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Assume that pressure is exerted at a certain point \ 
i 

■0 on the free surface of a compressible fluid. This is I 

then propagated along this surface in the form of a shock | 

wave (Fig* l). We will assume that R(t) describes the  j 

propagation of the wave front and the distribution of ' 

pressure'on the surface and is a known but arbitrary | 

function of time. The pressure' distribution in the depths! 

of the fluid Is then found with the aid of a quadrature '* 

AA   .     ' . I 

Fig, 1 

1« Pressure distribution along a head wave*     '.. j 

''-'■ ' ■ i In cases where the velocity of the front is greaterf 
■ "■■■■■ | 

I than the 'velocity of sound in the fluid,  the disturbed :..• 

region will be bounded by the characteristic arc (the 

aaWtfjfatwwmaJMomi ts***M 
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! head wave) AB and. a circle of radius at (Fig. l), Let us f 
I I 
1 select an axis Or In the plane of the free surface and an i 

(. axis Oz perpendicular to Or, 
i 

\ In the region ACB the pressure distribution takes j 
f '• ■  ! 
I the form? \ 

if ° *f 

where xy „ &r'e the roots of the equation 

rr,2 - ä («-1-111—1--»^—i_j , (1>2) 

I f(r) is the inverse function of R(t),  ^ is the value  j 
|                              A               J&.                AJ, r 

I  of ^ for which r^( ^1}= rg( *J> ) = j Then  l^ and  j 
* ■          '    j 

fr are found from the equations ! 

r*^R(t-^ + r% ~^ cos *"' + *""' ^, 

I The head wave may be expressed parametricaliy as the 

I envelope of the elementary disturbances arising at a 
L -___ 

s 
:t 



point on the free surface at the Instant of time t1 at 

which the wave front reaches it, 

' R! (t')[M.{f)~~-r0}^a* {t'-t).    - (1,4) 

{ The Eqs. (1.3) and (1.4) constitute a system of equations< 

! for the determination of rQ# ^1, t
! and z as functions j 

of ry and t»  It is obvious that in this case it is poss- \ 

\   ible to set  Vtf -, » 0 and — ^ 
! ■  ■■ t «f —- — —a — . — ••       ,T 

j Then the Eqs, (1.4) will follow from (1,3) and for the 

1 determination of r*, and z there will remain the two 
.'...■ 

| Bqs. (1.3)* Thus we have ascertained that H -j ~ ° on 

AB, Substituting- k)-L  = 0 in Eq.s. (1.3) we obtain equa- I 
■ t 

| tions for iv and the equation of the line AB,  Let us   t l          u I 
I        ■ «  % . } 

{ denote rl' on the-head wave as'iC.  It is clear that this \ 

quantity may be found from the equations 

wnlcf] 

which serve at the same time for the determination at  the 
equation, for ABJ Z  '= z(rf», t).  In particular, if R8 = 
coast - ¥Q, then 

re- "IF 
i~ 1      ' 

< 

!• 
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jg§' IäHM I ^ frt/a.    After substitutis« tills value of r0 in 
Kf%^;',,fi!rst of Bqo,     (1.5),  we get the equation of the head 
;tr ^iiv; :;:.-c:?v-ti 

: it 

• Let us now find from Eq.„ (1.2) an expression for drs g/öV 

1 which appears under the integral sign in Formula (1*1)s 

ir i» s 
4#  '. i._ „..1111 r* ~" ~ "~ ) 

Lf "is " « ""„ 

{ Prom Eqs. {1,6} and (1,3) it is clear that at the upper j 
I                  * 1 
t 'limit ( H' - ^ .) dr, ~/dt becomes Infinite, i 
j             ■ S   S         *   I"       i,£?' j 

I      ' All the integrals in (l.l), with the expection of | 

| the last two, vanish on the head wave AB.  In the two I 
j I 

I exceptions the Interval of the integration degenerates j 
i v 

} to a. point while the Integrand goes to infinity.  Prom i 
i '• 
| this it follows from among other things that In the case : 

I where the boundary condition Is given In the forms ? 

\ where R(t) Is the radius of the front at the time t, \ 
\                                                                                                                  .  ' I 
I then the following equations will hold? I 

■: >,n'rni«HiirJ(mi'' At i»fv*!Äros#'iH ■v,ii" ■" 



m&si 
■ ■ i 

that 1B, the pressure distribution p(rQ, z,  t) along_ .. 

the head wave AB -does not depend upon the pressure dis- 

tribution behind the front f3(r/R). 

r*jr#) 

Fig» o 

To determine the pressure distribution over the head 

■wave, tn the general case, we must find the limit ap- 

proached try the last two Integrals in Formula (l.l) as 

we move to AB«, ¥e note that the entire continuous part 

of.the- integrand may he taken from under the Integral 

isign after setting 

$-0, r?«,■;«;•; /; «<;«?.. 

In It« . Thug the problem ultimately becomes one of finding 

the limit of the expression! 

1 Pi(r$,  **} 
(1.7) 

IJSaKKWiSUWWWiJWV."»«";»' ■«^■'»^ffgim'aMptiWBWttW^^ 



ffiV^SSMP©*WeWWi»WW»WB «fcjwwmiw^ww««^^ 

I 

where' vl  and 2 - z (r0.«t) are determined by Eqs. (1.3) • 

It is clear from (1*6) and (1.3) that only the function 

R{t?) itself and its first derivative R^t») enter into 

the Integral in.Formula (1.7). Aside from this, the value 

of the argumentß :of the functions R and R1 in (1.7) ap~" 

proach t# as ^l ~+ 0, that is* for every vQ, z  and t 

belonging to AB, 

Let us consider the graph of R{t?) (Fig, 2.) * From 

Eq. (1.5) we find rQ and t*,* for fixed values, of rQ5 s, 

and t on AB. 
_# 

In the neighborhood of r = rA and t» « % we sub- y 

Btitute. the equation of the tangent at the point M for 

the curve r = R(tf)« This equation takes the fornu 

The equation for the determination of r^ g now 

takes the forms 

«fi '(\)(j 
»•?.*+i--&V?.i«<»4' + ** 

We obtain an expression for r"' 0 by solving this equation! 

where 
.**(«•) 

a i\«=r* + Ä'(7#) (*-*„). 
n*j!Mt*t«ttWV**M$M?<»»IiW« 
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We have the following expression for  ^.,5 

^ « ere cos "i±^m^M±ftS. 

When differentiating (1.8) over time It is necessary to 

take into account- the dependence of "€^ on t„ In per- 

forming this differentation It Is not difficult to see 

that the integrand will consist of some continuous 

function, which we will discard, plus a fraction. The   I 
i 

numerator of this fraction Is also a continuous function, \ 

but the denominator is a radical which also enters into ^ 

Eq. (1.8), and which vanishes when f = ^ -,* As has . ■ ';. 

been previously noted,, the continuous part of the inte- | 

grand may be taken from under the integral sign on setting 

Y *'0 in it« Thus the entire matter reducss to the cal- :
! 

dilation of the integrali 

# 

J V (M*r9 ccs ty — rjf — [ME (4 + *»)- r\) (Ms — 1) 

Substituting in the last integral cos Ü/ « l-ty*;/2, as 

Is' possible because of the smallness of ÜJ , and cal- 

culating the resulting, tabular integral, we finally 

have along AB; 

"~"l#vZi      . («,») 

I   where *'(*.). 
rx-Fr + Ä'&Kf-O, 

*s «m«»n«iijWW.'-«il nrwn-waSf-n !*«■ j WSW(>»,>i'$**«>™' 
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,  r0 ~ R(t)j» and p{rQ^t J> 

and the pressure distribution along the head wave is 

given in terras of the elementary functions» 

On 'the free surface z - 

= p,(Rj,t), If P| ~ const and R'(-t) ~ const. = VQ, we 

have for the pressure distribution along ABs 

. . ■ ■   ■ ....      i 

The Expression (1*10)- was derived by A* Ya* Sagoitonyan 

by the method of characteristic©, 

2* An Investigation of the.Solution 

■ in a Half .Space 

It is interesting to investigate various parti- 

cular cases of the definition of the law giving the 

pressure distribution.on the surface of the fluid. For 

simplicity we will assume that the pressure distribution 

to be uniform on the liquid surface behind the front, 

but to vary in times p.(rjft) ~ p.(R)* where R = R(t) is 

the equation of motion of the front over the surface. 

'The simplest form of presoare distribution along 

the,;axi's Oz. below the surface Kill'be 

*?"''"    i 
»/ft 9  t\-      & { Pi('*t')rdr „»I p (0, z, t) _ - m \ -^5=5-, (24); 

I where 



■R vl&JEEiss - yjT+]jt. 
« 

4-1,^ r, r- t} * p (R) r' C/R* , where C and t ; We will assume that P^WW  vAv-^   ' j 
4 *«.«, ws pft1* » Bt*  for the law of * oC are certain constants, anu IHW 

*  -vo f»,-,n'-  Th*n we obtain the pressure die- ; motion of trie iron«,» in-" y-~      , , I 

p (0,«,«)* 

tribution along OK in the formt I 
c 2-f r; a (&Ä I 

«*= [(■",_QE±2)5vTFJy   C'-v)" 
• Srom the conservation equation!, it follows that (3 = 2/ j 

j/W) on the front at the point L.    The greatest inter- \ 
„t oenüer« abort the behavior of the .potion «ton . ■ 

i z-at. When this happens it is clear that r 0 » 0. , 
I Evaluating the indeterminate form In (2.2) « i. easy to j 

„bovinoe ourselves that, for example, with oC= 3, (the  j 

a \ / 4. +.i.^ *mn+ of  tlv- sound wave)    i pressure at z = at) (at tne frota t, m- ».ut , 

becomes negatively infinite. Thus in thoae ca.ee where 

px(r,t) has a singularity close to the front of the 

sound wave aa t - 0, the linear theory ceases to apply, j 

Calculations show that even when this singularity is ab- j 

! sent, negative preeaures are poBBible below the surface, j 

" But thl> appears to have a definite physical meaning.    j 

Calculation also Bhows that zones of fltrong rarefaction  | 

! occur when the pressure on the free surface drops sharply J 

| with time, and that they are distributed between the free) 

\  surface of the liquid and regions of higher pressure    | 

^flMAUHWxaVKOIlfrdllMi 
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I 

close to the sound-wave front. This result In  somewhat 

unexpected If lt^ is'kept In mind that when P^ B—....— , 
~R>'':'= vJTare 'constanifin time,, the pressure iß essentially 

monotonic and'positivej here", for example, when 7Q  = .a 

the pressure changes according to the linear equation? 

In order to illustrate the above considerations, 

we will-investigate the following example, Let the 

pressure distribution on the surface behind the front be 

constant while the pressure on the front changes according 

to the law illustrated in Fig, 3. 

Vfhk 

0 

*aw?i*:i JKWW&te^MRiK&IAa^iMi^ mtstmt&itwximitgsmmim* 

.Pig r 
I Here "t is some Instant of time. Let the pressure p0 

| correspond to a front velocity VQ 
2; a and the pressure 

I pr' to V,-. <, a. . ■    • 
V-'  
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i In accordance with (2.1) and the law adopted for p, (r,t), I 

;here resultsi 

i~j/a 

J>{0, 2,  0«~«^ pA[Ä(0]Ät. (2,4) 
1/ -*S . .« 

Clearly for't<. t we have t! that much smaller-than t   ; 

and all' Integration intervals In (2,4) lie to the left  . j 

of t! = ? in Fig, 3. For such values of t Eq„ (2.3) holds'. 

Me will Investigate two different cases for t <. t. J 

1) z > a(t-¥)j here t' < T also and Eq. (2..3) holdsj     ■ 

2) z <^ a(t~-t*): here t-z/a > t, but for some interval on  j 

i 
the z~axis we have t-~ N v''~  •+■ ze~/&.<  U 

Then (2.4) takes the form: 

(0, *, I)«  a #- 

(.... .*_ 
a 

 " (2,5) 

At the point z « a(t~t) there is a pressure diseonti- 

mil 1i-<r* 

/»(O. *.*)»-^fp0| + /i 2' 

$»*** 

and we take t« t and p,.. ^ p,,, then it Is clear that    \ 
i 

p(0jKj,t) = 0, Thus the step-function pressure dtetribu»- \ 

tion on the free surface produces a nonmonotonic pressure! 

distribution differing from (2.3) below the surface,» and J 



! 
in certain cases produces .zones of rarefaction. 
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