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I. INTRODUCTION

An initially flat circular membrane forming one end of a cylindrical vacuum chamber, and clamped along the
rim, deforms under vacuum to a surface whose shape has been found to be less than ideal for optical applications.
Deviations from an ideal paraboloid or sphere are greater than 100X\ at optical wavelengths A, even for membrane
(paraxial) f-numbers as high as f/8. The work reported here was carried out in support of an in-house laboratory
effort to demonstrate the improvement of this shape by introducing a controllable strain, independent of the vacuum
pressure used to produce the membrane curvature. These experiments were performed on a Upilex membrane mounted
on two concentric cylinders to form one end of two independently controlled vacuum chambers. When a vacuum is
created in the interior of the outer annulus (po < Patm, Where paim is laboratory atmospheric pressure), with no
vacuum on the inner cylinder (p = patm), the membrane is free to move outward across the inner ring, creating a
strain in the inner membrane. For a given vacuum pressure p < patm on the inner cylinder, this “pre-strain” favorably
affects the final shape of the inner membrane surface compared to the shape it would attain with no pre-strain (note
that when p < patm, the annulus pressure may change to some new value pj due to migration of membrane material
back across the inner ring). The amount of pre-strain can be controlled by the annulus pressure, affording a degree of
control over the final shape of the inner membrane. Details of this “rim-controlled” membrane and its use in a simple

optical system were presented in references [6], [7], and [9]. The design of the membrane mounting is illustrated in
Figure 1.

P <Patm
FIG. 1. In-House Laboratory Membrane Mirror




The goals of the modelling effort described in this report were to provide theoretical verification of pre-strain
control of a membrane surface, and to investigate effects of the control parameters (inner membrane pressure p and
pre-strain ¢€) on the final shape. The boundary value problem corresponding to the rim-controlled membrane mirror
used in our laboratory experiments is, however, rather formidable, and to the author’s knowledge its solution has
not been given in the literature. We have thus opted to instead examine a different boundary value problem whose
solution is fairly well-known, and which corresponds to an experimental situation similar in some respects to the one
in our laboratory. Results obtained from this solution will be shown to be in qualitative agreement with measurements
made on the laboratory membrane, and can thus serve as a guide in optical designs using the membrane as a mirror.
In addition, the next generation of experiments at this laboratory are expected to involve a membrane mounting that
more nearly resembles the one described by the boundary value problem solved here.

As a quick review of the history of this problem, we note that in 1915 Hencky [5] proposed a system of equations for
determining the equilibrium configuration of an initially plane circular membrane deformed by an axially symmetric
constant pressure load. They are essentially von Kdrmén’s nonlinear plate equations [11] specialized to zero flexural
rigidity D (for a clear and careful discussion of the von Kirmén equations, see [3]). Hencky derived power series
solutions for the stress, strain, and displacement vector components for the case of an initially unstressed membrane.
In 1956 Campbell [1] generalized Hencky’s problem to include an initial tension in the membrane. In Sections II-V
we give a detailed description of the setting for the Hencky-Campbell problem, and show that it is equivalent to the
problem of a membrane subjected to an initial purely radial displacement of its edge, then clamped at the original
radius before being deformed by a uniform pressure. This boundary value problem is illustrated in Figure 2, where
the differences between the laboratory membrane mounting and the one modeled by the Hencky-Campbell theory
are apparent, i.e., the Hencky-Campbell membrane is clamped at the inner ring after pre-straining it by a radial
displacement of its edge, and is then pressurized, while the laboratory membrane can slip back over the inner ring
when it is pressurized, after pre-straining it by the annulus pressure.
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P < Patm
FIG. 2. Hencky-Campbell Membrane Model




Sections VI and VII are concerned with the elasto-mechanical properties of the membrane derived from the Hencky-
Campbell theory, while Section VIII begins a discussion of relations between these properties and some of the optical
parameters of the problem.

II. REFERENCE CONFIGURATION

We consider a body, henceforth referred to as a membrane, whose reference configuration is a thin circular disk of
radius a and thickness h << a. An arbitrary point P of the reference configuration can be specified by either its
Cartesian coordinates {X,Y, Z}, or its cylindrical coordinates (R,©,Z). The middle plane of the membrane is the
plane Z = 0, and we take the origin of coordinates to be the center O of the circle of radius a in this plane. We
assume given a fixed orthonormal Cartesian basis {1, j, k} at O. The position vector of P with respect to O is given
by

X=Xt+Yj3+ Zk. (2.1)
The cylindrical and Cartesian coordinates of P are related by the following transformation equations:
X =Rcos®, Y = Rsin®, Z =2, (2-2)
hence the position vector can be written in terms of cylindrical coordinates as

X = Rcos®i + Rsin®j + Zk. (2.3)

We introduce orthonormal basis vectors {Eg, Ee, Ez} associated with the cylindrical coordinates, and defined in
terms of the fixed basis vectors by

Egr(®) = cos©i +sin@j, Ee(®) = —sin@i +cosOj, Ez =k, (2.4)
in terms of which the position vector can be written as

X(R,@,Z) = RER(@) + ZEgz. (25)

III. ASSUMPTIONS ON THE DEFORMATION

Under a uniform pressure p, a point P of the reference configuration is deformed to a new point P’. The set of all
such points defines the deformed configuration. The point P’ of the deformed configuration has Cartesian coordinates
{z,y, z} and cylindrical coordinates (r,6, z). The position vector of P’ with respect to the origin O at the center of
the membrane is thus given in the fixed Cartesian basis by

z=zi+yj+zk==rcosfi+rsinfj+ zk, (3.1)
where the cylindrical and Cartesian coordinates are related by
z =rcosf, y=rsind, z=z (3-2)

The orthonormal basis vectors {e,, ey, e, } associated with the cylindrical coordinates on the deformed configuration
are defined by

e () = cosfi +sinfj, eg(d) = —sinfi + cosfj, e; =k = Egz, (3.3)
in terms of which the position vector can be written as
r=re + ze,. (3.4)

The displacement vector u relates the position vector X of P in the reference configuration to the position vector
z of the point P’ to which P is displaced by the deformation, ie., w = # — X, hence

z =X + u. (35)




We write the displacement vector in the cylindrical basis {Eg, Ee, Ez} of the reference configuration as
u=UrER +UegFEe + Uz Ez, (3.6)

where the orthonormal cylindrical basis vectors are related to the fixed Cartesian basis vectors by (2.4). Thus, (3.5)
can be written as

zit+yj+ zk= Xt+Y34+Zk+UgER +UoEe + Uz Egz
=Xi+Yj+Zk+ Ur(cosOi +sinOj) + Up(—sin®i + cos©3) + Uz k,
= (X + Urcos® — Up sin®)i + (Y + Ur sin® + Ug cos®)j + (Z + Uz ) k. (3.7)

From (3.7) we obtain the following relations between the Cartesian coordinates of the two position vectors, and the
cylindrical components of the displacement vector:

z =X+ Ugcos® — Up sin O, (3.8a)
y=Y 4+ Ugsin® + Up cos O, (3.8b)
=2+ Uz (3.8¢)

Substituting from (2.2) and (3.2) into the first two equations of (3.8), we obtain

rcosf = (R + Ugr) cos® — Ug sin©, (3.92)

rsind = (R + Ugr) sin® + Up cosO. (3.9b)

These equations can be solved for the deformed configuration cylindrical coordinates in terms of the reference
configuration cylindrical coordinates and displacement vector components as follows: first, multiply the first equation
by cos © and the second by sin©, and add the results to get (using the trigonometric identity for the cosine of the
difference of two angles) rcos (© — 6) = R + Ug; second, multiply the first equation by —sin © and the second by
cos O, and add to get rsin (© — ) = Us. From these two results one easily obtains

r = \/(R+UR)2+UZ), (3.10a)
Ue
—_ —_— —1 ————————
f = © — tan (R n UR). (3.10b)

We assume that the deformation of the membrane from its reference configuration to its deformed configuration is
described mathematically by one-to-one invertible mappings between the coordinates of points in the two configura-
tionms, e.g., between their cyindrical coordinates:

r = f-(R,©,2), 6= f3(R,0,2), z=f.(R,0,2). (3.11)

We immediately restrict consideration to deformations in which the cylindrical coordinate © of any point in the
reference configuration remains the same after the deformation, i.e., we assume that the second equation of (3.11) is
the identity mapping

f=0. (3.12)

Furthermore, we restrict consideration to deformations that are independent of this angular coordinate. Equations
(3.11) thus reduce to a pair of mappings depending only on the other two coordinates:

r= (R Z2), z= f.(R 2). (3.13)

Under these assumptions of axisymmetric deformation, equations (3.12) and (3.10b) imply that

U = 0, (3.14)




hence the relation (3.10a) between radial coordinates in the two configurations simplifies considerably to
r = f-(R,Z) = R + Ur(R, Z). (3.15)
The relation (3.8c) between the vertical coordinates is unchanged:
z = f,(R,Z) = Z + Uz(R, 2), (3.16)
and the displacement vector reduces to
u(R,0,Z) = Ur(R,Z) ER(©) + Uz(R,Z) E3. (3.17)

Assumption (3.12) implies that the orthonormal basis vectors {er, ee, ez} on the deformed configuration are the
same as those on the reference configuration, i.e.,

e.(0) = e.(0) = Er(®), es(f) = es(®) = Eo(©), e, = Ez = k. (3.18)

IV. HENCKY’S EQUATIONS

 Hencky’s equations describe the equilibrium state of the middle surface of the deformed membrane, i.e., the image
under the deformation of the middle plane Z = 0. Setting Z = 0 in (3.15) and (3.16), we write the equations describing
the middle surface as

r = F(R) = R+ U(R), where F(R)= f,(R,0) and U(R) = Ugr(R,0), (4.1)

and
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f2(R,0) = Uz(R,0). (4.2)

\'

FIG. 3. Deformation of the Middle Plane Z =0

We consider a circular membrane made of a material characterized by given values of Young’s modulus E-and
Poisson’s ratio v. We assume that under a uniform pressure p the membrane is deformed to a new equilibrium
configuration, illustrated in Figure 3, that is a solution of Hencky’s equations [6]. This system of equations consists
first of the following relations between the radial and circumferential strain tensor components and the displacement
vector components:

€R =

dUu %(dW){ (4.3)

dR dR




€@ = (4.4)

E;
where all variables are assumed to depend only upon the radial coordinate R of the reference configuration. The

strain components are assumed to be linearly related to the second Piola-Kirchhoff stress components (see [3], pp.
465-466) by the following uniform, homogeneous, isotropic form of Hooke’s Law:

Sr — vSe = Fepg, (4.5)

S@ — IISR = Eég. (4.6)

Finally, the stress components must satisfy the force equilibrium equations

ds d
Se =SR+R—O—I—]§= -5 (RSR), (4.7)
dW _ pR '
SegR T Ton ' (48)

representing equilibrium in the radial and lateral directions, respectively. We remark that Fichter [2] has recently
suggested that (4.8) represents equilibrium in the lateral direction only for a laterally applied pressure load, and should
be altered to include an additional term if the model is to represent a true pressure load (which would necessarily
be normal to the deformed surface). Regardless of the merits of his suggestion, which at first sight appear to be
well motivated physically, we adopt in this report the more familiar model using the equilibrium equation (4.8). We
believe that Fichter’s claim, if true, should be derived in a way that carefully distinguishes between variables defined
on the reference and deformed configurations. Such a derivation has, to our knowledge, not been given.

Before going on to consider a particularly simple solution of these equations, we give details of the derivations of
two useful differential equations that follow from (4.3)-(4.8). Differentiating (4.4), and using (4.3) and (4.4) in the
result, we obtain

dee _ 14U _U__l[ 1(1"_")2] ‘o
dR " RdR R~ RI*®RT3\4R R’
which can be written as
deo 1 /dW\2
R_d,—é— = €r — €@ — -2- (-ﬁ) .

Multiplying this equation thru by E and using (4.5) and (4.6) to replace the strains in terms of the stresses yields
d E (dW\2
Rd_R—(S@ —vSr)=Sr —vSe — Se + ¥Sr — -2-(-‘713—) .

On the right-hand side of the last equation, we use (4.7) to replace S = Se — R(dSr/dR), obtaining after some
simplification:

d E (dW\2?
REE(S@ + Sr) + 0} (—cﬁ%_) =0, 4.9
which is Hencky’s equation (4), and Campbell’s equation (7). This can be written in terms of the pressure by using
(4.8) to replace dW/dR, yielding

1, d E p?
758 gp(Se + Sr) + $35 =0 (4.10)
It is convenient to introduce at this point a dimensionless independent variable p defined by
R
= — 4.11
p=— (4.11)

as well as dimensionless displacement vector components U and W, defined by




—

~ 1 1
Ulp) = JUlap),  Wlp) = - Wiap), (4.12)
and dimensionless stress components 5 r and §@, defined by
~ 1 ~ 1
Sr(p) = 7 Sr(ar),  Se(r) = 3 Selap). (4.13)
We have departed somewhat from the Hencky-Campbell approach, as they define dimensionless stress components

in terms of a factor k that is proportional to p. With our definitions, equations (4.3)-(4.8), (4.9), and (4.10) can be
written in dimensionless form as

dU | 1 (dW\?
€R = Fp— + D) (E) ) (4.14)
U
0 = —, 4.15
°e= 5 (4.15)
§R - 1/§@ = €R, (416)
Se — v8r = ¢o, (4.17)
& & dSp _ d , &
Se =Sr+p P = dp(pSR), (4.18)
~ dW o q
SRTP' - ""2 P, (419)
d, s .z 1 (dW\?
pgp(Be + 8r) + 3 (-37) =0, (4.20)
and
15, d 5 ~ 1, :
G2 Zq? = 4.
PR dp(S®+SR) +3¢ =0, (4.21)
respectively, where
_
9= 5r (4.22)

is a dimensionless constant proportional to the external pressure p.

V. EQUILIBRIUM CONFIGURATION OF AN UNPRESSURIZED CIRCULAR MEMBRANE

We consider here the solution of equations (4.14)-(4.19) when there is no externally applied pressure, which must
include as one case the initially tensioned state assumed in Campbell’s paper. With the exception of the radial
coordinate on the deformed configuration, all variables in this special situation will carry a O-subscript, hence the
deformation equations corresponding to (4.1) and (4.2) will be written as

R = Ry + Uo(R()) and 29 = WQ(RO), (5.1)

respectively. We also introduce, similarly to (4.11), a dimensionless radial coordinate po defined by




po = —. :’ (52)

Thus, Ry (or po) labels a point of the undeformed reference configuration, and R (or p) labels the point to which it
may be deformed in the absence of external pressure.
It is convenient to again introduce dimensionless displacement vector and stress tensor components defined by

~ 1 — 1
Uo(po) = —Uo(apo), ~ Wolpo) = ~ Wi(apo), (5.3)
and
~ 1 ~ 1
Sro(po) = % Sro(apo),  Seo(po) = % Seo(apo)- (5.4)

From (5.3), (4.11), (5.2) and (5.1), we obtain a dimensionless form of the equation of radial deformation:

p = po + Dolpo). | (5.5)

The system of equations (4.14)-(4.19) with p = 0 (hence ¢ = 0 ) can be written in terms of these dimensionless
variables as

cro = o 1(dWhy:

5.6
dpo dpo (5.6)
Us

_ Y 5.7
€00 = — (5.7)
Sro — vSe0 = €ra, (5.8)
Seo — V§Ro'= €00, (5.9)

~ ~ dSro d ~
Seo = Sro + = — S , 5.10
®0 ro + po T T (poSro) (5.10)

~ dWo

Sro i 0, (5.11)

It follows immediately from (5.11) that either S 'R0 1S Zero, or Wo(pg) is a constant, or both of these conditions hold.

It is easy to see that if S, 'ro = 0, then all dependent variables except Wo vanish, and Wg is again relegated to some
constant value by equation (5.6).

The remaining possibility, then, is that Wo(po) is constant, but Sho # 0. Under these conditions, the lateral
equilibrium equation (5.11) is identically satisfied, and equation (5.6) for the radial strain reduces to
dUs
€R0O = ——

; 5.12
o (5-12)

hence the system we must solve consists of equations (5.7), (5.8), (5.9), (5.10), and (5.12), subject to the requirement

that all functions be regular (i.e., be defined for all values of po). We begin by using (5.10) to replace Seo in the
left-hand sides of (5.8) and (5.9), and using (5.7) and (5.12) in the right-hand sides of the same two equations, to
write them as

~ dSro  dUp
11— — =
( v)Sro — v po ano a0’

and




d po’
Subtracting the first of these two equations from the second, we obtain
dSro U0 dU,
1+v =(—==—),
( )PO d 0o ( 0 d 00 )
which can be rewritten as
Sw_ 1 (1 Ty 1oy
dpo 1+v podpo pi7~ 14+vdpo\po/
This integrates immediately to obtain
a 1 0o
- Yo 1
Spo = 1 (1+V)po’ (5.13)
where ¢; is an arbitrary integration constant. Substitution of (5.13) and (4.4) in (4.6) yields
N 1\ Uo
5@0_c1u+(1+y)p0. (5.14)

Finally, substitution of (5.13), (5.14) and (5.12) in (5.8) yields a differential equation for To(po):

1\ B 1\ Doy _ dl
“ (1+V)po y[clv+(l+u)po]—dpo’
which can be rearranged to write it as

d ~
—(poUp) = c1 (1 = v?) po,
dpo(Po 0) = e ( ) po

which easily integrates to obtain
2

~ 1—-v
Uo(pe) = 1 3

In this expression, the arbitrary integration constant c; must be set equal to zero in order for ﬁo to be regular at
po = 0, hence the general solution for Up reduces to

€3
+ —_
P pPo

=~ 12?2
Us(po) = & 5 Po- (5.15)
Substitution of this result in (5.6) and (5.7), recalling that W is constant, yields
1 -2
€RO = €0 = C1 B = €, (516)

i.e., the two strain components are equal to the same constant value, which we denote by €. From (5.8) and (5.9) it
then follows that the two stress components are also equal and constant throughout the membrane:

Sro = S0 = (1_V) e= 3. (5.17)

In terms of the constant strain ¢, the radial displacement (5.15) is given by the linear relation

Uo(po) = epo = Uo(1) = e (5.18)

Thus, Campbell’s configuration of initial tension ¢ (which corresponds to S = E Sin the preceding development) is
equivalent to a configuration in which each point has suffered a linear radial displacement from its unstrained reference
configuration. The radial deformation (5.5) is found from (5.18) and (5.16) to have the simple form

p=poll+e), (5.19)
while the lateral deformation is taken to be

assuming the constant lateral displacement to be zero, i.e., Wo (po) = 0. Since /V[70 (po) is constant, this will be true if,
for example, the membrane remains in contact with the hoop edge at Ry = a during the radial displacement.



VI. CAMPBELL’S PROBLEM

We consider now a membrane which has suffered a purely radial displacement of its edge. As shown in the previous
Section, this introduces an initial uniform dimensionless stress S and corresponding strain e, related by (5.17). Body
points of the middle plane of this pre-strained membrane are labeled by the radial coordinate R, as in the previous
Section. The membrane is subsequently clamped along the circle R = @, and an external uniform pressure is applied
to points of the disk R < a. In terms of dimensionless variables defined at points of this pressurized part of the
pre-strained membrane labeled by the dimensionless radial variable p = R/a, the Hencky-Campbell equations can be
written as

di 1 (dW)'l’

6R=€+d—p+§—d? (6.1)
U
€0 = € + —, 6.2
5 (6.2)
Sp — v8e = €r, (6.3)
§@ - V§R = €0, (6.4)
8o = 8r + p(8r) = L (p5n) (6.5)
® — YR Pdp R} — dp POR ), -
~ dW q
SRd—p = -5 (6.6)
d ~ = 1 /dW\2
P%(Se +S5r) + 3 (_d_p—) =0, (6.7)
and
lasd oz a4, 1a_
P de(Se+SR)+8q =0, (6.8)

We remark that the stress and strain components in these equations are the total stresses and strains, not the
incremental stresses and strains used by Campbell. The non-zero pre-strain is accounted for in equations (6.1) and
(6.2), which are modifications of Hencky’s equations (4.14) and (4.15) needed to assure that the total stress and
strain in the membrane reduce to the pre-stress and pre-strain when the displacement components U and W vanish
(corresponding to a reduction of the external pressure to zero). Since the membrane is clamped along the circle R = a,
corresponding to p = 1, the appropriate boundary conditions to be applied are

7(1) =0, and W(1) = 0. (6.9)

Similarly to Hencky and Campbell, we begin by assuming an even power series solution for the dimensionless total
stress component Sg of the form

Sr=bo(1+ Y banp™), (6.10)
n=1
where the coefficients ban, n = 1,2,3, ..., are dimensionless constants. Substitution of this expression in (6.5) yields
~ d -
Se = El—)(psﬂ) = bo[1+ Y (2n+ 1)baap™]. (6.11)
: n=1
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From the last two equations we obtain
Sr+ 8o = 2bo[1+ Y (n+1)banp™],
’ n=1

hence
lil—(:S'\ltz + §e) = 4b Z n(n + 1)bg,p*" 2
p dp 0 o 2n )
This is substituted, together with (6.10), into (6.8) to obtain

453 (1 + ; bzmpzn)2 Z n(n + 1)bgap® "2 + %qz =0,

n=1

which we rewrite as

(1+X b2n;>2")2 > 5(—"2;*3&;2#2”-2 +B =0, (6.12)
n=1

n=1

where we have introduced a new dimensionless constant B defined by

-1y _ 1rg\%®
B=gpr @ b=g ()" (6.13)
The expanded form of (6.12) is
(1 + bap® + bap* + bep® + ... )" (b2 + 3bap? + 6bsp* + 10bsp® + ...) + B> = 0. (6.14)

This is used to obtain all coefficients bs,,, n > 1, in terms of B, by computing the products of the three infinite series,

and equating to zero each coefficient of different powers of p. We have made use of the Mathematica* software system
to determine that each of these coefficients has the form

bon = —Pan B, (6.15)
where the purely numerical coefficients B2, for n = 1 to n = 11 are given by
) 13 17 37 -
B2 = 1, ﬂ4—§7 ﬂs—ﬁ, ﬁs—ﬁ, ﬂlo——ﬁ,
8, = 1205 By = 219241 B = 6634069
12= Fer P14 T 63504 P16 T 1143072
51523763 998796305 118156790413
brs ~ 5143824’ P = Tersonea’ P = 373aa16224 (6.16)

Now, substituting (6.2) in the right-hand side of (6.4), and evaluating the result at the edge boundary p =1, yields
Bo (1 + 3by + 5bs + Tbs + 9bs + ...) — wbo (1 + by + bs + bg + bs + ...) = e + U(1) = ¢,

where we applied the first boundary condition (6.9). This can be rewritten, after collecting like terms on the left-hand
side, as

[(1=v)+ (3 —v)ba+ (5—v)ba+ (T—v)bs+ (9—v)bs+...]— 55 = 0. (6.17)

Since all the coefficients have been expressed in terms of B, or equivalently, in terms of g, the left-hand side of
(6.17) defines a function whose independent variable is bg. According to (6.17), the remaining constant by must be

* Mathematica is a registered trademark of Wolfram Research, Inc.
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determined as a zero of this function. This can be done by standard numerical methods, e.g., the bisection method
given in [8] is quite satisfactory for our purposes.

Once the coefficient by has befn determined, the dimensionless stress components are given by the even-order power
series (6.10) and (6.11), while U (p) is given, according to (6.2) and (6.4), by the odd-order series

Ulp) = p(§@ —v8g) — pe=bop[(1 -v)+ Z(2n + 1 = v)bgap®"] — pe. (6.18)

n=1

Similarly, the two strain components are obtained by substituting the appropriate series into (6.3) and (6.4), to obtain

cr=8r —v80 = bo{(1—-v)+ D [1-v(2n+1)]bmp™), (6.19)
n=1
and
0 =80 —vSr = bo{(1-v)+ D (20 +1—v)bp™). (6.20)
n=1 .

The remaining dimensionless variable W(p) can be determined by assuming an even-order power series of the form

Wip) = 3 @an p™, (6.21)
n=0 )
the derivative of which is
dw "
% =2 Z non p" 1. (6.22)
n=0

Substitution of (6.22) and (6.10) in (6.6) yields

2b0(1 + Z bznPZ") Z nﬁ\)anZn-—] + ‘q‘P =0,

n=1 n=0 2
or
(143 b2np™) Y menp®™ ' 4+ p =0 (6.23)
n=1 n=0
In the last line we have defined new coefficients ¢, such that @y, = Ccap, n > 1, where
1g

= - = .24
C 15 (6.24)

is another dimensionless constant. Expanding the product of the two infinite series in (6.23), replacing each bopn 10
terms of B, and then equating coefficients of like powers of p to zero we find, again making extensive use of the
Mathematica system, that

Ccon = —72n B2, (6.25)
where the purely numerical coefficients 2, for n =1 to n = 10 are given by

L ool 5 s T
Y2 = 1, Y4 = 27 Y6 = gy Y8 = 72’ Yi0 = 61

_ 205 17051 2864485
72 = 1og0 M4 T Fagg0 M6 T 508032

741805 _ 16659221 (6.26)
M8 = 10987648’ 2° T 5143824 :

The remaining coefficient g is determined by the second boundary condition of (6.9), viz., W(l) = 0, which yields
from (6.21): :

0=ws +C Z Cop = Wy=-C Z C2n- ‘ (6.27)

n=1 n=1

Power series expressions for each of the dimensionless variables are now completely determined. Each of these must
be truncated after a finite number of terms, determined by the error acceptable by the user.
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VIL. THE EQUATION OF THE “TRUE” MIDDLE SURFACE

The solutions U(R) and W(R) can be substituted in equations (4.1) and (4.2) to obtain the deformation mappings:
r=F(R) = R+ U(R), and 2z = W(R). (7.1)

They can be interpreted as parametric equations of the middle surface, with parameter R. The second equation of (7.1)
defines the surface of lateral displacements of the body points with radial coordinates R. The graph of this equation
is frequently identified with the middle surface, but it does not define the true middle surface (this observation has
been emphasized in a recent AIAA Proceedings paper [4] ). Points on the middle surface are coordinatized by (r, 2),
not (R, z), hence the equation of the middle surface must relate the lateral displacement z to the radial coordinate
r of the point in the deformed configuration that was originally at R. Thus, it must take into account the radial
displacement U(R) as well. As can be seen in Figure 3, the true middle surface should be graphed by plotting the
lateral displacement z = W(R) versus the point of the middle plane with coordinate r = R + U(R) ( not against the
point with coordinate R ). :

For some purposes it is convenient to actually eliminate the parameter R between the two relations in (7.1). We
first introduce on the deformed configuration a dimensionless radial variable £, defined by

,
£€= -, (7.2)

so that, recalling the definition p = R/a, hence R = ap, we can evaluate the two relations in (7.1) at R = ap to obtain

¢ = %F(R) = %F(ap) = F(p) = p+ U(p), and z = W(R) = W(ap) = aW(p), (7.3)

where we recall that U(ap) = a U (p)- One can, in principle, solve the first of these relations to obtain p as a function
of €, ie.,

p=F), (7.4)
which can then be substituted into the second relation to obtain
2 = W(R) = aW(F1(¢)) = a®(f) = ab(r/a) = w(r). (7.5)

The final equality is, formally, the equation of the true middle surface.
Of course, it is difficult, if not impossible, to determine the ezact relation (7.4). However, such a relation can be

found to any desired accuracy, as follows. We substitute the infinite series (6.18) for U(p) into the first relation in
(7.3), and write the result as

E=Flp)=[(1—€)+bo(1=v)]p+bobs(3—v)p® +boba(5-v)p° + ...,
Ed1p+d3p3+d5p5+.... (76)
We then express the variable p as an infinite series in &, viz.,
p=FUe) = b+ f+ [+ .., (7.7)

where the fan41 are determined by substituting (7.7) for p into (7.6), and equating like powers of £ in the result. For
example, we find in this way

1 4 _ 3d3—dids _ 8dydads — 1243 — didy
fl - d17 f3 = _d%’ f5 = d;{ ) f7 - d}‘o ) (78)

again making use of the Mathematica system. In practice, the coefficients of the highest order terms retained in the
power series (7.6) and (7.7) are chosen to satisfy the boundary condition on the circle p = 1, viz., U(1) = 0, which
in turn requires that £ = 1 when p = 1. For example, we find that for pre-strains and pressures relevant to the
laboratory membrane, ¢ is well-approximated by the truncated series

E=dip+ d3p3 + d55p5, dss =1 — d; — ds, (7.9)
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while p can be approximated by
p=Ffé+ 8+ fes€,  fs=1-fi = fa (7.10)

Once the series (7.7) for p is determined to the desired accuracy, the result can be substituted for p = F-1(¢) in

the power series representation (6.21) of W(p), yielding according to (7.5) a series solution for the equation of the
true middle surface:

w(r) = a{@ + C Z con [F(r/a)]?" }, (7.11)
n=1
or, in dimensionless form:
BE) = @0+ C Y e [FHEI™, (7.12)
n=1

and we note that since ﬁ'l(l) =1, we have @(1) = 0, as required. In Figure 4 we show a rather extreme case (zero
pre-strain and an f-number of 2) of the difference between the true surface and the surface of lateral displacements.
For pre-strains of as little as 0.1% and high f-numbers, say f/8, the difference is, however, negligibly small (on the
order of tenths of a wavelength).

Deviation of True Surface

from Lateral Displacement Surface

T (W, - Wy, for /2 Membrane with Zero Pre-Strain)
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r
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©
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e 101
=

o i
s
3

o 54

0+

T T T T T d T T T
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E=r/a

FIG. 4. Deviation of True Surface from Surface of Lateral Displacements (f/2 Membrane)
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VIII. THE MEMBRANE SURFACE AS A FUNCTION OF F-NUMBER

Referring to Figure 3, we note that for r << a, i.e., near the vertex of the membrane where r = 0, the equation of
the surface is approximated by the first two terms of (7.11), viz.,

2
w(r) Na[ﬁo+Csz12(§)2] =wo—g—a—1r2, v (8.1)

where we replaced c; = —y2 = —1 in the final equality. This is recognized to be the equation of a paraboloid with
origin at O, having a focal length f given by

L (8.2)

where the final equality follows from the first relation in (7.8). In all that follows, we consider this “paraxia ” focal

length to be the focal length of the membrane. It is convenient to replace f by the membrane f-number, f/#, defined
by

_ 1
fl# = 57 (8.3)
where 2a is the membrane diameter. From (8.2) and (8.3) it then follows that
st
fI# = g6 (8.4)

which relates the f-number to the mechanical properties of the membrane (recall that d, depends on both ¢ and v
according to (7.6), while C depends on ¢ = pa/Eh according to (6.24) and (4.22) ).

In order to determine the equation of the membrane surface for a given f-number f /#, and given values of € and
v, we begin by noting from (8.4) that C must in this case be given by

c = # [(1—e€)+b(1-v)]?
T8f/# 8 f/# ’

where the last expression follows from (7.6). From the definition (6.24) we obtain the following relation between C,
by, and the variable g:

(8.5)

g = 4boC. (8.6)
Substitution of this expression into (6.13) yields

c
2vbo

These expressions for C and B as functions of by are now used in (6.17), to determine bg as a solution of

B =

(8.7)

[(1 =)+ (3=v)by+ (5—v)bs+ (T—v)bs+ (9= v)bsg+...]~ % =0, (8.8)

for a given value of the pre-strain . Once b is determined, the coefficients in the power series for the displacement

components and other variables can be computed. The pressure for this value of b, and the given values of the
parameters ¢, v, and f/#, is found from the definition (4.22):

= q— ' 8.9
P=q4—, (8.9)
after ¢ has been computed from (8.6). The maximum displacement is

wo = a@o, (810)

where 0y has been computed according to (6.27).
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IX. ESTIMATION OF THE PRE-STRAIN AS A FUNCTION OF F-NUMBER

Suppose that at a given pressure p the membrane is characterized as having a particular f-number f /#. The

amount of pre-strain € for these values of p and f/# is difficult to measure directly, but can be calculated as follows.
From (8.5), (8.6), and (4.22), we have

_Eh, [14b(l-v) ]
p=—b 27 ;

which can be solved for ¢ as a function of the known parameters, and the unknown coefficient bo:

(9.1)
e=1+bg(l—-v)— %ﬁﬁb"—h\/ﬁ (9.2)

Since p is known, we can compute ¢ from (4.22), and then from (6.24) and (6.13) get C and B as functions of the
unknown coefficient bg:

_ 9 _ g
¢= g B'Sbg/z' (9.3)

These expressions for € and B as functions of by are now substituted in (8.8), which is solved for bo. This value of bg
can then be used in (9.2) to obtain the desired estimate of the pre-strain € at the given values of p and f/+#.
We also note that for €/[1 + bp (1 — )] << 1, we obtain from (9.1) a linear approximation of p as a function of e:

Eh bo 2 Eh bU —
pr Tm—[l-{-bo(l—v)] ——a—-j/—#[1+bo(1—V)]€=po—m€, (94)
where the p-intercept and slope m are given by
Eh b 5 Eh b
- — 1 ]_— —_— — — b - . 9.
Po - 2f/#[ + bo ( v)], and m . f/#[1+ o(1 —v)] (9.5)

The approximation (9.4) yields the following linear approximation for the pre-strain as a function of pressure, for a

given f/4:

em BB P (9.6)

m

X. ESTIMATION OF THE PRE-STRAIN AS A FUNCTION OF MAXIMUM LATERAL
DISPLACEMENT

It has been found useful to have at least an approximate solution of the following problem: what pre-strain € is
required to obtain a desired maximum lateral displacement of the membrane for a given pressure p? We note that
from (6.21) and (6.27) we have the following expression for the maximum displacement Wp:

W(0) = W = ao = —aC Z Can,

n=
or, using (6.25):
Wo = aC(y2 + ¥aB% + %6 B* + 7 B° + ... + 720B'%),

where we recall from (6.26) that -y,, is the numerical coefficient of B?7~2 ip each series coefficient csp,, €.8., v2 = 1,
v4 = 1/2, 96 = 5/9, and s = 55/72. Using (6.24) to replace C yields

Wo = v2 + 1B + 76 B* + v B° + ... 4+ 120 B®). (10.1)

a
s
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The coefficient B depends, in general, on bg and ¢ according to its definition (6.13), and we recall that bo is determined
for a given ¢, v, and € by solving (6.17).
However, for € = 0, equation (6.17) reduces to

1 - V) + (3 - V)bg + (5—- V)b4 + (7 - V)be + (9 — I/)bg +...=0. (102)

which can be solved for B without regard for ¢, requiring only a given value for v [the coefficients b2,, n > 1, depend
only on B, according to (6.15)]. Denoting by By the value of B corresponding to € = 0, we have from (6.13):

_1g\%3
boo = 7 (Bo) ; (10.3)
for the value of by when ¢ = 0. This can be substituted for by in (10.1) to obtain the maximum displacement with
zero pre-strain:

Wo = aq1/3B§/3(72 + 74 B% + ~6 B* + vaBS 4+ ...+ 720318) = ICaql/s, (10.4)

where we have introduced a new constant K defined by

K= Bg/s (’)’2 + ')’432 + Ys B* + ')’336 + ...+ "/20318). (10.5)

We remark that our equation (10.4) is equivalent to Campbell’s equation (25), where K = 0.653 corresponds to his
use of a Poisson’s ratio » = 0.3. We have verified this value of K with our computations, and find that when we
increase v to v = 0.4, the value decreases to K = 0.626. Once this constant has been determined for a given value of
v, we can solve (10.4) for the pressure:

Ka

which is the pressure required to produce a desired maximum displacement Wy when there s zero pre-strain.
Now, in the opposite limit of large pre-strain, we find numerically that the parameter B tends to a number much
less than 1, hence the terms in (10.1) involving B can be neglected to yield the approximation

Po = ﬁ (WO)S,

. (10.6)

ag 1

Wy = —
° 4b0001

(10.7)

where we denote by boe the value of by for large values of €. In the same approximation, since the coefficients ba,,
n > 1, are proportional to powers of B, the determining equation (6.17) reduces to simply

€

€
1y - — = b = .
v bOoo 0 = Oc0 1—-v

(10.8)

Substituting (4.22), and this expression for boeo, in (10.7) yields the following expression for the pressure under large
pre-strain conditions:

(10.9)

The curve of pressure versus pre-strain for a given value of Wy has been found to be well-approximated by the
linear function obtained from the sum of the two extreme cases (10.6) and (10.9):

p(€) & po + me, (10.10)
where the p-intercept pg, and slope m, are given by
_ Eh (W53 _ Eh Wy
po = — (ICa) and m =4 T (10.11)

respectively. Thus, by measuring the pressure p required to produce a (measured) maximum displacement Wy, we
can invert (10.10) to obtain an estimate for the amount of initial strain existing in the membrane:

P — Po
€ ———,
m

(10.12)

Unfortunately, a precise direct measurement of W, is also difficult to obtain.
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XI. COMPARISONS WITH REFERENCE SURFACES

In Figure 5 we have illustrated again the displacement of point P of an initially flat membrane to point P’ of its
equilibrium deformed configuration. We have also shown there a sphere of radius R. with center at C, which has been
chosen to coincide with the membrane at the vertex V and along the circular membrane edge r = a. The equation of
the middle surface of the deformed membrane, in a frame with origin at O, is given by (7.5), i.e.,

z = w(r). (11.1)

The center O of the middle plane Z = 0 is displaced under the deformation to the vertex V of the membrane, which
has coordinates (0, wp), where wg = w(0) = W(0) = W) is the maximum lateral displacement.

FIG. 5. Geometry of Reference Sphere

In Figure 5, a point with Cartesian coordinates {z,y, z} in the frame with origin at O has coordinates {z,y,?} in
a frame with origin at the vertex V. The two axial coordinates are related by a translation through the maximum
displacement wy, i.e., :

Z=z— wo, (11.2)

which assures that the vertex V defined by Z = 0 corresponds to z = wo with respect to O. The equation of the
membrane surface in a frame with origin at V' is thus

zZ = w(r) — wo. (11.3)
In this coordinate system, the equation of a paraboloid with focal length fp has the particularly simple form

Tp = ——— 12, 11.4
» =g (11.4)

while points on the surface of the upper hemisphere of a sphere of arbitrary radius R, satisfy the equation
Zs = —R. +  R2 — r?, (11.5)

which is easily derived from the geometry of Figure 5. We note that for r << R, ( i.e., near the vertex V ), the
equation of the sphere is approximated by
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L 11.6
SR (11.6)
which we obtained by keeping only the first two terms in the binomial expansion of the square root function in (11.5).
According to (11.4), this represents a paraboloid of focal length fs = R./2. Translating back to the coordinate

system with origin at the membrane center O, the equations for spherical and paraboloidal surfaces passing through
the vertex V are given by

zs = ws(r)= wo — Rc + v/ R — 72, (11.7)
1

~ a2
wo 2Rcr ) r << R, (11.8)

and
zp = wp(r) = wg — ——71°, . (11.9)

where the approximation (11.8) holds near the vertex.

We note that the plane z = 0 intersects the membrane surface in a circle of radius a, which suggests choosing as
a reference sphere one obtained by requiring that the plane z = 0 also cut the spherical surface in a circle of radius
r = a, as shown in Figure 5. From (11.7) it follows that the maximum displacement wg, the membrane radius a, and
the radius R, of the sphere, must then satisfy the condition

wy = R — +/ R2 — a?. (11.10)
This can be solved for the radius of curvature, to obtain

a? + w?

Rc = 211)0

(11.11)
A reference paraboloid can be defined by the same condition, viz., that the plane z = 0 cut its surface in a circle of
radius r = a. For this to occur, we must have from (11.9):

a? a?

= — = —. 1.12
Wo = fr g (11.12)
From (11.11) and (11.12), it follows that for reference surfaces satisfying these criteria, the radius of curvature of the
sphere and the focal length of the paraboloid must be related by the expression

Wo

Rc=2fP+ 5

=2(fp + -“;—0) = 9fs, where fs = fp + 949 (11.13)
Thus, in the approximation r << R., this reference sphere is approximated not by a paraboloid of focal length fp,
but rather by one of longer focal length fs. Both focal lengths are determined by the maximum displacement wy
which, for a given membrane f-number, is obtained from the algorithm leading to equation (8.10). It should be noted
that in general neither of these focal lengths is the same as the membrane focal length f defined by (8.2).

The last observation suggests a different set of reference surfaces, i.e., we can choose a reference paraboloid having
focal length fp = f, and a reference sphere having a radius of curvature that is twice this focal length, i.e., R, = 2f.
With these choices, regions near the vertex of any one of the three surfaces will have the same focal length.

For either set of reference surfaces, we can compute the deviation Aw(r) of the membrane surface from the spherical
and paraboloidal reference surfaces, i.e.,

Aws(r) = w(r) — ws(r) = w(r) — wo + Rc — v/ RZ — 12, (11.14)
and
Awp(r) = w(r) — wp(r) = w(r) — wo + Z}—;rz, (11.15)

respectively. Since these differences are typically on the order of microns, it is convenient to graph them in units of
the wavelength X of light used to probe the membrane mirror, i.e., we plot
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Awg(r) Awp(r) '

A

Awg(r,A) = and Awp(r,A) = (11.16)

As an example, Figure 6 is a graph of —A@s(¢,\) as a function of £ for an f/8 membrane with three different
levels of pre-strain, where we have used the reference sphere that contacts the membrane at both the vertex and the
membrane edge. For 0.25% pre-strain, the graph indicates a nearly 95% reduction in the mazimum deviation from
a sphere, which would imply a similar reduction in the spherical aberration of the wavefront reflected from an f/8

membrane mirror.
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FIG. 6. Deviation of f/8 Membrane from Reference Sphere

We are usually interested in this maximum deviation from a reference surface, which occurs at a value of r for
which

d

dr[Aws(r)] =0 or Ed;[Awp(r)] =0 (11.17)

To determine the left-hand sides of these expressions, we first use the chain rule to compute dw/dr, i.e., we have
w(r) = a®(é(r)), where &(r) = %)

hence
du _ ddde _ 4o
dr — dédr T dE’
However,

B(E) = W(p(e)),

so the chain rule can be applied again to obtain

dw dW dp
gw _ 4w ap. 11.18
& dp & (11.18)
Recalling from (7.7) that
p=fé+ E+ €+, (11.19)
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we substitute this result together with (6.22) into (11.18), yielding

dw

where we made the replacement ws, = C c2,. It is easy to show that

dus = - ¢ , Wwhere ﬁc =
oo JR-g
and
dwp = ——é-, where fp =
dr 2fp

m~=ﬂﬁ+3kﬁ+5kﬁ+ujg§:mMﬁﬂ

hence the value of r or £ = r/a that will give the maximum deviations must be a solution of either

9\ R2— & (fi + 3/ +556 +..)C ) newp™ + p€ =0,

n=1
or

4fp (f1 + 32 +5f8% +...)C Y newmp™ + pE = 0.

n=1

(11.20)

(11.21)

(11.22)

(11.23)

(11.24)

A graph of the maximum deviation of f/4, f/6, and f /8 membranes from a reference sphere as a function of percent
pre-strain is shown in Figure 7, below. The marked improvement (over the zero pre-strain case) to approximately six
waves of deviation requires only 0.25% pre-strain for an f/8 membrane, but more than 2.0% pre-strain for an f/4

membrane.
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FIG. 7. Maximum Deviation from Reference Sphere-versus-Pre-Strain (f/4, f/6, and f/8 Membranes)
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XII. RAY DEVIATIONS FROM A MEMBRANE MIRROR ILLUMINATED BY AN ON-AXIS POINT
SOURCE

The solution (11.1) for the deformed membrane surface defines a surface of revolution. The equation of such a
surface can also be written as

é(r,z) = 0. (12.1)
where the function ¢ is defined by
é(r,z) = wir) — z. (12.2)

The value of the gradient of this function at a point of the membrane with coordinates (r, z), i.e., Vo(r, z), is a vector
normal to the membrane surface at that point, hence the unit normal vector at any such point is given by

V¢

n = W (12.3)

Thus, from (12.3) and (12.2), we have for the unit normal to a surface of revolution, expressed in terms of the
orthonormal basis {e,, ey, e, }:

w'(r)e, — e,

n(r) = ——~————, where D(r) [w()]2+1, (12.4)

and the prime denotes a derivative with respect to ..

Suppose, now, that an incident ray propagating in a direction specified by unit vector k; strikes a point P of the
surface as illustrated in Figure 8. At this point of incidence there will originate, in general, both a reflected and a
transmitted (or refracted) ray. The transmitted ray is of no interest here (for a high reflectance surface, the transmitted
ray is essentially nonexistent). From Figure 3 and the (geometrical) definitions of the dot and cross products of two
vectors, we have

n-k; = cos(m — 6;) = —cosb;, (12.5)

nxk; = sin (7!' - 9,) ey = sin 91' €y, (126)

where 6; is the angle of incidence.

Incident Ray

FIG. 8. Geometry of Incident and Reflected Rays



The direction of the reflected ray is specified by a unit vector k.. To facilitate the computation of this vector we
introduce at P a unit vector v tangent to the meridional curves on the surface, defined by

v = nXey. (12.7)

The unit ray vectors k; and k, lie in a plane called the plane of incidence, spanned by the orthonormal pair {n,v}.
Thus, the unit ray vectors can be written in terms of components along n and v as

k; = —cosf;n — sinb; v, (12.8)

kr = cos®;m — sinb; v, (12;9)

where we used the law of reflection, which states that the angle of reflection equals the angle of incidence 6;. By
subtracting (12.8) from (12.9) and using (12.5) in the result, we obtain k, — ki = 2cosfin = —2(n-ki)n, from
which

k.,- = k,‘ - 2(n-k,~)n. (12.10)

Equation (12.10) is a coordinate-free expression for the direction of the reflected ray in terms of the given incident
direction and the calculated surface unit normal vector.

Referring now to Figure 9, we consider rays emanating from a point source located at C, the center of curvature of
the membrane (not the reference sphere, as was the case in the previous Section), which has position vector

L =-Le,, L =2f — wy, (12.11)

with respect to O, as can be easily deduced from the Figure. Any such ray propagates radially outward from C, and
we show a particular ray striking the surface at an arbitrary point P, which is then reflected to some point Q.

s \
Y

LKA

o fe 1

FIG. 9. Ray Deviation Geometry
We denote by
z=re + ze, = re. + w(r)e;,, where z = w(r), (12.12)
the position vector of P with respect to O, and by z4 the position vector of @ with respect to O, so that
zg =2 +dk, =z + d[ki — 2(n-k;i)n], (12.13)

where d = |z4 — | is the distance between P and Q along the line parallel to k., and (12.10) was used to replace
k. in the final equality.
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The position vector of Q with respect to C is called the ray deviation vector, which we denote by A. From Figure
9 we have

A=g,- L, (12.14)
hence from (12.13) and (12.14) it follows that
A=z—-L+d[ki—-2(nki)n]. (12.15)
For convenience, we introduce a new variable ¢ defined by
(=z+L=wl+L, (12.16)
so that
z—L=re +ze,+Le, =re, + (e,. (12.17)

Now, the incident ray unit vector k; in this case is just a unit vector along the position vector of P with respect to
C,ie.,

k= 2oL 2L e Do(nd) =V F . (12.18)
|z — L D¢
Substituting (12.18) in (12.15) yields
d
A::c——L+D—-{(z—L)—2[n-(m-L)]n}. (12.19)
c
The radial and lateral components of the ray deviation vector are thus
d 2w’
Ar = eA=r+ ;Eg{r — —,b——[n(m - L)],

A; = e A=(+ Edg{C'*' %[n'(m - L)]a
or, since n-(z — L) = (rw' — ¢)/D, we have
d ! d 2
A,-:r-{*—b;[r——%ﬂz—(rw'_c‘)]’ A, =(+ 5;[(-*——”—2(7-11}'_()]

Factoring 1/D? from the square-bracketed terms, recalling that D? = (w')? + 1, these can also be written as

d , d /
. = _* , L = — - , 12.
A 7+ 2 zc(Cw+roz) A ¢+ 2 Zc(rw Ca) (12.20)
where we have introduced for convenience:
a = -12-[1 - (v)?]. (12.21)

The factor d/D?D¢ can be eliminated between the two equations of (12.20), yielding the following relation between
the ray deviation components:

_ Cuw' + ra A, + (rz—Cz)w’—-2rCa.
rw —Ca rv — (o

. (12.22)
For a given value of the longitudinal deviation A, we can use (12.22) to graph the transverse deviation A, as a
function of the coordinate r of the point P on the membrane from which the ray was reflected.

It is also useful to compute the angular deviation § of a reflected ray from the incident ray. This deviation is just
twice the angle of incidence, i.e., § = 26;. From (12.5), (12.6), (12.4), and (12.18), we have

. — ; = / — .
n-k; = —cos¥; DDC(rw <), (12.23)
- — 1 '
nXxk; = sinf; es = DDo (Cw' + 7r)ey, (12.24)
hence the ray deviation angle is given by
on _ 1fCw +r
§ = 26; = 2 tan (__rw'—c)' (12.25)
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XIII. COMPARISONS WITH LABORATORY MEASUREMENTS

Two types of measurements were made [10] on an 11-inch (~ 28-cm) diameter laboratory membrane of 125 p thick
Upilex, having a Young’s modulus of E = 8800 N/m? and a Poisson’s ratio of v = 0.4. In the first type of measurement,
the annulus vacuum pressure was fixed at some value (py = 0 inches of water in one case, and po = 20 inches of water
in the other case), and the central displacement (sag) wo was measured as the inner membrane vacuum pressure p
was increased. A measurement of inner membrane pressure was recorded at every 0.010-inch (10 mil) increment of
the central sag as shown in the following tables:

po = 0 inches water

wo (mm)| p (inches water)
0.254 0.21
0.508 0.42
(l)g(;% ggg : po = 20 inches water
. . wo (mm)| p (inches water)

1.270 1.09

0.254 0.32
1.524 1.30

0.508 0.67
1.778 1.58

1.016 1.40
2.032 1.87

1.524 2.07
2.286 2.19

2.032 2.85
2.540 2.50

2.54 3.70
2.794 2.83

3.048 4.54
3.048 3.25

3.556 5.65
3.302 3.64

4.064 6.78
3.556 4.12

4.572 8.08
3.810 4.60 5.08 9.62
4.064 5.13 : :
4.318 5.73
4.572 6.30
4.826 7.03
5.080 1.77

For each data point (wo, p), the Hencky-Campbell theory was used to compute the predicted pre-strain € existing in
the inner membrane. These computed values are plotted versus the measured central sag in the following two graphs.

Computed Pre-Strain -vs- Measured Central Sag
{Annulus Pressure = 0" water)
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Gomputed Pre-Strain -vs- Measured Central Sag
{Annulus Pressure = 20" water)
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These graphs show that although the annulus pressure was maintained at a nearly constant value, the amount of
strain in the inner membrane attributable to the “pre-strain” occurring in the Hencky-Campbell theory decreases
as the inner membrane vacuum pressure is increased. This is not surprising since the laboratory membrane is not
clamped on the inner ring, hence an increase in inner membrane pressure can cause some of the membrane material
over the annulus chamber to slip across the inner ring to become part of the inner membrane. The effect of this
membrane migration is a reduction of the total strain in the inner membrane (compared to the strain that would exist
if the membrane had been clamped on the inner ring), which manifests in the model as a reduction of the effective
pre-strain. The next two graphs are plots of the inner membrane pressure against central sag, where the points are
the data points from the tables on the last page, and the curves reflect model predictions using the mean value (not
a particularly good estimator) of the computed pre-strains shown in the previous two graphs.

— Modsl estimate using
. average pre-strain
E ¢ Labdata

Pressure -vs- Central Sag
(Annuius Pressure = 0" water)

Inner Membrane Pressure
(inches of water)

Gentral Sag (mm})
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Inner Membrane Pressure

104

(inches of water)

Pressure -vs- Central Sag
(Annulus Pressure = 20" water)

Lab data
Mode! estimate using
average pre-strain

e
N

Central Sag (mm)

3 4

In the second type of measurement the inner membrane vacuum pressure was adjusted until the central deflection
was wp = 2.1 mm. This was done for two different annulus vacuum pressures. The inner membrane vacuum pressure
required for the low annulus pressure case was p = 2.0 inches of water, while the high annulus pressure case required
a pressure of p = 8.1 inches of water. These data were used to calculate pre-strains of 0.05% and 0.24%, respectively.
The predicted deviations of the membrane surfaces from a reference sphere (contacting the membrane at its vertex
and along the inner ring) in the two examples is shown in the next graph. The effect of a higher pre-strain on the
shape is rather dramatic, causing the maximum deviation to be reduced from over 22 waves to about 6 waves.

Deviation from Reference Sphere

(Wavelengths of 633 nm Light)

------ P = 2.0 water (t/# = 8.55, = 0.05%)
———P = 81" water (1 = 8.39, ¢ = 0.24%)

In each case the membrane mirror was being illuminated by laser light from a pinhole (simulated point source) located
at the center of curvature of the membrane. Measurements were made of the minimum geometric spot size of the
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light reflected from the mirror. The measured minimum spot size was roughly 7-8 mm for the low pre-strain case,
and 3-4 mm for the higher pre-strain. In the next graph we show plots of the computed transverse ray deviations in
the z-planes where the maximum transverse ray deviations were minimized (z = 35.7 cm and z = 9.2 cm from the
membrane center of curvature for the low and high pre-strain, respectively).

Computed Ray Deviation -vs- Normalized Aperture Radial Coordinate
(Fixed 2.1 mm Central Sag)

———P = 2.0" water, Z=35.7 cm from Center of Curvatire
———P =8.1"water, Z= 9.2 cm from Certer of Curvature

Computed Transverse Ray Deviation (mm)

The predicted peak-to-valley ray deviations, which correspond directly to the spot diameters, are seen to be on the
order of 7 mm and 2 mm, respectively, somewhat smaller than the measured spot diameters. This is to be expected,
since our axially symmetric model does not account for asymmetric aberrations observed in the laboratory membrane
(especially astigmatism), which contribute to the larger measured spot sizes.
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