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Preface

This final technical report contains a summary of research carried out on Grant DAAHO04-
96-1-0080 from the Army Research Office (ARO) to Texas A&M University, with Dr. J. N.
Reddy as the principal investigator. Following Grantee data on the project on pages ii-
v, the remainder of the report is devoted to the technical discussion. 'To limit the size
of the report to a reasonable number of pages, certain topics are not covered in detail.
Additional information on constitutive modeling of shape memory alloys, electrostrictive and
magnetostrictive materials and associated finite element formulations can be found in the
dissertation of Dr. Govind Rengarajan (On the Inelastic Behavior of Crystalline Solids,
Ph.D. Thesis, by Govind Rengarajan, Department of Mechanical Engineering, Texas A&M
University, September 1998).
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Research Objectives:

e Develop computational strategies to study material behavior using coupled
electrothermomechanical analysis.

e Develop constitutive models for martensitic phase transformations in shape memory
alloys.

e Develop models of ferroelectric and electrostrictive behavior of single crystals and
ceramics. Include nonlinearity between strain and electric field (electrostrictive), and
nonlinearity and dissipation between polarization and electric field (ferroelectrics).

e Study of structures with embedded or mounted sensors and actuators.

Major Accomplishments:
e Development of multiple model computational approaches for efficient stress analyses.

o General formulations based on refined plate theories to study smart structural systems
with sensors and actuators.

e Development of a general constitutive model for ferroelectrics (including the
piezoelectrics) and electrostrictives.

o Development of a constitutive model for shape memory behavior.
e Computational analysis of shape memory behavior.
e Computational analysis of ferroelectric and electrostrictive behavior.

e Vibration suppression using magnetostrictive materials.
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laboratories (U.S. TACOM).
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Some of the possible applications of the developed methodology are:
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Technical Discussion

1. Background

In the last two decades, the subject area of smart/intelligent materials and structures
has experienced tremondous growth in terms of research and development. Numerous
conferences, workshops, and journals dedicated to smart materials and structures stand
testimony to this growth. The vastness of the literature is obvious considering the
interdisciplinary nature of the subject. Physicists, mathematicians, and engineers from
aerospace, chemical, civil, electrical, materials, and mechanical engineering fields are all
involved in some part of the development of smart materials and structural systems. One
reason for this activity is that it may be possible to create certain types of structures
and systems capable of adapting to or correcting for changing operating conditions. The
advantage of incorporating these special types of materials into the structure is that the
sensing and actuating mechanism becomes part of the structure by sensing and actuating
strains directly. These types of mechanisms are referred to as strain sensing and actuating

(SSA).

The technological implications of this class of materials are immense: structures that
monitor their own health, particularly useful in remote operations, process monitoring,
vibration isolation and control, and medical applications, to name only a few. On the
threshold of 21st century, we are entering into research and development of the next generation
of smart materials and structural systems. The next generation of smart material systems will
feature thermo-electro-mechanical coupling, functionality, intelligence, and miniaturization
(down to nano length scales). With the advent of these new generation of materials, reliability
and integrity of these systems become central issues. These systems operate under varying
conditions — they span the whole spectrum of magneto-electro-thermomechanical conditions.
These conditions could vary from low to high temperatures, low to high pressures, low to
high load levels, low to high strain levels, and low to high electric and magnetic fields.
Such operating environments pose serious problems to the design and maintenance of the
smart structural systems. Experimental investigations of both the smart material and the
structural system, though possible, are prohibitively expensive, and therefore they should
be complemented with theoretical analyses. The present study is concerned with one such
analysis. The following review of literature provides a background for the study.

2. Review of literature
2.1 Smart materials and structures

The phrase smart structural system refers to a wide variety of active material and passive
structural systems. For instance, a sufficiently general system is a composite (beam, plate,
shell, or any other fundamental form) with embedded or surface mounted piezoelectric or
electrostrictive patches, or even layers of active materials in a laminated system (see Figure
2.1). The literature contains many definitions of smart and intelligent structures. We prefer to
follow Newnham’s definitions!. The structures with surface mounted or embedded sensors and
actuators, that have the capability to sense and take corrective action are referred to as smart
structures. The feedback circuitry linking sensing and actuating is external to the sensor and
actuator components. In fact, this precisely distinguishes a smart structural system from
an intelligent structural system. Intelligent structural systems involve smart components in



which the functions of sensing, feedback control, and actuating are all integrated. This type
of system finds applications in aircraft wings, helicopter rotors, weapon systems, automobiles,
and so on.

Surface mounted active element patches

Embedded active element wires

Embedded active clement strips

Figure 2.1: A schematic of a laminated plate with surface mounted piezoelectric patches.

Essentially, a smart structural system is a multi-functional unit (see Figure 2.2). It has a
load (electrical, thermal, magnetic, or mechanical) bearing part which is usually passive, and
an active material part that performs the operations of sensing and actuating. For example,
vibration amplitudes in a flexible plate structure may be suppressed using the sensing and
actuation capabilities of piezoelectric or piezoceramic films by bonding them to the surfaces
of the plate. As the plate deforms due to external applied loads, the bonded piezoelectric
film (sensor) also deforms, and due to its constitutive behavior, it develops a surface charge
proportional to the applied force. The charge may be processed by a control system, which
supplies an appropriate voltage to the piezolectric film (actuator) that induces a counteractive
deformation to the plate structure and the amplitudes of vibrations are suppressed.

SMART STRUCTURAL SYSTEM
" (multi-functional)
I
PASSIVE STRUCTURE Contn ACTIVE MATERIALS
rimary "load"” bearin;
r m"m'uctm'e € Sensing and Actuation
Vibration Control Plezoelectric Materials
Shape Control Electrostrictive Materials
Size Control Magnetostrictive Materials
Speed Control Shape Memory Alloys
Precision Control Electro-Rheological Fluids J

Damage Control

Figure 2.2: Components of a smart structural system.




Piezoelectric materials, electrostrictive materials, magnetostrictive materials, shape
memory alloys, and electro-rheological fluids are some of the smart materials available today.
Among the currently available sensors and actuators, the smallest ones are of the order
of few millimeters. However, progress towards intelligent structures requires us to develop
smart material systems that are of the order of a few microns. The reduction in size has
tremendous technological benefits; however, clear understanding of reliability and system
integrity are vital to the efficient and optimum use of these material systems. As dimensions
get smaller, induced electro-thermo-mechanical fields get larger. Therefore, the convenience of
linearity in modeling should be abandoned and material and geometric nonlinearities should
be accounted for.

2.2 Piezoelectric materials

Piezoelectricity is a phenomenon in which some materials develop polarization upon
application of strains?. This phenomenon is observed in materials that have a non-
centrosymmetric crystal structure. Examples of piezoelectric materials are Rochelle salt,

quartz, and the most popular one, Lead Zirconate Titanate or PZT (Pb (Zr,Ti) O3).

Piezoelectric materials exhibit a linear relationship between the electric field and strains
for low field values (up to 100 V/mm). However, the relationship is nonlinear for large fields,
and the material exhibits hysteresis®. Furthermore, piezoelectric materials show dielectric
aging and hence lack reproducibility of strains, i.e., a drift from zero state of strain is observed

under cyclic electric field conditions?.

2.3 Electrostrictive materials

Electrostriction is a second-order effect observed in all dielectrics (centrosymmetric and
non-centrosymmetric crystal structure) where an applied uniform electric field induces a
strain, but a reversal of the field does not alter the strain?. That is, the strain is proportional
to the square of the electric field. An electrostrictive material that is being used increasingly
is Lead Magnesium Niobate or PMN (Pb (Mg;/3 Nby/s) O3). These materials have a
nonlinear field-strain relationship, but exhibit very little, if any, hysteresis®. Additionally,
these materials have excellent zero strain reproducibility in cyclic electric field conditions®.
However, strains induced by electrostriction are comparable to piezoelectricity only at large
electric fields. But the voltage can be reduced to the piezoelectric level for an electrostrictive
material with a high dielectric constant®. Table 2.1 summarizes the characteristics of
piezoelectric and electrostrictive materials.

2.4 Composites

The active composite elements are available in two forms: multi-layered active materials
and multi-phase active materials. The multi-layered active materials are stacks of active
materials wherein it is possible to achieve large fields for moderate voltage input levels?—14, A
typical multilayer piezoelectric actuator is shown in Figure 2.3. The multilayer active ceramics
are manufactured using tape casting technology and electrodes are embedded in several
different ways®1®. The multi-layer composite system is also amenable to miniaturization
as it is possible to decrease the thickness of active material layers. However, accounting for
nonlinearity in modeling is essential. Considerable research and development has been carried
out in piezoelectric multi-layered ceramics. Active vibration control using these multi-layered
piezoceramic configurations has been investigated!5—17.




Table 2.1. Characteristics of Piezoelectric and Electrostrictive Materials.

Piezoelectric Materials

o At low electric fields, the strain—-electric field relationship is linear.

o At large electric fields, the relationship is nonlinear, and hysteresis appears under cyclic
field conditions.

e Exhibits drift from zero strain state under cyclic field conditions due to dielectric aging.

e In the linear regime, the piezoelectric coefficient is constant and hence cannot be
electrically tuned with a bias field.

e Has been studied extensively in the last few years, and several analysis tools have
emerged; experimental characterization has been done extensively.

e Currently still popular because of lower power requirements at high frequencies, relatively

lower prices, and above all an understanding of the component integrity at low fields.

FElectrostrictive Materials

e The strain—electric field relationship is nonlinear.

e Shows very little, if any, hysteresis.

o Has excellent reproducibility of zero strain state.

¢ Requires a high dielectric constant to generate a large electromechanical coupling.

o Nonlinear relation between the strain and field can be used to tune the dielectric constant;
therefore, the electromechanical coefficient can be tuned over a wide range, changing from
inactive to extremely active states.

e While the constitutive relationship has been in existence in the literature for quite
a while>=8, modeling and analysis of the behavior of electrostrictive materials under
various loading conditions have not been carried out. Further understanding of reliability
and structural integrity of smart structural systems with electrostrictive materials is
necessary.

Multi-phase composite systems consist of an active phase embedded in a passive matrix
(for example, PZT rods in a polymer matrix!8=2°, as shown in Figure 2.4). Different
connectivity schemes are possible in a two-phase system. The classification based on
connectivity of active and passive phases was developed by Newnham, et al.?2!. Literature
abounds with papers on piezoceramic rods (active) embedded in polymer matrix (passive),
forming a 1-3 connectivity composite system!®1°. Finite element analysis of 1-3 composite
systems has also been carried out?>?3, These multi-phase composites are most often useful
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when there are conflicting requirements on the active material system. This type of active-
passive phase combinations helps in achieving multi-functionality. However, for reliability,
mechanics studies relating to active/passive material bonding interactions are necessary??.
Certain receptor cells in the cochlea of the inner ear undergo displacements five orders of

magnitude more than what the best piezoelectric ceramic can produce at the same level of
applied voltage and dimensionality?®.

Figure 2.3: A multi-layer actuator.

/— Matrix (Polymer)

PZT Rods

Figure 2.4: A schematic of a 1-3 connectivity composite.

2.5 Issues in modeling and analysis

The mechanics of smart material systems involves coupling between electric, magnetic,
thermal, and mechanical effects. In addition to this coupling, it may be necessary to account
for geometric and material nonlinearities. For example, an electromechanical transducer is
characterized by five important properties!: the resonant frequency, acoustic impedance,



mechanical damping coeflicient, electromechanical coupling coefficient, and the electric
impedance. If nonlinear electroelastic equations are included in the model, some or all of these
properties can be tuned; for instance, in an electrostrictive material, the electromechanical
coupling coefficient can be tuned with a bias field!. In order to tune the first fundamental
resonant frequency of the transducer, thin rubber layers are introduced in a multilayer PZT
laminate®®. The thin rubber layers necessitate the use of nonlinear elastic relations.

Toupin?’ was the first one to consider the nonlinearity in electroelastic formulations.
Knops?® presented a two-dimensional theory of electrostriction and solved a simplified
boundary value problem using complex potentials. However, rotationally invariant nonlinear
thermoelectroelastic equations were derived by Tiersten and his coworkers®”? and by
Nelson®.  Tiersten® has stressed the importance of including nonmlinear terms in the
constitutive relations, particularly at large fields. Joshi?® has also presented nonlinear
constitutive relations for piezoceramic materials.

To our knowledge, a fully coupled, nonlinear electrothermomechanical analysis has
not been carried out so far. Analytical studies have largely concentrated on fracture of
piezoceramics and electrostrictive ceramics. Cracks emanating from electrode junctions,
debonding in active/passive composite systems, and delamination in multi-layered stacking
are some of the analytical problems that have been considered in the literature3%3!. Coupled
analyses were carried out for linear piezoelectric materials®2.

During the present research, a general formulation for laminated composite plates with
piezoelectric/magnetostrictive actuators and/or sensors has been developed. Formulations of
both classical and shear deformation (first-order and third-order) theories were developed, and
they take into account the thermo-electro-mechanical coupling, von Karman type geometric
nonlinearity, and time dependency. The Navier solutions for the linear cases were also derived.
Assumed kinematics of deformation through thickness of the plate in various plate theories
is graphically depicted in Figure 2.5.

Figure 2.5: Kinematics of deformation of a plate edge in various plate theories.




3. Theoretical formulation using CLPT

3.1 Displacements and strains

The classical laminated plate theory (CLPT) is based on the Kirchhoff assumption (see
Reddy®!—%3) that straight lines perpendicular to the midsurface (i.e., transverse normals)
before deformation remain straight after deformation, they are inextensible, and rotate such
that they remain perpendicular to the midsurface after deformation. These assumptions
imply that the transverse normal strain €., and transverse shear strains e, and ¢y, are zero.

Consider a plate of total thickness A composed of NV orthotropic layers with the principal
material coordinates of the kth lamina oriented at an angle 6 to the laminate coordinate, z.
The zy—plane is taken to be the undeformed midplane Qg of the laminate, and the z—axis
is taken positive upward from the midplane. The kth layer is located between the points
z = 2z, and 2 = 241 in the thickness direction. Some of the layers have the sole purpose of
actuating or sensing deformation of the laminate (see Figure 3.1).

Sensor/Actuator Layers

Structural Layers

Figure 3.1: A schematic of a laminated plate with imbedded actuating/sensing layers.

In formulating the theory, we assume that the layers are perfectly bonded together.
Further, restrict the formulation to linear elastic material bahavior, small strains and
displacements, and to the case in which the temperature and electric fields are given.

The Kirchhoff hypothesis leads to the displacement field

Ow
u(x’y’zat) = uO(‘”’yat) - z_a_mo
v(z,y,2,t) = vo(z,y,t) — z%vy—o
w(x,y,Z,t) = wO(xay7t) (31)

where (ug, v, wo) are the displacements along the coordinate lines of a material point on the
zy—plane. Once the midplane displacements (ug, vy, wp) are known, the displacements of any
arbitrary point (z,y, 2) in the 3-D continuum can be determined using Eq. (3.1).



The nonzero von Karmaén strains associated with the displacement field in Eq. (3.1) are

given by
{ Eyy } = eg(,%) +2z e,f,? (3.2a)
Yy :gy) ’Y:g:y)
2
0 B () D) (-5
2
={ e o= g8+ 3 ’ ’ ={ew (= oy '
(%} (0> B om {e'} (1> s (3.20)
2
'yy(cy) ng + fm + a_quu_m ’Yn(:y) —QSzay

) _(0)

where (22, €y , V2 )) are the membrane strains and (592, 61%) ,'y%)) are the flexural (bending)
strains. The transverse strains (ez,,€yz,€2,) are identically zero in the classical plate theory.
Note from Eq. (3.2b) that all strain components vary linearly through the laminate thickness,
and they are independent of the material variations through the laminate thickness.

3.2 Lamina constitutive relations

The linear constitutive relations for the kth orthotropic (piezoelectric) lamina in the
principal material coordinates of a lamina are

o} W Qu Qiz 0 1% (e1—ay AT 0 0 en]® (£\®
o2 =Gz Q»n O ea—az AT 3} — |0 0 e3 & (3.3)
o6 0 0 Qss €6 00 O Es

where Q(]) are the plane stress-reduced stiffnesses and e( ) are the piezoelectric moduli of
the kth lamina, (0;,¢;,&;) are the stress, strain, and electrlc field components, respectively,
referred to the material coordinate system (:1:1, xg, x3), a1 and ag are the coefficients of
thermal expansion along the x; and zo directions, respectively, and AT is the temperature
increment from a reference state, AT = T — Tp. For layers other than piezoelectric layers,
the part containing the piezoelectric moduli ez(’.c) should be omitted. The coefficients Qg?) are
known in terms of the engineering constants of the kth layer:

E, V12 FEs va1 Ey E

Qu=1- viglar ’ Qu=1_ vigvr 1 —vigvm Qu=1" vigvar ’ Qs6 = Crz (3.4a)
and the piezoelectric stiffnesses are known in terms of the dielectric constants and elastic
stiffnesses as

00 e]® [0 0 dn]®[Qu Qo 0 ]W
{0 0 632] = [0 0 d3zj| lle Q22 0 :I (3.4b)
00 O 0 0 O 0 0 Qss

Since the laminate is made of several orthotropic layers, with their material axes oriented
arbitrarily with respect to the laminate coordinates, the constitutive equations of each layer
must be transformed to the laminate coordinates (z,y,z). The transformed stress-strain
relations relate the stresses (0zq, Oyy, Ozy) to the strains (€zz, €y, Yzy) and components of the
electric displacement vector (£;,&y, E;) in the laminate coordinates

Ozxz ) Qll Ql2 Q16 ) Ezr 03] (k) 00 €31 (k) 8,; (k)
Tyy Qiz Qn Q Eyy ¢ — $ @2 AT |- 10 0 é3 &y
Ozy Qi Qs Qs Yy ag 0 0 é3 &,

(3.5)

a0




where

Q11 = Q11 cos? 0 + 2(Q12 + 2Qss) sin? 0 cos® 0 + Qa2 sin* 0

Q12 = (Qu1 + Q22 — 4Qge) sin? 0 cos? 0 + Q12(sin 6 + cos? )

Q22 = Q11 5in* 0 + 2(Q12 + 2Qes) sin? 0 cos? O + Qaz cos? 0

Q16 = (@11 — Q12 — 2Qeg) sin 0 cos® 6 + (Q12 — Q22 + 2Qgg) sin® f cos §

Q26 = (@11 — Q12 — 2Qgg) sin® G cos 0 + (Q12 — Q22 + 2Qes) sin @ cos® 0

Qes = (Q11 + Q22 — 2Q12 — 2Qes) sin? § cos? 0 + Qeg(sin® 8 + cos* 6) (3.6)

and &;, &2, and &g are the transformed thermal coefficients of expansion
&1 = a1 cos’ 0+ aysin
&z = ay sin? 0 + as cos? @
ag = 2(ay — ag)sinf cos O (3.7)

and &;; are the transformed piezoelectric moduli

€31 = e31cos2 0 + espsin® 6 = Qss (d31 cos? 0 + dsg sin? 9)
32 = ez 8in% 0 + egp cos? f = Qss (d31 sin? @ + dgg cos® 9)
€36 = (631 - 832) sinf@cos@ = Q66 (d31 - d32) sinf cos @ (3.8)

Here 6 is the angle measured counterclockwise from the z—coordinate to the z; —coordinate.

We define
g\ ® &1 (k)
B =Le} ={ep (3.9)
€s €36

where summation is implied on repeated subscript j over the range 7 = 1,2, 6.

3.3 Equations of motion

The equations of motion can be derived using the principle of virtual displacements.
In the derivations, we account for thermal (and hence, moisture) and piezoelectric effects
only with the understanding that the material properties are independent of temperature
and electric fields, and that the temperature T" and electric displacement vector £ are known
functions of position. Thus temperature and electric fields enter the formulation only through
constitutive equations.

The equations of motion of the classical plate theory are

ONgz  ON,

5t = Ioa;;" - 1158; (%) (3.10)
P, 26;%? + 621;42% + N (w0, Nazy Ny, Nyy) +4
- 10% - Izg—; (%f} + a;;“) (3.12)
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where q is the distributed transverse mechanical load, and (Nzz, Nyy, Ngy) the total in-plane
force resultants and (Mzg, Myy, Myy) the total moment resultants defined by

Nao & [ Ozz Mgy 2 | Taz
Nyy ¢ = / 2 Ty pdz, { Myy o= / L\ Tw (2 d2
Nazy T2 | Oy Mzy B

2

(3.13)

Oy
(Io, I1, Iz) are the mass moments of inertia

(3.14)
and
0 a’wo 6100 0 611)0 8w0
= — | Ngg—— + Ngyy—— ~— | Ney—— + Nyy——
N 8:1:( “5g T $y6y>+8y( W5z yy8y>
Note that the force and moment resultants are related to the mechanical, thermal, and
piezoelectric strains through the constitutive equations. We will consider the laminate
constitutive equations in the sequel.

(3.15)

The generalized displacements and forces of CLPT are
ow )
Up, Us, WQ, —550- (essential)

oM,
Npn, Nnps, VnEQn-l-"—a’sE, My, (natural) (3.16)

where @, denotes the transverse shear force resultant on an edge with normal fi = (nz,n,).
In the dynamic case, it is given by

. O . ow
Qn = (an:,:z; + Mmy,y — Iytig + I2_6’:;0> ng + (Myy,y + sz,z — It + IZB—yO) Ny
Owg a’wo Bwo Owp
+ (M g+ Ny et (N5 + Mo )

(3.17)

The force and moment resultants on an edge with normal i to those on edges parallel to the
z and y coordinates by

] 1 [ V.
Npn _ ng 'n,g znzny TT
{ Nps } 1 —TgNy  NgNy ng - n; Nyy (3.18a)
zy
i 1 [ M.
Mpn \ _ ni ng 2n$ny Tz
{ Mps } 1 —NgNy NgNy n2 — ng My, (3.18b)
zy
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3.4 Laminate constitutive equations

Here we relate the force and moment resultants in Eq. (3.13) to the strains. By definition,
we have

Nxz N Zk41 G-Z:B
{Nyy}=2/ {O'yy}dz
Ngy k=1"7%k Oy
N oz Qu Qi Q16 ®) [ eoa a ) ® e | ¥
=Z / Q12 Qa2 Qo Eyy ¢ — { Q2 AT | —< é3o k)
k=17 %k ~ .

Qs Q2 Qes

Yy Qg €36
Apn A Agg E%gz) Byn Biy Big E%c) NL, NE,
= A1 A A | ey ¢+ |Bi2 B2 B Eg(w) - NE V- NE
A Az Ass] (4D Big Bz Bes] | L) NZ, NE
(3.19)

where {NT} and {NF} are thermal and electric force resultants

N 241

{NTY=3" / {BYPAT dz (3.20)
k=1"%k
Ne 241

NPy =% / (@ ®e® gy (3.21)
k=1"%k

N, is the number of actuating layers, and

{BY® = [Q®{a}® (3.22)
Similarly, we have
My B11 B2 By el D11 D1z Dis el ML, ME,
Myy ¢ = | Bi2 B2 Bag aé?,) + | D12 D22 Do 83(,2) - M;,Ty —{Mﬁ,}
My, Big Ba2s Bss ryég) Dig Das Des fyé‘}) MZ, ML
(3.23)
where {M7} and {MF} are thermal and electric moment resultants
T LAy,
(MT}=%" / (BYWAT 2 dz (3.24)
k=1""%k
Py [
(MP}=%" / (B WD 5 dz (3.25)
k=1 %k

Here A;; denote the extensional stiffnesses, D;; the bending stiffnesses, and B;; the bending~
extensional coupling stiffnesses

N N
_ 1 .
Aij=> Qg-“)(zkﬂ ~25), Bij= 3 > QE}“)(z,%H — 27)
k=1 k=1
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Dy = 3 Z Q(k) (241 — =) (3.26)

Note that Q’s, and therefore A’s, B’s, and D’s, are, in general, functions of position (z,y).
Equations (3.19) and (3.23) can be written in a compact form as

(A e (v 21
{M} [B] (D] \{e} {M7} {M"}
Suppose that the temperature and electric fields vary linearly within kth layer
AT =T (z,y, )09} (2) + T3 (2, y, )5 (2) (3.28a)
E: = EX(z,y, ) (2) + EF (z,y, )¥5(2) (3.280)
where ¥ are the linear interpolation functions of the kth layer
i) = 22, gh(e) =, a<z<an (3:29)

and TF and T} denote the temperature at the bottom and top surfaces of the kth layer.
Similar notation is used for the electric field. Then the thermal and electrical forces and
moments can be evaluated as

Ng, N e [@un Q12 Que1® (@) ® e AT
N}, v = Z / Q12 Q2 Q2 672 (TPYf + Toys)dz = ¢ A7 © (3.30)
NT | Q16 Q26 Qe AF
M, r zk+1 Qu Q2 Qs ® al (k) BT
{ MS;, Q12 Q22 Q2 (TFF + TEE)2dz = BT (3.31)
MZ, 1 Z" | Q16 Q26 Qs | Be
Nﬂ% N 2k+1 Qu Q12 Que]® (da | ® - A}’z
Ny, ¢ = Q12 Q22 Q% Cl (ErY7 + E3¢5) Ay ¢ (3.32)
NE, k z’° | Q16 Q26 Qs dss AF
M, zk+1 [Qu Q12 Q6] (k) da1 *) Bf
My, Q12 Qa2 Qs ds2 ¢ (EFYE + EFuE)zdz = { BE }(3.33)
ME, | Q16 Q26 Qo6 dse B§
where (i =1,2 6)
Ln s~ g®a0 (7k 4 78 24
52_ aj(1+2>k (3.34a)
18 _
-é E (k)a§k) [le (hk +32) + Tzk (2h + 3Zk)] h (3.34b)
are the thermal stiffnesses, and
1 Qe
AF=23 % QW (5{= + 85) hi (3.35a)
k=1j=1,2,6
1 N
BF = P Z Y QP (€ (e + 321) + EF (2hi + 321) | b (3.350)

=1,2,6
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are the piezoelectric stiffnesses, and N, < N is the number of actuator layers. If the electric
field intensity is constant across each lamina, then one may approximate it as

EF =€k = hK: (3.36)

where Vj is the applied voltage across the kth layer and hy is the thickness of the layer.

The stress resultants (N’s and M’s) are related to the displacement gradients,
temperature increment, and electric field by the relations

2
Oug , 1w 82w
Nzo Aun Ap A oz 12 ( oz )2 By Bz Big) | &
Nyy ¢ = | A1z A A dvg 4 1 (8wg —|Bi2 B B |{ FF
N. Aie Azp  Ass o 2\ B¢ B Bes P
£ .%o
. G gy g 258

ATY (AP
—~ A§ - Ag (3.37)
A6 AG

dug 4 1 (2w 2w

Mo Bin Biz Bis oz T3 ( Oz )2 Din D12 Dis [z
Myy ¢ = |Biz B2 B ow 4 1 %lﬂ_n) — | D1z D22 Dy B
Mgy Bic B Beol | gug ., ouy | 6w dwg Dys Dazs Des] | 922w
By + oz + Bz Oy Ozdy

BY BY
-{BY Y- BP (3.38)
Bg Bf

4. Theoretical formulation of TSDT

4.1. General comments

The classical laminate plate theory and the first-order shear deformation theory are the
simplest equivalent single-layer theories, and they adequately describe the kinematic behavior
of most laminates®2. The third-order theory of Reddy®!:52:54 represents the plate kinematics
better, does not require shear correction factors, and yields more accurate interlaminar stress
distributions. Hence, the generalized third-order shear deformation laminate theory (TSDT)
of Reddy®?, which contains the first-order shear deformation theory (FSDT) as a special case,

is used to develop the governing equations of laminated plates with actuating and/or sensing
layers.

4.2. Displacement field and strains

The Reddy third-order plate theory is based on the displacement field

u(x’ ¥, % t) = UO(-T,Z/, t) + qum(ﬂl',y,t) - 6123 (¢m + %)

v(z,9,2,t) = v0(z, Y, 1) + 2¢y(2,9, ) — c12° (% + %%)

w(z,y,2,t) = wo(2,y,1) (4.1)
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where (ug, v, wo) and (¢z, ¢y) have the same physical meaning as in the first-order theory;
they denote the displacements and rotations of transverse normals on the plane z = 0,
respectively. Then the displacement field of FSDT is obtained by setting ¢; = 0, and for the
Reddy third-order theory we set ¢; = 4/(3h2).

Substitution of the displacements (4.1) into the von Kérmén nonlinear strain—

displacement relations yields the strains®?
Exx 8:(l:0z) 59:2 55:?
Eyy ¢ = 51(1(3)1 +2 51%/) +2° Egy) (4.2)
Yoy ) 4y %y %Y
e\ _ [0\ 2[R
{71’ } =1 o ¢+2 3 (@ (4.3)
Tz Yzz Yzz
where
2
) 1(8 B¢
Q) Ze+3 (%) 50 3
e =0 ow 1 3_wu)2 , e =4 (4.4)
© Oy, % 6112 ?';:u dw (1) 9= + ¢y
T By T ot e oy Ty & T o
(el i
% (% + %)
3 d
G (=maf (Eese) ®
d¢: | O 8?2
2y (% + B +258)

Y2\ _ ¢y+%a
’Ya(:(;) B ¢z+'63%,0' ’

4.3. Constitutive relations

(2 Swi
(B)-w{liB)) e

In addition to the constitutive relations in Eq. (3.5), we have the following requations
for the transverse shear stresses

9 o &
Oyz | _ | Qus 6_245] { Yyz } [614 24 0] a:
{ Ozz } [Q45 Qss Yoz + éis €epx 0 g-z (4-7)
where

Qa4 = Quacos® 0 + Qsssin? 0
Qa5 = (Qs5 — Qa4) cosfsinb
Q55 = Q55 00 0 + Quq sin® (4.8)

€14 = (€15 — e24) sinf cos b
€24 = €94 OS2 0 + e35sin? 0
15 = e15c0s% 0 + egq sin? 0




€5 = (e15 — egq) sinf cos §

€11 = €11 cos’ f + egpsin® @
€9y = €11 8in% 0 -+ €9y cos® §
€12 = (€11 — €22) sinf cos

€14 €15 dia dis] [ 4 A
€24 €25 } = [dog das [%44 845 ]
0 0 0 0 45 55

Also, we have

4.4. Equations of motion

15

(4.9)

(4.10)

(4.11)

The equations of motion may be developed using the dynamic version of the principle of

virtual displacements.

aNa;z aNzy _ .- e _ ?_"ijg
9z + —55— = Iyiig + J1¢pz — 113 oz
ON, ON, . - ow
E“Z -+ _Wyy = Iotg + J1py — CIIS_(?_:I;Q
aQ:c aQy Owg Owy 3w0
5z | By +a (Nea g+ Ny 5.1) + 5 ( ””yam S N By

8%y 0%

PM O Py + s Pyy) +q = Iotio — ls( S

+c1( +25- 3 52z +—_6y2
o 8 z O
ta 13<9ﬂ+—1’—°>+J4< : ¢”)
OM,, BM Oy
e + —= ay Q:r, = Jiig + K2¢m — 1y 9
asz aMyy A — . It %
B + By Qy = J1p + K29y — c1J4 By

where
Mg = Maﬂ — 1 FPap, Qa=Qa—3c1R,

N ., .
I,-=Z/ oW ()i dz (i=0,1,2,--,6)
k=1"%k

Ji=IL—clys, Ke=IL —2al4+ Sl a1 = 372

and (Prg, Pyy, Pry) and (Rz, Ry) denote the higher-order stress resultants

Pyy h/2 | Ozz h/2
(o)) (8- Loden) e
Pmy —h/2 Oy ~h/2 Tz

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18q)

(4.18b)

(4.19)
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The primary and secondary variables of the theory are

Primary Variables : wu,, us, wo, 8w0, Ony Gs (4.20a)

Secondary Variables: Npn, Nps, Vn, P,m, My, My (4.200)
where P,,, has the form similar to My, [see Eqs. (2.18a,b)] and

. [(8Pm N aPmy) _— <3Pmy N aPyy> ]

ox dy 0z Oy
. - 0o . ow
- [(I3u0 + Jabs — Cﬂh%) Ng + (Isvo + Jady — 0116—(;;—0) ny]
oP,
+ (Qznz + Qyny) + P(wo, Nyg, Nyy, Nay) + ¢1 B 2 (4.21)
= (N, 2% N, 0% Owo |y, Owo
P= (Nu 2 4+ Ny )nz + (Nzy 2 4 N )ny (4.22)

The stress resultants are related to the strains by the relations

{N} [4] (B] [E]] ({9} {NT} {NF}
{M} s =1[B] [D] [F]]{ {e™M} {MT} 5 — & {MF} (4.23)
{r} [E] [F] [H]] {{e®)} {PT} {PF}
{Q1\ _ [ D]}
et =1o wHGe)) (424
N
(Aij, Bij, Dij, Esj, Fij, Hij) = Z/ (k) 1,2, 2%, 2% 24, 6) dz (4.25a)

N
(Azp D‘L])EJ) = z/ o Q(k) (1722, 26) dz (425b)
zx

The stiffnesses A;;, Di; and Fj; are defined for 4,5 = 1,2,6 as well as 4,5 = 4,5. The
stiffnesses B;j;, F;; and H;; are defined only for 4,5 = 1,2,6. The coefficients A;;, B;;, and

D;; were given in terms of the layer stiffnesses Qﬁk) and layer coordinates zxy; and zx in Eq.
(2.26). The higher-order stiffness coefficients are defined by

1 T -
By =7 2. Q (k)" = ()|
k=1
F; = 1¢ A [ 5 5]
ij = g ZQ@]‘ _(Z’H‘l) - (zk) ]
k=1
1 & w1 |
Hy =2 > Q3 [(era) = ()] (4.26)
k=1

Note that the stiffnesses E;;, Fi; and so on of the third-order theory involve fourth or higher
powers of the thickness, and, therefore they are expected to contribute little to thin laminate
solutions. Even for moderately thick laminates the contribution can be small.
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5. Sensor and actuator equations

5.1. Electro-mechanical coupling

The electro-mechanical coupling is a two-way coupling. The effect of applied electrical
field on stresses is, as indicated by Eq. (2.5), is analogous to the effect of the temperature
field. The components D; of electrical displacement vector are related to the components of
strains and electrical field by

D1 (k) 0 0 0 (k) €1 €11 0 0 (k) 81 (k)
Do =10 0 O €2+ 0 €9 O & (5.1)
D3 esp ez 0 €6 0 0 e33 &3

where e;; are piezoelectric stiffnesses and €;; are dielectric coefficients. The transformed

equations are
DA® 10 0 071® (ep a1 a2 071® (£ 3W
D, =10 0 0 Eyy ¢ — | €12 &2 O &y (5.2a)
D, €31 €32 €36 Yy 0 0 é&s3 &,

Equation (5.2a) is modified to account for the transverse shear strains in TSDT

D, 0 0 0 Exz €14 €15 €11 €2 O &
Dy ;=10 0 0 Eyy ¢+ | €24 €25 { Tyz } — | &9 &9 O &y (5.2b)
D, €31 €32 €36 Yoy 0 0 Vzz 0 0 &3 &

This electromechanical equation provides the starting point for the derivation of the
sensor and actuator equations!®13:15,

5.2. Sensor equations

According to the Gauss law, the closed circuit charge measured through the electrodes
of the kth layer is

1
Qk(t) = = [ / D, dxdy + Dzdxdy} 5.3
O=3f 53)

S1(z=zk41)
where St = Sy N S; is the intersection of the electrode surfaces on both sides of the lamina
(see Figure 5.1) and subscript ‘s’ denotes sensor. The electrodes are assumed to be placed
on the transverse surfaces with the poling direction z. Hence, only the component D, of
the electric displacement vector is nonzero. When Eq. (5.2) is applied to sensors where the
converse piezoelectric effect is negligible and the external applied charge is zero, the sensed
charge can be calculated from Eq. (5.2) as

Exx
D, ={e31 €32 €36} eyy (5.4)
Yy

The total charge in the laminate is calculated by summing over the number of sensor layers,
N,:

1 N
Qk £ == / D,dxdy + Dzda:dy] 5.5
s( ) 9 kz::l Sr(z=2x) Si(z=zk4+1) ( )



18

Substituting Eq. (5.4) into (5.5), we obtain

13 1 _ _ _ i _ k)
Qs(t) = 3 kz—:1 /S 1 [63185502 + E326\0) + E367\D) + 2 (6316% + ea2ell) + 6367%))] dzdy

(5.6)

‘where 2¥ = 0.5(z + 2k41)-

jij Sensor/Actuator Layer

Figure 5.1: Laminate with surface electrodes (S; =surface electrode in the top surface,
Sy = surface electrode in the bottom surface.

We note that Eq. (5.6) was obtained by setting the externally applied fields £® and
EM to zero, because when the surface electrodes are short-circuited on both sides of the

piezoelectric lamina, the terms containing the externally applied electric field intensities 2(1)

and 82(2) should be set to zero. The resulting equation is the closed-circuit charge sensor
equation, which relates the output signal to the plate deformation.

The current I(t) on the surface of the sensor is given by

1) = 2 (5.7

When the sensors are used as strain rate tensors, the current can be converted to the open
circuit sensor voltage ouput V; by12:3%

Vi(t) = GeI(t) = Gﬂ%" (5.8)

where G is the gain of the current amplifier.

The sensor forces {N*} and moments {MF} (and {PF}) are then evaluated by using

0
&= { 9 } (5.9)

hs
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in Egs. (3.32) and (3.33). Here h; denotes the thickness of the sensor layer. The forces and
moments will be determined in terms of of the strain rates in the sensor layers.

5.3. Actuator equations

The actuator equations for piezoelectric actuator can be derived using induced strain
actuation. We assume that the piezoelectric actuator layer does not have any applied stress.
Then Eq. (5.1) gives the strains developed by the electric field on the actuator layer

{e}a =@ @€} = [QIQI"[@"{€} (5.10)

[Q){e}e = (@71 {€) (5.11)

The stresses due to the actuator strains are

{o}a = [Qle)a = [QIT 1A {E} (5.124)

or
of = Qijdki&x (5,5 =1,2,6; k=1,2,3) (5.12b)
The stress vector can be used to generate the actuator forces {NF} and moments {MF}.

If the voltage applied to the actuator in the thickness direction (only) is V,, then

0
o-(3) o
Fa

where h, is the thickness of the actuator layer. Then we have

Nf = Qijds;Va (5.14a)
Mf = Qiﬂgjvazg (514b)

where 2¢ is the distance from the midplane to the center of the actuator layer.

6. The Navier solutions of CLPT
6.1. Preliminary comments

The equations of motion (3.10)—(3.12) can be expressed in terms of displacements
(ug,vo,wo), temperature field (T°,77), and electrical field (£2,£L) by substituting for the
force and moment resultants from Egs.(3.37) and (3.38). For homogeneous laminates (i.e.,
for laminates with constant A’s, B’s, and D’s) and under the assumption of small strains,
displacements and rotations, the equations of motion (3.10)—(3.12) can be expressed as®?

cn €12 €13 Ug my; 0 mys 1:1.0 0 ff f
clz 2 c|{vo o+ | O mep mea|{ P =30+ Fr+eff 4 (6.1)
c13 c23 c33] Lwo mig 3 maz | \ Wo q 5 5
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where the coefficients ¢;; and m;; are
11 = And: + 2A16dedy + Aged>
c12 = Aed2 + (A12 + Ags)dody + Aneda
- [Budi +3B16d2dy + (Bia + 2Bes)dad? + B%dg]
c2 = Aged2 + 2Agededy + Agod2
e = — |Biod? + (Bra + 2Boe)d3dy + 3Baodad? + Bnd]
cs3 = Dud; + 4D1gdydy + 2(Di2 + 2Des)dady + 4D2gdydy + Daady
ma = —Iod? , myz = L1dpd? | mgg = —Ipd?
mas = hdyd; , mas = Iods — IpdZ(d2 + d2) (6.2)
di,di, and di denote the differential operators
i i i
=g =57, =g
and fI and fF are equivalent generalized thermal and piezoelectric forces
T = ONL. N 3N;"y, e ONg, ONg,
oz Oy oz dy

(i=1,2,3,4) (6.3)

32 MT 62 MT 62 MT
T _ Tz Ty Yy
f3 = ( 2 T 2 520y + oy (6.4)
P = ONE, N ON[, P ONf, ON[
1 oz oy ' 7?2 dx By
P ?ME 262M{; 62M£, ©5)
3 O0x? Oxdy Oy? '

In this section, we develop the Navier solutions of Eq. (6.1) for simply supported
rectangular laminates with actuating and/or sensing layers. In the Navier method the
generalized displacements and applied loads are expanded in a double trigonometric series
in terms of unknown parameters. The choice of the functions in the series is restricted to
those which satisfy the boundary conditions of the problem. Substitution of the displacement
expansions into the governing equations should result in a unique, invertible, set of algebraic
equations among the parameters of the expansion. Otherwise, the Navier solution cannot be
developed for the problem.

The Navier solutions can be developed only for two classes of laminates. The first class
has the following stiffness characteristics:

Arg = Age = B1g = Bog = D1g = Doyg =0
AF=Bf=AF =B =0 (6.6)
and the second one has

Aig = Agg =B11 = Bi2 = Bag = Beg = D1g = D =0
AF =BT =AF =B =0, =0 (6.7)
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These restrictions necessarily require that the actuating and sensing layers should be placed
such that the laminate stiffnesses satisfy the above requirements. The stiffness characteristics
in Eq. (6.6) are satisfied by antisymmetric cross-ply laminates, while those in Eq. (6.7) by
antisymmetric angle-ply laminates®?

6.2. Antisymmetric cross-ply plates

The simply supported (SS-1) boundary conditions used for antisymmetric cross-ply
laminates are

871)0 3w0

up(z,0,t) =0, (a: 0,t) =0, wup(z,b,t)=0, (x b,t) =

awo awo

vO(an7t) = 07 (0 y:t) vo(a,y,i) = 07 (a’ y,t) =

wo(z,0,t) =0, wo(:c,b, t) =0, wp(0,y,t) =0, wo(a,y,t) =0
Nez(0,9,t) =0, Ngz(a,y,t) =0, Nyy(z,0,t) =0, Nyy(z,b,t)=0
M(0,y,t) =0, Mgz(a,y,t) =0, My (z,0,t) =0, My(z,b,t)=0 (6.8)
where a and b are the planform dimensions of the plate.

The displacement boundary conditions in (6.8) are satisfied by assuming the following
form of the displacements:

uo(z,y,t) = Umn(t) cosaz sin Sy (6.9a)

8||M8
8uM8

vo(z,y,t) = Z Z Vmn(t) sinazx cos Py (6.90)

n=1m=1

wo(z,y,t) = i i Wmnn(t) sinaz sin By (6.9¢)

n=1m=1

|
|

where a = mn/a and 8 = nn/b and (Unn, Vimn, Wmn) are coefficients to be determined.
Similarly, the applied loads are expanded in double sine series as

a(z,y,t) = iojl ian(t) sinaz sin By (6.10a)
{(NT} = Zl Z{ T }sinazx sin By (6.100)
{MT} = Zl z_:l{M,'fm}sin azx sin By (6.10c)
{NF} = i i{Nﬁn} sinax sin By (6.10d)
{MF} = Z E}{Mﬁn}sm oz sin By (6.10¢)

n=1m=1
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where the coefficients Qmn, for example, are given by
4 b ra
Qmn(t) = ;1—5/ / q(z,y,t) sinazx sin By dxdy (6.11)
o Jo
Substitution of Egs. (6.9)-(6.11) into Eq. (6.1) yields for any m,n,z, and y, the following

differential equations in time
¢in G2 &3] [ Umn 11 0 —hol ( Unn
Vinn + 0 m22 —I lﬂ Ymn
Wmn

Ci2 G2 &3

&3 63 C33] | Winn —ha —-LB 1ss
0 "aN{mn aNlpmn
= { 0 } + { _ﬁNgmn } + { _IBNZPmn } (612)
an a2MiTmn + :BzMérmn a2M1Pmn + 132M2Pmn

where &;; and 7h;; are
11 = (A110? + Age?), é12 = (A2 + Aes)p
é13 = —B11a® — (Big + 2Bgs)af?, &2 = (Assa® + Azff?)
ép3 = —(Big + 2Bgg)a’3 — By 3
C33 = D11a4 + 2(D12 + 2D66)a2ﬁ2 + D22ﬁ4
iy = Io, gy = Io, ez = Ip + L(a® + %) (6.13)

Equation (6.12) must be modified to include the sensor and actuator equations. If the
plate has only actuators, then the modification is simple; the actuator forces {N¥} and
moments {MF} in the above equation must be replaced using Egs. (6.14a,b). One must

be careful to include them only for the actuator layers, and for other layers one must set
{NF} = {M"} = {0}.

6.3. Antisymmetric angle-ply plates
The simply supported (SS-2) boundary conditions for the antisymmetric angle-ply

laminates are
up(0,y,t) =0, wuo(a,y,t) =0, vo(z,0,t) =0, vo(z,b,t)=0
ouy oun
ox Oy
wo(z,0,t) =0, wy(z,b,t) =0, we(0,y,t) =0, wo(a,y,t)=0
Nzy(0,9,t) =0, Ngyla,y,t) =0, Ngy(x,0,t) =0, Nyy(z,b,t)=0
Myz(0,y,t) =0, Mye(a,y,t) =0, My(z,0,t) =0, My,(z,b,t)=0 (6.14)

The displacement boundary conditions in (6.14) are satisfied by assuming the following form
of the displacements

(z,0,t) =0, %—Zg(x,b,t) =0, (0,y,t) =0, %ﬂyg(a,y,t) =0

’LL()(iE, Y, t) =

M8
M8

Umn(t) sinazx cosfy (6.15)

3
il
-
3
i
pai

v
NgE

vo(z,y,t) Vmn(t) cosax sin By (6.16)

3
I
—
3
I}
for

wo(z,y,t) Winn(t) sinaz sin By (6.17)

Ve
NgE

3
Il
-
3
il
~
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Substitution of Egs. (6.15)-(6.17) and (6.10a—d) into Egs. (6.1) yields

¢11 G2 13 Umnn mi; 0 0 Unn
Ci2 G2 C23 Vin ¢+ 0 hee 0 Vinn
€13 Cp3 C33+833] \ Wi 0 0 gz f Wi

0 _ﬂNgmn ":BNéDmn
= 0 + _aNgmn + _aNGPmn (6‘18)
an a2Wmn + ﬂ2M2Tmn a2M1Pmn + ﬁ2M2Pmn

11 = Ano® + AgeB?, 12 = (A12 + Ass)
é13 = —(3B160® + Bysf%)B, a2 = Assa® + Anof3?
és3 = —(Bisa® + 3By )
C33 = D11a4 +2(Dy2 + 2D56)a2,32 + D22ﬂ4
iy = Iy, ge = Iy, s = Iy + La® + ?) (6.19)

where

7. The Navier solutions of TSDT
7.1. Preliminary comments

The five equations of motion, Eqs.(4.12)—(4.16), admit the Navier solutions for simply
supported antisymmetric cross-ply and angle-ply laminates®256:57, For antisymmetric cross-
ply laminates the following stiffnesses are zero:

A=A =Ass=DBig =By =Dig=Dop=11=0
Ew=FEx=Fe¢=Fp=Hg=Hyp=Dis=Fps=R=Is=1;=0 (7.1)
and for antisymmetric angle-ply laminates the following stiffnesses are zero:
A1g = A2s = Ags = B11 = B1a = Bao = Bgg = D1g = Dog = I1 =0
Bijn=Bia=Bp=Bsgg=Fig=F=Heg=Hyp=Dys=Fps=I3=Iy=1I; =0 (7.2)

The Navier solutions of the linear equations for these two cases are presented next.

7.2. Antisymmetric cross-ply plates

The SS-1 boundary conditions for the third-order shear deformation plate theory are
U'O(xa 07 t) = 07 ¢m($7 0’ t) = 07 u0($7 b7 t) = 03 ¢m(x7 b? t) = 0
’U()(O,y,t) = 07 ¢y(07y7 t) = 0) vO(a')y>t) =0, ¢y(a7 Y, t) =0
wo(z,0,t) =0, wo(z,b,t) =0, wo(0,y,t) =0, wola,y,t)=0
Nz (0,9,t) =0, Ngz(a,y,t) =0, Nyy(z,0,t) =0, Nyy(z,b,t)=0
MZI(0> y7t) = 07 Mwm(a7 y7t) = 07 Myy(x, 07t) = 07 Myy(-"’; b7 t) =0 (73)
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The boundary conditions in Eq. (7.3) are satisfied by the following expansions:
(e o] [e ]
up(z,y,t) = Y, Y Umn(t) cosazsin By (7.4a)
n=1m=1
o0 o0
v0(z,y,t) = > Y Via(t) sinaz cos By (7.4b)
n=1m=1
o0 o0
wo(z,y,t) = Y Winn(t) sin axsin By (7.4c)
n=1m=1
e o] o0
¢o(2,y,8) = > Y Xmn(t) cos azsin By (7.4d)
n=1m=1
o0 [ o]
by(T,y,8) = D Y V() sin oz cos By (7.4e)
n=1m=1

The transverse load g, thermal forces and moments ({NT},{M7T},{PT}), and electrical

forces and moments ({NF},{MF},{PF}) are also expanded in double Fourier sine series
[see Egs.(6.10a—)].

Substitution of Eqgs.(7.4a-e) and applied load expansions into Egs.(4.12)-(4.16), we obtain
a b x b system of the following differential equations in time

511 812 813 S s Unn mi1 0 0 0 0 Unnn
312 822 823 824 825 Vinn 0 7 O 0 0 Vinn
813 823 833 834 S35 | Win o+ | 0 0 gz 1hag 1hes | { Winn
514 824 3314 B4 Ba5| | Xon 0 0 rhyg 7y O Xmn
8515 825 3835 845 355 Yo 0 0 sz 0 1hss Yin

0 BN. gmn BN men

0 O imn aM: 1Pmn

0 BM3,., BMs,,

where §;; and 771;; are defined by
$11 = A110® + Agsf?, 812 = (A12 + Ass)of
S13=—c1 [E11a2 + (B2 + 2E66),32] a
$1a = Br1o® + BggB?, 315 = (Bra + Bes)o
S22 = Age0’® + Apaff?, Sos = 515
23 =—C1 [E22,32 + (B2 + 2E66)a2] B, 325 = Besa® + Byap?
333 = Asso® + Auf? + & [Hio® + 2(Hyz + 2Hse)o? B + Hof8'|
834 = Assa — 1 [ﬁhas + (P2 + 213’66)11[32]
835 = Auf — o1 [ﬁbzﬁ?’ + (Fiz + 213'66)012[3]
344 = Ass + D11a® + Des8?, 345 = (D12 + Des)af3
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855 = Ags + Dgga® + Df3° (7.6a)
iy = Iy, Mg =1Iy, a3 =1Io+cils (a2 + ﬁz) , g = —c1Jsor
as = —c1Jaf, Thas = Ka, mhss = Ko (7.6b)

Aij = Aij - ClDij, Bij = Bij - C1Eij, Di]’ = Dij -_ Clﬂj ('I,,] = 1,2,6)
Fyj=Fyj—aHyj, Aij=A;- aDij = Aij — 2aDi; + EF; (1,5 =1,2,6)

Dyj = Dyj — c1Fyj = Dij — 201F;j + Hyj (3,5 = 1,2,6)

x‘_lij = Aij - 301Dij = Aij - GClDiJ‘ + QC%FI'J' (Z,] = 4,5) (7.60)

The ordinary differential equations (7.5) in time can be solved for transient response using
the Newmark integration procedure.

7.3. Antisymmetric angle-ply plates
The SS-2 boundary conditions for the third-order shear deformation plate theory are
up(0,9,t) =0, wuo(a,y,t) =0, vo(x,0,t) =0, vo(z,b,t) =0
$2(7,0,t) =0, ¢g(z,b,8) =0, ¢y(0,y,t) =0, ¢y(a,y,t)=0
wo(z,0,t) =0, wolz,b,t) =0, we(0,y,t) =0, wy(a,y,t) =0
Nzy(0,y,t) =0, Ngy(a,y,t) =0, Ngy(z,0,t) =0, Ngy(z,b,t)=0
My(0,y,t) =0, Mgs(a,y,t) =0, Myy(z,0,t) =0, My(z,bt)=0 (7.7)

The simply supported (SS-2) boundary conditions in Eq.(7.7) are satisfied by the
displacement expansions

oo o0
ug(,y,t) = > D> Umn(t) cosazsin By (7.8a)
n=1m=1
o0 o0
vo(Z,y,8) = Y Y Vinn(t) sin oz cos By (7.8b)
n=1m=1

and the expansions of (wo, ¢z, ¢y) in Eqgs.(7.4c,d,e). Substituting these expansions along with
the load expansions into Egs. (4.12)-(4.16), we obtain equations of the form in (7.5)

[SH{A} + [M){A} = {F} (7.9)
with the following definition of the coefficients:
811 = Ao + Age?, 512 = (A12 + Aes)aB, 513 =—c1 (3E16C¥2 + E26ﬁ2) B
814 = 2B1safl, 815 = B1sa® + BogB2, 39z = Agsa® + A’
§3 =—a1 (1‘716012 + 3E26ﬁ2) a, 3p4= 315, 25 =2By0p
§33 = As50® + Apf® + [-"111044 + 2(Hia + 2Hes)? 3% + H22,34]
834 = Assa — ¢ [1:"116!3 + (P2 + 2F66)aﬁ2]
835 = Ay — ¢ [ﬁ'22ﬂ3 + (Fiz + 2ﬁ'66)azﬂ]
844 = Ass + D110® + DesB?, 345 = (D12 + Des)aB, 355 = Ass + Dgsa® + D2 5%7.10)
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The mass coefficients are the same as those defined in Eq. (7.6b), except for higq = mhigs = 0.
The vector {F'} is given by

0 6mn OlN 6mn
0 ﬁ 6mn /3 6mn
{F } = an - 0 - 0 (7.11)
0 a lmn aMlmn
0 ﬁ 2mn ﬁ 2mn

8. Finite element formulation of CLPT

8.1. Weak forms

In this section, finite element models of Egs.(3.10)—(3.12) governing the motion of
laminated plates with piezoelectric layers are developed for the linear case first. Then the
nonlinear finite element model will be discussed. The finite element model is based on the
weak forms of Eqgs.(3.10)—(3.12). The weak forms are (see Reddy®2, Chapter 10)

2
0= {——66UONM 1 900 N+ Tobup T _ Léug (8w0>]d zdy
Qe

oz Oy ot? o2\ d
- f (Nzgng + Ngyny) bug ds (8.1a)
I‘e
06 06 ) & (0
0 =/ [ a;ONmy + 3”°Nyy + Tobuo > — hidvoz ( ;"0)] dxdy
- é (Nayna + Nyyny) 6vp ds (8.1b)
8%5wy 0%6wq 86wy
O = e |:———6';2—me - 2878:’J-‘Mmy - —ay-z—Myy - 511)0q

+lodwo T + 12\ 5" 502 T oy apoz

O6wg O%ug . BSwg H%vy
_ 11< R IS $ . Vabun ds

{66100

02wy (66w0 Bwy  déwy a3w0>

+ (Maona + Mayny) + 2220 (sznz +Myyny)] ds  (8.1c)

I‘e
where (ng,ny) denote the direction cosines of the unit normal on the element boundary I'®
of the element, (éug, vy, fwp) are the virtual displacements, which take the role of weight
functions, and V,, is the effective shear force defined in Eq. (2.16). The stress and moment
resultants Nyg, My, etc. are known in terms of the displacements (ug,vg, wp) and thermal
and piezoelectric forces and moments through Eqgs. (3.30)—(3.33).

8.2. Spatial approximations

First, we note that the stress and moment resultants contain first-order derivatives
of (up,v0) and second-order derivatives of wp with respect to the coordinates z and y.
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Second, the primary variables ug, vo, wp, Owp/dz, and dwg/Ay must be carried as the nodal
variables in order to enforce their interelement continuity. Thus, the displacements (ug,vo)
must be approximated using the Lagrange interpolation functions, whereas wy should be
approximated using Hermite interpolation functions over an element 2°. Let

uO(m,y,t) ~ Zuj(t)%bj(% y) (820’)
i=1

wole,,8) ~ 3 v, y) (8.26)
i=1

wole,,8) ~ 3 AL (z,y) (8.2¢)
k=1

where (u$,v$) denote the values of (ug,vo) at the jth node of the Lagrange elements, Af
denote the values of wg and its derivatives with respect to  and y at the kth node, and
(%, %) are the Lagrange and Hermite interpolation functions, respectively.

There exists vast literature on triangular and rectangular plate bending finite elements
of isotropic or orthotropic plates based on the classical plate theory®2. Here we discuss
rectangular C! plate bending elements. There are two kinds of C*? plate bending elements.
A conforming element is one in which the interelement continuity of wg, 6, = Owp/dz, and
6y = Owg/dy (or dwy/On) are satisfied, and a nonconforming element is one in which the
continuity of the normal slope, Qwp/0n, is not satisfied (see Figure 8.1).

Figure 8.1: (a) Nonconforming and (b) conforming finite elements for plate bending
based the classical plate theory.
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A nonconforming rectangular element has wyg, 6, and 6, as the nodal variables (see
Figure 8.1a). The normal slope varies cubically along an edge whereas there are only two
values of Qwg/On available on the edge. Therefore, the cubic polynomial for the normal
derivative of wp is not the same on the edge common to two elements. The interpolation
functions for this element can be expressed compactly as

Qaf =gi (7' = 174, 7) 10)’ (pf = gi2 (/L = 2a5a87 11)7 Sof = gi3 (7’ = 3767 97 12) (83&)
where

} gi1 =%(1+§0)(1+"70)(2+§0+770—52"772)

1 giz = g&ilto — DL+ )1+ &) gia = gmilm — 1)1+ E0)(1+m)?

=(z-2c)/2, n=(Y—¥c)/b, &0 =&, mo=mm; (8.30)
where 2a and 2b are the sides of the rectangle, and (z.,y.) are the global coordinates of the
center of the rectangle.

A conforming rectangular element with wg, dwo/dz, dwo/dy, and H%wq/0x0y as the
nodal variables is shown in Figure 8.1b. The interpolation functions for this element are
80;',3 = gi1 (7' =1,5,9, 13)7 Sof = Gi2 (7/ =2,6,10, 14)
0f = gi3 (1 =3,7,11,15); 5 = gis (i = 4,8,12,16) (8.4a)

where
gi1 = '1%(5 +&)2 (& -2)(n+m)% (0 —2), g2= Tlé&(ﬁ +&)%(1 — &) (n+m)*(mo — 2)

s = (€ + 6060~ D+ m)P(L =), gia = TeEn(€ + 61— ) n+m)(1 )
(8.4b)

The conforming element has a total of six degrees of freedom per node, whereas the
nonconforming element has a total of five degrees of freedom per node. For the conforming
rectangular element (m = 4 and n = 12) the total number of nodal degrees of freedom per
element is 24, and the nonconforming element the total number of degrees of freedom per
element is 12.

8.3. Semidiscrete finite element model

Substituting approximations (8.2) for the displacements and the ith interpolation
function for the virtual displacement (Sug ~ s, 6up ~ 15, wo ~ ;) into the weak forms, we
obtain the ith equation associated with each weak form

m

0= (KHtus + Kifos + Miiis) + Z (Kiag+ MPAY) - F} - FT' - R

Il

Il
_

J

0= 3% (s + KB + MEFiE) + 3 (R0 + MEPAY) — B - FP — P
Jj=1 =
m n

0= (Kijus + Kio§ + M5 + MEo5) + > (KRG + MBA])
5=1 =1

—~F}—FP3_FP3 (8.5)
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where ¢ = 1,2,---,m;k = 1,2,---,n. The coefficients of the stiffness matrix Kfljﬁ Kﬁa,

mass matrix Mgfs =M ﬁ-a (symmetric), and force vectors F¥, F1® and F* are defined as
follows:

K} = AnSE + Ase (Sij + ‘S%z) + Aes STy
K = 412850 + oS + AanSY + AnST
K2 = AeoST + Az (ST + SU7) + AnSY
K} = —BuR{y® — BiaR¥ — 2BosRy;” — BisRyy~ — Bas Ry’ — 2Bes RY;”
K% = —BigRE™ — BygRYY — 2Bge %Y — B1oRY" — Boo RYYY — 2Bog RYZY

KE = DuTEE™ + Dy (TE™ + TH™) + 2D (T + T2)
+2Dos (Tk M+ T zy) +4DesTyy Y + DoxTip™

My = [ Tougys dody, M= [ 1Sk dody
Mz'2j2 = /ﬂe Io¢f¢f dzdy, zkz = / I 1/)e (pk dzdy

0p5, 05 Ot Op
33= Tnot ot T ( k [4 k £>} dzd
M /Qe [ 0PkPe + 12 0z Oz + Oy Oy vy

F} = ?ﬁ (Nagn + Nyny) 9 ds, F? = /F (Nayna + Nygny) 4€ ds

€ €
F? =/ q¥% dxdy—l—f (Vn‘Pi-i-Tm%-l-Ty%) ds

Oz Oy
(61/)1, NT 81/)2 Ng") da;dy, F;_T2 / (%1/; a(;pz NT) dIL'dy
FT3 ( T+28 (PkMT_}_aSokMT) dxd
Mz 2525 By? 4
( B’NP L o NP> dzdy, FP? = / e (%”2 N;;,+a§”; N_,ﬁ,) dzdy
(3 k\E, +2g ‘ngP %‘F;’CMP) dzdy (8.6a)
and
en g 0§ enc _ [ OUF 0%
S = e OE r dzdy , Ry = - e anacd:cd
2
TEH — 0% 0% (8.60)

Qe 0800 0COu

and £,7m,{, and u can be equal to z or y. In matrix notation, Eq. (8.5) can be expressed as

(K™ [K¥2] (K2 [ {w} [ o] (MY [ {af)

[T (K2 [K2] |8 (v} a4+ | 0] [MP (M%< {5}
[KIS]T [K23]T [K33] {Ae} [M13]T [M23]T [M33] {Ae}
{F'} {FT1} {FP1}

= {2} o+ {FT2} o+ {FP2} 0 (8T)
{F3} {F7%} {FP%}
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8.5. Nonlinear finite element model

The nonlinear finite element model has the form
(KA} + [M{A"} = {F?} (8.80)

[K?] = [K} + K1, + K{r + Ky p) (8.8b)

where [K§] is the linear stiffness matrix, and [K§ ] is the geometric nonlinear part, [K§ ]
the thermal nonlinear part, and [K§ p] the piezoelectric nonlinear part of the stiffness matrix
due to the nonlinear terms in the equations of motion. The elements of the linear stiffness
matrix [K§] and mass matrix [M®], which is linear, were given in Egs.(8.6a,b). The nonzero
nonlinear stiffness coefficients [K*3] (a = 1,2,3) are

(K11\¢'3L)” : (%ﬁiﬁlj +%%N6,-) dady

(K%)= 1 (‘M Nej + %’p’ N2]) dzdy

(K 1L) / (lea% + Ng; ;2’) dzdy = 2K}

(K3 ZL)zJ / < 85/” + N %1/;’ ) dody = 2K

(K% 3L) / [ékm (N 38% + Ne %%) N %Z (N f’;sc;g L, c’f;oa)] drdy  (89a)
o = A 52 1 4500 1 g (B S B
No= [Ala (6:;;0) + Agq (%129)2 +2A6a%9§%9] (8.99)

T (9(,02 Op; 0p; Op; (690,— Op;  Op; Op;
K33 N Zrl ' NT J | T J | J
( NT)ij /e [ ** 9 Ox Yoy oy Nzy oz Oy Oy Oz )] ddy (8.10)

9 Op; 0i Op; 8pi Op; | Bypi Op;
33 — P ov; P o995 p [(Opi0p; | Op; ;
(KNP)ij—- /Q ) [Nu 9 90 T Nwa, g +Nzy( I T i )]da:dy(&ll)

for « = 1,2,6. The same expressions hold for the first-order plate theory with ¢; replaced
by 1;, because wy is also approximated by the Lagrange functions ¢; in FSDT. We note that
the nonlinearity of the coefficients [K3], [K?3], [K3!], [K3?], and [K33] is solely due to the
transverse deflection, wg, as can be seen from Egs. (8.9a,b). In addition, the stiffness matrix
[K®] is not symmetric for the nonlinear case because

K¥ =2K3, a=1,2 (8.12)

The nonlinear algebraic equations of the bending problem or fully discretized transient
problem must be solved by an iterative method. In iterative methods, the nonlinear equations
are linearized by evaluating the nonlinear terms with the known solution from preceding
iteration(s). Two commonly used iterative methods are: (1) the Picard method, and (2) the
Newton-Raphson method. While the Picard method is simple both in concept and computer
implementation, the method uses the stiffness matrix [K®], which is unsymmetric. The
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Newton-Raphson method is based on the Taylor series expansion, and it uses the tangent
stiffness matrix, which is symmetric for all structural problems. Also, the method has faster
convergence for most applications than the Picard method. Here a brief discussion of these
two iterative methods is presented. For the sake of discussion, we use the fully discretized
equation A .

[Ke({AhH{A%} = {F°} (8.13)

is used.

In the Picard method, also known as the direct iteration method, the solution vector
from the previous iteration is used to evaluate the stiffness matrix, and the solution at the
subsequent iteration is determined by solving the assembled equations after the imposition
of boundary and initial conditions. At the element level, the Picard iteration scheme may be
expressed as

(Be({A A = {F°) (8.14)

where {A°}" denotes the solution vector at the rth iteration. Thus, in the direct iteration
method, the coefficients R’{; are obtained by evaluating them with wo(z,y,t) from the rth
iteration. At the beginning of the iteration (i.e., 7 = 0), we assume that {A®}° = {0} so that
the solution at the first iteration is the linear solution, because the nonlinear stiffness matrix
reduces to the linear one. The iteration process is continued until the difference between

{A°}" and {A®}"+! reduces to a preselected error tolerance. The global error criterion is of
the form

N
A7+~ Agl2
I=1

N
ZIA;+1|2
I=1

where NV is the total number of nodal generalized displacements in the finite element mesh,
and € is the error tolerance. All quantities in Eq. (8.15) are understood to be at the global
level.

<e (say 1073) (8.15)

The Newton—Raphson iterative method is based on Taylor’s series expansion of the
nonlinear algebraic equation (8.13) about the known solution. Suppose that the solution
at the rth iteration, {A®}", is known. Let

(R} = [RHA%) — (£} =0 (8.16)

where {R®} is called the residual, which is a nonlinear function of the unknown solution {A®}.
Expanding {R¢} in Taylor’s series about {A®}", we obtain

0 = ey = ey + [ ] ey -
+ 5,17 [‘%‘?Z?}] ({asy* - {Aa%) ) + ... (8.17a)

or

0={BY + ([&,) " {62} + O({51°)) (8.17b)
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where O(-) denotes the higher-order terms in {§A®}, and [K€]!%" is the tangent stiffness
matriz (or geometric stiffness matrix)

([Ke]r>tan = [g—%}g;}}—] evaluated at {A®} = {A°}" (8.18)

and the increment of the solution vector is defined by
{80%) = {a%y+1 — (%) (8.19)

Equation (8.17b) is approximated by neglecting terms of order 2 and higher in the solution
increment {§A°}. We obtain

(IB=({ay )™ (5% = Ry (8.20)

The assembled equations are then solved after imposing the boundary and initial conditions
of the problem. We have

{88} = - (R{Ay)=) " (R
= (R (B} - [R{AYHAY) (8.21)
and the total solution at the (r + 1)th iteration is given by
{AY+ = {A) +{6A} (8.22)

The iteration process is continued by solving Eq. (8.20) until the convergence criteria in Eq.
(8.15) is satisfied or the residual {R}, measured in the same way as the solution error in Eq.
(8.15), satisfies the error criterion. Note that at the beginning of each iteration the tangent
stiffness matrix and residual vector must be updated using the latest available solution {A}.
If the tangent stiffness matrix is kept constant for a preselected number of iterations but the
residual vector is updated during the iteration, there can be a computational saving. Such
an approach is called the modified Newton-Raphson method.

9. Finite element model of TSDT
9.1. Introduction

The primary variables of the third-order theory are (un,us,wo, won = Owo/ON, b, ds),
where (up,us) denote in-plane normal and tangential displacements, and (¢n,¢;) are the
rotations of a transverse line about the in-plane normal and tangent. A displacement

finite element model based on Egs. (4.12)-(4.16) requires the Lagrange interpolation of

(uo, V0, Pz, ¢y) and Hermite interpolation of wg. A conforming element will have eight degrees
of freedom (ug,vo,wo, Wo,¢, Wo,y, Wo,zy, Pz, Py) Whereas a nonconforming element will have
(w0, vo, Wo, Wo,z, Woy, Pz, Py) seven degrees of freedom per node. In view of the detailed
discussion of finite element models of the classical plate theory presented in Section 8, only

the salient features of the model are discussed here52.
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9.2. Finite Element Model

The generalized displacements are approximated over an element {2° by the expressions
m
uO(may,t) = ZU?(t)’l,[)f(iL', y)
i=1
m
vo(,y,t) = D v ()95 (z,9)
i=1

’w()(ilf, Y, t) = Z Af(t)(f’f(% y)

i=1
m

ba(z,y,t) = > XE ()95 (2,y)

i=1

bu(wu,t) = Y VW) o)

i=1

where 1¢ denote the Lagrange interpolation functions and ¢f are the Hermite interpolation
functions. Here we chose the same approximation for the in-plane displacements (ug, vp) and
rotations (dz, $y), although one could use different approximations for these two pairs. In
the case of the conforming element, the four nodal values associated with wg are

2
A= Two (9.2)

awo A a’LU[)
Ay = 9z0y

0z’ By

For the nonconforming element, the cross derivative is omitted. The conforming rectangular
element with linear interpolation of the in-plane displacements and rotations has eight degrees
of freedom per node. The corresponding nonconforming element has seven degrees of freedom
per node.

Al = Wy, A2 =

Substitution of Eq. (9.1) into the weak form of Egs. (3.12)—(3.16) yields the finite element
model

LS M ol B I B S A R 0
(K2 (K% (k%] [k (&P || {v)
[K13]T [K23]T [K33] [K34] [K35] {Ae}
[K14]T [K24]T [K34]T [K44] [K45] {Xe}
[KIS]T [K25]T [K35]T [K45]T [K55] {Ye}
(M) [0 [MP] MY 0] {uc}
[ [M#] [M®] (0] [MP]) ] {v}
+ [M13]T [M23]T [M33] [M34] [MSS] { ée}
[T o] (M M) (0] {x°}
o [MBT (M o] (M) L{Ye)

{F'} {FT"} {FP1}
{F2} {F72} {FP2}

= {F3) b+ Q {FT} 0 + 0 {FP3} (9.3a)
{F} {FT} {FP}

{F°} {FT%} {FF°}
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or, in compact form, we can write

5 7 )
ﬂz D (KSPA] + MPAT + SPAT) ~ Fr =0, i=1,2,...,ma (9.36)
=1j=1

where a = 1,2,3,4,5; ny = ny = ng = ng = 4 and ng = 16 for the conforming element. The

nodal values Aﬁ the linear stiffness coefficients K. ”ﬂ , and mass coefficients M} 8 are defined

by
A}=Uj, A]2~=’Uj, A?=Aj, A;IZXJI, A?‘—"}/jz (94)
la _ T i
Kija —/Qe (ENE; + B_y é’;-)d:cdy
o; O
200 __ ) 7
Kif' = /n ( g V6 T Ay Ngj) dady
dpi » 3% i s e
3o _ el — P o+
K = [0+ G - a(GE 2P+ G P )|y
61/}1 . a'l/)z
4o __
Kie = /Q e ( S NIy + Lt + it >da:dy
61/’1' ~ 6'901
Sa __
K ._/Qe ( e Mg; + By MZ; +1/;1Q21)dmdy (9.5)
MY =18y, MP =0, MP=—-alSy, MJ=nS) MP=0
MZP =1,8%, MZ = —clfgs?;, MM =0, M¥ =55
M3 = IS} + &g (Sg;w + s’yjy) , M= 7,852, M3 = J,S%
M = K38, MY =0, MY =K)Sy (9.6)

Fl= }i (Neane + Noyny) o; ds, F? = ﬁ (Nayngz + Nyyny) ¢; ds
F:c4 = ﬁe (Mz:z:na; + M:cyny) ¥i ds, 1:;5 = ,%I‘e (M-’Bynm + Myyny) ¥i ds
= O
F} = / qp; dxdy + f Vawi + Pon ds
oye on
e €
F = / (PN + GENE,) dedy, FI = (a¢ 3y ) dats

Oy
a¢z MT awz ) dﬂ.’?dy, FTS ’L MT 81/)1 MT> dmdy

2

NZ
e (5
(a NP a¢t ) dil)dy, F;~P2

NE + = NP> dzdy
Qe

a¢z MP a'(pz MP> dxdy, F;'P5 < P 3¢z MP> dxdy (97)
Qe
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where V,, is defined in Eq. (3.21), and Py, is related to Py, Pry, and P,y in the same way

My, related to Myg, Mgy, and My, [see Eq. (2.18b)].

defining the above coefficients:

= / Vi dzdy, S%—“’=/Q€ Vi

The following notation is used in

Op;

S = / WM dzdy, S =/Qe pipjdzdy

7= % %S(;J dady, S5'= Jo. %Z' %% dady (9.8)
Ny; = Aucz;pj + A 861’27 , ng _Amaaw ¥ Ap 3‘2]
N= —a (E'n%zwzj +2E, 32(’;7 + B 266‘:20]'>

N = Bn 6¢] + Bis 5‘81/; , Nlj = Blz%% _1_316%%1'
Nej = A1e 6¢] +4s %Z] , Ng;i= Ass% +A266;—1§j
Ng; = Cl(ﬂe% 5L+ 2Fg 32(‘;7 + B 68‘51')
Ne; = éwai;b + Bos 83? , N = B26%1/)—j +1§6668_d;j
N} = Al + A N = Ayt o+ A
N3; = —Cl(Elzég(p’ + 2E; g";? + Eg 06%203’)

N = Bu 8% + By E;g] ’ Ngj = 322% +§26%1&
Ml] = Bn 36¢ +B 6831':] J M22j = BlG% + 312%%
M = -m(Fn% L +2F 3231 + By 3@951)

M, —Du%i+D666f/]’ M ﬁla_'/)_+Dl a;;:
s = Bioy 6% + Boo 8% , Mg =1§66% +1§2663_1‘f/]
Mg; = 01<l”’168(,;,2 Y g? B aafj)

Méj = Dw%ﬂ +D66%% : M =D 6637»01 + Dy EZ;Z
Mj; = Bip—~ ;}’ A%aa_zzj, M = Byt % + B, 652
ng = —C (Flzaaz J + 2F5 gz‘g’; +F2238<§J)
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M5 = D12%¢J + D 31,;;- , My = D22%b;j +D2688iyj (9.9)
P = Enaé)w] + £ 831/;] , P :E12%+E16%%
P13j= —Cl(Hu%2 Ay g? + H, 82‘2101')
Pszﬁ‘l%% +F6(?§J ) P17—F12%¢J + Fig 812
P21j = E12%£+E26%1/;’ , P2] E2288¢J + Eg %‘21
P = ~‘01<H218(9 5 +2H263 (';j +H22%§§’l>
Péj =ﬁ'12%1ﬁ +F26%1§Z , P _Fz&’b’ A%%
P = _‘31<chsaa 5 +2H66§ g’ + H, 3;9203)
_34568 +A55%SZJ ) sz -—/1446;0 + Aus 88(‘;’
Ql; = Assvj, Q% = Q% = Awsty, Q3 = Auvy; (9.10)

The nonlinear stiffness matrices remain the same as given in Eqs. (9.9)-(9.11).

Note that the stiffness matrix evaluation requires the computation of the second
derivatives of the interpolation functions used for the transverse deflection. The isoparametric
elements are used for (ug,vo, ¢z, $y) and subparametric formulation is used for wg. The
transformation equations required to numerically evaluate the stiffness coefficients can be
found in the textbooks by Reddy®2%%, The discussion presented there on shear locking
with the shear deformable displacement finite element model also applies to the present
element in evaluating the shear stiffness coefficients, which should be evaluated using reduced
integration.

In the case of the first-order shear deformation plate theory, the resulting finite element
models require only C®—continuity of all generalized displacements (ug, vp, wo, ¢s, ¢y), and
they are the most economical while accounting for the transverse shear deformation. The
theory is discussed in the next section. However, the finite element models will not be
discussed>!~—33,
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10. Analysis of magnetostrictive plates using FSDT
10.1. Introduction

The grains of certain materials consist of numerous small, randomly oriented magnetic
domains that can rotate and align under thew influence of an external magnetic field. The
magnetic orientation brings about internal strains in the material. This is known as the
magnetostriction. This magneto-elastic response is non-linear. A commercially available
magnetostrictive material Terfenol-D is an alloy of terbium, iron, and dysprosium.

Laminated composite plates containing magnetostrictive layers are modelled as
distributed parameter systems and the magnetostrictive layers are used to control the
vibration suppression®—60, Velocity feedback with constant gain distributed controller is
chosen to achieve vibration suppression.

10.2 Governing equations

Consider a symmetrically laminated composite plate of n layers with the mth and
(n —m+1)th layers being made of magnetostrictive material, and the remaining n — 2 layers
made of a fiber-reinforced material and having varying fiber orientation # and symmetrically
disposed about the center plane of the plate (see Figure 10.1). The displacement field of the
first-order shear deformation theory (FSDT) is of the form

u(z,y,2,t) = vo(z,y,t) + 2¢:(2, 9, 1)
’U(.’E, Y,z t) = 1)0(.’17, Y, t) + z(»by(xa Y, t)
’U)(IIJ, Y,=2, t) = wO(z7y7t) (101)

where (ug,vo, Wo, ¢z, Py) are unknown functions to be determined, (ug,vp,wp) denote the
displacements of a point on the plane z = 0, and which indicate that ¢, and ¢, are the
rotations of a transverse normal about the y— and z—axes, respectively.

nth Layer (n-m+1)th (magnetostrictive)Layer
A i

1st Layer mth (magnetostrictive)Layer

Figure 10.1: Symmetrically laminated plate with magnetostrictive layers.
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The linear strains associated with the displacement field (10.1) are

(0) Jug 8¢z
Exx Ezz 5§:1m) 06 z _('9%
RO o)) S 99
Eyy vy Eyy 8 By By
Yoz § = 7%2; +2{ 0 p=% GR+¢y p+2 0 (10.2)
Yoz ’)’ag 0 '@Q + ¢s 0
)
Yy ’)’a(c?/) ’Ya%) 6_“0 + @0. %%‘ + *(-9%2
The constitutive relations of the kth lamina are
o | ¥ Qu Q2 Q16 ®) (egq &) ®
Tyy =|Q2 Q2 G Eyy ¢ — ¢ €32 ¢ H: (10.3a)
Ozy Qe Q2 s Vay €36
{ Oyz }(k) — [Q‘M Q45] ®) { Tyz } (10 3b)
Ozz Qs Qss Yoz ’

where Q(J) are the plane stress-reduced stiffnesses and e(]) are the magneto-mechanical
coupling moduli of the kth lamina [see Egs. (3.6)—(3.8) and (4.8)].

The governing equations of the first-order theory can be derived using the dynamic
version of the principle of virtual displacements. The equations of motion are

af;i“’ + a]a\z”y Io 83;0 +1 a;f;x (10.4a)
822:” + ag;y = I %;0 +5 a;gy (10.4b)
é% aé?f +q=1I 3;:;‘) (10.4¢)
8‘2/‘2” + —a—% — Q=L a;f; +1; %%9 (10.4d)
%—f—y + agﬁ'y —Qy=I—3 a¢y +1 a;ﬁ (10.4¢)
The natural boundary conditions are of the form
Npn = Npn =0, Nps—Nps=0, Qn—Qn=0
My — Mpn =0, Mys— Mps=0 (10.5)
where
Qn = Qzng + Qyny (10.6)

Thus the primary and secondary variables of the theory are

primary variables: Up, Us, W0, Pn, Ps
secondary variables: Nppn, Nps, @Qn, Mnn, Mps (10.7)
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The initial conditions of the theory involve specifying the values of the displacements
and velocities at time ¢t = O:

0
U =U), Us = ul, Wo =W, ¢ =92, ¢s =
. 20 (0 20 0 g 10
Un =u’n> Us :us7 Wo =w07 ¢n= ¢n7 ¢S b ¢S (10.8)

for all points in Q.

10.3 Velocity feedback control

Considering velocity proportional closed-loop feedback control, the magnetic field
intensity H, is expressed in terms of coil current I(z,y,t) as

H(z,y,t) = kI(z,t) (10.9)
and I(z,y,t) is related the velocity wy by

I(z,y,t) = c(t)—(?g}z9 (10.10)

where k. is the coil constant, which can be expressed in terms of the coil width b, coil radius
r¢, and number of turns n. in the coil by

ke = _ﬁ%_@: (10.11)
and ¢(t) is the control gain.
10.4 Laminate constitutive equations
The force and moment resultants are related to the strains by
0 M
ton =11 101 } Lo ) (0129
(& -xlas 2l 5] 1012

where K is the shear correction factor and

k=1

1S~ 2

Bij = 2 Qz] (zk+1 - Zk)
k=1

1d ~(k) .3 3

D;; = 3 > Qi (2R — )

N
(A4q, Ags, Ass) = Z(Qﬁﬁ’@i’;’,@é?)(zm - 2x) (10.13)
k=1
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and the magnetostrictive stress resultants { N™} and {M™} are defined by
M k+1 (&
{%ﬁ}}— / {?31}szz
vy k=m,n—m+1"%k €32

— 41 (3| Owo
—cke Y /k {532} =0 dz (10.14)

k=mn—m+1

Gat=_x L)
w2 LT T
= {gz; } ‘96“;0 (10.15)
10.5 Analytical solution

Here we seek the Navier solutions for the case of simply supported, symmetric laminates.
Towards this end, we write the governing equations in terms of the generalized displacements

(wO) ¢:z:7 ‘by):

5 (0 9 (0 o2
K Ass 5 (7“;9 + ¢m) + KAug ( 31:0 + ¢y> +q="To sz (10.16)
9 (. 0% O, s 04,
ax(Dla +Drz a)+D 6:1:(8y+3x>
a'wo 611')0 _ 62¢m
_ KAss ( s ) En 2 = S (10.17)
9 3¢a: 3¢y O¢, Oy
oy (Pae + Dugt)+ iy, (5 +32)
a'wo 8 (9 ¢
KAu ( 3y +¢y> E3—— 0y 52 (10.18)

The simply supported boundary conditions for the first-order shear deformation plate
theory (FSDT) are

¢$(x7 0’ t) = 07 ¢$(m) b’ t) = O’ ¢y(0, y’ t) = 07 ’ ¢y(a’ y) t) = O

wo(z,0,t) =0, wo(z,b,t) =0, we(0,y,t) =0, wo(a,y,t)=0
sz(o,y, t) = 0, M;pm(a, y, t) = 0, Myy(m, 0, t) = 0, Myy(m, b, t) = 0 (10.19)
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The boundary conditions in (10.19) are satisfied by the following expansions

o0 o0
wo(z,y,t) Z Z Wonn(t) sin oz sin By (10.20a)
n=1m=1
o0 (e ]
¢z(z,y,t) = Z > Xmn(t) cos azsin By (10.20b)
nool moo
dy(z,y,t) = Z Z Y (t) sin oz cos By (10.20¢)
n=1m=1

The mechanical load and magnetostrictive moments are also expanded in double Fourier
sine series

(e o] o0
q(z,y,t) = Z Z Qmn(t) sin azx sin By (10.21a)
n=1m=
o o] o0
MM (z,y,t) = Z Z M}, (t) sin az sin By (10.21b)
n=1m=1
oo o0
M;;I(x,y,t) = Z Z M2, (t) sin ax sin By (10.21¢)
n=1m=1
where, for example,
a rb
Qmn(t) = i/ / q(z,y,t) sin T sin 27 dxdy (10.22a)
ab Jo Jo a b

4 a b
M) = E/o /0 MM (z,y,t) sin 7T sin by dxdy (10.22b)

Substitution of Egs. (10.20)—(10.22) into Egs. (10.16)—(10.18) yields the equations
834 Saa S5

X mn + 612 00 X mn
835 845 85 Yo ¢i3 0 0 Yin

gz 0 0 ] (Wi Qmn
+] 0 mu 0 |[{Xmmb={ 0 (10.23)
| Ymn O
333 = K(As50? + Aup?)

0 0 sy
834 = KAsser, 335 = KAupB, 311 = (D110? + Dee3 + K Ass)

Fss 834 335

where $;;, c;j, and m™;; are defined by

345 = (D12 + De6)of, 3ss = (Dgsa® + Daaf3? + K Asa) (10.24a)
&2 = abrz, &3 = P&
gy = Iy, 7hag = I3, "hss =1y (10.24b)

where the magnetostrictive coefficients €12, and &3 are defined in Eq. (10.18).
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For vibration control, we assume g = 0 and solution of the ordinary differential equations
in Eq. (10.26) in the form

Winn(t) = Woe™,  Xpn(t) = Xoe™,  Yin(t) = Yoe (10.25)

and obtain, for non-trivial solution, the result

Ss3 S34 835
Saz S S5 | = (10.26)
Ss3 Ssa  Sss
where _ X X R
Sij = Sij + ACyj + )\2Mij (10.27)

where ¢,7 = 3,4,5. This equation gives three sets of eigenvalues. The lowest one corresponds
to the transverse motion. The eigenvalue can be written as A = —a+iwy, so that the damped
motion is given by

nwy

Z sin = (10.28)

In arriving at the last solution, the following initial conditions are used:

—at

1 . . mm
wo(z,y,t) = e sinwgt sin

’LU()(IU, y,()) = 07 wO(m,y,O) = 1) (]5;,;(213, y>0) = 0, ém(x,y, 0) = O

¢y(2,9,0) =0, ¢y(z,y,0) =0 (10.29)

10.6. Numerical results and discussion

Numerical studies were carried out to analyze damped natural frequencies, damping
coefficients, and the vibration suppression time, using the three theories. Different lay-ups
were used to show the influence of the position of magnetostrictive layer on the vibration
suppression time. A time ratio relation between the thickness of the layers and the distance
to the neutral axis of the laminated composite beam is found. All values of the materlal and
structural constants are indicated in the tables.

The numerical values of various coefficients (namely, the inertial and magnetostrictive
coefficients) based on different lay-ups and material properties [CFRP, Graphite-Epoxy (AS),
Glass-Epoxy and Boron-Epoxy]| are listed in Tables 10.1 and 10.2. Table 10.2 also shows the
damping coefficients and natural frequencies for different materials and lay-ups. The damping
and frequency parameters for transverse modes n = 1 to n = 5 are shown in Table 10.3, and
they are compared with the results obtained by Murthy et al. [56] using the Euler-Bernoulli
beam theory (EBT). Only in the higher modes there is some difference between the numerical
results predicted by the three theories. Table 10.4 shows the influence of the position of the
magnetostrictive layer in the z-direction and the influence of the lamination scheme in the
damping and frequency parameters. The value of « increases when the magnetostrictive layer
is located further away from the z-axis, indicating faster vibration suppression. The lay-up
[m/904]s represents the softest beam and the lay-up [m/04]s the stiffest beam.




43

Table 10.1. Coefficients for different Lay-ups and materials.

Material Lay-up Dy (10% Fj00% | Hy; 107 | Ass(10%) Dss (109 | Fss(10%)

[+45/m/0/90]s 3.739 5.246 9.333 6.620 5.185 6.902

[45/m/-45/0/90]s 3.552 4.891 8.793 6.620 6.179 8.792

CFRP [m/2+45/0/90]5 3.303 4.069 6.679 6.620 7.506 | 13.168

[m/90,]s 1.432 2.567 5.063 6.620 7.506 | 13.168

[m/04]s 7.015 7.927 11.189 6.620 7.506 13.168

Gr.-Ep (AS) [+45/m/0/90]s 3.954 5.629 10.053 7.974 6.399 8.881

Gl.-EP [+45/m/0/90]s 2.535 3.700 6.589 7.614 6.173 8.384

Br.-Ep [+45/m/0/90]s 5.730 8.259 14.865 7.066 5.634 7.569
Data: CFRP: E;=138.6 Gpa E»=827Gpa  G13=G;=0.6 E», Gi=4.12Gpa  v;=026  p=1824kg.m
Graphite-Epoxy (AS) :E\1=137.9 GPa E»=8.96 Gpa  Gi;=G13=7.10Gpa  G»=6.21 Gpa  v;.=0.30 p=1450 kg.m*
Glass-Epoxy : E=53.78 Gpa E»=17.93 Gpa Gi;=G13=8.96Gpa Gn=3.45Gpa  v1.=0.25 p=1900 kg.m?
Boron-Epoxy : E;=206.9 Gpa En=20.69 Gpa Gi=G;3=6.9Gpa  Gp;=4.14Gpa  vp=030  p=1950kg.m™

Table 10.2. Inertial and magnetostrictive coefficients and the parameters o and

(Ddn.
Material Lay-up I, LaoY | L,ao? | Isao™ -B £ (10 | -0 & Wgy(radss)
[£45/m/0/90]s 33.092 2.461 2.907 4508 | 22.128 1.438 | 3.30+104.85
[45/m/-45/0/90)s | 33.092 3.352 4.600 7.084 | 30.979 3.872 | 4.62£102.15
CFRP [m/+45/0/90]s | 33.092 | 4540 | 8521 17.171 | 39.830 | 8.165| 5.94+98.42
[m/90,]s 33.092 4.540 8.521 | 17.171 | 39.830 8.165 5.94164.65
[m/04]s 33.092 4.540 8.521 | 17.171 | 39.830 8.165 5.94+143.57
Gr.-Ep [#45/m/0/90] 30.100 2.196 2.471 3.696 | 22.128 1.438 3.63+£113.06
GlL.-EP [£45/m/0/90]s 33.700 2.514 2.995 4674 | 22.128 1.438 | - 3.24485.54
Br.-Ep [+45/m/0/90] 34.100 2.550 3.054 4782 | 22.128 1.438 3.20+127.90
Table 10.3. Damping and frequency parameters due to the transverse modes.
=0l + (Ogp (rad/s) - Lay-up [£45/m/0/90]s
Mode Mourty et al EBT TBT RBT
1 3.29+104.88 3.30+104.85 3.30+104.82 3.30£104.82
2 13.194419.50 13.20+419.37 13.17+418.90 13.16£418.80
3 29.70+943.88 29.68+943.40 29.53+941.05 29.48+940.52
4 52.86+1678.83 52.73£1676.72 52.27+1669.32 52.10+1667.68
5 82.59+2621.87 82.34+2619.02 81.2242601.04 80.80+£2597.09
Data: CFRP:E;=1386Gpa E;=827GPa Gp=4.12GPa Gp=G»=06Ey  v;=026  p=1824 kg.m?
Magnetostrictive layer : E;=26.5GPa  p,=9250kg.m> di=1.67x10*m/A  c(®.R=10" vy=0 a=lm
Table 10.4. Damping and frequency parameters for different lay-ups.
=00 + (Dgy (rad/s) - mode 1
Lay-up Murty et al EBT TBT RBT
[45/m/-45/0/90]5 4.60x102.17 4.62+102.15 4.62+102.12 4.62+102.11
[m/+45/0/90]¢ 5.90+98.44 5.94498.42 5.94498.39 5.93+98.38
[m/90,]s 5.904+64.65 5.94+64.65 5.94164.64 5.94+64.64
[m/04]s 5.90+143.58 5.94+143.57 5.93+143.49 5.93%+143.44
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A comparision of the fundamental transverse and axial modes, obtained using the
Timoshenko beam theory (TBT) and Reddy third-order beam theory (RBT) show (results
are not included here due to space limitations) that the Reddy third-order beam theory
give lower values for natural frequency. The comparision of the uncontrolled and controlled
motion at the mid point of the beam is shown in Figures 10.2-10.5 for the first mode. These
figures show that the vibration suppression time decreases when the distance to the neutral
axis is increased, and it remains nearly the same in the laminates with different stiffness.
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Figure 10.3: Comparison of original and controlled
motion at the midpoint of the beam

Figure 10.2: Comparison of original and controlled
motion at the midpoint of the beam
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Figure 10.4: Comparison of original and controlled
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Figure 10.5: Comparison of original and controlled
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