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HIGH-ORDER/SPECTRAL METHODS ON UNSTRUCTURED GRIDS
I. TIME-DOMAIN SOLUTION OF MAXWELL’S EQUATIONS *

J.S. HESTHAVENT AND T. WARBURTON?

Abstract. We present an ab initio development of a convergent high-order accurate scheme for the
solution of linear conservation laws in geometrically complex domains. As our main example we present a
detailed development and analysis of a scheme suitable for the time-domain solution of Maxwell’s equations
in a three-dimensional domain. The fully unstructured spatial discretization is made possible by the use of a
high-order nodal basis, employing multivariate Lagrange polynomials defined on the triangles and tetrahedra.
Careful choices of the unstructured nodal grid points ensure high-order/spectral accuracy, while the equations
themselves are satisfied in a discontinuous Galerkin form with the boundary conditions being enforced weakly
through a penalty term. Accuracy, stability, and convergence of the semi-discrete approximation to Maxwell’s
equations is established rigorously and bounds on the global divergence error are provided. Concerns related
to efficient implementations are discussed in detail.

This sets the stage for the presentation of examples, verifying the theoretical results, as well as illustrating
the versatility, flexibility, and robustness when solving two- and three-dimensional benchmarks in computa-
tional electromagnetics. Pure scattering as well as penetration is discussed and high parallel performance of

the scheme is demonstrated.
Subject classification. Applied Mathematics

Key words. high-order/spectral accuracy, stability, convergence, unstructured grids, Maxwell’s equa-

tions

1. Introduction. The ability to accurately and reliably model wave-dominated problems continues
to be an essential, and in many cases an enabling, technology in the development and analysis of emerging
technologies such as stealth technology, noise reduction, subsurface exploration and optical communication to
name a few. These are all problems characterized by being very large in terms of a characteristic wavelength,
geometrically extremely complex, often composed of a heterogeneous collection of different materials and all
requiring a high fidelity solution with a rigorous control of the numerical errors. Even for linear problems
such conditions forces one to look beyond standard computational techniques and seek new computational
frameworks enabling the accurate, efficient, and robust modeling of wave-phenomena over long times in
settings of a realistic geometric complexity.

The requirement that one can accurately propagate waves over many periods of time naturally suggests
that high-order/spectral methods be considered [1]. On the other hand, the use of such methods is tra-
ditionally in conflict with the need for significant geometric flexibility by being restricted to fairly simple

geometries. The standard approach to overcome this restriction is to introduce a multi-element formulation
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in which the basic building block is parametrically mapped cubes in the spirit of finite element methods.
This approach has been very successfully applied to the solution of problems in fluid mechanics [2, 3, 4],
gasdynamics [5, 6, 7, 8, 9, 10], and electromagnetics [11, 12, 13, 14, 15].

While such techniques, when applicable, are powerful they do suffer from the need to tile the computa-
tional using only hexahedral elements. Unfortunately, automated grid generation using only such elements
for general three-dimensional computational problems of a realistic complexity remains a very nontrivial
task and is typically very time-consuming. Furthermore, spatial adaptation, while certainly possible, is
quite a challenge with a method based solely on hexahedral elements. On the other hand, automated grid
generation employing a fully unstructured grid is significantly more mature, due mainly to extensive devel-
opments within the finite-element community. Spatial grid adaptation is also considerably easier within a

fully unstructured grid formulation.

It is with these issues in mind that we present an ab initio development of a computational framework
that combines the strengths of a high-order/spectral formulation with the flexibility of a fully unstructured
grid. The formulation relies on the resolution of two central issues. On one hand we shall discuss in detail
how to represent functions defined on triangles and tetrahedra to high accuracy and how this translates into
the construction of basic operators needed to solve partial differential equations. On the other hand we need
to address the issue of how to use such a high-order representation to formulate a convergent scheme suitable

for solving systems of linear hyperbolic problems in general and Maxwell’s equations in particular.

Much in the spirit of the original work on spectral element methods [2, 3] we shall focus on the formulation
of efficient and flexible unstructured grid methods using nodal elements. This is in contrast to past attempts
to develop high-order unstructured grid methods, suitable for solving time dependent problems, which have
been focused on the use of high-order modal expansions, e.g., [16, 17, 18, 19, 20, 21]. In these works, modal
expansions of orthogonal polynomials defined on the simplex are utilized while a straightforward monomial
basis is used in [22] (see also [23] and references therein) much in the tradition of classical high-order finite

element methods for elliptic problems [24, 25].

In contrast to the classical spectral element approach, however, we do not seek a globally continuous
solution but rather require that the equations be satisfied in a discontinuous Galerkin/penalty fashion. This
is related to the classic discontinuous Galerkin finite element method [23] although the present approach
represents a more general formulation, containing the classic discontinuous Galerkin formulation as a special
case. Such more general techniques have been known in the context of spectral methods as penalty meth-
ods [26] for a while and recently stable formulations on general one-dimensional [27], triangular [28], and
tetrahedral domains [29] have been discussed. These methods all share the great advantage of a complete
decoupling of all elements, hence enabling high parallel efficiency, and allows for discontinuous solutions
between elements in a natural way. As we shall see later, this is essential in allowing for the inclusion of

material interfaces in a natural and straightforward manner.

While the majority of what we shall discuss is of a very general nature we have chosen to discuss in detail
the development and analysis of a high-order/spectral accuracy unstructured grid scheme for the solution
of Maxwell’s equations in the time-domain. This is not only a challenging problem but also a problem of
significant contemporary interest due to emerging technologies such as broad-band target illumination and
penetration, advanced materials and diffraction based modern optics, all characterized by being electrically
large, having a significant separation of scales and requiring substantial geometric flexibility of the compu-
tational framework. On the other hand, Maxwell’s equations serve as an excellent example of numerous

other linear hyperbolic systems of equations in, e.g., elasticity, acoustics, solid mechanics etc, for which



the presented framework can be adapted with little effort. In part IT of this work [30] we shall discuss in
detail generalizations of the proposed computational framework with an emphasis on the solution of general
systems of conservation laws.

What remains of the paper is organized as follows. In Sec. 2 we set the stage by briefly describ-
ing the physical setting, Maxwell’s equations, their normalized and scattered field formulations, as well as
boundary conditions at material interfaces and metallic boundaries. The first step in the construction of
a high-order/spectral unstructured grid scheme for the solution of Maxwell’s equations is taken in Sec. 3
where we introduce a Lagrangian high-order basis on the general curvilinear simplex. In the appendix we
include a discussion of techniques allowing for efficient and accurate implementations of the basic operators,
e.g., differentiation, filtering, and high-order integration in volumes and on faces. By providing the basic
building block for the spatial approximation, this development sets the stage for the formulation of a high-
order /spectral convergent scheme for solving Maxwell’s equations as discussed in Sec. 4. The convergence
of the scheme, being a generalized discontinuous Galerkin/penalty method, is established in the classic way
through consistency as well as local and global stability. A stronger and optimal result is furthermore estab-
lished by showing the scheme to be error-bounded, guaranteeing at most linear growth in time and control
over the growth rate. This result is also used to establish bounds on the behavior of the divergence error.
Verification and performance of the complete scheme is the topic of Sec. 5 where we present a number of
simple tests, verifying the theoretical results, prior to illustrating the efficiency, versatility, and robustness
of the computational framework for the solution of two- and three-dimensional scattering and penetration
problems. We shall also briefly discuss measures taken in the implementation of the scheme to ensure efficient
execution on large scale contemporary parallel computational platforms. In Sec. 6 we conclude by offering

a few remarks and guidelines for future work within the present framework.

2. The Physical Setting and Maxwell’s Equations. We shall concern ourselves with the direct

solution of Maxwell’s equations on differential form

oD - - - OB .
(1) 5 xH+Jd , — xE ,
(2) V-D=jp,V-B=0,

t). The electric field,

within the general three-dimensional domain, 2, with the charge distribution, 4(Z,
E(&,1), and the electric flux density, D(&,%), as well as the magnetic field, H(&,%), and the magnetic flux

density, B(Z,t), are related through the constitutive relations

D=:E, B=iH .
The permittivity tensor, €, as well as the permeability tensor, fi, are in general anisotropic and may depend
on space and time as well as the strength of the fields themselves. The current, J, is typically assumed to
be related to the electric field, E, through Ohms law, J = 6 E, where & measures the finite conductivity,
although more complex relations are possible.

In this work, we shall restrict the attention to materials which can be assumed isotropic, linear and

time-invariant, in which case the constitutive relations take the form

D =éoe,E , B=jiop, H .



Here &y = 8.854 x 1072 F/m and fip = 47 x 10~7 H/m represent the vacuum permittivity and permeability,
respectively, and e.(x) and p,.(x) refers to the relative permittivity and permeability, respectively, of the
materials.

Taking the divergence of Eq.(1) and applying Eq.(2) in combination with Gauss’ law for charge conser-
vation immediately confirms that if the initial conditions satisfy Eq.(2), and the fields are evolved according
to Maxwell’s equations, Eq.(1), the solution will satisfy Eq.(2) at all times. Hence, one can view Eq.(2) as a
consistency condition on the initial conditions and limit the solution to the time-dependent part of Maxwell’s
equations, Eq.(1).

To simplify matters further, we shall consider the non-dimensionalized equations for which we introduce

the normalized quantities

St

, t

AT

—1/2

where L is a reference length, and & = (€ofo) represents the dimensional vacuum speed of light. The

fields themselves are normalized as

. - -

Z B g 2 o, JL
H, H,

)

where Zo = y/flo/€o refers to the dimensional free space intrinsic impedance, and ﬁg is a dimensional
reference magnetic field strength.
With this normalization Eq.(1) takes the nondimensional form

OF OH
(3) ETW—VXH—FJ , ,U,TW——VXE,

which is the general form of the equations we consider in the following.

To solve Maxwell’s equations in the vicinity of boundaries, penetrable or not, we shall need boundary
conditions relating the field components on either side of the boundary.

Assuming that a normal unit vector, 7, to the boundary is given, the boundary conditions on the electric

field components take the form
’le(El—EQ):O 5 ’fL'(Dl—DQ):pS y

where E; and D;, i = (1,2), represent the fields on either side of the interface and ps represents a surface

charge. Equivalently, the conditions on the magnetic fields are given as
n X (Hl—Hg):Js N ﬁ(Bl_Bz):O N

where J s represents a surface current density.
In the general case of materials with finite conductivity, no surface charges and currents can exist, and

the simplified conditions take the form

(4) ’le(El—Eg):O,’le(Hl—Hg):O,

expressing continuity of the tangential field components, while the normal components of the flux densities

must satisfy



(5) n- (D1 —D3)=0, n-(B1—B2)=0,

i.e., they are likewise continuous, while the normal components of the fields themselves are discontinuous.
For the important special case of a perfect conductor, the conditions take a special form as the perfect

conductor supports surface charges and currents while the fields are unable to penetrate into the body, i.e.,

(6) AxE=0, A-B=0 .

2.1. The Scattered Field Formulation. For scattering and penetration problems involving linear
materials it is often advantageous to exploit the linearity of Maxwell’s equations and solve for the scattered
field, (E®°, H®), rather than for the total field, (E, H), which are trivially related as

E=E'+F° , H=H'+ H* ,

where (E', H') represents the incident field, illuminating the scattering object. Assuming that (E°, H')
represents a particular solution to Maxwell’s equations, one recovers the scattered field formulation

oE’ s s i aEl i i
(7) ETW:VXH +UE-(8T—ET.)W+(U—U)E 5
OH?® s .\ OH'
(8) ,UW‘W—_VXE_(,UW‘_,UT)Wa

where i (z), pi(z), and o' (z) refers to the relative permittivity, permeability and conductivity of the media
in which the incident field represents a solution to Maxwell’s equations. To simplify matters we have assumed
Ohms law, J = ¢ E. We note that the important special case of a vacuum field illuminating the scattering
object is recovered by using ¢! = u. = 1, o' = 0, and using a free space solution in the forcing function.

In this formulation, the boundary conditions along a dielectric interface take the form

(9) A x (Bj—E3) =0, ax(H—H})=0,

for the tangential components, while the conditions on the scattered field components becomes

(10) AxE'=-naxE | i -B =—pn-H |

in the case of a perfectly conducting boundary. As we shall see shortly, there is no need to consider the

conditions on the normal components further.

3. The Nodal Element. We shall seek approximate solutions to Maxwell’s equations in a general
domain, 2, possibly containing a heterogeneous collection of scattering and penetrable bodies. To facilitate
the required geometric flexibility, we represent the computational domain as the union of K non-overlapping
body-conforming d-simplices, D. Hence, for two-dimensional problems we shall use triangles as the geometric

building block while the tetrahedron is employed to fill the computational volume.



E&n.0=¥(xy,2)

(xy.2)=¥"(E€n.Q)

Fi1c. 1. Mapping between the curvilinear tetrahedral, D, and the standard tetrahedral, 1, including the numbering and

notation employed in the text.

While this multi element formulation is essential in enabling the solution of geometrically complex
problems, it also introduces new complications, the understanding and resolution of which are at the heart
of the construction of the scheme. In particular, the use of simplices requires an understanding of how to
construct high-order accurate Lagrange interpolation polynomials on such elements and, subsequently, how
we can formulate approximations to basic operations such as interpolation, differentiation and integration
of functions defined on general curvilinear d-simplices. These are issues we shall deal with in the following.
For continuity we shall postpone the discussion of practical, yet essential, techniques for the efficient and
accurate implementation of the basic operations to the appendix.

The equally important question of how to exploit this knowledge to construct global high-order/spectral
accuracy solution techniques suitable for Maxwell’s equations as well as other linear hyperbolic systems is

the central issue addressed in Section 4.

3.1. The Curvilinear d-Simplex. We start by assuming that the computational domain, Q, is de-
composed into curvilinear d-simplices, D C R?, as illustrated in Fig. 1 by a 3-simplex, a tetrahedron. For
generality we shall limit much of the discussions to the three-dimensional case and regard the two-dimensional
problem as a natural simplification.

While we shall not require that the faces of the tetrahedron are planar, such an assumption will, as we
shall see shortly, significantly simplify matters in terms of analysis as well as implementation. It should also
be noted that for most computational problems, the vast majority of the elements will have planar faces
which thus supplies the single most important special case.

Let us introduce the standard tetrahedron, | C R3, given by the vertices

-1 1 -1 -1
vp=| —1 , vp= | —1 , VI = 1 , vy = | —1 )
-1 -1 -1 1

as illustrated in Fig. 1 with the corresponding vertices in D termed vi-v4. To fix the notation within the
tetrahedron, let us also name the face in D opposite vertex vy, i.e, spanned by the three vertices vs, v3, and
vy, for face ’a’; that opposite of vertex v, for face ’b” and so forth. In general we shall name the coordinates

in the physical simplex, D, as = (z,y, z) while the coordinates, £ € |, shall be referred to as & = (£, 7, ().



To relate operations on D to those on | we need to construct a smooth and invertible mapping, ¥ : D — I,
that uniquely relates the two simplices as illustrated in Fig. 1. In the case of a general curvilinear mapping,
this can be constructed directly by the use of linear transfinite blending functions. Although lengthy,
expressions of these mappings are straightforwardly arrived at by blending parameterized versions of faces,
edges, and the vertex-coordinates. For a detailed account of this we refer to [21].

A particularly important and simple case is that of D being straightfaced in which case the mapping

becomes

1+&+n+ 1+ 1+ 1+
- 5277 C’Ul-{— 25’024- 2”’03-{- QC’U

derived directly by exploiting that any point in the straightfaced tetrahedron can be expressed as a convex

(11) =)=

4 5

sum of the vertices with the weights being the barycentric coordinates (see e.g. [21]).
Once the mapping, ¥(&), has been established, we can utilize this to compute the curvilinear metric of

the transformation by

T z ]. 0 0

6_115%_3\1’(5)%_ Te Ty I¢ &L & & I
9 oxr 0 ox | Y& Y W e My G | =

Z¢  Zn & Ce Cy ¢ 0 01

Within this new metric, the divergence of a vector field, F' = (F;, F, F.), is expressed on the well known

form
1[0 0 0
F=—_|—2(JF - —(JF - ~Z (JF -
VoF = | VP YO+ S UF Vo) + S OF V)
where we have introduced the transformation Jacobian
PO
06| VE-(Vnx V()

The metric also immediately gives outward pointing normal vectors at the 4 faces of D on the form

n*=VEé+Vn+V( ,

n'=-V¢, n°=-Vp, n'=-V(.

It is worth while paying attention to the special case of the mapping between straightsided tetrahedra,

Eq.(11), in which case we realize that

—vl +of
0w _owe _1| "
oc — o9& 2| L TTEo
IR R

is constant. Thus, the full metric, V&, Vn, and V(, is constant as is the transformation Jacobian, J, i.e.,
every two straightsided tetrahedra are connected through a simple linear transformation. As we discuss in
detail in the appendix, this observation can be exploited to significantly simplify the implementation of the
general unstructured scheme by introducing template operators.

Let us finally define a number of different inner products on the curvilinear simplex, D. Consider the
two smooth functions, f[D] € C[D] and ¢[D] € C[D] for which f(z): D — R and g(x) : D — R. The global
inner product, the associated L?-norm and the inner product over the surface of D are defined as



(f.0)p = /D f@g@dz , (f, Do = 1AIB » (F0)sp = 7§Df<w>g<x)d:c |

These local inner products and norms form the basis for the corresponding global broken measures as

(fr9a=_ (F:9pr » (FHa=D IIfllpx = IIfllG
k

k

Fon =2 $ @@ de

where K represents the total number of elements used to cover €.

3.2. A Multivariate Polynomial Basis on the d-Simplex. With the curvilinear framework in place
we can now focus the attention on the development of a high-order/spectral representation of a function
defined on the elemental element, |, rather than a general D.

Contrary to the approach taken in [17, 21], where a purely modal approximation is utilized, we shall em-
ploy a purely nodal scheme. Hence, we assume that the unknown solutions, g(€,t), can be well approximated

as

N

gy (&,t) = ZQ(Sjvt)Lj(g) )

=0

where L;(£) is the genuine three-dimensional multivariate Lagrange interpolation polynomial, L;(¢) € P?,

where
P? = span {¢/¢¥i, 5,k > 0;i+j+k<n} |

based on the N3 = N + 1 nodal points, &, given in the interior as well as on the boundary of I. It is
straightforward to see that the minimum number of nodal points that will allow this basis to be complete is

N3 = %(n-{— 1(n+2)(n+3) ,

where n signifies the maximum order of the polynomial.

The crucial choice of a nodal set, well suited for Lagrange interpolation within the tetrahedron, is an
issue that has received some attention lately with such nodal sets being given in [31] and [29]. The former
is derived by using an minimization procedure for the identification of the nodal set that minimizes an
approximation to the Lebesque constant while the approach taken in the latter work involves the solution of
an electrostatic problem within the tetrahedron. Either procedure results in fully unstructured nodal sets, an
example of which is given in Fig. 2, with a large degree of symmetry, exactly N2 nodes within the tetrahedron
and a very well behaved Lagrange polynomial as measured through the growth of the associated Lebesque
constant. Furthermore, both nodal sets include the 4 vertices in | and have exactly %(n + 1)(n + 2) nodes
at each of the four faces. This latter property is important as it ensures that a complete two-dimensional
polynomial is supported by the nodes on each face.

In this work we have chosen to use the nodal set from [29] as the nodes on which the Lagrange interpo-
lation polynomials are based. These nodal sets are given for n up to 10, corresponding to Ni, = 286 nodal

points within each tetrahedron and 66 nodal points at each face.



Fic. 2. Ezample of nodal set for a 5th order interpolation, i.e., Ng = 56 nodes within the tetrahedron. In a) we show a
3D view of the nodes within the tetrahedron while b) gives a top view emphasizing the high degree of symmetry associated with

the nodal set.

Once we have identified a proper nodal set, we can proceed with the formulation of the interpolation

which must have the property

I]3Vf(£j) = f(EJ) )

for any f € C]l]. For the actual construction of the interpolation polynomials, let us introduce the complete

polynomial basis, p;(€) € PZ and express the interpolation property as

N

(12) Vi f(§) = ijpj(gi) )
7=0

or in compact form

Vi=1f,

where f = [fo,.., fa]T is the vector of expansion coefficients, f = [f(&,),-., f(€x)]T is the grid vector
and V;; = p;(§;) is the multi-dimensional generalization of the Vandermonde matrix. Clearly, for the
interpolation to exist, V must be nonsingular which is a property that depends solely on the nodal sets. For
polynomial interpolation along the line it is well known that [V| # 0 provided that the nodes are distinct.
Unfortunately, no such simple results are known for polynomial interpolation in | and we shall simply rely
on computational verification that the nodal sets indeed allow for the computation of a unique interpolation

polynomial[29]. Under this assumption we can likewise express Eq.(12) as

N
(13) Vi f(§)= Zf(EZ)L](gl) )

Jj=0

which has to be true for any f € C[l], and in particular p;(§) itself. Hence, the Lagrange polynomials can be
evaluated at any point, & € |, by solving the dual problem

(14) ViL=p ,



where L = [Lo(£),..,Ln(€)]T and p = [po(€),..,pn(€)]T. This naturally enables the evaluation of Z3; f(&)
anywhere in | by computing L;(£) and applying Eq.(13).

In seeking the approximate solution to partial differential equations, the single most important operation
is that of computing approximations to spatial derivatives. However, once we have identified a well behaved
Lagrange basis, approximations to spatial derivatives evaluated at the grid points, &;, is obtained directly
through matrix-vector products as

0 JOBE e po0f (OLF .. 50F 0L
NS “on  On "o¢ o
where the entries of the quadratic differentiation matrices are obtained as

¢ _ 0L; (&) _ 0L;(&)) ¢ _ 0L;(&)

= DSf

The entries can be computed directly by using Eq.(14) and the uniqueness of the polynomials as
D¢ =PV ) D7=P7VT! | DE =PV

where the entries of P(&:7:€) are

pé — ap;(&;) P — Ip;(&;) pé = 9p; (&)

9T Toe 0 T oy 0 T T

4. A Convergent Scheme for Maxwell’s Equations. Having realized high-order formulations of

(15)

basic operations on the nodal tetrahedron, we are now in a position to develop a scheme suitable for solving
linear systems of hyperbolic problems in complex geometries, exemplified by a scheme for solving Maxwell’s
equations.

To simplify matters, let us express Maxwell’s equations, Eq.(3), in conservation form

9q
16 - -F(q)=S
(16) 5 TV Fla) ,
where we have introduced the state vector, g, and F(q) = [F1(q), F2(q), F3(q)]?, as the flux defined as
STE —e; X H
q= [ ) Fl(q) = ] )
wrH e; x FE

respectively. Here e; signifies the three Cartesian unit vectors and S = [SE , St |7 represents body forces,

e.g., currents, and terms introduced by the scattered field formulation, Egs. (7)-(8).

4.1. Central Elements of the Scheme. Let us begin by introducing the nodal basis discussed in the

previous section and assume that the statevector, g, can be represented as
N
ay(z,t) = Z q(mj> t)Lj (z) ,
j=0

within each general curvilinear element, D*.

We shall consider schemes in which we require Eq.(16) to be satisfied in the following way
ogqn
(17) ——~ +V: -Fn— Sy ) ¢i(x)dx = Yi(x)G([qy]) dx .
p\ Ot oD

10



Here ¢; and v; signify sequences of N functions while G([g]) is a function of the jump [q ] of the statevector
at the boundary/interface of the element, e.g., if the face is at a solid boundary [qy] reflects the difference
between the prescribed boundary condition and the actual value of the statevector.

Let us emphasizing a few characteristics of this general formulation, Eq.(17). In particular we see that
consistency of the scheme is immediate as the right hand side of Eq.(17) vanishes when the exact solution is
introduced, i.e., if the inner scheme is consistent so is the full approximation. One should also observe that
boundary /interface conditions are not imposed exactly but rather weakly through the penalizing surface
integral. Finally we emphasize that in a multi-element context, the formulation is inherently discontinuous,
enforcing the interface conditions weakly through the penalizing term and giving rise to a highly parallel
formulation of the scheme.

In choosing ¢;, 1; and G([q]) one has a tremendous degree of freedom in designing schemes suitable for
solving differential equations. In [10] we proposed stable spectral collocation methods with weakly imposed
boundary /interface conditions for solving the advection-diffusion equation and the compressible Navier-
Stokes equations by choosing ¢;(x) = ¥;(x) = d(x — x;) and defining G([gy]) to impose the correct upwind
flux conditions. Alternative choices, likewise leading to stable schemes for solving linear conservation laws,
were discussed in [28, 29]. There we considered mixed Galerkin-collocation formulations by choosing ¢;(x) =
L;(x), as in a classic Galerkin formulation, but using ;(x) = d(x — ;) to impose the boundary/interface
conditions. Upwind flux conditions were used to construct G([gy])-

To formulate a scheme for Maxwell’s equations, let us assume that the electric, E, and magnetic, H,

field components can be represented as

N
En(w,t) =Y E(z;,t)L;(x) = Y E;(t)L;(x)

M-

<
Il
o

<
Il
o

N N
Hy(x,t) = ZH(mj,t)Lj(w) =Y Hi(t)L(z)

=0 7j=0

<

within each general curvilinear element, D*. Here E;(t) and H(t) represent the time dependent nodal
values, i.e., the unknowns of the scheme, while ; = x; (Ej) are the mapped nodal coordinates.

We shall require that the equations, Eq.(3), be satisfied in the following Galerkin-like way

(18) /D (6;—? LV Fy— sN> Li(a) do = ng (@) Li(@)h - [Fhde |

where gy, F n, and Sy refers to the approximate state vector, flux and body force, respectively. As in Sec.
3, L;(x) represents the n’th order Lagrange interpolation polynomial, i.e., in the language of the general
formulation in Eq.(17) we have ¢;(x) = ¥;(x) = L;(x), while we have G([qy]) = 7(x)n - [F}]. Here n is
the outward pointing normal vector, 7(z) is a free parameter to be specified later, while [F}] reflects the
jump in the upwind flux, i.e., we have introduced the splitting, Fny = F} + Fy, into the upwind, FE, and
downwind, F, component of the flux.

It is noteworthy that the classical discontinuous Galerkin formulation [23] is recovered from Eq.(18) by
a simple integration by parts and considering all fluxes at interfaces as upwind fluxes, i.e., it is a special case
of the much more general approach put forward in Eq.(17).

To understand the exact form of the penalizing flux term, 7 - [F'}], it is helpful to recall that

11



A Fy = [ —ﬁxHN] ,
nx FEy

i.e., the normal component of the fluxes represents nothing else than the tangential field components and
the effect of the right hand side in Eq.(18) is to impose the correct boundary/interface conditions on the
tangential field components at the face of the element. It is worth noticing that the unspecified function,
7(x), controls how strongly the conditions are enforced, e.g. if 7 is very large the conditions are essentially
enforced exactly.

As discussed in Sec. 2 the boundary conditions on the tangential field components, be that in the
scattered field or in the total field formulation, require continuity between any two elements regardless of

their material properties. This yields the explicit form of the penalizing boundary term as [32]

(19) n- [Fy] =

Y

)

{ Z ' x (ZT[HN) - 7 x [Ex))
nx (—n x [Hy] - Y*[Ey])

where
[Ex)=E} -Ey , [Hy]=H\ -Hy ,

measures the jump in the field values across an interface, i.e., superscript '+’ refers to field values from the
neighbor element while superscript ’-’ refers to field values local to the element. To account for the potential
differences in material properties in the two elements, we have introduced the local impedance, Z*, and

conductance, Y+, defined as

+
Zizi_ Hr
Y+ g,j,[’

and the sums
Z=Zt+Z" ,Y=Y"4+Y" |

of the local impedance and conductance, respectively.
The special case of a perfectly conducting wall is handled in the above formulation be defining a mirror
state within the metallic scatterer as

A + _ A — A + _ - —
nxEy=-nxEy , nxHy=nxHy ,

to enforce the correct boundary conditions and define the material parameters by Z+ = Z~.

Now returning to the semi-discrete scheme, Eq.(18), we have an elementwise expression for the electric
field

N dE;
(20) > (M5 G~ 8 x H; - M)
Jj=0
Z[H;] - f E
:ZF;’Z (ﬁlx il ll_ nl_X[ l]> )
l 7t + 2

12



and likewise for the magnetic field components

Al dH
(21) Z <M“ J + Si]‘ X Ej — Miij)

dt
—7 H,-Y1[E
:ZF;’!(’MX nlx[+l] - [ l]>
; Y +Y

Jj=0

Here we have introduced

M;; = (Li(®),e(x)Lj(x))p , Mj; = (Li(z), u(z)Lj(x))p
as the material scaled mass-matrices and

Mij = (Ll(w),LJ(ib))D y Sij = (Sx Sy

i ~igo

8ij) = (Li(x), VL;(x)p

representing the local mass- and stiffness matrix. Note that in the special case where ¢, and u, are elemen-
twise constant, we recover (M, M*) = (&, M, u,M).

We have, furthermore, introduced the face-based mass matrices

Fi = (Li(z),7(x)Li(z))5p
where the second index is limited to the trace of the nodal set situated at the faces of D.

Expressing Eqgs.(20)-(21) in fully explicit form yields

(22) df;_tN =(M*)""'Sx Hy + (M*) "' MSE

oy e (ax R X B
and
(23) C“;I—tN = (M*)" 'S x Ey + (M*) ' MSH

~ oy (o B LR

The discrete operators that need to be initialized are, besides the mass-matrices, M and M*®*#  which can be
computed exactly as described in the appendix and inverted straightforwardly. We shall also need

(M) 7hS = (M=) [s7,8v, 87T
representing the general curvilinear differentiation matrix, as well as (M”‘)f1 M for source terms. It is

worth noticing that for all straightfaced tetrahedra with constant material parameters, the entries of S can

be formed directly by combinations of the classical differentiation matrices introduced in Sec. 3, e.g.,
M~!S* = D%, + D"y, + D¢,

and similarly for M—1S¥ and M~!S?. Hence, as discussed in detail in the appendix, template matrices can be
used for the initialization of these operators in all such elements while an individual initialization is required
for general curved elements and elements with smoothly varying material parameters.

The same holds true for the face-based operators M~1'F which again can be precomputed for all straight-
faced elements with constant materials by linear scaling from standard template operators for I. The general

curvilinear faces requires individual attention.
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4.2. Consistency. In analyzing the scheme, Eqs.(22)-(23), it is natural first to consider the global
accuracy, and hence consistency, and how it depends on the size of the tetrahedra, i.e., its h-convergence
rate, as well as how it scales with the order, n, of the polynomial approximation. To simplify matters we
shall assume throughout that all elements involved are straightfaced, i.e., the transformation between D
and | is linear. We shall furthermore assume that the material parameters, ¢, and pu,., be constant on each
element, but they can vary freely between elements. We shall later briefly revisit the impact on the results
of the analysis of relaxing these assumptions.

Let us introduce the exact solution, g = [E, H], to Maxwell’s equations, Eq.(3), as well as its projection,
Pnq = [PvE, Py H]", on the space spanned by n-order polynomials, i.e., Pxq € Pi. Except in very special
cases Pnq will generally be different from the numerical solution, g5 = [En, Hy]T, which is the exact
solution to the discrete problem, Egs.(22)-(23).

Before we continue we wish to note that a subtle consequence of using a purely nodal basis, as opposed to
a modal basis, is the introduction of a discrete aliasing error in the interpolation of the initial conditions. One
could avoid this by reading the nodal values of the Galerkin projection of the initial conditions, computed by
using a quadrature of sufficiently high order. However, if the initial conditions are smooth and well resolved
this discrete aliasing error is small and we shall not discuss it further in what follows.

As the global error is bounded by the sum of the local, element-wise errors, it suffices to consider the
latter. Introducing the exact solution, ¢ = [E, H], to Maxwell’s equations, Eq.(3), into the semi-discrete

approximation, Eqs.(20)-(21), immediately yields

(Li,TE)D = (L;,V x H — PyV x H)p + (L sF _ PNSE)D :

Li,T") =—(L;,Vx E—~PxV x E)p+ (L;,S" —PyS*) |
D D

where T? = |T? TH ! signifies the truncation error associated with the scheme. Note in particular that
the surface terms of Eqs.(20)-(21) vanish identically as the exact solution always has smooth tangential
components as dictated by the physics.

To bound the truncation error we shall need the following result [33, 24, 25]

LEMMA 4.1. Assume that uw € WP(D), p > 0. Then there exists a constant, C, dependent on p and the
angle condition of D, but independent of u, h = diam(D), and n, such that

ho—q
llu = Prullyapy < €= lullwr o)

where 0 = min(p,n+1) and 0 < g < 0.

Here we have introduced the standard Sobolev norm

0%t 92 9%
||U||%/Vp(D) = Z Ao

la|<p

2

)

Ox®r Jr2 Jxos Y D

with the multi-index, a = (a1, a2, a3).

With this result and the use of the Cauchy-Schwarz inequality we immediately recover the consistency
result

THEOREM 4.2. Assume that the exact solution, q = [E,H]T € WP(D), p > 1 and that the body forces,

T
S = [SE, SH] € WP(D), p > 0. Then there ezists a constant, C, dependent on p and the angle condition
of D, but independent of q, h = diam(D), and n, such that

14



o—1

h h?
Iy < © (n— lallyr o) + -5 ||sq||Wp(D)) ,

where 0 = min(p,n + 1).

Hence, if the solution is locally smooth we can expect very rapid convergence in the order of the approx-
imation as well as by decreasing the element size. In particular, if the solution is analytic we can expect to
recover full spectral convergence provided the scheme is stable.

4.3. Stability. Let us attend to the issue of semi-discrete stability and define the local energy

B :1/ (WH + & E]?) d |

2 Dk
and the associated global energy, £ =", E*.
Local elementwise semi-discrete stability is stated as follows
LeEmMMA 4.3 (Local Stability). Assume that a solution to Mazwell’s equations exists on the domain D.
If the faces of the element reside away from a perfect conductor, stability of the semi-discrete approzimation

to Mazwell’s equations, Eqs.(22)-(23), is guaranteed provided

S 1

T> - .
-3

In case one of the faces coincides with a perfect conductor, stability of the semi-discrete approximation is

guaranteed if

Proof. For local stability away from metallic boundaries, it suffices to consider the question of stability for
homogeneous boundary conditions, i.e., B, = H } = 0. Consider Maxwell’s equations on the semi-discrete
form, Eqs.(20)-(21), multiply from the left with (E;, H;) and sum over all the nodes in D to obtain

1d
5 (Bx,eEx)p = (En,V x Hy)p + (EN,SE)D
R Z+HN—’fLXEN
—}éDTEN-<n>< T 7 )d:c ,
and
Ld gy uHy)o = — (Hx.V X E (H SH)
2dt( N, uHy)p = — (Hy, N)p + N 5

R Y+EN+ﬁXHN
+£DTHN-<’I’LX T >dm.

Adding the two contributions and applying the the divergence theorem yields

4 g :74 (1- 1) (Hy x Ey) da
dt 5D

+7f (LEN-ﬁxﬁ,xEN+LHN-ﬁxﬁxHN> dx
oD \Z Y

+(Bn,87), + (Hn8"),
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Using standard vector identities this simplifies as

d T T

—EF =—— 1-7)Hy - x E =lAx Exn?+ = x Hy|?*) d

at ng(( T) N -TL X N+Z|TL>< N| +Y|TLX N|> €T
n (EN,SE)D n (HN,SH)D

To ensure semi-discrete stability it suffices to require that

(24) (1-r)HLREN + %E}\}RTREN + %H};RTRHN >0,

where we have introduced the rotation matrix

0 —n. Ny
R =R(n) = ny 0  —n,
TNy N 0

Expressing the quadratic form, Eq.(24), as g5 Aqy with A reflecting Eq.(24), one recovers the first two

eigenvalues of A as A; 2(A) = 0 while the remaining are given as

r1+2) £ 21+ 2)2 +Z (=372 — 27 + 1)
A3,4 = 27 Y

and

FA+Y) £ /21 + )2 +Y (=372 — 27 + 1)
2Y

As,6 =
Hence, a sufficient condition for stability clearly is that 7 > 0 and =372 — 27 +1 <0, i.e.,

T2

Wl =

In case a face resides at a metallic conductor we employ the boundary conditions

- — _§ + 5 - +
nXxXEy=-nxEy , nxHy=nxHy ,

and Z* =Z-=Z,Y+t=Y" =Y.

Following the exact same procedure as above, we recover the constraint
(1- 1) HLRE + %E%RTREN >0 .
Computing the eigenvalues of the corresponding quadratic form yields two pairs of the form

A =0, Amz%i% 222 (r— 1) .
Clearly, the only way to guarantee positivity of the eigenvalues and hence the quadratic form is to choose
=110
The result on local, elementwise stability, only supplies a necessary but not sufficient condition for
stability. To understand the issue of global stability we must also consider the influence of the coupling

between the individual elements.
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LEMMA 4.4 (Face Stability). Assume that a solution to the Mazwell’s equations ezists on a domain con-
sisting of two elements sharing one common face. Stability of the semi-discrete approximation of Mazwell’s

equations, Eqs.(22)-(23), on this domain is guaranteed provided
T=1.
Proof. Consider Maxwell’s equations on the semi-discrete form, Eqs.(20)-(21). Multiply from the left
with (E;, H;) and sum over all the nodes in D to obtain

d _ _ _ _ -
i (BxeBy)p = (By,V X Hy)p + (EN7SE)D

_ (._ ZT[Hy]—-n x[Ep]
+£DTEN-<TL X T >dm,

1
2

and

(Hy uHy)p = = (Hy,V x By)p + (Hy, S™)

_ (._ YTEN]+7nx[HN]
—?gDTHN-<n X Vv >dw

N | =
SN

Addition of the two contributions, application of the divergence theorem and standard vector identities yields

d k_ _ A—. — a—
et _%SD(I A" - (Hy x Ex)

i (S m (xm) - Zmy (0 < B
—r (%E; (A~ x (A™ x [EN])) + %H; (A7 x (AT x [HN]))> da
+ (E;V,SE)D + (H;V,SH)D

To understand the stability of a common edge, it suffices to consider the case where ¥ = §# = 0. Adding

the contribution from two edges, utilizing that n~ = —n", yields

—E:f (1-7)(R”-Hy x Ey —R™ - HY x EY)
oD

Y—[EN]-7 x 0 x [En]+ %[HN] AT x o x [Hy]de

N

=— 5D(1 —m)n" - (Hi x EY — Hy x Ey)

n” x [En]]? — %m— x [HN]? dz .

23

Z

A sufficient condition for this to be negative is

(1—7)

/N

(13) BBy — (15) REY) +

[Ex)"RIR[EN]T + %[HN]TRTR[HN]T >0 .

N
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Inspection reveals that by defining g = [E}, E, H}, H;V]T, the condition may be expressed is given as a
symmetric quadratic form, i.e., it suffices to choose 7 such that all eigenvalues of A are non-negative. Leaving
out the lengthy and purely algebraic manipulations, we consider the resulting two sets of eigenvalues of A

given as
A 0, A ij:i 472 + Z(1 — 1)2
1,2 — ) 3,4 — 7 27 )
and
A T L Jar i V(-1
= = — T T —
R

Clearly, the choice of 7 = 1 is the only feasible solution that ensures stability of the upwind scheme used for
connecting the elements. O

With these results in place, we can now state

THEOREM 4.5 (Global Stability). Assume that a unique solution to Mazwell’s equations exists in the
general domain, Q. Assume furthermore that the boundary of Q0 is either periodic or terminated with a
perfectly conducting boundary.

Then the semi-discrete approzimation to Mazwell’s equations, Eqs.(22)-(23), is globally stable in the

sense that

2 2
ge<c(ese+[s"[,) -
dt Q Q

provided only that

Proof. As each face is counted only once, the result follows directly by summation over the all the faces

and the application of Lemma 4.3 and Lemma 4.4

d B H
—FE <
th— zk: (EN’S )D’“ * (HN’S )Dk
B|? ml?
<o(m+]s+[s[;)
Q Q
2
using that (EN,SE)D < C(IENID + HS’EHD), |EN|p < C(En,e,En)p since & > 1. A similar line of

reasoning is applicable for (H N, SH ) 5 and the result on global stability follows. O

4.4. Convergence. Having established consistency as well as stability in equivalent norms, convergence

follows directly from the equivalence theorem with a bound on the local error

ep(t) = |E(t) — Exn(t)|lp + |1H () —Hx(8)llp

of the form

o) < 0 (wp(0) + | T )l &) .
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and global convergence is hence established up to exponential growth in time as is typical for Lax-type
stability results.

As it turns out, however, we can do better and recover a sharp bound for the growth in time by
generalizing ideas first put forward in the context of finite difference methods [34]. To realize this, let us

make the natural split of the elementwise error as

ep < ([|E = PnE|p +[[H —PnH|p) + (|[PvE — En|lp + |[PNN — Hnx|lp)

=ef +ep

where €} is due to the error introduced by the polynomial approximation of the exact solution while sz
measures the errors associated with the semi-discrete approximation of Maxwell’s equations.

To bound e}y we need only recall Lemma 4.1 to state

LEMMA 4.6. Assume that q = [E, H]T € WP(D). Then there exists a constant, C, dependent on p and
the angle condition of D, but independent of q, h = diam(D), and n, such that

ha’
la = Pyallo < €2 lalhws )

where ¢ = min(p,n + 1) and p > 0.

To arrive at a bound for 5’6, let us first consider the projection of the truncation error, PyT? =

T
[PNTE,PNTH] , on the form

(25) (Li,PNTE)D =(Li, PNV x H — PNV x PyH)p

_% (Li,n x (Z*[PNH] =0 x [PNE)))sp

(26) (Li,PNTH)D =— (L, PNV x E — PyV x PyE)p
1

—= (Li,n x (=YT[PNE] -0 x [PNH])) s

This is derived by introducing Pxgq into the semi-discrete scheme, Eqs.(20)-(21), exploiting that g satisfies
Maxwell’s equations, Eq.(3).

The projection of the truncation error can be bounded by the exact solution as

LEMMA 4.7. Assume that q = [E,H]T € WP(D),p > 3/2. Then there exists a constant, C, dependent
on p, the angle condition of D and the local material properties, €., u,, but independent of q, h = diam(D),
and n, such that

o—1

h
IPNT|p < CW lallwe ) -
where o = min(p,n + 1).
Proof. We need only establish the result for PNTE, Eq.(25), as the derivation of the result for PNTE
following identical lines.

As PyTE € P? = > Tij(:I:) we can multiply from the left with Tf and sum over all the nodes to

recover
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HPNTEH2D =(PNT®, Py x (H - PNH))D

_% (PNTE,ﬁ, x (Zt[PvH] -7 x [PNE]))

oD
Using the Cauchy-Schwarz inequality and the estimate [25]
n

llanllsp < €57z llanllo
for all ¢ € P?(D), h = diam(D), we recover
(27) |PvT?|| | <CulPav x (H - PyH)Ig

n 1

+Corims |Z*PnH ;] - [PNE:]||sp >

where we for simplicity have introduced the tangential components
ET:ﬁXE y HT:ﬁXH .
To bound the first term we invoke Lemma 4.1 to obtain
hafl

(28) PV > (H —PnH)lp < IV > (H =PrnH)llp < O [|Hlly» ) -

Consider now terms of the type

1PN E-llsp < [Py EY = Bf i + |PNE; — B s

where Ei = E_ = E; represents the exact solution at 0D. Recalling the trace inequality [35]

lallzo < € (lallp Vel + 2~ llallp)  a € W'(D)

implies that

lla = Pwall3o < € (la = Pwallp lla = Prallys oy + 5" lla = Pwallp)

and we recover by combination with Lemma 4.1 the bound

h071/2
P~ Erlllsp < €757 [1Bllws o)

Combining this with Eqs.(27)-(28) one obtains the result

o—1 o—1

h h
E
|PvT”|| < O S 1 ) + oz (Il ) + 1 o)

where (C1,Cs) are independent of h and n but C> depends on the local material properties (Z%, V).
The result for ‘

PNTHHD is recovered in the same way, yielding the result

o—1 o—1

h h
|PvT”| | < o 1Bl o) + Comimirs (1B o) + 1Bl )
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hence establishing the stated result. O

Let us now return to the original quest for an improved convergence estimate and consider the error
equation

(29) (Li,z’:‘% (PNE—EN)> :(Li,PNV X (PNE_EN))D

D
+% (Li,n x (Z"[PNH — Hy]

' E
+ (L PaT”)
for the electric field and similarly for the magnetic field

—n x [PNE — Ex)))sp

(30)

0
<Li,ua (PNH — HN)> 5 =— (Li,PNV X (PNH — HN))D

}..<

(Ll,n x (YH[PyE — Ex]+7n x [PvH — HN])) sD
+ (Li,PNTH)D
The combination of these expressions with Lemma 4.7 and the methodology of the stability proof in Sec
4.3 yields the improved convergence result
THEOREM 4.8. Assume that a solution, ¢ € WP(D), p > 3/2 to Mazwell’s equations in Q = |J, D¥

exists. Then the numerical solution, qp, to the semi-discrete approzimation Eqs.(22)-(23) converges to the
exact solution and the global error, ), ||q — qx||px is bounded as

leq —an(®)llp <CZ (lla(t)

— Pna(t)||pr

+Pya(0) ~ ax(Ols +1 max I76) e )

ho-1
<CZ(—||¢1 v o4) + =57 max [lq(s )||WP<Dk)> !

s€[0,t]
where C' depends on the material properties and the angle conditions of the elements but not on h and n

Proof. Since PyE — En € Pi and PyH — Hy € P?L we can use these as elementwise test functions in
Eq.(29) and Eq.(30), respectively, to obtain

DN | =
&|g‘

((PNE En,e ('PNE—EN))D-F(PNH—HN,E(PNH—HN)) )

s (A '(PNH—HN) X (PNE—EN)

NIIHU

(PNE EN) n X (Z+[PNH—HN]—ﬁX[PNE—EN])

II'—‘

=(PnH — Hy) - x (Y [PyE = Ex] + 7 x [Py H — HN])>

(PNE—EN,T )D + (PNH—HN,TH)D ,

where we have employed integration by parts once. Following the approach of Lemma 4.4 we sum over all
the faces to obtain
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PNE — En,e(PNE — EN))pr + (PNH — Hy,e(PNH — Hy))pr)

N | =
&.|g_

t

> ((
k
<=3 [P E — Exliibe + [P E — H]lfy]
k
2
k

[(PNE _ EN,PNTE) L (PNH _ Hy, PNTH) Dk]

Note that since € and g are uniformly bounded away from zero the material weighted energy norm is L2-
equivalent. Furthermore, the term associated with the jump at the element interfaces is strictly negative

and we recover the bound on the error

1d
5 S lIPna = aylpe <€ (Pna — ay, PAT")pn
k k

which, by using the Cauchy-Schwarz inequality and integration in time yields the result
5 1Pxa(®) - ax(Ollor < ¢ 3 (IPva(0) - ax(Olps +1 max [PAT" )l
k k ’

Now combining this with Lemma 4.6 and Lemma 4.7 establishes the result and proves convergence on weak
assumptions of local, elementwise smoothness of the solution. O

We have hence established the semi-discrete result that the error can not grow faster than linearly in
time and that we can control the growth rate by increasing the resolution. As we shall verify in Sec. 5 this
linear growth is a sharp result. However, the computations shall also verify that we can expect that the
growth rate approaches zero spectrally fast when increasing the order of the approximation, n, provided the
solution is sufficiently smooth.

Prior to that, a few comments are in place. A rigorous generalization of the results obtained above
to cover situations with general curvilinear elements and/or spatial variation of the materials within each
element is not straightforward. This is due to the generation of higher order polynomials from the products
of the individual polynomial expressions of the fields, the materials and the geometry. One can, however,
gain an intuitive understanding of how the geometry and material variations may impact the accuracy by
assuming that the polynomial representations are not of the fields only but rather of the combined functions,
VI (verE, /it H). In this case, we are working only with n-order polynomial expansions and one can expect
that the overall picture from the results derived above will hold approximately for these new functions.
Hence, where we originally had an n’th order polynomial to represent the fields, (E, H) we are now left
with an n’th order polynomial to represent the combined variation. One consequence of this is that we loose
accuracy when considering only the fields as we essentially have to share the resolution power between the
fields, the geometry as well as the material variation. In particular, if the element is strongly distorted,
i.e., J varies significantly, one can expect loss of accuracy as compared to the straightsided approximation.
Provided, however, that the geometry is smooth, i.e., J nonsingular, and the local material variation is

smooth, spectral convergence is preserved.

4.5. Convergence of Divergence Error. In the absence of sources, it is well known that the electric
and the magnetic fields must remain solenoidal throughout the computation. An assumption to this effect
was indeed imposed by choosing to solve only Maxwell’s equations on the form Eq.(3) and considering the

divergence conditions as consistency conditions on the initial conditions. However, given that we can not
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expect to recover the projection of the analytic solution but rather will compute a different, albeit convergent,
solution we need to consider the divergence of this numerical solution to justify the original choice of solving
Eq.(3) only.

Using the results of Sec. 4.4 we can state

THEOREM 4.9. Assume that a solution, ¢ € WP(D), p > 7/2 to Mazwell’s equations in Q = |J, D¥
exists. Then there exists a constant, C, dependent on p and the angle condition of D*, but independent
of ¢, h = diam(D), and n, such that the divergence of the numerical solution, qy, to the semi-discrete

approximation Eqs.(22)-(23) is bounded as

o—2

h
SV ay®ly <CZ( e lhr o) + oz max la(9)heson )

where 0 = min(p,n + 1) and p > 0.

Proof. Considering the local divergence of H on any D we have
IV-(H - Hy)|lp <[IV-(H=PyH)|p + IV-(PvH — Hy)llp
The first term we can bound immediately through Lemma 4.1 as

IV-(H-PnH)|p <

)

where 0 = min(p,n + 1) and p > 1.
Utilizing the inverse inequality [25]

2
n
IV-unllp < 5~ lluxllp

for all un € P3(D), we can bound the second term as

2
IV (PvH — Hy)llp < O [Py H — Hyllp

2

< Ct— TH (¢ H
Ct h srgg)i] HPN ®) D

o—2

h
< Otmers max (IE6) o) + 1H G hweo))

by combining the results of Lemma 4.7 and Theorem 4.8. An equivalent bound can be obtained for the
divergence of E in the case of a source free medium which, combined with the above, yields the result. O

As could be expected, the result inherits the temporal linear growth from the convergence result and
confirms the possibility of recovering spectral convergence of the divergence under the assumption of sufficient
smoothness of the solutions. It should be noted that while the result confirms high-order accuracy and
convergence, the estimate for the actual convergence rate is almost certainly suboptimal and leaves room for

improvement.

4.6. Entr’acte on the Scattered Field Formulation. Let us briefly return to an analysis of the
scattered field formulation discussed in Sec. 2.1, with the modified scattered field equations given in Eqs.(7)-
(8). We recall that we split the solution, g, as

9= +q ,
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and exploit the linearity of Maxwell’s equations to solve for the scattered field, g°, subject to the forcing by
the incident field, q’. As discussed in Sec. 2.1, this does not alter the scheme in any significant way except
at metallic boundaries where the boundary condition on the electric field component takes the form

nx EY" = -nx EY —2PyE' |
in the notation of Lemma 4.4, while the boundary condition on the magnetic field remains
s,+ S,—
nxHy =nxHy

Since this constitutes the only difference, we can restrict the subsequent analysis to the case of a metallic
object in vacuum without loss of generality as all other complications are covered by the analysis of the total
field scheme.

It suffices to consider the behavior of the computed solution which can be bounded as stated in the
following.

THEOREM 4.10. Assume that a scattered field solution, q° € WP(D), p > 3/2 to Mazwell’s equations
in Q = |J, D¥ ewzists, and that the incident field ' € WP(D), p > 3/2. Then the energy of the numerical
scattered field solution, @%, to the semi-discrete approzimation of Eqs.(7)-(7) is bounded as

> llavOllipr <~ (|Pra'®)]|pe
k k

+ [Pra'(0) + ai (O)l|px + ¢ max | T(s )||Dk>’

where C depends on the material properties and the angle conditions of the elements but not on h and n.
Proof. The proof proceeds in a way very similar to that of Theorem 4.8. Combining the equation for the
scattered field solution, g%, with the equation describing the projection of the incident field, Pyq’, summing

over all the faces and using g% + Pnygq’ as the test function we recover

1d ) ,
s llav +Paape <= X [(Pra’ +axl|lp
k

Interior Faces

—4 Z ”[PNE“rE ]”D’“
PEC Faces

+ Z (Pna’ + ax, PNT" ") pe
k

where the dissipative terms are gathered over the interior and PEC faces separately due to different boundary
conditions, while the global sum involves the truncation error, PnT?!, associated with the projection of the
incident field.

This latter term can be bounded as in Lemma 4.7

”PNTM”D < C np—3/2 |a’ ”WP(D) ’

where 0 = min(p,n + 1).

Proceeding as for Theorem 4.8 we subsequently recover
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from which

> llax®llpr <CY ||Pna’ (1) pe
k k

+2_llav () + Pyg'O)flpe + ¢ max > [PaT"()]pn
k SEEH T
thus establishing the result. O
Hence, also the scattered fields remain bounded up to linear growth in time. An interesting difference
between this result on that of Theorem 4.8 for the total field formulation is that the accuracy and growth rate
of the former is controlled solely by the smoothness of the incident field with the potential for exponential

convergence for sufficiently smooth illuminating fields.

5. Validation and Performance of the Scheme. Having developed the complete formulation for
the time-domain solution of Maxwell equations, supported by a thorough convergence analysis, it is now
time to consider the actual performance of the computational framework.

In the following we shall discuss the validity of the main theoretical results through a few examples
as well as exemplify the versatility and overall accuracy and performance of the complete framework for a
number of benchmarks. Temporal integration of the semi-discrete approximation given in Eqs.(20)-(21) is
done using a 4th order, 5 stage low-storage Runge-Kutta scheme [36] and a stability limited time-step scaling
as

At < CFL m(%n\/f-:rur|x|*1 ,
with /g, u, reflecting the modified local speed of light due to materials and

Ve V) V]
=ac T an Tac

Here | - | refers to the absolute value of each and of the vector components, i.e., |VE| = [|€], &1, |€:]]T-
Hence, x provides a measure of the local grid-distortion as a consequence of the mapping, ¥, of | into D, and
(A&, An, A{) measures axial distance separating neighboring nodal points in I. In this setting CFL typically
takes values of O(1) while the time step, At, scales as At ~ [/n? where [ is the minimum edge length on all
tetrahedra and n is the polynomial order of the approximation.

As a general measure of error we shall use the discrete LP-norm of the error defined as
1/p

6f @)l = | Y [Fn(af, ) - flaf, 0] ;

3.k

where fy(z,t) is the numerical approximation to the exact value, f(x,t) summed over all nodes, j, within

each of the k£ elements.
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F1G. 3. In a) is shown the temporal envelope of the mazimum error on Hy(t) in the two-dimensional cavity for different
orders, m, of the approzimation. The slope of the linear growth is plotted in b), confirming spectral convergence as predicted

in Theorem 4.8.

5.1. Elementary Tests and Verification of Theoretical Results. As a first verification of the
theoretical estimates, and in particular the linear growth predicted in Theorem 4.8, we consider the solution
of the two-dimensional Maxwell’s equations in the TM-polarization, i.e., we solve for (H,,Hy, E.). There
is, however, nothing special about this polarization.

The computational problem is that of a simple two-dimensional vacuum filled cavity, assumed to be
defined by (z,y) € [—1,1] x [-0.25,0.25], with the walls at z = £1 taken to be perfect electrical conducts
while the cavity is assumed to be periodic in the y-direction. The initial condition is a simple oscillatory

cavity solution as
Hy(z,y,0) =0 , Hy(z,y,0) =cos(rz) , E.(z,y,0)=0,

and the computational domain is discretized by 8 equivalent isosceles, each with 0.5 wavelength long sides.

In Fig. 3 we show the temporal envelope of the maximum error of H,(t), computed using the same
eight elements while increasing the order of the approximation. Following the main result, Theorem 4.8, we
expect that the error can grow at most linearly in time and that the growth rate should vanish spectrally for
smooth solution. The results in Fig. 3 not only confirm the validity of both statements but also illustrates
that Theorem 4.8 is sharp, i.e., we can not in general guarantee slower than linear error growth, although
we can control the growth rate by the order of the approximation.

To further evaluate the performance of the scheme, let us briefly consider the behavior of the divergence
and the ability of the scheme to propagate waves over long distances. For this purpose we shall continue to
consider the propagation of plane waves in simple rectangular domains, tiled using isosceles, each with an
edge length of 0.5 wavelength. In Fig. 4 we show the global L2-error of the divergence of H for a plane wave
propagating in a fully periodic domain being 2 wavelengths long and 0.5 wavelength wide, tiled using only 8
triangles. Consistent with the theoretical result in Theorem 4.9 the scheme preserves the divergence error to
the order of the scheme, i.e., the error vanishes spectrally as we refine the order, n, of the approximation. The
very notable even-odd behavior in the convergence is a consequence of the alignment with the triangulation.

The ability to propagate waves over very long distances is likewise illustrated in Fig. 4 where we also show
the L2-error of the H, component. Contrary to the small problems considered first, we are here considering
a 200 wavelength long domain and with the exact solution being use to truncate the computational domain.

The domain is tiled using isosceles with an edge length of 0.5 wavelength and a total of 800 elements. We
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FIG. 4. In a) is shown the global L?-error of the divergence of H for a plane wave propagating in a fully periodic domain
as a function of time and order of approrimation, n, confirming that the scheme conserves divergence to the order of the
approzimation, i.e., it decays spectrally with increasing polynomial order. The L*-error of Hy as a function of time and order
of approzimation, n, in a 200 wavelength long domain is shown in b), confirming the ability to propagate waves over very long

periods of time using only few points per wavelength.
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Fi1G. 5. In a) we illustrate the prism tiled using three high-order tetrahedra while b) illustrates the mazimum of Hy for a
(y, z)-polarized plane wave propagation as a function of time and order of the approzimation, n, confirming spectral convergence

for the three-dimensional case.

observe in Fig. 4 an expected slow error growth until ¢ = 200 after which it settles at a maximum error
level. This level, however, decays spectrally as we increase the order, n, of the approximation. Using as a
guideline that two edges span a wavelength, we see that with 7 points per wavelength (two n = 3 triangles)
yields about 10% error, only 9 points per wavelength (two n = 4 triangles) results in about 1% error while 11
points per wavelength (two n = 5 triangles) ensures about 0.1% error after 400 periods. This is a testament
to the advantage of using a high-order framework for wave propagation problems.

Let us finally consider a simple three-dimensional test case in which we have tiled a straightfaced prism
using three straightfaced tetrahedra as illustrated in Fig. 5. The test is that of a plane wave propagating
through the prism with the exact solution being used as the boundary conditions. As shown in Fig. 5 we

recover a rapid exponential convergence as the order, n, of the approximation is increased.

5.2. Two-Dimensional Examples. Having verified the performance of the basic computational setup
as well as the theoretical estimates, let us now consider problems of a less simple and more realistic character.

This shall not only allow us to illustrate more general features of the proposed framework but shall also be

27



a) b) RIS
101 PML s
3
5
I alA=75 o
< = <
S = s
5
10 PML |
10 0 10
XIN

F1G. 6. In a) is shown the finite element grid, consisting of 854 triangles, used for computing scattering by a perfect
electrically conducting cylinder of size ka = 15mw. A section of the grid in b) illustrates the bodyconforming nature of the grid

and the nodal grid supporting the high-order approximation.

used to verify that all the properties of the high-order unstructured grid approach, seen so convincingly in
the last section for simple examples, carry over to the solution of more realistic problems.
We shall focus the attention on problems described by the two-dimensional TM-polarized Maxwell’s

equations on the form

0H, OFE,
(31) NT‘W = - ay )
0H,  OFE.
NTW_ oz
. OE.  0H, B 0H,
"ot Ox oy '

subject to boundary conditions between two regions with material parameters, sgk) and ,uqu), fork=1,2, as

ax HY = x H? ,
EYN =E® |

Here H®) = (Hék),Hék),O)T and i = (fig, My, 0)” represents a unit vector normal to the interface. For the

case of a perfectly conducting metallic boundary the condition becomes particularly simple as
E.=0.

The computational domain is truncated with a Cartesian PML [37] using a quadratic absorption profile.

It is worthwhile emphasizing that results of equal quality and overall accuracy as the ones shown in the
following for the TM-polarized case has been obtained for the TE-polarized case.

As a first example we consider that of plane wave scattering by a perfectly conducting circular cylinder
with a radius of a = 7.5, i.e., ka = 157. The surrounding medium is assumed to be vacuum, i.e., €, = u, = 1.
The finite element grid, consisting of 854 triangles, utilized for this computation is shown in Fig. 6 along with
a section of the grid illustrating the full bodyconforming nature of the approximation as well as the nodal grid

supporting the high-order approximation. Maxwell’s equations are solved in the scattered field formulation
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F1G. 7. In a) is shown the bistatic radar cross section, RCS(0), as computed using the exact series representation as well
as the unstructured grid method at different polynomial orders, n. Evidence of high-order convergence for the RCS-computation

is given in b) showing exponential decay of the error in RCS(dBm) with increasing order of the approzimation.

and Prony extrapolation [38] is used to reduce the required computing time to reach the harmonic steady

state.

In Fig. 7 we compare the computed bistatic radar cross section, RCS(6), with the exact series solution
[39], for various orders, n, of the approximation using the finite element grid illustrated in Fig. 6. As
expected we observe a very rapid convergence with increasing n, yielding a reasonable engineering accuracy
computation with the 4th order scheme while increasing the order to n = 8 results in a perfect match. A
quantitative confirmation of this is also shown in Fig. 7, illustrating the expected exponential convergence
of the RCS with increasing n.

One of the most appealing advantages of a high-order framework on simplices is the ability to import
a strongly skewed finite element grid and recover a fully converged solution by increasing the order of the
approximation rather than having to reconstruct an improved finite element discretization. This property
is particularly important and useful for large three-dimensional problems where the grid generation phase
can be very complex and time-consuming. As an illustration of this approach to convergence, we consider
in Fig. 8 the plane wave scattering from a PEC cylinder with a radius of one wavelength, i.e., ka = 2w. The
measure of accuracy and convergence is based on the observation that the symmetry of the problem makes
one expect the scattered fields themselves maintain a high degree symmetry.

This is indeed confirmed in Fig. 8 where we show a deliberately chosen poor grid and the rapid recovery
of the symmetry of one of the scattered field components, H,, as the order, n, of the approximation is
increased without modifying the underlying finite element grid. The detail to which the symmetry is restored
is particularly noteworthy.

As an illustration of the capability to handle materials let us consider plane wave scattering by a pene-
trable circular cylinder with a radius of a = 3.5\ consisting of an ideal dielectric with &, = 2.0, i.e., similar to
that of glass. The problem is again solved in a pure scattered field formulation and the fully body-conforming
finite element discretization, consisting of a total of 1020 triangles, is illustrated in Fig. 9. We note that
the absorbing PML layer, containing about 2/3 of the total amount of triangles is unnecessarily thick for
illustration only and can be decreased without loss of accuracy.

As is likewise illustrated in Fig. 9 we recover the full bistatic radar cross section, RCS(#), with excellent

correspondence to the exact solution [40] and quantitative agreement over a 40 db dynamic range.
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Fic. 8. Example of convergence by increasing the order of the approximation, n, on a deliberately chosen highly skewed
finite element grid, illustrated in a). The convergence is illustrated in b)-f) for increasing the order from 4’th order to 12’th

order, showing a complete recovery of the expected symmetry of the scattered field component, Hy.

5.3. Three-Dimensional Examples. As a first verification of the general three-dimensional frame-
work, let us consider plane wave scattering by a ka = 10 perfectly conducting sphere, the analytic solution
of which is given by a Mie-series [39].

We use a fully bodyconforming grid with a total of 3000 elements, having an average edge length at the
sphere of 4\/5. Contrary to the two-dimensional case where we used a PML to truncate the computational
domain we choose in the three-dimensional case to embed the sphere in a (20\) cube and employ stretching
of the elements as one approaches the outer boundary. The grid is stretched such that the average edge is

about 2\ at the outer boundary. As in the two-dimensional case, all examples are done using a 4th order
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F1G. 9. Plane wave scattering by o ka = Tn dielectric circular cylinder with a relative permittivity e, = 2.0. In a) we
show the finite element discretization while b) shows a comparison between the computed bistatic radar cross section, RCS(0),

obtained with a 10°th order approzimation and that recovered by evaluating the exact solution.
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Fic. 10. Plane wave scattering by a ka = 10 metallic sphere for a fixed grid and increasing order, n, of the polynomial
approzimation. In a) we show the convergence of RCS(0,0) for vertical polarization (TM), while b) shows RCS(6,90) for
horizontal polarization (TE) of the incident field.

low-storage Runge-Kutta scheme to advance in time and Prony extrapolation to identify the solution.

In Fig. 10 we illustrate the convergence of the scheme with a fixed grid when increasing the order of
the approximation within each tetrahedron. Even for n = 3, i.e., a third order scheme with about 5 points
per wavelength, do we compute a reasonable solution while increasing the order yields a rapidly converging
solution as one would expect.

As a considerably more challenging problem, let us consider scattering by a perfectly conducting business
card sized metallic plate as illustrated in Fig. 11. The horizontally polarized plane wave impinges at the
metallic plate at an almost grazing angle, causing the excitation of very strong waves along the edges of the
metallic plate. These waves contribute dramatically to the scattering process and need to be resolved to
accurately predict the far field scattering.

This problem, being one of the EMCC benchmark problems [41] for code validation, is addressed by
using a total of 27000 straightsided tetrahedra, each supporting a 4th order polynomial approximation. The
average edge length at the edge of the business card is approximately A/5. The metallic plate is embedded
in a (20)\)? cube, with the elements being stretched to about 4\ at the outer boundary.
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F1G. 11. In a) we show the geometry for the plane wave scattering by a metallic business card while b) shows the comparison
between monostatic RCS experimental results [41] (full line) for horizontal polarization of the illuminating field and particular

computed data points (-).

In Fig. 11 we also show the comparison between the experimentally measured monostatic RCS [41] and
a number of particular computed data points. Again we observe good agreement over the full azimuthal
range with results well within the experimental error. The most significant discrepancy of a few dB for ¢ ~ 0
is consistent with other published results [41].

As a final example of the performance of the three-dimensional framework we shall consider plane wave
scattering from a dielectric cylinder of finite length. As illustrated in Fig. 12, the length of the cylinder is 5\
and the non-magnetic material has a permittivity of e, = 2.25, similar to that of glass. Clearly, the nature
of the fields is less dramatic than in the previous case and we find that using a total of approximately 67000
elements, supporting a 4th order approximation and with an average vacuum edge length at the cylinder of
A/3, suffices to accurately predict the far field scattering. The full computational domain is a cylinder of
radius 16\ and length 23\ with the stretched elements having a average length of 4\ at the outer boundary.

In Fig. 12 we show a direct comparison between the full bistatic RCS for a plane wave impinging directly
at the end of the cylinder as computed using the current framework as well as an independently verified
pseudospectral multi-domain axi-symmetric code [12]. As expected we find an almost perfect agreement

between the results of the two schemes over approximately 50 dB dynamical range.

5.4. Parallel Performance. The discontinuous element formulation of the scheme enables a highly
efficient implementation at contemporary large scale distributed memory machines. While this is a lesser
concern for the two-dimensional schemes, it is essential to enable the modeling of large scale three-dimensional
problems.

The developed schemes are implemented in a combination of Fortran and C with all computationally
intensive part written in Fortran and taking advantage of Level 3 BLAS [42] where possible. The parallel
interface is written in MPI [43] with METIS [44] used to distribute the elements over the processors. To
ensure high cache efficiency, we employ bandwidth minimization [45] of the nodal points locally to the
processors [46]. For computations maximizing the capacity of the processors, i.e., filling the local memory,
this is critical to ensure high performance.

In Table 1 we list the parallel speedup relative to the n = 2 case as the number of processors are
increased. A few things are worth noting. For a fixed size problem, the parallel speedup decreases slightly

as the number of processors increases which is natural as the relative communication cost increases. On
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TABLE 1
Parallel speedup for a 123.000 element grid, scaled to timing for n = 2 on 4 processors (- implies insufficient memory

local to the nodes).

Polynomial Degrees of Number of processors
order (n)  freedom (x10%) 4 8 16 32 64
2 7.4 1.0 20 39 75 137
3 14.8 - 09 18 35 64
4 25.8 - - 10 19 36
5 41.3 - - - 08 16
b)

a) 30 r 50

RCS (8, 90) (dBm)

RCS (8,0) (dBm)
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Fi1G. 12. In a) we show the geometry for the plane wave scattering by a dielectric finite length cylinder while b) shows
the RCS(0,0) for vertical polarization (-) of the illuminating field and RCS(0,90) for horizontal polarization (-) compared with
results obtained using a pseudospectral azi-symmetric code (full line) [12]

the other hand, for problem sizes utilizing the available resources we find a very high parallel efficiency,
e.g., increasing the problem size and the number of processors yields a close to constant speedup. The data
also show a minor decrease in relative performance for high order on many processors, which we speculate
is related to cache effects known to be become important as the size of the operators increase [29]. We

generally observe better than 90% parallel efficiency, consistent with other similar studies [47].

6. Concluding Remarks and Outlook. The main purpose of paper has been to introduce the reader
to a new class of high order unstructured grid methods suitable for the time-domain solution of Maxwell’s
equations. A number of central elements separate the current framework from previous attempts to develop
high-order accurate methods on unstructured grids. The use of a purely nodal basis has a number of
advantages in terms of ease of implementation by simple matrix-vector operations as well as the promise
to yield a highly efficient implementation. Furthermore, the generalized discontinuous penalty scheme was
introduced, offering an inherently parallel discontinuous formulation with a purely block-diagonal mass
matrix which can be inverted in preprocessing.

The particular focus on Maxwell’s equations allowed us to develop a complete, if not optimal, convergence
theory. A similar analysis can be completed for other classes of linear problems such as acoustics and linear
elasticity. We have confirmed the results of the analysis by thorough computational experiments, illustrating
the flexibility, versatility, and efficiency of the proposed high-order accurate unstructured grid framework.

While we have focused on linear systems in general and Maxwell’s equations in particular, the central

elements of the framework allows for more general formulations that enable the solution of typical nonlinear
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systems of conservation laws. This naturally raises questions about proper formulation of the fluxes at
interfaces, conservation, entropy solutions and stability of high-order schemes when approximating problems
with discontinuous solutions. We shall address these issues in [30] where we shall also demonstrate the

performance of such generalized formulations for the solution of conservation laws.

Acknowledgment. The authors extend their appreciation to Prof. D. Gottlieb and Dr. A. Ditkowski,

Brown University, for many fruitful discussions.

Efficient and Accurate Implementation Techniques. From the discussions in Sec. 3.2 it is clear
that the Vandermonde matrix, V, plays a crucial role in setting up the discrete operators for interpolation
and differentiation. The properties of V, e.g., its conditioning, depends exclusively on the structure of nodal
set, £;, and on the way in which we choose to represent the basis, i.e., p; (&). While the former is chosen to
ensure well behaved Lagrange interpolation polynomials, we have significant freedom in the specification of
pi(§)-

A particularly simple choice is that of the multivariate monomial basis, i.e., p;(&) = £in/¢*. However,
even for interpolation in one dimension, i.e., p;(¢) = &, is it well known that this basis leads to the classical
Vandermonde matrix with an exponentially growing condition number. Hence, even for moderate values of
n can we expect severe problems when attempting to compute the action of V~!. The well known solution
to this problem is to choose a basis that is orthonormalized with respect to some proper inner product to
assure the maximum degree of linear independence of the basis.

Such a basis has been known for long [48, 49, 50] and takes the form

1—s : i 1-—1t i i 1
(52) vin(© = POV (150) e (A1) R
where
2(1+¢) 2(1+n)
P S S T S L R
n+¢ 1-¢

and P\*?) (z) signifies the classical Jacobi polynomial of order n [51].
The tensor product structure of the basis, Eq.(32), becomes evident when one realizes that while £ is
restricted by |, the mapped coordinates, (r,s,t), covers [—1,1]3. Furthermore, it is easy to see that the

polynomial space Pi can expressed as
Py, = span {viji(€); 1,5,k > 0;i+j + k <n} .
An important property of the basis, Eq.(32), is its orthogonality on | [21] as
/I Vi (€)Vpar (&) d€ = YijrOijk,par

where d;ji pgr is the multi-dimensional Dirac delta and the normalization is
2 22i+2 22(i+j)+3
2i+12(i+j)+22(i+j+k)+3

Yijk =

Let us introduce the index, a € [0, N], reflecting some chosen ordering of (i, j, k) and hence t;;,. We can

thus rename the polynomial basis ¢ (§) = ¥4 (§) to simplify the notation in the subsequent discussion.
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With this machinery in place, let us address how to initialize the basic operations and the associated
operators needed for solving partial differential equations with the current context in an efficient and accurate
manner.

Using the orthogonal basis, ¥, it is natural to define the Vandermonde matrix to have the entries

1
Vij = \/—,Y_j%‘(ﬁi) .

The relation between the nodal and the modal representation of a function, f, follows directly from Eq.(12)

as
f=Vf, f=VIf.

Furthermore, we can compute the entries of the differentiation matrices directly by defining the entries of
P10 Eq.(15), using the derivatives of ;(€) expressed explicitly by the identity [51]

PO (6) =

b (n+1+a)PT0 ()

DN | =

In an equally simple and straightforward way we can define spatial filtering matrices, F, as
F=Vo(i,j,k)V' ,

where the order p filter itself is defined as

(i+j+k)(i+j+k+3)>p} ’

o(isii) = exp |- (

such that filtering is accomplished through a straightforward matrix multiply at a cost equivalent to that of
computing a spatial derivative.

While the interpolation, differentiation, and filtering operators will play a crucial role in the solution of
the partial differential equations, we shall also need to evaluate inner products on the general curvilinear

tetrahedron, i.e., we shall need an efficient and accurate procedure for computing

Umwb=/m®M@N®%,

where J refers to the transformation Jacobian for the mapping between D and | and fy € P2, gy € P3.
To evaluate this inner product, we exploit that fy and gy are expressed uniquely by their expansion in
Lagrange polynomials as

N
UNng::Ejﬁw%ixaLAOJ@ﬁE.

4,j=0

Furthermore, using the basis itself, 1, (&), we can express the Lagrange polynomials themselves using Eq.(14)

on the form
N
Li(&) =) Vi'en(©) -
k=0

This immediately yields the expression

35



N N
(33) (vl = 3 fiay 3 Vil Vigt [in(©pan€)7(€) e

i,j=0 k,1=0
N N
—1yr—1
= E figj E V]“' V[j Wy,
i,j=0 k,1=0

where the symmetric matrix of weights, W, has the entries

Wi = /I G (€)1 (€)T(€) dE .

On matrix form Eq.(33) becomes

(fvron)p = (V1) Wvig .

For all elements we may precompute (V~5)TWV~! in a preprocessing stage, storing only the upper half of
the operator due to symmetry. In the particularly important case where D is a straightsided tetrahedron,
i.e., J is a constant, the orthonormality of ¢, implies that W = JI, where I represents the identity matrix.
Hence, through a simple linear scaling one recovers the weights for all tetrahedra with planar faces. For the
general case where J(£) is non constant, the entries of W are computed exactly through over-integration by
product rules based on Legendre Gauss quadratures [52].

A final key operation needed for the implementation of the scheme is surface integration, i.e.,

(N 0N)sp = 7§ IMEav©TE) e

where J(&) refers to the surface Jacobian only. While one could proceed as for the volume integral discussed
above, it is more natural to exploit the uniqueness and completeness of the Lagrange interpolation. To
illustrate the procedure, let us restrict attention to one of the faces, face 'd’ (see Fig. 1), and term those
Nd = %(n + 1)(n + 2) nodes positioned at that face for ¢4, Clearly, using the exact same procedure as for
the three-dimensional Lagrange polynomial discussed above, we can compute a two-dimensional Lagrange
polynomial, l?(f ,1) based on £%. As for L;(£), we can recover l;.i as the solution to the dual problem

T
(Vd) ld — pd ,
where the entries of the Vandermonde matrix is
d d/ed
Vij =Dj &) -

The proper basis to use is the two-dimensional version of Eq.(32) given directly as p;.i (& n) =o€ n, —1).

This allows us to proceed exactly as for the volume integration and express the integration over face 'd’ as

/f & =Dgn(En, 16, ~1)dedn = (V) ) W (v T g

where f4 = [fn(€D), ..., fn (€%a)]T is the trace of fy at the face. A similar definition is used for g¢. The

matrix of surface weights are given as

Wi, = / i (€1 — L)€, ~1)T (€, 1) ded
face d
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In the important special case where the face is planar and has straight edges, orthonormality of the poly-
nomials immediately implies that W9 = JI as for the volume case. For the general case we shall use a
cubature rule [53, 54, 55] of sufficiently high order to evaluate the inner product, i.e., we need to interpolate
the polynomials, fy and gy, onto the M cubature nodes, Ed’cub, situated at the face. This is done by the
introduction of the interpolation operator

H=PT (V)™ | P;= plETT™)

i.e., P is an N9 x M operator. The evaluation of the inner product is then accomplished as

T
| e —nan(ennIEn-Ddedn = () B WHg

where the entries of the diagonal M x M matrix of weights are given as

Ny
Wi =w; Yy HyJ(EY)

k=0
containing the weights w; of the cubature as well as the interpolation of the transformation Jacobian of the
curvilinear face. While this formulation leads to the most compact scheme it proves advantageous to operate
directly on the values at the cubature nodes as they do not include the edges and vertices, i.e., we can
establish a clean face based connection between elements without considering the multiplicity of solutions at
vertices and the added complexity this introduces for the implementation and performance. Needless to say,
the whole discussion for the evaluation of the integral over face ’d’ carries over directly to the other faces,
hence completing the evaluation of the full surface integral.

It is important to realize that all the operators introduced in the above can be initialized during a
preprocessing phase. Furthermore, it is worth recalling the discussion in Sec. 3.1 in which we found that any
two straightfaced tetrahedra are connected through a linear transformation. Hence, for any straightfaced D
we can form any of the operators discussed in the above directly by a linear scaling of hard-coded template
operators defined on I. This saves not only preprocessing time but also reduces the required storage space

very substantially.
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