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Abstract

This work is intended to provide a semantics for a fragment of a programming language described
by Gybrgy Révész in [Rév88], for which no model was known. We begin with a brief presentation
of the syntax of the lambda calculus and some relevant extensions. We then describe a class
of complete lattices and wuse them as models for the lambda calculus. We then find specialized
sublattices which we use as models for the extensions of the lambda calculus, thus achieving the
original goal of finding a semantics for Révész’s language.
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1 A List-oriented Extension of the Lambda Calculus

In this section, three lambda caleuli will be presented. The first is the standard untyped lambda
calculus, and is presented to standardize notation and provide the reader with a review. The second
is the lambda calenlus with “applicative lists”, an extension of the untyped lambda calculus and
a substantial fragment of a programming language presented by Gryorgy Révész in [Rév88]. The
third is another extension of the untyped lambda calculus — the lambda caleulus with “explicit
products”, another invention of Révész, presented in [Rév95] — which will ease the transition from
finding a model for the lambda calculus to finding a model for the Revesz’s language in subsequent
sections.

1.1 The Lambda Calculus

In this section we briefly review the definition of the lambda calculus and the axioms for converta-
bility between terms, following the presentation in [Bar84].

Definition 1.1.1 The set A of terms is defined inductively as follows:
() If z is a varichle then = € A;
(ii) If = is a variable and P € A then (Az.P) € A;
(i) If P,Q € A then P(Q) € A.

To simplify notation, we omit the parentheses around lambda expressions when there is no ambi-
guity; e.g., (Az.P) is written Az.P.

If a term P € A is an exact symbol-by-symbol copy of a term Q € A, we write P = Q. The
relation =, intended to denote semantic equivalence, is axiomatized by the following rules: For all
terms P, Q, R, S, and all variables z,

(R) P=r;

(S) P =Q implies Q = P;

(T) P =Q and Q = R implies P = R;

(C) P =Q and R = S implies P(R) = Q(S5);

(€) P = Q implies Azn.P = Az.Q;

(@) Az.P = Xz.{z/z}P, for any z which is neither free nor bound in P;!

(B) (O=.P)(Q) ={Q/=}P?

We will denote the resulting equational theory “A3”. This theory can be strengthened to a theory
ABn by addition of the following rule:

(n) Az.P(z) = P when z is not free in P.

1Here the notation {z/z}P is defined to mean “z replaces all free occurrences of ¢ in P?. We asswme here that the
reader is familiar with the notion of a “free occurrence” a variable and “replacement” of an expression for a variable;
for an excellent discussion of the subject, see [Bar84, Appendix C]. Note that this presentation of the (@) rule is
slightly different from the standard presentation, but in the presence of the (¢) and (C) rules it is equivalent.

2Care must be taken when substituting Q for « in P so that free variables in Q do not become captured in P.
This problem can be avoided by judicions use of the (@) rule on subterms of . Henceforth we assume that free
variables of @ will not become captured in {Q/z}P.



1.2 The Lambda Calculus with Applicative Lists

What follows is the syntax for a list-oriented extension of the Lambda Calculus, following [Rév88].
For the purposes of this paper, we will restrict it to the essential elements being studied, i.e.,
the lambda calculus along with nlist creation and manipulation primitives. We will denote this
elementary programming language AAL.

Definition 1.2.1 The set of terms Apy, of AAL is defined inductively as follows:
(i) The atoms head, tail, cons, nil, null, true, false, and cond are in Ayy;
(ii) If = is @ varioble then = € AaL;

(iii) If = is a variable and P € Apy then (A\n.P) € Aav;

(iv) If P,Q € Aar then P(Q) € AaL.

To simplify notation, we often use some syntactic sugar by writing composites of the list functions
in standard list notation. That is, () := nil and for n > 1 and terms Ej,... , By,

(Biy... ,Ey) :=cons(E)) (B, ... ,E,)).

Convertability in AAL, denoted =, is axiomtized by the rules (R), (S), (T), (C), (€), (@), and (B)
of the lambda. calculus, plas:

(v) (Applicative List Property) For all n > 0, variables , and terms M, By, ..., E, € Aap,

(1) (Bi,...,Epn)(M) = (BL(M),... , Ea(M)),
v2) Az.(By,... ,By) = Oz.By,...  A5.Ep);

(8) For n > 1 and terms M, N, E,... ,E,,

head(()) = (), head((Ey,... , E,)) = By,
tail(()) = (), tail((By, ... , Ep)) = (Ba,... , En),
null(()) = true, null((Ey,... , E,)) = false,

cond(true)(M)(N) = M, cond(false)(M)(N)=N.

These rules provide AAL with interesting functional properties, which are explored in [Rév88].
They are also reminiscient of Backus’ FP construction in [Bac78].

It should be noted that if we assume the () rule as well, then (y2) becomes superfluons. In
fact, the models that we will be building for AAL in this work do satisfy the (n) rule, although it
is not specifically required by the definition.

Although lists can be encoded in pure lambda calculus terms (for example, see [Rév88] and
encodings for pairing in [Bar84}), it is not known whether there is an encoding that yields the
applicative list property (the -y rule) while still satisfying () rules. Given the unlikelihood of such
an encoding, it is worthwhile to consider models in which the list manipulation primitives are
represented directly.

This turns out to be a nontrivial problem, and it is easier to go by way of finding a model for
a slightly simpler extension of the lambda calculus, described in the next section.



1.3 The Lambda Calculus with Explicit Products

It is quite common in programming language design to implement lists vio pairing with a distin-
guished end-of-list element such as nil. In particular, one sees that given a pairing operator (-,)
and element nil, one can encode the list (B, ... , E,) as (By, (Ba, (- , (En,nil)))). Given projec-
tion functions for depairing, it is easy to imagine encodings for head and tail. Furthermore, if the
pairing has the applicative property ((F, G)(X) = (F(X), G(X)) and nil(X) = nil) then the lists,
which are encoded as cascading pairs, inherit the applicative property.

This is the motivation for studying the next system, the Lambda Calculus with Explicit Prod-
ucts. Although it is weaker than AAL, it retains the applicative property. We will find a model for
this system, and with appropriate choices for the list atoms and an encoding for lists (which, as it
turns out, is more complicated than the example above), we will be able to enrich this model to
yield a model for AAL.

Definition 1.3.1 The set of terms Agp of AEP is defined inductively as follows:
(i) The atoms fst and snd are in Agp.
(ii) If = is a variable then = € Agp.
(iii) If = is o variable and P € Agp then (Az.P) € Agp.
(iv) If P,Q € Agp then P(Q) € Agp.
(v) If P,Q € Agp then (P, Q) € Agp.

Convertability in AEP, denoted =, follows the rules (R), (S), (T), (C), (¢), (), and (8) of the
lambda calculus, phus:

(7) (Applicative Pair Property) For all P,Q, R € Agp and variables =,

(1) (P Q)(R) = (P(R), Q(R)),
(v2) Az.(P,Q) = (Az.P, \z.Q).
(6) (Projections) For all P, @ € Agp, fst((P,Q)) = P, and snd((P,Q)) = Q.

Notice that AED is merely the untyped lambda calculus with pairing and the 4 and 4 rules. As
with the comments in the last section, it is not known whether there is an encoding of pairing in
the lambda calculns that satisfies these rules. Hence, the approach taken in this work is to build a
model that represents pairing directly.

This pairing required above differs from the usual definition of pairing in that it need not be
surjective. That is, a stronger version of pairing satisfies the following rule:

(SP) (Surjective Pairing) P = (fst(P?),snd(P)) for all terms P.

The Lambda Calculus with Explicit Products does not require this condition, but it turns out that
the models we shall build do indeed satisfy this property.

In the next section, a class of models for the untyped lambda caleulus is introduced. Specific
properties of these models are used to yield a model for AEP; these models are then further refined
to achieve the original goal of finding a model for AAL.




2 Powerset Models of the Lambda Calculus

Over the years, a number of interesting models for the lambda caleulus have been developed. A
class of models with which it will be particularly convenient for us to work was developed and
presented by Dana Scott in [Sco96], and is briefly presented again here.

2.1 Complete Lattices and Fixed Points

One method used to produce a model for the lambda calculus is to find an object D in a carte-
sian closed category such that [D — D] is a retract of D. More precisely, one finds mappings
®: D> [D— D]and ¥: [D — D] — D such that o ¥ = idjp_ p)- However, by Cantor’s Theo-
rem, this is impossible when [D — D] is the full function space of D. This difficulty was overcome
by Scott by restricting [D — D] to be the continuous maps from D to D, for a proper notion
of continuity. It turns out that there are notions of continuity expressive enough to capture all
A-definable terms, and hence all computable functions.

We will work in the category of complete lattices. In this section we will quickly review a few
basic definitions and theorems in order to set the stage for the model constructions that follow.

Definition 2.1.1 A complete lattice is o partiolly ordered set (P,C) such that every subset
S CP has a least upper bound; that is, there ezists o y € P such that

() zCy forallz €S, and
(i) z C z for all z € S implies y C z.

We denote the unique leost upper bound of S by | |S. The least upper bound of {z,y} is denoted
zUy. The greatest lower bound of S is | | {'r I zCsforallse S} and is the unique y € P such
that

(i) yCaxforallz €S, and
(ii) z E = for all z € S implies z C y.

The greatest lower bound of {z,y} is denoted z My.

Definition 2.1.2 Let (P,C4) and (P2,Cs) be complete lattices. A map f: Py — Py is said to
monotone if z Ty y = f(z) Co f(y) for all z,y € Py.

Theorem 2.1.3 (Tarski’s Fixed Point Theorem) Let (P,C) be o complete lattice and let the
map f: P =P be monotone. Denote by FP(f) the set of fized points of f, i.e.,

FP(f)i={z €P|z=f(z)}
Then FP(f) is nonempty and forms a complete lattice with respect to C.

Definition 2.1.4 A subset § CP of o complete lattice is said to be directed if, for each z,y € S,
there is a 2 € S such that x C 2z and y C 2.

Definition 2.1.5 Let (Py,Cq) and (P2, C2) be complete lattices. A map f: Py — Py is said to
continuous if, for every directed set S C Py,

f(US) = U{f(s) | s€ S}




Theorem 2.1.6 Every continuous function is monotone,

Proof: Let = Cy. Then {z,y} is directed so f(y) = f(zUy) = f(z) U f(y), ie, f(z) T f(y). =

Theorem 2.1.7 If f: ;1 = Py and g: Py — P are continuous then g o f: Py — P3 is continuous.

Theorem 2.1.8 If f,g: Py = Py are continuous then z — f(z) Ug(z) and £ — f(z) N g(z) are
continuous.

Let A be any set. We denote by PA the power set of A It is a well-known result that (PA, C)
forms a complete lattice, and that | ]S = Y& for all § C PA. The lattice structure on (PA)?
is determined by componentwise inclusion, and a map f: (PA)™ — PA is said to be continuous
when f is continuous in each argument. The lattice on [PA — PA] is determined pointwise; i.e.,
f E g if and only if f(X) C g(X) for every X € PA.

We denote by §X the collection of all finite subsets of X; that is,

3X :={Y € PX | Y is finite}.

Theorem 2.1.9 A function f: PA — PA is continuous if and only if the following condition
holds: for all X € PA,

fx= U fx).

Xo€FX
Proof:
(=) Clearly FX is directed. So if f is continnous then f(X) = f(UFX) = Ux,ezx f(Xo)-

(<) Suppose the condition holds. Let a directed X C PBA be given. Observe that for every X € X,
X CUXsoFX CFUA). Thus

fX= U fxoe U f&o=rJa),

Xo€FX Xoe3(UX)
implying Jycx f(X) € F(UX). Nowlet y € f(UX) = Uxoes x) f (Xo) be given. Choose
T1y...,8n € JX such that y € f({#1,... ,4n}). Then choose X3,...,X, € X such that

z; € X;. Since X is directed we may choose X, € X such that X,,... ,X, C X,. So

yef{m,...,mD S |J fX)=fX)< U FX)

Xo€F X Xex

So f is continuous.

Notice that for monotone functions on a powerset, showing continuity reduces to showing that
for each y € f(X), there are #1,... ,2, € X such that y € f({#1,... ,%,}). Intuitively, this means
that each piece of information in the output of the computation of f on argument X is the result
of running f on some finite portion of the input. (See [SHLGY4] for a discussion and a proof of
the Representation Theorem, which proves the equivalence of this and several other notions of
computation.)



2.2 Sequential Algebras

In this section we make a few observations that will be useful when embedding the continuous
function space [BA — PA] into PA.
n

e N
Definition 2.2.1 Let A be a set. Then A® := A x --- X A is the n-fold Cariesian product of A
with itself. By convention, A is the singleton set {0}, denoted 1. We define A* os the disjoint
union of all n-fold Cortesian products of A; i.e.,

A =14+A+A A+ A4

Theorem 2.2.2 Let A be an infinite set. Then there ezists a bijection
p: A" = A
Proof: Immediate by cardinal arithmetic. n
For a given set A and ¢ as above, we denote ¢(z1,...,%,) by (%1,...,2,). Since ¢ is a

bijection, we see that to every element o of A there is an associated n > 0 and ay,... ,a, such that
a = (ay,... ,a,), while to each ¥ > 0 and by,... , by in A there is a b in A such that b = (by,... ,bg).
Hence, A is closed under formation of finite sequences (when the (--+) operator is applied to the
sequence), while each member of A can itself be viewed as a finite sequence.

It turns out that this makes the following embedding of continnous functions convenient.

2.3 Representing Continuous Functions

Recall that we are looking for mappings ®: PA — [PA — PA], ¥: [PA — PA] — PA such that
DoV = idips_ypa)- We begin with the definition for ¥. The basic idea is that ¥ produces a “graph”
of an argument f: PA — PA, which, since f is continuous, is small enough to be contained in JBA.

Definition 2.3.1 The map ¥: [PA - PA] - PA is defined by
V(f) :={0}U{(z1,... ,Zn,¥) | T1,... ,Bn € Aand y € f({z1,... ,7n})}
for all f € [PA — PA].

The intuition behind this definition is that ¥ records the behavior of f on arguments of finite
cardinality, which, by the continuity of f, completely captures the behavior of f. The presence of
{0} in the definition may seem arbitrary; this is a technical consideration which will be justified
later.

Definition 2.3.2 The map ®: PA - [PA — PA] is defined by
®(F):=Xw—{y€A|3n>0,21,... 5, € X such that (z1,... ,Zn,y) € F}

It is not obvious that this mapping is well-defined in the sense of giving a continuous function in
[BA — PA]. The following theorem proves that is well-defined and gives an additional result that
will be needed later.




Theorem 2.3.3 The map App: (PA)2 — PA defined by
App(F, X) = ®(F)(X) ‘
is continuous in each argument. In particular, this implies that for ony F € PA, ®(F) is continuous

(hence @ is well-defined.)

Proof: It is immediate from the definition that App(F,X) is monotone in each argument. Fix
F,X € PAand let y € &(F)(X) be given. We may choose #1,... ,2n € X such that (x1,... ,2n,9) €

F. Define Fy to be the singleton {(%1,... ,%n,y)} and X to be the set {#1,... ,2,}. Then

AS Q({(mla vev 3 Ty 'U)})({'L'l, X a'”n}) = App(F()aXU)
which is in turn a subset of both App(Fy, X) and App(F, X() by monotonicity. Hence App is
continuous in both arguments and & is well-defined. u

In order to use these mappings to give a continnous model of the lambda calculus we must
confirm that they are continuous lattice operations. We have just shown that @ is continuous.

Theorem 2.3.4 The map V: [PA — PA] - PA is continuous.

Proof: Let {f; | i €I} be a directed set in [PA — PA]. We aim to show that ¥(| ke fi) =
Uier ¥(f3).

Let 2 € ;o Y(fi) be given. Choosei € Tand zy,... , %,y € PAsuch that 2 = (51,... , %5, y) €
¥(f;). Then

y € fi({z1,... ,2n}) C (LJ fi) ({=1y--- ,7n}),
icl
implying z = (#1,... , %n,y) € V(| ;s fi). Since z was arbitrary, U;c; U(fi) C V(e fi)-

Now let z € U(| |;c; fi) be given and choose #1,... , %5,y € PA such that z = (1,... ,2n,y) €
U(LIf:)- Then y € (Lie; fi){z1s... y70}) = User fil{zrs... y20}). Soy € fil{mr,... ,3n}) for
some particular ¢ € I, implying z = (z1,... ,%5,9) € Y(f;) C U;e; U(fi). Since z was arbitrary,
‘I’(Uiel fi) € Uier ¥(fi). Hence

U e =w( | £
il iel
i.e., ¥ is continuous. ]

Lastly, we wish to show that this is a retract.

Theorem 2.3.5
PoV¥ = id[gpA_)pr].

Proof: Let f € [BA — PA] and X € PA be given. Let y € f(X) be given. Since f is continnons,
we may choose Ty,... ,%, € X such that y € f({z1,...,%n}). Then (z4,... ,%,,y) € ¥(f). But
by definition of @, we then have y € ®(¥(f))(X). Since y was arbitrary, f(X) C (¥ (F))(X).
Now let z € (¥(f))(X) be given. Choose z1,... ,%, € X such that (z1,...,%,,y) € V(f).
But by definition of ¥, we have z € f({#1,... ,%s}). Since {z1,... ,2,} C X is finite, by continuity
of f, z € f(X). Since z was arbitrary, @(¥(f))(X) C f(X).
So @(¥(f))(X) = f(X). Since X was arbitrary, ®(¥(f)) = f. Thus ® o ¥ = idjpa_ypa)- [

For the rest of this work, A is assumed to be any infinite set with the a sequential algebra
structure determined by (:--), and mappings ¥ and & are as above.
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2.4 Modeling the Lambda Calculus

At this point, we have all that is required for a model for the lambda calculus.

Definition 2.4.1 Let p be a map from variables to SBA. We define interpretation map [-J,: A — PA
inductively as follows:

@ [=1, = p(=),
(i) [P, = 2([P1.)([Ql,);
(i) [0-P)ly = V(A & [Plyoimsy)
It must be shown that rule (iii) is well-defined.

Theorem 2.4.2 For oll P € A, the function A — [P]y(g:=4) 45 continuous.

Proof: We proceed by induction on PP. If P =z, then A [P],(5:=4) = A A = idgpa, which is
clearly continuous. If P =y for some y # =z, then A = [P],;.—4) = 4 = p(y), a constant map,
which is also continuous.

Now suppose P = M(N) for some terms M, N for which the inductive hypothesis holds. Let
A C B € PA be given. By the inductive hypothesis, [M](z:=4) € [M]p(z:=p) (similarly for N). So
by the monotonicity of App in each argument, [P]y:=4) C [Plp@=5). Now let ¢ € [Plyg=a) =
App([M] p(z:=a) [Nl p(z:=4)) be given. Since App is continnous in each argument we may choose
a finite Fy C [M],(m:=4) and a finite Xo C [N],(m:=4) such that ¢ € App(Fo, Xo). Then by the
inductive hypothesis we may find a finite Ag such that Fy C [M] pla=Ag) and Xo C [M] (mi=An)-
By the monotonicity of App this implies ¢ € App([M]p(z:=40) IV p(z:=40)) = [Plp(z:=40). Hence
A w3 [P]y(z:=4) is continuous.

Now suppose P = Ax. M for some term M. Then

[[P]lp(:l::zA) = ‘II(B = |IM]Ip(z:=A)(z:=B)) = \I/(B g [[M]]p(:n:=B))

which does not depend on A (so A - [P] p(x:=A) 18 a constant, hence continuous, function).

Lastly, suppose P = Ay.M for some term M and some variable y # 2. Let A C B € PA be
given. By the inductive hypothesis, [M]yz=ay@g:=c) C [Mlpa:=B):=c) for all C € PA. This
implies

|IP ]Ip(m::A)

\I’(C = [[Mﬂp(m:A)(y::C))

{0u{(er,... ,en,2) | €ly...,cp€Aand 2z € [[M]],,(S:A)(y::{cl,“_’cn})}
{0}U {((,‘1, cee 3 Cny 2) I Cly...,cn€Aand z € [[M]p(m:=B)(y:={cl,...,c,,})}
\II(C s [[M]Ip(m:B)(y::C))

= |IP]|p(m:=B)'

N

So A [P]p(s:=4) is monotone.

Now fix A and let w € [P]y(s:=4) be given. If w = 0 then w € [P],(5:=p). Otherwise choose
Cly- -+ ,Cny 2 Such that w = (eq,... ,6n,2) and 2 € [M]pm=a)(y:={er,... ,cn})- BY the inductive hy-
pothesis we may find Ag € A such that 2z € [M] (r:=a0)(g:={c1,... ,en})- THUS

w= ((:1, . ,Cn,Z) € ‘If(C — [[M]'p(z:An)(y::C)) = IIP]],,(,,:A“).

So A+ [Ply(z:=4) is continuous. [




Theorem 2.4.3 (PA, [1,) is o model for AB.

Proof: The axioms (R), (S), (T), and (C) follow immediately. We treat the remaining ones below.

(¢) Let the terms P, Q be given and suppose [Pl, = [Q], for all p. Then for all A € PA,
“P]Ip(a;:A) = I[Q]lp(m:=,4)' Thus

Ar 'IP]![I(J::=A) =Avm [[Q]Ip(m::A)’
implying
2Pl = V(4 o [Plyemsy) = V(A4 - [Qpmen)) = DGl
for all p.
(@) If z is neither bound nor free in P,
Peda/s}Pl, = WA Ha/5} Pl
= VA [Plymefely o) @=4)
= V(AP [Plym=ra)(z=4))

= \I/(A g lIP]lp(z:=A))

for all p.
(8) Observe
[Cz.P) (@), = 2([=-Plp)([Rl)
O(Y(A = [Plp@:=a))([€],)

(A 4 [[P]Ip(m'::A))([[Q]]ﬂ)
[Pl pa=ta1,)

= [{Q/=}P],
for all p.
n
2.5 Generalized Application and Abstraction
In the last section we constructed an interpretation of application and abstraction for lambda terms.

In this section, we generalize these notions to arbitrary continuous functions and elements of PBA.
The definition of App in Section 2.3 gives a natural interpretation of application between arbi-
trary elements of PA.
Definition 2.5.1 For F,G € PA,
F(G) := App(F, G) = (F)(G).

A generalized version of lambda abstraction is slightly trickier. We define it as follows.
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Definition 2.5.2 If the map f: (PA)™ — PA is continuous then we define forn > 1,
X1 f( X1, Xs, .., X)) = (Xa, ..., Xp) » U (Xy ~ f(X1, X, ..., X0))-
When n =1 we say
(AX1.f(X1)) = ¥(f).

Some care must be taken to ensure that when an argnment is “abstracted away” that we are
left with a continuous function of the remaining arguments.

Theorem 2.5.3 If f: (PA)* = PA is continuous and n > 1, then the map g: (PA)*~! = PA
defined by

9(Xa,. Xn) = AX1f(Xn, .., X)),

is continuous in each argument.

Proof: We will show this for n = 2. The proof is similar (but considerably more tedious) for n > 2.
Let a continuous f: (PA)2 — PA be given and define
9(Y) == O X.f(X,Y)).

Let z € g(Y) be given. Obviously 0 € g(Y) = ¥(X — f(X,Y)). So suppose z # 0. Choose
T1ye-+ 3Ty Y € Asuch that (zy,... ,%,,y) = 2. Theny € f({z1,... ,2,},Y). Since f is continuous
in each argument, we may choose Yy € FY such that y € f({z1,... ,2.}, Y0). So (#1,... ,Zn,y) €
¥U(X — f(X,Yy)) = g(Yo). Since y was arbitrary,

sv)c J 9()

YoeFY
Now let ¥y € Y and 2z € g(¥p) = V(X — f(X,Yy)) be given. If z =0 then we have immediately
that z = 0 € g(Y). Otherwise, choose z1,... ,Zpn,y € A such that (z1,... ,%n,y) = 2. Then
Soy € f({#1,...,2n},Ya). Since f is continnous and ¥y C Y, y € f({#1,... ,22},Y). Thus
2 ={(T1,... ,Tn,Y) € g(Y). Since z was arbitrary,
U 9(%) € g(Y).
YoegY
So g is continuous. ]

The use of the same abstraction and application notation as the syntax suggests that the
conversion rules are satisfied. Obviousty (R), (S), (T), and (C) are satisfied. If f,g € [PA — PA]
and f = g then AX.f(X) = U(f) = ¥(g) = AX.g(X), so (§) is satisfied. The (c) rule is purely
a syntactic property, and is trivially satisfied under this notation — AX.f(X) and AZ.f(Z) are
two ways of writing U(f), and hence are equal. The () rile is a consequence of the following: if
f € ['BA - PA] and Y € PA then

(AXF (X)) = 2(T(M(Y) = f(Y).

In particular, all of these rules hold when f = X — F(X) for some F € PA; for instance, the (5)
rule then says that

OX.F(X))(Y) = F(Y).

1




Example 2.5.4 Since (X,Y) > X UY is continuous, we may define
U:=2XAY.(X UY) € PA.
However, there is no known lambda term U € A such that [U], = U for all p.
Example 2.5.5 Notice that §(X) =0 and A(X) = A for all X € PA.
This next theorem says that App is completely additive in its first argument.
Theorem 2.5.6 Let {E | i€ I} € PA be given. Then
(UFi) (X) = JR(X)

i€l i€l

for all X € PA.

Proof: Observe

)

i€l

{yEA| A%1,... ,%n € X such that (z1,... , 5, y) EUE}

i€l
{yEA' di€l,m,... 2, € X such that (z1,... ,25,9) EE}
U{'y EC'l 371,... , 2 € X such that (z1,... ,2n,y) € Fi}
i€l

UF&).

iel

I

2.6 Combinators

This section defines a few combinators in the model and proves some useful results about them
that we will need later.

Definition 2.6.1 We define

FoG = )X.F(G(X)),
= AX.X,
Y = AF(AX.F(X(X)))(AX.F(X(X))),
H:= AFAX.F(X)

It is worth taking a moment and describing what some of these sets look like. For instance,
I:=XX.X is seen to be

|={O}U{(m1,... s Ty ) | Tlyeoo T € Aand y € {zy,... ,:l:n}}
while for any X € PA,

U(X) =)\Y.XUY={()}U{(:51,... s Ty ) | Tyy-ee +Tn € Aand y € {z4,... ,.’I,‘n}UX}.

12



Theorem 2.6.2 For oll F € PA, F(Y(F)) = Y(F).

Proof: This is a consequence of the fact that the model satisfies the (8) rule. We verify
Y(F) = OQX.F(X (X)) AX.F(X (X)) = F(OX.F(X(X))) AX.F(X(X)))) = F(Y(F)),

i.e., Y is a fixed-point combinator. »

Theorem 2.6.3 H defined as above satisfies H = HoH, and H(F) = A\X.F(X) is the mazimum
set G such that

VX € PA G(X) = F(X).

Furthermore, the lattice of fired points of H, ordered by inclusion, is isomorphic to the lattice
[BA — PA] of continuous functions, ordered pointwise.

Proof: Notice that H(F) = (AX.F(X)) = ¥(®(F)). So for any F € PA,
HH(F)) = L(@(¥(2(F)))) = U(8(F)) = H(F).
It follows then that
HoH = (AFH(H(F))) = A\F.H(F)) =H.
Obviously H(F)(X) = F(X) for all X € PA. Now let a set G € PA be given satisfying
VX € PA G(X) = F(X).

Claim: G C H(F). Let g € G be given. If g =0, then g € H(F) = AX.F(X) trivially. Otherwise,
we may choose @y,... ,%n,y € A such that (#,... ,2n,y) = g. Then So y € G({z1,... ,2,}) =
F({z1,...,22}). So g = (#1,... ,25,9) € AX.F(X)) = H(F). So G C H(F). Hence H(F) is
maximal.

Now we wish to show that the lattice of fixed points of H is isomorphic to [PA — PA]. Notice
that for f € [PA — PA],

H(Z(f)) = ¥ (2(¥()) = ¥(f).
So Rng¥ C FP(H). Now let F € FP(H) be given and define f := X ~ F(X). Then
V(X — F(X)) =¥(®(F)) =H(F) = F.

So FP(H) C Rng¥. Hence FP(H) = Rng?.
Now let f,g € [BA — PA] be given and suppose f £ g (i.e., for all X € PA, f(X) Cg(Xx))

Let a € U(f) be given. If a = 0 then a = 0 € ¥(g). Otherwise, choose z1,... ,%n,y € A such
that a = (¥1,...,%n,y). Soy € f({#1,... ,mn}). But f C g, implying y € f({z1,...,2}) C
g({z1,... ,7a}). So a € ¥(g). Thus ¥(f) C ¥(g). So ¥ is monotonic.

Now let f,g € [BA — PA] be given and suppose ¥(f) C ¥(g). Let X € PA and y € f(X) be
given. Choose 21,... ,2, € X such that y € f({z1,... ,%n}). Then (z1,... , 2, y) € U(f) C U(g).
Soy € ¥(9)({#1,... ,2a}) C ¥(g)(X). But ¥(g)(X) = g(X) 50 y € g(X). Hence f T g pointwise.
So ¥ is order-preserving.

Since ¥ is order-preserving and monotonic onto FP(H), we have FP(H) = [PA — PA]. L]

Notice that in this proof the 0 element was required in the definition of ¥ in order to guarantee
the maximality of H(F).

The following theorem uses the power of the isomorphism constructed above to demonstrate an
interesting set inclusion.
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Theorem 2.6.4 | CH.

Proof: Let F € PA be given. Clearly H(F)(X) = F(X) for all X € BA. By the first part of
Theorem 2.6.3, this implies |(F) = F C H(F). Since F was arbitrary, | C H as functions. By the
second part of Theorem 2.6.3, this implies | C H as sets in PA. n

2.7 Types as Closures

In the last section we found an operation H such that [ CH=Ho H, the lattice of fixed points of
which was isomorphic to [JBA — PBA]. It turns out that this is a specific instance of a more general
notion of embedding mathematical types as sublattices of PA.

Definition 2.7.1 An element C € PA is called o closure operation if | C C'= Co C.

The range of a closure operation is thought of as the “type” that it represents. There are plenty
of examples of closure operations — H is a closure operation representing the type [PA — PA],
while | is a closure operation whose fixed point lattice is all of A (and hence represents the
“universal” type). In fact, a result from [Sco96] is that any algebraic lattice whose set of compact
elements is bounded above by |A| can be represented as the fixed point lattice of a closure operation.

We will need a few specific types in order to build a model in the next section.

Definition 2.7.2 Let C, D be closure operations. We define
CosD:=)AF.(DoFo0).

It is easy to check that this is a closure operation if C' and D are. Furthermore, we see that
F € FP(C o= D) precisely when F(X) = D(F(C(X))) for all X € BA. The intuition behind this
definition is that F makes distinctions only between elements of type C' and ontputs only elements
of type D. For example, notice that | o1 = AFAX.F(X) = H, as we might expect. An important,
result is the following, proved in [Sco96].
Theorem 2.7.3 If C and D are closure operations then
FP(C o D) = [FP(C) — FP(D)].

So function spaces between types are easy to embed in PBA. It will take a few more definitions
to embed product spaces. For the following let 1 := (0,0) € BA.

Definition 2.7.4 If X,Y € PA then we define
(X,Y):=J{Z ePBA| 2({0}) = X and Z({1}) = Y}.

It is easy to check that X = (X,Y) and Y = (X,Y) are continuous, and that (X, Y)({0}) = X
and (X,Y)({1}) =Y. In particular this means that X C (X ({0}), X ({1})).

Definition 2.7.5 Let C, D be closure operations. We define

C®D:=2X.(C(X({0})), D(X({1})))

14




Notice that C ® D is a closure operation if C' and D are. Fixed points of C ® D look like pairs
(X,Y) where X € FP(C) and Y € FP(D); ie.,, X({0}) € FP(C) and X ({1}) € FP(D) if and
only if X € FP(C ® D). This suggests the following theorem, also proved in [Sco96]:

Theorem 2.7.6 If C and D are closure operations then
FP(C® D)= FP(C) x FP(D).

If C is a closure operation we often wish to define continuons functions f: FP(C) — PA. We
then run into a problem when trying to lambda abstract an argument from f in that we must
ensure that f receives only arguments of type C. This motivates the following definition.

Definition 2.7.7
AX:C.f(X) = 2X.f(C(X)).

Hence an argument X is “cast” to type C before being sent as an argument to f.
We finish up this section with the definition of a closure operation whose fixed point set is the
set of closure operations.

Definition 2.7.8 For F € PA we define FO) := | and for n > 0, F® := Fo F"1), Then we
define

oc
Clos :=F. | J (U F)™.
n=0
Theorem 2.7.9 If F € PA then Clos(F) is a closure operation. PFurthermore, If C € PA is a
closure operation then Clos(C) = C. Lastly, Clos = Clos o Clos = Clos(Clos).

Proof: First assume that | C F € PBA. We see that Clos(F) = 32  F(™ = lu U, F™. So
I C Clos(F). We must check if Clos(F) o Clos(F) = Clos(F). Let X € Rng(Clos(F)) be given, say
X = Clos(F)(W). Since | C Clos(F) we have X C Clos(F)(X). Now notice {F(™ (W) | neN} is
directed since F(™ (W) C P (W), Then

oc oc
FX)=F(|JF™w)) = | Frw) c x.
n=0 n=0
So F(™(X) C X for all n, implying Clos(F)(X) C X. Hence Clos(F)(X) = X. So Clos(F) o
Clos(F) = Clos(F). Now if |  F then we simply observe that Clos(F) = Clos(l U F) to get the
same resnlt.
Now let C be any closure operation. Observe that (1U C)™ = C for all n > 1, so

o
Clos(C) = | Juo)y™ =1uc=c.
n=0
Since Clos(F) is a closure operation for any F, it follows that Clos(Cles(F)) = Clos(F). Hence
Clos o Clos = Clos. Plus, it is immediate from the definition that F C Clos(F), so | € Clos and
hence Clos is itself a closure operation. So Clos(Clos) = Clos. n

We now have all of the tools we need to build a model for the extensions of the lambda calculus.
We have defined a model and have developed methods embedding continuous functions into the
model. Furthermore, we have established techniques for embedding types into the model. These

techniques will be employed in the following sections to find special types that yield a model for
first AED then AAL.
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3 A Model for the Lambda Calculus with Explicit Products

In this section we shall present a nontrivial model first given by Scott that satisfies the rules listed
in Section 1.3.

3.1 A Special Type: D
Let A be any closure operation in BA. Define B by

B := Y(AX.Clos(X ® (A ® X))).
Theorem 3.1.1

B=B® (A®B).

Proof: First notice that B is a fixed point of AX.Clos(X ® (A ® X)), so B = Clos(B® (A® B)). So
Clos(B) = B. Thus A® B is a closure operation, implying Clos(B® (A ® B)) = B® (A® B). Hence
B =B ® (A ® B) as desired. n

Now define

C:=A®B,
and observe B =B ® C by Theorem 3.1.1.
Theorem 3.1.2 (Scott) FP(C) x FP(C) = FP(C).

This is implied by Theorem 3.1.4, proved below. To give a rough idea of how this isomorphism
proceeds, we follow:

FP(C) x FP(C) FP(A® B) x FP(C)
(FP(A) x FP(B)) x FP(C)
FP(A) x (FP(B) x FP(C))
FP(A) x (FP(B® C))
FP(A) x FP(B)

(A®B)
©

R 1R

iR

R

33

We will make this isomorphism more explicit using the following definitions.
Definition 3.1.3 The maps
[yle: FP(C) x FP(C) = FP(Q),
7§ FP(C) = FP(C),
al: FP(C) = FP(C)
are defined as follows:
[F,Glc = (F{o},(F{1}), ),
75 (F) (F({0}), F({1})({o})),
i (F) F{1H{1}).
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A quick check of the types of each of the components of F and G shows that these function are
indeed well-defined. For instance, if F € FP(C) then F({0}) € FP(A) and F({1}) € FP(B). So
F({1})({0}) € FP(B), implying 5 (F) = (F({0}), F{1})({0})) € FP(A® B) = FP(C).

The notation used for these functions suggests that they are the pairing and projection functions
that yield the isomorphism FP(C) x FP(C) = FP(C). The following theorem confirms that this
is the case.

Theorem 3.1.4 For F,G € FP(C), the following are satisfied:
() 7§ ([F,Glc) = F,
(it) 7 ([F,Glc) =G,
(iii) [n§(F),nf (F))c = F.

Proof:
(i)
w5 (F,Glc) = =5((FHOY, (F({1}),6))
= (F{o}),F({1}))
= F (since F € FP(C));
(i)
7t ([F, Gle) = nf (FH{0}, (F{1}),6)) = &;
(iit)

[ (F),mf(F)le = [(FHOD, PIDHEON), FHID ({1D]e
(F({0}), F{IH{OD, F{1H ({1}))
(F({0}), F({1}))

= P

I

So these are the pairing and projection mappings that make FP(C) x FP(C) = FP(C) explicit.
n

Now define

D := Y(AX.Clos(X o C)).
Observe D = Clos(D o= C). So Clos(D) = D, implying that

D o— C = Clos(Do—C) =D.

Because of the highly specialized construction of D, we find that it satisfies a number of interesting
properties.

Theorem 3.1.5 (Scott) FP(D) x FP(D) = FP(D).
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As in Theorems 3.1.2 and 3.1.4, we start with a rough sketch of the isomorphism, then construct
specific functions that yield the isomorphism. We expect the following to hold:

FP(D) x FP(D) = FP(DosC) x FP(DoC)

[FP(D) - FP(C)] x [FP(D) = FP(C)]
[FP(D) = (FP(C) x FP(C))]

[FP(D) — FP(C)]

FP(Do—C)

FP(D).

R

R IR

Informally, this says that elements of type D can be viewed as pairs of elements from type D,
and vice versa. In order to make this isomorphism explicit, we provide the pairing and unpairing
operations as follows. The pair of elements F, G of type D is denoted [F, G]p and is defined to be

[F, Glp := AX:D.[F(X),G(X)]c

while the projection functions #§ (F), 72 (G) which yield the reverse direction of the isomorphism
are defined to be

75 (F) := AX:D.x§ (F(X)), 7D (F) := AX:D.xf (F(X)).

Observe that when F,G € FP(D) = FP(D o~ C) we have P(X),G(X) € FP(C) for all X €
FP(D). So [F(X),G(X)]c € FP(C), implying [F, Glp = AX:D.[F(X),G(X)]c € FP(Do=>C) =
FP(D). So [,-]p is well-defined. Similarly, typechecking 75 and 7} confirms that they are well-
defined. We now verify that these do indeed behave as product and projection mappings.

Theorem 3.1.6 For F,G € FP(D), the following are satisfied:
(i) =¢ (IF,Glo) = F,
(ii) P ((F,Glp) =G,

(iff) (7§ (F), 7} (F)lp = F.

Proof:
)

72 ((F,Glp) = MX:D.n§([F,Glp(X))
AX:D.a§((AY:D.[F(Y),G(Y)]c)(X))
AX:D.a§([F(X),G(X)]c)
= MX:D.F(X)
= F.

1l

(ii) A similar argument as (i) is used to show 72 ([F, G]p) = G.
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(i)
[78 (), 77 (F)]o

= F

isomorphism is as follows:

[FP(D) — FP(D))

CoGoD =

AX:D.[nf (F)(X), 72 (F)(X)]c

AX: D.[(,\Y:D.wg(F(Y)))(X), (AY: D.1r1C (F@))X)]c
= AX:D.[r§ (F(X)), nf (F(X))]c

= X D.F(X)

Theorem 3.1.7 (Scott) [FP(D) — FP(D)] = FP(D).

Functions that give this isomorphism are provided and proved below. The intuition behind this

[FP(D) = FP(Do—C)]
[FP(D) - [FP(D) — FP(O)]]
[(FP(D) x FP(D)) - FP(C)]
[FP(D) = FP(C)]
FP(Do>C)

FP(D).

R MR

Reading from bottom to top, this equation says that every element of D can be viewed as a

function from D to D. In particular, to make this direction of the isomorphism explicit, we define
the map ®&p: FP(D) — [FP(D) —» FP(D)] by

®p(F) := X ~ AY:D.F([X, Y]p),
while the reverse direction ¥p: [FP(D) — FP(D)] = FP(D) is defined as
U (f) = AX:D.f (x5 (X)) (xP (X))

Theorem 3.1.8 ¥p and $p are well-defined.

Proof: Let F € FP(D) be given. Claim: ®p(F) € [FP(D) = FP(D)]. Let X € FP(D) be given.
Let G := &p(F)(X). Then G = AY:D.F([X,Y]p). So

AZ.C(G(D(2)))
MZCOWY.F((X,Y]o) (D(2)))
MZ.L(F((X,D(Z)))
MZ.F(IX,D(Z)lb)
AZ:D.F([X, Z]p)

= G.

So G € FP(Do»C) = FP(D). Since X was arbitrary, ®p(F) € [FP(D) —» FP(D)]. So &p is

well-defined.
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Now let f € [FP(D) — FP(D)] be given and let F := Up(f). Observe

CoFoD = MZC(F(D(Z)))
AZ:D.COX. £ () (X)) (n2 (X)) (2))

AZ:D.C(f (xR (2))(x? (2))).

But for Z € FP(D), ng(Z) € FP(D) so (x5 (Z)) € FP(D) = FP(DoC). Since 7P(Z) € D, it
follows that f((Z))(72(2)) € FP(C). So

C(f (8 (2))(nD(2))) = £(x5 (2)) (=D(2)),
hence
CoFoD=AZD.f(n(2))(s2(2)) = F.

So F € FP(D o— C) = FP(D). Hence Vp is well-defined. "

Theorem 3.1.9 @D ° \I/D = id[}"P(D)—)]"’P(D)] and \I/D ] {>D = id]:p(D).

Proof: Let X € FP(D) be given. Observe

Up(®p(F)) = Up(X = AY:D.F(X,Y]p))

= AX:D.(AY:D.F((xP(X),Y]p))(«P (X))
AX:D.F([xf(X), 2 (X)]p)
AX:D.F(X)
F.

So ¥p o &p = idrp(p). Now let f € [FP(D) — FP(D)] be given. Notice

Sp(Un(f)) = ®Sp(AX:D.f(nf(X))(xD(X)))
= X = )Y:D.f(5 (X, Y]o)) (=D (X, Y]b))
= X = )Y:D.F(X)(Y)
= X+ f(X)
I
Hence ®p o ¥p = id|zp(p)— £p(D))- n

Since we have an isomorphism between FP(D) and its function space, we actually have an
extensional model. This will be formalized in Section 3.3.

3.2 Lattice structure of FP(D)

Before proceeding further we should digress briefly to discuss the structure of FP(D). We have
not yet confirmed that solution of the domain equations that yielded D is not trivial. That is, if it
turns out that the D found above is equal to A then we will have D(X) = A for all X € BA, ie.,
FP(D) is a singleton. We confirm that this is not the case.
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Theorem 3.2.1
|FP(D)| > | FP(A).
Specifically, there ezists a closure operation E € FP(D o D) such that
FP(A) = FP(E) C FP(D).
Proof: Define
E:= MFAX.(D(F)(A) ({0}), A).
Notice that F C D(F) so F(A)({0}) C D(F)(A) ({0}). Thus
F(X) c F(A) < (F(A)({0}), F(A) ({1}) € (D(F)(4) ({0}), A) = E(F)(X).
for all X. So F C E(F), implying | CE.

For any F € PA is easy to show that E(E(F)) = E(F) (massive use of the (8) rule). So
| CE =EoE Hence E is a closure operation. Furthermore from the definition we see that
E(F) = E(D(F)) for all F, while E(F) € FP(Do—»C) = FP(D) so DoEoD = E. Thus
E€ FP(D o> D).

Lastly, the combinators

AFE(F)(A)({0}) : Eo=A,
AXDY.(A(X),A) : AosE

yield the desired isomorphism FP(E) & FP(A). (]

So by an appropriate choice of A, we can include in D whatever types we wish. For example,
notice that if A = | then the entire lattice structure of PBA is available as a retract of FP(D).

Definition 3.2.2
L := D(D), T:=D(A) = A
Theorem 3.2.3

[L,1]p =41, [T, Tlo=T.

Proof: By its construction, [-,-]p is continuous (as are all of the other operations defined in this
section). Since L C 7f(X) and L C 72(X) for all X € FP(D) we have that

[le-]D Cc ["T(IID(X)aﬂlD(X)]D =X

for all X € FP(D). So [1, L]p is a least element. But the least element is unique so L = [L, 4]p.
A symmetric argument is employed to show [T, T|p = T. ]

For the remainder of this work we will assume that |[FP(A)| > 2, which enforces L # T.
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3.3 Modeling AEP
Definition 3.8.1 Let p be ¢ map from variables to FP(D). We define interpretation map
['ls: Aep —» FP(D)
inductively as follows:
(i) [fst], = (AX:D.xf (X)), [snd], = (AX:D.7P(X)),
(i) [#1, = p(=),
(iit) [P(], = 2o([P],)([Q1y),
(v) [(z.P)], = ¥Yp(a = [Plyai=a));
(V) [(P’ Q)]In = [IIP]],;, [[Q]Ip]n-
Theorem 3.3.2 (FP(D),[],) is 6 model for AEP + (n) + (SP).

Proof: The axioms (R), (S), (T), (C), (¢), (@), and () follow just as in the proof of Theorem 2.4.3.
So to get AEP we must verify (y) and (8):

(P, Q)(R)], 2o ([(P, W) ([R],)

(X = AY:D.[(P, Q) (X, Y]o))([R,)
AY:D.[(P, Q)]p([[[R]}m Y]p)

AY:D.[[P],, [Ql,Io ([[R]s Y]p)
AY:D.(AX:D.[[P],(X), [Q],(2O)]c) ([[R],, Y]b)
AY:D.[[Pl,([[R]s Yb), [Q),([[R]s: YIb)]c
AY:D.[2o([P],) ([R])(Y), 2o ([Q1,)([R],) (Y)]c
AY:D.[[P(R)],(Y), [Q(R)]»(Y)]c

([P(R)], [Q(R)],]o

[(P(R), Q(R))]),

| | | A (| A | R [

and

=.(P,Q)], Up(a - [(P, Q)] p(i=a))

Yp(a = [[P]p(m=a): [Qlp(w:=a)lD)

AY:D.[P]yamnp vy (@ oz vy Io (7T (Y))
AY:D.[[P](cnp vy (7T (Y)), [QD (R 3y (7T (V)]
AY:D.[¥p(a = [Plp@:=a)) (Y), ¥o(a = [Qlpa=a)) (YV)]c
[Yp(ar [[P]I/)(m:=n,))a‘pD(a — IIQ]Ip(z::a))]D

[2z.Pl,, [2=.Ql,lo

[P, 2z.Q)],

Also

[fst (P, )], (AX:D.xQ (X)IP],: [Ql,lolo
W(?([ﬂpllm [Qlslo)

(71,

o
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and

[snd((P,Q)), = (AX:D.xP(X))[P], [Q),lolo
= 7 ([P, [Ql,lb)

= [Q]I/v
We see that this model also satisfies (SP):

[(£st(P), s0d(P)], = (5 ([P1o), 77 (IP]p)lo = [P,-
Now we see that (n) is satisfied: for any term P and variable # that is not free in P,

II()"”'P('"))]IP ‘I/D(A g ﬂp(m)]lp(m:A))

Yo (4 = Pp([Plpz=n)) ([#] p(m:=a)))
Yp (A~ &p([F],)(4))
Up(®o([P])))

= |[P]|p

3.4 Generalized Application and Abstraction

Just as in Section 2.5 we can define lambda abstraction of arguments for arbitrary continuous
fimctions f: (FP(D))® = FP(D) and application between arbitrary elements F, G € FP(D).

Definition 3.4.1 For f: (FP(D))® —» FP(D), we define forn> 1,
(AX1.f(X1,-.. , Xn)) i= (Xay... , Xn) = Up (X1 = f(X1,... , X))
ond
AX.f(X) = Tp(f).
For any F,G € FP(D) we define
F[G]p := @p(F)(G).

We will use these notations interchangeably in the sequel.
Again, it is easy to check that these generalized versions of lambda abstraction and application
satisfy the axioms for AEP. (R), (S), (T), (C), (£), and () are trivial, while the (3) rule

(AX.f(X))[Y]o = £(Y)
and the the () rule
[F,Glp[X]o = [F[X]p, GX]p]p-

hold by Theorem 3.3.2.
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4 A Model for the Lambda Calculus with Applicative Lists

The model for AEP built on FP(D) in the last section turns out to have all of the elements needed
for a model for AAL. In this section, we find interpretations for the atoms of AAL in FP(D), thus
finding a model that satisfies the axioms from Section 1.2.

4.1 Booleans and Conditionals: true, false, and cond

To begin, we need to find interpretations of true and false in the model (denoted tt and ff, re-
spectively). The boolean type is traditionally represented as the four-element lattice B (shown
in Figure 1), with the elements T and 1 representing nonterminating computation or an error
condition.

Figure 1: The lattice B of boolean values.
/ T\
tt\ /ﬁ'
L
We wish to choose these elements so that there is continnous function

cond: B x FP(D) x FP(D) — FP(D)

satisfying
T ifx=T,
y ifz=t,
cond(z,y,2) =4 ¥ LT L (1)
R |
1 ifz=L.

In particular, it is crucial that ¢ and ff be incomparable; for example, if f C t, then any
continuous candidate for cond satisfying the above would force

T = cond(ff, L, T) C cond(t, L, T) = L,

which is clearly a contradiction.
This next result gives us elements of the model and a closure operation corresponding to this
type.

Theorem 4.1.1 There ezist elements tt, ff of the model and o closure operation bool such that the
lattice of fized points of bool is B.

Proof: Following a suggestion of Scott, we define # := [T, L]p and ff := [L, T]p. Notice that

L= 1lpC[T o=t C[T,Tlo=T
l=Llpc[LTlo=fFC[T,Tlo=T
t= [T,J_]D Z [.L,T]D =f
F=LToZ[T,Lp=t
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as desired.

Now let f: FP(D) = {L, T} be defined by f(L):= L and f(X) := T for all X # L, and note
that X C f(X) for all X. Define bool: FP(D) — B by bool(X) := [f(xD(X)), f(#P(X))]p. Since
bool is the composition of continuons functions, it follows that bool is continnous. Furthermore,
notice that X = [x§(X), 7P (X)]p € [f (xR (X)), f(#(X))]p = bool(X). Let X = [U, V]p be in the
range of bool. Then U and V are in the range of f; that is, U,V € {1, T}. So X € B. Lastly, it
is easy to verify that {1, t,f, T} are fixed points of bool. So bool is a closure operation with fixed
point lattice B. ]

Now that we have introduced booleans, it is only a small step to get an “if-then” construct.

Theorem 4.1.2 There exists o continuous mapping cond: B x FP(D) x FP(D) — FP(D) satis-
fying Equation 1.

Proof: Let the function bool: FP(D) — B be as in Theorem 4.1.1. We define the operator
cond: B x FP(D) x FP(D) — FP(D)
by
cond(X, Y, Z) := (n§ (X) N (7 (X) UY)) U («D(X) N (x5 (X) UY)).

The continuity of cond follows from the fact that it is the composite of continnous functions.
To see one case of Equation 1, observe

cond(f,Y,Z2) = (LN(TUY))U(TN(LUZ))
(LAT)U(TN2Z)

= 1UZ
Z.
The other cases are equally straightforward. =

We have found interpretations of the booleans and the condition function in the model. We set
[true], := t and [false], := ff for all p, and

fcond], := AX.AY.AZ.cond(bool(X), Y, Z)
for all p.
Theorem 4.1.3

[cond(true) (P)(Q)],
[cond false) (P)(Q)],

|IP1],,,
(@],

Proof: Notice that

[cond(true)(P)(Q)], = [cond],[[true],]o[[P],]o([Q],]lo
= (AX.AY.AZ.cond(bool(X),Y, Z))[t]o[[P],lo[[Q], o
= cond(t, [P],, [Q],)
= [Pl
for all p. The proof for false is similar. [
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4.2 List Construction: nil and cons

We wish to find interpretations of nil and cons that facilitate the construction of the list manipu-
lation functions. We define

[nil], := [, T]p
and
[cons], := AX.AL.[f¥,[X, Lp]p.

The choice of nil and cons here is crucial in order to get lists that satisfy the applicative
property (the y-rule listed in Section 1.2). We verify that this rule holds.

Theorem 4.2.1 For alin >0 and terms M, B, ... , E,, the following equation holds:
[(Br,-.. s Ea)(M)]p = [(B1(M),... , Eo(M))], ()
Proof: First note that for all X € FP(D),
t[X]o = [T, Lo[X]o = [T[X]o, L[X]p]o = [T, L]p = t,
and
FX]p = [L, TIo[X]p = [L[X]p, T[X]o]o = [L, Tlo = f.
We proceed by induction on n. If n =0, then

(..., Bn)(M)], = [nil(M)],
= [nil]([M],]o
= [t, Tlo[[M],lo
= [t[[M]]o, T[[M],lo]o
= [ttaT]D
= [nil],
= [BM),..., B0,

for all p. Now assume n > 1. Then

H(Ela s 9En)(M)]II7

fcons(E1) ((Ez,... , Bn))(M)],

[, [[B1]ps [(E2, ... , En)],lo]o[[M],]o

(F[[M]olos ([E1]p[[M])o, [(B2y - - , Ea)]o[[M]plo)o]o
(f, ([EL (M)],, [(B2, - ., En)(M)],lolD

(f, ([EL (M)],, [(B2(M), ..., Eo(M))]plolo
[cons(Ey(M))((E2(M),... , Eo(M)))],

= [Bu(M),...,E.(M))],

for all p. (]

Hence, the applicative property is preserved in this model.
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4.3 List Manipulation: head, tail, and null

We now finish up the proof by exhibiting the remaining atoms of AAL and verifying their properties.
Definition 4.3.1

[head], := AL.cond(bool(n (L)), [nil],, 75 (x2 (L)),
[tail], := AL.cond(bool(rg (L)), [nil],, 7D (zD (L)),

[null], := AL.bool(zf (L)).
Theorem 4.3.2 The following (5) rules are satisfied:

[head(())], = [O],, [head({By,... , Ex)), = [En],,
[tail(())], = [()1,, [tail((Ey,... , E.))], = [(Ba ... En)lp,
[null(())], = [true],, [oull({Ey,... , E,))], = [false],.

Proof:
[head(nil)], = [head],[[nil],]o
= [[head]l,,[[tt, T]D]D
= (AL.cond(bool(zf (L)), [nil],, = (x2 (L))))[[t, Tlo]o
= cond(t, [nil},, x{ (T))
= [nil],,
[head(cons(A)(L))], = [head],[[f,[[A],, [L],lo]olo
= [Aly
[tail(nil)], = [taill[[t, T]plo
= [nil],,
[tail(cons(A)(L))], = [taill,[[f, [[A],. [L],lololo
= [L;
[pull(nil)], = bool(7} (nil)) = bool(tt) =t = [true],,
[null(cons(A4)(L))], = bool(nf ([, [[A], [L},lplp)) = bool(ff) = ff = [false],
for all p. a
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4.4 Modeling AAL

Theorem 4.4.1 (FP(D),[],) with the interpretations of head, tail, cons, nil, null, true, false,
and cond defined as above yields a model for AAL + ().

Proof: That (FP(D),[],) satisfies (R), (S), (T), (C), (£), (@), (B), and (n) follows from Theo-
rem 3.3.2. The () rule follows from Theorem 4.2.1 and the (§) rule is shown in Theorems 4.1.3
and 4.3.2. .

5 Conclusions and Future Research

We have accomplished the main goal of finding a model (a class of models, in fact) for AAL. Along
the way we discussed models for A3 and AED, which are interesting in their own right.

The freedom of choice of A when building up D allows a rich family of types to be embedded in
these models. It would be interesting to explore semantic models that take advantage of this feature
to model more complicated languages. Also, the construction of these models embues them with
specific properties that may be worth studying; for instance, the fact that FP (D)= FP(Do=C)
implies that the models for AEP and MAL are extensional. The model for AED is interesting in
that it satisfies the surjective pairing property, [x8(F), n? (F)]p = F, which is not required by the
axioms for convertability in AED.

The construction of lists for AAL based on the pairing of AEP can be mimicked for a wide
variety of types, such as trees. Also, it might be worth considering models similar to this one for
“folding” lists instead of applicative lists.

There remain several open questions. For example, is there an encoding of pairing in pure-
lambda calculus terms that has projections and the applicative property? Note that [K1080] shows
that there is no encoding for surjective pairing in pure lambda calculus terms. If there is an
encoding for pairing without the (SP)-rule, conld encodings for the atoms of AAL be found so that
the remaining (4)-rules are satisfied?
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