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Abstract

The objective of this project was to develop an agorithm to accurately determine
amospheric dengity usng smulated GPS data. This dgorithm is designed to support a
future USNA Smdl| Satellite misson. Atmospheric dengity isthe most varigble factor in
orbit propagation. Thus, the uncertainty in dengity generates the most error when
predicting a satellite’ s future position. Numerous modes have been developed to
account for the variations, but more accurate models are needed.

In developing the agorithm, Satellite Tool Kit® (STK), Analytical Graphicsinc.’s
orbit propagation software, was used to generate data using one of severd atmospheric
models. By measuring the changes in the satdllite' s orbit due to aimospheric drag, the
densty was accurately caculated to within 1% of the 1976 Standard Atmosphere Modé!.
To V‘?@ idate the agorithm, the density output was compared to that of the model used in
STK™.

The USNA Smdl Satellite Program has planned to design and place a satdllitein
low-Earth orbit (LEO) with a GPS receiver on board. The primary mission of the
satellite isto determine dengty in the upper atimosphere. Oncethe USNA satdliteison
orbit, the algorithm can be used to create a database of dengties. Other small satellite
programswill launch smilar satdlitesto generate sufficient deta. With the new
atmospheric dendty data, scientists can cresate an improved atmospheric mode!.
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Introduction

Dengty variaionsin the upper amosphere are common and current density
models can deviate from realistic conditions. However, with sufficient deta, scientists
can develop newer, more accurate models. By using a Globd Positioning System (GPS)
receiver on board a satdllite, one can obtain datain the form of time, position, and
velocity. With these data, it is possible to ca culate the ingtantaneous atmospheric dengity
at the satellite’ s pogtion. A GPSreceiver on board a satdllite provides the cagpability to
acquire pogtion and velocity data continuoudy and inexpengvely. Thus, dendity can be
determined throughout the satellite’ s orbit. Current methods to cal culate atmospheric
densty useterrestrid observations and involve averaging through one or more orbits.

This project investigates the process in calculating amaospheric density from GPS
data. A program is used to process the position and velocity data to compute density asa
function of dtitude. In the future, this program can be used to process GPS data on board
satellites specificaly designed for densty measurements. With sufficient dengity data
from numerous satellites, future scientists can use these data to develop a more accurate

model of atmospheric density.



Background

Atmospheric density models are extremey vauable in astrodynamics
applications. The mgor use of density modelsis for orbit propagation. With accurate
models, it is possible to determine a satdllite s future position with a high degree of
certainty. There are awide variety of modes ranging from smplitic datic onesto
complex dynamic models. However, dl of these models have substantia errors and
deviae from actua conditionsin varying degrees. The current density models are subject
to errors of approximately 15%." This accuracy isinsufficient in many applications
where more accurate orbit prediction is required. For example, the Air Force Space
Command aims a knowing density within 5% of the actud value?

Theforce dueto drag is one of the mgor perturbing forces on satdlitesin low-
Earth orbit where atmospheric dendity isthe most varigble factor. A low-Earth orbit
(LEO) stdlite is defined as a satdlite that orbits the Earth at dtitudes ranging from 300
km to 800 km above the Earth’ s surface. The drag force causes satellites to dowly spird
towards the Earth. Atmaospheric drag makes precise orbit predictions difficult because
amospheric dengty is highly varigble.

The most common density model is the exponentiad model. Density has been

shown to decresse exponentially with height in accordance with the following equatiorr:

_éﬁ’lact'hjg
r=rpo*ec¢ " » 1
0 1)

wherer isdengty, r o isareference densty, H isthe scale height, hy; isthe dtitude of the

satellite above the dlipsoidd Earth model, and hy is the reference dtitude corresponding

to the reference dengty. Scale height is afunction of the atmosphere’ s composition at the



particular dtitude. A change of one scale height results in a decrease of density by a

factor of é . Although there is no slandard reference for the exponentia mode, the

dtitudes and dengties can be taken from existing models such as the U.S. Standard
Atmosphere. For improved accuracies, the different reference atitudes, reference
dengities, and scale heights can be updated frequently. This exponentid modd isthe
most basic one, but is not adequate for high precison orbit predictions.

The deviations from the exponentia model are caused by three main influences.
These are latitude variaions, diurnd variations, and the 11-year solar cycle. Latitude
variations are caused by the Earth’s oblateness. Since the Earth’s equatorid diameter is
approximately 20 km greeter than the polar diameter, asatellite in acircular, inclined
orbit will have ahigher dtitude a higher latitudes. Therefore, the satdllite will pass
through aregion of higher dengity closer to the equator than at higher latitudes. Diurnd
variations are caused by the Earth’ srotation. The side of the Earth exposed to the sunis
heated and the atmosphere expands. At a given dtitude, the density is higher because the
atmosphereis pushed up from the lower dtitudes. On the nighttime side, the atmosphere
cools and contracts and the dengity is less than the daytime Sde a a given dtitude.
Findly, the 11-year solar cycle affects the atmospheric density because the solar radiation
vaieswithtime. At the solar maximum, the sun releases more energy and the
atmosphere expands as the Earth receives more radiation.

Atmospheric models have been created to account for these varigtions. Many
amospheric modelsin the past have been congtructed using satellite drag andysis.

However, these dengties were derived by measuring the changes in the orbital elements



over a least one orbit. \When measuring these changes, the caculated dendity isthat a

perigee. Yet eventhisvaueisan average in that the equations are averaged over one

revolution. The resolution of the location where the density was cdculated is

approximately + 20° centered at perigee due to the averaging.* Perigeeis defined asa

satellite's closest point of gpproach to the Earth, while gpogee is the farthest point in a

satellite’ s orbit, as seen in Figure 1.
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continuous. Therefore, it is possible to determine the atmospheric density at agiven
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Figure 1: Diagram of an Elliptical Orbit

Another problem with earlier atmospheric modelsis the satdllite tracking

Orbit determination did not alow precise estimation of the satdllite

Focus

position at agiven time essentidly due to insufficient tracking capabilities
aswdl asinaccurate gravity fiedld models. Estimating the parameters over
an orbit of several days was the only way to reduce random errors and

geophysica noise, but a the cost of lesser resolution.

By using GPS receivers, orbit determination can be extremely accurate as well as

point in a satdlite' s orbit Snce continuous satellite position and velocity measurements

are available. Recent improvementsin accuracies in GPS receivers have alowed for



many new gpplications for receivers. There are many types of GPS receivers available.
One GPS recaiver that iswell suited for this gpplication is the Ashtech G-12 HDMA GPS
board. The position accuracy at orbitd velocitiesis gpproximately 3.0 m Circular Error
Probable (CEP) in the horizontd direction and 6.0 min the verticd direction. The
Ashtech receiver has avelocity accuracy of approximately 5 cmy/s a orbital velocities®
This accuracy alows for precise orbit determination and GPS receivers can be used to
determine amospheric dendty. In addition, the G-12 HDMA board is qudified to orbital

dtitudes and velocities.

11
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Theory

A saelite' s orbit is defined by six parameters known asthe classical orbita
elements. These are the semimgor axis (8), eccentricity (€), inclination (i), longitude of
ascending node (W), argument of perigpdgs, and true anomay (n). The orbitd dements
can be cdculated if the satdllite's position and velocity are known. Figure 2 illustrates
some of the classicdl orbital eements, while the terms are defined in Appendix A. In

determining dengty, the ssmimgor axis, eccentricity, and true anomay must be
caculated.
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Figure 2: Classical Orbital Elements’
ng : True Anomaly
w : Argument of Periapsis
W : Longitude of Ascending Node
€ : Eccentricity Vector
i : Inclination



The semimgor axis defines the Sze of the orbit. Given postion and velocity, the
semimgor axis can easly be caculated. The specific mechanica energy of the orbit is
defined in equation (2) by the sum of the specific potentia and kinetic energies of the

sadlite:

Vv m
X2 @)

where x isthe specific energy, v is the magnitude of the velocity vector, r isthe
magnitude of the position vector, and m is the Earth’ s gravitational parameter. The
Eath’s gravitational parameter is defined as the product of the Earth’s mass and the
gravitationd congtant in Newton's Universal Law of Gravitation. As shown by

Vallado®, once the energy is calculated, the semimgjor axis (a) can be determined by

usng the following relationship:

3

NE:

The eccentricity measures the shape of the orbit. An orbit with an eccentricity of
0 defines a circular orbit and as the eccentricity increases towards 1, the orbit becomes

more dlipticd. The eccentricity vector (&) isdefined as:

YL ()
g=2 2 (4)

m

The magnitude of the eccentricity vector represents the shape of the orbit, while the

vector pointsin the direction of perigpsis.
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14
Thefind orbitd dement necessary in dengity cdculationsis the true anomaly.
Thisis an angle measured from the eccentricity vector to the position vector as defined

by the following equation:

xR
]

where nisthetrue anomaly, e isthe eccentricity vector and r isthe podtion vector.

!
|- IO

S

n=cos’ 5)

=i

Atmospheric drag is afunction of the aimospheric dengty, the satdllite’s
coefficient of drag, cross sectiond area, mass, and velocity relative to the atmosphere.

The accderation due to drag is given by the equation:

<

- _ 1C,*A L L,
adrag__z m Vi

rel (6)

rel

<

In equation (6), Cp represents the coefficient of drag, A is the cross-sectional area
of the satellite, r isthe atmospheric density, and vi¢ is the satellite’ s velocity relative to

m

the Earth’ s atmosphere. The satdllite’ s bdlitic coefficient is defined as . Asa

*
D

satelitein LEO orhits the Earth, it experiences aforce from amospheric drag in the
direction opposite the vel ocity vector.

By measuring the change in the sesmimgjor axis, it is possible to caculate the
density. In an equation developed from the Gauissian variation of parameters, Vallado®

derives an equation for the time rate of change of the ssmimgor axis:

* %1_‘_ 2+2* * 0
E:-rCD A, QJ € e COS(I"I): (7)

dt m rdg n*\/].- e2 ;




In this equation, the time rate of change of the semimgor axis, % , isafunction of the

balitic coefficient, dengty, rdative velocity, eccentricity, true anomaly, and mean
motion. A derivation of equation (7) can be found in Appendix D. Mean motion, a

function of the ssemimgor axis and the Earth’ s gravitationd parameter, is defined as.
o [M 8
n a3 ( )

Solving equation (7) for density,

da, m _ 1 *ge n*+1- e 9 (9)

"TTH CA V2 2
D Vrel ng+e +2* e* cosfn) 4

Thetermsin equation (9) can be caculated from position and velocity information with
the exception of the balidtic coefficient and the time rate of change of the ssmimgor
axis. The bdligtic coefficient can be variable depending on the mass of the satellite and
itsorientation. If the satdllite has a propulson system, the mass will decrease asfud is
expended, thus changing the baligtic coefficient with time. The cross-sectiond areacan
changeif the spacecraft’ s orientation is changing with respect to the atmosphere and the
direction of motion. To eiminate these varigbles, the satellite used to determine the
dengty must have a constant mass as well as a constant cross sectiond area. Therefore,
the satellite would be designed with no propulsion sysem. To diminate orientetion
problems, the satdllite would be designed to be sphericaly symmetric. Findly, the
coefficient of drag can be approximated as 2.2 for spherical satellites'® Thetimerate of

change of the semimgjor axis is the most important variable in equation (9). To obtain



theterm ? , the numerical derivative of the ssmimgor axis with respect to time must be

calculated.

Severa assumptions were made when ca culating the atmospheric density. In
equation (9), the time rate of change of the semimgor axis must be isolated due to drag
only. However, the other mgjor perturbing force on a satelitein LEO is due to the
Earth’'s geopotentid. The Earth is shaped as an oblate spheroid thus its gravitationd field
isnot a perfect sphere. The Earth’s asymmetric gravitationd field causes perturbationsin
asatdlite sorbit and it affects the ssmimgor axis with periodic variations. To determine
the change in the semimgjor axis due to drag, | assumed the effects on the semimgjor axis
due to the Earth’ s geopotentia and drag were independent. Thus, to determine the
changes in the ssmimgor axis due to drag, the effects of the geopotentia could be
agebraically subtracted from the data. This assumption was found to be incorrect as seen
in the Results and Discussion section; however, by limiting the length of time in which
the two were subtracted, the differences were reasonable. Thus, the assumption was
adequate for this application.

Another assumption is that the only mgor forces on the satdllite are drag and the
geopotential. Outside forces such asthird-body effects and solar radiation are assumed to
be much smaller than these forces and do not affect the satellite. Thisis reasonablein
thet in low-Earth orbit, in this case, at dtitudes below 500 km, these forces are smal.
This can be seen in Figure 3 for an orbit with a semimgor axis of 6878 km.

The third-body effects of the sun and moon as well asthe effect of solar radiation

16
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Figure 3: Periodic Effects on the Semimajor Axisof Third-Body Perturbations
and Solar Radiation Compared with Atmospheric Drag

are periodic and much smaler than the effect of atmospheric drag. Therefore, the
perturbations which affect the ssmimgor axis the most are atmospheric drag and the
Eath’'s asymmetric gravity fidd. The effects of the Earth’ s gravity fidd will be sownin
the Results and Discussion section of thisreport.

The fina assumption was that the atmosphere was rotating with the Earth. This
assumption is reasonable in that the U.S. Standard Atmosphere models the atmosphere to
rotate with the Earth. In addition, the atmosphere is not stationary and rotates at
velodities up to the Earth’ s rotationa velocity. Equations developed by King-Hele! were
used to modd the rotating atmosphere in my agorithm. These equations can be found in

Appendix E.

17
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M ethodology

| developed severd stepsin my agorithm to caculate atmospheric density. These
steps were:

Rotate the GPS data into the Geocentric Equatoria Frame
Cdculate orbital elements from GPS data

Cdculae the satellite s relative vel ocity.

|solate the effects of drag on the semimgjor axis

Cdculate the time rate of change of the semimgor axis
Cdculate the atmospheric dengity

Sk wbdpE

Firgt, GPS data must be processed to determine the classical orbitd dements. |
used Satellite Tool Kit®*? to smulate the GPS datain the form of position and velocity in
the Earth-Centered, Earth-Fixed coordinate frame. In addition, time and dtitude are dso
included in the Smulated GPS data. These dataiincluded effects of the Earth’s
geopotential and atmospheric drag. The disturbing potentia for the Earth’s nonspherical
shape is given by the following equation:

mg 0I ﬁA OJ X . .
U=Ta a & Ralsin aan){Cin ™ costml sar) + Sy " sinnl sr)} - (10)
1=0 m=0

where m isthe Earth’s gravitationa parameter, r isthe magnitude of the satdllite's
position vector, R, isthe Earth'sradius, R, [sin(f ¢,,)] isthe associated Legendre
function, f ., isthe satdlite'slditude, 1 .,, isthe sadlite’'slongitude, and C,,, and

s, are coefficients that model the Earth’s spherical harmonics™. In equation (10), 1 and

m describe the degree and order of the geopotential model. Satellite Tool Kit® usesthe
Joint Gravity Modd (JGM) 2 asits geopotentia modd. In my andysis, | used a 70x70

(1 x m) geopotential modd and the 1976 Standard Atmosphere to generate the GPS data.



Initidly atime step of 60 seconds was used over one orbit, yielding approximately 90
data points.

With the smulated GPS data, position and velocity were rotated from the Earth
Centered, Earth-Fixed frame to the inertid Geocentric Equatorid frame. In addition, the
velocity of the satdllite relative to the amosphere was cdculated. Following this, the
classcd orbita elements were caculated at each time step. These data show how the
orbitd dements, mainly the ssmimgor axis, vary with time. However, these datainclude
effects of the geopotentia with drag. For densty analys's, the changes in ssmimgor axis
with respect to time due to drag are needed.

To obtain the changesin the semimgjor axis due to drag only, | ran two more
STK® smulaions. Thefirst was the same orbit, however, only due to the geopotential
effects, while the second was the two-body case. The two-body caseis defined by
assuming the Earth and the satdllite are point masses. The other assumption in the two
body case isthat the satdllite is not subjected to any forces other than gravity of the Earth.
With each of these two runs, STK® output the ssmimajor axis. | then subtracted out the
semimgor axis effects due to the geopotentid from the semimgor axis due to the
geopotential and drag. Findly, to obtain the semimgjor axis due to drag only, |
agebraicdly added the semimgor axis of the two-body case.

The next step in the processisto determine the time rate of change of the
semimgjor axis. To do so, | used the MATLAB® function“polyfit” to mode the
variation of the semimgor axis with respect to time as apolynomid. With this
polynomid, | took the numerica derivative to obtain the time rate of change of the

semimgor axis. With thisinformation, al of the valuesin equation (9) are known.

19



Densty as afunction of time and more importantly, dengty as afunction of dtitude can

be determined.

20



Results and Discussion

In conducting my research, | was able to caculate atmospheric dengty, obtaining
percent errors consistertly below 1% when compared to the 1976 Standard Atmosphere
modd. However, in the process there were several phenomenal had not anticipated.
These were the geopotentia effects, latitude effects, and the atmospheric rotation. Once
my dgorithm was generating density vaues corresponding to the input modd, | added
random noise into the GPS data. | dso included complex density models such asthe
Harris- Priester, Jacchia-Roberts, Jacchia 1960, and Jacchia 1971 modelsin the STK ®
smulations. With these modes, diurnd variations, geomagnetic variations, and the
effects of the 11-year solar cycle, were examined with respect to changesin the
atmospheric dengty.

| produced plots of dengity vs. dtitude for severd different orbits. These included
circuar equatorid, circular inclined, eccentric equatoria, and eccentric inclined orbits.
In addition, the semimgjor axis was varied to account for atitudes between 250 km and
400 km. Figure 4 shows aplot of dendty vs. dtitude for the circular equatoria case, with
aninitiad ssmimgor axis of 6678 km. In the plots of dengty vs. dtitude, the “Drag
Analyss’ case represents the output of my agorithm. Figure 5 plots the percent error vs.
timefor thesamecase. The errors with the circular equatorid case are under 1% and
remain below the 1% bound for one orbit. Corresponding plots for inclined orbits are
presented in Appendix B. The percent error in the caculated dengty for an inclined orbit
began within the 1% error bound, but the inclined orbits were subject to an increasing
error in the caculated density astime progressed. The increasing errors were due to the

assumption that effects of the geopotentia on the semimgor axis were independent of the

21



effects of drag. The variationsin the ssmimgor axis due to the geopotentid area
function of inclination because of the shape of the Earth. The following plots (Figures 4
and 5), dong with others found in Appendix B, represent the final output of my

agorithm.

I
— Drag Analysis
— 15765 Std Almosphers
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Figure 4: Calculated Density and Reference Density vs. Altitude:
Circular Equatorial Orbit
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23



Geopotential Effects

The first mgor finding was that changesin the sesmimgor axis due to drag and the
geopotential were not independent and that the initid assumption wasincorrect. Analyss
using STK® demonstrated that there was a coupling between the two forces as shown by
Figure 6. This plot shows the ssmimgor axis of a satelite in acircular orbit with an
inclination of 30°. The effects of the geopotentid are periodic and cause the semimgor
axisto vary in magnitude. The draight linein Figure 6 plots the ssmimgor axisin the
two-body case, where the Earth is modeled as a perfect sphere, and thus, has a uniform
gravity fidd. The snusoidd line shows the periodic effects of the geopotentia on the

semimgor axis.

Semimajor Axis vs. Time

65?9 T T T 1 I
— Geopotential Only
Two Body
66781 .
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The coupling of the changesin semimgor axis due to the geopotential and drag
can be seenin Figures 7 and 8. Figure 7 plots the changes in the semimgor axis due to
the geopotentiad as well as due to the geopotentia combined with drag. The plot of the

changing ssmimgor axis due to the geopotential and drag combined shows thet thereisa

decrease as time progresses.

Semimajor Axis vs. Time
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Figure 7: Variation in the Semimajor Axisdueto the Earth’s Geopotential
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The coupling can be seen in Figure 8, where the ssmimgor axis that was caculated
decreases, but has periodic variations asit decreases. The periodic effects are due to the

coupling with the geopotentid. Asthe satellite’' s semimgor axis decreases, the density



increases, and therefore the rate at which the semimgor axis decays due to drag increases
aswel. Therefore, therate a which semimgjor axis changes due to drag is not constant.
Astime progresses, the differences between the pure drag case and the approximated
drag caseincrease. The pure drag case is where the only perturbation input into STK®
was atmospheric drag. In the approximated drag case, the ssmimagjor axis was cal culated

by dgebraicdly subtracting the geopotentia only case from the case of the geopotentid

combined with drag.
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Figure 8: Variation in the Semimajor Axis Dueto Drag: Calculated
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To correct for the error growth, | determined that by limiting the length of time
for the data collection to half of a period, the differences between the two cases are

within reasonable bounds of 1%. Once the satdlite has made one half of a revolution, the
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new ssmimgjor axisisinput into the STK® smulation so that the deviations do not
increase to an unreasonable magnitude. The coupling between the effects of the
geopotentia and drag are respongble for the increasing errorsin my density calculations.
In the circular equatorial case, the low percent error of 1% can be attributed to the
negligible geopotentia effects. Since the inclination is zero, the magnitude of the
vaidionsin ssmimgor axis are indgnificant and thusit is not amaor source of error.

For inclined orbits, the errors increase with time as shown in Figure 9. Thisplotisof a
circular orbit with an inclination of 30°. Godsfor the errorsin the dengity calculation
were st to be less than or equal to 1%. Table 1 indicates the vaues of the errorswith
time. Errorsremain a areasonable level of 1% through approximately haf arevolution.
Peast this point, the errors continue to grow. Past one revolution, the errors become
inadequate for accurate dengity analyss. Therefore, the orbital €lements must be updated

a aminimum of haf arevolution to ensure errors of 1% or less.

Tablel: Long-Term Errorsin Densty Calculations

Time Error (%)
1/4 Orbit <0.5

1/2 Orbit 1
3/4 Orbit 3
1 Orbit 5

2 Orbits 19
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Latitude Effects

L atitude effects on density calculations played alarge part in the accurate dengity
cdculations. Initidly, to determine the satdllite’ s dtitude | subtracted the magnitude of
the satdllite's position vector from the Earth’ sradius. Thus, the calculated dtitude
represented that for a sphericad Earth rather than the actua oblate Earth. Asseenina
circular inclined case in Figure 10, the dendity corresponds near perigee and apogee (300
and 283 km), where the satdllite is at the equator. During the course of an orhit, the
satellite begins a an apogee of 300 km, and decreasesin atitude to approximately 283
km at perigee. The satdllite then returnsto itsinitiad dtitude of 300 km. Inthis case, the
sadlite' sinclination is 30°. However, asthe satellite increases in latitude, the actud
dtitude is higher than the calculated dtitude. Therefore, the calculated density is lower
between perigee and gpogee than the actud vaues.

By using STK® generated altitudes that took the Earth’s oblateness into accourt,
the calculated density corresponded with the U.S. Standard Atmosphere model. The
addition of the dtitude information is reasonable because GPS has the capability of
outputting the dtitude of the recelver, where the dtitude is referenced to an accurate

dlipsoidd Earth modd.
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Atmospheric Rotation

The rotating atmosphere aso affects dendty cadculations. Although the vaue of
the atmosphere s velocity is smal when compared to the satellite’ s vel ocity, the effect on
the calculated density can cause an error aslarge as 12%. The effects of the atmospheric
rotation can be seen in the following three plots, Figures 11, 12, and 13. These three
dengty cdculations assume a non-rotating atmosphere. Figure 11 shows density
cdculations for adirect orbit, where the satellite has an inclination of 0° . The plot shows
acongstent error of gpproximately 12% below the reference densities. In the case of a
direct orbit, the satdllite' srelative velocity is lower than itsinertid velocity. Thus, the

cdculated dendties are lower than the reference dengties.
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Figure 11: Calculated Density and Reference Density vs. Altitude:
Circular Equatorial Orbit



The next plot, Figure 12, shows density caculations from apolar orbit, which has
aninclination of 90°. In thisrun, the caculated density corresponds with the U.S.
Standard Atmosphere densities, however the errorsincrease as time progresses. It is
assumed in this case that the satdllite’ s velocity vector is perpendicular to the

atmosphere’ s velocity, and does not have an effect of the dengity calculation.
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Figure 12: Calculated Density and Reference Density vs. Altitude:
Circular Polar Orbit

Findly, Figure 13 shows a retrograde orbit with an inclination of 180°. In this
case, the satdlliteis going “againgt” the wind and the relative velocity is lower than its

inertid velocity. This plot has an error of 12% when compared to the reference dengties;
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however unlike the direct orbit, the calculated dengties are higher than the reference

dengities.
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Figure 13: Calculated Density and Reference Density vs. Altitude:
Circular Equatorial (Retrograde)

These three plots demondirate that there is a sgnificant effect on the dengity
caculaions and that is afunction of the satellite’sinclination. Since the direct orbit and
the retrograde orbit produce errors of the same magnitude, but different sgns, the
atmosphere’ s velocity influences the calculations consderably. Once the atmosphere' s

velocity was accounted for, the errors were significantly reduced.



Complex Atmospheric Models

There are many atmospheric models that include complex features of the
atmosphere such as the effects of diurna variations, varying solar flux, and geomagnetic
activity. The dgorithm developed illudtrates these varigtions quantitatively. Although
the calculated dendty vaues are not vaidated with the corresponding models, the
patterns are cong stent with expected trends. Atmospheric density reaches its maximum
a approximately 1400 locd solar time'®. Thistrend isillustrated in Figure 14. This
figure plots four runs where a different aamospheric modd was used in the orbit
propagation. The orbit used in Figure 14 isacircular equatorid orbit with a semimgjor
axis of 6678 km. The models used were the Harris-Priester, Jacchia-Roberts, Jacchia
1960, and Jacchia 1971 models. In these modds, variations in the density vauesare a
result of the different density data collected and used to create the models. All of them
show the basic trends in dengity with time, however some include more complex inputs
such asthe solar flux level and the geomagnetic activity. The geomagnetic activity refers
to the strength of the Earth’s magnetic fidd.

The diurnd variations are clearly defined by dl four models. The pesksin Figure
14 were found to correspond to gpproximately 1400 loca solar time. The actua values
of dengity differ between the models, however, they are on the correct order of magnitude

for the satdlite’ s dtitude.
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Figure 15: Calculated Densities as a Function of Altitude using Four Different
Atmospheric Moddls

Figure 15 plots dengdity vs. dtitude for the same casein Figure 14. Figure 15
demondrates the smilarity among the four models where the increases are smilar. The
Jacchia 1971 model and the Jacchia- Roberts modd closdy match each other in this run.
The smilarity is because the Jacchia- Roberts mode is a modification of the Jacchia 1971
modd.

Many atmospheric models account for variaionsin the solar flux. Figure 16 plots

three STK ® runs using the Harris- Priester moddl. The runs differed by the solar flux

input into the propagator.
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Figure 16: Solar Flux Effects on Atmospheric Density

The three values for the low, average, and high solar flux inputs were 65 x 1022,
150 x 10?2, and 250 x 1022 W/n? Hz respectively. Figure 16 showsthat as the solar flux
increases, the dendity a a given dtitude increases aswell.

The last mgor variation in dengity taken into account by some modelsisthe
effects of the geomagnetic activity. A higher geomagnetic index causesthe dengity a a
given dtitude to increase, while alower geomagnetic activity relaesto alower density at
agiven dtitude. Figure 17 illustrates three runs with different vaues for the geomagnetic
index. The geomagnetic index isavaue used to describe the activity, where a higher

number indicates the geomagnetic activity.
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Figure 17: Geomagnetic Activity Effects on Atmospheric Density
The dengty caculation dgorithm that was devel oped demongtrates the complex
variationsin dendty among different models. Since these models are complex and
determining dengity vadues involves interpolations among different tables, it is difficult to
accurately determine the error in the calculated density and reference density. However,
based on the errorsin the density as compared with the 1976 Standard Atmosphere, one

can expect the errors to increase with time.
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Errors

In the density analysis, there are several sources of error. These errors are aresult
of uncertaintiesin equation (9). In the STK® simulation, values of position, and velocity
are caculated as aresult of the propagation. In addition, the coefficient of drag (Cp)
remains a constant value. However, redistic conditions add errors into these values. For
example, the position and velocity data obtained from the GPS receiver will deviate from
the true pogitions resulting from errorsin the receiver’ s accuracy. For the Ashtech G-12
HDMA GPS receiver board, errors of 3.0 m CEP and 6.0 m in dtitude can be expected.

The error in the time rate of change of the semimgjor axisis |low compared to
other possible sources of error. In order to calculate the time rate of change of the
semimgjor axis, | used MATLAB® to fit a polynomid to the semimgor axis vs. time plot.
A second order polynomid was used to fit five data point sections on the curve of
semimgor axisvs. time. By taking the derivative of the polynomid, the time rate of
change of the ssemimgjor axis was determined.

When random errors are introduced to the STK® simulated data, errorsin the
calculated dendity are greater than 1% and are deemed unacceptable. The errors are
present because the orbital €ements calculated from the position and velocity data vary
greatly. Asaresult, the derived semimgor axis does not vary congstently with a satellite
decaying in the amosphere. Thus, the time rate of change of the semimgjor axis due to
atmospheric drag is not accurately represented. When processing raw data from a GPS
recelver, a Smoothing agorithm is necessary to eiminate the random noise in the GPS

receiver. Barring effects of the random noise on the semimgor axis, the maximum



predicted error of 6 metersin dtitude will result in an error in dengity by approximately
0.02%.

Another possible source of error isthe coefficient of drag. In low-Earth orbit, the
coefficient of drag for a sphere can be approximated to be 2.2, however, errorsin this
value can be as much as 10%'%17. The variationsin the coefficient of drag are largely a
function of the aimospheric composition. Thus, a 10% error in the correct vaue of the
coefficient of drag resultsin a 10% error in the caculated dengity.

Findly, the last mgor source of error liesin the motion of the aimosphere. The
atmosphere is assumed to rotate with the Earth, with rotationd velocity bounds of zero
and the Earth’ s angular velocity. At lower dtitudes, the atimospheric velocity is higher
due to friction'® and as the altitude increases, the velocity decreases towards zero. Inthe
1976 U.S. Standard Atmosphere model, the entire atmosphere is modeled to rotate with
the Earth. Ininitid runs of my dengty caculations, | assumed that the velocity of the
atmogphere was zero. With this assumption, the maximum errors were gpproximetely
12%. Therefore, errorsin the densty calculations due to the variationsin the

amospheric velocity can be assumed to be within 12%.
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Spacecr aft Design

The driving requirements in designing a Spacecreft to carry out the mission of
collecting data to determine atmospheric densty are the payload as well as the shape and
mass. The primary payload is an accurate GPS receiver to determine the position and
velocity of the satdllite. However, another mgjor requirement for the satelliteisto
maintain a congant balistic coefficient. To accomplish this, the satellite' s mass must not
change and its cross sectiond areaand coefficient of drag must remain constant as well.
Therefore, the best configuration for the spacecraft would be a spherical shape with no
propulson sysem. Thiswould ensure that the baligtic coefficient remains congtant in
any orientation.

A proposed GPS receiver for the spacecraft is the Ashtech G-12 High Dynamics
and Missile Applications (HDMA) receiver board. The Ashtech receiver is qudified to
orbitdl velodities aswell asdtitudes. The recaiver isadso smdl and lightweight making it
ided for asmd| sadlite design. In addition, the power requirement of 1.8 W is suitable
for satdllite operations. Estimated accuracies at orbital velocities for the receiver are 3.0
m CEP for position and 0.05 m/s for velocity.

The mission of the spacecraft lendsitsdf to a* store and forward”
communications architecture. Asthe satellite orbits the Earth, it will take position and
veocity readings from the GPS and store them into a storage device on the spacecraft.
Using STK®, readings every 60 secondsis sufficient to determine the atmospheric
dengity inthe orbit. However, readings every 30 seconds or less would alow increased

accuracy and filtering of random noise. Once the satllite passes over the U.S. Naval

Academy and downloads its stored data, the stored position and velocity can be erased on
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the spacecraft. Once downloaded to the ground station, the data will be processed to
determine the dengties in the satellite’ s orhit.

Currently, the U.S Nava Academy Smdll Satellite program isin the process of
designing the Prototype Communicetions Satellite or PC-Sat. This sadlite will be
testing a GPS receiver developed by the German Space Operations Center. With this
payload, position and velocity data can be retrieved and saved. Although the ballistic
coefficient will not be constant due to its shape, the opportunity exigts for testing data
processing techniques. Upon launch of the satdllite designed to determine atmospheric
density, data processing methods can be in place to cdculate atmospheric density

immediatdly.
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Conclusions

My work has demondrated that it is possible determine the atmospheric density in
asadlite s orbit usng aGPSrecelver. Several assumptions are necessary to yield
accurate results. Most of these assumptions are reasonable; however, the assumption that
the atmosphere rotates with the Earth has the potential for cresting the highest error. The
amosphere has avelocity that can range from zero to the Earth’ srotationd speed. With
an accurate model of the atmospheric winds, it would be possible to determine density
more accurately. Based on the bounds placed on the atmospheric winds, the greatest
possible error in my agorithm is 12%. Thiserror istoo large to alow reasonable
cdculations of dengty and therefore, future modifications must be made.

For my dgorithm to be suitable for the USNA small satellite program, my
agorithm should include afilter to diminate the noise from the GPS data. Even smdl
inaccuraciesin the GPS data cause large errors in the density calculations. Another
improvement to my agorithm would be to eiminate the need for Satdlite Tool Kit®. By
programming a propagetor into the dgorithm, it will smplify the dengty analyss
because frequent updates of the orbital eements could be done automaticdly. In
addition, the orbital €lement updates could be done more frequently, driving the errors
down sgnificantly. This project has laid the groundwork for the next generation of the
USNA and| satdlites. With the suggested modifications, future Midshipmen can use the
agorithm to creste a database for scientists to use in creating a new, more accurate

atmospheric dendgty modes.
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Appendix A: Glossary

Argument of Periapsis. The angle measured between the line of nodes and the eccentricity
Vector.

Ballistic Coefficient: A term used in aerodynamics defined as the mass divided by the product
o

of the coefficient of drag and the cross sectiond area %ec "l e
D 7]

Circular Error Probable: Theradius of acircle where 50% of the computed positions will lie
within the circle.

Circular Orbit: An orbit where the eccentricity of the orbit is equa to zero.

Coefficient of Drag: A dimensionless vaue which reflects the satellite' s susceptibility to drag.
forces.! (Cp)

Direct Orbit: An orbit with an indlination less than 90°.

Earth’s Gravitational Parameter: The term that is defined by the product of the gravitationa
congtant and the Earth’smass (ne G* my ).

Eccentricity: The parameter of an dlipse defining the shape of the orbit, which isthe retio of the
distance between the two foci to the mgjor axis (2a).

Eccentricity vector: A vector that pointsin the direction of perigpss and has the magnitude of
the eccentricity.

Eccentric Orbit: An orbit with an eccentricity between 0 and 1. An eccentricity of O definesa
circular orbit while an eccentricity of 1 defines a parabolic orbit.

Flight path angle: The angle between the velocity vector and the loca horizon, where the local
horizon is perpendicular to the position vector.

Inclination: The angle between an orbit's angular momentum vector and the Earth’ s angular
momentum vector. It can aso be measured by the angle between the orbita plane and the
Earth’s equatorid plane.

Line of nodes. The vector connecting the center of the Earth to the ascending node. The
ascending node is the point where the satellite crosses the equatoria plane.

L ongitude of Ascending node: The angle between the | unit vector (in the Geocentric
Equatoria coordinate system) and the line of nodes, wherethe 1 vector pointsin the direction of

! vallado, 498.



the firgt point of Aries. Thefirg point of Ariesis defined by the line from the Earth to the Sun,
when the Earth is & the vernd equinox.

L ow-Earth Orhit: An orbit with dtitudes bd ow 800 km.

Mean Motion: The mean angular rate of a satdlite’ sorbit defined by ne —T
a

Periapsis: The point of the satellite’ s orbit that is the closest to the central bodly.
Perigee: The point of the satdlite’s orbit that is the closest to the Earth.
Polar Orbit: An orbit with an inclination of 90°.

Retrograde orbit: An orbit with inclinations greater than 90°.

Scale Height : The distance where the atmospheric density decreases by afactor of 1
e

Semimajor Axis: Haf of the distance of the dlipse’ s length.

True Anomaly: The angle between the eccentricity vector and the position vector as shown in
Figure 1 on page 11.
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Appendix B: Additional Results— Density / Error Plots
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Figure B.22 Percent Error vs. Time For an Orbit Defined By:
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Figure B.30 Percent Error vs. Time For an Orbit Defined By:
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Figure B.32 Percent Error vs. Time For an Orbit Defined By:
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Appendix D: Gaussian Variation of Parameters

Vallado derives equation (7) from the Gaussian form of Lagrange's Variation of
Parameters. The Gaussian form defines the changes in the classicd orbitd dementsasa
function of disturbing forces. The equetions are defined in terms of Fr and Fs, the components
of aforce F. These components are in the RSW coordinate syssem. The R axis pointsin the
radid direction. The Saxisisinthe orbitd plane and is perpendicular to the R axis, pointing in
the direction of motion. The W axisis perpendicular to both the R and S axes, creating aright
hand coordinate system.

da _ 2e*sin() 2*p
- = FR +
dt 1- e? n*r1- €2

Fs (D.1)

The flight path angle can be used to divide the force due to drag into components in the RSW
coordinate system as seen in equations (D.2) and (D.3).

1 Co*A

Fr=- Er m Via * S0 1) (D.2)
1 CL*A
Fg=- S D_""v& *cosf 1) (D.3)

The flight path angle is defined as the angle between the velocity vector and the locdl
horizon. The sne and cosne of the flight path angle can be written as a function of the
eccentricity and true anomaly as seen in equations (D.4) and (D.5).

e* sin(n)

sin(f (pa) = o oo (D.4)
cos(f fpa) _ 1+ e* cos(n) (D5)

4/1+ 2* e* cos(n)

Substituting equations (D.2) and (D.3) into equation (D.1), Valado obtains:

da _ 2e*sinf) e lr CD*AV2 0,

@ 2p =1 Cp*A
dt m/l_ezé 2 m reﬂ

2 0*
n*r1- e? g 2

rel © COS(f fpa) (DG)
(%)

sin(f fpa) + \Y

By reducing equation (D.6), Valado obtains equation (D.7)

da__ r Co*A , Iée 1 92 (e*sint)) . p(1+e* cos()) 3 (D.7)
rel o 4 .
t m Snv1- e g&/u e +2%e*cos) rl+e? +2+ e cos() &
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Further smplification yidds:
da_  GCo*A 2lge\/1+e2 +2* e* cosf) %(e* sinf))? +(1+ e* cos)) 2 3 (D.8)
dt m g m1- e2 3 1+e? +2*e*cosh)
Findly, equation (D.8) can be reduced to obtain:
da Cp*A ael+e2+2*e*cosh)9
G =- Dm Ve ¢ > + (D.9)
g m/l— e &

! David A. Vallado, Fundamentals of Astrodynamics and Applications, New Y ork: The McGraw Hill Companies,
1997, 559-568, 604-605.



Appendix E: Modding Atmospheric Rotation

King-Hde'! derives a scalar equation for caculating the relative velodity of asatdlite
with respect to the amosphere. The assumption made in this derivation is that the atmosphere
rotates with the Earth.

King-Hele begins with the vector form for the rdlaive velocity of the satellite with
respect to the atmosphere where v, istherddive velocity, v istheinertia velocity of the

sadlite, and Vv, istheinertid velocity of the aimosphere:

Vg =V-V, (ED)

r

By using the law of cosines, the sclar values can be used to find v2, where g istheangle
between v and v, .

VA, =V2+VZ- 2% v*V, *cosg) (E.2)

rel

Assuming the atmosphere rotates with the Earth, v, can be written as equation (E.3) where r is
the magnitude of the satellite’ s position vector, w; isthe angular velocity of the Earth, and f ¢,
isthe latitude of the satdllite.

V, =1* Wy *cosff gar) (E.3)
Subdtituting equation (E.3) into equation (E.2) yidds.
2

V2 = V2 A+ 2% Wy 2% 0o (F gup) - 2% VF T W, * cosff gar) * COS(Q) (E4)

Using relationships between a spherica triangle formed by the inclination, latitude of the
satellite, and the angle between the velocity vectors results in the following:

cos(i) = cosff g47) * cOS(Q) (E.5)

The resulting equation in terms of the indination and the satellite’ s latitude can be written as:

. 2
v, =vidl- ' \\/NA cos() 2 +r2*WA2*(cosz(fSAT)- cosz(i)) (E.6)
é 2

! Desmond King-Hele, Satellite Orbitsin an Atmosphere: Theory and Applications, London, England: Blackie and
Son, Ltd, 1987, 29-30.
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