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Abstract

| A metﬁod is'presentedffof calculating the length to
area ratio of current 1eads fo% superconducting magnets that
will minimize the heat loss caused by the lead. The method
does not.ﬁssume thaf the ﬁaterial obeyé the Weidemann-Frénz
. Relétion; therefore, calculations can be made‘fbr ultra high
purity métals.‘ Sample calculations for such materials are
'made and it is shown that it is possible to effect a refriger-

atipn saving over that required fcr W-F materials.




,foreward:

A previous analysis by M.organ1 has led to a method of determlnlng the
optlmum length to area ratlo of a current carrylng, gas cooled cryogenlc lead
for minimum heatlloss to the cryogenic system. This analysis was based on
- the following assumptions: |
1. Perfect heat transfer occurs between the cooling gas andvthe lead.

2. The spec1f1c heat of the cooling gas is constant in the
temperature range considered.,

3. The thermal conductivity and electrical resistivity of the lead
material as a function of temperature, is determined by the
Weldemann-Franz~Lorenz relatlon.

The first assumption is a valid approximation providing that the heet
transfer sutface and flow conditions are such that a small temperature
difference exists between the coolant and the lead. These conditions can be
generally satisfied. The eecond assumption is a good approximation
partlcularlly for the case of helium whose specific heat at one atm varies
from a maximum value of 6 j/gm between 5°K and 6°Kk to a constant value of
5.2 j/gm at 40°K and higher. The assumptlon that the material obeys the
W-F-L 1aw is, however, only va11d for certain classes of mater1als, i e.,
those which have a relatlvely hlgh residual resistives. Thus, certain alldys,
1npure and strain hardened metalsvobey the law fairly well while very pute
- metals depart widely from this relation. Thus, in Morgan's solution for the
W-F-L material, we are restricted to such materlals as brass and impure
copper and alumxnum or pure metals that are highly cold worked, The Morgan

solution gives a minimum heat loss that is independent of the actual choice -

of the material ard is the same for all W-F-L materials. ' The length to




1éreé ratio is tﬁenvdetermined by supplying éither the tﬁermal or electrical
pfbperties-bf‘ﬁﬁé partigular choice for the lead maﬁeria}.

h _ Sinqe high purity, strain free métals depart widely from the W-F-L law,
Mofgan‘s analytical solution does not provide accufate results for this case.

' For example Powell, et al2 have determined that the Lorenz number for 99.999%

8 8

Aéhneéled copper varies from a minimum value of 0.8 x 107° at 24°K to 1.9 x 10~

watt-ohm/(oK)2 at higher temperatures. The electrical resistivity of the pure

coppér,‘in the range, 59K to 30%K drops more rapidl? than ﬁhe thermal
résistivity; thﬁs, it can be expected that magnet leads that arebﬁore efficieﬁt
' fhan those which use W-F-L materials can.bé desigﬁed with high purity metals.
Thus; the magnet lead probiem for steady state conditions has been solved for

~ the general case and 1s‘not restricted‘to W-F-L materials. This solution can
bg used to obtain the optimum length to area ratio of the lead, for minimum
hgat influx, provided that measured values of ghe thermal and electrical
résistivitieé'éan be supplied for the mgtérial undef consideration. The

‘ solﬁtion has been 6btainedvby numerical analysis and examples are compared to

o thé'SQIution for the W-F-L material., It is seen that potential savings of

about 20% of refrigeration loss is possible ﬁ;th'éommercially availableihigh '

-~ purity ﬁetals used fo:'superconducting magﬁet leads,

“»Analxsis

‘  The -following notation is used:




'k

. 2
lead ared, cm

_current per lead, amp.
v Lorentz humber, typically 2.47 x 10-8 watt-ohm/(ol()2

i Temperatuce,,oK

5heat flux, watts
temperature at cold end of lead, °

temperature at warm end of lead, %

“specific heat of-coolant gas, j/gm - %

distance along lead, cm

tHermal 1mpedance along lead

- mass of cryogen,vaporized at’ cold end of lead, gm/sec

‘heat of vaporization of cryogen j/gm
Iength of leéd em. x =1 is at the cold end
electrxcal re51stivity, ohm~cm

thermal conductlvity of lead material, watt/cm-"K

k'With constant specific heat of the coolant and perfect heat transfer

between the coolant and lead the heat balance equation for a gas cooled

lead haa been glven by Mbrgan and is written here as

A

o \, : Ad,T' B IL‘ o ' '
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wahete_x== 0 is at the warm end of the lead. Using the concept of thermal -

impedance, i.e.

dy = iA dx the above equation can be written in terms of



the heat flux, Q = E% . Thus,

42 . _om@ - phT”

A )
It is noted here that if the material obeys the W-F-L law, then pk .=
and (2) becomes '
@ --emQ - ILT |
‘b 3)
Since Q = g% » this second degree equation can be readily solved
analytically, as Morgan has done, and the mini mum value of m can be -
. determined for any W-F-L material.
If we wiéh to solve the general equation (2), a more elaborate -
procedure is requifed. We proceed as follows:
lTaking the derivative of (2) with'réspect to y, we obtain
d{;Q [Q%’L"--s—mda] :L[,D _ﬁ]
) . Y] .
4 g & 44 ()

In order to find the minimum valug_of’m,tbat.will solve (2),

equétidn (4) is solved with gs = 0.




Thus,.the problem is described by

2 - é . ‘
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T
T ¢ )
The bounda;y conditions for (5) are:
{a) Q=mh and T= To at x=1
® Q=0 T=T, and from (1)—Q ohT> at x = 0.
dk _dk dr do _dp dr
Slnge dy ~dar * dy and dy = dy * dy
we_céﬁ write equatidn (5) in a more convenient form as
A% 44 b, b dpq
¥z —Cm - I [ ]
é? fo 2£% v (6)

EF

Equétion‘(G) with its boundary conditions must be solﬁed numérically'
‘using supplied_values of b, k and their derivatives as a function of T. If
 this were an initial value problem the solution would be>quite'easy sinqe |
_oﬁe could ﬁse the readily available Runge;Kutta n&mericai intégration
probedure. However, a method for the numerical solution of ordinary -
, d1fferent1a1 equations w1th values spec1f1ed on each boundary is available
._only for certain restrlcted cases. Although there may be some general

method that could be applied, we have solved the problem by conﬁerting it
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| to an initial'vaiue‘preblem in conjunction yith a_Newton—Raphson type itefation
_precedure. The_@ethodeas as fellowe:, | | | “
1. ) An idiﬁiel'apprgximate value:of the parameter, m is selected;
This can be‘determined.by‘essuming,that %8 =0 at x = 1 and thus; the

o trial‘value of m is

2... Equafion (6) is then éolved by the Rungeekutta method for the
giveﬁ_initiélICOhditiods dndlthe‘integration erqceeds taking increments
iny untiI‘T S To‘ ‘ .v

_3._ At thisvpoint, ﬁhe»integration procedure‘is stopped ‘and the
value of Q is.compéred to the value it must have at the cold end.

Thus, the»error is Q1) ~ mh;

4. A correction to m is calculated uéiﬁg a.modified Newton-Raphson
method~basedbdn'tﬁe variation of the error with m as determined by |
‘successive integrations;

»5,q Step 2 is repeated until the error is less than some pre-assignedi
- value, usuallylo.l watt. Thus; the mlnlmum heat flux ]°ngth to area .
ratid and,the teﬁperatu:e nrofile can be determined by the final‘
1ntegrat1on of equatlon (6)

"In add1t10n to the above descrlbed iteration procedure, the solutlon of

the problem also requ1res a method of ca1"u1at1ng P k, d% and d? as a
function of T. This is provided as follows:
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1. Typically 20 to 25 values of p and k at various temperatures are
‘provided.
2. The,temperature range is broken up into three sections. ‘In each

. Qf‘these sections a 4th or 5th polynomial is fitted to‘the,data by a -

least squares method.

3. The integration procedure then uses the polynomial approximations *

for.p,.k, §% and g%,to calculate ;he values at any gemperature in the

range considered.

Thisbsolution has ‘been programmed for the CDC-6600. It has been checked |

"with the solution for the W-F~L materials, and agrees almost exactly. The
method has been found to converge quite well; for helium temperature pure
copper leads, 10 iterations were required for convergence and 6 iterations

were required for convergence with hydfogen cocled leads.,

'Numerical’Examples

For the numerical»exampiés, 6000 amp., helium cooled leads'héve been
‘chosen for various materiéls;for which published data was available. These

hatefials'are listed in Table I.

e
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TABLE 1
| Metgfiﬁl;§2;>" : - T f | Deecrigtionc

;>_F//1 : | . 99.999Z‘Copper Aﬁnealed
2 ;‘:1 ‘t ,v‘> | | v'99.§99%'Cobper, 26% Cold-drawn =

"‘}/3 ,'{~ 7 '; | - "- - OFHC Copper, anneaied

e | 1100-0 Aluninum
5: -13.'1' ' ' ‘: N i o W—F-L material with k ralue similer‘ta Zte“‘
6 : c e ,'99.995%vA1uminem:Singie eryetal

Thermal eonductivity and electrical resiétivity data fdr materials 1 and 2
were'taken from Powell et al.% pata for'3 was teken from two sources; the .
re51st1v1ty from Clark et a13 whlch had measurements to 4°K. Therﬁal conductivity
for the OFHC copper (condltlon unknown) was taken from the NBS c1rcu1ar.4

‘»lﬂowever, the curve d1d not extend below 23° K so that extrapolated values down
vto 4° K were. estlnated from.the shape of other curves, Furthermore, since
~,»correspone1ng electr1ea1 and thermal measurements were not made on the sameb
semple, ‘the calculatlon for this ta . erial may not be reliable. The data for
1100-0 al uminum was taken from'curves in Hall's paper.5 Also, this seme
' rcferenee gave eurves for the aluminum siﬁgle crystal, Table II semmarizee the

thermal aﬁd»electrical_data for the above materials.




The poinos shown Qere computed from the‘poljnominal approximations,

© Calculated results'forea 6000 amp., helium cooled lead for these materlale are
given in Table II. The temperature at the top of the lead is 300°k thh no h
;heat input, the temperature of the bottom was 4.5 K. Values used for the
SpélelC heat of helium gas and heat of vaporization of ehe 1iquid were

5.194 j/gm - °K and 18.69 ilgm.

TABLE 111

6000 amp, Helium Cooled Leads for Various Materlals

MATERTAL 1 2 3 & s 3

Optimum Length: Area Ratio, cm“1 260.2 - 63.7 29.3 14.4 63.0 46.0
vHeat Input at Lead Bottom, Watts 4.7 5.1 4.6_ 5.6 5.8 ' : 5.4

Mass of Heiium Vaporized, gm/sec. . 252 <275 L2647 . 300 .311 . 287

The optxmization calculatlons show that -one couid expect to achleve a hellum
‘refrigeratlon saV1ng of about 207,over ‘that requlred for Ieads made from a W-F-L _
: materlal by u51ng a material such as h1gh purlty annealed copper. In this case
actual samples of the material would have to be checked at low temperature in |
order to verlfy the resistance ratio The r831stance ratio for mater1a1 1 is ;.o

1500. The cold-drawn hlgh purity copper 2, having a re31stance ‘ratio of 138
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R represented a possible refrigeratien saving of 11% -Although OFHC ‘copper 3

was calculated to have a heat loss of only &, 7 w, whlch is almost as low as

".materxal 1, these results are questionable until a re-calculation can be made

vw1th reliable e1ectr1ca1 resist1v1ty and thermal conduct1v1ty data. The
commerc1a11y pure alum1num 4, gave the same result as for a W—F—L matEriaI‘ash
~-did the data used for the alumlnum single crystal 6.
J The result for the high-purity annealed copper has ver1f1ed that one canh'
expect to achieve a lower 105« de51gn W1th ultra hlgh purity materials since
Ny at the low temperature end the resistivity decreases at a faster rate than
':'the thermallconductlvity increases. Indeed, it would be interesting:tn
5,specu1ate on the possibility of designing low loss leads of high purity single
’ crystals of copperr Gniewek and C1ark6 have measured the resistance ratio>of
ksuch samples at 20 000. | One might even effect an addit10na1 enhancement by

: uslng crystals vwhich are grown to be oriented along certain pr1nc1pa1 axes.
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