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Abstract

We show that the far fields generated by a source inside or near a micropar-
ticle can be obtained readily by the use of the reciprocity theorem along
with the internal or near fields generated by plane-wave illumination. The
method is useful for solving problems for which the scattered fields gener-
ated with plane-wave illumination have already been obtained. We illustrate
the method for the case of a homogeneous sphere, and then apply it to the
problem of emission from a dipole inside a sphere near a plane interface.
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1.

Introduction

Methods for obtaining the radiation from a source inside or near a micropar-
ticle are needed for a variety of applications: e.g., in modeling the fluorescence
[1-4], Raman [5,6], lasing [7-9], or nonlinear emission [10,11] from molecules
inside or near scattering objects such as homogeneous [12,13] or layered [14]
spheres, spheroids [15], cylinders [16], microdisks [8], radially inhomogeneous
bodies [17], particles with complex structures [18], or particles near surfaces
[19-33]. Methods for modeling emission from polarization sources inside par-
ticles are also needed for some techniques [34] for calculating light scattering
by inhomogeneities inside particles [35,36].

The problem of emission from a molecule or other point source inside or
near a microparticle can be modeled if we treat each point source as a time
harmonic (exp (—iwt) time variation) dipole p(rs) at r;, which generates an
electric field E(r,) at r,. We can model emission from molecules with nonzero
emission linewidths by integrating the electric fields over emission frequencies
[3]. The generated fields are related to the dipole source as follows:

Ei(r,) Gi1(ra,1p) Gra(re, 1) Gis(ra,Ts) p1(Ts)
Ex(ra) | =@’k | Gay(ra,1s) Gaa(ta,ts) Gas(ra,re) | | pa(w) [+ (1)
Es(ra) G3; (I‘m I'b) G32(ra7 I'b) G33(ra7 I‘b) Pz(l‘b)

where the matrix (typically labeled G(r,,3)) is the dyadic Green function
[14,37],* and where the w-dependence of E, G, and p is suppressed. We have

* Another common way to write the Green function relation is
E(r) = wzu/ G(r,r)P(r') dv/,
VI

where P(r') = —iwJ(r'). The dipole moment p(r’) of the source is related to the polar-
ization per unit volume, P(r’) by

p(r)= [ P(')dv.
v

We use the notation of individual dipoles because we have been modeling radiation from
individual molecules.



assumed that the permeability p is uniform.* Although equation (1) is valid
for general r, and 1, in this report we treat only the case in which r, is far
from the particle, and r, is inside, on, or near it.

The Green function of equation (1) obeys the reciprocity relation [14,38,39],1
G(raa rb) = GT(rb7 ra)7 (2)

where T indicates transpose. Given a solution to a scattering problem with a
source at point r,, we can use the reciprocity of the Green function to obtain
[13] or verify [14] Green-function solutions to scattering/emission problems
for sources in other regions. Beginning with the Green function for a source
near a sphere, we can use reciprocity to obtain the solutions for the fields

generated by an incident plane wave [37].

In this report we describe a simple, reciprocity-based method for obtaining
the far-field Green function (the Green function for fields far from an object)
for a source inside or near a microparticle or other scattering object, when
the solutions for the fields generated by an incident plane wave are known.
This far-field Green function differs from the complete Green function for an
emission problem in that several elements of the complete Green function
are not specified. The far-field Green function is often all that is required be-
cause it is typically all that can be detected, for example, by a lens-detector
system located far from the particle. A main benefit of the approach is that
the far-field Green function can be obtained in a simple manner from existing
solutions for the fields generated with plane-wave excitation. Such fields have
been obtained and implemented in computer codes for a variety of scattering
objects (e.g., homogeneous and layered spheres and spheroids, spheres with
continuously variable refractive index, finite cylinders, objects with axisym-
metric surfaces described by Chebyshev polynomials, cylinders, and particles
on or near plane interfaces [21-26]). Another benefit of the approach is that
we can transfer some of the understanding/intuition developed for internal
and near fields of spheres [40-42] and cylinders [42] to the emission problem.
With the reciprocity relations for plane waves and far fields, the intuition
developed with ray-optics or other methods can more readily be used to as-
sist in understanding the problem of emission from a source inside a particle
[3]. We can also use known solutions for plane-wave incidence to validate
the far-field limits of newly developed Green functions and their computer
implementations.

*The assumption of a uniform permeability is valid for the problems we want to model,
which are at optical frequencies. ~
tSee Chew [14], pp 410-411. The relation for regions with varying u is G(r,,rp)p(rs) =

c_;"T(rb» ra)u(ra)'




In section 2, we show how the Green function for the fields far from a mi-
croparticle can be obtained from expressions for the fields generated inside
or near a microparticle by an incident plane wave. In section 3, we illustrate
how this method works for the case of a sphere, a well-studied particle for
which the Green function is known. In section 4, we apply the method to
obtaining the Green function for a dipole inside a sphere on or near a con-
ducting surface, a problem for which (so far as we know) solutions have not
yet been derived. This example illustrates how readily the desired expressions
are obtained from the solution to the plane-wave-incidence problem. Section
5 summarizes the paper.



2. Green Function from Reciprocity

We assume that the solution to the problem of a plane wave illuminating the
particle is available. Our goal is to obtain that part of G(r,, rp) required for
writing the fields far from the dipole and particle.

We begin by writing the plane-wave-illumination problem in matrix form:

El(rb) Fll(rb7 l‘a) F12(Tb, I‘a,) FlB(rba l‘a) Eqe, - il(l‘a)
Es(ry) | = | Far(re,ra) Fao(ry,Ta) Fo3(ry,1a) E,e, -ia(r,) |+ (3)
E;(rp) Fyi(ry,ve) Fao(re,xa) Fis(rs,ra) Ese, - i3(ra)

where E,(ry), Ea(ry), and Es3(rp) are the field components at position ry inside
or near the particle, and the incident plane-wave field is given by

Einc(r) — Eoeoeikq-, (4)

where k is the propagation vector and the unit vector e, is perpendicular to
k. We write the unit vectors as i;(r,) to emphasize that each is evaluated
at r,. An example of F; for axisymmetric particles analyzed in a spherical
coordinate system is given in appendix A.

The incident plane wave can be generated to any degree of accuracy by a time-
harmonic dipole polarization source, p(r,) = €,p(ra), with e, perpendicular
to r,, when the dipole is sufficiently far from the object (i.e., |ra| > A,
and |r,| is many times larger than the object). (The surface on which the
outgoing boundary conditions are applied for the Green-function solutions is
many times further from the object than |r,|.) Near the particle, the field of
the dipole is [43]
2 ik-(r—rg)

B(r) = g o Pre)e (5)
Comparing equations (4) and (5), we see that the amplitude of the plane
wave generated by the source p(r,) is approximately

UJ2 e—ik-ra
E, =2t p(r,), (6)

477,

where |r — r,| in the denominator is replaced by r, = [ro| because the points
r are near the particle and because |r| < |rg].




o

Using equation (6) for E,, we can rewrite equation (3) as

E(rs) Gu(re,Ta) Gra(re,ra) Gis(rsTa) | | Pi(ra)
Eao(ry) | =@t | Gar(r,ra) Gao(rs,Ta) Gas(re,ra) | | P2(ra) | (7)
Es(rb) G31(I‘b,l'a) G32(rb7ra) Gas(rs, Ta) p3(ra)
where .
e—zk-ra
Gij(l‘b,l"a)“—“ dnr, Fi'(rlnra)- (8)

Equations (7) and (8) provide the Green function for the fields inside an
object excited by a dipole far from the object. Then, using the reciprocity
relation, equation (2), we obtain the desired elements of G(r,,r3) generated
by a source at r, inside or near the particle:

Ei(r,) G11(re,rs) Goi(rs,Ta) Gai(re,Ta) p1(rs)
Es(r,) =w’i | Gia(ry,te) Goa(rs,re) Gaa(re,Ta) pa(re) |- (9)
E3(r,) Gi3(rs,ro) Goz(rs,re) Gas(rs,To) p3(1s)

It must be emphasized that the above Green function is valid only for field
points r, far from the particle. For r, close to the particle, some or all of the
G;; would have additional terms that would decay with distance from the
particle.

If a spherical coordinate system is chosen, then r, is far from the particle,
on a line going from the origin in the —k (or i, direction), and p; (r,) for the
incident plane wave is zero; thus, the plane-wave-illumination problem can
be written as

Er (rb) Ulfl‘ (rb, ra) F12(rb7 ra) FlS(rba ra) 0
Ee(rb) = U2F1 (rb7 ra) F22(rb7 ra) F23(rba ra) Eoeo . i0 ) (10)
EqS(rb) U,?ﬁ(rba ra) F32(rb, ra) F33(rb, ra) Eoeo * iq&

where we write the F;;(ry,r,) as U,—I; (ry,r,) to emphasize that they are un-
specified and unneeded for the internal /near fields at rp. The Fja(ry,r,) and
Fi3(ry,r,) are known. The desired Green function, obtained with equations
(8) and (2), is

0 U1G1 (I‘b, I'a) U2Ci (rba ra) Ufﬁ (rb’ ra) pr(rb)
Eo(re) | =Wt | Gua(ts,rs) Goalrs,ra) Gaa(rs,ra) | | palre) | (11)
E4(r,) G13(rp,1a) Gas(rs,Ta) Gss(rs,Ta) Do(Ts)



where G11(ry, To), Go1(Th, Ta), and Ga;(rs, T,) are written as Uﬁ(rb,ra), simi-
lar to the UL (13, r,) of equation (10), because the values are unspecified and
not needed for the far-field solutions at r,. The above expression is valid for
complex w, and so may be useful for treating problems in terms of quasinor-

mal modes [44].

The relations given in equations (9) and (11) are key results of this report.
In particular, in the spherical coordinate system commonly used for parti-
cle scattering problems, equation (11) indicates how the known internal field
solutions (the F,) specify the far fields from an arbitrary dipole source
inside the microparticle. The understanding of the spatial variations of the
Fom (proportional to the Gy,) for some microparticles (spheres [40-42] and
cylinders [42]) can now more readily be used to visualize and understand
the emission problem. Distributions of fluorescence collected from oriented
dipoles inside a sphere have been previously shown [3]. Although the previ-
ous study noted that the emission problem was related to the incident field
problem by reciprocity, the specific relations shown in equation (11) were not
known at that time.




3. Example: Fields from a Source in a Homogeneous

Sphere
|
‘ To illustrate the above method for a well-studied particle (a homogeneous
| sphere), we compare the fields at r, on the —z axis far from the particle
‘ generated by a dipole inside the sphere and lying in the ¢ = 0 (ie., z - 2)
| plane. In this case, we use the spherical coordinate system; i.e., ip = i; is
the unit vector in the radial direction, i, = iy, and i3 = is. Expressions
for the fields emitted by a source inside a sphere are well known [12]. The
fluorescence collected from a dipole inside a sphere, calculated as a function
| of dipole position, has been illustrated elsewhere [3].
3.1 Using Reciprocity
For points in the ¢ = 0 plane, Fi3(rs,x,), Fas(rs,Ta), and F3o(ry,1,) are zero
(see app B), and equation (3) reduces to
E.(1s) Ufi(ry,r0) Fra(rs,Ta) 0 0
Ee(l‘b) = U2F£(rb7 ra) F22(rb1 ra) 0 Eoeo * iO(ra) : (12)
E4(rp) UL (vp,10) 0 Fa3(ry, 10) E,e, - ig(rs)
The desired Green function, as in equations (9) and (11), is of the form
E,-(I‘a) Ulcl(rbv ra) U2Ci (I‘b,l‘a) U3Gl (rbvra) pr(rb)
2
Ep(r,) | =W | Gra(re,ra) Gaa(rs,Ta) 0 po(rs) |- (13)
E¢(I‘a) 0 0 G33(rba ra) p¢(rb)

We consider the case of a ¢-polarized dipole in which p; = p, = 0, and
ps(ry) = pg. Using the Green function from reciprocity (eq (13)) and equation
(8), we obtain FEy(r,) =0, and

eikra

E4(r,) = w?uGas(Ty, Ta)py = w’pps——F33(rs, Ta), (14)

47r,
where k - r, = —kr, because r, is on the —z axis.

Using the Fss given by equation (A-6) with m = 1, we obtain from equation
(14)



Ey(ry) = w’ 15
o(ra) WHPs (15)
d 1 d P} (cos 6y)
_'n —Pl eln . 3 ’n. k _L———_don P
X zn: j (nkrb)deb 1 (cos ) Cetn + . [rojn(nkTs)] -~y .
where from equations (4.3) and (4.5) of Barber and Hill [15]
2 1 )
Celn = = nt 1) ! 1) ) (16)
n(n +1) zj,(nz)[zhn’ ()] — [12]a(n2)) Thn’ (2)
doln = —in+1 2n h 1 772 ) (17)

n(n + 1) 12z, (ne)[wh (z)) — [n2ja(nz)) zhl (z)

where z is the size parameter of the sphere and 7 is its refractive index. With
equations (16) and (17), equation (15) can be written

d
1 n+1 5 ¥ p1
Ey(ra) = e'kre  wiukpy (2n +1) " jn(nkrs) dngn(cosab)
¢\ta k‘Ta n 47 n(n + 1) zjn(nli)[xh%l)(x)]' _ [nxjn(nx)]'xhg)(as)
tod o PX(cos 6)
———— [regn(nkry)] ————
kry dry [regn(mkry)] sin @, 18

2z jn(nz)zh ()] — [nzja(nz)) zhi(z) |

3.2 Using the Complete Green-Function Solution

We verify our results by comparing them with results obtained in the tra-
ditional boundary-value fashion: i.e., starting out with a radiating dipole
within the sphere, satisfying the boundary conditions at the sphere surface
and finding the resulting scattered far field in the 6, = m direction. Using
the complete Green-function solution for a source inside a sphere (see app B)
with ps(rs) = pg and p; = p; = 0, we obtain the scattered field coefficients
as

fI/G — _w2up¢£_ i¢> -My! (Ukl”b)

) (19)

™ jo () k) ()] — [nzja(02)) e (2)
by using equations (B-4) and (B-7), and




k iy - Nvi(nkr
g€ = —wPups— ?1)¢ ; ( .b) 6!
T 125 (nz) [zhe’ ()] = [Nz gn(nz)] hn (2)
by using equations (B-5) and (B-8).
From the definitions of Mu!(nkry) and Nv'(nkry), the fv€ and gv€ simplify
to f¢ . =g5..=0,and

, o (20)

. d .
¢ _ w2ukpgs ]n(nk"”b)ﬁpn (cos B)

21

e T (nz)ehi (2)) — [ega(n2)) B (2) 2y
_ P (cos 6)

& = —w?ppy d_m[m"(nkrb)] sin 6, @)

maty 2 (na) ki) (@)) — esa(ne)] b (2)

Now, by restricting the field points r, to the z axis where the contributions
for m # 1 are zero, and restricting the source points r; to the ¢ = 0 plane,
noting that

P}(cosb,) _ (_1)n+1n(n +1) (23)
sinf, | _, 2
d _ n(n+1)
a0 P.(cosb,) - = (-1) 5 (24)

(because 6, = 7 at the field point), and using the far-field expansion of the
spherical Hankel function,

Z'—(n+1) ]

hD (kr) = o etkr (25)

we obtain

i n(n+ 1) ¥

Meln(kr)lezw =1 9 —k';'ldﬂ (26)
an(n+1)e*,
Noln(kr)|9=ﬂ = —1 —-—2—— r 1p. (27)
Then using equation (B-6), we obtain E§ = 0, and
e ~n(n + 1) (n+1) n
Z 1 [Z feln +1 goln] ) (28)

n
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Ey

which is equivalent to

d
. ((n+1) ;  pl
etkra w2ukp¢ (277, + 1) 2 ]n(nkrb) dgb Pn (COS 9[;) (29)

bro & 4w+ 1) | () ek @) = g2 ke (@)
i"td P1(cos by)
. mg;;[rbjn(nkrb)]-m;—

1225 (n2)[zhD ()] — [nja(n2)] 2h (2)

The expressions for the electric field that we obtained using reciprocity (eq
(18)) and using the complete solution (eq (29)) are the same.




4. Example: Fields from Source in Homogeneous
Sphere near a Plane Conducting Interface

Fluorescence and Raman emission have been used in characterizing particles
on, inside, or near a surface, e.g., a biological cell or spore on a filter, or a
contaminant particle on a silicon wafer. Solutions have been described for
the fields scattered by a sphere in close proximity to a plane interface and
illuminated with a plane wave [21-26]. However, as far as we know, solutions
for the fields emitted from a dipole inside a sphere on a plane surface have not
been described. Here we use the reciprocity theorem and a known solution
for the fields generated in a sphere with plane-wave excitation to write the
solution for the far fields generated by a dipole emitting inside a sphere on or
near a plane surface. To obtain the F}; required for equation (3), we use the
derivation of Videen [26] who presents a solution to the fields of a particle on
or near a perfectly conducting plane surface. The vector spherical harmonics
used in that article [26] and in this section are normalized:

- 5 d
(h) — ,(0) m imé _ 3.(p) imo.
M;?) esmﬁ (kr)P™(cos §)e™? — ¢2Y (kr)deP (cosB)e _ (30)
- 1 d -
o) — 1,0 m img 0) m img
N2 P (k yn(n + 1)P™(cos 6)e +9 [rz (kr) ] dOP" (cosf)e
~ 1 m =
—_— (p) im¢
+ ¢ rd [rzn" (lcr)] = " (cos )e™?.

Although it is usually not appropriate to use multiple definitions of the vector
spherical harmonics in one paper, here the multiple definitions help illustrate
the generality of the approach stated in section 2.

We solved the plane-wave-incidence problem by expanding the incident plane
wave, the scattered fields, and fields interior to the sphere in vector spher-
ical harmonics. In addition to these fields, there is an interaction field that
scatters from the sphere, reflects from the plane surface, and illuminates the
sphere again. We determine the field coefficients by forcing the boundary
conditions at the interfaces of the sphere and plane surface to be satisfied
simultaneously.

The fields inside the homogeneous sphere are expanded as [26]

11



E™(nkr) Zel) MY (nkr) +e£me,§n(nkr), (31)

where el/) are the interior field coefficients. These coefficients are expressed
in terms of the known scattering, interaction, and incident field coefficients,

bY) ) and al) | as
S«r%jn(nkr) = 5&172137’1 (ka) + ngln)lhn (ka) + C(%jn (ka) ) (32)
me®@ jo(nkr) = g, (ka) + bk, (ka) + cipjn (ka).  (33)

We can express equations (31) to (33) in the Green-function formalism of
section 2 by writing out the vector spherical harmonics in equation (31), and
writing the fields in terms of the F}; of equation (3) as

1 - .
Fia(ry, 1) = egleM—k;’—z,(ll)(nkrb)n(n + 1)P*(cos Gb)e‘md"’, (34)
n,m NIkTy
1
Fis(rp,re) = eslzz‘TEnkr (1)(nka)n(”+1)Pm(0059b) mw" (35)
Fao(rs, 1) = Z e M) (krg) B (cos 6,)e ™ + (36)
s

1 d d
2)yT™M_ -~ (1) k Pm imep
Enm nkry dry [sz (n rb)] dg, " (cos 6 )™,

Fas(ry,1,) = Zegl,;TEéb— 1)(nlcrb)P’"(cos By)e ™o + (37)
b

n,m

1 d d .
@QTE_* (1) m imey
Crm ok dry [7‘ 2, (nkrb)] deP (cos b)e™?,

Fao(ry,r) = Y — —eTM, (1)(nkrb)—P (cos B)e"™% + (38)

n,m

Jorm_ 1 d [rbz (nkrb)]

Pm 0 1m¢b
e nkry dry (cos Bs)e

nf,
d
Fi3(ry,r,) = Z SL%TE (1)(nkrb)deme(coseb)e"m"’b+ (39)

nm

m =~ .
P™(cos 8,)e™,

1 d i
engLTE [rbz(l (Ukrb)] sm@b n

nkry dry
where the superscripts TE and TM, on the internal field coefficients, refer
to the polarization state of the incident plane wave. The desired Green func-

tion is then given directly by equation (11) with G;; (ry,r,) obtained from
Fi;(ry,,) as described in equation (8). Thus, the scattered field components




|

resulting from a dipole within a sphere near a perfectly conducting surface
. are obtained with equation (31).
|

Although the above was derived for the particular problem of a sphere above
a surface, the preceding expressions for the Fj;(ry, r,) and the Gij(rs,r,) are
valid for any particle for which the internal field coefficients of equation (31),
el and e?) | are known. For a dipole outside but near the particle, equations
(34) to (39) may also be used, where the internal field coefficients ed)T* are
now replaced by the scattered field coefficients, and the Bessel functions are
replaced by the appropriate Hankel functions. The particular case of a sphere
near a substrate is slightly more complicated when the dipole is outside the
sphere, because the interaction field must also be included with the scattered
field. Finally, although we have used normalized vector spherical harmonics,
these equations may also be applied to coefficients derived with unnormal-
ized vector spherical harmonics by a simple replacement of the normalized
associated Legendre polynomials, P™(cos 6), with the associated Legendre
polynomials, P7*(cos 6).

|
13



5.

Summary

14

This report is based on the following three observations: (1) The Green func-
tion relating a source and a scattered field obeys a reciprocity relation (14,38].
(2) Solutions for the fields inside or near a variety of scattering objects have
been obtained for plane-wave excitation but not more general sources. (3) For
many problems in which a molecule or polarization source emits inside or near
a scattering object, it is only the far fields that are measured or are of in-
terest; for these problems, a far-field Green function that only specifies the
fields far from the particle is sufficient.

The key point of this report is that reciprocity and known solutions for the
fields generated in a particle by plane-wave incident fields can be readily used
to find the far fields emitted by a source inside or near the particle. Although
only a partial Green function is known from the plane-wave-incidence prob-
lem, that partial Green function and reciprocity are sufficient for specifying
the far fields. These key results are given in equations (9) and (11).

In section 4, we illustrate the technique by applying it to a particle for which
the solution is well known: a homogeneous sphere in a homogeneous medium.
We then demonstrate the power of this technique by applying it to a more
complicated problem for which the fields emitted by a dipole in the parti-
cle are not known: a dipole located within a sphere near a plane interface.
Although the solution was derived for this particular system, the equations
given in section 4 can be applied to any system for which the internal or scat-
tering coefficients of an expansion in vector spherical harmonics have been
derived.

Another benefit of understanding these reciprocity relations of the inter-
nal fields generated by incident plane waves is that the understanding of
the internal intensity patterns of particles (obtained from ray-optic analyses,
comparisons with Fabry-Perot cavities, etc) can be used to help develop an
understanding of emission patterns from sources inside the particle [3].




Appendix A. Example: Fj;for Axisymmetric
Particles

If the scattering solution is found for an axisymmetric particle with a spher-
ical coordinate system and spherical wave functions, and r; is in the ¢ =0

plane, then Fio, Fp,, F3, are given by the summation over n' of EM E,

Eir of equation (3.10) of Barber and Hill [15], i.e.,

Jn (nkrs) P™ (cosB) .
- L Opdemn,
Fig gn:ln(n-kl) v cos may =~y sin 8,d
. mP™ (cos 6
Fy = ;n]n (nkrb) cosmqﬁb_._?l(leb—b) o
+ = —d—[r(k )]cosqude(co 6y) d
nkrb dry 6Jn\TKTs deg~ " S Ub emn

d
Fp = Z —In (nkrb) sin m(bb@P,:"(COS Hb)comn

1 d mP (cos 65)

ok )
nkry dry [rogn (7 o)] sinmay sin 6,

demn bl

int

(A-1)

(A-2)

(A-3)

where the Cemn, Comn, demn, and domn are the internal field coefficients of the
particle. The F}; are not specified in the plane-wave-incidence problem. The
Fi3, Fys, F33 are given by the summation over n’ of Ei™, Ej™, EJ* of equation

(3.11) of Barber and Hill [15):

Jn (nkrs) . Py (cosbs) .
=Y 1) oY —n \RT)
Fis n’mn(n—}— ) o sin may 06 s
. . mP (cos 6
Fps = 2 —Jn (nkrb) Slnm¢b——".( b) emn
o sin 0,

d

1 d
+ ——— [regn(nkms)] sin m¢bEP,’l"(cos 6y )dommn,

nkry dry

d
Fy3 = Z —In (’I’]k?"b) CcOs mqbb@P,T(COS eb)cemn

mP™ (cos 6y)

1 d .
+ ——— [ryjn(nkrs)] cosmey sin 6,

17](27‘1, dT‘b

in Oydomn,

domn N

(A-4)

(A-5)

15
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If the particle has spherical symmetry, these equations can be simplified,
since only the m = 1 terms contribute to the scattered fields. The reduced
equations for Fya, Fag, F3; are given by the summation over n of Bt Eirt,
E* of equation (4.33) [15), and Fi3, Fos, F33 are given by the summation

over n of B, Eirt, EI of equation (4.34).




Appendix B. Fields from a Dipole Inside a Sphere

The Green function for a source inside a sphere has been described [12-14,37].
The total internal field generated by the source inside the sphere is [3]

ET (nkr) = Ef (nkr) + E (nkr). (B-1)

Here, E¥ (nkr) is the electric field at r radiated by arbitrary polarization
sources at r' (where r > r’) in a homogeneous region of refractive index 7,

Ef (nkr) = i_o: Dvlev?Mu3(nkr) + dv¥ N2 (nkr)]. (B-2)

The superscripts on the vector spherical harmonics refer to the kind of radial
function (first or third) used in the expansion, and v represents the spherical
harmonic triple index o, m, n, where ¢ is even or odd, n is the mode number,
and m is the azimuthal mode number. The normalization constant is

€m(2n + 1)(n — m)!

Do = s D+ m)

(B-3)

where €., is equal to 1 for m = 0 and equal to 2 for m > 0.

The field expansion coefficients cv¥’ and dv¥ are determined by the strength,
position, and orientation of the source polarization p(rs) as

k

e = iw?zz?np(rb)-le(nkrb), (B-4)
k

av? = iwu—lp(r,) - Nv'(nkry), (B-5)

where the superscript H indicates a homogeneous region.

The induced electric fields outside the sphere are expanded as

E*C(kr) = i Du[fr®Mv3(kr) + gv® N3 (kr)), (B-6)

v=1

where fv¢ and gv€ are termed the “scattered” field expansion coeflicients
because of their similarity in equation (B-6) to the scattering coefficients of
the usual scattering problem. The G in the superscripts of the cv'¢, dvi€,

17



fv°, and gv° differentiates these internal and scattered coefficients from the
field coeficients used with other incident fields.

The scattered field coefficients are
1

njn(ne)zh (2)] — nlnzja(nz)) =k (2)
)

2zjn(n2)[zhS ()] — [n2jn(n2)) RS (2)]

where 7 is the size parameter and 7 is the refractive index of the host sphere,
jn (nz) is the spherical Bessel function, and h{!) (z) is the spherical Hankel
function of the first kind. All derivatives (denoted by the primes) are with
respect to the argument.

, (BT

e =

G dl/H

g” = (B-8)

In our earlier work describing the fields from a dipole inside a sphere, the
sign of the coefficients of the induced internal transverse magnetic fields (the
dviC in eq (A9) of Hill et al. [3] and in eq (12) of Hill et al. [34]) should
have been negative. These dv'C coefficients are not used here, nor were they
used in the previous references [3,34]. However, the sign error is important
for anyone verifying the above expressions.
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