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Executive Summary

During the final performance period, from June 14, 1996 to June 15, 1997
with no cost extension to October 14, 1998, the following accomplishments were
obtained. These accomplishments are delineated with respect to the research

participants in the collaboration.

The coupled, highly nonlinear equations that govern the interaction of
plasmas with electromagnetic fields yields a rich variety of physical phenomenon
that are of interest to applications in high energy, nuclear physics, particle
accelerators, high power microwave generators, and high resolution radar systems.
The theoretical contributions that are discussed in detail are, 1) the stability
properties of coherently gyrating relativistic electron beams, ii) the chaos of halo
formation in the propagation of relativistic electrons in a periodically focused,
solenoidal channel, and iii) the thermodynamic description of the relaxation of two

dimensional Euler turbulence by using Tsallis Statistics.

The Vlasov kinetic theory of the stability of the radiation fields generated by
the interaction of a relativistic plasma with a solenoidal equilibrium field has
received much study. These studies generally assume randomly isotropic
distribution in the gyro-phase angle. The work contributed by C. Chen and J.
Davies of MIT, relaxes this assumption and considers gryroscopically anisotropic
distribution, of temporally dependent and spatially dependent form. The details of
this work appears in Appendix 1. The resulting coupled integral equations, yield a
dispersion relation for the electromagnetic modes that describes the propagation and
growth characteristics of the modes. Using the additionally simplifying

assumptions of zero thermal components to the electron beam distribution, the
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integral equations for the dispersion relation can be reduced to algebraic equations.
Specific equilibrium distributions in the canonical coordinates, yields a tenth order
polynomial dispersion relation that is investigated numerically. If there is no spread
in energies in the time-dependent equilibrium distribution, then the integral
equations reduce to three algebraic equations that relate the Fourier components
E+(k,w), E-(k,w-2wc), Ez(k, w-wc). Therefore, the eigenmode system consists of a
right handed polarized electromagnetic waves, a left handed polarized
electromagnetic waves and electrostatic waves. These components have the same
wave number and the same spatial and temporal growth rates, but they have
different frequencies. In the case of no axial spread in momentum, the _spatiaI
dependent équilibrium yields the following results for the dispersion relation. The
three coupled ei_genmodes are, E-(k,w), E+(k+mw/pz,w), Ez(k+mw/pz,w). Note
that the modes occur at the same frequency, yet have different wave numbers. This |
research continues, with the aim of analyzing the general integral dispersion

relation.

The propagation of relativistic electron beams in a periodic solenoidal
channel can result in chaotic particle orbits, even if the beam is rms matched to the
propagation medium. This occurs when the space charge waves are nonlinearly
coupled to the self consistently generated space charge field of the electron beam.
For beams that are space charge dominated in their propagation characteristics, this
nonlinear coupling results in unstable growth of particle orbits that may be
considered chaotic. These unstable particles occupy a halo region surrounding the
beam and represent increased emittance and radial transport as compared to the
non-space charge dominated beam. This work was investigated by C. Chen, W.
Marable and Y. Fink. The result of this numerical investigation by test particle

simulations, concludes that beam distributions that are peaked on axis, result in
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chaotic orbits that are attributable to an unstable fixed point on the beam axis.
Similarly, a beam distribution that is peaked off axis can yield chaotic orbits that are
attributable to unstable fixed points on the beam axis, and yields a stochastic layer
that outside the original beam radius. This halo formation can be as much as 1.8
times the rms radius of the beam. The details of this investigation are summarized
in the publication, entitled “ Halo formation and chaos in root mean squared
matched beams propagating through a periodic solenoidal focusing channel, by Y.
Fink, C. Chen and W. Marable. Found in volume 55, Number 6 of Physical Review
E, June 1997, pages 7557-7564.

The orbits from a test particle simulation can be analyzed to discern whether
the underlying dynamics can be characterized as chaotic. Work performed by W.
Marable and M. Lee, investigated the quantifying properties of dynamical systems.
Mr. Lee, a graduate student at Hampton, successfully defended his Masters’ thesis
entitled “ Quantifying Properties of Dynamical Systems”. A product of this
research was the development and refinement of computer algorithms to extract
fractal dimension and Lyapunov specﬁa from time series data sets. A summary of

these programs is found in Appendix II.

The final research topic to be summarized is the study of two-dimensional
Euler turbulence with Tsallis Statistics. This work was conducted by J. Wuftele
and B. Boghosian. The applications of these results are of import to both the fields
of ideal fluid flow, and to pure electron plasma studies. This work examines and
rectifies the experimental observations that two-dimensional Euler turbulence can
relax to a state that does not maximize Boltzmann entropy, but rather seems to
minimize enstrophy. In the context of the Tsallis axioms, a statistical theory is

developed and investigated numerically. The results show compatibility with the

3




Restricted Minimum Enstrohpy theory of Huang and Driscoll, and broadens the

application of Tsallis statistics to new fields.
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Stability Properties of Coherently Gyrating Relativistic Electron Beams

J. A. Davies® and C. Chen
Plasma Science and Fusion Center

Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

ABSTRACT

An investigation is made of the effects of nongyrotropic equilibrium distributions in
the phase angle of p on thé stability properties of a relativistic electron beam propagating
along and gyrating about an applied uniform magnetic field. Perturbations are assumed
to vary spatially ohly in the direction of the applied magnetic field, so that generated
electromagnetic and longitudinél electric fields propagate parallel to the applied field. The
two equilibrium distributions considered are the time-dependent distribution fo(pL,pz:€)
- with £ = ¢ — Q.t/y and the axial-dependent distribution fo(PL,pz,¢) with ¢ = ¢ —
mez/p.. A Vlasov-Maxwell analysis leads to integral equations relating the field Fourier
components. These.équations reduce to algebraic equations when no spread in 7 is present
in the time-dependent equilibrium distribution and when no spread in p, is present in the -
a.xial-dependent distribution. Numerical computations for these special cases show that a

rich variety of stability properties are obtained by changing the distributions in £ and (.

) Permanent Address: Department of Physics, Clark University, Worcester, Mas-
sachusetts 01610
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1. Introduction

During the past two decades, extensive studies have been made of the stability prop- |
erties of a relativistic electron beam propagating along an applied uniform magnetic field
Byé,.17!1 If the beam possesses a population inversion associated with the éomponent
of momentum perpendicular to the field (py), then this system may be subject to the
whistler and cyclotron-resonance maser instabilities, which iriitiate the procéss of convért-
ing elecﬁron-beam kinetic energy into coherent electromagnetic radiation. The cyclotron-
resonance maser instability provides the basis for existing and proposed electronic am- -
plifiers and oscillators such as the gyrotron and the cyclotron autoresonance maser.12—19
With the inclusion of thermal baékground electrons in addition to the beam, this insta-
bility is of interest in such problems in space- and astrophysics2°=28 as the generation of

auroral kilometric and Jovian decametric radiation.

In this paper, we carry out a stability analysis of this system (exclusive of an ambient
thermal background) using Viasov-Maxwell theory. We make the assumption that the
spatial variation of all quantities is in the 2-direction only; however, the electron beam is not
assumed to be gyrotropic in the phase angle ¢ of the component of the particle momentum
normal to the z-axis. Most previous analyses of this system assume that the equilibrium
distribution is of the form fo(p1,p.), i.e. that the beam is gyrotropic. Analyses of the
nongyrot;opic case are limited in number. Using the eikonal approximation, Fruchtman
and Ffiedland7'8 have considered the case of a stationary amplifier with a nongyrotropic
equilibrium distribution of the form fo(p.,p:,¢) =pT'6(pL — p10)6(p2 — P20)g(C), where
¢ = ¢ — mfQcz/p, and Q. is the nonrelativistic cyclotron frequéncy. Kho, et al.,? uéing
the same equilibrium distﬁbution, have dropped the assumption of a stationary amplifier
but assume that the left-hand polarized pertufbed radiation ﬁeld can be ignored. Chen, et
al.18 consider TE modes for the case of a helical relativistic electron beam in a cylindrical
waveguide. In an application to space plasmas, Freund, et al?2 consider the case of a
diffuse electron beam propagating in 'abcold magnetized ambient plasma. The_beam is

coherent in phase, and has a thermal spread in p; but no spread in p,.

Two equilibrium distributions are introduced in Sec. II. These are the time-dependent
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distribution fo(P.,pz,§) where § = ¢ — Qct/v and the spatial-dependent distribution
fo(py,pz,¢) where (= ¢ — mQ.2/p,. By manipulating Fourier transforms of the Vlasov-
 Maxwell equations, we obtain sets of equations“relating components of the perturbed
right- and left-hand polarized electromagnetic and the electrostatic fields. For the time-
dependent equilibrium, these relations are given in Egs. (26)-(28). The relations for the
spatial-dependent equilibrium distribution appear in Egs. (41)-(43). In either case, these
relations are integral equations, not algebraic equations. Egs. (26)-(28) reduce algebraic
equations only if there is no spread in p (i.e., in 7) in the time-dependent equilibrium
distribution. Moreover, Eqgs. (41)-(43) reduce to algebraic equations only if there is no
spread in p; in the spatial-dependent equilibrium distribution. |

The analysis of these integral equations is the subject of current research and is not
dealt with further in this paper. Instead, in the remainder of the paper, we deal with cases
in which the integral equations reduce to algebraic equations. »

Stability properties for the case of the time-dependent equilibrium distribution with
no spread in p are considered in Sec. III. Most generally, ép;‘ead’s in the pitch angle
a = tan"*(p, /p.) and the phaée angle ¢ may be present. In this case, the integral equa-
tions (26)-(28) reduce to just three algebraic relations presented in Eq. (58) of Sec. IILA. |
The correspondingbexact dispersion relation, relating complex frequencies and compléx
wave numbers, is the three by three determinant relation in Eq. (64). In Sec. 1I1.B, we
consider the more restrictive case of no spread in the pitch angle o in the equilibrium
distribution. (Then, both py and p, have definite equilibrium values.) In this case, the '
dispersion relation in Eq. (64) reduces to the tenth-degree polynomial relation in Eq. (69).
Numerical computations of growth-rate curves (Im® vs. k, real) and properties of eigen-
modes of Eq. (58) are presented in Sec. III.C for the case of definite equilibrium p; and
p. and various equilibrium distributions in ¢.

An analogous treatment is given in Sec. IV for the case of the axial-dependent equi-
librium distribution with no spread in p,. Spreads in py and ¢ are still permitted. For
this case, it is shown in Sec. IV.A that the integral equations (41)7(43) reduce to the three
algebraic relations in Eq. (89). The exact dispersion relation for the system is given by

the three by three determinant equation (95). In Sec. IV.B, the additional condition that .
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there be no equilibrium spread in p, is imposed. Then, (as in the time-dependent case) the
dispersion relation reduces to the tenth-degree polynomial equation (100) relating the com-
plex frequency and complex wave number. Numerical computations of growth-rate curves
and properties of the eigenmodes of Eq. (89) for this case are presented in Sec.- IV.C.

A summary of our results and conclusions is presented in Sec. V.
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II. Formulation of the Problem

A beam consists of relativistic electrons, which propagate along and gyrate about a
uniform magnetic field Bg = Bgé,. Ihitially the beam is in an equilibrium state in which
temporally and spatially varying electromagnetic fields are absent. The initial growth rates
of these fields are obtained by regarding them asl small perturbations on the equilibrium.

-‘The system is treated as one-dimensional in the sense that the spatial variation of all
variables is in the z-direction only. Consequently, only electromagnetic waves propagating
parallel or anti-parallel to the__uniform field By are included in this analysis. Furthermore,

-equilibrium self fields are assumed to be negligibly small, so that results discussed below

are limited to the case of a small ratio of the plasma frequency to the cyclotroh frequency.®
A. Equilibrium Distributions

A single-particle momentum p can be described by the components p,, p,, and ¢,
where ¢ is the phase angle (as shown in Fig. 1). This paper deals with two systems in
which the phase angle ¢ is not necessarily random in the equilibrium distribution. One
simple constant of the single-particle motion involving ¢ is £ = ¢ — %ﬂt, where Q. =
eBg/mec is the nonrelativistic electron cyclotron frequency, —e and m are the electron
charge and rest mass, respectively, ¢ is the speed of light in vacuo, t is the time, and
v = (1+p*/m2c?) 12 _ (1492 /m2c® + p2/m?c) Y2 is the relativistic mass factor of the

electron. An equilibrium distribution of the form

fO (p7t)=f0 (pJ-)pZ)E)i (1)

where

Qe
— , 2
£=¢ ,Yt | (2)

corresponds to an equilibrium electron beam that is homogenous in the configuration space
at any given time. Since the equilibrium distribution (1) is nonstationary in the momentum

space, we refer to it as the time-dependent equilibrium distribution.
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Another simple constant of the single-particle motion involving ¢ is
(==L =p-mts, o ®
where v is the electron velocity. Use of  gives rise to an alternative equilibrium distribution

fO (Z,p) =f0 (p.L,pz,C)' (4)

In this case, the equilibrium distribution is constant in time at any given 2. It is analo-
gous to a typical laboratory situation where the beam is introduced into the interaction
region at some initial z = 0 with a given distribution in @. Then, if interactions with the
electromagnetic field are excluded, the electrons move along the field lines with constant
v, and gyrate around them with the constant relativistic cyclotron frequency €. /7. Con-
sequently, the phase at any value of z is the phase at 2z = 0 plus Q;z/'yvz. We refer to this
distribution as the axial-dependent equilibrium distribution.

The time- and axial- dependent distributions are illustrated with examples in Fig. 2.
It is shown in the Appendix that the two distributions in Eqgs. (1) and (4) are physi-
cally different in the sense that neither can be Atransformed into the other by a Lorentz
transformation. .

In the remainder of this section, we derive linearized equations relating components

of the perturbed electromagnetic fields for each of the distributions in Egs. (1) and (4).
B. Perturbation Analysis for the Time-Dependent Equilibrium Distribution.

The equilibrium distribution is of the form in Eq. (1), i.e., fo(p,t) = fo(p1,pz ) =
Jo (PLsPz; ¢ — Qet/7) . The distribution is assumed to be periodic in & and (for fixed t) in ¢
with perlod 2mw. Consequently, the normalization of fo(pL,pz, ¢ — Qct/y) over momentum

space is tune—mdependent and is defined by

oo 2w
Q. /
/ dpz/o dp. A dép. fo (P.L,:Dz,¢— 7t) =1 (5)

As time progresses, the distribution evolves under perturbations into

F(2,2,t) = fo(p,t) + f1 (z,p,1), - (8)
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where f1 (2, p,t) is considered to be a small perturbation. To first order in the perturbation,
the time evolution of this quantity is governed by the linearized Vlasov equation,

dn

0 0 e
dt lo ""a_tfl (Z,p,t) +vz'5'z'fl (Z,p,t) - Zv X Bo - fol (Z,p,t)

VXBI

=e€ <E1 + ) 'foO (pmpyapzat) ’ : (7)

where the total time derivative is along a characteristic of the unperturbed motion (i.e.,
z2(t+7)=24+v,T,p, (t+7)=p;, pL(t+T)=pu1, ¢ (t+7) = ¢+ Q.T/gamma, and the
variable of integration 7 is in the range from —oo to 0). The fields E1 (z,t) and Bj (2,1)
are regarded as small perturbations governed by Maxwell’s equations, which in the present

treatment reduce to

0? 1 0° 4T O
5;2‘E1:i: (z,t) — EBFE& (z,t) = 'c—g‘a—tJli (2,1), (8)
o 7 0
5;3& (z,t) = :t‘Z‘a'zBl:h (2,t), (9)
OF.
=2 (21) =471 (2,8), (10)
By, (2,t) = 0. (11)

In the above equations:

Eli (Z, t) = Elx (Zat) + iEly (Z,t) ’ (12)
Bis (2,t) = Biz (2,t) £ By (2,1), (13)
Tt (2t = —eno [ & filzpit) 22, (14)
P (Z,t) = —enO/ dsp fl (Z,p,t) ) (15)
px = ymwzx = p1 exp (£ig), (16)

where ng is the mean electron number density. The fields (Ey-, B1-) and (E14,Bi4)

represent right- and left-hand circularly polarized transverse electromagnetic waves, re-

spectively, whereas the field (Ey., B1. = 0) describes longitudinal (electrostatic) waves.
Because most of the integration qf Eq. (7) along characteristics is standard, not all of

the details will be given here. We remark that before integrating, it is convenient to express
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the x- and y-components of the vectors that appear in Eq. (7) in terms of vy, E4, and
By. Moreover, 8o (Pz)Py;Pz,t) /OPz, Ofo (PzsPy;P2st) [Opy, and 8fo (PzyPy,P2st) /0P,
must be expressed in terms of 9o (p1,P=,€) /0pL, 0f0 (PL,P2,€) /02y 8fo (i, P2, E) /0E,

because the latter partial derivatives are constant on a characteristic. Onice these constant
derivatives are removed from the integral sign, the subsequent calculation of the Fourier

transform of fi (z,p,t) is facilitated by rewriting them in terms of 8f, (p,p., 9,t) /Op1,

0fo (PL,pzr&,t) /Opz, Of0 (PL,P2s$,t) /0, and Bfo (PL,pz,¢,t) /Ot. The expression ob-
tained for fy (2,p,t) is

fl (z)plapz’ ¢a t) =
e q
U(py,p=,¢,t) / dT exp (ZTCT) Ei_(z+v,7,t+7)

0. 0
-—exp( ¢) p;-L 0] 2aa¢f0 (Plapz,¢a )/

— 00

dTTexp (z%r) Ei_(z+ bz'r,t +7)
_ a
+ V(plapza¢,t)/ dTexp (ZTT) Bl— (z+vz7-,t+7.)
- i |
+U" (p1,P2: ¢, t)/ dr exp <—i7cT) By (z+v,1,t+7)
+ 5 exp(~id) 55 22e 2 fo(ps eyt / drre (zﬂr E.(z+v'rt+'r)
exp 73 m2c2 8¢ 0\PL,Pz, P, Xp p 14 .
+V7 (P.L,Pz,fﬁ,t)/ dr exp (—i%-c-7'> Bit (z+v,7,t+7)

. 0
Dz, ¢a t) / dTElz (Z + VT, t+ T)

0

epzﬂ 0 _
e sg o prpedt) [ drrBi (et umten). (17)
In the above equation,
U (pa,06,1) = 5 ex0 (9) (5o + o ) fo (01,21 8,) |
e exp (i) o . 0 gz_i
"V (pL,p:,0,t) = 2 me ( ip: o1 +2P.Lapz + )fo (PJ.,Pz,¢, t).

In order to relate components of the perturbed electrbmagnetic fields, it is necessary
to obtain Fourier (or Laplace) transforms of f; (2,p,t) (Eq. (17)) and of Maxwell’s equa-
tions (8)-(11). The simple assumption that all variables vary as exp [i (kz — wt)] leads to
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inconsistent results. In general, one cannot assume an infinite series of terms of the form
exp {i [kz — (w — nQ./v) t]} (where n is an integer), because -y is not defined if fo (p.L,Pz,§)
contains an energy spread. In the present analysis, we define the spatial and temporal

Fourier transforms by

F(k,w)-———;;r-[_oo dz/;°° dtF (z,t) exp [i (wt — k2)],

o0 o0
F(zt) = % / dk / dwF (k,w) exp [i (kz — wt)]. (18)
The calculation of the Fourier transform of f1(z,p,t), denoted by fi (k, p,w), requires use

of the convolution theorem |
(o ] o0
(FLF) (k,w) = 51; / dK’ / &' F, (K ') Fy (k — K, w — o). (19)
.Then, using Eqgs. (17)-(19), together with the Fourier transform of the Maxwell equation

(9), and assuming that orders of multiple integrals can be interchanged, we obtain (after

a lengthy calculation) the following expression for the Fourier transform:

fl (k’paw) =

1 e ; ‘oo , 017!
§ﬁexp('&¢)/_°° dw{[w-—w —k'oz——’y-:l

w—w —kv, /. O 1 0 .py1 ¢k
x [ w—w (zap_L pL 8¢>+z'ymcw o 6pz:lf0(p.l.7pz’¢) )

Q)72 piQe B
| 3m2c? 8¢

Fi 8 e (——i¢)/+°° duw'’ [w-—w’-—k'u +Q“}_1
22 ¥ oo Ty
X[u—w’—kvz(, 0 1 6>+,p_|_ ck

+— 7
w—uw ymew — w’ Op,

+ [w—w’—k‘uz— fO(PL;Pza¢:w)}E1— (kw UJ)

'Lapl L 3¢ :|f0 (pJ.7PZ)¢, )

Qg]‘2 piQ. O

. __I_kz <
+[w‘.d TN Pmid og

f0 (pl)pza¢7w)}El+ (k W= w)

e +o0 -1 ;)
+\/-2?/; dw’ [w—w’_k'uz] iap 1, Pz, P w')
-2 :
, oy ,
+ o=l =k g uipe b )}Eu (ko — ). (20)
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The Fourier transforms of the Maxwell equations (8) and (10) are

2

. 0o oo 27
(w2 - c2k2) Ey4 (k,w) = dmiengw / dpy / dp, dq{)p—l
‘ 0 —o00 0 m

X exp (:t7'¢) fl (k, Y ARY 2T ¢’ w) ’ (21)
oo ) Cp2n
kE]_z (k, w) = 47”:377-0 /(; dP.L f dpz 0 d¢p.l.f1 (k7 PL,Dz, ¢,(U) . (22)

By referring to Eq. (20), it is seen that Eqgs. (21) and (22) are a set of integral equations
(with variable of integration w’ ) relating the Fourier transforms of the fields E;4 and E...
Partial derivatives of fo(pL,ps,#,w') appear in the expression for fi (k,p,w) in
Eq. (20). These derivatives are removed from the integrands in Egs. (21) and (22) by inte-
grating By parts with respect to p_, p., and ¢, employing the periodicity of fo (p.,p,,; ¢, o’ )
in ¢. The procedure is straight forward but requires much algebra. |
The periodicity of fo (pL,p.,£) in £ (or ¢) has not yet been fully employed in this

analysis. Expansion of fo (p1,p:,£) in a Fourier series gives

+o00
Jo (p..Lapz’ §) = 7—% n;w gn (pJ.,pz) €xp (7'77{) ’ (23)
where
1 2
gn (p.la pZ) = \/_2—; 0 d£f0 (pl1pza é) €Xp (—mf) . : (24)

- Because fo (p.,p:,§) is real, g, (pr,p:) = g—n (pL,p.). From Eq. (23), we see that the

temporal Fourier transform of f, (P1,P2,€) = fo(pL,p=, ,t) is given by

+o00 : : o
fO (p.l.,p.m ¢,w) = Z gn (p.vaz) exXp (zn¢) 6 (“J - n’%&) . (25)

With the aid of Eq. (25), the integrations over w’ can be carried out in Egs. (21) and

(22). Moreover, with the aid of the relation f02 " dexp (ind) = 2760, the integrals over

¢ can also be completed. In fact, only the n = 0,1, and ~1 terms of the infinite series in
Eq. (25) contribute to the right-hand sides of Eqgs. (21) and (22). In the nonrelativistic

limit of 4 = 1, the integral equations in (21) and (22) reduce to .algebraic equations relating
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the Fourier transforms of the fields Fy+ and FE;, because of the Dirac delta function in
Eq. (25). However, in the general case, y = (p?/m?c? + 1) = [(p? + %) /m*S +1] 12
Consequently, Egs. (21) and (22) remain integral equations in the two variables py and p;,
relating such unimown functions as By (k,w + 2Q¢/7 (P1,Pz)), Bz (k,w + Qc/7v (P1,P2)),
and E4 (k,w). |

Eqgs. (21) and (22) can be reduced to a set of integral equations in the single vari-
able p by replacing the variables p; and p, with the new variables p and «, where
a = tan~!(pL/p.) is the pitch angle shown in Fig. 1. Setting dpidp, = pdpda in the
_equations obtained from Eqgs. (21) and (22), we obtain the following set of simultaneous

integral equations relating the Fourier transforms of the perturbed fields E1+ and Ej.:

Do (1, 00) Buc (5) = [ dppixes (5,0, 96,0) By (k,w

o0
+ /0 dpp?x—» (ks Qs P) Bre (

)) (26)

e 202,
Dy (k,w, Q) Ery (kyw) = ‘/(; dPP2X+— (kyw,Qec,p) B <k,w + -")’_(P).>

bl Q
+/ dp p*x4z (k,w, e, Ez(k,w+——9—), 27
A PP X4z ( p) By pops (27)

oo Q.
D, (k,w) Ey, (k,w) = / dpp2xz+ (k,w,Qe,p) E14 (k,w - >
0 7(p)

+ /o " dppxe (k,é,ﬂc,p)?1—< , ,5(2;))- (2§)

In the above integral equations:

D__ (k,w,Q.) = w? — 2k? - \/2792/ dp/ dapgo(p,a)

-1
g [stma (w-— kpcosa) (w— kpcosa _(k) )

b m am Y
: -2
p sin® o 2 _ 252 _kpcosa Q. ,
Bm2cE (w k)(w T 7>. ], (29)
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Dy (kyw,9) = D (k,w, —Q), | | (30)

' . 2 o T 2 sina
D,. (k"f’)=1_ V27rﬂp 0 dp o dap gO(paa)'—,Y—'

< (1- p? cos® & _ kpcosa 2 : i (31)
rmic )\ " m ’ '
, Vo o [T, o sin® o 20\ !
X—+ (k,w, e, p) = -Tﬂpw/() do:p®gs (p, @) Pmid (w - -;7—) -
. ] " '
X (w2 - Qw& - c2k2> (w _ kpoosar _ —Q—c> , (32)
o m v '
- X+- (k,w, Qc,p) = X:+ (k*aw*a —Qc’p) 3 - (33)
(kyw, e, p) = — 27rw$’l2/rda (pa)iig-z-gw
X~z \K W, 3L, P) = P 0 Pg1 \p, ,’ngc ,
kp A
« (wpcosa —ck) (w— pcosa _Sl_) o (34)
yme - ym v

%

X4z (kvw’ Qcap) = X:-z (k ,w*9 —QCap) 9 (35)

| Nors Q\*t [ sin’
Xz— (k’w7 chp) == Qg (UJ + 7) ‘/(; dapg-1 (p, O.’)

2 v2me
' -2
g [pcosa <w+ 9_c_> —ck] <w _ kpcosa)
yme 2! ym
1 Qc -2 * * * QC
=3 (w+—;—) X~z (’C yw™ + ':),"an?) : (36)
X+ (kyw, e, ) = X5 (K", 0", —$e, P) - - @)

Here, Q, = (4mnge? /m)'/2 is the nonrelativistic plaéma frequency. .
Notice that the structure of Egs. (26)-(28) is a coupling of E;- (k,w'),
E, (k,w’ - %), and Ey4 (k,w’ - -,Zy%f)-) over the range of p for which the equilibriumv :

distribution is nonvanishing.

C. Perturbation Analysis for the Axial-Dependent Equilibrium Distribution.

The analysis for the case of the ecjuilibrium distribution in Eq. (4), t.e., fo (z,p) =
fo(PL,pz,¢) = fo(pL,pzy & — mQe2/p;) is similar to the analysis of the previous section.
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The distribution is assumed periodic in ¢ and (for fixed 2) in ¢ with period 2. Conse-
quently, the normalization of fp (p 1Pz, P — m%fz) over momentum space is independent

of 2. It is defined to be

(=% oo 2r ) Qc ‘
f dps / dpy / depy fo (m,pz,¢—m——z) -1  (38).
/=00 0 0 _ Pz ‘

The linearized Vlasov equation for the system is the same as Eq. (7) except that
the factor fo (pz,py,Pz,t) on the right-hand side is to be replaced with fo (2, Pz, py,p:).
Maxwell’s equations (8)-(16) are applicable without modification. The derivation of in-
tegral equations relating the Fourier transforms of the perturbed fields involves a great
deal of algebra but closely parallels that given in Sec. II.B for the spatially-homogenous
equilibrium distribution. Consequently, we omit the details of the derivation. We remark
that in the present derivation z plays much the same role as ¢ in the previous derivation
and k£ much the same role as w. Periodicity of fo (pL,Pz,¢) in ¢ gives rise to the Fourier

series expansion

+o0 :
fO (p.l.a _pz) () = ‘/% n;w hn (p.L, pz) €xp (an) ’ . (39) :
where '
1 27 » '
h‘n. (P.L,Pz) = E 0 dCfO (p_Lap.m C) exp (_an) - (40)
For the z-dependent equilibrium distribution fo (p1,pz,¢ — mQc2z/p.), the integral
equations are ' |
, 2mQ,
D__ (k,w,Q.) B (k,w) = dpzn_ (k,w, Qe,p2) Erq | K+ W
+j dpz -z (k,w, Q, p2) E1, (k-i— mile w) , (41)
—00 Pz
o .
Dfi'-l- (kawa Qc) El-l- (k’w) = / dpz Ny— (ka w, Qca pz) El—- <k - Qch)w)
+/ dpz N+z (k,w, Qc, pz) B2 (k - ch’w) ,» (42)

o0

D!, (k,w) By (k,w) = /

-—00

dp: Mz (k: w, Qe, pz) E).. (k - ch ) “")

z

e Qe
+‘/ dpz Nz+ (kyw, e, p2) Bry ( = ) . (43)

-0 z
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In the above integral equations:

27r oo oo
D _ (kyw,) = w? — k2 — ”2 02/ dz:»z/O dpiho (zu,pz)%

PR
. ym ym v/

kp, e\ 72
2m2c2 (w 2k2) (w - ;-n—z. - -:f-) ], , (44)
Dy, (k,w,Q.) =D _ (k,w,—%,), ' : (45)

oo oo )
D, (k,w)=1- V2?TQ§/ dpz/ dpipiho (pr,pz) 7"t
—o0 0

' P2 kp. -2 '
< (1_ _____72m202> (w— 7m) - (46)
‘/ 3
N—+ (k w, Qmpz) = —92/ dp_l_ ho (p_Lapz) 3m2c2
. | -9
x [-w2 +c2k (k + 2mQ°>] (w _kp: _ 92) . (47)
z m v
Nt+— (k7w’ Qc,pz) = 77:+ (k*’w,*, —Qca pz) ’ (48)
| o, [ | ri
N-=z (k’wa Qc,pZ) = 27‘-pr/(; dp1hy (p_L',pz) m
kp: Q7
X (—wp, + kymc? (w-— ———) , 49
(~wp= + kyme®) o (49)
) YE= (kaw1 Qc, pZ) = 77:2 (k*')w*a _Qm pz) ’ (50)
Y A
e (s 0esp) = B2 [ dpuhos (o) P
2 =2 :
x [—kpzdrf—f(k-mﬂc)} (w——kpz> , (51)
m w P- m
N2+ (kawa Qcapz) = 77:— (k*,w*, _Qc,pz) . (52)

The structure of Eqgs. (41)-(43) is the coupling of E;— (I;:' ,w) to B1,(k' +mQ./p.,w)

and B4 (I::’ + 2mQ./p.,w) over the range of p, for which the equilibrium distribution is

nonvanishing.
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D. Some Special Cases.

In generai Egs. (26)-(28) [Eqgs. (41)-43)] couple the right- and left-hand circularly po-
larized radiation fields E; and the longitudinal, relat1v1st1c, plasma wave field E,. How-
ever, if gi; (p_L,Pz) = gx1(p,a) = 0 [hyy (p1,p.) = 0], then Eq. (28) decouples from
Eqs. (26) and (27) [Eq. (43) decouples from Egs. (41) and (42)] to yield the dispersion re-
lation for longitudinal plasma oscillations. The radiation fields remain coupled, as is seen
in Eqs. (36) and (37) [Egs. (51) and (52)]. From Eq. (24) [Eq. (40)], it is seen that this sit-
uation occurs whenever the Fourier series for fo (p 1Dz, — %“-t) [fo (p 1, pz; ¢ — l‘zg&z)]
‘contains neither cos ¢- nor sin ¢-components.

If g+2 (p1,P.) = g12 (p,@) =0 [hto (pJ_, Pz) = 0] then all three ﬁeldé (Ex and E;) re-

main coupled, however the radiation fields couple only through the electrostatic oscillations
and not directly with each other. From Eq. (24) [Eq (40)], it is seen that this situation oc-
curs whenever the Fourier series for fo (p LyPz, P — ;‘t) [fo (p
neither cos2¢- nor sin 2¢-components.

Finally, if 941(p1,p:) = g10 (01,2:) = 0 [ha1(p1,ps) = hus (P1,P:) = 0], then

Eqs (26)-(28) [Eqs. (41)-43)] decouple completely and reduce to the dlspersmn relations

1yPz, P — lp?-&z)] contains

D__ (k1w7 Qc) =0, | | ’ ‘ | (53)
D__ (k,w,Q) =0, (54)
D, (k,w) =0. (55)

These dispersion relat1ons are identical to those for the case in which the distribution

in ¢ is uniformly random. Referring to Egs. (24) and (40), we see that 90 (py1, pz) =
Vé';fo dffO (p.L’pzxg) and hO (p.Lapz) - T‘fo d’?fo (P.L,Pz,"?) For the case of a uni-

formly random dxstrxbutmn in¢ (i e, fo(py, Pz)), both of these expressions reduce to-

90(P1:Pz) = ho(p1,pz) = V27fo (p1,p.). For this case either Egs. (26) and (27) or

Eqgs. (41) and (42) reduce to the dispersion relations for the cyclotron resonance maser

- with random phase obtained by Chu and Hirshfield.
The analysis of Eqgs. (26)-(28) [(41)-43)] as 1ntegral equatmns is the subJect of present

research and results of the analysis will be presented in a subsequent paper. However,
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many important special cases exist in which the equations reduce to algebraic equations

from which dispersion relations can be derived. Some of these cases will be analyzed in

the remainder of this paper.
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III. Dispersion Characteristics for the Time-Dependent Equilibrium Distribu-

tion without Energy Spread.

In the previous section, it was noted that, for a uniformly random equilibrium distri-
bution in ¢, equations (26)-(28) decouple and reduce to the well known dispersion relations
in Egs. (53)—(55). In this section it is shown that as long as there is no energy spread in
the equilibrium distribution in Eq. (1), the integral equations (26)-(28) reduce to algebraic
relations between the Fourier components of the fields even when the distributions are not

~ _uniform in ¢. The dispersion characteristics are illustrated with numerical exdmples for

the time-dependent equilibrium distribution with no spread in p, or p,.
A. Analysis

For a beam with a definite energy 7 (po) mc* = yomc® = (pgc2 + m2c*) 2 the most

general distribution in Eq. (1) is of the form

fo@,,6) = 5156@—100) fo (0o, ,€), (56)

where § = ¢ —Q.t/7. From Eq. (24), the coeficients in the Fourier series expansion of this

distribution are

on (p,0) = 10_125(,) — P0) §m (P> @),
' (57)

27
4 (Poy ) = —\/327 /0 dt fo (po, a, €) exp (—in€).

Substitute Eq. (57) into Egs. (29)-(37) and then substitute the results into the integral
equations (26)-(28). After replacing w with w — 2Q./v in Eq. (27) and with w — Qc/70
in Eq. (28), we obtain three homogeneous algebraic equations relating just three field

components. Expressed in matrix notation, these equations are

DE =0, | (58)
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where

D (b o) et (b By p0) ~%=z (kyw, e, p0) |
D= | &= (b= 22,90,00) Dis (kw—2,90,00) —Res (ko = 22, 90,0) || '
~Xz- (k,w - %;—,ﬂc,po) ~Xo+ (k,w - ;:,Qc,po) - D (k,w - %:,po)
(59)
and . (k v)
- B=| B+ (k w— 2k ) . ' (60)

E,, _(k,w - %:)
The quantities X;; appearing in the matrix in Eq. (59) are obtained from the corresponding
quantitieé in Eqé. (32)-(37) simply by replacing each gn (p, @) with gn (po, @) and setting
p = po and 4 = -y9. Moreover, from Eqs. (29)-(31), the diagonalsmatrbc elements can be

expressed as

D__ (ko) = = I - T2 /0 doxgo (po, @) |

y [2sina ( _ kpo cosa) (w— kpocosa - &)_1 ‘ _ n

Yo Yo Ym Y
p3 sin® a( 2 2k2) w_kpocosa_& ’ (61) :
— Rgmic Yom Yo
D++ (k’w’ Qcapo)' = D-—-— (k,w, —'Qc,pO) ’ (62)
sina

m
D, (k,w,p0) = 1 — v/am22 / daxiio (po, @)
4]

2 noe2 -2
_ ppcosta _ kpocosa')
X (1 ———73m2 ) ) <w Ee— ) . (63)

Recall that, 2, = (4mwe?ng/m)'/? is the nonrelativistic plasma frequency.

The dispersion relation for this system is
detD (k,w) =0. ’ (64)

From Eq. (60), it is seen that, for a given value of the wavenumber k, the frequency

w is that of the right-hand polarized wave Ej—. The corresponding frequencies of the
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left-hand polarized wave Ey.+ and of the electrostatic wave F;, are w — 2Qc/70 and w -
Qc/70, respectively. We point out that, once the assumption of one-dimensional spatial
dépendence is made and equilibrium self fields are neglected, the dispersion relation is
exact for equilibrium distributions of definite energy. |

Again notice why, in the general case, the field components are related by
integral equations (26)-(28) instead of algebraic equations. If the distribution
fo(p, @, ¢ — Q.t/7(p)) is nonvanishing over a continuous range of energies v(p)mc?, then

the mode E)_ (k,w) will be coupled to a continuum of modes Ey4 (kyw —2Q./v(p)) and
Ey; (k,w — Qc/v(p))- )

B. Case of Definite p; and p..

As numerical examples, we consider equilibria of definite PL = posinag and p; =

Po COS . Conéequently, the factor fo (po, @, &) in Eq. (56) is

R §(a—
fo(po,, &) = —(%'fi)

@ (£), (65)

where & (€) is a function of period 27. From Eq. (5), the normalization condition on & (£)

is 2n | . Qc 27
e (o-25)= [Tae =1 o (69)
0 v 0 .
Moreover, from Eq. (57),
§(a —
gn (p()) a) = \/;? (:in aa0)3m (67)
where \
sn= [ d@ (€ exp (~ing). | (68)

From Eq. (66), sp = 1. Also notice that s_, = sk.
Substituting Eq. (67) into Egs. (61)-(63) and into Eqgs. (29)-(31) with g, (p, &) replaced
by gn (po, ), we can express the dispersion relation in Eq. (64) as the following tenth degree

polynomial equation (in either & or k) with real coefficients:

Mo (5,0) Mo (50) Mo (5:8) =
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2
% ( g;) 821512 [(ﬂ,;a - 12)2M++ (k a) + _(ﬂzo ~ 28, — k) ‘M__ (k w)]
) 2ﬂil;2 2 (02 - 20 - &) ‘M. () | (69)

-1 ( 0“7;3) 3 B (sa2y +5-83) (02 - 20 #) (8.0 - 28, - k) (6.0 - ).

In Eq. (69), w? = Q2 /7 is the relativistic plasma frequency squared, and w, = Qec/70 is the
relativistic cyclotron frequency. Dimensionless frequencies and wavenumbers are w = w/w,
and k = ¢k /w.. Dimensionless velocities are given by 8, =v 10/c and B, = v20/¢, where

Y10 = posin ag/v(po)m and Uz0 = po cos ag /7y(pg)m. Finally,

:‘gﬂi (a2~ #), | - (70)

My (ko) = ((0—2)2—122) (d)-l}ﬁ,—ly— gé (&~ ks, ~2) (0 - kg, - 1)

+gj—§ai (0-22-72), o
M.: (k&) = (a—léﬁz-l)z—g;i(l—_ﬂf)- (12)

The dispersion relation in Eq. (69), which is valid for both complex @ and complex £,

is invariant under the transformation

é-——)—k*,

O — —0* 49, (73)
For the case of the distribution in Eq. (65), the behavior of the eigenmode E in Eq. (58)

under this transformation is easily determined by applying the tra.nsformation to the ele-
ments of D and E in Eq. (58). If either 51 #0or s #£0, then

Eyy 15’5"2) . Ey (—l}*,—d:*) _ Ey_ (A, ‘) |
By (k) By (~k*,—or +2) (ho- 2)

(74)

AI- 20




Equation (69) gives the ten branches of the dispersion relation &(k)..The behavior of
& /bdor large |k is easily determined for each of these branches. As k| — o0, &(k)/k — +1
for two branches, @(k)/k — —1 for two branches, and &(k)/k — B, for six branches.

Simple expressions are easily obtained for the large |k| behaviors of &(k) for all ten

branches if either s, or so vanishes in Eq. (68). If s; = 0 and s3 # 0, then [from Eqgs. (57) |

and (67)] g1 (p,@) = 0 and g2 (p, ) # 0. It follows from the discussion in Sec. IL.D that
~ the electromagnetic components are coupled and the electrostatic component is uncoupled.
[Such a situation holds for (but is not exclusive to) the distribution @(§) in Fig. 3(b),
provided that the parameter a % 7. For this distribution, s; = 0 and s» = sina/a.} Two
of the branches pertain to the uncoupled electrostatic waves and obey the exact dispersion

relations |
- & p 2 1/2
O =k +1+ =2 (1-5;) (76)

for sufficiently large |I:7|, the remaining eight branches obey the approximate dispersion

relations

&~ kB, +1i\;§wpﬁ¢(1+|82l)1/2 (77)

&~ kB, +1i}“"’m(1 |sa])*/2, ~(78)
2o\ 1/2

o~k (BR+2) (79)
w2 .

o\ N |

wzQ:i:(k2+;§) . (80)

[
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For real k, Eqgs. (77) and (78) give two branches with positive Im& provided that |s2| < 1.

In this case, growth-rate curves (Im& vs. real I;:) will show two unstable branches at large

-~

k.

If sy # 0 and s = 0, then u[from Egs. (57) and (67)] g2 (p,@) =0 and ¢ (p,e) #0. It
follows from the discussion in Sec. I1.D that the transverse electromagnetic waves are cou-
pled through the longitudinal electrostatic wave. [A nonexclusive example of a distribution
®(£) having this property (if K # 0) is presented in Fig. 3(c). Using Eq. (68), we find that
sy = —4iK and sy = 0 for this example.] In this case, the large |k| approximations for four
of the ten branches of the dispersion relation are the same as those given in Egs. (79) and

(80) for the distribution previous case. Approximations for the remaining six branches are

&~ kB, +1i7_§wpﬂl, (81)
. 1 wp

w >~ kﬁz + 1 :t .\_/_EZJ—K-*-’ (82)
u?zlztﬂz+1i-\}_—2%’in_, (83)

where

eam{(G-0-m)+ [(%i—(l—ﬂz))2+4ﬂi(1—ﬂ3)(%—!sﬂ?)]*}%.(84)

[The maximum possible value of K in Fig. 3(c) is 1/2m, and the corresponding maximum
value of |sy| is 2/7 = 0.6366.... 1t is evident from Eq. (84) that the x4 are real and positive
for all |s;| < 1/+/2 = 0.7071.... Consequently, Egs. (81) and (83) provide for two unstable
modes at large values of real k for the distribution in Fig 4(c).]

A nonexclusive example of a distribution for which neither s; nor sy vanishes (unless
the parameter a = 7 or 27) is presented in Fig. 3(d). From Eq. (68), it follows that in this
example s; = (2/a) exp (—ia/2)sin (a/2) and s2 = (1/a) exp (—ia)sina. If both s and s2
are nonvanishing, determining the large |k| behavior of the dispersion relation in Eq. (69)
is more difficult than in the previous cases. Four of the large-lkl branches are given by
Egs. (79) and (80). The behaviors of the remaining six branches (including all that may
show growth at large, real k) are determined by solving a cubic equation in (& — kB, —1).

Further details will not be given in this paper.
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Unless s; = s2 = 0, some of the eigenmodes E in Eq. (58) will involve two or more of

- the components E_(k,), E4(k,&-2), and E,(k,&>—-1). A quantity that will be employed

to measure the relative importance of E_(k,&) and E (k,&—2) is the Poynting flux ratio

defined by )

Sy (12,@-—2) _l 5 ’E1+ (ic,a;—2) -

5. (ko) | 152 B (ko)
This quantity is the ratio of the time-averaged Poynting vectors that the field associated
with each component would produce in the absence of the other component. A time-

dependent interference term due to the different frequencies of the components is not

included.
C. Numerical Examples.

In the following numerical examples, k is restricted to be real. Then, Im® > 0 indicates
aﬁ unstable mode. If k is restricted to be real, then the transformation in Eq. (73) is
equivalent to inverting a plot of Red vs. k (real) through the point (IE, Re(b) = (0,1) and
reflecting a plot of Im® vs. k (real) through the Imd-axis. It folloﬁs from the invariance of
the dispersion relation in Eq. (69) under this transformation and from Egs. (74)-(75) that
there is no loss of generality if numerical examples are limited to the case of nonnegative
real k.

Parameter values in all of the numerical examples below in Figs. 4-7 are u”)f, J&? = 0.05,
Yo = 2, and ap = 0.4. In order to ensure that values selected for s; and s, are realistic
(.e., correspond to ®(£) > 0 in Eq. (65)), we assume that ®(£) has one of the functional
forms shown in Figs. 3(a)-3(d).

Ezample 1: If the distribution ®(¢) is uniform [see Fig. 3(a)], then s; = sy = 0.
[Such a distribution is also attained with a = 7 in Fig. 3(b), K = 0 in Fig. 3(c), or
e = 2r in Fig. 3(d).] In this case, the dispersion relation in Eq. (69) decouples into
the three independent relations M__ (I?:,cb) =0, M4 (ﬂ",u“)) = 0, and M, (fc,d)) =
0. These are respectively the dispersion relations for uncq}zpled right- and left-handed
circularly polarized electromagnetic waves and for the electrostatic wave. For a given IAc,A

the frequencies of these waves are @, @ — 2, and @& ~ 1, respectively. Growth-rate curves
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(Im@ vs. k) for this limiting case are presented in Fig. 4(a) over the interval 0 < k < 10.
Corresponding plots of Re vs. k over the interval 0 < k < 1.4 are presented in Fig. 4(b).
Letters on these plots designate corresponding points on the two diagrams. The points B
and C in Fig. 4(a) coincide. The growth-rate curve segments CDG and HI are obtained
from M_— (l}, :JJ> =0,and a corresponding eigenmode E in Eq. (58) has only E_(k,o) as
a ponvanishing component. The growth-rate curve segments AB and FEJ are obtained
from M4+ (I},GJ) — 0. A corresponding eigenmode has only one nonvanishing component,
namely Ey(k,0—2). ' ' '

" The plot of Rew vs. i in Fig. 4(b) is peeded for the proper interpretation of the
growth-rate curves in Fig. 4(a). If % > 0 and Rew > 0, then E;- (I:: &) and El..,(fc @) are
respectively components assoc1ated with RHP and LHP waves that travel in the forward
(positive-2) direction. Ifk > 0 (as before) but Rew <0, then the handedness of these waves
is unchanged however they now travel in the backward (negative-z) direction. Similarily,
the electrostatic wave associated with Ez (k,@) is backward traveling if k > 0and Rew <0.
As an illustration of the use of Fig. 4(b) in interpreting Fig. 4(a), consider the segmented
growth-rate curve A(BC)DG, which gives the growth rate of the cyclotron maser insta- -
bility. Segment AB pertaine to By (k, w— 2). From Fig. 4(b), it is seen that Rew —2<0
everywhere on AB. Consequently, the growth—rate curve AB in Fig. 4(a) pertains to grow-
ing, backward-traveling, LHP electromagnetic waves. Similarily, segment CDG in Fig. 4(a)
pertains to B (k,w). Reference to Fig. 4(b) shows that Rel > 0 everywhere on C DG, so
that growth-rate curve segment CDG in Fig. 4(2) pertains to growing, forward-traveling,
RHP clectromagnetic waves. Similar analysis shows that the growth-rate curve HI for the
whistler instability pertains to forward-traveling, RHP electromagnetic waves. Also, the
growth-rate curve segment FE pertams to backward-traveling LHP waves, and the seg-
ment EJ pertains to forward-traveling LHP waves. Because all of the roots of M- ( )

are real, no correspondmg growth-rate curves appear in Fig. 4(a).

Electromagnetic and beam waves are said to be in resonance for the cyclotron maser

. instability when @ = i and @ = kp; + 1. These resonance values of @ and k are given by

=k.=1/(1—F). In this example, k. = 4.94. Fig. 4(a) conforms with the well-known

fact that no growth of RHP radiation occurs at k = k, in an uncoupled system.
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Finally, it is emphasized that no special relation exists between the LHP and RHP
waves considered above when 8; = s = 0. However, the plots in Fig. 4 will be approached
by any system using our parameters in the limit in which both s, and s, approach zero.

Example 2: An explicit exainple of a nonuniform distribution in phase is obtained
by selecting @ = 7/4 in Fig. 3(b). Then the unpertﬁrbed electron beam consists of two
streams with respective distributions centered about £ = 0 and £ = 7. Each distribution
 is a water bag of width /4. The corresponding parameters defined in Eq. (68) are s; =0
and sy = 2v/2/7. Because s; = 0, the eigenmodes E in Eq. (58) are of two types. The first

typé of eigenmode has only E1z(f<:, &) as a nonvanishing component. The corresponding

dispersion relation is M., (k,&) = 0, which does not allow for growth. [See Eq. (76).]
The second type of eigenmode hés two nonvanishing components, namely Ey_(k,) and
B (k& —2). Sbme of these eigenmodes are unstable. ~ _

Growth-rate curves for this system for 0 < k < 15 and corresponding plots of Red
ve. E(for0<k < 1.5) are presented in Figs. 5(a) and 5(b). As a measure of the relative
importance of the RHS and LHS electromagnetic waves associated with unstable modes,
plots of the Poynting flux ratio in Eg. (85) as a function of k (for unstable modes only) are
presented in Fig. 5(c). Letters show corresponding points on Figs. 5(a)-5(c). By comparing
Figs. 5(a) and 5(b), we see that the growth-rate curve segments BA, CD, and F E pertain
@ wodes consisting of a forward-traveling RHP electromagnetic wave (because Rew > 0)
and a backward-traveling LHP electromagnetic wave (because Rew — 2 < 0). All other
segments of the growth—réte curves pertain to modes consisting of forward traveling RHP
and LHP electromagnetic waves.

In the case of a uniform distribution in £ (Example 1), no growth of RHP electro-
magnetic waves occurs at the resonance wavenumber k = k. = 4.94. [See Fig. 4(a).]
The growth-rate curve CDH in Fig. 5(a) shows a mode at k = k. = 4.94 which grows
significantly faster than any mode in Fig. 4(a). From Fig. 5(a), we see that the RHP
Poynting flux associated with the mode is almost twenty times the LHP Poynting flux.
Consequently, growth of RHP radiation is now possible at k = k. although it must be
accompanied by a smaller growing component of LHP radiation. We remark that é.mong

computations so far carried out those for systems with two-stream distributions in £ (with
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a phase difference of 1r) show the most rapid growth rates at k& = k.

‘Referring to Fig. 5(a), we see that there are two unstable branches at large k& in
conformity with Egs. (77)-(78). From Fig. 5(c), it is seen that, for either branch at large
k, the RHP Poynting flux is approximately double that of the LHP Poynting flux. Finally,
note from Fig. 5(c) that for unstable eigenmodes at small i the ratio of the backward
traveling LHP Poynting flux to the forward traveling RHP Poynting flux depends very
strongly on the branch of the diépersion relation and varies rapidly with k for a given
branch.

Ezample 8 As a second example of a nonuniform phase distribution, select the form
of ®(¢) in Fig. 3(c) and choose the parameter value K = 1/27. [Equivalently, we could let
a = 7 in Fig. 3(d).] Then the equilibrium particle phases are uniformly distributed between
¢ = 0and £ = 7, and no particles have phases in the range 7 < £ < 2. Foﬁrier components
in Eq. (68) are s; = —2i/m and s; = 0. Because sy = 0, the field components E;— (k,d),
and EH(/}, w—2) are indirectly coupled through the electrostatic component F;, (l::, w-1).
Consequently, the eigenmodes E in Eq. (58) will (in general) have three nonvanishing field
components. Growth-rate curves for this example are presented in Fig. 6(a) for 0 < & < 10,
and corresponding plots of Red vs. k (for the interval 0 < k < 2) are given in Fig. 6(b).
Plots of the Poynting flux ratio in Eq. (85) are shown in Fig. 6(c). Finally, as a measure
of the relative importance of the electrostatic component of the unstable eigenmodes, we
present a plot of 2=Y/2|E,_(k,)/Ey,(k,& — 1)| vs. k in Fig. 6(d). (The factor of 2~1/2
appears in the field ratio because 2~1/2E, is the proper normalization of coefficients of

the complex unit vectors for LHP and RHP waves when comparison is to be made with
Cartesian field components.) Letters show corresponding points in Figs. 6(a)-6(d).

Reference to Figs. 6(a) and 6(b) shows that the wave associated with the compo-

pent E1+(I},L?) — 2) is left-hand polarized and backwards traveling for eigenmodes on the
growth-rate curve segments GH, ABC, and DEF. The electrostatic wave associated with
Elz(]%,@ -1) is forward traveling for all unstable modes except for those modes on the

growth-rate curve ABC for which k is very close to zero. All other components of unstabie

~ eigenmodes represent forward-traveling waves.

Referring to Fig. 6(a), we see that two unstable branches of the dispersion relation

AI- 96




are present at large values of £ in conformity with Eq. (81) and (83). From Figs. 6(c)

and 6(d), it is seen that the RHP Poynting flux exceeds that of the LHP electromagnetic
wave by a factor of approximately three for both branches at large k. The electrostatic
contribution to eigenmodes on the upper branch is relatively very small. On the other
hand, the electrostatic field amplitude in eigenmodes on the lower branch is of the same
order of magnitude as the LHP electromagnetic field amplitude.

Two branches, MNO and GHI, show moderate growth rates at the resonance

k = k, = 4.94. Reference to Figs. 6(c) and 6(d) shows that the RHP Poynting flux is |

significantly larger than the LHP Poynting flux for the‘eigenmodes associated with either
of these branches at k = k.. Moreover, |E1— (k, D)/ By (k,& — 1)| > 10 for either branch

at k=k,. Again, this behavior is in contrast with the case of a uniform distributio;i in £ .

where no growth of RHP électromagnetic radiation takes place at the resonance value of

k. However, the growth-rates at k = k. in Fig. 6(a) are not large, being slightly less than

the maximum growth-rates that appear in Fig. 4(a) for the case of a uniform distribution.

Although the growth-rate peak ABC is very narrow, eigenmodes at points near its
maximum are the fastest growing modes of this system. Moreover, reference to Fig. 6(c)
shows that these modes contain a relatively strong backward-traveling, LHP component.

Ezample 4: As our final numerical example, we treat the limit of a = 0 for the distri-

bution in Fig. 3(d). In the limit, the distribution becomes ® (6) =37 6 (& — 2nm) with

s1 = s = 1. In this case, ¢ = w,t for all particles in the equilibrium beam. Growth—rate‘

curves for the interval 0 < k < 8 and plots of Re vs. k for the interval 0 < k < 1.5 appear
in Figs. 7(a) and 7(b), respectively. For unstable eigenmodes, plots of the Poynting flux
ratio in Eq. (85) vs. k and -2\, _ (I?:,GJ)/Elz(I.:.,GJ —1)| vs. k are presented in Figs. 7(c)
“and 7(d), respectively. Letters on these graphs show corresponding points. Eigenmodes
belonging >to growth-rate curve segments ABC and DE have backward-traveling LHP
components and forward-traveling RHP and electrostatic components. A tiny growth-rate
peak appears at G in Fig. 7(a). Reference to Fig. 7(b) shows that its LHP and electro-
static comi)énents are backward traveling. Eigenmodes on aﬂl other segments contain only

forward-traveling components.

A striking feature of the growth-rate curves in Fig. 7(é,) is that no growth occurs
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for values of k greater than approximately 6.2. That is, no branches of the dispersion
relation show growth in the limit of large k. [Suppression of insta_Lbility in the whistler by
the electrostatic wave is discussed in Ref. 9.] Also, notice the interval of no growth FH
(14 Sk 22).

Another striking feature is the great height of the growth peak ABC. From Fig. 7(c),
we see that the Poynting flux of the backward-traveling LHP electromagnetic wave ex-
ceeds that of the forward-traveling RHP electromagnetic wave over most of the interval
of this growth peak. The amplitude of the forward-traveling electrostatic wave is seen
[from Figs. 7(c) and 7(d)] to be of the same order of magnitude as the amplitudes of the
electromagnetic waves. _

Again, we see growth of RHP electromagnetic waves at the resonance wavenumber

'k =k, = 4.94. In fact, the maximum of the growth-rate curve H IJ in Fig. 7(a) is situated

very close to the resonance wavenumber, and the growth rate at this maximum exceeds
any growth rate for the gyrotropic case is Fig. 4(a). From Figs. 7(c) and 7(d), it is seen
that the largest component for eigenmodes near this maximum is that corresponding to
forward-traveling RHP electromagnetic radiation.

To summarize, it is evident that a richness of structﬁre in the growth-rate curves can

be produced by introducing nonuniform distributions ®(€). Using proper choices of (),

. temporal growth rates near k = k, can be significantly increased and growth rates at large k

can be on the one hand enhanced or on the other hand completely suppressed. Two-stream
equilibrium distributions such as that in Example 2 seem to be most effective in enhancing
growth rates at the resonance k = k,. Gaps of no growth can be introduced at moderate
values of k. At small values of k£ where eigenmodes may contain backward-traveling compo-
nents, growth rates and the properties of eigenmodes can be greatly changed by changing
®(£). [This latter fact suggests, but does not pfove, that absolute instability properties
may depend strongly on ®(£). However, no pinch-point analyses of these systems have

been carried out.?6-28]
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IV. Dispersion Characteristics for the Axial-Dependent Equilibrium Distribu-
‘tion without Axial Momentum Spread.

A. Analysis

Finally, we consider the axial-dependent equilibrium ‘distribution Jo(®@L,P2,¢) =
fo(pL,pz, & — mQc2/p;) for which the perturbed field components are related by the in-
tegral equations (41)-(43). Even if the equilibrium distribution is not uniformly random
in ¢, Eqgs. (41)-(43) will reduce to algebraic equations if there is no spread in p, in the

“equilibrium distribution. (A’spread in energy is permitted if it is due oniy to a spread in

p..) The most general equilibrium distribution having this property is

fo(P1,pz,¢) =6 (p: "on)fo (P-L,PZO, Q- : - (86)

It follows from Eq. (40) that

hn (P.L,Pz) =6 (Pz - PzO) i"n (PJ.,PzO) ) (87)
where , ,
N 1 2n A v . .
b (p,pe0) = = [ dCfo o, pea, ) enp (—ing) . )

Three homogeneous equations relating just three field components are found using a pfo-

cedure similar to that used in obtaining Eq. (58). In matrix form the equations are

_D'E’ =0, (89)
where
D-I-— (k,w, e, pz0) ~fey (K, w, Qc, Pz0) /= (k1 w, Qc,on)
D = —T+— (k + 2%1%‘7“’1 Qmpz()) D:H- (k + %1 w, Qc:pzﬂ) ~Ntz (k +~2%?Law; Qcysz)-
—Tz— (k + _7;_:_1%;’“,’ Qc,on) /P (k + %,waﬂc, PzO) D;z (k + %,W,PO)
| (90)
~ and '
' El-— (k, w) ,
B = | B (bt 220) | (91)
. mS ‘
Elz (k + —pz—o"*,w)
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The quantities 7j;; in Eq. (90) are obtained from the corresponding quantities in Egs. 47)-
(52) by replacing hy, (P, p:) With by, (PL,Ps)), Pz With peo, and 7y with 7 (p.,pz0). The
remaining qua.ntities in Eq. (90) can be obtained from Egs. (44)-(46). They are

Di_.. (kyw, e, pz0) = w? — k2 — 92 / dpho (PJ.,on)m
, b4
% [2 ( _ kp-o0 ) (w _ kp2o —— Qe )—1'
v Y@L, pz0) ™M 7(P1,Pz0)m 7 (PL,P20)
_ p?L (U2 _ C2k2) ( szO : Qc )_2] (92)
72 (P, pz0) mAc? Y(pL.p0)m 7 (pL,p20)) L

b:i-+ (k,w, e, p20) = D._ (k,w, =Qc, P20) , (93)

D;z (ksw’sz) =1l-v QWQ?JA dPLP.Lilo (p_L’sz) 7-1 (p.L, sz)

_ Pgo : _ kpzo >_2
X (1 72 (P.L,on)m2‘?2) (w Y(pL,pz0)m) (54)

Once the assumptlon is made that equilibrium self fields can be neglected, the exact

dispersion relation for the case of definite p, = p,o is
det D’ (k,w) = 0. » ‘ (95)

For a given frequency w, the wavenumber of the right-hand polarized wave E;_ is k. The
wavenumbers of the fields Eq4 and E, are k +2mQ./p.o énd k +mQ./p,0, respectively.
This result shows why integrai equations relate the field components if a spread in p, is
present in fo(p1,pz, d—mQe2/p;). Then, E;_ (k,w) couples to E1; (k + 2mQ./p.,w) and
to By, (k + mf./p.,w) over a continuum of values of mQ./p, .'

Finally, we emphasize that the eigenmode E in Eq. (60) is of a differeﬁt nature than
the eigenmode E’ in Eq. (92). The eigenmode E is a composite of three components which
refer to waves of the same propagation vector but of different frequencies. These frequencies
differ by fixed real values. On the other hand, the eigenmode E’ is a composite of three
modes which refer to waves of the same frequency but of different,.propagation vectors.
These propagation vectors differ by fixed real values. In either case, if & is restricted to

real values, then temporal growth or decay rates are given by Imw for all components. If
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& is restricted to real values, then spatial growth or decay rates are given by Imk for all

components.
B. Case of Definite p; and p,

As in Sec. 111, we pfesent numerical examples for cases in which both p; = pz0 and
p1 = pio have definite values in the equilibrium distribution. Consequently, the factor

fo (pL,Pz0,¢) in Eq. (86) is selected to be of the form

Fo (02,920, ) = f—%—;“—")w ©), » (96)

where ¥ ({) is a periodic function of ¢ (or ¢) of period 27. From Eq. (5), the normalization
condition on ¥ (¢) is

 pon Q 2r
[ s (¢—m-—°z) = [ acw(g)=1. )
0 Pz 0 _
It follows from Eq. (88) that
| 1 5(p1~p1o)
1"’z n, 98
(p.L p 0) \/—— P1 ( )
where or
wn = | d¢¥ (¢) exp (—in() . (99)

Notice that wp = 1 and that w_,, = w}.
With the aid of Eqgs. (92)-(94) and Egs. (46)-(52), we obtain the dispersion relation
in Eq. (95) for the case of definite p, and p,. The dispersion relation is .

M- (k,0) My (k,0) M., (E,0) =
%(—%) ﬂJ.I'wll { .Bz@—ic>2M-li-+ (n"b)'i' [ﬂz
Ak

(%)
|
N
Fonl
+
NS
N——”’
[
[ ]
=
|
N
&
[ %)
N—”
e —
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Dimensionless frequencies, wavenumbers, and velocity components are defined as in

Sec. II1.B, and
My, (,0) = [ _ (,;4%)2} (0= k8 —1)" =5 (0 - kg —2) (o - b - 1)
+ %:—’—gﬂi [a? - (ic + %)2] . - (101)

- The quantities M__ (IE:, u“:) and M, (‘I::, cZJ) are defined in Egs. (70) and (72), respectively.
Like Eq. (69), Eq. (100) is valid for complex @ and complex k. It is invariant under

the transformation

. ., 2
kF— -k — =,
Bz
& — —O*, (102)

In analogy with Eq. (74), it follows from the matrix equation (90) that, if either w) # 0

or wo # 0, then under the transformation in Eq. (102)

Bu (g+?/ﬁz,¢) Ee(e) o m(Re)
E.- (k, a) Ei- (-—k* ~2/B,, —aﬂ) Er, (k + 2/@,@)
More;over, in analogy with Eq. (75), if w; # 0, then under the transformation in Eq. (102)
B (+3/0.0)  Bu(-kh-ot) B (ko)

Br. (E+1/8.,0)  Eu.(<k"-1/8;, o) Er (F+1/8.,0)
, (104)

E_ (k,0) By (k- 2/8., —o*) By (ic +2/Bs,0)

——

E.. (k + 1/52,5,) o (—ic* - l/ﬂz,—cb*) B, (l‘c+ 1/ﬁz,u3) .

The ratio of the time-averaged Poynting vectors associated with the individual

Ewt (ic + 2/ﬁz,<:;) and E;_ (ic, a) fields is

Buy (k+ 2/6.,0) :
Ei- (L w)

S, (k +2/Bz, w)

S_ (ic,w)

P

fc+2/ﬂz‘

(105)

AI- 32




Like the dispersion relation in Eq. (69) of Sec. IIL.B, Eq. (100) is a tenth—degree <
polynomial equation in either & or &. The large |k| behavior of &(k)/k given by Eq. (100)
is the same as that given by Eq. (69), includiﬁg two branches with &(k)/k =~ 1, two
branches with &(k)/k ~ —1, and six branches with &(k)/k =~ kg..

If either w; or wq vanishes, approximations for &(k) valid for large values of & are
readily determined and are found to be very similar to those found in the previous section
for the case of the time-dependent equilibrium. If w; = 0 and w» # 0, then the transverse
electromagnetic components are coupled to each other and the electros_tatic component
is uﬁcoupled. The large |k| behaviors of the ten branches of the dispersion relation in
Eq. (100) are similar to those given in Egs. (76)-(80) for the corresponding case (s; =
0, s # 0) of the dispefsion relation in Eq. (69). Four of the branches now obey Egs. (76)
and (79). Four branches obey Egs. (77) and (78) with s, replaced by w, that is

“ 2 1
| wzkﬁz+1i-\7§gfm (1 + [wa])*2, (106)
G kB +1t—=28, (1— |wa|)?. | (107)

V2 we

Finally, Eq. (82) is no longer valid and is replaced by

w~+t
[od

1/2
(k+28.)* + w—?’} (108)
= w2 b

for the two remaining branches. Growth-rate curves for |ws| < 1 will show two unstable
branéhes'of the dispersion relation in Eq. (100) for large values of real k.

If w; # 0 and wp = 0, then the transverse electromagnetic components of an eigen-
mode are coupled through the longitudinal electrostatic component. The large |12:| behavior
of the dispersion relation in Eq. (100) is similar to that of the dispersion relation in Eq. (69)
for the analogous case of s; # 0 and s = 0. Four of the branches obey Egs. (79) and
(81). Four additional branches obey Eqgs. (82) and (83) with the quantity s; in Eq. (84)

replaced with wj, that is

. 1
O kB +1+ -ﬁg’-’-n;, (109)
& o ”ﬁz+1_4t-\%:‘:fn’_, (110)




where
= {r(B-a-m)+[(B-a-m) vt a-) (3-wr))}

The remaining two branches obey Eq. (106). At large real k, growth-rate curves will show
two unstable branches of the dispersion relation in Eq. (100) if |w;| < 1/v/2.

Finally, if neither w; nor wy vanish, then the large II;:]behaviors of four of the branches

of the dispersion relation in Eq. (100) are given by Egs. (79) and (106). The behaviors of

the remaining six branches are obtained by solVing a cubic equation in (& — I::ﬁz - 1)2. We

do not include an analysis of the equation in this paper.
C. Numerical Examples

" Before the numerical examples are presented, one final point of clarification must
be made. Throughéut this pape’r,v we have followed the usual terminology and referred
to E,_(k,®) and E14(k,&) as components representing RHP- and LHP-electromagnetic
waves, respectively. However, this nomenclature is proper only if Rek > 0. If Rek < 0, then
the roles played by these components are reversed and E;.. (k,) and Ey. (k,&) represent
LHP and RHP electromagnetic waves, respectively. If (in addition) Re@ > 0, then both
waves are backward traveling. Moreover, if Redw < 0, then both waves are forward traveling.

As in Sec. III, the following numerical computations are limited to the case of real
k. Then, from Eq. (102), Eq. (100) is invariant under the transformation & — —@* and
k — —k— 2/B.. This transformation is equivaleht to inverting a plot of Re® vs. k
(real) through the point (k,Red) = (—1/8.,0) and reflecting a plot of Im(®) vs. k (real) -
through the vertical line £ = —1/8,. Because of Egs. (103) and (104), no new information
is obtained from the transformed eigenvectors. Consequently, the region k& < -1/6; is
omitted from the following plots.

Parameter values used below are the same as those used in previous numerical ex-
amples (i.e., &3/ = 0.05, 70 = 2, and ao = 0.4). Functional forms considered for ¥(¢)
are chosen as W(§) = ®(£), where ®(€) is defined in Figs. 3(a)-3(d). Moreover each of the
examples below is the analogue (for the axial-dependent distribution) of the example of

the same number in Sec. III.C (for the time-dependent distribution).
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Ezample 1: For w; = we = 0, which corresponds to ¥(§) = ®(£) shown in Fig. 3(a), _
the dispersion relation in Eq. (100) reduces to the three independent dispersion relations
M__ (ic,a) =0, M, (ic, a) =0, and M,, (k a) = 0 for uncoupled right- and left-
circularly polarized transverse waves and the longitudinal electrostatic wave, respectively.
For a given frequency, the respective wavenumbers for these waves are k, k+ 2/B., and
k +1/B,. Growth-rate curves are shown in Fig. 8(a) for =1/8, = —=1.254 < k < 10. Plots
of Re® vs. k for —1/8, < k < 0 are presented in Fig. 8(b). Letters show corresponding
points in Figs. 8(a) and 8(b).

In Fig. 8(a), the growth-rate curve segments GH and HI are obta.in;ed from roots of
M, (fc,cb), so that the corresponding eigenmodes have a single nonvanishing component
Eiy (I}+2/ﬂz,u‘)). Referring to Fig. 8(b), we see that Re > 0 and & + 2/B: > 0 on
both segments. Consequently, both segments represent unstable electromagnetic waves
that are LHP and forward traveling. All other growth-rate curve segments in Fig. 8(a)
are obtained from roots of M__ (IE, EJ) = 0, so that the corresponding eigenmodes have a
single nonvanishing component £ (l},w) . For all points of the short growth-rate curve
segment AB, reference to Fig. 8(b) shows that & < 0 and Re® < 0. Consequently, growth-
rate curve segment AB pertains to unstable, forward-traveling LHP electromagnetic waves.
Similarily, k < 0 and Re® > 0 for eigenmodes on growth-rate curve segments BC and
DE, so that these segments represent unstable backward-traveling, LHP electromagnetic
waves. The remaining growth-rate curve ségments (EF and JK) pertain to unstable
forward-traveling, RHP electromagnetic waves. As expected, there is no growth of the
"RHP electromagnetic wave at the resonance wavenumber k. = 1/(1 — §8,) = 4.94. The
eigenmodes obtained from roots of M7, (fc,cb) are of course completely decoupled from
the eigenmodes obtained from roots of M__ (I;, Lb) = 0. Nevertheless, Fig. 8(a) représents
the limit approached by any system with our parameters as both w; and w, approach zero.

This example is analogous to Example 1 shown in Figs. 4(a) and 4(b) in Sec. III.C.
Compaﬁng Figs. 4(a) and 8(a), we see that they differ in two respects. First, the growth-
rate curve in Fig. 8(a) obtained from M/, (l::,d;) = 0 has the same form as the growth-
rate curve in Fig. 4(a) obtained from My, (k,®) = O but is displaced to the left by
2/B, = 2.508. Second, no information is lost in Figs. 4(a) and 4(b) by ignoring the
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nega.ﬁve k-axis. However, only k < —1/8, can be ignored in Figs. 8(a) and 8(b) without
losing information. .

Ezample 2. For w, = 0 and we = 2V/2/, which can be obtained for U(£) = &(¢)
in Fig. 3(b) with @ = /4, the equilibrium beam consists of two streams, elach with a
water-bag distribution in ¢ of width 7/4. One distribution is centered at ¢ = mQez/p:0
and the other at ¢ = mQ;z/pzo + 7. As z varies, each center rotates about the direction .
of the applied field lines with a characteristic wavelength of 2mp,0/mQe = 27v,0 /we.

Growth-rate curves (for —1.25 < k < 16) and corresponding plots of Rew vs. k (for
—1.25 < k < 0) are presented in Figs. 9(a) and 9(b). Plots of the P(;ynting ratio in
Eq. (105) vs. k (for —1.25 < k < 16) appear in Fig. 9(c). Letters show corresponding
points on these plots. The letters have also been chosen to correlate with letters on the
corresponding plots for Example 2 of Sec. IIL.C in Figs. 5(a)-5(c), which is analogous
to the present example. Superficially the plots in Figs. 9(a)-9(c) are very similar to the
corresponding plots in Figs. 5(a)-5(c). However, it is emphasized that the 'eigenmodes are
very different in the two cases. The eigenmodes for Fig. 5 consist of the nonvanishing‘
components.El._(I::,d))' and E, . (k,&— 2), whereas the eigenmodes for Fig. 9 consist of the
nonvanishing components E;_ (k,®) and E14(k + 2/8:,&).

By comparing Figs. 9(a) and 9(b), it is easily seen that the eigenmodes bel_onging to
the growth-rate curve segments BA, CD, and FE consist of LHP, forward-traveling elec-
tromagnetic waves [from E1(k+2/B,,&)] and LHP, backward-traveling electromagnetic
waves [from E;_(k,&)]. [The corresponding modes in Fig. 5 consist of RHP, forward- |

traveling and LHP, backward-traveling electromagnetic waves.] From Fig. 9(c), we see

that the backward Poynting flux is relatively strong for most eigenmodes on CA and that

it varies rapidly with k for eigenmodes on CD and FE. The infinity in the Poynting flux
ratio at the cutoff at £ = 0 is due to the factor |(k + 28.)/k| in Eq. (105). All of the
remaining growth-rate curve segments in Fig. 9(a) pertain to eigenmodes consisting of a
forward-traveling RHP and a forward-traveling LHP component. Notice that the branch
CDH of the dispersion relation shows a growth rate at the resonance k, = 4.94 which is
significantly greater than any growth rate for the uncoupled system in Fig. 8(a). Reference
to Fig. 9(c) shows that the Poynting flux of RHP electromagnetic radiation is dominant in
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the corresponding eigenﬁode. [This behavior is similar to that found at k = k, for Exam-
ple 2 in Sec. III.C.] Figs. 5(2) and 9(a) are very similar at large values of k in conformity
with previous analytic results pertaining to the large k behaviors Eq. (69) when s, =0
and Eq. (100) when w; =0. | |

Ezample 8 The analogue of Example 3 of Sec. III [whose stability properties are
summarized in Figs. 6(a)-6(d)] is obtained by setting w; = —2¢/7 and ws = 0 in Eq. (98).
Growth-rate curves for —1.25 < k < 10 are presented in Fig. 10(a). Details of the growth-
rate curves in the negative & interval (—=1.25 < k < 0) are shown in Fig. 10(b). Corre-
sponding ploté of Re vs. k (for —1.25 < k < 0) are presented in Fig. 11(a). Plots of the
Poynting ratio in Eq. (105) vs. k appear in Fig. 11(b). The component Ey,(k +1/8;,)
will not necessarily vanish for unstable eigenmodes of this system. Consequently, plots of
E\_(k,&)/E12(k + 1/B.,0) vs. k for unstable modes are presented in Fig. 11(c). Letters
show corresponding points in Fig. 10 and Fig. 11. '

A detailed comparison of Figs. 10 and 11(a) gives the following description of the un-
stable eigenmodes. The componénts of an eigenmode pertaining to the short growth-rate
curve segment DR a;é two forward-traveling LHP electromagnetic waves [from E;_ (k,®)
and By (k+2/8.,)] and a backward-traveling electrostatic wave [from Ey, (IE+ 1/B.,0)).
The components pertaining to the growth-rate curve segments REF, ABCG, and MN
are a backward-traveling LHP electromagnetic wave [from E;_(k,d)], a forward-traveling
LHP electromagnefic wave [from Ey4 (k +2/B,,)), and a forward traveling electrostatic
wave [from Ey,(k +1/8;,&)]. All other growth-rate curve segments have eigenmodes con-
sisting of forward traveling LHP and RHP electrdmagnefic waves and a ‘fdrward traveling
electrostatic wave. |

The most rapidly growing eigeninode of this system is that at point C in Figs. 10(a)
and 10(b). The components of this eigenmode are a backward-traveling LHP wave, a
forward-traveling LHP wave, and a forward-traveling electrostatic wave. Reference to
Figs. 11(b) and 11(c) shows that the backward-traveling component [which arises from
E,_(k,)] is the largest component both in amplitude and energy transfer. A similar
situation was found for small |k| in Fig. 6(a) for the axial-dependent case exéept that the

forward-traveling electromagnetic component‘was found to be RHP.
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Two branches of the growth-rate curves in Figs. 10(a) and 10(b) (MNO and
ABCGHI) shdw moderate growth rates at the resonance wavenumber k. = 4.94. For
both of these branches, Figs. 11(b) and 11(c) show that the eigenmode at k, =4.94 has a
relatively large RHP electromagnetic component. Again we see that this behavior differs
from that of the uncoupled system in Fig. 8(a), which shows no Agrowth of RHP electromag-
netic waves at the resonance wavenumber. The growth rates at k, are approximately the
same in Fig. 6(a) for the time-dependent equilibrium and Fig. 10(a) for the axial-dependent
equilibrium; however, the electrostatic components of the corresponding eigenvectofs are
of greater relative amplitude in the axial-dependent case than in the time-dependent case.
[Compare Fig. 11(c) with Fig. 6(d).}

Finally, at large values of k, Figs. 10(a) and 6(a) approximate each other closely. This
fact conforms with our previous results giving the large-llztl behaviors of Eq. (69) for s =0
and Eq. (100) for wy = 0. However, the corresponding eigenmodes [E in Eq. (60) and E'in
Eq. (91)] are different even in the limit of large k. By comparing Fig. 6(d) with Fig. 11(c),
it is seen that (at large fc) the electrostatic component is relatively much stronger in the
case of the a.xial—depeﬁdent equilibrium distribution.

Ezample 4: To obtain the analogue of Example 4 of Sec. II1.C (whose stability prop-
erties are summarized in Fig. 7), choose w; = wy = 1. These values are obtained by
choosing ¥(¢) = 3. 6(¢ — 2nw), so that in effect the phase of any particle is given
by ¢ = mQcz/p;). Growth-rate curves (for —1.254 < k < 8) and corresponding plots
of Red vs. k (for —1.254 < k < 0) are presented in Figs. 12(a) and 12(b), respectively.
For unstable branches of the dispersion relation in Eq. (100), plots of the Poynting flux
ratio in Eq. (105) vs. k and Ey— (k,®)/Eyz(k + 1/B:,@) vs. k are presented in Figs. 12(c)
and 12(d), respectively. Letters show corresponding points in these plots. The letters
correspond only loosely to those in Fig. 7.

Comparing Figs. 12(a) and 12(b), we see that the components of an eigenmode
on growth-rate curve segment DN are a backward-traveling LHP electromagnetic wave
[E14+(k + 2/B:,0)), a forward-traveling LHP electromagnetic wave [El_(fc,c?))]; and a
backward-traveling electrostatic wave [Ey.(k + 1/8;,&)). Eigenmodes on growth-rate
curve segments ACB and NEF consist of 3 backward-traveling LHP electromagnetic
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wave |E1— (k,d)], a forward-traveling LHP electromagnetic wave [Ey4 (k+2/8.,0)), anda .
forward-traveling electrostatic wave [E'lz(le +1/8,,&)]. Eigenmodes on all other growth-
rate curve segments consist of forward traveling RHP and LHP electromagnetic waves and
a forward-traveling electrbstatic wave.
Some properties of the growth-rate curves in Fig. 12(a) are similar to those in Fig. 7(a).
Like Fig. 7(a), Fig. 12(a) shows no growth at large values of k. Both sets of curves show
very large growth rates at small values of |k|, where backward waves occur [i.e., near.point
B in Fig. 7(a) and point C in Fig. 12(a)]. The eigenmode at point C in Fig. 12(a) consists
of a backward-traveling LHP electromagnetic wave [from E;- (k, )], and fc;rward-traveling
LHP electromagnetic and electrostatic modes. Reference to Figs. 12(c) and 12(d) shows
that the backward-traveling component exceeds the o;;her two components in amplitude.
In Sec. I11.C, a similar situation was found to exist at point B in Fig. 7(a), except that
the forward-traveling eléctromagnetic component is RHP. Like Fig. 7(a), Fig. 12(a) shows
a fairly large growth rate at the resonance wavenumber on the branch ACBIJ. Moreover,
Figs. 12(c) and 12(d) show that the corresponciing eigenmode has a relatively strong RHS
electromagnetic compoﬁent.
Finally, notice that no gap appears in the growth-rate curves in Fig. 12(a) to corre-

spond to the gap between points F' and H in Fig. 7(a).
D. Remarks Concerning Numerical Examples.

The analysis of the above numerical examples for the axial-dependent equilibrium
leads to the same general conclusions as those given in Sec. III.C for the time-dependent
equilibrium. A rich structure of different growth-rate curves and unstable eigenmodes
can be induced by varying the form of ¥((), i.e., the values of w; and we. A suitable
choice of ¥(() can significantly increase growth rates of RHP electromagnetic waves at
the resonance wavenumber k = 1/(1 — ;) and can significantly increase or reduce growth
rates at large values of k. At small values of k, where backward-traveling components are
present, growth rates and the structures of eigenmodes depend strongly on the form of
¥(¢). This fact suggests that properties of. absolute instabilities may depend strongly on

¥(¢). However, a study of this conjecture has not been carried out.
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For the same parameters (Q¢,70, @), growth rate curves for corresponding (s1 = w,
sy = wp) time-dependent and axial-dependent systems usually show wﬁe resemblance.
Nevertheless, the eigenmode structures are veryvdifferent in the two cases. In the time-
dependent case, unstable eigenmodes for coupled systems consist of two or three compo-
nents of the same wavenumbers and different frequencies, whereas in the axial-dependent
case the components have the same frequencies and different wavenumbers. Moreover,
for small values of k, the handedness and directions of motion of components may differ

between the two cases.
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V. Conclusions

We have studied stability properties of a relativistic electron beam propagating along
an applied magnetic field Boé;z, using the Maxwell-Vlasov equations under the constraint
that spatially dependent quantities are functions of z only. Of particular interest are
those cases in which the equilibrium distribution is not uniformly random in the electron
gyro-phase angle ¢. Two equilibrium distributions have been considered. These are the
time-dependent distribution fo(pL,pz,£), where £ = ¢ —2:t/7, and the spatial-dependent
distribution fo(pL,pz,(), where { = ¢ — mQc2z/p.. Since neither of these distributions
can be converted into the other by a Lorentz transformation, the distriButions represent
two physically different systems. It is found that in general the Fourier components of the
perturbed electric and magnetic fields are related the integral equations (26)-(28) for the
case of the time-dependent equilibrium distribution, and by the integral equations (41)-(43)
for the case of the spatial-dependent equilibrium distribution. In our numerical analysis,
however, we consider special cases in which the integral equations reduce to algebraic

equations even though the equilibrium distribution is not uniformly random in phase.

If there is no spread in electron energies (or equivalently p) in the time-dependent
equilibrium distribution, then the integral equations (26)-(28) reduce to just three algebraic
equations [Eq. (58)] relating the Fourier components E;_ (k,w), By (k,w — 2w.), and
Ey.(k,w — w,) of the perturbed fields. Consequently, an eigenmode of the system consists
of a RHP -electromagnetic wave, a LHP electromagnetic wave, and an electrostatic wave.
These components have the same wavenumber, and the same spatial and temporal growth
or decay rates, but have different frequencies. [The electrostatic component is decoupled
if the Fourier coefficient g (po, @) in Eq. (57) vanishes, and all three components decouple

if g2(po, @) also vanishes.]

If there is no spread in the axial component of momentum (p.) in the spatial-dependent
equilibrium distribution, then the integral equations (41)-(43) reduce to just three al-
gebraic equations [Eq. (89)] relating the perturbed field Fourier components El;_ (k,w),
E (k+2m8Q./ps0,w), Brz(k+mQ/p.0,w). Therefore, the components of an eigenmode

are a RHP electromagnetic wave, a LHP electromagnetic wave, and an electrostatic wave.
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These components have the same frequency, and the same spatial and temporal growth or
decay rates, but have different wavenumbers. [In analogy with the time-dependent case,
the electrostatic component is decoupled if the Fourier coefficient hi(p1,pz0) in Eq. (88)
vanishes, and all of the components decouple if ha(p.1,pz0) also vanishes.]

. Numerical computations of stability properties have been carried out for both the time-
and spatial-dependent equilibrium distributions for the case where no spread is present
in both p and the pitch angle a (or equivalently in both py and p:). In this case the
frequencies and wavenumbers can be normalized to the relativistic cyclotron frequency w,
by defining & = w/w, and k= ck/w.. The computations are restricted to real values of 32:,
so that Im& > 0 indicates temporal growth. It is found that (for fixed applied magnetic
field, energy, and pitch angle) a rich variety of growth-rate curves and eigenmodes can be
obtained by changing the dependence of the equilibrium distribution on the phase angle.
Appropriate choices of the phase-angle dependence can significantly increase growth rates
near the resonance wave number k. = 1/(1 — B.). Growth rates at large values of k can
on the one hand be enhanced and on the other hand be suppressed altogether. Moreover,
finite intervals (in k) of no growth can be produced. Finally, growth rate curves and
the form of eigenvect_érs at small values of |k|, where backward traveling componenté are
present, are particularly sensitive to the ¢-dependence of the equilibrium distribution.

As an important area in our current fesearch, we are analyzing the integral equations

to determine the structures of eigenmodes in the general case.
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APPENDIX IT

C PROGRAM TO COMPUTE CORRELATION DIMENSION FROM DATA SET
C
C INPUT MATRIX (ORBIT TRAJECTORY ) FROM FILE
C  INPUT IDELAY THE TIME DELAY IN THE CONSTRUCTION OF -
PSUEDO-VECTOR
C INPUT IMBED THE DIMENSION OF THE PSUEDO-VECTOR
C INPUT NUM THE NUMBER OF POINTS FOR WHICH THE CORRELATION
INTEGRAL
C WILL BE PLOTED
REAL A,C,R, DMAX,DMIN
DIMENSION A(5000),C(500),R(500)
INTEGER IMBED,IDELAY,NUM
'NAMELIST/INPUT/IMBED,IDELAY,NUM
OPEN (2,FILE="C-INPUT.DAT',STATUS='OLD')
READ (2,INPUT,ERR=1000)
WRITE (6,INPUT)
OPEN (4 FILE=PLOT.DAT',STATUS='OLD")
OPEN (9,FILE='CPLOT.DAT',STATUS=NEW")
DO 12 I=1,5000
READ (4,10,J0STAT=I0) A(l)
IF (10 .EQ. -1)THEN
NDATA =1-1
GOTO 13
ENDIF
12 CONTINUE
10 FORMAT (;,(E15.6))

FIND THE NUMBER OF DATA POINTS IN THE INPUT FILE
NDATA =0
DO 11 I=1,5000
IF ( A(I) .NE. 0.0)THEN
NDATA = NDATA + 1
ELSE
GOTO 13
ENDIF
11 CONTINUE
13 CONTINUE
C .
C FIND THE MAXIMUM AND MINIMUM DISTANCE BETWEEN ELEMENTS IN
THE DATA-SET
C
CALL MAXMIN(A NDATA,DMAX,DMIN,IMBED,IDELAY)
WRITE(6,*) NDATA MIN AND MAX VALUES'NDATA' 'DMIN, ' DMAX

OO0 00n

C NOW FIND THE CORRELATION INTEGRAL
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CALL CORREL(A,NDATA,DMAX,DMIN,IMBED,IDELAY ,NUM,C,R)

C NOW WRITE THE CORRELATION DATA TO AN OUTPUT FILE
DO 22 =1 NUM
WRITE(9,20) R(I),C(I),ALOG(R(I)),ALOG(C(I))
WRITE(6,20) R(I),C(I),ALOG(R(I)),ALOG(C(I))
20 FORMAT(4(E15.6))
22 CONTINUE -
STOP 'NORMAL TERMINATION'
1000 STOP ERROR IN NAMELIST READ'
END
SUBROUTINE MAXMIN(A, NLENGTH,DMAX,DMIN,IMBED IDELAY)
REAL A(NLENGTH),DMAX,DMIN,Z,D D1
INTEGER IMBED,IDELAY

C THIS IS A STATEMENT FUNCTION
Z(LJ) = A(I+(J-1)*IDELAY)
NC = NLENGTH - (IMBED-1)*IDELAY
DMAX = 0.0
DMIN = 1.0E3
DO 30 I=1,NC-1
DO 20 K=I+1,NC
D=0.0
DO 10 JJ=1,IMBED
= (Z(LIT) - Z(K,JT) **2
D=DI1+D
10 CONTINUE
DMAX = MAX1(DMAX,D)
DMIN = AMIN1(DMIN,D)
20  CONTINUE
30 CONTINUE
DMAX = SQRT(DMAX)
DMIN = SQRT(DMIN)
RETURN
END
SUBROUTINE CORREL(A,NDATA, DMAX,DMIN,IMBED,IDELAY,NUM,C,R)
REAL A(NDATA),DMAX,DMIN,DINC,C(NUM),R(NUM)
INTEGER IMBED,IDELAY,NUM

C THIS IS A STATEMENT FUNCTION
Z(L)) = A(+(J-1)*IDELAY)
DINC = (DMAX - DMIN)FLOAT(NUM-1.0)
DO 10 I=1,NUM
C(1)=0.0 |
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R(I) = DMIN + (I-1)*DINC
10 CONTINUE
NC =NDATA - (IMBED-1)*IDELAY
DO 40 I=1,NC-1 '
DO 30 K=I+1,NC
D=0.0
DO 20 JJ=1,IMBED
D1 = (Z(LJT) -Z(K,IT))**2
D=D+ D1
20 CONTINUE
MM = INT( (SQRT(D) - DMIN)/ DINC )
DO 25 M1=MM+1 NUM
, C(M1)= 1+ CM1)
25 CONTINUE -
30 CONTINUE
40 CONTINUE
DO 50 L=1,NUM
C(L) = C(LYNC**2
50 CONTINUE
RETURN
END
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APPENDIX II

Program ssvdly.for
PROGRAM TO EVALUATE LYPUNOV SPECTRUM
FROM TRAJECTORY DATA

The trajectory data in this revision, comes from
the psuedo-trajectories generated by the svd
of a single observable time series. svdplot.for

MODIFICATION OF CODE BY WOLFE .ET AL
These final modification are implemented on this

the 16 day of March 1995, and substainially enhances
and modifies the results of Wolfe .et. al

INTEGER DIM,EVOLV,IND ,BACKIT,BACKMAX NPT
REAL PT,VOUT,VPREV,VOL

REAL VOLNEW NORM,dum1,dum?2

REAL Z,SUM,ZLYP test

REAL DOT,dum3,DEX

Dimension PT(5,5), Vout(5),Vprev(5,5),Vol(5),IND(6)
Dimension Volnew(5),Dum1(5000),dum2(5)

Dimension Z(5000,5),Sum(5),Zlyp(3), DEX(SOOO) Dum3(5)
LOGICAL GOODPT '

‘COMMON/BLK1/ Z,IND,DEX,DIM

THIS PERMITS EMBEDING DIMENSION UP TO 5
NAMELIST/NAMEIN/ DT, SCALMN,EVOLV,BACKMAX

zeroeff = 1.0e-5

OPEN (1,FILE='svdata.dat,STATUS='OLD') .
OPEN (2,FILE='sdlyp_in.dat,STATUS='OLD")
OPEN(S,FILE="lypdspec.dat ,STATUS='NEW")

READ (2,NAMEIN,ERR=4000)
WRITE(6, NAMEIN)

IND(1) POINTS TO THE FIDUCIARY TRAJECTORY
IND(2) POINTS TO THE SECOND TRAJECTORY, etc

SUM HOLDS THE RUNNING EXPONENT ESTIMATE SANS 1/ TIME
ITS IS THE TOTAL NUMBER OF PROPAGATION STEPS

IND(1) =1
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BACKIT =0

DO 2 J=1,.DIM

SUM(J) = 0.0

CONTINUE

ITS=0

READ IN THE TIME SERIES

Read(1,*) NPT,DIM

DO 4 =1 NPT '
READ(1,*)(Z(1,K),K=1,DIM
CONTINUE I

FIND THE NEAREST NEIGHBOR TO THE FIRST DATA POINT

DO 1000 JDIM=1,DIM
DO 20 I=I NPT
D0=0.0
DO 10 J=1,DIM
DO =D0 +(Z(1,J) - Z(IND(JDIM),J))**2
CONTINUE
dum1(i) =DO0
DEX()=1i
Write(*,*) DEX(i) and i',Dex(i),i
CONTINUE
do 21 iii=1,npt
dum1(iii) = d(jdim,iii)
DEX(III) = FLOAT(III) .
continue
CALL SORT(dum1,INDEX,SCALMN,NPT)

CALL SORT2(NPT,DUM1,DEX)

THIS WILL RESULT IN AN INDEX OF POINTS OUTSIDE OF THE NOISE
SCALE LENGTH AND IN ORDER OF INCREASING DISTANCE FROM THE
FIDUCIARY POINT

DETERMINE IF A SELECTED POINT IS A GOOD POINT, LE. IT IS
SEPARATED BY AT LEAST THE SCALE MINIMUM FROM THE ALL

PREVIOUSLY

C

30

SELECTED POINTS

INEXT =1
DO 50 I=INEXT,NPT

GOODPT = .TRUE.
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DO 40 J=1,JDIM
Call DIST(J,1,D0)
GOODPT = D0 .GT. SCALMN .AND. GOODPT
40  CONTINUE
IF(GOODPT)THEN
INDEX = IFIX(DEX(I))
IND(JDIM+1) = INDEX

INEXT=1+1
GO TO 60
ENDIF
50 CONTINUE
C
C THIS LINE OF CODE IS REACHED ONLY IF A CHECK OF ALL NPTS
YIELD '
C NO GOOD POINTS
STOP 'NOT ENOUGH DATA'
- 60 CONTINUE
C
C NOW CHECK THAT THE POINT SELECTED IS NOT DEGENERATED
C GIVE THE LOCAL NAME OF THE VECTOR VOUT

DO 70 II=1,DIM
VOUT(II) = Z(IND(JDIM+1),II) - Z(IND(1),IT)
70  CONTINUE

CALL GRAM(VOUT,VPREV,DIM,JDIM-1,test)
NORM = test

IF(NORM .LT. zeroeff )THEN
IF(BACKIT .GE. BACKMAX) STOP 'MAX BACK SUBSTITUTION
REACHED'
BACKIT = BACKIT + 1

GO TO 30

ENDIF
C THIS LINE IS REACHED ONLY IF NON-DEGENERATE
ORTHOGONALIZATION

C HAS TAKEN PLACE, AS IS DESIRED

VOL(1) = NORM
IFJDIM .EQ. 1) GO TO 1000
C  STORE THE COMPONENTS OF VPREV IN A DUMMY ARRAY (DUMZ)
C  INORDER TO PASS IS TO THE SUBROUTINE
DO 71 IlI=1,DIM
DUM2(ITI) = VPREV(JDIM, III)
DUM3(IIT) = VPREV(1,1II)
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71 CONTINUE

CALL VDOT(VOUT,DUM2,DIM,DOT)
c VOL(JDIM) = VOL(JDIM-1)*ABS(DOT)
VOL(JDIM) = ABS(DOT)
Compare the results of NORM and DOT, they should have the same values
Write(*,*) 'Jdim and NORM and DOT",JDIM, NORM(JDIM), DOT
Check the orthogonalization of vectors

[« < TN o]

CALL VDOT(Dum3,Dum2,Dim,dot)
Write(*,*) 'The dot Product of e-1 and e-JDIM is ',dot

(o2 o]

C
1000 CONTINUE

C THE COORDINATES OF THE EVOLVED POINTS ARE AS FOLLOWS

DO 1010 J=1,DIM+1
IF(IND(J)+*EVOLV .GT. NPT)STOP END OF FILE REACHED'
DO 1020 I=1,DIM

PT(.I) = Z(IND(J)}+EVOLV,])
1020 CONTINUE'
1010 CONTINUE
C
C  FIND THE VOLUMES OF THE EVOLVED POINTS

DO 2000 JDIM=1,DIM
DO 2010 II=1,DIM
~ VOUT(II) = PTUDIM+1,II) - PT(1,I)
2010 CONTINUE

CALL GRAM(VOUT,VPREV,DIM,/DIM-1,TEST)

NORM = TEST

VOLNEW(1) = NORM
IF(JDIM .EQ. 1) GO TO 2000

C  STORE THE COMPONENTS OF VPREV IN A DUMMY ARRAY (DUM2)
C  INORDER TO PASS IS TO THE SUBROUTINE

DO 171 Ill=1,DIM

DUM2(IIT) = VPREV(JDIM, IIT)
171 CONTINUE

~ CALL VDOT(VOUT,DUM2,DIM,DOT)
¢ VOLNEW(JDIM)= VOLNEW(JDIM-1)*ABS(DOT)
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VOLNEW(JDIM) = ABS(DOT)
Compare the NORM and DOT for the New Volumes
Write(*,*) New Vols: JDIM and NORM and DOT',JDIM,NORM(JDIM),DOT

2000 CONTINUE

C

EVALUATE APPROXIMATE EXPONENTS
ITS=ITS + 1
DO 3000 J=1,DIM

SUM(J) = SUM(J) + ALOG(VOLNEW(J)/VOL(J))(FLOAT(EVOLV)

. *DT*ALOG(2.0e0))

ZLYP(J) = SUM(JYFLOAT(ITS)

3000 CONTINUE

noaw

WRITE(S,*) (ZLYP(J),J=1,DIM)
format(i110,2x,3(e16.5))

FIND THE DIM-NEAREST 'GOOD' NEIGHBORS OF THE EVOLVED
FIDUCIARY POINT

IND(1) = IND(1) + EVOLV

IF( IND(1) .LT. NPT)THEN
GOTO 5

ENDIF

STOP 'NORMAL EXECUTION

4000 STOP ERROR IN NAMELIST'

END

SUBROUTINE DIST(I,J,D0)

INTEGER IND,INDEX,DIM
REALZDODEX

Dimension IND(6),Z(5000,5), DEX(5000)
COMMON/BLK 1/ Z,IND,DEX,DIM

DO = 0.0D0

INDEX = IFIX(DEX(J))

do 5 ii=1,DIM

DO = D0 + ( Z(IND(I){i) - Z(INDEX, i) )**2
continue

DO = SQRT(DO)

END

SUBROUTINE SORT(A,INDEX,SCALMN,NLIST)
INTEGER NLIST,INDEX,I,IMIN
REAL A,DUM,D
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REAL SCALMN
DIMENSION INDEX(5000),A(5000),Dum(5000)
c intialize the dummy variable dum
do 10 ii=1 NLIST
DUM(ii) = A(i1)
10 continue
DO 100 K=1,NLIST
D=1.0E10
DO 50 I=K,NLIST
IF(DUM(I) .LE. D .AND. DUM(I) .GE. SCALMN)THEN
D = DUM(I) ‘
IMIN =1
ENDIF
50 CONTINUE -
DUM(IMIN) = DUM(K)
DUM(K)=D
INDEX(K) = IMIN
100 CONTINUE
RETURN
END

SUBROUTINE GRAM(VIN,VPREV,DIM,NPREV ,NORM)
INTEGER DIM,NPREV
REAL VIN,DUM,GSC,VPREV,NORM,DUM?2 test
Dimension Vin(5),Dum(5),Gsc(5),Vprev(5,5),Dum2(5)

c

C  INITIALIZE DUM
DO 10 I=1,DIM
DUM(I) = VIN(I)

10  CONTINUE

C

C  FIND THE COEFFICIENTS
IF(NPREV .EQ. 0) GO TO 40
DO 20 J=1,NPREV

C  STORE THE COMPONENTS OF VPREV IN A DUMMY ARRAY (DUM2)
C.  INORDER TO PASS IS TO THE SUBROUTINE

DO 71 Ill=1,DIM

DUM2(III) = VPREV(J,II)
71  CONTINUE

CALL VDOT(VIN,DUM2,DIMitest)
GSC(J) = test

20 CONTINUE
DO 30 L=1,NPREV
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DO 30 J=1,DIM
DUM(J) = DUM(J) - GSC(L)*VPREV(L,J)
30 CONTINUE
40  CALL VDOT(DUM,DUM,DIM,NORM)
F(NORM .EQ. 0) RETURN
'NORM = SQRT(NORM)
DO 50 J=1,DIM
VPREV(NPREV+1,J) = DUM(J)/NORM
50  CONTINUE
RETURN
END

SUBROUTINE VDOT(V1,V2,DIM,DOT)
INTEGER DIM
REAL V1,V2,DOT -
Dimension V1(5),V2(5) o
DOT=0.0 '
DO 10 I=1,DIM
DOT =DOT + VI(I)*V2(I)
10 CONTINUE
RETURN
END
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