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PROPAGATION AND STABILITY OF INTENSE LASER
PULSES IN PARTIALLY-STRIPPED PLASMAS

I Introduction

The propagation of intense laser pulses in plasmas is relevant to a wide range of
épplications, such as x-ray lasers [1-5], laser fusion [6-8], laser-plasma accelerators [9-18],
harmonic generation in plasmas and gases [19-23], and laser-plasma channeling [24-30]. In
many intense laser-plasma experiments the ions are not fully stripped and hence the propagation
medium consists of both free and bound electrons. We find that bound electrons can lead to an
atomic modulation instability (AMI) which can dominate the conventional relativistic
modulational instability (RMI) [31-33] and forward Raman scattering (FRS) instability [34-38].
The AMI requires both free and bound electrons, i.e., the free electrons provide anomalous group
velocity dispersion whereas the bound electrons provide self-phase modulation. Bound electrons
can also result in an atomic filamentation instability (AFI), which can dominate the conventional
relativistic filamentation instability (RFI) [31-33]. These effects could play an important role in
laser interaction experiments with high-Z material.

Generally speaking, the refractive index associated with an intense laser pulse in a
partially-stripped plasma is 1 = 1 + An, with An =0, - 1 + An, +An, + An_, + An, + An,, where

Mo = 1 is the linear index associated with the bound (atomic) electrons, An, = - 2¢%/(®,r,)’ is the
contribution from the finite spot size of the laser pulse, An, = - colz) / 2@% is the linear
contribution from the free (plasma) electrons, An,,, = An (8n,/n,), is the nonlinear contribution
from the excited plasma wave, An, = -Anpaf, / 41s the relativistic contribution from plasma

electrons and An, = n,l is the nonlinear contribution from the bound atomic electrons. In the
above, o, is the laser frequency , r, is the laser spot size, @, = (4nq’n,/m)"” is the plasma

frequency, n,, is the ambient plasma density, &n, is the perturbed plasma density, a, the
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normalized (unitless) peak amplitude of the laser vector potential, 1, is the nonlinear refractive

index associated with the bound electrons, I is the time averaged laser intensity, and it is assumed -
that | An| << 1. For a linearly polarized laser beam al =7.32 x 107° 2% [um]I[W/cm®], where
A, = 2nc/w, is the laser wavelength. Note that a, is equal to the peak electron oscillation
momentum in the laser pulse, normalized to mc.

Self-focusing of the laser beam requires that the radial gradient of the refractive index be

negative, i.e., An/ or < 0. It can be shown that the condition for self-focusing is (nr,/A,)*

An,, > 1, where 1. An,, is proportional to the laser power. This implies that the refractive

indices associated with the relativistic plasma An, and bound electrons An, can individually
cause focusing of the laser pulse if certain critical power levels are exceeded. The critical powers
for relativistic focusing in a plasma [31,39-41] and nonlinear focusing in a gas [42-44] are,

respectively,
L =20(q/ 1) (0, /0,), (1a)

and

P, =4, / 2mgn,), (1b)
where r, = g°/mc’ = 2.82 x 10 cm is the classical electron radius. In practical units, the
relativistic focusing power in Eq. (1a) can be written as P, [GW] = 17.4(oy/0,)*. The ratio of the
critical powers can be mucil greater than unity and scales with laser frequency to the fourth
power. In practical units,

R= Py _ 122 x10°nyn,[cm® / W] (2) ‘
P Nolpmln fem™] 7
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where 1, is proportional to the atomic gas density, n,. For example, taking 1, = 10" cm*/W for
typical neutral gases at standard temperature and pressure (STP), n, =n, = 2.7 x 10” cm and A,
=0.5 um, we find that R = 710. For these parameters, the critical powers for relativistic plasma
and nonlinear gas focusing are P, =2.8 TW and P, = P,/710 = 3.9 GW, respectively. Ina
partially-stripped plasma, if R >> 1, the bound electrons have a much greater effect on the
focusing of the laser pulse than the free electrons.

This paper is organized as follows. Section II discusses the wave equation for a laser
pulse propagating in a partially-stripped plasma. The polarization field of the bound electrons
and the plasma current are retained to third order in the laser field. The nonlinear dispersion
relation for the pump laser field is discussed in Sec. IIl. The nonlinear dispersion relation for the
Stokes and anti-Stokes sidebands is derived in Sec. IV. Growth rates are derived for (a)
modulation, (b) Raman and (c) filamentation instabilities and are plotted as functions of
wavenumber for several values of R. The physical mechanism of fhe AMI is also discussed and
the roles of both the bound and free electrons is clearly delineated. A discussion and conclusion
is given in Sec. V. This paper also includes two appendices discussing (A) the nonlinear
susceptibility and group velocity dispersion parameter and (B) ionization rates due to both photo

and collisional processes.

1L Nonlinear Wave Equation

The wave equation for a laser pulse propagating in a partially-stripped plasma is

(V2 -c?8* /ot )E = 4m‘2(82 P/ot> +8],/ 8t), 3)



where E is the laser electric field, P is the polarization field associated with the bound electrons

and J b 1s the plasma current density. The polarization field consists of a linear and nonlinear

part, P = (x‘” 4O (Ee E))E where 3 (4®) is the linear (third order) susceptibility
associated with the bound electrons. The time averaged refractive index of the bound electrons is
N =1, + n,L, where n, = (1 + 4n”)"? is the linear index, n, = 87/ n’c is the nonlinear

refractive index and I = (c/4m)n,< Ee E > is the time averaged laser intensity. In the present

model, the origin of the third order susceptibility ¥ (or nonlinear index m,) is the anharmonic
potential well in which the bound electrons oscillate. The response time for the development of
% (or m, ) due to the anharmonic electron oscillations is fast, on the order of 10" sec.

Values of x for partially-stripped atoms are not commonly known but can be readily
calculated. For the purpose of estimating these values, we will assume the charge state is small
compared to the atomic number, and therefore y® for a partially-stripped atom is expected to be

within an order of magnitude of the neutral atom value. Near atomic resonances, however,

3) ()]

significant changes in %~ and %'” can occur. It is important to note that the validity of the
present analysis is not contingent on ¥ being accurately known. Our results are expressed in
terms of the quantity R, which is the effective value for a partially-stripped atom and
proportional to %, and examples are given for a wide range of R. Estimates for % associated
with neutral and charged atoms at frequencies far below resonance are given in Appendix A.
The assumption that the average charge state is small compared to the atomic number

places limitations on the laser intensity and duration. Nonetheless, our model is expected to hold

for a wide range of laser intensities and pulse durations. There are two limits on the laser




intensity: (i) the intensity must be lower than the threshold for ionization of the next charge state

and (ii) the intensity must be sufficiently small so that the perturbation expansion of P remains

valid. 'In addition, the laser pulse length must be sufficiently short so as to avoid further electron
collisional ionization. Appendix B discusses and estimates photo and collisional ionization rates
as a function of laser intensity and ionization energies. Intensities and pulse durations needed to
avoid ionization, beyond certain levels, are estimated in Appendix B.

For the expansion of the polarization field in powers of the field to be valid we require
NI <1, - 1, which in terms of a; is

al <<7.32 x 107’ (n, = VA4 [um]/ n,[cm?® / W], (4)

where both 1), - 1 and 1, are proportional to the atomic gas density n,. As an example, for N, at
STP with A, =1 um, 1, - 1 =3 x 10, 1, = 10" cm?W and the normalized laser amplitude is
limited to a, << 0.05, which corresponds to an intensity I <<.3.5 x 10" W/em®. The quantity
Ra! is an important parameter in determining the stability properties of the laser pulse, which in .

practical units is given by

107 n,lem® / WII[W / ecm?]

Ral =893 x - (5)
’ 2 [umIn, [em™]
where 1,I <<, - 1 for the expansion to be valid.
The plasma current density, correct to third order in a, 1s [9,36,38]
I, = qnpc(1+6np /npA—-go a/ 2)@, (6)

where the term proportional to aea is due to relativistic changes in the electron mass. The

perturbed plasma density [9,36,38] is given by




(6" /0t +w2)on, /n, = (c* / 2)V(ava). (7)
It is convenient to write the wave equation in Eq. (3) in terms of the normalized vector
potential a, and to use the Coulomb gauge, Vea = 0. The radiation field is assumed to consist

of plane waves polarized in the x-direction of the form a = (a, +a, +a_)é, where a, denotes the

pump wave, a, are the anti-Stokes and Stokes sidebands, and | a, | << ’ap| . The pump wave is
répresented by a, = (a/2)exp(i(k,z- @4t)) + c.c., while the sidebands are given by

a, =(a,/2) exp[i((k0 +k)z+k, y- (o, + m)t)] +c.c., and

a_=(a_/2)exp [i((k0 -k)z-k,y—-(o, - m*)t)] +c.c., where k; and o, are the wavenumber

and frequency of the pump, k, k,, and  are the real axial wavenumber, real transverse
wavenumber and complex frequency of the sidebands and * denotes the complex conjugate. The
amplitude of the pump and sidebands are real and given by a, and &, , respectively, and

V2= ¢&/0y* + /62" Substituting Eq. (6) together with the polarization field in terms of a, into

Eq. (3) yields the following wave equation for a,

L, 0 dn
(Vz—nﬁc g"kiiji"ﬁ%
K2 o[[0a 0a)oa
P -4
——|(a®a)a — Roy —|| —e—|—]| 8
y |z O@t{[@t.ﬁt ot )

where k, = o,/c and R is the effective value in a partially-stripped plasma. In deriving Eq. (8),
%" and % are assumed to be constants and independent of laser frequency. This assumption is

valid since group velocity dispersion is dominated by the free electrons and not the bound

6




electrons, as discussed in Appendix A. The third order nonlinear source current, which is
proportional to the right-hand side of Eq. (8), significantly alters the propagation and stability of
the intense laser beam. Sidebands can be generated, resulting in various types of modulation,

filamentation, and Raman instabilities.

III. Nonlinear Pump Dispersion and Propagation

The nonlinear dispersion relation for a linearly polarized pump wave is
605 /¢* ~ kg —k; +k} (0] +(3/8)Ra2) =0, )
where R is given by Eq. (2) and o, =3/8—(1/8)(ck,)* / (02 - o} /4) is due to relativistic and
nonlinear plasma wave effects. The term proportional to (3/8)Raj in Eq. (9) represents the

nonlinear effects of the bound electrons and can be substantially greater than the plasma term

®,a; = a; /4. The resonant term in the expression for o, i.¢., the term proportional to
1/ (0} - (nfj / 4), is due to the nonlinear plasma wave at frequency and wavenumber (2e,, 2k,).
The cut-off frequency is given by

o, =(®,/n,)(1-(3/16)(1+R)a?), (10)
where Ra) << 1. Note that a lower branch of the dispersion relation at ©, = ©,/2 exists. The
model, however, is not valid when o, = ®,/2 since from Eq. (7), the perturbed density on,/n, can

be large. For a circularly polarized pump wave aea=a’ is a constant and the dispersion

relation is




nie? /c* ki —k3[1-(1+R)a; /2] =0. (11)

A circularly polarized pump wave does not induce a plasma wave and therefore the resonant term
in the expression for o, is not present. For a circularly polarized pump the cut-off frequency 1s

given by

o, =(@,/n,)(1-1+R)a; /4) (12)
In the present model propagation slightly below the plasma frequency is achieved as a result of
the partial cancellation of the linear plasma current by the nonlinear polarization current due to
the bound electrons. Propagation far below the plasma frequency, however, can result from a
cancellation of the linear plasma current by a nonlinear plasma current induced from the beating

of two electromagnetic fields. This is referred to as electromagnetically induced transparency in

plasmas [45].

IV.  Sideband Dispersion and Stability

To analyze the instabilities, Eqs. (7) and (8) are solved to order a;a, giving
D, 4, = Q}[c*(k* +k1)/D~1-(3/2RQ(e, +©)’ —0))/ oA,
+ Qfc*(k* + K1)/ D -1~ (3/ 2)R(0; ~0’)/ 0}]al, (132)
D_a" =Q[c* (K’ +k})/D-1-(3/2)RQ2(0, ~ )’ O IRCHES

+[c*(k* +K2)/D-1-(3/ )R} —0”)/ 0|4, (13b)




where D, = njo? - ¢?(k? +k2) £ 2(n2o0 - c’k.k), QF =w2aj /4 andD = 0” - 0.
Combining Eqgs. (13a) and (13b) we obtain the dispersion relation

[D+ -Qg{c-’-(k2 +k1)/D-1-3/2R(2(0, + o)’ —mg)/wg}].
[D_ -0y {’(K? +K1)/D-1-(3/ 2DR(2(®, - 0)° —mg)/mg}]

=Qg(c2(k2+k§)/D—1—(3/2)R(mg—mz)/mg)z. (14)
In the limit R — 0, Eq. (14) reduces to previous results [33]. If the sideband frequency is near

the carrier frequency, lo I << ®,, the dispersion relation reduces to
(02 — (k> + k%)) — 402 (0 - B,ck)’
+ 293((3 /2R +1-c?(k? +Kk2)/ (o? —m;))(mz —c’(k* +k}))=0, (15)
where B, =ck, /o, and we have set , = 1. The contribution from the bound electrons, i.e., the

term proportional to R, can be significant and can dramatically modify the conventional RMI,

RFI, and FRS instability.

a. Modulational Instability
The presence of bound electrons in a partially-stripped plasma can result in an AMI
which can completely dominate both the conventional RMI and the FRS instability for R >> 1.

Since the AMI and RMI are not driven by the induced plasma wave, they can be analyzed by

neglecting the resonant plasma wave term, i.e., the term proportional to ¢*(k* +k%)/(0? —0?)

in the dispersion relation of Eq. (15). Setting ® = B,ck + dw and k, =0 in Eq. (15), we find that

for the AMI and RMI



dor = (0, / ©,)*(ck/ 2)[(ck /)’ —(3/8)a]
+(~(1+3R / 2)a2 /2+(ck/m0)2)”2], (16)

where B,ck >> |dw|. The AMI growth rate is

r=a /2)(®, /©,) ck((1+3R/2)a2 /2~ (ck/0,))", 17)
and extends fromk=0to k =k, =(a,0,/~2c)(1+3R/2)" and peaks atk=k__/~/2. In
the conventional RMI the range of unstable wave numbers is restricted to k < o /c while in the
AMI the range in k can exceed o, /c and can approach o/c. Since the range of wavenumbers
over which the AMI exists is broad, it will be less sensitive to laser incoherence or plasma
inhomogeneities than the RMI or FRS instability. The maximum growth rate for the AMI is

given by

I'=(03a;/80,)(1+3R/2). (18)

The maximum growth rate for the conventional RMI (R = 0) [31,33]is " = (1/8) (o)::; /o O)a%

and occurs at k = (a,/2)a,/c <<k,,,. The ratio of the maximum growth rate for the AMI to the

conventional RMI is 1 + 3R/2, which can be much greater than unity. In the limit n, — 0, Eq.
(17) implies that k,,,,, — o0 and, for finite k, the AMI growth rate scales as I' ~n,? — 0, hence,

the AMI is stable in the absence of a plasma.

10




b. Raman Instability

The growth rate for the FRS instability peaks at k = o /c and is distinct from the AMI
instability for Raj <(4/3)w’ / 0;. For Raj <<(4/3)o} /w; and k, =0, the FRS growth rate

atk = @ /c is given by the conventional expression [33-37],

a, O
r 0 L 19
2VJ2 o, (19)

m

As Ray increases and approaches (4/3)w; / ©; the AMI merges with the FRS instability. For
Ra) >>(4/3)w? / o; the FRS instability is dominated by the AMI. The ratio of the maximum

growth rate for the AMI to the conventional FRS instability is (3+/2 / 8)Ra,. The Raman

backscatter instability, on the other hand, is virtually unaffected by the presence of bound
electrons, i.e., the Stokes frequency is ® = ©,, the wavenumber is k = 2k, - o, /c’k,, and the

growth rate is ' = (0,0,)'a,/2, assuming o /o, << 1.

C. Filamentation Instability
As is the case with the modulation and forward Raman instability, the filamentation
instability can be strongly affected by bound electrons. Taking k = 0 in Eq. (15) and neglecting

the resonant plasma wave term, the dispersion relation becomes
172
2 2 Czki 2,2 21,2
®? =201 W(mpao(1+3R/2)/2—c K3)p | (20)
0 .

where ¢’k? << ). The AFI growth rate is

I = (ck, /20,)(0%2(1+3R/2)/2-ck2) 7, @1)

11




/2.

1 max

and extends from k, =0 to k, =k,,,, =(®,a, / v2c)(1 + 3R /2)""* and peaks at k, =k
The maximum growth rate for the AFI is
I =(0ag /8w,)(1+3R/2), (22)

which is identical to the maximum AMI growth rate in Eq. (18). For R = 0, the growth rate of
the conventional RFI for a plasma is recovered [31,33]; whereas for R >> 1, the growth rate of
the conventional filamentation instability for a neutral gas is recovered [42]. The ratio of the
peak AFI growth rate to the peak RFI growth rate is 3R/2 + 1, which can be much greater than
unity.

The effect of the AF1 is to transversely break up the laser pulse into filaments, each
having a transverse dimension r, = 2/k, and a power per filament roughly equal to the critical

power. The power per filammentis P = Inr} = I(4n/k%) = P /(1+3R/2)=P,, where
k, =(w,a,/2c)(1+3R/ 2)""? corresponds to the maximum growth rate. This model assumes

that the transverse dimension of the laser pulse is greater than r,. For the filamentation
instability (k = 0), the sideband frequency is purely imaginary, i.e., ®* < 0. The instability,

therefore, is purely growing in time and does not propagate transversely out of the laser pulse.

d. Examples

Numerical solutions of the full dispersion relation, Eq. (14), are shown in Figs. 1-8,
where the normalized growth rate, I'/w,, is plotted versus the normalized wavenumber, ck/w, or
ck,/o,, for various values of the effective R, a; and o /m,. Figure 1 shows the modulation and
Raman growth rate fork, =0, o/o, =10, a,= 0.01 (I=1.4 x 10" W/cm® for A, =1 um) and (a)

R =0 (solid curve), (b) R = 200 (dotted curve) and (c) R = 400 (dashed curve). The solid curve

12




(R = 0) shows only the conventional FRS instability at ck/m, = 1 having a growth rate I'/w, = 0.7
x 107, whereas the conventional RMI is not discernible on this plot. The conventional (R = 0)
RMI for these parameters has a peak growth rate of [/w, = 1.25 x 10° at ck/w, = 0.05. ForR =
400 (dashed curve) the peak AMI growth rate is I'/w, = 0.75 x 107, (3R/2 = 600 times larger than
the R = 0 peak value) at ck/o, = 1.3. The AMI is broadband, extending from ck/o, =0 to 1.7.
The peak Raman growth rate for R = 200 is I/, = 0.8 x 10” and for R =400 is I/o, = 1.0 x 10%,
both at ck/o, = 1.

Figure 2 shows the modulation and Raman growth rate for k, = 0, /o, = 20, a, = 0.01
and (a) R = 0 (solid curve), (b) R =200 (dotted curve) and (c) R = 400 (dashed curve). The solid
curve (R = 0) shows only the conventional FRS instability at ck/@, = 1 having a growth rate [/w,
= 0.3 x 10°, whereas the conventional RMI is not discernible on this plot. The peak conventional
RMI growth rate is I'/o, = 0.6 x 10 at ck/oo, = 0.1. The peak Raman growth rate for R =200 is
I'/o,=3x 10" and for R =400 is [0, = 3.2 x 10%, both at ck/, - 1. For R =400 the AMI
extends from ck/w, = 0 to 3.4 and has a peak growth rate [/, = 3.8 x 10*,

Figure 3 shows the modulation and Raman growth rate for k, = 0, o/0, = 10, a, = 0.005
and (a) R = 0 (solid curve), (b) R = 200 (dotted curve) and (c) R = 400 (dashed curve). The solid
curve (R = 0) shows only the conventional FRS instability at ck/w, = 1 having a growth rate [/,
=4 x 10, whereas the conventional RMI is not discernible on this plot. The conventional RMI
for these parameters has a peak growth rate of I'/0, =3.2 x 107 at ck/w, = 0.025. For R =400
{(dashed éurve) the AMI extends from ck/w, = 0 to 0.9 and the peak AMI growth rate is
I'lo,=2x 10* at ck/oo, = 0.6. The peak Raman growth rate for R =200 is [ /o, = 4.2 x 10* and

for R =400 is [/o, = 4.5 x 10, both at ck/w, = 1.

13




Figure 4 shows the modulation and Raman growth rate for k, = 0, o /0, =20, a, = 0.005
and (a) R = 0 (solid curve), (b) R =200 (dotted curve) and (c) R = 400 (dashed curve). The solid
curve (R = 0) shows only the conventional FRS instability at ck/o, = 1 having a growth rate I'/o,,
= 1.9 x 10, whereas the conventional RMI is not discernible on this plot. The conventional

RMI for these parameters has a peak growth rate of I'/w, = 1.5 x 107 at ck/w, = 0.05. ForR =

400 (dashed curve) the AMI extends from ck/o, =0 to 1.7 and the peak AMI growth rate is INo,

1x10% at ck/w, = 1.2. The peak Raman growth rates for R = 200 and for R = 400 are
approximately the same and equal to I'/o, =2 x 10*, with both peaks at ck/o, = 1.

Figure 5 shows the filamentation growth rate for k = 0, 0,/0, = 10, a,= 0.01 and (a) R =
200 (dotted curve) and (b) R = 400 (dashed curve). The conventional RFI is not discernible on
this plot. The conventional RFT for these parameters with R = 0 has a peak growth rate of No, =
1.3x10%at ck, /o, = 0.005. For R =400 (dashed curve) the peak AFI growth rate is [/w, = 8 x
10" at ck /o, = 0.13.

Figure 6 shows the filamentation growth rate for k = 0, ®,/o, = 20, a,= 0.01 and (a) R =
200 (dotted curve) and (b) R = 400 (dashed curve). The conventional RFI, which is not
discernible on this plot, has a peak growth rate of I” /o, =6x 10" at ck /o, = 0.005. For R =400
(dashed curve) the peak AFI growth rate is ['o,=3.9x 10" at ck Jo,=0.13.

Figure 7 shows the filamentation growth rate for k = 0, /0, =10, a,=0.005 and (a) R =
200 (dotted curve) and (b) R = 400 (dashed curve). The conventional RFI, which is not
discernible on this plot, has a peak growth rate of I'o,=3x 10" at ck Jo,=0.0025. ForR =

400 (dashed curve) the peak AFI growth rate is lNow,=1.9x 10, at ck /o, = 0.06.
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Figure 8 shows the filamentation growth rate for k = 0, o /0, = 20, a, = 0.005 and (2) R =
200 (dotted curve) and (b) R = 400 (dashed curve). The conventional RFI, which is not
discernible on this plot, has a peak growth rate of 7w, = 1.5 x 107 at ck /o, =0.0025. ForR =
400 (dashed curve) the peak AFI growth rate is I'/o, = 9.5 x 107, at ck /o, = 0.06.

Figures 9-12 show surface plots of the normalized growth rate, I'/&,, as a function of
ck/w, and ck,/w, for various values of R, a, and ,/@,. These surface plots are useful since they
display simultaneously the growth rates corresponding to the modulational, Raman and
filamentation instabilities. In Fig. 9, o,/w, = 10, a,= 0.01 and (a) R = 200 and (b) R =400, as is
the case in the one-dimensional plots of Figs. 1 and 5. The surface plot corresponding to the
conventional R = 0 limit, which is not shown, is dominated by the very narrow peak of the
Raman instability in the vicinity of ck/o, = 1. Similarly, Figs. 10,11 and 12 are surface plots for
o /0, =10, a, = 0.005, o/, = 20, a, = 0.01, and o/, = 20, a, = 0.005, respectively, with (2) R
=200 and (b) R =400. All the surface plots display the Raman peak near ck/o, = 1, however,
the peak of the Raman instability is not fully resolved due to the coarse grid used in these plots.
Figures
9-12 clearly indicated that as R is increased the AMI and AFI growth rates increase and, for

sufficiently large R, dominate over the conventional RMI, FRS and RFIL.

€. Physical Mechanism of Modulational Instability
The physical mechanism for the modulational instability is due to group velocity
dispersion (GVD) and self-phase modulation (SPM). Dispersion is dominated by the plasma

electrons, which provide “anomalous” GVD, and the nonlinearity is dominated by the bound
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electrons, which provide SPM. These are the two necessary ingredients for a modulation
instability [46]. The group velocity can be written as v, = v,, + &v,, where

Vo = c(l — (02 +c’kiy)/ 033)”2 is the linear group velocity, 8v, = c(((nf, +c’k3,)/ (03)603 /o,
is the perturbed nonlinear group velocity and 8w is the nonlinear frequency shift. Note that
higher frequencies have higher group velocity, i.e., anomalous GVD. Here, the effects of a finite
transverse wavenumber k,, = 2/1, associated with the pump wave have been included, which can
also result in anomalous GVD. The SPM process is responsible for the nonlinear frequency
shift, which is proportional to the nonlinear index times the gradient of the intensity, i.e., n,V(a?).
In a frame of reference moving with the linear group velocity v,,, consider a spatially localized
perturbation in the field amplitude, a = a, + 8a, where 8a > 0, as indicated in Fig. 13. The
perturbed amplitude will produce a local frequency shift through the SPM and hence a perturbed
nonlinear group velocity 8v,. The rate of change of the nonlinear frequency shift is 66w/ot =
c(@} /40 ,)RA(@})/0 ~c (0] / 20,)Ra,d3a / &, where £ =z - v, is the axial position in the
group velocity frame. If the perturbation 8a is peaked around & = 0, then the frequency just
ahead of the perturbation ( > 0) is decreased (red shifted) and is increased (blue shifted) just
behind the perturbation (£ < 0). Since 8v, is proportional to 8w, dv, <0 just ahead of the
perturbation and 6v, > 0 just behind the perturbation. Hence, energy flows towards the positive

perturbation at £ = 0 and da grows. The rate of increase in the perturbed amplitude is 88a/6t = -
(,/2)08v /O = - (a,/2) ((mf, +c’k%,)/ (of)) (c/w,)08w/6%. Operating on this relationship with 8/6t

and using the above expression for 68w/0t we find that
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0*8a/ot’ =~ (c? /4)((wi +c’k2,)/ a)ﬁ) (0,/®,)* Ragd’8a/8E’. Replacing &*/0t with I
and &*/0€? with -k* we find that

T = (0} +*k])" /o, ), /0,)R 2.k /2,
which agrees with the expression obtained in Eq. (17), to within a factor of order unity, when
k,, =0 and k = (3/8)"?a,R"’0/c, which is the wavenumber corresponding to the maximum

growth. The AMI requires free electrons and/or a sufficiently large k ,. In the absence of free

electrons a gas usually has normal GVD (dv, / do < 0) for k,, =0 and the AMI is stable. The

GVD due to bound electrons can be neglected compared to that of the free electrons. Group
velocity dispersion [46] is measured by the parameter B, = ¢"8*(w,n)/&w,. The plasma
contribution to B, is B,, = - (©,/®,)*/(cw,) = - 10% sec’/cm (for w/o, = 10 and A, = 1 pm) and is
typically opposite in sign and 10° times greater in magnitude than the contribution from usual

gases at STP, as discussed in Appendix A.

V. Discussion and Conclusion

The presence of bound electrons in a partially-stripped plasma can significantly alter the
propagation and stability of laser pulses. A partially-stripped plasma will result when a plasma is
formed from a relatively high-Z material, e.g., the photo-ionization of nitrogen, argon, or
krypton; or by exploding a metallic foil or wire. This is the case in many experiments on x-ray
lasers, high-order harmonic generation, and in laser-channeling experiments for laser accelerators
and laser-fusion. In such a plasma, the optical nonlinearities can be completely dominated by
bound electron effects. In particular, the ratio of the third-order nonlinearity for free electrons to

that of bound electrons is given by the ratio of critical powers for self-focusing, R = P/P,, which
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1s typically much greater than unity. Growth rates for various instabilities have been obtained in
terms of the effective value of R for a partially-stripped atom.

When R >> 1, the combination of anomalous GVD from the free electrons and SPM from
the bound electrons leads to a stroné instability, i.e., the AMI. In a fully-stripped plasma,
modulational-type instabilities are dominated by FRS, which occurs in a narrow band around o =
o, and k = o /c. In the presence of bound electrons, however, the growth rate of the AMI can be
greater than that of FRS and occurs at a much higher and broader range of ® and k. This implies
that axial breakup of a laser will occur much more rapidly in a partially-stripped plasma and, due
to the large range of unstable ® and k, the instability will be less sensitive to variations in the
ambient density or to laser incoherence effects. When R >> 1, the transverse breakup of the laser
pulse is dominated by the AFI. Provided the laser power greatly exceeds P,, the laser pulse will
form transverse filaments with a power per filament on the order of P,.

The present analysis contains a number of assumptions. In particular, the laser pulse
length must be sufficiently short and the intensity must be sufficiently low so that further
ionization of the plasma is avoided. These requirements can be easily met, given the availability
of ultrashort (< 1 ps) high power lasers and the high binding energies of inner shell electrons.

Perhaps a more stringent constraint on the laser intensity is the validity of the polarization field

expansion P = (xV + x Ee E)E, which assumes 1, —1>> 1,1 Inclusion of bound electron

effects could alter the interpretation of laser interaction experiments with high-Z material.
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Appendix A: Nonlinear Susceptibility and GVD Parameter
a. Nonlinear Susceptibility
A rough estimate for ¥ and n, far from any atomic resonances can be obtained by

equating the linear and nonlinear polarization fields and setting the electric field equal to the
characteristic atomic (hydrogenic) field E, =q/ ré =52 x 10°V / cm, where Ig = n? /q2m is
the Bohr radius [42-44]. Note that the intensity of a liﬁearly polarized laser pulse with a peak
field equal to E, is I=(c/8m)E: =3.6 x 10"°W/cm’(a, = 0.16 for A, =1 pm). The magnitude

(1.4

of the third order susceptibility is, therefore, approximately ¥ =¥ /E2 = ¢®r! / q*. Since

4y is unitless, of order unity for condensed matter (density ~ 2 x 10% cm™) and proportional

to the density, we can write ¥ = 4 x 10 n, [ecm®]. Hence, order of magnitude estimates for

*® and n, are y[esu] = 10°*n,[cm”] and 1, [cm*/W] = 5 x 10*n,[cm™], where y@[esu] is in
units of (cm/statvolts)’. Table I lists the approximate measured values for the third order
susceptibility for various gases at STP and for linearly polarized 0.5 pm radiation [19,42]. Also
listed in Table I are the nonlinear focusing power in a gas P, and the ratio of the critical powers

for relativistic plasma focusing and nonlinear gas focusing R = P /P,. The value of n,, defined by

An, =L, in units of cm*W can be obtained by multiplying the value of 3 in esu by
0.0395/n2.

The nonlinear susceptibility 5 for an ionized atom can be simply estimated if the charge
state is small compared to the atomic number and the optical frequency is far below any atomic

resonance. The nonresonant nonlinear susceptibility is approximately given by

1 =8n,p* / R°Q}, where p = qr, is the typical dipole moment and Q is the typical value of
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the atomic resonance frequency [44]. Since € is roughly proportional to the ionization potential

U, the ratio of the nonlinear susceptibilities of the ionized atom to the neutral atom is
20 /3P = (U 107, (A1)
where U7 is the ionization potential for the ionized atom. As an example, for Xe gas, U, = 12.1

eV, Ul =212 eV (for the singly-ionized state), and x& / x® = 0.18.

+

b. Dispersion Parameter for Free and Bound Electrons

In Secs. II-1V, the frequency dependence of %" was neglected in the derivation of the
dispersion relation. This 1s justified since dispersion is dominated by the free electrons and not
the bound electrons. Dispersion is determined by the frequency dependence of the linear
refractive index, 1, = n, + 1y, Where 1, is the bound electron contribution and n,, is the plasma
(free electron) contribution. An order of magnitude estimate of n, far below any resonance is

given by the simple model

2 2 2

(Y O ®
=1+ =1+ 2 1+, A2
=T Qg( g;j (42

where o’ = 47n,q® / m, n, is the density of atoms, Q, = 10" sec” is a typical value of the
atomic resonance frequency, and ©’ << ©’ << Q2 is assumed [42-44]. For a plasma,

N, =21-0; /205, (A3)
where mf, / o; <<1 is assumed [35]. Lowest 6rder dispersion is characterized by the group
velocity dispersion (GVD) parameter B, = ¢7'8°(0,m, )/ dw; [46]. For aneutral gas

B,, =c*(w,m,)/ &0, = 60’0, /cQf, whereas for a plasma
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B,, =’ (0yn;,)0%0, = -0 /co). Note that B,, >0 and B,, <0, i.e., the GVD is “normal” for a
neutral gas (below resonance) and “anomalous” for a plasma. The ratio of the dispersion
parameter for a neutral gas to that of a plasma is,

B.. /sz =-6(n, /np)(mo /QR)4’ (A4)
and, typically, | B,/B,,| << 1, since ©y/Q << 1. For example, By, = -10 sec’/cm for A, =1 pm

and o,/0, = 10 (n, = 10" cm”); whereas B,, = 10”" sec’/cm for air at STP and A, = 1 um.
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Appendix B: Ionization Rates
The rate of change of plasma density (density of free electrons) is given by
é‘I—IE:Wn +Wn —-vn, (B1)
ot pa c™'p t*p
where W, is the photoionization rate, W, is the collisional ionization rate, and v, is the
recombination rate. Typically, for parameters of interest here, the recombination rate is small |

compared to the collisional ionization rate, i.e., v, << W, and will be neglected. The solution of

Eq. (B1) for constant ionization rates is
n, =(W, / W,)n,(exp(W,t) - 1) +n,, exp(W,t), (B2)
where n,, is the initial (seed) electron density and it is assumed that the plasma density remains

small compared to the neutral density. However, both W, and W, are functions of time as will be

discussed.

a. Photoionization

Photoionization can take place in either the tunneling or multiphoton regime [47-52].
These regimes are characterized by the Keldysh parameter vy, = (U, / U,)'?, where U, is the
ionization energy and U, = (1/2)m(qE/ma,)’ is the electron oscillation energy. The Keldysh
parameter can also be written as y, = ©,T,, where 7, is the tunneling time, i.e., the transit time of
the electron through the atomic Coulomb barrier. The low field limit (y, > 1) corresponds to the
multiphoton ionization regime, whereas the high field limit (y, < 1) corresponds to the tunneling

ionization regime.
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(1) Tunneling Ionization (y, < 1)

In the high field limit, y, < 1, the photoionization rate can be determined by a tunneling
calculation for an atom in the presence of a static electric field of amplitude E. The tunneling
ionization rate, i.e., the probability (per unit time) of ionization, is given by [47,48]

W, =A,E" exp(B, / E), (B3)

where A, =16 x 1070}, B, =0.670}>, U, = U, / U,, is the normalized ionization energy,

U, is the ionization energy in eV, U,=13.6 eV, E = E/E, is the normalized electric field, and
W, is in units of sec”. Figure 14 shows the tunneling ionization time, 1/W,, as a function of laser
intensity for various values of ionization energy. For a laser intensity of 10'* W/cm® and
ionization energy of 50 eV, the tunneling ionization time is ~ 100 nsec. For laser pulse durations

much less than 100 nsec, little tunneling ionization will occur for these parameters.

(ii) Multiphoton Ionization (y, > 1)
In the low field limit, y, > 1, the photoionization rate is given by the multiphoton
lonization rate, which is proportional to I", where I is the laser intensity and m = integer
(U, / Ao, +1) is the number of absorbed photons necessary for ionization. The multiphoton
ionization rate is given by [50-52]
W, =(cl/hoj)™(2no, / (m —1)!), (B4)

where o = 10! cm?.
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b. Collisional Ionization

In an oscillating electric field an electron, on average, gains energy from the field
provided there are collisions with other particles. In the classical description, this is referred to
as Joule heating; in the quantum picture, this i_s called inverse bremsstrahlung. An electron that
gains sufficient energy from the field can ionize an atom on collision, leading to additional free
electrons, which can go through the same cycle. In the collisional ionization process, the
presence of seed electrons is necessary. If the irradiated volume is small, or if the gas is
sufficiently tenuous, the seed electrons must be provided by other means. For example, the
initial electrons may come from tunneling ionization, or from cosmic ray ionization.

The collisional ionization rate will be discussed in two limits: the low intensity limit U,
< U, and the high intensity limit U >> U,. In the low intensity limit U, < U,, an electron
oscillating in the laser field with energy U, does not have sufficient energy to ionize an atom in a
single collision. Through multiple collisions, however, the electron energy can increase beyond
U; and collisional ionization can occur. In the limit U >> U, an electron has a sufficiently high
energy to directly ionize the atom. Furthermore, in the limit U, >> U,, the electron-neutral
collision frequency becomes Coulomb-like. Before discussing the collisional ionization rate in
the low and high intensity limits, the momentum transfer collision frequency, which is needed to

obtain the collisional ionization rates, will be discussed.

1) Momentum Transfer Collision Frequency
As the electrons in the ionized gas oscillate under the influence of the laser field, they
collide with the background electrons, ions, and neutral atoms. The electron collision frequency

for momentum transfer is
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Vm = vei +v (BS)

en?

where v, (v,,) is the electron-ion (electron-neutral) collision frequency. The electron-electron
collision frequency does not contribute to v,, because the momentum of any pair of colliding
electrons and associated current (masses and charges are identical) are conserved. Electron-
electron collisions, however, lead to thermalization of the electrons.

The electron-ion collision frequency is given by [53]

vglsec =4 x 10°4nA n,[cm™]1Z° U [eV], (B6)

e 1

where /nA; is the Coulomb logarithm (typically, fnA_ =10—20), Z is the charge state and n,

is the ion density (n,Z is the electron plasma density).

The electron-neutral collision frequency is given by [54-56]

Vo ={v,0n,6,,(V)), (B7)
where o, is the electron-neutral cross section, v, is the electron velocity, and the brackets

<> denote an averaging over the electron velocity distribution. The electron-neutral cross
section is generally a complicated function of the electron velocity. At low electron velocities
the cross section is hard-sphere-like and independent of velocity, ,, = o,, where 6, ~ 10"° cm? is
the hard-sphere cross section. As the electron velocity approaches the characteristic atomic

electron velocity , polarization scattering is the dominant process and &, = 5,v,/v,. The

characteristic atomic electron velocity is v, = a ; ¢, where o ; = 1/137 is the fine-structure

constant and the characteristic electron energy is mv /2 =13.6 eV. At substantially hi'gher

electron velocities the scattering becomes Coulomb-like and o, ~1/v?. The electron-neutral
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collision frequency can therefore be estimated to be v,, = n,0,v,, for v, <v, and v, = n,c,v, for

en
Typically, the electron-neutral collisions are the dominant collisional process in weakly

ionized gases; however, in highly ionized gases v, can become important. As an example,

consider the case where the neutral density is n,, = 3 x 10" cm™ and the electron oscillation
velocity is vy, = qBy/mw, = 5 x 10°c (U,, = mv2, /2 =63 eV). For a linearly polarized laser of

wavelength A = 1 um, these parameters correspond to a peak intensity of I = 3.5 x 10" W/cm?
and peak electric field amplitude of E, = 1.6 x 10® V/em. Taking o, = 10™"° cm?, Eq. (B7) yields

an electron-neutral collision frequency of v, = 7 x 10" sec’, i.€., an electron-neutral collision
time of 1., = v, ~ 140 fsec.

If, for the same example, the gas is highly ionized withn,=n,, =3 x 10" cm™ and the

electron oscillation energy is U, = 6.3 eV, the electron-ion collision frequency from Eq. (B6) for
singly ionized gas (Z =1) is v,; = 8 x 10" sec’, i.e., an electron-ion collision time of t,; =

v =13 fsec. For these parameters the electron-ion collision frequency is much greater than the

electron-neutral collision frequency, v, >>v,,.

As another example consider the case of a plasma in which all the atoms are singly

ionized, i.e., Z = 1. For a laser intensity of I = 10'® W/cm’ and wavelength A, = 1 pm, the

electron oscillation energy is U, = 2 keV. For an ion density of n, =3 x 10" cm?, the electron-

ion collision frequency is v; = 1.2 x 10" sec” and 1, = v, = 80 psec.

(11)  Collisional Ionization Rate for U, < U,

The collisional ionization rate is
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o

W.(t) = najcc(v)vfe(v, t)dv, (B8)

v

where n, is the density of atoms (neutrals), o (V) is the ionization cross section for electron
impact, f(v,t) is the electron distribution function, with [f (v,t)dv=1, and v, = (2U, / m)"* is
0

the velocity associated with ionization [52,54-56]. The collisional ionization cross section, as a

function of electron energy, is typically zero from U = 0 to U = U,, increases from U, to U

m?

where U, is several times Uy, and then decreases as ~ 1/U for U>> U, . Order of magnitude
estimates for the collisional ionization cross section for a neutral gas can be obtained from the

following three parameter model

o, =0,0; YU uU-u,) (B9)
Uu+U,)

for U> U, and o, = 0 for U < U, where o, is the maximum cross section occurring at U=U_ =

m

a,oU;, U is the ionization energy, U, = a,(ct, - 2)U, and o, is a parameter. Approximate values
[57,58] for U,, 6, and o, are given in Table II for H,, N, N, and Ar.

As arough estimate we take the electron distribution to be a flat top of the form,

1/v(t), 0<v<v,
f,(v,t)= . (B10)
0, V>V,

€
where v,(t) is the maximum electron velocity which evolves with time. Substituting (B10) into

(B8) gives

Ve

W._(t) = najcc(v)(v /v (1))dv, (B11)

Vi
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for v,(t) > v, and W (t) = 0 for v (t) < v,. Substituting Eq. (B9) into (B11) gives the collisional

ionization rate,
U, 2 112
LACE KACH e (U, /U(1)) "F(U, (1), U;, ), (B12)
m
for U,(t) > U, and W (t) = 0 for U (t) < U,, where

_ U®+U, ) U, [ U0
F(U,(t), U,, oco)—(1+Ul/Uo)£n[ T j 0. fn[ 5. j (B13)

and U(t) = mv’ / 2 is the electron energy.

The rate of change of energy of an electron undergoing collisions in the presence of a

temporally periodic electric field is given by [54,55]

du q’E’v,,

€

dt 2m(o’ +V2)

v.U,, (B14)

u €

where E is the peak electric field amplitude, v,, is the momentum transfer frequency, and v, is the

energy exchange collision frequency. The first term on the right-hand side of Eq. (B14)
represents the rate of energy increase of an electron undergoing collisions while being
accelerated in the laser field. The second term represents the energy damping due to collisions
between electrons and neutral atoms. In light gases, such as helium, a rough estimate for the
exchange collision frequency is v, = (2m/M)v,,, where M is the mass of the atom, however,
actual values can be substantially higher than this estimate. As a specific example, for electron
energies between U, = 102 €V and 2 eV the momentum collision frequency for N, is

v, [sec’) = 10"n, (U, [eV])’® and the energy exchange collision frequency is, to within an order of

magnitude, v, = v, /100.
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Equation (B14) indicates that the electron energy increases monotonically and saturates
because of electron collisions with neutral atoms. Solving Eq. (B14), assuming v,, and v, are

constant, gives

U, (t) = Uy, (1-exp(-v,1)) , (B15)
where U, = (vm / vu)(l +v2i/ cof))-’ U, is the saturation (maximum) electron energy,

Uy = mv(z)s /2 is the electron oscillation energy and v,, = qE/mo, is the oscillation velocity.

Figure 15 shows the collisional ionization time 1/W, as a function of time for U, = 20 eV
for (a) I=10" W/cm® (dashed), (b) I = 10" W/cm? (dotted) and (c) I = 5 x 10" W/cm? (solid).
The collisional ionization time is relatively long for short times, decreases and eventually tends
to a constant value as U, — U,,.. If we regard the abscissa as the laser pulse duration, then, for I
= 5x 10" W/cm’, the plasma density e-folding time (1/W,) is long compared to the laser pulse

duration provided that the laser pulse duration is < 10 ps.

(1)  Collisional Ionization Rate for Uy, >> U,

Next we consider the regime where Uy, >> U, and the electron-atom collision is
Coulomb-like. To estimate the collisional ionization rate in this regime we set the rate of energy
loss of a fast electron undergoing collisions with atomic electrons equal to the ionization rate W,
times the effective ionization energy. The rate of energy loss of a fast electron with velocity v, as
it undergoes collisions with background atomfc electrons is [59,60]

du, /dt=-v_U,, ~ (Bl16)

where
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V., = 2+/21Zn,q*MmA(mU)™"?, (B17)
is the electron-electron energy exchange frequency, Z is the atomic number, n, is the atomic
density, i.e., Zn, is the bound electron density, and /nA is the Coulomb logarithm (typically
/nA ~10). In practical units v,, is

v, [sec™]=7.8 x 10™°Zn,[cm™}nA(U_[eV]) ™. (B18)
The collisional ionization rate is estimated by setting dU,/dt in Eq. (B16) equal to -W_aU,, which
gives W, = (U /aU)v,,, where al, is the effective ionization energy, U, is the ionization energy
and o = 2 to 5 is a numerical factor which accounts for the fact that not all of the fast electron
energy loss goes into ionizing the atomic electrons. Solving for W, and setting U, = U, and o =
3 we find that the collisional ionization rate for Uy, >> U is

-1

W,[sec™] = 2.6 x 107 Zn,[em ™ fnA(Uy? [eV]U, [eV]) (B19)

The collisional ionization time 1/W, in the high energy limit, Eq. (B19), is shown in Fig.
16 for (a) U, =20 eV, (b) U, =50 ¢V and (c) U, =100, as a function of laser intensity. Figure 16

shows that 1/W_ increases with both U, and I, as expected from Eq. (B19).
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Gas

P esu] x 10® [n,[cm¥W] x 10% P[GW] | R=P /P,
Helium 0.11 0.43 93 31
Neon 0.21 0.80 50 58
Argon 3.4 13 3.1 940
Krypton 8.5 34 1.2 2500
Xenon 27.0 110 0.36 7900
H, 2.2 8.5 4.7 610
CO, 4.2 17 2.3 1200
N, 2.9 11 3.6 790

Table I. Nonlinear index and focusing power for various neutral gases at STP (n, = 2.7 x 10" cm”)

and for linearly polarized A, = 0.5 um light. The relativistic plasma focusing power P [GW]=174

(00, =2.9x 10* forn, =n,=2.7 x 10" cm™.
p o,
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Atom, UeV] o, [cm®] x ol
1016
Molecule
H, 15.4 1.1 4.5
N 14.6 2.1 7
N, 15.8 3.1 7
Ar 15.6 3.7 6

Table II. Parameters for modeling the collisional ionization cross section ., Eq. (B9).
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a A a (amplitude)
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Fig. 13 TIllustration of the physical mechanism for the modulation instability in the linear group
velocity frame: (a) shows initial perturbation in amplitude, (b) shows frequency shift
induced by self-phase modulation and (c) shows group velocity dispersion indicating

that energy flows towards the initial perturbation resulting in growth.
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Fig. 15 Collisional ionization time, 1/W,, as a function of time in the low energy limit
(U,, << U)), Eq. (B11), for various laser intensities, (a) I = 10" W/cm’ (dashed), (b) I =
10" W/em? (dotted) and (c) I =5 x 10" W/cm? (solid), where n, = 2.7 x 107 cm’, v, =

5% 107 sec”, v, = 5 x 10 sec”, 6, = 2 x 107 em?, U, =20 eV, and o, = 5.
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Fig. 16 Collisional ionization time, 1/W,, in the high energy limit (Ug, >> U), Eq. (B19),asa

10

17

function of laser intensity for various ionization energies, () U, =20 eV (solid), (b) U

=50 eV (dotted) and (c) U; = 100 eV (dashed), where n, = 2.7x10” cm?,Z=1 and

/nA =10.
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