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THE VARIATIONAL METHOD FOR AERODYNAMIC OPTIMIZATION
USING THE NAVIER-STOKES EQUATIONS*

BAMBANG 1. SOEMARWOTO!

Abstract. This report describes the formulation of an aerodynamic shape design methodology using a
compressible viscous flow model based on the Reynolds-Averaged Navier-Stokes equations. The aerodynamic
shape is described by a set of geometrical design variables. The design problem is formulated as an optimiza-
tion problem stated in terms of an aerodynamic objective functional which has to be minimized. The design
scheme employs a gradient-based optimization algorithm in order to obtain the optimum values of the design
variables. The gradient of the aerodynamic functional with respect to the design variables is computed by
means of the variational method, which requires the solution of an adjoint problem. The formulation of the
adjoint problem is described which leads to a set of adjoint equations and boundary conditions. Using the
flow variables and the adjoint variables, an expression for the gradient has been constructed. Computational
results are presented for an inverse problem of an airfoil. It will be shown that, starting from an initial
geometry of the NACA 0012 airfoil, the target pressure distribution and geometry of a best-fit of the RAE

92822 airfoil in a transonic flow condition has been reconstructed successfully.

Key words. aerodynamic optimization, airfoil design, variational method, optimal control, inverse
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1. Introduction. Methodologies for solving aerodynamic shape design problems can be distinguished
into two classes: (i) inverse methodology and (ii) optimization methodology. The distinction is based on
how the design problem is formulated.

In the inverse methodology, the design problem is posed in terms of a prescribed target pressure distri-
bution which has to be realized on the surface of the shape. The designer is assumed to be able to prescribe
the target pressure distribution in such a way that it reflects required aerodynamic characteristics like lift,
drag, pitching moment, and boundary layer properties which determine the aerodynamic performance. In-
verse methods assist the designer by constructing an aerodynamic shape which generates the target pressure
distribution (Refs. [22], [11], [10], [5]).

In the optimization methodology, the design problem is posed as a minimization problem of an aerody-
namic objective functional subject to constraints on the geometric and aerodynamic properties. Optimization
methods assist the designer in locating the minimum of the objective while satisfying the constraints. From
the practical point of view, aerodynamic optimization methods, pioneered by Hicks et al., [14], are more
attractive since these methods can handle a large class of design problems, including those classified as in-
verse problems. This report describes a contribution to the development in the aerodynamic optimization
methodology.

Aerodynamic optimization methods can be distinguished into two categories: (i) global methods and (ii)
local methods. Global methods, such as those based on the genetic algorithm [9], are aimed at obtaining the
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global optimum. These methods are most useful for cases in which multiple minima are present in the design
space. It is widely known, however, that global methods incur large computational effort, where hundreds
or even thousands of flow analyses may be needed before the global optimum can be found.

Local methods use the information on the gradient of the objective for locating the optimum. Therefore,
for cases with multiple minima, local methods are limited to produce only one of the minima (i:e., the local
optimum), the actual value of which depends on the starting point of the optimization process. Because
of the modest computational requirement, and since any local optimum represents an improvement over an
existing design, local methods are very useful design tools. The method described in this report belongs to
this category.

Recent developments in the gradient-based aerodynamic optimization methodology suggest that two
main streams may be distinguished: (i) the method of sensitivity analysis and (i) the variational method.
This distinction is based on how the gradient is computed.

The formulation of the gradient using the sensitivity analysis method (Refs. [27], [24], [15]), is done on
a discrete level, which means that one must deal with the discrete form of the flow equations. This method
has the advantage that the sensitivities of the flow properties on the grid points can be determined. Once
these become available, the gradient of an aerodynamic functional can be computed easily using the chain
rule. However, the computational effort strongly depends on the number of design variables. For each design
variable, a sensitivity equation in the form of a (large) linear system of equations must be solved. The
computational requirement can therefore be prohibitive if a large design space is to be covered.

The formulation of the gradient using the variational method can be done either on a discrete level
(Refs. [2], [23], [6], [21]) or a continous level (Refs. [25], [18], [20], [19], [26], [1], [17], [16], [28]). This method
needs the values of the so-called adjoint variables as the solution of a set of adjoint equations. The numerical
solution procedure for solving the flow equations can be adopted for solving the adjoint equations. The
gradient is expressed in terms of the flow variables and the adjoint variables. The computational effort for
obtaining the gradient is not determined by the number of design variables. Instead, it is determined by the
number of adjoint equations that must be solved, which is equal to the number of aerodynamic functionals of
the aerodynamic objective and constraints. Anticipating that the number of design variables is significantly
larger than the number of aerodynamic functionals, which is true in many practical cases, the variational
method has a significant advantage over the method of sensitivity analysis.

This report describes the design approach utilizing the variational method for airfoil design using the
compressible Reynolds-Averaged Navier-Stokes (RANS) equations. Recently, the author (28] has demon-
strated the feasibility of the approach in dealing with inverse problems and constrained drag-reduction
problems, where the compressible viscous flow model based on the RANS equations was used for the flow
calculations. An analytical expression of the adjoint equations was formulated based on the continous form
of the aerodynamic functional and the RANS equations. In the previous work, however, considerations from
the physics of the boundary layer must still be taken for obtaining an approximation of the gradient, despite
the success in obtaining true viscous adjoint solutions. Although the approximation can lead to useful results,
as shown in Ref. [28], it is desirable to have a gradient expression which is derived consistently using the
RANS equations. The objective of the present study is therefore to obtain the true RANS-based gradient

expression.

2. Statement of the Design Problem. The design problem being addressed is formulated as a
minimization problem of an aerodynamic functional F:

(2.1) Minimize F(Q, 8)




where Q is the vector of flow variables, and 8 is a vector representing the geometric parameters that define
the aerodynamic shape. The vector 8 is treated as the design variables, the optimal value of which is to be
determined. There is an implicit dependency of Q upon @ through the RANS equations for a given onset
flow condition.

Problem (2.1) is to be solved by means of an iterative gradient-based optimization algorithm. This
requires information on the gradient of F with respect to @ for each iterate. An efficient way of treating
the implicit dependency of Q upon @ in evaluating the gradient is through the variational method. In the
variational method, an adjoint problem must be formulated in which a set of adjoint equations are to be
solved subject to proper adjoint boundary conditions. The gradient is expressed in terms of the flow variables
(i.e., the solution of the flow problem) and the adjoint variables (i.e., the solution of the adjoint problem).

3. The Reynolds-Averaged Navier-Stokes Equations. Assuming adiabatic flow and no external
forces, the time-dependent RANS equations in the conservative form are written as

(3.1) %%H“?-F‘:omﬂ,

where Q is the flow domain, and Q is the vector of conservative time-averaged flow variables,

(3.2) Q= :
pE
which are non-dimensionalized with respect to the free stream. At the steady-state, equation (3.1) becomes
(3.3) \ V-F=0.
The flux F consists of the convective, f‘c, and viscous, ﬁv, flux vectors,
(3.4) F=F,-F,
The convective flux vector is defined as

62 = (50)

where f, and g, are the Cartesian components given by

pu pv
puu+p puv
(3.6) fo= ) 9. = )
puv pvv+p
(PE +p)u (PE +p)v

where p, u, v, p and E are the air density, 2- and y-velocity components, pressure, and total energy,
respectively. The viscous flux vector is defined as

(3.7 ﬁ=(“),

9y
where f, and g, are the Cartesian components given by
0 0
Tex T
(38) fo= ) 9 = -
Ty Tyy
Twzlh + TayV — Qo Tayl + Tyy¥V — Gy




Assuming that air behaves like a Newtonian fluid, the elements Tyz, Toy, and 7y, of the viscous stress tensor

are expressed as

. o - ou
(3.9) T = U(V-V)+ 2/1%,
— — B’U
(3.10) Tyy =V - V) + 2/155,
. ov  Ou
(311) Tay = MK (8_9: + a_y) ’
where [ is given by the Stokes hypothesis,
2
l=—-p.
3/11

The viscosity p consists of the dynamic viscosity ug and the eddy viscosity ps,

p= pa + pt,
where pq4 is given in terms of the onset flow condition by the Sutherland’s law,

ﬁi_(T)S/ZTw+110

oo \Too T+ 110’

with T the absolute temperature, while y; is defined by a turbulence model which, in the present study, is
based on the Baldwin and Lomax model.
The Cartesian components of the heat flux vector q are defined by

or
(3.12) ge = —K5=,
or
(313) Gy = _K'a_y7

where the thermal conductivity coefficient x consists of the laminar part, £q, and turbulent part, ;. These
are related with the viscosities through the Prandt]l numbers,

HBd
Prg=c¢,—
I'q = Cp Py

Bt

Pr, =c, 22
Iy =Cp P

with ¢, the specific heat at constant pressure and h the mass specific enthalpy. The Prandtl numbers are
assumed to have constant values throughout the flow, Prgy = 0.72 and Pr; = 0.9, respectively. The total
energy E per unit mass is defined as

1
E=e+ §(u2+v2),

where e is the internal energy per unit mass. The RANS equations are closed by the equation of state of a

calorically perfect gas, given as
1
(3.14) p=(y = 1)(oF ~ 5p(u? +17)),

(3.15) T= é(E— %(u2+vz)),




where v = ¢p/cy, with ¢, the specific heat at constant volume. The heat fluxes can be written in terms of
the internal energy as

_ . pOe
(3'16) qﬂv’ - ’YPI' 3%’

__ poe
(317) W=~z
where
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On the airfoil surface, S, the no-slip and adiabatic boundary conditions are applied. The no-slip boundary
condition can be expressed as

<t

St

(3.18)
(3.19) v

=0,
-§=0
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where V denotes the velocity vector, while 7 and § are the unit normal and tangential vectors, respectively.
The adiabatic wall boundary condition reads

(3.20) VT .7 =0.
This is formulated in terms of the internal energy as

(3.21) Ve i =0.

The boundary conditions are collected into a vector B as follows,

St

(3.22) B=

S
o

0
=10
-1 0
4. Formulation of the Adjoint and Gradient Equations. It is assumed that the aerodynamic
functional F takes the form of a surface integral over the airfoil surface Sq:

(41) ]: = / 11b(p,7-w1 9) d51
Sa
where 1) is an explicit function of the pressure p, the wall shear stress 7, and the design variables 8, with
(V.3
Tw = [ ( n -)

The functional (4.1) represents a large class of design problems, including those expressed in terms of lift,
drag, and pitching moment.

As Q is obtained from the steady-state RANS equations with the boundary conditions (3.22), the
functional F is independent of the transient state. Therefore, it is sufficient to consider the steady-state
RANS equations (3.3) and the boundary conditions (3.22) in the definition of a Lagrangian £ as follows,

(4.2) L= ¢ds+/>\.(vﬁ)dn+/ Y -BdS,
Sa Q Sa




where X and Y are the vectors of Lagrange multipliers. The Lagrange multipliers A, also referred to as the
adjoint variables, are defined in © and consists of four components. The Lagrange multipliers Y is a vector
with three components defined on S,.

Tn order to derive the adjoint and gradient equations, one must evaluate the variation of £, denoted as
8L, implied by the independent variations of A, X, Q, and 6,

0L =06Ly+ 0Ly + 8Ly + L.

The notation 8L refers to the variation of £ due to the variation of A while the other variables are kept
fixed, and similarly for 6Ly, etc. The variations 6Ly, 6Ly, and 8Lg are evaluated with @ kept fixed. Keeping
0 fixed implies a fixed domain Q. For the variation of A, X, and Q with a fixed domain a prime notation is
introduced as X', X', and Q/, respectively.

4.1. The Adjoint Equation. The variation X’ contributes to d£ with
(4.3) 5Ly = / X (V. F)d,
v Q
which is cancelled by the RANS equations (3.3). The variation Y’ contributes with

(4.4) §Lr= | Y -BdS,
Sa

which vanishes because of the boundary conditions (3.22).
As the RANS equations (3.3) and the boundary conditions (3.22) are satisfied, giving 6£x = 0 and
dLy = 0, the variation of £ becomes

0L =06Lg + 6Ls.

The adjoint equations and boundary conditions follow from the condition that the contribution from the
variation Q' vanishes, i.e.

(4.5) 5Lq =0.

The domain integral in equation (4.2) can be integrated by parts to give

(46) .c=/ wds - A~(f‘-ﬁ)dS-—/ A-(F.7)dS

a Su. Scc

—/F'-ﬁAdQJr Y. -BdS.
: Q Sa

The variation 6Lg can be expressed as

3110 ’ A A

o= [ =2.QdS— | A-(F-7@)dS— [ A (F.7)dS
5. 0Q 5a Seo

-/F'-\?Adﬂ+ Y. B dS,
Q Sﬂ

where the notations F' and B’ refer to the variations due to Q. The flux vector F’ can be split into the
inviscid and the viscous part:

B




Tt is convenient to introduce the inviscid and viscous variations, 67 and 4.7, implied by F"c and F;, respec-
tively, and the variation 6K implied by B’, such that

(4.7) Lo = 06Fg + 6T — 8T + oK.

The variation §Lg will be obtained with the assumption that

e The variation of the viscosity, ¢/, can be neglected.
o The variation of the viscous terms f‘; on the far-field boundary S can be dropped.

The aerodynamic functional contributes with

_ o r L O,
(4.8) dFg = /Su [—Bp (v =1){pE) + aTw'rw ds,
where
(V' - 3)
r_
Tw=Hb— g

The inviscid term 6Z can be obtained as

a? -
<,\1 + ,\4> p(V' - 7) dS

(49) s=- [ ar-eEyas- [ (w55

S,

—/ (CT,\)-Q'ds—/(A’TﬁA)-Q’dQ,
Q

S

where A is the Jacobian of the flux vector F, with respect to Q,

- OF
A==22
oQ’
C is the Jacobian of the normal flux defined on the boundaries
OF. A7) =
C= —éa— =A- n,

Xis an adjoint velocity vector with the Cartesian components o and As:

The procedure for obtaining §.7 is described in the appendix, with the result given as equation (A.30). The
variation JK can be obtained as

(4.10) 5K = /S a

where a is the speed of sound,

- - ’ 12 = I.'-O = (.—c
A T LI T A o) S SR | T}
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Substituting equation (4.8), (4.9), (4.10) and (A.30) into (4.7) leads to

@1y ico= [ [Zf( (B + 27l — (XA = 1)(eBY - (A1+

A4> o7 7)

+(X- AT, + (X- 37,

=208 s @y - 2AM L K| (79
Os Js
V(pE) - Vo - it
AT (V- 8) + Maa2 L
(V- 8) + Maa" 5 »  (y-1)p

- l(§-5:)+2u6 37; ) (V') —p 6(27;5) n a(gf) _H(X.g')> (V. 3

ooy (OB 4
0 (VM )< p  (v—1)p

_. o 2 V(pE) i Vo -i
IRV A+ - +nE - s
R B A

/ (C™A)-Q'dS - / (AT - VA+YTK) - Q' dO,

oo

where Y and K are given by equations (A.28) and (A.29), respectively, H is the surface curvature, and

/ —’
7, = (I +2p) ———6(V )
on

Setting the domain integral in equation (4.11) to zero leads to the adjoint equations:

(4.12) AT . VA+YTK=0 Q.

The surface integral over Sy is eliminated in the same way as that described in Ref. [28], which leads to a
set of far-field characteristic-based boundary conditions for the adjoint equations.

The surface integral over S, has to be eliminated too. The contributions from (V- /) and (V' - 3) are
cancelled by the conditions

2 Y -
(4.13) "= ()\1 + ’y(f_ 1)\4) +pa()\ i —(A-A)H + IV -X) + 2p6(2 )
(4.14) Ty = 60‘ 7) + (X HpH = M7y + 9 9) + O -7) _ HX- 5‘))
on 0Os
The terms with (V(pE)' - i) and (Vp' - i) are eliminated by the relation
(4.15) T3 =—X\ ("yP—r) .
The contributions from (pE)’, 7/, and p are set equal to zero by satisfying the conditions
- . B
(4.16) A= o’
- N
1 ==
(4.17) A-§ p
(4.18) Vg =0




These may be considered as corresponding to the no-slip and adiabatic wall boundary conditions (3.22). The
term with 7/, can be eliminated by the condition

-

(4.19) Ait=0.
This, however, conflicts with equation (4.16). This problem is circumvented by introducing a term with 7,,
_ BV - )

into 1) of equation (4.1), i.e
b = Y(p, Tws Tny ),

so that equation (4.8) is modified to

(420) 5Fg = /S [%(7—1)(,@)' a'p +-gin ]dS

The associated terms in equation (4.11) are replaced by the above expression appropriately, and equa-

a

tion (4.19) is replaced by

« .
(4.21) Am=—g—
This can be made compatible with equation (4.16) by imposing the condition
o o
(4.22) T o

This means that for a well-posed adjoint problem, there is a restriction for the aerodynamic functional F.
The definition of F must include a term with 7, which satisfies equation (4.22). Restriction of the same
nature was recognized in Ref. [3]. In the present study, however, equation (4.22) is proposed as a general
approach to ensure the well-posedness of the adjoint problem. One should also be aware that the combination
of the continuity equation and the no-slip boundary conditions dictates

a(V - i)

on

implying 7, = 0, so that introducing a term with 7, into F, as suggested above, does not modify the

=0,

minimization problem of F.

The adjoint problem can now be summarized as follows. Equation (4. 12) in Q is to be solved subject
to a proper far-field characteristic-based boundary condition on Sw and the near-field boundary condi-
tions (4.16)—(4.18) on S,. The resulting vector of adjoint variables A is used for obtaining 13, 12, and T3
from equations (4.13)—(4.15).

4.2. The Gradient Equation. After solving the flow and adjoint equations, providing the values of
Q, X\ and Y, the variation of £ becomes

(4.23) L = 6L,

Since @ is a parameter that describes the shape of S,, which is part of the flow domain boundary, the
variation 0 implies also a variation of the flow domain §. As a result of this, and recognizing that

Q = Q(X), xef,
A=), x€Q,
YT ="(x), xX€S,,




the variation of Q also implies a variation of Q, A, and Y in the form of, respectively,

0Q (ox
oA (0x
(4.25) dAg = I (8—0 . 50) , XEQ,
oY [ox
(426) (5TQ = 'a—x' ("a—g . 60) , X € Sa.
This leads to the introduction of the notion of the deformation velocity & (Refs. [8], [13], [28]):
(4.27) d(x) =X - 60,
where

- Oz 8y T
- T -

The Cartesian components of & are defined as
Wy = X, * 66,
wy = X * 00.
The normal and tangential components of & are written as
Wn =X, - 00,
ws = X, + 66,

()= )G

Expressions (4.24)—(4.26) can now be written in the form

where

0Q [ 0x s -
g(—azée)—VQw, XEQ,
oA [ 0x o L
&—(8—960>—ka, XEQ,

oY (0x oY
5(5—0-50) = ('a—s> Weg, XES&-

These represent the so-called convective variations of Q, X and Y, respectively. The convective variation
refers to the interpretation that, the domain moves in space with the speed & which gives rise to the
deformation of the domain boundaries.

As a complement to the convective variation, the notion local variation can be introduced for the vari-
ations Q/, X', and Y’. The local and convective variations constitute the total variation represented by a
material derivative:

Q=Q +VQ 3,

A=XN+VA-3,

'.r=’r'+<a—‘1—‘>ws, '
Os
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where the first and second terms in the right-hand sides are the local and convective variations, respectively.

The concept of material derivative can also be applied to the variation of geometric properties, the
formulae of which are given in Ref. [28] as

e The material derivative of a unit normal vector 7:

oy - awn -
(4.28) = (Fs— + st> 3.

where H is the surface curvature.

o The material derivative of a unit tangential vector 3

> 6"-)11, —
(4.29) §= ( 55 + st> i.

o The material derivative of a surface element ds:

(4.30) s = (36“;3 + Hwn> ds.

o The material derivative of a volume element dS2:
(4.31) dQ = (V - 3)dA.
For functionals of the form

¢, =/fdQ,
Q

use can be made of the material derivative formula:

(4.32) &, = /Q f1do - /S fwn dS,

%=/fw,
5

whereas for functionals of the form

the material derivative can be written as

Owsg
55 + Hwn>] ds.

(4.33) <i>2:/5[f'+6f.c3+f(
These material derivative formulae are applied for obtaining the variation of §£. Equations (4.33) and (4.32)
are applied for each surface and domain integral, respectively, which appears in the expression of L. Tt is
noted that the terms with f’ in formulae (4.33) and (4.32) must be disregarded, because these refer to the
local variations which have been eliminated by the solutions of the flow and adjoint problems. .

The far-field boundary S and the trailing edge can be assumed fixed with & = 0, and the corresponding
terms can be dropped. For the sake of brevity, a tilde notation is introduced for the convective variations.
The variation of £ due to the variation of @ can be derived from equation (4.6). With the no-slip and

11




adiabatic wall boundary conditions (3.22) taken into account, this leads to

e [ e o (§) o

+ (¢ - X+ (K- 5m) (36“; + Hwn>

—

+ (X AT — XAy = 1)pE— (X-R+X-R)p

= . 2 =
+A )T+ A-F+ X870y — <A1+’Ya_1)\4> p(V - i)

—

G )(9 i) - ﬁ(gfu(xm) -3

(X -3)
K Os
(7 5) + My (VE- i+ Ve 1) + (- VN

+n(f5 )+T2( §)+Ts(\”7€-ﬁ+€e-ﬁ)] ds.

where 7 and § are given by equation (4.28) and (4.29), respectively, while

—~

pE =V(pB) -3,
g=Ve-a,
= Vu-@
V—<§v-&5>’
= (V@
x={ 4 ,
(V/\s'd’>
Fo=(VV 7)) -5+ (VV-#1)- 54 (VV-7) -5,
To=(VV-®) B+ (VV 7). 7+ (VV . 7)1

Substituting the expressions for 13, 7>, and 73 given by equations (4.13)-(4.15), into equation (4.34) yields

6L = /[&'/}(v 1)pE+a—“’ gi~n+(3¢)-5o

" (,/, —(X-Ap+ (X 5’771") ({i;: wn)

-

FX AT — XAy —1)pE—-(X-"+X-)p

+(X T+ (X -FHX D7+ (B - V)w,

+ z(ﬁ-X)+2N6(*‘ﬁ)>(x~7-ﬁ)+u o35 , 90 7) —H(X—é’)) (77-5)] ds

on on s

The adjoint boundary conditions (4.16)—(4.18) and the condition (4.22) cancels the contributions from oE,

12




Ton, and 7, so that the above equation reduces to

o Sa[(g_g).59;(¢_(x.ﬁ>p+<x§>m) (f.;

+ Hwn>

”a(x.ﬁ)> v 3(27;5')+3(}5‘;ﬁ)_H(X'§)> (‘?.Q] i

Expanding X, V and F - VX gives

6 = Sa[(@ﬁ -59+(¢-(X.ﬁ)p+(X-§)Tw)(a“; +Hwn)

- ((ﬁ)xzm'})nm + (Vs @) ny — (E—I—st) (Xé’))p
(Vg -@)ny, — (633 D) ne + (%’sﬁ + st) (x- ﬁ)) Tw

i
( Oy (6)\3 BAQ) O3 Ry )\4)

Ta::r (9 +T.'L"y a + ay + vy 6

+ou A)+2M3(A ")) (Fu-@)ne +(Fo-3)m, )

s

a(gﬁ * a(Aaf) 'H(X'g)) (Fu-d)n, —(Vv-3) nm)} ds.

The gradient of the aerodynamic functional 7 with respect to the design variables @ can be obtained from

_‘?f__ lim §£
dé —50—+0 60’

which can be elaborated by using the definition of X, equation (4.27), and equations (A.11)~(A.13) to give

(4.35) d}- / [( ) —(X-Ap+ (X 5)%) (‘2‘: )

(9% e + @Ry - (B2 4 ) (-9

+ ((6;\2 Xy — (Vg X)ne + (%XT“ + Hxs) (X-ﬁ)) T
8A2 6)\3 2 2 aA3 aAZ
—(2% ny(al 6y)—k(ny—nm) +6y TwXn

—(7- V)X, + l(ﬁ-X)JerQ(g—?;@) ((Vu %) 1z + (Vv - %) y)

o DI 5.9) (e - o) o

13




5. Numerical Procedure and Computational Results. The RANS equations (3.3) are solved by
means of HI-TASK [12], [7] with the Baldwin-Lomax turbulence model [4] implemented. The numerical
procedure in HI-TASK deals with the time-dependent RANS equations which are integrated explicitly using
a five-stage Runge-Kutta scheme towards the steady-state. The spatial discretization employs a cell-vertex
finite-volume scheme. Jameson’s type of artificial dissipation is introduced consisting of 2-nd order and 4-th
order terms. The convergence towards the steady-state is accelerated by means of a multigrid procedure.
Characteristic-based boundary conditions are applied on Se.

The adjoint solver employs a similar numerical scheme as that used in the flow solver. The procedure
deals with the time-dependent form of the adjoint equations which are integrated explicitly towards the
steady-state using the same five-stage Runge-Kutta scheme. Artificial dissipation is introduced for the
adjoint equations in the same way as that for the flow equations. The convergence towards the steady-state
is accelerated by the same multigrid procedure. Characteristic-based boundary conditions are also applied
on Sy (Ref. [28]). A

The optimization routine FSQP [29] and the flow solver HI-TASK are integrated with the adjoint solver
and the gradient evaluator, which forms the design code. A design test case is defined representing a
reconstruction-type inverse problem. The target pressure coefficient C,, is obtained from a flow analysis of a
best-fit of the RAE 2822 airfoil with the flow condition:

M=0173, a=2°, Re=6.5x10°

where M, « and Re are the Mach number, angle of attack, and Reynolds number, respectively. The target
C, distribution is defined on the airfoil chord with proper distinction between the lower and upper surface
of the airfoil. The NACA 0012 airfoil is used as the starting airfoil geometry.

The objective functional to be minimized has the form

1 1
F3 [G-Gotw+s [ G-Crie
2 0 2 0

where z is coincident with the airfoil chord, and Cj 4 is the target value. The subscripts | and u refer to the
lower and upper surface, respectively. F can also be expressed in the form

1
F=z / (Cp = Cps)2Iny | dS.
Sa.
The function 7 in this case is defined as
1
P = §(Cp = Cpe) Iy |-
It is noted that
CP = 2(17 - p00)7
with p, peo non-dimensionalized by poo V2. For this case,
o
W~ 2(Cy - Cpo)lm

9p
Equation (4.22) requires that 7 must be modified to

1
F= 5/5‘ (C:a - Cp,t)zlnyl dS — 2/ (CP - vat)lnle” ds.

a
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The adjoint equation (4.12) is solved subject to the adjoint boundary conditions (4.16)—(4.18), which in this
case are

Xl =2(Cp = Cp)lnyl,
X-5=0,
Vs -7=0.

In the present study, the deformation velocity has been formulated as follows,
(5.1) Wy =0o0n Sg,

while w,, is defined by the curvature-continous shape parameterization scheme described in Ref. [28]. This
parameterization scheme has proved to be effective in covering a large variation of airfoil shape and, after a
proper scaling, has shown to imply an efficient optimization process.

One purpose of selecting this test case is to investigate the accuracy level of the computed gradient,
because the optimal solution (i.e., the target airfoil) is known beforehand. The computed gradient is con-
sidered to be of sufficient accuracy if the optimal solution can be obtained. The optimal solution is assumed
to be obtained if F < 10~%. This means that the difference between the actual and target C, distributions
is roughly within 0.01 (engineering accuracy).

Figure 5.1 shows the design iteration history. The engineering accuracy has been achieved with 16 flow
analyses. The optimization was stopped after the maximum allowable number of flow analyses (25 analyses)
was exceeded. The C, distributions and airfoils are shown in Figure 5.2. The dashed line (the optimization
result) and the solid line (the target) are almost coincident, which demonstrates that the best-fit of the RAE
2822 has been closely reconstructed.

6. Conclusion. The objective of the present study is to construct an aerodynamic design methodol-
ogy using the variational method in two-dimensional compressible viscous flow governed by the Reynolds-
Averaged Navier-Stokes equations. The focus of the study is to obtain a correct gradient expression.

The present method has been successfully applied for solving a reconstruction-type inverse problem in
a transonic flow condition. This means that the correct adjoint formulation and gradient expression have
been obtained.

The numerical result presented also strongly indicates that the present method is capable of dealing with
other types of design problems, as long as the adjoint problem can be formulated properly as described in
the preceding sections. It is therefore suggested that the present method is applied to more practical design
cases, such as those involving the criteria on lift, drag, and pitching moment.
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Appendix A. The variations considered here are the variations of the viscous terms due only to the variation
Q' with the assumption that

e The variation of u with respect to the variation of Q is neglected.
e The viscous terms on the far-field boundary are dropped.

The viscous term is defined as
J=/,\-(6.Fv)dn.
Q
The variation of J due to Q' can be expressed as
w:/,\.(ﬁﬁ;)dg.
9)
Integration by parts yields

(A.1) 6J=—/ ,\.(ﬁ;.ﬁ)ds—/ﬁ;-ﬁxda
a Q
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It is noted that the unit normal vector points toward the flow domain. Recalling equation (3.8) and intro-
ducing 671, 6Js, 8Js, and 87y as follows,

(A.2) 8T = / [Az(nm Tao + Ty Toy) + As( M2 Ty + 1y Téy)] ds,
(A.3) 0T = / A [nm (Tapt+ Toy ¥ + Togtt’ + Toy?' — Gz

+ ny (Thyu + Ty ¥ + Tay + Tyt — q;)] ds,

' Mg Mg s A3
. ! i< ! s ! 79 ! b
(A4) 0Tz = /Q |:7'wm o + Ty By + Ty o + 7y B ds,
. oA
(A.5) 8Ty = /Q [(Ta’:mu + Taatt + Top v + Tay¥’ — €) -a—;-

Oy

o) o

(Tt + Tagtt + Ty + Tyt — 4,)
equation (A.l) can be written as
(A.6) 0T = =01 —8J2 — 63 — 6J4.

The variation §.7; will be dealt with first. Introducing a local coordinate system (n,s), where n and s are
coincident with the local normal and tangential direction on the surface, respectively, the component of the

viscous stress tensor can be written as

(A7) oz = | 6(1;;7'5) + 6(‘; I H(V%)) +2umny H(ny (V7)) — 1 (V- 3))
+2u nk Q(—%a + n2 a(gs g‘)) + 2u Ny My 8(‘;1‘?) + a(‘—gg ﬁ))

(A8) Tyy = | 3(1;-1%) + 3(‘;3- 8 _ H(Vﬁ)) + 2ung H(ng (V&) + ny (V- 5))
o 2 a(ggﬁ) o2 %@) o a(‘;s') +a(‘gs-ﬁ)>

A9 maenny 2R AR ey ARD O ?)

~2png ny H(V ) — p(n? — n2)H(V -3).

where H is the surface curvature. The variation §.7; can be worked out by using the expression for 7., 7y,
and 74, given above. After some algebraic manipulation, one obtains

+(N-AUHT 7)) — (X HuHV' - g‘)} ds,
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where X is an adjoint velocity vector with Ay and A3 being the Cartesian components. The terms with the
tangential derivative can be worked out with integration by parts to yield

67, = (- a7 -3} + RSP -7
+/ (X -3)

—‘--. I —‘. /_
Ko+ (-9l - wos

- (X ﬁ)lH> (V')

: a(Aa;m + (X équ) (7 é)] ds,
where :
8V’ - 3)
!
Tw = on
5 o
o= o2,

while 1 and [ refers to the upper and lower trailing edge, respectively. If the surface S, is assumed smooth
(i.e., a sharp trailing edge is assumed to have a large, but finite, curvature), and X as well as V' are continous
accross the trailing edge, the first two terms on the right-hand-side vanish, such that

a(X-3)

Os

(A.10) 0 = /S [(X A+ (X871, — b - (Xﬁ)lH) (V- 7)

- ‘6(?9;73) +(X- §')MH> W 5)] ds.

To obtain the expression for §J, use is made of the no-slip boundary conditions (3.18)—(3.19) which imply

oV -i)
on =0,
o(V-3) _
Os =0,
oW -7y
5 =0

It is noted that the first equation above is identical with the continuity equation taken on the airfoil surface
with u,v = 0. Equations (A.7)—(A.9) can now be written as

(All) Tex = 2Ny Ny Taw,s
(A.12) Tyy = —2 Nz Ny T,
(A.13) Toy = (N2 = 12 )Tw.

Substituting these and eq11étions (3.12)—(3.13) into (A.3) gives
= 7% Lo .7
5T / M (Tu,(v 5)+15-Ve n) ds.
Noting that

2 4 /
(A.14) ye' = —2 <£—ﬂ>,
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or in terms of the total energy,

EY 0
A5 ¢ = a2 ((P _ ) ,
(A15) 7 p  (y=1Dp
the variation §J2 can be written as
- V(pE) - it AV ’
A.16 5.7:/ M |78 +a?E - ds.
(410 * s 4{T( EAS p (v—-1p)

Next, the variation of 673 is obtained as follows. Equations (3.9)—(3.10) are substituted into equation (A.4)
which yields
_ Nz M3\, = =
7= [ [ (52 + %) @7

Ou' Bxg OV O)3 Ohy  O)3 o' o
(o raa) e (mrs) (Era)] o
Rearranging the coefficients of u gives
D, ) gy
0Tz = /[(a%—l-aq)l(V-V)

Do Dodu (DD s
Or Or Oy Oy Or 8r Oy Oy

é%‘.%a_u/_k%?i + %_6.0_,4_%?&, an
F\oz 0z " 8z ay) " H\ 6z 0z " By oy '

This can be written in a compact form as

5%=/ [(ﬁi)l(vx?’)w Vo -V + Vg - w+§3 \7% +‘;’> 6’)] dqQ.
Q

Using the following vector identities,
(- XUT-V) =V - (V- )T = VUV - X)) -V,
,uﬁAg . 6‘11,, = V . ,uulﬁAz - 71,(6 . ,uﬁ}\z),

pVs -V =V - ' Vg =/ (V - V),

one obtains

(A17) 6= / [v UV - V) + V- pd Vg + V- g/ VA + V - ,w-g_+v v gx] o

UV N = = - O\
—-/ﬂ[ 5 +V-uv>\2+v-p%)u

a(Iv - X)
Oy

o - OX
+V - uVds+ V. pu— || dQ.
KV A3 ”63/) ]
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The terms having the divergence form, which are collected under the first integral, are worked out using the
Gauss theorem (with the integral over So, neglected):

/6 TNy da = — [ iR @) ds,
Q

Sa

/ V. g/ Vg dQ = — / 'V g - 7 dS,
Q

a

/ V. ' Vs dQ = —/ pv' Vg - 7t dS,
)

a

/V ;J,u——dﬂz-—/ uu’%-ﬁds,

aX

Now, the following notations are introduced

o o g
(A.18) _ Lo =1V - A4 2072,
)
- (A19) Ly =1V .- X+ 2;1,8—;,
(s,
(A.20) Toy = < %oy ) :

which may be considered as the elements of an adjoint stress tensor because of the close resemblance with

Texs Tay, a0d 7y, After some manipulations, equation (A.17) can be written as

(A.21) 5T = — / [ 10V - ,\)+2H‘9(2 )) (V" . 7)

3(;;57 + ""(A;;ﬁ) - H(X~§')) (7' é‘))] as

OTwe  OTsy\ , (OTwy T\
‘/Q[<6m+3y>u+(3’t+6y dqQ.
The variation 674 (A.5) is worked out using equations (3.9)—(3.17). This gives
B M M, o
6‘%_[1[(”69; +v 83/) (v-v'

ou' 3)\4 6v’ 8/\4 o' 611,' 8)\4 8A4
”“( % s "ay ay)*“(aw +E> ( Rl ‘a'if>

8)\ 6)\4 8}\4 a>\4 1;
+'7':r:va +a:y6 u + $y3+yy6'l v

b (0 D0 | ¢ 0N
r (6m oz Oy Oy A2
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After some manipulations, one obtains

m:/ﬁ[(?-ﬁmz(ﬁv)

o (00N O ONY (O DA OV DN
KU\ Bz Bz ' By By oz 0z Oy Oy

+ .aﬁ ru_a_lé_}_/v_a./’i, + % u_a.ll_*_vg/v_,
For \"8z "y ) "F ey "oz " oy

8A4 8A4 ’ a>\4 a>\4 /
+ (Tmm o + Ty y > u + <Tm'y oz + Tyy 3y )'U
y2 (36' 3)\4 86' 3)\4) ] o

e \ 3z 0z T By By

A compact form can be written as follows,

6T4 =/ [(" VAUV V)
Q
+puV7>\4 SV + ;wY7>\4 SV + u%v V! + p%v v

3)\4 8A4 ’ aA4 a)“i 1
+ (Tml—é? + Tmyw) U -+ (Twy—a'? + Tyyw> v

+71—3M—r (ﬁe’ . 6)\4) ] do.
The following vector identities are considered,

(V- VAUV - V) =V - (I(V - VI V) = V' VUV - V),

VA -V =V - g’ Vg =/ (V - puVy),
oV - Vo' =V - por Vs — (V- V),

) VI . Vi
2V .V =V u—u'V - . p—
7’ u=V-pu U u(V ,uaxV),

22




for obtaining
§Ts = / [v CUT AT + V- pnd Vg + V- pon Vg
Q

+V . a LUV + V- 64’V+ vpev,\4]d9

2D Oy - O~
+/n[(7w—3-74+ mya (lV V)\4) V. uuVM—V Ko V) o’

3)\4 6}\4 0,5 = = = ) VIR G

15 e
—Pr(v ,u,V)\4)6:| dQ

Applying the Gauss theorem and the no-slip boundary condition for the first integral, and introducing ¥,
¥y, and ¥y, as

_ O Oy

(A.22) Up = (I 4+ 2p)u Yy +l 5

_ O Oy
(A.23) W, = (I +2p)v rm +lu L

_ O\ | 0N
(A.24) Yoy =p < By +v £ )
gives
(A.25) Y A / B (G0 - A)e dS

Sa PI'

_|_/ T % + a_)“f — ___3\Ifmm - B\II"‘"U u
L I\™ 0z T ™8y T Bz oy

o\ o oY, ov
+ <Tmy 6 4 ‘I‘T/yy'—‘{ - _ "—yy> ’l),

RS v v SRV
Pr(v MV)\4)€] dQ.

Substituting equation (A.15) into €’ in the surface integral and equation (A.14) into €’ in the domain integral
results in

(a.20) o= [ [0 (B - by )| s

O Oy OV OV
+/Q [<TM ox +Tmy_5y__ or By )

23




Substitution of equations (A.10), (A.16), (A.21), and (A.26) into (A.6) yields

(A.27) 6 = — / [(X-s?)TLwL(X-ﬁ)TA
- W00 —(X-mm> @ - 1257 +<X-§>uH) @5

M7 (V- 5) + Ma

o b V(EY @i Vi -7
Pr P (y="Dr

- z(vX)Jrz,,a(gf))(v'.ﬁ)-p o-3) | A f)_H(X@)) (V.5

CES!

+/ Ous  Oay O O OWew 00y,
o oz oy Toxr "oy Ox oy )

g ()]

OT., 6T,y _ O\ O\, 00, 0¥\
+<6ﬂ;+6y 2V 5 Tyy8y+6w+6y Y

(V- ) (P' p’)
—_— | [ = — = | [ d0
(y—DPr PP
The domain integral can be expressed in terms of the conservative flow variables by using the transformation
U =vQ,

where Y is the Jacobian of the primitive flow variables, U= (p u v p)T, with respect to Q,

i 1 0 0 0 |
v L 0 0
(A.28) : Y= £ p
—()3 0 % 0
— 1)(u2 4+ 0?2 : '
(l—)—2——-—) —(y=Du —(y=1v 7v-1 |

The coefficients of U’ in equation (A.27) can be collected into a vector K defined as

_az(ﬁ . /ﬁ)q) 1
(y—-1)Pr »p
Oyy | Ol oW Ny OVyy | 0Ty
5z T Oy e Vhy oz | oy
ey | Oy My D 0y  OVyy

5z "oy Vor  Way ' ar | oy

a?(V - uV ) 1
(y=1Pr p

(A.29) K=
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Finally, equation (A.27) is written as

(A.30) 6T = — /S ] [(X A+ (X 8),

(X - 3)
F =55

-(X- ﬁ)lH) (V' -7) - za(gf) +(X- s“)uH> (V- 3)

- VE)Y -7 Vo i
AT (V' - 8) + Mga? £ -
arw(V78) + M5y P (y=1p

- z(ﬁ-X)Jrzua(;\,f))(V'-ﬁ)—u 3(gﬁ+a(gf)—mm> 73

_az.Pﬁr(m i) ((pf L (y i),1)p>] “

+/YTK-Q'dQ.
Q
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objective functional (Cp deviation)

---- Engineering accuracy

"7 9 11 1315 17 19 21 23 25 27
number of aerodynamic analyses

)
h_
O

FiG. 5.1. Optimization history. M = 0.73,a = 2°,Re = 6.5 x 105,
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Cp

---- Initial (NACA 0012)
- - -~ Obtained (26th analysis)
~—— Target (best—fit of RAE2822)
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Xc

1.1

0.15

0.05

T

y/c

~0.05

-0.15

-- -~ Initial (NACA 0012)
- - -~ Obtained (26th analysis)

Target (best—fit of RAE2822)

-0.1

o.1

0.3 05 0.7 0.9
x/c

1.1

Fia. 5.2. Cp distribution and airfoil geometry. M = 0.73,0. = 2°,Re = 6.5 x 10°.
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