

The velocity measurements, rather than the reductions, are plotted in figure 5 for an

examination of the relevance of laminar Stokes’ layer phase 7. Measurements for all

frequencies meet at # = 7/2. This is encouraging because the presence of a damped oscillatory



phenomenon is implied. The effect of perturbation approaches an asymptotic distribution,
indicating saturation as frequency is increased (a trend not highlighted in figure 1). Additionally,

the relatively marked scatter at f =7 Hz in figure 1 is no longer present. However, the
distributions do not collapse at lower values of 7. In fact, there is a strong and systematic effect

of frequency. On hindsight, this is explained by noting that viscosity strongly attenuates the

effect of the Stokes” mechanism near-wall. Therefore, when the velocity data are plotted in the

normal wall-layer scales (figure 6), there is an excellent collapse up to y* = 10.

u/U:

0.01 0.1 1 10

Figure 5. Stokes’ Phase Variation of the Total Axial Velocity (Symbols: = -1 Hz; x- 3 Hz;
[1- 5 Hz; O - 7 Hz. Measurements are proposed by Choi et al. (reference 4).)
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Figure 6. Total Axial Velocity in Normal Wall-Layer Velocity and Length Scales
(Solid lineis U" = y*. Symbols = -1 Hz; x-3Hz; (J-5Hz; O-7 Hz.
Measurements are proposed by Choi et al. (reference 4).)
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Figure 6 is replotted in the regular law-of-the-wall form in figure 7. Both figures 6 and 7
show that the collapse, up to about y* = 10, follows the viscous sublayer trend U" = y*.
Clearly, the thickness of the viscous sublayer has been increased, and in the case of /= 7 Hz, has

been increased nearly up to y* = 13. The mean velocity profile for the undisturbed flow is also

included in figure 7.
40
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Figure 7. Regular Law-of-the-Wall Representation of the Effects of Increasing Frequency on
Total Axial Velocity (The reference sublayer profile and the logarithmic velocity profile of
unperturbed turbulent boundary layers are shown ( —— ). Virk’s (reference 9) ultimate
polymer profile for the condition of maximum drag reduction is also shown ( - - - ).
Symbols: o -1 Hz; [1-3 Hz; A-5 Hz; x- 7 Hz. Measurements are proposed by Choi et al.
(reference 4).)

The agreement with the sublayer profile up to y* = 10, and the approach to an
asymptotic distribution at increasing frequencies of oscillation, encourage the comparison of the
state of the mean velocity profile with that of Virk’s (reference 9) polymer maximum drag
reduction (PMDR), a profile of which is included in figure 7. Indeed, with increasing frequency
of oscillation, the distributions approach the logarithmic PMDR profile, but they do not cross it.
The distribution at f = 7 Hz approaches most closely, although it has not completely reached
that state. This is in agreement with figure 2, where the maximum drag reduction in Choi et al.’s

experiment falls short of the ultimate maximum drag reduction achievable by this technique, as

indicated by Akhavan’s et al.’s simulation.
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4.2 ATTENUATION OF STOKES’ LAYER

The exact nature of Stokes’ layer is examined here. The change in streamwise velocity
AU is scaled by the velocity scale of spanwise oscillation, namely AZw , where AZ is the
amplitude of the spanwise wall motion and @ is angular frequency 27 ( f being the frequency
of the spanwise oscillation). This variable is plotted against Stokes’ phase 7 in figure 8. The
result is shown for f = 7, 5, and 3 Hz. The f = I Hz data are not yet included. Compared to
figure 1, figure 8 indicates a better collapse, meaning that the wall-oscillation velocity scale does

indeed describe the effect of oscillation.
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Figure 8. Stokes’ Layer Scaling of Change in Axial Velocity Due to Spanwise Oscillation
(Symbols: [ -3 Hz; A-5 Hz; x - 7 Hz. Measurements are proposed by Choi et al.
(reference 4).)

Spanwise wall-motion effectiveness in imparting a spanwise displacement to the fluid in
the ambience of a turbulent boundary layer is examined in figure 9. The displacement (Az) of
the smoke-marked fluid at distance y from the wall was measured from the flow-visualization
video and is shown in the figure. The data do not follow the laminar Stokes’ distribution. The
mean data follow a similar damped oscillation distribution, but with an attenuation factor B of 3,

rather than 1:

Az = e, @)

12
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Figure 9. Stokes’ Layer Phase Lag Representation of Spanwise Fluid Material Displacement
(Symbols — and % ) in the oscillating turbulent boundary layer is compared with laminar

Stokes’ velocity profile (—e-- and ‘%V ). Symbols: x-5 Hz; ] -5 Hz; and A- 2 Hz. The band

in n indicates thickness of laser light sheet used for flow visualization. Data extracted from
Sflow-visualization video by Choi et al. (references 4 and 8).)

The spanwise velocity scaling in figure 8 is reproduced in figure 10, where the f=1 Hz
data are now included. The damping of the effect on the axial velocity is compared with the

general Stokes’ layer relationship given by:

A%AZZD’) =e 27 cos(-B17). ®3)

13




Normal Stokes’ Layer: |
A(%AZw) =e"Cos(-n) :

—

A("A%"A"x“ X

v
o

AU(AZo)

Y, Y SE—

Attenuated Stokes’ Layer:
A%Zw =e™" cos(=37)

Figure 10. Attenuated Nature of Near-Wall Stokes’ Layer in an Oscillating
Turbulent Boundary Layer (Symbols: O -1 Hz; [1 -3 Hz; A- 5 Hz; x- 7 Hz.
Measurements were taken by Choi et al. (reference 4).)

The following trends may be observed: the Stokes’ layer is actually attenuated and the

attenuation factor is given by B. The scatter in the f =/ Hz data seen in figure 1 is no longer
present in figure 10. For lower values of 7, the distribution for f =/ Hz can be reasonably
given by equation (3), where B = 3. At higher values, the normal Stokes’ layer, where B = 1, is
appropriate. At /=3, 5and 7 Hz for n > I, the damping given by B = 1 is valid. At n=1 and
f=3and 5 Hz, distributions show an interesting abrupt shift from high B valuesto B = I; i.e.,
there appears to be a narrow band of phase 7 near /, where the normal outer-layer of Stokes’

layer merges with an attenuated near-wall Stokes’ layer. In closing, the general observation is
that Stokes’ layer is normal (B = 7) for high values of 7 and is attenuated, with a variable

attenuation factor, at lower values of 7.

14



5. NEAR-WALL STRUCTURE OF TURBULENT BOUNDARY LAYER
UNDER STOKES’ PERTURBATION

In a quiescent ambient, the Stokes’ mechanism of vorticity generation and transport away
from the wall is well understood. How is this manifested in a turbulent boundary layer? The
near-wall-flow visualization videotapes produced by Choi et al. (references 4 and 8) were
examined to gain an insight. Downstream (> 100 wall units) of the oscillating/non-oscillating
leading edge, it was observed that the flow in the viscous sublayer became organized, which
happened just prior to the phase when the plate reached its either spanwise extreme position.
(Note that this is when the plate had decelerated to a nearly zero speed.) The flow became
organized into arrays of oblique two-dimensional and equi-spaced waves (figure 11). The
appearance of such organization is striking because the instantaneous near-wall structure in the
regular (non-oscillating) case is quite random. These waves should be attached to the wall; the
implication is that they are most skewed at the wall, and gradually vanish away from it. The

formation of these oblique waves provides some support to the vorticity reorientation hypothesis.

Figure 11. Oblique Two-Dimensional Stokes’ Waves with Freestream Direction from
Left to Right (Frame extracted from flow visualization video produced by Choi et al.
(reference 4). Freestream velocity is 1.5 ms; wall-oscillation frequency is 5 Hz; amplitude of
spanwise oscillation is 50 mmy;, figure is roughly in scale; height of laser light sheet is
1£0.5 mm fromwall.)
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The relationship between vorticity reorientation angle and the oscillation parameter can
be determined. Figure 2 shows that Choi et al. (reference 4) experiments came close but did not
reach the condition for maximum drag reduction achievable, as given by an extrapolation of the
experimental data or as predicted by DNS. Figure 12 shows the extrapolated frequency of wall-
oscillation and friction velocity for maximum drag reduction in Choi et al.’s experiments based
on equation (1) of the vorticity reorientation hypothesis. The following form of equation (1) is

used:

T

U, = Uy~ (Uyy~Usp, Sin(0.527/ ). @)

Here, U, is friction velocity; subscript o stands for baseline unperturbed flow and max

stands for the condition of maximum drag reduction. A best fit of equation (4) to data is sought.

Alw

The wall-oscillation parameter for maximum drag reduction then turns out to be =16.2.
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Figure 12. Extrapolation of Choi et al.’s (reference 4) Experimental Condition (Symbols)
(This is carried out via proposed hypothesis of drag reduction (solid line)
for the determination of the condition for maximum drag reduction.)
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The relationship between vorticity reorientation angle and the oscillation parameter can
now be obtained as shown in figure 13. The vorticity reorientation angle is 90° when

ééw =16.2, and 180° when éZUw =32.4. The solid line indicates this fact. The symbols are

T T

from the flow visualization of the oblique vorticity waves shown in figure 11. The attenuated
Stokes’ relationship shown in figure 9 is used to extrapolate the angles of Stokes’ waves at the
wall (). There is agreement between the flow visualization symbols and the solid line

representing the hypothesis.

180

0 & ! I I
0 10 20 30

AZw/2 Uz

Figure 13. Relationship Between Vorticity Reorientation Angle and
Choi et al.’s Oscillation Parameter (Symbols are from extrapolation
of flow visualization data shown in figure 9 to the wall.)

6. UNIVERSAL MAXIMUM DRAG REDUCTION

It is understood that the routes to a complete suppression of turbulence are different in the
Stokes’ mechanism, and that is due to polymer injection. However, is the above-obtained
condition for maximum drag reduction similar to that in Virk’s polymer maximum drag
reduction? This question is examined here in the context of mean velocity profile. In figures 6

and 7, it was shown that in the conditions of Choi et al.’s experiment, there was a collapse with

the unperturbed viscous sublayer relationship U™ = y™*, roughly upto y* = 10. Virk (reference

17




9) has reported a similar collapse due to polymer injection upto y* = 11.4. The question then
is, in the extrapolated condition of maximum drag reduction obtained in figure 12, is the rest of
the mean velocity profile identical to Virk’s maximum drag reduction profile for polymer? To
answer this question, the normal velocity profile for the unperturbed turbulent boundary layer in
Choi et al.’s experiment was taken in U"* versus y* form. The effect of the Stokes’ layer can
now be applied to it to determine the change in the mean velocity distribution. In figure 10, it
was shown that in the outer part of the Stokes’ layer, there is no attenuation and the normal value
of B = 1 applies. Figure 14 shows that when the Stokes’ layer effect is applied to the
unperturbed profile and the friction velocity is obtained by the presently proposed vorticity
reorientation relationship, Virk’s polymer maximum drag reduction profile is recovered exactly.
This strongly indicates that the mean velocity profile for maximum drag reduction is universal in
nature, which is to be expected because if turbulence production is be truly suppressed, then the

mean velocity profile has to be unique.
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Figure 14. Recovery of Mean Velocity Profile for Maximum Drag Reduction from an
Unperturbed Profile by Means of Attenuated Stokes’ Layer Modeling
(Symbols: O - unperturbed flow; A - computed maximum drag reduction. Broken and thick
solid lines are Virk’s polymer maximum drag reduction profiles (reference 9).)
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In figure 10, the conclusion that B > 1 for lower values of 7 can now be better

quantified. The attenuated Stokes’ layer relationship in equation (3) was applied to the velocity
profile for the unperturbed turbulent boundary layer shown in figure 14 to determine the value of
B, which will allow the recovery of Virk’s complete profile for polymer maximum drag
reduction. The distribution of the required values of B is shown in figure 15. The value of B
increases from 1 as the wall is approached in the buffer and viscous sublayer, where the effects

of viscosity are also increasing. A more detailed analysis is required to understand this behavior.
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Figure 15. Calculated Variation of Stokes’ Attenuation Parameter Across
the Boundary Layer for the Condition of Maximum Drag Reduction
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7. EVALUATION OF VORTICITY REORIENTATION
HYPOTHESIS OF DRAG REDUCTION

The relationship between vorticity reorientation angle a and the spanwise oscillation

Ao
parameter

has been established in figure 13. This can now be utilized to compare the

proposed drag reduction hypothesis shown in figure 4 with the summary of measurements and
simulation shown in figure 2 (this comparison is shown in figure 16). The sine-wave model of
the proposed hypothesis compares rather well with the experimental data; in fact, it does so
better than the DNS simulation. It is suggested that the channel length has not been adequate in
Akhavan et al.’s simulation (reference 3), and the slight disagreement can be cured if

computations are repeated for a longer channel length (reference 8). The hypothesis can now be

deemed as validated.
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Figure 16. Validation of Vorticity Reorientation Hypothesis of Drag Reduction (Symbols are
measurements in turbulent boundary layers: O - Choi et al. (reference 4) and [ - Laadhari et
al. (reference 5); - - - is DNS simulation in a channel flow due to Akhavan (reference 3) and

—— is presently proposed vorticity reorientation hypothesis.)
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8. CONCLUSIONS

An investigation into Stokes’ mechanism of drag reduction has been carried out.

Available drag and mean velocity measurements from several investigators and flow

visualization in low-Reynolds-number turbulent boundary layers, along with the DNS in low-

Reynolds-number channel flows, have been analyzed. This has been undertaken in the

framework of a vorticity reorientation hypothesis and the so-called Stokes’ second problem. The

following conclusions may be drawn:

Stokes’ mechanism of drag reduction has been elucidated. Its effect is to superpose a
phase lag, albeit attenuated, which is compared to that in a Stokes’ layer that is
developing in a quiescent medium, between the wall and the turbulent boundary layer
above it. This leads to an alteration of the normal phase relationship that exists between
the quasi-cyclic processes that are responsible for the production of turbulence in an

unperturbed turbulent boundary layer and the wall.

Stokes’ mechanism imposes an organized flow structure near the wall, and its effect
scales with the representative velocity of spanwise wall motion. The spanwise wall-
oscillation seeds the near-wall region of a turbulent boundary layer with oblique arrays of
two-dimensional vorticity waves, which are attached to the wall with a gradually

decreasing skew away from it.

The mean velocity profile for the condition of maximum drag reduction is similar to that
due to polymer drag reduction. This indicates that, when turbulence production is
completely suppressed, the mean state of the boundary layer has a universal character that

is independent of the mechanism or route to turbulence suppression.

A kinematic sinusoidal vorticity reorientation model is shown to describe the drag

reduction process.
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