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Modeling and Nonlinear Control of a Switched Reluctance Motor
to Minimize Torque Ripple

L INTRODUCTION

The Second Annual Report has been divided into three parts in order to summarize the
activities performed on this ONR grant from May 1, 1999, until May 31, 2000. The three parts
are the following:

e Part 1 entitled “Modeling Switched Reluctance Motors under Multi-Phase Excitation” covers
“modeling” activities performed under Task (b) - “Design of the SRM” — of this ONR Grant.

e Part 2 entitled “An Enhanced Simple Method for Designing Switched Reluctance Motors
under Multi-Phase Excitation” covers “design” activities performed under Task (b) - “Design
of the SRM” — of this ONR Grant.

e Part 3 entitled “Modeling and Nonlinear Control of a Switched Reluctance Motor to
Minimize Torque Ripple” covers “control” activities performed under Task (c) - “Design of
the SRM Converter” — of this ONR Grant.

The reminder of this report refers to Part 3 of the Second Annual Report.

The Switched Reluctance Motor (SRM) is suited for many variable speed and electric
propulsion applications due to its simple and brushless structure and low cost. Its working
principle is pretty simple; the torque is produced when current flows on a phase, and the rotor
poles of a SRM are attracted towards the excited stator poles due to the tendency for the
reluctance of the flux path to minimize. By sequentially exciting the stator-pole groups to attract
rotor poles, continuous motion and continuous torque are achieved. However, due to the doubly
salient construction and the commutation from one phase to the next one, torque ripple for this
type of motor becomes an outstanding issue especially at low speeds, and hence it limits the SRM
application as a servo drive. Torque ripple also brings up the issue of acoustic noise and
vibrations. In the application of a SRM to electric propulsion, the objective is to get a smooth
starting torque during the initial acceleration phase. There are two main approaches to reduce
torque ripple, one is to improve the motor design by changing the stator and rotor structure while
the other is on the basis of sophisticated control. However, control of a SRM is not easy due to
its highly nonlinear electromagnetic- properties and the coupling relationships among rotor
position, current and torque. In this report, first, we derive a set of nonlinear equations under
reasonable assumptions to characterize the inherent relationship among phase voltage, phase
current, rotor position and developed instantaneous phase torque. Then, the control scheme for
torque ripple minimization is proposed and described based on a torque controller and a fuzzy
logic controller for adjusting turn-on and turn-off angles. Next, simulation results are analyzed
for torque ripple minimization at different speeds to illustrate our approach. The relevant
conclusions are finally given.

II. SRM NONLINEAR MODELING

In the following modeling it is assumed that no mutual magnetic coupling exists between the
individual SRM phases. Since the inductance profile for each phase is periodic in nature, a
Fourier Series representation can be used to express the phase inductance with respect to the rotor
position {1], [2]



L@,i) =L, + 3 L,()cos(nN,0 + 9,)

where N, is the number of rotor poles, i is the phase current, & represents the rotor position, and
@, stands for the phase angle of the nth harmonic component. Only the first four terms are
considered and the following relevant assumptions are further made:

L, (i) = L(0,i)

L (G)=L(wx/N,,i)

L,(@)=L(z/2N,,i)

L (i)=L(z/3N,,i)

where L,(i), L,(i), Ln(i), Lf(i) arethe aligned position inductance, the unaligned position
inductance, the midway inductance, and the one-third-way inductance (from the aligned
position), respectively. Then, the general expression of inductance for the SRM can be
approximated as follows:

L=L,i)+ EBZL,, ()cos(nN ,0) )
where, "

Ly=Q1/4)(L,+L)+(1/2)L,

L=1/4)L,-1/2)L, +(2/3)L, —(5/12)L,

L, = (114)(L, + L) - (1/2)L,

L,=Q1/4)L,+(1/2)L, - (2/3)L, - (1/12)L,

In terms of the data directly obtained from measurements or Finite Element Analysis (FEA),
we can fit the inductance curves L, (i), L, (i), L (i), and L, (i) (see Fig.1) to get the analytical
expressions given below:

L()=ay (i<42A)
=a, +ai+a,i’ (42A<i <135A)
L,()=hy, (i<49A)
=b, +bji+byi* (49A< i <135A)
L) =cy (i<52A)
= ¢, + i +¢,i° (52A<i <135A)
L()=d, (0<i<135A)
where,
ay =12.230 [mH]; a, =16.284 [mH]
a, =—0.1040 [mH]; a, =2.260x10™ [mH]
by =6.063 [mH]; b, = 6.333 [mH]
b, =1.151x107 [mH]; b, =-1.225x107*[mH]
Coo = 9.700 [mH]; ¢, =8.770 [mH]

¢, =-1.203x107[mH]; ¢, =-1.40x107*[mH]
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Fig.1 The FEA original data and fitting results for a 10/8 SRM. Fig.2 The comparison of current waveforms at n= 800 rpm.

dy =1.730 [mH]

An analysis of Fig.1 shows that the four specific inductance curves are well fitted by the
proposed expressions. According to electromagnetic theory, the back emf of one phase can be
derived as follows:

_dy 4l . di . dL
€e="g = g =L gti- g

di . (9L do 4 OL di
=L'dt+"(at9a't+aidt

, dL . OL o, di
=iw- 56 +[L+i" 515G (2)

where, ¥ stands for the phase flux-linkage, @ is the rotor radian speed of the SRM. Therefore,
the terminal voltage of that phase winding can be written as:

u=Ri+e=[R+ 0 ] i+[L+i-] % 3)

where R is the resistance of the phase winding. After some mathematical manipulations (see
Appendix 1), we have:

3 3
u=[R-wN, Y n L, sin(nN,0))i+[Ly+ Y L,cos(n-N,8)I4 (4
n=1 n=1
where,
Ly, =(/4)L, +L,)+(1/2)L,,

L,=(U/4L,-Q/2)L,, +2/3)L, - (5/12)L,
L, =Q/4) L, +L,)-(1/2)L,

L, =U/4L, +(1/2)L,, —(2/3)L, -(1/12)L,
L, =a,+2ai+3a,’

L, =b, +2bi+3b,i’

L, = ¢, + 2c,i +3c,i’

L,=d,



The relationship between the terminal voltage and winding current is clearly described in the
above equation, from which we find that each phase current not only depends on the phase
terminal voltage but also on the rotor position. It is noted that the analytical solution of the phase
current is almost unlikely because of this highly nonlinear equation. Fig.2 shows the
effectiveness of this mathematical model when comparing phase current obtained from this model
and that one using a MATLAB Simulink model together with FEA data.

The electromagnetic torque developed by one phase can be derived from the co-energy

relations [11] as follows:
j' aj Leidi
0

_W 5
= 00 =720 )]

where, W is the co-energy of that phase produced by the phase excitation. From Appendix 2, we
directly have:

3
T=(-N,i*)Y'n-L, sin(n-N,6) (6)
n=1
where,

L,=Q1/®L,-1/2)L,,+2/3)L,-(5/12)L,,
L,=Q1/4)L,+L,)- (1/2)
L,=U/4L,+1/2)L,, - (2/3)L,2 -(/12)L,,
L, =(1/2)a, + (1/3)ai+ (1/4)a,i’

L, =1/2)b, + (1/3)b,i + (1/4)b,i*

L, =(1/2)c, + (1/2)c,i+(1/3)c,i*

L, =(1/2)d,

It is straightforward that the phase torque equation is also a highly nonlinear function with
respect to the rotor position and current. Fig.3 shows the normalized phase torque waveform of

this 10/8 SRM versus current and rotor position, where the unaligned position is (48 + 30k)

degree, k is an integer, and N, is 5 for this specific case.

IIl. TORQUE RIPPLE MINIMIZATION

The traditional approach for torque ripple reduction is based on the assumption of magnetic
linearity so that the inductance versus angle variation is constant. In that case, the torque is
supposed to be free of ripple if each phase current is designed to have a flat-top shape. However,
a practical SRM is always designed with magnetic saturation in order to achieve better
power/weight ratio. Thus, even if the current waveform has a flat top, there still exist
instantaneous torque pulsations as shown in Fig.4.

Considering the spatial angular cycle 21/5 between phases of this 10/8 SRM as well as the
assumption of negligible mutual inductance and losses, we have the following state-space
equations for the SRM system:
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Fig.3 The phase torque versus phase current and rotor position Fig.4 The total torque and flat-top phase current.

di 1 .
2 =L, —iRy)

_%-C;L= J—l (Tmtal —TL "'BCU)
do
@ =W

5
Ttoml = 2 Tj
j=l

3
T, =(=N,i;)Y'n-L,, -sin[n(N,0 - (j - 1) 2]
n=1

where, j=1.2,..,5,and,

u;: The j-th phase voltage

i;: The j-th phase current
3
Lt Ly + 3 L, cos[n-(N,0 - (j—1)25)]

n=1

3
Ri R—@N,Y n-L,-sin[n-(N,0-(j-1)%&)]
n=1
B : Coefficient of viscous friction
J : Moment of inertia

T, : Load torque
T;: The j-th phase torque

T, Total electromagnetic torque

These equations are useful for theoretical analyses based on the SRM nonlinear model
developed above. However, in a practical simulation or real-time implementation of torque
control, even if there is an analytical expression for the phase torque, it is still unlikely to obtain
the inverse expression for phase current in terms of the torque and rotor position from this

- nonlinear model. On the other hand, such a technique is more practical as a look-up table based
interpolation (used in our simulations) or neural-network based estimation.
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Fig.5 The control block diagram for the torque ripple minimization technique.

In terms of the torque expression Tj( Jj=12,..,5), we can find that, at any time instant, the

total torque T, of a SRM is dependent on the individual contribution of each phase torque 7.

If each phase torque can be controlled in real time according to the torque de-coupling
requirement, then it is possible for the total torque of the SRM to track a torque command, and in
turn, to minimize the instantaneous torque ripple.

As we already know, each phase torque varies with both the phase current and rotor position.
In practice, there are four controllable parameters associated with current regulation if a current

hysteresis-band controller is used in each phase. These are the reference phase current/,, the

turn-on angle 6 _, the turn-off angle Goﬁ , and the current hysteresis bandwidth oI . Normally,

on?

Ol is set constant for a specific application in terms of trade-off considerations between switching
losses and current control accuracy. However, turn-on and turn-off angles along with the
reference phase current directly determine the amount of current flowing into the phase winding,
and in turn determine the produced torque. Therefore, these three parameters need to be adjusted
in real time so as to indirectly regulate each phase torque, and accordingly, to control the

instantaneous total torque 7, It is not surprising that our torque ripple minimization work is

total *

based on this principle of indirect torque control in real time.

Moreover, we have to notice that the relationships between torque, current, speed, and firing
angles are highly nonlinear; and that the controllable parameters vary with speed and load. Also,
the final effect of torque ripple minimization is related to the torque reference command.

The control block of the whole system is shown in Fig.5. The torque controller uses measured
phase current to estimate the torque produced by each phase based on a look-up table where

T; = f(i;,6 —(j—1)%), then the torque command T, is de-coupled into the required phase

torque reference T

e After that, in terms of the inverse relationship

i;=g(T;,60 —(j—1)2%), the torque controller calculates the phase reference current I i

necessary to produce a desired phase torque. In practice, if the torque is already within the
torque error band, then the phase reference current is kept at the same value as the previous one.




A fuzzy logic controller is designed for the regulation of 8,, and 6, . The input variable to

this controller is rotor speed n, which is defined to have a speed range of 0-6000 rpm for the SRM
used in this research. Thus, its output after fuzzification is a fuzzy degree of membership.
Similarly, if the unaligned and aligned positions are assumed to be —22.5 and 0, respectively,
then one output of the controller, turn-on angle g, , is defined as -22.5° ~ -24.5°, and the other

output, turn-off angle 6, , is within 0° ~ -15°.  Each variable is then divided into fuzzy regions
as shown in Fig.6, 7, and 8. The variable spaces of rotor speed @, turn-on angle 8,,, and turn-
off angle 6, are divided into 7, 3, and 5 regions, respectively. Each region is assigned a

fuzzy membership function with triangular or trapezoidal shapes. We have the following rules
for the fuzzy rule base:

If speed is s1, then turn-on is b, and turn-off is b2;
If speed is s2, then turn-on is m, and turn-off is bl;
If speed is m, then turn-on is s, and turn-off is m;
If speed is bl, then turn-on is s, and turn-off is m;
If speed is b2, then turn-on is s, and turn-off is s2;
If speed is b3, then turn-on is s, and turn-off is s1;
If speed is b4, then turn-on is s, and turn-off is sI;

Rotor Speed Membership Function
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Fig.6 The rotor speed membership function.
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Fig.7 The turn-on angle membership function.




Turn-off Angle Membership Function
" a1 82 m bl b2

-15 -10 -5 o
turn-off

Fig.8 The turn-off angle membership function.

In addition, implication is made for each rule in terms of the ‘min’ method, which truncates
the output fuzzy set. However, the output of each rule based on the ‘max’ method, is aggregated
into a single fuzzy set whose membership function assigns a weight for every output value.
Finally, the defuzzification is implemented by means of the ‘centroid calculation’ method.

IV.  SIMULATION RESULTS

MATLAB Simulink based simulations with a step size of le-5 seconds were carried out for
the 10/8 SRM, whose parameters are given in Appendix 3. Illustrative results can be found in
Fig.9, 10, and 11. From Fig.9, we can see that the torque ripple is significantly reduced in the
low-speed region up to 500 rpm within + 5%. However, the torque ripple rises as the rotor speed
increases. At 1200 rpm, the ripple is +12% with respect to the torque command of 110 N.m,
and at 4500 rpm, even that the torque command drops to 10 N.m, the torque ripple still increases
up to +22%. A reasonable interpretation for this phenomenon is that the instantaneous phase
current is unable to follow the desired reference current in the intermediate or high speed region
since the rate of change of phase current rises rapidly as the rotor speed increases. On the other
hand, we also realize that extending the commutation period may be beneficial to torque-ripple
reduction as shown in Fig.10, especially in the intermediate speed region, and may boost the
torque tracking capability to a higher level along with minimized torque ripple. In this case,
negative instantaneous phase torque may occur and thus reduce the system efficiency. Finally, the
torque step response of this SRM system at a rotor speed of 300 rpm is shown in Fig.11, where
_ the torque command jumps from 120 N.m to 200 N.m, and then back to 120 N.m. The
instantaneous torque still follows the command well and the torque ripple is limited to +4% of
the command value.
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Fig.10 Waveforms of (a) instantaneous torque Tioy (top graph) and phase torque T (bottom
graph) at n=800rpm, T, = 150 N.m; (b) phase current; (c) phase voltage.
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IV. CONCLUSIONS

This report proposed a nonlinear mathematical model for a 10/8 SRM in terms of a Fourier
Series expression of the phase self-inductance. A torque ripple minimization technique based on
indirect dynamic torque control was introduced. A corresponding control block based on a torque
controller (for regulating the phase reference current) and a fuzzy logic controller (for adjusting
the turn-on and turn-off angles) was described. Simulation results showed the feasibility of the
developed approach to minimize the torque ripple, especially in the low-speed region. However,
as the SRM operates in the high-speed region, the rate of change of the phase current limits any
torque-ripple improvement. On the other hand, extending the phase commutation period to allow
for negative torque may be beneficial to minimize the torque ripple.
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APPENDIX 1

Let the generalized forms for L,(i),L,(i), L.(i), L{i) be as follows,

L)=Ya,"
n=0

L,()=Yb,i"
n=0

L) =Y c,i"
n=0

L,G)=d,

In terms of the inductance equation (1), we then have,

Lo+ Y, L, cos(nN,0)]
i — n=1
6~ 26
=(-N,)) L, -n-sin(nN,0) (A-1)
n=1
Lo+ Y, L, cos(nN ,0)]
L+i%f L0+ZL cos(nN ,0) +i- ( = PR )

=L, +2L cos(nN,0) + (i% +Zz -cos(nN,0))

n=l1

=(Ly+i% )+2(L +i%2)cos(nN,8)
—Lm+2L cos(nN ) (A-2)

where we denote Lo(i), Ly(i), Lyi(i), Lsi(i) as
| Ly =(Ly + iaa_l?)
=[(1/4)L, + i%L‘.i) +1/4)L, + iaa—L,.") +(1/2)(L, + ia—‘»[;‘f"—)]
= [(1/4)(2 (n+1)a,i")+(1/4)(d,) + (1/2)(2 (n+1)b,i")]
n=0 n=0

=(l/4)L,+L)+Q1/2)L,

where,
L,= 2 (n+Da"i"
= 2 (n+1)b"i"
n=0
L,=d,
On the other hand,

L,=(L +i%)




=[(1/4)(L, +i %) - (5/12)(L, +i%x)-
(1 2)(L, +i %)+ (2/3)(L, +i %]
=(/4)L,, ~(5/12)L, —(1/2)L,, +(2/3)L,

where,

L, = Z (n+1c,i"
n=0

Similarly, we can get the expressions for L, and L, as indicated before. According to the

expressions (3), (A-1) and (A-2), it follows that the terminal voltage expression for one phase can
be derived as shown in (4).

APPENDIX 2
In terms of (5), we have,

aj Leidi
— [1]
T="355

aj(L0+zL cos(nN ,8)-idi

n=|

a6

aj(EL,, cos(nN ,0)-idi

0 n=l

a0

i
_ . acos(nN,G). .
= Il‘L - di
0

'n
n=1

=(=N,)). [nsin(nN,6)- (ji - L, di)] (A-3)
n=l1 0

Since L,(n=1,2,3) is a linear combination of L,, L,, L, and L,, and without losing
generality, we assume:
L=K,L+K,L,+K,L+K,L,

where, K, ,, K,,,, K,, and K, are individual coefficients. Therefore,

na’ nm?

jz Ldi= j(K il +K, il +K,iL, +K,iL,)di

0

= KMZIa i™di+K, ZJ.b i"™di +K,,,2Jc i™di+K, Id idi

n=0 g n=0 @ n=0 ¢




n=0

=i’lK,L,+K,L,+K,L,+K,L,]

na*a2 nm*—m?2 ntr2 u

— 22
=i"-L,

where,
L,=[k,L,+kK,L,+K,L,+K,L,]

na*a2 nm*~m2 nt 2 u

L= 2 i" = (1/2)a, +(1/3)a,i + (1] 4)ayi®
n=0

n+2

L, = Y e = (11 2)by + (1/3)byi + (1 4)b,i?
n=0

Ly =Y 1" = (U 2)cy + U 3)eii + (1 4)eyi”
n=0

L, =(1/2)d,

by

T=(-N,)Y [n-sin(aN,0) - G°L,,)]
=(=N,i*) Y [n-sin(nN,0) - L,,]

as indicated in (6).

APPENDIX 3

Main parameters of the simulated SRM
Number of stator poles: 10

Number of rotor poles: 8

Rated speed: 1200 rpm

Maximum designed speed: 6000 rpm
DC link voltage: 300V

Rated Current: 120A

Phase resistance: 0.082 Q

Unaligned Inductance: 1.730 mH
Maximum aligned inductance: 12.23 mH.

If we substitute the individual coefficients of L, L, and L, for K

respectively, it is straight forward that the expressions for L,,, L,, and L,, are exactly the same

_ +2 a, n .2 b, +n :2 Cn_ 20 22, (L
_szl 'ZF-Z“l +Knml 'ZW.Z +Kml Zm 1 +Knul dO (2)
n=0 n=0

(A-4)

K, and K

nu?

as those shown before. In addition, in terms of (A-3), the torque developed by one phase is given
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