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PROPAGATION OF SHORT LASER PULSES IN PLASMA CHANNELS

L. Introduction

Advances in laser technology have resulted in a new class of compact, ultrashort pulse
lasers with extremely high intensities [1-3]. Intense pulses have numerous potential applications
in areas such as advanced laser-driven accelerators [4-14], harmonic generators
[15-19], x-ray lasers [20,21], other short wavelength radiation sources [22], and “fast ignitor”
laser fusion [23-25]. Laser technology is now being pushed to such extremely short pulse
lengths that the pulse is only a few optical cycles in duration. For example, at a wavelength of
0.8 um, Barty [2] has produced pulses of 4 TW peak power with durations of 18 fs (~ 7
wavelengths) with plans to extend these results to ~ 10 fs and > 100 TW. In this regime, finite
pulse length effects may play an important role in the laser pulse propagation dynamics.

The propagation dynamics of long laser pulses (long compared to the wavelength) is
described by the well-known paraxial wave equation. In the parvaxial wave equation
approximation, lowest order diffraction effects associated with the laser beam are retained but
finite pulse length and higher order diffraction effects are neglected. The solutions to the
paraxial wave equation in vacuum are the well-known Laguerre-Gaussian functions that describe
the dynamics of long laser beams [26]. When the laser pulse length becomes sufficiently short,
i.e., less than ~ 10’s of wavelengths, finite pulse length effects can play an important role [27].
An example of this is the propagation of short laser pulses in a guiding channel. Extended laser
pulse propagation in a plasma channel [28-40] is important in a number of applications,
including high gradient accelerators and x-ray lasers.

In this paper a quasi paraxial approximation (QPA) is introduced which is an extension of
the well-known paraxial approximation to the wave equation to include finite pulse length
effects. Employing the QPA, a pair of coupled envelope-power equations is derived for short
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laser pulses propagating in vacuum, plasma and channels. The model includes atomic electron
and relativistic effects. The results contained 1n this paper include: 1) an analytical formulation
of short laser pulses using the QPA, ii) a derivation of a pair of coupled laser envelope-power
equations, iii) a laser envelope modulation which eventually damps due to frequency spread
phase mixing, iv) demonstration of significant modification of nonlinear processes due to finite
pulse length effects, and v) analysis of short pulse propagation dynamics in long plasma
channels. These results represent new features and effects associated with short pulse lasers.
Short laser pulse effects have been considered numerically or in one dimension by others [41-
44], however, the major findings in this paper were not addressed. For example, due to finite
pulse length effects, the trailing edge of an unmatched laser pulse propagating in a plasma
channel is found to undergo an envelope oscillation, while the leading edge is damped. For a
sufficiently short pulse the modulation will modify the main body of the pulse. The laser
envelope modulation is shown to be due to the dependence of the pulse group velocity on the
spot size through the pulse length. In addition, finite pulse length effects are shown to
significantly increase nonlinear focusing processes.

The organization of this paper is as follows. The general wave equation for the electric
field of a finite length laser pulse propagating in vacuum, plasmas or channels, including
nonlinear (atomic and relativistic) focusing effects, is presented and discussed in Sec. II. In Sec.
III the propagation dynamics of a short pulse in vacuum or uniform plasma is derived. In Sec.
IV a general pair of coupled envelope-power equation is derived. Thesc equations are used to
analyze the propagation of a short laser pulse in a preformed plasma channel with nonlinear
focusing effects. Various propagation limits are discussed and the laser envelope modulation is

analyzed. The laser envelope modulation is discussed in Sec. V. Numerical illustrations arc



presented in Sec. VI and a conclusion is given in Sec. VIL. In the Appendix the range of validity

of the QPA is obtained in two limiting cases.

IL. Finite Pulse Length Model

The propagation medium is a vacuum, plasma or preformed plasma channel consisting of
free and bound electrons, i.e., partially stripped plasma. Nonlinear processes arising from
relativistic and atomic polarization effects are included. The wave equation includes a plasma
current consisting of free electrons and a polarization current arising from the bound atomic

electrons and is given by [31,45,46],

32 _, o2 (9T, %P
v2iie L 2 E=4mY R+ (1)
T2 ot? ot 9r?

where V_;"L is the transverse Laplacian, E(r.t) is the electric field, J, is the plasma current density

associated with the free electrons and P is the polarization field associated with the bound

electrons.  The atomic polarization field consists of a linear and nonlinear part,
P=(1/ 47:)(713 -1+ 2ngn,I)E, where 7o is the linear index, M is the nonlinear refractive
index and I = (c/4m)no <E0E> is the time averaged laser intensity. In the present model, the
origin of the nonlinear index T, is the anharmonic potential in which the bound electrons

oscillate. Noting that dJ p! ot = (47r)"1a)!2, (r)E and setting 1o = 1, the wave equation becomes

,
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where @, (r)= (411:q2np(r)/m)”2 is the plasma frequency and n(r) is the plasma density. In Eq. (2)
the coefficient of the nonlincar term B = 3, + . denotes relativistic free electron effects as well

as nonlinear atomic electron effects arising from 7,
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where @ p0 = (47rq2n po! m)” 2 Ny is the density on axis (r = 0), and @ is the characteristic laser

frequency. In Eq. (3), B, results in a critical power for relativistic focusing [31,47-50] while the

B, results in a critical power for atomic electron focusing [31,51-53]. In a partially stripped
plasma, atomic effects can occur on a time scale ~ 10"% sec and can dominate free electron
effects in the nonlinear term [32,45,46]. The nonlinear term, due to relativistic free electrons, is
only significant when the laser pulse length is longer than a plasma period [54]. The critical

powers for relativistic focusing in plasma and nonlinear focusing in a gas are, respectively,
P, =2c(q/r)(wlw,)? (4a)
P e p’ >
and
P, = A 2/(2mn,), (4b)

where r. is the classical electron radius. In general, when the laser power excecds either of these
critical powers, focusing occurs [31,45,46]. The total nonlinear focusing power consists of
contributions from both P, and P, and is given by

P. = P,P, (P, + Fy). (4c)



The preformed plasma density channel is taken to be a function of radial position in order
to provide for guiding of the laser pulse. The radial dependence of the plasma frequency is given

by

21/2
Anr} , 5)

O,(N=0,1l+—F
p P{ "p0r02

where ny + An is the density at the edge of the plasma channel (r = r.). For guiding, the plasma

density must increase as a function ofr,ie.,An>0.
Laser induced plasma waves, wakefields [55,56], are neglected. This can be justified if

the laser pulse length is less than a plasma period or if the laser intensity is sufficiently low.

a) Quasi Paraxial Approximation (QPA) to Wave Equation
The laser electric field is of the form
E = Egexp(i(kz — o1))/2 + cc., (6)
where Eo(r,t) is the complex amplitude, k is the wavenumber and ® is the frequency.

Substituting Egs. (5) and (6) into Eq. (2) gives the wave equation for Eo,

9 o 9) 32 1 3% _,r? .
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where K, = (mpolc)(An/npo)” 2 is the focusing parameter associated with the plasma channel and
(2,2 2,22 : : _

we have set k = \0“/c¢” — @0 /c . Changing variables from (z, t) to (z,£) where § = z —

Mpct, and setting k = npw/c, where np = (1 — w%o /a)z)l /2 is the linear on-axis plasma refractive

index, Eq. (7) becomes
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The second term on the left-hand side of Eq. (8) represents first order diffraction effects, the third
term denotes first order finite pulse effects, the fourth and fifth terms denote higher order finite
pulse and diffraction effects respectively while the last two represent guiding and nonlinear
focusing, respectively.

In the absence of channel guiding (K. = 0) and nonlinear focusing ( = 0) we can obtain

an estimate for the order of magnitude of the various terms in Eq. (8). The second, third, fourth

and fifth terms in Eq. (8) are approximately of order

2, @1cfo 1] ~ =, ©92)
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respectively, where rp and £y are the spot size and pulse length. In obtaining the estimates in
Eq. (9) we used [9/9&| ~ 1/4¢ and [9/92| ~ 1/Zg, where Zg = m]prozll is the Rayleigh

length in the plasma and A is the vacuum wavelength. The relative order of magnitudes of the

first, second, third, fourth and fifth terms in Eq. (8) is

2
! A : ____]“Tlp Z—R—;L— : ! —/1— (10)
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The first two terms in the wave equation are comparable and lead to the paraxial wave equation
approximation. In the paraxial approximation finite length effects and higher order diffraction

are neglected, i.e., the third, fourth and fifth terms in Eq. (8) are neglected. The paraxial wave

equation assumes that /£ <<1, (1 - n?))(ZR 1Lg)AlLy << 1, and M/Zg << 1 and is given by

0
v2 +2in. L2 R, =0. 1
( Tt lnp c aZ)EO ( )

Solutions of the paraxial wave equation are the well-known Laguerre-Gaussian functions [26].

When the Rayleigh length is large compared to the pulse length, Zg >> £, the higher

order diffraction term can be neglected compared to the finite pulse length terms resuiting in the

following wave equation

i ¢ 0 )9 92
v2 +2in 2l1- L% 19 a-92)2- [, =0.
( L ‘"Pc[ ny ot o TP geE PO (2

Equation (12) contains first order diffraction and finite pulse length effects and reduces to the

paraxial equation, Eq. (11), when the pulse length is much longer than the wavelength, £y >> A.

b) Finite Pulse Length Wave Equation

Finite pulse length effects are represented by the terms 92 /920 and 02 /9£? in Eq.

(12). These terms under certain conditions can be simplified using the QPA, allowing for the
analytical solution for the field. To analyze finite pulse length effects we assume that the general

solution of Eq. (12) for the fundamental transverse Gaussian complex amplitude is given by

E, :bexpligo—(1+i9)r2/rs2 Jc_l_ (13)



where b, @, 6 and r¢ are real functions of z and § = z — Npct and € is a unit transverse vector

defining the polarization. In Eq. (13), b is the amplitude, ¢ is the phase, 0 is related to the
wavefront curvature, and ry is the spot size of the laser pulse. The central assumption in the QPA is
that the main contribution from the finite length term will come from the & dependence in the

initial amplitude. Hence, we make the approximations OEq/0f = (dfn(by)/dE)E, and

92Ky 102 z(a%n(bo)/a§2 + (afn(bo)a§)2)E0, where by(&) =b(z = 0, ). In the Appendix
the QPA will be shown to be well satisfied for a broad range of parameters. Employing the QPA,

Eq. (12), including the guiding term and relativistic/atomic electron nonlinearities, becomes

2
[Vi + 2inp5‘c’-(1 + ie(é))aa—z ~ 2 -3 )8®) ~ K2 P2 12+ BEq eEg /2 [Eq = O,
C
(14a)
where
w1, o
and
c o0 2
(&) = = — g”°. (14c)
g€ o, 3

Finite pulse length effects are represented by the functions £(&) and g(€). If the laser pulse

amplitude has an initial Gaussian longitudinal profile, ~ exp (—4¢ 2 /(7(2) ), we find that

s &4 A

= >, (15a)
ony, €5 Mp Ly

) =

and
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The functions € and g have magnitudes much less than unity in the vicinity of the laser pulse, i.e.,

|§| < £. To estimate the order of magnitude for € and g we take A = 1 um and £ = 15 pm (50

fs pulse) and obtain &(§ = £() =8 x 102 and g€ = £() =- 6 x 107,

The quasi-paraxial wave equation, Eq. (14a), indicates that finite pulse length effects can
be important when £, < (l/ro)zL, where L is the propagation length. This implies that finite
pulse length effects are significant when L >> Z,, as would be the case for a guided laser pulse.

The laser field, which is described by Eq. (13), depends on the functions b, ¢, 6, and 1.
To obtain equations for b, @, 0, and r;, we substitute Eq. (13) into the wave equation, Eq. (14a),

containing finite pulse length effects, plasma channel guiding and nonlinear focusing. Equating

like powers of r leads to coupled equations for b, ¢, 6, and 1,[57]

0+ i(1+ie)a—az—|:%£n(P/R2) + i(p] +PI2R?*) —a =0, (16a)
2 . . d —4 ' P _
0 +l(1+l8)'a—Z-Q —Rm - EZ—O, (16b)

where Q(Z,6)=—-(1+ i9)/R2, R = 1y/1p is the normalized spot size, ro is the initial spot size,
R = TfTo, m = (21o/Ko)"2 () = (Zg 110)2 (L - 1%)8(E), Zg =1 ,0r5 12¢ = npmg 1A is the
Rayleigh length, Z = z/Zg, P(Z,E) = PUZE)/P. is the laser power normalized to the nonlinear

focusing power, PL(Z.E) = Ppeax (b/ l;())2 R? is the laser power, 1;0 is the peak amplitude at Z =0,

Ppea is the peak laser power at Z = 0 and P is the nonlinear focusing power in Eq. (4c) which

can be due to both relativistic and atomic electron effects.




III.  Short Pulse Propagation in Vacuum or Uniform Plasma .

a) Fundamental Transverse Gaussian Pulse Solution
In this scction we obtain and discuss the finite pulse length solution to Eq. (14a) by
solving Eqs. (16a,b) in the absence of guiding (R,, — o) and nonlinear focusing effects (P, —

o). The solution of Eq. (16) in a uniform medium with refractive index np, is

1/2
_ 1+ e2(€) e(©)a(f)
b(Z,E) = by(E)R (2, S Thud T4 ) | 17
(Z.8) =byG)R'( 5)(1“@(“8(5))] exp[ 20 (17a)
9(Z,8) = —tan™'(Z + £(©)) + tan”' (e(©)) - —“%)——2, (17b)
1+e“(&)
0(2.8) = —Z , (17¢)
(1 +&@)zZ + &)
1/2
1+(Z + e(é))2
R(Z,E) = 17d
(2.¢) (1+e(é)(Z+e(é))] (7
and the wavefront radius of curvature is
R.(Z,E)=R*Zy10(Z.8) = (Z 121 + @ + ez.HP) (17¢)

In the paraxial limit, &(§) — O, the functions b, @, 6, R and R. in Egs. (17) reduce to the

conventional expressions for the fundamental transverse Gaussian beam [26]

b(Z) = by ! R(Z) (18a)
¢(Z)=—-tan"'Z (18b)
0(2)=-2, (18c)
R(Z):(I+Zz)l/2, (18d)
R.(Z)=(Zp!1Z)1 +Z?). (18c)




For propagation in vacuum we set |, = | in Egs. (17) and (18).

b) Group Velocity

To correctly obtain the group velocity it is necessary to use the quasi-paraxial wave
equation in which finite pulse length effects are included. The paraxial wave equation in Eq.
| (11) does not contain finite pulse length effects; it is valid for infinitely long beams. Since Eq.
(11) is independent of the variable & which describes the pulse shape, finite pulse length effects
can be included in an ad hoc manner by simply multiplying the paraxial solution by an arbitrary
pulse envelope. In general, the group velocity is the velocity with which the peak of the pulse
envelope travels, i.e., the velocity for which db(Z,£)/9E = 0. In the paraxial approximation the

group velocity is found to be v, =c17), = c(ck / ®) where we have taken the pulse amplitude to

be by(&) = 50 exp(—4§2 / lg ) and I;O is the peak amplitude. In this approximation the product of

the group and phase velocities is .
In the quasi-paraxial approximation, which includes pulse length effects, from Eq. (17a)

the pulse envelope can be written as

KZ.£) = © i -e@z 01+ 22), (19)
where by is the amplitude in the paraxial approximation and the term proportional to £ is the QPA
correction due to finite pulse length effects. Equation (19) is correct to order £ and is valid for
€Z << 1. In the presence of finite pulse length effects the group velocity is found to be

2 2
272,52
ve () =cm,|1-% A (1 ¢! /ZR) —cnpl -2 A (20)
T po (1+c2t2/Z,%)2 T pho

11



where the second expression is valid for ¢t << Zg. In obtaining Eq. (20) we cvaluated .

1
db/d& =0 inEq. (19) and set Z=ct/Zp and & = [dt'v, (t')—cn . When finite pulsc length
0

effects are properly included, as in the QPA, to lowest order in € the group velocity is

independent of the pulse length but depends on the spot size as given in Eq. (20).

IV.  Coupled Envelope-Power Equations

In this section we analyze the propagation of a finite length laser pulse in a preformed
plasma channel including nonlinear focusing effects. In general, for propagation in a plasma
channel there is no equilibrium solution for a finite length high power laser pulse. For a

sufficiently low power, where nonlinear focusing effects can be neglected, an equilibrium

solution for finite length pulses exists. However, the equilibrium undergoes an envelope

modulation. The normalized envelope equation for a laser pulse in a plasma channel, to first

order in g(§), is obtained from Egs. (14a,b)

92R/13Z% - (1= P)R> + R;*R+ e F(Z,£) =0, (21a)
where
VA
P= Po(éj)exp[—s jG(Z',zj)dZ'J, (21b)
0

is the normalized power,

F(Z,E) = R‘2[3 +(RIR,)* - P+ (RaR/aZ)sz/az, 21c)

G(Z,E) = R‘2[1 +(RIR ) + (RE)R/BZ)zj, (21d)

12



. and R = r/ro, Z = 2/Zg. In obtaining Eqgs. (21) higher order finite length effects contained in Q,
which are of order £, have been neglected. The coupled envelope-power equations for the
guided pulse given by Egs. (21) are nonlinear functions of spot size and contain finite pulse
length effects. Several limiting cases, depending on the laser power and pulse duration will be
discussed. In the following, low laser power refers to powers much less than the nonlinear

focusing power, P << P..

a) Low power, Long pulse (P << 1,&= 0),

In the low power, long pulse limit, the envelope equation reduces to

2
9—1; +R;*R - R = 0. (22)
aZ
. The second term in Eq. (22) denotes plasma channel focusing while the last term represents

diffraction. In this low power, long pulse limit, the beam has an equilibrium spot size Req = R.

b) Low power, Short pulse (P << 1,£#0),

In the low power, short pulse limit the equilibrium solution to Egs. (16) is

Req = R, (23a)
beq(Z,€) = bo(E)exp l- ez/ R,%J (23b)
0.5 =0, (23¢)
Z
eq(Z)=——F— (23d)
Peq (1+e2)R2

while the equilibrium power is given by

. Peq =F exp[2£goeq (2)], (23e)

13




and the pulsc group velocity is given by the expression in Eq. (20). The effect of finite pulse .

length (e # 0) is to make the peak of the pulse shift backward as the pulse propagates.

c) High power, Long pulse (P< 1, £ =0)

In this limit, the equilibrium is given by

Rog(®) = Ryl = Pop(®)'4, (24a)
B4 =0, (24b)
Peq(€.2) == (1= P, I2ZI R, (240)

where Peq = Po(E) = (Pmax/Pe) (b (£)/ 130)2 is the initial normalized laser power as a function of &,

In this limit the laser power does not evolve with distance, i.e., Peq = Py(€) is independent of Z.

For peak laser powers less than the critical power, Po(§) < 1, the equilibrium is stable.
In this limit for a uniform plasma (no channel guiding, Ry, = o), a uniform laser beam
i.e., independent of &, will have a longer Rayleigh length longer than the vacuum Rayleigh
length because of nonlinear focusing effects. The modified Rayleigh length is given by
Zg = (1= Py 22, (25)
provided Peq < 1. For Peq > 1, the beam focuses in a distance
Li =Py~ 12 2Zpo. (26)

In Egs. (25) and (26), Zgo is the Rayleigh length associated with low power lasers, i.e., powers

much less than the nonlinear focusing power (Peq << 1).

14



d) High power, Short pulse (P< 1, €=0)

In this limit, the laser pulse does not have an equilibrium. The stability characteristics of
laser pulses in plasma channels can be obtained by perturbing Eq. (21) about the spot size Req(£)

= Run(1 = Po(E))", where R = Req + 8R and | 8R| << Rey. The equation for 3R is
926R19Z2 + ARG (1- Py)SR + 4eRy> (1~ Py /2)d8R/3Z = — Ry°S P, (27a)

where
VA
OP = Po(exp[— e(GyZ + | 6GdZ')}— 1} (27b)
0

Gy =2Ry la- Py/2) and 6G =— 2R, 3 Py R. Since there is no equilibrium for high power,

short pulses propagating in a plasma channel, both the laser power and spot size evolve with
propagation distance. The spatial evolution of the power and spot size, among other factors, is

given by exp(-2e(1—Py/2)Z/Ry)

V. Laser Envelope Modulation
a) Envelope Oscillation
- In the low power (P << ‘1), short pulse limit b) of the preceding section, the perturbed

envelope equation is

d9’R IR _c 3"3R
4R + 46— —6——= 0, 28
ozt " ‘oz et 28
with solution
S8R =~ 8Rgexp(-26Z — 2% 1Z])cos(2Z), (28b)
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where dRg = OR(Z = 0), JOR/Z =0 at Z=0and Z,=wC(, 1(246¢) s the phase mixing length .

normalized to Z,. The damping term is obtained from an extension of the QPA to include phase
mixing. In obtaining the solution in Eq. (28b) it was assumed that the envelope period 7Zg is
small compared to the growth length Zg/(2lel) and the phase mixing length (7#6'/2)(80//1)ZR The
modulation amplitude is proportional to

02Y-2%1Z1]. (29)

exp[-84&Z /(zn £,
The modulation at the front of the pulse (£>0) is always damped while in the back (& <0) it

initially grows but is eventually damped due to frequency spread phase mixing. Overall

damping of the modulation occurs for Z > 27c|§|/(3n pl) .

b) Laser Modulation Mechanism

The mechanism for the envelope modulation can be understood by noting the

relationships between the group velocity, spot size and power of a pulse propagating in a plasma
channel. The group velocity of a pulse in a plasma channel can be written as vy = vy + dvg,
where the mean group velocity vy is given by Eq. (20), the perturbed group velocity is dv, =
c(Mmro)*St/rg and 8r is the perturbed spot size. To lowest order, conservation of power implies
8b = - bydr/rg, where &b and by are the perturbed and unperturbed laser field amplitudes,
respectively. Figure 1(a,b) shows the amplitude and spot size of a finite pulse length laser in a
reference frame moving with the mean group velocity vg. The solid curve shows the
equilibrium amplitude and spot size as a function of z — vgot. If the spot size is uniformly
increased (dr > 0) along the pulse, the group velocity increases by the amount v,. The
amplitude in front of the unperturbed pulse increases (db > 0) while the amplitude in back of the

unperturbed pulse decreases (8b < 0). Conservation of power indicates that the perturbed spot .
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size in back of the pulse is further increased since or = - rp0b/bg > 0 and decreased in front of the
pulse since r = - rpdb/by < 0. If, instead, initially the spot size were uniformly decreased, the
spot size at the back would be further decreased while in the front it would increase. Hence, the

perturbed spot size is damped in front of the pulse and is unstable in the back. Substituting § =z

— Vgt =2 — Vot - SVt = &g - SVt into b ~ boexp(-4£%/£3), the rate of change of the perturbed
amplitude is 98b/t =~ 8boEodv, /£§. Using 8r = -(1o/bg)b, we find

96r /0t =—-8c&y(A/ 7rr0)2 orl ¢ % which agrees with the growth term in Eq. (29). Inherent to a
finite laser pulse is a frequency spread given by 6@ ~ ¢/£,. Hence the envelope modulation

frequency €2, =2¢/Zg acquires a spread 8Q. ~ £ dw/ew ~Q,(A/2nL,). This envelope frequency

spread results in phase mixing of the modulation in a distance Z4 (normalized to Zg).

VI.  Numerical Illustrations
Figure 2 is a plot of the normalized spot size R(Z,E) in Eq. (17d) as a function of € for
various values of Z=0, 1, 2, 3. In this figure the laser pulse propagates in vacuum and the pulse

length is £5 =6 A. In the absence of finite length effects the spot size would be independent of

&. Figure 2 indicates that the tail of the pulse flares out more than the front of the pulse, leading
to a “trumpet” pulse shape.

In Figs. 3-6 the laser pulse parameters are A = I pm, @/@ << 1 £y =20 pm (67 fs) and

the peak power is Ppeqx = 0.56 Pc. The total nonlinear focusing power, P, is given by Eq. (4¢)

and consists of contributions from free and atomic electrons. In all the figures there is an initial
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mismatch in the spot size compared to the equilibrium spot size, i.e., Ry = R(0,0) = 1 and R, =
1.15. Figure 3(a) shows the spot size R(Z,E) as a function of Z = z/Z and &/A, with finite pulse
length effects (¢ # 0) included. For comparison Fig. 3(b) shows the same plot except in the
absence of finite length effects (¢ = 0). The laser envelope modulation is clearly seen in Fig. 3(a)
where the spot size oscillations at the front of the pulse (§ > 0) are damped and in the back (€ <
0) grow. Finite pulse effects not only result in an envelope modulation but also significantly
enhance nonlinear focusing. This is shown in Fig. 4 where the spot size with finite pulse length
effects (solid curve) approaches zero at &/A = -3 for Z = 15. The spot size without finite length
effects (dotted curve) shows less than a 10% decrease at & =~ 0 for Z = 15. Figures 5(a) and (b)
show the laser pulse amplitude b(Z,£) as a function of Z and &/A with and without finite pulse
length effects, respectively. As a result of the enhanced nonlinear focusing due to the finite pules
length, Fig. 5(a) shows a significant increase in the pulse amplitude at Z = 15 compared to Fig.
5(b). Figure 6 shows the pulse power as a function of &/A and radial coordinate r/ry at Z = 15.
Finite length effects in Fig. 6(a) result in an increase in the peak powér as well as a distortion of
the pulse compared to Fig. 6(b), where finite length effects are absent. In Fig. 6(a), finite length
effects reduce the pulse propagation velocity, i.e., peak of the pulse occurs at negative values of
€. In Fig. 6(b), nonlinear focusing effects are included while finite pulse length effects are

neglected, € = 0. For £ = 0 the pulse velocity is ¢ and nonlinear focusing is substantially reduced.

VII. Conclusions
The increasing use of ultra short laser pulses in many applications requires that the

paraxial wave equation be extended to include finite pulse length effects. We present the quasi
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paraxial approximation (QPA) to the wave equation. The QPA is an extension of the usual
paraxial approximation and takes finite pulse length effects into account. A pair of coupled
envelope-power equations is derived for short laser pulses propagating in vacuum, plasmas and
preformed plasma channels. The model includes atomic electron and relativistic effects. We
find that finite length effects can significantly modify the laser field. The new results include: 1)
an analytical formulation of short laser pulses, ii) a derivation of a pair of coupled laser
envelope-power equations, iii) a laser envelope modulation, iv) demonstration of significant
modification of nonlinear processes by finite pulse length effects, and v) analysis of short pulse

propagation dynamics in long plasma channels.
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Appendix: Validity of the Quasi Paraxial Approximation
The approximation, which leads to the simplified wave equation in Eq. (14a), requires

that

er € 9k
np0 0§ 0

where Eg and € are given by Eq. (13) and (14b). The short pulse approximation requires that Eq.

le Eq| >> (A1)

s

(A1) be satisfied.

a) Approximation in Vacuum
For pulse propagation in vacuum, N, = 1, the inequality in Eq. (A1) can be rewritten and

the approximation is shown to be valid if

Al oz ||, (rir)? |

— , ; , (A2)
2 (1 +i(Z + ¢)| 1+mz+gﬁ

€| >>

where we have assumed |e] << 1. The finite pulse length approximation in vacuum, used to
replace dE /0& with —(w/c)e(§)E in Eq. (14a), is well satisfied everywhere except within a

small function of a wavelength of the pulse’s center.

b) Approximation in Guiding Channel
To determine the validity of the short pulse approximation in a guiding channel we
consider the low power, short pulse limit of Eq. (21), i.e., limit b) in Sec. IV. The field in Eq.

(13) for the equilibrium solution given in Eqgs. (23) is

Eeq - b()(&)ﬁXp[—é'Z/R,i _irz /(rOR/11)2J‘ (A3)
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Substituting E., for Eo in Eq. (Al) yields the condition for the QPA to be valid. The

approximation is valid provided le| >> (c/omp)laala‘c',IZ/R,%, which for a pulse having a

Gaussian longitudinal profile is

1 A
€| >> — R2Z. (A4)
n, 2

The QPA approximation is not valid for long propagation distances.
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Figure Captions

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig. 5

Fig. 6

Ilustration of the physical mechanism for the laser envelope modulation. The amplitude
is shown in (a) and the spot size in (b), as a function of & = z — vgot, where vy is the
mean group velocity. The solid curves correspond to the equilibrium. The dashed curves
show the amplitude and spot size for the case with group velocity larger than vg (1) and
the case with group velocity smaller than vg (2).

Plot of normalized spot size R(ZE) as a function of & for a pulse of length £o =64
propagating in free space. The four curves correspond to normalized axial points Z = 0
(lowest curve), 1,2, and 3.

Surface plots of spot size R as a fupction of £/A and propagation distance Z =z/Zp
with (a) finite pulse length effects (e= 0) and (b) finite pulse length effects neglected
(e =0). The parameters are A = lgm, £q =204m, Ppeq =0.56F,.

Plot of spot size Ras a function of £/A after a propagation distance equal to 15
Rayleigh lengths (Z = 15) The solid (dotted) curve includes (neglects) finite pulse
length effects. Parameters are the same as in Fig. 3.

Surface plots of laser pulse amplitude b as a function of £/A and propagation distance
Z = z/Zp with (a) finite pulse length effects (¢ #0) and (b) finite pulse length effects
neglected (¢ =0). Parameters are the same as in Fig. 3.

Surface plots of laser pulse power P as a function of &/A and radial coordinate r/ry after a
propagation distance equal to 15 Rayleigh lengths (Z = 15). In (a) finite pules length

effects are included and show enhanced focusing and decreased propagation velocity, 1.e.,




peak of the pulse occurs for negative values of &. In (b) finite pulsc length effects are .
neglected, i.e., € = 0 while nonlincar focusing effects are included. Parameters arc the

same as in Fig. 3.
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