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Executive Summary

A plastic potential showing explicitly how crystallographic texture would affect
the plastic anisotropy of sheets of cubic metals (e.g., aluminum) was developed. This
plastic potential is of the form

1,3
2f(o,w) = W(Q tro® + atro® + S o - ®(Waigo, Wago, Wao)[ 0]
o
+711 0 - O (Waoo, Wiao, Waw)[o, o]

+72 0 - ©(Weo0, W0, Weao, Weeo) [0, o));

here o is the deviatoric stress, and w is the orientation distribution function with
expansion coefficients Wj,,,,; ® and © are explictly determined fourth-order and sixth-
order harmonic tensors, respectively; ¥ is a sixth-order tensor expressed explicitly
in terms of ®; Y,,, 3,71 and 7, are material constants. Formulae relating plastic
strain ratios (r-values) of sheet metals to their texture coefficients, as predicted by
this plastic potential, were derived. The derivation of the new plastic potential was
based physically on the principle of material frame-indifference and mathematically
on the theory of group representations and theory of invariants. The group-theoretic
method developed herein could be carried further if derivation of a plastic potential
with higher texture coefficients (say, including those with ! = 8) should become
desirable. ‘
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Effects of Texture on the Plastic Anisotropy of Orthorhombic
Sheets of Cubic Metals: A Group-Theoretic Analysis

Chi-Sing Man
Department of Mathematics
University of Kentucky, Lexington, KY 40506-0027

1 Introduction

Crystallographic texture determines the mechanical anisotropy of sheet metals and
thus strongly influences their formability. For an alloy with a given composition, crys-
tallographic texture is determined by the processing sequence employed to produce
the end product. By suitably controlling thermomechanical processing parameters, a
desirable blending of texture components could be obtained. The capability to mon-
itor crystallographic texture on-line at various stages of the processing sequence is a
prerequisite for controlling the texture of the end product.

Ultrasonic techniques offer a fast and inexpensive means for obtaining information
on the texture of sheet metals on-line. By measuring in effect the texture coefficient
Wgo, ultrasonics has been used [1, 2] successfully for monitoring the average plastic
strain ratio 7 of steel sheets. Efforts [3, 4] have also been made to use ultrasonics to
characterize textures in aluminum alloys. As is well known, ultrasonics can deliver
only very limited information on crystallographic texture. For the applications at
hand, however, we are interested really not in crystallographic texture per se, but
in its effect on formability of the sheet metal in question. Hence the bottom line
is whether the information on texture that we could obtain from ultrasonics would
suffice for our purpose. In this regard the success story on steel sheets serves as a
good example. Earlier studies [5, 6] suggest that the texture coefficients Wio, Wigo,
W40 would specify, to good approximation, the plastic anisotropy of cold-rolled steel
sheets. Through the efforts of many researchers, this observation has ultimately led
to the successful application of ultrasonics for on-line monitoring of the formability
parameter 7 in steel sheets.

As the plastic flow of a sheet metal in forming operations is determined by its
plastic potential, which is often taken as identical to the yield function, it is natural to
ask how crystallographic texture, as described by the orientation distribution function
(ODF) w, would affect the yield function. Back in 1948 Hill [7] introduced a class
of quadratic yield functions for describing the orthotropic plasticity of sheet metals.
Hill’s quadratic class of yield functions was widely adopted in the fifties and sixties




for modelling the plastic anisotropy of steel sheets. On the assumption that the
anisotropic part of the yield function depends linearly on the texture coefficients W;,y,,,
(which should be an adequate assumption if the sheet in question is weakly textured),
it has been proved [8] recently that the principle of material frame-indifference in
continuum mechanics entails the following theorem: For orthorhombic aggregates of
cubic crystallites, the anisotropic part of any yield function in Hill’s quadratic class
can depend on w only in the three texture coefficients Wygo, Wiyao, Waso; moreover,
this dependence is explicitly determined up to a material-dependent multiplicative
factor. The preceding theorem leads to an hitherto unnoticed prediction, which is
borne out by experimental data on low-carbon steel sheets.[9, 10]

Hill’s quadratic yield functions, however, are inadequate [11, 12] for describing the
plastic behavior of aluminum. This finding has prompted research efforts to develop
non-quadratic yield functions. Hill [13] himself has lately introduced a “user-friendly
theory” by adding cubic terms to his 1948 quadratic. On the other hand, a recent
work of Wagner and Liicke [14] suggests that a yield function with seven texture
coefficients (Wypmo for m = 0,2,4, and W, for m = 0,2,4,6) might suffice for
characterizing the plastic anisotropy of aluminum alloys.

In our project we consider only plastic flow under loading conditions. Compli-
cations regarding yielding, unloading, and reloading are not of our concern. All our
discussions will be focused on only one constitutive function, namely, the plastic po-
tential. While it is common to identify the plastic potential with the yield function
(as Hill did), this association is unnecessary for our work and in what follows we shall
refrain from making this extraneous assumption. Henceforth we shall use the symbol
f to denote the plastic potential, and we make no commitment to any theory on the
phenomena of yielding, unloading, and reloading.

For a given w, let us regard the plastic potential f as a smooth function of the
deviatoric stress o and expand f by Taylor’s formula at & = 0. We may delete
the constant term as it has no effect on the plastic flow, which is determined by
the derivative of f with respect to o. The term linear in o also drops out as a
result of the presumed material symmetry. If we truncate the Taylor expansion of
f at the quadratic term, we obtain the class of Hill’s quadratic plastic potentials.
Clearly a natural generalizaion of Hill’s quadratic class would result if we truncate
the expansion at a higher-order term.

Motivated by the work of Hill [13] and of Wagner and Liicke [14] mentioned above,
in this project we truncated the Taylor expansion of f at the cubic term. We restricted
our attention to weakly-textured orthorhombic sheets of cubic crystallites, and we
assumed that the anisotropic part of f depends linearly on the texture coefficients
Wimn (I > 1). Extending our earlier work [8] on Hill’s quadratic yield functions, we
appealed to the principle of material frame-indifference and, without going into any
detailed micromechanical modelling, tried to delineate the dependence of f on the
ODF w as explicitly as possible. The theory of group representations and theory




of invariants provided the appropriate tools for us to achieve this goal and obtained
representation formula (24) which shows explicitly the effects of texture on f.
turns out that this truncated f depends on the ODF only in the aforementioned
seven texture coefficients, and that its anisotropic part can be written as a sum of
three terms, each of which is determined to within a material-dependent multiplicative
constant. After we obtained formula (24), we applied it to obtain formulae which show
in what way the r-values depend on the seven texture coefficients.

In this Final Technical Report, we summarize our main findings in Sections 3 and
4 below. In Section 2 we go over some mathematical preliminaries to prepare for the
discussion in Section 3 on the derivation of formula (24).

2 Decomposing a Tensor into its Irreducible Parts

Let V' be the translation space of the three-dimensional Euclidean space, and let TV
be the space of r-th order tensors on V. A rotation @ on V induces a linear transfor-
mation Q%" on TV, and the map @ — Q®" defines [15] a linear representation of
the rotation group SO(3) on TV Let Z be a subspace of TV invariant under Q®"
for each @, and let Q®"|Z be the restriction of @®" on Z. Then @ — Q®"|Z defines
a linear representation of the rotation group on Z. We refer to these representations
of SO(3) on tensor spaces as tensor representations. Tensor representations of the
rotation group are, in general, not irreducible.

The rotation group can be parametrized by pairs (w,n); for a rotation R(w,n),
0 < w < 7 gives the angle of rotation about an axis specified by the unit vector n;
it is understood that R(w,n) = R(r,—n) when w = 7. The rotation group has a
complete set of irreducible unitary representations D (l =0,1,2,...) of dimension
2l + 1, with characters

(R, m)) = x(w) = 20+ 2 1)

sin 2w

Let x(w) be the character of the representation @ — Q®"|Z which decomposes into
a direct sum

moDo +miDy + -+ +m,D,, (2)
with the multiplicity my (k =0, 1,...,7) given by the formula
me= [ st S, 3

where X denotes the complex conjugate of ch, here X% = xx because i is real.
In what follows we shall be particularly interested in the subspaces [V2]o, [V%]3],
and [[V2]3] of TAV, TV, and TO)V, respectively. Here we have followed a system
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of notation advocated by Jahn [16] and Sirotin [17, 18]: [V?]p denotes the space
of traceless, symmetric second-order tensors, [[V2]2] the symmetric square of [V?],
(i.e., the symmetrized tensor product of [V?]y and [V?]p), and [[V?]3] the symmetric
cube of [V2]y. The characters x4, x» and x. of the representations Q — Q®2|[V?],,
Q — Q®Y[[V?]3], and Q — Q®°|[[V?]3] can be easily found [16, 19] to be

Xe = 14 2cosw+2cos2w, (4)

Xp = 3+4cosw+4cos2w + 2cos3w + 2 cos 4w, (5)

Xe = D+ 8cosw+ 8cos2w + 6cos3w +4cosdw + 2cosbw + 2cosbw,  (6)
respectively. Following usual practice, we use the symbols [V, ..., also to denote
the corresponding representations @ — Q®%|[V?y, ..., respectively. From Egs. (1),

(3) and (4)—(6), we deduce that the tensor representations in question decompose into
their irreducible parts as follows:!

[V?o = D, (7)
(V5] = Do+ Dy + Dy, (8)
[V?§] = Do+ Ds+ D3+ Dy+ D 9)

Let us use Eq. (8) to illustrate the meaning of these decompositions. Let C €
[[V2]2]; it can be taken as a fourth-order tensor which enjoys the major symmetry and
maps [V?]y (i.e., the space of traceless, symmetric second-order tensors) into [V?].
Decomposition (8) asserts that C can be written as the direct sum of three tensors,
which are in a 1-dimensional, 5-dimensional, and 9-dimensional subspace of [[V?]],
respectively; the restrictions of the representations @ — Q®* to these subspaces are
equivalent to the irreducible representations Dy, Dy, and Dy, respectively.

In what follows we shall consider classes of material tensors Z € Z C TV per-
taining to some textured polycrystalline aggregate. The subspace Z will be invariant
under Q®" for each @ € SO(3), and the material tensors Z will be functions of the
ODF w. For weakly-textured aggregates, we shall take Z to be linear in w. Moreover,
the tensor functions Z(w) that we shall consider will naturally satisfy a constraint of
the following form:

Z(To))[Qvy, ..., Qu,] = Z(w)[vy, ..., v,] (10)

for each Q € SO(3), and any vy, ..., v, € V; here, with Q” standing for the transpose
of Q, Tq(w) denotes the rotated ODF defined by

To(w)(R) = w(Q"R) (11)

1The problem of decomposing a tensor into its irreducible parts under the rotation group was
studied by Sirotin [20]. He advocated a two-step approach, in which the decomposition is carried out
first [21] with respect to the general linear group GL(3), and then [22] with respect to the rotation
group. Here we follow a more direct method using characters. Sirotin did not consider the classes
of tensors which concern us here.




for each R € SO(3). Under the preceding constraint and the linearity assumption, it
has been proved [8] that the r-th order tensor Z(w) can depend only on those texture
coefficients Wi, with 1 <1 < r. Let us resolve Z(w) into its irreducible parts (cf.
expression (2)), i.e., writing Z as a direct sum of tensors V) Z; (j = 1,...,my when
the multiplicity my # 0; k =0,1,...,7); () Z) lies in a subspace corresponding to the
irreducible representation Dy. A more refined argument [19] similar to the one given
in [8] shows that () Z; can depend only on those texture coefficients Wi,y,, with [ = k.
Irreducible parts corresponding to the representation Dy are the isotropic parts of Z.

The meaning of the decompositions (7)—(9) in the present context should now be
apparent. Consider C € [[V2]?] again for instance. Decomposition (8) implies that
we can write C in terms of its irreducible parts as

C=Cy+C,+Cy (12)

here Cy is the isotropic part of C; C5 can depend on the ODF w only in the coeffi-
cients Wop,, and Cy only in Wy,,,,. As we shall see in the next section, when my, =1,
the relation of an anisotropic irreducible part to the texture coefficients is determined
up to an arbitrary multiplicative (material) constant. Thus, with decomposition (12)
in hand, the effects of texture on the anisotropy of C' will be determined up to two
material constants.

Before we proceed further, let us record another fact for later use. The tensor space
TWV contains [23] only one invariant subspace Z,(f) of dimension 27 + 1 for which
the representation Q — Q%"|Z ,(:) is equivalent to D,. Moreover, Z ,(LT) is the subspace
of harmonic tensors [24, 25] in TV, i.e., those which are totally symmetric and
traceless. If we denote the tensors in T(")V by H and their components by H;
then the harmonic tensors satisfy

18948y 3

Hiiyip = Hir(l)ir(2)"'i‘r(r) (13)
for each permutation 7 of {1,2,...,7}, and
tr; 1 H = 0 (14)

for any pair of distinct indices 7 and k.




3 A Plastic Potential Which Shows Explicitly the
Effects of Seven Texture Coefficients

Let [V?]y be the set of traceless symmetric second-order tensors, and let w be the ODF.
We consider plastic potentials f with w and the deviatoric stress o as independent
variables. The principle of material frame-indifference [26] dictates that f must satisfy
[8] the identity

f(QeQ", To(w)) = f(o,w) (15)

for each rotation @, each o in [V?]y, and each ODF w; recall that Q7 stands for
the transpose of @, and Tq(w) denotes the rotated ODF defined by Tq(w)(R) =
w(Q™T R) for each rotation R.

Henceforth we restrict our attention to weakly-textured orthorhombic sheets of
cubic metals. Throughout this report we shall always use a spatial coordinate system
whose coordinate axes fall on the axes of orthorhombic symmetry of the polycrys-
talline aggregate, and we shall choose a reference orientation for the constituting
crystallites such that the three 4-fold axes of cubic symmetry of the reference orien-
tation agree with the coordinate axes of the chosen spatial coordinate system. With
this choice of coordinate system and reference crystallite orientation, which we shall
henceforth refer to as the standard setting, orthorhombic texture symmetry and cu-
bic crystal symmetry [27, 28, 29] dictate that for 1 <1 < 7, all Wy, = 0 except for
some with [ = 4 or 6. For [ = 4 and [ = 6, there are three and four independent
texture coefficients, respectively, and we may and will pick Wyy,e (m = 0,2,4) and
Wemo (m =0,2,4,6) to fill that role.

For the present discussion we assume that f is smooth and is linear in w. For a
fixed w, we express f in its Taylor expansion at o = 0 and truncate the expansion
at the cubic term. Thus we have

£(o,w) = £(0,0) + Dif(0,w)o] + D3/ (0, wlo, o] + DY (0,w)o o, o

As the plastic flow will be determined by the derivative of f with respect to o, we
may simply drop the term f(0,w). We may rewrite the other three terms in Eq.
(16) in terms of three tensors B(w), C(w) and D(w) in [V?,, [[V?]3] and [[V?]3],
respectively, as follows: o

D, f(0,w)le] = o-B(w), (17)

SDOw)e.0] = o Cw)ol, (18

1030, u)fo,0,0] = o D)ool (19)
8




Note that C(w) is a fourth-order tensor which enjoys the major symmetry, and D(w)
is a sixth-order tensor which satisfies

o1 D(w)[os, 03] = 1) - D(w)[07+(2), Tr(3)] (20)

for each permutation 7 of {1, 2, 3}.
The constraint (15) on f dictates that the tensors B, C and D satisfy

B(Tq(w)) = QB(w)Q", (
C(Tq(w)[QeQ"] = QC(w)[s]Q", (
D(Tq(w))[QeQ",QoQ"] = QD(w)s,0]Q",

for each o in [V?, each ODF w, and each @ in SO(3). Under the present assump-
tions, we conclude from the decompositions (7)—(9) what follows:

—

N NN
W N =
N N N

1. Since all Wy,,,, are zero, B = 0.

2. Corresponding to the terms Dy and D, in decomposition (8), C can be written
as the direct sum of an isotropic term and a term depending only on Wyoe, Wiaag
and W440.

3. Since all Ws,,, are also zero, according to the decomposition (9), D is the direct
sum of three terms, the first being isotropic, the second depending only on Wy,
W420 and W440, and the third depending only on WG()O, W(ggo, W640 and ngo.

Representation formulae for isotropic fourth-order and sixth-order tensors are well
known. The isotropic terms in question are proportional to tre? and to tro?, respec-
tively. A glance at Eqs. (22) and (23) reveals that these constraints can at best
determine each irreducible part of C or D up to an arbitrary multiplicative constant.
Thus we may express the plastic potential f in the form

2f(o,w) = W(—i tro” + atro” + B o - ®(Wigo, Wiz, Wago)[o]
o
+71 0 - ¥ (Wago, Wazo, Waao) [0, 0] (24)

+720 - ©(Weoo, Weao, Weao, Weeo) [0, &]);

here ® € [[V?]2]; ¥,0 € [[V23]; Y,, ¢, 3,71 and 7, are material constants. Since
& corresponds to the irreducible representation Dy in TV, it is harmonic and is
thence totally symmetric and traceless. Similarly, the sixth-order tensor © is totally
symmetric and traceless.

The explicit dependence of the harmonic tensors ® and © on the texture coeffi-
cients can be determined [19] by appealing to Schur’s lemma and to the constraints
(22) and (23). (The same results can also be obtained [8, 30] directly from (22) and

9




(23) by brute force.) As for ®(w), because of the orthorhombic texture and cubic
crystal symmetry, there are only three independent components:

D129
D133
D933

equations look simplest.

the traceless condition:

Wigo — VT0Wayo,
—4Wa00 + 2V 10W g0,
—4Wag0 — 2V 10Wagg,

(25)

where we have arbitrarily chosen a normalization constant so that the preceding
All other non-trivial components of ® can be obtained
through the total symmetry of ®, except for the following three, which follow from

D111 —(P1122 + P1133)
= 3Wipo — 2V10Wyg + VTOWyyo,
Do = —(Pr120 + Paos3)
= 3Wyo + 2\/EW420 + \/%W440, (26)
Q3333 = —(Pr1ss + Pooss)
= 8W40().
The harmonic tensor ©(w) has four independent components, which can be taken
to be what follows: ‘
v 105
O2011 = —Wego — G Weao + V14Weao + V231 Wigo,
16+4/105
Og2033 = 6Weoo + 5 Weao + 2V 14Weyo, (27)
16+4/105
Os33311 = —8Wpoo —15~'*W620,
164/105
Oss330 = —8Wgoo — B Weao,

where we have again arbitrarily chosen a normalization constant. From the preceding
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four, we appeal to the traceless condition to obtain the following six components:

O119233 = —(O202233 + O330033)
= 2Wsoo — 2V 14 Wy,
O1111220 = —(O112222 + O113392)

/105
= —Weoo + ~—Wiao + V14Weag — V231 Wigo,

15
O111133 = —(©112233 + O113333)
164/105

= 6Wep0 — B Wezo + 2V 14 Wy, (28)
O©unnn = —(O111122 + O111133)

= —5Weoo + V105Weeo — 3V 14Weso + V231 Weo,
O292920 = —(O22011 + O229233)

= —5Wsoo — V105Waz0 — 3V 14Weso — V231 Wieo,
Os33333 = —(Os33311 + Os33322)

16W600.

All the other non-trivial components of © can be determined from those displayed in
Egs. (27) and (28) through the total symmetry of ©.

Finally, let us consider the sixth-order tensor ¥ (w), which resides in a 9-dimensional
subspace Z C [V?]3] such that the representation Q@ — Q®®|Z is equivalent to the
representation Q — Q%47 ,(l4), where Z ,(14) denotes the subspace of harmonic tensors in
T@WYV . Thus there is a linear mapping (i.e., a tenth-order tensor) M : TV — T®)Y
such that the restriction of M to Z ,(14) is an isomorphism of Z,(:l) onto Z. For a given
w, let us denote a generic element in Z,(f) by ®(w) and its image under M by ¥ (w),
ie.,

Viikimn = MijrimnabedPabed- (29)

(Here, to avoid introducing new symbols, we have abused the language and used the
symbols ®(w) and ¥(w) in a more general context. The general relation between
®(w) and ¥(w), which we shall derive presently, remains valid in the special context
at issue.) The constraints (22) and (23) on ®(w) and ¥(w), respectively, imply that
M is a tenth-order isotropic tensor. By a theorem ([31], p. 260) in the theory of
invariants, we can express the isotropic tensor M as a linear combination of terms
each of which can be obtained from

62' ¥] (5kl 5mn (5ab 6cd

by permuting the indices. After taking into account the conditions that @ is totally
symmetric and traceless, that ¥ : [V2]y x [V2]g — [V?]o, and that ¥ enjoys the minor
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symmetries and the symmetry specified by Eq. (20), we obtain the following formula
for the components of ¥, which determines ¥ to within an arbitrary multiplicative
constant:

Uiikimn = —8(0iPrimn + Ou1Pijmn + OmnPijrt) + 3(0ikPjtmn + 6,5 Piimn
+0uPikmn + 61 Pikmn + Omk Priij + SnkPrmiij + OmiPrkij (30)
0 Prmkij + Oim®Pjnkt + 0jmPinkt + 0in@jmur + 00 Pimii)-

In our present context we have already determined ®(w) up to a multiplicative con-
stant. Indeed the components of ®(w) under the standard setting and a particular
choice of normalization constant are given in Egs. (25) and (26) above. Substituting
these explicit expressions into (30) defines the tensor ¥ in Eq. (24). Twenty compo-
nents of ¥ are displayed explicitly in a table given in the Appendix. Any non-trivial
component not given there can be obtained from those displayed by appealing to the
symmetries in the indices of W;jximn.

Similar to the parameters in Hill’s quadratic yield functions, the texture coeffi-
cients in Eq. (24) should be interpreted as “parameters characteristic of the current
state of anisotropy” ([32], p. 318). Evolution of texture during deformations is outside
the scope of our present investigation.

Besides the texture coeflicients, which reflect the influence of texture, the plastic
potential f given in (24) contains five material constants Yj, o, 8, 1 and 7.2 This
plastic potential will fall in Hill’s quadratic class if we drop all the cubic terms in
(24), i.e., by setting @ =0 and v; = 2 = 0.

4 Application: Relations of R-Values to Texture

Let a homogeneous sample sheet of some cubic metal be given. We assume that
the given sheet is orthorhombic, with its axes of sample symmetry in the rolling
direction (RD), the transverse direction (TD), and the normal direction (ND) of
the sheet, respectively. We choose a spatial Cartesian coordinate system such that
the 1-, 2-, and 3-direction agrees with RD, TD, and ND, respectively. We adopt a
reference orientation for the cubic crystallites such that the three four-fold axes of
cubic symmetry of the reference orientation fall on the spatial coordinate aXe,é,

Let 7(0) be the plastic strain ratio in the direction in the plane of the sheet which

2The constants 3,v; and 7 here are different from their namesakes in our earlier papérs 8, 9,
10, 33, 34], because we have chosen for the tensors ®, ¥, and © new normalization constants which
give the formulae above a simpler look.
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makes an angle 6 with the 1-direction of the chosen spatial coordinate system. Let

o= i(r(0)+r(7r/2)+2r(7r/4)), (31)
Ar = %(r(0)+r(7r/2)—2r(7r/4)), (32)
or = r(0) —r(n/2). (33)

Using the function f given by Eq. (24) as the plastic potential in the flow rule, we
deduce that the r-values defined in Eqgs. (31)-(33) are given, correct to terms linear
in the texture coefficients, by the formulae

T = 1-— CLW400 - bWﬁoo, (34)
2 2

Ar = \/_GW440 - L,?-_bWM(), (35)

4\/— 34v/105 2v/231
or = aWiygo + b | ————Weao — Weeo | , (36)

105 7
where

a = 108 + 200¢71, b= —To¢7s, (37)

and oy is the isotropic limit of the uniaxial flow stress when the r-values are measured.
If we set y; = v, = 0 in Egs. (34)-(36), then these equations will reduce to those
[9, 10, 33| that follow from a plastic potential in Hill’s quadratic class.

5 Closing Remarks

The conventional method of measuring directional dependence of ultrasonic wave
speeds will directly deliver only the texture coefficients Wygg, Wigo and Wayyo. If the
plastic potential given in Eq. (24) could adequately model the plastic flow of aluminum
alloys under loading conditions, evaluation of the texture coefficients Wy, for m =
0,2,4,6 should be on the agenda of researchers who strive to develop measurement
systems for on-line monitoring of formability parameters of aluminum alloys. In this
regard the work of Sakata et al. [35] on cold-rolled steel sheets might serve as a
possible point of departure.

The group-theoretic method presented above, in principle, can be carried further if
it should become desirable to keep even higher-order terms in the Taylor expansion of
the plastic potential f. We must keep theory and practice in the proper perspective,
however, as the more terms we keep, the more material constants will result in the
expression for f, which will soon render the expression a theoretical curiosity with no
practical applications.
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Appendix

A Table for the Components of ¥

Every component W;jkimsn of ¥ can be written as a linear combination of Wi,
V10Wy9o and /70Wy4e. The following table lists the coefficients of such linear com-
binations for 20 non-trivial components of ¥. For instance, we have

Uii1111 = 36Wige — 24V 10Wagg + 12V 70Wy.

All the other non-trivial components of ¥ can be obtained from those displayed below
by appealing to the minor symmetries of ¥ (i.e., Vyjximn = ¥jikimn, €tc.) and to the
symmetry specified by Eq. (20) (i-e., Yijkimn = Ykiijmn, €tc.).

Wio V1I0Wi VT0Wiy

Wii1111 36 -24 12
Ui -28 16 -4
Ui11133 -8 8 -8
Uogpon1  -28 -16 -4
W999999 36 24 12
Wo92933 -8 -8 -8
Wasszn  -48 -8 0
W3gsaze  -48 8 0
333333 96 0 0
WU112933 56 0 8
Viizisr  -19 8 3
Ui11212 16 -6 -4
Wogeszes  -19 -8 3
Wo93131 23 -22 -3
Uo91212 16 6 -4
V339323 -4 -14 0
333131 -4 14 0
Uazio12  -32 0 8
Uosziz  -21 0 -3
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