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Chapter 1

Abstract

In 1990, the Naval Avionics Center/Indianapolis (NAC) contracted with the University of
Louisville (UofL) to perform research and development of image processing algorithms to
support the Digital Scene Matching Area Correlator (DSMAC) mission planning function.
DSMAC is the map matching navigation system used by the Tomahawk Land Attack Missile
for terminal navigation updates. Subsequently, DEPSCOR Grant N00014-92-J-4096 was
awarded to the University of Louisville by ONR to support doctoral student research related
to the DSMAC mission planning research. This report constitutes the final technical report
for grant N00014-92-J-4096. The grant period was three years, with a one-year no-cost
extension.

One of the major concerns in mission planning for DSMAC is the selection of ground
scenes that contain an adequate number of stable features, i.e., scene features that remain
constant regardless of diurnal and seasonal variations. This is important because it maxi-
mizes the duration of the time window in which the mission planning reference maps can be
used. Gray scale reconnaissance imagery is used to create reference maps, and the research
to date by UofL has concentrated on the development of image segmentation algorithms and
software for this purpose. We have developed a gray scale/texture segmenter for segmenting
reconnaissance images.

The UofL gray scale/texture segmenter utilizes low level gray scale and texture features,
together with a Bayesian statistical classifier, to classify image pixels into a set of image
feature classes, one of the classes being the unknown class. One of the problems is the
unavoidable misclassification of image features. We developed a rule-based high level seg-
mentation algorithm that will interface with the existing low level segmenter and accomplish
an important function: it systematically applies heuristics to correct misclassified regions.
The knowledge base requires the extraction of region attributes, and a number of transforms
appear to be promising for this purpose. Fractal dimension and fractal error are useful
attributes that describe texture and fractalness. For example, cultural regions have high
fractal error (they typically do not fit fractal models), and they are generally stable relative
to seasonal and diurnal cycles. We have developed techniques for efficiently and accurately
extracting fractal error and fractal dimension. ‘An analysis of fractal error for cultural object
detection in aerial images, including synthetic aperture radar (SAR) is presented. Because
fractal error can be computationally expensive, approximations to the measure were devel-
oped.




The chord transform appears to be a useful metric for determining the cultural and
natural feature content in an aerial image. This was developed and tested, providing a
robust geometric feature for segmentation in aerial imagery.




Chapter 2

Overview

2.1 Introduction

This report is laid out in four distinct chapters. Chapter 1 is an abstract describing the
problem statement and the research accomplished under ONR Grant N00014-92-J-4096.
Chapter 2 outlines the internal and external publications supported by this grant. The fractal
error metric and the chord transform play an important role in the stable feature extraction
and segmentation of aerial reconnaissance images documented in two Ph.D. dissertations,
two M.Eng. thesis and ten journal and conference publications resulting from this grant.
Thus, the fractal error metric and the chord transform are described in detail in Chapters
3 and 4, respectively. The appendix contains two sections. The first section contains the
unabridged text of each of the Ph.D. dissertations. The second section contains the ten
journal and conference publications.

2.2 Internal Publications

ONR Grant N00014-92-J-4096 has supported, either directly or indirectly, two Ph.D. disser-
tations and two M.Eng. thesis. These are listed below: :

e B. E. Cooper, Fractional Brownian Motion for Representing Natural Image Texture,
Ph.D. dissertation, University of Louisville, 1994.

e E. D. Jansing Feature Extraction and Edge Detection Using a Fractal-Based Metric,
Ph.D. dissertation, University of Louisville, 1997. :

¢ O. Haidar, A Knowledge-Based System for Improving Gray Shade/Texture Segmenta-
tion, M.Eng. thesis, University of Louisville, 1992. .

e B. S. Allen, Fractal Error Approzimation Using Neural Networks, M.Eng. thesis, Uni-
versity of Louisville, 1997.

Cooper [1] examined the possibility of using fractional Brownian motion (fBm) models
for describing texture. Prior research demonstrated that fBm may be used to model and
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subsequently characterize visual textures in aerial imagery. He argues, however, that much of
the prior work has focused on fractal dimension, lacunarity or variants of fractal dimension,
while little work has examined the relationship between the actual image data and the fractal
model. Cooper thus proposed a measured called fractal error and introduced this measure as
a texture feature. Cooper used feature extraction in aerial imagery as a basis for his analysis.
A localized version of fractal error was developed, which Cooper found to be a robust feature
for segmentation when compared to other features, such as the busyness operator.

Jansing [2] investigated fractal error as a feature in aerial image segmentation and indus-
trial edge detection. Jansing found fractal error to be useful in several different aerial images,
including synthetic aperture radar (SAR). Applying this method to industrial images, he de-
veloped a new edge detection technique that proved to be robust, even in the presence of
noise. In the course of the investigation, Jansing encountered the dilemma that calculating
fractal error can be computationally expensive. This prompted the implementation of an ap-
proximation of fractal error using genetic algorithms. While Cooper [1] developed a Bayesian
segmentation method, Jansing designed a novel 2-D entropic segmentation algorithm. This
algorithm was shown to be accurate for cultural object detection in aerial images, using gray
shade and fractal error as features.

The knowledge-based system for improving gray-shade/texture segmentation was de-
signed and implemented by Haidar [3]. This system uses selected attributes from selected
segments in a segmented image. The selected attributes are used by heuristic rules in the
knowledge-base to correct misclassifications. By using a set of ten attributes, including geo-
metric information of the segments provided by the chord transform, and four rules, Haidar
found his system corrected most of the misclassification in a segmented image.

While Jansing [2] developed his approximation of fractal error using genetic algorithms,
Allen [4] also recognized and quantified the computational expense of fractal error. Allen
proposed using an artificial neural network as a universal approximator. The neural network
architectures used were a multilayer feedforward network (MLFN) and a functional link
network. While the functional link network was shown to be much faster than the MLFN,
the MLFN gave a very accurate approximation. After tuning the network’s parameters, Allen
demonstrated that a five neuron hidden layer provided an accurate and fast approximation
to fractal error. This network was independent of the input images, allowing for hardware
implementation in the future.

2.3 External Publications

The following journal and conference publications have been directly or indirectly supported"
by this ONR grant:

e B. E. Cooper, D. L. Chenoweth and J. E. Selvage, “Fractal Error for Detecting Man-
Made Features in Aerial Images,” Electronics Letters, Vol. 30, No. 7, pp. 554-555,
1994.

e D. L. Chenoweth, B. E. Cooper and J. E. Selvage, “Aerial Image Analysis using Fractal-
Based Models,” Proceedings of the IEEE Aerospace Conference, Vol. 2, pp. 277-285,
Snowmass, CO, Feb 1995.




e V. E. Gold, D. L. Chenoweth and J. E. Selvage, “Image Segmentation using Modified

Neural Network Techniques,” Proceedings of the 1196 IS& T/SPIE Symposium on
Electronic Imaging: Science & Technology, San Jose, CA, Jan/Feb 1996.

J. E. Selvage, D. L. Chenoweth and V. E. Gold, “Geometric Feature Extraction us-
ing the Chord Transform,” Proceedings of the IEEE Aerospace Conference, Vol. 2,
Snowmass, CO, Feb 1996.

E. D. Jansing, D. L. Chenoweth and J. Knecht, “Detection of Man-Made Objects in
Synthetic Aperture Radar (SAR) Images using Fractal Error,” Proceedings of the IEEE
Aerospace Conference, Vol. 1, Snowmass, CO, Feb 1997.

E. D. Jansing, B. S. Allen and D. L. Chenoweth, “Edge Enhancement using the Fractal
Error Metric,” Proceedings of the 1st International Conference on Engineering Design
and Automation, Bangkok, Thailand, Mar 1997.

B. S. Allen, E. D. Jansing and D. L. Chenoweth, “Neural and Genetic Approximations
to Fractal Error,” Proceedings of the IEEE Aerospace Conference, Snowmass, CO, Mar
1998.

B. E. Cooper, E. D. Jansing, D. L. Chenoweth and J. E. Selvage, “Fractal Error For
Image Analysis,” in revision for Pattern Recognition.

E.D. Jansing, T. A. Albert and D. L. Chenoweth, “Two-Dimensional Entropic Segmen-
tation Of Cultural Objects In Aerial Imagery,” conditionally accepted for publication
in Pattern Recognition Letters.

E. D. Jansing and D. L. Chenoweth, “A Genetic Approximation To Fractal Error,”
submitted for review to Fvolutionary Optimization.




Chapter 3

Fractal Error

3.1 Introduction

Fractal error is an image processing metric that can be used to locate man-made features in
aerial images. The metric can aid photointerpreters in locating targets in aerial reconnais-
sance images. Fractal error was developed for this purpose by Cooper et al. [1], [5], [6], [7].
Since its development, Jansing et al. [2], [8] have shown that the fractal error metric also
works well for extracting features in synthetic aperture radar (SAR) images. Jansing et al.
(2], [9] have also shown that the fractal error metric can be used for locating edge pixels in
industrial images. The fractal error metric has a wide range of applications; however, some
applications require real-time analysis. The main disadvantage of the fractal error algorithm
is that it can take- several seconds to compute on large images. Jansing et al. [2], [10] have
developed a genetic approximation of fractal error.” Allen et al. [4], [11] also propose an
approximation of fractal error using artificial neural networks. These approximations give
usable representations of fractal error, while providing real-time or near real-time perfor-
mance. The neural network provides an accurate representation of fractal error, while the
genetic algorithm does in fact preserve all of the desired features of the original fractal error
image. The genetic algorithm, on the whole, has been shown to be computationally faster
than the neural network.

This fractal error metric has gained acceptance in the literature. For example, Lin et al.
[12] use fractal error to detect targets in X-band and millimeter wave (MMW) radar images.
They proposed some modest modifications to the metric to improve its performance with
MMW radar images.

3.2 Definition Of A Fractal

It is well known that many textures and scenes can be modeled as fractals. A fractal,
according to La Brecque [13], “has a rough shape to one degree or another made of parts
which, when magnified. resemble the whole.” It is also well known that literature describing
fractals often lacks precision when attempting to define what a fractal is. However, the
reader of fractal geometry and theory can turn to Falconer [14] for a detailed description of
the properties of fractals.




Definition 1 The set F is a fractal, if it has the following properties:
1. F has a fine structure, that is, detail on arbitrarily small scales.

2. F 1is too irregular to be described in traditional geometrical language, both locally and
globally.

3. F often has some form of self-similarity, perhaps approximate or statistical.

4. Usually, the “fractal dimension” of F' (defined in some way, and there are several
untque definitions) is greater than its topological dimension.

5. In most cases of interest, F is defined in a very simple way, perhaps recursively (e.q.,
the Julia or Mandelbrot Sets).

3.3. Fractal Dimension

How are fractals distinguished between one another? How does one measure the size of
fractals? What measure can be used to compare and contrast fractals?

Fractal dimension is the measure that is generally used to distinguish between fractals,
giving the fractals a measurement of “size”. This numeric representation attempts to quan-
tify a subjective quality which one might have about how densely the fractal occupies the
space in which it exists.

Fractal dimension is just as difficult to define as fractals themselves. Mandelbrot [15],
Falconer [14], Peitgen et al. [16] and Edgar [17] provide excellent discussions of many different
fractal dimension definitions. Each fractal dimension definition has a distinct style. Although
the definitions are all related, Peitgen [16] claims that some definitions make sense in certain
cases, while other definitions may not be appropriate in the same case. Experience and
heuristics prompt the selection of an appropriate fractal dimension definition, according to
the application.

3.4 Lacunarity

- Mandelbrot [15] defined another measure for fractals. Lacunarity describes the “holiness”
([18], pg. 236) of an occupied fractal lattice. The origin of the name lacunarity can be
appreciated by looking at an image of cork in Figure 3.1. This image is part of a collection
of texture images, presented by Brodatz [19]. From the Latin word “lacona,” which means:
gap, lacunarity represents the gaps within a fractal structure. Thus, the percentage of spaces
between the cork in Figure 3.1 is the measure of lacunarity. Practically, lakes or other natural
objects within aerial images may be classified by using lacunarity as a feature measure.

3.5 Fractional Brownian Motion

- Fractals may occur in many different forms. Mandelbrot [20] was the first to define fractional
Brownian motion (fBm). Brownian motion refers to the erratic motion of small suspended
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Figure 3.1: Texture image of cork.

particles, resulting from random collisions with other particles. Fractional Brownian motion
is an extension of this model. Cooper [1] gives an excellent description of fBm; it will be
summarized here.

The function of fBm is defined as the differences between successive samples. Let By (t)
represent a fBm signal, where ¢ is a vector containing F independent variables. Then the
increment of the fBm signal is described as ABy = By(ts) — By(t1), where £; and ¢, are
two distinct points in time. The measure ABy is normally distributed with a mean of zero
and a variance proportional to the 2H power of the Euclidean distance. The mean takes the
form of ‘

E[Bg(t2) — By(t1)] = 0. (3.1)

Likewise, the variance is defined as
Var[BH(tg) . BH(tl)] = 0’2|t2 — t1|2H. _ (3.2)

where o2 is the proportionality constant of the variance and H is the Hurst parameter, which
must be strictly 0 < H < 1. Note that when H = 0.5, the fractional Brownian motion model
is equivalent to the classical Brownian motion model. The value of H can be used to describe
the fractal dimension D as .
D=FE+1-H, (3.3)

where E is the Euclidean dimension (or, the number of independent variables of t). It is
therefore easy to see that small values of H produce high fractal dimension and large values
of H produce a low fractal dimension. Combining the equations for mean and variance, while"
also taking into account the fractal dimension, we can arrive at the following relationship:

El\Bu(ts) - Bu(t)) = kit — 17, (3.9)

The above equation is the fundamental basis for the fractal error metric. The regions
observed in an actual image may be a combination of many different textures. Each texture
can be represented by its fractal dimension. However, before attempting to determine the
fractal dimension, it is useful to know how well a region (or window) may fit the fractal
model. Thus, measuring the error produced when estimating the fractal dimension will give
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a useful metric in order to determine the “fractalness” of a region in the image. A small error
will indicate that a region fits the fractal model well, and thus can be considered fractal
Conversely, a large error will indicate that the region fits poorly into the fractal model and
thus is probably not fractal and the fractal dimension measure is useless. Mathematically,
this can be defined as

E[|Gx2] — G[x4]l] = klxa —x41|¥ (3.5)
E[|AGaxl] = klAx[? (3.6)

where G is the region or window in the image and x is the measured distances within the
region. Estimates of H and k can be found by using a linear regression scheme,

InE[|AG)ayl] =Ink + HIn|Ax|. (3.7)

These estimates, H and k can then be used to calculate the error with the following
equation: _
erroriax) = E[|AG|ax(|] — k| Ax|H. (3.8)

Using a “center-oriented” window (i.e., a square window of NxN, where N is strictly odd),
there will be five, nine, or fourteen error values, given the window is 5x5, 7x7; or 9x9
respectively. Thus, a cumulative error for the model can be given by the root mean square
error

RMS Error = \’ 1 > (erroriax)?. (3.9)

" [ax|

Thus, using the RMS error, it is easily determined whether or not a pixel with a surrounding
5x3, 7Tx7 or 9x9 region is fractal in nature.

3.6 Fractal Error Algorithm

Using the method described in the previous section, Cooper developed an algorithm to
calculate the fractal error for each pixel in a scene. This algorithm is described in detail in
Table 3.1. : '

The following will outline the steps of the entire fractal error algorithm. Note that this
example will produce a single number that will represent the error for the center pixel in
relation to its neighbors. Figure 3.2 represents a sample 5x5 window. Since the localized
neighborhood is 5x5, there are five unique distances in the window, as shown in Figure 3.3.

Table 3.2 represents the absolute values of the differences of the gray scales over the
unique sets of distances in the neighborhood. Thus, the gray scale value of each pixel that
has a distance of 1.41 is subtracted from the gray scale value of the center pixel. Their
absolute values are averaged to give E[JAG]] for each unique set of distances.

Using Equation 3.7, we can obtain estimates for the Hurst parameter and the proportion-
ality constant, H and k respectively. These estimates can be found using linear regression
[21]. If the linear model takes the form

y = Lo+ bz, (3.10)
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Table 3.1: Fractal Error Algorithm

Define a 5x5, 7x7, or 9x9 sliding window.

Calculate Ax and E[|AG]] for each pixel in the neighborhood of the sliding
window. '
Using linear regression, find the slope and the y-intercept for each unique
- Ax in the window from the equation In(E[|AG|az,l]) = In(k) + H|Azy).
Derive H = slope and k = exp(y-intercept) from the above relationship.
Using erroriaz = E[|AG|ag| — k|Az;|¥, calculate the fractal error for
each unique Ax.

Compute RMS error by RMS Error = \/ L3 Axsi (€707 A%y )2

Save RMS error for that pixel, move the window, and repeat the process
over the entire scene.

250 | 200 | 220 | 200 | 200

175 | 210 | 170 | 159 | 100

110 | 100 | 120 | 115 | 100

96 | 200 | 205 | 210 | 211

95 | 201 | 197 | 205 | 200 |

Figure 3.2: A sample 5x5 window.

2.831223(2.00|2.23]2.83

2231141100} 141 223

2.00 | 1.00 1.00 | 2.00

223|141|1.00)|141223

2.83 | 2.23 1 2.00 | 2.23 | 2.83

Figure 3.3: The Euclidean distances over the 5x5 neighborhood.
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Table 3.2: Distances From The Center Pixel (Az) And The Expected Value Of The Absolute
Difference In Gray Scale Relevant To The Center Pixel (E[|AG]))

| Az InAz |E[JAG|]] ImE[JAG]]
1.000 0.000 | 40.00 3.69
1.414 0.347 | 74.75 4.31
2.000 0.693 | 51.75 3.95
2.236  0.805 | 91.50 4.51
2.828 1.040 | 78.75 4.37

Table 3.3: Calculated Error From Fractional Brownian Motion Model

Az

error
1.00 -6.06
141 184
200 -17.3
224 177
283 -5.9

then estimates for 3, (slope) and By (y-intercept) are defined as

IB;:
BB:

E(ZIIz - T)2
7 - Bz,

(3.11)
(3.12)

where T is the sample mean of z and 7 is the sample mean of y. In our particular case, z
represents the “In Az” term in Equation 3.7 and y represents the “In E[|AG )" term in the
same equation. It easy to see that Z = 0.577 and ¥ = 4.17. The estimates of 3, and B, can

thus be calculated,

—_—~

B

—

Bo

Z?:O(

z; — 0.57T)y;

i—o(zi — 0.577)2
= 0.585
= 4.17-0.5778, = 3.83

(3.13)
(3.14)

The Hurst parameter estimate, H, is equivalent to the slope of the linear model, that is,
H = ,61 The proportionality constant estimate, k. is equivalent to the y-intercept of the
linear model, k¥ = exp(ﬁo) Therefore, H = 0.585 and & = 46.1.

Errors with respect to each unique distance set can be calculated with Equation 3.8.
Table 3.3 shows the result of using Equation 3.8 in this example.

The overall RMS error, as defined by Equation 3.9, is 14.31. This number represents the
“fractalness” of the center pixel relative to its neighbors. Decisions regarding the fractalness
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of the pixel are typically made in reference to the entire image. Thus, if the range of fractal
errors is from 0 to 15, this pixel is not likely to be fractal in nature.

3.7 Results

Shown in Figure 3.4 is a small image of Alameda, CA. This is a high-contrast image, con-
taining both natural and cultural features. Figure 3.4 shows the gray shade image, a contour
map of the image and its histogram.

Figure 3.5 shows the resulting fractal error measure for Figure 3.4. The figure again
shows the normalized gray shade image, contour map and histogram of the fractal error
result. It is not difficult to see that those areas with a fractal error higher than 5 represent
cultural objects (refer to the contour map). Likewise, the areas that have light gray to white
pixels in the normalized gray shade image represent cultural objects, while the darker pixels
represent natural terrain.

13
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Figure 3.4: Aerial Image of Alameda, CA.
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Figure 3.5: Resulting Fractal Error Image of Alameda, CA.
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Chapter 4

Chord Transform

4.1 Introduction

In classification systems, it is sometimes necessary to know whether a segment in a segmented
image is a natural segment or cultural segment. Thus, it may be useful to include geometric
information as a feature in segmentation. The chord transform reveals information about
the geometric structure of an image segment, and it can be used to extract a limited set
of geometric attributes of an image segment. Haidar [3] and Selvage [22] give a detailed
description of the chord transform. It will be summarized here. Results are presented and
discussed in [3] and [22].

4.2 The Chord Transform

In order to perform the chord transform on an image segment, it is necessary to preprocess
~ the image to obtain the edge pixels of the segment. The general idea can be shown with the
assistance of Figure 4.1.

The gradient vectors, G, and Gz in Figure 4.1, are found for each the edge pixels of
the segment. The transform starts by choosing one edge pixel and performing the chord

Detected edges by
preprocessng

Gy, G2 : Gradient Vectors.

Ba=(8y + 802
Op= |8 = 82|

Figure 4.1: The general case of the chord transform.
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Figure 4.2: The quantized angle histogram and the signatures of certain geometric attributes.

procedure for that edge pixel all all other possible edge pixels of the segment. By measuring
the counterclockwise angle between both G; and G, for any two given edge pixels and their
connecting vector (called a chord), the measurement of 6; and 6, can be found. The two
angles define coordinates of a quantized angle histogram, shown in Figure 4.2, with features
04 and 0p. Each possible pair of edge pixels is taken into account for the transform.

The chord transform isolates identifying characteristic “signatures” for straight lines,
perpendicular lines, parallel lines, and circles in an image. Figure 4.2 illustrates the areas in
the histogram for certain signatures of the geometric attributes. For example, the signature
of a straight line is represented by a single point at coordinates (180°,180°). Because the
chord transform relies on geometric information between edge pixel pairs, the transform is
rotation and scale invariant.
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Table 4.1: The chord transform algorithm.

Get segment edge point list.

Compute gradient along segment edge.

Get pair of edge points.

Compute 8, and 6,.

Compute 84 and 6p.

Increment histogram pair (64, 8p).

All pairs done? Yes—Stop, No-Go to step 3.

NOoO otk N e

4.3 The Algorithm

Table 4.1 describes the steps that are needed to perform the chord transform of a particular
image segment. The first goal in finding the chord transform is to extract from a given
segment a list of coordinates that comprise the edge of the segment. The edge map for a

_ particular segment should be one pixel wide and closed. The first pixel is found by searching
the image in the z (or row) direction until an edge pixel is found. Successive pixels are found
by a clockwise search around a 3z3 neighborhood.

“Once the edge map and first edge pixel are located, then the gradients for each edge pixel
is found, relative to its neighboring edge pixels. These gradients are used, along with the line
segment connecting any two edge pixels in the map, to compute the angular information.
This is accomplished by taking two points at a time from the edge map. Since there are N,
pixels, taken two at a time, there will be N; = N (NN, — 1)/2 combinations of unique pairs
of edge pixels. .

Let any two points from the edge map be X; and X,. A line segment joins the two
points. This line (or chord) is the reference direction for angle measurements, as illustrated
in Figure 4.3. Let w be the angular distance from the reference direction to the chord,
measured counterclockwise. A similar definition is made for X, and w,. Then w and wj, are
used to calculate 8; and 6;:

J Jo— J1 (4.1)
w = arctan(J/I)
6 = Gy—w,

I = -1, (4.2)
wp, = w+(7/2)
02 = Gy — wp,

_Where J1, Jo, I1, Iy are the row and column coordinates for the two edge pixels. Once 6; and
6, is calculated for each pair of edge pixels, they are used to find 64 and p which represent
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Gradient at X,

Gradient at X,

Figure 4.3: The definition of 8; and 6.
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Figure 4.4: The selected attributes from the quantized angle histogram.

the average and the difference, respectively,

04 = (—9—1—;9—2) (4.3)

0p = |61 — 6 (4.4)

Once all N; angle pairs are found, they are compiled into the quantized angle histogram.
The histogram measures the frequency of occurrence of each possible pair of angle. This
histogram can then be sliced into sections to be used for feature extraction. Figure 4.4
shows a possible sectioning of the histogram. It can be shown that the elements outside the
bold “triangle” always have a value of zero; therefore, only the values inside this triangle
provide useful information. These blocks inside the triangle can be used to make a 49 element
feature vector, describing the geometric structure of the image segment.
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ABSTRACT

Fractional Brownian motion (fBm) holds intuitive appeal for modeling natural
visual textures. In addition to synthesizing artificial textures based upon fBm, fractal
characteristics may be extracted from actual images, to quantify aspects of texture within
them. Recent research has demonstrated that fBm may be used to model and
subsequently characterize visual textures. However, the vast majority of existing
investigations have relied upon the fractal dimension, variants of the fractal dimension
and lacunarity, all of which assume that the observed image fits the fractal model. The
error between the actual image and the fractal model should be considered. Here, the
fractal error is introduced as a texture feature.

Although fractal models apply to a wide class of textures, particular emphasis is
made here on aerial imagery, which few studies have included in their analyses. A
localized version of the fractal error measurement was developed for the segnientation of
aerial imagery. This operator was incorporated into a general purpose aerial image
segmentation software package and.evalAuated. These successful results were compared
against the previous choice of texture features for representing natural textures in aerial
images, the “busyness” operator. In addition to segmentation, another important aspect
of the scene evaluation process is the identification of stable features within an aerial -
image. Here, the fractal error also performed favorably, locating the stable, man-made

objects in certain types of aerial images.
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CHAPTER I
INTRODUCTION AND PURPOSE

-

. vation I

In some black and white aerial photographs, it is possible to distinguish among |
the regions within the image using only the differences in their gray shade intensities.
For example, trees may appear darker than surrounding fields. However, gray shade is
inadequate for other images, such as the shore scene in Figure 1. Suppose that there are
three categories of regions to be identified in the shore scene: water, foliage (trees) and
non—foliated land; Note that the gray shades of the water and foliage overlap
considerably; The image in Figure 2a reveals an attempt to isolate the foliage, but much

of the water is included with the foliage in the segmented image. If all of the water is

Figure 1 Sample Image: Shore Scene




(a) Highlighting the Foliage (b) Highlighting the Water

Figure 2 Segmentation of the Shore Scene Using Only Gray Shade

included, as shown in Figure 2b, then all of the foliage and portions of the non—foliated
land are included with the water as well.

Although the gray shades of the foliage and water are very similar, the water
tends to be smooth and uniformly shaded, whereas the foliage tends to have more
variation in its intensity, or a rougher texture. Thus, texture may be used in combination
with gray shade to characterize regions within an image. Using busyness* as the texture
feature, the thfee regions of foliage (black), water (gray) and non—foliated land (white)
may be separated, as shown in Figure 3.

In general usage, texture is usually associated with the visual and tactile
perception of a material. However, in the context of image processing, only the visual
aspect of texture is considered. Texture consists of two factors: the texture elements and
their arrangement. The texture elements share a common size, shape or shade. These
elements are arranged spatially .in a particular orientation, pattern and density. Clearly,

this definition includes a wide variety of textures. The natural textures which appear in

* The busyness texture feature is discussed later, in section 2.3.4.2.
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(b) Segmented into Foliage
(Black), Water (Gray) and
Non-foliated Land (White)

3 ‘- Original Image

Figure 3 Segmenting the Shore Scene Using Gray Shade and Texture

aerial photographs are frequently composed of very small texture elements, often
considered to be the individual pixels which compose the image. Their arrangement

tends to be statistical and non-periodic.

1.2 Modeling Texture with Fractals

Of the many techniques designed to extract statistical, non-periodic textures with

pixel-sized texture elements, fractal methods are a fairly recent addition. Fractals may

~occur in several forms, with applications ranging from data compression to fluid

mechanics to particle aggregation and erosion. The analysis of natural visual textures
was added to this list through the work of Pentland [39], who was inspired by the
prevalence of fractals in nature. Formulating fractals in terms of fractional Brownian
motion, he found a strong correlation between the fractal dimension of a surface and the
intuitive notion of roughness. The correspondence between fractals and the natural

processes which form the contents in a natural scene and the ability to quantify intuitive
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aspects of texture make a fractal approach attractive for describing the variety of textures

in aerial images.

ionale for th

Fractional Brownian motion (fBm) holds intuitive appeal for modeling visual
texture. In addition to synthesizing artificial textures based upon fBm, fractal
characteristics may be extracted from actual images, to quantify aspects of the textures
within them. Recent research has demonstrated that fBm may be used to m;ydel and
subsequently characterize visual textures. However, most of the existing investigations
are fairly narrow in scope, focusing upon a particular fractal characteristic. All of these
studies assume that the observed texture fits the fractal model. The error between the
actual image and the fractal model should be considered. The fractal error is introduced
here as a texture feature.

Secondly, few fractal researchers have included aerial images in their studies.
Accordingly, the praétical analysis here places particular emphasis upon aerial images. A
general purpose aerial image segmentation software package was implemented, into
which the fractal error was incorporated and evaluated. ReSults were favorable enough
to be compared against the previously chosen natural texture feature seen in section 1. 1,
the busyness operator. In addition to segmentation, another important goal of image
interpretation is the identification of stable features, that is, objects which are less apt to
change over time. The fractal error successfully located the stable, man—-made objects in

images of appropriate resolution.

1.4 ment_of the Problem

The primary purpose of this research was to determine fractal characteristics

suitable for representing visual textures, and to develop algorithms to extract such fractal




characteristics, with particular emphasis on aerial imagery. Some questions which this

dissertation addresses are given below:

® How appropriate is the fractional Brownian motion model for visual texture?

® What are some useful fBm synthesis algorithms and how do they compare?

® What are some useful fractal characteristics, how may they be estimated, and how do
their extraction algorithms compare?

® How can estimation algorithms be applied?

® How may the fractal characteristics be used within a knowledge-based segmentation

system?

1.5 Preview

Before discussing fractal texture representation, background material is offered on
both visual texture (Chapter 2) and fractals (Chapter 3). Chapter 4 links these two topics
‘ together and examines three algorithms to synthesize fractal textures. The fractal
dimension and fractal error are estimated in Chapter 5, both for describing a single
texture and for segmenting an image containing multiple textures. Synthetic fractal
textures, non—fractal artificial images, Brodatz textures and aerial images are included in
the comparison. The success of the fractal error led to a more extensive examination of
this operator for aerial image interpretation. Chapter 6 discusses two such applications of
fractal error: texture segmentation and stable feature identification. The findings from
the complete study are summarized in Chapter 7, along with other observations and

conclusions.




CHAPTER II

A BACKGROUND ON VISUAL TEXTURE

2.1 Definition

A variety of definitions exist for the notion of texturé. In general usage, texture is
usually associated with the visual and tactile perception of fabric. This is reflected in the
dictionary definition of texture as something composed of closely interwoven elements. -
In the context of image processing, only the visual aspect of texture is considered. Early
attempts to define visual texture were often detailed and complicated (e.g., see Pickett
[40] and Hawkins [20]), but provided the background for more recent descriptions. A
particularly concise and accurate definition is offered by Hall [16]: a visual texture is “a
repetitive arrangement of a basic pattern.” Haralick’s [18] description has the identical
essence, but he elaborates upon the two aspects of texture, its primitives (i.e., the pattern)
and their arrangement. A texture primitive or element (sometimes called a texel) is “a
visual primitive with certain invariant properties which occurs repeatedly in different
positions, deformations, and orientations within a given area.”[1] The texels should be
fairly homogeneous, sharing such properties as size, shape and coloring. The spatial
dependence or interaction among these primitives could be random or dependent upon
other primitives in a structural, statistical or functional manner. The resolution of a
texture is related to the size of the texture elements. As the resolution increases, the
texels increase in size until the observed texture completely changes character. Likewise,
reducing the resolution can decrease the texel size down to a single pixel, at which point

the original texture is no longer discernable.




2.2 Examples
With the above explanation in mind, it is enlightening to see how the definition of
texture applies to some texture examples. A visual texture may be described by its
texture primitives and their arrangement.. In Figure 4a, the bricks’ texture primitives are

the individual bricks, arranged ina regularly repeating directional manner. The texels in
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the reptile skin texture could be considered the holes in the mesh, which are oriented in a
somewhat regular fashion. The holes in the grating texture have Q distinctly periodic
arrangement. Randomly positioned, the coins are the obvious texels in the coins texture,
although the process of extracting them may not be simple. (People have the advantage
over computers of applying relevant domain knowledge, such as the physical
characteristics of coins and how they may be stacked.) All of these textures have large or
medium-sized texels. In contrast, there are many textures whose téxels are so small that
they may be considered to be the individual pixels themselves. A statistical model is
often appropriate for describing the interaction of the texels. Five such examples are
shown in Figures 4e through 4i: paper (magnified), foliated land, ice, clouds and the
surface of Mars. Most natural phenomena in aerial photographs (e.g., fields, trees, water,

ice) will have textures with very small texels.

2.3 Methods of Representation
2.3.1 Preview

A wide variety of approaches exist for representing texture. Spectral techniques
consider periodicity and directionality of the texels, which ére generally a few to several
pixels in size. Statistical and discrete transform methods, which comprise the majority of
texture approaches, are designed for pixel-sized texels with a random arrangement, as is
the gray shade co-occurrence matrices method. Structural approaches concentrate upon
large texels whose form follows a clearly specified structural pattern. Like the discrete
transform methods, the ﬁactioﬂal Brownian motion model is oriented toward pixel-sized
texels arranged randomly. To gain perspective for the fractional Brownian motion

model, each of these categories will be explained further.




2.3.2 Spectral Methods

Perhaps the earliest aspect of texture to be considered is its periodicity. Using
either spatial autocorrelation or analysis in the Fourier frequency domain, the nature and
degree of periodic repetition may be measured. This information can also be used to
estimate the coarseness of a texture, related to the size of its texture elements.

An intuitive understanding of autocorrelation may be gained by considering two -
duplicate transparency copies of an imége [18]. For example, picture the grating texture
shown in Figure 4c. Let one of the transparencies be laid over the other,wi.th a light
source passing through the pair. As one transparency is moved across the other, the
amount of transmitted light passing through will change. If the texture on the
transparencies is highly periodic (as with the grating texture), then the transmitted light
will vary periodically as one transparency is slid across the other.

In a discrete implémentation of autocorrelation, only subregions of the image are
correlated, to reduce computational effort_. Otherwise, the concept is analogous to the

previous description. The formula for discrete autocorrelation is given below. Let the

m+w n+w

> X X = uwj =)

i=m-w j=p—w

A(u,v;m,n) = m+w n+w

D X, )2

i=m—w j=n-w

gray shade at row i and column j be represented by X(i.j). Typically, a square subregion
is used; in the formula, the subregion is W + 1) X W + 1) pixels in size. The
center of the first subregion is located at (m,n), while the center of the second region is
offset from this by u rows and v columns. The autocorrelation A(u,v;m,n) will be
computed across the entire image, that is, for all (m,n). Thus, in summary, the image
location is (m,n) and the amount of shift is (w,v).

| Figure 5 illustrates autocorrelation applied to a simple texture at a location (m,n)

and offset (u = 3,v = 5) with w = 2. Since the texture is periodic at that spacing, the
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(m—u, n—v

(m,n)

Figure 5 Example of Spatial Autocorrelation

autocorrelation function will produce the same value as it would with no offset, for every
autoéorrelation across the entire image. Clearly, spacings that are multiples of the period
will produce the highest autocorrelatibn. Thus, for a known periodic texture, the spacing
may be'increased until this maximum is obtained, thereby determining the period. The
autocorrelation may also be used to determine the coarseness of a texture. The
autocorrelation will tend to decrease more slowly (at a given spacing) for large texels
(coarse texture), as opposed to small texels (fine texture).

Another method of extracting information on either the periodicity or coarseness
of a texture is to transform the spatial image into the frequency domain, typically using a
Fourier transform. Let the power spectrum of the Fourier coefficient F(u,v) be
represented by |F(u, v)|2. Ballard and Brown [1] identify two types of features, radial
and angular, which may be measured from the power spectrum. The formulas for these
two features are given in Figure 6, along with an illustration of the feature being
measured on a power spectrum. The radial and angular features consider some region of |
interest, such as those indicated by the shaded areas. (Note that the graphs in Figure 6
are actually three—dimensional. Shown is an overhead view of the frequency plane (i,v).
The power spectrum |F(u, v)|? would rise vertically from the page’s surface.)

Radial measures can distinguish smooth textures (having mostly low frequencies)
from rough textures (having mostly high frequencies); Likewise, periodic textures will

have a peak within a particular frequency band. Angular measures can detect
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mp ,, = ZZIF(I‘:V)IZ r% <ut+v2< r%
u v

(a) Radial Features

mg =D > IF@W? 6, < arctan() < 6,
u v

(b) Angular Features

Figure 6 Texture Measurement in the Frequency Domain

directionality. If a texture has several lines or edges in the direction ¢, then high values
will occur within the frequency plane around 6 = ¢+ x/2

Spectral measufes are perhaps the earliest techniques applied to image texture
analysis. Predating discrete methods, Kaizer [22] judged the coarseness of aerial
photographs of arctic regions using the autocorrelation function. He found a strong |
correspondence between the autocorrelation measurements and the coarseness rankings
produced by a group of human subjects. Lendaris and Stanley [29] also took an optical
approach, creating a Fraunhofer diffraction pattern of aerial photographs, equivalent to
taking a two—dimensidnal Fourier transform. They used both the radial and angular
features (with wedges spaced 9° apart) shown in Figure 6, along with measurements
along parallel slits of the frequency plane, to distinguish between one—dimensional and
two—dimensional regularities. Applied to a variety of aerial subimages, their technique
gave inconclusive but favorable results. Kirvida [26] analyzed multispectral satellite

imagery, identifying the land categories of conifers, hardwoods, open, water and urban.
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He extracted texture information from the magnitude of the frequency distribution using
four discrete transform algorithms. He found little difference among the u'ansforms; but
obtained an incfease in classification accuracy from 73% (using only the original four
spectral bands) to 98.5% when the frequency dbmain texture information was included.
However, Hawkins [20] found considerable overlap in the spectra of aerial images of
woods, urban and rural areas. He concluded that spectral measures are useful only for
“rather gross discriminations,” [20, p. 352] since distinct textures may have similar
spatial frequency components, and sinusoidal variations in gray shade are poorly matched
to textures typically found in aerial photographs. Although other applicatiohs (such as
the detection and classification of coal miners® black lung disease [41]) still find spectral
analysis useful, spectral methods have not been applied extensively to the analysis of

aerial photography since the mid-1970’s.

2.3.3 Collecting Statistics within Subwindows of an Image

Both statistical and discrete transform methods divide the image into smaller

grids. These grids may or may not overlap one another, as shown in Figures 7a and 7b

b

respectively. Overlapping grids give better resolution, but require more computation.

original image

(a) Non—-overlapping o
Windows statistics
. - . .
(b) Overiapping = original image N
statistics

Windows :>

Figure 7 Collecting Statistics within Subwindows of an Image
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The size of the grids, or windows, is subjective. Ideally, the window should be large
enough to capture a texture adequately, but small enough to enclose a single texture.
Within each window, various statistics may be collected on the gray shades of the
enclosed pixels, such as the mean, standard deviation, skewness, minimum, maximum
and range of gray shades.

For a particular statistic, the values for each window of the first row are typically
stored into the first row of pixels in the output image. The values calculated from
successive rows of windows form the remainder of the output image. Clearly,
overlapping windows produce a larger output image than non-overlapping windows, as
shown in Figure 7. (When using non—ovérlapping windows of size w X w on an image
of size n X n, the output image will be ln/w] X |n/w], where [x] denotes the floor
function. With overlapping windows, the output image willbe (n — w + 1) x
(n — w + 1), which haé w — 1 fewer rows and columns than the original image. It is
sometimes desirable to have the output image the same size as the original image. A
common technique extends the original image by w — 1 rows and columns by copying
the outside border of pixels into an extra “frame” surrounding the enlarged image.)

Although the statistics of the small regions of an image may be sufficient for
certain simple textures, such an approach is often inadequate. However, when used in
conjunction with discrete transtﬁrms, more favorable results may be gained, as described

in the following section.

2.3.4 Discrete Transforms ‘

Discrete transforms are used extensively in image processing and thus are natural
candidates for extracting texture. Just as a value was computed from the gray shades of
the pixels within each window to obtain a statistical measure, discrete transforms also use
a window. However, whereas the pixels’ locations within a statistical window are

irrelevant, each position within a discrete transform window is specifically defined in
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some manner. For example, consider a 3 X 3 window designed to highlight the edge
content of an image. For convenience, let the gray shades of each pixel be represented
by the letters A through I, as shown in Figure 8. The formula to the right (the Laplacian
edge operator) determines the value that will be assigned to that window. As before with
the statistical windows, values are computed for windows acrosé the entire image fo give

an output, or filtered, image.

2.3.4.1 Edge Density

Probably the earliest representation for aperiodic textures stemmed from studying
the results of edge (high-pass) filters. Regions with a proliferation of edges correspond
to rough or highly textured objécts. Rosenfeld and Troy [44] applied an edge operator
and then binarized the image. The number of edge pixels determined the degree of
roughness of the texture. Ohta [35] employed a very similar approach much later, in the
context of scene interpretation. After using the same 3 X 3 Laplacian edge operator
shown in Figure 8, he binarized the image at the threshold 7' = mode +
standard deviation x 1.4. Next, the resulting binary image was divided into 9 x 9
Squares, each of which was further subdivided into nine 3 X 3 windows of pixels. If all,
or all but one, of the nine 3 X 3 windows contain any edge pixels, then the center pixel
(of the entire 9 X 9 square) is considered to have texture. Subsequently, this result was
scanned for connected components to identify textured regions. Fortunately, Ohta

provides a reasonable amount of detail on his method, as well as an example. However,

A|B|C
D|E|{ F B+D—-4E+F+H
G|H|I

Figure 8 Specification for a 3x3 Laplacian Edge Operator
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his particular scheme did not appear to perform especially well, as it significantly

- underemphasized the apparent textural content of the scene. In another image |
understanding system, Hanson and Riseman [17] used asmall 2 X 2 edge mask (so that
closely spaced parallel lines will be detected) to extract the magnitude and direction of
the edge gradients. As the result tends to be highly fragmented, edges are grouped
together according to the similarity of their magnitudes and gradients. If all of the longer
line segments are removed (by thresholding), the textured regions may be found.

‘ (Likewise, keeping only the longer line segments of high magnitude yields the primary

structural components of the image.)

2.3.4.2 Busyness

Originally developed by Rosenfeld and Kak [43], the busyness operator measures
the roughness of a texture by the minimum of the gray shade differences in the horizontal
and vertical directions. Busyness uses a single filter, whereas the edge density method
requires binarization and counting the number of edge pixels in a region after applying
the edge filter. In addition to being faster, busyness eliminates the subjectivity associated
with determining the binarization threshold and the density measurement. The gray
shades of the pixels within a 3 X 3 window are represented by the letters A through 1, as
shown in the right of Figure 9. The average absolute gray shade difference is calculated
horizontally (Vx) and vertically (Vy), as shown in Figure 9a. The minimum of these two
values is the busyness of the pixel at the center of the window.

The averagé gray shade difference in the direction perpendicular to an edge will
be high. In order to reduce this undesirable emphasis, the minimum of the horizontal and
vertical averages is taken. (Although it will always be present to some degree, the edge
density method can remedy this problem by considering the density of edges within a
sufficiently large area.) However, regions containing diagonal edges will be highlighted.

A pair of diagonal averages were added to the busyness formulation in [5] to alleviate
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(a) Original Definition

Vix=(A—-B|+|B-C+ID-E+|E-Fl+ |G- H + |H - I)/6
Vi=(-D|+D-G+|B-E+|E-H+|C~-F+|F~1)/6
Busyness = min(Vy, Vy) ' A

v}

(b) Modified Definition
Vi=(A=B|+B=Cl+D-E+|E-F+|G— H + [H— I)/6 G lu
Vi=(A~D|+ID~G+|B~E+|E~H+I|C—F+|F=I/6

Vor = (D~ Bl + |G - E| + |E — C| + |H - F))/4
Vo= (B—F+A~E+|E~1+|D— H)/4
Busyness = min(Vy, Vy, Vp,, Vo2

Figure 9 Busyness Operator

this problem. The modified formula is given in Figure 9b. Although edges at angles
other than the horizontal, vertical and diagonal directions can still cause artificially high
busyness values, including the diagonal measures significantly improves the quality of

the busyness operator.

2.3.4.3 Texture Energy

The concept of texture energy origihated from Laws’ study [28] of statistical and
discrete transform methods of extracting texture information. He analyzed a wide variety -
of texture features, including gray shade co-occurrence matrices, correlation methods and
statistical-spatial methods. In the latter category, texture was extracted in two steps:
small masks (3 X 3or 5 x 5) were convolved with the image, and then local statistics
were collected from within larger windows (15 X ‘15 or 31 X 31). The filtering mask
should be small enough to capture only a single texture, and the statistical window should
be large enough to get an adequate sampling of the texture. From this study, Laws found
that a set of ad hoc masks designed for detecting spots, lines and other small features
worked best for the filtering masks. The most effective statistical measure was the

standard deviation (or equivalently, the variance).
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Since the variance is related to the “energy™ of a signal, and the filters attempt to
extract a texture signal, Laws called such an approach a “texture energy measure.”
Combining both discrete filtering and the calculation of local statistics, he developed and
refined his initial study into his final texture energy technique. A pictorial interpretation
of the texture energy model is offered in Figure 10. Four one—dimensional ad hoc

filtering masks (see Figure 11) compose the final model: Level, Edge, Spot and Ripple.

.. . Statistics
Filtering  Collection

N
o ¢
r a
original ABS m s classified
image AVE ? s image
: i
i
f
z
e y
Figure 10 Texture Energy Model
Edge-Spot
LEVEL: [1 4 6 4 1] 10 -2 0 1
EDGE: [-1-2 0 2 1] 2 0 -4 0 2
SPOT: [-1 0 2 0-1] ggggg
RIPPLE [14 64 1] 10 2 0 -1
(a) One—dimensional Masks (b) Example of a Two—dimensional
Mask formed by Convolving
the One-dimensional Masks
Edge and Spot

Figure 11 Convolution Masks for Texture Energy
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Convolving each of these four masks both horizontally and vertically yields sixteen
two-dimensijonal masks, one of which is shown in the right of Figure 11. (Equivalently,
if each of the one—dimensional masks is considered to be a n X 1 vector, then each
n X nmask is created by multiplying a one-dimensional mask with the transpose of
another one-dimensional mask.) Thus, sixteen filtered images are produced. One of
these, the Level-Level image, is used to eliminate contrast variation among the
remaining fifteen images. In the second stage, a statistical value is obtained from within
a 15 X 15 window surrounding each pixel of the filtered images. The standard deviation -
is measured locally across the Level-Level image, whereas the absolute average is
calculated for the other fifteen images since the absolute average is a faster, but less
accurate, approximation of the standard deviation. The resulting images, called “texture
energy planes,” are used as features to classify the pixels of the image.

| High classification accuracies were échieved using texture energy on a collage of
various sized blocks (16 X 16, 32 x 32 and 128 X 128) of eight Brodatz [3] textures.
Without criticizing the quality of the texture energy features themselves, Hsiao and
Sawchuk [21] note that Laws’ segmented images contain “considerable errors in the
interior of the large regions™ and poor performance “near the borders between textures.”
When the statistical window encloses a single texture, its value will tend to be accurate.
However, when this window overlaps a texture boundary, thus enclosing two or more
textures, its value may be unreliable. Hsiao and Sawchuk examined the variancé in the
texture energy (i.e., the variance of the absolute average of the filtered image) to
determine texture borders more effectively, as a high variance in texture energy often
indicates a border. Scattered, small clusters of misclassified pixels were treated using
probabilistic relaxation.

Whereas both Laws [28] and Hsiao and Sawchuk [21] concentrated upon collages

of Brodatz textures, Cooper [6]'applied texture energy to aerial images. Gray shade is -

often the single most important feature for distinguishing regions within aerial images.
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On the other hand, the Brodatz textures in the other two cited studies had approximately
the same mean gray shade, and must therefore be separated solely by the differences ih
their textural properties. Although the segmentation of aerial images sometimes benefits
from textures which are separable by gray shade, the textures in aerial images also
possess much greater variability in content than do the highly homogeneous collages of
Brodatz textures. Thus, a combination of gray shade and busyness gave better
segmentation results on aerial imagery than texture energy alone. A combination of gray
shade and texture energy was not examined in [6], since the anticipated extra increase in
quality of the texture energy approach over busyness did not warrant the additional

computational burden.

2.3.5 Gray Shade Spatial Dependence Co-occurrence Matrices

The gray shade spatial dependence co-occurrence method* considers the
statistical distribution of pairs of pixels separated by a particular fixed distance. Let the
distance between a pair of pixels I(j,k) and I(m,n) be expressed in polar form, with a
distance r and angle 6 from the horizontal axis, as shown in Figure 12a. (Obviously, the
selection of the spacing (r, ) will be restricted by the discrete nature in which is the
image is stored.) The image (or region of an image) is examined to determine the
number of times that each pair of gray shades occurs at the giveh distance and angle.
This results in a matrix of size G X G (shown in Figure 12a), where G is the number of
gray shades in the image. This matrix (after normalization) represents the observed

statistical distribution of the gray shades in the image at one particular spacing.

* A collection of similar terms exists for the gray shade spatial dependence
co-occurrence method, allowing such variations in:
(1) using “gray shade,” “gray level” or “gray tone”
(2) the placement or omission of “spatial”
(3) the omission of either “dependence™ or “co-occurrence” (but not both)
(4) the inclusion of either “matrix” or “statistics,” to emphasize these aspects of the
technique
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For a given (r,6) : gray shade of I(m, n)
I (mﬁ n) ' r— p—
,
6 gray shade of | number of
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(a) Concept of a Gray Shade Co-occurrence Matrix

I(m,n)
1 00
r=1 1 4 0
2 2 l_J
image region pixel spacing of (1,% co-occurrence matrix

(b) Example of a Gray Shade Co-occurrence Matrix

Figure 12 The Gray Shade Spatial Dependence Co-occurrence Method

Figure 12b offers an example of a 5 X 5 image region which has been quantized into
four gray shades. The matrix at the far right contains the number of occurrences of each
gray shade that is immediately above (i.e., a pixel distance of one at a ninety degree
angle) every other gray shade. Such a matrix must be generated for every spacing (r, 6)
of interest.

Although the contents of the co-occurrence matrix may be u‘sed directly as
textural features [45], typically simple statistical features are computed from the matrix.
These features vary both in form and name; a few of the more common ones [15, 18, 45]
are included in .Figure 13. (Assume that the matrix is G X G, with array indices ranging
fromOto G — 1. Let pyy be the probability of a pixel with gray shade x being located at
a spacing (r, 0) to a pixel of gray shade y, calculated by dividing the matrix element (x,y)

by the sum of the matrix elements.)
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. G-1G—1
Uniformity or Energy Z Z Py
. » x=0 y=0
G-1G-1
Entropy - D Prylog(®sy)
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Maximum probability max(pyx,y)
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x=0y=01 + l-x—}’I
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Inertia* DD =Py
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* Other features may be obtained using a different exponent

Figure 13 Examples of Features Extracted from a Co-occurrence Matrix

Note that these features do not necessarily correspond to any intuitive notions of
textural properties. “Even though these features contain information about the textural
characteristics of the image, it is hard to identify which specific textural characteristic is
represented by each of these feeitures.” [19, p. 144] Fine textures will tend to have a
co-occurrence matrix with fairly equal values, whereas a coarse texture (i.e., \ivith larger
texture elements) is more apt to have a localized distribution, so that most of the
occurrences will occupy one particular porticin of the co-occurrence matrix. The
uniformity feature (see Figure 13) is lowest when the probability is evenly spread; tlie
op;iosite is true for entropy. The maximum probability gives some insight into the
coarseness of the texture. When the larger probabilities are located along the diagonal of
the matrix, _thé local homogeneity will be high, while the inertia will be low.

The gray shade spatial dependence co-occurrence method is a popular choice for
analyzing natural images. Haralick et al. [19] applied the technique to photomicrographs

of sandstone, aerial photographs and multispectral satellite images. Images were
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quantized to either eight or sixteen gray shades, and matrices were generated from either
20 X 50 or 64 X 64 sized regions. They narrowed the- pixel spacings to four, using a
distance of one pixel (r = 1) and four angles (6 = 0°, 90°, 180°, 270°). Fourteen
features were computed for each of these four spacings. Although the same four pixel
spacings were always used, the feature selection was tailored to the category of images.
The mean and variance of four features for the photomicrographs yielded a classification
accuracy of 89% with six classes. The aerial photographs used eleven features, but each
of the four pixel spacings were pooled together to give a non—directional mean, range
and deviation for each of the eleven features. With eight classes, 82% accuracy was
obtained. The mean variance of four features, combined with eight spectral features,
allowed 83% of the multispectral images (with seven classes) to be classified correctly.
Conners et al. [4] introduced two new features, cluster shade and cluster

prominence, to provide a means of separating certain types of visually distinct textures
that other features could not distinguish. These two features were combined with four
others, each of which was extracted initially from 48 spacings (r = 1,2, 4,6, 8, 12, 16, 20
and 6 = 0°,19°,75°,90°,109°, 165°). They carefully determined the region size and
types of training samples to use, oriented toward high resolution aerial images. Using
these features, image regions were identified as uniform, boundary or unspecified. The
latter two region types were successively split to form labeled uniform regions. - Their
procedure achieved classification accuracies between 83% and 90%, identifying nine
classes within the aerial images. Trivedi and Harlow [45] employed the same six
features to locate regions within an aerial image which contain certain small objects of
interest. However, they supplemented these features with the individual elements of the
co-occurrence matrices themselves, making it unclear why the six features need to be
computed.

7 Although the gray shade spatial dependence co-occurrence method has been

applied successfully to aerial imagery, its computational demands must be faced. Each
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pixel spacing determines a co-occurrence matrix, and each matrix yields a set of
descriptive features. Clearly, there are a vast number of potential pixel spacings to
measure within an image region, and even the subset of these spacings which is useful
c'an still remain large. Several features may be extracted from each of the resultant
*co-occurrence matrices. Since it may be difficult to match these features to obvious
visual characteristics, it may be difficult to determine which features are suitable until
they have been implemented and applied to a representative sample of images. Typically,
only a few spacings and features are proposed, and then sample images are analyzed fo

determine a useful subset of these to include in the final model.

2.3.6 Stochastic Methods

The stochastic approach is related to the co-occurrences method, but it is a more
géneral representation. It considers texture to be a sampling from a probability
distribution. More specifically, the gray shades bf the pixels in a rectangular image are
represented by a Ny X N, lattice L of random variables, called a random field:

L={p:1<i< N, 1<j=<N,)
Each pixel (i) in the lattice L is mapped to a gray shade between 0 and G — 1 by a

function X, so that X(i,j) = g for some gray shade g. The neighborhood n; J ofa pixel
(i) is typically a set of pixels which are close to (i,j) (see Figure 14), although proximity

is not a requirement. Precisely, a neighborhood n;j cannot contain the pixel (i), and if

Figure 14 Typical Neighborhoods around a Pixel, of Increasing Size
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one pixel is in the neighborhood of another, then the other pixel must be in the
neighborhood of the first. Finally, a random field is a Markov random field when the
probability of pixel (i/) given all other pixels in the lattice is equal to the probability of
pixel (i,f) given only thoée pixels in the neighborhobd of (i,):
P(X(i, DIX(1, 1), ..., X(i,j — 1), X(, J+ 1,.,X(N,N,)) =
PX(,NIX(k, D for (k1) € n, p for all (i,7) € L, and P(X(i,5)) > 0
Whereas a Markov random field is characterized by conditional probabilities, joint

probability distributions may be used in an equivalent representation, called a Gibbs
random field.

Typically, the goal is to create an effeqtive texture model, and then attempt to fit
actual textures to that model. Pratt et al. [42] represented the gray shade of each pixel by
a Gaussian distribution; Cross and Jain [9] used a binomial distribution. In both studies,
synthetic textures were generated from the Markov random field model. Cross and Jain
provide extensive examples of artificial textures created from their binomial distributed
Markov random field. The binomial parameter 6 (representing the probability of a
success) is formulated in terms of a weighted sum of the gray shades of a pixel’s
neighboring pixels, where each weight corresponds to the pixel’s particular location in
the neighborhood. By adjusting these weights, Cross and Jain were able to c~ontrol
textural characteristics such as directionality, the sizes and types of clustering, and the
sharpness of the gray shade transitions. Tested on twelve Brodatz [3] textures, their
model worked well for representing fine-grained homogeneous textures. However,
larger grained textures, especially those with large areas of equal bﬁghtness, posed
difficulties, as was the case with textures having “strong regularity or cloud-like
inhomogeneities.” [9, p. 36] Also, a large sample is required to obtain reliable estimates
for the model.

In addition to modeling the textures themselves, Derin and Cole [12] also

formulated texture segmentation in terms of a Gibbs random field. In order to become
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computationally tractable, their original maximum a posteriori estimation was simplified
and approximated by a suboptimal version. Their segmentation algorithm was applied to
artificially created images 'consisting of two or three textures, quantized to either two or
four shades of gray. Howevgr, they did not approach the complexities related to the

greater number of textures and wider range of gray shades present in aerial images.

2.3.7 Structural Methods

Whereas the other texture representations discussed so far are suited toward small
to medium sized texels, structural methods are designed to work with large, clearly
identified texture elements. It is usually assumed that the texels are extracted and defined
beforehand. It should be noted that, although this task may often be straightforward,
identifyihg the texels may often be very challenging, as was mentioned with the coins
texture in Figure 4.

Furthermore, structural methods depend upon the texels forming a repeating
pattern (i.e., a regular structure), which can be described by a set of rules. The rules are
often included within a formal grammar, similar to the way that a compiler describes a
computer language by specifying a set of symbols and the rules by which these symbols
may be combined. For a computer language, the symbols consist of characters such as
letters, numbers and operators. For a texture, the symbols will be the texels. The rules
 are specified such that the left hand symbol may be replaced by the symbol(s) on the
right hand side, where the left aﬁd right sides are separated by an arrow. - These rules may
be applied as many times as needed. For example, a simple brick pattern could be
described by the two rules in Figure 15a. The top rule creates a single row of bricks; the
‘bottom rule specifies how additional rows may be added. Another brick pattern is given
in Figure 15b, along with a corresponding set of rules. (Note that, for either texture,
alternate rule specifications are possible.) A texture may be recognized by applying the

rules backwards until the initial symbol is obtained.
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Figure 15 Example of a Shape Grammar

Probabilities may be assigned to the rules, to form a stochastic grammar. For
example, consider a brick pattern with rows of large bricks and rows of small bricks.
Suppose that there are no restrictions about how many rows of large bricks there must be
between rows of small bricks, or vice versus (as opposed to the strict alternatidn in
Figure 15b). However, let there be twice as many rows of large bricks overall as row"s of
small bricks. Then this property could be reflected by giving a higher probability to the
formation of a new row of large bricks and a small probability to the rule which
generates a new row of small bricks. The reptile skin texture (Figure 4b) may be
generated using a stochastic grammar {1]. The underlying tessellation of this texture is
extracted, and the dual graph of the tesséllation pattern is used to form the symbols of the
grammar.

| Ballard and BrO\;vn [1] identify three types of grammars, each of which may

presumably be made stochastic: shape, tree and array. The symbols used by a shape
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grammar correspond to the texels. 'fhe grammars described previously (i.e., for the
bricks and reptile skin textures) are all shape grammars. For a tree grammar, a tree
structuré is embedded within the image array. This structure defines the top level
arrangement of the texels. After applying the top level of rules, a lower level of rules
may be used to describe the pattern of pixels which define each texel. An array grammar
is sirhilar to a tree grammar. However, it uses the implicit structure of the image array
rather than embedding a tree. As with the tree grammar, rules may be arranged in
hierarchical levels corresponding to the different levels of resolution within the texture.
Formal grammars may be developed for textures exhibiting a high degree of
regulan'ty,. such as a brick wall, wire fence or herringbone pattern. Imperfections or
variations in the structural arrangement may be accommodated by making the grammar
stochastic, as was done for the reptile skin texture. Although such regularity can occur in
certain types of aerial imagery (suc;h as an urban or suburban scene), oftenva definitive
placement of texels is absent. Also, the texels in aerial imagery may be too small or too
difficult to extract to be used with a formal grammar. Thus, structural methods are

seldom applied to aerial photographs.

2.3.8 Fractal Methods
2.3.8.1 Fractional Brownian Motion

First popularized by Mandelbrot in [31], fractals méy occur in several forms, with
applications ranging from data compression to fluid mechanics to particle aggregation
and erosion. In the analysis of natural visual textures, the model most often used is
fractional Brownian motion, introduced by Mandelbrot and Van Ness [34]. Fractional
Brownian motion (abbreviated fBm) is an extension of ordinary Brownian motion, which
refers to the erratic motion of small suspended particles, resulting from random collisions

with other particles.
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Early research synthesized natural terrain surfaces using wire~mesh terrain maps
of two—dimensional fractional Brownian motion. Pentland [39] extended fBm to image
texturés in general. By mapping the height of a two—dimensional fBm signal to a gray
shade (dark is low and light is high), natural cloud-like image textures may be produced.
The fractal dimension of the signal corresponds closely to the perceived roughness of the
visual texture. For example, Figure 16 shows a series of two~dimensional fBm images
with increasing dimension and roughness. Texture representation isb only one relatively
minor aspect of the burgeoning field of fractal geometry. The following chapter provides
the background needed to understand how'fractals may be used to represent visual

texture.

(a) Dimension 2.3 (b) Dimension 2.5 (c) Dimension 2.7

Figure 16 Examples of Two-Dimensional Fractional Brownian Motion




CHAPTER III

A BACKGROUND ON FRACTALS

11In ion

Traditionally, gedmetrical descriptions have been based upon Euclidean geometry
and Plato’s Ideal Forms. While these concepts have been useful for describing many
natural phenomena (such as the elliptical model of planetary orbits), objects such as lines,
planes, cubes and spheres are'usually found in artificial, not natural, environments. The
“ideal” shapes fail to describe a wide spectrum of natural processes, ranging from the
microstructure of fractured materials to the formation of galactic clusters. However,
fractal geometry readily accommodates the complexity and infinite detail present in
nature, such as the crumpled surface of mountainous terrain or the flow patterns in
turbulent fluids. “Physical processes that modify shape through local action... will, after
innumerable repetitions, typically produce a fractal surface shape.” [39, p. 662] As

observed by Mandelbrot [33], fractals appear to be the “Geometry of Nature.”

3.2 Definition

While.recognizing fractals in the natural world is fairly simple, developing a
definition of a fractal is much more difficult. The term fractal was first used by
Mandelbrot [31], derived from the Latin fractus, meaning “fragmented” or “irregular.”
Attempting to provide more precision, he offers a tentati\}e definition [33] which
considers a fractal to be a set whose Hausdorff-Besicovitch dimension is strictly greater
than its topological dimension, that is, “a set for which the only consistént description of
its metric properties requires a ‘dimension’ value larger than our standard, intuitive

definition of a set’s ‘dimension.” " [39, p. 662] This definition, although very specific, is
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overly restrictive. Recognizing that fractals may occur in many forms, La Brecque gives
é less technical description, that a fractal “has a rough shape to one degree or another
made of parts which, when magnified, resemble the whole.” [27, p. 34] The reader of
fractal literature frequently senses a reluctance to confront the elusive task of developing
a precise (and often inadequate) definition. For example, Barnsley [2] prefers instead to
guide the reader to an intuitive understanding of fractals through examples, descriptions
and usage. However, Falconer [13] faces the challenge directly, opting to describe the
properties of a fractal, rather tﬂan use a definition, so as not to be too exclusive.
(Falconer makes the analogy between defining a fractal and defining life: both are better
described by their characteristics. It seéms an appropriate'analogy for a concept that
correéponds so well to natural processes.) He refers to the set F as a fractal if it has
properties such as those listed bélow (see [13], pp. xx—xxi):

1. F has a fine structure, i.e., detail on arbitrarily small scales.

2. Fis too irregular to be described in traditional geometrical language,
both locally and globally.

3. Often F has some form of self-similarity, perhaps approximate or
statistical.

4. Usually, the *fractal dimension® of F (defined in some way) is greater
than its topological dimension.

5. Inmost cases of interest F is defined in a very simple way, perhaps
recursively.

Clearly, this description incorporates the other definitions. The second property
includes Mandelbrot’s origin of the term fractal; the fourth repeats his original definition.
La Brecque identifies characteristics related to the first and third properties. Rather than
explaining the aspects of Falconer’s description (such as “self-similarity” and “fractal
dimension™) in this section, these terms are better understood in the context of examples,

as illustrated in the following sections.
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1f-Similarity an H—Affini
3.3.1 Discussion

Falconer’s third property of fractals mentions “some form of sélf-similarity.” _
Note that in older publications, “self-similarity” sometimes refers collectively to both
self-similarity and self-affinity. However, these terms have distinct meanings. Strict
self-similarity requires that an object consist of smaller but otherwise exact copies of
itself. Such fractals will have the identical appearance under any magnification. The
self-similarity may be exact or statistical, in which the pattern of the fractal is repeated in
an exact fashion (exact self-similarity) as opposed to using a random element to position
or modify the repeated pattern (statistical self-similarity). Other fractals scale the pattern
according to the magnification level, called self-affine fractals. Due to this scaling,
self-affine fractals will reveal differences under various magnification levels. Like
self-similar fractals, self-affine fractals may be either exact or statistical in form.

Although self-similarity may occasionally be used generically for either
self-similarity or self-affinity, self-similarity is actually a special instance of
self-affinity. For a self-similar fractal with E coordinates, a uniform scaling constant r
may be applied:* |

X = (X5 00y Xjy ooy Xg)

Rg(x) = (rxq, ..., rx;, wTXg)

However, self-affinity allows each element to have a unique scaling constant:
X = (Xpy ey Xjy eery X)

RA(X) = (rlxl, ey TiXiy ...rExE)
Thus, self-similarity results from self-affinity when the scaling parameter is the same for

all coordinates. Note that these definitions may be applied to the graphs of functions of

an independent variable ¢. For example, consider a function ¥(®. Two coordinates

* Note that rotation, reflection and translation are permitted for both self-similarity and
self-affinity. However, these properties are ignored in this discussion, to focus on the
scaling differences.
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(E = 2) are present, expressed as (t,y) using the above notation. With self-similarity, a
scaling of r along the ¢ axis produces the same scaling along the y axis:

Rg(t, y) = (rt,ry). However, with self-affinity, the scaling may be different:

R (t,y) = (rqt, ryy).

Of particular interest is a special case of self-affinity in which the scaling factors
of the independent variables are all equal to one another (call this value 7), and the
scaling factors of the dependent variables are all equal to one another (call this value ry).
Furthermore, the relationship between the two constants is given by the equation
ry = r?. Using the same two~variable example, this particular self-affinity produces the
pair (rt,r%). This type of self-affinity leads to the development of fractional Brownian
motion, a generalization of Brownian motion, which describes the random movement of
a particle subject to collisions and other forces. Fractional Brownian motion will be

examined further in section 3.3.4.

3.3.2 Examples of Self-Similar Fractals
Perhaps the earliest known fractal is the Cantor set, developed by Georg Cantor in
1883 while he was investigating the properties of continuous sets [10]. The most
familiar of the Cantor sets is thg middle third Cantor set, otherwise known as the triadic

Cantor set or ternary Cantor set (see Figure 17), which is an exactly self-similar fractal.
12

The process begins with the closed line interval [0,1]. The central third (3,%) of this

interval is removed, leaving the two intervals [0, %—] and [%, 1], shown as the first iteration
in Figure 17. The central third of each of these intervals is similarly removed, leaving
the intervals [0, %], [-g-,:.l,;], [%,%], [g, 1]. The Cantor set is the result of an infinite number

of these deletions. Although it may seem that nothing remains, the Cantor set in fact

contains an uncountably infinite number of points, in spite of the fact that it has zero
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Begin with a line segment and
successively remove the middle third from each segment.

0 1/3 2/3 1
e | 1 : !
" |8 ] g
*n=1
n=2e
— — — —_— - = 3 —— —_— — —_—
- - - - P— n=4e—— - - -_—— -
e eeen o e ap=5 . e e
- e e oaa . e aa n=06% - .. ——ee ae e
- - - - - - - - - n= 7 = - == - = - o= -
.. == .- .- .- - - .- n=g8®» - - - .- - - = .-

Continue until n reaches infinity.

Figure 17 Construction of the Ternary Cantor Set

length [10]. (The length of the set of intervals at the n'h step of the ternary Cantor set is
(2/3)", whose limit approaches zero as n approaches infinity.)

Originated by von Koch in 1904, the Koch curve is another pathological structure
which challenged classical mathematics [31]. Although it is continuous, it has no
tangents anywhere and thus is not differentiable. Its construction begins with a shape
such as the one shown in Figure 18a.* Next, each of the four line segments in this shape
is replaced by a one—third scaled version of this same shape, as shown in Figure 18b.
This recursive process is repeated infinitely to yield a Koch curve. The composition of
three of these Koch curves creates a closed figure, often called a Koch snowflake
(Figure 19). Because the Koch curve is exactly self-similar, a magnified view of any
section of it will look the same as the original shape (although translation and rotation are
allowed). This effect is illustrated in Figure 19.

Instead of replacing each line segment of the shape in Figure 18a with a scaled
version of the same shape, suppose that different shapes may be used. As a simple

example, suppose there are two shapes: the “normal” shape used in Figixre 18a and an

* The Koch curves and Koch snowflakes illustrated here were created from an
algorithm based upon a formal grammar model developed by Dietmar Saupe [38,
Appendix C]. Each iteration applies a set of production rules to generate a character -
string which represents the curve at a given resolution. This string is then translated
into a graphical portrait.
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(a) First iteration

(b) Second iteration

(c) Third iteration

(d) After six iterations, no further detail can be discerned at this resolution

Figure 18 Construction of a Koch Curve

Figure 19 Successive Magnification of a Koch Snowflake

upside—down or inverted version of that same shape. The selection of which shape to use

may be determined randomly. Two such random fractals are shown in Figure 20.

Figure 20a shows the two shapes, normal and inverted. The fractal in Figure 20b

contains mostly normal shapes (75%), and the fractal in Figure{20c contains an equal

amount of normal and inverted shapes. (Note that the generation of these two fractals

began with the same random seed value.) These two fractals are statistically self-similar,
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VAN

Normal

N/ | (b) 75% Normal Shapes, 25% Inverted Shapes

Inverted

(a) Two Shapes Used
to Generate the
Random Fractals

(c) 50% Normal Shapes, 50% Inverted Shapes

Figure 20 Statistically Self~Similar Koch Curves

since their self-similarity possesses randomness. One cannot determine exactly what
shape should appear, but the overall process can be expected to follow certain statistical
properties. Note that these stétistically self-similar fractals contain an infinitely fine
structure, just like their exactly self-similar counterpart in Figure 18d. Also, as will be

demonstrated in section 3.4.2, the fractal dimensions of Figures 18d, 20b and 20c are all

equal.

3.3.3 Examples of Self~Affine Fractals

In addition to rotation, reflection and translation, self-affinity allows each
coordinate to be séaled by a different ratio. A matrix form is convenient for this
representation, where' w(X) describes a geometric feedback equation often called an
affine transformation.

!

=w(x) = Ax + b

Most applications involve two dimensions, with the customary notation shown below.

- +(B1) - =205+ 7
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A finite set of contractive affine transformations, called a Hutchinson operator
[37], may be used to describe a.particular self-similar or self-affine fractal. An iterated
function system (IFS) [2] is the repeated feedback or iteration of a Hutchinson operator,
which converges to a particular shape that defines the fractal. For example, the Koch
curve may be expressed with four transformations, shown in tabular form in Figure 21.
Let S be the set of points from (0,0) to (0, 1), and let S; be the set of points transformed
by w; thatis, S; = {wg(x) | x € S}. The geometric interprefations of the first and
second iterations of the Koch curve IFS are shown in Figufes 22a and 22b, where S;S;
indicates the set {wi(w{x)) | x € S}. (Some of the labels have been omitted in Figure
22b to reduce clutter.)

Barnsley’s popular fern image [2] consists of the recursive composition of the

four affine transformations shown in Figure 23. Starting with a unit square (i.e., with

_a b c d e f
wi 0.3333 0.0000 0.0000 0.3333 0.0000 0.0000

w2 0.1667 -0.2887 0.2887 0.1667 0.3333 0.0000
w3 0.1667 0.2887 -0.2887 0.1667 .0.5000 0.2887

w4 0.3333 0.0000 0.0000 0.3333 06667 0.0000

Figure 21 IFS Code for Koch Curve

_ S8, S5,
(a) First Iteration (b) Second Iteration

Figure 22 Construction of a Koch Curve Using an IFS

a b c d e f

wl 0.849 0.037 -0.037 0.849 0.075 0.183
w2 0.197 -0.226 0.226 0.197 0.400 0.049
w3 -0.150 0.283 0.260 0.237 0576 -0.084
w4 0.000 0.000 0.000 0.160 0.500 0.000

Figure 23 IFS Code for Barnsley’s Fern
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coordinates (0, 0), (0, 1), (1,0) and (1, 1)), the first iteration is shown in Figure 24a.
Eventually, successive iterations will surpass the displayed resolution, although the true
fractal requires an infinite number of iterations. Note that the initial shape of the unit
square is no longer apparent in the final image (Figure 24¢). In fact, the same final result
will be obtained with any initial shape, including even a single point.

Just as self-similarity may be exact or statistical, so can self-affinity. A random
component in the selection of transformations is one way to obtain statistical
self-affinity. Another type of statistical self-affinity is fractional Brownian motion,

which will be described in the following section.

<

(a) One iteration (b) Two iterations

(c) Five iterations (d) Ten iterations (e) Enough iterations to exceed

the resolution of the display

Figure 24 Construction of Barnsley’s Fern Using an IFS




3.3.4 Fractional Brownian Motion

Introduced by Mandelbrot and Van Ness [34], fractional Brownian motion
(abbreviated fBm) is a generalization of Brownian motion, which describes the complex,
erratic movement of a particle, subjected to the collisions of the other particles in its
surrounding medium [36]. The function of fBm is characterized by the properties of its
increments, that is, the differences between successive samples. Let Bg(t) represent a
fﬁm signal, where t is a vector containing E independent variables.* Then
ABy = Bpy(t;) — By(ty) specifies an increment of a fBm signal. The increments ABy
are normally distributed with a mean of zero and a variance proportional to the 2H power

of the Euclidean distance between the two measurements t; and t,. The mean and

variance are expressed below, with o2 representing the proportionality constant of the
variance. The Hurst parameter H must be betwéen O and 1, exclusively (0 < H < 1).
E[ By(ty) — Bg(t)) ] = 0
var[ By(ty) —Bytp] = oj t, -, 1%, O0<H<]1
(Informally, extensions beyond the range 0 < H < 1 may be considered as “derivatives”

and “integrals™ of fBm [48].) Fractional_Brownian motion becomes ordinary Brownian
motion when H = 1/2. The value of H is related to the fractal dimension D by the
formula D = E + 1 — H (see section 3.4.5), where E is the Euclidean dimension
(equivalently, the number of in&ependent variables of the signal). Thus, small values of

H yield a high fractal dimension, and large values of H produce a low fractal dimension.

Since var[Y] = E[Y?] - E[Y]?, the mean and variance equations above may be

. combined to give the expression

E[ (By(ty) — By(t)? ] = o2jt, — t,|2H

* The notation used with fBm can vary considerably. When referring to a signal which
is fBm by definition, the most common forms are By (t) [31, 33], By (1) [14] or V(1)
[47, 38]. However, frequently authors describe a signal which could be modeled or
approximated by fBm, in which case there is no accepted format.
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However, the more common form is below, which may be derived through a
transformation of random variables. (The constant k is proportional to the standard
deviation o, as shown in the appendix.) From this equation

E[ IBy(ty) — By(t)) 1 = k It; — ty|¥
it is clear that scaling the input t by a constant r will result in the output being scaled by

. This nonuniform scaling across all increment sizes makes fBm a particular instance
of a self—affine fractal.

Some examples of one~dimensional fBm are shown in Figure 25, with
dimensions D=1.3 (H=0.7), D=1.5 (H=0.5, which gives standard Brownian motion) and
D=1.7 (H=0.3). The time or t axis extends horizontally, with the function values B 5®
along the vertical axis. Note that the graphs have the same vertical range, as is indicated
by the thin horizontal lines across them.

As stipulated by the self-affine relationship, scaling the independent or t axis by a

constant r entails scaling the dependent or B u(t) axis by 2. For example, a signal with

W (a) Dimension 1.3
(H=0.7)

W‘W (b) Dimension 1.5
(H=0.5)

WV,

1
J‘%WAWWW\ (c) Dimension 1.7
W (H=0.3)

Figure 25 Examples of One-Dimensional Fractional Brownian Motion
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dimension 1.7 is shown in Figure 26a. Figure 26b shows the first quarter of this signal,
scaled improperly by the same factor of four along both axes. If the independent axis is
scaled by four, then the dependent axis must be scaled by 4217 = 493 =~ 1.5157 for
the signals to maintain identical statistical properties. The first quarter of the signal in
Figure 26a is scaled properly in Figu;e 26c. Whereas the coﬁectly scaled signal looks
(and is) statistically identical to the originél signal, the incorrectly scaled signal is clearly
distinct. Note, however, that scaling the dependent axis alone will have a different effect.
While the visual appearance will certainly differ, the fractal dimension will not be
affected. A linear scaling of the dependent axis will change the proportionality constant,
but not the H parameter, and therefore not the fractal dimension. Assumed-or ignored in
the literature, this fact allows the function values of the fBm signal to be normalized
without altering the fractal dimension. |

For a two—dimensional fBm signal, there are various ways to display the surface.
One approach is to map each value to a certain color. For example, high values may
appear light and low values may appear dark. This scheme is used in Figure 27, which
shows three two—dimensional fBm surfaces, with fractal dimensions 2.3, 2.5 and 2.7. In
contrast to the examples of one—dimensional fBm, the two—dimensional examples are

scaled individually so that each signal extends from a minimum of 0 (black) to a

M (a) Original
Signal

NV B
enlarged portion

(c) Properly
Ww\“’\w gf’;,ﬁ? (b) Improperly Scaled Signal

Figure 26 Scaling a Fractional Brownian Motion Signal
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(a) Dimension 2.3 (b) Dimension 2.5 (¢c) Dimension 2.7

Figure 27 Examples of Two-Dimensional Fractional Brownian Motion

maximum of 255 (white). Likewisé, fBm may be extended to higher dimensions,

although it becomes more challenging to display the results.

3.4 Fractal Dimension

3.4.1 Introduction

Perhaps even more difﬁcﬁlt than defining a fractal is defining the fractal
dimension. In general, the fractal dimension attempts to quantify a subjective feeling
about the degree to which a shape fills the Euclidean space in which it is embedded. As
such, a fractional value is associated with the fractal dimeﬁsion, rather than an integer.
The fractal dimension provides a meaningful measure of fractal objects, both artificial
and natural. For example, Mandelbrot [33] found that natural coastlines and terrain
surfaces typically have fractal dimensions within the ranges 1.1~1.4 and 2. 1-24,
respectively.

Although intuitive motivation for fractal dimension is essentiél, formal support is
also necessary. A plethora of formal definitions exist, many of which are very similar to
one another, while others differ in significant ways. Mandelbrot [33], Falconer [13] and
Peitgen et al. [37] provide excellent discussions of several different fractal dimension
definitions, each reference with a disﬁncf style and each including definitions that the

others exclude. Falconer also outlines a typical set of desirable properties for a
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dimension definition. Incidentally, he recognized the variety of existing dimension
definitions in his fourth property describing a fractal (see section 3.2).

Although the definitions are all related, “some of them, hbwever, make sense in
certain situations,'but not at all in others.... Sometimes they all make sense and are all
the same. Someﬁmes several make sense but do not agree. The details can be confusing
even for a research mathematician.” [37, p.202] Experience and intuition guide the
selection of an appropriate definition. Three of the most prominent definitions will be
discussed here: the similarity dimension, the Hausdorff dimensibn and the box—counting

dimension.

3.4.2 Similarity Dimensic;n

One of the simplest definitions is the similarity dimension, although it applies
only to fractals which are strictly self-similar. Nevertheless, it provides a clear intnitive
link from Euclidean to fractal dimension. Initially, consider only Euclidean objects, such
as a line, square or cube. Each of these shapes may be considered to consist of smaller
copies of itself. For example, if a line is scaled by one third, then three such copies will
produce the original line. Likewise, each of the three subsections may be similaﬂy
decomposed recursively into infinitely smaller, scaled line segments.

Clearly, scaling a line segment by 1/r will require  such copies to cover the

“original line. When a square is scaled by 1/r, howevér, 72 copies are needed to cover the
original square. A cubé requires > copies of itself, each scaled by 1/r. This effect is
illustrated in Figure 28a for r = 3. The relationship between the scaling factor 1/r and
the number of scaled copies N may be generalized to the expression N(1/r)Ps = 1 or
N = rPs, where D s is the object’s dimension. Alternately, if the dimension is unknown,

it may be computed from the number of copies and scaling ratio:

Ds = log(N)/ log(r)
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Similar analysis may be conducted on self—similar fractals, such as the Cantor set
(Figure 17) or Koch curve (Figure 18). However, whereas any scaling ratio was equally
satisfactory in the previous example, the choice is restricted for_ most self-similar
fractals. As outlined in its recursive construction in section 3.3.2, the ternary Cantor set
consists of two copies of itself, each scaled by one third. (In general, there will be 2"
copies scaled by 1/3".) Accordingly, its similarity dimension is
log(2)/log(3) = 0.6309. The Koch curve contains four subcopies, each scaled by one
third, yielding a similarity dimension of log(4)/ log(3) = 1.2619. The geometric scaling
relationships of the Cantor set and Koch curve are shown in Figure 28a. In Figure 28b
the computation of the similarity dimension is shown for a few particular resolutions of a
line, square, cube, Cantor set and Koch curve. Note that the similarity dimension is the

same as the Euclidean dimension for the standard Euclidean objects.

Whole Part

rparts, each
reduced by 1/r | N Number of parts or subcopies

1/r Reduction factor for each subcopy
r2 parts, each Ds Similarity dimension

-

reduced by 1/r
YU shape N r Dg=log(M /log()
line 3 3 1
10 10 1
’ square 9 3 2
@ r3parts, each pors 122 12 g
reduced by 1/r 1000 10 3
Cantorset 2 3 0.6309
4 9 0.6309
e ee ee e . __ 2parts,each Kochcurve 4 3 1.2619
reduced by 1/3 16 9 1.2619

4 parts, each
..n..s a.m ~f.  reduced by 1/3
(a) Representing a Shape as a Collection | (b) Computation of Similarity Dimension
of Subcopies of Reduced Size

Figure 28 Illustration of the Similarity Dimension




3.4.3 Hausdorff Dimension

Although the simplicity of the similaﬁty dimension is appealing, it is limited to
only self-similar fractalé. In contrast, the Hausdorff dimension (sometimes called the
Hausdorff-Besicovitch dimension) is defined for any set. It is also the oldest definition,
formulated by Felix Hausdorff in 1919 and is probably the most thoroughly studied.
Thus, the Hausdorff dimension is often considered as the “default” fractal dimension, at
least among mathematically oriented definitions.

Before encounterihg the mathematical theory, a pair of illustrative examples will
be helpful for understanding the motivation behind the Hausdorff dimension. Length,
area and volume are one, two and three dimensional measures, respectively. A square
has infinite length, zero volume, but finite area, which corresponds to the fact thata
square is a two—dimensional object. Consider the Koch curve (Figure 18), with a
similarity dimension of ﬁpproximately 1.2619. Its length, a one—dimensional measure, is
inﬁnite.' (The length of the n* stage in the construction of the Koch curve is 4/3)",
which becomes infinite as n approaches infinity.) Its area, a two-dimensional measure, is
zero. As the following explanation will indicate, only at the fractional value
log(4)/log(3) will the Koch curve produce a finite measure.

Using the standard Euclidean distance |x — y| between a pair of points x and y in
n—dimensional Euclidean space, the diameter of a set U is defined as

diam(U) = sup{ Ix =l : x,y € U}
which is the greatest distance between any pair of points in U. The countable family of

o
open sets {Uy, Uy, Uy, ...} forms an open cover of set Aif A € |_J U;. An e—cover of

i=1

set A results when the sets U; are all less than ¢ in diameter, for some € > 0. For s > 0,

hi4) = inf{ > diam(Up° : {U;} is a e-cover of 4 }

i=1
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The above equation takes the infimum across-all open e-covers of A. For each U;in the
cover, its diameter is raised to the s*h power and summed together. The infimum of these
summations may or may not be finite. The number of e—covers decreases as &
approaches zero, leading to the s—dimensional Hausdorff measure of A:

h(4) = P—I-no he(A4)
This limit exists for any set A in Euclidean space, although it is usually either zero or

infinity. In fact, there is a critical value Dg(A) such that

] © if 5§ < Dy(4)
k(4) = {o ifs>D§A)

This value is defined as the Hausdorff or Hausdorff-Besicovitch dimension of set A.
Dy(A) = inf{s : h*(4) = 0} = sup{s: h’4) = }
A variety of fundamental properties of the Hausdorff dimension are discussed thoroughly

in the second chapter of Falconer [13].

3.4.4 Box-Counting Dimension

In spite of the advantages of the Hausdorff dimension, it is usually difficult to
calculate or estimate computationally. In practice, the box—counting dimension or a
related variant serves as a useful alternative. Lending itself to straightforward empirical
estimation, the box—counting dimension “is the one most used in measurements in all the
sciences.” [37, p.214] To some degree, the box~counting dimension also provides a link
between the Hausdorff and similarity dimensions.

The difficulty of measuring the Hausdorff dimension lies in the evaluation of the
summation of the diam(U;)* terms (see section 3.4.3), since all diam(U;) < £ must be
considered. The formula may be simplified by covering the fractal object with

n—dimensional spheres or “balls” of fixed diameter ¢. Or, one could use n-dimensional

cubes or “boxes” of fixed length , which have a diameter ¢ = § /. In this case, the




s—dimensional Hausdorff measure h°(4) is replaced by N3(4)0° where Nj(4) is the

number of boxes of size ¢ covering the set A:

s — i Js S\ (1115
Ny(A)o | é&){mf{;d : {Uj} is a —cover of A}}

The value s for which Nj3(A)o%is non-zero and finite becomes the box-counting
dimension Dp. Roughly speaking, Ns(4) a 6 ~Ds for small s. (The proportionality may
be replaced by an equality if  specifies an absolute size instead of a relative size ratio.) |
The procedure may be simplified further by restricting the boxes to a mesh, eliminating
the complication of overlapping and rotated boxes. Such a configuration may be
implemented effectively on a computer. |

The box—counting dimension may also be considered as a generalization of the
similarity dimension (see section 3.4.2). The similarity dimension is
Dg = log(N,)/ log(r), but it applies only to self-similar fractals and usually requires a-
particular selection of r values. Let the box size d = 1/r. Then the box—counting
dimension may be defined as

Dy = éi_leo{log(Né)/log(l/é)]

which may be applied to any fractal. Typically, an algorithm will estimate Dp across a
range of box sizes for better results. To compensate for using a fixed mesh of boxes, Ny

may be averaged across multiple meshes of size 4 which are successively shifted.

3.4.5 The Dimension of Fractional Brownian Motion
The fractal dimension of fractional Brownian motion (fBm) may be estimated
using the box—counting dimension described in the previous section. However, the
relationship between the fractal dimension and the H parameter of fBm requires a
distinction between two particular representations of fBm. Fractional Brownian motion

can be graphed as either a rail or a trace. For example, Figure 29a shows a trace of
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1
B(t) By (t1,1p) axis
projected
outward,
perpendicular
to the page
- {

— {
(a) One-dimensional trace of fBm (b) Two—dimensional trace of fBm

Figure 29 Traces of Fractional Brownian Motion

one—dimensional fBm. bNote that the independent variable ¢ follows one axis, and the
function By(#) follows the other axis. An overhead view of a trace of two~dimensional
fBm is shown in Figure 29b, with the independent axes labeled t; and ?, and the
dependent axis By(t,, #,) projected upward from the page. (The signal’s height is
indicated by the brightness.) In contrast, a trail of fBm removes the indepepdent variable
from the graph. Here, the path of the given particle is recorded by marking its position
over time. The graph will contain a twisted line which meanders about, crossing over
itself occasionally. The independent variable (time) is represented only implicitly.
Finding the position of the particle at a particular time wouxld require following along the
trail a certain number of points. For a trace of fBm, however, the particle’s position at a
given time is readily apparent. Note that fBm trails will not be needed here; only fBm
traces will be used.

The relationship between the fractal dimension D and the Hurst parameter H
differs for fBm trails and traces.* Voss [48] determined that D = 1 /H for fBm trails, up
to the dimension of the Euclidean spacé in which the signal is embedded. Thus, ordinary

one-dimensional Brownian motion which fills the plane has H = 1 /2and D = 2. If

* Mandelbrot mentions the relationship between the Hurst parameter and fractal
dimension as early as [30], but does not elaborate upon it. A decade later, Voss [48]
provides a lucid explanation.
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1/H exceeds two, the trail overlaps itself more densely, but its dimension remains at two.
The fractal dimension D of a fBm traceis D = E + 1 — H, provided that the function is
considered over a sufficiently small scale of the independent variable. Note that, by
convention, E refers to the Euclidean dimension of the signal, not the space in which the
signal is embedded. More precisely, E is the number of independent variables of the
signal. The following derivation, condensed from Voss [48], is included below, since this
model is highly relevant to the fBm representation of image texture.

Recall from section 3.3.4 that the increments of fBm AB g = By(ty) — By(t))
are, on average, proportional to the H power of the distance between the two
measurements At = t, — t,. Thus, on average, ABy = k AtH. A trace of a
one-dimensional fBm signal is shown in Figure 30, sampled at intervals of 8. A square
mesh with boxes of size 6 has been laid atop this signal. Because the interval At equals
the box size 8, ABy = 6. (Note that the proportionality constant k has been dropped,
for simplicity. The proportionality will not affect the derivation and will be |
re~introduced later.) The number of boxes needed to cover one time instance of this
signal is the average height of the signal within the interval, divided by the box size.
Thus, the number of boxes of size J needed to cover a single vertical section of the signai
iS Nyerricaf®) = ABy/6 = 8#/6 = 65~ 1. The number of boxes horizontally is

Nporizontal0) = Omax/0, Where O g, is the smallest box size which covers the entire

146)

- ¢

Figure 30 Box Counting Applied to Fractional Brownian Motion
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function. The total number of boxes N(J) needed to cover the entire signal is the product

of the number of boxes horizontally times the number of boxes vertically:

0 - -
NO) = Niorizonial®) Nyerical @) = 5= 6571 = §,,5, 652
These boxes are shaded in Figure 30. Combining 6, and the earlier constant k,

N(©) a 6H-2
Recall from section 3.3.4 that

N©®) a 62
Thus, =D = H — 2or D = 2 — H. Voss [48] generalizes this relationship to higher
dimensions, demonstrating that the fractal dimension of a fBm trace is D = E+1-H,
where H is the Hurst parameter and E is the number of independent variables of the
signal.
The spectral density S(f) of a fBm function B(t) also has special properties. In
particular, the frequency distribution of fBm decreases exponentially as the frequency

increases. Specifically, the spectral density is inversely proportional to the 8 + E — 1

E
z(f,-)z, where f is a vector of size E and k

i=] .

power of the frequency magnitude |f| =

1S a constant;

_ k
S = Ifif+E-1
The parameter B is related to H as shown below:
B=2H+1  H=@-1)2

The derivation is excluded here; Peitgen and Saupe [38] provide further detail. From the

above equation, the fractal dimension may be expressed in terms of B
D=E+1—-H=E+@3B-p)/2

Both the spatial and spectral forms of fBm will be used later in the analysis of image

texture.




CHAPTER IV

FRACTALS AND TEXTURE

4.1 Modeling Natural Terrains and Textures with Fractal

Mandelbrot [30] noticed that natural terrain surfaces may be modeled by
two—dimensional fractional Brownian motion with startling effectiveness. Intrbduced by
Mandelbrot and Van Ness [3_4],'fractional Brownian motion (often abbreviated fBm) is a
generalization of Brownian motion, which describes the irregular path of a particle in a
fluid, caused by the random molecular impacts of the surrounding particles. Voss [47]
established a link between the spectral distribution of fBm and the fractal dimension.
Based on this, he used Fourier synthesis to generate natural terrains and even complete
landscapes. Upon closer examination, however, a siniple fBm surface cannot
.a@modate the full diversity of detail present in an actual landscape. For example,
fBm does not ak:curately portray lake bottoms [33] (which are submerged and thus
invisible in the artificial landscapes), and river networks are generally absent in typical
ﬁactal renderings. However, this does not invalidate the suitability of fractals for
modeling natural terrain. It merely indicates that there may be a combination of fractal
phenomena involved. For example, a fractal approach was used in [38] to include river
networks within a fBm landscape. Pentland [39] supports such a view, arguing that
natural terrain should follow a fractal model, since it is formed by fractal processes such
as aggregation and erosion. quthermore, he asserted that an image intensity surface of a
fBm surface will also produce fBm, under normal lighting conditions. In other words,
not only may terrain be modeled by fBm, but images of such terrain also.

Recognizing that fBm may be used to study images of natural terrain, Pentland |

[39] extended fBm to image textures in general. He found that fBm relief maps of
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varying fractal dimension correlated very closely with the human perceptual notion of
roughness, a fundamental characteristic of texture. Estimating the fractal dimension
from the Fourier transforms of local ﬁeighborhoods, Pentland distinguished the textures
within a sampling of Brodatz textures and textures from natural scenes. The estimated
fractal dimension was also used to segment the regions within images of a desert, San
Francisco Bay and Mount Dawn. Keller et al. [24] developed a one—dimensional fBm
médel to distinguish between silhouettes of trees and mountains.

N atural image texture models are not restricted to using only the fractal
dimension. In later work, Keller et al. {25] supplemented the fractal dimension with a
lacunarity estimate to segment a set of Brodatz textures and a scene of trees. Likewise,
Vehel [46] implemented an alternate form of each lacunarity and the fractal dimension to
classify images of human lungs. Generalizing the normally scalar fractal dimension,
Kaneko [23] used a 2 X 2 fractal dimension matrix to capture directional dependencies.
The eigenvalue of this matrix was used to characterize Brodatz textures. Dennis and
Dessipris [11] studied the derivative (rate of change) of the fractal dimension as a texture
signature across a range of pixel distances. Wanting to distinguish between natural and
cultural (man-made) objects in aerial images, Cooper and Chenoweth [7] investigated
“fractalness,” or the degree to which an image region fits the fractal model.

Here, two primary fractal characteristics will be explored: fractal dimension and
“fractalness.” This work is oriented toward the representation of natural textures in aerial
imagery, although Brodatz textures and artificial fractal textures are also included. The
development of a fractal model for visual texture representation is divided into two parts:
the synthesis of fractal images and the estimation of the fractal properties of images. The
remainder of this chapter focuses on the generation of artificial images to be used for
testing. The next chapter describes various approaches to extracting fractal

characteristics of both artificial and actual images.
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4.2 Synthesizing Artificial Fractal Images

Before developing a method for estimating the fractal dimension of an actual
image or of subregions of an actual image, a test standard is needed by which the
estimation technique may be judged. The test standard should be created in a controlled
manner such that its textural description, in this case, fractal dimension, originates from a
sound theoretical model. Two theoretical approaches were examined and implemented
for synthesizing artificial fractal images, a spectral technique (section 4.3) and the
random midpoint displacement method (section 4.4).

Fractional Brownian motion may be characterized by the exponential relationship
below (see section 3.3.4), where the Hurst parameter H satisfies 0 < H < land kis a
positive constant:

E[ IBy(ty) — By(tpl ] = k |ty — t,|¥

For traces or functions of fBm (see section 3.4.5), the Hurst parameter is related to the
fractal dimension D by the equation D = E + 1 — H, where E is the Euclidean
dimension of the signal, which is the number of independent variables. Small values of
H yield a rough visual texture; lérge values of H produce a smoother texture.
Alternately, fBm may be expressed by its frequency distribution. As was shown in
section 3.4.5, the spectral density S(f) of fBm is inversely proportional tothe 8 + E — 1
power of the frequency magnitude |f], where fis a vector of size E (k is a constant):

_ k
S = Iﬂﬁ+E-— 1

The spectral parameter f is related to the Hurst parameter H by the equation
B = 2H + 1. Thus, the fractal dimension may also be expressed in terms of 8 as
D=E+ (3-p/2

When considering a two—dimensional signal, such as an image, there will be two
independent variables (E = 2). The notation G[x] refers to such a signal, which will be
compared to the me signal By(t). Thus, x = (x, xc), which specifies the discrete row

and column coordinates. The function G[x] € [0, ..., 255] is a discrete value
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representing the gray shade at location x. The following sections describe algorithms to
synthesize a fBm image GI[x], first in the frequency domain and then in the spatial

domain.

4.3 Spectral Synthesis
4.3.1 Algorithm Design

For a two—dimensional signal (E = 2), the spectral density of fractional Brownian

motion is

S®) = S(f.f) = =
(\/fl +f2 2)p+E-1 (\/f +f2 o1 > +f2 2+

or, in terms of the Hurst parameter H,

k
2 2
(7% + £,y

In terms of the coefficients V[n,, n,] of the two—dimensional discrete Fourier transform,

S(fpf) =

-k
(n 2 +n 2)H+1

E[ |V[nls n2]|2
(where E[Y] is the expected value of ¥), which may be achieved by selecting coefficients

such that

2 _H+l

VIny, no| = m (n? + ny%)
The spatial signal corresponding to the inverse Fourier transform of this frequency signal
will be fractal, with dimension 3 — H.

The program used to generate an artificial fractal image was based upon Saupe’s
algorithm [38] to synthesize two—dimensional fractional Brownian motion spectrally. As
described previously, the synthesis begins in the complex frequency domain. The
two—dimensional signal is conjugate symmetric and periodic. The lowest (zero)
frequency component is located at the upper left corner of the array. Frequencies

increase toward the center of the array, at which point they decline again, due to the

periodic nature of the signal (i.e., the origin of the frequency plane has been shifted to the




upper left corner of the array). This relationship is shown in Figure 31, in which the array

indices range from 0 to 255 and the frequencies n, and #, increase from 0 to a peak of
128 and then decline back to 1. The arrows indicate the direction of increasing
frequency.

To assure that the spatial transform will be purely real (i.e., no imaginary
componenis present), the frequency domain signal must be conjugate symmetric:

S(ny,ny) = S(—ny, —nzj *
Since the frequency domain signal is periodic, this becomes
S(ny,ny)) = S(N — ny,N — ny *
where N is the size of the array. Conjugate symmetry was included by setting the values
in the lower right quadrant to the complex conjugates of the corresponding values in the
upper left quadrant. Likewise, the upper right and lower left quadrants were linked by
conjugate symmetry.

To give the final spatial image a more natural appearance, randomness was added
to the frequency coefficients. Following Saupe’s specifications [38], the phase of the
coefficients was uniformly distributed between 0 and 27 radians using a built—in
pseudorandom number generator. The magnitude of the coefficients was scaled by a

Gaussian distribution with zero mean and unit variance. The design of the Gaussian

1711 2 111
222 5 222
0 789 5 0 787 1
0 : 0
1 \ / ! \ /
127 127
128 128
129 / \ 127 / \
255 ' 1
Array Indices Frequency Magnitudes

Figure 31 Spectral Synthesis: Array Indices and Frequency Magnitudes
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pseudorandom number function capitalized upon the Central Limit Theorem, in which
the mean of the sample of any distribution (in this case, the existing uniform generator)
will approximate a Gaussian distribution. Justification of these random elements was
absent in the original reference, and no other sources were located which address the |
matter. However, the following explanation is offered. First, the phase is unrestricted, so
any random distribution should be acceptable. A uniform distribution across all phase
angle values would seem reasonable. Justification of the magnitude is less direct. The

magnitude must satisfy the relationship given below:

E[ Vn,m,)2 ] = k

| (,,12 + n22)li+1
Using elementary probability theory, this may be rewritten

E[ (Vny,npD)? 1 = var[VIn, n,l] + E[VIn,,n,]]?

The fBm spectral requirements may be satisfied by selecting a random distribution with a
zero mean and variance proportional to (n,2 + n,2 ~®*1, Multiplying a standard

Gaussian distribution (i.e., with zero mean and unit variance) by (n,2 + n,2) ~®@*D
achieved this specification.

Finally, the randomized spectral image was transformed to the spatial domain
using an inverse fast Fourier transform. As explained, the spatial image will have no
imaginary component, since the spectral image was conjugate symmetric. The
magnitude of the real portion of the spatial image was normalized to the maximum range
of displayable gray shades, from 0 to 255; and quantized to an integer value. A fractal
signal may be normalized in a linear fashion without affecting its fractal dimension.
(This property was demonstrated both analytically (see section 3.3.4) and through

examination of the empirical results.) Three samples of synthetic fractal images
generated in this manner are shown below in Figure 32. The fractal dimension D is
related to the parameter H by the equation D = 3 — H (assuming a two—dimensional
signal). Notice how the visual texture becomes increasingly rough as the fractal

dimension increases.
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(a) H=0.9
Fractal dimension = 2.1

(b) H=0.5
Fractal dimension = 2.5

(c) H=0.1 :
Fractal dimension = 2.9

Figure 32 Synthetic Fractal Images, from the Spectral Model

4.3.2 Analysis of Results

The visual appearance of the synthetic fractal images seemed favorable. Cross

sectional slices of the images were taken and studied. Again, the results appeared
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reasonable. Sﬁces of several images were obtained, at the same location within each
image. Similarities were apparent, due to the fact that each of the images uéed the same
initial value for the pseudorandom number generation. However, a rougher signal was
observed in direct relationship to the magnitude of the fractal dimension. Of additional
significance was the fact that the minimum, maximum and average gray shades for all of
the synthetic ﬁ_'actal images were identical. Thus, any method which attempts to
distinguish such images must rely solely upon textural properties. Since the average and
extrema gray shades were the same for each of the synthetic images, these factors could
not inadvertently influence the identification. |

In spite of their visual appeal, when the synthetic images were examined
analytically, the results-were less favorable. A linear regression approach within the
frequency domain (see section 5.4.1) was used to estimate the fractal dimension. After
establishing the validity of the linear regression algoﬁﬂlm, the inaccuracies in the
estimates of the fractal dimension in the final images led to an examination of the
algorithm which generates the original spectral image. Figure 33 lists the results for five
synthetic fractal images with dimensions from 2.1 t0 2.9. The leftmost column (*actual
D”) indicates the fractal dimension parameter which was used to generate the image.

The fractal dimension was estimated from the spectral image as it was generated. Initial

actual D estm. D4 estm. Do estm. D

21 2.0992 2.1048 2.1493

2.3 2.2996 2.3042 2.3264

25 2.4999 2.5048 2.5480

27 2.6999 2.7050 2.7878

29 2.8996 2.9051 3.0565
actualD........ ideal fractal dimension used to generate the image
estimated D; ... estimate from the original spectral image, uncorrupted by noise
estimated D> ... estimate from the original spectral image, corrupted by noise
estimated D3 ... estimate from the final quantized spatial image, corrupted by noise

Figure 33 Estimates of the Fractal Dimension of Spectrally Synthesized
Fractal Images
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measurement errors led to the removal of the pseudorandom number functions. The
second cohimn (“estm D1 ") gives the estimated dimension, measured directly from the
spectral image, without any noise. Subsequent testing of the pseudorandom number
functions revealed acceptable performance of both the uniform and normal distributions.
A refinement of the estimation algorithm produced reasohable values (see the third
column, “estm D,,” of Figure 33) for the fractal dimension of the spectral image, w1th
noise added to the signal as described previously. However, a degree of error remained
in the estimates obtained from the ﬁnal synthetic image. These results are listed in the
fourth column (“estm D3”) of Figure 33. Here, the spectrally synthesized imﬁge was
transformed to the spatial domain, quantizedv and written to a file. Examples of such
images were shown in Figure 32. These images were then converted back to the
frequency domain, where the fractal dimension was then estimated. Because the
synthesis and estimation algorithms were directly related, one should expect very
accurate results. Accuracy losses attributed to computational error, such as con'verting
between the spatial and spectral domains, should be negligible. Increased precision did
not significantly improve the estimates, confirming tﬁis supposition. The remaining
factor is the quantization of the real-valued signal into only 256 gray shade values.
Further investigation is warranted to confirm that quantiiation is responsible for the
discrepancy between the original dimension and the estimated dimension obtained from
the final normalized, quantized spatial image. Nevertheless, in spite of this difference,
the estimates are inonotonically_ related to the actual values and fairly close for smaller
dimensions. Additionally, the visual appearance of a series of synthetic images with
increasing fractal dimension corresponds well with one’s expectation of increasing

textural roughness.
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4.4 Random Midpoint Displacement hesi
4.4.1 Synthesis of Fractional Brownian Motion

The second theoretical model investigated for creating an artificial fractal image
is the random midpoint displacement approach. This method follows directly from the
definition of fractional Brownian motion given previously and repeated below.

E[ By(ty) — By(t)) ] = 0O
var[ By(t) = By(t) ] = o t,—t, |2, 0<H<1
As before, the signal By(t) may be represented by the discrete function G[x], where
G[x] is the gray shade at the row and column coordinate specified by x = (x,, x,).

Let the coordinate system be normalized so that its four corners have coordinates
(0,0),(0,1), (1,0) and (1,1), whose gray shades are obtained randomly from a normal
distribution with .zero mean and variance o2. These four initial points are labeled with
zeroes in Figure 34. The midpoint between these four points is a single point at the
center of the grid, at a distance of 1/ J/2 from each of the corners. This point, from the
first midpoint displacement, is labeled with a one in Figure 34. Its gray shade is the

average of its four neighbors’, plus a random offset with zero mean and variance

" (1/1/2)*H02. This assures that the fractional Brownian motion requirements given above

Figure 34 Initial Steps of Random Midpoint Displacement
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are met. In the second midpoint displacement, the average of the gray shades of each pair
of adjacent corners plus the center point is found, added with a random offset with zero
mean and variance (1/2)%#02. This progression continues, altemaﬁng between adding
points on the diagonally oriented grid (aligned with the solid lihes of Figure 34) and
adding points on the standard grid (aligned with the dashed lines of Figure 34). The final
result is shown in Figure 35 for three different fractal dimensions. ‘

Thus, the properties of fractional Brownian motion are preserved between the
new point and those points whose values were included in the average. However, the
same cannot be said about the relationship between points such as (0, 1/4) and (0, 3/4)
which were generated independently from one another. Since the distance between points
0,1 /4)‘and (0,3/4) is 1/2, then the variance of the difference between their gray shades
should be (1/2)%5?, in the same manner that the variance of the difference between the
gray shades at (0,0) and (0, 1/2), for example, is (1/2)%#02. However, this will be true
only when H = 1/2. The actual variance between separately generated points will be
too large for H < 1/2 and too small for H > 1/2. For other independently generated
points, the theoretical validity fails even for H = 1/2. Thus, although the random
midpoint displacement algorithm produces valid fBm to some degree, it falls short from
a éomplete representation.

A variation of the random midpoint displacement algorithm adds a suitable
displacement not just to the newly interpolated points, but to the original points as well.
This process is called successive random addition [38]. Three samples of synthetic
fractal images are shown in Figure 36, generated by the random midpoint displacement
algorithm with random additions. This approach was motivated by the desire to
eliminate the “creasing effect” ;vhich occurs in two~dimensional random midpoint
displacement surfaces, when rendered as an illﬁminated terrain surface and viewed from
certain angles, such as overhead (zenith) or parallel to the alignment of the square grid

used by the algorithm. First mentioned by Mandelbrot [32], the creasing effect is
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(a) H=0.9
Fractal dimension = 2.1

(b) H=0.5
Fractal dimension = 2.5

(¢c) H=0.1
Fractal dimension = 2.9

Figure 35 Synthetic Fractal Images, from the Random Midpoint Displacement Model
characterized by unnaturally long and straight features on the surface which resembie
crumbled or creased paper.

Note, however, that the creasing effect is not visible when the surface is displayed

as a “cloud,” that is, when the height of the surface is mapped to a gray shade. For
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(a H=09
Fractal dimension = 2.1

(b) H=0.5
Fractal dimension = 2.5

(c) H=0.1
Fractal dimension = 2.9

Figure 36 Synthetic Fractal Images, from the Random Midpoint Displacement Model
with Random Additions ‘

example, refer to the fractal images in Figure 35. Likewise, even for illuminated terrain
surfaces, the proper selection of viewing angle will obscure the creasing effect.

Nevertheless, inclusion of random additions does not appear to affect the visual




63

roughness of the texture. For example, the three fractal images in Figure 36, which were
created with random additions, compare very closely to their counterparts in Figure 35.
The successive random addition method includes a random offset not just to the
newly generated midpoints, buf to all of the points which have been created thus far in
the algorithm. Although this eliminates the visual defect of creasing, it actually worsens
the theoretical validity of the final signal. It was discovered that proper fBm is obtained
only in the iteration m which a midpoint was newly created. The successive random
additions of later iterations alter the variance even for those increments which were valid

under the original random midpoint displacement algorithm.

-4.4.2 Analysis of Results

The visual roughness of textures generated both with and without successive
random additions appeared suitable. However, when the fractal dimension was estimated
for these images, poor results were obtained. The first column (“actual D”) of Figure 37
indicates the fractal dimension parameter used to generate the synthetic images. The
second column (“estm D;”) contains estimates from images computed without successive
random additions, and the third column (“estm Dz”) shows the estimates taken from

images which included successive random additions. The estimates were obtained by

actyal D estm. Dy estm. D,

2.1 2.5683 2.5299

23 2.7359 2.7016

25 2.9004 2.8723

27 3.0469 3.0310

2.9 3.1791 3.1685
actualD........ ideal fractal dimension used to generate the image
estimated D, ... estimate from the final quantized image, without random additions
estimated D, ... estimate from the final quantized image, with random additions

Figure 37 Estimates of the Dimension of Random Midpoint Displacement
Fractal Images
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transforming the fractal image into the frequency domain and then using linear regression
(see section 5.4.1) on the spectral image. While such an approach should work well with
the spectral synthesis algorithm, since both the synthesis and estimation paradigms are
the same, it is conceivable that the spectral estimation of the random midpoint
displacement algorithm could result in less accuracy. In contrast, values obtained from
spatial estimation algorithms (see section 5.4.2) were much more reasonable.
Incidentally, the apparent similarity between the visual roughness of textures generated
with and without random additions is supported by the spectral estimates. In spite of the
discrepancy between the actual and estimated dimensions, the estimated values

| corresponded closely between the two synthesis algorithms.

4.5 Summary

Of the three synthesis algorithms implemented, only the spectral approach was
theoretically valid. Presumably, this is the reason why it is used exclusively in the
literature. The other two types of synthesis, both based on random midpoint
displacement, were found to have flaws which prevented them from adhering completely
to the fBm requirements. No known studies have included the random midpoint
displacement method in a rigorous analysis. (Only terrain simulations have used this
algorithm, where the judgment considered only the subjective appearance of the rendered |
surface.) In spite of the theoretical shortcomings of the spatial algorithms, they were
included with the spectral synthesis technique for estimation in the following chapter, to

provide a more comprehensive comparison.




CHAPTER V

ESTIMATION RESULTS

3.1 Using Texture to Segment Aerial Imagery

In previous work contracted by the Naval Air Warfare Center in Indfanapolis,
Indiana, texture features were examined to aid the segmentation of aerial imagery [6].
The natural textures which appear in aerial images are frequently composed of very small
texture elements, often considered to be the indfvidual pixels which compose the image.
Their arrangement tends to be statistical and non-periodic. Statistical and discrete
transform methods are suitable for such textures. Of this category, techniques examined |
in the study included a small set of ad hoc filters, busyness and texture energy. Also
considered was the gray shade co-occurrence matrix method, which is appropria;e for
pixel-sized texture elements with a statistical distribution. Although it is designed for
much larger teﬁcture elements, the chord transform was evaluated as a potential tool for
analyzing the shapes of certain regiéns.

The texture study began with two sets of simple, arbitrary masks, one which
considers the directional content of the texture and the other which looks for
checkerboard patterns. This approach required the selection of an exemplar texture to
which the rest of the image would be compared. Since results can vary appreciably
according to the exemplar texture, this requirement is generally a disadvantage. Also, the
ad hoc masks tended to overemphasize the gray shade, and sometimes edge, content of -
the image. Conceivably the ad hoc masks could be supplemented by subsequent
processmg which would collect local statistics from the filtered i 1mages, as Laws did in

hlS texture energy model [28]. However, this concept was not investigated.
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The busyness feature [43] is a quick, non-linear filter which considers the
average absolute gray shade differences within a small neighborhood of pixels. Since
this approach can also ext;aét edge information, the minimum of these averages was
taken from four directions. This suppresses large gray shade differences resulting from
edges. Results were favorable for both a synthetic test image and a set of aerial images.
The only problem was that sometimes edges at angles not measured by the busyness
operator would be marked with high busyness values. |

Lastly, the texture energy model originated from Laws’ work [28] was examined.

Although certain features of its final fifteen “texture energy planes” rivaled busyness, no

single particular feature was consistently preferred. It is conceivable that the complete

texture energy model, when coupled with gray shade information, could give comparable
or superior results to the combination of busyness and gray shade. However, the extra
benefit anticipated would not justify the additional computational expense.

Thus, this examination of texture features led to the selection of busyness, which
performed well with the natural textures of aerial images and was fast to compute.
Busyness was used to model texture within the Gray Shade and Texture 'Segmentation
Software, a tool designed to provide the scene analyst with a way to achieve improved
accuracy in the segmentation of aerial images [5]. The combination of busyness and
gray shade allowed much better classification of the regions within aerial images, as
demonstrated by the results produced from the segmentation software. A more detailed

discussion of the investigation of these texture features may be found in [6].

5.2 Background for the Expgrifnent

After the initial study of texture features described above, fractal methods were

investigated for their potential to represent natural texture. As was demonstrated in the

previous chapter, artificial fractal images of increasing dimension corresponded to

increasing visual roughness. In addition to aerial images, two other categories of images
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were studied: the synthetic fractal images generated in Chapter 4 and Brodatz textures.
All images represented each pixel with one byte, allowing a maximum of 256 distinct
gray shades. |

Artiﬁcially generated fractal images provide thé most objective standard for
measuring fractal characteristics. Due to its natural appearance, two—dimensional
fractional Brownian motion provides the basis 6f the synthetic fractal images. Using
spectral synthesis, random midpoint displacement and random midpoint displacement
with successive random additions, three sets of nine fractal images were generated, with
diménsions 2.1 through 2.9. Images produced by each of the three synthetic algorithms
were shown in Figures 32, 35 and 36, respectively. Five additional synthetic images
were included in this category, shown in Figure 38: a constant ‘gray shade, a diagonal
linear gradient, uniformly distn’Butcd random “noise,” Gaussian distributed random
“noise” and the “homeplate” image. Used throughout the previous texture analysis
described in section 5.1, the homeplate image consists of a homeplate~shaped region of
Gaussian noise against a background or uniform noise. All of the artificial images were
256 rows by 256 columns, except for the “homeplate,” which was 128 x 128.

Natural textures from the photographic album by Brodatz [3] have become an
established standard for natural image texture analysis. These textures provide continuity

between other texture research. Fi gure 39 illustrates some of the Brodatz textures used,

oS

From left to right: Constant gray shade, Diagonal linear gradient, Uniformly distributed
random gray shades, Gaussian distributed random gray shades and Homeplate
image (see text)

Figure 38 Non-fractal Artificial Images
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Top rbw, from left to right: Buriap, Clouds, Cork, Fieldstone, Grass
Botton row, from left to right:  lIce, Paper, Pigskin, Sand, Waves

Figure 39 Sample Brodatz Textures

most of which have natural, fine-grained textures. The Brodatz textures were also
256 X 256 pixels in size, éxcept for “clouds™ and “waves,” which were 241 X 256.

Finally, aerial imagery provides the focus and application of this research.
Although natural textures in aerial images have been studied, very little work can be
found which applies fractal analysis to this area. Scenes containing various mixtures of
natural features (such as water, trees, grass and dirt) and man-made features (such as
roads and buildings) were included in the analysis. The sizes of aerial images varied
widely. Most were larger than the 256 X 256 artificial and Brodatz textures.

Of the fractal characteristics mentioned in section 4.1, the most obvious is the
fractal dimension. Because a given texture may or may not be fractal in form, the degree
to which an image region fits the fractal model is a relevant consideration. Expressed in
terms of the root mean square (RMS) error between the predicted model and the actual
gray shade data, the “fractalness” of an image texture is explained further in section
5.5.3. The fractal error appears to have some potential use for distinguishing between
natural and man-made entities in an image, as natural objects are more apt to be fractal

than man-made objects. This application of the fractal error is examined in section 6.3.
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A region descriptor, such as fraétal dimetision or fractal error, may be used either
to characterize known regions or to segment an image into regions. Usually, the latter
task is more difficult, since the regions must'be identified as well as characterized.
Accordingly, most research on fractal texture models focuses upon the analysis of known
textured regions so that they may be distinguished from one another. However, the
problem of segmentation using fractal characteristics has received less attention.

The characterization of a single texture may be considered as a “global” measure,
in the sense that the measurement spans the entire image. In contrast, segmentation must
describe the textural properties of smaller subregions of the image so that they may be
distinguished from one another. This task may be considered a “local” measure, since it
applies only to a particular neighborhood of the image. Both methods will be examined
here: the description of a single texture (global measure) and the segmentation of an
image containing several textures (local measure). Three global approaches will be
discussed: spectral estimation, spatial estimation and box~counting. Local measurement
will emphasize two spatial techniques. However, before attempting to estimate the
fractal dimension either globally or locally, the relationship between the pixel spacing

and the change in gra}; shade will be examined.

.3 Fractal ling Pr

Before estimating any fractal characteristics, the relationship between the pixel
spacing and the change in gray shade across the image should be considered. This
exponential relationship, sometimes called the fractal scaling property, was developed for
fractional Brownian motion (fBm) in section 3.3.4:

E[ By(ty) — By(t)l ] =k |t, — t|H
Plotting the logarithm of the average change in the signal at a given interval versus the

logarithm of that interval size will produce a straight line for fBm, the slope of which
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will be the estimated value for the Hurst parameter H. (This slope corresponds to the
spatial estimation method described in section 5.4.2.)

To reduce the cor'np'utatibnal effort, this comparison considered only the
horizontal and vertical pixel distances in ihe image, for pixel distances one through

twenty. The log-log plots for the synthetic fractal images were highly linear. These

. results are illustrated in Figure 40 for images with dimensions 2.1, 2.5 and 2.9 for each

of the three fractal synthesis algorithms. The fit is especxally close for the two spatlal
algorithms (random midpoint displacement with and without random additions); the
difference between the plot and the estimated line is barely perceptible even if the graph

is enlarged to fiH the entire page. Log-log plots are also shown in Figure 40 for three of
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Figure 40 Pixel Distance Versus Change in Gray Shade for Artificial Images -
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the non—fractal artificial images, the diagonal gradient and the two random images.
These also corresponded very c_:losely to the fractal scaling property. The results for the
Brodatz textures ranged from good for “clouds” to poor for “burlap.” The graphs for the
“clouds,” “burlap,” “cork™ and “sand” textures are shown in Figure 41. The dashed lines
indicate the regression lines of the data. Comparing the Brodatz textures visually to the
artificial fractals, these results seem reasonable. The favorable relationship between the
pixel spacing and the change in gray shade for the artificial fractals led to the next step,

the global estimation of fractal characteristics.

-4 Description of a Single Textur
5.4.1 Spectral Estimation of the Fractal Dimension
The spectral estimation of the fractal dimension stems from the relationship
between the fractal dimension and the spectral distribution of the image, as described in
section 4.3.1. The image may be converted to the frequency domain using a Fourier
transform. Here, the power spectrum S(f}, f,) of the frequency image of
two—dimensional fractional Brownian motion is inversely proportional to the H + 1

power of the squared magnitude of the frequency:

(a) Clouds and Sar_wd

5.0 (b) Cork and Buriap

5.0

1

Log of change in gray shade

Log of change in gray shade

2.0 2. ui 2 1 a 20 : 1 | I
0.0 3.0 0.0

3.0

10 . 20 1.0 . 20
Log of pixel distance Log of pixel distance

Figure 41 Pixel Distance Versus Change in Gray Shade for Brodatz Textures
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= k
Sthaf) = (flz + f22)H+l
In terms of the magnitude V[n,,n,] of the discrete spectral image (which is the square
root of the power spectrum), this relationship may be expressed as shown below, where
n,; and n, are the discrete frequency values:
Ving,n,] =k (n12 + n:,_z)"";;‘l
Once the original image has been transformed to the frequency domain, the
fractal dimension was estimated by fitting this spectral image to the above exponential
equation. The relationship between the array indices and the frequency values n; and ny
was shown in Figure 31. The Fourier coefficients V[n,, n,] within this array can then be
fit to the exponential equation above, and the parameters H (Hurst parameter) ana k
. (proportionality constant) may be estimated. As mentioned previously in sections 4.3.1
and 34.5, the fractal dimensioﬁ D can then be obtained readily from the Hurst parameter
H using the equation D = 3 — H (for two—dimensional signals).
Lea_st squares linear regression was used to estimate parameters H and k from the
frequency values nj and n; and the frequency magnitudes at these coordinates V[n 1s 12l
The logarithm of the exponential equation gives a linear equation, shown below.

log(VIny,ny)) = log(k) — £F1 1og(n,? + ny?)

A conventional least squares linear regression routine was implemented and tested

thoroughly, including verification by sample manual calculations. This analysis was

applied to the linear form of the exponential scaling formula, with the slope — E—;—‘—l

yielding the Hurst parameter H. When estimating the dimension of a single texture,
regressioh may be applied across the entire image to produce a single or global value for
H and thus the fractal dimension. In addition to the fractal dimension, the root mean
square (RMS) error in each estimate was also recorded.

For each of the three sets of artificial fractals, nine different dimensions were

tested, from 2.1to 2.9. For each of these dimensions, a set of ten images was generated,
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using different random number seeds. As expected, the fractal dimension estimates were
very close to one another within each set of ten statistically identical images, as were the
RMS error values. The mean of the dimension estimates_ are graphed in Figure 42a for
each of the three sets of artificial fractals, from 2.1 to 2.9. The dashed line indicates the
ideal dimension estimate. The mean of the RMS error values are given in Figure 42b.
Note that the RMS error indicates how well the data fits the prescribed model, not how
accurate the dimension estimates were. Although the RMS error.remained fairly constant
for the spatial fractals, it actually decreased for the spectral fractals, in spite of the fact
that the dimension estimates became slightly worse. With the exception of the diagonal

gradient, the spectral estimates of all the other non—fractal images were nearly 4.0,

clearly unreliable. The numeric data may be found in Tables 1-5 in section 5.4.4.

5.4.2 Spatial Estimation
‘Applying the scaling property of fBm to an image G[x], the average change in
gray shade at a particular pixel distance is exponentially proportional to the magnitude of

the pixel distance (see section 3.3.4):

E[ IG[xy] = GIxyJl 1 = k |x, — x|#

(a) Dimension Estimates (b) RMS Error Estimates
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Figure 42 Spectral Estimation of Synthetic Fractals
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The fractal dimension of a two~dimensional signal will be 3 — H. Foilowing this
equation, the change in gray shade may be averaged across several occurrences of a
given distance. Collected for a set of pixel distances, this data may then be fit to the
scaling property above using leaét squares linear regression on the logaﬁmnﬁc equation
below:

log( E[ IG[x,] — GIx;]| ] ) = log(¥) + Hlog( [x, — x| )

Examples of the logarithmic relationship between pixel distance and change in gray
shade were shown in Figures 40 and 41. The closer the signal matches fBm, the more
linear these graphs will be. For greater speed, only horizontal and vertical pixel spacings
were used, as in section 5.3.

Ideally, the scaling property should apply across the entire range of pixél
distances in the image. However, tests on the synthetic fractals indicated that the
behavior became erratic for larger pixel distances, on average greater than fifty pixels. In
fact, the change in gray shade actually dropped around a distance of one hundred pixels,
after which it fluctuated gradually. Apparently, a limit exists on the range over which the
signal may be considered uniformly fractal. Most observed fractal phenomena in nature
also share such a bound, due to limitations inherent in the underlying physical processes.
In addition to these difficulties,.there will be fewer samples at larger pixel distances.
Although there will be N — 1 times more samples at the minimum pixel distance of one
than at the maximum distance of N — 1 for an N X N image (assuming only horizontal
and vertical pixel spacings), each distance has equal weighting in the regression. Also,
looking toward the goal of a local texture measure, the estimates at smaller pixel
distances are of greater significance. Thus, the spatial estimates of fractal dimension and
the root mean square (RMS) error were constrained to pixel distances one through
twenty-five. .

Figure 43a shows the estimated dimensions for the three sets of artificial fractals,

each consisting of ten statistically identical images for each of nine dimensions from 2.1
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Figure 43 Spatial Estimation of Synthetic Fractals

t02.9. (As before, the graphs include the averages for each set of ten images.) The ideal
dimension estimates would fall along the dashed line. The analysis of the random

- midpoint displacement algorithm in section 4.4.1 indicated that theoretically valid results
should be obtained at the dimension 2.5. However, the estimation line crossed the ideal
line closer to an actual dimension of 2.7. The RMS error values for the same set of
images are graphed in Figure 43b. The RMS error remained somewhat constant for all
three sets of fractals, although it increased slightly as the actual dimension increased.
Recall that the RMS error indicates how well the data fits the prescribed model, not how
accurate the dimension estimates were. Also, these RMS error values cannot be
compared directly to those from the pfevious spectral estimation approach. For the
actual data and further discussidn, see section 5.4.4.

The previous regression used the entire range of pixel values to obtain a single
estimate. The estimates could vary if a different range of pixel distances were used.
Accordingly, the fractal dimension and RMS error were calculated as functions of the
pixel distance. However, these measures cannot be computed for a single pixel distance,
since at least two data points are required for linear regression. Thus, two approaches
were tried, one using three pixel distances and the other using five. The estimate for the

pixel distance d relied upon distances d — 1, d and d + 1 in the former case, and
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distances d — 2 through d + 2 in the latter case. Generally, the results from using three
or five distances were similar, with slightly smoother functions obtained from the latter
a_pproach.

Ideally, the dimension should be constant across all pixel distances. This was true
for the spatially synthesized fractals and the non—fractal artificial images. The dimension
function increased slightly for the spectrally synthesized fractals, meaning that the
estimated dimension would be higher in some cases over larger pixel spacings. These
results are shown in Figures 44a and 44c for the spectral fractals and ordinary spatial
fractals, respectively, using the five closest pixel distances for each estimate. (The

images generated with random additions were excluded, since their results were very
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similar to those from the ordinary random midpoint displacement images.) The RMS
error decreased quickly and remained the lowest for the ordinary spatial fractals. The
RMS error was also loW for the fractals with random additions. Here, the functions
became somewhat stratified according to the dimension of the image. For example, the
function for 2.9 remained completely above the function for 2.8. The spectral fractals
produced the highest RMS error, with some stratification over lower pixel distances. The
RMS error functions are graphed in Figures 44b and 44d for the spectral fractals and
ordinary spatial fractals, respectively. As before, the five closest pixel distances were
used. |

Generally, the dimension curves were exceptionally flat for the non—fractal
artificial textures, and the RMS error was typically very close to zero across the entire
range. The notable exception was the uniform noise image. Although its RMS error
began low, it rose above all the other fractal RMS error functions for larger pixel
distances. The fractal dimension and thus the RMS error could not be computed for the
constant image. The estimation takes the logarithm of the average change in gray shade,

which will always be zero in this unusual case, leaving the logarithm undefined.

5.4.3 Box—Counting

A two—dimensional algorithm for estimating the box~counting dimension,

described in sections 3.4.4 and 34.5, was implemented. The total number of boxes Ny

of a given size J needed to cover a fractal follows an exponential relationship. The

box—counting dimension Dy was defined in section 3.4.4 as
Dy = lim{log(Ny)/ log(1/3)}
In practice, the box size cannot reach an arbitrarily small size for a discrete signal.
Therefore, regresSion is performed on a set of small box sizes. Larger box sizes can
adversely affect the estimate, since the number of large boxes needed to cover the object

will level out. An arbitrary range of approximately the smallest ten percent of the
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possible box sizes was used. For the synthetic fractals, having a size of 256 X 256
pixels, the maximum fange of box sizes is from one to 256 pixels. Thus, box sizes one
through twenty—five were used. Note that this corresponds to the range of pixel distances
used with global spatial estimation in section 5.4.2. Lastly, although the original
explanation of box counting was based upon integer values for Nj, a fractional number
of boxes was used here, for greater accuracy. Figures 45a and 45b show the dimension
and root mean square (RMS) error, respectively, for each of the three sets of synthetic
fractals. (Recall that the RMS error does not measure the accuracy of the dimension
estimates. It indicates how well the data fits the model.) The fractal dimension estimates
deviated from the ideal dimension (the dashed line in Figure 45a) as the actual dimension |
increased. At the same time, the RMS error values rose sharply, indicating that the data
fit the model best for lower fractal dimensions. The RMS error values of the
box—counting algorithm cannot be compared directly to those from either the spectral or
spatial estimation algorithms, as will be explained in section 5.4.4.

Certain similarities are apparent between the box—counting and spatial estimation
techniques. Both obtain an estimate from regression on an exponential equation.
Although the actual exponents differ, both are directly related. (Recall that the

box—counting model was used to determine the relationship between the fractal
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dimension and the Hurst parameter, as used with spatial estimatibn.) The pixel spacings
and box sizes correspond directly. Bécause a fractional number of boxes is allowed, it
would appear at first that the number of boxes would match the average change in gray
shade of the signal. Although this should be true in general, consider the following
example, illustrated in Figure 46. Consider a pixel spacing and box size of four pixels.
The spatial estimate will give a vertical displacement of one, ignoring the intermediate
peak and valley. However, the box—counting method will not ignore the intermediate
content. All points of the signal must be covered, even though the covering may be large
and bulky. It is unclear, however, whether one approach is conceptually superior to the

other. Instead, each approach is compared empirically in section 5.4.4.

5.4.4 Comparison of Results

Whereas each of the estimation algorithms was examined individually in the
previous sections, here the three estimation algorithms will be compared against one
another. Note that the RMS error values are not listed here. Although the RMS error
values. may be compared when using the same estimation algorithm, they may not be
compared to those from another estimation algorithm. The RMS error is measured in
terms of the power spectrum, the change in the signal and the number of boxes covering
the signal for each the spectral, spatial and box—counting estimation algorithms,
respectively. These quantities cannot be compared directly. This fact also illustrates why

the magnitude of the RMS error differs for each estimation approach.
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Figure 46 Conceptual Comparison of Box Counting and Spatial Estimation
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In this study, ten imageé were generated with different random seeds for each of
the nine dimensions 2.1 through 2.9, for a total of ninety images for each of the three
synthesis techniques. The estimated fractal dimensions and RMS errors were highly
consistent within each group of ten statistically identical images. ﬁus, only the averages
within each group of ten images are considered in this discussion, since the individual
values were always very close. On average, the variance of the fractal dimension values
within each of the twenty—seven groups of ten images was only 0.00199 for spectral
estimation, 0.00038 for spatial estimation and 0.00014 for box counting.

Table 1 lists the fractal dimension values of the spectrally synthesized fractals,
with the absolute error between each estimated and actual value. The estimates from
Keller et al. [25] are included also. (They offered the interpolated algorithm as an
improvement over the standard box—counting technique.) The spectral values all
overestimated the actual dimension, whereas the other methods began with overestimated
values but ended with underestimated values. Judging by the average absolute error, the
spectral and spatial algorithms performed well, comparable to the interpolated
box—counting dimension presented in [25].

The midpoint displacement fractals, with and without random additions, are
compared in Tables 2 and 3, respectively. As before, the fractal dimension and the
absolute error between the estimated and actual dimensions are listed. Here, the spatial
approach performs the best. Its estimates were too high for fractals with low dimension
and too low for fractals with high dimension, but overall the absolute error was the least.
The box—counting method had about twice the error as the spatial method. Its estimates
began too high and ended much too low. Although the spectral appréach gave excellent
results in Table 1, it performed poorly with the spatial fractals. Its estimates were all
much too large. Overall, the results between the spatial fractals with and without random

additions were nearly identical for the spatial and box—counting estimation algorithms
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Table 4 summarizes the results of each estimation algorithm, as applied to the
three sets of synthetic fractals. The average absolute error between the estimated and
actual dimensions indicates that the spatial estimation algorithm was consistently the
best. Although the spectral approach worked well with spectrally synthesized fractals, it
performed poorly on the spatial fractals. For the two sets pf spatially synthesized
fractals, the box—counting method did much better than the spectral approach. Although
the RMS error values cannot be compared between different estimation algorithms, they
may be compared within a single estimation approach. As expected, the fit was
significantly better when the spectral approach was applied to spectral fractals and when
the spatial approach was applied to spatial fractals, as opposed to when the two
paradigms were mixed. Likewise, the RMS error values for the box~counting algorithm,
which is essentially a spatial approach, were lower for the spatial fractals. Néte that a
good fit (low RMS error) can occur even if the actual estimates are in error (high error
between the estimated and actual dimensions), as demonstrated by the box~counting
results. Such a combination can be misleading. The RMS error indicates how well the
data fits the model, not hbw close thg dimension estimate might be.

The fractal dimension and RMS error values for the non—fractal artificial images
are listed in Table 5. The constant and diagonal gradient images should have a fractal
dimension of exactly two, which matched the spatial and box—counting estimates.
(Technically, the spatial estimate for the constant image could not be computed, as
explained in section 5.4.2.) Although the spectral estimates of the diagonal gradient
image were within an acceptable range, the value for the constant image was clearly
incorrect. The noise images should, in some sense, fill the three—~dimensional space. The
uniformly distributed random signal should fill this space more densely thaﬁ the
Gaussian signal, which was reflected by the box—counting estimates. The spatial
estimates were both near 3.0, but the spectral estimates were much too high. Generally,

the RMS error values of the non—fractal artificial images were greater than those for the
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fractal images. The exception was spatial estimation, whose values were comparable for
both the fractal and non—fractal artificial images.

Table 6 lists the fractal dimension and RMS error values for the Brodatz textures
pictured in Figure 39. Consistently, the fit was the best for the “clouds,” “'sand” and
“waves” textures and worst for “burlap” and “paper.” The dimension estimates for the
spatial estimation and box-counting algorithms were consistent with those produced for
the fractal images. However, the spectral dimension estimates did not correspond very
well to the values from the other two estimation approaches. For example, consider a
synthetic fractal with dimension 2.6 and the “clouds” texture. The three synthetic
fractals with dimension 2.6 produced spatial estimates ranging between 2.62 and 2.64
and box—counting estimates ranging between 2.45 and 2.49. These two estimation ranges
are very close to the estimates obtained for the “clouds™ texture, 2.60 and 2.48,
respectively. In contrast, the spectral estimates for synthetic fractals with an actual
dimension of 2.6 ranged from 2.66 to 2.98, which is not even close to the spectral
estimate of 2.17 for the “clouds™ texture. In all cases, the RMS error values of the
Brodatz textures were significantly higher than those obtained from the synthetic fractals,
as Would be expected. This particular group of fine-grained Brodatz textures produced
RMS error values which were six times greater than those of the fractal images, on
average. This would seefn to indicate that, in spite of the variations in the RMS error
values for the synthetic fractals, the fractal textures all produced a comparatively close
fit.

Of the three global estimation algorithms implemented, the spatial approach gave
the best results. Its dimension estimates were closést to the a&ual dimensions of all three
sets of artificially synthesized fractal tektures. Its average absolute error was slightly
lower than the improved interpolated box—counting algorithm of Keller et al. [25],
although the individual absolute errors (see Table 1) of the spatial method were less

uniform than those of the interpolated approach. The dimension estimates from the
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non—fractal artificial textures and the Brodatz textures appeared to correspond well with

their apparent visual roughness. Therefore, the spatial estimation approach was chosen

as the predominant paradigm for further development into a local texture measure.

Table 1 Global Fractal Dimension Estimates of Spectrally Synthesized Fractals

Orig. Spectral Spatial Box Standard Box | Interpolated
| Dim. Counting | Counting [25] | Box Ct. [25]
F dim | jerror| | Fdim |{jerror| | F dim lerror] | F dim | jerror| | F dim lerror]

2.1 12.136 | 0.036 | 2.256 [0.156 |2.208 | 0.108 | 2.12 | 0.02 2.16 | 0.06
2.2 |2.224 10.024 |2.319 |0.119 [2.256 | 0.056 | 2.18 | 0.02 2.26 | 0.06
2.3 12326 | 0.026 | 2.390 [0.090 |2.309 [0.009 | 2.25 | 0.05 2.38 | 0.08
24 12.43510.035 | 2.468 | 0.068 [ 2.367 [ 0.033 | 2.34 | 0.06 249 | 0.09
25 12.547 | 0.047 | 2.549 |0.049 | 2.426 0.074 | 242 | 008 | 259 | 0.09
2.6 |2.662 |0.062 |2.631 |0.031 |2.486 | 0.114 | 2.48 | 0.12 | 2.67 0.07
2.7 |2.786 | 0.086 | 2.709 |0.009 [2.543 | 0.157 | 2.52 | 0.18 | 273 0.03
2.8 12.915|0.115 | 2.780 | 0.020 | 2.594 [0.206 | 2.53 | 027 | 2.77 0.03
2.9 [3.049 | 0.149 {2.843 | 0.057 [2.636 | 0.264 | 2.53 | 037 | 2.81 0.09
Aver. |error| | 0.064 0.066 0.114 0.130 0.067

Table 2 Global Fractal Dimension Estimates of Spatially Synthesized Fractals,
Random Midpoint Displacement

Orig Spectral Spatial Box Counting
Dim Fractal Dim lerror{ . | Fractal Dim jerror] Fractal Dim lerror]
2.1 2453 0.353 2.206 0.106 2.184 0.084
22 2.554 0.354 2.284 0.084 - 2.243 0.043
23 2.667 0.367 2.369 0.069 2.306 0.006
24 2.775 0.375 2.458 0.058 2.366 0.034
25 2.871 0.371 2.545 0.045 2421 0.079
2.6 2959 0.359 2.626 0.026 2470 0.130
2.7 3.037 0.337 2.698 0.002 2.511 0.189
2.8 3.108 0.308 2.760 0.040 2.545 0.255
29 3.174 0.274 2.812 0.088 2.573 0.327
Average |error| 0.344 0.058 0.128




Table 3 Global Fractal Dimension Estimates of Spatially Synthesized Fractals,
Random Midpoint Displacement with Random Additions

Orig Spectral Spatial Box Counting
Dim Fractal Dim lerror] Fractal Dim | lerror| Fractal Dim lerror]
21 2472 0.372 . 2.228 0.128 2.190 0.090
22 2.569 0.369 2.302 0.102 2.244 0.044
23 2.670 0.370 2.383 0.083 2.301 0.001
24 2.770 . 0370 2.467 0.067 2.355 0.045
25 2.864 0.364 2.550 0.050 - 2.407 0.093
26 2951 0.351 2.628 0.028 2454 0.146
2.7 3.030 0.330 2.698 0.002 2495 0.205
2.8 3.104 0.304 2.760 0.040 2.530 0.270
29 3.172 0.272 2.811 0.089 2.561 0.339
Average |error]| 0.345 0.065 0.137

Table 4 Summary of Global Estimation of Fractal Images

Type of Spectral - Spatial Box Counting
Fractal aver lerr| |avg RMS | aver [err] {avg RMS [ aver |err] |avg RMS
Spectral fractals 0.0645 | 0.2826 | 0.0665 1.0350 0.1135 59639
Spatial withoutr/a | 0.3443 | 0.5087 0.0575 | 0.1656 | 0.1275 23671
Spatial with r/a 0.3450 | 0.5403 | 0.0654 | 0.1190 | 0.1370 29635

Table 5 Global Estimates of Non—Fractal Artificial Images

Spectral Spatial Box Counting
Image FDim |RMSerr | FDim |RMSer | FDim | RMSerr
Constant 3.999 1.118 — — 2.024 0.022
Diagonal Gradient | 2.148 0.685 2016 0.082 | 2.040 810
Uniform Noise 3.991 0.517 3.000 0.162 | 2915 | 511678
Gaussian Noise 3.987 0.500 3.000 0.038 2.753 128031
Homeplate 3.958 1.034 3.000 0.332 2.845 96508
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Table 6 Global Estimates of Brodatz Textures

Spectral Spatial Box Counting

Image FDim |RMSerr | FDim |RMSerr | FDim | RMS o
Burlap 2075 | 2133 | 2852 | 5824 | 2754 | 431307

Clouds 2165 | 1073 | 2595 | 1400 | 2.475 | 78809
Cork 2089 | 1079 | 2789 | 3.875 | 2527 | 143003
Fieldstone 2021- | 1153 | 2636 | 3.780 | 2455 | 117131
Grass 2048 | 1561 | 2782 | 3474 | 2531 | 141653
Tce 2133 | 1717 | 2753 | 2533 | 2.583 | 189673
Paper 2001 | 2700 | 2856 | 5709 | 2.623 | 274217
Pigskin 2096 | 1533 | 2776 | 3977 | 2533 | 153846
Sand 3233 | 0701 | 2946 | 1.395 | 2.617 | 159790

Waves 2431 | 0699 | 268 | 2278 | 2.503 | 86356

nting an

5.5.1 Developing a Local Measure

In addition to the qualifications needed for a global measure, a local texture
measuré must characterize a small or local region of the image. This characteﬁzaﬁon
must be capable of distinguishing between desired categories of local regions in order to
segment or subdivide the image. The local texture measure must consider an area large
enough to include a reasonable sampling of a texture, but small enough to isolate one
particular texture among whatever other textures inight be present in the image.
Neighborhoods whose sizes ranged from 5 X § through 17 X 17 pixels were studied,
but the smaller sizes appeared more suitable for the natural textures .in aerial images.

Based upon the results of global estimation, the spatial estimation algorithm was
chosen as the primary focus of fractal-based local texture measures. However, a local
spectral method was tested first, following the approach used in Pentland’s influential
work [39]. His selection of an 8 X 8 square of pixels, or window, was appropriate for
this application. Also, since this size is a power of two, the fast Fourier transform may

be used. To reduce computational demands, non—overlapping windows (see section




2.3.3) were used. Each non—overlapping 8 X 8 window of the image was individually

transformed to the frequency domain. The resulting 8 X 8 spectral image was analyzed
by the least squares linear regression algorithm presented in section 5.4.1 to produce an
estimate of the fractal dimension for that portion of the image.

This approach was applied to the artificial textures described in §ection 5.2. For
an image with 256 X 256 pixels, there were 32 X 32 windows, each with 8 X 8 pixels.
The fractal dimension estimates for the 1024 windows were collected together. The
mean and standard deviation of the fractal dimension estimates are listed in Table 7 for
each of the three sets of synthetic fractals, along with the absolute errorAbetween the

estimated and actual dimensions.

Table 7 Local Spectral Estimates of Fractal Images

Orig Spectral Spatial, without r/a Spatial, with r/a

Dim iy w [ Dim o | ferror] | Dimp | Dim o | Jeror] | Dim g | Dim o | Jerror]

2.1 | 1.847 | 0314 | 0.253 | 2.168 | 0.269 | 0.068 | 2.179 | 0.262 | 0.079

23 | 2077 | 0302 | 0.223 | 2375 | 0.251 | 0.075 | 2.359 | 0.247 | 0.059

25 | 2344 | 0316 | 0.156 | 2.582 | 0.260 | 0.082 | 2.551 | 0.237 | 0.051

27 | 2.624 | 0.294 | 0.076 | 2.761 | 0.258 | 0.061 | 2.728 | 0.242 0.028

29 | 2926 | 0305 | 0.026 | 2917 | 0.259 | 0017 | 2.800 | 0.238 | 0.010

Average lerror| 0.147 0.061 0.045

The accuracy was surprisingly good, especially considering that these
measurements came from 8 X 8 windows, in contrast to the entire image for global
estimation. Comparing the spectrally synthesized fractals, the average absolute error of
the local spectral estimates (Table 7) was only about twice that of the global spectral
estimates (Table 4). For the spatially synthesized fractals, the local dimension estimates
were actually better than the global dimension estimates, by a considerable amount. This
could indicate that the lower frequency information used by the global algorithm actually

harmed the spectral estimates, similar to the manner in which the spatial and
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box—counting estimation algorithms suffered when the pixel distances became too large.
However, the local spectral estimates were poor for the non—fractal artificial images. The
actual dimension of 2.0 for the constant and diagonal gradient images was overestimated
at 3.6 and 3.5, respectively. Likewise, the estimates for the uniform and Gaussian noise
images were much too high.

As applied to segmentation, the fractal dimension of the local spectral approach
did not provide enough distinction. The best result was obtained for a collage of three
spectrally synthesized fractals, shown in Figure 47a. The top half has a dimension of 2.1,
the bottorn half has a dimension of 2.9 and the center has a dimension of 2.5. The fractal
dimension image was enlarged and normalized from the range [0.95, 4.03] to [0, 255] so
that it could be displayed as a gray shade image in Figure 47b. Dark pixels indicate a
low fractal dimension; light pixels represent a high dimension. The average estimated
dimensions for the top (2.1), bottom (2.9) and center (2.5) regions were 1.92,2.95 and
2.46. For aerial images, the local spectral measure of fractal dimension could only detect

the faint impressions of very large features. For example, the fractal dimension image of

(a) Original Image (b) Fractal Dimension Image

Figure 47 Spectral Fractal Dimension of Fractal Collage Image
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~ the shore scene (Figure 48a), enlarged and normalized from the range [0.27, 3.32], is

shown in Figure 48b. At best, the land and water regions are vaguely discernable. (Also,
a slight difference is noticeable at the bottom and right edges, where there were not
enough pixels to make a complete 8 | X 8 square.)

Although the local spectral estimation method gave exceptionally good results for
the synthetic fractal images, its performance suffered on the non—fractal artificial images.
Its ability to segment images was low. Certainly, this approach warrants further
im}estigation. Howeyef, a faster algorithm was desired, that would allow overlapping

windows for greater resolution.

5.5.2 Spatial Estimation
The computationally complexity of the Fourier transform makes spectral
techniques less attractive. For a window size that is a power of two, the fast Fourier

transform (FFT) may be used, which significantly increases the speed. For a window

(a) Original Image (b) Fractal Dimension Image

Figure 48 Spectral Fractal Dimension of Shore Scene
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with w X w pixels, a spectral method will require w?log%(w) computations if w is a
power of two and w* computations otherwise.

Spatial measures offer an alternative. However, there is a total of (w* — w2)/2
pixel distances within a window of size w X w. Although this improves upon the
ordinary Fourier transform, it is much worse than the FFT. Two improvements were

examined. By considering only those pixel spacings in the horizontal and vertical

directions, only w3 — w? data points must be used. This approach was used with global
spatial estimation in section 5.4.2. A further reduction results from a second technique.

It includes all distances and angles within the window, but only with respect to the center

pixelt There are w? — 1 such pixel spacings. Figure 49 compares the algorithmic
complexities of the four estimation approaches described here. The spectral curve dips at
pixel distances which are powers of two, where the FFT may be used.

The horizontal and vertical pixel spacings that would be used fora 4 X 4
window are illustrated in Figure 50a. (The center—oriented spacings in Figure S0b will
be discussed later.) In this example, there are twenty-four spacings with a distance of
one pixel, sixteen with a distance of two pixels and eight with a distance of three pixels.
Although windows between 5 X 5 and 25 X 25 pixels were considered, smaller,

odd-numbered sizes received the most attention. The estimated dimensions for each of

100000 S —
10000 Spectral .. ... w2 logo2(w)
omputasons

forptI,Each 1000

w w

Window All.......... (Wh—w?) [ 2

100 Horiz/Vert ... w3-w?2
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4.0 80 . 120 16.0
w (pixels)

Figure 49 Algorithmic Complexities for Various Estimation Approaches
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Figure 50 Pixel Spacings Used with Local Spatial Estimation

the three sets of synthetic fractals are graphed in Figure 51. Data from window sizes of
5 x 5,7 X 7and 9 X 9 are shown in Figures 51a, 51b and 51c, respectively. The
dashed lines indicate the ideal dimension estimates. In all cases, the accuracy increased
with the window size, in terms of the average absolute error between the estimated and
actual dimensions. However, the RMS error also increased for larger window sizes.
Although this finding appears to contradict expectations, it is consistent with the global
spatial estimates. Over 90% of the synthetic fractals experienced an increase in RMS
error between estimates which used pixel distances one through five and those which
used distances one through ten. (Recall that the RMS error in Figures 44b and 44d
tended to decrease sharply for distanccs under about four or six pixels, after which it

became nearly level.) Table 8 lists the average absolute error between the estimated and

(@) 5x5 Window (b) 7x7 Window (c) 9x9 Window
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Figure 51 Local Dimension Estimates from Horizontal/Vertical Approach
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actual dimensions and the average RMS error for each of the three sets of synthetic
fractals and each of the three window sizes. The accuracy compared well against the

global estimation algorithms, producing comparable average RMS error values.

Table 8 Summary of Local Estimation of Fractal Images,
from Horizontal/Vertical Approach

Type of 5x5 window 7x7 window 9x9 window
fractal aver lerr] |avg RMS | aver |err] |avg RMS [ aver lert] {avg RMS
Spectral 0.071 1.028 0.065 1.284 0.063 1.448
Spatial without r/a 0.127 0.758 0.115 0.860 0.107 0.927
Spatial with r/a 0.123 0.570 0.111 0.651 0.104 0.696

The horizontal and vertical method was next applied to actual images. The
dimension images were normalized to the range [0, 255] so that they could be displayed
as gray shade images. (Note that direct visual comparisons between different dimension
images will not be meaningful, since each dimension image was individually
normalized.) The results were not much better than those obtained with local spectral
estimation. For example, Figure 52a shows the dimension image of the fractal collage
(Figure 47a), using a 7 X 7 window. (The image was normalized from the range
[1.98, 3.34].) The top and bottom regions were separated, but the middle region is not
especially distinct. Many linear artifacté are apparent, presumably related to the
horizontal and vertical orientation of the measurements. Arguably, the window size
could be too small to identify the fractal textures adequately. Having much smaller
features, the shore scene of Figure 48a was examined. Normalized from the range
[1.98, 4.07], the dimension image is shown in Figure 52b, generated usinga 5 X 5
window. Although there is some distinction between the land and water regions, the

separation is unsatisfactory. Similar results were obtained for other aerial images.
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(8) Fractal Collage (7x7 Window) (b) Shore Scene (5x5 Window)

Figure 52 Dimension Images from the Horizontal/Vertical Approach

A better and faster alternative to the horizontal and vertical pixel spacing
algorithm was sought. This led to the center-oriented pixel spacing method, illustrated

in Figure 50b for a 5 X 5 window. In this example, there are four spacings each for

pixel distances 1, /2, 2 and /8, plus eight spacings with a distance of ,5. Thus, for a

5 X 5 window, there are a total of twenty—four éenter—oriented pixel distances,
compared with one hundred horizontal and vertical pixel distances for the same size
window. Ixituitively, the center—oriented approach seems to localize the measure more by
emphasizing the center pixel, plus it strives to make the measure more directionally
independent than the former approach.

Most testing used 5 X 5, 7 X 7 and 9 X 9 window sizes. Figure 53a shows the
average estimated fractal dimension for each of the three sets of synthetic fractals, using
the 5 X 5 center-oriented algorithm. Figures 53b and 53¢ show the graphs for 7 X 7
and 9 X 9 window sizes. The ideal estimates would fall along the dashed line. Similar
to the results from the horizontal and vertical method, the average absolute error between

the estimated and actual fractal dimensions decreased as the window size increased. At
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(@) 5x5 Window

(b) 7x7 Window

(¢) 9x9 Window

3'0 ] ) 3 ¥

L 1] 1 L]

20 22 24 26 28 3.0
Actual fractal dimension

20 22 24 26 28 30
Actual fractal dimension

c / 7/ o /
o Spatial without r/a / Spatial without r/a / Spatial without r/fa /
e 28} wp) /7 4 28l top) / 4 28l (top) 7/
2 / /

£

= 26 -

8

<= 24 -

©

o

£ 22 d y

5

w 2.0 k/ 1 } ] 1 2-0 L/ ] ] 1 1

20
20 22 24 26 28
Actual fractal dimension

3.0

Figure 53 Local Dimension Estimates from Center—Oriented Approach

the same time, the average RMS error generally increased. Table 9 lists the average

absolute error and average RMS error for each of the three sets of synthetic fractals,

tested by each of three different window sizes. The accuracy was again comparable to

the global estimation algorithms. Except for the spectrally synthesized fractals, the

center—oriented approach produced smaller average absolute errors than the horizontal

and vertical approach. However, the RMS error values were significantly higher in all

cases for the center-oriented technique, probably because fewer pixel spacings

contributed to the estimation.

Table 9 Summary of Local Estimation of Fractal Images,
from Center-Oriented Approach

Type of 5x5 window 7x7 window 9x9 window
fractal aver lerr| Javg RMS | aver [err| |avg RMS | aver [err| |avg RMS
Spectral 0.095 2418 0.072 7.701 0.059. 3.800
Spatial without r/a 0.109 1.945 0.099 2.469 0.092 2.779
Spatial with r/a 0.100 1.537 0.089 2.007 0.076 2.157

Applied to actual images, the center—oriented method was not a significant

improvement. The dimension image of the fractal collage (Figure 47a) was normalized

from the range [0.24, 4.41] and is shown in Figure 54a. A 7 X 7 window was used.
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(@) Fractal Collage
(7x7 Window)

(c) Shore Scene
(5x5 Window)

(b) Fractal Collage, (d) Shore Scene,
Histogram Histogram
Equalized Equalized

Figure 54 Dimension Images from the Center~Oriented Approach

The same image is shown in Figure 54b after histogram equalization, to facilitate visual
analysis. Although the segmentation is better than that from the horizontal and vertical
method (Figure 52a), the improvement is not substantial. The dimension image of the
shore scene (Figure 48a) used a 5 X 5 window. Normalized from the range
[-1.47, 5.13], the result is shown in Figure 54c. Figure 54d shows the dimension image
after histogram equalization. However, the quality remained unsatisfactory. The
dimension operator appeared to extract second—derivative information from the original
image, which was not helpful for this task. Nevertheless, the center-oriented approach
produced equivalent or slightly improved results than the horizontal and vertical method,
plus it required less computation.

Note that both local spatial estimation approaches assume that all windows

contain a fractal texture. Even if this were the case, boundaries between two regions
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with different fractal dimensions would likely be non—fractal. Thus, problems will
inevitably occur when a fractal estimate is taken within a window which does not have a

uniform fractal dimension. This problem is addressed further in the following section.

5.5.3 Spatial Estimation of the Fractal Error

The regions observed in an actual image may be a combination of a wide variety
of textures, some fractal and some not fractal. Before assuming that a region is fractal
and attémpting to extract its dimension, a relevant prerequisite is to first determine
whether or not the region may be considcred a fractal. One such approach is to measure
the error produced when estimating the fractal dimension. A small error indicates that
the observed data fits the fractal model well and thus may be considered fractal, whereas
a large error means that the examined region is not fractal and thus the fractal dimension
estimate is unreliable. This insight led to the inclusion of fractal error measurements
throughout this study, for both global and local estimation. -

Due to their greater processing speed, the two previous spatial models were
chosen over the spectral model for estimating the fractal dimension. As before, the
fractal dimension was estimated within each overlapping window of the image. The first
approach used all possible horizontal and vertical distances within the window. The
second approach used the set of gray shade differences which all include the center pixel
of the window. The error between the estimated fractal dimension of a window and its
actual data was used to quantify the degree to which that window may be considered a
fractal texture. As explained in section 5.4.2, the average absolute change in gray shade
of fractional Brownian motion at a given distance is proportional to the power of the |
magnitude of that distance:

E[ IG[x)] — G[x]| 1 = k |x; — x,#
E[ UGy, 1 = k 4xi¥
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The estimated values H and k of the parameters H and k may be obtained using least
squares linear regression on the logarithm of the above equation. The estimated average
absolute change in gray'shade, at a given pixel distance, may be computed from the
estimates H and k. The difference between the actual value of the average absolute
change in gray shade and this estimate is the error.
erroryyy = E[ UGy, 1 — k Uxi¥

With the horizontal and vertical method, there will be w — 1 pixel distances and
thus w — 1 error values. With the center~oriented approach, there will be five, nine or
fourteen error values, for windows of size five, seven or nine. A variety of error
measurements are possible, but the root mean square (RMS) error tends to be a more
rigorous and accepted form than others (e.g., average absolute error). The RMS error is
obtained from the square root of the average of the squared error values, where n is the

number of error values, as shown below:

RMS error = \/;ll-z(erroruxl)z
x|

Such a value is calculated for each overlapping window. Statistics may be gathered on

the array of data or the result may be normalized to the range [0, 255] and displayed as a
gray shade image. |
Interestingly, the RMS error is somewhat distinct for synthetic fractals of
different dimensions for small pixel distances, before the RMS error settles to a stable
range. Thus, the fractal error could separate the three regions within the fractal collage
(Figure 55a). Figure S5b shows the fractal error image of the fractal collage, using the
horizontal and vertical method. The corresponding image for the center—oriented method
is shown in Figure 55c. A7 X 7 window size was used in both cases, and the error
images were normalized from the ranges [0.02, 11.36] and [0.18, 34.46], respectively.
Note that the fractal error images are negated to _improve their visual clarity. Thus, light

areas indicate low error or high “fractalness,” whereas high error or low “fractalness™
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(a) Original Image (b) Negated Fractal Error, (c) Negated Fractal Error,
Horizontal/Vertical Approach = Center-Oriented Approach

Figure 55 Fractal Error Images of the Fractal Collage

appears dark. Both algorithms separated the regions; although the center—oriented
method produced less variance within the individual regions. This improvement is
apparent from the illustration.

Applied to aerial images, the center-oriented method was comparable or slightly
preferable to the horizontal and vertical approach. For example, the negated fractal error
images from each algorithm, using a 5§ X 5 window size, are shown in Figures 56b
(normalized from the range [0.00, 14.48]) and Figure 56¢ (normalized from the range
[0.00, 17.27]) for the shore scene. The clarity of the center—oriented technique is better,
and the image is less spotty: Similar findings resulted for other aerial images. The RMS

error values from the horizontal and vertical method were always smaller, on average

o

@) Original Image (b) Negated Fractal Error, (¢) Negated Fractal Error,
Horizontal/Vertical Approach Center—Oriented Approach

Figure 56 Fractal Error Images of the Shore Scene
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about one third to one half of those from the center—oriented approach. Nevertheless, the
visual qﬁality of the center—oriented approach was superior, and it required less
computational effort. Various sizes of windows were tried, but results favored the 5 X 5
size. Applications of the center-oriented fractal error measure, oriented toward aerial

imagery, are explored in the following chapter.




CHAPTER VI

APPLICATIONS OF FRACTAL ERROR

6.1 Introduction
Focusing on aerial imagery, the fractal error was examined first as a generic
texture feature. Originally, the fractal error was proposed as a potential alternative or
supplement to the busyness operator, the texture feature previously chosen for classifying
aerial i images. The second application of fractal error considered here is the
identification of cultural or man-made objects in an image. Because cultural objects are
generally more stable than natural contents, such an ability would help to analyze the

changes which occur in a scene over time.

6.2 Fractal Error as a Texture Feature
As part of the contract with the Naval Air Warfare Center to investigate texture

features, a software package was designed to facilitate the segmentation of aerial
imagery. The classification routines within this software use a combination of gray shade
and texture to represent each pixel of the image. As described in section 5. 1, the
busyness operator was selected as the texture feature. It was quick, localized (using a

3 X 3 window) and general-purpose. The success of the fractal error operator on aenal
imagery prompted an investigation to determine its value as a texture feature.

Described in section 5.5.3, the approach using center—oriented pixel distances
within overlapping windows was selected as the fractal error operator. (Unless stated
otherwise, a 5 X 5 window will be used.) The similarity between the images produced
by the new fractal error feature and the existing busyness feature was apparent. For

example, Figure 57 compares the fractal error and busyness images of the shore scene
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(a) Fractal Error Image, Negated (b) Busyness Image, Negated

Figure 57 Comparison of Fractal Error and Busyness for the Shore Scene

(Figuré 585). To provide a cleérer visual interpretation, both images were negated, and
the gray shade distributions were enhanced to increase the contrast. The resemblance
between the images is strong. Pairs of fractal error and busyness images were compared
for a set of twelve aerial images which included a variety of natural and man-made
content. In all cases, the results were similar. Upon closer examination, two primary
differences were apparent. To its advantage, the fractal error images did not contain the
sharp “specks” which often appeared in the busyness images. However, the fractal error
highlighted abrupt transitions of gray shade that busyness sometimes neglected. (Recall
from section 2.3.4.2 that the busyness operator will suppress edges which occur at 45
degree increments.)

Next, two—dimensional histograms of gray shade and fractal error were compared
to those of gray shade and busyness. Figure 58b shows the histogram of gray shade and
fractal error for the shore scene, displayed as an image. The darkness of each point
indicates the relative number of occurrences for that particular pair of gray shade and
fractal error values. Gray shade values range between zero and 255 on the horizontal

axis, and fractal error values range from zero to 17.27 (the maximum fractal error
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Foliage (left top)
Water (bottom center)
" Land (right top)

Fractal Error ———————

Gray Shade ————»

(b) Histogram

(c) Classified Image . (d) Correct Segmentation

Figure 58 Fractal Error Applied to the Shore Scene

obtained for this image) on the vertical axis. The distributions of the three classes foliage
(trees), water and non—foliated land are approximated by the ellipses superimposed on
the histogram. Using a combination of gray shade and fractal error, these classes may be
separated, whereas either one of the feafures individually would faﬁl. Of those

histograms examined, the clustering ability of gray shade and fractal error was




comparable to that of gray shade and busyness, as expected from the high degree of

similarity between the fractal error and busyness images.

The fractal error was incorporated into the segmentation software in place of
busyness, with favorable results. Figure 58c shows the classification of the shore scene
into foliage (black), water (gray) and non-foliated land (white). This image was
compared to the correctly segmented “ground—truth” image for these same three classes,
shown in Figure 58d. Note that a certain degree of subjectivity is inevitable in the
creation of such an image. In this case, no additional information about the contents of
the scene was available. Even with such knowledge, human judgment would still be
required, for example, to determine the subjectivé boundary between the beach and sea.
In practice, a scene analyst relies on his experience to determine a suitable ground—truth
segmentation. The image in Figure 58d was approved by such a trained scene analyét as
a reasonable and accurate mapping of the ground features of the original shore scene in
Figure 58a. Compared against this ground-truth image, the gray shade and fractal error
classification gave aﬂ overall classification accuracy of 83.0%, whereas the classified
image produced by the combination of gray shade and busyness (not shown) was only
slightly more accurate, at 85.4%.

In addition to the shore scene, other aerial images were considered. (However,
ground-truth imagery was unavailable for these images.) A scene of farm land is shown
in Figure 59a. The light colored dirt areas are clearly distiriguishable solely on the basis
of gray shade intensity. However, the grassy fields and foliage require a texture measure
to be ‘separated. Figure 59b shows the negated fractal error image, in which the foliage
tends to have a larger error (darker gray shade) than the fields. In Figure 59c¢, the image
has been classified as foliage (dark gray), grass (light gray) or dirt (white). Finally,
Figure 60a introduces a mixture of natural and cultural (e.g., foads, buildings) content.
The lake in the upper left, the trees, the fields and cultural objects are generally separated

in the negated fractal error image, shown in Figure 60b. The classification in Figure 60c




(@) Original Image  (b) Fractal Error Image, Negated (c) Classified Image
Figure 59 Fractal Error Applied to the Farm Scene '

(a) Original Image' (b) Fractal Error Image, Negated (c) Classified Image
Figure 60 Fractal Error Applied to the Mixed Scene _

identifies four classes, from dark to light: water, foliage, fields and cultural objects. As
expected, classification using gray shade and fractal error was comparable to that
obtained using gray shade and busyness.

The fractal error performed effectively as a natural texture feature, but the
busyness gave similar results, in terms of the feature images, histograms and
classifications. Since the quality of the two texture measures appeared equivalent, the
deciding factor was computation time. The busyness feature is definedona 3 X 3
neighborhood of pixels and uses simpler mathematics than the 5 x 5 definition of fractal '
error. Experimental results indicated that the busyness feature was approximately eight

times faster than the fractal error. Although the fractal error produced favorable results,
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the simpler texture feature, busyness, produced comparable results at a lower
computational cost. Thus, busyness was retained as the texture feature in the

segmentation software.

.3 Fractal Error for Identification of Cul I_F e

The fractal error should be large for regions which are not fractal. Since cultural
or man-made objects often have a non—fractal appearance, the fractal error may have
some potential use for aiding the identification of cultural features [7, 8]. Over an
appropriate range of sizes, culniral_objects will appear to be non—fractal. Clearly, a
uniformly colored man-made object which is much larger than the window size will
appear to be fractal in the center with a low fractal dimension corresponding to its
smooth, uniform gray shade. Its boundary will very likely have a non—fractal
appearance, since it represents a transition between two different textures. Thus, the
correspondence between the object size and the window size used by the operator will be
significant.

This property was examined in the context of two images of a residential area
with a fairly high content of deciduous vegetation. The same scene was photographed in
April and in October. This was done to evaluate the robustness of the metric relative to
seasonal variations and changes in contrast and illumination that occurred at the different
times. The primary man-made objects in the test images are about fifty to sixty pixels in
size. The pair of images is shown in Figure 61. Figure 62 illustrates the fractal error of
each of these ixhages, using a 7 X 7 window size, thresholded so that features with large
fractal errors appear black against a white background. It is obvious by comparing the
original image and the threshold frac;al error images that the fractal error performed
reasonably well in detecting man-made features. It was also fairly insensitive to changes

in illumination, contrast, and season. Note the brighter lighting and greater contrast in the
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(a) April (b) October
Figure 61 A Residential Scene, at Two Times of the Year

(b) October
Figure 62 Binary Fractal Error Images of a Residential Scene

October image of Figure 61 compared to the April image, as well as the distinct increase

of foliage in the October scene.
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A combination of operators which could detect cultural features was tested on this
pair of images. Cultural features usually possess clear edges, so three edge operators
were included in the comparison. The fractal error with window sizes 5 X 5, 7 X 7 and
9 X 9 plus the busyness operator completed the set.

Quantifying an operator’s accuracy for detecting the man-made content is
difficult. As mentioned in section 6.2, the creation of a correctly segmented or
“ground—truth” image involves a degree of subjectivity. Both the April and October
images were used to create the ground-truth urban image shown in Figuré 63 for the two
classes “buildings” and “background.” This image contains buildings which may have
been obscured by foliage and shadows in one or possibly even both of the original
images. For example, the presence of a rooftop in a shadow miy sometimes be implied
by the geometry of the structure. Likewise, a building with very low contrast might be
detected by a faint shadow. In some circumstances, objects were blurry even at larger
resolutions, requiring a subjective determination whether the particular item was a

portion of a building. Although the images were aligned with one another (i.e.,
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Figure 63 Correct Segmentation of Residential Scene
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registered), there were slight misalignments of one or two pixels around the upper right
and lower left corners of the image. The ground-truth segmentation attempted to
compromise between the two images in such cases.

When comparing the fractal error, busyness and edge operators, each of the
filtered images produced by these operators was thresholded manually, while attempting
to maximize the distinction between buildings and background. Although this task was
performed carefully, it is inherently subjective. A more reliable comparison might
consider a collection of several binary images which use different thresholds.

The fractal error and busyness filtered images were compared directly to the
ground-truth image. However, one would not éxpect the edge operators to match well to
the filled objects of the correctly segmented image. At best, they can detect only the
object boundaries, although this should be considered a valid identification of the object.
Therefore, each edge operator was also applied to the ground-truth image, and the result
was thresholded to a binary image. (While partially subjective, the determination of a
threshold was much more obvious for this step than for the previous edge images.) Thus,
the edge image of the ground-truth image was compared to the edge image of the
original image for each of the three edge operators.

For each comparison, the percentage of corréctly classified pixels was computed.
The overall classification accuracy, based upon the relative number of pixels labeled as
either buildings or background, was considered. However, this value can be misleading
here, since there were abouf five times more pixels labeled as background than as
buildings. (For example, an image consisting entirely of background would still manage
to produce an excellent overall classification accuracy above 80%.) Since the goal is the
detection of buildings, the percentage of buildings classified as buildings might be a
better means of comparison, although one could obtain perfect results with an image
consisting entirely of buildings. However, the images were thresholded to produce

meaningful results, not pathological situations, so this percentage may still be useful. An




108
alternative criterion is the simple (non-weighted) average of the two matching
classifications (i.e., buildings classified as buildings and background classified as
background). Here, each the buildings and background classes are given equal
importance. |

| . The fractal error correctly classified around 60% to 70% of the buildings,
compared to around 50% to 60% for the Busyness and 10% to 35% for the edge
operators. The average classification accuracy was roughly equal for the fractal error and
busyness, between 60% and 70%. This measure dropped to about 50% to 60% for the
edge operators. A more thorough comparison might consider a more sophisticated
decision criterion and a collection of binary filtered images obtained with various
thresholds. Nevertheless, these results indicate that the visual appeal of the fractal error
for identifying cultural features has quantitative support.

This analysis led to another important task in the evaluation of aerial imagery, the
enhancement of those objects in a scene which are stable over a period of time.
Typically, cultural features are more stable than natural features. It was also desired that
the resulting pair of enhanced images should be very similar, indicating their common
origin. The same combination of operators which was considered previously for
detecting cultural features was tested on the previous pair of images: three edge
operators, the busyness operator and the fractal error with window sizes 5 X 5, 7 X 7
and 9 X 9.‘

For each of the seven operators, the following test was conducted. (Recall that
the prévious test verified that the images were properly alignéd with one another.) The
pair of images was processed by the giyen operator, producing a pair of filtered images.
Subtracting one filtered image from the other yielded' the difference image. Ideally, the
difference image should be uniformly zero: zero mean and zero variance. The root mean
square (RMS) error was chosen as the statistic to characterize the difference image.

Equal to the square root of the sum of the variance and squared mean, the RMS error
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incorporates both of these statistics together into a single measure. (Note that the mean
and variance of either the ordinary difference or absolute difference may be used; the
result is mathematically equivalent.) However, the RMS error from two different
operators cannot be compared directly, since the signal strengths of the filtered images
may differ between operators. (For example, consider two signals with a given mean
value. Scaling the signals by a constant factor will also scale their difference and RMS
error by the same constant.) To compensate for differing signal strengths, each RMS
error was normalized by the average magnitude of its particular filtered images. More
precisely, sﬁppose that /il and u, are the average values for a pair of feature images.
Then the normalized RMS error will be as shown below:

RMS error
(uy +uy/2

Figure 64a lists the normalized RMS error values for the seven features, ranked in

normalized RMS error =

order. (Each operator’s window size is also indicated.) The 7 X 7and 9 X 9 fractal
error gave the best results. Unfortunately, the 5 X 5 fractal error did not perform as well
as expected, trailing busyness and leading the Sobel edge operator by a margin that was
not especially large. Although they clearly identified the edges of cultural objects, tﬁe
edge operators generally performed poorly because they also located the edges of

unstable items, such as shadows. Another pair of images, of a different residential area,

_ Normalized Normalized

Operator RMS Error Operator RMS Error
Fractal Error 9x9 0.643 Fractal Error 9x9 0.529
Fractal Error 7x7 0.734 Fractal Error 7x7 0.624
Busyness 3x3 0.907 Sobel 3x3 0.801
Fractal Error 5x5 0.937 Busyness 3x3 0.807
Sobel 3x3 . 0.968 Fractal Error 5x5 0.833
Prewitt 3x3 1.205 Prewitt 3x3 1.013
Laplacian 1.320 Laplacian 1.184

(a) Original Pair of Residential Scenes (b) Second Pair of Residential Scenes

Figure 64 Comparison of Operators for Cultural Feature Stability
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was also examined. The resolution was approximately the same as before. One image
was taken in April and the other in October. Listed in Figure 64b, these results also
indicate that the 7 X 7 and 9 X 9 fractal error operators were the most suitable for

detecting the stable contents of the scene.




CHAPTER VII

OBSERVATIONS AND CONCLUSIONS

The primary purpose of this research waS to determine fractal characteristics
suitable for representing visual textures, and to develop algorithms to extract such
characteristics, with particular emphasis on aerial imagery. Under the original problem
statement (section 1.4), the following questions were proposed:
® How appropriate is the ﬁ'actional Brownian motion model for visual texture?
® What are some useful fBm synthesis algorithms and how do they compare?
® What are some useful fractal characteristics, how may they be estimated, and how do

their extraction algorithms compare?
® How can estimation algorithms be applied?
® How may the fractal characteristics be used within a knowledge-based segmentation '

system?

~ The first question will conclude this discussion. The other questions will be addressed in
order.

Artificial fractional Brownian motion (fBm) images were created in three
different manners. The spectral synthetic algorithm relies upon the frequency
distribution of fBm. The other two spatial synthesis approaches use the random midpoint
displacement algorithm. One included successive random additions while the other did
not. In all cases, the visual roughness-of the synthetic images increased along with their
fractal dimension. Although artificially generated, these textures appeared very natural.
However, only the spectral method is theoretically sound. Detailed analysis revealed that
the random midpoint displacement algorithm preserved the properties of fBm only for

certain pixel spacings. Furthermore, the practice of including successive random
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additions to remove the creasing effect actually decreases the theoretical validity of the
algorithm. Nevertheless, all three synthesis algorithms were included in the subsequent
estimation of fractal characteristics. The estimates of the random midpoint displacement
fractals were made to produce a more complete study and to provide insights from an
algorithm whose empirical analysis is absent in the known literature. Although the
random midpoint displacement algorithm was not studied in detail, there were no trends
between its theoretical problems and its measured fractal properties.

The most obvious and well-studied fractal characteristic is the dimension. The
fractal dimension corresponds directly to the perceptuél notion of visual roughness. Few
researchers have considered the error in their estimation. Thus, the degree to which the
measured signal fits the fBm model was included in this study. Also considered was the
lacunarity, which seems to be related to the coarseness or granularity of the textufe.
However, formulations for estimating the lacunarity suffer from a lack of consistency,
and very little work exists on synthesizing textures with a particular lacunarity value.
Therefore, the fractal dimension and the fractal error were the two characteristics
explored here.

Before estimating the fractal dimension and fractal error of a texture, the fractal
scaling property was considered, which requires an exponential relatiohship between the
signal spacing and the average change in signal strength. The synthetic fractals adhered
closely to this requirement, especially the spatially synthesized fractals. The Brodatz
textures deviated from this property, as expected, with generally reasonable results. The
“clouds,” “sand™ and “waves” textures matched the best, while the “burlap™ and
“paper”’ textures fit the worst. Next, three methods were applied to the estimation of the
fractal dimension and fractal error across the entire image: spectral estimation, spatial
estimation and box—counting. It was anticipated that the theoretical inconsistencies in the
spatial synthesis algorithms might affect the accuracy of their estimates. For example,

the spectral approach gave close estimates for spectrally synthesized fractals, but the




113

values for the spatial fractals were consistently high. However, the accuracy of the
spatial technique was very close for all sets of artificial fractals. In addition to its
consistency, the spatial estimation algorithm gave the most accurate results also. Its
accuracy was close to fhat produced by the improved interpolated box—counting approach
presented by Keller et al. [25]

Although the attributes of a fractal should remain invariant across any resolution,
findings indicated that the dimension and error were not necessarily constant. The
estimated dimension curves remained fairly flat for the spatial fractals, but they increased
slightly for the spectral fractals. The fractal RMS error decreased rapidly up to a
distance of about four to six pixels before leveling out. As expected, the linearity of the
dimension and error of the Brodatz textures varied, but the RMS error was always higher,
on average six times greater than the RMS error for the synthetic fractals.

For segmentation, the measure must be restricted to a small, local portion of the
image. Statistics were collected on the synthetic fractals for each estimation algorithm,
yielding surprisingly accurate dimension estimates compared to the global algorithms.
Unforuinately, the dimension images of each spectral, horizontal/vertical and
center—oriented local estimation were of poor quality. However, the fractal error proved
to be a useful texture feature. Efforts focused on the faster center—oriented estimation,
which offered better quality.

Fractal error was examined as a texture feature, specifically for segmenting aerial
images. In conjunction with gray shade, the fractal error could distinguish the regions in
several aerial images effectively. It bore a strong resemblance to the texture feature
previously chosen for aerial image segmentation, the busyness operator. However,
because the fractal error took longer to compute, busyriess was retained as the texture
feature in the aerial image segmentatidn software.

Noting that cultural or man-made objects in an image will typically be

non—fractal, the fractal error was applied to the identification of cultural features. The
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cultural content of the scene was located successfully using fractal error. Tested against
other simple operators which could detect cultural features, the 9 X 9and 7 X 7
window sizes of fractal error were found to perform best. These operators were least
affected by changes in illumination, contrast and season.

The notion of modeling texture with fBm originated from the work of Pentland
[39]. The justification stems from the assertion that natural terrain is created and shaped
by fractal processes and is supported by the convincing appearance of fBm renderings of
terrain surfaces [30]. Although an image intensity surface of a fBm surface will also
produce fBm, the reflectance in the original surface will usually vary. Under such typical
conditions, the argument that an image is inherently a fBm signal lacks rigor.
Nevertheless, solid evidence exists linking the fractal dimension of a fBm surface with its
perceived visual roughness. Because roughness is only one aspect of texture, a pair of
textures could have the same roughness but otherwise be quite distinct. Similarly, the
Brodatz textures “clouds” and “fieldstone™ are noticeably different, although their

estimated fractal diniensions were nearly identical.

Dimension estimates which considered largér image regions produced accuracies
which were competifive with other published work and sometimes even better. Whereas
most researchers have estimated the dimension within fairly large regions, a much
smaller size was required for the resolution of the aerial imagery in this study. Sucha
restriction decreased the impact of the fractal dimension estimates. However, the fractal
error proved to be a viable feature, even when estimated within very small regions of fhe
image. Even for larger regions, the degree to which the actual image fits the model is
highly significant. However, very few researchers have considered this error in their
estimations. ‘

The following areas of further research are proposed. First, the effects of
quantizing the sighal into only 256 values should be examined. Even more than

sampling the continuous fBm signal into a discrete signal, the quantization is suspected to
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be responsible for at leést some of the inaccuracies in the estimated fractal dimension.
For example, the global spectral estimates of the globally synthesized fractals should be
highly accurate, since both share the same theoretical foundation. Brief experiments
using a larger range of signal values indicated promise.

Although the theory predicts that fractal characteﬂstics should remain invariant
over all resolutions, empirical findings revealed that this was not completely true. These
effects could result from flaws in the synthesis, or they could be related to the estirﬁation
process. The findings could be used to develop more reliable synthesis and estimation
algorithms. |

| _ In addition to furthering the research on fractal dimension and fractal error, the
lacunarity and other potehtial characteristics should be investigated. Just as dimension
corresponds to roughness, lacunarity appears to describe the coarseness or granularity of
a texture. A successful representation of roughness and coarseness, both of which relate
inherently to fractal geometry, would provide a more detailed description of visual
texture.

Looking further ahead, the relationship between fBm and 6ther texture models,
such as co-occurrence matrices, Fourier spectra, Markov processes and autocorrelation
deserves closer attention. In particular, parameters which are difficult to estimate in one
paradigm might benefit from a potential link to more easily estimated parameters in
another paradigm.

In another area, the fractal model appears to be naturally suited toward multiple
resolution analysis. In simplest terms, fractal texture analysis may be applied toa
hierarchy of image resolutions. At a deeper level, the inherent scaling properties of
self-affinity provide a stronger link to the concept of a representation which spans a
range of resolutions. Also, the correspondence between fBm and Markov random fields

serves as additional indication that such work deserves further attention.
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APPENDIX

Given a normally distributed random variable X with.a mean of zero and variance

02, the mean of |X] will be proportional to o.

1. Let the probability distribution of X be labeled f(x). From the given information,

s = —Len(3X)
ol W\ 202
2. Let ¥ = [X]. Find the probability distribution g(y) of ¥. (Note that G(y) and F(x)

denote the cumulative distributions of g(y) and f(x), respectively.)

GOo) = PY=<y) =P(X]=y)=P(-y<X=y)=F@) - F(-y)
Differentiating with respect to y gives g(y) = f(y) + f(—y).

Since y must be non~-negative, g(y) = Ofory < 0.

The distribution of f(x) is symmetric about the origin, so
80 = 2f(y) for y = 0.

Thus,

2 —y?
= ex fory=20

3. Find the mean of Y. By definition,
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Since the limit at infinity is zero, this becomes

E[Y] = E[X) = 0 /2
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4. Thus, the mean of |X] is proportional to the standard deviation of X, where the

proportionality constant is /2/7.
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ABSTRACT

Fractal error is an image processing metric that can be used to locate man-
made features in aerial images, as Weli as edges in industrial images. The metric
can aid photo interpreters in locating targets in aerial reconnaissance images. Since
the development of fractal error, it has been shown that the fractal error metric also
works well for extracting features in synthetic aperture radar (SAR) images. A novel
method is presented for automatic 2-D entropic segmentation using fractal error as a
feature.

Previous work has also shown that the fractal error metric is useful for locating
edge pixels in industrial images. Aﬁ introduction to edge detection using fractal error
is presehted; the results of the fractal error edge detection algorithm are compared
with the Canny edge operator for robustness and accuracy.

Fractal error has many useful applications; however, some applications require
real-time image analysis. The main disadvantage of the fractal error algorithm is that
it can take several seconds to compute on large images. Therefore, it is desirable to
create an approximation of fractal error to provide real-time image analysis. A novel

approximation of fractal error using a genetic algorithm is also presented.

At
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CHAPTER 1
INTRODUCTION

The mathefnatical nature of textures within images has generated much in-
terest in the literature in past years. Specifically, fractal dimension and lacunarity
are commonly the focus of such interest. Notably, Pentland [49] used fractal dimen-
sion to analyze naturél visual textures. However, little attention has been given to
measuring the fitness of the fractal model itself. Cooper [12], [13] conducted the first
research indicating that there may be some use in a measure that quantifies the error
between the calculated fractal model and the actual data. This study is an extension
of Cooper’s work. The practical use of the fractal error as a feature measure, both in

segmentation and edge detection, is explored here.

A. Major Contribution

Upon examination, there are three important examples that can be described
as motivation for this research. The first example involves segmentation of cultural
objects in synthetic aperture radar (SAR) imagery. Reliable edge detection in the
presence of noise is the second. An approximation to fractal error for real-time pro-
cessing is the third.»

For example, mission planning is a critical part of a tactical aircraft mission.
To ensure the safety of the pilot and the success of the mission, extensive planning
is required. Greater efliciency and consistency are achieved by supplementing pilot
calculations with machine automation and intelligence. However, during the actual

execution of the mission, the tactical situation may undergo unpredictable change.




Instead of returning to the aircré,ft carrier and re-planning a new mission, it may
be desirable to modify the mission en route. Therefore, it is necessary to data link
mission-related information to aid the pilot with his new objective. Surveillance
and reconnaissance imagery coupled with other intelligence information and digital
maps can be presented to the flight crew. Included in this mission-related data, may
be processed imagery.of the target area from off-board sensors. These off-board
sensors may provide infrared (IR) imagery, SAR imagery, and optical imagery. SAR
imagery is a likely sensor candidate. While highly speculaf and often difficult to
interpret without enhancement, SAR is less susceptible to weather conditions and
ambient illumination, than IR. Thus, from all of the data sent to the flight crew,
terrain features, line-of-sight perspectives, and expected target area features can be
displayed in order to highlight the new mission aspects. The fractal error metric is
described here in a method that provides useful detection of cultural objects. The
resultirig imagery could be used in on-the-fly mission adjustments.

| As another example, edges typically do not fit the fractional Brownian motion
(fBm) model well, due to their irregularity. Therefore, fractal error is also a practical
edge enhancement operator. In this study, an algorithm has been developed, using
- fractal error as a likelihood function, to separate the edges from the other features
in images. Edge linking, or the process of making discontinuous edges continuous, is
the second stage in the edge detection process. A new method of edge linking using
fractal error is introduced.

Many applications require real-time processing. For example, automatic target
recognition is worthless if several minutes are dedicated to processing the image. It
will be shown that fractal error is a computationally intensive algorithrh. Thus, a
fast approximation to fractal error is desirable. This work will describe a genetic
approximation to fractal error. A genetic algorithm is used to evolve a set of weights

in a fixed mathematical structure. The structure, along with the final weights, are




then used to approximate fractal error.

This dissertation will explore the functionality of fractal error, the genetic
approximation of the algorithm, and a method of edge detection using the fractal error
metric. Chapter II will briefly review the literature on fractal and texture analysis
and edge detection. Chapter III will present an introduction to fractal error. Chapter
IV will describe the approximation to the fractal error metric using evolutionary
computing, specifically, genetic algorithms. The issue 6f automatic thresholding for

cultural object detection will be addressed in Chapter V, which outlines a method

~using a 2-D entropy decision line to segment the image. Edge enhancement and

edge detection will be examined in Chapter V1. Each chapter will present results, the

advantages and disadvantages of each developed method and future research ideas.




CHAPTER II
PREVIOUS WORK

A. Feature Detection and Synthetic Aperture Radar

There has been much vvofk presented in the literature regarding feature extrac-
tion, segmentation, and object recognition with respect to synthetic aperture radar
(SAR) images. Many of the articles summarized in this section deal with terrain
images and few attempt to address the problem of recognition of man-made objects
in the images.

For example, He and Wang [27] presented a new set of textural measures de-
rived from the texture spectrum and applied these measures to SAR imagery. The
measures developed in their study extract textural information of an image. These
measures provide information from the eight directions in a localized 3x3 neighbor-
hood in the image. ‘

The basis of the features suggested by He and Wang is that a texture image will
be considered as a set of texture units .which characterize the local texture information
for a given pixel and its neighborhood. From these local texture units, an image of the
global texture aspects can be mapped. Using the local texture units, the frequency
distribution of the texture units is calculated, with ‘.the abscissa representing the
texture unit number and the ordinate representing its occurrence frequency. From
this frequency distribution comes the term texture spectrum. He and Wang use thié
texture spectrum to extract information to form quantitative feature vectors which

incorporate characteristics of the texture, such as black-white symmetry, geometric




symmetry, degree of direction, orientational features and central symmetry. He and
Wang compared their results to previous research using the co-occurrence matrix
approach [34], [20], [23], [11], and [26]. The results indicate that the He and Wang
measures provide a more detailed feature vector.

Other authors have suggested using statistical image models as a means to
segment SAR data [15], [38], [57]. In an article by Rignot and Chellappa [52], a model
for the conditional distribution of the polarimetric complex data is combined with a
Markov random field representatibn in order to segment the SAR image. Their article
describes a model for the posterior distribution of the region labels. Optimization of
those region labels is defined as maximizing the posterior distribution of the region
labels, or maximum a pbsteriom’ (MAP) estimate. |

Solberg, Taxt and Jain [57] developed a general model for multisource classifi-
cation of remotely sensed data, such as optical, IR and SAR. Their model is based on
Markov Random Fields (MRF) and was developed for the fusion of optical images,
SAR images and.Geographic Information Systemé (GIS) ground cover data. Their
model uses the spatial class dependencies, also called spatial context, between pixel
neighbors in an image and temporal class dependencies between different images of
the same scene. They have tested their model on Landsat TM images, ERS-1 SAR
images and GIS ground-cover maps on agricultural scenes with encouraging results.

Geometric feature extraction techniques havé also been used to extract infor-
mation from images. Methods such as the Hough transform [29], [3] can be useful,
but are not typically scale- 01.' rotation-invariant. Selvage, Chenoweth and Gold [56]
describe a modification to the chord transform, which was able to detect geometric
structural content within an image. This transform has been shown to be scale-,
translation- and rotation-invariant. Features in a series of aerial images were high-
lighted, showing an accurate extraction. The most noticeable problem with the chord

transform, however, is its computational expense. Their variant chord transform
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takes O(N‘*) computations where N is the number of edge pixels. This is impractical
for real-time applications. They suggest a parallel SIMD (single instruction, multiple
data) architecture to optimize the computation of the modified chord transform.

In recent years, there has been a trend towards using metrics derived from
fractal geometry in the analysis of natural textures [42]. Pentland [49] used fractal-
based descriptions of image texture to effectively characterize natural visual imagery.
There have also been other works that attempt to apply fractal characteristics and
measures to basic image analysis, such as texture segmentation [37], [48]. Using a
fractional Brownian motion (fBm) model, Stewart et al. [60] démonstrated the appli-
cation of fractal random process models as features in the aﬁalysis and segmentation
of SAR imagery. The fractal dimension of natural textures, such as gfass and trees,
was computed and used as a texture feature in a Bayesian classifier.

Stewart, et al. discussed how metrics described by fractal geometry provide
accurate measures of “roughness” and “irregularity” in scale-invariant natural forms.
Moghaddam et al. [44], [45] have used the local fractal dimension, a fractal metric,
for segmentation and analysis of infrared (IR) imagery. Likewise, Cooper [12] imple-
mented a localized version of the fractal error measurement as well as other fractal
metrics for the segmentation of aerial imagery. Stein [59] introduced another fractal
error metric, calculated by a covering method similar to the method suggested by
Peleg [48]. Solka, Rogers and Priebe [58] introduced a power law signature similar to
Stein’s. There were significant differences, however. Stein designed a discrimination
scheme employing the slope and standard error of fit of the regression line, not unlike
the algorithm the Cooper implemented [12], which is outlined in this work. Solka,
Rogers and Priebe used different features to estimate fractal error. Also, Stein’s deci-
sion rules were heuristic in nature, where Solka, Rogers and Priebe proposed advanced
density estimation techniques in an effort to fully characterize the decision surfaces

- which originate from their power law signatures.
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FIGURE 1-The two-phase process for edge detection.

In another paper, Rogers, Solka and Priebe [53] outlined a method to calculate
fractal dimension using a parallel distributed processing (PDP) approach. A priori
boundary information was incorporated into their covering method, improving their
segmentation results.

Cooper et al. [12] developed a fractal error metric based on the observed
propensity of natural image features to fit a fractional Brownian motién model. They
used this feature in a statistical classifier to successfully segment regions in aerial
reconnaissance images. Jansing et al. [33] used this same feature to segment man-

made objects in SAR imagery.

B. Edge Detection

‘Edge detection has long been the subject of research in image piocessing and
computer vision. Widely used in industrial vision systems, edge detection can be
utilized for parts inspection or robot vision. Often, edges are detected and matched
for registration in stereo vision. Edge detection is a two-phase process, aé described -
by Figure 1.

The first phase is edge enhancement, which is the process of locating pixels
in the image that may be considered step edges. This process typically involves the
initial detection of edge points using such techniques as the Laplacian of the Gaussian
[43], [5], [10]. Canny [9] did an extensive study on edge detection, deriving the optimal

filter for edge detection. He discovered that the optimal filter was well-approximated




by the derivative of the Gaussian. The Prewitt edge operator [51] estimates the
gradient with a quadratic fitting surface. Haralick [24] proposed an iterative facet
model approach to edge enhancement. This model assumes that the spatial domain
of the image can be partitioned into connected regions called facets. The boundaries
of the facet define the step edges in the image. Jansing, et al. [32] proposed using a
fractal error measure to highlight step edges.

Typically, false edges are eliminated from a set of criteria. For example, Canny
[9] suggested thresholding edge points by comparing the magnitude of the gradient
of an edge point with the magnitudes of its eight local neighbors. In Haralick’s facet
model [24], false edges are eliminated by a chi-squared test on the magnitude of ‘the
candidate edge pixel.

The second stage, edge linking, attempts to link edges which might be broken
and discontinuous. This break in the edges may be caused by any number of phe-
non‘u-ua in the image, including shadowing or noise. Some techniques for edge linking
include the SEL algorithm [17] and the LINK algorithm [19]. Using search techniques,

these methods attempt to produce edges that are connected over the image space.




CHAPTER III
AN INTRODUCTION TO FRACTAL ERROR

A. General Theory

1. Definition Of A Fractal

It is well known that many textures and scenes can be modeled as fractals.
A fractal, according to La Brecque [6], “has a rough shape to one degree or another
made of parts which, when magnified, resemble the whole.” It is also well known that
literature describing fractals often lacks precision when attempting to define what a
fractal is. However, the reader of fractal geometry and theory can turn to Falconer

[18] for a detailed description of the properties of fractals. Falconer states that
The set F ' is a fractal, if it has following properties:

1. F' has a fine structure, that is, detail on arbitrarily small scales.

2. F is too irregular to be described in traditional geometrical language,

both locally and globally.

3. Often F has some form of self-similarity, perhaps approximate or

statistical.

4. Usually, the “fractal dimension” of F' (defined in some way, and -
there are several unique definitions) is greater than its topological

dimension.
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5. In most cases of interest, F' is defined in a very simple way, perhaps

recursively (e.g., the Julia or Mandelbrot Sets).

2. Fractal Dimension

How are fractals distinguished between one another? How does one measure
the size of fractal? What measure can be used to compare and contrast fractals?

Fractal dimension is the measure that is generally used to distinguish between
fractals, giving the fractals a measurement of “size”. This numeric representation
attempts to quantify a subjective quality which one might have about how densely
the fractal occupies the space in which it eﬁ(ists. |

Fractal dimension is just as difficult to define as fractals themselves. Mandel-
brot [42], Falconer [18], Peitgen et al. [47] and Edgar [16] provide excellent discussions
of many different fractal difnension deﬁnitions. Each fractal dimension definition has
a distinct style. Although the definitions are all related, Peitgen [47] claims that some
definitions make sense in certain cases, while other definitions will not be cogent in the
same case. Experience and heuristics prompt the selection of an appropriate fractal

dimension definition, according to the application.

3. Lacunarity

Mandelbrot [42] defined another measure for fractals. Lacunarity déscribes
the “holiness” ([36], pg. 236) of an océupied fractal lattice. The origin of the name
lacunarity can be appreciﬁted by looking at an image of cork in Figure 2. This
image is part of a collection of texture images, presented by Brodatz [8]. From the
Latin word “lacona,” which means gap, lacunarity measures the gaps within a fractal
structure. Thus, the percentage of spaces between the cork iﬁ Figure 2 is the measure

of lacunarity. Practically, lakes or other natural objects within aerial images may be
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FIGURE 2- Texture image of cork.

classified by using lacunarity as a feature measure.

4. Fractional Brownién Motion

Fractals may occur in many different forms. Mandelbrot [41] was the first to~
define fractional Brownian motion (f Bm). Brownian motion is the model which refers
to the erratic motion of small suspended particles, resulting from random collisions
with other particles. Fractional Brownian motion is an extension of this model.
Cooper [12] gives an excellent description of fBm:; it will be summarized here.

The function' of fBm is defined as the differences between successive samples.
Let By (t) represent a fBm signal, where t is a vector containing E independent
variables. Then the increment of the fBm signal is described as ABy = Bp(t2) -
By (t1), where t; and to are two distinct measurements in time. The measure ABgy
is normally distributed with a mean of zero and a variance proportional to the 2H

power of the Euclidean distance. The mean takes the form of
E[By(t2) — By (t1)] = 0. (1)
Likewise, the variance is defined as

VarBy (ta) — Ba(t1)] = K2[ta — t1]27. 2
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where k? is the proportionality constant of the variance and H is the Hurst parameter,
which must be 0 < H < 1. Note that when H = 0.5, the fractional Brownian motion
represents the original Brownian motion model. The value of H can be used to

describe the fractal dimension D as
D=F+1-H, (3)

where E is the Euclidean dimension (or, the number of independent variables of t).
It is therefore easy to see that small values of H produce high fractal dimension and
large values of H produce a low fractal dimeﬁsion. Combining the equations for mean
and variahce, while also taking into account the fractal dimension, we can arrive at

the following relationship:
E[|Bu(t2) — By(t1)]] = kltz — ta|7. | (4)

The above equation is the heart of the fractal error metric. The regions ob-
served in an actual imagé may be a combination of many different textures. Each
texture can be represented by its fractal dimension. But, before attempting to deter-
mine the fractal dimension, it is useful to know how well a region (or window) may fit
the fractal model. Thus, measuring the error produced when estimating the fractal
dimension will give a useful metric in order to determine the “fractalness” of a region
in the irhage. A small erfor will indicate that a region fits the fractal model well,
and thus can be considered a fractal. Conversely, a large error will indicate that the
region fits poorly into the fractal model and thus is probably not a fractal and the

fractal dimension measure is useless. Mathematically, this can be defined as
E[IGx:] - GIxa]l] = klxe—xa[? (5)

E|AGiaxl] = klAx|® | (6)

where G is the region or window in the image and x is the measured distances within
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the region. Estimates of H and %k can be found by using a linear regression scheme,
InE[JAG|ax|] =Ink + Hin|Ax|. (7)

These estimates, H and k, can then be used to calculate the error with the
following equation:

erroriax = E[|AG ax||] — B|Ax|T. (8)

Using a “center-oriented” window (i.e., a square window of n by n, where n is strictly
odd), there will be five, nine, or fourteen error values, given the window is 5x5, 7x7,
or 9x9 respectively. Thus, a cumulative error for the model can be given by the root

mean square error

RMS Error = Jl > (erroriax)?. 9)

™ | ax]

Thus, using the RMS error, it is easily determined whether or not a pixel with a

surrounding 5x5, 7x7 or 9x9 region is fractal in nature.

B. Fractal Error Algorithm

1. Description

Using the method described in the previous section, Cooper [12] developed an
algorithm to calculate the fractal error for each pixel in a scene. This algorithm is

described in detail in Table 1.

2. An Example

The following section outlines the steps of the entire fractal error algorithm.
Note that this example will produce a single number that will represent the error

for the center pixel in relation to its neighbors. Figure 3 répresents a sample 5x5




TABLE 1

Fractal Error Algorithm

Define a 5x5, 7x7, or 9x9 sliding window.

Calculate each Ax and E[|AG]] for each pixel in the neighbor-
hood of the sliding window.

Using linear regression, ﬁnvd the slope and the y-intercept

for each unique set of Ax in the window from the equation
ln(E[lAGIAxi,[]) = In(k) + H|Ax;]|.

Assign H = slope and k = exp(y-intei‘cept) from the above
relationship.

Calculate the fractal error from errorjay, = E[|AG|ax;]] —
k) Ax;|H, for that unique set of Ax. |

Calculate RMS = error from RMS  Error =
\/7—11 Y axi| (67707 Ax,))2.

Save the RMS error for that pixel, move the window and repeat

the process over the entire scene.
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250 | 200 | 220 | 200 | 200
175 | 210 | 170 | 159 | 100
110 | 100 | 120 | 115 | 100
96 | 200 | 205 | 210 | 211
95 | 201 | 197 | 205 | 200

FIGURE 3- A sample 5x5 window.
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FIGURE 4-The Euclidean distances over the 5x5 neighborhood.

15

window. Since the localized neighborhood is 5x5, there are five unique distances in

the window. as shown in Figure 4.

The following table represenfs the absolute values of the differences of the gray

levels over the unique sets of distances in the neighborhood. Thus, the gray scale value

of each pixel that has a distance of 1.41 is subtracted from the gray scale value of the

center pixel. Their absolute values are averaged to give E[|AG]] for each unique set

of distances.

Using Equation 7, we can obtain estimates for the Hurst parameter and the

proportionality constant, H and k, respectively. These estimates can be found using
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TABLE 2

Distances From The Center Pixel (Ax) And The Expected Value Of The Absolute
Values Of The Gray Scales In Reference To The Center Pixel (E[|AG|))

Az InAz | E[|AG|] InE[AG|]
| 1,000 0.000 | 40.00 3.69
1414 0.347 | 74.75 4.31
2.000 0.693 | 51.75 3.95
2.236  0.805 | 91.50 4.51
2.828 1.040 | 78.75 4.37

linear regression [2]. If the linear model takes the form

'y = B + Bz, (10)

then estimates for §; (slope) and 3, (y-intercept) are defined as

= E(@' ~T)y;
B Yo7 (11)
B = 7- BT, (12)

where T is *he sample mean of z and 7 is the sample mean of y. In our particular
case, z represents the “In Az” term in Equation 7 and y represents the “InE[|AG]]”
term in the same equation. To overcome the problem of evaluating In E[|AG|] when
E[]AG|] = 0, a protected natural log function, In,(z), was defined: If z = 0, then
In,(z) = 0, otherwise In,(z) = In(x). This protected log function prevents having to
evaluate the natural log function at zero, 'whose value is minus infinity.

From that data in Table 2, it easy to see that T = 0.577 and 7 = 4.17. The
estimates of By and (; can thus be calculated,

B o= Z?_:l(xi —0.577)y;
' > (z; — 0.577)2
Bo = 4.17—0.5778, = 3.83 (14)

= 0.585 (13)
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FIGURE 5-1n Az vs. InE[JAG]|] and the resulting estimated linear fit.

The Hurst parameter estimate, H, is the slope of the linear model, that is, H = B;
The proportionality constant estimate, & is the y-intercept of the linear model, & =
exp.(B\o). Therefore, H = 0.585 and k = 46.1. Figure 5 shows In Az vs. In E[|AGI]
and the estimated linear fit. |

Errors with respect to each unique distance set can be calculated with Equation
8. Table 3 shows the result of using Equation 8 in tflis example. ’

The overall RMS error, as defined by Equation 9, is 14.31. This number rep-
resents the “fractalness” of the center pixel in relationship to its neighbors. Decisions
regarding the fractalness of the pixel afe tyﬁically made in reference to the entire
image. Thus, if the variation of fractal errors is from 0 to 15, this pixel is not likely

to be fractal in nature.

3. Results

In this section, the algorithm is applied to several images. The original image

and the resulting fractal image are shown.
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TABLE 3

Calculated Error From Fractional Brownian Motion Model

Az error
1.00 -6.06
141 184
2.00 -17.3
224 177
283 -5.9

Cultural objects in the aerial images, Figures 6 and 7, are highlighted. The
pixels representing cultural objects are bright in comparison to the other pixels in the
image, indicating that fractal error is high. In these examples, fractal error préves to
be a useful discriminating feature for segmenting cultural objects in aerial images.

Fractal error will also enhance the edges in an image, as shown in Figures 8
and 9. Since objects that are less fractal in nature have higher fractal error values
than more naturally occurring objects, the normalized fractal error can be viewed as
a likelihood ineasure. This likelihood will provide a useful metric in enhancing and
linking edges in an iinage.

Computational expense is the unfortunate by-product of this useful algorithm.
Many applications require real—time compufation to be practical. The next chapter
will introduce a genetic apprpach to approximating fractal error. This genetic ap-
proximation to fractal error provides real-time analysis, whether for cultural object

detection or edge detection.




(a) Original Image

(b) Fractal Error Image

FIGURE 6 - Washington, DC image.
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(b) Fractal Error Image

FIGURE 7-SAR image of desert terrain.
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(a) Original Image (b) Fractal Error Image

FIGURE 8-Coke can image.
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Fractal Error Image

)

b

(

(a) Original Image

FIGURE 9 - Gear image.




CHAPTER IV
GENETIC APPROXIMATION TO FRACTAL ERROR

A. Introduction

In 1975, John Holland [28] introduced the publication Adaptation in Natural
and Artificial Systerﬁs. In this publication, Holland integrated two themes that had
persistently appeared in his studies: the representation of complex structures using
simplé representations (such as bit strings), and the ability to modify and improve
such structures with simple transformations. Holland demonstrated that under the
proper conditions, bifg strings could “evolve” into improved bit strings. The improve-
ment was dependent on thg fitness of each member of the group of strings. Holland
realized the tremendous potential of such an _opera_,tion, and thus, initiated the study
of genetic algorithms.

Holland discovered that the fundamental structures of genetics, chromosomés,
can also be analogous to structures in other fields, such as types of goods in economic
planning, strategies in gaming theory and functions in artificial intelligence. If the
structures could be represented in a similar fashion, Holland‘posed the question of
whether the same sort of operators that evolve chromosomes could be used to evolve
optimal structures in the other fields? Holland demonstrated that, in fact, they do.
Just as the operations of mutation and recombination adapt chromosomes to function
in specific (and hopefully optimal) ways, the operations of production activities in
economic planning or learning rules in artificial intelligence can adapt their respectivé

structures.
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In the same way chromosomes evolve over several generations, so do the struc-
tures in our genetic algorithm. Structures are allowed to sexually reproduce into
the generation via some random operation according to the structure’s fitness in the
~population. Typical fitness functions may include utility in economic planning, error
functions in controls, payoff in gamihg theory, or comparative efficiency in artificial
intelligence. Those individuals who are more fit than others (the lowest error in the
case of controls or the highest payoff in the case of gaming theory) have a higher
probability of reproducing into the next generation. As the total population evolves
- over generations, the best parts of fit structures combine with the best parts of cher
fit structures, creating structures that generate better fitness values. Holland (28]
demonstrated that even in large, complicated search spaces, given certain conditions
on the problem domain, the genetic algorithm would tend toward the global extrema.

Much has been written about genetic algorithms and it would be impbssible
to cite completely in this work. The reader should reference Holland [28], Goldberg
[21], Davis [14], or Koza [39] for more detailed discussion of the theory behind genetic
algorithms. While Holland, Goldberg and Davis primarily focused on génetic algo-
rithms, Koza has spent much of his studies extending genetic algorithms to genetic
programs (GP). Here the structures were actual computer code, typically in LISP or
C. These structures of code were then allowed to evolve over hundreds or thousands
of generations, unfil the needed problem-specific code has been found. Using SPICE
(Simulation Program with Integrated Circuit Emphasis), Bennett et al. [4] devel-
oped a GP to design a low-distortion, low-bias 60 dB (1000-to-1) amplifier with good
frequehcy generalization. They contended that the performance of a GP can match
or exceed human performance in some circuit design problems [40]. In 1996, Harris
and Buxton [25] demonstrated that GP techniques can be used to evolve 1-D edge
detectors. | ‘

Because fractal error can be computationally expensive, particularly for large
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images, an approximation for real-time processing is desirable. This chapter will
explore an approximation to fractal error with a genetic algorithm. An outline of
the simple genetic algorithm (SGA) will be introduced to lay the foundation for the
genetic épproximation to fractal error (GAFE). Included in the discussion of the SGA,

an example involving genetic algorithms will also be examined.

B. The Simple Genetic Algorithm

1. General Theory

The genetic algorithm evolves a set (the population) of individual structures
(the chromosomes) into a new population using operations modeled after the Dar-
winian principle of reproduction and survival of the fittest. The structures are typ-
ically fixed-length character strings, often representing binary numbers. Each string
in the new population, also known as the next generation, is evaluated for fitness. If
the solution has not yet been reached, the process is repeated and a new population
is born from the structures of the previoﬁs generation.

The simple genetic algbrithm will be described in this section with an example

of finding the global maximum of the monotonically increasing function,

f(z) = 2° where 0 < 7 < 15. (15)

- Because the function is monotonically increasing, it is not difficult to see that the

global maximum lies at 2 = 15. However, we will suspend this knowledge in order
demonstrate how the SGA will converge to the solution.

The basic operation of the genetic algorithm is described by the flowchart in
Figure 10. At the start of the algorithm, a random pbpulation called the Oth or initial
generation is created. Each member of the initial population is evaluated for fitness,

while checking to see if the desired solution has been reached. If no solution is found
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FIGURE 10-Flowchart of the simple genetic algorithm.

in the initial population, which is highly likely, then the next generation is formed.
The formation of the next generation is performed by probabilistically selecting a
genetic operation, selecting one or two fit individuals, performing the selected opera-
tion and inserting the new individual or individuals in the new population. T he new
population is then evaluated for individual fitness. If a solution is found in this new
population, the algorithm is stopped and the result is reported. However, if no solu-
tion is obtained, the process repeats again until a solution is found or a predetermined
number of generations have been created and evaluated.

In traditional min-max theory, the global extrema are determined by evalu-
ating the first derivative at zero. In some deterministic search methods, statistical
knowledge of the function must be known or assumed [31]. In blind search methods,
such as Monte Carlo methods [22], nothing regarding the function need be known,
but there is no guarantee that the global extrema will be found in a timely fashion.

Genetic algorithms, however, do not operate on the function directly, but on a pa-
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FIGURE 11— A 4-bit integer representation for the search space [0, 15].

rameterization of the inputs to the function. In this manner, no a priori information
regarding the function need be known. The genetic algorithm is also not limited
to just global optimization, but to a number of problems, such as gaming theory,
scheduling, and economic planning.

There are several problems associated with setting up this algorithm. How
does one determine the structure of each individual in the population? How is the
fitness function defined, and is it problem-dependent? How is an individual chosen
out of the population, that is, how does one implement “survival of the fittest?” Are
there rules or guidelines in randomly selecting the genetic operation? How many
individuals should be in the population? How many generations is enough? Before
the genetic algorithm can be used, each one of these issues must be addressed.

a. Parameterization. Holland and many of his students [14] structured
their chromosomes in bit strings. Many parameterizations can be set up as bit rep-
resentations. In the case of our example, since it is known that the search will be

conducted in the interval [0, 15], the bit representation could be a 4-bit binary num-

" ber, as shown in Figure 11. This configuration would only represent the integers

within the search space. If a real number representation is required, then a number of
bits could be used to encode the fractional part of the number, such as the example
in Figure 12. We will use the 4-bit integer representation for our SGA.

There are certainly other ways to represent the chromosome structure. Exam-

ples of other representations may include ordered lists (for bin-packing or the traveling
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FIGURE 12- A 6-bit fixed-point representation for the search space [0, 15].

salesperson problem), embedded lists (for scheduling), or variable- element lists (for
semiconductor layout). Each problem will lend itself to a particular structure.

b. Fitness Functions. Finding a proper fitness function is critical to the
development of a genetic algorithm. The fitness function is the deciding factor in
which an individual will be copied, mutated, or crossed over with another individual
in the formation of a new population. Here, the value of f(z) may be used as the
fitness measure. A higher value of f(z) represents a more fit individual. In the case of
curve fitting, RMS error can serve as the fitness function, where smaller RMS errors
denote fitter individuals.

Normalization plays an important role in assigning fitness values. When the
raw numbers of a fitness function are used, a very good individual may score 110
and a poor one may score 100. If these raw values are used without alteration in
the reproduction of the next population, it will take some time before the children
of the good individual outnumber those of the poor one. For this reason, it may be
desirable to normalize the scores in some fashion. However, if the performance of the
genetic algorithm is too sensitive to the normalization method chosen, it will stress
the improved individuals too much. This will lead to inbreeding with the population,
promoting the rapid dominance of a single strain of structures. In this case, it is
likely that the genetic algorithm will converge to a local maxima or minima and not -

the global solution. This is called premature convergence.
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c. Selection. There are several methods of selecting fit individuals in the
population for reproduction. The most common form of selection is the “roulette
wheel.” This method models a ‘roulette wheel in that there are a fixed number of
slots on the wheel. Slots are allocated according to fitness, with the highest fit
individuals getting the most number of slots and the poorest fit individuals getting
the fewest slots or perhaps no slot at all. Following a uniform distribution, the wheel
is spun each time to select individuals for reproduction. There is no guarantee that
the most fit will be chosen, but Athere is a high probability that a structure having
a good fitness measure will be chosen._ Unfortunately, this method often favors the
most fit chromosomes frequently and the genetic algorithm suffers from premature
convergence. |

Tournament selection is another popular method of selection, whereby Dar-
win's idea of “survival of the fittest” is modeled. Two structures in the population
arc randomly chosen. The individual with the best fitness value is then selected for
reproduction. This method avoids the 'prob‘lem of premature convergence, keeping
the population as diverse a,s. i)ossible while still advancing the population towards the
desired -goal.

d. C’mssover.‘ Once an individual (or two individuals in the case of crossover)
is selected. reproduction into the next generation may begin. Crossover is a reproduc-
tion operator that combines properties of two parent chromosomes into two children
chromosomes. Figure 13 shows simple single-point crossovér. If the individuals are of
length n, then a point between [1,n] is chosen randomly from a uniform distribution.
The children are formed by combining the genetic material from the parents. The
newly formed offspring are then introduced to the new population. The parents are

not deleted or destroyed from the old population, giving them the opportunity to

" reproduce in the future.

Crossover is not restricted to single-point crossing. Multi-point crossover has




Crossover Point

Parent 1

Parent 2

Child 1

Child 2

FIGURE 13-Illustration of single-point crossover.
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also been shown to be us_efu‘l in reproduétion from one generation to the next. Single-
point crossover tends to limit the areas of search, thereby risking premature con-
vergence. Multi-point crossover, which uses two or more crossover poiﬁts, cfeates
diverse children, expanding the search area, and thus increasing the probability of
finding the optimal solution. Crossover is the central operation of reproduétion in
genetic algorithms. Thus, the probability of choosing crossover, called p,, is usually
0.9.

e. Mutation And Copy. In addition to crossover, there are two other re-
production operators: mutation and copy. Mutation is the act of changing one or
more bits in a parent string. The mutated string then. geﬁs passed as a child to the
next generation. Figure 14 illustrates single-point mutation. A bit within the genetic
material is chosen randomly from a uniform distribution. If the bit is a 0, it mutates
to a 1. Conversely, if the bit is 1, it changes to 0. Holland [28] described the mutation
operator as a “backgfound” operator. It maintains a full range of individuals for
the crossover operator; this prevents the adaptive nature of reproduction from being
trapped on local optima. Typically, the probabilify for choosing the mutation opera-
tor (pn,) is set low, perhaps at 0.1 or lower. Too little mutation produces premature
convergence and inbreeding; too much mutation causes the population to oscillate
between search spaces, hindering convergence.

The copy operator simply allows a parent from the previous generation to pass
to the next generation. This increases the probability that strings with high fitness
values will enter into the next generation and maintain the current search space. This
is particularly useful if the population resulting from crossover and mutation is weak.
The probability of choosing copy ié defined as (1.0 — (p + pc))-.

f. Migration. Introduced by Pdtts et al. [50] in 1994, the migration opera-
tor helps combat the problem of premature convergence. Potts ét al. allowed multiple

sets of individuals to evolve using traditional genetic operators such as crossover and
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Mutation Point

:

Parent

Child
FIGURE 14 -Illustration of the single-point mutation operator.

mutation. Each set of individuals acts as an independent population, like a tribe or
village. The migration operator chooses individuals at random and moves them to
another population. This interaction prevents inbreeding and promotes reproduction
among those individuals that have good characteristics, that is, high fitness values.

The migraﬁon operator used in this research is an extension of the method
proposed by Potts et al. [50]. Migration is implemented here by randomly generating
a pew individual and placing it in the new population. This randomness may allow
for movement to a search space that the individuals in the previous population were
unable to reach. This modification allows for the property of migration without the
overhead of multiple populations.

Premature convergence can be overcome by the choice of reproduction oper-
ators and population size, as well as variations on the operators. Adjustments of
parameters such as population size, crossover rate, and mutation rate may also con-
tribute to or hinder premature convergence. There are no generalizations to choosing
a combination of operators and parameters to ensure convergence on the desired so-
lution. Thus, the area of optimal genetic algorithm design is a prominent area for

further research.
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C. How The Genetic Algorithm Works

It is not easily seen how this adaptive system works. However, consider the

~ following: an SGA is attémpting to optimize the monotonically increasing signal in

Equation 15. The input z has been encoded in a 4-bit binary string, representing
the search space [0,15]. The population size has been fixed at 4 individuals per
generation. In the initial population, the strings 0001, 1101, 0010, and 0011 were
created. Each string has a fitness of 1, 169, 4, and 9, respectively. Having the highést
fitness, gene 1101 is the best candidate for reproduction.

The possible search spa,ce that each string, or set of strings, represents can
be described by schemata. Schemata is defined by the set 0, 1, * where * is a “don’t
care” condition. Each schemata describes an area that can be searched, while each
gene represents a point in that area. For example, consider the schema represented
by 00**. This represents the search interval [0, 3]. The third and fourth chromosomes
(0010 and 0011) in the above example reside in this search space. Offspring from
either of these two individuals are likely to fall within this area. However, since the~
fitnesses of the third and fourth chromosomes are relatively low, it is unlikely that
they will reproduce.

This schema gives some indication as to why 0010 and 0011 do so poorly in
the population. The chromosomes, and indeed the schema 00** itself, represent the
farthest possible area from the maximum in the search space. In fact, the fitness
for 00**, which can be represented as an average value, would still be much less
than the fitness for 10**, which is much closer to the maximum. Thus, any schema
describes a set of points from the search space of a problem that have certain specified
similarities [39]. The selection and reproduction operators exploit the similarities,
creating a new population with offspring that exhibit the schema of their parents.
This is seen in nature when an individual survives to the age of procreation and

actively reproduces, his or her offspring carry their “best” characteristics, such as eve
} b y ? 0
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- TABLE 4

Generation 0 Individuals, Their Raw Fitness Values, Their Normalized Fitness Values,
And The Number Of Roulette Wheel Slots They Occupy

Individual | Raw Fitness | Normalized Fitness | Slots
0001 1 0.0055 0
1101 169 0.92 23
0010 4 0.002 1
0011 9 0.049 1

color, hair color, bone structure, or knowledge skills. In the example of optimizing the
monotonically increasing function, it would be desirable to pass on the characteristics
of the individuals that have the highest fitness to advance the search toward the global
roa.ximum. Table 4v shows each individual, their raw fitness, their normalized fitness
and the number of assigned slots for each individual for roulette wheel selection.

Normalized fitness is calculated as

f(=z)
n(z) = , (16)
) 2:0 f(.’l;)
and for the general case, normalized fitness can be computed from
. (1, t) _—
n(t,t) = ———r0, 17
( ) El]:/il T(Z, t) ( )

where 7(i,t) is the raw fitness of individual i at time ¢ for a total population’ of
M individuals. Normalized fitness lie in the interval [0,1], making it easy for slot
assignment if roulette wheel style selection ié desired. If it is necessary to minimize
fitness, for example, in a control problem where it is desirable to minimize error, the
standardized fitness s(¢,¢) would be appropriate. The standardized fitness adjusts
the raw fitness so that a lower numerical value indicates a better fitness. If a lesser

value of the raw fitness is better, no standardization is necessary and s(i, t) =r(i,1).
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However, if the a higher value of the raw fitness is better, a standard fitness can be
found by

8(4,t) = Tmae — 7(4, 1), (18)

where 7pq 1S the maximum possible value of raw fitness.
In addition to normalized and standardized fitness measures, Koza [39] de-
scribed a third modification to raw fitness values called adjusted fitness. The adjusted

fitness values are calculated from the standardized fitness values,
a(i,t) = ——————. (19)

The adjusted ﬁtnéss, like the normalized fitness, lies between 0 and 1. Bigger values
of a(i,t) indicate better individuals. The benefit of adjusted fitness values is that
adjusted fitness has a tendency to exaggerate the importance of small differences in
the value of s(i,%), as s(i,t) approaches zero. It should be noted that standardized,
normalized and adjusted ﬁtnéss are not relevant for tournament selection.

In the example, it is highly likely that 1101 will be éhosen for reproduction,
provided the opportunity is available to produce offspring from other strings (1101
holds 92% of the slots). This example shows the utility of tournament selection.
Tournament selection may provide a more diverse population in the next generation.
It is highly likely that roulette wheel selection will provide an inbred population, most
likely énding up in premature convergence at the point z = 13.0. Population size also
contributes to this problem. If the population vsize is too small, the fitness values may
converge upon a local minimum or maximum, ending up with a population of clones.
On the other hand, if the population is too large, it will take a considerable time to
locate the schema necessary to converge on the perfect solution. Populations that
are too small die quickly and populations that are too big oscillate back and forth

between search spaces.
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D. Genetic Approximation Of Fractal Error (GAFE)

To generate an approximation of fractal error, a mathematical Astructure is
needed. Much of the information in calculating fractal error resides in the expected
value of the absolute differences of the gray levels from the center pixel, grouped
in uniform distances from the center pixel (refer to Chapter III). This is expressed

mathematically as E[|AG, A;'L'z'l

]. Weights are assigned to each of these expected values
and all of the weighted expected values are added together to form the approximation

- of fractal error. In the case of the 5x5 window, this is expressed as

e

FE = aIn(E[|]AGAs=2s5]) + a1 In(E[|AG pz=223)) (20)
+ 2 In(E[|AG az=2.00]) + a3 In(B[|AG age1.1])
+ a4 In(E[|AG az=1.00])-

The genetic approximation of fractal error, named GAFE, evolves the Weights ao,
aj. .... ay to try to estimate fractal error. The natural log of the expected values is
used to maintain the linearity of the measure. "The probability for crossover is set
at (.7. and the probability for mutation, copy, and migration are set -at 0.1. Each
operator is chosen randomly from a uniform distribution. The population size and
the maximum number of generations allowed for each simulation is variable. Fitness
for each individual is defermined from signal-to-noise ratio (SNR). SNR measures the

ratio of original signal to noise in a given test image. It is defined as

£io > Im(r, ¢
ervio é\-,_-O(Im(r’ C) - Io(T', C))2

SNR = (21)

where I (r, ¢) is the measured image and I,(r, ¢) is the original signal for MxN sized
images. The lower the value of SN R, the noisier the signal is. Thus, to evolve weights
with a genetic algorithm, it is desirable to maximize the signal-to-noise ratio.

The GAFE is also written in parallel to ensure fast simulation times. The

evaluation of fitness for each individual in the population consumes most of the run
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TABLE 5

Several Trials Of The GAFE With Varying Population Size And Generations

Trial | Population Size | Maximum Generation Size | SNR
A 100 10000 | 1.27
B 500 | 100 | 1.52
C 500 2000 | 1.56
D 1000 2000 | 1.63
E| 2000 : 250 | 1.74
F 10000 | 90 | 3.82

time for the GA itself. To parallelize the algorithm, each individual is evaluated for
fitness separately, running on as many CPUs as are available. The parallel algorithm
was executed on an SGI Onyx R10000 high-performance computer, with 16 CPUs.

Table 5 shows six different trials of GAFE and their results. The varying
population size énd maximum nuinber of generations allowed are also given. The
training image for each of these simulations is shown in Figure 15.

Figure 16 illustrates the résulting image from each trial. Figures 17 through
22 show the change iﬁ SNR over the generations of the genetic simulations.

Each .individual is comprised of 100 bits, 20 bits per weight. The first 19 bits
are the magnitude, starting at 22 and ending at 27!, The 20th bit for each weight is
a sign bit, allowing for positive and negative weights. Thus, the interval for each 20
bits is (~8,8). Table 6 shows the final weights for Trial F.

The results are revealing. For very small populations, sized from 100 to 1000
ind-ividua.ls, the GAFE is unable to isolate a search area that will find a suitable
set of weights, that is, it incorrectly converges to a local extrema. It is clear that

larger populations fare better than smaller populations, regardless of the number of
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(a) Original Image

(b) Actual Fractal Error Image

FIGURE 15~ Training image' for the genetic approximation to fractal error (GAFE).
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TABLE 6

Final Weights From GAFE, Trial F

ap = 0.0022583

a; = 0.0969543

ay = -0.0341644
az = -0.00694275
as = -0.000930786

generations evolved. Even in the final experiment, where there were 10,000 individuals
in the pool, the final solution was found by chance. It is unclear whether the optimal
solution would be converged upon, even if the gene pool were allowed to evolve for
many generations. This may be attributed to a number of differing factors, such as
the actual mathematical structure of FE , the parameterization of the weights, or the
choice of genetic operators and their ﬁrobabilities. However, it is not difficult to see
that the weights evolved in Trial F produce a usable, if not noisy, image.

Figures 23-26 show the results of the GAFE for other images, using the weights
found in Trial F. Table 7 outlines the SNR between the original fractal error images
and their resulting approximations. Table 8 compares computation times for the
fractal error algorithm and the GAFE. There is approximately a 30 % decrease in
computation time with the GAFE.

The evolved expression appears to function for this limited set of images, pro-
viding the needed features (either edges and/or cultural objects) in the presence of
some noise. The noise in the images does not hinder general edge detection or seg-
mentation. Simple thresholding can be employed to filter out the noise, because its
gray-scale values are much higher than that of the desired features in the GAFE .

images.




TABLE 7

SNR For Figures 23-25

Image SNR

Washington, DC Image 241

SAR Image of Desert Terrain | 5.08

Gear Image .| 1.57
Coke Can Image -~ | 2.66
TABLE 8

Computation Time For The Original FE Algorit-hm and The GAFE

Size FE Algorithm (seconds) | GAFE (seconds)
256x256 1.43 0.43
227x425 2.14 0.64
589x409 5.599 1.65
512x480 5.68 1.69
974x723 16.36 4.85
1267x941 < 27.74 8.22
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The mathematical structure of GAFE poses a unique problem. There is no
generalized form of fractal error as it is defined in Chapter 1L A generalized form
would make it possible to generate a type of convolution mask which could quickly
and easily be used to compute fractal_ error. Forcing a mathematical structure to
find the approximation is restricting. In the future, another approach may evolve a
mathematical expression usiﬁg a (;‘rP. This would expand the search space from merely
searching the weights for FE to searching the infinite space of reusable functions to

find the approximation.




(e) Trial E (f) Trial F

FIGURE 16 - Resulting FE images from each trial described in Table 5.
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FIGURE 17-SNR vs. number of generations for Trial A.
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(a) Fractal Error

(b) GAFE

FIGURE 23 - A comparison of GAFE vs. fractal error for the Washington, DC image.
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(a)

Fractal Error

(b) GAFE

FIGURE 24- A comparison of GAFE
terrain.

vs. fractal error for the SAR image of desert




(a) Fractal Error . (b) GAFE

FIGURE 25— A comparison of GAFE vs. fractal error for the Coke can image.
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(a) Fractal Error

(b) GAFE

FIGURE 26— A comparison of GAFE vs. fractal error for the Gear image.




CHAPTER V
TWO-DIMENSIONAL ENTROPIC SEGMENTATION

Segmentation is an important task in many image processing systems. Auto-
matic target recognition may use segmentation to separate the desired target from
background. Segmentation is often used to autofnatically highlight certain parts of
the image that may be difficult to see with the human eye, such as cultural objects
in synthetic aperture radar (SAR) imagery.

Thresholding gray scale values is the simplest method of segmentation. Thresh-
olding implies that the object or objects in question have gray levels that are distinctly
different from the background or other objects in the scene. For example, a black
part on a white conveyor belt has distinctly different gray levelé from the background
it is against. The histogram for the gear image, shown in Figure 27, plainly shows the
separation in gray-scale. Choosing a point somewhere between the large value at 0
and the peak at 190 will produce a segmented image as shown in Figure 28. However,
examination of the histogram results in a second thresiold point, between 130 and
160. Multi-point thresholding will produce the image shown in Figure 29. waeVer,
no useful information was gained from providing a second threshold.

Selecting thresholds can be grouped into two categories, local methods and
global methods. Segmenting an entire image with a single value using the gray-scale
histogram is a global method. Local methods partition an image into a group of
sub-images and select a threshold point or set of threshold points for each of the sub-
images. Global thresholding techniques are easy to implement, but some methods
tend to be inaccurate, especially with complex images. The reader is encouraged to

reference Sahoo et al. [55] and Wong and Sahoo [61] for excellent surveys of global
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FIGURE 27 - Gear image and its resulting gray-scale histogram.
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FIGURE 28-Segmented gear image with a gray level threshold of 50.

FIGURE 29- Segmented gear image with gray level thresholds at 50 and 145.




thresholding methods using information theory.

This chapter presents a novel segmentation method after a technique pre-
sented by Sahoo, Slaaf and Albert [54]. This method finds an thresholding line using
the information from a two-dimensional probability density function. Sahoo, Slaaf,
and Albert proposed an entropic global thresholding method that selects a threshold
point based on minifnizing the difference between entropies of the object and the
background distributions of the probability density function. The method presented
here uses this thresholding point along with statistical information from the assumed
data sets of the object and the background to produce a second point. The line that
is produced from the two thresholdiﬁg points is then used to separate the bbject data.

set from the background data set.

A. General Theory

Sahoo, Slaaf, and Albert [54] published an excellent review of the theory behind
their entropic thresholding method. It will be summarized here.

Thresholding typically uses the gray-level histogram of an image. Assuming
a binary image, let B = by, b; be the pair of binary gray levels. B is the partition
that separates the object from the background in the image. Math.matically, this

partition is defined as
. bo if i(T, C) S t
j(r,c) = (22)
b if i(’f', C) > 1.
where i(r, ) is the gray-scale image, ¢ is the gray-scale threshold, and j(r,c) is the
resulting binary image. In general, a thresholding method determines the value of

t. Many methods use statistical information within the image to determine ¢. The

gray-scale histogram can approximate the density function

h(z) = Prob[f(m,n) = x| (23)




ot
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by using the expression
9z
Gtotal ’

h(z) = (24)

where ?z(x) is the resulting histogram of the image, g, is the number of pixels with
the gray- scale value z, and g is the total number of pixels in the image. gsotar iS
equal to M N if the image is MxN.

There have been many different techniques proposed to estimate ¢t. The max-
imum entropy sum method was proposed by Kapur, Sahoo, and Wong [35]. Their
algorithm is based on the maximization of the information measure between the ob-
ject and the background. Kapur, Sahoo, and Wong used fhe a priori entropy as the
information measure. For a more detailed explanation of entropy, the reader should
reference Chapter 15 of Papoulis [46].

Let p; = ﬁ(z) = n;/MN define the estimate of the probability gray-level value.
The a priori entropy is defined as

: 255

Hr = - ;pi In p; (25)
for the entire image. Assuming two classes of pixels, where by denotes the class
of ~black™ pixels (gray-scale value of 0) and b; denotes the class of “white” pixels
(gray-scale value of 255), the a priori entropies for each class of pixels are

¢

Hy(t) = —;pg’o) 1np—(’2’5, o | (26)
Hy(t) = —i;ipf’;l) lnp(pgl), (27)
where |
o) = T (28)
o(br) = zp (29)

Note that p(by) +p(b;) = 1. Kapur, Sahoo, and Wong define the information between




the two classes to be

Hy . Hr—H()
p(bo)  1-p(b)’

B(t) = Hy, (t) + Hy, (£) = In[p(bo)p(b:)] +

(30)

where H(t) is defined as
, : . _
H(t)=-) p/np;. (31)

=0

Kapur, Sahoo, and Wong selected the threshold to be the value of * at which (%)
i1s maximum. They' noted that since some p; will be very small, care should be taken
in evaluating the term In p;.

In [54], Saho‘o, Slaaf, and Albert define the optimal threshold #* by minimizing

the difference of the entropies Hy,(t) and Hy, (t). The function
E(t) = [H (t) — Hy, (1)) (32)

measures the difference in the a priori entropies of classes by and b;. Sahoo, Slaaf,
and Albert pointed out that the smaller E(t), the more homogeneous are b, and b;.

Thus, the global minima of E(t) can be used to denote ¢*. This is expressed as
t* = Arg min FE(t). (33)

Sahoo, Slaaf, and Albert show that their entropy crossover method tends to be more

accurate in some applications then other entropic thresholding methods, such as in

[33].

B. 2-D Extension Of The Entropy Crossover Method

This section will outline the 2-D extension of the entropy crossover method
outlined in [54] as well as the novel technique after the proposed extension. Often
the information gathered by the gray-scale histogram is not enough to accurately
segment a given image. In these cases, it is not uncommon to incorporate additional

information in the histogram. The additional information results in a 2-D histogram
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FIGURE 30-The overall thresholding point for the 2-D histogram shown.

by computing the frequency distribution of the second feature and combining it with
the gray-level histogram. This 2-D histogram represents a joint probability density
function of the two features. The co-occurrence matrix is a commonly used 2-D
histogram. Cooper [12] used a 2-D histogram made up of the gray-level values and
fractal error. .

Abutaleb [1] proposed that the optimal threshold point for a 2-D histogram can
be found by locating the optimal thresholding point for each feature in the hisﬁogram.
This will result in two separate thresholds, £1* and #2*. When the threshold for each
feature has been found, the two orthogonal lines segmenting the features divide the
matrix into four quadrants. The intersection of the orthogonal lines produces the
overall thresholding point (¢1*, t2*), as shown in Figure 30.

Brink [7] used the qﬁadranfs for segmentation. He segmented Quadrant II
pixels as background and Quadrant IV pixels as foreground. However, he discarded
the pixels located in Quadrants I and III, which may discard important information

concerning the objects to be segmented. Instead of thresholding in quadrants, a
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thresholding line in the 2-D histogrgm plane would provide better segmentation. Such |
a line is shown in Figure 30. Sahoo, Slaaf, and Albert recognized that the selection

of a single point to classify the 2-D pdf may completely discard some sections of
the desired distribution that reside near, but not in, the foreground or background

quadrants. They suggested finding the optimal thresholding line by minimizing the

difference in the entropy values on either side of a proposed line in the 2-D histogram

plane, not unlike the method used in finding the optimal point in the 1-D histogram.

However, this could prove to be a costly method, as there are approximately 3.9x10°

lines that intersect a 256x256 histogram.

| Instead of an exhaustive search of the possible thresholding lines, it is possible

to calculate a thresholding line using the statistics of each quadrant. Let (Z,9)1,

(Z,9)11, (ZT,Y) 111, and (Z,7)rv be the central moments for each of four quadrants

respectively. Thus,

El'i

T = 34
. Pguad ( )
2y ’
7 = 35
pquad ( )

where pgyqq is equal to the total number of points in a given quadrant. Figure 31 shows
two separable classes in a 2-D histogram, and the central moment for each quadrant is
computed. The quadrant with the most points is determined, and its central moment
is used with the optimal threshold to form a line. This corresponds to Quadrant II
in Figure 31. This resulting line is perpendicular to the desired thresholding line, as

“shown in Figure 32. The algorithm is summarized in Table 9.

C. Results

The segmentation algorithm was first tested on random data from different
Gaussian distributions. Figures 33, 34, and 35 show each set of Gaussian data, the

optimal thresholding point, the central moment, and the optimal thresholding line.
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TABLE 9

Automatic 2-D Entropic Segmentation Algorithm

1.  Calculate the optimal thresholding point (¢1*,¢2*) as described
in Sahoo, Slaaf, and Albert [54].

2. Divide the 2-D histogram into quadrants about (¢1*,¢2*).

3.  Determine the quadrant with the largest number of points and
calculate its central moment, (Z,7).

4.  Compute the line, [(z,y) that intersects (¢1*,¢2*) and (Z, 7).

5. Define L(z,y) to be the line perpendicular to l(z,y).

6. Segment the image using L(z,y) as the optimal thresholding

line.

The thresholding line provides nearly error-free segmentation in each case.

The Alameda, CA aerial image, the Washington, DC aerial image, the SAR
desert terrian image, and the suburban aerial image were segmented using the gradient
values and fractal error as features. The results of each segmentation are shown
in Figures 36 through 39. The resulting histograms, optimal thrésholding points,
central moments, and segmentation»lines are shown in Figure 40. Man-made features
and edges are éasily identifiable in the Alameda, CA and Washington, DC images.
However, the specular noise in the SAR makes segmentation difficult. The resulting
segmentation of the suburban aerial image is poor. While the edges of the cultural
objects, such as buildings, are outlined, the segmented image is noisy making it
difficult to visually interpret. |

Cooper [12] used gray-scale values and fractal error as features in a 2-D statisti-
cal classifier to successfully segment certain features in aerial images. Using gray-scale

values and fractal error as features, results were produced using the segmentation-al-
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gorithm on the Alameda,. CA image, the Washington, the DC image, the SAR image,
and the suburban aerial image. The results of this segmentation are shown in Fig-
ure 41 through 44, .and the resulting histograms are shown in Figure 45. The DC
image produces poorly segmented results. It is likely that the information needed in
the DC image, such as man-made objects or edges, could not be separated with a
single linear curve. Perhaps a piece-wise linear curve or a hi’ghef-order curve would
provide a better segmentation using gray-scale value and fractal error. However, the
segmentation results for the Alameda, SAR, and suburban images are very good. The
cultural objects are highlighted and the natural terrian is classified as background.
There is some misclassification of pixels in the SAR due to specular noise, but not
enough to hinder visual correlation.

Figure 46 shows ground truth for the suburban aerial image. For the resulting
segmentation image using gradient and fractal error, shown in Figure 39, the misclas-
sification of pixels is 25 %. However, for the resulting segmentation image using gray
levels and fractal error, shown in Figure 44, the misclassification is only 13 %. This
error may be due, in part, to the occlusion of houses and other cultural objects by
the trees in the image.

Cooper compared the results from classification using a modified busyness op-
erator [12] with the results from classification with fractal error. Figure 47 illustrates
this modified busyness operator with the suburban aerial image. Figure 48 shows
the 2-D entropic segmentation of the suburban aerial image using as features the
modified busyness operator and gray levels. The misclassification of pixels With the
modified busyness operafor is 22.2 %. However, if the normalized busyness image is
used instead, the misclassification is 17 %. The resulting images do not provide t-he
V accuracy that fractal error did with this particular segmentation method.

The segmentation algorithm was accurate for each set of Gaussian data. How-

ever, success on real-world images is dependent on an intelligent choice of features.
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FIGURE 31-Two separable classes with the optimal threshold pomt and the four
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Future research should focus on a study of segmentation with different features. Such
a study may provide an indication of which features may be more effective than others

using the segmentation algorithm.
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FIGURE 33-Example 1-Two Gaussian data sets and the resulting threshold line.
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FIGURE 34 -Example 2-Two Gaussian data sets and the resulting threshold line.

FIGURE 35-Example 3-Two Gaussian data sets and the resulting threshold line.




FIGURE 36— Aerial image of
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(b) Segmented Image

Alameda, CA segmented using gradient and fractal
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(b) Segmented Image

FIGURE 37 - Aerial image of Washington, DC segmented using gradient and fractal
error as features.
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(b) Segmented Image

FIGURE 39- Aerial image of suburban area segmented using gradient and fractal
error as features.
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FIGURE 40-2-D Histograms for each of the images shown in Figures 36 through 39
with the resulting threshold lines.




(b) Segmented Image

FIGURE 41 - Aerial image of Alameda, CA segmented using gray levels and fractal
error as features. :
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(a) Original Image

(b) Segmented Image

FIGURE 42 - Aerial image of Washington, DC segmented using gray levels and fractal
error as features.
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(b) Segmented Image

FIGURE 43-SAR image of desert terrian segmented using gray levels and fractal
error as features.
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(b) Segmented Image

FIGURE 44 - Aerial image of suburban area segmented using gray levels and fractal
error as features.
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FIGURE 45 -2-D Histograms for each of the 1mages shown in Figures 41 through 44

with the resulting threshold lines.
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FIGURE 46~ Ground truth for the suburban aerial image shown in F i‘gﬁres 39 and

- 44.

(a) Busyness Image (b) Normalized Busyness Image

FIGURE 47-Resulting busyness images using the aerial image of suburban area.
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(b) Normalized Busyness

FIGURE 48 — Aerial image of suburban area segmented using gray levels vs. busyness
and gray levels vs. normalized busyness as features.




CHAPTER VI
FRACTAL ERROR-BASED EDGE DETECTION

As previously mentioned, edge detection is a two-phase process. The first step
is edge enhancement, or the process of locating pixels in the image that may be
considered an edge. Edge linking attempts to link edges that might be broken. Edge

enhancement and linking using fractal error are described in this chapter.

A. Edge Enhancement

Edge enhancement is the process of detecting pixels that may be part of a step
edge in the scene. Fractal error is a useful measure for enhancing edges, which may
be houndaries between textures or shading. These boundaries do not fit well in the
fBm model, therefore, normalized fractal error provides a likelihood; a probability
that a pixel may belong to a boundary edge. Thus, the higher the fractal error value
(and thus. the poorer the fit in the fBm model), the higher the likelihood that the
pixel is part of the edge map. Edge pixels are assigned by simple thresholding, and
false edges are eliminated by adjusting a thresholding constant, o.

Table 10 outlines the enhancement algorithm. Figure 49 shows the gear image
whose edges have been enhanced with this algorithm. The edges are barely detectable
in the image when the threshold o was chosen too high, such as the image in Figure
49 (a). When the threshold is too low, the edges are enhanced along with the noise in

the image, such as the scene in Figure 49 (d). Further study is needed to determine

an optimal threshold.
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TABLE 10

Edge Enhancement Algorithm

1. Calculate fractal efror for the image.
Normalize fractal error.

Specify the thresholding constant o.

- W N

Choose candidate edge pixels if fractal error is greater than o.
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FIGURE 49-Edge enhancement with the gear image for various ¢ thresholds.
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B - Candidate Edge Pixel

[] = Start Node

FIGURE 50-Candidate edge pixels, with start nodes defined.

B. Edge Linking

Edge linking involves connecting edges that are disconnected either by a lack
of change in gray level values, by noise, or by occlusion. Broken edges may occur
with fractal error edges because of a lack of dissimilarity between two textures or by
noise masking the edges by assuming a sort of false self-similarity.

Linking requires defining start nodes, a fitness measure for each possible path,
and stop criteria. Edge pixels with no neighboring edge pixel or one neighboring edge
pixel are designated as start nodes for the linking algorithm. An illustration of start
nodes is shown in Figure 50.

Farag and Delp [19] suggested that the number of edge paths to be searched
can be reduced significantly by restricting each component of the path to no more
than a 45° turn. This reduces the very large set of edge paths of length five to twenty-
four unique paths. They are shown in Figure 51. The best path is then found by

exhaustive search through all twenty-four paths. The fitness of each path is defined
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FIGURE 51 -The twenty-four unique edge paths suggested by Farag and Delp [19].
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where p; is the possibility of a particular pixel being an edge, that is, its normalized

fractal error value, and w(p;) is the weighting function

w(p:) = pi exp(p;). | (37)

Figure 52 illustrates the weighting function. Pixels with high likelihood of being part

of the edge path have an exponentially higher weight than those who are not likely

to be part of the path. The edge path with the highest value of F is chosen to be

the best path. The end of the path is marked as a start node and the edge tracing
continues.

The tracing continues for a particular edge path until the path encounters

an already defined edge pixel or another start node. The tracing is also terminated
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if the fitness for a chosen path is less fhan a particular user defined threshold 7.
This threshold prevents the algorithm from straying from the desired edge boundary,
especially in noisy images that may have deceivingly high fractal error values in or
around an edge boundary. If a particular path has a fitness that is less than 7, that
path is discarded and the tracing ceases. The search begins again for another start
node. |

Once the best path is chosen from the start node, the final direction of the
best path is used as a criteria for defining the next best path. For example, if the
best path after a start node ends with an easterly Vdirection, defined as direction 0
in Figure 51, thén the next best edge must either start in an easterly, northeasterly,
or southeasterly (0, 1, or 7, respectively) direction. Therefore, if the directions are
numerically assigned as in Figure 51, then the three candidate path directions for a

next path are expressed as

Co = (Pp—1)%S (38)
c, = Pp | ‘ (39)
C = (Pp+1)%8 ' (40)

where Cj, C), and C, are the three candidate edge directions, Pp s the final direction
of the previous path, anid % defines the modulus operation. Table 11 outlines the

entire edge linking process. |

C. Results :

A synthetic image was used to test the edge detection algorithms. Figure 53
shows the test image with no noise present. The enhancement threshold ¢ was equal
to 0.25 in each image. The edge linking threshold was allowed to vary for different
trials. Each trial is shown in Figure 54. The edge detection is consistently good for

each value of 7.




TABLE 11

Edge Linking Algorithm

1. Determine possible edge pixels with edge enhancement algo-
rithm.

2. Determine start nodes.

3.  For each start node; search through possible paths for best edge
path.

4. Stop search if chosen path intersects a previously defined edge
pixel or another start node, or if the chosen path’s fitness is less
than the user-defined threshold 7.

5. If chosen path’s is less than 7, discard path.

6.  Otherwise, calculate the three candidate directions for next path
and determine best fit edge. |

Continue steps 3-6 until all start nodes are linked.

-~

FIGURE 53 - Noiseless synthetic image used to test fractal error edge detection.
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(a) T=1.5 (b) 7=1.0

(¢) T=0.75 (d) r=05

FIGURE 54 - Results of fractal error edge detection with test image in Figure 53.
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FIGURE 55~Noisy synthetic image used to test fractal error edge detection.

To test the robustness of the algorithm, the sy;nthetip’ image was corrupted with
Gaussian or “white” noise. Figure 55 shows the synthetic image corrupted with noise.
The algorithm was executed over this image with o = 0.25 aﬁd 7=1.5,1.0,0.75 and
0.5, as shown in Figure 56. It is clear that the edge paths wander from the edge
boundaries when the path cutoff 7 is chosen poorly. However, it is not clear what an
acceptable choice of 7 should be. If 7 is too large, gaps in the edge boundary will not
be linked. On the other hand, if 7 is too small, false edges will be present.

To compare the fractal error edge detection to another well-established edge
method, the noiseless test image and the noisy test image had their edges detected
by the fractal error edge detection as well as the Canny edge operator. The Pratt
figure of merit [30] is a numerical measure of the accuracy of an edge detector. It is

expressed as
13
I, 2 1+ ad?’

=1

F (41)

where I = max(Iy,l4), I; and I, represent the number of ideal and actual edge

points, « is a scaling constant, and d is the separation distance from an actual edge
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FIGURE 56— Results of fractal error edge detection with the noisy test image in

Figure 55.
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point to the nearest ideal edge point. For ideal edge detectors, F will equal 1. For
most edge detectors, the Pratt ﬁgure_ of merit will decrease as the signal-to-noise ratio
(SNR) decreases. Jansing, Allen, and Chenoweth [32] used the Pratt figure of merit
to show that fractal error edge enhancement was more robust in a.noisy environment
than the Canny edge operator.

Figure 57 shows the edges of the noiseless test image (Figure 53) and the edges
of the noisy test image (Figure 55). Bbth images were smoothed with a Gaussian
kernel (¢ = 1.0) and thresholded at the gray-scale value 180. The Pratt figure of
merit for these two images was F' = 0.9952, with the edges from the noiseless test
image defining the ideal edges. Using the scene from Figure 54 (a) as the ideal edges
for fractal error edge detection, the Pratt figure of merit was computed for the scene
in Figure 56 (a), producing F' = 0.9656. This illustrates that the fractal error edge
detection algorithin is comparable to the Canny edge operdtor in performance. There
may be some improvement in the Pratt figure of merit for the fractal error edge
detection algorithm, if the noisy image was smoothed before the fractal error edges
were detected, like the smoothing performed in the Canny edge operator.

The gear image was also used to illustrate the usefulness of this fractal error
edge detection. Figure 58 shows the detected edgeé of the gear scene with a constant
o = 0.25 and varying 7. In each case, the gear was outlined satisfactorily, with the
exception of a tooth in the lower left section of the part. This may be cofrected by
lowering the value of ¢, but at the risk of amplifying noise in the image. Decreasing
the value of 7 may also promote the linking of the edges on either side of the gap, but
may increase the probability of “wandering” edge paths, which lead to false edges.
Further study is needed to determine consistent seléction of the optimal o and 7
thresholds.

There are two serious limitations to this edge detection: the time needed fo

search through the edge paths and the lack of information in choosing an optimal
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(a) Noiseless Test Image ' (b) Noisy Test Image

FIGURE 57-Edge detection of the noiseless and noisy test images using the Canny
edge operator.

7. These issues should be a,ddréssed in future work. The exhaustive search could be

replaced by an intelligent search, such as an A* search (used by Farag and Delp in their
edge linkéng algorithm) or a genetic search. The selection of 7 could be eliminated
completély by modifying F' of Equation 36 s0 that selected edges would have easily
distinguishable fitness values. For example, poorly fitting edges would have fitness
values near zero and well-fit edges would possess fitnesses values around 1. Then,
intelligent selection of edges could be automatic and not require the assistance of the

user.
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FIGURE 58-Results of fractal error edge detection with the gear image.
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CHAPTER VII
CONCLUSIONS

Presented in this work were three methods relating to feature and edge ex-
traction using fractal error. The first method, a genetic approximation to fractal
error called GAFE, was shown to adequately mimick the original fractal error algo-
rithm with.an average SNR value of 3. This method evolved a set of weights in a fixed
mathematical structure. The best set of weights is used, along with the mathematical
structure, to produce the approximation to fractal error.

A novel 2-D entropic segmentation method was introduced. This method was
shown to be very accurate using Gaussian data. Given a set of features that produce
two unique or nearly unique classes, this method should automatically segment an

image with little error. Test images were shown using gradient and fractal error, as

well as gray levels and fractal error, as the features in the segmentation.

Edge detection using fractal error as a likelihood measure was shown to bve
accurate for synthetic and real-world images. Using the Pratt figure of merit, the
fractal error edge detection algérithm was shown to be competitive with the Canny
edge operator. However, the exhaustive search for possible edge paths in the edge
linking process created a computationally intensive algorithm.

Fractal error should be considered an extremely useful measure with numerous
applications. For example, the fractal error metric could be useful in the analysis
of images recently transmitted from the Pathfinder and Soyjoumer mission on Mars.
Automatic target recognition and detection of cultural ob jecfs in aerial imagery can be
performed accurately with fractal error. The detection of self-similar blocks of pixels

using fractal error could provide a quick, effective method of image compression,
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compressing those self-similar blocks and keeping those block which are not self-
similar in nature. The following is a brief list of future research areas that utilize

fractal error.

e An quantitative study of different window sizes and shapes in the calculation

of fractal error is needed.

e The development of an approximation to fractal error using genetic program-
ming is needed. This approach would allow the mathematical structure of the
approximation to evolve, rather than just a set of weights to a fixed mathemat-
ical structure.. This evolved structure may provide a more accurate approxima-

tion of fractal error.

¢ An quantitative investigation of fractal error as a texture measure would be
revealing, comparing fractal error to other traditional texture features, such as

Haralick’s co-occurrence features [23].

e The specular noise of unfiltered SAR images was shown to be problematic in
scgmentation with fractal error. Thus, a study of cultural object detection on

filtered SAR images using fractal error is required.

e The choice of the constants o and 7 outlined in the fractal error edge detection
algorithm is undefined and heuristic. Research to define optimal selection of ¢

and 7 would provide a more automatic edge detection algorithm.

* A major disadvantage to the fractal error edge detection algorithm is computa-
tionally expensive. Development of a fast search method, such as a genetic or
simulated annealing search, may improve the processing time of edge detection

using fractal error.
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Fractal error for detecting man-made
features in aerial images

B.E. Cooper, D.L. Chenoweth and J.E. Selvage

Indexing terms: Remote sensing. Image processing. Fractals

A technique is proposed for aiding photointerpreters in detecting
man-made features in aerial reconnaissance images. The
technique, which uses a metric called fractal error, is based on the
observed propensity of natural image features to fit a fractional
Brownian motion model. Man-made features usually do not fit
this model well. and consequently the fractal error metric may be
used as a discriminant function for detecting man-made scene
features,

554 ' FI FCTRONICS | ETTERS

miroduction; Analysis and mterpretation of acrial rec
images often require the analyst to view large amou
data for the purpose of detecting man-made features.
ter a new photointerpretation metric, referred to as fra
applied to the problem of detecting man-made featu
reconnaissance images. It is based on the observation

features in high-resolution grey shade aerial images

tional Brownian motion (fBm) mathematical model. 7
text of Mandeclbrot [1] links fractal gecometry to the
and infinite detail unique to natural features. and Pentl
tends to support this hypothesis.

By computing the fractal error locally over an entir
possible to accentuate local scene features that have
origins. This information can then be used by the phot
for a variety of purposes. such as change analysis and
ture extraction. '

Fractal error: We may describe fractional Brownian
terms of the properties of the signal’s increments. The
must be normally distributed with a mean of zero and
proportional to the 24 power of the Euclidean distan
the locations where any two signal measurcments are
more common form shown below combines these two
into a single expression in terms of the mean of the my
the increments. In this case the signal of interest is a t
sional grey shade aerial image.

Let G(x) refer to a two-dimensional grey shade im:
will be compared to the fBm signal medel. Thus, x = (x
ifies the discrete row and column co-ordinates of t
Assume that the discrete valued function G(x)E[0. ...
sents the grey shade at location x. If G(x) fits the fBm m
the following equations hold for some & (where 0 < H
some & (where k > 0): '

E[|G(x2) = G(x1)]] = kfxz ~ x, )"
EfJAG|ax]] = klax|!

The fractal dimension D is related to the parameter £ by
I - 11, where £ is the number of independent variables ¢
nal. Here. £ = 2.

The distance between a pair of pixels is JAX] = |x, ~ x,
increment, or difference in grey shades of the two pixcls!
= G(xy) - G(x,). The average absolute grey shade differe
across scveral pairs of pixels with spacings of the sume m
will follow the above exponential scaling if the image fit:
model. Morcover, a linear equation may be obtained by {
logarithm of this equation:

In(EfJAG axl]) = In(k) + HIn(jAx])

Using least-squares lincar regression. the estimated values
may be determined from a collection of pixel distances
associated average absolute changes in grey shade. The d
can be obtained locally using a window operator that is si
compatible with the resolution of the image and its featur]

The error at a particular pixel spacing within the win
be defined as the difference between the actual and estim
ues as follows:

erroriax) = E[[AG axl] - FlAx|!
Finally, we may use the root mean square (RMS) of these
ual errors within the window to characterise the overall lo

in the estimate. Letting # be the number of pixel distances
ered in the window.

1
3 rror — | L orror 2
RMS error = \!néx;(eumux)

The RMS error measures the degree to which the observd
fits the fBm model in a window centred at the pixel of
and it is referred to here as the fractal error. Equivaler
complement of the fractal error may be considered as a
of the ‘fractalness’ of the image at the pixel of interest.
In this study the fractal error is implemented using wind
of 5x5, 7x7 and 9x9Y pixels. Rather than using every possil
spacing within the window, computational effort is redd
examining only those distances from the central pixel of t
window. For example, Fig. 1 illustrates the five differen)
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spacings used within a 5x5 window. The 7x7 and 9x9 operators
are similar to the 5x5 window.

Fig. 2 Originul images

a Apri!
b October

Results: To illustrate the technique a pair of images will be consid-
ered to demonstrate qualitatively the ability of the fractal error
operator to detect man-made image features. The images consist
of aerial photographs of a residential area with a fairly high con-
tent of deciduous vegetation. The same scene was photographed in
April and in October. This was done to evaluate the robustness of
the metric relative to seasonal variations and changes in contrast
and illumination that occurred at the different times. The primary
man-made objects in the test images are about 50 to 60 pixels in
size. The pair of images is shown in Fig. 2. Fig. 3 illustrates the
fractal error of each of these images. using the 7x7 window size.
thresholded so that features with large fractal errors appear black
against a white background. It is obvious by comparing the origi-

Fig. 3 Binary fructul error images

« April
h October

nal image and the threshold fractal crror images that the fractal
crror performs reasonably well in detecting man-made features. It
is also fairly insensitive to changes in illumination. contrast and
scason. Note the brighter lighting and greater contrast in the
October image of Fig. 2 compared to the April image, as well as
the distinct increase of foliage in the October scene.

Conclusions: It has been demonstrated that man-made scene fea-
tures can be detected in grey shade aeriul reconnaissance images
using the fractal error metric. The metric provides the photointer-
preter analyst with a tool for automatically processing large image
databases to determine the presence of. and estimate the extent of,
man-made features in grey shade reconnaissance imagery.
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astudy of the mathematical concerng of various algorithms to estimate the fracta) dj

confirms this sentiment, stating that one of the essential attributes of an estimation algorithm is to
“provide some Statistical information as to the accuracy and sensitivity of the output.” [13, p. 10]

Before estimating the fracta] characteristics of an object, it is important to determine if such a mode]
is appropriate. Furthermore, the degree to which an object fits the fracta) modelis an important char-
acteristic itself.

mension, Pruess

Fractional Brownian Motion

The predominant measure of a fractal s dimension. Th
of the fracta] dimension was examined, although the error i the
teristics could (and should) be consider
Pentland [12], and others, the fract
Brownian motjon.

erefore, the error in the estimation
estimation of other fractal charac-
ed. Following the historical precedent of Mandelbrot [8],
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tormation of galactic clusters. In contrast to traditional geometry, fractal geometry readily accom-
modates the complexity and infinite detail present in nature.

Modeling Natural Terrains with Fractals

Mandelbrot [8] noticed that natural terrain surfaces may be modeled by two-dimensional
fractional Brownian motion with startling effectiveness. Introduced by Mandelbrot and Van Ness
[10], fractional Brownian motion (sometimes abbreviated fBm) is a generalization of Brownian mo-
tion, which describes the complex, erratic movement of a particle, subjected to the collisions of the
other particles in its surrounding medium. Voss [16] established a link between the spectral distribu-
tion of fBm and the fractal dimension. Based on this, he used Fourier synthesis to generate natural
terrains and even complete landscapes. Pentland [12] argued that natural terrain should follow a
fractal model, since it is formed by fractal processes such as aggregation and erosion. Furthermore,
he asserted that an image intensity surface of a fBm surface will also produce fBm, under normal
lighting conditions. In other words, not only may terrain be modeled by tBm, but images of such
terrain also.

Modeling Natural Image Textures

Recognizing that fBm may be used to analyze images of natural terrain. Pentland [12] ex-
tended fBm to image textures in general. He found that fBm relief maps of varying fractal dimension
correlated very closely with the human perceptual notion of roughness, a fundamental characteristic
of texture. Estimating the fractal dimension from the Fourier transforms of local neighborhoods,
Pentland distinguished the textures within a sampling of Brodatz textures and textures from natural
scenes. The estimated fractal dimension was also'used to segment the regions within images of a
desert, San Francisco Bay and Mount Dawn. Keller et al. [6] developed a one-dimensional fBm
model to distinguish between silhouettes of trees and mountains.

Natural image texture models are not restricted to using only the fractal dimension. In later
work, Keller et al. [5] supplemented the fractal dimension with a lacunarity estimate to segmentfa
set of Brodatz textures and a scene of trees. Likewise, Vehel [15] implemented an alternate forrii
of each lacunarity and the fractal dimension to classify images of human lungs. Generalizing the
normally scalar fractal dimension, Kaneko [4] used a 2 X 2 fractal dimension matrix to capture
directional dependencies. The eigenvalue of this matrix was used to characterize Brodatz text ‘r_,
Dennis and Dessipris [2] studied the derivative (rate of change) of the fractal dimension as a
signature across a range of pixel distances. |

THE MODEL

Motivation

In spite of the variety of the fractal measures discussed above, all of them (exce.Pt"th
rely upon one fundamental assumption: that the image texture is a fractal. Presumably, this sity
results from Pentland’s original assertion that images of natural terrain may be mod‘?vledb‘
(specifically tBm) approach [12]. However, Pentland assumes that the scene’s reﬂQF?‘!’
uniform. When this condition does not hold, the validity of the fractal model is queSHORR




Image Segmentation Using Modified Neural Network Techniques
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ABSTRACT
This paper describes an application of neural networks in segmenting gray shade images. It
describes a method for ranking pixel features relative to their ability to discriminate among different
image segment classes. A neural classifier is proposed which operates on pixel feature vectors as
inputs to the network, each feature having a variable weight. The wei ghts are iteratively changed to
obtain dense and highly separated clusters. The resulting weights are indicative of the usefulness, or
rank, of the features.

Key Words: Image segmentation, feature ranking, neural classification, Kohonen maps

1. INTRODUCTION _

This paper describes a unique implementation of neural network technology for image
segmentation applications. This algorithm characterizes each pixel of an image as a vector.. A
k-means classifier (implemented as a Kohonen[1] network) then assigns the pixel to an image
segment class. The results are then output as a segmented image.

Many neural network approaches rely on a classifier to determine the relationship between the
input vectors and the desired outputs. Assuming the network achieves acceptable performance, the
designer is still left with little or no understanding of what the network found valuable in the input
data. Thus, further optimization may be difficult or impossible. To greatly reduce the number of
input variables, we propose a feature extraction stage to remap the input pixels into feature vectors.
The advantages and the disadvantages of this approach are discussed in this paper.

The neural network designed for this implementation is not a neural network in the traditional
sense of the term. The neural network is generated after the training data has been fully clustered and
analyzed. Thus, the neural network does not come into existence until training is completed. The
design technique for this implementation will be discussed in the sections that follow.

The research reported in this paper was supported in part by a grant from the Office of Naval Research.




2. FUNCTIONALITY

Image processing applications often begin with a need to reduce the data in an inputimage into a
significantly smaller amount of information. For example, in fingerprint imagery, the
inter-relationships between the ridge events, endings and bifurcations yield all the information
necessary to compare or identify the print. A fingerprint examiner is not concerned with how dark
the ridges appear, nor is he concerned with the rotation, scale, edge magnitudes, or any other
information contained in the image. In target tracking applications, as another example, the image
processing algorithms must remove all of the unwanted information and extract only information
about the target’s position and possibly its signature.

Frequently, the process of reducing an image begins with the segmentation of the image into
regions of similar compositon. This paper will discuss a technique for performing this segmentatxon
using a pixel-based classifier implemented via a Kohonen neural network architecture.

Before the neural network can operate on the pixe! data, features are extracted from the pixel and
its neighbors. These features attempt to fully describe the pixel in every way that might help
distinguish one class of pixels from all other classes. For example, in a satellite photo, pixel classes
such as “tree”, “building”, “road”, and “ocean” are applicable. Finger print image classes might be

rldge” “valley”, and “background”. Features would then be any manipulation of the input data that
reveals some information about the pixel of interest. These can be based on mathematical analysis or
on heuristics that make sense to the algorithmist.

The algorithm implemented for this paper considers 15 heuristic texture and gray shade features
to be tested in the pixel classifier. One of the main goals in designing this algorithm was to determine
a mechanism for evaluating how well each feature discriminates between the different classes. Since
feature salience depends heavily on the imagery and its contents, a wide variety of features are
required for a robust algorithm. This also requires that the algorithm make determinations as to the
relative discrimination capability of each feature. Assuming it can perform this task, the
algorithmist would then optimize his design for a specific application by retaining only the salient
features.

The features will be normalized before the clustering algorithm attempts to organize them. The
clustering process measures similarity between input vectors by the Euclidean distance function. If
one feature was scaled by a large constant, then the classifier would assign significantly more weight
to variations in that feature. Before the relative discriminating capabilities of each feature are
known, no such bias should exist.

The clustering algorithm involves an iterative process of proposing a cluster organization,
testing that organization, tuning the feature weighting coefficients, and adjusting the operational
radius for each cluster. The classifier itself consists of a single layer of operators or nodes. During
run time operation, the classifier evaluates each input sample using a weighted Euclidean distance




metric. Before discussing the training process, a short discussion of the run time operation is
appropriate.

To determine the input sample’s class, the classifier defines several clusters, or distributions, in
feature space. Each of the previously mentioned nodes represents one of these clusters. This is done
so that we can represent data that may be multi-modal more accurately. To explain the rationale for
this, imagine a fruit classifier that is trained on apples, oranges and grapes. The object features might
be color, shape, andssize. Ifa wide array of apple samples are selected, the color feature would likely
offer little help in discriminating apples from the other fruits because green apples were treated as
part of the same distribution as the red and yellow apples.

Figure 1 illustrates the fruit classifier sample distribution with size and color features. Clearly,
size alone will not provide enough information to discriminate between apples and oranges. The
middle figure identifies a potential interpretation of the input samples into meaningful distributions.
A classifier that interprets the samples in this manner should be able to accurately classify most test
samples correctly. The lower figure shows a poor interpretation of the sample distribution. A
classifier that assumes these distributions will probably not perform with acceptable accuracy.

An obvious and easy remedy would be to create classes such as red_apple, green_apple, etc. A
better approach would employ clustering techniques to accommodate these intra-class differences,
and account for them as they occur. This is very important in image processing applications where
the designer might not fully understand the nature of the sample distributions. The self-organizing
clustering algorithm that we propose enables the classifier to operate autonomously on any feature
. vector samples without customization to the specific application. This capability is especially useful
in systems intended for novice operators with no knowledge of probability.

The training procedure essentially attempts to determine a minimal data representation of the
input sample feature distribution. The weighted distance to each node center is computed and that
distance is then checked against the node’s maximum acceptable distance. If the distance is within
the node’s “sphere of operation”, the node continues to compete for the sample. The closest node
with acceptable distance to the sample is then chosen as the node that will determine the class of the
sample. Upon completion of training, the inverse covariance matrix is computed for each class of
each node. This is used to compute the Mahalanobis distance from each class mean to the sample
currently being classified. The classifier determines a sample’s class by first locating the closest
node, then by applying the Mahalanobis distance formula for each class within the node. The
minimum distance determines the selected class.

Feature Selection and Evaluation

The features selected for use in the algorithm discussed in this paper are listed in Table 1. Each
of these features reveals something about image texture or gray level in the region centered around
the pixel of interest. Additional features such as the difference between the pixel intensity and its




E[ |G(xy) = G(x;)| 1 = k [x5 — x,|" (5)
E[ UGy ] = k Ax|? (6)

The distance between a pair of pixels is |4x| = [x, — x,|, and the difference in gray shade between
these pixels is AGIAXI = G(x;) — G(x,). The average absolute gray shade difterence, taken across
several pixel spacings of the same magnitude, will follow the above exponential scaling. A linear
equation may be obtained by taking the logarithm of each side:

In(E[ 4Gy 1) = In(k) + Hin(}4x)) (7)

Using least squares linear regression, the estimated values H and & may be determined from a collec-
tion of pixel distances and their associated average absolute changes in gray shade.

Fractal Error

However, G(x) may or may not fit the fBm model. Although the above method will compute
estimates for H and £, the validity of these values depends upon how well G(x) corresponds to fBm.
»Thus, the error in the estimation should be considered. The error at a particular pixel spacing is

CITOI'IAXI = E[ IAGIAXII ] - /? IAXIH (8)

The root mean square (RMS) of these individual errors characterizes the overall error in the estima-
B . tion, shown below. (Let n be the number of pixel distances considered.)

RMS error = %Z(ermruxl)z )]
lax} R

The RMS error measures the degree to which the observed si gnal fits the fBm model and is referre

to here as the fractal error. Equivalently, the complement of the fractal error may be considered ¢
a measure of the “fractalness™ of the signal.

EXAMPLE IMPLEMENTATIONS AND RESULTS

Developing a Local Measure

The development of a fractal error feature was oriented toward textures in aeria gray
reflectance images containing features such as trees, grass, shadows, water, soil and buildings
cause the regions in these images may be small, a small neighborhood of pixels was d
dowsizesof 5 X 5,9 X 9,13 x 13 and 17 X 17 were studied, but the smallest siz
most suitable in the examples which are discussed in this paper. Also, this size offered grealcEatin
making it more practical to compute the fractal error within each pixel’s neighborho

error. For awindow of size w X w, there are (w* — w?)/2 possible spacings.
of computations, two approaches were examined. By considering only thos
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sults from asecond technique. It examines all distances and angles within the window, but only with

respect to the center pixel. There are w? — 1such pixel spacings. Figure 1 illustrates the pixel spac-
ings used withina 5§ x 5 window for the center-oriented method. Intuitively, this approach seems
to localize the measure more by emphasizing the center pixel, plus it strives to make the measure
more directional independent than the former approach.

Applying Fractal Error 10 Standard Brodatz Textures

Brodatz textures [1] are often used as standards for evaluating texture-based algorithms. A
test image was developed from three of these textures to investigate the discriminatory capabilities
of the localized fractal error operator. The fractal error Operator was applied to a collage of Brodatz
textures in Figure 2. (The top of Figure 2a is “paper,” the bottom is “cork™ and the center s

“sand.”) Areasonable degree of separation is evident in Figure 2b, and the three different textures
are are clearly discernable.

Segmenting Aeriql Imagery

The development of 4 fractal error feature was oriented toward the segmentation of aerjal
reconnaisance images, into categories such as trees, grass, soil, water, shadows, roads and buildings.
For example, the regions of interest in the shore scene (Figure 3a) might be water, foliage (trees)

1], Pixel distances
SN 7P dx =1
*—f—o- /= * dx = ‘/5
\ <] 4x =2
o A2\ e Ax = /5
Figure 1 Pixe/ Spacings Used with the Center-Oriented Method

(@) Original Image (b) Fractal Error Image

Figure 2 Fractas Error Applied to a Collage of Brodat> Textures
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(a) Original Image (b) Fractal Error Image, Negated (c) Segmented
image

Figure 3 Fractal Error Applied to the Shore Scene

and non-foliated land. Although gray shade is often the predominant feature for distinguishing re-
. gions in aerial images, gray shade alone may be inadequate. Texture features are necessary, and be-
cause of the wide variety of textures present and the frequent occurrence of small regions a texture
feature for aerial imagery must be somewhat general-purpose and defined on a small neighborhood.

Fractal Error as a Texture Feature - An Aerial Image Segmentation A pplication

Figure 3a illustrates a shore scene (278 x 269) containing water, foliage and non-foliated
land. Clearly, the gray shade of the water overlaps that of both the toliage and some of the open
tields. The fractal error image in Figure 3b, negated to improve visibility, demonstrates that the wa-
ter tends to have a low fractal error (light gray shade). The non-foliated land has a greater error,
and the foliage has a medium to high error. Thus, a combination of gray shade and fractal error may
be used to classify the pixels in this image, whereas either one of the features individually will fail.
A supervised maximum likelihood classitier was designed to segment the image, on a pixel by pix
basis, using gray shade and local fractal error as the pixel features. The segmentation result is shown
in Figure 3c, separating foliage (dark gray), water (light gray) and non—foliated land (white).

A farm land scene (512 x 512) is shown in Figure 4a. The light shaded soil areas are clearly:
distinguishable solely on the basis of gray shade intensity. However, the grassy fields and foliages
require a texture measure to be separated. Figure 4bshows the negated fractal error image, in whi
the foliage tends to have a larger error (darker gray shade) than the fields. In Figure 4c, the ima
has been classified as foliage (dark gray), grass (light gray) or soil (white).
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(@) Original Image (b) Fractal Error Image, Negated (c) S
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Figure 4 Fractal Error Applied to the Farm Scene

Finally, Figure 52 (512x512) introduces a mixture of natural

and cultural (e.g., roads, build-

|

(a) Original Image (b) Fractal Error

Image, Negated (c) Segmented
Image
Figure 5 Fractal Error Applied to the Mixed Scene
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tics, the fractal error was developed as a localized texture feature. The fractal error texture feature
and the gray shade have been shown to be an effective set of features for classitying pixels in aerial
images in aerial image segmentation applications.

Other Applications of Fractal Error

The fractal error associated with non-fractal image features will be relatively large. Since
cultural or man-made features often have a non-fractal appearance, the fractal error metric could
be used to screen cultural features in aerial reconnaissance images. To a mission planner /scene ana-
lyst this may be useful information. We are currently investi gating several examples containin gcul-
tural features to quantify the effectiveness of fractal error for detecting cultural feature content in
aerial imagery.
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mean ( Iy - Meansys ) can be constructed from these features as well. This feature would likely
correlate better than the pixel intensity alone since it measures offset above the average rather than

intensity alone.

TABLE 1
PIXEL FEATURES TESTED IN IMAGE SEGMENTER
Feature Definition
Sobel_Magnitudex (2 * Pxs1y+ Pxaty-1 + Pre1ye1 ) -
(2* Px—l,y + Px-1,y-1 + Px-l,y-t»l )
Sobel_Magnitudey (2 * Pyxy-1+Px-1y-1 + Pxs1,y-1) -
(2* Px,y+l + Px-1,y+1 + Px+1,y+1 )
Sobel_Magnitude | VSobel _Mag“x + Sobel Mag?y
Gradient max (abs( Pxy = Px-1,y-1)s

abs( Px,y - Px,y-l ),
abs( Px,y - Px+1,y-1),
abs( Py,y = Px-1y ),
abs( P,y = Px+1,y ),
abs( Px,y - Px-l,y+1 ),
abs( Px,y - Py )
abs( Px,y - Px+1,y+41) )

Meansgs , 1/9 2:|.—--x--‘1,x+lzj=y-1,y+1 P 1,
Variancesys 1/9 ZL=X—1,X+12j=)"1,y+1 P zi,j B
' (1/9 Zi=x-1,x+12j=y-1,y+1 Pi )?

Meansys 1725 2u=x—2,x+22j=y-2,y+2 Pi,j
Variancesys 125 Ziox-2x42%j=y-2,y+2 P34~
(1725 Zt=x—2,x+22j=y-2,y+2 Pi,j )2

Meanyy7 1/49 2:|.~_-x--3,x+32:j=y-3,y+3 Pi;
Variance747 1/49 zL=x-3,x+3§:j=y—3,y+3 Pzi,j -
(1/49 z|,=x-3,x-1-32j=y—3,y-i-3 Pi,j )2
Busynessx [2] 1/6  (abs( Px-1,y-1 = Pxy-1) +

abs( Px-1,y - Pxy) + -
abs( Px-1,y+1 - Pxy+1) +
- abs( Pyy1,y-1 = Pxy-1) +
abs( Px+1y - Pxy) +
abs( Px+1,y+1 = Pxy+1))




TABLE 1 (Continued)
PIXEL FEATURES TESTED IN IMAGE SEGMENTER

Feature Definition

Busynessy [3] 1/6 (abs(Px-1,y-1-Px-1,y )+
abs( Px,y-1-Px,y ) +

abs( Px+1,y-1 - Px+1,y ) +
abs( Px-1,y+1 - Px-1,y ) +
abs( Px,y+1 - Px,y ) +

abs( Px+1,y+1 - Px+1,y) )
Busynesspys [3] 1/4  (abs(Px-1y-1-Pxy) +

abs( Py41,y+41 = Pxy ) +

abs( Pyy-1 = Pyx-1y ) +

abs( Px+1,y - Pyy+1 ))
Busynessp3s [3] 1/4  (abs( Px-1,y+1 - Px,y ) +
abs( Px+1,y-1 - Px,y ) +
abs( Px,y-1 - Px+1,y ) +
abs( Px+1,y - Px,y-1 )')
Busyness [2] min (Busynessx Busynessy,

Busynesspgs, Busynesspiss )

After clustering the samples, the classifier evaluates the inter-class variance and the intra-class
variances for each feature. The ratio of the inter-class variance to the sum of the intra-class
variances indicates a “scatter ratio”. A very high inter—class variance identifies that the feature is
widely spread across multiple classes. A small intra~class variance indicates the samples of asingle
 class within this cluster are all packed into a small region. A “good” feature would then have a very
high inter—class variance and all the intra-class variance terms would be small. Using these ratios as

a metric, the relative discrimination capability of each feature can be determined.
Classifier Training

The classifier most closely resembles the Kohonen network with one very significant
difference. This implementation has a variable number of nodes which are created and deleted
whenever the algorithm deems appropriate. The training system is nothing more than a serial
- computer executing a k-means classifier. The ideal run time system would be a three~dimensional




SIMD parallel processor implementation. Such an architecture could implement the nodes alongthe
z-axis while x-axis and the y-axis would span the image region of interest. Currently, a
two-dimensional SIMD architecture would be the most cost efficient implementation that could stil]
maintain real time performance speeds. The three-dimensional SIMD approach would use the
processors parallel dimensions to span the image region of interest, and it would then serially
emulate the node functions within each processor cell.

The chosen training strategy begins with a classifier with no nodes defined. The first sample in
the training set is chosen to be the initial node center for the first node. Subsequent samples are then
tested to determine whether they are sufficiently close to this node. Ifthe sample is close enough, itis
included in the node. When asample is absorbed into the node, it is used to update the node’s mean
and covariance statistics using the iteration formula:

pdn) = (efn) + (n*pfn — 1))/(n + 1) ey

o%in) = ((x{m) = udn = 1) * (e; = pfn = 1)) + n*a%i(n — 1)/(n + 1) _ )
i = 1-- - NumberOfFeatures,j = 1- - - NumberOfFeatures,n = 0- - - NumberOfSamples

These statistics are computed for each possible class as well as for all classes within the node.
The inter—class statistics are used to determine which node should be used to classify a givensample.
The intra—class statistics are used to determine the appropriate class for asample, given that this node
will be the one making the determination.

After populating the node with all nearby samples, the sample list is then checked against all
nodes to insure that every sample falls within the operating range of at least one node. If any sample
isstill not represented, another node is generated and that node is populated. This process is repeated
until all samples are represented.

Once the nodes are produced, the inverse covariance matrices are computed. The classifier is
then tested using the training samples to evaluate the self-organized model. Each node is thenscored
to determine its discrimination accuracy. The score is computed as the number of correct
classifications divided by the total number of classifications.

After computing each node’s score, the higher scoring nodes are then analyzed in an attempt to
modify the feature weighting coefficients. In each high scoring node, the ratio of inter-class
variance to the sum of the intra~class variances is computed. The average of this ratio is taken as the
metric by which all feature weights will be scaled. These ratios are normalized to range from 0.0 to
1.0, since changing the weights influences the node operating ranges.

The final stage of the training process eliminates poor or unused nodes. If a node’s score falls
below a threshold percentage, it is eliminated and the region will be reclustered during subsequent
iterations. This entire process is repeated until either a satisfactory score is reached or when a fixed
number of iterations has expired.




Classifier Implementation

Once the training process is completed, the network is then implemented as a run time
Kohonen-like system. All features that have near zero weighting coefficients can be eliminated
from the entire design, since they have no influence. The remaining features are coded into the run
time system. Figure 2 illustrates the neural network implementation of the

system.

Input Feature Vector

Node 2 . Node N—-1 Node N

Proximity
And
Class

Select Closest Node
and

Output its Classification

Output Classification

Figure 2 Kohonen Implementation of Image Segmenter

Training and Testing

A ground truthing program was designed using the Xview library routines to permit an operator
to associate pixels with known classifications. This program reads an input image from disk,
displays this image, and allows the operator to draw over any pixel he wished to label. The operator
may then select any of eight colors to represent each class. Thus, the software is currently limited to
eight or fewer class operation. After carefully labelling the desired pixels, the operator may then
request that the program output the ground-truthed image. This image contains only pixels
representing locations that the operator designated to specific classes. All other pixels are zero
valued.




A second program then computes the feature vectors for the original imagery. This program
reads the ground-truth image as well, and it outputs an ASCII text file containing the Cartesian
coordinate of the pixel, the feature values for each feature, and the designated class. This file is
maintained in ASCII for operator convenience. An operator can easily split the file into training and
testing sets using various UNIX commands or even text editors.

Finally, a third program compacts an ASCII feature file into a binary representation that the
classifier will use for training and testing.

Testing the classifier requires that a scoring mechanism be devised. The chosen scoring method
evaluated the classifier based on each node individually. A node is scored based on the number of
correct classifications divided into the number of samples classified by that node. Thus a node that
only classifies one sample will either rate as a perfect score or as a zero score. Nodes that are not used
rate as zero score, and are removed in successive iterations. The overall score, however, is computed
as the total number of correct classifications divided by the total number of input samples. This
penalizes the classifier for failing to classify any sample.

3. RESULTS AND CONCLUSIONS

The cluster-based classifier shows promise in classifying pixels for image segmentation
applications. Early testing began with a primitive clustering strategy. This weighted all normalized
features equally, and all clusters were spawned from any training vector that did not fit within any
existing node. All nodes were also built with a fixed radius that was manually selected. During this
testing, up to 80 percent classification accuracy was achieved on when testing and training was done
on the same data (train A/test A ). Approximately 75 percent accuracy was achieved when training
and testing data were independent ( train A / test B ). The testing was performed on complex aerial
photo imagery with three defined classes.

Improved clustering strategies raised performance to 83 percent ( train A/ test B ) for the aerial
imagery. These implementations began using weighting coefficients controlled by the scatter ratio.
The first attempts computed new weight ratios directly from the scatter ratios, but unstable behavior
was noted and the process tended to oscillate without significantly improving the clustering. The
best strategies follow the basic steps of cluster, evaluate scatter ratios for high scoring nodes, then
enhance high ranking features and penalize low ranking features. By repeating these steps
iteratively, subsequent clusterings tended to show between three and ten percent increases in
classification accuracy with no more than 15 iterations.

These results suggest that an adaptive feature weighting scheme can improve the classification
accuracy of image pixels.
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Abstract--This paper discusses a technique
that will enhance man-made features in SAR
images. The technique uses a metric called
fractal error. Developed by Cooper, et al.
[1] for aiding photointerpreters in detecting
man-made features in aerial reconnaissance
images, this metric is based upon the ob-
served propensity of natural image features
to fit a fractional Brownian motion (fBm)
model. Natural scene features fit this model
well, producing a small fractal error. Man-
made features, on the other hand, usually
do not fit the fBm model well and produce a
relatively large fractal error. Therefore, the
fractal error is useful as a discriminant func-
tion for detecting man-made features in SAR.
imagery. The fractal error metric is defined,
an approach to segmentating man-made ob-
Jects in SAR images is discussed, and the
results are presented in this paper.
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1. INTRODUCTION

In modern tactical air warfare, to assist the
the pilot and improve the probability of mis-
sion success, mission planning tools are es-
sential. However, even with comprehensive
preplanning, the tactical situation may un-

dergo unpredictable changes during the ex- -

ecution of the mission. Instead of returning
to the aircraft carrier and re-planning a new
mission, it is desirable to be able to modify
the mission en route. To do this it becomes
necessary to data link mission-related infor-
mation to aid the pilot in making mission
changes. Various forms of surveillance and
reconnaissance imagery coupled with other
intelligence information and digital maps are
among the information types to be transmit-
ted and displayed to the flight crew. In-
cluded in this mission-related data may be
processed imagery of the revised target area
from an off-board Synthetic Aperture Radar
(SAR). The image data sent to the flight
crew can be used to enhance terrain features,
line-of-sight perspectives, and highlight ex-
pected target area features on cockpit dis-
plays. The algorithms for accomplishing this
form an essential part of an integrated mis-
sion planning system to aid the pilot in re-
defining the mission en route.

This paper outlines initial research towards a

187




188

system that will enhance man-made features
in SAR images as an aid for pilots in locat-
ing targets. It uses a metric called fractal
error. While this metric has been shown ef-
fective with aerial photography [1], it has yet
to be tested with SAR imagery. This paper
presents results which indicate the fractal er-
ror metric is robust and will segment man-
made objects from natural terrain in SAR

images.

2. PREVIOUS WORK

Few attempts have been made to address the
problem of recognition of man-made objects
in SAR images.

He and Wang [2] present a set of texture
measures derived from a so-called texture
spectrum and apply these measures to SAR
imagery. The basis of the features suggested
by He and Wang is that a texture image
can be considered as a set of texture units
which characterize the local texture infor-
mation for a given pixel and its neighbor-
hood. From these local texture units, an
image of the global texture aspects can be
mapped. Using the local texture units, the
frequency distribution of the texture units
is calculated. From this frequency distribu-
tion comes the term texture spectrum. He
and Wang use this texture spectrum to ex-
tract information to form quantitative fea-
ture vectors which incorporate characteris-
tics of the texture, such as black-white sym-
metry, geometric symmetry, degree of direc-

tion, orientational features and central sym-

metry. They compared their results to pre-
vious research using the co-occurrence ma-
trix approach (3], [4], 5], [6], and [7]. The
results indicate the measures they chose pro-
vide a more useful feature vector for seg-
menting SAR images.

Other authors have suggested using statis-

tical methods as a means to segment SAR
data [8], [9], [10]. In an article by Rignot and
Chellappa [11], a model for the conditional
distribution of polarimetric complex data is
combined with a Markov random field repre-
sentation to segment the SAR image. Their
method describes a model for the a poste-
riori distribution of the region labels. Op- .
timization of these region labels is defined
as maximizing the a posteriori distribution
of the region labels (maximum a posteriori
(MAP) estimate).

Solberg, Taxt and Jain [10] developed a gen-
eral model for multisource classification of
remotely sensed data, such as optical, in-
frared (IR) and SAR. Their model is also
based on Markov random fields and was

-developed for the fusion of optical images,

SAR images and Geographic Information
System (GIS) ground cover data. Their
model uses the spatial class dependencies,
also called spatial context, between pixel
neighbors in an image and temporal class
dependencies between images of the same
scene at different times. They have tested
their model on Landsat TM images, Euro-
pean Remote Sensing (ERS-1) SAR images
and GIS ground-cover maps on agricultural
scenes with good results.

Geometric feature extraction techniques
have also been used to extract information
from images. Methods such as the Hough
transform [12], [13] can be useful. Sel-
vage, Chenoweth and Gold [14] describe a
modification to the chord transform for de-
tecting geometric structural content within
an image. This transform has been shown
to be both scale, translation- and rotation-
invariant. The most noticeable problem with
the chord transform, however, is its compu-
tational expense. '

In recent years, there has been progress
in using metrics derived from fractal ge-
ometry in the analysis of patural textures




[15]. Pentland [16] used fractal-based de-
scriptions of image textures to effectively
characterize natural visual imagery. There
has also been progress in applying fractal
characteristics to basic image analysis, such
as texture segmentation [17], [18]. Using
a fractional Brownian motion model (fBm
model), Stewart, et al. [19] demonstrate the
application of fractal random process mod-
els as features in the analysis and segmenta-
tion of SAR imagery. The fractal dimension
of natural textures, such as grass and trees,
was computed and used as texture features
in a Bayesian classifier.

Stewart discussed the application of metrics
described by fractal geometry to provide ac-
curate measures of “roughness” and “irregu-
larity” in scale-invariant natural forms. Oth-
ers [20], [21] have used the local fractal di-
mension for segmentation and analysis of in-
frared (IR) imagery. Likewise, Cooper [22]
implemented a localized version of the frac-
tal error measurement and fractal dimension
for segmenting aerial images.

3. THE FrAcTAL ERROR METRIC

It is well known that many textures and
scenes can be modelled as fractals. A fractal,
according to La Brecque [23], “has a rough
shape to one degree or another made of parts
which, when magnified, resemble the whole.”
Literature describing fractals often lacks pre-
cision when attempting to define what a frac-
tal is. However, the reader of fractal geom-
etry theory can turn to Falconer [24] for a
detailed description of the properties of frac-
tals.

The set F', according to Falconer, is a fractal
if it has properties such as:

1. F has a fine structure, that is, detail on
arbitrarily small scales.
2. F is too irregular to be described in tra-

ditional geometrical language, both locally
and globally.

3. Often F' has some form of self-similarity,
perhaps approximate or statistical.

4. Usually, the “fractal dimension” of F' (de-
fined in some way, and there are several
unique definitions) is greater than its topo-
logical dimension.

5. In most cases of interest, F is deﬁned in
a very simple way, perhaps recursively (e.g.,
the Julia or Mandelbrot Sets).

Fractals may occur in many different forms.
Mandelbrot [25] was the first to define frac-
tional Brownian motion (f Bm). Cooper [22]
gives an excellent description of fBm; it will
be summarized here.

fBm is defined in terms of the differences
between successive samples of a function.
Let By (x) represent a fBm signal, where
x is a vector containing F independent vari-
ables. Then the increment of the f Bm signal
is described as ABy = Bg(x2) — Bg(x1),
where X; and x2 correspond to two distinct
measurements. The increment ABy is nor-
mally distributed with a mean of zero and
a variance proportional to the 2H power of
the Euclidean distance between x; and xs.
The mean of the fBm increment'is
E[By(x1) — Br(x2)] = (1)
Likewise, the variance of the 1ncrement of
the me is
Var[By(x2)—Bg(x1)] = o?|xz—x; |22, (2)
where o2 is the proportionality constant of
the variance and H is the Hurst parameter,
and must be strictly 0 < H < 1. Note that
when H = 0.5, then the fBm model reduces
to the original Brownian motion model. The
value of H can be used to describe the fractal
dimension D as
D=FE+1-H, (3)
where F is the Euclidean dimension (or, the
number of independent variables). Small
values of H produce high fractal dimensions
and large values of H produce low fractal
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dimensions. Combining the equations for
mean and variance, while also taking into ac-
count the fractal dimension, we can obtain
the following relationship

E[|By(x2) — Ba(x1)|] = klxz — x1|%. (4)

Equation (4) is the essence of the fractal er-
ror metric.

The regions observed in a SAR image may
be combinations of many different textures.
Each texture can be represented by its frac-
tal dimension. When attempting to deter-
mine the fractal dimension, it is also useful
to know how closely a texure element may
be considered a fractal. Thus, measuring
the error in estimating the fractal dimension
will produce a useful metric to determine the
“fractalness” of a feature in the image. A
small error will indicate that an image fea-
ture fits the fractal model well, and thus can
be considered a fractal. Conversely, a large
error will indicate that the image feature fits
the fractal model poorly and the feature is
man-made.

We can mathematically define the fractal er-
ror computation as follows.
E[|Glx2] - Glxall] = Klxz — x| (5)
E[|AGiaxl] = KlAx|®,  (6)
where G is the image function and Ax is
the distance measure within the region. Es-
timates of H and k can be found by using a
linear regression. These estimates of H and
E can then be used to calculate the fractal
error using the equation
Erroriax = E[|AG|ax|] - Elax)®. (7)
Using a “center-oriented” window with n

separate increment measurements of the dis-
tance Ax, an RMS error can be computed

1
RMSError = \J— > (Errorjax))?.  (8)
lax]
The RMS error is the degree to which a-pixel
can be considered to be part of a fractal-like
texture element.

‘tal error image.

4. FractAL ERROR ALGORITHM

Using the method described in the previous
section, Cooper [22] developed an algorithm
for calculating the fractal error for each pixel
in a scene. The algorithm is as follows:

1. Define a 5x5, 7x7, or 9x9 sliding window.
2. Calculate each Ax for each pixel in the
neighborhood of the sliding window relative
to the pixel of interest.

3. Using linear regression, find the slope
and the y-intercept for each unique set
of Ax in the window from the equation
In(E[|AG ax]) = In(k) + Hin|Ax].

4. Thus, H = slope and k = ezp(y —
intercept) from the above relationship.

5. Then, from Erroriax = E[|AG|ax|] -
k|Ax|H, the fractal error is calculated for
that unique set of Ax.

6. The RMS error is then represented by
RMSError = /1 Tjax(Erroriax)*

7. The RMS error for that pixel is saved, the
window is moved, and the process is repeated
over the entire scene.

5. SEGMENTATION OF MAN-MADE
OBJECTS USING THE FRACTAL
ERROR METRIC

The fractal error metric is useful for seg-
menting non-fractal image features using a
simple thresholding algorithm on the frac-
Adapting a method by
Otsu [26], [27], a threshold is chosen to sepa-
rate the natural fractal-like objects from the
man-made objects using a maximum likeli-
hood estimator. Otsu developed this seg-
mentation method on the statistics of the
distribution of the gray level values in an im-
age. Here, we use the distribution of the frac-
tal error within the image instead. Consider
an image with pixels having discrete, nor-
malized fractal errors from [1,L]. The dis-
tribution of the fractal errors can be viewed




as a histogram, h(g), g =1,---, L. This his-
togram is a graph of the frequency of certain
fractal error values within the image. An
image can be segmented into two separate
classes, C; and C,, (in this case, natural ob-
jects and man-made objects) by estimating
a threshold level, denoted by . This means
that those pixels in the image belonging to
class C] have a fractal error in the range of
[1,---,%] and those pixels in class C, have
a fractal error in the range of [t +1,---,L].
Thus, the following statistics can be calcu-
lated:

) = gp@ ©)
nlt) = Fz;p(w (10
q(t) = ggp(m )
%) = gglgpw) (12)
o) = g‘;(g—al(t))?p(g) (13)
6 = 3 (0-TH)ee), (14

=t+1
where p(g) is the cumulative number of pix-
els with gray level value g.

The mean and variance for both classes com-
bined is given by

L
gr = ;gp(g) => w;(t)g;(t) (15)

j=1,2
2 = gz:(g—a-T)%(g)
= af(t) +o3(2), (16)
where - '
hlt)= X witi) )
and J’
b= 3 ws0E0 -9 (9

Note that the statistics 02,(¢) and 03 (t) are
the within-class and the between-class vari-
ance. ‘

Consider the classes C; and C; to be nor-
mally distributed with unique means, but a
common variance. The probability density
function for each class is represented by the
expression

1
(2mo?(2))*?
(- (g - ug(t)))
2(2)

where j = 1,2. Kurita, et al. [27] showed
that the 11kehhood function then becomes

f(elCy) =

exp (19)

L(G|&; B(t)) = 1:]; ];—11[ 27ror2(t) )2
ezp(— (g — #J(t )]a(t)

202(t)
= (2mo?(t))~N?

1
emp(f-é}—z-(—a

N 2
Z Z 6;i (g:

t=1j=1
—1())%), (20)
where ¢ is the set of gray levels (or in
our case, fractal error values), 6 is a vec-
tor padded with zeros and a single one lo-
cated in the position corresponding to the
class of the pixel, and B(%) is the set of pa-
rameters p;(t), u2(t), o(t). Taking the loga-
rithm of the above expression, we arrive at
the log-likelihood equation,

I(G|O; B(1)) —glog(%r)
—%zog(rﬂ(t))
N N

202 oL

i=1j=1

0;:(9: — 1;(t))?]. (21)
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The optimal parameters are obtained from
this expression as
o) = 5t =12 (22)
g*(t) = ow(d): (23)
Therefore, the maximum log-likelihood func-
tion is expressed as

-~

[(G|©; B) = '—-%—log(%r)
~Zlog(ot (1)

v (24)

It is not difficult to see %hat, barring the
constant terms, the maximization of this
log-likelihood function with respect to the
threshold value t is simply the minimization
of the function o (t). Therefore, the op-
timal thresholding for an image due to its
fractal error distribution is the value of t that
minimizes oy

6. RESULTS

We tested the man-made feature segmenta--

tion algorithm using SAR imagery provided
by Naval Air Weapons Center (NAWC),
China Lake. Figure 1 shows a SAR image
with some small cultural objects, buildings
and roads, located in a desert and moun-
tain environment. Below it is the fractal er-

ror image (normalized from 0 to 255). The

lighter areas in the fractal error image corre-
spond to pixels with higher fractal errors; the
darker areas correspond to lower fractal er-
rors. Thus, lighter areas in the resultant im-
age tend to indicate man-made object. The
third image shows the image segmented us-
ing the method outlined in the previous sec-
tion. Darker areas in the image correspond
to man-made features in the SAR image.

7. CONCLUSIONS

A method of segmentation was presented us-

ing the fractal error metric and a threshold-

ing method. The fractal error metric, orig-
inally developed by Cooper [22], provides
information regarding the “fractalness” of
a pixel in an image. This measure has
been shown to provide enough information
to discern between natural image features
and man-made objects. A thresholding tech-
nique, presented by Otsu [26], was modified
to systematically choosea threshold to seg-
ment the man-made objects from the back-
ground terrain using the fractal error metric.
While this method seems to work well for
aerial photography, it has problems with the
SAR imagery, most notably with the specu-
lar noise inherent to SAR. Future research is
focused on finding an algorithm to choose a
threshold that will more effectively segment
the SAR images without noise.
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Fig. 1. SAR image, normalized fractal error image, and segmented image. Pixel size is approximately 1
square meter and the field of view is approximately 589 meters by 409 meters.

183




194

(1]

[11]

(12]

(13]

(14]

(23]

(16]

(17]

REFERENCES

B. E. Cooper, D. L. Chenoweth, and J. E. Selvage,
“Fractal Error For Detecting Man-Made Features
In Aerial Images” Electronics Letters, Vol. 30, No.
7, pp- 554-555, 1994.

D. H. He and L. Wang, “Texture Features Based
On Texture Spectrum”, Pattern Recognition, Vol.
24, No. 5, pp. 391-399, 1991.

B. Julesz, “Visual Pattern Discrimination”, IRE
Trans. Inform. Theory, IT-8, pp. 84-92, 1962.

A. Gagolowicz, “Visual Discrimination of Stochas-
tic Texture Fields Based Upon Second Order Statis-
tics”, Proc. 5th Int. Jt. Conf. Pattern Recognition,
Miami Beach, FL, pp. 786-789, 1980.

R. M. Haralick, K. Shanmugan, and I. Dinstein,
“Textural Features for Image Classification”, IEEE
Trans. Syst. Man. Cybern., SMC-3, pp. 610-621,
Nov. 1973.

R. W. Conners, “Towards a Set of Statistical Fea-
tures Which Measure Visually Perceivable Qualities
of Texture”, Proc. Pattern Recognition Image Pro-
cess. Conf., pp. 382-390, 1979.

D. C. He, L. Wang and J. Guibert, “Texture Fea-
tures Extraction”, Pattern Recognition Lett., Vol.
6, pp. 269273, 1987.

H. Derin, P. A. Kelly, G. Vezina, and S. G. Labitt,
“Modeling and Segmentation of Speckled Images
Using Complex Data”, IEEE Trans. Geosci. Re-
mote Sensing, Vol. 28, pp. 76-87, 1990.

P. A. Kelly, H. Derin, and K. D. Hartt, “Adaptive
Segmentation of Speckled Images Using a Hierar-
chical Random Field Model”, IEEFE Trans. Acoust.,
Speech, Signal Processing, Vol. 36, pp. 1628-1641,
Oct 1988.

A. H. S. Solberg, T. Taxt, and A. K. Jain, “A
Markov Random Field Model for Classification
of Multisource Satellite Imagery”, IEEE Trans.
Geosci. Remote Sensing, Vol. 34, No. 1, pp. 100~
113, Jan 1996.

E. Rignot and R. Chellappa, “Segmentation of Po-
larimetric Synthetic Aperture Radar Data”, IEEF
Trans. Image Processing, Vol. 1, No. 3, pp. 281-300,
Jul 1992.

P. V. C. Hough, “Methods and Means For Recog-
nizing Complex Patterns”, US Patent 3 069 654,
1962.

D. H. Ballard, “Generalized Hough Transform for
Detecting Arbitrary Shapes”, Pattern Recognition,
Vol. 13, pp. 111-122, 1981.

J. E. Selvage, D. L. Chenoweth, and V. Edward
Gold, “Geometric Feature Extraction Using The
Chord Transform”, IEEE Aerospace Conference,
Snowmass, CO, Feb 1996.

B. B. Mandelbrot, The Fractal Geometry of Nature,
San Francisco, CA, Freeman, 1983.

A. P. Pentland, “Fractal-based Description of Nat-
ural Scenes”, IEEE Trans. Pattern Anal. Machine
Intell.,, PAMI-6, No. 6, pp. 661-674, 1984.

J. M. Keller, S. Chen, and R. M. Crownover, “Tex-
ture Description and Segmentation Through Fractal
Geometry”, Comput. Vision, Graph., Image Pro-
cess., Vol. 45, pp. 150-166, 1989.

(18] S. Peleg, J. Naor, R. Hartley, and D. Avnir, “Multi-
ple Resolution Texture Analysis and Classification”,
IEEE Trans. Pattern Anal. Machine Intell., PAMI-
6, No. 4, pp. 518-523, 1984.

[19] C. V. Stewart, B. Moghaddam, K. J. Hintz, and L.
M. Novak, “Fractional Brownian Motion Models for
Synthetic Aperture Radar Imagery Scene Segmen-
tation”, Proceedings of the IEEE, Vol. 81, No. 10,
pp. 1511-1521, Oct 1993.

[20] B. Moghaddam, K. J. Hintz, and C. V. Stewart,
“Fractal Image Compression and Texture Analy-
sis”, 19th AIPR Workshop, SPIE, McLean, VA,
Oct 1990.

[21] B. Moghaddam, K. J. Hintz, and C. V. Stewart,
“Dimension and Lacunarity Measurements of IR
Images Using Hilbert Scanning”, Int. Symp. on Op-
tical Engineering and Photonics in Aerospace Sens-
ing, SPIE, Orlando, FL, Apr 1991.

{22] B. E. Cooper, Fractional Brownian Motion For
Representing Natural Image Tezture, Ph.D. Dis-
seration, University of Louisville, 1994.

[23] M. La Brecque, “Fractal Applications”, Mosaic,
Vol. 17, No. 4, pp. 34-48, Winter 1986/87.

[24] K. Falconer, Fractal Geometry-Mathematical Foun-
dations and Applications, New York: John Wiley
and Sons, Ltd., 1990.

[25] B. B. Mandelbrot, Fractals: Form, Chance and Di-
mension, San Francisco: W. H. Freeman and Co.,
1977. :

[26] N. Otsu, “A Threshold Selection Method from
Gray-Level Histograms”, IEEE Trans. on Systems,

" Man, and Cybernetics, SMC-9, No. 1, pp. 62-66,
Jan 1979.

[27] T. Kurita, N. Otsu, and N. Abdelmalek, “Maximum
Likelihood Thresholding Based On Population Mix-
ture Models”, Pattern Recognition, Vol. 25, No. 1,
pp. 1231-1240, 1992.

ey - £. David Jansing received
A his B.S. degree from the
University of Louisville in
1991; and the M.Eng. de-
gree in Electrical Engineer-
ing also from the University
of Louisville in 1992. He
is currently a Ph.D. candidate and Teach-
ing Assistant at the institution. His re-
search interests include Image Processing,
Computer Vision, Global Optimization (in-

- cluding Genetic Algorithms), and Artificial

Intelligence. He is a member of Eta Kappa
Nu and IEEE.

P Sy T

e




Darrel L. Chenoweth is Pro-
fessor and Chairman of
Electical Engineering at the
University of Louisville. He
joined the University of
Louisville in 1970 after com-
pleting his Ph.D. degree at
Auburn University. He has been involved
in image processing and pattern recognition
research sponsored by the Naval Air War-
fare Center and the Office of Naval Research
since 1981. He is a Fellow in the Institution
of Electrical Engineers.

way John Knecht is an electri-
@ col engineer with Naval Air
B Warfare Center in China
ake, CA. He is working in
24 mission planning systems.

195




4. REFERENCES

[1]  Kohonen, T, “Self-organized Formation of Topologically Correct Feature Maps,”
Biological Cybernetics, 43, 59-69.
[2] Rosenfeld, A. and Kak, A., Digital Picture Processing, Vol. 2, Academic Press, 1982.

[3] Cooper, B. E., Fractal Brownian Motion Representing Natural Image Texture, Ph.D.
Dissertation, University of Louisville, 1994.




e

-+ . - - -

Acck 93

EDGE ENHANCEMENT USING THE FRACTAL ERROR METRIC
E. David Jansing, Brian S. Allen, Darrel L. Chenoweth

University of Louisville
Department of Electrical Engineering
Louisville, KY 40292
502-852-6289
edjans01@starbase.spd.louisville.edu
bsalle01@starbase.spd.louisville.edu
dlchen01@starbase.spd.louisville.edu

ABSTRACT

This paper outlines a novel technique that will detect
and enhance edge features in industrial images. While
originally developed as an aid for pilots in locating
their targets, this method is generally applicable to
any type of image. The metric is based on the observed
propensity of natural image features to fit a fractional
Brownian motion (fBm) model [1], [2]. Because of
their irregularity, edges do not typically fit the fBm
model well. Thus, edges will have a higher fractal error
than other features in the images, especially naturally-
occurring texture. The fBm has been developed into
a discriminant function to separate the edges from the
other features in images. Results are presented and a
comparison is made to the Canny edge operator.

1. INTRODUCTION

Edge detection has long been the subject of research in
image processing and computer vision. Widely used in
industrial vision, edge detection can be implemented
for parts inspection or for robot vision. The model for
edge detection is shown in Figure 1 and is a two stag
process. '

Image Edge ( Edge Edge Map
Enhancement Linking N

Fig. 1. The model for edge detection.

The first stage, edge enhancement, focuses on locat-
ing pixels in the image that can be considered a step
edge. This process typically involves the initial de-
tections of edge points using such techniques as the
Laplacian of the Gaussian ([3], [4], [5]) or the gradient
of the Gaussian [6]. False edges are eliminated from
a set of criteria. For example, Canny [6] suggested
thresholding edge points by comparing the magnitude

of the gradient, an edge point candidate, against the
magnitudes of its eight local neighbors.

The second stage, edge linking, attempts to link edges
which might be broken. This break in the edges may
be caused by shadowing or noise in the image. Some
techniques for edge linking include the SEL algorithm
[7] and the LINK algorithm [8]. These methods at-
tempt to produce edges that are closed and connected
over the image space.

This paper presents a novel method of edge enhance-
ment, the first stage of the edge detection model.
The method is based on the fractal error metric [1],
[2]. It measures the error between the estimated frac-
tional Brownian motion (fBm) model and the ob-
served fBm. This model can be directly related to
parts inspection, for example. A conveyer belt has a
texture that may be classified as fractal in nature, with
the part being non-fractal in nature. This metric effec-
tively outlines the edges between this fractal texture
and the part.

2. FRACTIONAL BROWNIAN MOTION

Fractional Brownian motion (fBim) is defined as the
differences between successive samples of a function.
First to define fBm, Mandelbrot [9] let Bg(x) de-
note a fBm signal, where x is a vector containing E
independent variables. Then the successive sample is
described by
ABpyg = By(x2) — By (x1), (1)
where x; and x2 correspond to two distinct measure-
ments. The increment ABy is Gaussian distributed
with a mean of zero and a variance proportional to
the 2H power of the Euclidean distance between x;
and x2. Thus,
E[Bp(x1) ~ Bu(x2)] = 0
Var[Bg(x1) - Ba(x2)] = o’jx1 — x|, (2)
where o2 is the proportionality constant of the vari-
ance and H is called the Hurst parameter and must
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be strictly 0 < H < 1. Note that when H = 0.5,
then the fBm model reduces to the original Brownian
motion model. The value of H can also be used to
describe the fractal dimension of the observation as
D=E+1-H 3)
where E is the Euclidean distance (or, the number of
independent variables in the system). It is easy to see
that small values of H produce high fractal dimensions
and large values of H produce low fractal dimensions.
An observation is said to be fractal if the fractal di-
mension D exceeds the topological dimension E [10].

Research has been done using the fractal dimension as

a discriminant function in locating edge pixels (e.g.,

[11]).

Combining the equations for mean and variance pro-
duces the following relationship :

E[|Br(x2) — Ba(x1)l] = klxz —xa|¥,  (4)
where k is the proportionality constant. Equation 4
is the essence of the fractal error metric. The regions
observed in an image may be combinations of many
different textures. Each texture can be represented by
its fractal dimension. It has been shown [1], [2] that
comparing the estimate of the fractal dimension to the
actual data provides a useful metric to measure the
“fractalness” of a feature in the image. A small error
from the metric will indicate that an image feature
fits the fractal model well, and thus can be considered
fractal. On the other hand, a large error will indicate
that the image feature fits the f Bm model poorly and
the feature is non-fractal in nature.

The error metric is defined from Equation 4 as
E(|G[xz] - Gxalll = klx2 —x]  (5)
E[|[AGiax] = KlAx|, (6)
where G is the image function and Ax is the distance
measure within the region. Regions are typically de-
fined as a center-oriented window of 5z5, 7z7 or 9z9.
Estimates of H and k can be found by using a linear
regression scheme. These estimates of H and k can
then be used to calculate the fractal error for the set
|Ax| using the expression _
Errorjax) = E[|AG|ax|] - k|Ax|®. (7

- Using the center-oriented window or region with = sep-

arate increment measurements of the distance Az, an
RMS error can be computed

1
RMS Error = |~ !AZ!(ETW,A,‘, 2. (8)
4

The RMS error measures the degree to which a pixel
can be considered to be a part of a fractal-like texture
element. Edges will have higher fractal errors than
non-edge features in the image. Thus, the fractal error
metric makes an appropriate discriminant function for
enhancing edges in real-world images.

3. EDGE ENHANCEMENT ALGORITHM

Using the method described in the previous section,
a novel algorithm of enhancing edges has been devel-
oped:

1. Define a 5z5, 7z7 or a 929 sliding window.

2. Calculate each Ax for each pixel in the neighbor-
hood of the sliding window relative to the pixel of in-
terest. '

3. Using simple linear regression, find the slope and
the y-intercept for each unique set of Ax in the window
from the equation In(E[|AGax|]) = In(k) + Hin|Ax|.
4. Thus, H = slope and k = exp(y — intercept) from
the above relationship.

5. Then, from Equation 7 the fractal error is calcu-
lated for that unique set of |Ax|. .
6. The RMS error is then calculated from Equation 8.
7. The RMS error for that pixel is saved, the window
is moved, and the process is repeated over the entire
scene.

8. A user-defined threshold 7 selects the pixels that
will represent edges and those pixels that will represent
background. In other words, for RMS[i][j] (where 4
and j are pixel coordinates in the image), a pixel is
defined to be an edge pixel when RMS[i][j] > = and
a background pixel otherwise.

4. RESULTS

The algorithm was tested on an industrial image. This
image shows a hypothetical part on a textured back-
ground (wood-grain). Figure 2 shows the test image,
the result from enhancing the edges with the fractal
error metric in a 5z5 window, and the edges detected
with the Canny edge operator with a threshold of 50.
The test image was smoothed with the median filter
before the edges were enhanced with the fractal edge
enhancement algorithm. The image was smoothed
with a 3z3 Gaussian mask before edge enhancement
and detection with the Canny edge operator. It is not
difficult to see that the fractal error metric highlights
the edges with the same accuracy as the Canny.

The Pratt figure of merit[12] provides a quantitative

measure for the performance of edge detection algo- -
rithms. The figure of merit F penalizes an algorithm

for missing valid edges, errors in localizing edges, and

classification of noise as edges. The Pratt figure of
merit is defined as follows:




Fig. 2. The test image, the edges enhanced with the fractal error
metric, and the edges detected with the Canny operator,
respectively.

14 1
F=1) Tra (©)

i=1

where I, = maz(I;,14), It and I 4 represent the num-

ber of ideal and actual edge points, respectively. « is a
scaling constant used to penalize displaced edges, and
d is the separation distance from an actual edge point
to the nearest ideal edge point. The equation gives a
merit of F = 1 for perfectly matched edges.

For most edge detectors, the Pratt figure of merit will
decrease as the signal to noise ratio (SNR) decreases.
Optimally, the Pratt figure of merit will decrease with
a slope close to zero as the SNR decreases. To mea-
sure the performance as the SNR decreases, the edges
detected from the original image with no added noise
are used as the ideal edge points. Gaussian noise is
then added to the original image to provide test im-
ages with various SNR’s. The edges detected from the
noisy images are used as the actual edge points, and
the figure of merit is calculated. The fractal error met-
ric algorithm and the Canny edge operator were per-
formed on the test image with Gaussian distributed
noise with a mean of zero and a standard deviation
of 0. The fractal error metric performed as well as
the Canny operator for images with little noise and
performed much better for images corrupted heavily
with noise. Again, both images were smoothed prior
to edge enhancement (the fractal error metric images
with the median filter and the Canny edge operator
images with a 323 Gaussian kernel). The fractal er-
ror metric had a threshold set for all of the images
at 7 = 130 and the Canny edge operator was set at

1
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Fig. 3. Plot of the Pratt figure of merit for varying sigma.

5. CONCLUSIONS

A mnovel method for edge enhancement was presented.
Using fractional Brownian motion (fBm) as a model,
the estimates for the model are determined and the er-
ror is defined as the difference between the estimated




model and the actual model. This error metric pro-
vides a useful discriminant function in outlining edges
in an industrial image. It was also shown that the
fractal error metric performed better than the Canny
edge operator for an industrial test image as the noise
in the image increases.
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Abstract-- Fractal error is an image processing metric
that can be used to locate man-made features in aerial
images. The metric can aid photointerpreters in locating
targets in aerial reconnaissance images. Fractal error was
developed for this purpose by Cooper et al. {1]. Since the
development, Jansing et al. [2] have shown that the frac-
tal error metric also works well for extracting features in
synthetic aperture radar (SAR) images. Jansing et al.
[3] have also shown that the fractal error metric is useful
for locating edge pixels in industrial images. The fractal
error metric has a wide range of applications; however,
some applications require real-time image analysis. The
main disadvantage of the fractal error algorithm is that
it can take several seconds to compute on large images.
Therefore, it is desirable to create an approximation of
fractal error to provide real-time image analysis. This
paper presents two novel approximations of fractal error
using a genetic algorithm and a neural network.

The results obtained using the approximations are com-
pared with those obtained from the fractal error algo-
ritim. Results from the neural network and the genetic
aigorithm are compared with oue another. The neural
network provides an accurate representation of fractal er-
ror, while the genetic algorithm does in fact preserve all
of the desired features of the original fractal error image.
The genetic algorithm has been shown to be computa-
tionally faster than the neural network.

Future work will consist of training a functional link
neural network to improve computation time, and de-
veloping a genetic programming technique to evolve the
mathematical structure and weights for a better fractal
error approximation.
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1. INTRODUCTION

The mathematical nature of textures within images has
generated much interest in the literature. Fractal di-
mension and lacunarity are often the focus of such inter-
est. Notably, Pentland [4] used fractal dimension to an-
alyze natural visual textures. However, little attention
has been given to measuring the fitness of the fractal
model itself. There has also been other work that has
attempted to apply fractal characteristics and measures
to basic image analysis, such as texture segmentation (3],
[6]. Using a fractional Brownian motion (fBm) model,
Stewart et al. [7] demonstrated the application of fractal
random process models as features in the analysis and
segmentation of SAR imagery. The fractal dimension of
natural textures, such as grass and trees, was computed
and used as texture features in a Bayesian classifier.

Stewart discussed how metrics described by fractal ge-
ometry provide accurate measures of “roughness” and -
“irregularity” in scale-invariant natural forms. Moghad-
dam et al. [8], [9] have used the local fractal dimension, a
fractal metric, for segmentation and analysis of infrared
(IR) imagery. Likewise, Cooper [10] implemented a lo-
calized version of the fractal error measurement as well
as other fractal metrics for the segmentation of aerial
imagery. Stein [11] introduced a slightly different fractal
error metric, calculated by the covering method simi-
lar to the method suggested by Peleg [6]. Solka, Rogers
and Priebe [12] introduced a power law signature sim-
ilar to Stein’s. There were significant differences, how-

ever. Stein designed a discrimination scheme employing




the slope and standard error of fit of the regression line,
not unlike the algorithm Cooper implemented, which is
outlined in this work. Solka, Rogers and Priebe used
different features to estimate fractal error. Also, Stein’s
decision rules were heuristic in nature, whereas Solka,
Rogers and Priebe proposed advanced density estimation
techniques in an effort to fully characterize the decision
surfaces which originate from their power law signatures.

In another paper, Rogers, Solka and Priebe [13] out-
lined a method to calculate fractal dimension using a
parallel distributed processing (PDP) approach. A pri-
ori boundary information was incorporated into their
covering method, improving their segmentation results.

Cooper et al. [1] developed a fractal error metric based
ou the observed propensity of natural imnage features to
fit an fBm model. They used this feature in a statistical
classifier to successfully segment regions in aerial recon-
naissance images. Jansing et al. [2] also used this same
feature to segment man-made objects in SAR imagery.

Upon examination, there are two important examples
that provide motivation for fractal error analysis. The
first example involves segmentation of cultural objects in
SAR imagery, and the second is reliable edge detection
in the presence of noise.

As an illustration of the need for segmentation, we will
examine mission planning, a critical part of any tactical
aircraft mission. To ensure the safety of the pilot and
the success of the mission, extensive planning is required.
Greater efficiency and consistency are achieved by sup-
plementing pilot calculations with machine automation
and intelligence. However, during the actual execution
of the mission, the tactical situation may undergo un-
predictable change. Instead of returning to the aircraft
carrier and re-planning a new mission, it may be desir-
able to modify the mission en route. Therefore, it is
necessary to data link mission-related information to aid
the pilot with his new objective. Surveillance and recon-
naissance imagery coupled with other intelligence infor-
mation and digital maps can be presented to the flight
crew. Included in this mission-related data may be pro-
cessed imagery of the target area from an off-board sen-
sor. These off-board sensors may provide IR imagery,
SAR imagery, and optical imagery. SAR imagery is a
likely sensor candidate. While highly specular and often
difficult to interpret without enhancement, SAR is less
susceptible to weather conditions and ambient illumina-
tion than IR. Thus, from all of the data sent to the flight
crew, terrain features, line-of-sight perspectives, and ex-
pected target area features can be displayed in order
to highlight the new mission aspects. The fractal error
metric is described here in a method that provides use-
ful detection of cultural objects. The resulting imagery
could be used in on-the-fly mission adjustments.

As another example, edges typically do not fit the frac-
tional Brownian motion (fBm) model well, due to their
irregularity. Therefore, fractal error is also a practical
edge enhancement operator. Jansing et al. [3] devel-
oped an algorithm utilizing fractal error to separate the
edges from the other features in images.

This paper presents an approximation of Cooper’s [10}]
fractal error measure using a genetic algorithm and a
neural network. Computational expense is the unfortu-
nate by-product of Cooper’s algorithm. Since many ap-
plications require real-time computation to be practical,
it is desirable.to create an approximation of fractal error
to provide real-time analysis, whether for the detection
of cultural objects or edges.

2. FRACTAL ERROR
Definition Of A Fractal

It is well known that many textures and scenes can be
modelled as fractals. A fractal, according to La Brecque
[14], “has a rough shape to one degree or another made of
parts which, when magnified, resemble the whole.” It 1s
also well known that literature describing fractals often
lacks precision when attempting to define what a fractal
is. However, the reader of fractal geometry and theory
can turn to Falconer [15] for a detailed description of the
properties of fractals.

Definition 1: The set F is a fractal, if it has the following
properties:

1. F has a fine structure, that is, detail on arbitrarily
small scales.

2. F is too irregular to be described in traditional geo-
metrical language, both locally and globally.

3. F often has some form of self-similarity, perhaps ap-
proximate or statistical.

4. Usually, the “fractal dimension” of F' (defined in some
way, and there are several unique definitions) is greater
than its topological dimension.

5. In most cases of interest, F is defined in a very simple
way, perhaps recursively (e.g., the Julia or Mandelbrot
Sets).

Fractal Dimension

How are fractals distinguished between one another?
How does one measure the size of fractals? What mea-
sure can be used to compare and contrast fractals?




Fig. 1. Texture image of cork.

Fractal dimension is the measure that is generally used
to distinguish between fractals, giving the fractals a
measurement of “size”. This numeric representation at-
tempts to quantify a subjective quality which one might
have about how densely the fractal occupies the space in
which it exists.

Fractal dimension is just as difficult to define as fractals
themselves. Mandelbrot [16], Falconer [15], Peitgen et
al. [17] and Edgar [18] provide excellent discussions of
many different fractal dimension definitions. Each frac-
tal dimension definition has a distinct style. Although
the definitions are all related, Peitgen [17] claims that
some definitions make sense in certain cases, while other
definitions may not be appropriate in the same case. Ex-
perience and heuristics prompt the selection of an ap-
propriate fractal dimension definition, according to the
application.

Lacunarity

Mandelbrot {16] defined another measure for fractals.
Lacunarity describes the “holiness” ([19], pg. 236) of
an occupied fractal lattice. The origin of the name la-
cunarity can be appreciated by looking at an image of
cork in Figure 1. This image is part of a collection of
texture images, presented by Brodatz [20]. From the
Latin word “lacona,” which means gap, lacunarity rep-
resents the gaps within a fractal structure. Thus, the
percentage of spaces between the cork in Figure 1 is the
measure of lacunarity. Practically, lakes or other natural
objects within aerial images may be classified by using
lacunarity as a feature measure.

Fractional Brownian Motion

Fractals may occur in many different forms. Mandelbrot
[21] was the first to define fractional Brownian motion
(f Bm). Brownian motion refers to the erratic motion of

small suspended particles, resulting from random colli-
sions with other particles. Fractional Brownian motion
is an extension of this model. Cooper [10] gives an ex-
cellent description of fBm; it will be summarized here.

The function of fBm is defined as the differences between
successive samples. Let By (t) represent a fBm signal,
where ¢ is a vector containing E independent variables.
Then the increment of the fBm signal is described as
ABy = Bpy(ty) — By(t)), where t; and ¢y are two dis-
tinct points in time. The measure ABjy is normally dis-
tributed with a mean of zero and a variance proportional
to the 2H power of the Euclidean distance. The mean
takes the form of
E[Bg(t2) -~ Bu(t1)] = 0. (1)
Likewise, the variance is defined as
Var{BH(tz) —-BH(t1)] =0’2|t2 —tlle. (2)
where o2 is the proportionality constant of the variance
and H is the Hurst parameter, which must be strictly
0 < H < 1. Note that when H = 0.5, the fractional
Brownian motion model is equivalent to the classical
Brownian motion model. The value of H can be used
to describe the fractal dimension D as
D=E+1-H, (3)
where E is the Euclidean dimension (or, the number of
independent variables of t). It is therefore easy to see
that small values of H produce high fractal dimension
and large values of H produce a low fractal dimension.
Combining the equations for mean and variance, while
also taking into account the fractal dimension, we can
arrive at the following relationship:

E[|Br(t2) = Bu(t1)]] = klt2 = t4]". (4)

The above equation is the fundamental basis for the frac-
tal error metric. The regions observed in an actual im-
age may be a combination of many different textures.
Each texture can be represented by its fractal dimen-
sion. However, before attempting to determine the frac-
tal dimension, it is useful to know how well a region
(or window) may fit the fractal model. Thus, measuring
the error produced when estimating the fractal dimen-
sion will give a useful metric in order to determine the
“fractalness” of a region in the image. A small erfor will
indicate that a region fits the fractal model well, and
thus can be considered fractal. Conversely, a large error
will indicate that the region fits poorly into the fractal
model and thus is probably not fractal and the fractal
dimension measure is useless. Mathematically, this can
be defined as

ElGxa] - Glxa]ll = klxz —x4)” (5)
EAGax]] = klax|? (6)

where G is the region or window in the image and x
is the measured distances within the region. Estimates

of H and k can be found by using a linear regression
scheme,

ImE[|AG|axl] = Ink + H In|Ax|. (7




TABLE 1
FrRACTAL ERROR ALGORITHM

1. Define a 5x5, 7x7, or 9x9 sliding win-
dow.

2. Calculate Ax and E[|AG|] for each
pixel in the neighborhood of the slid-
ing window.

3. Using linear regression, find the slope
and the y-intercept for each unique
Ax in the window from the equation
([ AGiazl]) = In(k) + H|Az].

4. Derive H = slope and & =
exp(y-intercept) from the above rela-
tionship.

5. Using errorjaz = E[AGaz] -

k|Az;|H, calculate the fractal error
for each unique Ax.

6. Compute RMS error
by RMS Error =
\/;1; ZIAX.I(CTTOTIAX‘Il)z'

7. Save RMS error for that pixel, move

the window, and repeat the process
over the entire scene.

These estimates, H and k can then be used to calculate
the error with the following equation:

erroriax; = E[|AG axl] - FlAX|T. (8)

Using a “center-oriented” window (i.e., a square window
of NxN, where N is strictly odd), there will be five, nine,
or fourteen error values, given the window is 5x5, 7x7, or
9x9 respectively. Thus, a cumulative error for the model
can be given by the root mean square error

1
RMS Error = J = (erroriax)2. )

|Ax|

Thus, using the RMS error, it is easily determined
whether or not a pixel with a surrounding 5x5, 7x7 or
9x9 region is fractal in nature. '

3. FRACTAL ERROR ALGORITHM

Using the method described in the previous section,
Cooper developed an algorithm to calculate the fractal
error for each pixel in a scene. This algorithm is de-
scribed in detail in Table I.

The following will outline the steps of the entire fractal
error algorithm. Note that this example will produce a
single number that will represent the error for the center
pixel in relation to its neighbors. Figure 2 represents a
sample 5x5 window. Since the localized neighborhood
is 5x5, there are five unique distances in the window, as
shown in Figure 3.

250 | 200 | 220 | 200 { 200

175 { 210 | 170 | 159 | 100

110 | 100 | 120 | 115 | 100

96 | 200 | 205 | 210 | 211

95 | 201 | 197 | 205 | 200

Fig. 2. A sample 5x5 window.
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Fig. 3. The Euclidean distances over the 5x5 neighborhood.

Table I represents the absolute values of the differences
of the gray scales over the unique sets of distances in the
neighborhood. Thus, the gray scale value of each pixel
that has a distance of 1.41 is subtracted from the gray
scale value of the center pixel. Their absolute values are
averaged to give E[|AG]] for each unique set of distances.

Using Equation 7, we can obtain estimates for the Hurst
parameter and the proportionality constant, H and &
respectively. These estimates can be found using linear
regression [22]. If the linear model takes the form

y = Po + iz, (10)
then estimates for B; (slope) and B (y-intercept) ure

TABLE 11 .
DisTaNcES FROM THE CENTER PIXEL (Az) AND THE EXPECTED
VALUE OF THE ABSOLUTE DIFFERENCE IN GRAY SCALE
RELEVANT To THE CENTER PixeL (E[JAG]})

[Az__ InAz [ E[AG] WMEJAG] |

1.000  0.000 | 40.00 3.69
. [1414 0347 | 7475 431
2.000 0.693 | 51.75 3.95
2.236 0.805 | 91.50 451
2.828 1.040 | 78.75 437




TABLE Il
CALCULATED ERROR FROM FRACTIONAL BROWNIAN MOTION

MobpeL
1.00 -6.06
1.41 184
200 -17.3
2.24 17.7
2.83 -5.9

defined as

=~ _ Iz Ty ,
b= SaoEp b
Po = Y-piz, (12)

where 7 is the sample mean of z and 7 is the sample mean
of y. In our particular case, z represents the “In Az”
term in Equation 7 and y represents the “In E[|]AG ]”
term in the same equation. It easy to see that T = 0.577
and ¥ = 4.17. The estimates of 5 and 3; can thus be
calculated,

5 - S ol —0.577)y; (3)
Yoo(zi — 0.577)2
= 0.585 (14)
Bo = 4.17-05778, = 3.83

The Hurst parameter estimate, H, is equivalent to the
slope of the linear model, that is, H = Z‘ZT The pro-
portionality constant estimate, k, is equivalent to the
y-intercept of the linear model, & = exp(fo). Therefore,
H =0.585 and & = 46.1.

Errors with respect to each unique distance set can be
calculated with Equation 8. Table 111 shows the result
o/ using Equation 8 in this example.

The overall RMS error, as defined by Equation 9, is
14.31. This number represents the “fractalness” of the
center pixel relative to its neighbors. Decisions regarding
the fractalness of the pixel are typically made in refer-
ence to the entire image. Thus, if the range of fractal
errors is from 0 to 15, this pixel is not likely to be fractal
in nature.

It is not difficult to see that the majority of computation
comes from using the linear regression and calculating
the errors from the estimated H and k. Two approxima-
tions have been developed to improve computation time
without sacrificing accuracy. The first approximation
uses a genetic approach, the second a neural approach.

4. GENETIC APPROXIMATION OF FRACTAL
ERROR

In 1975, John Holland [23] introduced the publication
Adaptation in Natural and Artificial Systems. In this

publication, Holland integrated two themes that had
persistently appeared in his studies: the portrayal of
complex structures using simple representations (such as
bit strings), and the ability to modify and improve such
structures with simple transformations. Holland demon-
strated that under the proper conditions, bit strings
could “evolve” into improved bit strings. The improve-
ment was dependent on the fitness of each member of
the group of strings. Holland realized the tremendous
potential of such an operation, and thus, initiated the
study of genetic algorithms.

Holland discovered that the fundamental structures of
genetics, chromosomes, are analogous to structures in
other fields, such as types of goods in economic plan-
ning, strategies in gaming theory and functions in ar-
tificial intelligence. If the structures could be repre-
sented in a similar fashion, Holland posed the question of
whether the same sort of operators that evolve chromo-
somes could be used to evolve optimal structures in the
other fields. Holland demonstrated that, in fact, they
do. Just as the operations of mutation and recombi-
nation adapt chromosomes to function in specific (and
hopefully optimal) ways, the operations of production
activities in economic planning or learning rules in arti-
ficial intelligence can adapt their respective structures.

In the same way chromosomes evolve over several gener-
ations, so do the structures in our genetic algorithm.
Structures are allowed to sexually reproduce into the
generation via some random operation according to the
structure’s fitness in the population. Typical fitness
functions may include utility in economic planning, error
functions in controls, payoff in gaming theory or compar-
ative efficiency in artificial intelligence. Those individu-
als who are more fit than others (the lowest error in ‘ne
case of controls or the highest payoff in the case of gam-
ing theory) have a higher probability of reproducing into
the next generation. As the total population evolves over
generations, the best parts of fit structures combine with
the best parts of other fit structures, creating structures
that generate better fitness values. Holland [23] demon-
strated that even in large, complicated search spaces,
given certain conditions on the problem domain, the ge-
netic algorithm would tend toward the global optima.

Much has been written about genetic algorithms and
would be impossible to cite completely in this work.
The reader should reference Holland [23], Goldberg [24],
Davis [25], or Koza [26] for more detailed discussion
of the theory behind genetic algorithms. While Hol-
land, Goldberg and Davis primarily focused on genetic
algorithms, Koza has spent much of his studies ex-
tending genetic algorithms to genetic programs (GP).
Here the structures are actual computer code, typically
in LISP or C. These structures of code are then al-
lowed to evolve over several generations, until the needed




problem-specific code has been found. Using SPICE
(Simulation Program with Integrated Circuit Empha-
sis), Bennett et al. [27] developed a GP to design a
low-distortion, low-bias 60 dB (1000-to-1) amplifier with
good frequency generalization. They contend that the
performance of a GP can match or exceed human per-
formance in some circuit design problems [28]. In 1996,
Harris and Buxton [29] demonstrated that GP techin-
ques can be used to evolve 1-D edge detectors.

To generate an approximation of fractal error, a mathe-
niatical structure is needed. Much of the information in
calculating fractal error resides in the expected value of
th- absolute differences of the gray scales from the cen-
ter pixel, grouped in uniform distances from the center
pixel. This is expressed mathematically as E[JAG|z4,|]-
Weights are assigned to each of these expected values
and all of the weighted expected values are added to-
gether to form the approximation of fractal error. This
is expressed as

FE

ao M(E[AGAz=2.82]) (15)
a; n(E{|AGAz=2.23])

a2 M(E[JAGAz=2.00])

a3 n(E[|AGAz=1.41])

aq In(E[|AGAz=1.00])-

+ + 4+ +

The genetic approximation of fractal error (GAFE)
evolves the weights ag, a1, ..., a4 to try to estimate
fractal error. The natural log of the expected values is
used to maintain the linearity of the measure. As com-
monly used in the design of a GA, the probability for
crossover is set at 0.7, the probability for mutation is
sct at 0.1, the probability for copy is set at 0.1, and the
probability for migration is also set at 0.1. Migration,
originally introduced by Potts et al. [30] in 1994, helps
combat the problem of premature convergence. Potts
et al. allowed for multiple sets of individuals to evolve
using traditional genetic operators such as crossover and
mutation. Each set of individuals acts as an independent
population, like a tribe or village. The migration oper-
ator chooses individuals at random and moves them to
another population. The interaction prevents inbreeding
and promotes reproduction among those individuals that
have good characteristics, that is, high fitness values.

The migration operator used in this work is an extension
of the method proposed by Potts et al. [30]. Migration
is implemented here by randomly generating a new in-
dividual and placing it in the new population. This ran-
domness may allow for movement to a search space that
the individuals in the previous population were unable
to reach. This modification allows for the property of
migration without the overhead of mulitple populations.

Each operator is chosen randomly from a uniform distri-
bution. The population size and the maximum number

TABLE IV
SEVERAL TRiALS OF THE GAFE WITH VARYING POPULATION
SizE AND GENERATIONS

[ Trial | Pop [ Max Gen | SNR }
A 100 10,000 | 1.27
B 500 100 | 1.52
C 500 2000 | 1.56
D 1000 2000 | 1.63
E 2000 250 | 1.74
F | 10,000 90 | 3.82

of generations allowed for each simulation is variable.
Fitness for each individual is determined from signal-to-
noise ratio (SNR). SNR measures the ratio of original
signal to noise introduced into a given test image. For
our application, SNR is defined as

M N
SNR = 3.5 In(r,0?/ (16)

r=0c=0

M N
Z Z(I,n(r, c) — I,(r,c))?

r=0¢c=0
where I, (7, c) is the measured image and I,(r,c) is the
original signal for MxN sized images. The lower the
value of SN R, the noisier the signal is. Thus, to evolve
weights with a genetic algorithm, it is desirable to max-
imize the signal-to-noise ratio.

The GAFE is also written in parallel to ensure fast sim-
ulation times. The evaluation of fitness for each indi-
vidual in the population consumes most of the run time
for the GA itself. To parallelize the algorithm, each in-
dividual is evaluated for fitness separately, running on
as many CPU’s as are available. The parallel algorithm
was executed on an SGI Onyx R10000 high-performance
computer, having 16 CPU’s.

Table IV shows several different trials of GAFE and their
results. The varying population size and maximum num-
ber of generations allowed is also given. The training
image for each of these simulations is shown in Figure 4.

Figure 7 illustrates the resulting image from each trial.

Each gene is comprised of 100 bits, 20 bits per weight.
The first 19 bits are the magnitude, starting at 22 and
ending at 2716, The 20th bit for each weight is a sign
bit, allowing for positive and negative weights. Thus, the
interval for each 20 bits is (—8,8). Table V shows the
final weights for Trial F. Figure 8 shows the evolution of
the population over several generations for Trial F.

The results are revealing. For very small populations,
sized from 100 to 1000 genes, the GAFE is unable to iso-
late a search area to find a suitable set of weights; that




(a) Original Image

(b) Actual Fractal Error Image

Fig. 4. Training image for the genetic approximation to fractal
error (GAFE).

is, it gets “stuck” on a local optimum. It is clear that
larger populations fare better than smaller populations,
regardless of the number of generations evolved. Even in
the final experiment, where there are 10,000 genes in the
pool, the final solution was found by chance. It is un-
clear that the optimal solution would be converged upon,
even if the gene pool is allowed to evolve for many gen-
erations. This may be attributed to any number of fac-
tors, such as the actual mathematical structure of F/’E’,
the parameterization of the weights, or the choice of ge-
netic operators and their probabilities. However, it is
not difficult to see that the the weights evolved in Trial
F produce a usable, if not noisy, image.

The mathematical structure of GAFE poses a unique
problem. There is no generalized form of fractal error
as it is defined above. A generalized form would make
it possible to generate a type of convolution mask which
could be used to compute fractal error in a timely fash-

TABLE V
FINAL WEIGHTS FrRoM GAFE, TriaL F

ap =  0.0022583
a) = 0.096954
az =  -0.034164
a3z =  -0.0069427
as = -0.00093078

ion. Forcing a mathematical structure to find the ap-
proximation is restrictive. In the future, it may be pru-
dent to investigate the evolution of a mathematical ex-
pression using a GP. This would expand the search space
from merely searching the weights for FE to searching
the infinite space of reusable functions to find the ap-
proximation.

5. NEURAL NETWORK APPROXIMATION OF
FracTAL ERROR

Multilayer feedforward neural networks have been shown
to be good function approximators, and are often re-
ferred to as universal approximators [31],[32]. Girosi and
Poggio suggest that a large number of networks can ap-
proximate any continuous function arbritary well [33].
Can fractal error be considered such a function? If so,
can it be approximated with a neural network? Poggio
and Girosi also state that most approximation schemes
can be mapped into a neural network [34]. Since frac-
tal error is an algorithm, it really cannot be considered
a function. However, it can be modelled with a neural
network, provided the network can learn from a given
set of examples.

It is desirable to develop a neural network approximation

of fractal error that will be consistent for all images.

In other words, the network is trained using only one

image. Once the final weights are obtained, they can

be used to produce the desired output for any image.

Since the fractal error algorithm calculates the fractal

error of a pixel based upon neighboring pixels in a user

defined window, a similar approach is used in designing .
the architecture of the neural network.

Consider the 5x5 window in Figure 2. With the fractal
error algorithm, each pixel in the window is used to find
the fractal error of the center pixel. Similarly, each pixel
in the window will be used as an input to a multilayer
feedforward network. Figure 5 shows a 5x5 window with
a multilayer feedforward network. The pixels in the 5x5
window are labeled 1 through 25, which corresponds to
the input neurons. The hidden layer consists of 25 neu-
rons, and the output layer consists of only one neurou,
whose output represents the fractal error of the center
pixel. All neurons are unipolar continuous, and the ac-




Fig. 5. Multilayer Feedforward Network for Approximating Frac-
tal Error.

tivation function is defined by

f(net) = —

T ewmet- (17)
The network is trained using the error back-propagation
algorithm. The training set, shown in Figure 6, consists
of an input image and a desired output image. The in-
put is an aerial image showing part of Alameda, CA. The
desired output is obtained by computing the fractal er-
ror of the input image using the fractal error algorithm.
The resulting image highlights the man-made features,
including boats, buildings, roads, and runways.

The idea is to feed the input image into the neural net-
work one 5x5 window at a time, and compute the output
of the network. This output represents the approximated
fractal error of the center pixel in the current 5x5 win-
dow. This value is compared to the the desired output,
and the error is calculated. Weights are then adjusted
according to the error back-propagation training algo-
rithm (EBPTA). The process is repeated for each 5x5
window. The total accumulated error for the entire im-
age determines when the training stops. If the total error
is below a user defined maximum error, then the train-
ing stops. Otherwise, the error is reset, and the process
starts over from the first 5x5 window.

Simply stated, input a 5x5 window into the neural net-
work, compute the response of the output layer, and
compare it to the desired output corresponding to the
center pixel of the current 5x5 window. Repeat for each
pixel until the total error for the entire images is suf-
ficiently small. The weights are being “fine-tuned” so
that, given any 5x5 window, the output of the neural net-
work produces a number that nearly matches the value
given by the fractal error algorithm. Table VI summa-
rizes the training for the network.

Once the training is complete, the weights do not change.

TABLE VI
TRAINING THE NEURAL NETWORK TO APPROXIMATE FRACTAL

ERrROR

1. Read input image and normalize
[0.1,0.9].

2. Read desired output image and nor-
malize [0, 1].

3. . Initialize network parameters accord-
ing to EBPTA.

4. Input first 5x5 window and compute

network output (network output rep-
resents the approximated fractal error
of the center pixel in the current 5x5
window).

5. Calculate error between desired out-
put and network output according to
EBPTA.

6. Adjust the output and hidden layer
weights according to EBPTA.

7. If more inputs remain, input next
5x5 window, compute network out-
put, and goto step 5. Else goto step
8.

8. The training cycle is complete. If the
error is below the user defined max-
imum error, terminate the training
session. Output weights, the cycle
number, and the error. If the error is
above the maximum error, then reset
the error and initiate a new training
cycle by going to step 4.

Now, any image can be input into the network, and the
fractal error for each pixel can be approximated using
the steps outlined in Table VII.

The network was tested on several images. The results
indicate that the neural network closely approximates
fractal error. Although the network was trained using
only the “Alameda” image, the final network is consis-
tent for all of the test images. However, the network
with 25 hidden layer neurons does not provide a fast
approximation. In fact, computation time has slightly
increased. When considering the number of mathemat-
ical operations required to compute the output of the
neural network, it becomes clear why the computation
time increases. '

Each neuron has 25 inputs, which is multiplied by a
weight and summed together. Each neuron also requires
the evaluation of an activation function. There are 25
hidden layer neurons, and 1 output layer neurons, for
a total of 26 neurons. The number of operations is
26 x 25 = 650 additions, 26 x 25 = 650 multiplications,
and 26 activation function evaluations, for a total of 1326
operations required to approximate the fractal error of




(a) Input Image

(b) Desired Output

Fig. 6. The Training Set for Learning to Approximate Fractal
Error.

just one pixel. Obviously, the size of the network needs
to be reduced.

Optimizing the Neural Network

Optimization, in the context of this paper, is two-fold.
The neural network approximation needs to produce ac-
curate results, and it also needs to provide them in a
timely fashion. The network developed thus far does in
fact produce the necessary accuracy. The RMS error is
relatively small, as shown in Table VIII. However, the
network cannot provide the results in a timely fashion.

Rather than try to improve acéuracy that is already suf-
ficient, efforts should be concentrated on trying to reduce

TABLE VII
FRACTAL ERROR APPROXIMATION ViA THE NEURAL NETWORK

1. Read input image and normalize
[0.1,0.9].

2. Weights are final weights obtained
from training.

3. Input first 5x5 window. Compute and
save network output (network output
represents the approximated fractal
error of the center pixel in the current
5x5 window).

4. If more inputs remain, input next 5x5
window, compute and save network
output, and repeat step 4. Else goto
step 5.

5. Normalize output [0,255] and write
output image.

the size and complexity of the network in order to im-
prove computation time.

If the computation time cannot be greatly reduced with-
out losing accuracy, then this neural network architec-
ture may not be suitable for the problem. Therefore, it
seems reasonable to begin reducing the number of hid-
den layer neurons by at least half, or significant improve-
ments in computation time will not be seen. Upon re-
training the network with only 10 hidden layer neurons,

the error function shows learning patterns very similar

to the network with 25 neurous in the hidden layer. In
fact, the new network very nearly matches the accuracy
of the previous network, as shown in Figure 9.

Since nearly the same results were obtained with 10 hid-
den layer neurons, another reduction by half seems in
order. Again, retraining the network with only 5 hid-
den layer neurons, the error function in Figure 9 shows
learning patterns similar to the previous networks. This
time, however, the error function does level off slightly
sooner than before. The tradeoff between the loss in ac-
curacy and the improvement in computation time must
be considered. For the case of 5 hidden layer neurons,
the loss of accuracy is minimal, while the improvement
in computation time is significant.

6. RESULTS

Both approximation were tested on several images. The

results for the “Washington D.C.” and “Alameda” test

images are shown in Figures 10 and 11. Table VIII shows -
the RMS error for both approximations relative to the
fractal error algorithm. Table IX shows the computation
times of the fractal error algorithm and both approxima-
tions for images of several different sizes.




7. CONCLUSIONS

Genetic and neural approximations have been developed
in this paper. Both approximations provide usable re-
sults. While the neural network provides a more accurate
representation of fractal error, it is clear that the genetic
approximation preserves all the necessary features. Both
approximations provide significant reductions in com-
putation time, with the neural network being slightly
faster. Currently, a genetic programming approach is
being used to evolve a function to approximate fractal
error. A functional link neural network is being imple-
mented as well. It would be of great benefit to investigate
combining the genetic and neural approaches discussed
in this paper to improve the results.




(d) Trial D

(b) Trial B

(e) Trial E

(c) Trial C

(f) Trial F

Fig. 7. Resulting FE images from each GAFE trial described in Table IV.

TABLE VIII

RMS ERrRORS OF TesT IMACES WITH RESPECT T0O ORIGINAL FE IMAGES

lmmage Normalized RMS Error
GAFE | MFNN w/5 HLNs
Alameda 0.109 0.050
Washington D.C. | 0.099 0.055
TABLE IX
CompuTATION TIMES FOR ORriGiNAL FE ALGORITHM, GAFE, aNnD MFNN
Size Computation Time (seconds)
FE Algorithm | GAFE | MFNN w/5 HLNs
256x256 1.43 0.43 0.31
227x425 2.14 0.64 0.47
589x409 5.39 1.65 1.24
512x480 5.63 1.69° 1.26
974x723 16.36 4.85 3.63
1267x941 27.74 8.22 6.13
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Fig. 9. Comparison of Error Functions for Different Number of Hidden Layer Neurons.




(a) Original (b) FE Algorithm

(c) GAFE (d) MFNN w/5 HLNs

Fig. 10. (a) The original “Alameda” image (256x256), the outputs given by the

(b) fractal error algorithm, (c) the genetic approximation,
and (d) the multilayer feedforward network with 5 hidden layer neurons.




(a) Original (b) FE Algorithm

(c) GAFE (d) MFNN w/5 HLNs

Fig. 11. (a) The original “Washington D.C.” image (512x480), the outputs given by the (b) fractal error algorithm, (c) the genetic
approximation, and (d) the multilayer feedforward network with 5 hidden layer neurons.
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- Fractal Error for Aerial Image Analysis

Summary

Although the fractal dimension, variants of the fractal dimension, and lacu-
narity have been used to analyze natural visual textures, the vast majority
of research assumes that the observed image fits the fractal model. The error
between the actual image and the fractal model should be considered. In this
paper, a localized measure of the “fractal error” is developed for gray shade
aerial image analysis. Two applications are examined: segmentation and cul-
tural feature detection. Paired with the image intensity, the fractal error was
found to be a suitable, general-purpose texture feature for segmentation. Also,
the fractal error, without image intensity, demonstrated its ability to detect
cultural image features.
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of research assumes that the observed image fits the fractal model. The error
between the actual image and the fractal model should be considered. In this
paper, a localized measure of the “fractal error” is developed for gray shade
aerial image analysis. Two applications are examined: segmentation and cul-
tural featurc detection. Paired with the image intensity, the fractal error was
found to be a suitable, general-purpose texture feature for segmentation. Also,
the fractal error, without image intensity, demonstrated its ability to detect
cultural image features.

Keywords: Acrial Image Analysis, Natural Texture, Fractals, Fractional
Brownian Motion

1 Introduction

While there has been much work using fractal dimension, fractal dimension
variants and lacunarity in image analysis, there has been little work in cx-
amining the validity of the model used in estimating fractal dimension. Most
work considering the fractal dimension of an object in the image assumes that
the image texture is, in fact, a fractal. It is useful to consider the possibility
that an image texture may not accurately fit the fractal model. This paper will
describe a metric based on the degree to which a pixel fits the fractal model.
The first section of the paper outlines the background of fractals and fractal
geometry. The motivation and theory of the fractal error metric is described
in the second section. Finally, results are presented and some conclusions are
drawn.

2 Background

2.1 Definition of a fractal

First popularized by Mandelbrot [1], fractals may occur in several forms,
with applications ranging from data compression to fluid mechanics to par-




ticle aggregation and erosion. Appropriately, the meaning of the term fractal
has widened from Mandelbrot’s early tentative definition (in terms of the
Hausdorfl-Besicovitch dimension) to a broader set of properties. As described
by Falconer [2], a fractal has an arbitrarily fine structure which may often be
represented by some form of approximate or statistical self-similarity. Its frac-
‘tal dimension, which may be defined in various ways, is usually greater than its
topological dimension. Its irregularity, on both local and global scales, defies
description by conventional Euclidean geometry. Such irregularity is common
across a wide spectrum of natural processes, ranging from the microstructure
of fractured materials to the formation of galactic clusters. In contrast to tra-
ditional geometry, fractal geometry readily accomodates the complexity and
infinite detail present in nature.

2.2 Modeling natural terrains with fractals

Mandelbrot [3] noticed that natural terrain surfaces may be modeled by two-
dimensional fractional Brownian motion with startling effectiveness. Intro-
duced by Mandelbrot and Van Ness [4], fractional Brownian motion (some-
times abbreviated fBm) is a generalization of Brownian motion, which de-
scribes the complex, erratic movement of a particle, subjected to the collisions
of the other paricles in its surrounding medium. Voss [5] established a link
between the spectral distribution of fBm and the fractal dimension. Based on
this, he used Fouricr synthesis to generate natural terrains and even complete
landscapes. Pentland (6] argued that natural terrain should follow a fractal
model, since it is formed by fractal processes such as aggregation and crosion.
Furthermore, he asserted that an image intensity surface of a fBm surface will
also produce fBm, under normal lighting conditions. In other words, not only
may terrain be modeled by fBm, but gray shade images of such terrain also.

2.3 Modeling image textures

Recognizing that fBm may be used to study images of natural terrain, Pent-
land [6] extended fBm to image textures in general. He found that fBm relief
maps of varying fractal dimension correlated very closely with the human per-
ceptual notion of roughness, a fundamental characteristic of texture. Estimat-
ing the fractal dimension from the Fourier transforms of local neighborhoods,
Pentland distinguished the textures within a sampling of Brodatz textures
and textures from natural scenes. The estimated fractal dimension was also
used to segment the regions within images of a desert, San Francisco Bay
and Mount Dawn. Keller et al. [7] developed a one-dimensional fBm model
to distinguish between silhouettes of trees and mountains. With respect to




aerial image analysis, fractal dimension has been the dominant fractal charac-
teristic. Most applications have studied the visual spectrum [8]-[12], although
synthetic aperture radar and infrared imagery [13] have also been examined..

Image texture models are not restricted to using only the fractal dimension.
In later work, Keller et al. [14] supplemented the fractal dimension with a
lacunarity estimate to segment a set of Brodatz textures and a scene of trees.
Likewise, Vchel [15] implemented an alternate form of each lacunarity and the
fractal dimension to classify images of human lungs. Generalizing the normally
scalar fractal dimension, Kaneko [16] used a 2 x 2 fractal dimension matrix to
capture directional dependencies. The eigenvalue of this matrix was used to
characterize Brodatz textures. Dennis and Dessipris [17] studied the rate of
change of the fractal dimension as a texture signature across a range of pixel
distances. In an effort to distinguish between natural and cultural (man-made)
objects in aerial images, Cooper et al. [18] introduced the fractal error, which
considers the degree to which an image region fits the fractal model.

3 The Model

. 3.1 Motivation

In spite of the variety of the fractal measures discussed above, nearly all of
them rely upon one fundamental assumption: that the image texture is a
fractal. Presumably, this situation results from Pentland’s original assertion
that images of natural terrain may be modeled by a fractal (specifically fBm)
approach [6]. However, Pentland assumes that the scene’s reflectance will be
uniform. When this condition does not hold, the validity of the fractal model
is questionable. In a study of the mathematical concerns of various algorithms
to estimate the fractal dimension, Pruess [19] confirms this sentiment, stating
that one of the essential attributes of an estimation algorithm is to “provide
some statistical information as to the accuracy and sensitivity of the output.”
Before estimating the fractal characterisitics of an object, it is important to
determine if such a model is appropriate. Furthermore, the degree to which
an object fits the fractal model is an important characteristic itself.

3.2 Fractional Brownian motion

The predominant measure of a fractal is dimension. Therefore, the error in the
estimation of the fractal dimension was examined, although the error in the
estimation of other fractal characteristics could (and should) by considered.




Following the historical precedent set by Mandelbrot [3], Pentland [6], and
others, the fractal dimension used here is based upon the H parameter of
fractional Brownian motion. '

Fractional Brownian motion (fBm) may be described by the properties of
the signal’s increments, which must be normally distributed with a mean of
zero and a variance proportional to the 2H power of the Euclidean distance
between the two measurements. Let By (t) represent a fBm signal, where t
is a vector containing F independent variables. Then the properties of the
increments ABy = By (t2) — By(t1) are expressed below, where & represents
the proportionality constant of the variance and H is a parameter between
zero and one, exclusively (0 < H < 1):

E[By(tz) - Bu(t1)] =0 (1)
var[BH(tg) - BH(tl)] =0’2It2 - tlle. (2)

The fractal dimension D is related to the parameter H by the formula D =
N +1— H, where N is the topological dimension (equivalently, the number
of independent variables of the signal). Mandelbrot mentions this relationship
as early as his 1975 work [3], but does not elaboratc upon it. The interested
reader should refer to Voss [5] for a lucid explanation.

Since var[Y] = E[Y?] — E[Y]?, Equations (1) and (2) may bc combined to give
the expression :

E[(Bu(t2) — By(t1))?] = o®|t, — t, 2. (3)

However, the more common form is below, which may be derived through a
transformation of random variables (see Appendix).

E[| Bu(t2) — Bu(ty)]] = kltz — t.|¥ @)

When considering a two-dimensional signal, such as an image, there will be
two independent variables (V = 2). The notation G(x) refers to such a sig-
nal, which will be compared to the fBm signal By(t). Thus, x = (z,,2.),
which specifies the discrete row and column coordinates. The function G(x) €
[0,...,255] is a discrete value representing the gray shade at location x.

If G(x) is assumed to be fBm, then the following equations hold for some

H 0<H<1l)andk (k>0):

E[|G(x2) = G(x1)] = klxz — x,|*
EllAG|ax ] = k|Ax|".
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The distance between a pair of pixels is |Ax| = |x, — x;|, and the difference
in gray shade between these pixels is AG|ax = G(x2) — G(x;1). The average
absolute gray shade difference, taken across pixel spacings of the same magni-
tude, denoted |Ax;|, will follow the exponential scaling described in Equation
(6). A lincar expression may be obtained by taking the logarithm of each side:

In(E[|AG|ax[]) = In(k) + H In(|Axi]). (7)

Using least squares linear regression, the estimated values H and k may be
determined from a collection of pixel distances and their associated average
absolute changes in gray shade.

3.8 Fractal error

However, G(x) may or may not fit the fBm model. Although the above method
will compute estimates for H and k, the validity of these values depends upon
how well G(x) corresponds to fBm. Thus, the error in the estimation should
be considered. The error at a particular pixel spacing is

eITor|ax = E[|AG axql] — E|lAX|F. (8)

The root mean square (RMS) of these individual errors characterizes the over-
all error in the estimation, shown below. (Let n be the number of pixel dis-
tances considered.)

RMS error = J% > (error|ax)? (9)

The RMS error measures the degree to which the observed signal fits the fBm
model and is referred to here as the fractal error.

In a paper by Stein [10], a different fractal error measure is considered. Rather
than using a set of gray shade differences in a localized neighborhood, Stein
used a covering method similar to Peleg’s method [11]. This method estimates
the fractal dimension using bounded surfaces and morphology. The estimated
dimension is then used to calculate the fit of the model to the actual data.
Priebe et al. [12] also used the Peleg covering method to calculate a similar
fractal error of each pixel in a scenc. An F-test statistic was used to calculate
the model fit, rather than the RMS“error from the calculated error at each
unique pixel spacing, as described above.




4 Example Implementation and Results
4.1 Developing a local fractal error measure

The implementation of the fractal error operator was oricnted toward tex-
tures in gray shade aerial images, such as trees, grass, soil, water, shadows
and buildings. In contrast to the high degree of intra-class homogeneity in
Brodatz textures, the textures here demonstratc greater variation within their
individual classes. The resolution of the images required a measurement within
small, preferably overlapping neighborhoods of pixels. Window sizes from 5 x 5
through 17 x 17 were studied, with the smaller sizes giving the most favorable
performance. Finally, the fractal error operator had to be quick and simple
to usc, so that it could be used interactively by a scene analyst who may not
have a background in image processing.

In addition to capturing the texturcs better, the small window size also of-
fered greater speed. Another factor was the choice of which pixel spacings to
consider. For a window of size w X w, there are (w* —w?)/2 possiblc spacings.
To reduce the number of computations, two approaches were examined. By
considering only those pixel spacings in the horizontal and vertical directions,
only w® — w? data points must be used. A further reduction results from a
sccond technique. It examines all distances and angles within the window, but
only with respect to the center pixel. There are w? — 1 such pixel spacings.
Figure 1 illustrates the pixel spacings used within a 5 x 5 window for the
center-oriented method. Intuitively, this approach scems to localize the mea-
sure more by emphasizing the center pixel, plus it strives to make the measure
more directionally independent than the former approach.

4.2 Segmenting aerial imagery

Although gray shade is often the predominant feature for distinguishing re-
gions in aerial images, gray shade alone may be inadequate. For example,
the gray shade of the water in Figure 2(a) overlaps that of the foliage or
trees. Thus, a combination of gray shade and fractal error was used with a
Mahalanobis-distance statistical classifier. Stein [10] considered two different
fractal error measures, as well as the fractal dimension, along with a set of
heuristic decision rules in order to successfully analyze tactical acrial images.
Each of the measures were dcpendent on user-selected thresholds that may
introduce error in the segmentation. Priebe et al. [12] simplified the algorithm
by considering only the estimated fractal dimension paramecters.

Consider the shore scene (278 x 269) in Figure 2(a), containing water, foliage



and non-foliated land. The fractal error image in Figurc 2(b), negated to
improve visibility, shows that the water tends to have a low fractal error (light
gray shade). The non-foliated land has a greater error, and the foliage has
a medium to high error. Figure 2(c) shows the histogram of gray shade and
fractal error, displayed as an image. The darkness of each point indicates the
relative number of occurrences for that particular pair of gray shade and fractal
error values. The distributions of the threc classes foliage, water and non-
foliated land are approximated by the ellipses superimposed on the histogram.
Clearly, the combination of gray shade and fractal error can separate thesc
classes. Using gray shade and fractal error to classify the pixels in the shorc
image, the resulting segmentation is shown in Figure 2(d), where the foliage
is black, water is gray and soil is white. A neighborhood size of 5 x 5 was used
in calculating the fractal error for these images.

This image was compared to a correctly segmented “ground-truth” image for
these same three classes, shown in Figurc 3(a). Compared against this ground-
truth image, the gray shade and fractal error classification had an overall
classification accuracy of 83.0%. Note that the majority of misclassifications
arc isolated pixels. Eroding all regions below the arbitrary size of ten pix-
cls increases the classification accuracy to 89.0% and produces a significant
improvement in the visual quality of the segmentation, as shown in Figurc
3(b). Notc that visual interpretation, as judged by a trained scene analyst, is
typically the determinant of the quality of scgmentation, since ground-truth
imagery is scldom available.

In addition to the shore scene, other acrial images were considered. A scenc of
farm land (512 x 512) is shown in Figurc 4(a). The light colored soil arcas are
clearly distinguishable solely on the basis of gray shade intensity. However,
the grassy fields and foliage require a texturc measure to be separated. Figurc
4(b) shows the negated fractal error image, in which the foliage tends to have
a larger error (darker gray shade) than the ficlds. In Figure 4(c), the image has
been classified as foliage (dark gray), grass (light gray) or soil (white). Finally,
Figure 5(a) introduces a mixture of natural content and cultural content (e.g.,
roads, buildings). (This image is also 512 x 512.) The lake in the upper left,
the trees, the fields and cultural objects are generally separated in the negated
fractal error image, shown in Figure 5(b). The classification in Figure 5(c)
identifies four classes, from dark to light: water, foliage, open fields and cultural
objects. Although ground-truth imagery was unavailable for these images, a
visual comparison between the original and classified images indicates that
gray shade and fractal error provide an effective way to segment the regions
of intcrest in aerial imagery.




4.8 Detection of cultural features

The fractal error should be large for regions which are not fractal. Since cul-
tural or man-made objects oftcn have a non-fractal appearance, the fractal
error was examined as a way to identify cultural features. Over an appropri-
ate range of sizes, cultural objects will appear to be non-fractal. Clearly, a
uniformly colored man-made object which is much larger than the window
size will appear to be fractal in the center with a low fractal dimension cor-
responding to its smooth, uniform gray shade. Its boundary will very likely
have a non-fractal appearance, since it represents a transition between two
different textures. Thus, the correspondence between the object size and the
window size used by the fractal error operator will be significant.

This property was examined in the context of two images of a residential
arca (each 364 x 323) with a fairly high content of deciduous vegctation.
The same scenc was photographed in April and in October. This was donc
to cvaluate the robustness of the metric rclative to seasonal variations and
changes in contrast and illumination that occurred at the different times. The
primary man-made objects in the test images arc about fifty to sixty pixels in
size. The pair of images is shown in Figurc 6. Figurc 7 illustrates the fractal
crror of cach of these images, using a 7 X 7 window sizce, thresholded so that
features with large fractal errors appcar black against a white background. It .
is obvious by comparing the original image and the binary thresholded fractal
error images that the fractal error performed reasonably well in detecting
man-made fcatures. It was also fairly inscnsitive to changes in illumination,
contrast, and season. Note the brighter lighting and greater contrast in the
October image of Figure 6 compared to the April image, as well as the distinct
increase of foliage in the October scene.

A selection of operators which were evaluated as candidates for detecting
cultural features was tested on this pair of images. Cultural features usually
possess clear edges, so three edge operators were included in the set. A texture
operator previously studied for representing textures in aerial imagery, called
“busyness,” was also included. Originally developed by Rosenfeld and Kak
[21], busyness measures the minimum average change in gray shade in each
the horizontal and vertical directions within a local neighborhood of pixels.
The fractal error with window sizes 5 X 5, 7 x 7 and 9 X 9 completed the set.

Quantifying an operator’s accuracy for detecting the man-made content is dif-
ficult. The creation of a correctly segmented or “ground-truth” image involves
a degree of subjectivity. Both the April and October gray shade images were
used to create the ground-truth urban image shown in Figure 8 for the two
classes “buildings” and “background.” This image contains buildings which
may have been obscured by foliage and shadows in onc or possibly even both
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of the original images. For cxample, the presence of a rooftop in a shadow may
sometimes be implied by the geometry of the structure. Likewise, a building
with very low contrast might be detected by a faint shadow. In some circum-
stances, objects were blurry even at higher resolutions, requiring a subjective
determination whether the particular item was a portion of a building. Al-
though the images were registered, there were slight misalignments of one or
two pixels around the upper right and lower left corners of the image. The
ground-truth segmentation attempted to compromise between the two images
in such cases.

When comparing the fractal error, busyness and edge operators, each of the
images processed by thesc operators was thresholded manually, while attempt-
ing to maximize the distinction between buildings and background. Although
this task was performed carefully, it is inherently subjective. The fractal cr-
ror and busyness images were compared directly to the ground-truth image.
However, one would not expect the edge operators to match well to the filled
objects of the correctly scgmented image. At best, they can detect only the
object boundaries, although this should be considered a valid detection of the
object. Therefore, each edge operator was also applied to the ground-truth
image, and the result was thresholded to a binary image. (While partially
subjective, the determination of a threshold was much more obvious for this
step than for the previous edge images.) Thus, the edge image of the ground-
truth image was compared to the edge image of the original image for each of
the three edge opcrators.

For each comparison, the percentage of correctly classified pixcls was com-
puted. The overall classification accuracy, based upon the relative number of
pixels labeled as either buildings or background, was considered. However, this
value can be misleading, since there were about five times more pixels labeled
as background than as buildings. (For example, an image consisting entirely
of background would still manage to producc an excellent overall classification
accuracy above 80%.) Since the goal is the detection of buildings, the percent-
age of buildings classified as buildings might be a better means of comparison,
although one could obtain perfect results with an image consisting entirely of
buildings. However, the images were thresholded to produce meaningful re-
sults, not pathological situations, so this percentage may still be useful. An
alternative criterion is the simple (non-weighted) average of the two matching
classifications (i.e., buildings classified as buildings and background classified
as background). Here, each the buildings and background classes are given
equal importance.

The fractal error correctly classified 60% to 70% of the buildings, compared
with 50% to 60% for the busyness and 10% to 35% for the edge operators.
The average classification accuracy was roughly equal for the fractal error and
busyness, between 65% and 70%. This mecasure dropped to between 50% to
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60% for the edge operators. These results indicate that the visual appeal of
the fractal error for identifying cultural features has quantitative support.

5 Conclusions

Few researchers have considered the error in their estimation of fractal char-
acteristics. The error between the image data and the fractional Brownian
motion model was therefore investigated as a texture descriptor, referred to
here as the fractal error. The fractal error was developed as a localized texture
feature, oriented toward the small, heterogencous textures in gray shade acrial
images.

Two applications werce considered: region segmentation and cultural feature
detection. The combination of gray shade and fractal error gave quick and ac-
curatc classification results. The fractal error was able to differentiate between
regions whose overlapping gray shades prevented simple gray shade threshold-
ing, such as water and foliage or foliage and fields. However, the fractal error
will highlight sharp cdges as high errors and has some degree of scalc sensi-
tivity.

Since cultural or man-made objects in an image will typically be non-fractal,
the fractal error was applied to the detection of cultural features. The cultural
content of the scene was located successfully using the fractal error. Compared
both qualitatively and quantitatively with other simple operators, the fractal
error provided superior performance in detecting cultural features.

The fractal error was found to be an effective feature for both of these ap-
plications of aerial image analysis. Because the observed data often deviates
from the presumed model, the error should be considered in any expression

- of fractal characteristics. Further refinement could produce a more accurate

measure of the “fractalness” of an image region.
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Appendix

Theorem: Given a normally distributed random variable X with a mean of
zero and variance o2, the mean of | X| will be proportional to o.

Proof: Let the probability distribution of X be labeled f(z). From the given
information,

o) = = (5 ) (10

o 27r'

Also, let Y = | X|. Find the probability distribution of g(y) of Y. (Note that
G(y) and F(z) denote the cumulative distributions of g(y) and f(z), respec-
tively.) G(y) can be written as

Gly)=P(Y <y)=P(-y< X <y) = F(y) - F(-v). (11)
Differentiating with respect to y produces

9(y) = f(¥) + f(-v)- (12)

Since y must be non-negative, g(y) = 0 for y < 0. The distribution of f(z) is
symmetric about the origin, so g(y) = 2f(y) for y > 0. Thus,

2
oV 2T

9 _
exp (_y) for y > 0. (13)

g(y) = 57

By definition,

EY]= /_ o; y9(y)dy (14)
- o 2277 Lmyem (%) %y
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g
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Therefore, the mean of |X| is proportional to the standard deviation of X,
where the proportionality constant is 1/2/7.
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(a) Original Image

Foliage (Left Top)
Water (Bottom Center)
Land {Right Top)

Fractal Breor

Gray Shade

(c) Histogram

Fig. 2. Fractal Error and Image Intensity Applied to the Shore Scenc
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(a) Correct Segmentation (b) Classification after Removal of
Small Regions

Fig. 3. Comparison of Classification Quality
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(c) Classified Image

Fig. 4. Fractal Error and Image Intensity Applied to the Farm Scenc
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(c) Classified Image

Fig. 5. Fractal Error and Image Intensity Applied to the Mixed Scene
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(a) April (b) October

Fig. 6. Residential Scenc at Two Times of the Year
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(b) October

(a) April

Fig. 7. Binary Fractal Error Images of Residential Scene
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Abstract

A novel method of two-dimensional cutropic segientation using a linear diserim-
inant function is presented. This segmentation approach highlights man-made ol-
Jeets against backgronnd using features that provide two separable classes. Tt will
be shown that acrial images can be segmented accurately using fractal error and
gray levels as foatures,

Key words: entropic segmentation, man-made object recognition. classification.
remote sensing

1 Introduction

Scgmentation is an important task in many image processing svstems. Au-
tomatic target recognition often uses segmentation to separate the desired
target from the background. Segmentation is also used to antomatically high-
light certain parts of the image that may be difficult to sce with the human

eve. such as man-made objects in synthetie aperture radar (SAR) imagery.

Preprint submitted to Elsevier Preprint 30 January 1998




Thresholding intensity values is the simplest method of segmentation. This
tvpe of thresholding implies that the object or objects in question have inten-
sitics that are distinetly different from the background or other objects in the

scence. ¢.g. a black part on a white conveyor belt.

Threshold selection methods can be grouped into two categories. local meth-
ocs and global methods. Segmenting an entire image with a single value using
the gray-scale histogram is an example of a global method. Local methods par-
tition an image into a group of sub-immages and select a threshold point or set of
threshold points for cach of the sub-images. Global thresholding techniques are
casy to implement. but some methods tend to be inaceurate. especially with
complex images. The reader is encouraged to reference Sahoo ot al. (1988) and
Wong and Sahoo (1989) for excellent survevs of global thresholding methods

using information theory.

This paper presents a novel seginentation method after a technique presented
by Sahoo et al. (1997). This method finds a thresholding line using the in-
formation from a two-dimensional probability density function. Sahoo ot al.
proposed an entropic global thresholding method that scleets a threshold point
based on minimizing the difference between entropies of the object and the
background distributions of the probability density function. The method proe-
sented here uses this thresholding point along with statistical information from
the assiumed data sets of the object and the background to produce a second

point. The line that is produced from the two thresholding points is then used




to separate the object data set from the background data set. The data is de-
rived from an acrial image in which the object data set is the cultural objects

present.

2 2-D Extension Of The Entropy Crossover Method

This section will outline the 2-D extension of the entropy crossover method
deseribed in Sahoo et al. (1997) as well as the novel technique tor the pro-
posed extension. The information in the gray-level fr(:quv'n(-y distribution (his-
togram) is often not cnough to accurately segiment a given image. In these
cases. 1t is not uncommon to incorporate additional information in the his-
togram. The additional information results in a 2-D histogram which is the
frequency (,listr'ibution of the second feature combined with the gray-lovel fre-
quency distribution. This 2-D histogram is an estimate of the joint probability
density function of the two foatures. The co-oceurrence matrix is a <-(>111111<>111_;'
used example of this type of 2-D histogram. Obviously. the choice of foatures
is extremely important in determining the separability of the object and back-

ground elasses in the joint probability density funetion.

Abutaleh (1989) proposed that the optimal threshold point for a 2-D his-
togram can be found by locating an optimal threshold for each feature in the
histogran. which resulting in two separate thresholds. #1% and £2°. When the

threshold for cach feature has been found. the two orthogonal lines scgment-




ing cach feature divide the matrix into four quadrants. The intersection of the
orthogonal lines produces the overall thresholding point (1%, #2*). as shown

in Figure 1.

Brink (1992) used two of the quadrants for segmentation. He segmented Quad-
rant II pix(-rls as background and ledmnr IV pixels as foreground. However.
he discarded the pixels located in Quadrants T and IIL which may ignore
important information concerning the objects to be segmented. Instead of
thresholding in quadrants, a thresholding line in the é-D histogram plane
would provide better segmentation. Such a line is shown in Figure 1. Sahoo ot
al. recognized that the selection ()f. a single point to elassify the 2-D pdf may
completely disregard some secetions of the desired distribution that reside near.
but not in. the foreground or background quadrants. They suggested finding
the optinuﬂ thresholding line by minimizing the difference in the entropy val-
ues on cither side of a proposed line in the 2-D histogram plane. not unlike
the method used in finding the optimal point in the 1-D histogram. However.
this is a costly method, as there are approximately 4x10° lines that interseet

a 2506x256 histogram.

Instead of an exhaustive scarch of the possible thresholding lines. it is possible
to caleulate a thresholding line using the statisties of cach quadrant. Let (7.7);

be the central moment of quadrant j = I.--- 117, Thus.




Table 1
Autowatic 2-D Entropic Segmentation Algorithm

L. Caleulate the optimal thresholding point (#1*. #2%) using the en-
tropy crossover method as deseribed in Sahoo ot al. (1997).

[AV]

Divide the 2-D histogram into quadrants around (£1%, £2%).
& i

3. Determine the guadrant. j. with the largest number of points
and caleulate its central moment, (7. )

4. Compute the line. I(.e.y) that intersects (F1%.#2%) and (Z.7);

(@4

Define L{x.y) to be the line perpendicular to I(x.y). spassing
through (#1*.£2*).

6. Segment the image using L(.r.y) as the optimal thresholding
line.

E.I',‘
—_— l
” (1)

4\:!/,‘

I

i

i

Y

where pjis equal to the total number of points in (quadrant j. The guadrant
with the most points is determined. and its central moment is used with the
optimal threshold point to form a line. The resulting line is perpendicular to

the desired thresholding line. The algorithin is siummarized in Table 1.

3 Direct Texture Measurement

One very useful feature for segmentation is image texture. While there is no
formal definition of texture, there are several moeans by which to measure dif-
ferent properties of texture. such as smoothness. coarseness. ancd regularity

(Gonzalez and Woods. 1992). These propoerties may be quantified using sta-

[




tistical. structural. spectral. or fractal methods. An example of a statistical
texture measure is standard deviation, which (uanitifies similarity of pixels
within a localized neighborhood (Albert et al.. 1991). Cooper et al. (1994
deseribed a fractal analysis approach to texture called “fractal error™. This
metric is based on the observation that natural features in high-resolution
grav scale acrial images fit the fractional Brownian motion (fBm) mathemat-

ical model. as deseribed by Mandelbrot (1977).

Cooper (1994) used grav-scale values and fractal error as features in a 2-D
statistical classifier to suceesstully deteet different objects in acrial mages.
Jansing et al. (1997) demonstrated that fractal error was useful in identifica-
tion of cultural objects in synthetie aperture radar (SAR) imagery. Because of
its provel ability to ditferentiate between textures. fractal error along with the

pixel gray level value were used as features in the segmentation algorithm.

4 Results

The 2-D histogram and caleulated threshold line are illustrated in Figure
3. The result of applyving the 2-D entropic segmentation method is shown
in Figure 4. The cultural obj;xfts arc highlighted and the natural terrain is
classified as backgrowud. Figure 5 shows ground truth for the suburban acrial
image. Table 2 shows the comparison of the 1-D segmentation crrors using,

intensity and fractal error as independent features. with the error values for the




Table 2
Results of 1-D and 2-D Segmentation Using Intensity and Fractal Error As Features

Segmentation Feature(s) | Type I Error Tvpe II Error | Total Error
Intensity 15 % 10 % S5 Y%
Fractal Error 0% 81 % 81 %
LInfonxity & Fractal Error 1% 12 % 16 %

‘proposed 2-D segmentation algorithn. These features were found to be highly
uncorrelated. with an r-value of 0.18. and therefore were woell-suited for this

task. It is clear that the 2-D method provides a more aceurate segmentation.

The Type I errors may be due. in part, to the ocelusion of houses and other
cultural objects by the trees in the image. Also. the gronund truth did not
include the streets visible in the image. however. these cultural objects wore
also correctly segmented using the method. Therefore. the results of classifica
tion of man-made objects was actually better than 16 % for the 2-D eutropic

segmentation.

5 Conclusions

A novel method of two-dimensional entropic sogrrurrltatioﬁ was proesented.
While the results for an acrial image are aceurate. it is clear that suceess with
real-world images is dependent on an intelligent choice of features. Namely.
features should be uncorrelated to provide the-best separabilitv of classes in the
joint probability density function. For acrial images. direct toxture measures

sticly as fractal crror often provide a good feature for segmentation. Future




rescarch should focus on a study of segmentation with different features. Such

a study may provide an indication of which features mayv be more effective in
highlighting cultural objects in acrial imagery using this entropic segmentation

method.
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Figure Captions ,
Figure 1 - The optimmun thresholding line for the 2-D histogram shown.
Figure 2 Acrial image of suburban arca.

Figure 3 2-D frequeney distribution showing resulting threshold line.,
Figure 4 Acrial image of suburban arca segmented using gray levels and
fractal crror as features.

Figure 5 - Ground truth for the suburban acrial image shown in Figure 4.
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Abstract

Fractal error is an image processing metric that can be used to locate man-made features in acrial
images. The metric can aid photointerpreters in locating targets in aerial reconnaissance images. Fractal
error was developed for this purpose by Cooper et al. [1]. Since the development, Jansing et al. [2]
have shown that the fractal error metric also works well for extracting features in synthetic aperture
radar (SAR) images. Jansing et al. [3] have also shown that the fractal error metric is useful for
locating edge pixels in industrial images. The fractal error metric has a wide range of applications:
however. some applications require real-time image analysis. The main disadvantage of the fractal error
algorithm is that it can take several seconds to compute on large images. Therefore, it is desirable to
create an approximation of fractal error to provide real-time image analysis. This paper presents a novel
approximation of fractal error using a genetic algorithm.

The results obtained using the approximation are compared with those obtained from the fractal
error algorithm. The genetic algorithm does preserve all of the desired features of the original fractal
error image, while providing a faster computation time.

Future work will consist of developing a genetic programming technique to evolve a mathematical
structure for a better fractal error approximation.

1 Introduction

The mathematical nature of textures within images has generated much interest in the literature. Fractal
dimension and lacunarity are often the focus of such interest. Notably, Pentland [4] used fractal dimension
to analyze natural visual textures. However, little attention has been given to measuring the fitness of the
fractal model itself. There has also been other work that has attempted to apply fractal characteristics and
measures to basic image analysis, such as texture segmentation [5}, [6]. Using a fractional Brownian motion
(fBm) model. Stewart et al. [7] demonstrated the application of fractal random process models as features
in the analysis and segmentation of SAR imagery. The fractal dimension of natural textures. such as grass
~and trees. was computed and used as texture features in a Bayesian classifier.

Stewart discussed how metrics described by fractal geometry provide accurate measures of “roughness”
and “irregularity” in scale-invariant natural forms. Moghaddam et al. [3]. [9] have used the local fractal
dimension, a fractal metric, for segmentation and analysis of infrared (IR) imagery. Likewise, Cooper [10]
implemented a localized version of the fractal error measurement as well as other fractal metrics for the
segmentation of aerial imagery. Stein [11] introduced a slightly different fractal error metric, calculated by
the covering method similar to the method suggested by Peleg [6]. Solka. Rogers and Priebe (12] introduced
a power law signature similar to Stein's. There were significant differences, however. Stein designed a
discrimination scheme employing the slope and standard error of fit of the regression line, not unlike the
algorithm Cooper implemented, which is outlined in this work. Solka. Rogers and Priebe used different
features to estimate fractal error. Also, Stein's decision rules were heuristic in nature. whereas Solka. Rogers




and Priebe proposed advanced density estimation techniques in an effort to fully characterize the decision
surfaces which originate from their power law signatures. .

In another paper, Rogers. Solka and Priche [13] outlined a method to calculate fractal dimension using a
parallel distributed processing (PDP) approach. A priori boundary information was incorporated into their
covering method. improving their segmentation resulis.-

Cooper et al. [1] developed a fractal error metric based on the observed propensity of natural image
features to fit an fBm model. They used this feature in a statistical classifier to successfully segment regions
in aerial reconnaissance images. Jansing et al. [2] also used this same feature to segment man-made objects
in SAR imagery.

Upon examination, there are two important examples that provide motivation for fractal error analysis.
The first example involves segmentation of cultural objects in SAR imagery. and the second is reliable edge
detection in the presence of noise. .

As an illustration of the need for segmentation. we will examine mission planning. a critical part of
any tactical aircraft mission. To ensure the safety of the pilot and the success of the mission, extensive
planning is required. Greater efficiency and consistency are achieved by supplementing pilot calculations
witl machine automation and intelligence. However, during the actual execution of the mission. the tactical
situation may undergo unpredictable change. Instead of returning to the aircraft carrier and re-planning
a new niission. it may be desirable to modify the mission en route. Therefore, it is necessary to data link
mission-related information to aid the pilot with his new objective. Surveillance and reconnaissance imagery

coupled with other intelligence information and digital maps can be presented to the flight crew. Included
i this mission-related data may be processed unagery of the target area from an off-board sensor. These
off-bhoard sensors may provide IR imagery. SAR imagery. and optical imagery. SAR imagery is a likely
sensor candidate. While highly specular and often difficult to interpret without enhancement, SAR is less
susceptible to weather conditions and ambient illumination than IR. Thus, from all of the data sent to the
fliaht crew. terrain features, line-of-sight perspectives, and expected target area features can be displaved
in order to highlight the new mission aspects. The fractal error metric is described here in a method that
provides useful detection of cultural objects. The resulting imagery could be used in ou-the-fly mission
adjustments,

A~ another example, edges typically do not fit the fractional Brownian motion (fBm) model well, due to
their irregularity. Therefore, fractal error is also a practical edge enhancement operator. Jansing et al. [3]
developed an algorithm utilizing fractal error to separate the edges from the other features in images.

‘This paper presents an approximation of Cooper’s [L0] fractal error measure using a genetic algorithm.
Computational expense is the unfortunate by-product of Cooper’s algorithm. Since many applicatious require
real-time computation to be practical. it is desirable to create an approximation of fractal error to provide
real-time analysis. whether for the detection of cultural objects or edges.

2 Fractal Error
2.1 Definition Of A Fractal

It is well known that many textures and scenes can be modelled as fractals. A fractal, according to La
Brecque [14]. “has a rough shape to one degree or another made of parts which. when magnified. resemble
the whole.” It is also well known that literature describing fractals often lacks precision when attempting to
define what a fractal is. However, the reader of fractal geometry and theory can turn to Falconer [13] for a
detailed description of the properties of fractals. '

Definition 1 The set F is a fractal. if it has the following properties:
1. F has a fine structure. that is. detail on arbitraridy small scales.
< F s too irregular to be described in traditional geometrical language. both locally and globally.
3. F often has some form of self-similarity. perhaps approrimate or statistical.

4. Usually. the “fractal dimension” of F (defined in some way. and there are several unique definitions)
s greater than its topological dimension.




Figure 1: Texture image of cork.

In most cases of interest. I is defined in a very simple way. perhaps recursively (e.g.. the Julia or
Mandelbrot Sets).

o1

2.2 Fractal Dimension

How are fractals distinguished between one another? How does one measure the size of fractals? What
measure can be used to compare and contrast fractals?

Fractal dimension is the measure that is generally used to distinguish between fractals, giving the fractals
a measurcment of “size”. This numeric representation attempts to quantify a subjective quality which one
might have about how densely the fractal occupies the space in which it exists. ,

Fractal dimension is just as difficult to define as fractals themselves. Mandelbrot [16], Falconer [15].
Peitgen et al. [17] and Edgar [18] provide excellent discussions of many different fractal dimension definitions.
Each fractal dimension definition has a distinct style. Although the definitions are all related, Peitgen [17]
claims that some definitions make sense in certain cases, while other definitions may not be appropriate in
the same case. Experience and heuristics prompt the selection of an appropriate fractal dimension definition,
according to the application.

2.3 Lacunarity

Mandelbrot [16] defined another measure for fractals. Lacunarity describes the “holiness™ ([19]. pg. 236) of
an occupied fractal lattice. The origin of the name lacunarity can be appreciated by looking at an image of
cork in Figure 1. This image is part of a collection of texture images, presented_ by Brodatz [20]. From the
Latin word “lacona,” which means gap. lacunarity represents the gaps within a fractal structure. Thus, the
percentage of spaces between the cork in Figure 1 is the measure of lacunarity. Practically, lakes or other
natural objects within aerial images may be classified by using lacunarity as a feature measure.

2.4 Fractional Brownian Motion

Fractals may occur in many different forms. Mandelbrot [21] was the first to define fractional Brownian
motion (fBm). Brownian motion refers to the erratic motion of small suspended particles. resulting from
random collisions with other particles. Fractional Brownian motion is an extension of this model. Cooper
[10] gives an excellent description of fBm; it will be summarized here.

The function of fBm is defined as the differences between successive samples. Let By (t) represent a fBm
signal. where ¢ is a vector containing E independent variables. Then the increment of the fBm signal is
described as ABy = By (ta) — Bg(t;). where £, and ¢» are two distinct points in time. The measure ABy
is normally distributed with a mean of zero and a variance proportional to the 2/ power of the Euclidean
distance. The mean takes the form of

E[Bg(t2) — Br(t;)] =0. (1)




Likewise, the variance is defined as
Var[Bry(t:) = By ()] = o®|ta — t,?H, (2)

where o2 is the proportionality constant of the variance and  is the Hurst parameter. which must be strictly
0 < H < 1. Note that when H = .3, the fractional Brownian motion model is equivalent to the classical
Brownian motion model. The value of H can be used to describe the fractal dimension D as

D=E+1~H. (3)

where E is the Euclidean dimension (or, the number of independent variables of t). It is therefore easy to see
that small values of H produce high fractal dimension and large values of H produce a low fractal dimension.
Combining the equations for mean and variance. while also taking into account the fractal dimension. we
can arrive at the following relationship:

E[|By(ts) = By (t))]] = kita — t(|H. ()

The above equation is the fundamental basis for the fractal error metric. The regions observed in an
actual image may be a combination of many different. textures. Each texture can be represented by its fractal
dimension. However, before attempting to determine the fractal dimension. it is usoful to know how well
a region (or window) may fit the fractal model. Thus, measuring the error produced when estimating the
fractal dimension will give a useful metric in order to determine the “fractalness” of a region in the image.
A small error will indicate that a region fits the fractal model well, and thus can be considered fractal.
Conversely. a large error will indicate that the region fits poorly into the fractal mode! and thus is probably
not fractal and the fractal dimension measure is useless. Mathematically, this can be defined as

E[jGilx2] = Gxa]]]
E“AGIAxI ”

klxz — xq] (5)
kAx|H (6)

where (7 is the region or window in the image and x is the measured distances within the region. Estimates
of H and k can be found by using a linear regression scheme.

I E[|AGaxl] = luk + H In|Ax|. (7)
These estimates, 7 and k can then be used to calculate the error with the following equation:

e - A TiAwlH R

Error|ax| = E[]AG,Ax,I] — klAx]™. (8)

Using a “center-oriented” window (i.e.. a square window of NxN. where N is strictly odd). there will be

five. nine. or fourteen error values. given the window is 5x5. TxT. or 9x9 respectively. Thus, a cumulative
error for the model can be given by the root mean square error

. : 1 "
RMS Error = - Z(‘-""OTIA::I)" (9)

ax|

Thus. using the RMS error, it is easily determined whether or not a pixel with a surrounding 5x5. 7x7 or
9x9 region is fractal in nature.

3 Fractal Error Algorithm

Using the method described in the previous section. Cooper developed an algorithm to calculate the fractal
error for each pixel in a scene. This algorithm is described in detail in Table 1. )

The following will outline the steps of the entire fractal error algorithm. Note that this example will
produce a single number that will represent the error for the center pixel in relation to its neighbors. Figure
2 represents a sample 5x5 window. Since the localized neighborhood is 5x5. there are five unique distances
in the window, as shown in Figure 3. :




Table 1: Fractal Error Algorithm

6.

=t

Define a 5x3. 7x7. or 9x9 sliding window.

Calculate Ax and E[JAG]] for each pixel in the neighborhood of the sliding window.
Using linear regression. find the slope and the y-intercept for each unique Ax in the
window from the equation I(E[[AG)a,,{]) = In(k) + H[Ax|.

Derive H = slope and & = exp(y- mterrept) from the above relationship.

Using errory 5., = E[|AG s ] - A[AJ:,[H, calculate the fractal error for each unique
Ax.

Compute RMS error by RMS Error = \/ Zl_\x (lerror ax,)?.

Save RMS error for that pixel. move the window. and repeat the process over the
entire scene.

250 | 200 | 220 | 200 | 200

175 | 210 | 170 | 159 | 100

110 | 100 | 120 | 115 | 100

96 | 200 | 205 | 210 | 21!

95 | 201 | 197 | 205 | 200

Figure 2: A sample 5x5 window.
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2.231.411.00}1.41 223

2.8312232.00 2.232.83

Figure 3: The Euclidean distances over the 5x5 neighborhood.




Table 2: Distances From The Center Pixel (Ar) And The Expected Value Of The Absolute Difference In
Gray Scale Relevaut To The Center Pixel (E[JAG]]) '

[ Ar InAr | E[JACG]] In E[[AG]T ]
1.000  0.000 { 40.00 . 3.69
L4td  0.347 | 74.75 4.31
2.000  0.693 | 51.75 ©3.95
2236 0.805 | 91.50 4.51
2828 1040 | 7875 4.37

Table 3: Calculated Error From Fractional Browhian Motion Model

Ar  error
1.00 -6.06
1.41 18.4

2.00 -17.3
224 17.7
283  -5.9

Table 2 represents the absolute values of the differences of the gray scales over the unique sets of distances
in the neighborhood. Thus, the gray scale value of each pixel that has a distance of .41 is subtracted from
the gray scale value of the center pixel. Their absolute values are averaged to give E[|AG]] for each unique
set of distances.

Using Equation 7. we can obtain estimates for the Hurst parameter and the proportionality constant, £
and k respectively. These estimates can be found using linear regression [22]. If the linear model takes the
form '

y="0y+ Bz, (10)
then estimates for 3, (slope) and 3, (y-intercept) are defined as

>~ _ S(Ei=Ty
B= T | (11)
3 = y-Biz, (12)

where T is the sample mean of z and  is the sample mean of y. In our particular case, r represents the
"In Az term in Equation 7 and y represents the “In E[JAGT term in the same equation. It easy to see that
T=0.577 and ¥ = 4.17. The estimates of By and J; can thus be calculated.,

7 = Zimol#i= 05Ty
LT Y (mi—0577)

= 0.585 (14)
By = 4.17-05773 =3.83

The Hurst parameter estimate. H, is equivalent to the slope of the linear model, that is. & = 3: The
proportionality constant estimate, k, is equivalent to the y-intercept of the linear model. & = exp(_t’)’;).
Therefore, H = 0.585 and & = 46.1. '

Errors with respect to each unique distance set can be calculated with Equation 8. Table 3 shows the
result of using Equation & in this example.

The overall RMS error. as defined by Equation 9, is 14.31. This number represents the “fractalness™ of
the center pixel relative to its neighbors. Decisions regarding the fractalness of the pixel are typically made
in reference to the entire image. Thus. if the range of fractal errors is fron 0 to 15. this pixel is not likely to
be fractal in nature.




It is not difficult to see that the majority of computation comes from using the linear regression and
calculating the errors from the estimated H and 4. Thus. an approximation has been developed to improve
computation time without sacrificing accuracy.

4 Genetic Approximation Of Fractal Error

To generate an approximation of fractal error. a mathematical structure is needed. Much of the information
in calculating fractal error resides in the expected value of the absolute differences of the gray scales from
the center pixel, grouped in uniform distances from the center pixel. This is expressed mathematically as
E[|AG)ar,l]. Weights are assigned to each of these expected values and all of the weighted expected values
are added together to form the approximation of fractal error. This is expressed as

FE = ao I(E[]AGar=2.32]) + @) IN(E[|AG A r=2.23)) + a» In(E[]AG ar=2.00]) (15)
+a3 In(E[|]AGar=1.41)) + a4 M(E[|AGar=1.00]). :

The genetic approximation of fractal error (GAFE) evolves the weights ay. ay. ..., aq to try to estimate
fractal error. The natural log of the expected values is used to maintain the lincarity of the measure.
As commounly used in the design of a GA. the probability for crossover is set at 0.7. the probability for
mutation is set at (.1, the probability for copy is set at 0.1, and the probability for migration is also set at
U.1. Migration. originally introduced by Potts et al. [23] in 1994, helps combat the probleni of premature
convergence. Potts et al. allowed for multiple sets of individuals to evolve using traditional genetic operators
such as crossover and mutation. Each set of individuals acts as an independent population, like a tribe
or village. The migration operator chooses individuals at random and moves them to another population.
The interaction prevents inbreeding and promotes reproduction among those individuals that have good
characteristics, that is. high fitness values.

The migration operator used in this work is an extension of the method proposed by Potts et al. [23].
Migration is implemented here by randomly generating a new individual and placing it in the new population.
This randomness may allow for movement to a search space that the individuals in the previous population
were unable to reach. This modification allows for the property of migration without the overhiead of mulitple
populations.

Each operator is chosen randomly from a uniform distribution. The population size and the maximum
number of generations allowed for each simulation is variable. Fitness for each individual is determined from
signal-to-noise ratio (SNR). SNR measures the ratio of original signal to noise introduced into a given test
image. For our application, SNR is defined as '

M hY 9
SNR = - r;f) e=n Im(r,c) -
2or=0 LezolIm(r.c) = Io(r.c))?
where I,,(r. ¢) is the measured image and /,(r, ¢) is the original signal for AfxA\" sized images. The lower the
value of SN R. the noisier the signal is. Thus, to evolve weights with a genetic algorithm, it is desirable to
maximize the signal-to-noise ratio.

The GAFE is also written in parallel to ensure fast simulation times. The evaluation of fitness for each
individual in the population consumes most of the run time for the GA itself. To-parallelize the algorithm,
each individual is evaluated for fitness separately. running on as many CPU's as are available. as shown in
Figure 4. The parallel algorithm was executed on an SGI Onyx R10000 high-performance computer. having
16 CPUs.

(16)

5 Results

Table 4 shows several different trials of GAFE and their results. The varying population size and maximum
number of generations allowed is also given. The training image for each of these simulations is shown in
Figure 5. Figure 6 illustrates the resulting image from each trial.

Each gene is comprised of 100 bits. 20 bits per weight. The first 19 bits are the magnitude. starting at
2% and ending at 27", The 20th bit for each weight is a sign bit. allowing for positive and negative weights.




Evaluate

Population
Fitnesses
f Evaluate | | Evaluate ] .| Evaluate Evaluate
| Fitess Fitness e o o o Fitness Fitness
]Gene[i] Gene[i+1] Gene[i+n-1] | Genefi+n]
Next Generation | _ 7oyt Number of CPUs Available
Reproduction

Figure 4: Parallel implementation of GAFE.

(a) Original Image {b) Actual Fractal Error Image

Figure 5: Training image for the genetic approximation to fractal error (GAFE).




Table 4: Several Trials Of The GAFE With Varving Population Size And Generations

[ Trial Pop | Max Gen [ SNR |
A 100 10.000 | 1.27
B 500 100 | 1.52
C 500 2000 | 1.56
D 1000 2000 | 1.63
E 2000 250 | 1.74
F | 10.000 90 | 3.82

‘Table 5: Final Weights From GAFE, Trial F
ay = 0.0022583
a, = 0.096954

s = -0.034164
az = -0.0069427
ay = -0.00093078

Thus. the terval for each 20 bits is (=8, 8). Table 5 shows the final weights for Trial F. Figure 7 shows the
evolution of the population over several generations for Trial F.

The results are revealing. For very small populations, sized from 100 to 1000 genes. the GAFE is unable
to solate aosearch area with find a suitable set of weights: that is. it gets “stuck™ on a local optimum. It is
clear that larger populations fare better than smaller populations, regardless of the number of generations
evolved. Even in the final experiment. where there are 10.000 genes in the pool. the final solution was found
by chanee. due. most likely, to the migration operator. It is unclear that an optimal solution would be
converged npon. even if the gene pool is allowed to evolve for many generations. This may be attributed
to any number of factors, such as the actual mathematical structure of FE, the parameterization of the
weights. or the choice of genetic operators and their probabilities. However, it is not difficult to see that the
the weights evolved in Trial F produce a usable, if not noisy. image. This noise can be easily removed by a
sinple thresholding technique.

The mathematical structure of GAFE poses a unique problem. There is no generalized form of fractal
error as it i~ defined above. A generalized form would make it possible to generate a type of convolution
mask which could be used to compute fractal error in a timely fashion. Forcing a mathematical structure
to find the approximation is restrictive. In the future, it may be prudent to investigate the evolution of a
mathematical expression using a GP. This would expand the search space from merely searching the weights
for FE to searching the infinite space of reusable functions to find the approximation.

The approximation was tested on several aerial images, include a SAR image. The results for the
“Washington D.C." and “Alameda” test images are shown in Figures & and 9. The results for the SAR
image are shown in Figure 10. Table 6 shows the RMS error for the approximation relative to the fractal
error algorithm. Table 7 shows the computation times of the fractal error algorithm and the GAFE for
images of several different sizes.

Table 6: RMS Errors Of Test IMages With Respect To Original FE Images

Image Normalized RMS Errors
Alameda 0.109
Washington. DC 0.099
SAR 0.114
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Figure 7: Plot of Trial F with SNR vs. number of generations.

6 Conclusions

A genetic approximation to fractal error has been developed in this paper. The approximation provides
usable results. The GAFE approximation provides significant reductions in computation time. A faster
approximation may be possible if the calculation of the natural log function is implemented as a lookup table.
The GAFE may also be parallelized, splitting the image up into subimages, passing the approximation’s
mathematical structure and the subimages off to as many processors as are available. This may also provide
a result in a more timely fashion. Finally. a genetic programming approach is being explored to evolve a

mathematical structure to more accurately approximate fractal error.




(b) FE Algorithm

{c) GAFE

Figure 8: (a) The original ~Alameda”™ tmage (256x256). the outputs given by the {h) fractal error algorithm.
and {c) the genetic approximation.
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Figure 92 {a) The original “Washington D.C." image (512x480). the outputs given by the (b) fractal error
atgorithm. aud (¢) the genetic approximation.
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