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AN THVESPIGATION OF TS PENETRATION OF PRESSURE
PALOY THR SURFAGE OF A COMPRESSIBLE FLUID

[Folilowing iz the trenslation of an
article by L. G, Bagdoysv entitled
"Tapledovaniye Zadachi O Pronikanii
Javieniys ¥ Glub' Szhimsemoy Zhlid-
kozti" (English version above) in
Testnik Moskovskoge Universlista
{Horeld of Hoscow University) ¥athe~
metics, Mechanles, Astronomy, Fhya-

- 1es, and Chemistry Ssrles, Ko 3,
Moseow, 1957, pages 23~28) ’
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Aspume that presasure 1s exerted at a certsin point
0 on the free surfece of & compresaible fluld, This 1g
then propagated along thig gurfsce in the fomm of & shock

wave (Flg. 1). We will asgume that R{t) demcribes the

BT AR A A ST R, o

propagation of the wave front and the distribution of .

preégsure on inhe surface and 1s A known but arbltrary ;
e : - ' , i
funcetlon of time., The pregpure digtribution In the depthﬁ

of the fluid 18 then found with the sld of a quadrature

v

AvFig;. 1

1. Pressure distribution along & head wave.
In eaﬁeﬁ-where the veloclty of the frant 18 greaten

than the velacity of sound in the fluld, the'distufbed\‘:

region will be bounded by the characteristic arc {the
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head ‘s;%ave) AB and a circle of radius at (Flg. 1). Let us E
select an axls Or in the plane of the free gurface and an f
- axisg Oz perpendicular to Or.

‘In the région ACB the pressure diatribution takes

. the form:
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where ry o are the roots of the equatlion
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f{r) 1is the inverse functlon of R{%), §, is the value

1,2)

of § for wilch ri{( ¥, )= r;( ¥ o= jZ‘ Then Y, and

*
fO are found from the equatlons
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The head wave may be expressed parametrically as the

envelope of the elementary disturbancesg arising at a
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which sszrve at the
aﬂ&a%;mh for 4B: 2z = z{r,, t}. In pavtioular, 1f R’ =

point. on the free surface a2t the ingtant of time t'! at

which the wave [ront reacheg 10,

=R P+d=aery,
By {ﬁ: DY—rd=a? ("0, - {1,4)

The Egs. {1.3) and (1. ﬁ) conastbltute & system of equations

for the determination of r,, &?1’ £t and z as functlons
of "5 and t. Tt iz obvious that in this case 1t 1s poss-
ible to set §31 = O and
- s " ‘i, »2,}, ﬁﬂ,_d‘} G?g%
¢ :*x:rt»m-m - - e

Then the Hgs. (1.4} wiil follow from (1,3) and for the
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determination of ., and z there will remsin the two

Fas. {(1.3). Thus we have ascertained that %;1 = O on
AR,  Subsbitubting Y. = O 1n Egs. {1.3) we ohtein equa-
fird l s
% v : " vy -~
tiong for T and the eguation of the line AB. Let us
¥ %

o

dencte v~ on ﬁh; head wave &8 Tn. 1t 18 clear that this
G 0 ; o

r@m the equabtions

Hy

;vazuiuy may be found
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%./n.  After substltuting this vaiue of r, in
b ool Bgs, (1.5}, we get the egquatlion of the bead
ront: |
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¢ Let us now find from Eq. (1.2) an expresslon for dry ?/1U
H _" forw
. which appears under the integvel sign in Formula {1,1):
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b From Fos. (1.6} snd {1,3) 4t is clear that at the upper ;
t B et & g 4 11} Y ) * e P PR :
Poadmin If \2 = ‘,% 5 1 odr, ~ /4t necomes infintte. 3
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i i
N ps - - - Y . i Y gy o & s ¢
: A1T the integrals in {1.1}, with the expection of |
A 2 :
! ;
g the last two, vanlsh on the hesd wave AB. In the two i
i
; interval of the atlon degenerates i
O & e Integrand goes i
this 1%t follows from emong olher i

where the boundary condltion 1s glven 1n the form: ;

oo e R i s £ TP, A N At Sk 5

pulr, De=p, () r)RY, )
 wnere RB{t) 1s the radius of the front at the time {, :
: 5
! then the following equabtions wlill hold:s i
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that 18, the pressure distributlon p(rm, z, t) along

| the head wave AB does nod depend upan the presgsure dis~

tribution behind the front f (”’"/n}
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Fig. 2
To determine the press Jre dLﬂtP:b&ﬁi&n Ve thv hend
wave, 1ln the FPHQP&L ca&@, we mugt find the 1im1t ap-~
proached by thf lagt two iﬁfﬁﬁrllﬁ in Formuls (1_1) as
we move to AB. We note that the entire continuous part
of the integ and may be taken from under the intﬁprnl

gign af t@w s@*tkng
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It 48 clear from (1.6) and (1.3} that only the functilon

i . e

L
where Ty and 2z = z (roﬁﬁ) are determined by Egs. (1.5).

RItY) itaélf and 1ts first derivetive R'{t') enter into
Y i \s

[

the integral in,F@ﬁmala (1¢7), Apide from thig, the value

&

of the afgament&fof'tha functiong R and R' in (1.7) ap- "

ATV SRR

roach ty, a=s %;lﬂm¢ 0, that is, for every Peys ? and t
b@lbnging_tm AB. | '
Let us consider the grapn of R{t') {Fig. 2). From
Eo. (1.%? we find Fz and T,, for fixed values of r,, Z,
and t on AB. . - . ]
In the neighborhood of r = ﬁg“and t' = T, we sub- ;
.ﬁﬁituﬁﬁ the equation of the tangent at the point ¥ for
the_murva r = R{(t'). This equation takes the forms 1
Py =R (1)

_ ’ . ‘ - %
m™he equation for the determination of ¥y0 now
5 o~

takes the forms
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We obtaln an expregsion for Ty oo by solving this equatlont
..’ s, ,
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We have the followlng expreaaian for q?.:

Whern dJdiff

forming
that the
func ﬁjmnj
numerator
but the 4
- (1.8).
been nrey
grand may
‘%J = 0 in

culation

culating

have glon

o V() MR 1 2 =l

&gm, {*ng
b= Mir,

erentiating (1.8) over time it ls necemsary to

aceount the dependence of o* on t. In per-
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hig differentation it 1s not difficult to see

imtsp and will conglgt of some contiauousg

%
which we will discard, plug & fraction. The i

of this fraction lg aleo & contlinucus functlon, .

encm*nafur ig a rsdical whish also enters into

4 : . e
s gnd which V&sjﬁhéﬁ when V = »%’We Ag has i
}uuﬁAy noted, the continuous psrit of the lnte- §
be taken from under the integral sign on qett g

it., Thug the entire metter reduces to the Calw%’

;
of the integraly X
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- and the pregsure distribution along the head ﬁa?e is

given in terms of the elamentary functions.

On the free surfece z = O, ﬁg = R(t); and p{mo,z t,

= pl(Rﬁt)é If py = const and E'(%) = const, = Vys We

'} hsve for the pressure diﬂtﬁibutiaﬁ along AB:

pgbz”*“%g’@ﬁ:ﬁﬁ‘ | uim

The E&ﬁf&ﬂﬁi?n {1,10) wan derived by A. Va. Sagomonyan

by the method of characteristies.

2, Anlinvaﬁtigaﬁian of the Solution

in & Half Space

‘ | Itvis intereating to inV&Etigate varlious parbti~
cular capeg of the definition of thé 1aw giving the
pressure diﬁtﬁiﬁutian‘an thé gurface of the fluvid., Por
éimpiiﬂity we will aﬁﬁum&"ﬁhﬁ% the pressure digtribution
to be unifarm on the 1llgquid surface behind the ffant,
| but to vary in tices pl(rgt) = pﬁ(ﬁ}, where R = R(t} 1is
the egquation of motion of the front over the surface.

The simplest form of pressarc diﬁtribnﬁiaa alﬁng

the\aﬁis 0z below the surface will e

o
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We will amﬁﬂm“ that p,{rs%) = pE(P) /h , where C and

(d

¢ are certain constants, and H%t) = B for the law

motion of the front. Then we obtair

1

rhhutimn a“ong QL i the form:
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From the congervatlon equatlons 1t OLlQW& that (3

eat centers abwuu the keh v or of *he ﬁﬂlUxioJ when

v‘?’

z-ww&c@ ¥hen this hnﬂnw,ﬁ i

ayaluating the indaterminate form in (2.2} it 1s easy
¢o

i@ c*ea?‘thau ﬁ O~M%Q,

of

the pregsure dlg-

(2,2}

£ the point A, The grea ateat inter~ .

to

vince ourselven that, for example, with o= 3f'(ﬁhe

pre&ﬁure st z = at) (at the front of the 80 und Wﬁvw)

becomes negatively snfinite. Thus in those capes where

pl(r,t} hes a gingularlity close

sound wave as t —* O, the linear

Cgleulabions sShow Lhat even when
gent, negablve pf“?u’”ﬁﬁ are pos

But thip appears to have & defin

o the fﬁ@ﬂt of the

“theory cegses 5o apply.

thie singularity 1s ab-

sible below the gurface.

ite phyﬁicml meaning.

Caleulabion alpo shows thabt zanes of utrong rarefaction

geour whan the prepaure on thﬂ free purface drops sharply

with time, and that they are diﬁuribufGA hetween the

Ty

gurface 0

the 1iquid and reglons of higher pressure

free
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4 ¢loge to the sounauwave frontn This result'iﬁ somewhat

uncxbﬁﬂtﬂa 1f 4t 1s kept In mind that when }?;lw gnd

RY = V are congtant in time, the pressure ld eﬂﬂemuda 1y
' monotonic and positivel here, for exsmple, when VQ

- the pressure changes ac cording to the llnear equations

g e ne damess cane
TR _?“‘f‘;ﬁ“ @

In order to iilaaﬁrate the apbove conglderations,
we will investigate the following example. Let the
pregsure ﬁiﬁtyibubiOﬂ on b@ gurface behind the front be

congtant while the pressure on the front changes accordin

s

te the law illmﬁtpgﬁ@d in Fig. 2.
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Bleg.
Here T is some instant of time. Let the pressure Py
correspond to a front velocliy WO 2 a and the pregsure

ﬁ@ to VP'(
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i Tn sccordance with {2.1) and the law adopted

there resulis:

.@“s
\L
s&\:
St

ﬁg} {QE‘ z‘; ?«} B en [‘g -

ft i

: '

f e § v A gy e MJ b b e, - ~ ) - " - p for o .

%;VW 200 ly for bt £ ¢ we have ' that much smaller fihan 5
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poand all dntegretlon intervals in (2.0 lie to the lelt :

of tt = ¥ in 3. Por guch velues of ¢ Eg. (2 ‘
We will investigate two dlffervent campes for t 4 %, !
1} z » alt-T); nere v' < ¥ also and Ha. (2.3) nhoids;
] ¢ P " - -, . . o
P 2) z& a(t-T); nere t-z/a > 4, bub for soms interval on
J " 3 By - { % ";
. the z-sxis we have t- N 1r.”
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At the point z = a{t-T) there 1g &

rnuitys
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and we btake U ¢t and p, & P, then 1t 18 clear that

.

P Wi » " £ . 3 .
p{@,xju} = 0. Thug the gtep-functlon pressure distribu-
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tion on the fres gurfsce produces a ﬂ'ﬁmwh@uﬁﬂ’" pregsure
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j Glstribution dlffering from {2.3) below the surface, and
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in certain cager produces zones of rarefaction, ‘ 5
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