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FREE ENERGY OF A SOLID SOLUTION ON 4
FACE=CENTERED CUBIC LATTICE .
(:rbis ig a full translation of an article submitted by Ting Hou-chlang,
~ Ch'iso Teng~chiang and Chang Tsung-sui, appearing in Wu-li Heueh-peo
(Aéta Fhysica Sinica), Vol XI1I, No 6, Peiping Nov 1957; pp 515«524.»}

ABSTRACT .

This paper applies Kirkwood's method for celculating the configura- .
tional free energy F of a solid solution to a solid solution AB3 inhaw
biting = Pacemcentered cubic lattice. In this method, the free energy
F is expressed as & series in (ki')"l, and our calculation goes ss far
es the coef'ficient of (kT)"‘*.

If the ordgr of the solid solution is dénoted by S and the free
ensrgy on nsglecting 0(kT)™ Ly B, the relation between Fy end S are
found to depend on n in a warked mammer, In particular, Fz and Fy have
elways o miniamm &t S=0, implying no superlattice may exist. The fore-
going 48 actually mothing but an indication of the slow convergemce for
the expansion of F in (kT)-1.

on expressing P os a series iun

= exp{ = (Vyy + Vpp = 20,5)/kT} - 1
where VAA, Vpp and Vyp are interaction energies betwesn AA, EB and AB
pairs of nearest neighbors and denoting by F!n the free energy on
naplecting 0(*/1”), we £ind that F'p and 1'95 do not give us any super-
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lattice, but Fly, F!5 do, In fact, from F'y, P!5, we got a sudden
change of S eccompanied by & latent heat, just as in the earlier theories.
P!y, F!5 behave similarly, so we ma.y hope they approximate the sctusl

fre» ensigy,

I. iNTRODUO‘I‘ION

The purpose of this short article is to apply Kirhroed!sqaothod
for caleulating the free energy of solid solution of a face~centered
lattice and through vhich to discuss related questions of ° guperlattice.

Thore were quite a few theories of supsrlattice of face-centered
cubic lattice. In 1935, Bragg and williamgaloﬁ'ered & primary theoty;.
Since Bethe G proposed & method for discussing the supérlattico of AB
type crystial, Peierls(‘*)had applied this method to study questions of
face-centered cubiec lattice. There was one point inm his result that
disagreed with fact, According to his theory, the superiattics of
Auluz elloy under any 1gw temperature does not correspond with stable
equilibriwm. Applying expanded chemical method must also take a group
of proper lattice-point to caloulate the mumber of various neighboring
pairs and then the conclusion‘*ﬂ of existance of supsrlattice can be
drawn. Even then, there is still a great distance between the results
of Bragg-¥illiem method and chemical methsd as far as the quantity is
concerned, such as the sudden change in the dropping of oritjeal
temperature.

As to the application of Kirkwood method for eslving questionsz of
fuce-centered lattice, Nis and Shockley hed discussed it in a thesis,



They celoulated Thieles simi-invarisbleA, [Also the coefficient of
(x7)~2 $n the series for the expansion of F in (kT)"J‘]. But it is not
hard to notice that if neglecting ()(ls:?.‘)"3 in the series ‘for the
expansian‘ of ® in (k®)~, then the phemomencn of superlatiice is
nonexistance.

In this article we apply this method to caloulate high power x-téé*m 1)
of expension of free energy, and caloulate coeﬁ‘icientsiﬂ of (M)"5
and (m')“*. There are two reasons: Firstly, Eiriorood method is strict
and 1t 12 wortiwhile to applying it for caloulating the free enorgy.
Secondly; the structural feature of faee-cen‘bored,lattj.'cgs that
neighbors of any lattice-point can be mutually neighboring to each
other (This pointdéea not eppear - in AB type lattice). The interactic
betwsen neighbore does not appear in A and A bul eppear inm A4« s,
for the apprehengion of feature of fa.ce—ogntered lattice, we must |
ealoulate A .

the result of calculation is this. When we neglect AgrAgs osse ete
(noglecting G((kr)"“*]), we could only notice the sudden change in the
specific heat but not the latent hest in the theoretical result, just
like the case of AB type. And when we neglect Ay, Agy eosres ots (nog-
lesting O((kT)"ﬁ]). we could not notice any sudden change in thepretical
reswlte.

mia doss not mean that Kirkwood method ie dowbiful. It only
jhdicates the-slow convergence for the expansion of F in (k1) at
the neighborhood of our studying temperature T. Obviously, the dist~

ribution funétion of solid solution is the polynomial of (see

13 Frofessor Wang Chu-chi indicated that he worked on this in 1943 but
the rasult was not published 3




following paragraph for above terms)
C expl= (VastVan—2V ) iT)
Then, it 48 also the polynomiel of |
n=mexp{— (Vas+Vap—2V4s) [T} -1 " i
Therefore, the expansion of free ensrgy in 7 is possible. And this
expansion seems more reasonsble than the expénsion of Fin (k7)°l,
this expansion, if we neglect O(na) or 0{n?), we could not notice eny
sudden change. But if we neglect 0(1,4) or 0(q5), we could obteir latent
heat. This result is obviously more relisble than the result from ihe
discuseion of expansion of F in (k7)~}. (see paragraph III for details)
1I COURSE OF CALOULATION ‘

The saleulation here is identical to calculation in item (5} in
the biliography. We want to indicate herﬁg difference 3d caleulation
between. .§urs and those of that paper.

A face-centered cubic lattice can be considered as a cross-loaked
struoture of four simple cubic lattice. The points of lattice of these
four simple cubic lattice. can be represented by a , b, , b, and by .
When we let @ point occupying the top of a typical cube, b end so forth

will then ocoupy the centers of six faces of the cube. The three unit

lattice b; , ba, and by are identical as far as their positions in the
ccystsl 16 comcerned. In the following caleulation we will use b to
reprosent their points and not to separate b;, by, end by. This sim~
plifies caloulation.

Let A and B as two kinds of atoms of solid solution. Introducing




£d s 55: Mg s and Apb’ s the definitions are: 1
£o=1 whena has one A ston,

=0  whena has one B aton;

&b = | when b has one A stom,

=0 whon b has one B atom; p )
Aqp=( when d and b are nearest neighbors,

=0 when a end b are not nearest neighbors

Ay =1 when b and b’ are nearesi neighbors,

=0 vwhen b end }/ ere not nearest meighbora}
where b and b represent different b lattice~point. Let 4% represents

number of points of entire crystel, N8 as the nuber of A atom in @

unit lattice unit . kattdcee
?

, and ENQ‘ 'as the number of A atom in b we

have
3=N6,  Fb=3¥0. | (2)

Let Vyu, Vpp,Vpp &Xpress the interaction éna:gies of neighboring Ak,
BB and AB pairs respectively, then the potential energy of the crystel
obviously is 1)

Gonstant +1 [Xhabefet 5 Ehwbifi] (3)

V=V a+Vies—2Vas.

where the term in the bracket is neighboring number of AA pair which
can be respressntad-by X. Thus, the distribution function fLof sclid
sslution of face-centered lattice can be writtien as (neglecting the

cogatant in (3)]

e s o e Gl B S e . o s T ik 41 7T D N B Y S D S

1) (3) can be proved as follows: potential energy as
Vg CEaboV aa+ (=) (1= ¥ gt (1) ¥ ap-+ia(1- &) Vanl+
: -i‘}.‘.-i;-hov[&ta'l'u-*-(1-*50)(1—&-)"uu+(1-Eb)Sn-l'An+€u(1-Ev)VAx).
By applying (2) and following (12) & (13), ebove equation can be reduced
4o expression (3) >




20, ¢, TY=Ef (8N, N8, 8N, X, (5)

vheve 4 repvesents ~V/LT; f (4, NO, 3M6 , X) represents distribu-
tion number for distribution of K6, 3K 8" pumber of A atoms in e
, face-centered lattice solid solution -
of 4N total éoin‘t.s of 1attice; In distribution, N@ number of A atoms
are placed ona unit cell, 5N9i of A atoms are placed on b unit cell,
and at the same time let the adjacent number of AA pair as X. Accord-
ing to methods in( l:l and [8] , the ebove equation cen be change to
20,0, 1) = (£) A+aMyt oo a?Mo), (6)
- Where My représents the averege of X2 un&.ar various distribution. See
item (8} in bibliography for meaning. Since
& =(9) G)- | (7
af'ter M is obiained, logflcan be expressed as
108(3v) (33g )+ Zr 1),
- therefore free energy can be exprsssed as
| ~#7 o (Ny) (gf{fg,)—;-m‘(m —i} ] (8)
soe f‘ 8}:{'01‘ rele‘.tit;nship of A and M.
Just 8 indicated in thesis (8] , the main problem is to obtain My ,

tha iy here ie
7

\(E Pardedy + i p ) )-wfbéts')“}.

where { reprcs_seﬁts averagze, with reference tof{ 1] and | 6]. For
obtuining the above, the term in the bracket is expanded. Therefore |
the terms we wish to obtain are terms of

X harguherLebar bk ed (93



and the like., In these kind of expressions, d, a’ s sseee 8re not equal,
and b , by s e.ee8re also not equal to each other. And any 1‘ower mark
c. » d..ig ses by bi 3 e=e CAN appealr mbre then once (589(8) )0

Since <£d£a'.-?’<£b£bi““> and the positions of a ’ (t’ s sses by b/ 3 ses

have no relationship, (9) becomes(éaéd:m?,(fhg,; > times

r WS WERT (10}
utilize mothod used in (87 , we cun obtein
<§¢>=81 .
€k = NU(NG~ 1)/N(N ~1)y ey

Ed=0', (11)
Bk =BNUBNO =15 /AN (BN =1) -,

as ‘Qo tne calculation of expression cimilar to expression (10), we
start from

2})@‘2, zc?-cb“% z, :;;7-51."3 g 2 : (12)
(where Z represents total neighboring number of a lattice point which

equals 12). We can cbtain

¥ gt =Nz( 42 -1), (13)

02.;)\,,,=N:,
6?;)&,,,:=2N:, l
X lanbar= Na(z—1) - ,s
and g0 forth. The method used is the ssme as the method in thesis (8}.
Therefore we are not going to show the deteils. We put various kind of
expreasion (10) containing twe or three 7 in the appendiz as

reference meterial for our readers.

The results are:



by = N2 (00 +0')
 ha=N260 (1-0) (1=0) + N0 (10",
e N20' (1—8) (1—0") (1—20) (1—207) + Nz0*(L—0')*(1 - 28')*+
LNV ORA—6)EH8-0) 8 (1)),

b= N200 (1=0) (1=0") (1~ 60+6F) (1—-60'+60) +
F N2 (1 =02 |60+ 602 +6N (Y —2) 0202 (1=0)*(1 -0+
FAN (V=20 (1 =0 12NV A0 (1 =) (1 =07+
LENY (1)1 —20) {0 (1 -0 (1-28) + .
$2001 —0) (1-26) +0(1=0)(1-26")}, (14)

where Y represents common value of .

A’“‘z }‘ﬂ’l}"dh'A’lﬁ;’g . (1561)
NTZ bt (15.2)
51 R h &1 ’15 represent separately

N ’z_l-uh)-uh')-a_'h."u"l"
NS l,,;,»)»m.-}vvb-lrb'h s (16)
N”‘E )&leb’,'}'b'b'}‘ﬂb- .
to prove (15.1) equal. to (15.2), let Eab as common heighboring number
o & pair of nearest nelghbors & and b . Obvicusely, it equals to 4,
thus
' == A % == —
}.Axal-ay'i-w %’Aabzcb gAaPA 4Nz, an
meanvwiiile, let ib;{ as the commdn neighboring number of e pair of

nearest neighbors b end b , which is also 4, thus
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2 hovhsahirs =X Ay (Ryeprhaon Myadva) = 3 Aophyghys=
= 2 }.“‘aby - E )tab)-gb‘)-}b’ == 2N2'4 —~4Nz= 41\72, (18)

thie consurrently proves Y= 48, as to the ¥j, Y5, &nd Yz we heve

the following equations:

2 3
Y,=N~ l{g[g} Aarhar ] ‘“Ekablab'} ) ’
g_":' JV l{g{_ ‘}‘b")"b b' '—E}L'bﬂ)b b’} > (19}
= v St [ Shatnls |
and we obtain
N =72 =14, Yy== 14 | | (20)

For the sake of proving equation (14) we may discuss the specific
condition of f= @' , at which
X = Jlm,fu. ' (21)
waere ¢ represeants any point on the crystal lattice. The calculation
18 totally the same as the calculation of free energy of AB type crystal.

The only difference is the values of

S A A (22)

end so forth. To the AB type,
' S heehenhen =00, | (23)
X Db ey =X w)\:m vty 2 das-hywtan, - (24)

To the AB type latiice, if we also let 4N as the total number of

lattice point, then the definition of ¥ in thesis [8] should be
(2”) "12 "ﬂb}\d’:')\d'b}hr'b'q

thus, the right~Side of (24) becomes 4Ny .Therefore, if we lel Y

in equation (14) as O and 2Y; 4 43{3 + Yo as 4y, equetion (14) should be



AB type's ccrfesponding result which is the sawe &as the corresla‘ondingb
result iﬁ thesis [8] Of course, for the seke of comparrison, ve
umber of
pust puliiply 4 to the result in[ 8) becauge the tommce point
heve is 41 and the total mumber of lattice point in (8] is N. Besed
on this point and from the result in (8} we could almost guess the
possessive term in equation (14) outside of Y. The term containing
Y is our most important temm.
III DISCUSSIUN ON THE RESULT 4

Introduce the presumption of 8§+ 38 =1 which also mean that

let I a8 the total number of A atom and introduce the values of z,

Y, «o..and so forth, we obtain

by [Fo-+(1)

=108+ (1—6)In(1—0) + (1 — onn” ”’+(~>+fmn -j;” + 4Ind—8Ins+

o~

+{1.5 —-;(_1+9——-29"’)}a+%0.422- NNCTR VIRV I +"il)');n’

27

+{0.246— - (2+250-54/}'-’-50"+5(V}’-—60"—12(}")}a=+
+ {0.206 431? i {236 4+ FOV) — 695842 — 191 74//‘+ PRRTIRT/LNE

(95}

+19646° — 196720° + 197607 + 364407 } at oo

where F represents free energy. Under different tem;ierature, the

dspendence of (F(G) - F(é; )]/kt[‘ 'bo § can be illustrated by £igure.

In the above equation when onlyd term is retained, the curve £ells us
hat we have a sudden change of oneg ard latent heat shown in the

sudden change. When onlyd, o* terms are retained, the curve tells us

10



we do not have sudden change. The condition is the same whend , d?,
a3, ot are ;etained. The curve shown by retaining a4 , o, a? tells us
that oux'fgg bas a sudden change which corresponds to the condition
" where criticel heat hes suddén change. Ve do not intend to plot these
cuxves here. |

From this we can see fhat the abows showing is because at the
neignborhood of our concerned temperature, the convergence of equation
(25) is very slow. Theref&re when retainingd , a®and also when
retainingd , a?y a3y a*, the most important term in the free energy
expression becomes the term at the end. And the symbol of end temm
has no relation with the symbol of Vpy 4 Vpp = &V,g + Because ths
forming of superlattice is mainly due to Vy, + Vgg = ZVAB > 0. a*;
44 terms have no relationship with the formation of superlettiice.
This also meens that when reteining @ ; 2®, and wimx also when retain-
inga s a®s a’s a9s the most important term in the free energy expressicr
nas no relation with the forming of superlattice. This is why the
F -& curve has the above showing.

To evoid the above mentioned faults, the expansion of F in (kT)” -1
can be changed to Bxgm expansion of F in

pr-expl— (K 4a+Van—2V a5) /BT) ~1=expa—1 (26)

sccording to the definition of distrivution function, it is polynomial
of expd . It i8 also the polynomial of 7. Therefore, when free energy

is expressed as

- k1  log Na) (,g%')‘“’ @, 0, 1) }

11



g should be expressed as a series of 1. This atleast is more
reascneble as it is expressed as a series of (k7)™ -L, Thus, we obtain
| _ -.{}'(ﬁ) (——-') \l"l =0 nt-t (l-/))]n/1 0)4—/1 - 1n (.j.‘}g)_{..

. ' ~+0 H
\ | +(240)In 3 +4Ind — 3]1}%-}»( 5“3(14'0“202)]’7‘{’

r -~
l o - 2080-»_-’7- ~2. 54250607+ P4 50% |24

+o.3241 - :f(5+130---mraw=+&so*~w;=—120=)],,-‘-+

05 (68243100 - 454447 4 16960 — 1966.40' — 390567 4

FIBTRIS ~ 197657 — B641P) |1t 4+, | @n

due tq the presumption of Vys + Vgp - QVAB > 0, the change of7is
within (0, =1). Theref';sre the convergence of the above expansion is
comparatively good. When we only retainy and neglect O 792), F-£

. hand
curve tells us that we do have any sudden change. The right-side

of (27) at this instance hae the same pattern as the righwzde of
(25) retainiﬁg (k’l’)'l term only. But zone of chenge of 77 here is
from «1 to zero and the change ofd in (25) is from (-;o) to zerc.
Therefore eve%hgcge patterns are the sane, "ne sudden change" is
atill possible. When we retain % , #2, but neglect 0{n?) in the
right side of (27), 6 atill has no sudden che.nge. When we retain
7y 7%, 1° but neglect 0( n*) in (27), we > notice the sudden cheage

of 8 o The critiosl cass is sz follows:

f= - 0984, LZ, =4.13, 0, =0.85, (28)

when we retain » , 52, 7%, »4 but neglect O(»#) in (27), we still

heve the sudden change in @ .




. ,
'”65”0-954. ‘—!“"'"""3-08~ 9€=0.90
T, y

(29)
the F-@ curves of thess itwo cases are nearly identicnl. Thersfore, we
belisve thatb they are quite near the real F-@ curve which also msazia
that it is not neglecting rﬁ;ghﬁ\ig}fde. (27} of any 7 exponent.,
For couparison, we 1ist the rosult aR advanced by Yang Chen-ning 5:
V

7 S22, 6.=0.9556, (30)

for reference, we also show the F-6 curve obtained from retaining
of' 7, )72’ 7° s Mm%, in (27).

Here we shell point out that prior lo the intrgﬁuction of7?3tsrm,
the sudden shange will not appear. And ”3 tera besically is inf'luenced

by the sction of three adjecent atoms contained therscin. In other word,

in our theoritical equation (27), vwhen we consider ths sudden change,
_ be tween
we aust consider the intersction - mneighbors. In earlier theories this

point was not significant.

(Cont'd on t'ollowing page)
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Fig. 1

The relationship of iF‘(E‘) - F(i“) /SkT and @
(1) =-0.9 {(2)Mm= -0.2% Grn=n, = =3 sk

()= =098 (B} n= -1

APPENDIX
de list here squations similar to (10} with reapscitive values of

containing two and three A for reference.
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1
Skab}\c-szz(—gz—-l),
S dashaye = Nz(z—~1),
S Assharpe= Nz(l\fz—--gz-i-l),
27\@}-&»'= :23, NZ )

2 )"'ab}“b‘b" zZszz——-%— N2 .

27\.»”?5 vt ._QNZ(.,?.:—.]),
ZA’H“AI;'L"‘=4N22.-«"_ N22+4;\

z ;\ﬂ,;\.ag,'}-abv = Nz (2 - 1) (Z -— 2) s

3 e ehew = Naz—1) (N2~ b 2 +2),

Y hashahen = Nz(z~1 )( z~l),

S hasherhgnr = N3P 4+ N22 (G~ 4~)+ Nz"-i-é(z-—l)’Nz.
zz..mmuzvz(—. -1)(4 :-2),

Erdeten= N Lo -1)(Wa- L2 42),

2; )-.J»Aw}-».s,'”- NY .

¥ drbhees= Na(z=1) i z— NV,

N ooy = ;. Nz2(z—1) (8N < 4) +2NY,
}-/zl)ab?h”:""\*( "“"])

3 hdrndynr = Nz’( 1)(3N-2),

LI
E

L5



2 )'clAa'h')-M' = ;2) NN }',

2 hapharphpye = 3 N;»’(Nz-—% z+1)-—~—§~ N?+N)f’“', .

Xhakavhe= 2 NA(Vz- 3 t1)@EN—1) +3 NNy,
3 AashnyAyey = Nz’(——- z-1),

poy SN T Y 2.&’:’(—3- z=1)(N=1),

2 Ao - ¥(Z:-1),

poy 0 VY S | N (W ~f’§:+1),

3 Aahaphiris = 4N N =3 ) (W= 32 41),

N A hophrgs = 2N:( i 2 1)(.:,} 2 ;),
2 }bbb'}wnw)tp,'m = 1VY,

2 Maphyymhyrpn== ‘21\’2(%— 2

~1) =¥,

)
oy T ,,.-4N:(-—§— 1) (Nz—9242) 42NV,

3 hvhndan= (4877 - 18 N~’+4N,,)~_§- (BN ~4) —

-—16N.~.(-3~ s —1)(‘\':—2:4-2\ ~8NY,

expre ssiorho) containing

Because it is too long, we do not 1list here

4 7N\.
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