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Abstract
The effect of stable crack extension on fracture toughness test results was determined using
single-edge-precracked- beam specimens. Crack growth stability was examined theoretically for
bars loaded in three-point bending under displacement control. The calculations took into
account the stiffness of both the specimen and the loading system. The results indicated that the
stiffness of the testing system played a major role in crack growth stability. Accordingly, a test
system and specimen dimensions were selected which would result in unstable or stable crack
extension during the fracture toughness test depending on the exact test conditions. Hot-pressed
silicon nitride bend bars (NCI32) were prepared with precracks of different lengths resulting in
specimens with different stiffnesses. The specimens with the shorter precracks and thus higher
stiffness broke without stable crack extension, while those with long cracks, and lower stiffness
broke after some stable crack extension. The fracture toughness values from the unstable tests
were 10% higher than those from the stable tests. This difference, albeit small, is systematic and
is not considered to be due to material or specimen-to-specimen variation. It is concluded that
instability due to the stiffness of the test system and specimen must be minimized to ensure some
stable crack extension in a fracture toughness test of brittle materials in order to avoid inflated
fracture toughness values.
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1. Introduction
Stable crack extension is difficult to obtain for very brittle materials in many of the loading
geometries for which the crack extends into an increasing K-field. For ceramic materials with flat
R-curves, stability is all but unattainable when conventional test conditions are used. Nevertheless,
it appears that stable crack extension would be desirable and even necessary for fracture experiments
that need to be well controlled, such as fracture toughness, R-curve, or fatigue crack growth
measurements. The implicit question here is whether these quantities are defined (or used) for a
stably propagating crack or for the onset of crack extension in an unstable manner. The answer to
this question would be significant if the results obtained from tests with stable crack extension differ
from those obtained when only the onset of unstable fracture is experienced.
Previous work to be subsequently discussed indicates that unstable fracture tends to inflate the
fracture toughness value when compared to the value obtained for stable crack extension. Thus, the
attainment of stable crack growth during fracture is not only worthwhile pursuing but indeed may
be necessary to the performance of a valid fracture toughness test.
Germane to the subject of stable crack growth and fracture of brittle materials is a discussion on
the definition of fracture toughness. In his review of fracture mechanics techniques as applied to
brittle materials, Freiman [1] made specific reference to the definition of fracture toughness (KIC)
as defined by ASTM Committee E24 [2] as: "... the crack-extension resistance under conditions
of crack-tip plane strain." Freiman [1] further states: "For example, in mode I for slow rates of
loading* and negligible plastic-zone adjustment, plane-strain fracture toughness is the value of stressintensity factor designated KIC [FL"3/2] as measured using the operational procedure specified in Test
Method E399 [3], that provides for the measurement of crack-extension resistance at the start of
crack extension and provides operational definitions of crack-tip sharpness, start of crack extension,
and crack-tip plane strain." Freiman [1] further commented that "This is clearly not what most of
us mean by critical fracture toughness of ceramics." A footnote was suggested (but not accepted by
* Italics are added by the present authors.

the ASTM E24 Committee) to be added to Test Method E399, which would allow using the symbol
KJC

to designate plane-strain fracture toughness at the onset of rapid crack extension under

conditions specified by the method.

The opposing views between those concerned with fracture toughness of metallic materials and
those having similar concerns in ceramic materials could not have been better underscored. The
fracture mechanics specialist experienced in testing metals thinks in terms of an intrinsic fracture
toughness for each material, usually determined at the start of quasi-static crack extension [4];
whereas the ceramist believes that rapid crack extension is a necessary requirement when testing
ceramic materials mostly in order to avoid well-recognized environmental effects. On the other
hand, fracture mechanists have determined [5] that if stress intensity loading rates for metallic
materials are kept in the quasi-static regime, specifically between 0.55 and 2.75 MPaVWs, and if
the material can be considered linearly elastic, in spite of some plasticity at the crack tip, then neither
environmental nor dynamic effects will prevail. Fortunately, plasticity aids in ensuring stable crack
growth during fracture of metallic materials, and thus, quasi-static crack extension is realized during
fracture. Unfortunately, the ceramist does not experience this luxury when attempting to determine
mechanical properties of many brittle materials.

Further complications are encountered during testing when ceramics are environmentally
sensitive (see, for example, Weiderhorn [6]). In addition, such materials can be strain-rate sensitive,
i.e., the dynamic to quasi-static fracture initiation toughness ratio can be greater than 1.0 (see, for
example, Suresh et al. [7]). Unless this information is known or determined, a priori fracture
toughness test results will have no base of reference.*

There have been a spate of papers in the literature concerning the subject of stable fracture of
quasi-brittle and brittle materials. A few of these papers that are pertinent to the present work are
discussed in the following paragraphs by way of further introduction.

It would appear thai an appropriate base of reference for mechanical property tests of brittle materials would be testing
at quasi-static crack extension, if possible, in a nonhostile environment for those materials that are suspected of being
susceptible to both dynamic loading and to the environment

Nakayama [8] was able to obtain stable and semistable crack growth during fracture of glass and
firebrick beams. He experimentally showed that the effective fracture energy was valid only for
perfectly stable fractures. In fact, Nakayama's effective fracture energy data, if related to the fracture
toughness parameter (Kc), indicates an increase of greater than 40% for a semistable fracture, as
compared to that of stable fracture. His major conclusion was that, in order to successfully measure
fracture energy of brittle beam specimens, one must have stable crack growth and this can be realized
using a stiff testing system.
Several papers, e.g., Clausing [9], Bluhm [10], and Schimoeller [11], have provided theoretical
crack stability analyses applied to linear elastic systems, all based on similar principles. Clausing
[9] determined the compliance of beam and compact specimens theoretically. He used these
formulations in stability criteria for these specimens.

Bluhm [10] provided stability formulations for bend specimens having a chevron notch (CV) or
a straight-through crack (STC). He was motivated by an alternative approach to instability using the
"work-of-fracture" (WOF) specimen proposed by Tattersall and Tappin [12]. He was able to provide
such stability criteria for the three-dimensional (3-D) CV and WOF specimens because of a previous
paper intended for that purpose [13]. In this latter paper, an approximate "slice synthesis" technique
aided in analytically describing the compliance.
A displacement-controlled closed-loop testing system was considered by Schimoeller [11].
Stability enhancement was predicted for the improved system response due to the addition of closedloop considerations. However, Schirnmoeller claims that the four-point bend specimen is always
unstable, which contradicts several authors, including Clausing [9] and Bluhm [10].

All three of these authors [9-11] realized the important role of the testing system compliance or
stiffness in attaining stability during fracture. Also, it was noted by Clausing [9] and Bluhm [10] that
under no circumstances would a load-controlled STC beam system display stable crack growth.

Cooper's [14] study of rock materials using three-point bend specimens agree with Nakayama
[8]. Cooper [14] understood the importance of the loading system stiffness and in attaining stable
crack growth, as well as providing a suitable starter notch.
Mai and Atkins [15] provided a compendium of stability factors for many test piece geometries
under different loading conditions, such as load and crosshead-displacement controlled and
comparisons with experimental results. They supplement these results with experimental methods
of promoting crack stability for inherently unstable situations.
Recently, Baratta and Dunlay [16], using Bluhm's analysis, focused on the STC four-point and
three-point bend specimens under displacement-controlled loading. Even though they used the
idealized criteria, they were able to experimentally predict the crack length at which stability
occurred for a quasi-brittle material such as polymethylmethacrylate (PMMA). They showed that
the three-point loaded beam had greater stability potential than the four-point loaded beam. Further,
it was noted that the onset of stable fracture yielded increasingly lower values of Kfc. This trend was
also observed by Underwood et al. [17] in the fracture testing of standard ASTM E399 center loaded
bend bars of tungsten, a brittle metallic material.
Sigl [18] recently advanced the theoretical analyses mentioned previously, where stability
criterion of an "everyday" testing situation were explored. This author examined the stability of
three-point flexure STC and CV specimens under constant-load and constant-displacement rate
loading of the testing machine, taking into account the load cell compliance, in a closed-loop testing
arrangement under constant deflect This latter situation enhances stability in beam flexure systems,
which was also reported in Schimoeller [11].
Recent progress has been made in introducing controlled cracks in ceramic beam specimens such
that the difficulties described by Nakayama [6] and Bluhm [10] have been greatly mitigated. Nose
and Fujii [19] have reported fracture toughness tests on precracked single-edge beams. The precrack
is introduced using the "bridge indentation" method [19]. In this technique, the specimen is initially
flawed by microindentation and then compressed between two anvils, one of which is bridged, thus

creating a short pop-in crack. Bar-On et al. [20], as well as Choi, Chulya, and Salem [21], used this
technique to evaluate the effect of the precracking parameters on crack emplacement of beam
specimens of various ceramics including hot-pressed silicon nitride (HPSN), which was also the
material used in this study. The bridge indentation method (or double anvil geometry) was also
employed in the present work to initiate precracks of desired length to explore the effect of crack
growth stability (or lack thereof) on fracture toughness of brittle materials.
As previously mentioned, the recent work of Baratta and Dunlay [16], and Underwood, Baratta,
and Zalinka [17], has shown that unstable crack extension resulted in an apparent increase in fracture
toughness compared to that determined during stable crack growth of a quasi-brittle material,
PMMA, and tungsten, a more brittle metallic material. In both cases, the transition from stable to
unstable behavior was predicted based on a stability analysis. The objective of this work is to show
that such an effect persists for a high-performance ceramic material not susceptible to
environmentally assisted cracking but sensitive to unstable fracture during testing.

2. Stability Analysis
Previous work by Baratta and Dunlay [16] demonstrated that the three-point loaded beam was
generally more stable than the constant moment beam, and thus, this configuration, shown in
Figure 1, is examined here. The ASTM E399 Test Method also uses the three-point loaded beam
(Annex A.3) as one of several standard fracture test specimens. This test method has been wellestablished for metallic materials, and it is explored here to see if it has potential as a vehicle to test
brittle materials.
Stability considerations are well presented elsewhere [9-11,18], and thus a general derivation
is not repeated here. However, some comments are appropriate: The general stability equation that
is used here, taken from Bluhm [10], presumes that an idealized testing system is used when
determining fracture toughness of a brittle material. It is inferred that constant crosshead
displacement is employed and that rigid body motion occurs between the crosshead of the testing
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Figure 1. Schematic of Three-Point Load Geometry.

machine and the point of load application to the specimen, i.e., the deflection of the load cell is
ignored.

In actual practice, most experimenters, including the present authors, choose "stroke control"
when using a closed-loop hydraulic testing machine. Such a testing machine is designed so that a
displacement transducer senses the displacement of the actuator, which is then fed back into the
hydraulics of the system in a closed-loop arrangement. This signal is, in turn, programmed such that
the deflection rate of the specimen is approximately constant. The word "approximately" is used
because the deflection rate of the specimen is dependent upon where the sensor is located on the
specimen, or with regard to it, and upon the response speed of the system, etc.

Sigl's analysis [18] comes closest to defining the actual test setup described previously.
Nevertheless, in order to apply his formulation, additional measurements beyond the usual
monitoring of load and displacement would have to be made during testing. Thus Bluhm's analysis
[10] was chosen to guide the experiments that are later described. Only the stability formulation
under constant crosshead displacement or stroke rate of the testing machine is considered here. The
applicable equation is

S = d2 (ö/P)/dA2 - (2/6/P) (d(ö/P)/dA)2 * 0.

(1)

Note that the previous stability equation applies to those materials exhibiting flat R-curve
behavior. Thus, S, the stability parameter, is equal to or less than zero. Also, A is the crack area,
6/P is the specimen compliance, and ö/P is the total compliance, which includes the specimen, the
machine compliance, and the fixtures.

If the beam is rectangular in cross-section, then the stability equation for this specific case is
simplified to:
S = d2Vda2 - (2/At) (dXJdaf * 0,

(2)

where Xs and Xt are the normalized compliances, i.e., Xs = (Ö/P) EB, Xt = Xs + Xm, Xm = (Öm/P) EB,
a is the normalized crack length a/W, where a is the crack length and W is the beam height, E is the
modulus of elasticity of the material, and B is the beam width.

When S becomes negative, the crack growth during fracture tends toward stability. Note that all
that is required in equation 2 is the knowledge of the compliance of both the specimen (as a function
of a) and the testing machine, including the fixtures. The compliance of the testing machine and
fixturing is usually obtained by experimental means, and the compliance of the specimen can be
determined by theoretical considerations (see Baratta [22] and Baratta and Underwood [23]).

The nondimensional plane-strain* compliance of the cracked three-point loaded beam, shown in
Figure 1, is considered and derived in Appendix A, which is:
A.s = 2 (S/2W)2 {S/2W + [2.85/(S/2W) - 0.42/(S/2W)2]/4
+ 9(1 -v2) /0° a[f(a)]2 da},

0 * a * 0.70.

(3)

* It was realized that the displacement attributed to the cracked portion of the beam is due to a plane-strain condition
rather than plane stress, and for that reason, the quantity (1-v2) is included in both the expressions for the compliance
and stability. Note, only a plane stress condition was considered in Baratta and Dunlay [16].

Where S is the beam support length, v is Poisson's ratio equal to 0.27 for the ceramic material tested
here, and [f (a)] is the polynomial expression for the three-point loaded beam incorporated in the
following stress intensity factor relationship:
Kt = (6Ma1/2/BW2) [f (a)],

(4)

where M is the applied moment.
A convenient span ratio used in the experimental tests was S/W = 5, resulting in a sixth order
polynomial equation as follows:
[f (a)] = 1.9228 - 4.1021a + 39.0065a2 - 191.5842a3 + 520.5576a4
- 673.0714a5 + 343.0783a6,

0 ^ a < 0.80.

(5)

The coefficients in equation 5 were obtained by matching the numerical data of Freese [24] (who
claims an accuracy of better than 0.5%). These data were obtained by accounting for the effect of
contact stress due to the applied load on the stress intensity factor associated with the centrally
loaded beam. Thus, equations 4 and 5 are adopted for use here.
For completeness and future use, wide-range stress intensity factor expressions for three-point
loaded beams having beam span ratios (S/W) of 4,5,6,7,8, and 10, as well as the constant moment
beam, were determined from the data of Freese [24]. These expressions and the polynomial
coefficients are summarized in Appendix B. Although these formulas yield greater accuracy over
a wider range of application than equations 4 and 5, they were inconvenient to use in the integration
portion of equation 3, and for that reason, equations 4 and 5 were employed.
The stability of the subject beam was determined by taking the first and second derivatives of
the compliance, equation 3, and substituting these quantities into equation 2. Normalizing by
$ = 18 (1 - v2) (S/2W)2a [f (a)]2,

gives the following nondimensional stability equation defined by S = §7$ for the three-point loaded
beam:

s

_ 2[f(«)]

[f (a)]

+ 1/a

_ 36(1- v2)(S/2W)2a[f(a)32

0

^

a

^

070

(6)

K

Machine compliance is an important consideration in the design of a stable specimen test system
when attempting to determine stability of brittle materials. Clausing [9] indicates that ". . . the
compliance of 1.5 is typical of a very stiff loading system, such as a bolt that directly opens the
crack. The compliance of 600 is typical of a rather flexible grip system in a tension testing
machine." Equation 6 was computer programmed so that the effect of machine compliance from 0
to 600 on stability could be examined for S/W - 5 and 0 <; a * 0.70. These results are presented in
Figure 2; they show the stability parameter S for the three-point loaded beam having a span ratio of
5, as a function of crack length ratio a and nondimensional machine compliance Xm. The reader is
reminded that the more negative S becomes, the greater the possibility that stability occurs.
Therefore, as expected, when Xm is increased, S becomes more positive and thus less stable, as
shown in Figure 2.
The threshold of stability, OQ = a</W, defined by S = 0 was determined as a function of Xm for a
span ratio of 5 and is shown in Figure 3. Again, as ka is increased, stability tends to decrease; this
is reflected in the increase in cc0. This curve, which allows ready prediction of a0 as a function of
machine compliance for the three-point loaded beam having a span ratio of 5, was used to provide
guidance to the experimental program described in the experimental procedure section. The
discontinuous lines mark the approximate conditions of our experiment.
Polynomial equations of the same form as equation 5 were generated from the data of Freese [24]
for span-to-width ratios ranging from 4 to 10. This allowed the specimen compliance to be
determined from equation 3 as previously described. These results were, in turn, programmed into
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equation 6 to obtain the stability parameter, S, as a function of both beam span ratios and machine
compliances. Again, by forcing § to be zero, the stability threshold a0 was obtained. The resulting
family of curves is shown in Figure 4 to provide guidance for stable fracture toughness testing of
brittle materials. Appropriate comments on this subject will be presented in the results and
discussion section of this report.
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3. Experimental Procedure
3.1 Material. A hot-pressed silicon nitride (NC132, Norton Co., Worcester, MA) was used for
the fracture toughness tests. The material has a maximum grain size of 3 urn. The room11

temperature properties as reported by the manufacturer are density 3.25 g/cm3, modulus of rupture
825±137 MPa, Vicker's hardness 16 GPa, Young's modulus 3.2 x 105 MPa, and Poisson's ratio
0.27. The fracture toughness of NC 132 has been determined by several techniques [25-29], and the
results are summarized in Table 1.
Table 1. Fracture Toughness of NC132 Measured by Several Methods
Test Method

KIC, Mpa Vm

Reference

Indentation
Controlled Flaw (Surface Crack in Flexure)
Chevron Notch
Double Cantilever Beam
Constant Moment Double Cantilever Beam

4.0
4.6
4.7
4.9
4.0

Anstis et al. [25]
Chantikal et al. [26]
Salem and Shannon [27]
Evans and Charles [28]
Freiman et al. [29]

Some of these methods most likely included some stable crack extension, such as the constantmoment-double-cantilever-beam test and chevron notch. The controlled flaw test, on the other hand,
most likely did not exhibit stable crack extension.
The material was cut into 6-mm x 8-mm x 45-mm bend bar specimens with the hot-pressing
direction perpendicular to the long direction of the specimen and parallel to the crack plane. All
specimens were carefully polished on the side and top surfaces, first on 9-um and 6-um diamond
bonded wheels and then with 3-um and 1-um diamond paste.
3.2 Machine Compliance. The stability calculations were used as a guideline in designing a
test system that would be stiff enough so that stable and unstable crack growth could be realized.
The testing arrangement consisted of an Instron 250-kN servo-hydraulic load frame with a 25-kN
load cell connected to a 250-kN load cell. The manufacturer's specifications for this arrangement
are as follows:
(3.27 x 106 lb/in)

Frame stiffness:

585 kN/mm

Load cell stiffness, 250 kN:

2,560 kN/mm (14.3 x 106 lb/in)

Load cell stiffness, 25 kN:

1,020 kN/mm (5.7 x 106 lb/in).
12

The resulting stiffness of the frame with the two load cells was calculated as 322 kN/mm (1.8 x
106 lb/in).
Initially, a commercially available bend fixture was used. However, with this setup, stable crack
growth was unattainable even for very long cracks. The stability analysis, which provided guidance
to the experiments, indicated that the fixture had to be further stiffened for stability to be obtained
in this system. Thus this fixture was replaced by a stiffer one. The compliance of the machine, load
cells, and fixturing arrangement was determined experimentally using an uncracked silicon nitride
bend bar. The measured compliance of this test setup was 3.07 x 10"8 m/N, which gave a stiffness
of 32.57 kN/mm (1.86 x 105 lb/in). This measured compliance corresponded to a dimensionless
compliance Xm = 58.9.
One specimen with a crack length of a/W - 0.75 was tested an a more compliant articulating
fixture, in order to document the effect of the greater machine compliance.
33 Test Procedure. The specimens were indented with a Vicker's indenter using loads ranging
from 69 to 490 N. These specimens were then loaded in the bridge indentation compression fixture
[19] creating straight precracks. Crack length was measured on both side surfaces. The higher
indent loads were employed to create the shorter cracks (< 0.6 a/W), while the lower loads were used
to create the longer cracks.
The fracture toughness tests were performed in three-point bending with a span of 40-mm and
an S/W ratio of 5. The tests were displacement controlled at a displacement rate of 1.7 um/s. The
load resolution was approximately 2 N.

4. Results and Discussion
4.1 Stability. The stability analysis predicted a critical crack length of a/W = 0.66 for the
compliance measured for our test setup (see Figure 3). Correspondingly, the load displacement

13

records clearly differed for different crack length regimes, even though the crack length regimes
overlap somewhat.
The load-vs.-displacement record was linear to the point of fracture as shown in Figure 5a
(unstable) for crack lengths far below the threshold value (0.26 < a/W < 0.56). Fracture occurred
instantaneously across the whole cross section, as shown in the fractographic example in Figure 7a.
Some stable crack extension occurred prior to either fracture or a large crack jump for crack
lengths close to the critical crack length (0.53 < a/W < 0.67). This is documented on the load
displacement record as nonlinearity near the maximum load followed by a steep load drop to a low
load value (see Figure 5b, semistable).
A completely stable load displacement curve (Figure 6a, stable) or, more typically, a curve with
pop-ins, as shown in Figure 6b, was observed for specimens with very long cracks (0.62 < a/W <
0.78). This curve shows significant nonlinearity or several short crack pop-in jumps followed by one
or several larger pop-in jumps. The larger crack jumps differ from those observed in the previous
group, however, in that they exhibit clear crack arrest at some intermediate load value.
Evidence of partially stable crack propagation or crack jumps can be observed on the fracture
surface as shown in Figure 7b, which is the specimen corresponding to the load displacement record
shown in Figure 6b (pop-in).
4.2 Fracture Toughness. Fracture toughness as a function of precrack length is shown in
Figure 8. The fracture toughness values vary from a high of 4.65 MPa/m to a low of 4.00 MPaVm.
It can be seen that for short precrack lengths and correspondingly low specimen compliances the
measured fracture toughness values are higher than for longer precracks. A similar trend had been
observed before for tungsten [17] and PMMA [16].
The fracture toughness values are summarized in Table 2 grouped by stability. Figure 8 displays
these results graphically including also the predicted critical crack length for which the transition
14
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Figure 7. Typical Fractographs Showing Crackfront of Precrack at A and Pop-In Crack(s)
at B for (a) Unstable and (b) Stable Fracture.
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Table 2. Fracture Toughness by the SEPB Method for Varying Degrees of Stability
NC132

Unstable

Semistable

Stable Including Pop-Ins

(Mpa/m)

4.54±0.12

4.23±0.13

4.19±0.08

No. of Tests

7

5

5

a/W

0.26-0.56

0.53-0.65

0.64-0.78

KJC

6.0

NC 132
aft=0.662

5.0 H

-I

cRo >

? $0 0

O
Q- 4.0 H

O
3.0 - ■
*
0
2.0
0. )

UNSTABLE
UNSTABLE. COMPLIANT FIXTURE
SEMISTABLE
STABLE
0.2

^TZ
0.4

0.6

i

T"

0.8

CRACK LENGTH RATIO,

1.

a

Figure 8. Fracture Toughness Measured for Specimens of Varying Precrack Length. The
Type of Load Displacement Is Indicated. The Dashed Line Indicates the
Analytically Determined Crack Length Which Separates the Unstable Regime
(Shorter Precracks) From the Stable Regime.
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from unstable to stable behavior should occur. It can be seen that the predicted crack length, oc0 =
0.66 at stability, shown by the vertical line in Figure 8, agrees well with the transition observed in
the experiments.

Four specimens with a/W > 0.7 were tested. Three were tested on the stiff fixture, and one was
tested on a more compliant fixture. The specimens tested on the stiff fixture all showed stable load
displacement curves, and the resulting mean fracture toughness value was 4.10 Mpa/m. The
specimen tested on the more compliant fixture resulted in an unstable load-displacement curve, and
the fracture toughness value was 4.65 Mpa/m. This value agrees with the fracture toughness values
obtained for the other unstable tests. Using the more compliant fixture increases the overall machine
compliance to a value much above 59. For higher machine compliace values, the analysis predicts
a larger threshold crack length (Figure 2) or complete instability. Thus this setup was expected to
result in unstable fracture. This was borne out by the observed load-displacement trace and the
higher fracture toughness value.

Table 2 and Figure 8 also indicate that the fracture toughness measured for the onset of unstable
fracture is about 10% higher than that measured from a stably propagating crack. This trend agrees
with previous observations by Baratta and Dunlay [16] and Underwood et al. [17].

A test of means was performed, in order to decide if the difference between the stable and
unstable fracture toughness values was significant. For this test, the fracture toughness values of the
five semistable specimens and the five stable specimens were combined for the calculation of their
mean. This combined mean was compared to the mean of seven unstable specimens. The rational
for this is that the mean of the fracture of the semistable is slightly higher than that of the stable
specimen, and this combined mean, when compared to that of the unstable specimens, would provide
a more conservative result. The mean of the fracture toughness of the unstably fractured specimens
differed from that of the combined mean of the semistably and stably fractured specimens at the
99.5% confidence level.
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It could be argued that the difference in measured fracture toughness between the shorter and
longer cracks is due to the residual tensile stress field caused by the indent. Several researchers have
pointed out that such an effect might exist [30,31]. However, the indents for the shorter precracks
were created using higher indent loads (250-500 N) while the longer precracks were created using
lower loads (70-200 N). The contribution to the stress intensity from the residual stress due to
indentation, K^, should be calculated by considering a wedge load at the indent point. Since the
details of the applied load are unknown, K^ can be calculated from an empirical formulation for a
semicircular crack [32] as:
K^xCM^P/tCo)3'2,

(7)

where E is the elastic modulus, H is the hardness, c0 is the crack length, P is the indentation load, and
X is a constant. This K^«. can be taken as an upper bound for the precracked beam, since the
introduction of the straight pop-in crack will reduce the extent of K^.
Kre,. acts to reduce the measured fracture toughness values and decreases with crack length for
constant indent load. Thus, if a correction for residual stress were included, the difference between
the fracture toughness measured from cracks propagating under stable and unstable conditions would
be even more pronounced.
The results of the stability analysis can be generalized to provide guidance for fracture toughness
tests of brittle materials. The family of curves shown in Figure 4, which can be considered generally
applicable to brittle materials, shows the threshold stability parameter, a0, as a function of span ratio,
S/W, and normalized machine compliance, Xm. The dashed line in the figure connects the rninimum
points of this family of stability curves. If a0 is chosen to be greater than the minimum value, then
stability is predicted for each given Xm and S/W. However, a practical consideration for oc0 should
be that it is no greater than 0.60. The reasoning here is that the stress intensity curve rises markedly
when a/W is greater than 0.60 (see equation 5), and even small measurement errors of the crack
length will result in a large error in the subsequent fracture toughness calculation. Thus, a horizontal
line is drawn in Figure 4 at a0 = 0.60 to provide guidance in choosing cc0 and S/W as a function of
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Notice that in Figure 4 the stability curve of Xm = 50 becomes tangent to the horizontal line for
cc0 = 0.60. Therefore, to retain stability, Xm must be chosen to be less than 50. The horizontal line
for a0 = 0.60 intercepts the Am curve of 40 at S/W - 5.9 and 9.4; and the curve of Xm = 30 at S/W =
4.7 and 9.9. The normalized machine compliance of 40 and 30 can be realized for the HPSN
material tested in this study by reducing the B dimension from 6 mm used in this work to 4 mm and
3 mm, respectively, resulting in a beam cross section of 8 mm x 4 mm or 8 mm x 3 mm.*
Alternatively, a width-to-thickness ratio, W/B, of 2 or 2.27 could be selected with appropriate
adjustments in K expressions. It is expected that a normalized machine compliance of less than 30
will be difficult to attain in a practical manner for most structural ceramic materials which have a
large Young's modulus. Therefore, only data taken from Figure 4 for Xm = 40 and 30 are included
in the guideline for stable fracture toughness testing. Table 3 summarizes the recommended beam
geometries to ensure stable fracture. Note that for practical consideration, such as minimizing
specimen deflection and optimizing specimen volume, beam span ratios should be no greater than
7.5 or 8.
Table 3. Recommended Beam Geometries to Ensure Stable Fracture8

a

K

S/W Range
for oc0 <, 0.60

Optimum
S/W

Minimum
a0

W
(mm)

B
(mm)

40

5.9-9.4

7.4

0.58

6.0

4.0

30

4.7-9.9

6.8

0.56

6.0

3.0

For a test system with a machine compliance (including fixture) of 3.0 x 10~8 m/N.

Nakayama [8] has suggested an explanation of what appears to be an artificial increase in fracture
energy associated with unstable fracture as compared to stable fracture. The mechanism presented
was based on energy considerations, where the total elastic energy stored in the system at the time
of fracture is composed of both the energy in the specimen and the energy in the testing apparatus.
He further considers the effective fracture energy required to separate beam specimen. Since the

These latter beam dimensions will require improved load resolution, since fracture load will be relatively low.
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elastic energy stored at the time of the fracture is dissipated by the fracture process, the difference
in energy obtained by subtracting the effective fracture energy from the total energy in the system
at the time of fracture provides a criterion of the mode of fracture. When this difference is greater
than zero, the mode of fracture is catastrophic, because excess energy must be consumed by other
forms of energy, e.g., the kinetic energies of fragments. Alternatively, if the energy stored is not
enough to complete the fracture process and additional external work is required, the mode of
fracture may then be stable. Nakayama [8] further stated: "The exact measurement of the effective
fracture energy is valid only for perfectly stable fractures." At the time Nakayama published his
report, an analysis which could predict stable fracture for brittle materials was not available.
Subsequently, other researchers, as indicated in the Introduction, have provided such analyses, which
have defined stable and unstable fracture in terms of the appropriate beam geometry, materials, and
testing machine parameter. All of these reports use energy considerations, i.e., energy release rate,
including that given by Bluhm [10], which was the basis for prediction of stability given by
equation 6 presented in this study, resulting in Figures 2,3, and 4. Nakayama [8] further draws on
an analogy to aid the reader in understanding this phenomenon by stating: "The present method
resembles the Charpy impact test in which the entire energy consumed in bending fracture is
measured by a decrease on the maximum height of swing of the pendulum after it has broken the
specimen. The mechanism in this test, however, is dynamic, and the fragments of the specimen,
after fracture, carry considerable excess kinetic energy. Separation of the effective energy from the
kinetic energy is impossible in the Charpy test...." The present method corresponds in principle
to the Charpy test in that the impacting speed of the pendulum is extremely small and the mass is
quite large. The accuracy of measurement in such an extreme situation is very low in the Charpy
test.

5. Conclusions
(1) Stability parameters were calculated for the rectangular beam loaded in three-point bending
under plane strain conditions. Beam span ratios ranging from 4 to 10 were considered.
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(2) A stability threshold crack length, oc0, was calculated for a span ratio of S/W = 5 predicting
the transition from unstable to stable crack extension as the precrack length is increased.
(3) Fracture toughness values were measured for hot-pressed silicon nitride bend bars with
varying precrack lengths using a stiff test system.
(4) A transition from unstable to stable crack extension was observed in agreement with the
theoretical predictions.
(5) The fracture toughness values measured for stable crack extension were about 10% lower
than those measured for unstable crack extension.
(6) The mean of the fracture toughness of unstably fractured specimens differed significantly
from that of the combined semistably and stably fractured specimens. Thus, it can be concluded that
unstable fracture of hot-pressed silicon nitride (NC 132) will give rise to an artificial increase in
fracture toughness of about 10%.

6. Recommendation
Beam geometry, beam span ratios, initial threshold crack length ratios, and machine compliance
values are recommended to aid in realizing stable crack growth during fracture toughness testing of
three-point loaded beams.
It is recommended that:
(1) Beam geometry, beam span ratios, initial threshold crack length ratios, machine Compliances
values, and beam materials, i.e., Young's modulus of elasticity, be considered in realizing stable
crack growth during fracture testing of beam specimens.
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(2) Examination of other structural ceramic materials be concluded to determine the extent of
the increase in fracture toughness occurring during unstable extension. If such increases are
considerable, then stable crack extension should be seriously considered when attempting to
determine fracture toughness of these brittle materials.

23
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Appendix A:
Load-Point Compliance and Stress Intensity Relationships
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Consider Figure 1 (in the text of the report) showing the geometry of the center loaded beam.
The deflection at the point of load application is defined as

(A-l)

ÖS = Ö + AÖ,

where 6S is the deflection at the point of load application due to both the deflection of the uncracked
beam and that contributed by the presence of the crack Aö. Timoshenko,1 from strength of materials
considerations, gives the deflection of such a solid beam as

6 = 2— (S/2W)2 (S/2W) + [2.85 (S/2W) - 0.42/(S/2W)2]/4.
EB

(A-2)

The deflection of the beam caused by the presence of the crack is defined as

AÖ = M (BJ0°

GI

da),

(A-3)

where P is the applied load, a = a/W, Gt is the Mode I, plane-strain energy release rate, which, given
in terms of Mode I, stress intensity factor, K„ and modulus of elasticity, E, is
G! = (l-v2)K!2/E.

KT for the beam

(A-4)

shown in Figure 1 is defined as

=
1

6Ma^
BW2

[f(a)]>

timoshenko, S. Strength of Materials, Part I. New York: D. Van Nostrand Co., 1958.
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(A.5)

where M is the appropriate bending moment, a is the crack length, B is the beam width, W is the
beam height, and [f (a)] is the polynomial:
[f (a)] = A0 + Ajcc + A2a2 + A3a3 + A4a4 + A5a5 + A6a6.

(A-6)

The previous coefficients are given in the text for S/W = 5.

Substitution of equation A-5 into A-4, this, in turn, into equation A-3, and differentiating with
respect to the applied load, gives the additional displacement due to the presence of the crack as

A6 =

18

(S/2W>2 (i - v2) Jg a [f(a)]2 dec,

0 ^ a 0.070.

(A-7)

Adding (he displacement caused by the uncracked beam, equation A-2, to that of the cracked beam,
equation A-7, gives the total deflection of the specimen in terms of compliance; which is
summarized in equation 3 in the body of the report.
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Appendix B:
Wide-Range Stress Intensity Factor

33

INTENTIONALLY LEFT BLANK.

34

As mentioned in the text, the wide-range stress intensity formulations also obtained from the
numerical data of Baratta and Underwood1 are given in the following for three-point loaded beams
having span ratios of 4, 5, 6,7, 8, and 10, as well as for the constant moment beam.
All

K = (3/2)ps
«_
[f(a)]
1
~ BW3/2 (1 - a)3/2

(B-l)

a 1/2
6M
[f(a)],
*i =
BW3/2 (1 - a) 3/2

(B-2)

and

where equations B-l and B-2 are for the three-point and constant moment loaded beam, respectively.
Also [f (a)] is given by the following polynomial expression:
(B-3)

[f (a)] = A0 + AjCt + A2a2 + A3a3 + A4a4 + A5a5

The coefficients Ac Al5 A2,... Aj are presented in Table B-l. The previous equations are accurate
to + 1.5% and have a wide range of 0 < a <, 1.0.
Table B-l. Coefficients for the Polynomial f (a) Three-Point Loaded and Constant
Moment Beam
Constant
Moment

S/W

Ao
A,
A,
A,
A4
A

i

4

5

6

7

8

10

M=C

1.8931
-5.2029
12.9411
-19.9433
16.1869
-5.2122

1.9109
-5.1552
12.6880
-19.5736
15.9377
-5.1454

1.9230
-5.1389
12.6194
-19.5510
15.9841
-5.1736

1.9322
-5.1007
12.3861
-19.0071
15.4677
-4.9913

1.9381
-5.0947
12.3861
-19.2142
15.7747
-5.1270

1.9472
-5.0247
11.8954
-18.0635
14.5986
-4.8696

1.9820
-4.9828
11.8279
-18.4764
15.3440
-5.0316

Parana, F. I., and J. H. Underwood. "Notch Dimensions for Three-Point Bend Fracture Specimens Based on
Compliance Analyses." JTEV, vol. 20, no. 5, pp. 343-48,1992.
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