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Numerical Analysis of a Singular Integral Equation
Arlslng from Electromagnetlc Interior Scattering

1 Imntroduction

For safety and health reasons, it is of considerable interest to assess the short- and long-term
effects of electromagnetic (EM) radiation on people working near radars and other similar
EM-wave-generating devices. Research to understand this can be classified as epidemio-
logical, experimental, and numerical. In numerical electromagnetic dosimetry one is led
naturally to the problem of solving the Maxwell’s Equations inside a highly inhomogeneous
and highly dispersive body. One of the solution approaches is to solve an equivalent problem
in the frequency domain using a volume integral equation formulation. '
Mathematically, in the time-harmonic case, if the body (V) is incident by an electric field
Ei(r) and if E(r) is the total electric field inside the body (r € V), then the scattered field,
defined as the differenceé between the two fields, ES(r) := E(r) — E(r), can be shown to take

the form

ES(r) = (I+—VV)/ r,x) By (r') dV’ (1)
in which

Fo(r) = 7(r) E(r)
7(r) = kz(r)—kz

. ejkar
! -—
g(r7r) ‘ 471'1'
r = |r—r|

Here j = /—1 and k, and k(r) are the wave numbers associated with free space and the
body respectively. Further manipulation of Equation (1) to move the differentiations under
the integral signs results readily in a vector integral equation of the form (see [7] for details)

E*(r) = A(r) Fy(r +/ (r,r')(Fy,(r') = F (r)) dV' 2)
in which the dyad A(r) becomes unbounded near the boundary and the dyad (the dyadic

* Green’s function) G(r,r') has a singularity of type O(r~?). Previous attempts to solve
this equation [6, 7] using a Moment Method or a Nystrém Method have been successful only




for a restricted class of parameters. Before attempting to conduct a thorough numerical
analysis of Equation (2), we opted instead to analyze the following simpler but analogous
1-D integral equation: '

)‘(t) d’(t) - I{g¢(t) - Kbd)(t) =Xa (t) ' (3)
for t € [a,b] and x, € C([a,b]). Here, analogous to Equation (2), ’

b

K(0) = [ k(t5)d(s)ds

a

b

K1) = [ k(o)) - g(0)] ds

a

The functions A(t),k,(t,s), and k,(t,s) also have properties analogous to that in the 3-D

case, namely:
e X(t) > 0 on (a,b)
e lim A(¢) = oo and lim A(¢) = co.

t—a t—b
d kb(t’ s) = -l.t;.Y—-ls_l7 le > 0'
e k,(t,s) is continuous on [a,b] x [a, b].

It should be mentioned that the problem considered here is not equivalent to the 1-D
Maxwell’s Equations wherein E is dependent on only one spatial dimension. It is well-known
that the Green’s function for the 1-D Maxwell’s Equations is much better behaved. To keep
the problem here simpler, however, we will ignore the ‘good’ kernel'kg (¢, s) in the following
analysis and concentrate only on the equation

A(t) $(t) — K, () = x, (t) | | (4)

As a preliminary analysis of Equation (3), we studied numerically the 1-D problem anal-
ogous to Equation (2) in which

g(t,s) =t —s|(Injt—s]—1).

After properly moving the double differentiations under the integral sign, the resulting
k,(t,s), k,(t,s) and A(t) can be shown to satisfy the properties mentioned above. Numerical
solutions were obtained using several variants of the Nystrom methods:

1. Product method with extrapolation at the end intervals

2. Gauss-Legendre method




3. A simple method (in which uniformly spaced integration points and uniform weights
are used) :

In each case, apparent convergence was obtained. The main result of this study is a rigorous
mathematical proof of the convergence of a numerical method used to solve Equation (3).

In Section 2, we will re-formulate the problem and put it into perspective. In Section
3, we will investigate the properties of an operator K that arises from the re-formulated
problem. The numerical method used to solve the problem will be defined m Section 4,
and some preliminary properties of the associated numerical integral operators K will be
explored. Several convergence theorems for the numerical integral operators K, will be
proven in Section 5. In Section 6, a convergence theorem for the numerical solution of the
complete problem will be given. Finally, we will conclude with some closing remarks in
Section 7.

2 Statement of the Problem

We begin with the integral equation in (4), namely

b

MO $E) —n [ It = 5|7 [#(s) — #(2)] ds = x, (1 (5)

a

defined on an interval (a, b). Here we assume the constant v, > 0 and the function x, €
C([a, b]). Furthermore, we assume the function A is positive and continuous on (a, b) and
that A(¢) — oo as t — a and as ¢ — b. Under these assumptions, Equation (5) can be
transformed to an integral equation of the second kind:

b

#0) ~1(0) [ 1t~ sI719(5) — Hle)] ds = x(2) (6)

a

defined on the interval [a, b]. Here 7(t) := 7,/A(t) > 0 on (a, b) and together with x(t) :=
x,(t)/A(t) may be assumed to be continuous on {a,b], because of the assumptions on A.
Define the operator

Ko(t) = [ 1t —sI76(s) - (t)] ds m
Then Equation (6) can be written in the familiar operator notation as
(I —7K)¢=x (8)

Our problem is then to analyze the numerical solution of this equation when, in particular,
a simple Nystrom method (to be described in Section 4 below) is used.
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The problem being addressed here differs from conventional weakly singular integral
equations in at least two fundamental ways. First, while Equation (6) contains the difference
term used in the well-known Singularity Subtraction Method, namely

b

Kg(t)= [ Bt.s) [8(5) — 9(8) ds,

a

the subtracted term \

/., k(t, 5) $(t) ds = $(t) / k(t, s) ds

in our case is divergent. This is in stark contrast to the conventional case where the sub-
tracted term is and must be finite.
Second, for weakly singular integral of the second kind

80~ [ k() ds = x(0)

(I-K,)¢=x

where |k, (t,s)] < Cls —t|*71,0 < a <1, K, is compact from C([a,b]) — C([a,b]). Conse-
quently, the analysis of a typical numerical method taking the form ‘

(I-K)b.=x (9)
can be based on Anselone’s Collectively Compact Operators, wherein the operators K are
each compact from C([a,b]) — C([a,b]). (See, for example, (1]). Unfortunately, mm our
problem the operators are not compact, as we shall see below. ‘ '

3 Mapping Properties of K

We first investigate the mapping properties of the operator in Equation (7):

Kg(0)= [ e o1 [9ls) = 0] s

" We recall a function f is uniformly Hélder continuous of order a (0 < a < 1) on an
interval [a, b] if there exists a constant C such that

| f(z) — fWISC =~y |




for all z and y in [a, b]. Define

The space of all uniformly Holder
C (o'a)([a,b]) := ¢ continuous functions of order a
on an interval [a, b]

The following properties of C (o'u)([a,b]) are well-known:

Proposition 2. For0 < a<f <1

1. ¢ ([a,b]) € C([a,b])
2. C’(o'ﬁ)([a, b]) is a subalgebra of C([a, b))

3. C“([a,b]) is a Banach space under the norm

”.f”oz = ”f”eo + lfla

where

1f(z) = f(y)l
|z — y|*

|f]. := sup{ |z # y} (10)

is a semi-norm.

4. Imbedding maps I, : C ?([a,b]) — ¢ ([a, b]) are compact.

Proof. (See {5, 3]) U

Corollary 3. For 0 < a < B < 1, the mapping I;i from (C(o'p)([a,b]), Il -1]l.) onto
(C“?([a,b]), || - ||,,) is unbounded. <

Proof. Otherwise, the identity map I, would be compact on the infinite dimension space

¢ (la,b)). U
Corollary 4. For0<a<pf <1, C(o'ﬂ)([a,b]) is not a Banach subspace of C(o'")([a,b]).

Proof. Else I;i would be bounded, by the closed graph theorem [4], since I, and therefore

I;i are closed operators. U

Proposition 5. For0<a< B<1, K: C(o’ﬁ)([a,b]) — C(O'G)([a,b]) is compact.
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Proof. Mimicking the steps in one of the proofs im (3], one can show that K 1s bounded from

¢ (la, b)) — ¢ ([a, b)), where § := (a + f)/2. Using the fact that the imbedding from
¢ ([a, b)) - ¢ ([a, b)) is compact, the proposition follows immediately. U

Unfortunately, classical Fredholm theory does not apply here, because of the following ob-

servation.

Proposition 6. C(o'u)([a, b)) is not invariant under K for any 0<a<l
Proof. By direct calculation, one can show that ¢(t) = P ¢ C(o'ﬁ)([a,b]), but Ké(t) ¢
¢ ([a, b)), assuming, without loss of generality, [a,b] = [0,1]. U

For theoretical as well as numerical reasons, it is desirable to consider operators L whose
range is contained in 1its domain, so that L?, for example, 1s defined. This leads us to the
following spaces. For 0 <o <1, we define

X, =" (a,b)) la< B <1}
In particular, X, is the set of all functions defined on [a, b} which are uniformly Holder

continuous of some order a € (0, 1].

Lemma 7. For 0<a<1, (X,,]-ll.)isa normed linear space and is invariant under K.

Proof. (X.,|l-]l.) is a linear subspace of ¢“?([a,8]), 1| - |l.). The invariance follows from

Proposition 4. U
While the semi-norm |-|, in Equation (10) and hence the norm ||-1|.. are defined for a € (0, 1)

on € ([a,b]), it is convenient (and also consistent) to define

[l = Iflle, FEX

Lemma 8. (X, - [lo) is a normed linear space and is invariant under K.

Proof. (X, ll-lls) = (Xo, - |l.) is alincar subspace of (C([a,d]),]I-1l.), and the invariance

follows again from Proposition 4. U




While not germane to our discussion here, it can be shown that the closure of (X,, |l -1l.) in

) ([a, b)) is mot C'""([a,b]), even though ¢ ([, b]) contains € ({a,]) for all B> e

Proposition 9. K is unbounded on (X, | - |l,) for any 0 < a < 1.
Proof. Assume, without loss of generality, [a,b] = [0,1]). One can then readily show that

atlfn

¢.(t) =t

is a bounded sequence in X,, but K, |l. — oo asn — o0 u

4 Numerical Integral Operators, K

The numerical solution of Equation (8) can be defined in terms of the following numerical
integral operators. It is basically the operators associated with the Nystrom method. For
each integer n > 0, we define a partition P, on the interval [a, b] by partitioning the interval
into 7 equal subintervals. We associate with the partition P, the operator K, defined on

C([a, b]) as follows.

. o
Koble) = 3 0y 0,500 8,00, € Cllab)
where
kE, = 27 :
w,; = (b- a)/k, =:h,
lt - t:;,-lﬂl t ¢ [tn,;-xatn,j]
9,.; (t) =

2/h, te [t“_j_‘,t"_].]
A (8) = ¢(t,)— o)

¢t = atjh, §=0,...,k,
t* ; = (tn,j—l +tng)/27 ] = 17' * "kn

For simplicity, we have purposely chosen each weight w,_ ; associated with the j-th subin-
terval in P, to be dependent only on the integer » and not on . More sophisticated choice
for the weights is of course possible, but the resulting analysis would be more complicated.
Also K_¢ is actually defined for any function ¢ that is merely defined on the interval [a, b}.
However, here we are only interested in those functions that are at least continuous. It 1s

obvious that if ¢ € C([a,b]), then so is K, ¢. That is, C([a,b]) is invariant under K.
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The numerical solution ¢, to Equation (8) i1s now obtained by solvihg the equation

(I —7K,), =x (11)
By collocation at the k, mid points {t* i}’ the following system of linear equations is obtained
(I—vK)¢.(t ) =x(t. ), 1=1L...,k, (12)

from which {¢,(t; )} can be solved.

For comparison with the operator K, we will look at some properties of K. Unless
specified otherwise, we will always assume n is a positive integer in the following. Also for
later convenience we introduce the following functions, each of which depends only on n:

kn
t) == Z w,_ . g, (t)
7=1

We will first look at some properties of K, on C([a,b]) and then its properties on
C(O'O)([a, b]), a € (0,1]. As we have already noted, we have

Proposition 10. C([a,b]) is invariant under K.

Moreover, we have

k.
Proposition 11. K, is bounded on C([a,b]) with ||[K_ ||, =8 > 2].1_1
. =1

Proof. From the definition of K, it follows immediately that

K $(t) = K, ,6(t) + K, $(2)

where
k .
Kn,l ¢(t) = Z rl.] gn J (t:l, )7
K..0(t) = —4.() (1)
Now X . is compact and hence bounded on C([a,b]), because it has finite dimensional range.

n,1

Since g, ;(t) € C([a,b]), so does ¢, (t). Hence K_, is also bounded on C([a,b]). It follows that
K, must be bounded on C([a,b}). To find the norm of K, on C([a,b]), let t* = (a + b)/2.
One can verify directly that

%]l = #.(¢7)




For any d’ € C([a,b]),

< 2I¢ll.¥a(t)
< 2]l ()

Hence ||K, |l.. < 2¢n(t*). Since t* # 1,7 = 1,...,k,, there exists ¢, € C([a,b]) such
that ||¢,]l.. = 1 and é,(t*) = ——4)0(t:,j) =13 =1,...,k, . Thus, K ¢ (t*) = 24,(t*) and
K. |l > 2%,(t"). It follows that

|K.b(t)]

1Kl =29.(7):

21—
1=1 -1

kn—l kn—-l
By direct verification, one obtains P.(t)=4 Y 75 Hence, ||K ||, =8 X z_JI:T u
: =

Corollary 12. K, is not a compact operator on C([a,b))-
Proof. If K were compact, then K, = K, — K,, would also be compact, since K_, is

Kn,2
. ¥a(t)
be compact. This is impossible, since the identity operator I is not compact on C([a,b]). U

Incidentally, the last proposition implies that if the method of successive approximation
is applied to Equation (8), it will likely fail as n increases, since |K.|l. are not uniformly
bounded. _

We now turn our attention to the properties of K on ¢ ([a,b]), @ € (0,1]. Unlike
the operator K, we have '

compact. Now ——= € C([a,b]), as 1_(t) is bounded away from 0. Hence = —I would
¥n(t)

Proposition 13. ¢ ([a, b)) is invariant under K for a € (0,1).
Proof. It suffices to show that g_,(-)A_;¢(:) € C(O'u)([a, b]) for any ¢ € C(o'a)([a, bl). f ¢ €
" ((a, b)), then clearly A ;¢ € ¢ ([a, b]). One can also show that g, € ¢ ([a, b)) and

hence it belongs to ¢ ([a, b]) -for o € (0,1]. Finally, 9., () A ;9() € C(o'a)([a,b]), since
the latter is an algebra. U

To investigate the boundedness of K, on ¢ ([a, b)), a € (0,1], it suffices to consider the
individual components of K, leading us to define the following operators on C(o'a)([a,b]):

L d(t) = 9., () A,8(), G=1 ka

kn
Clearly, K, = Y. w,; L,_;-
=




Lemma 14. L, is bounded on ¢ ([a,b)), @ € (0,1), forj=1,.. k. and |L,]l. <

all 1 e [a,b]. Hence IIL“.,.q’)Hoo < 2||g,,;ll. lI$ll.. For any s and t € [a,b],

L. (s) = Ly d(O)] = 19.5(5) By 8(s) = 0.,;() B, (0] |
< 1 [9.505) = 90y (0] By ()] + 19, (8) [Bs(5) = A4
< 20 ll. 105 (5) = 9oy )] g lle 10(8) — S()]
< @l 19+ 9501 161D 1s = £

since both g, and ¢ € ¢ ([a,b]). Hence |L,;¢l. < 2ll4l.. 19,510 + gl 16l Tt
follows that '

H

IL,;90. + D08l
< gl 18l + 2080 19l + 19051l 14
< 2)g.; . 19l

“Ln.j ¢“a

The Lemma is now proved. U

For 0 < a < 1, one can readily show that

2
Mgl = Nguslle + 1950 = 77+ 050

Proposition 15. K is bounded on C(o'a)([a, b)), e € (0,1}.
Proof. This follows directly from the last Lemma. U

While the restriction of the operator K to ) (|a, b)) allows it to be defined, the restric-
tion of the operator K _ to C([a, b]) does not gain us much. We still have

Proposition 16. K, is not compact on C(o'a)([a b)) for o € (0,1}

Proof. Thc proof follows in exactly the same manner as that in the C([a,b]) case. U

Because K, are not compact on c ([ b)), we cannot make use of the theory of col-
Jectively compact operators to prove convergence of our numerical method. We do have
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some type of compactness as we will see in the next proposition. However, this is mainly of
academic interest only.

Proposition 17. K : C(o'a)([a, b)) = C’(oﬁ)([a, b]) is compact, if 0 < <a < 1.
Proof. If we denote by A*# the map A: C(o'a)([a, bj) — ¢ ([a, b)), then K*# = I*PK>>.

Since K** is bounded and I*# is compact, K:’ﬂ is compact. U

5 Convergence Theorems for K,

As we cannot make use of the theory of collectively compact operators to prove the con-
vergence of our numerical method, we resort to proving it directly. We will prove some
pointwise convergence properties of K, after establishing several preliminary lemmas. For

convenience we define

#(t)—¢(s)
Fo(t,s) = T fort # s
¢ 0 fort=-s

Ad(t,s) = ¢(t)—d(s)
ga(t7s) = g,,(t,ls) ‘t*sla
B(t,8) = {s€la,b) | |s—t]|<d}
(

where, as before,

gu(t,s) = T
Lemma 18. Let € C(O'B)([a,b]), g €(0,1) and o € (0,8]. Then
|Fo(t, )| < ligll, 1t — s

for all (t,s) € [a,b] x [a,b].
Proof. This follows trivially from the definition of C*” (a, 8]).
Lemma 19. Let ¢ € [a,b] and ¢ € C(o'ﬂ)([a,b]), B € (0,1]. Then for any € > 0, there exists

(¢, ) > 0 independent of ¢ such that

| ot 5)AG(s,8) ds| < ¢

B(t,5")

11




for all &' < 4.

Proof. Let t € [z,,z,] C [a,b]. Then

.

fz ]gﬂ(t,s)Ff(t,s)l ds

*1

{2 nsbnﬁ} s o)

IN

|f gult, 5)Ad(s, 1) ds]

|

<N, [l ds

1

B

Thus, the required d can be chosen as

1 g\
§== | o
2 (2""|l</)l|g)

U

Lemma 20. Let t € [a,b] and ¢ € ¢ ([a, b)), B € (0,1]- Then for any € > 0 there exist
N (independent of t), 0 < ky, <ky,,and § > 0 such that

k

n,2

| S.(7) = Z w, q,;(7) A, 9(T) | <€

j:k"‘1 +1
for all 7 € B(t,8) and forall n > N, where

at+k h = a—{—kN,th::al

n,l n

a+tk h = atkyh,=b and

N2 N

B(t,6) C [a,bi]

Proof. Let ¢ > 0 be given. Let N = max{Nj, Nz, N3}, where Ny, N3, N3 are specified below.
For any positive integer n, define

t .t ) f1<3<k
I ) e n,j—1? "ngJ n
" tnj—l)tn,j ifj = k"

Since [a,b] is the disjoint union of {/_. J:k“, t eI . for aunique i (), 1< i) <k,
ngyJJ7 1 n,i (1) n n n

Yn

We define [ay,b1) = [th_ © ot ,,“] _ Tt follows that [ay, &) 2 1 ., and k_, < j.(t) <
Iy t)—1 ']N t n, t r n

Tn

12




k,, for all n > N. For ease of presentation, we assume ¢ € (a1,b1). (I, for example, t =

..

.JN’_

t
N

and t # a, we can increase N by 1, and let [a;,b] = [t .t ~.] .) In the
1 .N,)N—2 N,]N

following, we will always assume 7 € (ay,b1) = (k, b, k,,h,) and n 2> N. Then

n,1" "n?

S (r)=S.,(m)+S..(r)+ S..(7)
where
S.alr) = Y w.g.,(1) AL
: k,,,<3<i, (7)
S (r) = nin(r) i (7) (7) An.j;(r)¢(T)
S.a(m) = . W 9.,;(7) A, ;6(7)

Jn(T)<i<k, ,

We shall show that each of the above can be made arbitrarily small uniformly for 7 € (ay, b;)

for n sufficiently large. Indeed,

|5,a()

provided

= 204(t . )~ 9(r)]
* _ 1B

< 20l I,

< 2|4l kS,

< £

- 3

n> Ny = max{r Liog, (26— )" 19ll,) 1 1}

B

We will now derive a bound for | S,,(r)|. Ij.(r) =k,, +1, then S, (7) = 0. Otherwise,

if (1) > k,, +1, then

| 5,2 (7) |

Il

|¢(t, ;) — ¢(7) ]

— 7|

LY

k,, 4 <3<3n (7) I tn.j
» p—1
rAgll, > (T—t;)
L <j<in () :

Ll’l

hollgll, S (z+mh)"

m=0

13




where z :=7 — ¢ and L, :=j (1) -k, —2 From the definitions of t;j and j (1),

njn{r)-1

we must have b—; <z < 3—';—* Let y := &= Then % <y< % and
B L A—1
1S, () < R ligll, >0 (w+m)
m=0

L,
Rl Rl 3 ()

Since B € (0,1] and 3 <y < 2

IN

Ln
15,0 < 27K ol + BN, 30 m

1-5 B 12 1 s
< 2R |lgll, + R Nl (1 ELn )
From j (1) <k,, and L, = j.(r)— k., —2 we have
L.h, < (k.,— k..)h,

= bl — aj
and so
1— 1 -
1S.u()] < @7+ DE Nl + 519l (b - )
< —
- 3
provided
n > N1 = ma.x{Nl,a, Nl,b}
where

18

1 2
Moo = max{[5los, (2 (0@ 161113

1 6 8 '
Mo = max [ g, (S 0— 16, )11)

Estimating a bound for | S, ()| 1s similar to that for |S... ()], producing Ns similar to
N,. The Lemma is proved by choosing § = min{jt — a,], |t — b:[}. U

Remark. It follows from the proof of the last lemma that

Y s 90,(7) Bayl) [ <€

14



aslong as k,, +1<m <my <k,,-

Proposition 21. For any ¢ € ¢ (la, b)), B € (0, 1],

lim ([(K — K)éll. =0

Proof. Let € > 0 be given. By the compactness of [a,b], it suffices to show that for any
t in [a,b], there exist N, and §, such that (K — K. )¢(r)| < ¢ for all » > N, and for all
r € B(t,8,). Now for any 7, and v, with 0 <, St —a, and 0 < 7, < b—t, and for any
m, and m, with 1 <m, <m, <k,

(K_Kn)d)(’r) = 'TL(T:a’t~7x)+T1(T7t_’711t+72)+T1(T7tv+'727b) .
- Tz(T)n)17mx)'—T2(T)n7m1+17m2)—Tz(Tznamz +17kn)

where

Tx(Taz)y) = / gu(t, S)Ad)(s,t) ds

x

k
Tz(‘r,n,m,k) = Z W5 Gns () An'jq,’)(r)

j:m

It follows readily from the last two lemmas that there exist N, and §, > 0 such that by
letting v, =t — ty, - >0and v, = thkNl . t >0, we have

‘Tx(TJt - 71:t+72)‘. S

]Tz('r,nk +1,k“.2)| <

y Pn =

wi_mw| m

for all n > N, and 7 € B(t,4,). Let f(t,s) = gso(t, s)AP(s,t). Since f(t,s) is contmuous
and therefore uniformly continuous on [t—-4,,t+ 51N [a,b]] x [a,t - v,], there exist Ny
‘and &, > 0 such that

‘Tx(T7a7t - 71) - T2(T’n717kn,1)l

é;]

tn,j—1

tn,j

Flr,s) = F(rtos)) dsl

1l

€

IA

15




for all n > N, and 7 € B(t,d,)- Similarly, there exist N, and &, > 0 such that

ITx(T1t + V2> b) - T:(T)n)kn,z + 1: kn)l
. k s

=1 Y [ Ulns) - frt) ds

i=k, ;41 “ini-1
< =
S 5 |
for all m > N, and 7 € B(t,6,). The proposition is proved by letting N = max{N,, N,, N, }
and & = min{4,,4,,6,}. U

If follows immediately from the definition of X, that

- Corollary 22.  For any ¢ € X,

lim [[(K - K,)]l, =0

If ¢ € C(o'ﬂ)([a, b)), B € (0,1], then we already know that both K¢ and K, ¢ € C(o'u)([a, b)),
_for @ € (0,8). One may suspect the convergence in the last proposition is also true in

¢ ([a, b)), ie., Lim (K — K,)¢|l.=0 for 0<a< fB. Unfortunately, we have not been

able to prove it. However, for those ¢ € C"*([a,b]) that satisfy the additional assumption
in the following proposition, we do have convergence in certain C(o'a)([a, b)).

Proposition 23. Let ¢ € C(oﬁ)([a,b]), B € (0,1] such that

K, (1) — K.8(s)| < C,lt — sl
for some 0 < ¢'< B and for some constant C, independent of n, then
Tim (K - K,)ll. =0

for 0 < a < €.

Proof. Because of the last proposition, it suffices to prove lim (K — K,)¢|. = 0. For
simplicity of notation, let '

ALK (t,s) = (K — K,)(t) — (K — K,)$(s)

16



Then for 0 <~y <1,

i

1A, Kg(t,s) 18,.K(E, Ol
|K(t) ~ Kd(s) — K.o(t) + K. () 18Kt )
< (|K$(t) — Ka(s)l+1K.9(t) - K ) 18Kt s)

Since ¢ € ¢ (la,b), K¢ € ¢ ([a, b)), as £ < B- Hence

A, K$(t, )]

A Kd(ts) < (1Kl +C,) It )| \A Ké(t,s)
< Clt—s\"IKe - K.gll

where C, =2 (K¢l + C,)"- The proposition follows by letting v = %. U-

6 Convergence Theorems for I — YK,

In studying the properties of the operator A, :=I— vK,,, the matrix B, defined below will
" be useful. For any v € C([a, 1) with y(t) > 0 in (a,b), let

c,;(t) = v(t)w,; g.;(t) >0 on (ab), 1=1,--, k,

and
b_(t) __1+Z (@) ) > 0 on [a,b]
Then ‘
B, = (bid)
where

b = b ()6, —cylth), 0SHISk

7

B, is simply the discretized version of A in the sense that

B Do, = (ABED i,

Lemma 24. B, s invertible.
Proof. Let A; := }: cn,j(t:i), i=1,...,k, Onecan directly verify that b, =1+ A, 1=

,k,, Thus, applymg Gerschgorin Circle Theorem 8], all eigenvalues of B, are contained
in the union of the disks |z —b; J<A 1S i < k_. It follows that all the eigenvalues must
have absolute values > 1. Hence B_ is invertible. U

17




Proposition 25. Let v € C([a,b]) and v(¢) > 0 on (a,b). Then for each positive integer n,
A, maps C(J) 1-1 onto C(J), where J := [a, }].

Proof. A, is clearly defined on C(J). For a given x € C(J), we can define, because of the
invertibility of B_,

in = (X(t:.1)’ T ’X(t:,N))t
(¢;) == B, %.
Then 1t can readily be shown that A_ ¢ = x, where
$(t) = b,(t)" [x(t) + 3 e, ()] | (13)
7=1

Hence A, is onto. If A_¢ = 0, then Anqﬁ(t:"i) =0,2=1,...,k,. Since B, 1s inverfible,'
¢(t* )=0, 1=1,...,k, . Subsequently, ¢(¢) =0, since b, > 0. U

n,a

Corollary 26. A:l is bounded for each n.
Proof. Clearly A, = I — 4 K, is bounded on the Banach space C([a, }]). The boundedness
of A:l 1s a consequence of the Open Mapping Theorem [2]. U

Other properties of the matrix B, that we will need are contained in the following lemmas.

Lemma 27. B, 1s irreducible.

Proof. Because B, is a full matrix with no non-zero entries, it is irreducible [8].

Lemma 28. B:l > 0, i.e., all entries are positive.

Proof. B, is real, irreducible, diagonally dominant with

bi'j:{ <0, z;é] | (14)

>0, 1=73

The Lemma now follows from a theorem in Varga [8] (p. 85). U

Lemma 29. Each row-sum of B, is 1.

18




N
Proof. The i-th row-sum of B, 1s 3 b, ;. From the definition of b, ;, each is seen to be one.
=1

Remarks. Since the entries b, ; of B, do not all have the same s1gns,

.k,
B.ll.. = max 2 lb..| # 1.

Lemma 30. If each row-sum of a pon-singular n X n matrix A = (a;;) is 1, then its inverse

has the same property.
 Proof. Let A;,7=1,.--,7, denote the n x n matrix which 1s ;dentical to A except for the

j-th column where 1t consists of all ones. Because

the determinant of A is the same as the determinant of A; for 1 < 7 < n. The i-th row sum

of A” is the sum of the cofactors along the i-th column of A divided by the determinant of
A. However, the sum of the cofactors along the i-th column of A is just the determinant of
A., which is also the determinant of A. Hence the i-th row sum of A7 is one. U

Corollary 31. B'|| = 1 for all positive integer n.
por ey v n g

Proof. This follows from the last lemma and the fact that all entries 1 B:l 1s positive.

Proposition 32. (A:l)oo is uniformly bounded on C([a,b]).

Proof. Let x € C([a,b]). Then using the notations in Equation (13), we have
A7 (1) = b7 (®) + Cu(0)B, %l

where .
Cn(t) = (cn,l (t)’ M | Cn‘N(t))7 N = kn
From the definition of b_(t), it follows immediately that

b.(t)7] < 1 and
1.0 .ol < 1

19




for all ¢t € [a, ] and n > 0. Also,

1B” %0l < 1B o i%alle
EA
Ix!l

i

AN

It readily follows that
14, xll. <2lxll

for each x in C([a,b]) and for all n > 0. Hence “A:Hw <2foralln. U

Theorem 33. Let x € C([a,b]) and assume (I — vK)¢ = x has a unique solution ¢ € X,.
For each positive integer n, let ¢, be the solution of

Ag = —-7K,)b.=x

- Then .
l¢ —¢ulle =0

as n — O0.

Proof. Following the standard arguments, we have

0 = (I-7K)¢—(I-1K.).

$— ¢ —1(KS— K.4,) |
= bu—Kp- Kb+ K b~ K.
b= o7 ((K = K)o+ K ($ = ¢.))
= (I-7K)¢—¢.) K- K)o
= A(—¢.) =K~ K.)e

Il

i

Hence

¢~ ¢, =A, (K —K,)é.

and

ll$ — ¢l < CIATNNE — K)llo-

The theorem follows from the uniform boundedness of A;l and the pointwise convergence

of K to K. U
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7 - Conclusion

In this report we have analyzed the numerical solution of the singular integral equation

(I -7K)¢=x | (15)

using the Nystrom method described in Section 4. Here

b
Ko(t) = [ It—s [8(s) — (1)) ds
We studied the mapping properties of the operator K and found that the space (Xo, I-1le)
“of all uniformly Hélder continuous functions, despite not being a Banach space, is a natural
setting to study the unbounded operator K, asit ( X, ) is invariant under K.

We also studied the mapping properties of the numerical integral operators K, that arise
from the Nystrom method. It is found that K are bounded on C([a,b]) and (therefore) on
X,, but they are not compact on C([a,b]). Nevertheless, we proved a pointwise convergence
theorem of K to K on (X,, ||-|l..). Using this and other properties of K., we proved, under
appropriate conditions, the convergence of the numerical solutions of the singular integral
equation (15) to its actual solution.
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