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'/During the period covered by this report, significant advances in several diverse areas
have been achieved as outlined below under separate headings:
1. Damage Mechanics
9. Functionally Gradient Materials with Defects
3. Problems in Heterogenization
4

. Eshelby’s Energy Momentum Tensor

Damage Mechanics

‘ At is experimentally observed that brittle materials and structural elements fabri-
| cated with them, undergo development of damage (growing microcracks, microvoids, grain
boundary sliding, etc.) as the severity of environment (e.g. loads) increases, and before
gross fracture sets in. '
In collaboration with the late Professor J. Kestin of Brown University we succeeded
~ during the last few years and with the sponsorship, in part, of the Air Force Office of
Scientific Research, to develop a rudimentary model of damage based on thermodynamic
considerations. This initial theory leads to results which are in encouraging agreement
with the few experimental data which have been published so far.

In de@eloping the initial elements of this theory we obviously based ourselves on the
tclassical” or “conventional” thermodynamics, as expounded by J. Kestin in a series of
recent papers and who was one of the very few thermodynamicists interested in applications
to solid mechanics.

It is the study of irreversible processes which leads thermodynamicists to rather di-
vergent views. We adopted the following position: A distinction has to be made between
intensive parameters which appear in physical space and those which describe states of
constrained equilibrium in the Gibbsian phase (or state) space. The latter consists of 2
set of extensive variables, namely the internal energy, the external deformation variables
and the internal deformation variables, which, by contrast to the intensive ones, can be
measured (in principle) in equilibrium as well as in nonequilibrium. For a given system
under study, the introduction of these different variables is based on physical insight, ex-

perimental findings, intuition, etc.
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Since temperature and entropy can be defined (or introduced) only for reversible
processes it 1s imperative to introduce the so-called principle of local state (or the method of
local equilibrium). This principle is applied by associating with every nonequilibrium state
an accompanying equilibrium state of equal values of internal energy, as well as external
and internal deformation variables. It is then asserted that the temperature and entropy in
physical space (irreversible processes) can be approximated by their values in the Gibbsian
phase space (reversible processes) by standard, classical methods. A continuous sequence
of accompanying equilibrium states may be called an accompanying reversible process and
it is conceived as an adiabatic projection of the continuous sequence of nonequilibrium
states which constitute the irreversible process. This allows to express the classical Gibbs
equation in rate form and to derive explicit expressions for the rate of entropy production
by eliminating the rate of internal energy between it and the energy balance equation.

" The essential part of this methodology consists in the formulation of the Gibbs equa-
tion for the accompanying process in phase space. This is obtained from the knowledge
of the physics of the situation and leads to the identification of the internal deformation
variables (which can be observed and measured, but not controlled) and the imagined
virtual (i.e. reversible) work done against them by the associated affinities.

Based on the methodology briefly summarized above we were successful in obtaining,
for one-di%nensionél systemns and for isothermal processes, a basic theory of damage in
brittle solids. Starting with this experience we propose to derive a more complete theory,
including non-isothermal processes and by extending it to two and three dimensions. To

study relevant bouzidary and initial value problems we would like to establish the governing

“partial differential equations for a geometrically given region, and thus we should be able

to study the evolution of damage not only in time, but also in the space of the material,

for given loads and given geometry.

Functionally Gradient Materials with Defects

Functionally gradient materials (FGM) were first produced in Japan for the primary
purpose of developing thermal protection for a future space plane which would have to

withstand severe aerdynamic heating. Since that time it was found that FGM, whose

2
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material properties vary continuously in a particular direction, would have useful appli-
cations in a variety of industries. This writer, together with his associates, has already
been involved in some aspects concerning stress analysis of FGM (e.g., crack mechanics in
smoothly nonhomogeneous rmaterials as well as composites with nonhomogeneous fibers)

and has been invited to present a paper {1] at the 3rd International Symposium on Struc-

. tural and Functional Gradient Materials held at the Swiss Federal Institute of technology

in Lausanne, Switzerland, in October 1994.

The writer has also been invited to be a member of the Scientific Committee which
orgamzed another Conference on FGM, sponsored by the Engineering Foundation, held at
the Congress Center in Davos, Switzerland, in August 1995. At this conference the writer
presented an unusually well-received lecture on fracture analysis of Functionally Gradient
Materials, emphasizing in particular the J -integral for such matenals

The micromechanical analysis is effected by employing the newly proposed methodol-
ogy of heterogenization [2-4], whereby the solution to a heterogeneous problem is obtained
by performing a transformation on the solution to a corresponding homogeneous problem.

We proceeded to write down the solution for 2 multilayered fiber perfectly bonded to
an infinite matrix, which is subjected to arbitrary loading. The solution is then expressed
in terms of the solution of the corresponding homogeneous problem i.e., when the fiber 18
absent and the matrix material still subjected to the same loading (singularities) occupies
the whole space. We achieve this by exploiting a connection between the solution to the
heterogeneous problem and 2 group structure on the set (—1,1) of real numbers z such
that -1 <z < 1. '

We then considered the case where the shear modulus is a continuous function of
r throughout an annular region. The problem is formulated inn a manner that leads to
a Riccati differential equation, the solution of which can be obtained by considering the
limit of our multilayered fiber solution.

Finally, the results are illustrated by considering the problem of reducing stress con-

centration around holes.
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»

Problems in Hetervgenization

( The hctc‘:rogeﬁization techniqueisa préccdurc, rccently developed with partial support
of AFOSR, of expressing the solution to 2 heterageneons problem in terms of the solution
to the corresponding homogeneous problem\ In one study this methodology was applied
to the problem, in plane elastostatics, of two circular inclusions of arbitrary radii and
of different elastic moduli, and perfectly bonded to a matrix, of infinite extent, which is
" subjected to arbitrary loading. The solution was formnlated in a manner which leads to
governing functional differential equations, i.e., equations were then solved by cuiploying
novel techniques. Several illustrative examples are being worked out. Particular attention
is devoted to the limiting, but important, cases of two rigid inclusions or cirenlar holes.
Morenver, the asymptotic behavior of the stress field at the closest points of these two
defects as they approach each other is being investigated.
Some of the results were presented by invitation at the recent National Congress of
Applied Mechanics and & paper is being prepared for journal publication.
 In another study the effect of a dislocation in a fiber reinforced composite was inves-
tigated and presented by invitation at the ASME Annual Meeting in Novemnber 1994. A
paper summarizing these findings is being completed and will be also submitted for journal

publication.

Eshelby’s Energy Momentum Tensor

Eshelby’s slalic cuergy momentum tensor by, = Wy, — ducur,; (where W is the strain
cnergy density, ok ic the etrece tencor and uy ; is the displacement gradient) or the material
momentum tensor, as it is also called sometimes, plays a preponderant role in fracture and
defect mechanics. Its most prominent appearence occurs in the integrand of the popular
J-integral of fracture mechanics. Yet, in spitc of its frequent uce and a¢ a great eurprise,
its properties have not been investigated heretofore. All what is nsnally known about a
tensor, such as invariants, principal values, principal directions, physical significance of
cowponents, remained completely in the dark. We have succceded now to carcfully and

rather completely investigate the various features of this tensor and are now in the process

4
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of preparing a manuscript to be submitted for publication.
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Professional Honors

During the reporting period, Prof. George Herrmann was honored by being awarded
a fellowship in a new program at the Mathematical Research Institute in Oberwolfach,
Germany. This special fellowship, sponsered by the Volkswagen Foundation, is reserved
for the new, so-called "Research-in-Pairs”-(RiP) program. Together with one of his former
postdoctofal researchers, Dr. R. Kienzler, who is now on the faculty of the University of
Breenen, Prof. George Herrmann spent three weeks in August/September at the above-

named Institute, concentrating on research in the area of defect mechanics.




