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Final Report

ONR Contract N00014-89-J-1079

RESEARCH ON SELF-GENERATED STOCHASTIC MOTION

1 October 1988 — 30 September 1994

I. Summary of Technical Accomplishments

The purpose of the research under this contract was to study the pro-
cesses by which stochastic motion is self-generated in deterministic systems,
and the consequences of the resulting stochasticity. We consider representa-
tive problems, each of which incorporates one or more of the main underlying
physical phenomena. Phenomena that we have studied under this contract
include diffusion through stochastic webs, diffusion along resonances in more
than two degrees of freedom (Arnold diffusion), equipartition in oscillator
chains, and the dynamics of coupled dissipative systems, such as phase lock-

ing, chaos, synchronization, and synchronized chaos.
1. Diffusion Through Stochastic Webs

Diffusion has been explored in a two-dimensional phase space in which
a connected separatrix layer (web) of intrinsic stochasticity bounds regions
of regular motion (tiles). In the presence of weak extrinsic noise, if the web
diffusion dominates, the noise slows the web diffusion rate; if the extrinsic

diffusion dominates, the diffusion is enhanced. Analytic calculations agree

1



well with numerical results.

2. Arnold Diffusion

When several standard maps are coupled together, KAM surfaces can-
not isolate stochastic regions, and particles diffuse along stochastic layers
by the process of Arnold diffusion. For the case of two coupled standard
maps the rate of Arnold diffusion has been calculated both locally around
a particular KAM curve and globally across many cells of the 27 periodic
mapping. When more than two standard maps are coupled, the diffusion
rate increases, depending on the total number of maps, N, and the number
of phases in each coupling term, m, where 2 < m < N. As N is increased,
the diffusion rate increases as N1/2, the length of the diagonal in the ac-
tion space. As m is increased, the diffusion rate increases because the phase
of the coupling term for a particular map becomes less correlated with the
phase of the map itself. An analytic calculation of local diffusion for the
m and K dependence has been developed, which is in good agreement with
numerical results. The calculated local rate of diffusion and global phase
space arguments are used to calculate the global diffusion.

3. Egquipartition in Coupled Oscillator Chains

The energy transitions and time scales have been studied in the Fermi-
Pasta-Ulam (FPU) oscillator chain and in a set of coupled pendula, for which
the energy E, initially in a single or small group of low frequency modes, is
distributed among modes. The energy transitions, with increasing energy,

have been classified. At low energy the linear parts of the energies are dis-
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tributed in a geometrically decreasing series. A transition occurs such that
above this transition there is strong local coupling among neighboring modes
with a characteristic resonant frequency. There is a second transition at a
critical energy for which stochasticity among low-frequency resonances trans-
fers energy into high-frequency resonances by the Arnold diffusion mecha-
nism. Above this transition we determine a universal scaling for the time
scale to approach equipartition among the modes.

4. Chaos and Synchronization in Coupled Phase-Locked Loops

A broad study has been undertaken to study the chaos, synchronization,
and synchronized chaos in coupled dissipative mappings. The device used
for this exploration was digital phase-locked loops (DPLL’s). The study also
concerned the use of synchronized chaos in communications applications, in
collaboration with industry. During the past two years the basic work has
continued with an AASERT grant administered by the ONR contract.

A single first order DPLL is topologically equivalent to a circle map,
having the generic properties of phase-locking and chaos above a certain
gain threshold. Coupled non-uniformly sampling DPLL’s have interesting
new dynamics which arise from a new class of coupled mappings. These
have been studied theoretically, numerically, and experimentally. It was
shown that chaotic signals can be synchronized, with a possible application
to low-probability-of-intercept communication. The recent work under the
AASERT grant has been directed mainly to theoretical and numerical studies

of the behavior of many coupled loops, with various coupling configurations,
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and to the effect of noise.
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