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ON AN INERTIAL METHOD OF MEASURING VELOCITIES

/This is & transletion of an article written

by Candidate of Technical Sciences, Assoclate
Professor V. N. Drozdovich, of Leningrad Insti- -
tute of Precision Mechanics asnd Optics, pub-
1ished in Izvestiya Vysshikh Uchebnykh Zavedenly,
Priborostroyeniye (News of Institutlons of Higher
Education, Equipment Manufacture), No. 3, 1959,
pages 29-39., ‘

Along with the known methods of measuring velocltles
besed on the hydrodynamic effect and on the Doppler effect,
there 1s at present in wide use & method based on the in-
tegration of acceleratlions. The measurement of velocities
by means of integrating accelarations constitutes the besls
of the so-called inertisl system of navigation which serves
to determine the complex problem of controlling an object in
motion slong &an essigned trejectory /1/. Notwithstanding
e number of undisputed advantages, the use of the method of
integrating ecceleratlions under the usuel conditions of low
velocities and considerable time intervals 1s sssoclated
with the need to account for & number of systematic and
fortuitous errors /2/. In thls connection it 1s interesting
to determine these errors in the instances vhen they cen
sccurately calculated, or to determine their probability
cheracteristics if they are of an accldental nsturc.

5 mhis sprticle 1s an attempt to investigate systematic
errors caused by the Coriolis and centripetal asccelerstions,
for the purpose of finding thelr values in measuring veloc-
ities during long time intervals. The part played by coulomb
friction is explained esnd en estlmate 18 made of statilc
errors csused by the forces of coulomb friction.

Ecustions of Motion

Let us imagine a gyroscope in a Carden suspension
mountsd on & base thet is moving with acceleration Fig. 1).
We will essum> that the center of gravity of the gyroscope
coincides with the fixed point of suspenslon, and thet the
gyroscope's spin axis is directed upward end makes small
angles with the verticel. Mounted on the housing of the
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gyroscope ere two precision scecelerometers whose sensitlve
sxee are perpindiculsar to the spin axis and &t right sngles®
to esch other. The sccelerometers are connected to the
eireuit of moment pick-offs governed by integral connection
Thus, we obtaln a gyro verticel with Integrsl correction,
which possegses the properties of an astatic system of
automeatic control. Thanks to astatism, such & gyro vertical
will essume & plumb position with an accoracy to within
ballistic deviations. :

" We will refer the gyroscope to the horizontal system
of coordinates cxe¥eZe the oprigin of which will be meds to
coineide with its center of inertia (Fig. 2). We will place
the exes oxo and oyo in the plane of the horizon in such &
menner thet they will form, together with axis a2, dirscted
verticelly upward, the right-hand system of coordinates.
Phereafter Vs will assume that the axis of rotation of the
outer glmbe?l of the Cardan suspension coincldes with axls
v%y. For the time belng, ve will leave the orientztion of
the axesoxs and Oy in the plane of the horizon undetermined.

We will rigidly connect the gyroscope's housing
with the system of covordinates OXYZ, whose axes Ox &nd Oy
ave located in the equatoriel piané of the gyroscope and
form & right-hend system of coordinates with exis oz di-
rected along the spin sxis. Axls oy will be made o coin-
clde with the rotstion sxis of the gyroscope's hLousing.

With this selection of the systems of coordlnates
the gyroscope'!s housing will be exsctly determined by o
argles o and g equel to angles . ~ . pespectively.

: ’ (1o} W (£1%0)
- We will introduce the following designations:
w, 18 -the vector of anguler veloclty of rotatlion of the
system.of,coordinatesox@M%iralative to a certaln
irertial system of coordinates;

w, 1s the vector of snguler velocity of rotaetion of the
system of coordinstes oxyz relative 1o the horizontal;

® 1s the vector of the sbsolute angular velocity of ro-
tution of the system of coordinates QOXyZ;

¥ 1s the angalar velocity of rotetion of the gyrczcope!'s
rotor relative to the housing; -

A is the poler momsnt of inertia of the gyroscope's
rotor; '

4. is the e natorial poment of inertia of the gyroscope's
rotor torether with the housing;

M, M, ga8 M, sre the components of the external torque

spplied to the gyroscope's housing along the axis of
the system of coordinates OXyzj



Vrand Yy are the horilzontal components of the object!'s
motion velocity relative to the earth's surface;

w; and w; are the horizontal and vertical components, re-

spectively, of the angular velocity of the earth's
rotation;

¥V 1s *he angle between the vector i of the chjectts

true veloecity and the meridian, reckoned west of
the meridian;

Y 1is the angle between axis ox, and vector v, reckong
ed west of &xls OX.;

R 1s the radius of the earth.

Hereafter we wlll assume that motion takes place alon
& laerge circle, and we will connect axes ox, and oy wlith the
objeet in such a manner that axis ox extengs alongothe
ionglitudinal axis of the object. We will assume that y
remains conntant during the entire period of motion.

Taking into consideration that

W T o + v
DS “r

and projecting this vector equallty on the axes of the system
of coordinates oxyz, we find

== 9. ) mex(‘(‘)s :'} —o. sin :3~
wy =2 f - gy, COS A 4 0, SN ESIN G + Wy COS 1sinz, (N

wy = sin a4 oo, sin3cos x4 o Sinx F W, COSACOS Y,

where » v
W ey COS\P .-I-\;- ,
Wy I &Y Sin ‘P + “}f‘ , A )

mp: — u)z .

Hereafter we will consider a, 8, a and § as infinitely
small velues of the ssme order. Limlting our anslysis to
small oscillations of the gyroscope!s axis in the vicinity
of the vertical and neglecting terms of higher orders of
smallness, we obtain, for the projections of absolute

angular velocity of the gyroscope's houslng (2), linearized
expressions

m3 vy



L :: ﬁ + W, ", 3; .
my :::;i + W,y + (O (2')

. v
p— Y +
n, == o\a + L P u)‘,y ..

Applying the Resal theorem, we obtain the,following equa-
tions in projection along the axes of the system of co-
ordinates oxyz of the gyroscope's motion:

d 1) .
Je dtx -+J w, (‘": + ::) - "lf Wy Wy = ‘)w";

do, : '
j‘_ - mjtubx((cﬁ:-+-',?)+jfmrm:z‘uy; (3)
do; =5}

Considering thet o,=®,<¢ and assuming that M.=0,
we get ' )

J (@, +@) =Jo=H=const. -- | 4)

We fu ther assume that J=[,, and neglecting the
nutational +rvms in Eqs. (3), we obtain the follovwing equa-
tion of motion on the basis of (4):

Ho, =M, ',""H“’,r’:M,v' (2)

Torques M, and M  represent here values which are

proportional to the integrals of accelerations measured by
the sncelerometers. The coefficients should be selected in
such a way as to make ballistic deviations minimel. The
latter requirement is equal to the fulflllment of the
Schuler condition.

Projecting e8ll accelerstions on axes OX and oy, in-
cluding the acceleration of the force of gravity vwhich we
vwill consider to be directed along the earth’s radius, we
obtain the following expressions for M, and M :

t
M‘tzklof(wx“*ge)dt'*'Mxx; .
(6)

4

My:kzg(Wy+ga)dt+M,y.'



. Here g 18 ths acceleration of the force of gravity neglecd-
ing tFe cent~ipetal acceleration; ‘
¥ &nd W are the components of the acceleration vector
% ' ,
in abaol%te motion elong axis ox and oy;
M end M are certaln supplemsntary tordques applled o
1x 1
the gyrosc%be which should compensate for the horizontsl
component of the earth's rotatlon; these torques should
. be produced by & calculating-determinating devica,
T qubstituting (6) into Egs. (5) and dividing the
left-hand and right-hand parts by H, we obtain, on the
tesls of (271} and (2), '

/ . ' R - M.,
“.‘» *,g; oy S»iﬂd(' -«’" -}-ig— + "y & = %f{ “’,fx _,gfj}df.,}w Wﬁ_}.‘i'
. g .
(M)

. !

: . Yy - kq My

quWMQ—R-w%%_~7f(W@+gﬂﬁw7?.

' . . [ . .

Hence it is clear that the supplementary torques ghould be
gz follows: : ’

M;,%‘Hw; sin M,yse:-Hma cmw e {8}

~ In orier to detérmfné the coeffinients of proportion-
ality k and k , ve will proceed as followss for the time
1 2

helng we will assume that the base i1s moving along & large
circle on a certain imaginary sphere of radlus enuel to

the earth's radius, the motion rot teking part in the rota-
{ional motion of the earth (2). Then the sccelerations W
and ¥ w11l be in the form A X

L ,‘ |
W, =1, Wyzi'y' _ | ‘ (%)

In this esee the equetions of motion (7) will sssume
e very simple form: '
’ 14

s =5 f—gnar,

[ et
2 — =_”ﬁf@.+ dt -
. 7 K ¢+ ga)dt.
' ' S R wwdul('())
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Differentiating these equations with respect to
time and selecting the undetermined coefficlents k and k
1 2
in such & way that the equations will not contaln accelera-
ions v and v , we find
X I

b < H |
klzzkzxzjy- ' (1)
Equations of motion (10) with coefficlents k and k
‘ - 1 2
from (11) are written as follows after differentlistion:

4 £5mm00 a4 £amo. (12)

Hence we see that under condition (11) and circum-
stances discussed sbove, the gyro vertlcel will be free
from ballistic deviations but will perform harmonic oscill.
ations sbout the true verticel within &« period equal to the
Schuler period of 84.4 min. : '

We will now return to the case of motion along &
1arpe circle, and assuming that conditions (8) and (11) sre

fulfilled, we will write Eqs. (7) in the following form:

t
b+ %4 ua= [(\x'..-. g5)dt
U

(13)
o

4
. 1 ‘
i m = = (W gy,
. 1]

Accelerations W and W will be somewhat more complex

X L
in these equations thsn in Eqgs. (10), since they will contalr
in addition to the relative acceleration, 2lso the centripets
gnd Coriolls acceleratlons, produced by the rotation of the
earth.

Accelerations Durlng Motion Along a large
Circie on the opnere of the Earth

Assuming that the vector of transfer velocity v lies
in the plene of the horizon at all times, we will neglect
the vertical component of the relative acceleratiocn.

According to the Corlolils theorem, absolute accelerx
atlon can be found from the following formule:

o7 W 7 Y
Wops =W trense W pe1+ Weor , (14)

—_ 6



The ascceleration of transfer motlon is & function
of the rotation of the earth. The vector of this acceler-
ation lies in the plaene of the merldian and its dlrection
is perpendicular to the axlis of the earth!s rotatlon, 1its
value belng dependent on the latitude of the location @ .
RPor its components along the axes of the horizontal system
of coordinates ox y z , orlented in the manner indicated

000
above, we will have the following expressions:

1 .
W tpens 2= 5 ng sin 2 CO8 (df' + ":) .

2 (1or

1 . .
- trans y= - RegsinZzsiniy+ i

—— 1 L i
W trans z“’”“?'R“{C”*?-

The acceleration of the relatlve motlon will be
centripetal and rotary. The vector of this gcceleration
will 1ie in the plane of a large ¢civecle and 1ts componentis
slong the axis of the system of coordinates ox y z Wwill

000
be wrltten as follows:

W rel =1,
’o . i
LA y— G (16}
’ ] ,
| W prel ,m»»k(ﬁﬁ*@y

Finally, the Coriolils acceleration will be a functlor
of the rotation of the earth and the relative motion of the
object along the large circle. The vector of this accele:
ation can be found according to the formule

W cor :::;)Jax;;, . (17)

Projecting the vector equality (17) along the axes
of the horlzontal system of coordinates, vwe find the com~
poneats of the Coriolls acceleration:

W gor x==—2m, v

W cor ,=_wyty , (1%)

W ocor =2} v24 2 -sindg,



on the basis of expressions (15), (16) and (18) we
find the components of the vector of absolute acceleration
along the axiz of the horizontal system of coordinates,
whiceh have the form .

W, = Rwomgcos (¥ +7) — 2wyt Uy

W, = Ronyio sin (5 9) - 20 ¥+ 03 (19)

2

W, = ~ Rw} — ——I?-—# Qw, rsiny.

The designations here are

Wy ==, COS 2 M, I in<: i == FCIE 'T
1 2y mpTEeg Sz U | B GA S

Hereafter, as before, we will neglect the nonspherical
shape of the earth. It should however, be borne in mind
that the calculation of the devistion of the true shape of
the earth's surface from & sphere 1ls very important 1in a
quantitative evaluation of errors.

Projecting the components of absolute ascceleration
along the axes 0OXyZ connected with the gyroscope's housing,
and separating the terms that characterize the centripetal
and Coriolis accelerations, we obtain, in first approxima-
tion, the following expressions for accelerations acting
on the accelercmeters: ' _

W, =W;+v,;
x z \2‘)’

oWt

w, = W)+

. where

Wk == Ry 08 (3 4 1) = 22Ty |
(21)

“;';' jiones I\)m‘szin (‘J + '{‘ + '.2 ey UX .

Determination of Errors Produced by Centripetal
snd Ccoriolis Accelerations

Anslyzing the simplest case of motion along a large
circle of a nonrotsting sphere, Ve saw that in fulfilling
conditions (11) the gyro vertical is free from deviations.
This does not mean, however, that we will get at the
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output of each accelerometer an accurate value of the

veloeity component. This could happen only in the case

of zero init:asl conditions for Egs. (12) of the gyro

verticsl's ¢ tion., But if the initisl conditions are

different than zero, the gyro vertical will produce

harmonic oscillations, which will result in an error of

velocity measurement that alsc changes according to the

harmonic function. : . \ _

: " Let us assume, for example, that -0 = fu: Bl-o==0; then
we will get the following solution from the first Bqg. (12):

3 = 4,C08 ‘/-%t (22)

The magnitude of the oscillation error of velocity
measurement equals .

4
U R YT &
_wx;-_blgﬁdf——a*ol/gksm|/..R_t- (23)

The error of measurement of the velocity v 1s determined

in exactly the same menner. x

Tt is interesting to note that the amplitude of
this oscillation error is proportional to the magnitude
of the first cosmic velocity of e zero-latitude satellite
which, as 1s known, equals| gk . Regardless of this, the
error amplitude can, in principle, be mede as small as
desired, by means of decredsing the initial angle of
deviation B, . The systematlc nature of this error makes
possible its eliminatlon, if only it does not become dis-
torted in the process of motion under the effects of -
eccldentel disturbances.

Let us now return to our case of motion along the
surface of the earth and attempt to determine the effect
of centripetal and Coriolis accelerations. Substituting
the expressions for W end W from (20) into Egs. (13), we
obtain X

¢
P : ‘ v .
.$+m'a=-§—6f(u"—-g‘$)dt.
(24

) 4
° . l ¥
ﬂ-—-w._.‘az ———ﬁ‘!‘(wy+ gz)dr,



Differentisting Equs. iz&), we obtein the equations
of motion of the gyro vertlcel,

(25)
- R
o - "’2:‘ - «):? + —7‘,' A== “p’ W’, .

We assume that we know the steady motion of the gyro
vertical and its corresponding quotient solution:

L}

2,20, (8 3, =0,00). (26)

Then, stetingi=a—a., n=F—B y¥e can write the equatlons
in variations which reflect the small oscillations of tre
gyro vertical sbout the steady motion (26). The eguatlons
will be held in the following form of varlations:

1, wgh A mf =0
‘ (27)

g . ,.,211 . “’2"1 + i f-"—%
The equations obtalned (27) are analogous to EgsS. (12)
wvhich determine the oscillation error. Unlike the latter,
Egs. (27) ere dependent. The terms contalning the multipl’
w: are very small if the relative veloclity ¥ is small, end
they can be discarded. Without consldering in detail the
enalysis of Egs. (27), we only wish to note that the ‘
escilletions of error will take plece within two periods,
ol nours end 8%.4 min and that they are of a pulsating

nature.
In order to calculate the errors produced by centri-

petal and Coriolis accelerations, we have formulas

!
A z:,:uf(w;j - g(ﬁ,) dr,
. - (28)
Av,::{(\.l”;%—gz,)dt. : |

where

“%;l::: Rm'm‘, CcoS (v o ’b.’) — oy 1}1
W, = R, sin (% + W)+ 2 wp Uy -

In opder to calculete the errors according to

. formules {28) it is first necessary to find the quotient
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colution (26) of Egs. (25). For this purpose, 1t 1s first

of 8ll necessary to concern ourselves with the laws govern-
ing the motion of the object. Formulas (28) can be present-
ed in the following form on the basis of Eqs. (28)s 4

A Uy == R(‘”Zar + ?r):
o (29)
a z')’ boerrd R(“‘-_-“‘, — 2,) .

At constantly smell megnitudes of veloclties v and
X
v , the functions w*(t) and W* (t) will be slowly changing
pA X P .
finotions of time:; accordingly,e,and 7, will 8lso be slowly
changing functions of time. Under these conditions, we can
epproximately state

A, vy T Roa U= R w2,
yo ¥ ‘»-"
where Yo i
1, ~— - ?r —~— T
g g

Assuming, for example,
oo =10 Mfeer, v, =00 % .—.-:60’; R=064-10" u;
ws o= T31007 Yook, 4 =0,
we will obtain
qu::(i4~IUCQTAP-(LST-(LS-10‘“'-2-7J3-937'1‘V“'A“’=:
—00136 % Sec®  WF=o:
a0 3 00014

oy = 6010073 10~5 . 987 - 1.4 - 10-% < 0,67 m/Sec. A v, X0,

This exsmple shows that errors produced by centripetal
and Coriolis accelerations must be taken into account.

The Effect of Coulomb Friction

It is & known fact that friction in the bearings of
guspension of the sensing element plays an important part

— 11 e



in most precision gyroscopic devices. The accuracy and
sensitivity of the device depends in large measuré on
coulomb friction, and this makes it necessary to develop
eapacially sensitive besrings.

In this connection, it is interesting to estimate .
the effect of the forces of coulowb friction on the agcuracy
of veloclty measurement in sn inertial system. For this '
purpose, we will consider the simplest case of motion of the
base, when Coriolis and centripetal &ccelerations are absent
Turning to the equations of motion (10) applicable to this
case under conditions (11), and taking into account the
friction torgque in the besarings of Carden suspension, ve
obtain the following equations of motion:

. ¥ . .: * .
3 p.éo fwj (1’ T e {l‘ hi'..‘,’l\d..

0 ' . (‘,}’(”

!

2 = I&\: ’1(i.’":{12$i;llp.
3
Here ¢1 and ¢2 are the torque forces of coulomb
friction referrsd to the gyroscopets kinetic moment,
1.8,

3

A “
f},:——ﬁ'?—; 03 = H (31

It is not difficult to see that coulomb friction
dnes not chenge the position of dynamic equilibrium of
the gyro vertical. Matters are different with integrators,
st the outputs of which we will have, in sddition to
weeful components cof the messured veloclity, &lso supplemen-
tary components which compensate for friction torgue. These
supplementary components will appear as statle errors,
produced by friction torques M end M . The limit values
fx f
of statlc errors of measuring the veldgity components will
be as follows: ' .
A v =y ifsdt = MrR

—

A 7]
A o ’é” Vi, f¢ (32)
CiEgifadl =
‘ % “5%*~
Let us assume, for example, that Ao, - 0,0im/sec;

the corresponding drift produced by coulomb friction will




be equel to

k-_(_ iy 0ol e ‘
'jn tAR‘ a4 T 1.6-10 7 1/sec.

Hence it 1is clear that the requirement applicable to
the drift of the gyroscope in an inertial system should
be higher thean &n gnalogous requirement applicable to the
pearings of modern precision gyrocompasses.

Conclusions

The introduction of integral correction satisfying
+we Schuler condition is insuffictent to obtalin an accurate
seasurement of veloclity by the method of inertis during
motion alon: a lerge circle. In order to compensate for
systematic -rrors produced by Coriolis and centripetal ac-
csllerations, it is necessary to introduce into tne system
sddltional devices which take into account the parameters
of the trajectory and the position of the object elong same.

Integral correction ensures absence of errors of
velocity messurement, errors which ineresse without limit
with the passage of time.
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