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CHAPTER 1
Introduction

One of the many interesting problems related to missile guidance and control,
which has applications in other areas as well, is the technique known as gain schedul-
ing. Frequently theoretical results are far ahead of applications, the so called “theory-
practice gap”. The practice of gain scheduling seems to reverse this idea as the prac-
tice is ahead the theory. The current state of the theory and application of gain
scheduling is summarized in the review papers by Rugh [1] and by Shamma [2].

Gain scheduling arose naturally in practice by engineers who were versed in the
classical textbook control system designs and were faced with the problem of designing
a controller for a system which was not really a linear time invariant system. The
method converts a non-linear possibly time varying system to a linear system by
first linearizing about a present operating péinf. For exémple, an aﬁtobilot would be
designed for given flight conditions of say, 10,000 feet altitude, ﬂying at Mach 1.8 and
an angle of attack of 10 degrees. A controller is designed for a number of operating
points across the flight envelope. The actual controller would then be a function of
the usual feedback variables for the constant operating condition (linearized) design
and the operating conditions.

For example, to control a non-linear system

= f(=z(2), u(?),0(2))

we design a controller for the linearized plant
d (6z) _ 3f($0,uo,9)5$+ Of (9, uo, 0)

dt £ oe Ot




in the form
du(t) = k(zo, uo, 0)0x.
Then we attempt to control the non-linear plant with the (non-linear) controller
u(t) = ug + k(zo, o, 8) (z — zo).

The nominal values, ug, 8, T, are taken as constant or time varying by updating at
discrete sampling times.

As specified, the controller is designed as if the linearization parameters, zg, %o,
and 6 are constants, so called “frozen coefficients”. In order for this procedure to
stabilize the system, practitioners of gain scheduling have developed two “rules-of-

thumb” in the design of gain scheduled controllers.
1. The scheduling variables should capture the plant’s nonlinearities; and
2. the scheduling variables should be slowly varying.

To illustrate the problem with the “frozen coefficient” approach consider the time

varying linear system

If A(t) were constant, asymptotic stability requires the eigenvalues of A to have
negative real parts. However, a time varying systexﬁ may be unstable even if A(¢) has
eigenvalues with negative real parts. Stability may be assured if || A()|] is sufficiently
small, a requirement which may not hold in applications. Another weaker sufficient
condition is that the symmetric part of A(t), $(A(t) + AT(t)), has eigenvalues with

negative real parts for all ¢. This concept is useful in extending gain scheduling to

systems which are not slowly varying and is discussed later in this report.
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If the usual “frozen coefficient” approach is taken, one of the difficulties in appli-
cations is the test to determine if the perturbations in the parameters are sufficiently
small and the time variation is sufficiently slow. In spite of the lack of theoretical ba-
sis, gain scheduling is more or less a standard technique for the control of non-linear
systems.

Recently, Shamma and Athans [2, 3] have begun to provide the theoretical foun-
dation for gain scheduling and to quantify these “rules-of-thumb.” They have used
Linear Parameter-Varying (LPV) systems as an underlying framework for nonlinear
gain scheduled systems. An LPV system is a finite dimensional linear system whose
dynamics depend continuously on a time-varying exogenous parameter vector 6(t).
The value of 6(t) is not known a priori but can be measured on-line. The only a priori
knowledge on 6(t) is typically a knowledge of its range and an upper bound on its time
rate of change. This type of system can be used to describe systems ranging from
missiles whose exogenous parameters include velocity, altitude and angle-of-attack to
- chemical processes whose exogenous parameters might include teniperature and pres-

 sure. Sevéral other researchers have considered the control of LPV systems. Shahruz
and Behtash [4] studied LPV systems with arbitrarily fast parameters. Their work
presented a method for stabilizing a time-varying linear system by gain scheduling
without the slowly varying constraint. They suggested selection of the gain matrix

K (6), which is a function of the parameter § such that the left hand side of
A(6) — B(O)K(8) + (A(6) — BO)K(6))" = —Q(6) (1.1)

is negative definite. Based on this equation, they present an algorithm for computing
the gain matrix K () and provide a necessary and sufficient condition (i.e. Ay <0
where Ay, is defined in [4]) to show when it is possible to compute a controller K (6)
for a fixed #. This condition must be satisfied in order to use their method to gain

schedule.
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Rugh [5] has commented that Shahruz and Behtash’s algorithm is too restrictive.
The algorithm, stated in Theorem 3.8 of [4], gives necessary and sufficient conditions

not for stability in general but for stability with V(z,t) = z(t)Tz(¢) as a Lyapunov

function for the system.

For quadratic stability of a linear parameter-varying system, a more general single
quadratic Lyapunov function V(z,t) = z(t)T Pz(t) with P > 0 can be introduced
with corresponding changes to (1.1). Note that P is constant for all §. The reason
quadratic stability is desirable is that it gives a strong form of robust stability with
respect to time varying parameters [6)].

In this report we extend Shahruz and Behtash’s work to include the more gen-
eral condition of quadratic stability. A new necessary and sufficient condition for
quadratic stability of LPV systems will be derived. This condition based only on the
open loop system parameters and P will be expressed as a Linear Matrix Inequal-
ity (LMI) which allows for efficient computation when checking this condition. This
condition 'allows‘the computation of the closed loop quadratic. Lyapunov fﬁnction
without knowledge.of the controller.” A coﬁple of examples are provided to demon-
strate this new theory and the problem of conventional gain scheduling via “frozen
coefficient” controllers. A geometric interpretation of this new condition will be pro-
vided and for second order systems a method for graphically representing the set
of all valid quadratlc Lyapunov functions for the closed loop system w111 be g1ven
From the P that is computed ‘a stabilizing controller will be der1ved This stab1hz1ng
controller and the resulting scheduling law is easy to implement, requiring only a
few matrices to be stored in memory. We then discuss how our general condition
for quadratic stabilizability relates to previous and concurrent work. Barmish [7]
derived an equivalent Agy condition for uncertain linear systems with time-varying

uncertainties, but the resulting controller was nonlinear and only for SISO systems.
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The works of Khargonekar, Zhou, Bernussou and others are briefly discussed. Con-
current work by Becker and Packard is briefly discussed as well. In our discussion,
we show how our solution to the Ay condition provides a solution to their theorem
of quadratically stabilizing an LPV plant via output feedback for which they did not
provide a solution.

After discussing quadratic stability we then extend our results to the even more
general case of General Lyapunov Stability. Quadratic stability requires that a single
Lyapunov function be valid over the entire parameter space. This requirement may
be too restrictive if it is known a priori that the parameters will not vary infinetly
fast. If the parameter variations are bounded and their rates of change are known
then their may exist a time-varying Lyapunov function which is valid over the entire
parameter space. We derive necessary and sufficient conditions for General Lyapunov
Stability. We discuss how to compute this time-varying Lyapunov function. In fact
it is just a natural extension of quadratic stability. There is an extra term in the
derivation that is a function of P.

Also we extend our results of Quadratic Stability to include £, performance. We
show, for strictly proper systems, how to determine if a controller can be constructed
such that the closed-loop system has an induced £, norm less than a specified value.
A missile autopilot example is provided.

In Chapter 3, we review the work by Apkarian and Gahmet [8]. Their work
prov1des an H based gain scheduled controller for LPV systems The parameters are
treated as uncertainties and are pulled out into one large uncertainty block. Collecting
the parameters in this manner allows the powerful methods of Ho, theory to be used.
The controller is assumed to have an LFT dependence on the parameters. The Small
Gain Theorem and the Scale Bounded Real Lemma are used to solve this problem.
Scaling is introduced to reduce the conservatism of the Small Gain Theorem but

the fact that parameters are real is not exploited. This method provides a nice way
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to design a controller that satisfies an £, performance criteria. During our review
we provide a corrected proof of their main theorem. This corrected proof is due
to Spillman [9] and Apkarian and Gahinet [10]. In addition, we provide a clear
explanation on how to construct a controller. A discussion of numerical issues related
to solving for a controller is given as well.

»

Pulling out the parameters into one large “uncertainty block” requires that the
plant has a linear fractional dependence on the uncertainty, i.e. the plant is a rational
function of the parameters. It is important that this linear fractional dependence be
realized in an efficient manner otherwise the size of the matrices get large resulting in
computational problems. This type of realization is directly related to the problem
of N-D realization theory. In Chapter 4 we review the status of N-D realization
theory. In fact N-D realization theory has not progressed very far due the lack of a
minimality test. We review some general methods for obtaining a realization but these
do not provide the minimal realization. The method by Belcastro [11] does provide
a small realization. The others provide ways of further reducing the realization that .
is derived.

Kung et.al. [12, 13] do provide a minimality test for 2-D systems by computing
greatest common divisors. The problem that Kung et.al. faced was that when the
Greatest Common Divisor (GCD) is removed the system no longer was in “state-
space” form and they did not know how to return the system back to “state-space”
form. In th1s chapter we extend the work of Rosenbrock [14] on system equ1valence-
to N-D systems and use it to return a 2-D system back into “state-space” form. We
provide a GCD Based algorithm for taking a nonminimal 2-D realization, extracting
the GCD and then returning it back into “state-space” form such that the resulting
realization is minimal/near minimal. A second 2-D method, the System Equivalent

Based Algorithm, does not require a realization but begins with the plant description
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P. System equivalent operations are used to transform the realization to a mini-

mal/near minimal “state-space” form. This second method could easily be extended

to N-D systems.




CHAPTER 2
Lyapunov Based Gain Scheduling

In this chapter, we investigate gain scheduling based on guaranteeing that the
resulting gain scheduled system satisfies a Lyapunov function. From the Lyapunov
function both stability and performance can be guaranteed over the entire parameter
space. In Section 2.1, we investigate gain scheduling from the standpoint of guaran-
teeing quadratic stability. A geometric interpretation is then given. A discussion is
also provided on the connection of this result with previous work in other related ar-
eas. Examples are provided which show the practical implementation of this method
of gain scheduling. The next section (Section 2.2) extends the quadratic stability re-
sult to general Lyapunov stability. Methods for checking this condition and designing
a controller are discussed. The final section discusses how to add Lp-performance to
this new gain scheduled controller desién method. A missile autopilot design exé.mple
is provided.

For the purposes of this chapter, the following LPV system is considered.

()| _ |AGER) BE@)| |2() 2.1)

y(?) C(o(t)) D(O()| |u()
" where for all t > 0, z(%) E’R”, u(t) E R™, y(t) € 'R"l;, and the reél matrices
A(f) € R™™, B(f) € R™™, C(#) € R™*", D(f) € R™*™ are all functions of the
parameter vector f(t). Let this LPV system be denoted as G(, A, B, C, D) or more

concisely Gy if the particular state-space matrices are clear from the context.

0(t) = (61(2), ..., 0n, () € R™ (2.2)

12
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The parameter variations are not known a priori but are known to belong to some

set.

In addition the system matrices A(8(t)), B(6(t)), C(8(t)) and D(6(t)) must be bounded
for all A(t) € Q. With these definitions for the LPV system and its parameters, we

can now investigate quadratic stabilization.

2.1 Quadratic Stabilization

Quadratic stability can be formally defined as follows.

Definition 2.1 (Quadratic Stability). The LPV system given in (2.1) is quadrat-
ically stable over the parameter space if there exist a P € R™", P = PT > 0 such

that for all 8 € Q
PAW®) + AT@O)P <0 : o (2.4)

This means that there exists a single quadratic Lyépunov function, V (z,t) =27 (t) Pz(t),
such that its derivative is negative definite over the entire parameter space. If we could
design a gain scheduled controller such that a single quadratic Lyapunov function ex-
ists for the closed-loop system then scheduling on slowly varying parameters would
no longer be a restriction. In fact the parameters could vary infinitely fast and the
system Would remain stable. i | -

To do this, we must first determine if quadratic stability is possible and then design

a controller that will achieve it. Shahruz and Behtash in [4] were close in designing

such a controller but they only considered the Lyapunov function represented by
P = I. Restricting a priori to this Lyapunov function is conservative in the sense

that for P = I the derivative of the Lyapunov function may not remain negative
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definite over the entire parameter space but there may exist another P # I which
has V(z,t) < 0.

The following theorem, which is a generalization of the result in [4] gives necessary
and sufficient conditions for determining quadratic stabilizability for an LPV system.

As part of the result, a gain scheduled controller is provided.

Theorem 2.2 (LPV Quadratic Stabilizability). The LPV system defined in (2.1)

is quadratically stable if and only if
Asn(8) = UL (0)(AO)W + WAT(0))U=(6) <0 VOeQ (2.5)

where W € R**™ < 0 and the range of Uy is the null space of B(9).

Proof. (=>) Suppose the system is stabilizable then there exists a state feedback

K (6) such that the closed-loop system
i(t) = (A(0) — B(O)K (0))=(t) + B(9)r(?) - (26)
is stable. The Lyapunov function correspondiné to (2.6) would be
V(z,t) = z(t)T Pz(t) (2.7)

V(z,6,t) = —z" ()Q(t)z(?)
=27(t) (PA(6) — PBO)K () + AT(0)P — KT(0) B ()P) z(t). (28)

Therefore.
P(A(6) — B(O)K(0)) + (A(6) — B(O)K(6))"P = -Q(6) (2.9)

is negative definite. An approach is taken similar to Shahruz’s approach but makes
no restriction on P other than it has to be positive definite. Even though the closed-
loop Lyapunov function is a function of the controller K (f), we will transform this
Lyapunov function in two parts. In one part the controller K (6) has complete control

over and the other part the controller has absolutely no control over. It is this
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second part that is of interest. If there exists a matrix P > 0 that will make this
uncontrollable part negative definite, then the system is quadratically stabilizable
and if not then it is not possible to make the system quadratically stable with an

LPV feedback control.
Proceeding with the proof, we begin by expanding (2.9). Note that we will drop

the notation which shows functional dependence on 6 to make the equations easier

to read.
PA—-PBK + ATP - KTBTP = -Q. (2.10)

Next take the singular value decomposition of B = U YVT and substitute this back

in for B yielding
PA-PUSVTK + ATP - KTVSTUTP = -Q. (2.11)

Recall that U is orthogonal and P is positive definite, therefore (PU) = uTp-!

“exists. It will be convenient to introduce the following substitution
W=P". (2.12)
which makes (PU)~! = UTW. Multiplying (2.11) on the left by UTW yields
UTA—XVTK + UTWATP - UTWKTVETUTP = ~-UTWQ. (2.13)
Multiplying on the right by WU yields

UTAWU — SVTKWU + UTWATU —UTWKTVET = ~-UTWQWU.  (2.14)
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Let
A=UT(AW + WAT)U (2.15)
L=VTKWU (2.16)
Q=UTWQWU. (2.17)
Then rewriting (2.14) yields
A-SL-LTsT = -Q. (2.18)
Now partition U and ¥ as
Xy
U = [Ul Ug] y Y= . (219)
0

where U; € RP™ U, € R™ (") and ¥, = diaglo1,--. ,Onyn,] € R™*™. This

will partition A as follows

A, A -
)/ I I (2.20)

AL, Ay
where
Ay = UT(AW + WAT)U, = AT, € R™x™
A = UT(AW + WAT)U, € Rrx(=ma) (2.21)

Ay = UF(AW +WAT)U, = AL, € Rv-iw)x(n=na)

In addition, partition L as

L(9) = [Lu(0) L12(6)]. (2.22)
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Substituting A(f), & and L from (2.20), (2.19) and (2.22) into (2.18),then we obtain

A1 (0) — (Z1(0) L1 (0) + LT (0)51(6))  Aj2(6) — E1(8) Li2(6)

) ) = —Q(6). (2.23)
AL(0) — LL(0)%1(0) A (0)

Since U(6) and W are nonsingular, the matrix —Q(0) = —UT(Q)WQ()WU (0) is
negative definite if and only if —Q(6) is negative definite which is our original assump-
tion. Multiplying (2.23) from the left and right by [0 z7] and [0 27T, respectively,
where z is any vector in R" ™, we conclude that Ay (0) is negative definite.

(<=) Suppose there exists a W > 0 such that Agy(0) in (2.23) is negative definite.
From (2.16), we have free choice of L. Therefore looking at (2.23), if you choose the

elements of Lq;(0) = [l;;(8)] € R™>™ as

aij — Tl

lij=—_0'—“‘_, lji= your choice i =1,...m, — 1, J=1+1,...1 (224)
G de
=it (2.25)

- 20',','
where d;; > 0 are arbitrary real numbers for all i = 1,...n, and a;; are the elements

of A and, in addition, choose the matrix L;5(f) € R™*™ ™ to be

Li2(6) = ST (0)UT (0)(A(O)W + WA (6))U2(6), (2.26)
then we obtain from (2.23) that —Q(0) = diag[—dy1, -- -, —Gnunas Ay, (0)] which is
negative'deﬁnite. : . a

Lemma 2.3. If there ezists a W > 0 such that As(0) < 0, then a stabilizing con-

troller, K(0), can be chosen as

K@) =V LOUTOP (2.27)
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where P = W™ an = L 12 with the elements of Ly = [l;; €
h 1 and L(6 L11(0)L12(6)] with the el f L11(9) li; (0

RM XM gre
r - .
aija—i:'jj i < g,
Ly = { utde = (2.28)
1 i>j
Gy = oGl ice i— 1 i
lij = , U = your choice i=1,...n, =1, j=i+1,...7n, (2.29)
Oii

_ G+ dy
T 205

lig y 1= 1, e Ny (230)

where di > 0 are arbitrary real numbers for all i = 1,...n, and G;; are the

elements of A. The matriz L15(0) € R™X" ™ is

Li2(60) = ST (O)UT (0) (A(O)W + W AT(9))U»(6).- (2.31)

Proof. Assuming that W > 0 exists such that A2 (6) < 0, then from the proof of
Theorem 2.2 we see that the particular choice of L() = [Lu(9) L12(0)] from (2.28)
and (2.31) will make the system stabilizable. Recall (2.16)

L(6) = VT (O)K(0)WU(6).
Solving for K(6) yields
K©6) =V (@)LO)UT@)P
which is our stated controller. O

The controller K(#) places the controllable poles of Q(t) which indirectly places

the poles of Q(t). Performance can be introduced by proper choice of Q(t). This
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will be discussed further in Section 2.3. The Ao, condition is an LMI. LMI’s are
convex and allow for convex optimization techniques to be used to solve them. Since
(2.5) is a continuous function of time and must be satisfied at all times, this problem
represents a convex feasibility problem with an infinite number of constraints. For
practical reasons the control engineer will have to resort to gridding the parameter
space and solve approximations to the actual condition (2.5). The disadvantage is
that as the number of parameters increase the number of constraints corresponding
to each grid point will increase exponentially. The limit on the number of parameters
will be determined by the computational capability that is available to the control
engineer and the time frame allowed for the controller design. Fortunately once the
Asy condition has been solved, the scheduling law is simple to implement and does
not require storing a controller for each operating condition (i.e. grid point) and then
having to interpolate between controllers as the system moves around the parameter
space. The controller given in (2.27) only requires storage of a few matrices and
knowledge of the current operating conditions in order to be implemented.

Two examples are now presented that illustrate a problem that can be encoun-
tered when gain scheduling with frozen point controllers but can be overcome by the

Lyapunov based gain scheduling method.

Example 2.4. Given the open loop LPV plant

0 1 0
T = x+ U
—(1+.50) —.2 1
y=11 0|z

_1<9<1, “ (2.32)
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and a state feedback matric K = [kl kz] with

1
ky = .1, (2.33)

the closed-loop poles will be in left half-plane for all values of 8 as shown in Figure

2.1. Even though the poles are in the left half-plane the response of the system with

-
T
XX X XXIOOO0NO0MMMK

-1}

20000000000 X X X X X

-0.2 0 0.2

Figure 2.1: The closed-loop pole locations for —1 < 6 < 1 using the frozen point
controller.

initial condition To = [ Y] and with 6 = cos(2t) is unstable as shown in Figure 2.2.

L L L L s
0 5 10 16 20 -3 30
Time

Figure 2.2: The response of the system with 7o = [ — 1] and 8 = cos(2t) using the
frozen point gain scheduled controller.
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Now to design a Lyapunov based controller. First determine a Lyapunov P that
satisfies the Ay condition by solving (2.5) with an LMI solver. For this example the
system was gridded over 20 evenly spaced points over the parameter space. SDPSOL

[15] was used and the following P was obtained.

1.1250 0.3750
P= (2.34)

0.3750 1.1250

The controller is designed from Lemma 2.3
K(0) =V (@)LO)UT (0)P. (2.35)

Using (2.28) and (2.81) to compute L and with dy; = 10, the matriz L can be com-
puted. Figure 2.8 shows the closed-loop response using the Lyapunov based controller
(2.27) with inititial condition zo = [ ;] and with 6 = cos(2t). The Lyapunov based
controller drives the states to zero and does not go unstable since the controller was
designed such that the closed-loop system always satisfies the Lyapunov Stability Con-

dition under any parameter trajectory.

1

x

x
N

08 -

oSt

04l

o2r

5

R s : " 2 1
0 5 10 15 20 25 30
Time

Figure 2.3: The response of the system using the Lyapunov based gain scheduled
controller with inititial condition z¢ = [l — 1]T and with 8 = cos(2t).
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Example 2.5. In this ezample consider the open-loop plant

—1+ 1.5cos%(t) 1— 1.5sin(t)cos(t) 0
T = z+ u, (2.36)
1 -1 1

where t is our parameter. We need only consider 0 < t < 2w when designing con-

trollers. For the frozen point controller let
K =2+ 1.5sin(t) —sin®(t)|- (2.37)
With this controller the resulting closed-loop system A matriz is

—1+1.5cos?(t) 1 — 1.5sin(t)cos(t)
Ag = (2.38)
—1—1.5sin(t)cos(t) —1+ 1.5sin?(¢)

which has closed-loop poles located at —0.25 £ 70.66144 for all time. This closed-
loop matriz is Vidyasagar’s example of a time-varying plant which has constant left
half-plane poles and yet is unstable. Fz'gure 2.4 demonstrates this instability in the

response of the system with zmtztzal condition zo = [1]. .

e

Figure 2.4: The esponse of the system using the frozen pomt controller with inititial
condition zo = [1 1]T .
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Now to design a Lyapunov based gain scheduled controller (2.27). First determine

a Lyapunov P that satisfies the Aqy condition. One such P is

9.0046 8.4899
P= (2.39)

8.4899 9.0046

The controller is designed from Lemma 2.3
K(6) =V (@) LOUTH)P. (2.40)

Using (2.28) and (2.31) to compute L and with dy, = 10, the matriz L can be com-
puted. The response of the resulting closed-loop system using the Lyapunov based
controller with inititial condition zy = [}] is shown in Figure 2.5. Under the same
parameter trajectory, the Lyapunov based gain scheduled design is stable where as the

frozen point design is not.

15

S S a—Y
Figure 2.5: The response of the system using the Lyapunov based controller with
inititial condition zo = [1 1]7.

O

To gain a better understanding of this new gain scheduling law, a geometric

interpretation of the figz condition is given in the next section.
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2.1.1 Geometric Interpretation

The submatrix Ay represents the part of the closed-loop Lyapunov function for
which the controller has no control. Therefore, if it is not negative definite, the deriva-
tive of the Lyapunov function will not be negative definite and quadratic stability can
not be attained. In this section, as we investigate the meaning of Agy < 0, we will be
able to derive the set of all positive definite W’s that satisfy Ag; < 0. This in turn
also specifies the set of all positive definite P’s which satisfy the Lyapunov equation
(2.9) because P = W~1. We will be able to specify this set without specification of
K (8). Note that A, is only a function of the open loop system matrices A(6) and
B(9).

The Ajy condition (2.5) is

UL (AW + WAT)U, < 0. (2.41)

And since a quadratic constraint depends only on the symmetric part of the matrix,

this is equivalent to

2F (U2TAWU2) z <.0 Vz. | (2.42)
Let v = Upz, i.e. v is a vector in the range of U. Substituting this in gives

vTAWY <0 Vo = Usz. (2.43)

Hence the quadratic condition-in (2.42) can be replaced ‘by another quadratic condi-
tion in a larger space subject to a linear side condition. In order to get a geometric

interpretation, define v = ATv and substitute this back into our equation. Therefore
W <0 Vo =Usz ) (2.44)

From (2.44), we can determine its geometrical interpretation for the second order

case. Equation (2.44) is the dot product of two vectors: ¥ and Wv. Wy is the
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Figure 2.6: An example of what Wv and ¢ might look like plotted on the ellipse
described by W.

vector, located at the point (v1,v2), that is perpendicular to the ellipse drawn by W
and passing through the point (v1l,v2). This is illustrated in Figure 2.6. The vector
v = ATv is the derivative of v at (v1,v2). If the dot product, ¥YWu, is negative then
the angle between v and Wo ié éreéter than 90‘;. This means that v points inside the
ellipse at the location (v1,v2).

To summarize the meaning of (2.5) for the second order case, we have that if you
can draw an ellipse described by W such that at the point of intersection between the
ellipse and the line described by v = Usz the resulting ¢ at this intersection points
inside the ellipse, then you can say that the system is stabilizable. In.other words,
the positive definite matrix W which describes this ellipse satisfies (2.5) and therefore
it also satisfies the Lyapunov equation (2.9) for some K. Figure 2.7 gives an example
picture of a valid ellipse for a given second order system. Remember that the ellipses
are drawn in the phase plane plot of A7 and not A. (This is why the variable was

labelled v instead of z the state).
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Figure 2.7: An example of a valid ellipse for a given second order system.
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For the nth' order system this means that if the velocity vector calculated from

v = ATv points inside an ellipsoid W on the intersection with v = U,z (i.e. the range

of Uy), then the system is stabilizable.

It is instructive to consider the set of all positive definite matrices which satisfy

the Ag condition for a fixed §. For the second order case we can take Wy, = 1

without loss of generality. The condition W > 0 implies Wy; > 0, Wae > 0 and

Wiy Way — W2 > 0.

Therefore, we have

By manipulation, the A, condition in this case reduces to

aWis < bWas + ¢

(2.45)

(2.46)
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wa2

Figure 2.8: An example of the set of all W > 0 which satisfy the A, condition for a
given second order system.

where
a = (y,glAn + U9, Ug, (Aiz + Aﬁ) + u%z'Aég) o
b = (Anug,us, + A21U§2). (2.47)

— 2
cC = (A21u21+A22u21u22)

The shaded region in Figure 2.8 represents a typical plot of the set of W’s which
satisfy the fizg condition for a second order LTI plant. ’I‘his region is bounded on
the left by the dashed line corresponding to the poéitive definite condition on W as
given in (2.45) and on the right by the solid straight line corresponding to the A,
condition as given in (2.46).

While Figure 2.8 represents an LTI system, Figure 2.9 represents an LPV sys-
tem. In particular, it is the phase plane plot of the LPV plant given in (2.38) with
B = cos(t +/18) . One hundred grid points were taken. Each straight line

—sin(t + 7/18)
represents a frozen coefficient plant at the associated grid point. Looking closely at
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Figure 2.9: The set of all W > 0 which satisfy the Ay condition for Vidyasagar’s
example.

the inequalities that are associated with each straight line to determine the valid
Lyapunov region and then taking the intersection of all these regions results in the
intersection being the clear oval shape in the m1ddle of the plot. Therefore, th1s
oval shape represents the set of all valid Lyapunov functlons for this LPV plant. By'

choosing a W inside this region, the control designer can stabilize this plant.

2.1.2 Relation to Previous Work

Quadratic Stabilizability of Uncertain Systems

When the Ao cohd_ition'w_as first derived, we did not realize that the stability that
we were guaranteeing was quadratic stability. This fact did not become evident until
we discovered the concurrent work of Becker et al. [6] and Packard et al. [16] which
investigated quadratic stabilization of LPV systems. These and related works will be
discussed later. A literature survey was then conducted on quadratic stabilization of
linear systems. As it turns out, the condition Ayy < 0 is fundamental in determining

quadratic stabilization of linear systems. Our A, condition is an extension to LPV
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systems of the work conducted by Barmish [7] on uncertain linear systems with time-

varying uncertainties. In particular, he considered the system

i = A(r(t))z + B(s(t))u (2.48)

a(t) = eR?, (2.49)

where r(t) € R2 represents the model parameter uncertainty and s(t) € R represents
the input connection parameter uncertainty. The only difference between this and
our LPV definition is that Barmish does not make the assumption that the parame-
ters can be measured on-line. Before Barmish’s work much of the work on satisfying
quadratic stabilization centered around the solution of so called matching conditions
[17, 18]. Barmish enlarged considerably on these conditions aﬁd provided necessary

and sufficient conditions for quadratic stabilizability. In fact his conditions are iden-

' tical to Ay < _O,for' éystémé_with time-varying uncertainties just'stéted in a different .

" manner. The problem is that the resulting controller is a nonlinear function of the -
states and is only valid for single input systems.

Upon Barmish’s discovery of these necessary and sufficient conditions for quadratic
stabilizability, many researchers focused their efforts on determining the conditions
needed to allow for quadratic stabilization of uncertain systems via linear control.
Thisltype of sté,bilization was referred to as linear quacllratic'stabilization.' |

Zhou and Khargonekar [19] pursuing the goal of linear quadratic stabilization
focused their attention on systems with norm bounded time-varying uncertainties
entering both the state matrix, A, and the input matrix, B. They described their

system as follows.

i =[A+ AA]z + [B+ ABlu (2.50)
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[AAAB] = DF()E (2.51)

where A, B, D, E are known constant matrices and F'(t) € F C RP*¢is the modeling
or parameter uncertainty. The set F is assumed to be Lebesgue measurable and is

defined as
F:={F(t) | FT(t)F(t) < I}. (2.52)

They showed that linear quadratic stabilization for this class of uncertain systems is
equivalent to the existence of a positive definite matrix solution to a Riccati equation.
An LTI controller is given in terms of the solution to this Riccati equation.
Khargonekar and Rotea in [20] show that quadratic stabilizability is equivalent
to linear quadratic stabilizability for systems with norm bounded uncertainties. In

particular, they consider the system

(t) = Az(t) + Bu(t) + Dw(t) . (2.53) |
et) = Evo(t) + Bpu(t) - @5
w(t) = A)e(t) (2.55)

where w(t) € R*, e(t) € R? and the real matrices A, B, D, E; and E; are known
and of appropriate dimensions. The matrix valued function A(t) is assumed to be

‘Lebesgue measurable and is defined as
At) e U:={U e R*™ | ||U|| < 1}. (2.56)

They show that quadratic stabilization of this system is equivalent to the solution of

a Riccati equation. From this solution a stabilizing LTI controller can be constructed.
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It is interesting to note that by adding the assumption that uncertainties (or
parameters) can be measured on-line then our /122 condition is necessary and suf-
ficient to guarantee linear quadratic stabilization. In fact, for this case, quadratic
stabilization and linear quadratic stabilization are equivalent.

Bernussou et al. in [21] made different assumptions on the uncertainty in order to

guarantee linear quadratic stabilization. He considered the uncertain linear system
t = Az + Bu (2.57)

where A and B are matrices belonging to uncertainty domains D4 and Dp defined

by
N N
Da={A|A=)D XA, }20,)> X=1} (2.58)
i=1 =1
N N
Dp:={B|B=" 1;Bj,pi; >0, % p; =1} (2.59) -
TG - A .

This corresponds to the case of linear systems where the coefficients are known up to a
certain precision defined by bounding them from above and below. This is commonly
known as interval plants. In this case the uncertainties are not time-varying. The

necessary and sufficient condition derived is a form of Agy < 0 for interval plants.
AW + WAT — B;R = RTBT <0 ViVj o (260)

These conditions are LMI’s and therefore can be efficiently checked. These conditions
not only are for determining the feasibility of a constant Lyapunov function (i.e.
quadratic stability) but also for a constant controller. By requiring a fixed controller,
the conditions require additional variables (i.e. R) that have to be determined. Now

the condition given in (2.60) can be used to determine if a constant controller could
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be used to quadratically stabilize an LPV system. If this condition were satisfied
then gain scheduling would not be needed. |

Becker and Packard in [22] and summarized in [23] extend Bernussou’s work to
a different class of uncertainties. They provide necessary and sufficient conditions
for quadratically stabilizing uncertain systems via LTI state-feedback where the un-
certainty in the A and B matrices can depend on both a correlated uncertainty and
an uncorrelated uncertainty. The uncorrelated uncertainty is a special form of lin-
ear fractional uncertainty on real parameters. The correlated uncertainties lie within
a prescribed convex polytope while the uncorrelated uncertainty lie within the unit
cube having dimension equal to the number of uncorrelated uncertainties. The nec-
essary and sufficient conditions are essentially (2.60) checked at all of the vertices of
the uncertainty space.

Concurrent Work in LPV Gain Scheduling

Resea.rch in the area of LPV gain scheduhng has become a topic of very 1ntense
mterest as it is apphcable to SO many areas espec1a.11y to the area of missile autopllot
‘design. In particular, contemporary with this research, has been the work conducted
by Becker, Packard and others who have collaborated with them in their research.
Several important papers in this area for which Becker and Packard were primary
authors are [6, 16, 24, 22, 23] along with Becker’s dissertation [25] which is a summary
 for most of this work. . ‘ |

In the first part of [6] Becker et al. provide necessary and sufficient condltlons
for quadratic LPV stabilization via output feedback with a dynamic controller. The

LPV plant under consideration is

- : (2.61)
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The authors state that this plant is quadratically stabilizable via output feedback if

and only if the following two conditions hold:

1. there exists a Px € R*",Px = P¥ > 0, and a continuous, bounded function

F : R¥ — R™>™ such that for all 6(¢) within our parameter set,

[A(6) — B(O)F(9)]" Px + Px[A(6) — B(O)K(9)] < 0, (2.62)

2. there exists a P, € R™", P, = PE > 0, and a continuous, bounded function

L : RF - R™™ guch that for all #(¢) within our parameter set,

[A(8) — L(O)C(8)]F Py + PL[A(8) — L(8)C(8)] < 0. (2.63)

If the functions F(0) and L(6) exist as in the above conditions then

K(0) = A(0) + B(O)F(0) — L(B)C(8) —L(0) (2.64)
F(0) o 0

is the quadraticallj} stabilizing bai‘ameter dependént outpﬁt-féédback controller ex-
pressed in compact matrix form. Further more they proceed to -parameterize all
stabilizing output-feedback controllers. What Becker et al. do not show in this paper
or in Becker’s dissertation [25] is how to determine if F'(f) and L(f) exist and if they
do exist then how to compute them. Our Theorem 2.2 provides the answer to both
. the existence and corhpﬁ‘tation of the functions.

In the second part of [6], t.he authors add £ performance to the quadratic stabi-

lization problem. The LPV plant considered is as follows.

z(2) A(0) | Bi(6) 0 Bs(0) z(t)
q1 (1) _ ci®)l o o o0 w1 (t) _ (265)
ga(t 0 0o 0 I ws(?)
o] lao| o 1 o | |ue]
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where 0 is the vector of parameters as defined in (2.2), z(t) € R", [w](t), wi(¢)]”
€ R™ is the disturbance input, [q7(t), ¢% (t)]T € R™ is the performance output,
u(t) € R™ and y(t) € R™ for all £ > 0. Some assumptions were made in order to
get this form of an LPV plant that are restrictive. In Becker’s dissertation [25] these
assumptions are relaxed.

Becker et al. state that the open-loop system given in (2.65) is quadratically
stabilizable and satisfies an £, performance criteria if and only if there exist matrices

X11 > 0 € R™™ and Yy, > 0 € R™™ such that for all § in the parameter space

A(B)Yi + YuAT(6) - By(0)BE(6) YuCT(0) Ba(6)

C1(6)Yu -1 0 | <0
BT(6) 0 -1
AT(0)X11 + X1 A(0) — C3(0)C2(8) XuBi(8) CT() (2.66)
B (6) X1 -1 0 <0 '
cae - - -0 & —I.
Xn I,
11 >0.
In Yll

Given that these conditions are feasible, the authors then provide formulas to con-
struct an LPV controller. The formulas given are quite involved and are rather
. awkward. .In the second part of [16]; Packard et al. improve upon these controller
formulas. In this reference, Packard et él. apply the controller formulaé from [26]
to this LPV problem and obtain controller formulas which are much easier to use.
We did discover some typographical errors when comparing the formulas presented
in [16] with those of [26]. The solution of the LMI’s given in (2.66) require gridding

the parameter space and solving an approximation to (2.66). As long as the number
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of parameters is not too large then this gridding of the space should not be too bur-
densome computationally but as the number of parameters grow the number of grid
points grow exponentially.

In Becker’s dissertation he pulls together the works from [6],[24] and [16]. In addi-
tion to this he provides necessary and sufficient conditions for quadratic stabilizability

for an LPV system which are given in the following Lemma.

Lemma 2.6. [25] The open-loop system given in (2.1) is quadratically stabilizable
over the parameter space if there exists a W > 0 and a continuous, bounded function

R:R™ x R — R™*" such that
AO)W + WAT(0) + B;()R(0) + RT(0)B,(6) < 0 (2.67)
for all 8 in the parameter space.

Unfortunately Becker does not indicate how to compute the function R(6). One
method would be to grid the space and have avdiﬁ'er'en't variable R; at each grid point.
This would not be practfcal though due to ‘the exfrémely ’Iar‘ge number of variables
that would have to be determined. Fortunately the Agg condition that we developed

determines stabilizability without having to compute a stabilizing controller. It uses

not only a reduced number of variables but an LMI that is of reduced dimensions.

.- 2.2 General Lyapunov Stability

Quadratic stability may be too conservative in that it requires a single quadratic
Lyapunov function to be satisfied over the entire parameter space. The ixﬁplication of
this single quadratic Lyapunov function is that the stability of the LPV system is not
dependent on the time rate of change of the parameters. In fact the parameters can
change infinitely fast and the system will remain stable as l.éng as we have knowledge
of the current values of the parameters. A less conservative form of stability would be

General Lyapunov Stability. General Lyapuﬁov Stability does not hold the Lyapunov
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Function constant as the system changes but allows it to vary with the system. In
this case, however, knowledge of the maximum time rate of change of the parameters

will be necessary to insure stability.

|9‘7‘| S éimaa: ?

1<i< . (2.68)

The following theorem gives necessary and sufficient conditions for general Lyapunov

stability.

Theorem 2.7 (General Lyapunov Stability). The LPV system defined in (2.1)
is stable (in the sense of General Lyapunov Stability) if and only if there ezists a

differentiable matriz function P(t) > 0 with W (t) = P~(t) such that for all 6(t)

A (8,t) = UL (B)(A@)W () + W (£)AT(0) + @ )Us(6) < 0 (2.69)

new term

where the range of U2(0) is the null space of BT (6).

Proof (=:>)G1ven our LPV system as descnbed in (2.1) with parameters defined by
(2.2) and having bounds on there time rate of change given by (2.68), for necessity

we assume there exists a controller K () such that the closed-loop system
i(t) = (A(6) — B(O)K(0))z(t) + B(O)r () ' (2.70)
is stable. The general Lyapunov_function correspohding to (2.70) would be ,

V(z,t) = z(t)TP(t)z(t) (2.71)
V(z,0,t) = —a"(t)Q(t)x(2)
= T(t)(P(H)A(B) — Pt)B(O)K(6) + AT(6)P(t) —

KT@)BT(O)P{t)+ P@) )z(t). (2.72)
~—~—~

new term
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Therefore
P()A(0) — P()B(6)K (6) + AT(9)P(t) — KT(0)BT (0)P(t) + P(t) = —Q(t) (2.73)

is negative definite.
Proceeding with the proof in the same manner as for the proof of Theorem 2.2

but, in addition, carry along the “new term”, results in (2.73) becoming
g

A(B) — S(O)L(9) — LT(O)Z"(0) = —Q(1)- (2.74)
where
A(9) =UT(0) (A(o)W(t) + W(t)AT(6) + \Vl;// ) U(6) (2.75)
L(6) = VT(O)K (O)W (t)U (6) - (2.76)
Q) = UT(O)W (1)QH)W (1)U (6). (2.77)

" Now partition U(6) and () as

| ‘ ‘ 21(6) | '
U(0) = [U:(0) Ua(0)], E(9)=[ . } (2.78)

where Uy(8) € R™™, Up(f) € R0, %,(0) = diaglon(0),--- ,0nun.(0)] €

R™*nu_ This will partition A(6) as follows

/1(0) _ { 1‘?11(9) “:112(9) } (2.79)
AL () Ax(9)
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An(0) = UFO) [AOW@)+W@HATO)+ T | Ui(6) = AL, (6) € R

new term

Ap(0) = UTO) | AW () + W (t)AT(0) + \W/ Up(6) € Rruxn=nu)
new term

An(0) = UF@) [AOW@®) +WRATO)+ I | Ua00)

~—~
new term
= A;g(g) € R(r—nu)x(n—nu)
(2.80)
Partition L(f) as
L(0) = [L11(6) Ly»(9)), (2.81)

Substituting A(6), £(8) and L(8) from (2.79), (2.78) and (2.81) into (2.74), we obtain

Au(0) — (£:1(6)L11(9) + LT, (9)2} (9)) () — Z1(6)L12(9),

e | o =-Q(t). (2.82)
AL (8) — LE(0)Z1(9) ‘ Az (6) |

Since U(0) and W (t) are nonsingular, Q(t) < 0 if and only if Q(t) < 0 which is our
assumption. Multiplying (2.82) from the left and on the right by [0 7] and [0 z7]7,
respectively where z is any vector in R™*"», we conclude that Ay, is negative definite.

(«<=) Now suppose that there exists a differentiable function W(t) > 0 such that
Ap(8) < 0, from '(2.76), we have free choice of L(0). .Th.erefore looking at (2.82), if

you choose the elements of Ly;(8) = [l;;(f)] € R™*™ as

1 () = a; (0) ;:Zgga)lﬁ(e), 1;;(0) = your choice i=1,...ny—1, j=1+1,...n4

(2.83)

_as(0) +dis ;

la(0) = o =1, | (2.84)
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where dii > 0 are arbitrary real numbers for all i = 1,...n,, and a;; are the elements

of A and, in addition, choose the matrix Lip(f) € R™*"™™ to be

Lip(6) = ST OUT (AOW (1) + W AG) + W )Ua(6), (2.85)
new term

then we obtain —Q(t) = diag[—da1, .. . — dnuna, A22(6)] which is negative definite. [

Lemma 2.8. If there ezists a differentiable matriz W (t) > 0 with P(t) = W™(¢)

such that Ay (0,t) < 0, then a stabilizing controller, K(0), can be chosen as
K(0) =V (0)LO)U®)TP(2) (2.86)

where L(0) = [L1;(0)L12(0)] with the elements of Ly1(6) = [l;;(0)] € R™*"™ are

’

Gij (i)i:ﬂz‘j () i< j,

1;(6) = < &ii(:azin:(dg;go) i= (2.87)
1 . i>j

\

where dit > 0 are arbz'tmfy real numbers for alli = 1,...n, and @;; are the elements

of A. The matriz Li5(f) € R™*"™ is

Liz(6) = ST O)UT (AQ)W () + WHAE) + T )U:(0). (2.88)

new term

Proof. Assuming that a differentiable W(t) > 0 exists such that As(6,t) < O,
then from the proof of Theorem 2.7 we see that the particular choice of L) =
[Ln(e) L12(9)] from (2.87) and (2.88) will make the system stabilizable. Recall
(2.76)
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Solving for K(0) yields

which is our stated controller. O

With the addition of the “new term”, (2.69) becomes rather difficult to solve since it
is a function of both W and W. In order to solve (2.69) we will again have to result to
solving an approximation by girding the parameter space and solving for several single
quadratic Lyapunov functions such that each Lyapunov function covers a region of the
parameter space. The intention is to solve for as few Lyapunov functions as possible.
The most desirable situation would be to find a single quadratic Lyapunov function
that is valid over the entire parameter space. If this is the case then (2.69) reduces
to the single quadratic Lyapunov case (2.5). The controller K (6) given in (2.86) also
reduces to the single quadratic Lyapunov controller of (2.27). For the case where a
single quadratic Lyapunov function does not exist‘, we will divide the parameter space
into several regions with a single quadratic Lyapuhtgv function for each region. The -
controller will then be constructed as before except that the Lyapunov function used
to construct the controller will change depending on the location of the LPV plant
in the parameter space. There is a paradigm shift here. This is analogous to the
classical gain scheduled method of solving for frozen coefficient controllers and then '
interpolating the cohtrol_léis as the parameters change, instead, now we will solve for
frozen region Lyapunov functibns and interpblate these Lyapunov functions to get the
current Lyapunov function which will then be used to compute the controller gains

as given in (2.86). The following is an algorithm to solve (2.69).

Algorithm 2.9.
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1. Determine the feasibility of (2.69) with a single quadratic Lyapunov function

(i.e. assume W = 0). If feasible then implement the controller as given by

(2.86) with a fized W.

. If infeasible, divide the parameter space into two regions. Then determine the

feasibility of (2.69) with two W's. For example, determine the feasibility of

UL (0)(A(0)W; + W1 AT(0) + A)Uz(6) <O V8 € Region 1

UL (6)(A()Ws + WoAT (6) + A)Uz(6) < 0 V8 € Region 2

with Wy, Wa > 0 where A is a positive definite matriz that allows for w # 0.
If feasible, proceed to the next step. Otherwise, continue dividing the parameter
space, thereby adding more frozen region Lyapunov functions, until there is a

solution.

. Upon finding a solution, it becomes necessary to check (2 69). This check re-

quires knowledge of W. The balu"le of W cqh., be approzimated as follows,

o Wcurrent _ Wprevious
W= = (2.89)

where Wayrrent 18 the current interpolated value of W (t) and Wpyrevious 5 the

previous value of W(t). Unfortunately, Wprevious may posses many different

values. However, from the knowledge of the bounds on 6 as given in (2.68),

we can determine the regions in the pdrameter space that can reach our current
location in one At. From these regions we can compute the various values of
W, allowing us to check (2.69) at each grid point. If (2.69) is satisfied at each
grid point then the controller (2.86) can be implemented with the interpolated
values of W (t).
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B,
W3
62 Wi /
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d, W,
ds
02,
9 1; 91 olu

Figure 2.10: An example on how to interpolate the Lyapunov Functions.

An advantage of Algorithm 2.9 is that it initially tries to find a single quadratic
Lyapunov function and then if this is not possible it naturally converts to the General
Lyapunov case. - | | |

One method of interpolating the W’s is to consider the distance from the current
location in the parameter space to the center of each region that can be reached from
this location in one At. It is assumed that the center of each region will have as
its Lyapunov function the W that is associated with that region. As an example,
- cdnéider the two parameter space as debictéd' in Figure 2.10. The current W can be

interpolated as

1 1 1
W=|—F——7 W1+ (——“——) Wa + (-——> Wi (2.90)
d d d d d d
(1+2§+2§) I+a+a I+a+a

with d;, d» and d3 as shown in Figure 2.10. To insure that this W is a valid Lyapunov

function we need to check

UL (9)(A@)W + W AT(6) + A)Un(6) < 0 (2.91)
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where A is the same as the one used when computing the frozen Lyapunov regions.

If it is not satisfied then solve the following LMI’s

UL (0)(A(0)(W + AW) + (W + AW)AT(6) + A)Ux(6) < 0 29)
W+ AW >0 |

with objective function
fovj = trace(AW) (2.93)

The objective function is used to keep the new W as close to the original interpolated

W as possible. Thereafter,
Waew = W + AW. (2.94)

If Step 3 of Algorithm 2.9 fails, then before coming to the conclusion that the
system is uncontrollable the control engineer can try the following. Recall that when
_ we solved for the current ‘region‘a,ll W, that we use;d a fixed A for the entire parameter
space. Try solving (2.91) with a new A for the offending locations. This may mean
setting up a new region inside an existing region. If a larger A is possible, it will
allow for a larger W.

The concept now is not to grid the space with frozen point controllers but, instead,
to grid the space with frozen point Lyapunov functions. These Lyapunov functions
can be storedl in ‘tables‘as pfeviously the cbntrollefs were stored a;nd fhen interpélated
as the plant changes with the parameters. The controller scheduling law is given by
(2.86). This method of scheduling will guarantee general Lyapunov stability.

So far only stability has been investigated, now the addition of performance will

be investigated.
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2.3 Performance

In this section the concept of guaranteeing performance via state-feedback subject
to quadratic stabilization is discussed. Several methods will be explored including
minimizing a cost function, minimizing the output energy and finally guaranteeing
Lo-performance for a strictly proper system. A missile autopilot design example will

be given to demonstrate guaranteeing Lo

2.3.1 Minimizing a Cost Function

One method of introducing performance into the design of LPV systems is to
design a controller such that the resulting closed-loop system minimizes a given cost
function. The cost function that we will use is the standard cost function used in

control system design
J = / (zTQ(0)z + uT R(9)u)dt (2.95)
0

-where Q = LTL > 0 and R(6) > 0 for all § in the parameter space. By allowing the .
cost function to change with the parameters, allows the control designer to set differ-
ent performance objectives depending on where in the parameter space the system
is located. For example, a missile autopilot designer for a ballistic missile will want
to reduce performance at apogee when the dynamic pressure is low and will want
increased performa_nce duﬁng the _gnd—game when the dynamic pressure has come

‘back up. Thereom 2.10 describes how to design such a controller.

Theorem 2.10. Given the LPV system as described by (2.1) with the magnitude of

the parameters being bounded and initial condition x, there ezists a controller
K =R'BT(9)P - (2.96)

that minimizes the cost function J = [;°(z7Q(0)z +u" R(9)u)dt subject to quadratic

stabilization if and only if there ezists a W = P™' > 0 such that the following LMI
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problem is solvable for all 0 in the parameter space.

maximize 22 (W)xo
subject to
A(O)W + WAT(9) — B(O)R™'(0)BT(6) WLT(0) <0 (2.97)
LW -1 |

W >0

Proof. The idea is to bound the cost function with a Lyapunov function. Suppose

there exists a quadratic Lyapunov function V(t) = 27 (t) Pz(t) such that

P >0, %V(w(t)) < —(27Qz + uT Ru) (2.98)

then integrating both sides from ¢ =0 to ¢t = T yields

T

V@(T)) - V(o) < — / @ Qo+ R (2.99)
Since V(z(T')) > 0, we have
T
V(zo) > / (T Qz + uT Ru)dt. (2.100)

‘This equation shows that the cost.function can be bounded from above by 3 Pxy.

From (2.98), we can derive an equivalent condition that will be used to prove the

theorem. Expanding out 4V (z) with u = —Kz, (2.98) becomes
27 (A — BK) Pz + 2T P(A— BK)z < —(z"Qz + " KT RKx)
Then collecting terms it becomes

77 ((A— BKYTP+P(A-BK)+Q+ K'RK)z <0. (2.101)
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Therefore, if there exists a P such that
P>0, (A-BK)TP+P(A-BK)+Q+KT'RK <0, (2.102)

then an upper bound on the cost function is z3 Pzo. Equivalently, if W = P!, then

(2.102) becomes
W >0 W(A—BK)T+(A-BK)W +WQW +WKTRKW <0  (2.103)

and the corresponding upper bound on the cost function is oI W1z,
The existance of a controller, K, subject to quadratic stabilization that minimizes
the given cost function is equivalent to (2.103) having a solution such that z§ Wz, is

maximized. Letting Y = KW, the QMI in (2.103) becomes
WAT + AW —YTBT — BY + WQW + YTRY <0 (2.104)
<= (Letting R = ST .S and by completing the square)

WAT + AW + WQW — BR™BT + (SY — (ST)"*BT)T(SY — (ST)BT) < 0

(2.105)

<= (Since Y = KW = R™' BT, the completed square term = 0)
WAT + AW + WQW — BR'BT <0 (2.106)

- <= (Via Schur Complements)
AW + WAT — BR'BY wWILT
<0 (2.107)
LW -1

which completes the proof. O

As an example to demonstrate Theorem 2.10, a controller will be designed for the

open-loop system from Example 2.5 such that a given cost function is minimized.
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Example 2.11. Recall the open-loop LPV plant from Ezample 2.5

. —1+1.5c08%(t) 1— 1.5sin(t)cos(t) 0
T = z+ u, (2.108)

1 -1 1
with initial condition o = [1]. We desire to design a controller that minimizes the

cost function
i r|l 0 T
J= /(x z+u" (.1)u)dt. (2.109)
0

Gridding the parameter space as before into 20 points and solving (2.97) for W =
P71 yields

9.59073 1.94165
P= : (2.110)

1.94165 0.78845

Figure 2.11 shows the response of the system to the initial conditions. Thzs controller

. quzckly drives the states to zero yzeldzng a cost of

J =4.28

As a point of comparison if we applied this same cost function to the closed-loop
system constructed using the Lyapunov based controller from Ezample 2.5, the cost

would be
J =11.89

Therefore, as expected the cost is lower for our controller designed with performance

taken into account.

O

Another method of interest in integrating performance into the Lyapunov based

gain scheduling is to minimize the output energy. The next section covers this method.
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Figure 2.11: The response of the system using the Performance based Lyapunov
controller with inititial condition zo = [1 1]7.

2.3.2  Minimizing the Qutput Energy

In this section we are interested in bounding the output energy of a system. To
do this we extend the results taken from Boyd et al. [27] for LTI systems, where
Dj,Cy =0, to the LPV systems with no constraints on DT, C}.

Given' a certain initial state, zo, consider bounding the output eﬁergy of the

closed-loop system

T = Acl (9).'13
(2.111)
Yy = Cdy (9)27
where the output energy is
Eoutpus = / v )y (t)dt. (2.112)

Suppose there exists a quadratic Lyapunov function V(t) = 27 (t) Pz(t) such that

P>, %V(x(t)) <) (2.113)
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then integrating both sides from ¢t = 0 to ¢ = T yields

T
V(@(T)) - V(z0) < / oIty (B)dt. (2.114)
Since V(z(T')) > 0, we have
V(zo) > / yT (t)y(t)dt. (2.115)

This equation shows that the output energy can be bounded from above by zJ Pzq.
From (2.113), we can derive an equivalent condition that will be used to solve the LPV
output energy minimization problem. Expanding out ;%V(m) and inserting (2.111)

into (2.113) yields
g" ATPz + s" PAgz < —2"C} Cu,x (2.116)
Then collecting terms |
oT(ALP + PAy+ CE,Cu)z <o. o (2.117'). |
Therefore, if there exists a P such that
P>0, ALP+PAy+C}Ca, <0, (2.118)

then an upper bound on the output energy is z3 Pz,. Equivalently, if W = P!, then
(2.118) becomes |

W >0, WAL+ AW +WC3 Ca,W <0, (2.119)

Condition (2.119) is equivalent via Schur complements to

AaW + WAL WCE,
Ca,W |

Yy

W >0, <0 (2.120)
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Therefore, if W satisfies (2.120) then an upper bound on the output energy is
Z?;W_ll‘o.

Now take this analysis result and apply it to designing an LPV controller, K (8),

for the LPV system

i = A(f)z + By(0)u

y = Cy(0)z + Dyu(0)u (2.121)

with u = K (#)z such that we minimize the output energy of the resulting closed-loop

system

& = (A(0) + B.(0)K (0))z
(2.122)
y = (Cy(0) + Dy (0) K (0))z

The following theorem describes how to do this.

Theorem 2.12. Given an initial condition zo for the LPV system in (2.121) and that
(A(8), B(6);,C,(8)) is minimal; D{u(ﬂ)Dyu(9)' is invertible for all @ in the parameter

space and (1 —Dyu (DY, Dy,) ' DL,) = ETE, there exists a controller
K(0) = —(D},Dy)  (BfW ™" + Dy, Cy) (2.123)

that minimizes the output energy j;)oo yTydt subject to Quadratic stabilization if and

only if there exists a W > 0 such that the following Quadratic Matriz Im_aqualz'ty
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(QMI) problem is solvable for all 6 in the parameter space.

maximize ngxo

subject to

AW + W AT — By(DT,Dy.) ' By,
—WCIDy(DL,Dy) BT WCET (2.124)

<0
~ By(DY,Dy) '\ DL,C,W

W >0

Proof. The existance of a controller, K for the given system that minimizes the output
energy subject to quadratic stabilization is equivalent to (2.120) having a solution
such that zI Wz, is maximized. Substituting Au, Ba, Ca from (2.122) into (2.120)

and letting Y = KW the matrix constraint becomes

AW + WAT + B,Y +YTBT (C,W + Dy Y)T
C,W+DnY) - . -I

<0, (2.125)

<= (Via Schur complements)
AW + WAT + B,Y + YTBT + (C,W + DY) (C,W + D, Y) <0 (2.126)
<= (Multiplying out and collecting terms)

AW + WAT + WCTC,W + YT D] D,.Y

+(WCTDy, + B,)Y + YT (B + D;,C,W) <0 (2.127)
<= (By completing the square)

AW + W AT + WCIC,W — (BT + DL,C,W)T(DZ,D,.) " (B + DLC,W)
+ (DyY + Dyu(DE, D) (BL + DL, C,W)T

(DyuY + Dy (DL Dy) "' (BI + DI,C,W)) <0 (2.128)
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<> (Since Y = KW = —K(0) = —(DZ,D,,)"'(BY + D{,C,W)), the completed
square term = 0)

AW + WAT + weTe,Ww — (BY + DL,C,W)" (Dy,Dy) ™ (By + Dy, C,W)
(2.129)

<= (Expanding and collecting terms)

AW + W AT — B,(DL,D,,) ' BY — WCT Dy, (DY, Dy) ' BY

— By(DL,D,.) "' DL,C,W + WCT (1 —Dyu(Dj, D) " Dy, JO, W < 0 (2.130)

= (Via Schur Complements and letting (I — Dy, (DL, Dy,) " DT) = ETE since it is

always positive semidefinite.)

AW +WAT — B,(DI,Dy.) "B}

- WCID,,(DL,D,,) BT WCJE"
y Dyu(DyuD) Yl <o (2.131)
— B,(DL,Dy) ' D}, C,W

EC,W -1

which completes the proof. O

Finally we will look at adding £2 performance in the next section.

2.3.3 Guaranteeing Lo-Performance

Lo-Performance criteria have become a very popular way to specify performance.
As we begin to investigate de.éigning Lyapunov based gain scheduled controllers uti-
lizing Lo-performance criteria it is necessary to define the induced £;-norm and L,-
performance for LPV systems. The following definition and Lo-performance Lemma

are taken from [25].

Definition 2.13 (Induced £;-Norm for an LPV System [25]). Given a quadrat-

ically stable LPV system Gy with input u and output y, for zero initial conditions,
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define
Gellina,2 :==  sup sup lyll (2.132)
o parameter Hu“z
wece flul £0
u e ,Cz

to be the induced Lo-norm.

Therefore, the induced L£;-norm for an LPV system is the largest input to output
induced Lyo-norm over the set of all causal linear operators described by the LPV

system. Now L,-performance can be quantified as follows.

Lemma 2.14 (Ly-Performance Lemma [25]). Consider the strictly proper LPV
system G(0, Aa, Ba, Cu, 0). If there ezists a P > 0 € R™", such that for all 8 in

the parameter space,
AZ(6)P + PA4(8) + %03;(9)061(9) + PBa(6)BL(0)P < 0, (2.133)
then
1. The function A, (0) is quadratically stable over the parameter space.

2. There exists a 8 < -y such that ||Gsllina2 < B

Proof. See [25]. O

Lemma 2.14 is an analysié tool. That is given an LPV system and that (2.133)
is satisfied, we can say that the system is quadratically stable and has a certain Lo-
performance associated with it. As control designers, we wish to design controllers
for LPV systems such that we can guarantee Lp-performance over the parameter
space. To guarantee Lo-performance for a strictly proper system we have the following

theorem.
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Theorem 2.15. Consider the open-loop LPV system G(8, A, B,C,0). There ezists
a state-feedback controller K (6), such that the resulting closed-loop system G (0, Ad,

By, Cy,0) is quadratically stable and has an induced Lo-norm
1Geillina,2 < v (2.134)

if there exists a W > 0 such that

UT (0)(A@YW + W AT (9))U5 (6) U5 (B)WC™(6)
10(0)WUs(6) -1

<0, (2.135)

where the range of Us(f) is the null space of B(6).

Proof. Assume that there exists W > 0 such that (2.135) holds. The strictly proper

open-loop system under consideration is given by

i = A()z+ B(O)u

y = ClOz - 3 C (2.136)

The state-feedback control law u = r — K (8)z results in the following cloéed—loop

system.

T = (A9) - E(B)K(B))lz +%@lr
y = C(0)=z. : _ o (2137)

Ccl

Then to insure Lo-performance and quadratic stability of the closed-loop system as
stated in Lemma 2.14 we need to find a P > 0 and K(6) such that
(A-BK)'P+ P(A- BK) + %CTC + PBBTP <. (2.138)
Y

Note that for simplicity the specific dependence on 6 has been dropped from the

notation. As was done previously, substitute in for B its singular value decomposition,
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USVT, and pre- and post-multiply (2.138) by UTW and WU where W = P~!. This

will yield
A—3L - L"S" + Quesirea < 0 (2.139)
where
A=UT(AW + WAT)U (2.140)
L=VTKWU (2.141)
= 1
Quesired = jy;UTWCTCWU + ¥, (2.142)
]
Partition L = [Ly, L), U =[Up Us], T = _ where U, € R™™, U, €
0
Rx(n—nu) gnd ¥, = diagloyy, .- - yOnyn,] € R™*™. This will partition A as follows
. | An A
A= fl ~12 (2.143)
AL, Ap :
Whe'r'eA

Ay = UT(AW + WAT)U, = AT, € Rwxm
A = UT(AW + WAT)U, € Rrx(nm) (2.144)
A:22 = UQT(AW + WAT)U2 = Ag; € R(n—nu)x(n-ny)

Then (2.139) becomes |

Ay — (S1Ly + ILST » '
11 ( 1411 11 1) A12_21L12+7_12U?WCTCWU2

+ ;%U;I’WCTCWUl + 212’{ < 0.
AL — LB + HZUFWCTCWU, g + 5Uf WCTCWU,

(2.145)
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From (2.141),we have free choice of L. Therefore if you choose the elements of
L11(9) = [lzJ(O)] € R™*™ to be

a;j — 0j lz + qdesired- . . . .
lij = J 3“0“ %, lj;= your choice i=1,...n,— 1, j=i+1,...n,
(22

(2.146)

Qi; + Giogired.. + di;
L = it T Qdesired;; u, i=1,...n, (2'147)

20'1;,;

where d;; > 0 are arbitrary real numbers for all i = 1,...7,, A = [a:5],and Quesired =

(Gaesirea;; (8)]. In addition, choose the matrix Ly3(f) € R™ ™™™ to be

L12(0) = =70 {UT (0)(A(O)W + WAT(0))Ua(0) + Qaesirea(1: s ny + 1: n)}

(2.148)
then equation (2.145) becomes
| —dn |
| —da
<0
_dnunu
- UF (AW + W AT)U; + SUFWCTCW U,
which is negative definite if and only if
UT (AW + W AT)U, + ;;EU;;”WCH‘CWU2 <0.
From the Schur complement this matrix is negative definite if and only if
UF (AW + WAT)UT iufwcCT
2 W 50 <0. (2.149)

%C’WUQ -1
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Since we originally assumed that there existed a W > 0 such that this matrix was
negative definite and recalling that P = W~!, Lemma 2.14 is satisfied thereby guar-
anteeing that the closed-loop system will be quadratically stable and have an induced

Lo-norm less than . O

Lemma 2.16. If there ezists a W > 0 with P = W~ such that (2.135) is satisfied,
then a stabilizing controller, K(0), that yields a closed-loop system with an induced

Lo-norm

1Gb. lina,2 < 7, (2.150)
can be chosen as
K(0) = V() L(O)UT (6)P (2.151)

where L(0) = [L11(0)L12(0)] with the elements of elements of L1 (6) = [L;(0)] €

R > gre

8ij — Ojjlii + Qaesired;;

li; = — , lji= yourchoice i =1,...n,—1, j=i+1,...n,4
(2.152)
dii"f‘ Qdesi +d1. .
= Qdeszredu i Q= 1, My (2153)

205
and where d; > 0 are arbz’imry real nimbers for alli = 1,.. My, A - [@],and

Quesired = [Gaesirea;; (8)]- The matriz Liz(f) € R™ ™™™ is defined as

L12(0) = 7 (0){UT 0)(AOYW + W AT (0))Us(0) + Quesirea(1: Ty iy +1: 1)}
(2.154)

Proof. Assuming that W > 0 exists such that (2.135)is satisfied, then from the proof

of Theorem 2.15 we see that the particular choice of L(f) = [LH(G) ng(ﬁ)] from
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(2.152), (2.153) and (2.154) will result in a quadratically stable closed-loop system

having an induced Ls-norm< . Recall (2.141)
L) = VT(O)K(OWU(8).

Solving for K () yields

which is our stated controller. O

As an example of designing a controller to guarantee L,-performance we have the

following autopilot example.

Example 2.17. Consider the autopilot ezample taken from [28] which we have mod-
ified. The modifications to this example are that we allow the speed and altitude to

vary instead of being held constant. The nonlinear missile dynamics are as follows

L fgcos($)Z

2.155
241 ( )
j=1m (2.156)
Iy

where

d = reference diameter, .75 ft

[ = radian-to-degrees conversion, %

g = acceleration of gravity, 32.2 f—‘?}

I, = pitch moment of Inertia, 182.5 slug-ft?

m = CpQSd = pitch moment, ft-1b

@ = dynamic pressure ”‘2/—2

p = —2.0777E-18 alt® + 6.3675E-13 alt? — 6.6022E-08 alt + 2.3465 E-03 =
a polynomial aproximation for air density

q = pitch rate, d_(:g

S = reference area, .44 ft?

alt = altitude, 10,000 — 30, 000ft
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V= velocity, 2,000 — 4,000
Wt= weight, 450 1b

Z = C,QS = normal force, b
o = angle-of-attack, £20 deg
1, = normal acceleration in g

The normal force and pitch moment aerodynamic coefficients are approzimated by

C, = ¢ox+ b0 (2.157)
Cm = Gl + bpd (2.158)
where
b, = -—0.034
b, = —0.206

8 = fin deflection, deg
$20 = -00010302 — .00945|ce| — .170
Pma = 00021502 — .00195|a| — .051

The actuators are modeled as a second order system with transfer function

2

wa
= ) 2.1
82 + 1.4w,s + w? e(s) (2.159)

6(s)

where

6. = commanded fin deflection, deg
w, = actuator bandwidth, 150 %

The autopilot is required to control normal acceleration.

Z

e = Ty (2.160)

The acceleration is typically expressed in g’s which is the reason for dividing the
normal force by the missile’s weight and not mass. Now normal acceleration is not one

of the states of the system but is a function of the fin deflection, 6, and angle-of-attack,




60

a. In order to design a state feedback Lyapunov based controller that has performance
goals of controlling acceleration, we need to have acceleration or something directly
related to it as one of the states. To accomplish this we augment an integrator to
the acceleration error which can then be fed back to control the fin deflection. This
augmentation is shown in the block diagram for the missile dynamic equations in

Figure 2.12 as state n,,,.,.integ- LThe state-space plant description for the autopilot is

[ o 1 o oo [o o]
—w?  —l4w 6 00 0 w?
&= | Cpb, 0 Cigee 1 0|z+|0 0]u (2.161)
Cos,, 0 Codma 0 0 0 0
—958. 0 2285 0 0 1 0]

0 0 0 01
V=lasn o ewes g o|° (2162)
wt. . Wt o
To begin the design of a Lyapunov based gain scheduled controller with an Lo
performance objective, we solve (2.185) with C(8) = (000030) andy =1 for W,
yielding

3.1923E+00 —2.9917E+02  5.4020E02 2.9604E+00 —1.1890E-02
A —2.9917E+02 1.4702E+05 —4.2091E+00 1.7026E+02 —1.9795E-01
W=| 54020802 —42091E+00  2.6663E02 —2.4629E-01 —-6.2319E-03 |, (2.163)
2.9604E+00  1.7026E+02 —2.4629E01 1.2872E+01 —2.4599E-02
~1.1890E-02 —1.9795E01 —6.2319E03 —2.4599E-02  3.9060E-03 |

which can then be used to solve for the controller
K(6) =V(@O)L®UT 0P (2.164)

Using (2.152), (2.158) and (2.154) and the free choice elements of Ly to be 1, the

matriz L can be computed. A unit step response for the nominal closed-loop system
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Figure 2.12: Autopilot block diagram.

is given in Figﬁre 2.13. Nominal in the since that V = 3000%E and alt = 20000
ft during the step response. Figure 2.1/ shows the response of the autopilot at the
extremes of the parameter variations. The performance varies between the extremes
because we held the Lyapunov function P to be constant which forces the Lyapunov
Q to vary and performance is related to this Q. Our optimization on the inequality
(2.135), pushes the worst case system to satisfy the Ly pérf(_)rniajzce criteria almost
e:wbtly while the other systems do much better, as opj)osed to all systems satisfying
the criteria ezactly.

Figure 2.15 shows the unit step response of the same autopilot with both V and

alt varying wildly.

alt = 20000 + 10000 cos(6t) (2.165)

V = 3000 + 1000 cos(12t) (2.166)
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AN=20,000 V=3,000

2 " ) 1 " L I
(X3 1 1.5 2 25 3 35 4
Time

Figure 2.13: Unit step response of the autopilot with the nominal system.

The autopilot remains stable even under these unrealistic parameter variations. Even

though the output acceleration n, varies quite a bit during this four second interval,

its mean value 1s 1.0093.

d

Anothef méthod of LPV gain scheduling is presented in the next Chapter. This

method is H,, based.
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Figure 2.14: Unit step responses of the autopilot at various points in the parameter
envelope.

1 1 i s L )
] 05 1 15 2 25 3 a5 4

Figure 2.15: Unit step response of the autopilot with the missile dynamics varying
rapidly.




CHAPTER 3
H,, Based Gain Scheduling

An alternative to the single quadratic Lyapunov approach for designing gain sched-
uled controllers for LPV plants which also has a firm theoretical basis has been pro-
posed by Packard and Becker [16], Packard [29], and Apkarian and Gahinet [8]. There
are two central ideas behind all three of these papers. The first is to treat the time-
varying parameters as uncertainties by pulling them out into one large “uncertainty”
block. The resulting LTI portion of the plant has a linear fractional dependence on
this uncertainty block. By collecting the time-varying portion into an uncertainty
block, the powerful methods of Hy, control theory can be used to design a controller.
The second central idea in these papers is in the assumption that the controller also
has a linear fractional dependence on the parameters. This controller structure allows
the controller td have knowledge of thé pérameter's.' In [16] and [29], the discrete ver-
sion of the LPV system is discussed and sufficient conditions for designing an H, gain
scheduled controller are given. Apkarian and Gahinet in [8] discuss both the discrete
case and the continuous case under the framework of the scaled bounded real lemma
and provide sufficient conditions for designing an H,, gain scheduled controller. The
conditions are only sufficient due to the fact that the small gain tﬁeorem is used which
does not take into account the realness of the parameters as did the single quadratic
Lyapunov approach. In the sequel, only the continuous time case will be presented.
The material in this chapter is found primarily in [8] and is included as background

for the present application.

64
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3.1 H,, Gain Scheduling Problem

We begin by specifically defining the LPV plant and the parameters. Let § =
(61, --+, On,) € R™ be the measured parameters. The fact that the parameters
vary with time is assumed but is dropped from the notation. The plant is assumed
to have a linear fractional dependence on the parameters. Therefore, the plant can

be represented by the upper LFT

q w
Y u
where
© = blockdiag (011r1, " - , Onylre) , (3.2)

w € RFP! is the disturbance input, ¢ € R?! is the controlled output, u € R™? is
the controlled input, and y € R”? is the measured output. If the plant can not be
represented as an LFT, approximation methods may be used to fit the parameter
' dependencé to the LFT model. Equation (3.2) describes the structﬁre of the set of
parameters. In other words, it tells how many times each parameter or parameter
block is repeated. Realizing a general LPV plant that has rational dependence on the
parameters may require using multiple copies of each parameter. Various methods by
Wh1ch to accomplish this usmg as few cop1es as possible will be dlscussed in Chapter
4. The upper LFT of the plant with the parameters is depicted in Flgure 3 1. Writing

the feedback equations for the diagram in Figure 3.1 yields

P(s)

o

g6(s) Pog(s) Poi(s) Paa(s)| |we(s)
a(s) | = |Pu(s) Pu(s) Pu(s)| | w(s) (3-3)
y(s) Po(s) Pai(s) Paa(s)| | u(s)
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e
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4 P(s) b
A Lu_

Figure 3.1: A diagram of the LPV plant with an upper linear fractional dependence
on the parameters.

Wy = e(J@) (34)

The controller is assumed to have a linear fractional dependence on ©.
u= F(K(s),0)y | (3.5)

~ This form for the controller is not the most general one but allows the gain scheduled
problem to be converted into a standard H,, problem. Connecting the gain scheduled

controller in (3.5) with the LPV plant in (3.1) as depicted in Figure 3.2 yields

~ With the plant, parameters and controller deﬁﬁed, it is now necesséry to define the
problem. The precise problem definition is influenced by the method used in solving
it. In the problem at hand, it is desired to design an H,, gain scheduled controller,
and in H, theory the small gain theorem plays a prominent role. A particular form

of the small gain theorem can be stated as follows

Theorem 3.1 (Small Gain Theorem). Let M (s) represent the transfer function

of a linear time invariant system and A(t) be a stable time-varying perturbation.
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Figure 3.2: A diagram of the interconnection of the LPV plant with the gain scheduled
controller.

The closed-loop system shown in Figure 8.3 is La-stable for all A with ||A] < % if

[M(s)]| <.
Proof. See pg 45 [30]. | | o a

Essentially, what this rﬁeans is that a feedback loop constructed of stable oper-
ators will remain stable if the product of the operators is less than unity. In terms
of Nyquist, it means that the magnitude of the Nyquist plot is never larger than
unity, thereby making an encirclement of the —1 point impossible. This approach is
somewhat conservative because it assumes arbitrary bounded parameter variations.
Takihg into acéount parameter !var.iations having a certain structure by ﬁse of simi-
larity scalings reduces the conservatism, however, constraining the parameters to be
real will not be taken into account.

Taking the small gain theorem into consideration, our problem definition becomes

Find a control structure K (s) such that the LPV controller Fi(K(s), ©) satisfies

i) the closed loop system T'(P, K, ©) is internally stable for all bounded pa-

rameter trajectories 0(t) such that v2070 < 1;
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M

Figure 3.3: Typical plant interconnection for use with the small gain theorem.

ii) the induced Lo-norm of the operator T'(P, K, ©) satisfies

max [|T(P, K, 0)o < 7- (3.7)
lOllo<?

The first condition i) can be assumed without loss of generality. It is just a matter of
redefining the parameters to satisfy this condition. The condition ii) is directly from
‘the small gain theorem. We want Ato find a controller structure K (s) such 'thaf the
feedback loop gain is less than unity. Redefining the parameters to satisfy i) allows for
clear interpretation of knowing what the desired + should be. In order for the system
to remain stable over the entire parameter space, we must have | T(P, K, 0)||o < 1,
in other words, we must find a K (s) that results in y < 1.

. Hy theory is set up to find a controller K (s) that will stabilize the plant depicted
in Figure 3.1 and not to find a controller of the form Fj(K(s),®). Therefore, we

must find a way to put our problem into that form. Collecting the parameters into

one repeated “uncertainty” block, . , and redrawing Figure 3.2 as Figure 3.4
0 ©

0 0
results in the standard H,, form. This block repeated structure, , will be
0 ©
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Figure 3.4: A diagram of the interconnection of the LPV plant with the gain scheduled
controller.

denoted © @ ©. Figure 3.4 is represented mathematically as

e 0
T(P,K,0) = F, | F(P,, K), (3.8)
| - lo e

where P, is the augmented plant and is defined in the following equation.

[ do - _ Fe - F Wy -
Qs 0] 0 |I, Wy
g =] 0]|P(s)|0 w (3.9)
y | (L] 0 (O U

v 0

In order to reduce the conservatism as mentioned earlier, similarity scaling will
be introduced. The similarity scalings reduce the conservatism due to the fact that
the H,, norm is not invariant under similarity scalings. Thérefore, in general, there

exists an L # I such that the Hy norm in (3.12) is minimized. Specifically consider
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the set of positive definite similarity scalings associated with the structure © in (3.2)
Le={L>0:LO=0OLVO}CR™ (3.10)
with

ng
r= Z Ti.
i=1
Positive definiteness of the scalings is assumed without loss of generality due to
the polar decomposition theorem (see for example [31]) and the fact that the H,
norm is invariant with respect to unitary matrices. Positive definiteness insures the

invertibility of the scaling L with the use of a convex constraint. For the repeated

block structure, © @ ©, the scaling set becomes

L, L
Loge = ' 2 >0: L{,L3 € Lgand L,© = ©L,, VO ;. (311)
Lg L3 )

Suppose there is a scaling matrix L such that (3.11) holds. Without loss of
generality we can insert blocks as shown in Figure 3.5(a). Using (3.11), the top two
L and L~! blocks can be dropped so that the diagram can now be drawn as shown in
Figure 3.5(b) which must be optimized over all controllers K (s) and scaling matrices
L such that (3.10) holds.

The following theorem, by the use of the small gain theorem, formally states a

sufficient condition for solvability of the H,, gain scheduled control problem.

Theorem 3.2 ([8]). Consider the open loop system P,(s) with uncertainty structure
© @ O along with its associated similarity scalings Lege. If there ezist a scaling

matriz L € Lege and an LTI controller K(s) such that the nominal closed-loop
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© 0
0 ©
[Z] =
196 | We
g i
] Puls)
K(s)
a) b)

Figure 3.5: Insertion of scaling matrices into the plant.
system Fi(Fy(s), K (s)) is internally stable. and satisfies

Li 0 L3
Fi(Pu(s), K(s))

0
<7 (3.12)
0o I 0 I

oo

then Fi(K(s),©) is a y-suboptimal gain scheduled Hy, controller.

Proof. The proof is a straightforward application of the small gain theorem. @ O

Equation (3.12) is thé scaled small gain condition. Pictorially (3.12) can be repre-
sented as shown in Figure 3.6. The square roots are introduced here and at this point
are unnecessary. There necessity comes about from the Scaled Bounded Real Lemma
which will be used to solve (3.12) |
Theorem 3.2 is a particular case of the general scaled H;o problem, which will be
discussed in the next section, but before proceeding it is necessary that state-space

realizations for the plant and the controller be defined. The purpose for this is that
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Figure 3.6: A diagram of the scaled small gain condition.

very efficient state-space based LMI algorithms will be developed to solve for the
controller structure K(s). Therefore consider some state-space realization (ideally

minimal in terms of the states and the parameters) of the LTI plant P(s).

Dgg Dgy Dy Cy
P(S) = |Dyw Dy Di| + C1 (SI_ A)—I(Ba B, B2) (313)
_Dze Dy D22_ Cs,

where the partitioning is conformable to (3.3). The problem dimensions are given by
A€ERY™™, Dgy€R™, Dy € RP*PL Dy, € RP2XM2, (3.14)
The following assumptions are made concerning the realization of the plant P(s).

Al) (A, By, C,) is stabilizable and detectable;

A2) Dy =0.

The first assumption is a standard assumption and is necessary and sufficient to
allow stabilization of the plant by dynamic output feedback. The second assumption
is made without loss of generality but greatly simplifies the calculations. It should
be noted that both the parameter set © and the plant transfer function from the
disturbance w to the controlled output ¢ have been considered to be square. If this

is not the case then by augmenting the plant with rows and/or columns of zeros the
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plant transfer function can be made square. This assumption on the parameters and
plant transfer functions simplifies the notation and the manipulations of the scaling
matrices.

A state-space realization for the plant P,(s) can be derived from (3.13) by aug-

menting it with the parameters due to the controller.

0 0o o o 5] [o]
0 Dg Dg Dg O Ce
Pus)=1|0 Dy Dy Dy 0|+ |Ci|(sI—A)"(0ByB; By0) (3.15)
0 Dy Do Dy 0 C
L, o o o o] |o]

The state-space realization for the controller K (s) is

Dg11 Dk Ck1
K(s) = + (sI — Ag) ™' (Bk1 Bka), (3.16)

Dko1 Dkos Cke
- with
Ak € Rka.
Note that the order k of K(s) is arbitrary at this point.

- 3.2 General Scaled H,, Problem

In the last section, the Ho, gain scheduled problem was set up to be a particular "
case of the general scaled H,, problem. By use of the scaled bounded real lemma,
the H,, constraints can be turned into LMI constraints which can now be efficiently

solved [15, 32].

Lemma 3.3 (Scaled Bounded Real Lemma [8)). Consider a parameter struc-

ture ©, the associated scaling set Lo defined in (3.10), and a square continuous-time
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transfer function T(s) with realization T(s) = Dy+Cu(sI — Ag) ' Bqy. The following

statements are equivalent.

i) Ay is stable and there ezists L € Lo such that

IL? (Dt + Ca(sI — Au) ™ Ba) Lo < 7. (3.17)

ii) There ezist positive definite solutions X and L € Le to the matriz inequality

ATX + XA, XB, C%

BIX  —yL DI |<0 (3.18)
Cua Dy --")/L_1
Proof. See [33] and references therein. O

The scaled bounded real lemma is used here to design an H,, gain scheduled
controller as the Lyapunov equation was used to design a gain scheduled controller in
Chapter 2. The scaled bounded real lemma is an analysis tool. Given a state-space
realization of a system, one can check whether or not the system is stable and satisfies
a certain H,, constraint. For our purposes the state-space system, T'(s) will be the
state-space realization for the closed-loop system. As was done previously, necessary
and sufficient conditions can be derived in terms of only the open-loop system and

X. Let the open-loop system be denoted G(s) and have a state-space realization

D;; Dy Cy 1
G(s) = + (sI — A)"N(By By) (3.19)
D21 D22 02

In (3.19) the matrix A refers to the open-loop system where A, in (3.17) refers to

the complete closed-loop system including the controller.

Theorem 3.4 (Theorem 4.1 in [8]). With G(s), © and Le defined as above, Let
Kr and Kg denote the bases of the null spaces of (BY DY, 0,3,xp,) and (Ca Doy Opyxp, ),
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respectively. With this notation, the suboptimal scaled H, problem is solvable if and
only if there exist pairs of symmetric matrices (R, S) € R™" and (L, J) € R™" such

that

AR+RAT RCT B

Ki| R —vJ Dy |Kr<O (3.20)
BT DI, —vL

ATS+SA SB, CT
Kf| BTS —yL DT, |Ks<0 (3.21)

Cy Dy, —yJ

>0 (3.22)

LelLg,J€Lg,LJ=1. (3.23)

Moreover, there ezists suboptimal controllers of order k if and only if (8.20)-(3.23)

hold for some quadruple (R, S,L,J) where R, S further satisfy the rank constraint
rank(I — RS) < k. (3.24)

Proof. See Apkarian and Gahinet [8]. a
In Theorem 3.4 the two matrices R and S have replaced the X matrix as follows

S N R M
X = , X'= , (3.25)
NT E MT F

with (N, M) € R™k, (E,F) € R¥* and (S,R) € R™™. Due to this substitution

and the introduction of the nullspaces Kg and Kg, the LMI (3.18) reduces to the two
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LMI’s (3.20) and (3.21). Note that the LMI (3.18) contains the controller parame-
ters through the A, but the new LMI’s (3.20) and (3.21) involve the open-loop A
matrix. The relationships given in (3.25) are used to find X and hence the controller
parameters.

The three LMI constraints (3.20)-(3.22) are all convex. The structure constraints
L; J € Lg are also convex, but the constraint, LJ = I, is strongly non-convex.
Developing methods and algorithms to solve (3.20)-(3.23) with the non-convex LJ = I
constraint remains an important and open area of research.

Theorem 3.4 is considered to be the general scaled Hy, problem since it reduces
to the standard H, problem when © becomes an arbitrary unstructured uncertainty
block (i.e. © € C™7). In this case the scaling set becomes Le = {l*x I;: | € R,1 >
0} and L, J can be set to the identity without loss of generality. This will then
immediately satisfy the LJ = I constraint leaving the other convex constraints which
can efficiently be solved via various LMI solver utilities such as SDPSOL [15] or LMI-
LAB [32]. This alternative method of solving the cla.ssical H,, problem avoids the
problem with imaginary axis zeros and the rank déﬁéiencies in Dy and Dgl.‘ For a |

detailed discussion see [33)].

3.3 Solution of the H,, Gain Scheduled Problem

Fortunately, the particular structure of P,(s), which provides the controller knowl-
edge of the parameters, replaces the strongly non-convex constraint LJ = I with a
convex constraint. The following theorem states the necessary and sufficient condi-

tions for solvability of the H,, gain scheduled problem.

Theorem 3.5 (Theorem 5.1 in [8] and corrected in [10]). Consider an LPV plant
given by the LFT interconnection (8.1) where P(s) is a proper continuous-time LTI
plant with minimal realization (8.18), and © is the parameter set given by (3.2).

The corresponding scaling set for © is denoted Lg and defined by (3.10). Finally,
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assume A1)-A2) and let Ny and N denote the arbitrary bases of the null spaces of
(BY, DL, DL, Omyx(ripy)) and (C2, Dag, Doy, Opyx(r+p1)), Tespectively. In addition,

let

. . Cy R Dgy  Dg
Bl = (Bg Bl), Cl = 3 D11 = . (326)
C1 Dy D1
With this notation and assumptions the gain scheduled H, problem is solvable if

there eist pairs of symmetric matrices (R, S) € R™" and (L3, J3) € R™" such that

) A
AR+RAT  RCT B |7
0 I
) J 0] . |J o
.N;Ig‘ CiR -y : D 3 NR <0 (327)
0 I 0 I
B ol .. |J o] . J 0
3 BT 3 D.ﬂ —y 3
0 I 0 I 0o I|.
) . |Ls 0
ATS + SA SB, er |
0 I
) Ls 0 . |Ls 0
NE| BTs 4|7 T |7 Ns <0 (3.28)
0 I 0 I
s o] . Ly ol . |Ls 0
Ci Dy —vy
0 I 0 I 0 I
R
> 0, (3.29)
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Ly I
Ls, J3 € Le, >0 (3.30)

I Js

Proof. The proof as well as the original statement of this theorem as given in (8]
are not correct and are incomplete, but after personal communication with Capt.
M.S. Spillman, [9], the following proof is given. The proof begins by substituting
our particular plant structure into the necessary and sufficient conditions given in
Theorem 3.4. These new conditions will be shown to be equivalent to the conditions
(3.27)-(3.30). Therefore, the following substitutions are made. Note X — Y reads

replace the matrix X in the state-space realization of G(s) with Y.

0
C.
ci—lo|, C—=| |, B.»(0 By B), Bo—» (B, 0)  (331)
0 .
Gy
0 0 0| 0 I
Dyy = |0 Do Da|, Di2— |Dg 0 (3.32)
0 Dy Dn Dy 0
0 Dy D Dy 0
Dy — S Y ) “ ‘ (3.33)

I 0 O ' 0 0 o

The A matrix remains unchanged and the nullspaces N and Ny become (BY, D,

DT, 0) and (Ca, Dag, Dy, 0), respectively. Upon making these substitutions, (3.20)




becomes

A

where Ng =

P

P
Ps

Let P =

P,
P

0
Cs
G

0

Bj

Bf

R

S~ o (o) (e [ew) (e}

Ji )
JI J; 0
0

0

0

-

0 0

0 D% D%

0 I

AR + RAT R[o cr cr [0 By Bl]

0
0

0

-

0 Dj Df;

CyR

CiR

is a basis of the null space of

AR+ RAT RCT RCT

—vJ3
0
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0 O

Dy Dp

Nr <0 (3.34)

Daq Du_
Ly 0O
IT Ly 0

Ly

0

0 I

Bf o D, DL o

0 L, 0 0 O

0 |. Now multiplying (3.34) out

"')’I

and deleting the block row and block column corresponding to the block zero row of

‘.N"R yields

0 By Bl
PTAP PT 10 Dy De
0 Du Dull (3.35)
0 0 O Ly Ly 0
BT DI, DL|P —v|LT Ly o
BT DL DT, 0 0 I
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Taking the Schur complement of (3.35) yields

- -~ - - -

0 B Bi||Ji LO|0 0 0
<1
PTAP+;PT 0 Dy Dg| |JF Js 0| |Bf Df, DL|P<0 (3.36)

0 Dy Dy |0 o I||Bf D Df

which is equivalent to

By B,

- Js 0| |BT DI DT
PTAP-F%PT Daa Dgl 3 9 00 16

P<0 (3.37)
o I| |{BFY DI DY
D10 Dll

Equation (3.37) is equivalent to

Bf »pj »Df)
Dig Dn

praveer o o[l R deo e

which is the Schur complement of (3.27).

The constraint given in (3.21) can be shown to be equivalent to (3.28) in exactly
the same manner. - The third constraint given in (3.22) is already exactly (3.29).
The last constraint LJ = I can be converted to an LMI consfraint by use of matrix
dilation. Note that L1, L2, J1 and J2 no longer appear in (3.27)-(3.29). This
fact makes them arbitrary. This arbitrariness coupled with matrix dilation converts

LJ = I into

>0

1 Js

which is the last constraint given in (3.30). Therefore, under the particular structure
of the H,, gain scheduled problem the four constraints given in (3.20)-(3.23) have

been shown to be equivalent to (3.27)-(3.30) which are all convex. O
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These LMI constraints provide only solvability conditions for an H,, gain sched-
uled controller. The next step is to take the quadruple (R, S, L3, J3) and build the

controller K(s).

3.4 Computation of the Controller

The idea in constructing a controller is to first construct an X from R and S and
an L, which in turn also specifies J, from L3 and J;. Once these are constructed,
the scaled bounded real lemma can be used to solve for the controller, which is now
an LMI in terms of the controller. Apkarian and Gahinet [8] showed that all of the
controller parameters can be gathered into one matrix, Q defined in (3.41), and the

scaled bounded real lemma could be rewritten as

X 0| . o | X0
v+ PTQQ + QTQTP <0 (3.39)
0 I 0 I
where ¥, P,  and Q are given by
1ATX + XAy XB, CT
¥:=| B'Xx -y DL|, P:=(87,0, Df). (3.40)
I Co Du 7j_

Ak Bgi1 Bke
Q= Cm Dxii Bk E'R(k+m2+r)X(k+pz+r), Q:=~(C, D2.1,0)-~ (3.41)

Cke Dxko1 Brkos
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and where
A 0 0 By B
Ao = y BO = ’
0 kak ka,- 0 0
B 0 0r><lc
0 B, O
B= ) C’0 = Cg 0 )
Ik 0 kar
. Ci 0
Orxr 0 0 Orxk: 0 Ir
Diu=1{ 0 Dy D} Dy = 0 Dgp 0],
0 Dlg D11 0 -D12 0
O Ik kar 0 O
C= Cs 0 ) Dy = 0 Doy Do | >
0 O.xk I. 0 0
L o .
L= : S g=L (3.42)
0 I, : ‘ =

In (3.39) the unknowns are  and certain elements of X, £ and J, the following

algorithm shows how (3.39) may be used to construct a controller.

First we consider finding a solution X from (3.25) given S and R. From (3.25)

MNT =I-RS.
Using the singular value decdinposition of I - RS,

I—RS=Ux:33VT = MNT.
M NT

By identification of terms, we have matrices M and NT and

k = rank(I — RS).

(3.43)

(3.44)

(3.45)
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Again from (3.25) since M is full rank, we have
E = —-RNTM(MTM)™? (3.46)

which completely determines X.
We also need L which may be found from L3z and Js in a similar manner. From

(3.11)

[ .- L, L, ,
LT L
- (3.47)
g I

7= 1o d2) -1
JI Js

It follows that
I—L3Js=LYJ, (3.48)

" and J; and L, may be found from the singular value decomposition of I — J3L3. Note -
that in general J; is a block diagonal matrix where the number and size of blocks
is determined by the number of parameters and how many times each parameter is
copied. Therefore, compute the singular value decomposition of each diagonal block
and then take these decompositions and build L, and J,. For example, let U;Z;V;¥
be the singular value decomposition of (I — L3, Ja;) which corresponds to the i* block
of (I - L3Js), then Lo, and Jo, can be cbmpﬁted a‘s' |
USE S7VT = svd(I — La, Ji,).
N———

N~

L, Jz,
Therefore Ly = diag(Lz,, ..., Ls,,) and J, = diag(J,, - .-, Ja,,). Then since
LyJy = —LyJs,

(3.49)
Ly = —LyJ3JT (JoJT)™?
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which completes the determination of L.

The controller parameters Q are the only remaining unknowns in (3.39) so that
(3.39) may be solved as an LMI for 2.

There are various other explicit methods of determining the controllers. These
methods are described in [34, 33, 35]. In particular in [35], efficient and numerically
reliable formulas are presented for both the full-order and reduced-order cases. These
controllers are simple extensions to the standard H,, central controllers. The advan-
tage of these controllers are in their efficiency and numerical reliability. If there are no
other constraints on the controller or the closed-loop properties of the system, then
these explicit formulas can be used. If on the other hand further constraints that
can be expressed as LMI’s are placed on the controller, then the above method to
compute the controller should be used. Computing the controller as the solution to
an LMI, offers the flexibility of adding more constraints to the controller. The disad-
vantage is that it is much more computationally intensive and tends to be numerically
ill-conditioned. Section 3.6 addresses niethods_ of reducing the numerical problems
related to the above method for solving for the controller. There is an assumption
that the LFT realization of the controller always exists but in fact it may not. Both
Apkarian and Gahinet [8] and Packard [36] discuss this situation and provide work

arounds to this problem.

3.5 Comparison of Hy, and LPV Controllers
It is important to also know whether or not an H,, gain scheduled controller
provides better performance than a single LTI robust controller. If it does not, then
there is no reason to go to all the extra trouble to gain schedule. It is not clear that the
H, gain scheduled controller will take into account the knowledge of the parameters,
since H,, theory is predicated on reducing the affects of system uncertainty and the

system parameters are treated as uncertainties.
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To see how the H,, gain scheduling problem does in fact provide better perfor-
mance, first consider the LTI robust control problem. Given the plant realization
P(s) in (3.13), find a parameter independent LTI controller K (s) such that

nax, | Fu(Ei(P(s), K(5)),O)]leo < (3.50)
By applying the small gain theorem, a sufficient condition for solvability is the exis-
tence of a scaling matrix L € Lg and of an LTI controller K (s) such that

Lz 0 L%

Fy(P(s), K(s))

0
<7 (3.51)
0 I 0 I

oo

Recall that Theorem 3.4 addressed this problem and provides the following solvability

conditions.

Theorem 3.6. Assuming A1)-A2), problem (3.51) is solvable if and only if there
erists a quadruple (R, S, L3, J3) satisfying (8.27)-(8.80) together with

L3J3 = I,- (352)

Proof. Same as the proof of Theorem 3.4 except replace the scalings L and J with

Ly 0 J3 0 )
. |, respectively. . . O

0 L |0 L .~ D
Comparing Theorems 3.5 and 3.6, the only difference is in the condition placed on
L3 and J3. Theorem 3.5 states that L3 and J3 must satisfy (3.30) which is equivalent

to

Li > 0, J3 > 0, /\min(L3J3) > 1. (353)
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The interpretation of this is that the set of admissible scaling matrices is any positive

scalings L3, J3 such that
/\i(L3J3) Z 132 = 1: e, T (354)

while the set of admissible scaling matrices for robust LTI controller synthesis is any

positive scaling L3, J3 such that
Ai(LsJ3) =1,i=1,---,7. (3.55)

Clearly, the robust LTI set described by (3.55) is smaller than the set described by
(3.54). In fact, (3.55) is the boundary set of the set (3.54). Since the set of scalings
used for H, gain scheduling is larger than that for robust LTI control, it will typically

provide controllers with better performance.

3.6 Numerical Issues of Controller Computation

A discussion on some of the numerical issues related to solving for an Ho, gain
'scheduled controllei would be helpful, since one of the major objectives is‘ to provide
control engineers with practical methods on designing gain scheduled controllers. As
mentioned earlier powerful toolboxes have been developed to solve LMI equations.
Two packages, in particular, are compatible with MATLAB. One is LMI-LAB [32],
which is a MATLAB toolbox. The other is SDP Solver [15] developed by Professor
S. Béyd at. Stanford. This package is extremely easy to use. SDP' Solver accepts
as input and writes as output .mat files. Therefore, it can easily be used inside
MATLAB m-files.

Although there are very powerful and efficient LMI solver packages available,
our particular problem tends to be ill-conditioned and care must be taken to avoid
numerical problems. Even though one of the advantages of the LMI formulation of
the H, problem is that it relaxes the constraint that D;3 and Dy; must be full column

and row rank respectively, for practical controller solutions, these matrices must be
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full rank with reasonable values. Otherwise, controllers with large poles will result
since it does not believe there is any measurement noise. The observer portion of the
controller acts as a differentiator, there by resulting in an extremely fast controller
which is not practically implementable.

As one iterates solving the necessary and sufficient conditions stated in Theorem
3.5 to find +y that is close to optimal, the quadruple (R, S, Js, L3) tends to have large
condition numbers. In fact, solving Theorem 3.5 for large values of -y will result in an
ill-conditioned quadruple (R, S, Js, L3) if precautions are not taken. The reason is
because the LMI solver stops as soon as all of the LMI conditions are satisfied. This
will occur right on the boundary for at least one of the matrices in the quadruple.

For example, say that

>0
I S

~ is the active constramt Imphed by this LMI constraint are two more LMI constramts :
R>0 a,nd S > 0. Again assume that R > 0 is the active constraint, then the LMI “
solver will stop as soon as it has found an R > 0. This R will be near singular since
it will be extremely close to the boundary. This near singular R will result in an X
that is even more ill-conditioned due to the use of matrix dilation to compute it. This
ill-conditioned X may result in the control designer not being able to solve for {2 in
1(3.39) due to .riumerical‘probléms.. : L
To mitigate this problem the LMI solver needs to search for a quadruple that is
not ill-conditioned and yet satisfies all of the constraints. This will require more than
just adding a lower bound to (3.29) and (3.30) because the condition number of a
matrix is computed as the ratio of the maximum singular value over the minimum
singular value. Adding a lower bound will not necessarily effect this ratio since the

maximum singular value is not also constrained. The method by which to constrain
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the maximum singular value is to use the objective function or, in terms of Linear

Quadratic control, the cost function. If the objective function is

R

Foj(R, S, Js3, L3) = Trace (3.56)
J3

L

then the LMI solver will solve for a quadruple that minimizes this trace. Since the
trace of a matrix is the sum of the eigenvalues of that matrix, this will minimize the
maximum eigenvalue which for positive definite matrices also minimizes the maximum
singular value.

Another problem that arises when solving these LMI constraints is that the solver
package will return an error indicating that the unknown variables are linearly depen-
dent. One method to eliminate this problem is to begin with a large guess for v and
then continué reducing - until it has reached its optimum vqlue with ina tolerance or
until y<1 assuming that the paramefers were scaled to héve norm Bound less than
1. On the first iteration with the large -y the initial guess for 2 is not crucial but on
successive iterations use the previous {2 for the initial guess. In addition, one or more
elements of (2 may have to be constrained. This can be accomplished by imposing
equality constraints on several elements of ). The idea is to constrain as few elements
as possible in order to find a quadruple. As 7 is significantly reduced and good initial
guesses for ) are obtained, the number of elements .of 2 that are constrained can
generally be reduced. When constraining elements of (2, constrain them to have the
value of the corresponding elements of €2 from the previous successful iteration. Since
it is desired to have all of the elements of  to be free and not to be constrained, it
is necessary to vary which elements are constrained. This has the affect of allowing
all of the variables to vary over several iterations but in any one particular iteration

several elements may be constrained.




CHAPTER 4
N-D Realization

The problem of realizing a linear parameter-varying (LPV) system, whose state
space model is a rational function of the elements, as an LFT is directly connected to
N-D system realization. N-D system realization has proven to be a difficult area of
research especially with respect to finding the minimal realization. In this chapter,
we begin by illustrating how realization theory may be used to derive a representation
for a LPV system.

The LPV plant description in terms of state variables is given (see chapter 2) as

) | _ | AG) B@O) | | =) (4.1)

y(2) c@ o u(?)

In the following we will consider u(t) as a general input which includes the dis-
turbance inputs (w in chapter 2). We will also consider that y(t) includes the usual
y(t) outputs and the controlled or performance outputs g(t).

Assuming @ is constant, we may derive a transfer function representation from (1)

Y(s) = CO) s — AG)BOU(s) - (42)
where the transfer function

C(6)(sI — A(8))~'B(6) (4.3)

89
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is a rational function of s. Extending this idea to the functional dependence of the

matrices A(), B(#), and C(6) on 6 we consider the relation
q=F(0)p (4.4)
and ask when we can write
F(0) = Cr(©7' — Ap)™'Bp + Dp (4.5)

where now we take © as a matrix whose elements are linear functions of the param-
eters §. By a slight abuse of notation, henceforth 8 (without the boldface) will be
used to refer to the matriz (previously © ) of parameters. If F'(6) can be written as

(4.5) exactly or approximately, then (4.4) can be rewritten as
q=Cp(0~" — Ap)"'Bpp+ Dpp (4.6)
Define
r - (9‘1.—' AF)"IBEP S '(4;7) |
which may be written as
0 'r = Apr+ Brp (4.8)
| Further deﬁng w by t;l'le‘ relation r = 6w which leads to the set of equations‘

q = Crr+Dpp (4.9)

w = Apr-+ Bpp (4.10)
r = fw (4.11)

Hence (4.9), (4.10), and (4.11), which are linear in 8, may be used to replace (4.4)

with the assumption that F(#) is a rational function of 6.
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Applying this idea to the matrices in (4.1) is simplified by the definition

roy = |40 B0 (4.12)
ce) o
Then
01 _ g | " (4.13)
y(t) u(?)
becomes

20 | _ sy | *® (4.14)

y(?) u(t)

w = Apr+ Bp (415)

r = fw (4.16)

In general the matrix § may be a linear function of many parameters. Thereféfe,
assuming (4.5) holds, we seek matrices (Ap, Br, Cr, Dr) given the matrix function
F(6). Comparison of (4.5) with the usual formula for a transfer function of a L.T.I

system with matrices (4, B,C, D)
C(sI —A)'B+D

reveals that sI has been replaced by ~!. There are two problems to consider here.
The first is to extend realizations to the case where §~! is not a constant times the
identity. The second is to consider the selection of “small” matrices which work, i.e. a
minimal realization, primarily due to the large increase in computational requirements
with the dimension of 6. In the following sections this chapter discusses non-minimal

realizations and then turns to minimal-realizations.
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4.1 Non-Minimal Realizations

One possible realization of (4.4) is to realize each element of the matrix F'()
separately. To illustrate the idea, we begin with a few simple examples.

To realize the scalar function
F(a,b,c) =ab+a®+c (4.17)
by inspection we construct the following linear equations:

w = ap (4.18)

g = bwtaw+cp (4.19)

Then the input p and output ¢ in (4.18) and (4.19) realize the relationship in (4.17).

For a more involved example, suppose we wish to realize the multinomial matrix

P ab+a?+c ac+b z
= S | A (4.20)
q ab+c bW +a y -
The problem of finding a minimal realization here is equivalent to computing p
and g from z and y with the minimum number of multiplications. As a start, we
might search for a common factor in the rows and then search for a common factor

in the columns. We note there are none. However, we can search for common factors

in groupings of terms. The term

(ab+c)z
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appears in computing p and ¢ so it needs to be computed only once. Furthermore,

the term az appears twice. Hence terms in the first column may be computed with

a = axXz (4.21)
g-first = axb+cxzx (4.22)
p-first = g+axa (4.23)

where the temporary variable o has been introduced. This representation has four
multiplications in place of the nine multiplications which would result with the origi-

nal equations. The second column terms may be found and added to the other terms

by
B = bxy (4.24)
v = axy (4.25)
p = p-first+exy+p : (4.26)
g = qfirst+bxB+y. (427)

with the new temporary variables # and . Viewed in this light, the reduction
of calculations involved in the non-minimal realizations is related to a problem in
optimizing compilers. An optimizing compiler attempts to find a minimal sequence
of operations to evaluate a given expression by recognizing and exploiting common
terms and by the clever introduction of temporary variables. It might prove fruitful
to see if the techniques used by optimizing compilers could lead to algorithms for
minimal realizations.

It is clear to see how we can realize any F'(6) which is a multinomial in 8. If F(#)

is a scalar rational function of 6,

F(6) = % (4.28)
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where n(f) is a multinomial in 6 and d(8) is of the form 1 — D(f) where D(0) is a
multinomial in 8, then a simple technique works.
We may realize n(6) and D(f) = 1 — d(0) as before and then construct F(6) by

the feedback formula as follows:

g = e (4.29)

e = n(@)p— D(0)q (4.30)

Currently minimal realizations exist for the following special cases: a) 2-D transfer
functions with separable numerator [37], [13]; b) 2-D transfer functions with separable
denominator [38], [13]; ¢) 2-D all-pole and all-zero [39], d) 2-D, 3-D, and N-D systems
that can be expanded into a continued fraction expansion (CFE) [40], [41], [42], [43],
[44], [45]. It should be noted that all of these special case methods apply to the single-
input single-output case (SISO) systems. For a missile autopilot design and for many
othe; practical systems a multi-input multi-output (MIMO) method is required.

" In [46] Koonar and Sohal present a more general method for 2-D realizatioﬁ us-
ing Markov parameters and a moments of impulse respohse matrix. In [47] Eydgahi
provides a counter example to Koonar and Sohal’s method. After searching the liter-
ature, no response has been discovered to this counter example. Another limitation to
Koonar and Sohal’s method is that it requires that the total degree of the numerator
polynomial should at most be equal to that of the denominator polynomial. This is
a drawback for our case since, in many instances, linear multi-parameter-systems are
curve fitted with N-D polynomials. This results in LPV systems whose elements are
multivariate polynomials in the parameters, for which Koonar and Sohal’s method
would not be valid. Recently, general nonminimal realization methods have been

developed for both SISO and MIMO N-D systems.
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4.2 General Nonminimal Realization Methods

Lambrecht’s paper [48] presents a general method by which to compute an LET
system description of a linear system with parametric uncertainties. The entries of the
state-space matrices are bounded and can be given as real-rational N-D polynomials
in the parameters. His method begins by modeling the most basic element as an
LFT, i.e. an individual term of an N-D polynomial. Once the most basic element is
modeled they then exploit the fact that parallel combinations of LFTs, cascading of
LFTs, and inverses of LFTs, all result in LFTs. From these properties, they develop
one LF'T for the entire system. This LFT will be quite large since this method does not
take into account any redundancy. They then reduce this large LFT by treating the
parameters individually as states and then extracting out the locally “uncontrollable”
and “unobservable” parameters. This will reduce the LFT substantially but it is not
clear how close the resulting LF'T will be to minimal.

Cheng and DeMoor [49], [50] provide an algorithm to systematically solve the N-
D realization problem. They do not pr'ovidé-a minimal realization but a systematic . |
method to obtain a realization. The authors do suggest how to reduce the order of
the realization which requires the solution of a set of matrix equations such that the
solution matrix has minimal rank. Unfortunately, it is still an open question on how
to find the minimal rank solution to this set of equations.

Cheng and DeMoor consider the following N-D realization problem. Given a
multivariate rational matrix F(§) € R™*™, find an LFT with block strucfure bs =
[r1,72,...,74] With 7; being an integer and a coefficient matrix L € R(r+7)x(m+r)

q

T =) ., Ti, partitioned as

L= (4.31)
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such that
F(0) = Ly + Ly 0(I — Ly1) 'Ly (4.32)
Cheng and DeMoor assumed the structure for § was diagonal
6 = diag(01 I, . . . 0,1;,) (4.33)
The elements of F(#) are further assumed to be of the following form
[F(6)):; = cij + fi5(6) (4.34)
with ¢;; being constant and fi;(6) rational multinomials of the form

k(6) 0 —
30 k(0) = 1(0) = 0. (4.35)

and k(6) and [(6) are multinomials in the elements of §. Given the form (4.34), F(0)

can be Written as
FO)=F+>_ fi(O)F (4.36)
i=1

where Fj is a constant matrix with entries ¢;;. The functions f;(f), i = 1,...m are
formed from the elements f;;(0) of F(8) such that for each pair 4, j there is a k such
that fi(f) = fi;(8). Finally F; is the constant coefficient matrix that tells how f;()
enters F'(6).

The algorithm for constructing a realization starts by first realizing (4.36) which

is a linear function of the f;(6)’s. That is we find a coefficient matrix L, so

F(B) = Lg,, + La21A(f)(I - LauA(f))_-'lLam (4'37)
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where
Lo La
Lo=| " |, bsy = [FaysTags- -1 Ta,] (4.38)
La21 La22
A(f) = diag(f1(O) 1., - - f(O)I,,) (4.39)

Safanov and Athans’ Internal Feedback Loop ([51]) parameter representation is
used to find L,. A realization with L,,, = 0 can be easily found by first factoring

each of the F} matrices in (4.36) as
F,=UxV]

by singular value decomposition with 3; a r,, X 4, positive definite diagonal matrix.

Then if

U = wshush,.., U]
VT = [SiVESEVE,..., SRV
F(6) = FR+UA(HVT (4.40)

Comparison with (4.37) gives

L, = Fp
Loy, = U
Loy, = VT
Ly, = 0 | (4.41)

The next step involves finding a realization for A(f) as

A(f) = Lp,, + LbzxA(g) (I - LbnA(e))—lme
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Assume that each (scalar) rational function f;() has a realization Ly,. Then the
realization L, above can be obtained by combining these realizations. The bookkeep-
ing for this procedure is a bit tedious but possible. By the assumption f;(0) = 0,

A(f)e=0 = 0 so that Ly,, = 0. The final answer becomes

I = Lbu Lb12 Lalz
La21 Lb21 Lazz

It is clear that this realization is by no means minimal, however Cheng and De-
Moor give some suggestions for reducing the complexity.

In a recent paper, Belcastro et. al. [11] present an overview of a matrix-based
method for low-order realization of a plant that has a multivariate rational functional
dependence on uncertain parameters. The full details of this method are given in Bel-
castro’s dissertation [52]. The claim of the authors is that this method is efficient and
produces a lower order realization than other methods that use reduction techniques
such as removing unobservable and uncontrollable modes.

Belcastro, et. ai., used the same assumptions and problem fofmulation presented

earlier with the exception that the F'(#) matrix was given by

and the parameter vector § was defined in terms of a nominal parameter value §, as
0=0,+0

Although Belcastro, et.al. do not propose to find a minimal solution, they attempt
to find a realization with a small dimension. Expanding the assumed form for F'(8)

in terms of the nominal parameters 6, and a perturbation 4 yields the following LF'T
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formulation for F'(9).
F(0) = Py + Py (I — 0Py;) APy = F(6p) + Fa(6) (4.42)
where
FA(8) = Loy (I — A(6)Ly1) *A(8) Ly (4.43)

If the state matrices A(6), B(#), C(f) and D() are multinomial functions of 6.
straightforward algebra can be used to determine the matrices in Fa(4). From (4.42)

we have

F() = Al0) B() (4.44)
c(8) D(8)

_ |G +6) B +9) | (4.45)
C(6o+6) D(6+9)

which may be expanded to separate the nominal and perturbed parts of the system.
In order to equate (4.43) with the perturbed part of F(8) from (4.45), Fa(6) must
be a multinomial function of # which implies that the expension of Fa (d) terminates

or A(6)Ly; is nilpotent with index of nilpotency r,
(A(G)Lu)™' =0
and
(I—ALy) ™" =TI+ (ALy)+ (ALu)?+...(ALy)" (4.46)

However if the state matrices are rational multinomial functions the expansion
becomes more difficult. In her dissertation [52], Belcastro proposed first representing
the system in a matrix fraction description MFD and presents a scheme for the

factorization of a rational S (6) as a matrix fraction.
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Sa(8) = Sna(8)Spa(6) ™" = 8p,(8) 7 Sna (6), (4.47)

where S, (6), Sp,(8) Sp,(6) and Sy, (6) are all multinomial matrices.

By substituting (4.46) into (4.43), and then comparing the result with the Sa(4)
computed from the MFD and then broken out such that like terms can be com-
puted, results in a set of equations that can then be used to solve for Ly;, Ly, and
Ly, If a solution doebs not exist then the order of the offending §; is increased by
1 until a solution is found. By increasing the order of A only when it is necessary
to obtain a solution, ensures that a low-order realization is found. It is not clear,
however, whether or not the solution takes into account any redundancy or possible

cancellations between Sy, and Sp,.

4.3 Minimal/Near Minimal 2-D Realization

- Currently two methods of realizati(_in show promise in providing minimal /near
minimal 2-D realization. Realiéation methods for l-b systems have, as aﬁ underly- |
ing principle, the fact that a minimal realization is both observable and controllable.
Therefore one can take a nominal 1-D system, test for controllability and observabil-
ity and then obtain a minimal realization by throwing away the uncontrollable and
unobservable states. Kung et.al. [13] showed that the notions of controllability and
observability, although extending to 2-D systems, do not provide a test for minimal-
ity. In fact Kung et.al. provide an example of a controllable and observable system
that is not minimal. In their paper, they investigate several ideas on determining if
a system is minimal. In the end they extend Rosenbrock’s minimality test to 2-D

systems which will also hold for N-D systems as well. This result states that a plant

P = CO[I-A0]'B

= c[e'-4]"'B, (4.48)
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where © is as defined previously, is minimal if and only if [©~! — A], B are left
coprime and C, [©~! — A] are right co-prime.

There are two difficulties with this definition of minimality. One is that it allows
the A, B and C matrices to have complex gains and the other is that Youla and
Gnavi [53] state that certain decomposition techniques, which have proven basic for
1-D and 2-D systems, are no longer applicable for 3-D and larger systems. Therefore
finding techniques to compute greatest common divisors (GCD) for 3-D and larger
systems will be difficult. For 2-D systems though Morf et. al. [12] have developed
methods to compute greatest common right (left) divisors (GCRD/GCLD). We have
implemented Morf et.al’s GCD extraction method in MAPLE®. The difficulty that
Kung et.al. had in implementing the extraction of GCDs to reduce non-minimal state
descriptions to minimal ones, was that after the GCD had been extracted the plant
description was no longer in “state space” form (i.e. parameters Aonly on the diagonal)
and they did not know how to return it to “state space” form.

We discovered that’ Rosenbrock in [14] .introduced. the - ¢onceépts of the system -
matrix and system equivalence for 1-D systems. Rosenbrock defined for 1-D systems
a system matrix by writing the Laplace transformed state equations in the following

form.

T(s) U(s) —z(s) _ 0 (4.49)

~V(s) W(s) u(s) y(s)

S

where S is defined as the system matrix. Note that the dimension of T'(s) is n x n
Two system matrices are system equivalent if and only if they give rise to the same
transfer function matrix. The relation of system equivalence is generated by the

following operations on system matrices.

(i) Multiply any one of the first n rows(columns) by a rational function not iden-

tically zero.
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(ii) Add a multiple, by a rational function, of any one of the first n rows(columns)

to any other row(column).

(iii) Interchange any two among the first n rows(columns).

0
0S8

(iv) Add a row and a column to S to form

System equivalent operations can be used to return the system matrix back into state-
space form after the GCD has been extracted. These concepts and operations extend
readily to N-D systems by replacing s with ©~!. The purpose for replacing s with
©~1 has to do with the nature of LFTs. For a linear system, the integrators (s7?)
enter in a linear fractional manner and for our LPV system, © and not ©~! enters
in a linear fractional manner. Therefore s and ©~! are similar. Compare (4.48) with

ClsI — A" B.

4.3.1 GCD Based Algorithm .

By pérforming system equivalent operations, one can put the system matrix back
into state-space form. Below is an algorithm to obtain a 2-D minimal/near minimal

realization.
Algorithm 4.1 (GCD Based). .
1. Obtain a nonminimal description of the system.

2. Using [12] 2-D GCD extraction method, eztract the GCLD of [©~! — A], B.
If these are already coprime then extract the GCRD of C, [0~ — A]. After

extraction the system matriz is no longer in “state space” form. Its new general

T U
form is notated as S =

-V W
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8. Use system equivalent operations to return the T matriz back into “state space”
form (i.e. parameters only on the diagonal). This will yield a new system
T U
-1 W

matriz to be S =

4. Solve VT, 'U, — ViT{ U, — Wy = 0 for V, and U, such that they contain only
real gains. Note that T is already in “state space” form while Uy, V] and W,

are most likely not.

5. If no real gain solution exists then introduce another parameter and ezpand the

T, matriz up one dimension.

6. Repeat steps 4 and 5 until a real gain solution is obtained. The real gain solution

will be the minimal/near minimal solution that is desired.

A difficulty is that the GCD extraction process, in general, reduces the system
too far since it allows for complex gains. For example, there are 2-D systems that are
real gain minimal but, when Rosenbrock’s minimality test is applied, are not found
to be minimal. The reason is that there exist a complex gained system that is of
smaller order than the real gain system. This is a serious problem in the search for
minimal realization algorithms for N-D systems. The above algorithm manages this
problem in step 5 by expanding up another dimension. The key here is on intelligently
expanding so that you can get step 4 to solve with a real gain solution with as few
of parameters as possible. Work is currently being conducted on how to best expand

the system.




104

4.3.2 System Equivalent Based Algorithm

The second method, which shows promise for the general case, is to begin with

the plant P in the lower right corner of Rosenbrock’s system description matrix

I 0
0 P

The idea is to move P over to the left using system equivalent operations.

I 1
-P 0

From here we can multiply the column corresponding to the last column of P by
the least common multiple of the denominators of P and then expand it up until all

parameters are only on the diagonal of 7.

T U
-V W

Once T only has parameters on the diagonal it is time to begin eliminating the
parameters out of U and V. At this point we can use step 4 of the GCD based
algorithm to see if there exists a real gain solution. If there is not then we continue
expanding until a real gain solution exists. The following is an algorithm for 2-D

systems that implements this-method.

Algorithm 4.2 (System Equivalent Based). .

A(z,w) B(z,w)
1. Let H(z,w) = where z and w are the parameters. H(z,w)

C(z,w) D(z,w)

must have a constant term in its collective denominator if it does not then create

one by a change of variable.

2. Substitute z = - and w = o- into H(z,w).
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3. Place H(z;,w;) into the W position of Rosenbrocks system matriz.

4. By use of system equivalent operations move H(z;, w;) over one position to the

left.

5. Clear the fraction of the last column of H(z;, w;) by multiplying the correspond-
ing column by d(z;, w;) which is the least common multiple of denominators of
H(zi,w;). Now the T matriz contains the least common multiple of the denom-

inators.

6. Ezpand the T matriz up until it is in “state space” form. This can be done by
moving d(z;, w;) over to the left one space and at the same time depositing a z;
in its place on diagonal. Then by column multiplication eliminate all of the 2;’s
from the d(z;, w;). This will place a new d;(2;,w;) with the order of z; reduced
by one on the diagonal above. Continue depositing z;’s until they are completely
eliminated and then by the same process place w;’s on the diagonal until they

are eliminated.

7. Solve V.T U, — VT U — W = 0 for V; and U, such that they contain only
real gains. Note that T is already in “state space” form while U, V and W are

most likely not.

8. If no real gain solution ezists then introduce another parameter and ezpand the

T1 matriz up one dimension.

9. Repeat steps 7 and 8 until a real gain solution is obtained. The real gain solution

will be the minimal/near minimal solution that is desired.

Due to the special structure that this algorithm creates by placing 1’s on the
super-diagonal, it is not completely general for finding the minimal realization but

can find near minimal realizations for all systems.
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« .. | A©7) BOT) L
The idea of starting with matrix in the lower right of the
c@©) D©™)

system matrix and then expanding up can easily be extended to N-D systems. The
above algorithm will always put T in “state space” form for 2-D systems but for N-D
systems, in general, it will not.

Both of these methods work on both MIMO and SISO systems. The second

method shows promise on obtaining near minimal realization for general N-D systems.




CHAPTER 5
Conclusion

In this report, we focused on the problem of gain scheduling LPV systems. In par-
ticular we developed necessary and sufficient conditions for determining the Quadratic
stabilizability of LPV systems and provide a stabilizing LPV controller if one exists.
Our necessary and sufficient conditions are realistically computable with reduced di-
mension and with only the elements of the Lyapunov P as the unknown variables
where as the one given by Becker in [25] is of full dimension and requires an addi-
tional set of variables the size of the controller for each grid point. Examples were
given that demonstrated problems that can be encountered with “frozen coefficient”
gain scheduling which can be overcome by our method. We investigated the geomet-
ric interpretation of the A,, condition and, for the second order case, developed a
method by which to graphically display the set of all stabilizing Lyapunov functions
for an LPV system. Furthermore our solution to the A22 condition is usefull in solving
Becker and Packards [6] output stabilization problem for which they set up but did
not provide a solution.

We extended our results on Quadratic stability to the more general case of General
Lyapunov stability. The derivation was the same as for Quadratic stability, except
there was an additional term that was a function of P. We developed a method by
which to solve these new conditons. In fact, when Quadratic stabilizability fails, we
showed that it was necessary to split the parameter space into regions of frozen Lya-
punov functions. After determining all of the necessary frozen Lyapunov functions,
these functions are then “stitched” together such that General Lyapunov stability
holds. This requires knowledge of the rate of change of the parameter variations.

In order to properly stitch these Lyapunov functions together, P cannot change so
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fast that the necessary and sufficient conditions for General Lyapunov stability no
longer hold. This fact is taken into account when first determining the frozen regions.
Now, instead of the clasical frozen point controllers, we have frozen region Lyapunov
functions. From these Lyapunov functions we showed how to construct a stabilizing
controller.

In addition, we add performance to our Quadratic stability results for strictly
proper systems by guaranteeing that the closed loop system has an induced £, norm
less than a specified value if a modified Ass condition holds. A missile autopilot
example was provided.

Another method of gain scheduling LPV systems is via H,, based gains scheduling
as developed by Apkarian and Gahinet [8]. We reviewed their work and discussed
how to construct a controller and how to mitigate the inherent numerical problems
associated in solving the LMI’s. This method of LPV stabilization does not require
gridding the parameter space but also does not take into account the realness of the
parameters as does our Lyapunov based method of gain scheduling. It also requires
that a realization of the plant with a linear fractional dependence on the parameters
be provided.

In the final chapter we discussed methods of finding linear fractional realizations.
These realizations are related to N-D realizations for which minimal realizations are
very difficult to find. We developed two methods for finding minimal/near minimal
realizations for 2-D systems based on the work of Kung et.al. [12, 13] and Rosenbrock
[14]. The first method required extracting any greatest common divisors out of a
nonminimal realization and then returning the realization back to “state-space” form.
This method does not extend to N-D systems since the techniques used to compute
the GCD for 2-D sytems does not extend to N-D systems [53). However the second
method, the System Equivalent Based method, can be extended to N-D systems. This

method begins with the LPV system description being converted to Rosenbrock’s
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system matrix form. Then the system matrix form is systematically manipulated
until it is in “state-space” form.

This report provides the control engineer with a design method of gain scheduling
LPV systems that relaxes the requirement of scheduling on slowly varying parame-
ters. Missile systems have been approximated as LPV systems in [54] [55] and [28]
to list a few examples. We demonstrated in Section 2.3 that this work can now be
applied to the missile autopilot problem. In addition, there are many other succes-
ful applications of classical gain scheduling such as aircraft control systems, turbojet
engines, ship steering, pH control, combustion control and fuel-air control in an au-
tomobile engine (see for example, [56, 57, 58]) for which our method of Lyapunov

based gains scheduling could be applied.
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