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Abstract

We propose an adaptive compression enhancement scheme for images, that faith-
fully preserves edges that exist at certain scales. The image gradient is decomposed in
- a wavelet basis to locate &édges at specific scales. Based on their location, the corre-
sponding wavelet coefficients in the wavelet decomposition of the image are earmarked
for preservation . A scale-space localized implementation of the gradient operator is
derived in the wavelet transform domain, based on the Lemarié-Rieusset diagonaliza-
tion of the derivative operator for functions of one variable. By decomposing an image
with respect to a standard biorthogonal wavelet basis, we succeed in obtaining the
gradient (edge) information in the image (with respect to associated hybrid biorthog-
onal wavelet bases) at certain desired scales only. There are several advantages to
‘and applications of such a localized implementation of the gradient, apart from its
computational efficiency. Adaptive compression of images based on edge-strengths at
specific scales becomes possible, so that compression can be less in the neighborhood of
edges at those scales at which its characteristics are best represented. Such preferential
compression capability is useful for the compression of vast databases of oceanographic
and astronomical images; faint edges characterizing interfaces between warm and cold
ocean currents in satellite oceanographic images, and boundaries between interstellar
dust and nebulae of subtly varying luminosities in astronomical images are important
image features that need to be preserved with minimum distortion, while achieving sig-
nificant compression in other parts of these images that correspond to known features
such as land-ocean boundaries or familiar stars.
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1 Introduction

In many image processing applications it is necessary to partition an image into two subsets,
where one of the subsets is a distinguished subset that contains points of the image at which a
particular image characteristic or feature manifests itself. In this paper, we will be interested
in extracting certain distinguished subsets of images, in order to selectively apply adaptive
image compression . A distinguished subset may be obtained by means of an algorithm
that processes the image for specific information, or an operator that acts on the image
to enhance or suppress specific features. We will restrict ourselves here to a part1cula1
g‘ss it p%‘;a f'g&ng”w% eret Wﬁzmg’m Rad

of a local operator; e.g., the derivative operator. By taking the wavelet transform of the

‘%y means

result of such a local operator’s action on an image, it is possible to separate the different
positions and scales of the distingished subset. Moreover, as a consequence of the locality
of the operator, it is possible to effect changes in the neighborhoods of those coefficients
in the wavelet transform of the image, that correspond in scale and space to the transform
coefficients of the points of the distinguished subset. Furthermore, if the operator involved

‘is linear, then it is possible to realize it entirely in the wavelet transform domain, allowing

an efficient and localized implementation of it. Several local linear operators such as the
gradient, the curl or rotation, the Laplacian and convolutions with compact kernels are
important for extracting image features relevant to various image processing operations. In
this paper we will develop wavelet based adaptive compression by means of the gradient
operator.

2 Compression

Wavelet-based lossy compression of an image is achieved by expanding the image in an ap-
propriate two-dimensional wavelet basis, and in each subband of the decomposition retaining
only significant coefficients by means of a thresholding scheme. The thresholded decomposi-
tion of the image is subsequently quantized and encoded to achieve a lossy compressed image
file. Existing lossy compression schemes are reasonably good at preserving flat regions of
an image, where there are no sharp fluctuations in image intensity. They are, however, not

. well adapted to preserving certain image details such as edges and textures, which provide

important visual cues and contribute to image quality. It is important therefore to preserve
coefficients that lie in the neighborhoods of image features such as edges or textures, in order
to obtain higher quality compressed images. In this paper we propose a method of locating
and preserving image edge coefficients at desired scales using a wavelet-based implementation

of the image gradient operator.

o1 or
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If 7 is an image, then the gradient of the image, VI = (



image apparent. We will use the small wavelet coefficients of the gradient VI to selectively
threshold the wavelet coefficients of the image I, in order to compress it without disfiguring
its edges. Preserving wavelet coefficients in small neighborhoods of those wavelet coefficients
corresponding to edges, will preserve the quality of the edges in the compressed image. Most
important, it is possible to preserve edges at only certain desired scales and positions.

The wavelet decomposition of the gradient of an image expresses the scale-space structure
of edges in the original image. The magnitudes of an edge’s coefficients at any scale measure
the strength of the edge at that scale, and their locations specify the location of the edge
at that scale. This suggests that at any particular scale, preserving the neighborhoods of
the edge coefficients of the image will preserve the edge features in the image at that scale.
Identifying neighborhoods of edge coefficients in the wavelet decomposition of the gradient of
an image at the desired scales, defines edge masks, which can be used to preserve coefficients
of the image that correspond to edges at those scales.

The edge coefficients of the image at any scale correspond to modulus mazima (see Ap-
pendix B) of the image gradient’s coefficients at that scale. However, the gradient of an image
also accentuates transient image features other than edges, such as textures and noise. It is
therefore necessary to distinguish between edge and non-edge coefficients at each scale of the
wavelet decomposition of the image gradient. This distinction can be performed by means of
the edge detection scheme outlined in Appendix B. The edge masks partition the image coef-
ficient set at each scale into a distinguished subset consisting of the edge coefficients together
with the coefficients contained in their 3x3-neighborhoods, and an undistinguished subset
consisting of the remaining non-edge coefficients. An image coefficient is left unchanged, or
only weakly thresholded, if it belongs to a distinguished subset, and is strongly thresholded
otherwise. This scale-specific edge-adaptive compression scheme for images is summarized
in the following diagram:

avelet scale-space
w .
VI decomposition specific
edge masks
adaptive . adaptively
wavelet . quantization,
T decomposition coeffi czept encoding c?mPT€35€d
thresholding image file

Fig. 1: Adaptive image compression scheme using image gradient information.



Fig. 2: Edge coefficients and their 3x3-neighborhoods

The above scheme is not restricted in its application to compression alone. In fact, it
can be thought of as a paradigm for formulating and implementing scale-space specific local
linear image processing operations in the wavelet transform domain. Indeed, it is easily
adapted to enhancing edges in images, as described below.

3 Implementing the gradient in the wavelet trans-
form domain

In the above scheme (Fig. 1) we note that there are three different wavelet transforms
computed; one of the image Z, and one each, of the components g—i and g—f of the gradient
image VZ. The following question therefore suggests itself: Can the wavelet coefficients of
the gradient of an image be obtained in a simple way from the wavelet coefficients of the
image?

Since the derivative is a linear operator, its effect on the wavelet coefficients of a function
of one variable is a linear transformation, characterized therefore by a matrix multiplication.
Moreover, it turns out that with respect to smooth biorthogonal wavelet bases, the transform
matrices are extremely simple, namely diagonal. This latter interesting observation was first
made by Lemarié-Rieusset; Daubechies provides a succinct description of it in [1]. As it
happens, smooth biorthogonal bases of compactly supported wavelets are ideally suited for
image representation by means of wavelet coefficients, as they minimize the appearance of
the distortion of edges and other transient image features incurred through image processing
operations such as compression . This fortuitous coincidence enables us to obtain the wavelet
coefficients of the image VI directly, in a simple and spatially localized fashion, at each scale



independently. This implies that it is necessary to compute the gradient only at desired
scales; a computational advantage. For any smooth biorthogonal wavelet basis pair, there
exists an associated biorthogonal wavelet basis pair, such that decomposing a function (of
one variable) with respect to this associated basis and multiplying the resulting coefficient
vector with a certain diagonal matrix yields the wavelet coefficients of the derivative of the
function with respect to the first basis. We call this the weak diagonalization of the derivative
operator, since different bases are used for decomposition and reconstruction.

Biorthogonal wavelet bases for representing functions of two variables (e.g., images) are
obtained as scale-wise products of the above (one dimensional) biorthogonal bases in the
z and y variables. Thus, associated partial derivative bases of a standard two-dimensional
biorthogonal basis can be obtained by taking mixed scale-wise products of a basis in one
variable and its associated derivative basis, in the other variable. As there are two such
possible product bases, one for 597 , and one for a%, we have a pair of associated hybrid
biorthogonal basis pairs. Decomposing an image via a biorthogonal basis and applying
certain almost-diagonal linear transformations on the resulting image wavelet coefficients,
yields the wavelet coefficients of the partial derivatives of the image with respect to the
associated hybrid biorthogonal bases. Figure 3 illustrates the almost-diagonal transformation
matrices that represent the operator a% at scale j, acting on the subband coefficients at scale
J, restricted to column [, where [ indexes a vertical slice of the coefficient subimages at
scale j (see Appendix for details). The principal advantage of this implementation of the
gradient is that, in order to compute the gradient coefficients at a particular scale, only
image coeflicients at that scale are used. Thus, we can acquire scale-specific image gradient
information in an efficient way. This efficient implementation of the gradient in the wavelet
transform domain prompts a modification of the adaptive compression schemes discussed
earlier. We now briefly sketch the modified adaptive compression scheme below:

e The image 7 is decomposed in a smooth biorthogonal basis.

e The detail images are then subjected to appropriate linear transformations at desired
scales to obtain the image gradient coefficients with respect to the associated hybrid
(partial derivative) bases. These gradient coefficients at the desired scales are further
processed to locate edge coefficients by using the edge detection scheme discussed in
Appendix B.

e The edge coefficients are used to synthesize masks at desired scales, wherein the union
of neighborhoods about edge coefficients is taken to form the masks .

e Image coefficients outside the neighborhoods of edge coefficients are strongly thresh-
olded; the coefficients that fall inside the masks are either preserved or weakly thresh-
olded.



e The resulting thresholded decomposition is then quantized and encoded to yield the
adaptively compressed file.

Figure 4 illustrates the above scheme for compression.
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Fig. 3: The four transformation matrices at scale j. The [** column coefficients
{himateles {vimadels, {diea}el, and {sjx.}72,, belong to the horizontal, vertical,
diagonal and average (low-pass) subbands at scale j, respectively, of the wavelet
transform 9f 7, Whil.e {whj;k,lg;ip {evima}iis {edimi}il, %nd {«8jika}el, are the
corresponding coefficients of $>. Similar relations hold for —5%, with the horizontal
and vertical subband matrices interchanged, and subband coefficient rows transformed

instead of subband coefficient columns.
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Fig.4: Schematic diagram of the modified adaptive compression scheme, using a
smooth, compactly supported biorthogonal wavelet decomposition of the image Z. 0
is the set of almost-diagonal linear transformations in Fig. 3 , applied at selected
scales to compute the gradient wavelet coefficients.

A Appendix: The gradient operator in the wavelet
transform domain

A.1 Preliminaries

An image I = (I(3, 5 ))fvj;l0 is the discrete sampling of a compactly supported function I(z,y)
of L?(R?).

If {V,}, is a multiresolution analysis (MRA) of L?(IR),with scaling function ¢ and
wavelet 1), then it induces an MRA of L?(IR?):

{Vn = Vn®‘/n}oo

n=--00 "
The subspaces V), j € Z are spanned by the set of functions

{(I)j;k,l (.’L’, y) = 2—]'@(2—]':1: - k’ 2—jy - l) = 2—j¢(2—jx - k)¢(2_1y - l)}

o0

kJil=—00

The corresponding wavelet basis of L?(IR?) is given by:

{ {\Ilgk,l(xa y)’ \I’Xk,l(m7 y), \I’;'?k,l(x’ y)} } ’

k=~ j=—00

where '
UH (@, y) = 279(2770 — Kp(2 79y — 1)
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v kl(m y) = 2779277z — k)p(27Ty — 1)
and
Uiz, y) = 2779(27%2 - K27y — 1),
If Z(z, y) is the projection of I(z,y) onto the subspace V, then
N-1

I(z,y) = Y S0k Poki(,9)
k,1=0

A finite scale wavelet decomposition of Z is then given by

J a5l A1
=y > [ jkl\I/Jkl z, y)‘*‘%kz‘l’]kz(ﬂ? Z/)'f‘d]kz‘l’]kz(m y]'i‘ > 5@z, y)
Jj=1 k=0 k,l=0

This corresponds to a pyramidal decomposition of the image 7

| ._I»—> {{(IH 7V, )} IL}

7 = (dgkz

) . 7D = (4P
7 y OSk,lS% 7

7kl N 53k, N
OSk,lSET J OSkJS;f

Y = (%) Vi<i<J
are the high-pass (detail) subimages at resolution level j with horizontal, vertical and

diagonal directionalities, respectively, and I}‘ is a low-pass (average) subimage at resolution
level J.

For images, it is more appropriate to use biorthogonal wavelets for decomposition and
reconstruction, as such wavelets allow both symmetry (antisymmetry) and compactness of
support; these are important properties for images, since they minimize image distortion
and localize wavelet coeflicients, respectively.

If f € L*(R) and {7,0, Jz} is a biorthogonal pair of wavelets in L?(R), then they generate

a pair of dual bases of L*(R): {¥;k}; 7 and {Q}j,k}

with the properties

jkeZ’
F=Y (Fvimbie= > (f ir)Vix
jkeZ j,keZ

and

(Wj > Vi ) = 6505t -



A.2 Derivative biorthogonal wavelet bases

If {{wj,k} ikeZ {’(Zj,k}j,kez} is a compactly supported symmetric/antisymmetric biorthogo-
nal pair of wavelet bases,then there exists (see [1]) an associated pair of derivative biorthog-
. 74 :
onal bases: {{wj k}] ez’ {1/).’,c }j’kez}, that are also compactly supported and antisymmet-
ric/symmetric and satisfy
(i) = 27742k
ie.,

< /‘Z)],ka T/J i’ k') - 2—J+ 6]]’610 K

In other words, with respect to the above two pairs of biorthogonal bases the derivative
operator is diagonal.This is termed weak-diagonalization.

The scaling functions of the two basis pairs bear the following relation

(¢56) =277 (8 4_y — L) -
Thus if f € L%(R), then
(f,7 w],k> = —2_j+2<fa "pﬁ‘,k)a . ‘

and

<f/’ ¢j,k> =277 (<fa ¢§,k> - <f’ ¢g‘,k—1>) :

A.3 Weak-diagonal representation of the image gradient

From the wavelet coefficients of an image with respect to a standard biorthogonal basis, it
is possible to obtain wavelet coefficients of the gradient of the image with respect to certain
associated hybrid derivative biorthogonal bases,

The gradient of the image Z(z,y),denoted VZ(z,y) is the vector image given by VI =

&)
dz’ By

We can write
N

k\?
u

[ i Ve (2, 9) + v U (2, Y) + dik Uik (2, y)]

I(zy) = X

.
Il
A
=
L
o

+ $7a 1P 1k (2, Y)

= [Pk 1G5 ()50 (Y) + Vi Wi (2) D50 (Y) + djiaesin(T)50(Y)]

skl

<.

S 74 1D () D1 (y)

k,l

+

10



where
Ryt = (T, U5) = (T, $athsa)
Vika = (T, 0 t) = (T, Yjndsa)
dj;k,l = (I ‘i’;m) <I7 "Z‘j;k@zjj;ﬁ
and
874 = (L, @rt) = (T, Budy)
are the wavelet and scaling function coefficients w.r.t. the dual basis.
Then

g% = 2 skt (56(®)) V() + Vit (Wix(2)) ba(y) + dies (Wi (®)) bsa(y)]

Jik,l
+ Y srk1 (Drx(2)) dr0(y)
kil

= [:c 3 kl¢3 &k ¢g l( ) xvj;k,lwg;k(x)(pj;l(y) + zdj;k,l g,k(x)%,l(y)]

7ik,l

+ zSJkl¢Jk z)dr4(y)
kl

J
= Z [ ikl z sz(x y) + zvj;kylm\:[l]";/k,l(xvy)"' zdj;k,lz‘l’;?k,z(xyy)]

Ff'l

+ Z 28Tk, m(I)J;k,l(x’ y)
k,l=0

where

—. ‘
chiki = 277 (hjperg — hyjng)

eVjkl = 277 2050

—_ -j42
odjky = 277 2d 4

2Sikl = 277 (Sjikers — Sjsky)

/

are scale-space-subband localized, almost-diagonal linear transformations on the wavelet
‘and scaling function coefficients of the wavelet transform of Z, w.r.t. the biorthogonal basis
B= {\I’fk,li \II]‘.;’,CJ, \D;;;)k’l}j,k,le - These transformations yield the wavelet and scaling function

ff)I

coefficients of the wavelet transform of §:, w.r.t. the associated z-derivative biorthogonal

; - H v D
basis ;B = {x\Ilj;k,l, =¥k m\I’j;k’l}j,k,leZ'

11




Similarly,

%% = 2 [hiwadsn(@) B50®)) + virain(@) (B5(0)) + dsesthsn(®) (W30(v)) ]

Jikid

+> - sskibrn (@) (B72(y))
k,l
= > {yhj;k,@g;k(x)%;l(y) + Ukl (2)B50(y) + 4 g;k(ﬂ?)%;z(@/)]

Jik,l

+ 3 yssmidl(2)baa(y)
kl

-1

|=

2=

H A\
= ) [whsa v Vi@ 0) + it y V(2 ) + ot y Uk (2, )]
—1 k=0

.
o

-1

iz

+ yS7k1 y @1k (T, )
k=0

il

where
_ —342
yhiks = 2772 hjk
Wiks = 277 (Vjkie1 — Vjikl)

. —g 2
ydiks = 279 2d ey

ySied = 277 (Sjkp41 — Siks) )
are scale-space-subband localized, almost-diagonal linear transformations on the wavelet

and scaling function coefficients of the wavelet transform of Z, w.r.t. the biorthogonal basis
B= {\I!}‘Ikl, \IIJ\';,k,l’ \I!;?k,l}j L leZ These transformations yield the wavelet and scaling function

coefficients of the wavelet transform of %%, w.r.t. the associated y-derivative biorthogonal

; - H v D
basis B = {y‘I’j;k,la v 5kl y\Ilj;k,l}j’k,lez'

12
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Fig 5: coefficient location scheme for three levels of scale used in adaptive compres-
sion of images.

¥, and ®; are the detail and average filtering operations at scale j. IJH,IJ.V ,IJD
and I]L are the horizontal, vertical, diagonal detail subimages and average (low-pass)
subimage, respectively, at scale j.

97 and 815 are the linear transformations performed on subimage coefficients at
scale j, to obtain the gradient subimage coefficients QIJH, szV , xIJD , zI]L and
yIJH, yIJV , yI]D, yIJL, w.r.t. the associated derivative biorthogonal bases.

€ is a process that extracts the edge coefficients of the gradient subimages, and
edgemasks; are the mask templates at scale j. The positions and scales of the edge
coefficients of the gradient image and those of the image coincide.
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B Appendix: Edge Coefficient Detection

The edge pixels in an image correspond to the modulus maxima (i.e., the maxima of VZ-VZI)
of the gradient of the image. However, not every modulus maximum of the gradient image
is the result of an edge pixel in the original image; certain textures can also give rise to
modulus maxima. There are certain necessary conditions that a pixel p corresponding to a
modulus maximum of the gradient of an image must satisfy, in order to qualify as an edge
pixel. We enumerate them below:

i) There must exist at least one neighboring (adjacent) pixel that is also a modulus
maximum of the image gradient. This is because edges are contiguous objects, and do not
occur as isolated pixels.

ii) There must exist at least one pixel satisfying condition i), at which the magnitude of
the modulus maximum is close to that at the pixel p. This is because the strength of an
edge varies slowly along the edge.

ili) There must exist at least one pixel satisfying condition ii), such that the line joining
this pixel to the pixel p is close to being perpendicular to the direction of the gradient at p.
This is because the gradient vector at an edge point is perpendicular to the local orientation
of the edge at that point.

The satisfaction of the above criteria by a gradient modulus maximum pixel is not suffi-
cient to qualify it as an edge pixel. Textures in an image may possess edge feature elements
(as in a reticulation, for instance,) that may not be the desired edges of the image. By
demanding, that, edges must have a certain minimum length, and that the average grey
value on any given side of an edge remain constant, one may be able to eliminate candidate
edge pixels that are not part of "genuine” edges of the image. Such conditions that help
prune the set of candidate edge pixels, are largely heuristic, and vary with the nature and
characteristics of the image that is being analysed. One can however construct rules using
which it is possible to filter edge features , so as to retain only desired edges. We, however,
would like to identify edge coefficients in the transform domain of the image, and not edge
pixels. The above conditions and constraints can be ported to the transform domain as well.

At any scale j, the image gradient’s modulus at any position is estimated by summing
the absolute values of all the subband coefficients corresponding to that position. From this
we can obtain the positions of the modulus maxima of the gradient at scale j. Condition i)
translates to eliminating coefficients that correspond to isolated maxima at scale j. Condition
ii) carries over unchanged to the case of coefficients (instead of pixels) at scale j. These two
conditions isolate from the set of all coefficients corresponding to modulus maxima of the
gradient coefficients at scale j, a subset consisting of coefficients forming maxima chains of
two or more coefficients. We can now invert the coeflicients of these maxima chains to obtain
the components of the gradient vectors at the positions of the coefficients in the maxima

14



chains at scale j. This operation of obtaining the gradient vectors is computationally very
efficient, since, a) in general, the maxima chain set is a tenuous subset of the coefficient set
at scale j, b) the inverse transform is a local operation, c) this inversion is performed at only
desired scales.

Having obtained the gradient vector (and hence its direction) at each of the coefficient
locations corresponding to coefficients of the maxima chain set, we can then proceed to apply
condition iii) to the coefficients at scale j.

Certain rules and constraints that are not easy to formulate in the image domain may be
possible to impose in the transform domain; such as, demanding that the neighborhood of
an edge coefficient at a given scale must correspond to (e.g., overlap with,) edge coefficient
neighborhoods at certain other scales. Each chain component of edge coefficients obtained
by the above scheme is augmented by adding to it the 3x 3-neighborhoods (of coefficients) of
each of its edge coefficients, thus generating an edge mask at that scale for that edge. This
entire procedure of edge coefficient detection and generation of edge masks at each scale is
schematically illustrated by the procedure denoted £ in Fig. 5 .
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