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Project Summary

The project objective is the development of codes to simulate the interaction of charged
particles and the electromagnetic field inside of complex chambers. This project is
applicable to simulation of microwave devices. The codes are built around the use of
generalized curvilinear coordinate systems based on hexahedral elements that can be
made to conform to complex boundary surfaces. The new element in this project is the
use of multiple coordinate patches to accommodate discontinuous and cylindrical
surfaces.

The main accomplishment is the development of techniques to allow integration of the
Maxwell equations across coordinate discontinuities. The technique is demonstrated on a

solid cylinder of variable cross section. The report also presents grid generation
techniques. B
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1. Background and Motivation

The original objective of this project had been to apply recently developed
algorithms relating to the use of generalized curvilinear coordinates to simulate the
interaction of charged particles and the electromagnetic field within microwave generation
devices of complex shapes. Curvilinear coordinates enable coordinate surfaces to conform
to continuous boundary surfaces, which greatly simplifies the imposition of boundary
conditions. Microwave devices involve the interaction between charged particles and the
electromagnetic field. This interaction is most easily treated in a coordinate using
hexahedral cells, which are topologically equivalent to a cubic lattice. Madsen [1995], on
the other hand, described methods simulating electromagnetic propagation using more
general finite elements, but his work did not include particle interaction.

Most devices of practical interest have sharp edges requiring discontinuous
coordinate surfaces. It became apparent that attempts to approximate a discontinuous
surface by a coordinate surface with large curvature would introduce unacceptable errors
in the evaluation of the field derivatives needed in Maxwell equations. Eastwood et. al.
[1995] show that complex devices can be modeled by use of multiple coordinate patches,
each of which may be continuous. The sharp edge of the bounding domain would then lie
on the surface separating the coordinate patches. The boundary conditions can be made
homogeneous and imposed on a continuous surface. These considerations have led to the
focus of this project on the design of a code which accommodates an arbitrary number of
coordinate patches, each of which may be dimensioned differently.

Although individual coordinate patches may be continuous, it is not always possible
to join the coordinate patches so that grid across the patches is continuous. A good
example is the common problem of propagation in a cylinder. An obvious choice would be
the use of cylindrical coordinates. The problem is that cylindrical coordinates have a
coordinate singularity along the central axis. Figure 1 shows the coverage of the interior
of a circular domain by five coordinate patches, similar to that suggested by Eastwood et
al., [1995]. Figure 2 shows the use of this coordinate system inside a solid cylinder of
arbitrary cross section. Each coordinate patch is continuous, but the coordinates undergo
a discontinuous change in direction across the boundaries separating the peripheral
patches. The time stepping of Maxwell’s equations for the electromagnetic field involves
the numerical differentiation of vector fields across coordinate patches. This poses special
problems because field components with respect to one coordinate system will be different
in another. Another problem is that coordinate systems cannot always be constrained to be
orthogonal. The result of a cur/ operation will give a vector component perpendicular to a
cell face. Evaluation of a cur/ by Stokes’ theorem requires vector components parallel to
cell edges. In a non-orthogonal coordinate system cell edges are not parallel to cell face
normals. Conversion from one to another requires interpolation, which is a multi-grid
point operation that may cross coordinate patch boundaries.

The main focus of efforts reported in this document is the development of robust
techniques for accurate numerical integration of Maxwell’s equations across discontinuous
coordinate patch boundaries. The next section provides a more detailed description of the
electromagnetic code and particle mover in curvilinear coordinates. This will provide
background for Section 3, which describes the multiple-patch code. The focus will be on
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conversion from face-normal to edge tangent components used in the evaluation of cur/E
and cur/B in the neighborhood of and across patch boundaries. The other critical element
described in Section 3 will be the particle mover and current algorithm in relation to patch
boundaries. Section 4 will describe techniques used for coordinate generation.

2. The Electromagnetic Code in Generalized Curvilinear Coordinates

This section describes the electromagnetic code as implemented for a single
coordinate patch. The details of curvilinear methods, as applied to a hybrid code, have
been previously reported [Swift, 1996]. The main purpose of this section is to acquaint
the reader with the methods that will form the context of the new work to be reported in
the next section.

Figure 3 shows the arrangement of the data elements on a hexahedral grid. This
layout is analogous to the two-dimensional layout for an electromagnetic code in a
rectangular grid described by Birdsall and Langdon [1985]. The important feature to
notice in the figure is that the fields are laid out on a staggered grid. The divergence of
the electric field lies on the main set of grid points. From Gauss’ law, this must also be the
locus of the charge, and hence particle, density. This grid point denoted by the integer
indices is at the center of the /o-cell. The electric field components are located on the faces
of the cell, as shown in the figure. The divergence of the magnetic field is located at the
half-grid point and is the center of the B-cell. The magnetic field components are similarly
located at the faces of the B-cell. The grid point locations of the various curvilinear
components of the electromagnetic field are also indicated in figure 3.

2.1 The Field Equations
The function of the electromagnetic code is to advance the two Maxwell equations
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Where B is defined in terms of the gyrofrequency of a particle of mass m, E is defined in
terms of the acceleration and J is in units of particle flux. Stokes theorem is used to
discretize these equations. For example, Faraday’s law takes the form
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Now, let us apply this to the right-facing face on the parallelepiped centered at

ij +%k + % The discretized time derivative of the face normal component of B, B', is

given by
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where, the I’s are the cell-edge tangent vectors, which reside at the center of cell edges;
an example of which is given by

(12),"]*.%,/{ = ri.j+l,k - rl.j'./c (4)
The |, is obtained by differencing on the i-index, and I, by differencing on the 4-index. The
same procedure can be carried out to evaluate the time derivative of E working on the [-

cell. The calculation of the position vector r,; will be explained in Section 4 which
describes the grid generation procedures used. The component B' is defined through

B=¢ B +e,B" +¢,5° (5)
where e, =1, //, . The component, say, B, can be obtained by taking the scalar product of
the above expression with 1, x 1, which is the area of face 1.

The tangential electric field appearing in (3) is therefore given by

E-1 =1 e +1 e, +1 -,/ (6)

[n an orthogonal coordinate system, only the /' term would be present. Since the various

components of E reside at different cell faces, second-order accuracy requires the other
components be interpolated to the position occupied by E-1,. For example computation

of E-1, requires
(E2>1+],£,j,k = 7]{[(Ez)i,jﬂi.k +(Ez)l.j—}§.k +(E2)i+l,j+,‘,§.k +(E2)i+l./—,‘,‘2'.k] (7

and a similar interpolation is required for the /*-~component.

The above discussion indicates the steps necessary to evaluate the time derivative of
the magnetic field from Faraday’s law. The advancement of the electric field from
Ampere’s law follows a similar procedure.

2.2 The Particle Equations of Motion.
The standard relativistic equations of motion in the units of (1) are

du

—=E+uxB/; 8a
E=E+uxB/y (82
-Z—j:u/}/ (8b)

where u is the momentum per unit mass, and 7 = \/1+u%/c? . The time stepping of these

equations is standard and will not be repeated here. Instead the discussion will focus on
those aspects of integration of (8) peculiar to curvilinear coordinates. The main difficulty
posed by use of curvilinear coordinates is that evaluation of the derivative in (8a) requires
differentiation of the of the metric coefficients, the I, in (4). It will be noticed that this has



been avoided in the evaluation of the cur/ operations. To avoid differencing errors, we
choose to keep the components of u in Cartesian components. This requires conversion of
E and B from face-normal to Cartesian components. The conversion simply requires
resolution of the x, y and z-components of the e; appearing in (5). The components are
easily computed from x, y and z components of the coordinate positions appearing in (4).
As previously indicated, the particle charge density resides at the center of the E-cell, r, ke
Momentum conservation requires that both the E and B fields be interpolated from the
position at which the charge density resides. The code therefore interpolates the face-
normal components to the [-cell center prior to computation of the Cartesian
components.

Equation (8b) is integrated in curvilinear coordinates. The reason is that it is the
curvilinear coordinate that serves as a pointer to the grid points surrounding the particle.
In fact, the grid point indices are simply obtained by truncating the curvilinear position.
PIC (particle-in-cell) weighting is used to interpolate the fields to the particle position.
Updating the curvilinear position requires conversion of the velocity to face-normal
components. The curvilinear velocity component, ¢' can be obtained by taking the scalar
product of the relation

(Lo + L, + 1) 17 = 1G4 1,47 +1,¢° (9)
with I, x I3 This generates a 3x3 matrix transformation. The curvilinear velocity is now

position dependent. The transformation elements reside at the center of the /£-cells, and
the transformation is evaluated at the particle by PIC interpolation. To preserve second
order accuracy, the particle’s curvilinear position is advanced a half time step. The
transformation evaluated at the half time step position is then used to advance the
particle’s curvilinear position a full time step. This procedure makes the curvilinear move a
rather computationally expensive part of the particle update.

2.3 Calculation of the Current.

This subsection describes the implementation of the Villasenor-Buneman [1992]
exactly charge-conserving algorithm for calculating the current. The essence of the
algorithm is illustrated in Figure 4, which shows the finite element of charge carried by a
particle on a rectangular grid. The particle element is the same size as the grid cell. The
current is the amount of charge, represented by the change in area, carried across a cell
boundary by a particle in a time step, divided by the duration of the time step. In two
dimensions the current vector resides on the center of the cell boundary and is normal to
the boundary. Since the amount of flux crossing a boundary represents the decrease
(increase) in area occupied by the particle within a given cell, the current is rigorously
conservative. In three dimensions the components of the current are centered on the cell
face and normal to the cell face.

In curvilinear space, the coordinate system is a cubic lattice with unit distance
between grid points. Hence the conversion to curvilinear is trivial. The current comes out
automatically to have face-normal components centered on faces of the /i-cells — just
where it is needed to update the /.-field from Ampere’s law. The particle’s motion in

curvilinear space is computed with the ¢’ that is needed to update the particle position.



A particle’s charge element can intersect a rather large number of cell faces during a
time step. Villasenor and Buneman use a rather complicated decision tree to calculate the
amount of charge crossing each cell face. We have implemented a conceptually simpler
recursion process. In our code the current calculation is done in conjunction with the
particle move. The move is stopped each time a particle’s finite element crosses a new cell
face. The time is recorded and a new move is begun for the particle starting at the
recorded time. The particle can recirculate through the move loop an arbitrary number of
times until the duration of the time step has elapsed.

3. Muitiple Coordinate Patches

The major accomplishment of this project has been the extension of the methods
described above to coverage of a domain by an arbitrary number of coordinate patches.
The design philosophy has been to segregate the code. One set of subroutines operates on
coordinate patches independently, and another set of subroutines takes care of passing
data between coordinate patches. This allows direct incorporation of methods already
developed for curvilinear coordinates into the multiple coordinate patch environment.

This has required some change in the structure of the data. Flexibility and generality
require that the code be allowed to loop through an arbitrary number of patches, each of
which may be dimensioned differently. This flexible data structure is accommodated in the
Fortran 90 language used in the project. In this language, a component of the electric field
may be referenced as

f(m)se(i,j,k,n) = ...
where £ is a fype, or structure in C parlance, describing the field variables. Other members
of the type are the electric field and current density. The m index is the patch number. The
i, j, k indices refer to the grid point, and are used in the same context as the in Section 2.
The index n, which runs from 1 to 3, is the component number. The dimension declaration
on the positions of 7, j, k indices depend on the patch number.

Particles comprise a different data structure. A particle’s curvilinear position may be
referenced by

p(m)sq(k,n) = ...
where p is the fype describing the particle arrays, m is the patch index , & is a particle
index, and # is the component of the particle’s position vector. All of the particles
corresponding to patch number m reside within the volume occupied by coordinate patch
m. The k-slot is dimensioned sufficiently large to accommodate all the particles likely to be
within the volume of patch m. The particle arrays are allocable, so it is possible to re-
dimension them from time to time, as particles move from one region to another.

The code is written for the Cray Y-MP, but the structure can be efficiently
implemented on a distributed memory parallel computer by mapping patches onto
individual processor elements. The sharing of data between coordinate patches minimizes
inter-patch/processor communication by keeping the bulk of data references local to a
patch/processor.

3.1 Sharing of Field Data

The key to modularization of the computation is data sharing. Figure 5 shows a
blow-up of the grid shown in Figure 1 around the region surrounding the intersection of
three coordinate patches. Also shown is the dual grid structure. The solid lines denote the



B-cells, while the dotted lines are the E-cells. The density resides at the intersection of
solid lines. The dashed grid is displaced a half grid distance out of the page from the solid
grid. Data on the heavy grids is common to two or more patches. The choice of location
of the density, and hence the £ and B-cells is dictated by compatibility with the Villasenor-
Buneman current algorithm across patch boundaries.

Consider the interface between patches 1 and 5 and the update of B* and £°, which
are field components normal to the page. The B® resides on the intersection of dashed
lines, and is updated by taking the line integral of E on the surrounding solid lines. The
update occurs in patch 5. The update of £ on the other hand occurs in patch 1. Because
the data is shared, the update is done entirely within a patch. Once the update on each of
the patches is complete, data on the solid boundary line must be shared with patch 5, and
data on the heavy dashed line must be copied from patch 5 to patch 1.

The data sharing is accomplished through separate interface subroutines for the B
and E fields. The subroutines are invoked twice: Once operating on the face normal
components following the update of the fields, and once again on the tangential
components of the fields following the conversion of the field from face normal to edge
tangential components. The interface routines loop through all of the patches. Within each
patch loop are nested loops over the three coordinats and each of the six faces. The
controlling parameters determine whether the patch boundary is an external boundary or
an inter-patch boundary. In the case of an external boundary, the interface routine sets the
appropriate components to the values required by the boundary condition. In the case of
an inter-patch boundary, the number of the adjacent patch is identified.

The interface routine then, where appropriate, assigns values of the field variables
from the adjacent patch to its grid. On the interface between patches 1 and 5 in Figure 5,
the 1-components of both patches increase to the right and the 2-components both
increase in the upward direction. Thus the interface routine operating on patch 5 simply
copies values B',E? and [* lying on the solid line to its grid. When it operates on patch 1,
values of B°, B’ and £' from patch 5 are copied to patch 1. In the case of the interface
between patches 2 and 5, the l-coordinate increases upward and the 2-coordinate
increases to the left. This means that B' copied from patch 2 becomes B* when transferred
to patch 5, and £* becomes -E' when transferred to patch 5. The reverse occurs when
variables on the heavy dashed line are transferred from patch 5 to patch 2. Also, since grid
points are sometimes enumerated in opposite directions, the interface routine must take
care of relabeling of grid indices. There are in fact six parameters that identify adjacent
patches and are responsible for relabeling and re-numerating of grid points for every patch
component on every face of each patch.

3.2 Coordinate Discontinuities

The above procedure of copying and relabeling of field components is appropriate to
boundary transitions between coordinate patches that are continuous. Figure 6 illustrates
the difficulties when the methods described above are applied to discontinuities between
coordinate patches. One problem is illustrated in the case of £' The face normal
component that emerges from taking the cur/ of B is displaced the cell-edge component.
In the case of the 1-component of the magnetic field, the center of a coordinate face is
displaced from the center of a coordinate edge. Moreover, the coordinate directions



change so drastically that the face normal direction one side of a cell bears little
resemblance to the face normal direction on the other. The usual interpolation methods
described in the previous section will fail to give an accurate value for the tangential
component, B,. Since the curl operation takes differences between field components,
acceptable accuracy requires very accurate values for the tangential components.

Since the interpolation methods described in the previous section will not work in
the neighborhood of a coordinate discontinuity, more general methods for interpolating in
both direction and position are needed. This can be done by using the expansion

E= lx[ax +bx(x— xo) +cx(y—y0) +dx(z —zo)] +
ly[ay+by(x~x0)+cy(y—y0)+a’y(z—zo)]+ (10)

lz[aZ + b_,(x - xo) + c:(y —yo) + d:(z - zo)]

The tangential component of, say, £, at the point x,,y,,z,. is calculated by taking the
scalar product of (10) with I, defined in (4). The result is

L =l.a, +ha,+.a. (11)

To determine the Cartesian components of a, b, ¢ and d in (10), we equate the

expression with

E=elL' +e,L%+e,F (12)
at twelve neighboring points where the face normal £' are known. For example, say we

know /7 at the point x,,y,,z;, then one of the twelve relations needed to determine the

coeflicients in (10) 1s

e, -(e3 X el)E2 =1, -(e3 X el) a. + bx(xj. —x0)+cx(yj. —yo) +dx(zj —zo)] +
1, -(e3 X el) a, +b),(x/. —xo) +cy(yj. —yo) +d),<zj —zo)] + (13)

1. -(e3 X el) a, + b:(xj. - xo) +c:(yj —yo) +a’:<zj —20)]
The set of twelve equations generated are then solved to determine the coefficients

in a. Given the template of twelve face center points it is possible to compute any
component of the E or B fields, say £,

12
Ei = ZamEn (14)
n=1

where the a,, are precomputed by taking the inverse of a 12x12 template matrix.

The same procedure is applied to the magnetic field, B. In addition it is necessary to
determine £' on each side of the discontinuity, as illustrated in Figure 6. This is done by
taking the scalar product of (10) for E with e} x e;, where e} is the unit vector in the

direction of the lighter-faced dashed lines shown in Figure 6.

Figures 7a, b show the target points and component directions where the B and F-
fields were computed. The components on and just to either side of the diagonal were
computed for all 17 points out along the diagonal. The same computation is performed for
all points along the axis normal to the plane of the page. The computations are repeated
for the interface of patches 2 and 3, 3 and 4, and 4 and 1. The source components, £”, in
(14) were generally chosen so that there would be four values of the 1-component, four of




the 2-component and four of the 3-component. The locations from which they were each
selected formed the points of a tetrahedron that contained the target point. The reason for
this is that if any of the face normals in the same direction were on a plane, the template
matrix would be singular.

For target points for B, and £, located along the diagonal, the coordinate system
shows considerable symmetry, which cannot be reflected in the tetrahedral arrangement of
source points. For this reason, a thirteenth term and coefficient is added to the expression
(10). This term is quadratic in a variable that increases in a direction perpendicular to the
heavy diagonal line shown in Figure 5 and is in a direction perpendicular to the plane of
the discontinuity. Caution has to be exercised in situations in which a target point is
located on a symmetry axis because the upper left-hand block of the template matrix could
be singular, even though the entire template matrix is not. This could cause failure or
large truncation errors in the routine that inverts the template matrix. This can be avoided
by randomizing the enumeration of the source points.

The calculation of the Cartesian components needed for boosting the particles for
the most part can be done using the methods described in Section 2.2. This procedure
does become inaccurate points on the chevron discontinuity. There the expression in (10)
is invoked to calculate the Cartesian components.

The implementation procedures described above are outlined in Figure 8, which
shows a block diagram of one-time setup and the routines that are called every time step.
The setup routine is called by the subroutine that computes all the curvilinear coefficients
relating to the patch interior.

The setup routine contains a set of numbers that identify all the target points and
their components for each of the peripheral coordinate patches. Attached to each target
point is a set of integers that identify the location of source, or template, points and their
associated components. Since many of the target points share the same source points, a

subroutine was written to compute the x, y, z components of (e, x e,), (e, xe;), or
(e3 X el) for each of the source points, as indicated in (13). The subroutine call takes as

an input the indices denoting position and component of the source points. The same
routine also computes the x, y, z components of the edge tangent vector, since many of the
source point are also target points. In addition the routine also computes both the face
center and edge center positions. The next step in the setup routine consists of a loop over
target points. This loop calls a procedure which computes the template matrix, inverts it
and finally computes the coefficients a,, in (14).

In the main time stepping loop in which the fields are updated, the calculation of the
target components is done in the interface routine. We start from the face-center
components, as output by the cur/ operation. The first step is to execute the data share
procedure described in section 3.1, even for components on the discontinuous patch
interfaces. Next, the source components are saved in arrays that can be addressed by the
indices declared in the setup routine. Then in the case of E-field, two face normal
components of L' are computed for each side of the chevron discontinuity, using
coeflicients generated by the setup procedure. The interface procedure is then exited.

The interface procedure is entered again following the procedure that computes the
edge-tangent components. The source components that were saved in the previous call are



then used to compute the edge-tangent components in the neighborhood of the coordinate
discontinuities, making use of the a,, coefficients computed in the setup procedure.
Following this, the interface procedure described in Section 3.1 is again executed. The
fields are then ready for the cur/ computation.

3.3 Testing and Evaluation
The primary test of the algorithms described in this section was to take the curl of
vector fields which changed linearly with distance, i.e. B =1z, which yields a unit vector

in the x-direction. The tests were based on use of the coordinate system depicted in
Figures 1 and 2. The steps used in the test are : (1) The Cartesian vectors were converted
to the curvilinear, face-centered components that would be found following the cur!
operation. (2) The interface routine was applied, as described above. (3) Then the face-
centered components were converted to edge-tangent components. (4) The interface
routine was then applied. (5) The curl was then taken, and (6) the result was converted
back to Cartesian components for comparison with the known result.

The interface routines were first applied without the procedures described in Section
3.2. Errors were unacceptably large around the target points shown in Figures 7a, b.
Attempts to improve the accuracy were made by smoothing out the chevron discontinuity
between the peripheral patches. The result was an increase in the number of grid points
with unacceptably large (100%) errors. Moreover, no rearrangement of coordinate points
improved the accuracy around the degenerate cells at the interface of three coordinate
patches.

The test procedures using linearly varying Cartesian components made it easy to
compute edge-tangent field components by hand. It was found that the errors could be
almost entirely accounted for by errors in the edge tangent components. Since the cur/ is
computed by differencing edge-tangent components, they had to be computed with a high
degree of accuracy. An error of a couple percent could give a 100% error in the result of
the curl operation. Errors for the curl operation have been generally brought below 10%
for the grid shown in Figures 1 and 2 and the target points shown in Figures 7 a, b. The
errors could be reduced further by increasing the number of target points, because the
errors remaining are contributed by edge-tangent components that were not computed by
the methods described in Section 3.2.

As a final remark, the procedures described above are sufficiently flexible and
modular that they could be applied to the entire grid without a great deal more coding. It
would just require some expansion in the tables that specify the template of source points.
However, far enough away from the grid discontinuities, the errors are considerably less
than 1%. Moreover, the source point template being based on a tetrahedral configuration
may not have the accuracy of a more centered interpolation methods in the interior of
coordinate patches, although it would work well for linearly varying fields used in the
tests. Another distinction is that the tetrahedral interpolation relies on twelve or more
source points and twelve or more coefficients, while the centered interpolation requires
nine source points and nine coefficients.

The selection of source and target points relied to some extent on the fact that
coordinate scale factors varied relatively slowly along the cylindrical axis. However, the
general methods are independent of the orientation of the underlying x,y,z Cartesian



coordinates. Thus the methods described in Section 3.2 can be applied irrespective of the
orientation of either the curvilinear or Cartesian coordinates to the coordinate
discontinuity. They could in fact be applied to any finite element mesh, given an
appropriate template of source points.

3.4 The Particle Mover and Current Algorithm

The presence of patch boundaries requires a rather straightforward extension to the
particle move/current algorithm described in Section 2. A particle is tagged by a patch
number and an index number. In addition to the particle’s phase space position, the
particle carries a logical variable. When it is . TRUE. the particle is moved and boosted,
and when it is .FALSE. it is ignored. When a particle moves to a new patch, the time step
is recorded the logical variable is set to .FALSE., and the particle is placed in a buffer
along with the time and the index of the destination patch. An interface routine then places
the particle at the top of the stack in the destination patch, assigns an index and sets the
logical variable to . TRUE. The move subroutine is entered again, and the new particles
are moved. The few particles which cross into a new patch are again placed in a bufer,
and the process is continued. The move process stops when the buffer is empty. At the
end of the moves, the particle arrays have a number of empty slots. A stack push down is
executed in each patch so that all active particles are placed consecutively in the particle
data arrays for each patch.

A particle that is in the process of crossing a patch boundary contributes to the
particle flux from both patches to the common boundary face. The cell-face currents are
accumulated during the particle move. A current interface routine sums these currents and
then distributes the data in same the way that the £-field data is distributed.

4. Grid Generation

The grids shown in Figures 1 and 2 were generated by two-dimensional solutions to
the Laplace equation. Figures 9 and 10 show contour plots of the potential functions. The
potential in Figure 9a was used to generate the nearly rectangular coordinates in the inner
patch to the “radial” coordinates in the peripheral patch. Figure 9b shows contours which
change continuously from a straight-line boundary to a circular boundary in the peripheral
patches, while Figure 10a shows the potential function which conforms to the axial shape
of the domain.

Coordinate generation involves two steps. The first is the generation of the
potentials, and the second step involves the conversion of the potential functions to the x,
¥, z location of coordinate points that can be used by the simulation program.

4.1 Generation of Potentials

This subsection describes the numerical technique for solution of Laplace’s equation
that satisfies Dirichlet conditions on bounding curves of arbitrary, but continuous, shape.
The starting point is a Greens function solution that satisfies

VAG(x;x') = =5(x") (15)

i.e the potential of a unit source at an arbitrary location. This is done on an mxn grid. The
solution satisfies periodic boundary conditions in one direction and force-free boundary
condition in the other direction. It is obtained by use of an FFT in one direction and tri-
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diagonal methods in the other direction. The solution possesses translational invariance
and also has the property G(x,x’) = G(x’,x). That is, the potential contours are the same

irrespective of the location of the source point relative to the boundary. Therefore only
one Greens function is needed.

The solution to the Laplace equation can be written as a linear combination of an
arbitrary number of Greens functions

N
P(x)= T a,G(x,x,) (16)
k=1
Say, we want @ to equal B; at points x;, j = /.. N. Then we get the relation
N
B; = ,Ela"G(xf’x"') (17)

If the points x; constitute the points defining the boundary, then (16) represents the
solution that satisfies the boundary conditions with o, determined by solution of the linear
set of equations (17)

In order that the solution be smooth, the boundary points should be no more than
one grid point apart. The potentials shown in Figures 9 and 10 were generated typically on
a 256x260 grid, and about 800 points were used to define the boundary. This large a set
of equations with source points so close together becomes ill-conditioned. To get around
this problem 8 or 10 groups of equations, involving 100 or 80 points are solved separately
and solutions to the various groups are averaged. The points in each of the groups are
staggered such that if the set of points is broken into 8 groups, then each group consists of
every tenth point. This does result in some loss of resolution. If there is some point where
it is important that the solution accurately satisfy a particular value, then that point can be
represented in each of the groups.

4.2 Determination of Grid Point Positions

The grid shown in Figure 1 was generated with two potentials. The starting point is
to lay out a set of fiducial points of ¢' along a known curve. In the case of the center patch
of the grid, the points are laid out on the horizontal straight line. This constitutes one point
on the ¢' coordinate. Then a set of fiducial values of ¢* are established. In the case of the
center patch these are the same values established for ¢' coordinate. The table for the
potential ¢' contoured in Figure 9a is numerically differentiated to obtain

34" /c?f aq' /éj/. These derivatives are used to determine the line of constant ¢' in x-y

coordinates. The generation program calculates the curve of constant ¢' , x(s), y(s). In the
course of tracing this line, the program evaluates ¢°(x,y). If a fiducial value of ¢* is
exceeded, the program interpolates between the present ¢° and the value of ¢* at the
previous integration step to find the value of s that corresponds to the fiducial value of ¢*.
The program then determines the values of x, y that corresponds to the fiducial value of ¢°.
The value of ¢' was set at the start of the curve tracing procedure. The x, y positions for
fiducial value of ¢* are then recorded. The index for ¢ is incremented and the program
seeks the crossing of the next fiducial value of ¢°. The same type of procedure is used to
fill out the coordinate points in the peripheral patches. This time however, the program
traces out radial lines using the potential in Figure 9a and calculates the crossings of
fiducial values of the potential shown in Figure 9b.



The potential in Figure 10a is used to evaluate the ¢° coordinate. Here the procedure
1s somewhat different in that the program traces along a gradient, rather than along a line
of constant potential. The program lays out a set of fiducial values for the ¢* coordinate
along the axis of the cylindrical figure shown in Figure 2, which in this case happens to be
proportional to the Cartesian z-coordinate. The program also identifies a set of fiducial
values of the potential function shown in Figure 10a. It then integrates out along the
gradient of the potential function in Figure 10a. This generates ¢° and ¢ coordinates,
where ¢° advances along the cylindrical axis, and lines of constant ¢ are the potential
contours of Figure 10a. The result is shown in Figure 10b.

The last step in the construction of the three-dimensional coordinate system is the
rotation of the grid in Figure 10 about the cylindrical axis at the bottom and the mapping
of the coordinate system shown in Figure 1 onto constant ¢* surfaces of revolution.

The above procedure generates coordinate points that are connected by the lines
shown in Figure 1 and the solid lines in Figure 5. This generates the E-cells. The dual grid
points are placed at the center of the L-cells, and the B-cells, indicated by the dashed lines
on Figure 5, are formed by planes connecting £-cell centers.
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Figure Captions

Figure 1. The filling of a circular cross section of a cylinder with five coordinate patches.
Chevron type coordinate discontinuities extend from the corners of the central patch
along the diagonals.

Figure 2. Perspective view of a coordinate system in the interior of a cylinder of arbitrary
cross section. The grid spanning the cross section is that shown in Figure 1.

Figure 3. The location of the face normal components of E and B on the £~ and B-cells.
Figure 4. Illustration of the finite element of charge carried by a particle.

Figure 5. A detailed blow-up of the grid around the intersection of three coordinate
patches. The charge density is at the intersection of the dashed lines, while the
divergence of E is at the intersection of solid lines. Data on the heavy coordinate
lines is shared in common between two or three patches.

Figure 6. Illustration of the tangential and face normal components near a chevron
coordinate discontinuity. The superscripts denote face normal components, while
subscripts denote edge tangent components.

Figure 7a. The locations where the tangential components of the E -field were computed
by the special methods described in section 3.2 The arrows show the component
directions.

Figure 7b. The locations where the components of B were computed by the special
methods outlined in section 3.2.

Figure 8 A block diagram showing the relationship among the various modules used in
updating the fields.

Figure 9. Potentials used in generation of the grid shown in Figure 1. Panel 4 shows the
potential used in the generation of the grid of patch S and the radial lines in patches 1
- 4. Panel B shows the potential used to transition the grid from a square to a circle
in patches 1 - 4.

Figure 10. Panel 4 : The potential used in forming the axial dependence of the grid. Panel
B: The grid generated by that potential.
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Figure | The filling of a circular cross section of a cylinder with five coordinate patches.
Chevron type coordinate discontinuities extend from the corners of the central
patch along the diagonals.
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ective view of a coordinate system in the interior of a cylinder of arbitrary

cross section. The grid spanning the cross section is that shown in Figure 1.
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Figure 3 The location of the face normal components of E and B on the E- and B-cells
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Figure 4. Illustration of the finite element of charge carried by a particle
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Figure 5 A detailed blow-up of the grid around the intersection of three coordinate
patches. The charge density is at the intersection of the dashed lines, while the
divergence of B is at the intersection of solid lines. Data on the heavy coordinate

lines is shared in common between two or three patches.
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Figure 6. Illustration of the tangential and face normal components near a chevron
coordinate discontinuity. The superscripts denote face normal components, while subcripts

denote edge tangent components.




Figure 7a E-field target points. The arrows show component directions.



Figure 7b. FE-field target points. The arrows show component directions



Main Program

Compute Geometrical Coefficients
(Patch interior)

Compute Interface Coefficients
set indices for target and source points

Compute source point
coefficients

Compute a;,
(see Equation 14) -

Interface Routine

Data Share

Save field components

Compute B'

Compute Edge Tangent Components
(patch interior)

Interface Routine

Compute edge tangent components

Data Share

Compute Curl
(patch interior)

Figure 8 A block diagram showing the relationship among the various modules used in
updating the fields.
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Figure 9 Potentials used in generation of the grid shown in Figure. Panel a shows the
potential used in the generation of the grid of patch 5 and the radial lines in patches

I'- 4. Panel b shows the potential used to transition the grid from a square to a
circle in patches | - 4,
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Figure 10. Panel a : The potential used in forming the axial dependence of the grid. Panel
b: The grid generated by that potential.



