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Abstract

We study rest-to-rest reorientations of flexible spacecraft using momentum exchange
devices. A new and concise form of the equations of motion for a rigid body containing
a cluster of gimbaled momentum wheels is developed using the Euler-Newton approach.
Special restrictions of the gimbaled momentum wheel equations yield equations of motion

for the momentum wheel cluster and the control moment gyroscope cluster.

Though control laws for reorienting rigid bodies using momentum wheels and con-
trol moment gyros were previously available, the oscillatory nature of a body containing
a momentum cluster presents a challenge for a spacecraft with flexible appendages. In
addition, reorientations which call for high angular accelerations naturally tend to excite
oscillations of the appendages. A mathematical model of a free spacecraft with Euler-
Bernoulli appendages is developed using the Lagrangian approach. Using the assumed
modes method, a complete set of vector nonlinear differential equations is developed which
describes the dynamics of a spacecraft with flexible appendages and a cluster of gimbaled
momentum wheels. This model is useful in comparing the merits of candidate spacecraft

reorientations.

Special attention is paid to singularity problems in control moment gyro clusters.
The singularity-robust control law commonly used to avoid singular cluster configurations
can cause abrupt changes in torque output. An improved law based on the singular value
decomposition is developed which avoids torque output commands in the nearly singular

direction.

The stationary platform maneuver, a maneuver along the set of equilibrium solutions
of a zero angular velocity spacecraft, is extended to the control moment gyro cluster. For
a cluster of momentum wheels, the set of equilibria is a hyper-ellipsoid in rotor momenta
space. The set of equilibria for a control moment gyro cluster is a unique surface in gimbal
angle space. A control law which reorients the spacecraft while remaining close to this

surface is developed using a Lyapunov method.




Reorientations of Flexible Spacecraft
Using

Momentum Exchange Devices

1. Introduction

1.1 Background

The spacecraft of tomorrow are no doubt still beyond even the most vivid imagina-
tions. The missions of future spacecraft will likely require that they become more efficient
and versatile. While the designs of today seem to be meeting our immediate needs, the

maneuverability and attitude control requirements of future craft will likely increase.

The attitude control of spacecraft to date has been largely a problem of maintaining
orientation and stability. One notable exception is the Hubble Space Telescope, which
must be reoriented on command to a very precise orientation in inertial space and main-
tained there for a period of time. While the telescope’s reaction wheel control system has
proven worthy of the required task, the time required of such reorientations is measured in
large fractions of an hour. It is certainly possible that future missions might require such

reorientations in seconds.

We should also anticipate more variation in the sizes of future spacecraft, ranging
from microsats to spacestations. A manned space station would likely be more efficient
with increased size. Perhaps one day, a commercial station might exist which would permit
companies to add on a module to an already existing configuration. Depending on the mis-
sion, the company might have a requirement for their module or equipment to periodically
attain and then maintain a certain orientation in space (earthward or sunward for exam-
ple). This requirement translates to a need for maneuverability. Some scheme to provide
a maneuver torque to the structure must be adopted. Of course, even to maintain a sta-
tionary orientation in space requires a method to counteract the ubiquitous environmental

torques due to aerodynamics, gravity gradient, and radiation pressure.




Two common devices for applying control torques today are external thrusters and
magnetic dipoles. Both have drawbacks and limitations. External thrusters need some type
of expendable, chemical fuel for operation. Launching fuel into space is costly. Thrusters
have the additional fault of expelling propellants. This may create problems for sensitive
sensor equipment. This drawback apparently ruled out external thrusters for use on the
Hubble Space Telescope. Just as importantly, once the thruster configuration is estab-
lished, there are now limitations on where new modules may be placed, as the thruster

exhaust must be avoided.

Magnetic torquers are popular as they operate electrically (a replenishable supply
of energy in space). Magnetic torquers take advantage of the earth’s magnetic field and
can provide a sustained external torque to the platform, thereby changing the system’s
angular momentum markedly over a period of time. The magnitude of the torque which
can be achieved, however, is generally inadequate for effecting any sort of rapid reorien-
tation. Additionally, the strength and direction of the magnetic field varies with orbital
position. Magnetic torquers would be useless on spacecraft operating out of the influence

of a magnetic field, such as interplanetary spacecraft.

One solution to these problems is the use of appropriately mounted internal rotors
(flywheels) to store angular momentum. This angular momentum can then be transferred
to the vehicle structure to effect a desired angular velocity, and subsequently a reorienta-
tion. The mechanization of these wheels varies, and the two of particular interest here are

the momentum wheel and the control moment gyro.

The momentum wheel is mounted along a fixed axis in the platform. Angular mo-
mentum is then exchanged between the body and the rotor by applying a torque to the
rotor via an electric motor. The dynamics involve only a relative change in speed be-
tween the rotor and spacecraft. It is common to mount at least three momentum wheels
in an orthogonal arrangement to permit exchange of angular momentum about any axis
in the body. The rate of momentum exchange with the spacecraft (the output torque) is

restricted by the rate at which the wheel spin speeds can be changed.




The control moment gyro (CMG), conversely, operates at a constant rotor speed.
The exchange in momentum is generated by varying the spin axis orientation with respect
to the spacecraft. The dynamics of the gyroscopic effects can lead to rather complicated
responses, requiring complicated algorithms to compute the required input for a desired
response. Also, whereas momentum wheels maintain their design orientation, CMGs can
achieve certain orientations which allow no torque capability in a particular direction,
resulting in a singularity in the control law. This condition must be guarded against. The

rate of momentum exchange with the spacecraft in the case of the CMG is dependent on

the gimbal angle rate.

The reorientation problem is one of determining the current orientation and angular
velocity in inertial space, determining the desired orientation and angular velocity at some
future time (the final state conditions), and finding the best path to take in reaching
the desired final state conditions. There are an infinite number of paths which can be
followed, but certainly some are better than others. Paths which might be convenient for
reorientations have been the subject of many studies. Some of these paths are obvious,

whereas others are not.

The eigenaxis rotation is the most direct path between two orientations. For any
rotation, there exists an axis (the eigenaxis) which remains fixed in space. If the rotation
matrix is known, the eigenaxis can be computed. Furthermore, the angle of rotation about
the eigenaxis is also easily computed. Reorientation is simply a matter of accelerating to a
constant angular velocity about the eigenaxis, maintaining the velocity, and decelerating

to the new orientation.

Optimal control theory suggests that, assuming we had the capability to provide a
given torque about any axis, the minimum time reorientation would be the result of bang-
bang control. That is, accelerate at maximum torque about the eigenaxis until halfway to
the desired orientation, and then decelerate at maximum torque into the new orientation.
However, it is unlikely that any real control system could provide the maximum torque in
the eigenaxis direction. Moreover, if the eigenaxis is other than the direction of a principal
moment of inertia, a torque perpendiciilar to the rotatioﬁ will be required to overcome

gyroscopic effects.




Another path might be dictated by the mechanization of the momentum wheel or
CMGs. Supposing that the angular momentum at the beginning of the maneuver is con-
tained solely in the wheels, then the vehicle’s total angular momentum is determined and
is fixed in space. For a desired final orientation, the necessary angular momentum relative
to the body can be calculated. We might suspect that by adjusting the momentum in
the momentum wheels to the required final values, the desired final orientation would be
achieved. Achieving the proper cluster momentum in the body frame, however, is necessary

but not sufficient to ensure the desired final orientation.

The vafiation of the wheel speeds in a linear fashion was investigated by Schultz [46]
and was referred to as the direct path. If in fact the body angular velocity can be reduced
to zero at the final orientation, then the direct path will achieve the objective (to within
a rotation about the angular momentum vector). Unfortunately, for a specific set of final
condition wheel speeds, the same total angular momentum vector can be achieved with
an infinite number of body rates. The direct method does not necessarily keep body rates

low, and most likely will not achieve the final orientation with zero body rates.

Oscillatory motion of the body is a common phenomenon associated with spacecraft
containing rotors. This motion presents a serious problem to flexible spacecraft, as it
can easily excite flexible modes of vibration causing loss of mission effectiveness or even
structural damage. A control law which keeps angular velocities under control is required

for these types of structures.

A technique investigated by Hall [20] proved promising in the reorientation of flexible
space structures by keeping body rates low throughout the maneuver. They were termed
“stationary platform maneuvers” by Hall, because they consist of following paths in rotor
momenta space which are the equilibrium solutions for a stationary platform. Of course,
while maneuvering, the platform is not stationary, but by remaining close to these branches
of equilibria, the dynamic effects of the body are minimized and the spacecraft tends to

arrive at the final orientation with low body angular velocity.

The purpose of this research is to investigate and compare various reorientation

schemes of flexible space structures using momentum exchange devices such as momentum




wheels and control moment gyros. Insight into the utility of particular maneuvers should
be gained by comparing time required for the maneuvers, control use required for the
maneuvers, the possibility of achieving the desired final state conditions, oscillations of

flexible appendages during the maneuvers, and the residual oscillations at termination.

1.2 Research Overview

The objective of this research is to develop improved control laws for momentum
exchange devices imbedded in flexible spacecraft. Since the available background liter-
ature on control moment gyros is limited, we develop herein a concise vectorial form of
the equations of motion for a body with a cluster of gimbaled momentum wheels. The
gimbaled momentum wheel is a generalization of the momentum wheel and of the control
moment gyro — essentially a variable speed single gimbal control moment gyro. This new
development allows for easy specialization to momentum wheels or control moment gyros

if desired.

Next, control laws which reorient the spacecraft are investigated. The stationary
platform maneuver developed by Hall [18] shows great promise for application to flexible
spacecraft due to its nature of keeping angular velocities low during a maneuver. We exam-
ine the maneuver’s extension to the gimbaled momentum wheel and the control moment
gyro. We show that, because a momentum cluster, regardless of type, possesses a cluster
momentum whose rate of change is actually the control torque, the concept is valid for all

momentum exchange devices.

A drawback of the stationary platform maneuver is that kinematics are not accounted
for, and the final orientation is only correct to within a rotation about the angular mo-
mentum vector. A method is sought to effect a reorientation to the target attitude while
maintaining the stationary platform condition. The Lyapunov approach is used to produce
a correction to the cluster momentum rate which keeps the cluster arbitrarily close to the

stationary platform condition.

The control moment gyro cluster has several characteristics which make its use in atti-

tude control a challenge. While momentum may be exchanged rapidly with the spacecraft,




the amount of momentum which may be exchanged is finite. Control moment gyro clus-
ters also admit singular configurations which allow torque output only in a plane. Torque
commands normal to this plane near the singular condition can cause unreasonably high
gimbal rate commands. A singularity-robust control law developed by Oh and Vadali [42]
avoids these singular conditions, but can cause abrupt changes in torque direction near the
singularity. A new singular direction avoidance law is developed herein. This modification
to the singularity-robust law is based on the singular value decomposition and smooths

the gimbal rates while only altering the output torque in the singular direction.

In order to evaluate the effectiveness of the new control laws, a mathematical model
of a flexible spacecraft is developed. Equations of motion for a free flying spacecraft
with Euler-Bernoulli appendages (allowed flexure only in a plane) are developed using the
Lagrangian approach. The assumed modes method is used to reduce the infinite degrees
of freedom to a finite number suitable for numerical solution. The equations of motion for
the flexible model can be coupled directly to the spacecraft/gimbaled momentum wheel

equations for numerical evaluation.

1.8 Outline of the Dissertation

In Chapter 2 we review the literature relevant to this research. Specifically, some
of the relevant works on the use of momentum wheels and control moment gyros in the
control of space vehicles are summarized. A review of literature relevant to reorientations

and the flexible modeling of space structures is also presented.

The unique qualities of momentum wheels and control moment gyroscopes are ad-
dressed in Chapter 3. We develop the equations of motion for the gimbaled momentum
wheel, a generalization combining the qualities of the momentum wheel and the control
moment gyroscope. This chapter includes some original work regarding the kinematics of
the orthogonal CMG cluster. The equations are developed in vector form, with spin axis
and gimbal axis torques as the control inputs. A compact expression for the kinetic energy

of the system is also given.




In Chapter 4, the equations of motion for a body with flexible appendages are de-
veloped using the Lagrangian approach. The set of equations developed are mixed partial
and ordinary differential equations. They are then discretized using the assumed modes
method, and a finite set of ordinary differential equations are produced. This set is then
integrated with the equations of Chapter 3 to produce a mathematical model of a flexible

spacecraft with a cluster of gimbaled momentum wheels as the attitude control device.

Methods of achieving reorientations of the body are discussed in Chapter 5. We
begin with a general development which takes the “black box” approach, assuming that
the momentum of the cluster relative to the spacecraft can be controlled as desired. A
general Lyapunov feedback control law using the cluster momentum as the control input
is derived. We then relate the control law to the special cases of momentum wheels and

control moment gyros.

Some special consideration is given to the CMG singularity problem in Chapter 5,
and a new approach to avoiding the singularity is presented. We conclude the chapter with

a discussion of the stationary platform condition.

The numerical results of the study are presented in Chapter 6. The qualitative
and quantitative results of several proposed control laws are presented. A summary and

conclusions of the dissertation research are in Chapter 7.




2. Review of the Literature

In this chapter, we review relevant literature in the disciplines which form the cornerstone
of this research. Many contributions have been made which provide an excellent foundation
for the study. To the best of our knowledge, the application of momentum storage devices

to the control of flexible structures has not been consolidated into a single research effort.

2.1 Momentum FExchange Devices

2.1.1 Momentum Wheels. The development of equations of motion for a mo-
mentum wheel imbedded in a rigid body has been approached in a number of ways. Any
general body to which is attached an axisymmetric spinning body is classified as a gyrostat.
The axisymmetric portion of the gyrostat is a momentum wheel. In the case where the
momentum wheels spin axis is aligned with a principal axis, the system is called an azial
gyrostat, and a closed-form solution for the angular momentum in terms of Jacobi’s elliptic

functions has been given (see Cochran et al. [12] for references).

Hughes [23] provided an excellent development of the equations of motion for a rigid
body containing a single wheel in terms of the absolute angular momentum of the system
and the absolute angular momentum of the wheel. Hall [18] extended the development to
a system of multiple wheels and derived a torque control law which maintains his so-called
stationary platform maneuver. Hall [20] also reduced the equations of motion from the
normal N + 3 first order differential equations (for an N-rotor gyrostat) to one equation
involving a Hamiltonian by applying the method of averaging for the case of small spinup
torques. Hall [18] and Hall and Rand [19] used this averaging approach to show that
the Hamiltonian approach can provide insight into the qualitative nature of the dynamics

during spinup of the rotors.

Schultz [46] invesﬁgated and compared rest-to-rest reorientations of rigid bodies using
a cluster of momentum wheels. His investigation included maneuvers along the stationary
platform condition developed by Hall as well as maneuvers resulting from linear variation of
the momentum wheels from initial to the required final values (constant torque applied to

each wheel). He found that intermediate angular velocities, as well as final angular veloci-




ties and attitude errors were significantly smaller using the stationary platform maneuver.

These results motivate the invesﬁigation of this control law for flexible space structures.

The gyrostat with flexible appendages has been investigated mostly in the context
of stability of motion. Likins et al. [30] and Mingori et al. [37] were both concerned with
the limit cycles possible for dual-spin spacecraft whose sections contain nonlinear flexible
elements. Their approach was based primarily on the energy sink approach, but was
reinforced by comparison with the results of numerical integration. Stabb and Schlack [50]
developed a model which consisted of a gyrostat with an attached torsionally flexible
appendage. They developed the equations of motion for the system, but the primary
thrust was on the application of the Krylov-Bogoliubov-Mitropolsky (KBM) method to aid
in analyzing the motion of the system for small perturbations from the undeformed state.
Mazzoleni et al. [33] integrated the work of Stabb [50] and Hall [19] via a double averaging
approach to develop a single equation which allows the projection of solutions onto a

bifurcation diagram relating the rotor angular momentum to the system Hamiltonian.

Actual application of momentum wheel control to a spacecraft is described by Cream-
er et al. [14] in the case of the Clementine spacecraft. Control laws were developed to
maneuver the spacecraft around the eigenaxis using a bang-coast-bang profile. They sim-
plified development of the control laws by assuming that the nonlinear dynamics were
negligible. The computed open-loop momentum wheel input torques for the maneuver
were sent to a feedback control law for implementation of the actual maneuver, however.

Flexible structural modes were not considered.

2.1.2 Control Moment Gyroscopes.  The torque amplification phenomenon asso-
ciated with single gimbal control moment gyros make them an appealing alternative to
momentum wheels, but the theory for CMGs is not quite as mature. There apparently
are no texts which address the full nonlinear dynamics of the CMG. Jacot and Liska [24]
were among the first to see the usefulness of the CMG for space vehicle attitude control.
Though they attempted a careful development utilizing a conservation of momentum ap-
proach, they omitted the inertia about the gimbal axis from the very first equation. They

also linearized early in the development.




O’Connor and Morine [41] expounded on the merits of various CMG configurations
for space vehicles and compared the utility of CMG control laws. They dismissed torque
as a command input to the single-gimbal CMG as unusable due to the appreciable friction

on the gimbal bearings. Instead they recommended a gimbal rate (feedback) control law.

Singularities were discussed in an early work by Margulies and Aubrun [32]. They
showed that for a cluster of » CMGs, there exist for any direction in space 2" combinations
of gimbal angles for which the system cannot produce any torque in that direction. In
addition, they demonstrated that for n CMGs in a cluster, there is an n — 3 parameter
family of null motions which produce no output torque. As such, these null motions can

be combined with torque-producing motions without affecting the dynamics of the system.

A useful development of the complete equations of motion (including the gimbal
inertia terms) was given in Oh and Vadali [42]. They presented some candidate feedback
control laws and claimed that, with the gimbal inertias included, the control laws must
provide gimbal acceleration commands (instead of gimbal rate commands). They also
gave some considerations for avoiding singularities in the case of a redundant set of CMGs.
Hoelscher and Vadali [22] further considered open-loop and feedback control laws which
not only minimized a mix of control effort and maneuver time, but also avoided singular
CMG configurations. Vadali and Krishnan [52] narrowed the focus exclusively to avoiding
these singularities by parameterizing gimbal rates as polynomial functions of time and
optimizing the parameters with respect to a singularity avoidance objective function. Going
one step further, Vadali et al. [53] developed a method for determining a family of initial
gimbal angles which would avoid singularities during a maneuver. Bedrossian et al. [3, 4]
developed a way of instituting the addition of null-motion into the control algorithm to
avoid singularities. Paradiso [43] developed a computer algorithm which was capable of

globally avoiding singular states in a feed-forward steering law.

An application of a highly linearized axis-decoupled CMG steering law for the space
station was presented by Singh and Bossart [48] and another by Bishop et al. [7]. Neither of
these studies extrapolate their capability to a control scheme for large angle reorientations

or high angular velocities.

10




2.2 Spacecraft Reorientations

Perhaps the best compendium of notation and methods for dealing with reorien-
tations of spacecraft is the text by Junkins and Turner [26]. Included are methods for
optimizing the reorientations based on several different types of cost functions, along with
some considerations for flexible modes of vibration. Carrington and Junkins [10] devel-
oped a solution for the nonlinear spacecraft slew maneuver by assuming a polynomial
feedback form. Kinematics were formulated in terms of Euler parameters (also known as

quaternions).

One of the early works on feedback control for reorientations was written by Wie
and Barba [55]. They proposed three distinct quaternion feedback laws capable of gen-
eral three-axis reorientations. Wie et al. [57] devised a quaternion feedback regulator to
perform eigenaxis rotations (which they considered “optimal”) and included the control
torque required to decouple the gyroscopic coupling torques. Wie and Lu [56] further de-
veloped this nonlinear feedback controller to perform eigenaxis rotations under slew rate
and control torque constraints. Cristi et al. [15] provided a quaternion feedback regulator
which is evidently globally stable and needs no knowledge of the spacecraft inertia matrix,
an excellent property for control of a modular space station. Long [31] developed an equiv-
alent axis coordinate frame for rest-to-rest reorientations which transforms the nonlinear

spacecraft control problem into a linear problem.

Understandably, the problem of optimum time reorientations has also received con-
siderable attention. A survey of contributions in this area was provided by Scrivener and
Thompson [47]. An extremely important contribution was made by Bilimoria and Wie [6]
when they demonstrated that with specified control constraints in all three axes, the eige-
naxis rotation is in general not time optimal. The optimal control is bang-bang in all
three axes and results in a significant nutational component. The task is'only to find the
switching functions for each axis. Byers and Vadali [8] applied these ideas to the devel-
opment of a method for computing solutions for the time-optimal control switch times in
the reorientation of a rigid spacecraft. They intentionally omitted the gyroscopic coupling
terms from the dynamical equations. Vadali et al. [51] used a parameter optimization

scheme to develop an open-loop control law for the reorientation of a particular ground-
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based test article. The control law was then utilized in a feedback controller. Theoretical

and experimental results were then compared with apparently excellent agreement.

We should point out that studies in the robotics field have a great deal in com-
mon with this idea of internal momentum exchange devices to effect reorientation of the
primary body. Many works have borrowed the singularity robust inverse presented by
Nakamura [39] as a method of avoiding singularities in control laws. An intriguing paper
detailing a strategy for planar reorientation of a system of pinned bodies using only internal

controls is provided by Reyhanoglu and McClamroch [45].

2.8 Flezible Bodies

An entire text devoted to the dynamics and control of flexible space structures was
prepared by Junkins and Kim [25]. Their treatment of flexible structure models and
the application of the Lagrangian approach for generation of the equations of motion
are particularly noteworthy. A text by Craig [13] also provided an overview of various
methods useful in modeling a flexible body, along with limitations of the finite-dimensional
representations of the body which must be employed for numerical evalution of the problem.
Many of the papers concerned with the problem of flexible appendages attached to a

satellite were summarized by Modi [38].

An early attempt at constructing the equations of motion for a flexible spacecraft
was given by Grote et al. [17]. The equations were constructed for a model consisting of
rigid bodies attached with springs and dampers. It was assumed that the motion of the
central rigid body is prescribed, and the flexible appendages effect a deviation from this
nominal motion. Keat [27] described an analogous method applicable when the flexibility

is modeled by generalized coordinates.

Most studies investigating reorientation maneuvers with flexible appendages attack
the problem with simplifying assumptions. Barbieri and Ozguner [2] were able to construct
a minimum-time control law to slew an undamped, one-mode model of a flexible structure
using the single-axis bang-bang control with multiple switchings. The single flexible mode

was suppressed at the final orientation. Byers et al. [9] used smoothed bang-bang control
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inputs to achieve a near-minimum time planar reorientation of a fixed rigid hub with four
identical flexible appendages. The control inputs were simply smoothed approximations
to the optimal bang-bang inputs for a rigid body. Small antisymmetric deformations of

the appendages were assumed.

The three-dimensional case was pursued by Vadali et al. [54] using a parameter
optimization approach as a flexible extrapolation to [51]. The only consideration given
here to the flexible modes was in the smoothing of the control inputs using a multiplier
function during the initial and final phases of a maneuver. Bell and Junkins [5] took the
same approach but used controllably sharp spline switches to reduce flexible excitations.
A momentum exchange feedback control concept was investigated by Li and Bainum [28],
but was restricted to a pair of symmetric appendages affixed to a rigid hub. The control
torques included not only feedback of the rigid body motion, but also the time rate of

change of momentum resulting from the flexible motion.

An early introduction to the use of hybrid coordinates in the design of attitude control
systems was given by Likins and Fleischer [29]. They were primarily interested in the
stability of an attitude controller with the flexible modes included. Barbera and Likins [1]
presented a method for testing the stability of a system with an arbitrary discretized
appendage, and closed form stability criteria were developed for a very restricted model.
Meirovitch and Calico [34] compared three essentially different methods for investigating
the stability of flexible spacecraft. The more specific problem of attitude stability in dual-
spin systems bearing flexible members was addressed by Gale and Likins [16] as well as
Cherchas and Hughes [11]. Not all work has been theoretical in nature. A summary of
some experimental investigations into the control of flexible structures was given by Sparks

and Juang [49].

Though the aforementioned works provide a firm foundation for this dissertation re-
search, the study of momentum exchange devices imbedded in a general three-dimensional
flexible spacecraft remains largely unexplored. We attempt to retain the general nonlinear
and 3-D nature of the problem by avoiding such simplifications as symmetric appendages,

an inertially-fixed center of mass, or the discarding of inertia terms associated with the
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momentum devices. We now turn to the development of a new set of equations of motion

for a rigid spacecraft containing a momentum exchange cluster.
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3. Momentum Fzchange Devices

Two types of momentum exchange devices receive most of the attention in the literature.
The momentum wheel (MW) is a variable speed flywheel mounted on an axis fixed in the
body. Momentum exchange is effected by changing the speed of the wheel relative to the
body using an electric motor. A cluster of at least three MWs with non-coplanar axes can

be used to exchange momentum with the body about any axis.

The second type of momentum exchange device is the control moment gyroscope
(CMG). The fiywheel of a typical CMG spins at a constant speed and a gimbal arrangement
allows variation of the spin axis in the body reference frame. A double gimbal arrangement
can permit the spin axis of the CMG to assume any direction in the body. The single
gimbal CMG (SGCMG) allows reorientation of the spin axis only in a plane which is
perpendicular to the gimbal axis. The advantage of the SGCMG is the well-known torque
amplification property. Essentially, a rate about the gimbal axis can produce an output
torque orthogonal to both the gimbal and spin axes which is much greater than the gimbal

axis torque. A reference to the CMG in this dissertation implies the single gimbal variety.

A gimbaled momentum wheel (GMW) is a generalization of the momentum wheel
and single gimbal control moment gyroscope. The GMW allows for variation in wheel
speed and reorientation about a gimbal axis (see Figure 1). A new form of the equations of
motion for the GMW is developed using a momentum approach. The development leads
to a system of 6 + 3N ordinary differential equations for the system angular momentum,
system linear momentum, the angular momenta of the GMWs about the gimbal axes, the
angular momenta of the GMWs about the spin axes, and the gimbal angles. Once the
equations of motion for the GMW are available, specialization to the momentum wheel
and CMG follows naturally. When linear momentum is assumed to be zero (and constant)
the equations of motion for the momentum wheel case reduce to a 3+ NV order set, whereas
the CMG case reduces to a 3 + 2N order set. Notation and a review of the basic concepts

relevant to the subsequent development can be found in Appendix A.
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Figure 1 A Gimbaled Momentum Wheel

8.1 Gimbaled Momentum Wheel Kinematics

Consider a rigid body in which N gimbaled momentum wheels are imbedded (Fig-
ure 2). Each GMW is composed of a flywheel mounted in a gimbal frame and incorporates
the variable speed of a momentum wheel and the gimbal arrangement of a typical single

gimbal CMG. The GMWs are designated Wy, Wa, ..., Wi and the rigid platform is identi-

Figure 2 A Body with Multiple Gimbaled Momentum Wheels

fied as B. The platform is in general not symmetric. A reference frame, Fp, is established
in the body which has basis (51,52,53). The body is free to translate and rotate with

respect to the inertially fixed reference frame, F;, with basis (&;,8&;, &) .
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The wheels spin about their individual axes of symmetry which are expressed as the
unit vectors ay;,as2,...,asy. The directions of the spin axis unit vectors vary with the
gimbal angles. The gimbal axes are always orthogonal to the spin axes and are denoted
by the unit vectors &gy, 8y2,...,8gn. A third set of unit vectors given by ay, a2, ..., a:N

(subscript representing transverse), where &;; = &,;Xa,;, will prove useful in the derivation.

We define a matrix A; such that the columns of A, are the column matrices a,;
(7 = 1...N) which specify the orientations of the spin axes of the wheels, W; (j = 1...N),
in the vehicle body frame Fy, . That is

AS:[asl agz - asN] (1)

The matrices A, and A; are defined similarly. Whereas A, is a constant matrix, the

matrices A; and A; depend on the gimbal angles.

The moment of inertia for the spacecraft is assumed constant except for the change
caused by variation in the gimbal angles. It is also assumed that the center of mass of the
spacecraft is fixed in the body and does not vary with gimbal angles. The inertia dyadic T
is formed from the body inertia dyadic plus the parallel axis contributions of the wheels.
It is given by

N
I=1s+ > miF - 51 - §F)) (2)
j=1
where m; is the mass and r; the fixed location of the center of mass of the j-th GMW.

We define the terms I,;, Iy;, and I;; to be the total spin axis inertia, the total gimbal

axis inertia, and the total transverse axis inertia of the j-th GMW (including the gimbal

frame). The total spin axis inertia of the GMW is the sum of the gimbal frame inertia and

wheel inertia. We split it into the terms I,,,; and I,,; so that
Isj = Iswj + Isgj (3)

We form I, as a diagonal matrix composed of the spin axis moments of inertia of the
GMW wheels:
Ly = diavg(lswl, Ty ...y Isz) (4)
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Four other N x N inertia matrices, I, I, and I;, and I, are defined in a similar manner.

The linear momentum of the system is given by

where V is the velocity of the origin of Fy, and € is the first mass moment of the body/GMW
system about the origin of Fy,. The angular velocity of the body (and body reference frame)

with respect to inertial space is &. We write Equation (5) in the body coordinate frame as
p=mv+w=c (6)

where we use the cross notation defined by Equation (340).

The system angular momentum can be expressed as

N
h=T-G+&x v+ hy (7)

i=1
where hg; is the absolute angular momentum of the j-th GMW about its own center of
mass. Instead of grouping the GMW contributions to the angular momentum by GMW
(as did Oh and Vadali [42]), we decompose the GMW contributions to angular momentum

into components in the spin, gimbal, and transverse directions. This is expressed as (using

body frame components)
h=Iw+c*v+ Ah, +Aghy, + Athy,, (8)

The new terms hy,, hg,, and hy, are N x1 column matrices which represent the components
of absolute angular momentum of the GMWs about their spin axes, gimbal axes, and spin
axes respectively. From Equation (8), we see that if we know the gimbal angles (and
therefore the 3 X N basis matrices) along with h, h,,, hg4, hy, and v, then we can

compute the current body angular velocity w.

One term in Equation (8) deserves special attention. The angular momentum of a

GMW about its spin axis is a combination of angular momentum due to the flywheel itself,
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plus a contribution due to the gimbal frame. We simply split hs, into two terms as
hsa - hswa + hsga (9)

where hg,, is the N X 1 column matrix of absolute angular momenta of the wheels about
their spin axes, and h,g, is the N X 1 column matrix of absolute angular momenta of the

gimbal frames about the GMW spin axes.

The absolute angular momentum components may be expressed in terms of the

platform angular velocity and relative angular momenta. The relationships are

hewe = IATw 4+ hgy, (10)
hyo = IyATw+ by, (11)
by = LATw+h,, (12)
hyy = LATw+h, (13)

In the case of mechanical gimbals, the motion of the GMW gimbal is constrained to
rotation about the gimbal axis, so there can be no motion of the GMW relative to the
platform in the transverse direction, nor can the gimbal rotate relative to the platform

about the spin axis. Therefore

htr = hs_qr =0 (14)

which implies that we can rewrite Equation (8) as
h=(I+ALAT + A,L;AT)w + c*v + Ay, + Aghy, (15)

Note that the inertia-like matrix multiplying w in Equation (15) is not necessarily constant.

The definitions of this section allow for a concise expression of the equations of

motion, which we now address.
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3.2 Equations of Motion

In this section, we develop the equations of motion for a rigid body with GMWs
in terms of the system linear and angular momenta, as well as the angular momenta
components of each GMW about the spin and gimbal axes. Because the orientation of the
GMW is important (as it gives the direction of the spin momentum vector), an equation
of motion is also developed for the gimbal angle. A summary of the GMW equations and

specializations to the momentum wheel and CMG cases are also presented.

3.2.1 System Momenta. The absolute time derivative of any vector X in F; is

related to the time derivative of that vector in Fy, by

dx dx
— |l ={=4+wxx 16
dt'i (dt tw X)b ( )
The equation of motion relating linear momentum to the total external force is
p=*f (17)

Therefore, the differential equation for linear momentum in the body reference frame is

given by
p = —'wxp'l‘fe (18)

The absolute time derivative of angular momentum (in F;) can be shown to be
h=-¥xp+g. (19)

so that we can write the differential equation for the total' angular momentum in body

coordinates as

h=-wh-v*p+g, (20)
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3.2.2 Gimbal Angles. We note from Equation (12) that the relative angular

momentum of the GMW about the gimbal axis is
hy, = hy, - IgAgw = Lyw,, (21)
so that we find the gimbal angle ratg from thg expression
g

§=wy, = Ig'lhga - Alw .(22)

which must be integrated to produce the gimbal angles. The gimbal angles are required to
compute the matrices A; and A;. We assign the gimbal angles to be zero when the spin

axes point in a set of arbitrary directions given by Q510 As201 + + + 3 AsNp-

The gimbal axis direction and gimbal angle for a particular GMW defines a rotation
matrix relating the components of the the zero gimbal angle unit vectors (a5, az, and a,)
to the components of the current unit vectors (a,, a;, and a,). For an eigenaxis rotation
(in this case about a,) through an eigenangle given by &, we can express the 3 x 3 rotation

matrix relating components in the two frames as
C =cosél + (1 — cos (’)’)aga_;F — sin day (23)
Thus, the spin axis unit vector for the j-th GMW is given by
a,; = (J’Jrasj0 = cos d;a,;, + (1 — cos Jj)agjagjasjo + sin Jja;jasjo (24)

Since the gimbal axis is perpendicular to the spin axis (a;rjasjo = 0), and if we assume that

the gimbal axis is fixed in the body frame, then we can further reduce Equation (24) to
a,; = cosdja,;, — sin §jay;, (25)
In a similar manner, we can show that the j-th transverse unit vector is given by

atj = cos §;a5, + sin §;a,j, (26)
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We define some new terms to aid in the numerical computation of the 3 x N matrices

A, and A;. From the N X 1 matrix, 4, of gimbal angles, we compute the N X N matrices

A° and A® where

A° = diag(cos¥d) (27)
A®* = diag(siné) (28)

and cosd and sin § are column matrices of the cosines and sines taken term by term of the
column matrix 4.

By defining the matrices Ao and Ay as the values of A; and A; when the gimbal
angles are all zero, then we compute A; and A; as functions of gimbal angles from the

expressions

As = AsoAC—AtoAs (29)

A = ApAt+ A A® (30)

il

For single-gimbal GMWs, A, = Ay is fixed, so Ag = 0. The rates of change of A,

and A;, however, can be shown to be

A, = —A.diag() (31)

A, =  A,diag(d) (32)

3.2.3 Spin Azis Angular Momentum.  We now investigate the equations of motion
for hyye and hy, since these terms are affected by the spin axis torque and gimbal torque
respectively. Toward this end, we will for the time drop the subscript, j, referring to the
Jj-th GMW, and consider only a single GMW. We begin by defining a scalar component

of the torque applied to the spinning wheel as

Gw = 85 * Ebw (33)
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where &; is a unit vector in the spin direction (independent of the reference frame). The
term g, is the total torque vector applied by the body/gimbal system on the spinning

wheel, and in general includes components orthogonal to the spin axis.

The component of the absolute angular momentum of the wheel about the GMW

center of mass in the &, direction is
hswa = é‘s : hwa (34)

Note that we have included only the wheel momentum in the definition, since we will be
applying a spin axis torque to the wheel only. (The total angular momentum of the GMW
is Ea = hys + Ega where ﬁga is the gimbal frame momentum about the spin axis.) For
each GMW, then, we have

howa = 8y + Ba + &, - By (35)

Since Ewa = gbw, Equation (35) becomes
hswa = é‘s : 1.l‘waﬂ + Gw (36)

Because &, is fixed in the gimbal reference frame, which has angular velocity & + Sé'g, we
have

8, = (@ +6a,) x &, (37)
Since the wheel is axisymmetric, the inertia dyadic can be expressed as

fw = Itwi""’ (Isw - Itw)asas (38)

where I, and Iy, represent the wheel transverse axis inertia and spin axis inertia respec-
tively, and Ewa = fw ~DBoya (Where Wy is the absolute angular velocity of the wheel with

respect to inertial space), then Equation (36) becomes

izswa = ((‘3 + 65g) X 53) * (Itwi+ (Isw - Itw)asas) 'd"wa + Jw (39)
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The total angular velocity of the wheel is made up of the body angular velocity, plus
relative velocities in the spin axis direction &sur and gimbal axis direction &gyr. So we

use

‘:’wa = ‘Dswr + (ngr +w= wswras + Sé.g + & (40)
and also make use of the fact that &, - 8, = &, - a; = 0 whereas a, - a8, = 1 to recast

Equation (39) as
howa = (@ X & — 881) - (I8, + L + wour Lowds + (Tow — 1) &8s - &) + 9w (41)
Eliminating terms based on orthogonality arguments, we obtain
howa = (Tewd(& x &) - &) — 88, + (IwB) + gu (42)
whereupon we use the vector identity (& x &) -8y = &@- (&, X &) = - &, giving the result
hswe = Gu (43)

for the single GMW. This simply states that the rate of change of the absolute angular
momentum component in the spin axis direction is equal to the torque transmitted to the
wheel'in that direction. The simplicity of this expression is a result of the axisymmetry of
the wheel, and is identical to the symmetry axis equation of motion for an axisymmetric
rigid body. Since we have N GMWs, we form the N x 1 column matrix flswa for all N
GMWs and write

l.lswa = 8w (44)

The simplicity of this matrix differential equation motivates a similar approach to deriving

the equations of motion for the GMWs about their gimbal axes.

3.2.4 Gimbal Azis Angular Momentum. We now engage in a similar development
for the column matrix of gimbal axes momenta. To this end, we define the gimbal axis

torque for a single GMW as
99 = 8 * Ebgmw (45)
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where €hgmw is the torque applied by the body to the GMW. This includes the gimbal
frame, since we are interested in the change in angular momentum of the spinning wheel

plus gimbals. Since
* l_l'gmw (46)

ilga = é‘g : l-l’z;mw + gg 4 (47)

where in this case &, = & X &, as long as &, is fixed in the body frame.

Applying a vector identity, we get
hge = (& X &y) - hgmw + gy = @ - (85 X Bgmw) + 9, (48)

The momentum in this case is more complicated, as we must include the gimbal frame.

We separate the wheel momentum from the gimbal as
l-l‘gmw = fw : ‘:’wa + fg . ‘:sga (49)

where I, is given by Equation (38) and @,, by Equation (40), whereas &y, only contains
the terms

Bgo = By + & =88, + & ©(50)

This yields the apparently involved expression
hga =& - (8 X (T + (Wowrdls + 559 +@) + i‘g : (‘;ay + &))) + g5 (51)

which we subsequently simplify.

For simplicity, we break the complicated expression on the right hand side of Equa-
tion (51) into two parts and consider first the term & - (&, X (I, - (Wswrdls + 68, +))). We

substitute for the wheel inertia dyadic to get

-

w- (é’g X (Itwi+ (Isw - Itw)asas) * (wswras + 65_9 +(B))
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= & (8 X (Trw(Wswrds + @) + (Wowr (Tsw — Itw)8s + (Tsw — 1) 8,8, - @)))
= & (I (WswrBgX s + 8gX B) + (Wewr (Tsw — 1) 8gX 8y + (s — Tpu)8gX 8ol - @)

. (Itw("wswrat) + (_wswr (Isw - Itw)at - (Isw - Itw)atas . ‘3))

I
€

= _wswr-[sw‘:; ¢ at - (Isw - It'l.l.')‘-'-3 N 5tas n) (52)

Now we consider the second part of the large expression in Equation (51), namely
@ - (8 X d, - (83, + B))). We make the reasonable assumption that the spin, gimbal, and
transverse axes for the GMW are principal axes. This allows the gimbal inertia dyadic to

be expressed in the form

I, = 1,,8,8, + I,,8,3, + I,,3,3, (53)
where the scalar coefficients are the gimbal frame inertias about the spin axis, gimbal axis,

and transverse axis respectively, and which are in general unique. So we reduce the term

as follows:

B (89 X ((Togfefis + Ly, + Igfed) - (33, + )
= @- (Isgé'g X 5353 + Itgé'g X é'té',) - @

= B (I8l + [yas8y) - & (54)

We make use of the fact that & - 8,8, - & = (& &,)(a; - &) = & - &4, - & so that we finally
arrive at

- - -

ilga - (Itw + Itg - Isw - Is_q)‘5 TAsa W — Iswwswrdj * é‘t + 99 (55)

Note that Iy, + Iy is the inertia of the wheel plus gimbal about the transverse axis, whereas
Iy + Iy is the inertia of wheel plus gimbal about the spin axis so that the entire scalar
coefficient is a constanf. In the case where the GMW package is spherically symmetric, then
the coefficient of the first term in Equation (55) reduces to zero and the term disappears

completely. In the body axis reference frame, Equation (55) is expressed as

hga = (I — I)alwalw — Lywsuwralw + g, _ (56)
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Equation (10) for a single GMW would be
hswe = Iswa’srw + LowWswr (57)
and we use this to cast izga as

hgo = (It = Lsg)atw — hgye)afw + g, (58)

Equation (58) can be put in a convenient form for the entire NV x 1 matrix of absolute

gimbal direction angular momenta,
hya = ((I: - Isg)AsT“’ = hgya) * (AtTw) +8y (59)

where the operator x represents term by term multiplication of the two adjacent N x 1

column matrices. The x operation could be carried out alternatively as
u* v = diag(u)v = diag(v)u (60)

Equation (59) provides the last N equations needed to describe the dynamics of the rigid
body/GMW system.

3.2.5 Kinematics. The dynamical equations must be appended with a set of

equations to describe the kinematics. We use quaternions, so that the four equations

. 1
q=5G(q)w (61)
where i i
—q1 —q2 —q3
G -9 q2
G(q) = (62)
a3 % —Q
| — 42 Q 9% |
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are added to describe completely the dynamics and kinematics of a maneuver. See Ap-

pendix A for the definition and a discussion of quaternions.

3.2.6 GMW Equation Summary. We summarize the equations as 3N + 10 non-

linear ordinary differential equations as follows

h = -w*h-v*p+g. (63)
p = -wip+f (64)
howe = 8u (65)
hye = ((T— Lp) A Tw — hyyo) * (AsTw) + g, (66)
§ = I 'hy-Alw (67)
i = ;G(aw (68)

where g, g., and g, represent the external torque, the spin axis torques, and the gimbal

torques respectively. Also, the 3 X N matrices

A, = ApA°— AyA°® (69)
At = AtoAc-*-AsoAs (70)

define the spin axis and transverse axis components in the body frame. To find the system

velocities from the momenta, we note that they are related in matrix form as

[ n | [ 3 < A, AL, |[ w ] [ W ]
p —cX ml 0(3XN) 0(3><N) v v
= T (Nx3) (NxN) . = Py . (71)
hg, LA; © I, 0 4 é
X hswa. J L IswA;r 0(NX3) O(NXN) Isw JL Wswr ] | Wswr i
where
— ‘T AT T T
J=1+ALAT + ALAT + A I AT (72)

For a rigid spacecraft with GMWs, J represents the inertia of the entire spacecraft.
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It is also useful to define the system momentum and system velocity vectors as

(73)

l_)gmw =

and

\_'gmw = v (74)
é

3 wswr J

respectively, resulting in the concise equation
l_)gmw = q’gmw\_’gmw (75)

In integrating Equations (63) through (68), it is necessary to solve the linear system,
Equation (75), at each time step since the velocities Vgy,,, appear in the right hand sides of

the differential equations. Note that & is available from the solution for system velocities.

The rigid spacecraft with gimbaled momentum wheels is a generalization of both
the rigid spacecraft with momentum wheels, and with control moment gyros. In the next

sections, we develop the equations of motion for these two special cases.

3.2.7 Momentum Wheel Equation Summary. = We now consider the specific case
in which the gimbal angles are constant (and can be set to zero without loss of generality).

Gimbaled momentum wheels with fixed axes in the body are momentum wheels.

From Equation (67) with § = 0 we have the condition

hy, = L, ATw - (76)
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which may be substituted into Equation (15) to generate the set of equations

h = —w*h -vip+ge.
p = —wxp+fe
l.l:;wa. = Bw
) 1
9 = ;G(@w

The relationship between momenta and velocities is

h J cX AsIsw w
p = —eX ml  0BxN) v
hswa L., Ag‘ 0 (Nx3) Ly, Wswr
where
As = AsO
A = Ay

(77)
(78)
(79)
(80)

- (81)

(82)

These equations should be compared with the results of Section 3.5 in Hughes [23] for the

single-rotor gyrostat.

3.2.8 Control Moment Gyro Equation Summary. Consider also the case where

the rotors spin at constant speeds relative to the body. Gimbaled momentum wheels with

fixed spin speeds relative to the body are control moment gyros. In this case
hswa = IswA}‘w + hswr
where hy,,, is a constant and can be computed from

hyyr = Liywswr
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The appropriate substitutions lead to the set of equations

h = —w*h-vp+g. | (85)
P = -—wp+f (86)
B = (L= L)A w - howr) * (Afw) + g (87)
6 = L 'hy-Alw (88)
& = 3Glaw (%9)

and the momenta and states are related by the expression

h J c* AgIg w Ahg,,
p =] - m1 0oBxN) v [+] 0Bx1) (90)
hy, LAT oWVx3) T é o(Vx1)

Equations (85) through (89) and (90) represent a new form of the equations of motion for
a spacecraft with CMGs. The reader should compare them to the summation notation
used by Oh and Vadali [42], wherein the rotation matrix for each CMG must be carried

during the integration.

3.3 System Energy

The kinetic energy of a body containing GMWs consists of contributions from the
rigid body itself, plus the kinetic energy of the N GMWs. For the rigid body, B, the

kinetic energy is by definition
1 o m (=
TB=§/(v+w><r)-(v+wxr)dm (91)
B

where V is the velocity of an arbitrary reference point in the body with respect to inertial
space and T is the location of the differential mass element dm with respect to the same

point. Expansion results in

1
ng—v-v/ dm+\'r‘-u'$x/i°‘dm+—1-d:‘-/ _Fx (FxX @) dm
2 B B 2 B
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Using the familiar definitions of total mass mp, first mass moment of inertia €g, and second

mass moment of inertia I, we put the kinetic energy of the rigid body in its familiar form

&-Ip- G+ -&xEp (92)

DN =

mpv-v +

N[ bt

Tg =

Note that if the reference point is inertially fixed so that ¥ = 0, or if the reference point
is the mass center of the body so that €g = 0, then the last term disappears. We wish
to keep the development general enough to allow a reference point not meeting either of

these two conditions.

We now develop the kinetic energy for a single GMW. The total kinetic energy of
the system may then be formed by summing the energy of the body and all GMWs. For
each GMW, the kinetic energy is defined as

Tsmwzlf F4+@XE) - (F+ x F) dm
2 gmw

where to be consistent, we choose the reference point to be identical to the point used
for the body. In order to simplify the derivation, we separate the kinetic energy of the
GMW into that due to the gimbal frame, T,, and that due to the wheel, T, so that

Tgmw = Tg + T,,. We compute the contributions separately.

We assume that the center of mass of the GMW does not vary with gimbal angle.
We further assume that the centers of mass of the wheel and gimbal frame coincide with
that of the total GMW and are fixed. We denote the vector from the reference to the

center of mass of the GMW as Fg, and the vector from Fg to T as p, so that
F=ig+p - (93)
For the wheel the kinetic energy is given by

17 .. . — - -
Ty, = 5/ (VG + Wy X P) . (VG + Wyg X P) dm (94)
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where Vg is the velocity of the GMW center of mass, that is Vq = V+& X Fg. Substitution

into the wheel kinetic energy expression gives

T, = %/(V-\?’)dm-i-/({r‘-cb'xFg)dm+/(\7-u-5waXﬁ)dm
w w w

1 X
+/(u3xfg)-(u'3waxﬁ)dm+§/(c3xi-'g)-(wxrc)dm

1 - - = -
+§/ (Buwe X P) « (Bwa X p)dm
w

Since [, pdm = 0, the third and fourth terms in the above sum are identically zero.

We rewrite the above as

-

L @-1

L. . . 1 2 o
Tw = Emw(v . V) + A\ (w X Cw) + Wmass w + '2‘wwa. ¢ I'LU * Wy (95)

D[ =

where I, .., is the inertia dyadic of the wheel mass about the body reference point. It is
the parallel axis contribution of the wheel. The term I,, is the inertia dyadic of the wheel

about its own center of mass.

A similar analysis on the gimbal frame leads to the gimbal frame kinetic energy

1 —t — e d - -
Ty = Emg(v°v)+v-(wxcg)+

‘3 ) fgmasa : (:5 + —2_(‘39‘1 : fg - (39'-" (96)

N~

The combined energy of the body in which is imbedded a single GMW is fherefore

1
T=om(V-9)+7- @38+

- - —

L:}'I-U;-}--id;ga'lg'nga+'2'¢:”wa'lw"3wa (97)

B | =

where m = mp+my+mgy and € = €g + €, +&,. The inertia dyadic Tincludes the parallel

axis terms for the mass of the GMW as in Equation (2).

We now note that the absolute gimbal angular velocity is given by

By = 68, + & (98)
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and that the wheel angular velocity given by

Bya = Wewrds + 08, + @ (99)
We also substitute for the gimbal inertias and wheel inertias which are given by
I, = Ly, 8, + Lyl + Ipy8,8, (100)

and
i:‘w = Itwf+ (Isw - Itw)é’sas . (101)

After substitution of the above into Equation (97), we attain the energy in terms of

the current reference axes as

lﬂw
2

1,88, @+ Lyweur 8s - @ +

1
T = ;m@-9)+¥-@x8+561
1 -
S, G Ty - @ (102)

1
( 52) +3 ( Swwfwr) + —2'

where

i'gmw = Isésas + Itgtat + Igégag (103)

If we now include N GMWs, and choose a body-fixed coordinate frame, then the
kinetic energy may be written in matrix notation as

1 1
T = 5mvTv +vTwXe + 5w’flw + le(A LAT + A,JLAT + A, LATw

+6"1,ATw + wT, 1,,ATw + 5 16+ 2wserswwsw, (104)

swr

Using the notation of Equations (71) to (74), the kinetic energy for the body/GMW

system can be written in the concise form

1
T = —T ngwvgmw (105)

2 gmw
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Since energy is in general being added to the system by external forces and moments,
along with wheel and gimbal torques, we do not expect the energy of the system to remain
constant. In fact, the rate of change of system energy must equal the rate of work done,
which is given by

T=fv+glw+g)d+gnwer (106)

This expression will prove useful in monitoring the numerical results when the control
inputs are given. Note that Equation (106) can be integrated for the system energy, while

system energy can also be computed from the system states. Defining

8e
f
Emw=| (107)
8y
| & |
then note that the system energy changes as
T = g nuVgmuw (108)

providing a concise vectorial form for the time rate of change of system energy.

3.4 Summary

This chapter provides the dynamical and kinematical relations for the rigid body
system with a gimbaled momentum wheel cluster, and the specialization of the equations
to the momentum wheel cluster and the control moment gyro cluster. Later, we use these

equations to develop laws to effect reorientation maneuvers.

Unfortunately, the truly rigid spacecraft does not exist. In fact, many spacecraft
possess flexible members which must be considered during an attitude maneuver. In the
next chapter, we develop a three-dimensional model to be used in the analysis of candidate

control laws for flexible spacecraft.
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4. Euler-Bernoulli Appendages

Using Hamilton’s Principle, we develop the equations of motion for a rigid body to which
is attached a number of flexible Euler-Bernoulli appendages. We first develop a model
making no assumptions regarding the number of flexible modes, nor do we discretize the
modes as in the methods outlined in the subsequent sections. The differential equations
resulting from the derivation are considered hybrid equations due to the mix of non-spatial
and spatial variables. The result is a mix of partial and ordinary differential equations. We
then use the method of assumed modes to reduce the system to one with a finite number

of degrees of freedom for purposes of computer simulation.

4.1 Egquations of Motion via the Lagrangian

In this section, we present a set of equations which will be used to develop a mathe-
matical model for the flexible spacecraft studied here. These equations are developed and

presented in more detail by Junkins and Kim [25].

We begin by defining the Lagrangian L of a physical system as the difference between
the system kinetic energy T and potential energy V, that is

L=T-V (109)

The kinetic and potential energies are functions of the generalized coordinates g¢;, (: =
1,2,...,N) and the generalized velocities ¢;, (¢ = 1,2, ..., N). With the Lagrangian defined
in this manner, an application of Hamilton’s principle results in N equations (one equation

for each coordinate) given by

a (3")-“:@,-,2':1,2,...,1\7 (110)

dt \9g;) ~ dg;
where @; denotes the generalized force corresponding to the i-th coordinate [36].

The extension of Hamilton’s principle to include flexible members of the body was
generalized by Junkins and Kim [25]. A particularly useful set of equations is developed

when only one independent spatial variable, say z, is allowed for a particular beamlike
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section, but which might admit a vector, w, of generalized coordinates describing elastic
motions relative to an undeformed body-fixed spatial position. The vector might, for
example, include the elongation, u, and vertical displacement, v, of the beam, so that
w=[qy v]L.

The Lagrangian is divided into three terms such that
L=LD+/f,dQ+LB (111)
Q

where  is the spatial domain occupied by the undeformed flexible body. The discrete part
of the Lagrangian (the rigid body terms) is Lp and is a function of q and ¢, where we
introduce the notation q to represent the column vector [ ¢; ¢, ... ¢, JT. The term.
L represents the Lagrangian density for that part of the Lagrangian distributed along a
flexible member. If the variation in the Lagrangian is a one-dimensional function of z, then
L is a function of w(z), w(z), w'(z), w”(z), q, and . The spatial domain Q becomes
Q={z:0<2<1}. Overdots represent time differentiation and the primes designate
spatial differentiation with respect to z. The last term, Lg, denotes the boundary terms
portion of the Lagrangian and is a function of w(l), w(l), w'(l), w'(l), q, and ¢ where

z = at the boundary.

The hybrid coordinate differential equations and boundary condition equations are

then given by

i(5) () (Z)- (13
{ 9L _2 (%)}Tswl e o (%%)}Tawa) +Elw(l)=0 (114)
{ oL }T6w’l gt d (—"’—’?i)}Taw'(l) +ifow()=0  (115)

ow" . aw'(l)  dt \ow'(l) 2

We have adopted a convention wherein (8L/dq) is a column matrix. The generalized

forces corresponding to the discrete coordinates q are Q. The generalized force density
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Figure 3 A Spacecraft with an Euler-Bernoulli Appendage

distributed along the spatial variable « is f, while f; and f, are the generalized forces asso-

ciated with a virtual displacement and rotation (respectively) at the end of the appendage.

4.2  System Energy

We now develop the energy of a system to which we shall apply Hamilton’s Principle.
A diagram of a spacecraft with an Euler-Bernoulli beam is in Figure 3. The system consists
of the main rigid body (which will ultimately contain a cluster of momentum exchange
devices) and a flexible beam appendage. The beam is allowed to flex only in the plane
which has normal component #i. The attach point of the beam to the rigid body is described
by body coordinates b from the origin to the attach point. The vector along which the
appendage is undeformed is given by ro. We make a special but realistic assumption that
#Trg = 0. For convenience, we define an axis, the z-axis, to have origin at the attach point

and direction along rp. The length of the beam is [.

The kinetic energy of the rigid body hub is given by
1
Tg = -mpviv+ %wTIBw-i-vach (116)

2

and we assume that the rigid body is not capable of storing potential energy.
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A state of zero potential energy exists when the beam is in the undeformed state. We
denote the deflection of the beam by v(z,t). For an Euler-Bernoulli beam, the potential

energy V is given solely as a function of the beam deflection:

l
=%/O EI(v")?dz (117)

where E is the Young’s modulus of the beam material and I is the moment of inertia of

the beam’s cross section about the centroidal axis. In general, F and I may depend on z.

We now develop the kinetic energy of the beam. We denote the position vector of a

point on the beam by r and assume that it is given by

r=b+ (?) rg + vh* (I;O) (118)

Note that the translation along the z-axis due to curvature has been assumed negligible.
The velocity of a point along the beam v;(z) at position vector r is closely approximated
by

vp(z) = v+ wXr + v0* (%9) (119)

where v and w are the linear and angular velocities of frame F}, with respect to frame F;

and we again neglect motion of the beam along the z-axis.

The kinetic energy of the beam is therefore

1 ! X ,[) o X T X i) A X
Tbeam:§/0 V4w r+-l—n ro V4w r+7n ro ) dm (120)
where dm is the differential mass element along the beam. This expands to

1 1 ! l
Tream = EmbeamvTV'i'E/ wr T(wxr) dm+%‘/ U -’l? 2dm

-}-/ vaxrdm+/ v rodm — / x)ronw *rdm (121)
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in which the dependence of v on z is reemphasized. Since

L[ b @) Or () mmrie 0

where I is the inertia of the undeformed beam about the origin, then

%Ll(wxr)'r(wxr) dm =

1 . 2
—wTTow + rfa%wXwX {b/
0

g dm} (123)

Ly

I
dm+r0/ EEdm+f1"ro
l o 12

2 o 202

which is a useful expansion of the second term in Equation (121).

In a similar manner, denoting the first moment of inertia of the undeformed beam

about the origin as cp, the third integral in Equation (121) may be written as

l i
/ vIw*r dm = MpeamV I w* cho + vaxﬁer/ %dm (124)
0 0
Finally, the last integral in Equation (121) may be written as
Po(e) . Tax, X Lo Lzo
—/ —ryhw’rdm = -rgn*w b/ —dm+r0/ —-dm (125)
o | o [ o 12

where some simplification results from r§ AXw>i*ry = 0 (since rfn = 0).

Therefore the kinetic energy of a single Euler-Bernoulli beam is
1 1
Tyeam = _mbeamvTV + ‘é‘wTIbOW + VTchbO + Tfle:c (126)

2

The flexure term, Ti¢z, is zero when v(z) = 0 and ¥(z) = 0, and is given by

. I’U va Iv2
Tfle:c = P{01/07d$+a2£ de+a3Lﬁd$

Lo Loz 10,
+ a4/0 7dz+a5 A —lz—dw+§/0 v dm} (127)
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where p is the mass per unit length of the beam. That is

dm=pdz

The coefficients in the terms of Equation (127) are given by

a7 = rga*wXwb+ viw*h%rg
a; = rgiXwXw*rg

a = (1/2)rTnxwxw n*rg

as = vid¥rg—rla%w b

as = —rin*w*rg

(128)

(129)
(130)
(131)
(132)
(133)

The above coefficients are all at most quadratic in the velocities. Since application of

Hamilton’s principle requires derivatives with respect to these velocities, we rewrite the

above coefficients as

a1 = wrabTw - wlwrd 5*b + wT (reaT — Arg )v
a; = wlrfariw

a3 = (1/2)w’(rorg + firgroaT)w

as = via*rg+«wTb*a%r,

as = wT fll‘gro

The total Lagrangian for the system is therefore

1 1
T T T
L = o MsysV v+§w Lysw — v ¢y w

v? VT

+/ {alwv) +a2(w) +“3( )12+a4(wv)l+a5( )12

——-/ EI(v")?dz
2Jo
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(135)
(136)
(137)

(138)

+ -1-'4')2} dz

(139)




Recalling Equation (111), we separate the Lagrangian into the terms

1 1
Lp = Emsysv’rv + —2-wTIsysw vTc;‘ysw (140)
and
L= LA L grm 1
= l+az +a312+a47+asl2+ v -3 v (141)

Since there is no kinetic or potential energy contributed as a result of the deflection at the

tip of the beam,
Lg=0 (142)

We now apply Equations (112) through (115) to generate the hybrid equations of
motion for the system. Equation (112) must be replaced with its quasicoordinate form,
since in this case, the angular velocity w and the velocity of the origin v are quasicoordi-
nates [36, 44]. Lagrange’s equations for the discrete quasicoordinates (when the Lagrangian

is independent of spatial orientation and position) become [35]

() ()=

d (0L < (OL oL
D@ e
It is worth comparing Equations (143) and (144) to Equations (381) and (382).

Introducing the notation

da;

oo = 20 (145)
., = 4 (146)
T v
then
a1 = (rFabT —baTr})w - 2wrla*b + (rontT — firg v (147)
a2 = (rirg —roaTrX)w (148)
a3w = Torgw+ irgrehTw (149)
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Ay = bxﬁxro (150)

asw = frgro (151)
a1y = (org —roat)w (152)
azv = 0 (153)
a3y = 0 (154)
agy = N0*¥rg (155)
a5y = 0 (156)

Assuming f1, f2, and f of Equations (113) through (115) are zero,the hybrid equations

of motion can be summarized as

d ai,vv (L4,v’l.)
dt (msysv sys“’+/ { T } dw)

a1 vV | G0
+w™ (msysv sysw +/ { n + —éllv—-} d:l:) =f (157)
d Q1Y | GQUT  G3,V0  G4,0  G5,0T
pr (Isysw+csysv+ / { + l“; =gttt } dw)

(" w 2 w. wi):l:
+w* (Isysw +elev+ f {al’“’” 4 2wl? y Bowl | G4ub ) O } d:c)

2 2 l 2

+v* (msysv — CysW +/ p {al,lvv + 04’1"0} dw) = 8e (158)
0
i (Ef_4+ pasc 4 1}) _ (Pal + paqzz n 20ﬂ3’0> +a—(EI'U”) =0 (159)
a\ 1 T TP TR 2 22 |

Since v(0) = 0 and v’(0) = 0, then Equations (114) and (115) reduce to
9 (Erv)) =0 : (160)
oz *
EIV"(l) =0 (161)

The above equations reduce to those of a rigid body when v(z) = 9(z) = 0. Also note

that when w = v = 0, Equation (159) reduces to the familiar equation for a cantilevered
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beam
2

d, . 0 ,
7 (po) + 922 (EIv") =0 (162)

4.3 The Assumed Modes Method
We now apply the Method of Assumed Modes to the equations of motion [13]. We
assume that the continuous variable v(z,t) can be expressed as
o0
v(z,t) = Z pi(x)vi(t) (163)

1=1

where v; retains the length dimension and 4; is dimensionless. If we retain m mode shapes,

then (163) can be expressed in matrix form as
v(z,t) =Py (164)

where 1 and v are the m-vectors formed by keeping only m modes.

We choose for 1; comparison functions [13] which meet the geometric and natural

boundary conditions

$i(0) = 9i(0) = (D) = %" () = 0 (165)

A complete description of the assumed modes method and a description of comparison

functions is in Craig [13].

To apply this method to our equations of motion, we introduce Equation (163) into
Equation (127) and integrate out the spatial variable immediately. Note the simplification

which results from Equation (163) in that, defining

vi(z,t) = Yi(z)ui(t) (166)

then
v; = Pi()vs(¢) (167)

and
v = 7 (2)ui(t) (168)




The kinetic energy due to flexure becomes

1
Tfier = a;mlv+ agmy v + azvT Mav + a4m'1ri/ + asm] i + 51'/TM3£/ (169)
wherev=_[1 vy, ... v, ]T which we shall call the modal displacement vector and we
define the components
1!
m = 7 [ pbe)do (170)
0
1 r!
my; = 1—2/0 pzip(z) de (171)
1 l
My = 5 [ @@ i (172)
We also define the stiffness matrix K whose components are calculated from
!
K = / EIY (2)9"(2)T de (173)
0
so that the potential energy may be expressed as
17
Vflea: = 511 Kv (174)
The new assumed modes Lagrangian is therefore given by
1 T, . 1. T T .x T T
Losmn = Emsysv v+ —2—w Liysw — v Coysw + a1my v + agm; v
2 1
+asv Msv 4 aym o+ asm] i+ 5 T M3 — 5VTKV (175)

Application of Hamilton’s Principle to this Lagrangian yields a set of 6 + m equations of

motion (containing only discrete coordinates) where m is the number of assumed modes.

Of course, the above development is for only a single appendage with m assumed modes.

Each additional appendage will add m more variables to the development. Continuing

aLaSm
ov

= aqymy + aymy + 2asMszv — Kv
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and
8Lasm

s = a4mi + azmy + 12M3I'J (177)
ov

Once again, using the quasicoordinate form of Lagrange’s Equations for w and v, the
6 4+ m equations of motion for the system with one flexible appendage having m assumed

modes are

pr (msysv - cgysw + alymrlfu + a4,vm'1rij)
Fw* (msysv — Coysw + al,vm'lru+ a4,vmr1ri/) =f, (178)
% (Isysw + iVt al,wm;ru + a2,wm;ru + a3,wyTM3u + a4,wmr1ri/ + a5,wm’2ri/)
Fw™ (Isysw 4 ciysv + al,wmrlru + ag,wmgu + ag,wVTMg,I/ + a4,wmr1ri/ + a5,wmr2ri/)

+v* (msysv — Chysw + ayymi v+ a4,vmr1ri/) =g (179)

d .
zi'z (a4m1 + asmy + l2M3V) - (a1m1 + aomy + 2&3M3V - KV) =0 (180)

Equations (178) and (179) may be simplified by noting that

oL
2. =h (181)
oL
=D (182)

and by defining the generalized flexure momentum as

dL

h, = o asm; + asms + *°Msp (183)

As with Equation (71) of Chapter 3, we relate the momenta and velocities in a matrix

form as
h @, P12 Py w
Pp=|p |=BV=| & P Py v (184)
h, P31 Pz P33 7
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where we have introduced the modal velocity

p=v

and the elements of the symmetric positive definite matrix @ are

Py

Lys + (m]v) (xfabT — baTr} — 2(rg2*b)1)

+(mTv)(rFar] — reaTr}) 4+ (VMav) (¥ rorg i* + (rgro)l)
Coys + (ronT — fird )mJv
b*h*rom] + Argrom;
3
Mgys1
n*rom;
o5
835
I’M3

(185)

186
187
188

189

(186)
(187)
(188)
(189)
(190)
(191)
(192)
(193)
(194)

194

It is interesting to note that ®;; represents the second moment of inertia of the system in

the deformed state whereas ®;5 represents the cross product form of the first moment in

the deformed state.

The equations of motion for the assumed modes model with a single appendage

therefore reduce to the fairly simple 6 + 2m order system of equations

h = —w*h-v*p
= ——wxp
hl, = aqimjy + asmy + 2(13M3V - Kv

v = p
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(196)
(197)
(198)
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Equation (184) must be solved at each time step, since the system velocities are required

in the right hand sides of the equations of motion.

We can extrapolate the above development to additional appendages by noting that
an additional appendage will result in additional terms in Equations (169) and (174). We
must therefore adjust isys,csys, and mgys to reflect the new values. The elements of ¢ must
include the additional terms due to the new appendage. An additional row and column
must also be added to ® to reflect the relationships between the additional vectors h,,; and
u;. Finally, we add 2m more differential equations reflecting Equations (197) and (198)

for each appendage.

Computing the system energy for the body with Euler-Bernoulli appendages is rel-
atively simple at this point, since the energy was required prior to formulation of the
equations of motion. It is interesting to observe, however, that the system energy may be

expressed in the relatively compact notation
T =-v'®v (199)

or alternatively

P (200)

4.4 Equation Summary for a Spacecraft with GMWs and Euler-Bernoulli Appendages

We now integrate the equations of motion for a spacecraft containing N GMWs and
p flexible Euler-Bernoulli appendages. Equations (65) through (67) of Chapter 3 are not
affected by the presence of external Euler-Bernoulli beams. The equations of motion for

each gimbaled momentum wheel are unaltered.

The Lagrangian density function given by Equation (141) is also unchanged if GMWs
are added to the rigid body hub. Equations (159) and (180) are still valid, therefore, for
the combined system of equations. Of course, the equations of motion for total linear and
angular momentum for the entire flexible spacecraft model also remain unchanged. We

therefore summarize the entire set of equations for the spacecraft containing GMWs and
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flexible appendages as

h = —w*h-v*p+g. (201)
p = -wp+f (202)
howe = 8u (203)
hye = ((It— Lop)AsTw — hoye) * (A Tw) + g, (204)
6 = I'hy-Alw (205)
h, = a;m;+a;m;+2aMsv—Kv (206)
voo= p (207)
i = ;Glaw (208)

For a spacecraft containing N gimbaled momentum wheels and p appendages for which
we assume m modes each, the set of first order nonlinear matrix differential equations is
of order 10 4+ 3N + 2mp. Note that a spacecraft with 3 GMWs and 3 flexible appendages
will yield a set of 25 differential equations if we keep only the first mode of oscillation. As
with the rigid body case, it is possible to express the relationship between momenta and

velocities as

h w
P Vv
hye | =Bsys| & (209)
hyue Wswr
| B | A

The coefficient matrix @, is a function of § and v. Equation (209) must be solved at

each time step, since the velocities are needed in Equations (201) through (208).

The spacecraft with GMWs is a generalization of the spacecraft with momentum
wheels, in which case the gimbal angles are always zero. Setting 8 = 0 leads to a set of
10+ N +2mp equations. Similarly, for the CMG case, h,,, is constant, and the equations
of motion reduce to a set of order 10 + 2N + 2mp.
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With no external torques or forces acting on the spacecraft, then attitude control is
accomplished solely by choice of the spin axis torques g,, and gimbal axis torques g,. In
the next chapter, we will turn to the task of choosing these control inputs to reorient the

spacecraft while simultaneously seeking to minimize oscillations of the appendages.

4.5 Summary

The results of this chapter provide a mathematical 3-D flexible spacecraft model
without restrictions on symmetry of appendages, mode shapes, or center of mass motion.
The assumed modes method allows for the infinite dimensional nature of the flexible ap-
pendages to be truncated at a desired number of mode shapes. Any number of appendages
may be modeled by these equations. The equations are integrated very smoothly with those
of Chapter 3. We now turn to the development of control laws which provide a desired

reorientation while keeping the appendage oscillations small.
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5. Spacecraft Reorientations

We now turn to the task of finding control laws which reorient a spacecraft using momen-
tum exchange devices. In general, the spacecraft may already possess significant angular
momentum (stored in a cluster of momentum storage devices). We assume that the space-
craft initially has no angular velocity with respect to inertial space, and our goal is to take
up a new orientation with the spacecraft again at rest. The problem is therefore a rest-to-
rest maneuver, with the initial and final orientations specified. With no external torques,
the total angular momentum of the spacecraft/cluster system remains fixed in inertial
space. At the final orientation, therefore, the cluster momentum has a unique.orientation

in the body coordinate frame, a property not shared by zero-momentum spacecraft.

We begin this chapter by showing how the rate of change of cluster momentum
is essentially the control input, regardless of the type of momentum exchange device.
The relationship between cluster momentum rate and torque inputs is then discussed. A
closed loop Lyapunov control law capable of reorienting the spacecraft is presented, with a
momentum exchange cluster as the control device and where the control input is the rate

of change of cluster momentum.

Next the problem of singularities for the control moment gyro cluster is addressed.
The singularity-robust inverse is examined using the insight provided by the singular value
decomposition, and an improved control law which avoids torque commands in the singular

direction is introduced. Some examples demonstrating the improvement are presented.

We then discuss a class of maneuvers known as stationary platform maneuvers [20]
which have the advantage of generally keeping angular velocities low during the reorienta-
tion. A modification to the Lyapunov control law allows for reorientations which remain

arbitrarily close to the stationary platform condition.

5.1 Reorientations Using a Momentum Ezchange Cluster

We begin by writing the general equations of motion for a spacecraft containing a

momentum exchange cluster in a general form. This will show that the control input to
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the spacecraft is essentially the rate of change of cluster momentum. We will then examine

the possibilities of using specific control devices to effect the cluster momentum change.

The total angular momentum of a spacecraft about its mass center is
h=Jw+h, (210)

where J is an inertia-like matrix which will be defined in a suitable manner relevant to the
momentum exchange device under consideration. We leave open the possibility of J being
variable. The cluster momentum h, includes the spin momentum of the GMWs relative
to inertial space and the angular momentum associated with the GMW gimbal rate. For

a GMW cluster, for example, we add a subscript to J and Jgy,,, takes the form
Jgmw =1+ ALAT + AT, AT (211)
and the cluster momentum is

h. = A,huu, + Aghy, (212)

Assuming no external torques, the equation of motion for the spacecraft represented
by Equation (210) is
" @=J"(-w*(Jw+h,) — Jw — h,) (213)

where J is determined by the gimbal rates. Note that J = 0 for the momentum wheel
case. The reorientation profile can be controlled as desired through the input term J~!h,.
There are, however, limitations on the types of maneuvers we may perform using the input
h.. A rotation, for example, about an arbitrary eigenaxis is not possible. See Appendix B

for a discussion.

While h, can be viewed as the control input, it is actually changed by applying
internal torques to the momentum exchange devices. The nature of these torques depends

on the type of device. In the general case of the GMW, we have
ilc = Ashswa + Asl.lswa + Agﬁga
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= —Adiag(6)hyye + Asheye + Aghy, (214)

We have direct control over the last two terms of Equation (214) using the torque inputs
gw and g, (see Equations (65) and (66)). Note, however, that the first term is dependent
on the gimbal rates, which are states of the system. This term can dominate for the case
of large hs,,, and is indeed the term which provides the so-called torque'ampliﬁcation

property of the single gimbal CMG.

For the momentum wheel case, we note that the second term on the right hand side

of Equation (212) may be replaced with
Aghy, = Ajhy + AL ATw (215)

where hg, = 0 since the gimbal angles are fixed. It is convenient to lump the gimbal axis

inertia into J and define
_ T T T
Jmw =T+ AL A; + AL A + AgIgAg (216)

so that
lElc = As}.lswa = Asogw (217)

Thus, a desired flc.ca,n be achieved by selecting g,, to satisfy Equation (217). When N = 3
and the rotors are not coplanar, the solution for g,, is unique. When N > 3, the solution
for g, is underdetermined giving the possibility of an infinite number of solutions. It is
common to choose a minimum norm solution for Equation (217). For N = 2, the torque
output is confined to a plane, and when only one momentum wheel exists (N = 1), the

torque output is confined to a line along the spin axis.

Similarly, for the CMG, the first term on the right hand side of Equation (212) may

be written as

Ashgy, = Ashg,, + AsIswAEw (218)

where h,,,, is constant.
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Therefore, by defining

Jomg =1+ AJLAT + A LAT + AT, AT (219)
we have
h, = —A.diag(8)heur + Aghy,
= —Adiag(hsu,)d + A ILd (220)

This demonstrates that the torque generated by a cluster of CMGs has a component about
the gimbal axes (due to gimbal acceleration) and a transverse torque output due to gimbal

rates. The torque input g, can be computed given the desired s.

An exact solution (for g,) to provide a desired h, is possible, but not desirable. The
gimbal rates, §, and accelerations, 3, are not independent. For a typical CMG cluster, the
objective is to take advantage of the control torque generated by the gimbal rates (the first
term of Equation (220)). Since 4 is actually a state of the system, we typically choose & to
achieve a desired & which provides the h, required by some control law. Choosing gimbal
accelerations to instantaneously generate the torque demanded by a control law leads to
unacceptable gimbal rates (and therefore torques) from the first term of Equation (220).
Note that this is a compromise, since the torque produced by the initial gimbal acceleration

will almost definitely provide an undesirable (if small) output torque.

5.2 A Lyapunov Feedback Control Law

In this section, we develop the stabilizing Lyapunov control law due to Oh and Vadali,
but using the variables of the current development. We define a positive definite Lyapunov

function

1
V =keele; + Ee;r.]ez (221)
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where e; is the attitude error, e, is the angular velocity error, J is positive definite, and

ko is a positive scalar constant. Explicitly

e1 = q—qy (222)

e = w-wy (223)

where q is the 4 X 1 quaternion vector and w is the 3 X 1 angular velocity vector. The con-
stant terms q; and wy are the desired final values for the reorientation maneuver. Though
we intend to focus on rest-to-rest to maneuvers, we carry w; through the development for

completeness.

The derivative of the Lyapunov function is
. . . . . 1 .
V = 2ko(a - as)"(a—qs) + (w —wp)TI (@ - dy) + Flw~ wp) I (w-wy)  (224)

The quaternion rates can be translated to angular velocities through the relations

q = %G(q)w (225)
Q5 = %G(Qf)“’f (226)

Furthermore, we make use of the fact that
G'(a)a=GT(qs)q; =0 (227)

whereas

GT(qs)q = -G (q)q; (228)

The above relations allow us to express the derivative of the Lyapunov function in the form

. ) 1. .
V=—(w-wp)T <—k0GT(qf)q+ Jor - Jw+ -2-wa - %Jw) (229)
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We see that V can be guaranteed negative semidefinite when we ensure that

. A 1.
—koGT(qp)q + Iy ~ T — -2-Jw + -2-wa =K (w — wy) (230)

where K is a positive definite gain matrix, since then
V=—(w-ws)TK;(w-wy) (231)
Substitution of Equation (213) leads to the relationship

. 1.
h, = Kl(w - wf) + koGT(qf)q —Jwy — w* (Jw + hc) - 5J(w+wf) (232)

In general, the magnitude of ky determines the speed of the reorientation, since it
directly multiplies the quaternion error in deciding the magnitude of the required torque.
It should be apparent from Equation (232) that choosing ko = 0 and K; # 0 will simply
drive w — 0 without any consideration for the quaternion error. Conversely, choosing
K; = 0 and ko # 0 will drive q = q; without consideration of the desired target angular
velocity, wy, generally causing an overshoot. The constant K; should therefore be selected
in consideration of the magnitude of kg. It can be shown that the system is critically

damped in the linear range (near q = qy) when the diagonals of K; are chosen as [42]
K1, = V2J;:ko (233)

Since J is variable, but closely approximated by I when the GMW inertias are small relative

to the spacecraft, the elements J;; are closely approximated by the constant terms I;;.

It is important to discuss the possibility of solutions other than w = wy and q = q5
for which we might have V = 0. Since K, is a positive definite gain matrix, then V = 0

implies w = wy. This further implies that

1.10 = kOGT(qf)q—Jcbf —w;f (Jws +h;) - jwf
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Combining this with Equation (213) when w = wy
W =T (~w¥ (Jwys + he) ~ Jw; — h,)

we have

ilc = kOGT(Qf.)q + l.lc

which is only possible when q = q; (or q = 0, which violates the quaternion constraint).
Therefore, the system is globally asymptotically stable when h. is chosen as in Equa-
tion (232). This cluster rate must ultimately be related to the input torques. In the
momentum wheel case, we have J,,,, = 0, and assuming we wish to accomplish a reorien-

tation for which w; = 0 and w; = 0, then Equation (232) simplifies to

h, = K1w+k0GT(qf)q—wx(Jw+hc) (234)

Generating the h, required by Equation (234) is relatively simple for the momentum
wheel case. Equation (217) provides the relation for choosing the momentum wheel spin
axis torques, g,,. For the case of three non-coplanar momentum wheels (A ;o non-singular),
a unique solution for g, exists. For a redundant set of momentum wheels, an infinite
number of solutions exists. It is common to choose the minimum norm solution for the

torques given by

g = AT(A,AT) 1], (235)

The case of the CMG cluster is not quite so simple. With changing gimbal angles,
Jemg is not constant, and even after computing an h. to stabilize the system, Equation (220)
causes complications in choosing the control input. First, we rearrange Equation (232)

slightly to the form

. 1. .
h. + ‘Q‘Jcmg(“’ +wys) = Ki(w—ws) + koG (af)q - Jcmg‘f’f — w* (Jemgw +h.)  (236)
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so that all terms which are functions of gimbal rates and accelerations are on the left hand

side. Then Equation (236) may be written as
B +Dé = K;(w — wy) + koG (qf)q = Jemg@s — > (Tomgw + hy) (237)
where the 3 X N matrix B is simply (from Equation (220))
B=A,, (238)
The 3 x N D matrix in Equation (237) is defined by
Dé = %jcmg (w+wy) — Adiag(hsyr)d (239)
To compute D, note that J.n, is a function of the gimbal rates, so that

Jemg = A,diagdl AT + A,diagdT,AT — A.diagdTI, AT — A diagST, AT
= A,diagd(I, — L)AT + A.diagd(I, — I,)AT (240)

It is possible, for example, to write the product of the first term on the right hand side

of (240) with w + wy as

A diagd(I, — L)AT (w + wy)

N
= Y agag(w+ws)(ly — Ij)5;
=1

= [aslaﬁ(w+wf) agan(w+wys) .- asNa;I‘N(w+Wf)](It_Is)3 (241)

so that

D = -A.diag(h,,)
1
+5 | (nah + ansd) (@ +y) (aaah + aual)w +wy)

o (aowaldy + auvall) (w0 +0) | (=) (242)
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In general, because hy,, is large, the contributions to D from the first term of Equa-
tion (242) are of much greater magnitude than those of the second term (especially for

small w + wy or when I, = I;).

The system is stable when Equation (237) is satisfied. Of course, § is actually
determined by the integration of & and is therefore a state of the system. The advantage
of single gimbal control moment gyros, however, lies in the torque amplification resulting
from the gimbal rates. Fortunately, B is generally many orders of magnitude smaller than
Dé (for high spin rate control moment gyros). Normally, we seek to drive the gimbals so
that

D6 = K;(w — wy) + koGT(qs)q — Temgws — wX (Jomgw + ) (243)

as closely as possible, while simply tolerating the resulting torque generated by the gimbal
accelerations. That is, we assume B§ is negligible in Equation (237). A solution to
Equation (243) gives the desired gimbal rates, which we denote as 5,165. Oh and Vadali

showed that by then choosing
6= Ks (sdes - 6) (244)

where K is positive definite, we can keep & close to that required to satisfy Equation (243),

ensuring that we are taking advantage of the torques generated from the gimbal rates.

Knowledge of the desired gimbal accelerations allows computation of the required
gimbal axis torques (assuming that we can compute or measure w), since from Equa-
tion (87)

8o = L8 + L,ATo — (T, - 1) ATw — by, * (ATw)) (245)

As in the case of momentum wheels, a redundant set of CMGs leads to an underde-
termined problem. Denoting the right hand side of Equation (243) as 1., then we seek a

solution to the problem

84es = DL, (246)

The superscript t is used in Equation (244) to indicate that when D is not invertible then

a suitable pseudoinverse should be used. This occurs when D is not square. It may also
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occur when the gimbals are in a singular configuration. We turn now to a discussion of

the CMG singularity problem.

9.3 The CMG Singularity Problem

A singularity is encountered when there exists some direction in the body in which
the cluster is not capable of producing torque. This occurs for a particular direction in
the body frame when the spin axes of all CMGs in the cluster are either maximally or
minimally projected in that direction. In this condition, all of the transverse axes of the
CMGs are perpendicular to this direction. Thus, the elements of A; are coplanar, and D is
rank 2. We could also say that the range of the transformation from gimbal rates to output
torque of the cluster is two-dimensional (planar). Operating near these singularities can

result in unreasonably high gimbal rate commands and undesirable system response.

Of course, nothing physically significant actually happens at a singularity. There is
no gimbal lock phenomenon or other adverse effect associated with these configurations.
There is, however, a problem if one wishes to generate a torque in the singular direction.
If the required torque is orthogonal to the singular direction, there is no reason to avoid
the singularity during the reorientation profile. Based on the elegant results of the singular
value decomposition (SVD), we are able to steer through some singularities, resulting in a
much smoother reorientation. An excellent presentation of the principles of the SVD and
its relationship to the typical pseudoinverse techniques was given by Junkins and Kim [25].
We begin with an analysis of the singularity-robust steering law before showing how it is

modified into a singular direction avoidance law.

5.3.1 The Singularity-Robust Steering Law.  For a system of three CMGs (with
non-coplanar gimbal axes), and a non-singular matrix D, Equation (243) can be solved for

the desired gimbal rates as

84es = D711, (247)
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When there are more than three CMGs in the cluster, then the solution for Sdes is under-

determined, and a minimum 2-norm solution can be calculated from

84 = DT(DDT)1, (248)

Equation (248) gives the minimum norm solution for the gimbal rates for a desired
torque, 1.'. Equation (248) fails when D drops below rank three, because DDT becomes
singular. When D is nearly singular, the inverse leads to unreasonably large gimbal angle

rates.

A modification to Equation (248) prevents the gimbal rates from becoming excessive

at or near a singularity [39]. The steering law is modified to
§4es = DT(DDT 4+ 01)711, (249)

where 1 is the 3 x 3 identity matrix, and « is a scalar parameter which is negligible when
DDT is non-singular, but increases as a singularity is approached. Oh and Vadali proposed,

for example, letting

a = a,e~det(PDY) (250)

where ¢, is some small constant. This ensures that a solution for the gimbal rates always

exists. Equation (249) is commonly referred to as the singularity-robust (SR) steering law.

Near or at a singularity, the computed gimbal rates do not produce the required
torque. We are forced to accept some deviation, as it may be impossible to produce the
desired torque with finite gimbal rates. In some cases, however, the required torque might
be possible if it lies in the range of D, even though D is singular. The SR steering law
will produce an errant torque, even when the desired torque is achievable. The singular
value decomposition allows for an examination of the structure of the SR steering law and
provides some insight which allows for an improvement in the steering law near or at a

singularity.

!The minimum norm solution is often criticized in the literature (see, for example {4, 43]) for actu-
ally contributing to the singularity problem. This phenomenon was not observed during this dissertation
research, and a discussion of it is in Appendix C.
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5.8.2 The Singular Value Decomposition.  In general, any m x n matrix can be

decomposed into the product of three special matrices:
D =UsVT (251)

where U is an m X m unitary matrix, V is an n X n unitary matrix, and S is an m X n
matrix which is diagonal. If S has more columns than rows (i.e. m < n), then the last
n — m columns are zeros. The diagonal elements of S are known as the singular values.

By convention, all singular values are positive and ordered so that

S1128522...28mm 20 (252)

Note that expressing D in this form makes it easy to compute D~1, since in the case

where D is square,

D! =vs-lyuT (253)

and S is an easily inverted diagonal matrix. When m < =, then the matrix DT(DDT)-!
can be calculated from the elements of the singular value decomposition by discarding the

last n —m zero columns of S and V, inverting the new m X m square matrix S, and forming
D' = v,5;1UT (254)

where V; and S; are the truncated matrices.

Equation (254) gives the minimum norm solution to the undetermined case and works
well for the CMG problem when rank(D) = 3. When rank(D) falls below 3, however, S;!
does not exist because S33 = 0. The purpose of Equation (249) is to ensure that an inverse

exists when S33 — 0.

We ask how adding the singularity avoidance parameters to the underdetermined
steering equation given by Equation (249) affects the singular value parameters. We pro-

ceed as follows:
DT(DDT +a1)™! = vsTuT(ussTuT + oUUT)"!
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= VST(sST +o1)-1UT
= V;S;(SZ+01)"'UT (255)

Note that both S; and S? + a1 are diagonal matrices, so that

S S S )
T(qaT -1 _ g 1 2 .., 256
§°(887+ 1) diag (5121 ¥a'S%+a 82, ta (256)

= Sk (257)

This nature of the SR law in terms of singular values was observed by Bedrossian et al. [4],

but was not used to improve the steering law.

Looking back at Equation (250), it is interesting to note that since
DDT = UsTsuT (258)
then

det(DDT) = det(U) - det(STS) - det(UT)
= det(STS)
= ﬁs,% . (259)
i=1

so that the exponent term in the singularity avoidance parameter is a function of all of the
singular values. Below, we propose a singularity avoidance parameter that depends only

on S33, the critical singular value for this problem.

5.8.8 Singular Direction Avoidance. For a transformation matrix, such as D,
which is a continuous function of several variables, the singular values are continuous
functions as well. Since D maps the N X 1 vector of gimbal rates into the 3 x 1 vector of
output torques, D is rank 3 for non-singular gimbal angles. If a singularity is encountered,
then D falls to rank 2, with S33 = 0. The singular value decomposition provides sorhe
useful information through the unitary matrices U and V. With D a 3 x N matrix, the

last N — 3 columns of V span the null space of D. These columns form a basis for the
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gimbal null motions of the cluster, those gimbal rates which produce no output torque
for a given configuration. The third column of V always represents the direction mapped
through the smallest singular value. When S35 = 0, the third column of V is also in the

null space of D.

The columns of U form the basis for the range of D when D is rank 3. However,
when D falls to rank 2, only the first two columns of U span the range of D, whereas the
last column is orthogonal to the range of D. The direction of the third column of U is the

direction in which no output torque is possible when rank(D) = 2.

It is always the third singular value which goes to zero as a sihgula,r gimbal con-
figuration is approached. Thus, preventing S33 from going to zero will ensure that the
commanded gimbal rates are finite. Furthermore, we argue that it is not only unneces- -
sary, but undesirable to change all of the gimbal rate commands when a singularity is
approached, as is obviously accomplished through the singularity robust control law (see
Equations (255) and (257)). The output torque requested by the Lyapunov control law,
Equation (246), is not affected by the singularity of the gimbal cluster. It is the torque we
would like to generate if possible. When we cannot because of a singular condition, there

is no reason to alter all of the gimbal rates to avoid the singularity.

When D is decomposed via SVD, Equation (243) becomes
1, = USV T4 (260)
Some useful insight is brovided when rewritten in the form
UTL = SV T4 (261)

When S33 = 0, the range of SVT is two-dimensional, and is the plane spanned by the first
two columns of U. The first two elements of the vector UT], remain the desired torque
components in the range of SVT. We argue that it is best not to alter Sj; or Sy before

inversion.

64




The question becomes one of determining what to do with the possible gimbal motions

in the null space of D. The singularity robust inverse technique would suggest letting

1 Sa3 )
—] =
(533) (5'323 +a

Note that this function approximates (1/Ss3) for large S33, but goes back to zero at a

singularity (for @ # 0).

It seems reasonable to expect maintaining the gimbal rates present prior to encoun-
tering the singularity would be preferable to attempting to stop the gimbal movement in
the null direction as the singularity approaches. While this logic is sound in theory, since
we are actually forced to deal with an acceleration steering law, the gimbal rates are never
exactly what we desire and it is unlikely that the gimbal will transit the singularity in
a direction exactly orthogonal to the singular direction. We therefore examine the rate

steering equation of the form

ddes = VS, UTI, ' (262)

where

Sipa = di (— e
spa = 9188 S117 822" 8%+ a
We shall refer to the gimbal rates computed by Equation (262) as the Singular Direction

Avoidance (SDA) steering law.

Of course, we should justify why choosing the gimbal rates in accordance with Equa-
tion (262) is an improvement over those computed by Equation (249), the SR steering law.

Define as 1, the torque produced by the gimbal rates of a cluster of CMGs. That is

, = Dé
= USVT§
= US,V}é (264)
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Choosing the gimbal rates in accordance with the SR steering law yields the gimbal rates

given by Equation (255) so that
Ls, = US:SL,UTL (265)
Near a singularity, this steering law does not produce the torque required. The error is
1 — L, = U1 - S,;8i5)UTL, (266)

The norm of the error in the torque produced is therefore

Sf1a+a 0 0
Il = bpsg || = 0 g 0 Ul (267)
0 0 gw

We use the same reduction to show that for the SDA approach

00 0
I —Lepull=1{[ 0 0 0o UL | (268)
00 7%

The error in the torque produced is therefore directly proportional to the magnitude of
the torque required, but varies with direction. If 1. is a unit vector, then the maximum
error occurs in either case when 1, lies solely in the direction of the smallest singular value
(and is the same for either control law). The minimum error, however, occurs for the SR
law when 1. lies in the direction of the maximum singular value, but is always non-zero
(assuming @ # 0). For the SDA law, the minimum error occurs (and is zero) if 1, lies in
the plane orthogonal to the direction of the minimum singular value (that is, in the range

of the first two columns of U).

We conclude that for the SR law

«a ”l" - IPSR“ o

SiaS L S%hta (269)
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whereas for the SDA law

“17‘ - lPSDA ” a
0< < 270)
ST Sta (
and that for any 1.,
”lr - lPSDA” < ”lf - lPSR” (271)

The error in the torque output resulting from the SDA control law is always less than
or equal to that produced by the SR law. In some cases, the error might even be zero,

whereas the SR law always produces some error.

5.3.4 The Singularity Avoidance Parameter.  The choice of the singularity avoid-
ance parameter, «, can of course have a major impact on a typical reorientation profile.
Since the intent of the singularity avoidance is to effect a smooth reorientation and prevent
large gimbal accelerations (and torque commands), a method of judging the smoothness
of a maneuver is to observe gimbal angle histories, or possibly the output torque history.
Numerous simulations using a singularity avoidance parameter based on Equation (250)
indicated a tendency tov;vard abrupt gimbal angle commands and angular velocity histories
near singular configurations because the exponential term rises abruptly as the singularity
is approached. Furthermore, the singularity parameter given by Equation (250) depends on
the physical size of the system, since det(DDT) has units of angular momentum squared.

We therefore choose to non-dimensionalize the exponent.

For a typical CMG system, the contribution to D from the first term of Equa-
tion (242) is much greater than the contribution from the second. For the physical model
and reorientation profiles explored in this section, the difference is roughly seven orders of

magnitude. Therefore

D =~ —A.diag(hsy,) (272)

When D is computed as in Equation (272), then

DTD = vsTsvT (273)
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and since V- is an orthonormal matrix,

trace(DTD) = trace(STS) (274)
So, with
a’tIihswrl
T
at;)h r2
DTD = " [ anhswr1 awhswrs -0+ ANPsurN ] (275)
| a’trNhswrN i
then
trace(DTD) = h2,,; + h2,.2 + -+ hZ,.n = hl, h,,, = constant (276)

which with Equation (273) implies
5% + 8%, 4+ 8% = hl h,,, = constant (277)
When all N CMGs have identical spin momenta, hg,y, then
3
> S%=NR2,, (278)
=1

This allows us to put a bound on the upper limit of the smallest singular value Ss3, since

when Ss3 is at its maximum, Sy; = S99 = S33. Therefore

533 S V ghswr (279)

We define a non-dimensional variable

3 (S
=5 (i) ()

so that
0<o33<1 (281)
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and choose as a singularity avoidance parameter
2
o = age k% (282)

so that the response of the system is independent of system size. The constant k, may
be selected as desired. Note also that the coefficient term, ap, also has units of angular
momentum squared and should be adjusted to match the dimension of the system. In the
following section, we compare the SR and SDA maneuvers, and we also compare maneuvers

using the two singularity avoidance parameters.

5.4 Maneuver Examples

We now present some examples which are chosen to present the advantages of the
proposed steering law. The physical model chosen is a rigid spacecraft with a cluster of
4 control moment gyros arranged in a pyramid configuration (see Oh and Vadali [42)).
The parameters are taken directly from the example used by Oh and Vadali in order to
co.mpare selected results. The model data are listed in Table 1. Use of I,; = I,; = 0 does

not affect the results.

5.4.1 Singular Direction Avoidance Ezample. We begin by examining the ad-
vantage of singular direction avoidance only. For this example, we choose an initial sin-
gular configuration of the CMGs which permits no torque output in the [1,1,1]T direc-
tion. Requesting a torque solely in this direction will result in no gimbal rate commands

(and no motion). To show an advantage of the SDA law, we request the constant torque

Table 1  Spacecraft Physical Data for Singularity Avoidance Example

Item Value Units
hger [1.8,1.8,1.8,1.8]T kg-m?/sec
I diag{86.215,85.070,113.565} kg-m?
I diag{0.05,0.05,0.05,0.05} kg-m?
I;., diag{0.03,0.03,0.03,0.03} kg-m?
L, diag{0.01,0.01,0.01,0.01} kg-m?
Isg,Igg dla‘g{o’ Oa Oa 0} kg_m2
Pyramid Angle 54.74 deg
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Table 2 SDA Example Simulation Data

Item Value Units
K; diag{100, 100, 100, 100} sec™!
ap 0.5 kg?-m*/sec?

8o  [13.455,-13.455,—54.343,54.343]T  degrees
8o [5.541,9.204,10.820,-1.983]T  degrees/sec
wo [0,0,0]T degrees/sec
1. [0,-0.5,0.5]T N-m

1, = [0, -0.5,0.5]T, which is perpendicular to the singular direction. We also begin at a set
of gimbal rates which are providing the desired torque at the beginning of the maneuver.

Initial conditions and control law gain parameters are shown in Table 2.

Simulation results are shown in Figure 4. The top row of plots shows the desired
(dashed line) and produced (solid line) torques in the body reference frame for the two
control laws. The second row of plots shows the same torques presented in a reference
frame using the columns of U as basis vectors. Resolving components into this frame
depicts how the control law affects the torque produced in the directions corresponding to
the singular values. While the SR law produces torque deviations in all axes, the SDA law

produces zero error in the plane orthogonal to the singular direction.

The deviation in the direction of the singularity deserves explanation. As the simu-
lation progresses, the gimbals do not remain in a singular configuration. The direction of
the smallest singular value changes, and it is the torque in the direction of the smallest sin-
gular value which is distorted due to the SDA control law. As the smallest singular value
direction changes, 1. is no longer exactly in the plane orthogonal to this most singular
direction, whereupon the pseudoinverse calculated using the SDA law begins to produce a

deviation.

Figure 4 also presents a comparison of the magnitude of the torque error for both
laws. It is evident that the norm of the error is reduced for the SDA law (solid line) when
compared with the SR law (dashed line). The residual error for both cases is caused by
the actual gimbal rates lagging the desired rates. It can be reduced by increasing K; in

Equation (244). The singular value histories for both laws are also presented to illustrate
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the rate at which both control laws drive the gimbals away from the singularity. While
this example is illustrative of the difference in the laws, it is somewhat artificial in that
a singular condition is forced to exist at the start of the maneuver, a condition which is

normally avoided during a reorientation.

5.4.2 Effect of the Singularity Avoidance Parameter.  Figure 5 compares the re-
sulting torque profiles for a reorientation maneuver started from a singular gimbal state.
The plots show the torque produced (solid line) and the torque desired (dashed line). The
simulation parameters are presented in Table 3. Case 1 uses the avoidance parameter based
on Equation (250) and the SR law, whereas Case 2 uses Equation (282) with k, = 10 and
the SDA law. Cases 1 and 2 use ap = 0.1. Note the improvement in smoothness of the
produced torque in Case 2. The third column of plots presents the same SDA law reorien-
tation using Equation (282) and ap = 0.5. The improvements evident in Cases 2 and 3 can
be explained by the smoother and shallower rise of the singularity avoidance parametef
function as the singularity approaches. Simply increasing ¢g for the singularity avoidance
parameter given by Equation (250) does not improve the results. Using Equation (250)

with ap = 0.5 gives results which are similar to Case 1, except that the errors are larger.

Another measure of improvement in the steering law is the smoothness of the angular
velocity history. The frequency content in the angular velocity components, for example,
gives some insight into the tendency for a reorientation to excite vibrations in flexible

appendages. An improvement here is evident from the angular velocity components pre-

Table 3  Singularity Avoidance Parameter Comparison Data

Item Value Units
ko 1.0 "N-m
K; diag{1,1,1,1} sec™!
ap; Cases 1 & 2 0.1 kg%:-m*/sec?
ag, Case 3 0.5 kg?-m*/sec?
do [-90,0,90,0]T degrees
do [0,0,0,0]T degrees/sec
wo, Wy [0,0,0]T degrees/sec
Qo [0.5,0.5,0.5,0.5]T
qr [0, 0,0, ]-]T
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sented in Figure 6, which presents a direct comparison of Cases 1 and 3. Singular value
and gimbal angle histories are also presented. The gimbal angle history is considerably
smoother for the parameters of Case 3. Though the quaternion history is not presented,

they are similar and are nearly identical at the 50 second point.

The gimbal angle rates shown in Figure 6 are very descriptive. Note the dramatic
reduction in gimbal rates for the SDA law over the SR law. Rapid changes in gimbal rates

are challenging for the CMG torque motors.

5.5 The Stationary Pldtform Maneuver

Stationary platform maneuvers (SPMs) are a class of gyrostat maneuvers investi-
gated by Hall [21]. A spacecraft in which all of the angular momentum is contained in the
momentum exchange devices will have zero angular velocity. A necessary (but not suffi-
cient) condition for this state is that the momentum cluster have an angular momentum
magnitude equal to the total system angular momentum magnitude. By controlling the
rotors of a gyrostat in such a way that the maneuver remains near a branch of equilibrium
motions for which the platform angular velocity is zero, then the angular velocity of the

platform will remain small throughout the maneuver provided the rotor torques are small.

The low angular velocity resulting from execution of the SPM condition for a space-
craft with momentum wheels naturally leads to the question of its utility in the reorien-
tation of flexible spacecraft. High angular velocities during a rest-to-rest maneuver imply
high angular accelerations, which naturally tend to excite oscillations of any flexible ap-

pendages.

Existence of the SPM for a spacecraft with momentum wheels also raises the question
of its existence for a spacecraft with control moment gyros. While following a stationary
platform path with momentum wheels translates into following a hyper-ellipsoid in the
space of wheel speeds, translation of the stationary platform condition into gimbal angle

space for the CMG is considerably more complicated, as illustrated below.

5.5.1 Stationary Condition for the GMW. We start by investigating the case

where all of the angular momentum is contained in the momentum storage devices. That
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is, when w = 0 in Equation (15). We also assume for this development that the linear
momentum, p, is constant, and without loss of generality equal to zero. This yields the

stationary platform condition given by

h= Ashswa + Aghga. (283)

All combinations of hgy, and hy, which maintain a constant h will maintain a sta-
tionary platform. Note, however, that if hy, # 0, the gimbal rates are nonzero which
implies A; is changing. This, in turn, requires varying spin axis torques to maintain a

fixed h. Explicitly, we must have
h= A,hy, + Ashg, + Aghy, =0 (284)
Since w = 0, then Equation (284) becomes
A,g, — Adiagdhgy, + Agg, =0 (285)

which might be useful in the case where we desire to reorient the gimbals and wish to

supply spin axis torques to maintain zero angular velocity.

We are most interested in the cases where hg, is zero (the gimbal rates are zero). In

this case, we need only satisfy the condition
h= Ashswa (286)

Using the expression for A; in terms of the gimbal angles, then for a stationary platform

with zero gimbal rates the total angular momentum must be

h = [AA° — AypA®Thy, (287)

Equation (287) can be put in an alternate form by defining a new N x N matrix to
be
Hyo = diag(hswa) (288)
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so that we also have

h=A,H;y,,cosd — A;pHsyosind (289)

With multiple GMWs in the spacecraft, it might prove beneficial to exchange the
momentum contributed by the individual GMWs with each other while maintaining the
angular momentum of the system. We return to Equation (287) which gives h as a function
of the vector h,,, and the gimbal angles §. Taking the partial derivative of h with respect

to the vector of spin axis momenta, we have

oh
ahswa

= AA° — AypA® (290)

An expression for h in alternate form is Equation (289). The partial derivative of h

with respect to the gimbal angles is therefore given by

oh
-3—5 = —As0Hu A — ApoH A°

which can also be written as

oh

55 = ~(A0A" + AAY)H,u, (291)

A differential change in the body angular momentum vector then, can be expressed

oh Jh
dh = mdhswa + '53(16 (292)

so that to maintain a constant angular momentum vector in body coordinates, any in-
cremental change in & should be accompanied by an appropriate change in hyy, (or vice

versa) to ensure dh = 0. That is, we constrain the variation through the equation
(AsoAc - AtQAs)dhswa = (AsoAs + AtoAc)stad(s (293)

If the coefficient matrices are square (and nonsingular), then Equation (293) has a unique

solution. If not, then either a least squares or minimum norm solution could be used. Note
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also that the coefficient matrices (9h/8h;y.) and (0h/08) are 3 x N, which means they
have a nullspace of dimension at least NV — 3. Variation of either h,,, or 4 in the direction

of the nullspace of the corresponding coefficient matrix will also assure no variation in h.

When Equation (287) is satisfied, the platform will be stationary. We are interested,
however, in reorientation of the body. Note that the value of h is free to vary as the body
rotates, since h is the angular momentum expressed in body coordinates. The magnitude

of h, however, is fixed if we assume no external torques are acting on the system. That is,
hTh = A% = constant . (294)

when the external torque is zero. We define the stationary platform condition as the
condition which exists when the magnitude of the cluster momentum equals the magnitude

of the total momentum. That is
hlh, = h? = constant (295)

Hall showed that, in the case of a gyrostat, maintaining the stationary platform condition

during a slow maneuver results in a reorientation which keeps the angular velocity low.

5.5.2 Stationary Condition for the Momentum Wheel. In the case of a cluster of
momentum wheels, we simply consider the restriction of GMWs to fixed gimbal axes. The
condition of Equation (295) implies that

h? = constant = hT AE‘OAsOhswa (296)

swa

For a spacecraft containing N momentum wheels, Equatibn (296) describes a hyper-
ellipsoid of dimension N in the space spanned by (hswa1,0,...,0),(0, hsya, . - -, 0),...,
(0,...,0, hsyen), which we refer to as hy,,.-space. A requirement for a stationary platform
is that the wheel momenta lie on the hyper-ellipsoid in h,y,-space. We accomplish this by
noting that the differentiation of Equation (296) results in the dynamical constraint

bl A% A ohyue = hT AT A 0g, = 0 (297)

swa swa
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Of course, Equation (297) is satisfied when the wheel torques lie in the null space of A,

but such “null motion” torques cause no motion. Thus, the applied torques must satisfy

(Asogw)T (ASOhswa) =0 (298)

5.5.8 Stationary Condition for the Control Moment Gyro. If we assume all of

the GMWs have the same spin momentum, then
H,yo = hswa]- . (299)

where 1 is the N x N identity matrix. Also, with w = 0, then the rotor relative angular
momenta are identical to the absolute momenta. This means the stationary platform

angular momentum vector must be

h = hsyr (Aspcosd — Aygsin d) (300)

To satisfy the stationary platform condition, we need

cos8TAT A ocosd +sindTATApsind — 2cos6TAL Aypsin 6 = (h/hswr)? = constant
(301)
where we have used the fact that the transpose of a scalar is itself. We will refer to the
satisfaction of Equation (301) as the CMG stationary platform condition and the set of
all é for which it is satisfied as the stationary platform surface, a surface which resides in

d-space and depends on the constant value of (h/hsyr)?.

We define the function F to be

1
F=-cosd AT A,ocosé + 3 sin6TATAysind — cos8TAT Ayosin & (302)

1
2

A depiction of the three-dimensional surface described by Equation (302) when A, is the
3 x 3 identity matrix (F' = 1/2) is in Figure 7.
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Note that F is a function of only the gimbal angles. A differential change in F is

strictly a result of a differential change in the gimbal angles. Thus

dF = (%?) dé - (303)

Differential movement of the gimbals in the null space of (dF/dé) will therefore maintain
the stationary platform condition. Maintaining the gimbal velocity & in the null space of

(dF/dé) will accomplish the same. We also note that

F= (‘fl—g) B (304)

If we assume it is possible to control the gimbal angle rates directly, then the stationary

platform condition is maintained by ensuring F=0.

80




Differentiation of the function F yields the matrix expression

(%) = —cos(87) AL A 0A® +5in(6T) AT A, 0A° —cos(8T)AT A oA +sin(8T) AL A A®

(305)
which is a 1 X N matrix with a null space of dimension N — 1. For a cluster of 3 control
moment gyros, for example, the stationary platform can be maintained by remaining on

the two-dimensional stationary platform surface.

In reality, gimbal rates are integrals of gimbal accelerations and cannot be controlled
directly. Assuming we have the capability to provide a desired torque to the gimbal axis,
however, gimbal accelerations, &, can be controlled precisely. We ask then what the gimbal

accelerations must be to maintain the SPC.

Differentiation of Equation (304) produces

F= <‘%)5 + (‘;—?) ) (306)

so that if we desire to hold F' = 0, the gimbal accelerations may be computed by choosing

gimbal accelerations such that

dF\ . dF\
(E) §=— (%}s (307)
is satisfied. The coefficient of § in Equation (307) can be computed as

dF T
(d—a) = & (A®Ap— A°Ay ) (A A°+ ApAd)
+(cos 6T Ago 4 sin 6T Asp) (A, 0A° — AypA®)diagd (308)

A minimum norm solution or other technique could be used to solve Equation (307),

yielding gimbal accelerations which would maintain the stationary platform condition.

It is conceivable that in some instances we may be faced with a system state in which

the stationary platform condition has been violated. That is

1/ Rk \2
F¢ 5 (hswr)
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or else the rate of change of F as expressed by Equation (304) is not zero, implying that the
trajectory departs the stationary platform surface. Consider a violation of the stationary

platform condition where the deviation is given by

2
AF:F-—%(hh ) (309)

To return to the stationary surface, we choose & so that the second order equation
F 42w, F+wiAF =0 (310)

has damped roots, thereby driving the stationary platform error exponentially back to
zero. Choosing ¢ = 1, for example would provide critical damping, and the frequency w,
should be selected so that a correction to the stationary platform condition occurs at a
rate appropriate to the dynamical response of the spacecraft. Specifically, choosing a K

which satisfies

)3~ () ()23 o)) oo

will drive AF — 0, and return the cluster to the stationary platform condition should a

deviation exist. The gimbal acceleration corrections given by Equation (311) are necessary

because we do not have direct control of the gimbal rates.

5.6 Lyapunov Control with Stationary Platform Weighting

We now attempt to enforce the stationary platform condition while applying a Lya-
punov control law. Since h, may contain components in the direction of h., we seek to
drive h. back to its original magnitude whenever a deviation is present. A candidate Lya-
punov function based on the error in the magnitude of h, (deviation from the magnitude
of h) is

Vi = i—(thhc — hTh)? (312)
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Note Vi = 0 only when the magnitude of h, is equal to the magnitude of h. The derivative

of Vy is
Vi = (bTh, — hTh)hTh, (313)

so that we can ensure Vj, < 0 by choosing
hlh, = ky(h™h — hTh,), k; >0 (314)

The minimum norm solution of Equation (314) is

h,

h, = ko(hTh — hTh )hTh

(315)

Now consider the ramifications of adding (315) to the control law of Equation (232)

so that

h, = Kl(w—wf)-i-koGT(qf)q Joj —wX(Jw + h,)

h,
T T
———J(w+wf)+k'2(h h-h h )hTh (316)
which, recalling Equation (213), implies
. T . 1 z T T h
Jo = —Ki(w - wy) — koG (a)q + Iooy + 5I(ws — w) — ka(h"h ~ hZh )hTh (317)

Equation (229) then becomes

V = —(w-wp) Kj(w-wy) - (w- w,)Th’;; (b"h - bl ho)h,
= —(w- wf)TKl(w —wy) — (w— wf)T (Jw+h)T(Jw + h.) — hlh.)h,
hTh
= —(w-w;)TK(w-wyf) — (w—wp)T l’:ﬁ‘;}l‘: (@TITIw + 2hTJw) (318)
which when wy = 0, can be reduced to
V= -wTKw - wTky(hw 3T + 2h hT)Jw (319)

83




Since the first term of Equation (319) is already negative for all w # 0, then the question

of global stability with the modified control law reduces to the question of whether
(Jw)h! +2h.hT = (Jw+ 2h)hY > 0 (positive semidefinite) (320)
Since Jw + 2h. is an N x 1 matrix and hY is 1 x N, then
rank ((Jw + 2h)h]) =1 (321)

which implies that two of its eigenvalues are zero. Since the sum of the eigenvalues equals

the trace, then the third eigenvalue must be the trace of (Jw+ 2h;)hT
trace ((Jw + 2hc)h;r) = (Jw + 2h.)Th, (322)
Therefore, Equation (320) is satisfied if and only if
(Jw+2h)Th, >0 (323)

The projection of Jw + 2h. onto h. could only be negative if || Jw|| > ||2h.||. Therefore, a
sufficient condition to satisfy Equation (323) is

[Jwll < 2ih|| (324)

For low angular velocities or large cluster momentum, Equation (324) will be satisfied
guaranteeing the closed loop stability of the rigid body/GMW system when using the
control law given by Equation (316).

The control law of Equation (316) does allow for deviation from the SPC to satisfy
the kinematics, but also attempts to return the vector h, to the stationary platform value
when a deviation does occur. The aggressiveness of the system in attempting to maintain
the SPC is determined by k3. When k2 = 0, the controller is guaranteed stable, but makes

no attempt to maintain the SPC.
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We make one additional observation. Since it is only required that k; > 0, it is

permissible to allow it to vary. For example, using a variable k; such that
ko = 1‘52(1 - qO), Z/'z >0 (325)

ensures that k2 > 0 and relaxes the stationary platform constraint just as the body arrives

at the destination quaternion (assumingq;=[1 0 0 o0 ]T)%

5.7 Summary

In this chapter, we showed that control of a spacecraft using a momentum exchange
device can be simplified by considering the rate of change of cluster momentum, h,, as
the control input. Once the necessary h. is determined, the input torques which produce
the desired h, must be determined. A Lyapunov control law developed by Oh and Vadali
which effects closed loop reorientations of a spacecraft is translated to the notation of this

dissertation.

The problem of control moment gyro singularities is discussed, and the singular value
decomposition is used to develop a singular direction avoidance law which decreases the
torque error near a singularity. This new law, along with modification to the singular-
ity avoidance parameter permits smoother reorientations near singular conditions. Some

examples demonstrating these improvements are presented.

Finally, the stationary platform maneuver introduced by Hall for gyrostats is shown
to have a parallel in the case of a spacecraft with a control moment gyro cluster. A method
of reorienting a spacecraft while remaining arbitrarily close to the stationary platform

surface is presented.

We now turn to numerical simulations which demonstrate the effectiveness of these

control law improvements in the reorientations of spacecraft with flexible appendages.

2For any reorientation given by initial quaternions qo and final quaternions qy, a transformation can be
made such thatqs=[1 0 0 0 ]T.
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6. Simulation Results

In this section, the control laws previously developed are applied to two flexible spacecraft
to examine their effectiveness. The maneuvers can be qualitatively compared by comparing
the histories of the quaternions and angular velocities. They can also be quantitatively
compared using cost functions which are dependent on such parameters as control inputs,

total time for reorientation, and the deflections of the appendages.

We begin by examining a relatively small spacecraft with very light flexible ap-
pendages. The flexible appendages are chosen so that they have negligible impact on the
dynamics of the reorientation. The effect of the reorientation profile on the flexible modes

is investigated.

A mathematical model of the Hubble Space Telescope will also be developed. This
development will demonstrate how the Euler-Bernoulli appendage model could be applied
to a real spacecraft. The Hubble example also gives a feel for how the control laws apply

to a spacecraft of a different scale than the first.

Before we take up the details of the flexible appendages, we should comment on
the validity of the Lyapunov control law for the spacecraft/flexible appendage system.
Derivation of the control law for the system began with Equation (210) and assumed
perfect knowledge of w from Equation (213). This perfect knowledge of w is necessary
to guarantee stability. If the appendages are small (or do not have a major effect on the
system response), then Equation (213) is a good approximation. We should keep in mind,

however, that stability is no longer guaranteed for the spacecraft with flexible appendages.

6.1 Reorientations of a Small Flezible Satellite

6.1.1 The Small Satellite Model. We again consider the small satellite model
used for the examples of Chapter 5. Here, however, we reduce the number of wheels to
only three, and orient them along the principal axes. The physical data for the model is
given in Table 4. Three one meter long appendages are attached, each allowing flexure

in a principal direction. The stiffness product, (ET), is selected to provide a first mode
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period of approximately 10 seconds. Note that the appendages are very light and do not

significantly influence the dynamics of the satellite.

Table 4  Physical Data for the Small Flexible Satellite

Item Value Units
m 100 kg
I diag{86.215,85.070,113.565} kg-m?
I, diag{0.05,0.05,0.05} kg-m?
by [1,0,0]T m
b, [0,1,0]T m
bs [0,0,1]T m
To1 [1, O, O]T m
ro2 [0,1,0]T m
To3 [0,0,1]* m
n; [0,0,1]T
l"12 [1’ 0, O]T
n3 [0,1,0]T
P1; P2, P3 0.1 kg/m
11, 12, 13 1.0 m
(ET)1,(EIDs, (ED3 0.0031935 N-m?

6.1.2 Assumed Mode Shapes.  The assumed modes method developed in Chap-
ter 4 will be our tool for discretizing the flexible modes. For the assumed mode shapes, we
choose comparison functions which are the actual solutions for an Euler-Bernoulli beam
cantilevered in an inertially fixed object. Of course, the rigid spacecraft to which we at-
tach the flexible appendages is not inertially fixed, and the functions described here are
not the exact solutions. To represent the first mode of the appendage on a free floating
body exactly would likely require an infinite number of assumed modes. These functions
do represent the exact modal shapes as the mass of the spacecraft approaches infinity. We
therefore expect that when the mass of the appendage is small with respect to the rigid
hub, the mode shapes will converge rapidly (i.e. the first few mode shapes will closely

represent the true solution).
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The exact solution for the cantilevered beam is presented by several authors (see

Craig [13] or Junkins and Kim [25]). The i-th mode shape, ¥;(z), for a beam of length ! is
¥i(z) = cosh(A;z) — cos(Aiz) — ci(sinh(A;z) — sin(\;z)) (326)

where
~_ cosh(Al) + cos(Ail)

“= sinh () + sin(A;l) (327)

and the eigenvalues, A;, are solutions of the characteristic equation which results from

imposing the boundary conditions given by Equation (165),
cosAlcoshAl+1=0 | (328)

The first four solutions of Equation (328) are approximately

Ml = 1.8751

Aol = 4.6941

A3l = 7.8548

Al = 10.996 (329)

with corresponding modal frequencies

(330)

w; =

(\)? [ET
12 p

It is worth noting that the second modal frequency is about six times the first modal

frequency. The first four mode shapes are plotted in Figure 8.

6.1.3 Momentum Wheels. The cluster data for the small spacecraft with mo-
mentum wheels is in Table 5. The utility of the stationary platform maneuver is better
demonstrated by setting the original spin momenta to higher values than in the example

of Chapter 5.
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Figure 8 Cantilevered Beam Mode Shapes

To demonstrate the gyric effects of reorientations using a cluster of momentum
wheels, we examine the effects of changing the spin momenta in a linear fashion between
the initial values and the unique final values. Since the angular momentum in the inertial

coordinate frame is constant, the final value of angular momentum in the body frame is

hfinat = CrinatClhg (331)
so that we choose
. htpna—h
h, = il — 0 (332)
tman

where t,,q4y is the desired maneuver time.

In the case of the stationary platform maneuver, we desire to maintain the magnitude

of h, constant while changing its direction steadily to the final value h final- The angular
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Table 5  Cluster Data for the Small Satellite with Momentum Wheels

Item Value Units
I, diag{0.05,0.05,0.05}  kg-m?
a, [1,0,0]T
as9 [0, 1, O]T
a3 [0,0,1)T

hyya, [7.2,7.2,7.2]T kg-m?/sec

change of the cluster angular momentum in the body frame is given by

Th: '
Ospm = arccos (%ﬁ?) (333)
0

We define a plane in the body coordinate frame which contains h. and hy;,,; by a normal

vector
' . hXhtinai

8, = e Hfinal 334
b B final| (334)

The cluster momentum h, will vary along a constant arc from hg to hy;,,; if we maintain

he = &3, (722 (335)

tman

This cluster rate will maintain the stationary platform condition for any momentum ex-

change device.

Figures 9 through 11 show the results of the direct and stationary platform maneuvers
for the small satellite when the cluster momentum is reoriented about the (1,-2,3) body

axis through an angle of 2.856 radians. This corresponds to initial and final quaternions

given by
0.1423 1
0.2645 0
Qo = q; = (336)
—-0.5291 0
| 0.7936 | [ 0 |

We set 1,0, = 500 seconds and show the dynamics for an extra 100 seconds after completion
of the maneuver. Note in Figure 9 the drastic difference between the angular velocities

(and consequently, the quaternion histories). While the rotor momenta follow only slightly
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different profiles, the resultant reorientation is much better behaved for the stationary

platform maneuver.

It is this behavior during the open-loop stationary platform maneuver which leads
us to investigate its utility for reorientations of flexible structures. Neither the direct nor
the stationary platform maneuver, however, accommodate kinematic considerations. Even
should we be lucky enough to arrive at the final orientation with zero angular momentum
in the body (and hence zero angular velocity), the kinematics are only satisfied to within

a rotation about the angular momentum vector.

A comparison of the cluster norms is in Figure 10 for the direct and stationary
platform maneuvers. The direct maneuver in particular demonstrates a large deviation
from a constant norm. Since the magnitude of the total angular momentum of the system
is constant (and equal to the initial cluster norm), a large deviation implies a large transfer

of momentum to the body, which is evident in the quaternion history.

Because the excitations of the second assumed mode are generally several orders of
magnitude smaller than those of the first mode, the appendage oscillations are very closely
approximated by carrying only the first mode during the integration. As is evident from
the appendage modal displacements shown in Figure 11, both maneuvers cause oscillations
at the 0.1 Hz first modal frequency. The direct maneuver, however, produces higher
deflections toward the middle of the maneuver profile. A plot of the total potential energy

in the Euler-Bernoulli beams is the bottom plot of Figure 11. The total potential energy
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is useful as a scalar comparison of the appendage excitation for different maneuvers. Note
that in this case, the total potential energy during the direct maneuver is generally higher

than for the stationary platform maneuver.

Figures 12 and 13 show the results of a maneuver using the Lyapunov control law
given by Equations (234) and (235), and the same law with the stationary platform weight-
ing of Equation (315). The closed-loop law assumes knowledge of the inertia matrix. It
also assumes perfect knowledge of w, which can be computed for the rigid body, but not
so simply for a flexible structure. It might be possible to measure it in the case of a
flexible spacecraft. The gains for the Lyapunov maneuver were selected to accomplish the

maneuver in roughly the same time as the direct and stationary platform maneuvers.

Because the Lyapunov maneuver begins the reorientation so abruptly (maximum
torque is commanded at £ = 0), most of the appendage oscillations are a result of the step
torque command at initiation. These oscillations tend to obscure the benefits resulting
from the new control laws. We therefore add a smoothing term to the torque commanded

by the Lyapunov law. The cubic given by

t\?2 t\3
ksm = 3(-) —'2<—“) y OSt<tr
t, t,

ksm =1, t>1t, (337)

smoothly transitions from 0 to 1 over the period 0 < ¢t < ¢, with zero slope at ¢t = 0
and ¢t = ¢.. We should point out that a variable coefficient multiplying the control law
given by Equation (316) no longer guarantees that the Lyapunov function rate is negative
semidefinite. When t > t,, however, k,, is again constant and the global asymptotic

stability of the closed loop system (for the rigid body case) is once again guaranteed.

For these maneuvers, the angular velocity histories are really quite different, bit it is
difficult (based on w) bto choose the better maneuver. It is apparent from the quaternion
history that the spacecraft takes a bit longer to achieve the desired final orientation when
the stationary platform weighting is used. The plots of rotor momenta and spin axis

torques show the slight differences in the control history.
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Figure 13 presents the modal deflections of the appendages, along with a potential
energy plot. Note that using the stationary platform weighting decreases the maximum
deflection of the first two appendages, but increases the maximum deflection of the third
appendage. The decrease in peak potential energy is only slight when the stationary
platform weighting is used. It is not apparent that the stationary platform weighting

provides a significant benefit for the spacecraft with momentum wheels.

6.1.4 Control Moment Gyros. A CMG cluster presents different challenges in
the reorientation problem. We investigate the effects of applying the stationary platform
condition for a CMG cluster to determine whether the behavior of a system with a CMG

cluster is similar to that of a system with momentum wheels.

Changing the cluster momentum in the manner of Equation (332) may be impossi-
ble for a cluster of only three CMGs for reasons to be discussed subsequently. A direct
maneuver more appropriate for the mechanization of control moment gyros is variation of
the gimbal angles between initial and final values in a linear fashion. That is, given the
final gimbal angles 8 ;0 and the initial gimbal angles &p, a direct maneuver for CMGs

uses the law

tman

Execution of the stationary platform maneuver for the CMG cluster makes use of
Equation (335) and an appropriate CMG control law (such as the SR or SDA law) to

generate the desired h,.

The stationary platform maneuver for the CMG cluster can be accomplished provided
the initial cluster momentum lies inside the external momentum envelope for the cluster.
For example, the cluster momentum envelope for a set of three orthogonal CMGs reaches
a maximum of v6hyy. (See Appendix D for a discussion of the momentum envelope of
an orthogonal CMG cluster.) No component of the cluster momentum can be greater than
2hsyr, since one of the three CMGs can only contribute in the plane orthogonal to that
direction. In fact, the maximum on a principal axis is Asqyy, since if the two non-orthogonal

CMGs point along the axis, the orthogonal wheel always provides an off-axis component.
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A stationary platform maneuver, therefore, using three orthogonal CMGs may not be

possible when the cluster momentum is greater than hgy,.

Table 6 _ Cluster Data for Small Satellite with CMGs

Item Value Units
L diag{0.05,0.05,0.05} kg-m?

I, diag{0.03,0.03,0.03}  kg-m?
I, diag{0.01,0.01,0.01}  kg-m?
2

1397199 dia'g{Oa 07 0} kg'm
asio [1, Oa O]T
a520 [Ov 1a 0]T
as3o [O’ 01 l]T
ag [0,1,0]T
a2 [0,0,1]T
ag3 [1, 0, O]T
hgr [7.2,7.2,7.2]T kg-m?/sec

The CMG cluster data for the small satellite is in Table 6. The results of direct and
stationary platform maneuvers for the small satellite with CMGs are presented in Figure 14.
We note from the angular velocity and quaternion history that, as for the momentum wheel
case, the stationary platform maneuver for a cluster of CMGs is a considerable improvement
over the direct maneuver. For this example, the gimbal rates were selected by using the

actual inverse and permitting large gimbal rates to occur.

Whereas use of Equation (335) to maintain the stationary platform surface works
perfectly in the case of momentum wheels, the second order effect of driving gimbal accel-
erations to achieve gimbal rates permits a deviation from the stationary platform surface
in the CMG case, especially during periods of high gimbal rates commands. Just how
closely the actual gimbal rates match the desired rates is determined by the gain Kj of
Equation (244). Once the cluster momentum is in error, the control law of Equation (335)
makes no attempt to correct h, to its original value. Addition of the gimbal acceleration
corrections given by Equation (311) allows for a return to the desired cluster norm when

a deviation does occur.

Figure 15 shows a comparison of the cluster norms and singular values for the di-

rect and stationary platform maneuvers. It is evident that the cluster norm does remain
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constant during the stationary platform maneuver, whereas a large deviation from the
stationary platform condition occurs during the direction maneuver. This large deviation
implies that a significant amount of angular momentum has been transferred to the body of
the spacecraft. Note also that the direct maneuver passes through two singularities (evident
by a singular value going to zero), whereas the stationary platform maneuver approaches
but does not actually reach a singularity. Appendage oscillations for the CMG stationary
platform and direct maneuvers display the same characteristics as in the momentum wheel

case.

We now present a comparison of four different control laws discussed in this disserta-
tion for the small flexible satellite with the CMG cluster. Each maneuver is accomplished

in approximately the same time. The four cases are:
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1. Lyapunov control law only with gimbal rates computed by direct inversion of the

D matrix. Note that this will result in high gimbal rates near a singularity of the

cluster (ko = 0.35).

2. Lyapunov law using the singularity-robust (SR) method for calculation of the gimbal
rates. We use the law exactly as proposed by Oh and Vadali [42] (ko = 0.35, ap =
0.1).

3. Lyapunov law using direct inversion for gimbal rates, but using stationary platform
weighting (ko = 0.35, ky = 0.1, ¢ = 1.0, w, = 0.027).
4. Lyapunov law using the singular direction avoidance (SDA) method only (kg = 0.35,
ap = 0.5, k, = 10).
In all cases, the inputs were smoothed using the cubic smoothing function with ¢, = 20

seconds.

The quaternion and gimbal angle histories for the four laws are presented in Figure 16.
Note that all maneuvers are accomplished at approximately the same rate. The gimbal
angle histories, however, are quite different during the maneuver. Note especially the rapid

changes for Cases 1 and 2, whereas Cases 3 and 4 result in much smoother gimbal motion.

The modal deflections are presented in Figure 17, and it is evident that the different
control laws produce significant differences in the magnitude of the oscillation. All of
the control laws show a pronounced increase in vibration at approximately the 50 second
point. This may be explained by noting the first plot of Figure 18, which shows the
singular values of the CMG cluster during the reorientation. Note that Cases 1, 2, and 4
all become singular between 40 and 50 seconds. Case 3, the maneuver with stationary
platform weighting, actually avoids the singularity. The singularity in this case is an
external singularity, which is avoided by keeping the cluster momentum inside the external
cluster envelope. It is. interesting to note, however, that although Case 4 (the SDA law)

does pass through a singularity, the gimbal rates remain very smooth.

The benefits of the proposed control laws are most vividly depicted in potential

energy plot of Figure 18. Note especially the improvement resulting from the SDA law
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(Case 4) over the SR law (Case 2), as well as the improvement stationary platform weighting

(Case 3) provides to the basic Lyapunov control law (Case 1).

6.2 Reorientations of a Flezible Hubble Space Telescope

Of course, before actually flying the control laws proposed in this dissertation, sim-
ulation of their effects on the candidate spacecraft need to be numerically evaluated. In
this section, we demonstrate the application of the mathematical models developed here
to the Hubble Space Telescope with a control moment gyro cluster. We model the mass
and inertia of the Hubble as closely as possible, and choose Euler-Bernoulli beams which
represent the out-of-plane and in-plane bending of the two solar arrays. The in-plane bend-
ing stiffness is chosen to generate a first modal frequency of 0.4 Hz, and the out-of-plane
stiffness to represent the lowest frequency mode at 0.1 Hz [40]. The physical data for the

flexible model are presented in Table 7.

Because the reaction wheels on the Hubble are relatively small, we assign to them a
larger momentum. Using the data for the actual wheels, the maneuvers are restricted to
fairly slow rates. Slow maneuvers prove to be uninteresting from the viewpoint of structural
excitations. The momenta and wheel sizes are set at 10 times the actual Hubble values.
The zero gimbal angle spin axes are the actual reaction wheel spin axes of the Hubble.
A gimbal axis is selected to represent a typical pyramid scheme. The cluster data are in

Table 8.

The speed of the reorientations using CMGs is much faster than a typical Hubble
reorientation. As is evident from the top plot of Figure 19, the spacecraft approaches
the target quaternions in less than two minutes. The initial gimbal angles are selected
so that the platform already possesses some angular momentum. The bottom plot shows
the cluster norm histories. Whereas the cluster norm can be held as close to fixed as is
desired by increasing the gain k; of Equation (315), the reorientation time increases with

increasing gain.

Appendages 1 through 4 demonstrate almost identical oscillations, whereas append-

ages 5 and 6 are also similar. Modal deflections are shown in Figure 20. Keep in mind
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Table 7  Flexible Hubble Space Telescope Physical Data

Item Value Units
m 10788 kg
68322.26 37.15 —1283.81
I 37.15 74130.14 53.96 kg-m?
—1283.81 53.96 23504.51
by, by [0, +4.0,4+1.1]T m
. bs, by [0, -4.0,+1.1]T m
bs [0,+2.0,+1.1]T m
bs [0,-2.0,+1.1]T m
o1, T03 [0,0,+4.0]T m
ro2,ro4 [0,0,—4.0]T m
Tos [0, +20, O]T m
Toe . [0, —2.0, O]T m
ﬁl’ i\13 [07 +1v O]T
nig, iy [0,-1,0]"
I‘\15 [+1, 0’ O]T
6 [-1,0,0]T
P1y P2, P3; P4 3.0625 kg/m
Ps, Pé 6.125 kg/m
Ii,02,13,14 ) 4.0 m
l57 16 2.0 m
(ED)1, (EI)q, (EI)3, (EI)4 25.037 N-m?
(EI)s, (EI)G 50.074 N—m2

that the modal parameters actually represent the tip deflection (in meters). The second
mode of oscillation produces deflections roughly two orders of magnitude less than the first.
Only the modal response of the first assumed mode is shown here. Perhaps the best scalar
comparison of the two maneuvers is the potential energy in the appendages, shown as the
last plot of Figure 20. Note that the stationary platform weighted maneuver produces

smaller maximum appendage deflections.

6.3 Summary

In this chapter, the effectiveness of the control laws previously developed was eval-
uated using some candidate mathematical models of flexible satellites. The flexible ap-
pendages were modeled using assumed modes, which are the actual solutions for the Euler-

Bernoulli beam cantilevered in an inertially fixed object. The various control laws were
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Table 8 Hubble Space Telescope CMG Cluster Data

Item Value Units
L diag{8.62, 8.62, 8.62} kg-m?
Liw diag{4.31,4,31,4.31} kg-m?

Isg’IygaIty dia‘g{o’ 0, 07 0} kg‘m2

as10 [_y/\/iy _y/\/—j’ +z]T
as20 [_‘y/\/ia _‘y/\/i, "'x]T
a;30 [_y/\/éa +y/\/2-’ +m]T
a540 [_y/\/ia +y/\/§1 _w]T
ag1 [+2/v2,+2/v2,+y]"
ag2 [+2/v2,+2/v2, —y]T
ag3 [+2/v2,—2/v2,+y]"
Ag4 [+"v/\/§7 "x/\/i’ _y]T
where z = cos(70°), y = sin(70°)
hgyr [3069, 3069, 3069]T kg-m?2/sec

applied to compare oscillations of the appendages. In some examples, the torque commands
were smoothed to prevent oscillations resulting from the startup torques from dominating
the response. A reduction in oscillations of the appendages generally resulted when the
singular direction avoidance law was used in lieu of the singularity-robust law. A profile
which remains closer to the stationary platform surface was also shown to improve the

smoothness of reorientation.
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7. Summary and Conclusions

In this work, we develop the equations of motion for a rigid spacecraft with an imbedded
cluster of gimbaled momentum wheels. The Euler-Newton approach is used to find 6 +
3N differential equations (for an N GMW cluster) which describe the dynamics of the
system. The control inputs are in the form of two N X 1 torque matrices applied to the
spin and gimbal axes. These equations of motion include the gimbal axis inertia effects
often discarded in other developments. The approach taken is unique in that momenta
components are grouped as three N X 1 matrices, instead of the traditional N 3 X 1 vectors

of individual torque components.

This approach permits much easier manipulation of the vector equations than does
the summation notation used by Oh and Vadali [42]. Unique and simple equations of
motion for spin and gimbal axis momenta are developed. The matrix formulation also
yields simple matrix equations relating the system momenta and velocities, as well as
system energy. Specialization of the gimbaled momentum wheel equations to momentum

wheel or single-gimbal control moment gyros is demonstrated.

Next, we formulate the equations of motion for a rigid body with an unlimited
number of flexible appendages using the Lagrangian approach. The resultant set of hybrid
equations could be solved numerically in a number of ways. We choose to apply the
assumed modes method, yielding, for a body with p appendages for which we keep m

modes each, a set of 6 + 2mp equations for the system dynamics.

Armed with these equations of motion, we seek control laws which smoothly reori-
ent the flexible satellite. Though several reorientation schemes have been detailed in the
literature, most laws showed oscillatory behavior when applied to a spacecraft possessing
a significant amount of angular momentum, such as might be stored in an exchange clus-
ter. We show that for spacecraft with any type of momentum cluster, the rate of change
of cluster momentum can be viewed as the control input. This allows development of a
control law in terms of the cluster momentum rate, which is then translated to spin axis
torques for momentum wheels, or gimbal rates (and ultimately gimbal torques) for CMGs.

A Lyapunov approach developed by Oh and Vadali is then used to find a globally asymp-
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totic feedback law which drives the system to a desired target quaternion and zero angular

velocity using the approach of this development.

The singularity problems of a control moment gyro cluster must be handled, and the
new form of the equations of motion provides new insight into the nature of the problem.
The Jacobian matrix which takes gimbal rates into output torques is closely related to
a newly defined matrix of transverse unit vectors. It is shown that a typical technique
of avoiding the singularity completely can be replaced with the alternative of avoiding
only the singular direction. This singular direction avoidance technique also avoids the
singularity, but always introduces less error into the output torque than does the commonly
used singularity-robust law. Also, since the norm of the diagonal of the transformation
matrix is nearly constant, the control law can be non-dimensionalized, allowing application
independent of the spacecraft size. Some examples demonstrating these improvements are

presented.

The promise demonstrated by the stationary platform maneuver motivates an inves-
tigation into its application to a control moment gyro cluster. For a cluster of momentum
wheels, maintaining the stationary platform condition implies that we must remain on a
hyper-ellipsoid in rotor momenta space. For the control moment gyro, however, the con-
dition requires maintaining a surface in gimbal angle space which is considerably more
complicated. The goal is to reorient the spacecraft while maintaining the stationary plat-

form condition.

A modification to the Lyapunov control law is found which keeps the gimbal angles
arbitrarily close to the stationary platform surface. We show that the addition of this law
does not affect the guaranteed asymptotic stability of the original control law, so long as

the body momentum is small relative to the cluster momentum.

Numerical simulations of the control laws are presented. The examples demonstrate
that the singular direction avoidance law is generally an improvement over the singularity-
robust law. Especially in the case of CMGs, a maneuver which remains closer to the

stationary platform surface tends to keep the appendage oscillations smaller.
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Further studies should investigate alternative methods of simultaneously satisfying
the stationary platform and kinematical conditions. The feedback Lyapunov control law
used throughout this work is certainly only one of many capable of effecting a reorientation
maneuver. It seems likely that a reorientation could be achieved which would satisfy the

kinematical constraints and maintain the stationary platform condition exactly.

Many of the control laws presented in this study can be altered by adjusting a gain
which is a natural consequence of the control law development. Ong promising measure of
the “cost” of a flexible spacecraft reorientation is the time integral of the potential energy
in the flexible appendages. A study which compares the effects of this cost, along with
others such as possibly control use or time, as a function of the control law gains might

prove useful.

Actual implementation of the Lyapunov feedback control law depends on the ability
to measure the quaternions and angular velocity. In addition, the noise in any measure-
ment device used to provide these parameters to the control system could degrade the
effectiveness of the control law and even the system closed loop stability. Some numerical
simulations performed during this study indicate that the Lyapunov law is fairly robust in
the presence of parameter variations, but the effects of random noise in the system were
not evaluated. A careful study of the effects of noise should be conducted to determine

the effectiveness of the proposed control laws for actual space hardware.

Finally, one interesting possibility not fully explored in this study is the use of a
closed loop Lyapunov law as a dynamic tracker. That is, we could choose a priori the
parameters q¢ and wy as functions of time, and implement the Lyapunov law with these
parameters as variables. Examples investigated during this study indicate that tracking is

possible provided the required maneuver rates do not exceed a critical value.
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Appendiz A. Definitions, Kinematics, and Fundamentals

A.1 Notation

We begin this appendix with a review of the notation used in the dissertation. In
general, vectors and dyadics which are independent of reference frame are denoted by
a bold lower case and upper case respectively, and an arrow (e.g. h and f) Matrices
representing vectors and dyadics in a particular reference frame are denoted by the same
bold character without the arrow. Unit vectors are denoted by bold characters with hats
(e.g. m). The particular associated reference frame will be stated in the accompanying

text or implied.
We indicate the transpose of a matrix with the superscript T, so MT = transpose(M).

A particularly useful notation allows us to express vector cross products in matrix multi-

plication form by defining the skew symmetric form of a vector. If

(51
v=| oy (339)
U3
then we define
0 —-v3 v
vi=l vz 0 -u (340)

-vy U 0

so that in a particular coordinate system, for the case where @ X V = W, then
w'v=-viu=w (341)

Note that the skew symmetric form of vX makes it possible to make the occasionally

convenient substitution

[v¥]T = —v* (342)
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The normal dot product of two vectors expressed in a particular coordinate frame,

say for 4 -V = w, is computed as

ulv=viu=w (343)

A.2 Transformation Matrices

We summarize relevant concepts regarding rotations of a rigid body in space. The
orientation of a body-fixed reference frame relative to an inertial reference frame is most
commonly described by a rotation matrix as follows. Suppose we are given a basis for the

inertial reference frame and a basis for the body frame described by the sets of unit vectors

€ 1
Fi=| e and Fp= Bz (344)
€3 l:‘)3

respectively. Hughes [23] refers to the objects ; and Fy, as vectrices. Note that the vectrix

is a three-by-one matrix of vectors. A transformation between the frames can be written

as

b1 = c11é1 + c1282 + ¢13é3
by = 2161 + 2282 + c2363
bs = c31€; + 3282 + ca3é3 (345)
or more compactly as
b; €11 €12 €13 é €
by | = a1 ez co3 & | =Cpi| & (346)
3 €31 €32 €33 &3 é3

The coefficients, ¢;;, are called the direction cosines relating the bases, because

cij=@&-bj=cosy; i=123 j=1,23 (347)
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where «;; is the angle between &; and f)j.

Let a vector V be expressed in both F, and F;:
V= B1b1 + B2b2 + B3b3 = &) + 028, + 0383 (348)

The Greek coefficients are the coordinates of the vector ¥ in the respective reference frame.

Now
b €
[ Br B2 B3 ] b, | = [ a a; az ] & (349)
53 €3
so for a relationship between coordinates, we find
€ €
[ Br B2 P ] Coi| & | = [ a a; as J € (350)
€3 €3

so that the transformation between coordinates in the body and inertial reference frames

is

ﬂf (03]
Chi| B |[=] (351)
B3 o3

A transformation matrix between any pair of orthogonal, right-handed coordinate

systems is orthonormal and obeys some useful relationships. Among them is the property
Ci = Ci! (352)

which means that Equation (351) can also be written as

B o
B2 | =Cbi| oy (353)
B3 a3
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For a reference frame Fy, rotating relative to another reference frame, say Fj, the
relative rotational velocity can be expressed as a vector with three components. This
vector is called the angular velocity and we denote it wp; which is read as “the angular
velocity of Fy, relative to F;.” Since we will make constant use of the angular velocity of
a body with respect to the inertial frame, we will use the symbol w for the more explicit
wbi- Any other angular velocities will be specifically subscripted. If the angular velocity

is expressed in body components, then the transformation matrix satisfies
Cpi = —w*Ch; (354)

where we emphasize that the components are expressed in F},. An excellent development

of transformation matrices and their unique properties is given by Hughes [23].

A.8 Eigenazis Rotations

The rotation of any body with one point fixed (for example, the center of mass) can
be reduced to a rotation about a fixed axis through the point. This observation was made
by Euler and is known as Euler’s Theorem. Hughes [23] derives the equations which relate
the eigenaxis (the set of points which remains fixed in space) and angle of rotation about

it (the eigenangle) in terms of the general rotation matrix.

We denote the axis of rotation by the unit vector &. The direction of & is of course
parallel to the axis of rotation, but may be arbitrarily selected to be a vector in either of two
directions. The axis of rotation is the same before and after the rotation (by definition),

so we must have

Ca=a (355)

which is recognized as an eigenvalue problem (with a unitary eigenvalue). Through some
geometrical considerations, it can be demonstrated that in terms of the axis of rotation

and the rotation angle ¢, the rotation matrix is given by

C = cos 1 4 (1 — cos $)aa’ — sin pa* (356)
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Of course, we might be just as interested in computing the axis of rotation and total

rotation angle about it in terms of the rotation matrix. They can be calculated as

¢ = arccos (E@_z_(f)_—l) (357)
and
AX _ 1 T _
& = =207~ 0) (358)

allowing the components of 4 to be extracted from &*. The solution for the eigenangle is not
unique, but picking the eigenangle produces a unique eigenaxis. A rotation corresponding
to an eigenaxis/eigenangle pair is exactly the same as an equal but opposite rotation about

the negative of the eigenaxis.

Relationships between angular velocity and the eigenaxis/eigenangle parameters are
useful when we wish to prescribe maneuvers referred to the eigenaxis, for instance during a
pure eigenaxis rotation. Hughes shows that the angular velocity can be expressed in terms

of the eigenaxis parameters as
w = ¢a — (1 — cosp)a*a + sin ¢ (359)
so that for a rotation about a fixed axis
w=da (360)
The inverse of Equation (359) is given by the two equations

(361)

alw
1
5 (éx — cot %éxéx) w (362)

>
Il

Note the presence of the trigonometric term in Equation (362). This can be costly
during numerical integration for the kinematics. While the eigenaxis and eigenangle are

relatively intuitive parameters for expressing attitude, we next turn to an alternative set
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which is similarly intuitive, but also provides the benefit of avoiding trigonmetric relations

in the kinematical equations.

A.4 Quaternions

A four-parameter set suitable for kinematic computations has emerged as perhaps
the most popular choice for describing the orientations of a rigid body in space. This set of
parameters, often called Euler parameters, shall be referred to here as quaternions. These
parameters have the important advantage of avoiding singularities everywhere, and also of

avoiding trigonometric relationships in the kinematical equations of motion.

We define the quaternions as

%
N 8 P 33)
92 q
[ 93
where
go = Cos (%) and = asin (g) (364)

Of course, using four parameters to describe three degrees of freedom implies redundancy.
This is evident in that

w+qg=1 (365)

Conversion between the rotation matrix and quaternions is easily accomplished using

the relationships

C=(g5-q"a)1+2aa" — 294" (366)
and
1
g = :EE (1+ trace(C)) (367)
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€23 — €32

qQ = 4_(10‘ €31 — €13 (368)

C12 — €21

where the c;; are the direction cosines of the transformation matrix.

The usefulness of quaternions becomes most evident in the following kinematic rela-

tionship for quaternion rates in terms of the body angular velocity

) 1.
do = —'Equ (369)
: 1,

q = 5(‘1>< + gol)w . (370)

and conversely, the angular velocities in terms of quaternions and rates are
2 ~ ~ =T 2
w=— (qgl ~ gd* + qu) q (371)

These equations allow us to integrate for the quaternions given a history for the
angular velocities. Note the absence of trigonometric terms in Equations (369) and (370).
The simple matrix forms of these equations make them very suitable for numerical im-
plementation. It is the dynamical equations of the rigid body which must be solved for

angular velocities. We now present a brief review of the rigid body equations of motion.

A.5 Rigid Body Equations of Motion

Here we summarize the equations of motion for a general rigid body. Hughes [23]
provides the notation for this work, and is an excellent source for further explanation of
the concepts summarized in this section. The developments for the rigid body will serve
as a useful starting point for the development of the flexible structure and will also be
necessary to develop the equations of motion for the body with imbedded momentum
storage devices. The equations which describe the dynamics of momentum wheels and

control moment gyroscopes are special cases of the equations summarized in this section.
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We consider the rigid body B as a continuum of mass and define the first and second

moments of inertia of the rigid body as

&= /B Fo(f) dV (372)

and

i= f (r?T - F7)o(F) dT (373)
B

respectively, where o(F) is the mass density at . Then the linear momentum p and angular

momentum of the body ho about an origin, 0, can be expressed as

P = mio+@xé (374)

—

hy = exvo+J-3 (375)

where Vg is the velocity of the origin, & the angular velocity of the body, and m is the

body mass. Note we have generalized the above quantities to any point, 0, in the body.

The equations of motion, then, come from the application of Newton/Euler principles

to the quantities described by Equations (374) and (375). That is,

p = f (376)

.
-

hy = —Voxp+go (377)

where f is the total external force vector and go is the external moment vector about 0.

These equations simplify somewhat in the case of a rigid body if we choose the origin

to be the mass center so that Equations (374) and (375) reduce to (with & = 0)

p = mv, (378)

h, = J.-& (379)
and the dynamical Equation (377) is reduced to

5 = gc (380)




since V. is parallel to p. The new subscript ¢ denotes properties at or about the mass
center.

When we must finally resort to replacing the vectors with numbers representing coor-
dinates in a reference frame, then we must keep in mind that the dynamical Equations (376)

and (377) only apply in the inertial reference frame. In a frame rotating with respect to

the inertial at angular velocity w, then the component rates must be computed as

p+wip = f (381)

1.10 -+ wxho = —VvoXPp+8o (382)

Note the absence of arrows above the variables, indicating we have written the equations
as components in a specific reference frame. We typically focus on a zero external force
scenario. We are also free to choose the initial linear momentum as zero (p = 0) giving also
f)' = 0, which implies § = 0 for all time. Therefore may sometimes discard the dynamical

Equation (376).

Finally, an expression for the total kinetic energy of the rigid body is

T= %wTIw + %mvTv +wleXv (383)

which is important, not only for its usefulness in Lagrangian formulation of the dynamical

equations, but provides a first integral of the system when all of the forces are conservative.

121




Appendiz B. Simultaneous Figenazis and Stationary Platform Rotations

Consider the question of whether it is possible to do an eigenaxis rotation and simulta-
neously maintain the stationary platform condition. For an eigenaxis rotation of a body

about a fixed axis & at an angular rate $, we have
w = ¢a (384)

and

W= da (385)
The total angular momentum of the body plus cluster is
h=Jw+h, (386)
With no external torque and constant J
J&o+ b, + w*Jw+w*h, = 0 (387)
and inserting (384) and (385), then the cluster’s momentum must change as

h, = —¢?4%Ja — ¢a*h, — ¢Ja (388)

We now attempt to enforce the stationary platform condition, which implies that the

magnitude of h, is constant. Therefore, we seek a vector v such that
h. = —v*h, = hXv (389)

which must satisfy
hXv = —(¢a)* (#Fa + h,) — ¢Ja (390)

The matrix, hY, is a rank 2 matrix. This implies that, in general, Equation (390) is

overdetermined and does not have a solution, v. Therefore, it is generally impossible to
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accomplish ‘a rest-to-rest eigenaxis rotation and simultaneously maintain the stationary

platform condition.
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Appendiz C. Singularity Attraction Using Pseudoinverse Steering

Equation (248) of Chapter 5 gives the minimum 2-norm solution for the gimbal rates when
we desire to generate the torque l.. It is often claimed in the literature that choosing
the gimbal rates using this relationship actually encourages singularities in a CMG cluster
(see, for example [4, 43]). The argument is that the minimum norm solution tends to avoid
movement of gimbals which are contributing to the singularity. This phenomenon was not

observed during this dissertation research.

Consider the gimbal rate to torque relation given by
Dé =1, (391)
where D is the Jacobian matrix given by
D=-A;=—-ApA° - AyA’ (392)

Equation (392) results when we assume that each CMG has unit magnitude spin momen-

tum.

It is possible to choose the geometry of a three CMG cluster such that

sind; cosdy 0
D=1{cosédy 0 sinds (393)

0 sind; cosds

In general, either of two CMGs may be used to provide torque in a specific direction.
Suppose we are interested in exactly achieving the desired torque in a 1-axis direction of
magnitude /.; while the other components are free. Then we need only enforce the relation

& &

[sindy cosdy ]| . | =d
02 &

=1y (394)
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which is an underdetermined problem. Employing the pseudoinverse which gives the min-

imum norm solution (i.e., d = dT(dd™)~1) yields the gimbal rate steering law

é iné
) S— o (395)
by sin 8; +cos? 83 | ¢os A
Equation (395) does not have a solution when
m=sin?& +cos?d; =0 . (396)
given by the set
] 0 0 T T
1 _ , , , (397)
2 /2 3r/2 /2 3r/2

We refer to m as the singularity measure. We wish to avoid the condition m = 0. Observe
that
dm .

= == (398)

and since m > 0, then a condition in which 72 < 0 drives the system toward a singularity.

In this case

sin &1 I
sin? §; + cos? &,

m = 2 [ sin §; cosd; —sin d; cos Iy ] (399)

cos 69

2(sin® &; cos §; — cos? 8y sin )
sin? §; + cos? &,

It (400)

The regions where 7 are positive and negative are labeled in Figure 21. The quiver
arrows depict the direction of flow based on the gimbal rates of Equation (395). Each of
the singular points are characterized by a specific type of flow. The gimbal motion near the
singularity at (0,37/2) is actually away from the singular state (for /,; > 0), while motion
near the singularity at (r,7/2) is toward the singularity. The singularities at (0, 7/2) and

(m,3m/2) are saddle points. The gimbal angles cannot (in general) drive to either of these

125




points. We see, therefore, that of the four singular gimbal configurations, only one of them
tends to attract the gimbal angles. Note that if we choose l,; < 0, then the regions of

positive and negative 7 will switch, but so will the direction of flow.

It is not surprising that the flow is everywhere toward the singularity at (=, 7/2),
since we are in effect requesting a continuous torque output from the cluster, and it only
has a finite amount of momentum to give in the 1-axis direction. If we only request torque
for a finite length of time, then the flow will continue toward the external singularity until

l,; = 0, at which time the gimbal rates also become zero.

At (7,7 /2), the spin axes of both gimbals lie in the 1-axis direction. At this point,
the CMGs can provide no more momentum exchange in that direction, and are therefore
at an ezternal singularity. Furthermore, no null motion exists which will allow movement
away from the singularity. In a similar way, the point (0,37/2) is where the spin axes
of both CMGs point in the negative 1-axis direction. Here we have plenty of momentum
available to reorient in the positive 1-axis direction. The other two singular points, however,
correspond to the physical situation where the spin axes point opposite each other. These

are internal singularities.

Consider now the possibility of null motion for the 2 CMGs. That is, motion for
which the torque output in the l-axis direction is zero. The torque output is zero only
when the gimbal rates lie in the null space of d. This motion is perpendicular to the quiver
arrows in Figure 21. Departing the singularities at (0,37/2) and (7,7/2) in a direction
perpendicular to d is not possible. It is not possible, therefore, to depart these singularities
using null motion. Singularities which may not be departed using null motion are often

called elliptic singularities.

On the other hand the singularities at (0,7/2) and (r,37/2) do allow for escape
using null motion. Adding a component to & along the +45° direction will not affect the
torque output. These singularities are often called hyperbolic singularities. See Margulies

and Aubrun [32] for further discussion.
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Figure 21  Gimbal Angle Flow for Pseudoinverse Steering Law
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Appendiz D. Orthogonal CMG Cluster Envelope

A cluster of three or more non-coplanar momentum wheels are capable of attaining any
desired cluster momentum. The same is not true for a cluster of control moment gyros.
Since the wheel speeds are fixed, a CMG cluster can produce only a finite momentum
in a specified direction. The momentum limit in that direction is determined by the
arrangement and number of CMGs, and the spin momenta of the CMGs. In general,
computation of the momentum limit in any specific direction is quite complicated. An
excellent geometric treatment of single gimbal control moment gyro clusters is in Margulies

and Aubrun [32].

In Chapter 5, we make some claims regarding limitations on the cluster momentum
in certain directions. Here we attempt to provide some insight into the nature of an

orthogonal cluster momentum envelope.

Suppose we have a cluster of 3 control moment gyros in an orthogonal arrangement

such that

(401)

?

=}

1!
o o
o —
— (=]

Ag=(10 0 (402)

Ao=10 0 1 (403)
1 00

When the gimbal rates are zero, the cluster momentum relative to the body is simply

hc = Ashswr (404)
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and for uniform CMG spin momenta of h,,, the 3 scalar equations for the momentum of

the cluster (from Equation (29)) are

hswr(coséy —sindy) = Iy
hswr(cosdy —sinds) = hy

hswr (COS 53 — sin 51) = h3 (405)

whereh=[ h; hy hy 7. Itisevident from Equations (405) that no principal component

of the cluster momentum can be greater than 2hsy,,..

Of interest are the angles for which the cluster has maximum and minimum momen-

tum magnitude. It is easy to confirm that the square of the magnitude of h is

h2=h2

swr

(3 — 2(cos é; sin &, + cos &, sin b3 + cos 3 sin 1)) (406)

The extrema of Equation (406) occur when

Oh? Oh?  OR?
- = = 4
FTAR T T (407)
yielding the 3 equations
sind;sindy = cosdzcosd;
sindysinds = cosd; cosds
sindszsind; = cosd,cosds (408)

which can ultimately be manipulated to reach the requirements that

1
cos? §; = cos? 8, = cos® 83 = 3 (409)
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Figure 22  External Momentum Envelope for a Three CMG Orthogonal Cluster

So each gimbal angle must be % plus integer multiples of 7. It should not be too difficult

to convince the reader that since

1 .
cosd; = :!:—\/—§ i=1,2,3 (410)
then
1
sind; =+— i=1,2,3 (411)

V2

also. The maximum possible value of k2 is therefore
1 1 1
2 _ 2 Y
= Pour (3 2 ( 2 2 2))

and occurs, for example, at (8;,42,83) = (%’1,3%,3;—"). Since h? > 0, we note that the

the minimum is indeed zero and occurs, for example, when (41, &;,83) = (5,5 %) The

momentum envelope is depicted in Figure 22.
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