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T Y :‘ﬁollowing is a transla,tion Of an article by N. Cristescu

in Prikladnaya matematika mekhanika (Applied Mathematics and
Mochanics), Vol XXIll, No. 6, 1959, pages ‘1121;—‘.1,_:128_.7 ,

" In Reference (1) kKh, A. Rakhmatulin éons:l.dered some problems on
the propagation of elagtic-plastic waves under conditions of compound
loading. He examined the case when the wave of compound loading is

-~ one producing pronounsed rupture, propagating with a velocity below-

o

that of ordinary elastic-plagtic waves:(Reimann waves).. Thus; Rakhmatulin
asgumes -that in dhé case’ of compound loading during impact, a grouwp
of ordinary plastic waves is at first propagated in a plastic body,
followed by one causing pronounced. rupture, the wave of compound
loading. R : o . u

The present weork exsmings the same. problenm on the basis of..éﬁﬁa-

- ticns established by Rakhmatulin, and at the same time considers other

possible cases of prropagation which can exist for certain materials.
For example, it iz shown that, for such.materials -ccmpound dynamic.load-
ing is generally trunsmitted in"a plastic.body only by’ compound - waves
These waves propaga’ec in the body faster than ordinary plastic waves
(2, 3)e The investuabion was more qualitstive, since the theory of
small elastic-plastin deformstions, employed in the present work, has-
not yet been c¢hankad expsrimentally or properly adaptéd for dynamic’,

_ proplemse

Let wr exarua Uhu preblem posed by Rakhmatulin on the compressing-
shearing crliisiou of wo froe bands. The material of the bands is
considerad 4o be elastic-plastic and to satisfy the equations in the
theory of small elastic-plastic deformations. Performing certain
physically valid simplifications, Rakhmatulin reduces these eguationms

to the form of the equations (1.5)-shown in Reference ). 7
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The intensity of gtress "y isa function of the intensity of
deformation ‘
4= ge) o (2

To equations (1) and (2) we must add the equations of motion s which
can be written in the i‘orm - ..

2u= xx,“ 217.. Ty o (3 -:‘?
e t2 x tZ"" BE" SRR

since it is assumed that the motion components uzand v depend only on o
one space coordinate x and on the time t- ,

CwsuGt),  vavGe® W

In all the above formulas » the tomponents are “average" componente
and were so denoted by Rakhmatulin by the index O, ~For simplicity,
thisg index 1s omitted,. . _

In the futu.re s for easier calculation %e shall assume that the '
material is’ incompressiblee

exx # 02z = 0. .‘ ()

Applying the oondition of inoompressibillty (5), we reduce system .
" (1) to the form' , _

. - - "\. i R ' i :.- - i
2y ’--¥y._" 2 o= oxxs Xx / Ty 27;1'“ o :gx | |
- l L . . -
ey = 1 __ (6) .
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vhere exxy = v/ x and exy z v/ x is the component of deformation.

The stress component can be expressed a8 a function of deforma-
tion components in the following manner:

L 4w 2_ 41 __u, 1 i v
Ig=3 ei x Ty =3 e X T, 23 e x (N
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We . shall assume ‘that the function contained in (2) increases

~monotonica11y and has a concave curve tending toward the axis Ogy

(in particular, it can, be an exponential function, for example).

__33 =1 2 "m l;xgv ' :; '}"}1 }232"" ¥ "“‘?;% | (8)
where | S . L A
L= 3 eii ¥, 3e1 3 ( u)2 tey 1 - ._:'1) :'N =y w v (e‘i« ;! ) 9
m-- 1{ , v)z(ei 1  £) | :,9?13 vx'l»x
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Gomementlv, % "mg expressions (2) and (7) . the funct.ioﬁs L, M,
and N can be expressed simply’ by / x.and ~v/ = o

Equgtdons ( 8) are equaticns of mot:!.on, corresponding to equakions
(1.6) in Reference (1}. From (8) it follows. that for the problem
wnder study, in he’ general. cage two types of Waves occurs We shall
make the usual assumption that; in passing through a given front s the
increment waves,

duy = Uy £ ___‘_’35 dab, - duy = u'b dx / ub dt
T t
Cewg T Yy dnko Vx db, dvt v‘b ax A __ Tt
: ey P : N 't . > 9 t
' faken a,‘!w" t‘m § T s remain continuous $ to equa’oions (8) we shall
add Lo, T
2y o o Tl s S = dutd'b, 2v dx2 - 0.2'\1 d'b2 . dvydx - dvgdt

Having, gulscd by gywiem cor isting of equations (8) and (10), with
resmest % the bighesh-crdsy der ivatives, it 1s easy to obtain the
charac be*ustic eq.ia‘h:.onc of the system
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arid the differential expressions which are satisfied in the character-
istics. There are four of these expressions, buty taking into account
(11), only one of them is independent; for example, the expression

(cduy - dug)N £ (pe2 - 'L) (cdvy - dvy) = 0 (12)

- Here, C is the wielocity""of propagation of the plaétic wave
‘front, in which the expression (12) is satisfied. As follows from
- (11), the velocity can have two values: :

ou 5v ‘ , '
= erlgs 3y _ @2 LAUE o w2 Aaawe (13)
du dv. | . gt '
err=err?lgs 557 ) s - v

’a,x

Since, obviously, L>O and M>0, it therefore follows
S er>eqp

.. The velocities ey and cyy, determined from the relationship
~(13), are velocities of the propagation of two types of waves of
complex loading. We shall designate these types of waves (I) and
(IT), respectively. In particular, in regions where it is possible
to consider v = 0 the waves will propagate with the velocity

o2 =l 11’ | (18)
3 P

of a Riemann wave (I1); here ( 6 '11) is calculated from the expression
formally resembling (2)

Syq = 045 (e43)

however, in reality those expressions are dissimilar,




Finally, in regions where it is possible to consider u = 0,
there will propagate only Riemann waves (IT 2) with a velocity"

(1 ' . u ’..},-; N
oriz’ e B

Here - 0’ 12 is calculated from another expression of the § 12 2 6 ié(e 12)
type. ’ '

We shall show that under some conditions, i, I with certain
mechanical properties of the plastic material ' N

. .}:': AR
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“The first’ part of the inequality (17) follairs directly from (13),
for proving the .second part it is necesSary to comparé the expression
L from the relationship (9) with °I]_2 from (15), 1.e., we must have

i

i 'o'
- 16 au h
or | . S (18)
.1 9v2 L o
3e,2 (ax) i 51')"7"61'>611'

The inequality (18) is satisfied for very many types of ma~-
terials, for which ordinanly o /ei»s i, and G- i does not differ
too greatly from ' 11. A

From (17) we can make the important. conclusion that, in materials
satisfying the foregoing conditions, waves of compound loading (I)
propagate faster than ordinary Riemann plastic waves (11). Indeed,
if we:compare the velocity ey with -the ‘velogity c14e1ast Of elastic
waves, we will obtain er < °Iielast! although.in some cases these two
velocities are almost equal,. . Conseguently, for ;instantaneous cémpound
loading at the end of a plastic body it must be .considered that wave
(I) is that causing pronounced rupture.

..5..%




- This reasoning is not valid for the velocity C11s because from
(13) it easily ifol;l.ppirs that err2<M/p, and comparing M/p with °1152,
we obtain c1122<M/p and, consequently, in this way cry and cyr, can-
,not‘ be compared. Directly qompar'ing cn’and CIIp, and making the same
assumptions as above, it can ‘be shown that

°1122.< err? o (19)
and h_énce, waves (17 2) propagate slower than waves (II).
... TWe shall now show that maves (I) and (II) are actually waves
of compound loading, and not ordinary plastic waves. We shall denote

by X and 8 the discontinuities in the derivatives 2 2u/ dx2 and
9 2y/ 9x2 during passage of ‘the fromt of the waves ‘

o(:[aZu - aeu _:_3211 - 02 332 9 2
521-53, s3> B 53t 57) -

. If this front is that of wave (I), we shall denote these by
X1 and B1, and if of the type .(II) wave, by & 11 and 3 1.

From (10) it follows that, between discontinuities of second-order

derivatives, there exist the relationships

.

- Q2 2v
+2

32, . ) yoo L 3
[5;5]‘3 at2]=0, [b-;%lcz"[a——]=0 (20)
while from (8), if we also bear in mind (20) s We obtain the expression

HERE R (p02 - L)O(_‘ - b'NB - O," NX - (Pc2 - M)B w0 (21)
The equations (21) are independent, since from (11) it follows

et LN S (22)

-

L . .-' N f pc2 - M‘ _ '
SR Eémtion; (21) and . (12)- also t.,ére"indépendent, if, ﬁe',vkéep in
- mind the relationship (10)., .- - . .




in

4
oM

3 I3

‘",7':é§naéqneﬁtly,’in“ware front (I)'we have

- -,Q,-' | }" (P°I - L) X1 - hN,Q 1=0 ey
and | in wave front (II) we have m |
(P°II T L’ o II - hN /3 i1 = 0 \ . (2h)

_ From (23) and (2h) it f£ollows that, in both wave front I and
wave front I. {sic, means II,~Trand.] all second-order derivatives of -
u and v are discontinuous. Consequently, both waves are waves of
compound loading, -These waves ‘of compound loading degenerate "into
ordinary plastic‘waves only when N,= 0. This can occur in two cases.

. In the first case, one of the deformation components s equal
to zero.,  Consequently, o u/ 2 X = O or v/ 9 x =0, 'In this cass,
system (8) is reduced to a single equation: to the second ‘or first
equation of (8), respectively (where N.= 0). The differential rela<
tionship (12), satisfied in the characteristics, is. reduced to one
of the known relationships.- ,

Avg = cnzdvx o_r dut = o1y duy .
Consequently, ‘in- this case, 1n a. plastio body only one type of
ordinary wave is-propagated;: the .velocity of propagation is detennined,
respectively, by relationship (16) or (15). e

The second case, when N = 0, is the case of an elastic body
(6 3/e4 =6;'). In this case, system (8) is reduced:.to two ordinary
equations for the propagation of two types of elastic waves, and the
velocities: of propagation reduce to. known constant.yelocities. The
discontinuities in these two ordinary wave fronts are independent
in the sense that they are not linked by any relationship [for in-
stance, the type of relationship (12)] and propagate at different
velocities.

: From the above it follows that compound loading propagates in
a body by two groups of ordlnary Waves, 1f the body remains elastic,
i.ei, during ‘impact the elastie limit is ‘'not reachéd, When“the elastic
limit is exceeded, plastic deformations propagate in-the body by two -
types of waves of compourid loading, whose velocity of propagation is
determined by the relationship (13). Preceding these waves, elastic ..
waves can, generally speaking, also be propagated.. . In any case, during-
instantaneous compound loading ordinary plastic waves do not arise in
the body, since waves of compound loading, arising simultaneously at
the end of the band, propagate faster.

-7 =




If impact loading is not compound loading in the sense that dif-
ferent deformation components do not develop simultaneously but arise
gradually, and if loading is not instantaneous, then two types of
ordinary plastic waves will be propagated in a plastic bedy. Depend-

ing on marginal conditions, the possibility exists for the simultaneous

propagation of two types of ordinary plastic waves in certain regions
of the plastic body. Nevertheless, in this case plastic waves of
compound loading do not appear, because discontinuities in the de~-
rivative d 2u/ O x2 are distributed at a velocity different from

that of the discontinuity in the derivative @ 2v/ dx2, and no rela-
tionship exists between these discontinuities. Thus, these waves
propagate iridependently, although the wave which propagates faster =
makes the body inhomogeneous,:and in this sense influences the suc-
ceeding wave, oL '

‘We shall now calculate the discontinuities, assuming that in-
the plastic body both wave I and wave II are being propagated. Let
us assume that the two fronts of waves I and II simultaneously pass
a certain ¢ross section X at a moment of time te. We shall note
that the discontimiities in the two wave fronts are not independent,
since if we bear in mind the relationship p(cy2 A er2) = L # M, then
equations (23) and (24) can be written in the form

2N X1 o _2B 11

' : 2

where N, L.and ¢y are calculated for X = Xo and t = tg. The total
discontinuity o * in the derivative O 2u// J x2 during passage of
the two wave fronts is the sum of the two discontimuities o(* = .

AT ¢ Iif. Similarly, for the total discontinuity in 'the deriva~ .

tive o 2v/ a x2 we obtain
PRI o
B-=Bt? B

The coefficients of the discontinuities always satisfy the
relationship - : .

If We know the total discontinuities o« * and g ¥ at a certain
cross section X, (in particular; Xo = 0) and moment of. time ty, and
also the stressed state, then from (25) we obtain the discontinuities
in each wave individually: S 3

. t‘.,,

s
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It should be npted that not all discontinuitiesi’friaveﬁ the same
Signo 5"". :

For approximate solution of thewproblem many-methods can be
proposed. .

If loading is instantaneous, we shall then assume that waves T
and IT are waves causing pronounced rupture, propagating at constant
velocities (13). Then, in the plane x0Ot (see figure) we have four
regions: region 1 is not deformed, region 2 is elastically deformed,
and regions 3 and | are plastically deformed after passage of the
waves of compound loading I and II, respectively. -

In region 2 the solution is known from solution of the elastic
problem. Consequently, in this region the values are knewn for the
deformation and the velocities Ugos Upos Vyos Vio. In region 3 they

are determined by the expressions

V43 # C1vx3 z V2 ¢ C1Vx2» CIPV(‘Vﬁ - Vo)

-~ X3 £ X
Uy £ oityy = up £ opug, CrP(ugy = Up) = - Xy #

to which we shall add the first expre831on in (13) for determining
1, as well as expression (7)

(z‘e)

The transition from region 3 to region h is accomplished similarly,
If the loading at x =.0 ean be considered a succession of in-
stantaneous loadings, then it is possible to proceed exactly in the
same manner, only making the plane xt include a larger number of regions.

Submitted July 9, 1959
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