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A Three-Dimensional FDTD-PML Algorithm
Based on Piecewise-Linear Approximation for Linear Dispersive Media

S. J. Yakura and D. Dietz

Air Force Research Laboratory, Directed Energy Directorate
Kirtland AFB, New Mexico 87117

Abstract
Starting with the unsplit-field uniaxial PML formulation, a second-order accurate FDTD-PML algorithm is
obtained using the piecewise-linear approximation. Use of the FDTD-PML algorithm results in the proper
long time limit behavior where the electric field value decrease exponentially to zero inside a PML medium
long after an electromagnetic pulse is incident on the PML medium. The behavior is consistent with the
other PML algorithm, such as Gedney'’s two-step approach.

I. INTRODUCTION

With the advent of high power computers that provide fast execution times and great quantities of
computer memory, we are at the stage where we can perform direct numerical calculations of Maxwell’s
equations. Out of many numerical techniques available in the computational electromagnetic community,
one that has shown a great promise in the time domain is the well-known finite-difference time-domain
(FDTD) method [1]. It is based on using a simple staggered differencing scheme in both time and space to
calculate the transient behavior of electromagnetic field quantities. One of the greatest challenges of the
FDTD methods has been the efficient and accurate formulation of electromagnetic wave interactions in
unbounded regions. For such problems, an absorbing boundary condition must be introduced at the outer
layer boundary to simulate the extension of the lattice to infinity. One approach that has given a great
promise in realizing such an absorbing outer boundary inside the finite volume computational domain is the
well-known perfectly-matched-layer (PML) algorithm that was first introduced by J. P. Berenger [2] in
1994 for the free space boundary interface. Since that time Chew and Weedon [3] came up with the
modified PML algorithm that is based on complex coordinate stretching, which is shown to be equivalent
to the anistropic PML medium approach [4].

In this paper, we explore the formulation of a 3-dimensional PML algorithm used in outer layer
absorbing boundary of a dispersive medium to absorb all outgoing waves out of a finite simulation volume.
We consider the case where a plane wave propagates outwardly from a dispersive medium to the dispersive
PML medium through a reflectionless PML interface. We start the analysis based on unsplit-field uniaxial
PML formulation [4-8] of Maxwell's equations that are obtained in the frequency domain inside the
dispersive PML medium. We perform the inverse Fourier transform of these equations from the frequency
domain to the time domain to obtain a set of ordinary first-order differential equations. Then, these
equations are finite differenced in both time and space using the usual Yee FDTD scheme while expanding
the electric and magnetic field vectors in time using the Taylor series expansion about the current time step
in order to evaluate next time step values of the electromagnetic field quantities. Depending on the number
of terms kept in the Taylor series expansion, we can numerically evaluate the updated values to any desired
accuracy we want. In Section II, we use the piecewise-linear approximation, which is equivalent to using
only the first-order, time-dependent term of the Taylor series expansion, to show the process involved in
obtaining a second-order accurate FDTD-PML algorithm. To obtain higher-order accurate FDTD-PML
algorithms in time, we simply need to include higher-order, time-dependent terms in the Taylor series
expansion and follow the same steps shown in Section II. A consequence of the higher-order accurate
FDTD-PML algorithm is the need to solve for zeroes of the nth degree polynomials at each time step in
order to update field values. It arises because of the use of the nth-order, time-dependent term of the Taylor
series expansion. The numerical process involved in updating the field values is similar to the FDTD
algorithm obtained for nonlinear dispersive media [9,10].



Il. PML FORMULATION FOR LINEAR DISPERSIVE MEDIA

For a wave propagating into anisotropic, uniaxial dispersive PML media, the modified Maxwell’s

equations under the PML formulation with stretched coordinates [3] can be expressed in the frequency
iot

domain (e convention) as
VXE(@x) =-io S™" (@) e popx H(; x) , @.1)
VxH@;x) = io $™ (@)¢D@;x), 22)
with
Omax .
D(w; x) = €oerE(m; X) + 802 P,(w;x), (2.3
p=1
P, (%) = X (0) E(wx), 24)

where E(w;x) is the electric field vector, H(w;x) is the magnetic field vector, D(®;x) is the displacement
field vector, Py(;x) is the electric polarization vector,§PML (w) is the uniaxial anisotropic PML matrix, €,

is the free space electric permittivity, g is the relative permittivity, jio is the free-space permeability, Lig is
the relative permeability, and X,“((@) is the pth term of the collection consisting of Py frequency-
dependent, first-order (linear) electric susceptibility functions, where Pmax is the maximum number of terms
which we choose to consider for a particular formulation of Eq. (2.3). Also seen in the above equations is
the notation e that is used to denote a dot product. Elements of the uniaxial anisotropic PML matrix,

§_PML (w), are given by

Sy(w) S, (w) 0
S, (w)
SPML (o — S, (@S, () , @25
$7 () 5, @ 0 2.5)
0 S, (@) S, ()
S, (w)

where S,(w), Sy(w) and S,(w) are arbitrarily defined w-dependent functions that satisfy the impedance
matching condition at the interface of the non-PML medium and the PML medium. It is a common practice
in the FDTD community to choose S,(w), Sy(w) and S,(w) in the following forms:

*

S, (@) = 1+—2%_ with 2x = Ox 2.62.7)
1EoER Eo€r Mol
(e} (¢} 0'*

Sy(@) =1+—— with — = —L and (2.8-2.9)
1WEoER Eo€r Hollr
%

S,(@ = 1+—2_ with 2= = %z (2.10-2.11)
1MEER EoEr Woltr

where o4, oy and ¢, are the PML electric conductivities, and o, oy and o, are the PML magnetic

conductivities with subscripts x, y and z denoting the directions in which PML conductivities are assigned
[2]. These PML conductivities are introduced arbitrarily in order to implement the FDTD-PML algorithm.

We first eliminate D(;x) in favor of expressing Maxwell’s equations in terms of E(w;x) and Py(m;x) by
substituting Eq. (2.3) into Eq. (2.2). Upon taking the inverse Fourier transforms of Egs. (2.1), (2.2) and
(2.4) and using the expressions shown in Egs. (2.6) through (2.11), we can show after some manipulations
Eqgs. (2.1), (2.2) and (2.4) are written in the following time-dependent equations:




oH(t; x)

o ===+ popa oo H(ts ) + popie P H>*™ (;x) + V X E(t: ) =0, (2.12)
0 E(t;x) 9P, (tX)
Eotn ——— +80; + a&-[s@(t;;ﬁ}p\‘gp(t;y]
+eP1e[&:E™ (5x)+ Y P (5] - V X H(t:0)=0, (2.13)
p .
with
ey = €Y .
P60 = [arXP (t-DE® ), (2.14)
t
™ (53 = [dr @(t-9eHE), 2.15)
t
EP (51 = [dr@e-1eEm), (2.16)
t
o (50 = [dr @(t-1eR, (), @17)
where
[e)
( y +_9_Z__°_X] 0 0
EoErR  EoErR  EoEr
(o}
Yo= 0 (“* +°—Z———L] 0 , (2.18)
= €oEr  EoErR  Eofr
c
0 0 [_fzx_+_y__9z_}
. EoErR EoEr  Eo€r
Sy O [ 6, Oy 0
EoER  EoEr | EoEr  EoEr
(o) c
Y= 0 [.EL__YI.EL__L] (2.19)
= €oER EoEr | EoEr  Eo€r
0 0 Ox 6. | % 6.
EoER  EoEr )| EoEr  EoEr
g
exp[— (—-)(t - 1)] 0 0
€oEr
[e]
Dt-1)= 0 exp[— (—)(t-1)] 0 (2.20)
- Eo€r
0 0 expl- (2t —1)]
Eo€r

In the above, H™™(t;x), E™™®(t;x) and P,>™(t;x) are introduced to handle the delayed time-response
behavior of H(t;x), E(t;x) and Py(t;x), respectively. These functions follow naturally from taking the inverse
Fourier transforms of convolution functions [1/(im£+é )] H(m;x), [1/(i(ol+_§__ )] E(w;x), and

[1/(i® 1+ A )] Po(w;x) by realizing the inverse Fourier transform of [l/(iw1+A)] is given by exp(-At),
where A is a time independent diagonal matrix expressed as diag [ oy /(€€r), Gy /(EER), 5, /(E,ER)].

To solve Egs. (2.12), (2.13), (2.14), (2.15), (2.16) and (2.17), we need to specify the expression for the
linear electric susceptibility function. In this paper we consider the case in which the linear electric



susceptibility function is expressed as a complex function that contains complex constant coefficients and
exhibit exponential behavior in the time domain as follows:

X () =Re {apexp[(yt1 } U(1), @21

where Re{ } is used to represent the real part of a complex function, U(t) is the unit step function, and o
and y, are complex constant coefficients. Now, Eq. (2.14) takes the form

t
B,(t:x) =Re{Q, (500} =Re {o, [drexpl~1)t-D]E®n }. (2.22)

where complex function Qj (t;x) is introduced in the above equation such that the real part of the complex
function results in Py(t;x).
We need to point out that by making the proper choices of complex constant coefficients and performing

the Fourier transform of Eq. (2.21), we can readily obtain the familiar constant conductivity [i.e., o is real

and y, = 0], Debye [i.e., o and ¥p are both real] and Lorentz [i.e., op is imaginary and Y is real] forms of the

complex permittivity in the frequency domain.

To derive FDTD expressions based on Yee FDTD scheme, Egs. (2.12), (2.13), (2.14), (2.15), (2.16) and
(2.17) have to be solved numerically for H(t;x), E(t;x), Py(t;x), H™™(t;x), EP®(t;x) and l_’pD‘l“y(t;)_() at each
time step by correctly carrying out the numerical integration of convolution integrals By(t:x), H(1;x),
EP™¥(t:x) and Bpw’y(t;g). Therefore, the whole solution rests on the question of how to carry out the
numerical integration of P,(t;x), H™(t;x), E™(t;x) and P,"(t;x) at each successive time step. For that
reason, the rest of this section is devoted to the numerical formulation that treats Py(t;x), H™™(t;x),
EP¥(t;x) and Epw"y(t;l) into the overall FDTD scheme based on the recursive convolution approach.

We first convert the convolution integrals Po(t;x), H>™(t;x), E>™(t;x) and P,>*(t;x) [i.e., Eqgs. (2.22),
(2.15), (2.16) and (2.17)] into the following equivalent first-order differential equations:

0Q o (%)
ot

aﬂ Delay (t; 1(-)

at
BE_ Delay (l iX )

at
9Q ™ (t:x)

Jat
where complex function Q,”" (t;x) is introduced in Eq. (2.26) such that the real part of the complex

function results in P,”™(t;x).

To show how we can use Eqs. (2.12), (2.13), (2.23), (2.24), (2:25) and (2.26) to come up with a 3-D
. FDTD-PML algorithm for dispersive PML media, we integrate Egs. (2.12) and (2.24) from t=(n-%)At to
t=(n+'2)At, and Egs. (2.13), (2.23), (2.25) and (2.26) from t=nAt to t=(n+1)At. Then Egs. (2.23), (2.24),
(2.25) and (2.26) are solved exactly using the integrating factor technique for a given discrete time interval

to go forward in time by At. The result is that we need to evaluate definite integrals appearing in the
following equations:

+ (1) Q, (tX) = E(tiX) » (2.23)
+@()eH>™™ (x)=H(t;x), 2.24)

+@1) e E™™ (5;x)=E(t;x), (2.25)

+ @1 Q " (t1)=Q (tx), (2.26)

(n+'4)At (n+%4)At
Holdz o BED Hope Foe fdr H(t;x)
(n-Y2)At T — (n-2)At
(n+%) At (n+2)At
+ popx Wi e Idt H>® (7 x) + J' dtV xE(5;x)=0, 2.27)
— (n-%)At (n-¥2)At



(n+1)At (n+l)AL aQ (‘L' X)
€o€r f dt——= aE(‘C X) + oRC{E —_

nAt
(n+l)At (n+D)At
+ aoan‘_I’__oo jd’t E(tx) +eFoeRe {2 Idt Qp (tx)}
nAt P nAt
(n+1)At (n+1)At
+ 808112 ° de EDe]ay (Tx)+ 80:_11;__1_' Re{z '[dT g‘l,)elay (tx) }
nAt P At
(n+1)At
- Id’c V xH(tx) =0, (2.28)
nAt
(n+D)At
Q, (nt+At;x) =exp[~(y,)A1 [ Q_ (nAt; x) +ay j dt exp[~(y,)(nAt- D] E(t;x) ], (229)
nAt
HP® (nAt +%A4 x) = exp(-@At) o[ H>™ (nAt -¥2At; %)
(n+%4)At
+ Id‘c expl-@(nAt YA -] s Hm x) ], (2.30)
(n-42)At
(n+))At
"™ (nAt+ At ) =oxp(-@a0) o[E™™ (naux) +  [drexpl-@(mat-nleE®mx) ], (2:31)
nAt
Del (n+1)At
QD™ (nAt-+At; X) = exp(-QAt) o Q ¥ (nAt;x) + J'dfc expl-Q(nAt-1)]+Q (11 ]
DAt
(n+1)At
= exp(-@AD) o[ QP (At ) + J‘dr exp[-@(nAt - 1)~ I (yp)('c nAtle Q (nAt;x)
DAt
(n+1)At 1
+0p j'dr Idr’exp[—g(nAt ~)-1()a-) e E(;n ], 2.32)
nAt  pAt

where 1 is the identity matrix. Furthermore, some of those definite integrals that appear in Egs. (2.27) and
(2.28) are manipulated and cast in the following forms:

(n+¥2)At (n+%)At
Idt H>® (1, x) = f dt exp[-® (v—nAt +%At)] e H™® (nAt - %At x)
(n-5)At (n-12)At o
(n+HA)AtT 1
+ J.d'c J.d‘c’exp[—-g(‘c—‘c’)]OE(I’;L), (2.33)
(n-Y2)At (n—'%2)At
(n+1)At (n+1)At
f #Q ()= Idtexp[—(yp)(r-nAt)]gp (nAt; x)
nAt nAt
(n+DAt ¢
+ap [dr [dvepl-ra-mIE@ D, 2.34)
nAt nAt



(n+1)At (n+1)At
_|' dTE™® (7,x) = j dt exp[—® (T-nAt)]e E™ (nAt; x)
nAt nAt o
(n+DAt 1
+ I dr Id't’exp[—g(*c—t’)]o E(T;x), (2.35)
nAt  nAt o
(n+D)At (n+1)At
Jar QP @~ [dcexpi-2 (r-navte Q> (natix)
nAt nAt o B
(n+hAt <
+ f dt f 4 expl-@ T= 1 (1,)(T-nAv)] e Q_(nAt;x)
nAt  pAt
(n+DAt ¢ T
ratp _[ dv Id‘r’ _[ dv expl-® T— 1 (v )(*-")] e E("; ). 2.36)
DAt pAt pAt
To obtain second-order accuracy in time from a finite differencing technique, H(t;x) and E(t;x) are taken
to be piecewise-linear continuous functions over the entire temporal integration range such that H(t;x) and
E(t;x) change linearly with respect to time over given discrete time step intervals. It is equivalent to using
only the first-order, time-dependent terms of the Taylor series expansions for H(t;x) and E(t;x),
respectively, expanded in time about current time step of H(t;x) and E(t;x). Mathematically, we can express
H(t;x) and E(t;x) in the following forms in terms of ™%, )™, (E)iy” and (E);jk“” where superscripts
n-Y2, n, n+% and n+1 are used to denote discrete time steps at t=(n-¥2)At, t=nAt, t=(n+%2)At and t=(n+1)At,
respectively. Subscripts are used to denote discrete spatial locations, x=[iAx, jAy, kAz] for E(t;x) and
x=[(i-Y2)Ax, (-¥2)Ay, (k-¥2)Az] for H(t;x), with Ax, Ay and Az being the spatial grid sizes in the x, y and z
directions, respectively.

H ,'J': 4 4 (Hi A t(_) i ] [t —(n—%2)At] + higher order terms,
H(t;x) = for 0<(n-¥)At<t<(n+w)at (2.37)
10, for t<0
[ E) 9+1 — E .!!
E) {}k + &—"kA—t(")—'—E (t—nAt) + higher order terms,
E(tx) =4 for O<nAt<t<(n+1At (2.38)
AOs fOr t< 0

By keeping more than the first-order, time-dependent term in the above Taylor series expansion, it is
possible to investigate higher than second-order accurate FDTD algorithms.

Substituting Eqgs. (2.37) and (2.38) into Eqs. (2.27) through (2.36), performing the time integration from
t=(n-%2)At to t=(n+42)At for field values that depend on the magnetic field [i.e., H(t;x) and HP*®(t:x)], and
from t=nAt to t=(n+1)At for field values that depend on the electric field [i.e., E(t;x), Q(t;x), E®®(t;x) and
QpDe"’y(t;L)] and using the usual staggered Yee FDTD scheme for spatial discretization, we obtain a
3-dimensional FDTD-PML algorithm in Cartesian coordinates. . After some manipulations, we obtain the
following six equations which constitute the entire set of updating expressions needed to update field
values (.E)ijknﬂ, (.I'_I)ijkn“, (Qp)ijknﬂ’ (EDelay)ijan, (_HDelay)ijkml and (Qdeay)ijkuH inside a dispersivc PML
medium:

Qo s +Q, e A" +Q, « E™™)F* +5; =0, (2.39)



Q; e B +Q, ¢ ®)f +Re (Y] To 2@ ik}
= = p =

+Q, o €™} + Q5 oRe (Y Q) }+ 84 =0, (2.40)
= e o
Q)i =050 [(Q )+, B +€,. ®F']. (2.41)
(_H"“‘a’f*"* = Qs o[E™™)F" +2, D +Q ], | 242)
(EDelR)')il‘;]‘:l =&.[(EDelay);}k +§Ez-.@)i’}k +gﬁ.(}_3.)51:1 , (243)
Q)5 = o[ @™ )i+ *(Q )i +1Lpu * B +1Tp « @] @44)
where Sg and Sy are given by
At At n n
Gy LE i~ E,)] O iy (U0 TR LA
At At
Sg = .“_(uoux) = [E ) -(Ex);,-(k_./,)]——-————( “R) = [E.) G = E)Gsmy] |- (245)
W[(E Yinae = By g ] m[(Ex)?Mk = E)iex )
n+v% n+ At b} L
(m ) vy (L (Hz>i5f/,)k]+—~—[<H i ~(Hy e
Sy = e ) e [, );(t/il/z) —(Hx)i}a/f%)h [(H )fo&)jk -(Hz)ﬁﬂﬁ)jk > (2.46)
At v % % n+%
prrraye (LA —<Hy>2:/,>1k]+ o Ay[ H,)iGwan ~ i
and ©,,, O, and ©,, are the time-invariant coefficients, and Q,, Q,, Q, , Q;, Q,, Qs, Q,,
pO Pl P2 =..q- .—._l— _-—-_Z' = === == e
97 , Qg » IIye, II,; and Il , are the time-invariant matrices. Both time-invariant coefficients
8 p0 p,0 [ P2
and matrice

s depend only on material properties Op» Yp» Ox» Oy and g,, and time increment At. Shown

in Appendix A are the explicit expressions of these coefficients and matrices expressed in terms of Op» Yoo

Ox > Oy, Oz and At.

Using the above FDTD-PML algorithm the computer simulation can be performed for electromagnetic
waves that propagate inside dispersive PML media by simply going through the following steps:

(D

€5

3

4

First, before updating the field values, time-invariant coefficients O,0: O, and O, , and
time-invariant matrices Qo , Ql R Qz » Q3, Q,, Qs, Q4, Q4 Qg ,I"p,o » Mg s My

and II,, are calculated at the beginning of the simulation as part of the initial condition for

given values of ¢, Yp» Ox» Oy, O and At. These calculated values are stored in memory

and used at each time step to update field values (__)lJ ML @™, Q™ EP)
LDeIay).Jkn+l and (Qpbehy)u n+1.

Using Eq. (2.39), (H)"** is calculated based on the known values of (H (H)y ™ and (__De“’y) *¥
and (E)y" -

Using Eq. (2.42), (_Dd“”)ijk“"”2 is calculated based on the known values of (_HDel“y)ijk“"’*,

(_)ljkn+y2 and (_I-_.I)ljkn Vz
Using Egq. (2.40), (_),Jk“"l is calculated based on the known values of (E)", (Em'“y);jk“,

(Qp)qk ’ (.QpDelay)uk and (H)ukn v .

’



(5) Using Egs. (2.41), (2.43) and (2.44), (Qp)u™"', E™™)y™" and (Q,"™)y™! are calculated
based on the known values of (I_E)i,-k“”, Ei’s (Qpi"s (EP2Y )i and (pr‘" ijk +
(6) Increment the time step by At. Go back to step (2) and repeat the whole process over again.
Shown in Figure 1 is the flow chart of numerical steps required to update field values as described above.

In the case of the PML interface to the constant conductivity medium we set Ypo="0and q, to be the

value of the constant electric conductivity. The result is that the matrix elements simplify to the forms
shown in Appendix B. Furthermore, if we set both ¢, and Y, to zeroes the FDTD-PML algorithm reduces

to the case of the simple PML algorithm for the vacuum.
III. CONCLUSIONS

We present in this paper the formulation of a three-dimensional FDTD-PML algorithm inside dispersive
PML media that is used to absorb all outgoing electromagnetic waves within a finite simulation volume to
create the notion of infinity at the outer layer boundary of the computational volume. Because of the use of
the piecewise-linear approximation, the FDTD-PML algorithm provides second-order accuracy in time for
the calculation of electromagnetic field quantities inside the outer absorbing layer boundary, resulting in
less than one thousandths of the outgoing wave coming back into the main computational volume.
Computationally, we can see that the FDTD-PML algorithm retains all the advantages of the usual first-
order discrete recursive convolution approach, such as fast computational speed and efficient use of
computer memory. In the limit of no PML interface, the FDTD-PML algorithm reduces to a simple FDTD
algorithm formulated for linear dispersive media.

Lastly, we need to point out that the exponential form of the susceptibility function is crucial in allowing
us to implement the recursive feature in our algorithm.
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APPENDIX A

This appendix gives the explicit expressions of coefficients and matrices seen in Egs. (2.39) through
(2.44). The coefficients are © 4, ©,,, and ©,, ;. The matrices are Q4 , Q;, Q,, Q3, Q,, Q5, Q¢,

Qq, Q4,0 Moo, I, and I1,,, . Also, to express these coefficients and matrices in more compact

forms, additional terms, such as &5, &,1, €525 Gois Sp2s (Wodxs (Wxs (Wdys (@)xs (@)
(o) x> oD x> (mp0)x » (mp)x and (mp ), , are defined. These additional terms are shown following the
expressions for coefficients and matrices.

©p0=Epp> (A.D)
Q
Op1 =—[6pi ~Epol (A2)
Cp
==Pg A3
Er ép'z (A-3)
(o)1 0 0
Qy = 0 gy O with three diagonal elements expressed as (A4)
T 0 0 ()3
o)1 =l+[(—-—)+( ’) (2 )] +[( L) - ()2 (A.5)
Er Eo€r Eo€r Er EoEr EoE
Ry = Replace [x—Y, y—z, and z—)x] in (Qo)ll , (A.6)
(¢)33 =Replace [x—z, y—x, and z—y] in (4)y;, (A7)
Q) 0 0
Q= 0 Q) 0 with three diagonal elements expressed as (A.8)
T 0 0 (Q)s
Qn =—1+[( L) () - (- )] +[(——) (= )][( )x —(@)x1, (A9)
Eofr Eokr Eokr ErR EoEr
(L)), =Replace [x—y, y—z, and z—-)x] in (Ql Nis (A.10)
(Q,)33 =Replace [x—z, y—x, and z—y] in (Q,)y;, (A.11)
Q)4 0 0
Q, = 0 (), O with three diagonal elements expressed as (A.12)

0 0 (,)3;

(7)1 —[(——) (80;)][(60;) ( P )] Wy (A.13)
;) = Replace [x—y, y—z, and z—)x] in (Q4);, (A.14)
(€2,)33 = Replace [x—z, y—x, and z—y] in (Q,),;, (A.15)
(Q3)1 0 0
9,3_ = 0 Q1) 0  |with three diagonal elements expressed as (A.16)
o 0 0 (Q3)5




A c
Q) =1+[( L) (2 - (2= )}1—‘—+[(—’>—(3*—)1[(&>—<°* 1(9,),
ER EoEr Eo€l Eo€r Eor Eotr
1 1
+-8—1:Re {;apép,oap,l }+ER EER)+( )— , }
1 ©
= (D) - (22 b (A.17)
€r  EoEr EoEr Eo€r
(€23) 2, = Replace [x—y, y—>z, and z—x] in (Q3),,, (A.18)
(R23)33 =Replace [x—z, y—X, and z—y] in (Q 311 (A.19)
Q) 0 0
& = 0 L) 0 with three diagonal elements expressed as (A.20)
T 0 0 ()3
x At
(94 )“ - Eo€r ) (Eoex )] SoER ) (‘Pz) X ]

+;Re{2apap,o[§p'. ‘,21}+—[(——)+<w> (== *)JRe{Zap[spl ~Gpal }

1 X X
= [(E )~ (8 8R)][(W) (Co)Re {Zap [Copx ~ o)1} (A21)
(84),, =Replace [x—y, y—z, and z—x] in (Q I (A.22)
(Q4)33 =Replace [x—z, y—=x, and z—y] in (Q i (A.23)
1
—(Q
o (23)1 1 0 0
_52_5 = O ';' (Q 2 ) 22 O ' (A.24)
1
0 Y - (£22)33
(W) O 0
Qe=| 0 (yp, 0 | (A.25)
0 0 (v,
[(W[)x "'(\Ifz)x] 0 0
Q, = 0 [wy)y ~(wp)y] 0 : (A.26)
0 0 [(W])z _(WZ)Z]
(wp))x 0 0
Q=| 0 ), 0 | (A27)
0 0 (vy,
Toodn 0 Y
_Fp_,o = 0 [Tyo)z O with three diagonal elements expressed as (A.28)
- 0 0 To0)33
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p,O)ll’

00115

L = 1+ (=) +
oo =1€,0 -1 [( R) (eoek — 23y 1E,,
+[( Ly- ( T
ER
To0)22 =Rep1ace [x—-)y, y—z, and z—x] in (T
(Tp0)33 =Replace [x—z, y—x, and z—y] in (T’
o
_p(np»o)x 0 0
Er
—_ Olp
Moo= 0 _;-(np,O)y 0 §
o,
0 0 _p(np.O)Z
Er
o,
=2 (Mo x — (Mp.2)] 0
€r
o
o = 0 o)y —(mp.2),]
— ER
0 0
op
- 0 0
€r (np,Z)x
o
HD,Z = 0 —£ (Tl:p_z) y 0 R
s Er
0 0 P,
Er

and matrix elements are defined as follows

Epo = exp[~(Y, )AL,
1—exp[(y,)At]

At

Eps = [ dvexpl-(ypr=At[
0
4 T

e !dr () expl—(y,)e] = A

o= [ dt [ expl-(ype-)1= (A2 -
0 0

(Yp)At

1 l—exp[—(y,)At]

(¥p)At

(Yp)At

0
0
%ﬁ [(Tp)z ~ (Tp.2), )
—exp[—(¥,)At]],

[l—l exp[— (yp)At]]

At T
- > T — _— 9
6= J' drj'dr (o) expl=(1)(T-T)]

L[

p

()AL

l—eXP[—(Yp)At]]]

(vp)At 2 (vp)At

For the x component:

(vp)At

11

(A29)

(A.30)
(A31)

(A.32)

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)




At
(W), = 5 ].
0 (—)At
EoEr
st L IexpH)An)]
(Wy)x = = At [ p foke
(—2)At
EoEr
At T
(@)= [ = (80 — [1-— ].
0 0 ( XAt
EoEr
At T
@) = [
0 0
= (At)? cl [-— [1— . ]],
(—)At (XAt (—2)At
EoEr EoEr EoEr
At T
Cpo)x = [ dt [ avexpl-(y)v
0 0
1- A 1-exp[
a0 1 [Loerplrp)80 1
Eokr
oy = _[ dr J' dv J' d1" expl~(y,)(7’
{[ ][1— - ]
Eoﬁk EoEr
| 1 J[Loopi-trpan 1mexpl- 1}
(1)t Fxya¢ ’
EoEr

At T T
— * " T" — i)
Go)x = { du { do { 4" () expl~(1,)(x

- &’ p)m{[ = t][ h-— ][(G_X)er(%)N]]
EoEk €0E Eo€r

+[ 1 1 ][l—eXP[—(Yp)At]_ B

(Yp )At (Yp)At ( UX
Eo€r

1}.

YAt
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(A.41)

(A42)

(A.43)

(A.44)

(A45)

(A.46)

(A47)



At
(o) = [ dvexpl—(y,
0

exp[—(Y,)A t]—exp[-
] , (A.48)

At

(o) = Tdr fdr’exp[—(vp
0

o
CXP[( )AL - 1-exp[~(—)At]y  exp[~(Y,)At]—exp[- ( )At]
= (At) EoER . EoEr (A 49)
o [ e 1}
Eo€r

At

At

At 1T
_ VT _
(mp2)x = [@rf aw () expl-y,
0 0
%2 )]

expl(
= (At)z [(Y 808; { l—[
P

0 e

( 0.x )At ('Yp)At

Eor

EoEr

[~(Y,)A t]—exp[- ( )A] ()
[cxp Yo)At]—exp t ] [ t] } 50
)At (Yp)At

For the y component:
Replace {x—y] of matrix elements defined for the x component above.

For the z component:
Replace [x—z] of matrix elements defined for the x component above.

As noted in the definition of matrix elements above, these elements depend only on known values At, Op>

Yo+ Ox» Oy and o .
APPENDIX B

By letting Y, — 0 in Egs. (A.35) through (A.50) we can obtain the following matrix elements for the case
of the constant conductivity.

€0 =1, (B.1)
o1 =At, (B.2)
€o2 —% (B.3)
Spa = (A% . (B.4)

2= (A;)z (B.5)
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For the x component:
c,)(

(Wo)x = exp[~( — )At], (B.6)
1—exp[~—X)At]
(v, =] —— 1. ®B.7)
(—X)At
EoEr
1—exp[~—%-)At)]
W)y = At— [1- — ], (B.8)
(—)At (—)At
Eo€r EoEr
g
1-exp[-(—)At]
1
(@)x = (A1) S [l— = Eokr ] (B.9)
(—5)At (—5)At
Eo€r EoEr
1—exp[~(—X)At]
(9,) = (A2 — [l- L [1- Eokr ]], (B.10)
o 2 o (4]
(—)At (—)At (—5)At
EoEr Eo€r EoEr
(o}
I-exp[-(—2)At]
(o0 x =(AD? 01 [1— S Eokr ] (B.11)
(—5)At (—)At
Eokr EoEr
(s}
1—exp[«(—)At]
(C.p,,)x=(At)2 ol [%— 01 [1- S Eotr ]], (B.12)
(—5)At (—)At (At
EoEr Eo€r EoEr
P L el
(€0« = (A1) = {E‘[ S [2—— o Eokr ]]} (B.13)
(—)At (—)At (—)At
EoEr EoEr EoEr
1—exp[~(—2-)At]
(np,o)x=At[ S Eoke ] (B.14)
(—)At
EoEr
[e)
1-exp[-(—)At]
(o) x = (A1)? 61 [1— = EoER ] (B.15)
(—)At (—)At
EoEr €o€r
o
1—exp[—(—)At]
(mp2)« = (AD)? 01 [-;-- Gl [1- - L ]], (B.16)
(—5)At (—)At (—5)At
Eo€r Eo€r EoEr

For the y component:

Replace [x—y] of matrix elements defined for the x component above,

For the z component:
Replace [x—z] of matrix elements defined for the x component above.
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Flow Chart

Increment to the
next time step

A

-~ Calculate (Q )13 nﬂa"f
. (EDelay)lJ n+l and (. ?élay \'

Reached the
maximum time

!

Yes (end of simulation)

Figure 1: Flow chart of the dispefsive FDTD-PML algorithm
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