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Introduction 

The 36th annual Sanibel Symposium, orga- 
nized by the faculty, students, and staff of 

the Quantum Theory Project of the University of 
Florida, was held on February 24-March 2, 1996. 
The meeting was again held at the Ponce de Leon 
Conference Center in St. Augustine, Florida. About 
320 participants gathered for eight days of lectures 
and informal discussions. 

The format of the symposium adopted for the 
past few years was followed again this year with a 
compact eight-day schedule with an integrated 
program of quantum biology, quantum chemistry, 
and condensed matter physics. The topics of the 
sessions covered by these proceedings included 
Developmental Tools and Methodologies for Com- 
putational Chemical Physics, Density Functional 
Theory and Applications, Quantum-Classical Dy- 
namics for Extended Systems, Simulations of 
Nanocrystals, Clusters and Molecules, Novel 
Method in Electronic Structure Theory, Potential 
Energy Surfaces for Excited States, Industrial Ap- 
plications of Quantum Chemistry, Time-Depen- 
dent Dynamics for Many-Electron Systems, Meth- 
ods for Big Molecules, Molecular Self-Assembly 
and Design, and Medium Effects on Embedded 
Molecules. 

The articles have been subjected to the ordinary 
refereeing procedures of the International Journal of 
Quantum Chemistry. The articles presented in the 
sessions on quantum biology and associated poster 
sessions are published in a separate volume of the 
International journal of Quantum Chemistry. 

The organizers acknowledge the following 
sponsors for their support of the 1996 Sanibel Sym- 
posium: 

■    U.S. Army Research Office and U.S. Army 

Edgewood RD & E Center through Grant No. 
DAAH04-96-1-PHCF. (The views, opinions, 
and/or findings contained in this report are 
those of the authoKs) and should not be 
construed as an official Department of the 
Army position, policy, or decision, unless so 
designated by other documentation.) 

■ The Office of Naval Research through Grant 
No. N00014-96-1-0197. (This work relates to 
Department of Navy Grant No. N00014-96-1- 
0197 issued by the Office of Naval Research. 
The United States Government has a 
royalty-free license throughout the world in 
all copyrightable material contained herein.) 

■ IBM Corporation 

■ HyperCube, Inc. 

■ Sun Microsystems Computer Corporation 

■ The University of Florida 

Very special thanks go to the staff of the Quan- 
tum Theory Project of the University of Florida for 
handling the numerous administrative, clerical, 
and practical details. The organizers are proud to 
recognize the contributions of Mrs. Judy Parker, 
Ms. Leann Golemo, Ms. Sandra Weakland, and Mr. 
Sullivan Beck. All the graduate students of the 
Quantum Theory Project who served as "gofers" 
are gratefully recognized for their contributions to 
the 1996 Sanibel Symposium. 

N. Y. ÖHRN 
J. R. SABIN 

M. C. ZERNER 
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The Chairman's Introductory Remark 

JEAN-LOUIS CALAIS 
1932-1995 

Before introducing our speakers, let me re- 
mind you of one of the Sanibel Pioneers, 

Jean-Louis Calais of Uppsala University. He died 
suddenly in Uppsala on May 30,1995 at the age of 
62, while still approaching the highest peaks of his 
scientific career. 

When the first Sanibel Symposium took place at 
Sanibel Island, Jean-Louis was a very young scien- 
tist, but he played a major role in organizing that 
symposium. Jean-Louis was one of Per-Olov 
Löwdin's first graduate students and coworkers 
and thus one of the founding members of the 
Uppsala Quantum Chemistry Group and the 
Quantum Theory Project (QTP) at the University 
of Florida, where he became an adjunct professor. 

Jean-Louis made fundamental contributions to 
the methods of quantum chemistry, to solid-state 
and polymer physics and chemistry, electron nu- 
clear dynamics in the hydrogen molecule and ex- 
tended systems, and much more. 

Jean-Louis' students and coworkers came from 
all over the world. For many years he was instru- 
mental in organizing and lecturing at the Interna- 
tional Summer School in Quantum Chemistry held 
in Scandinavia and the corresponding Winter Insti- 
tutes at Gainesville, and he was the Uppsala editor 
of the International Journal of Quantum Chemistry. 

Jean-Louis was a Scholar in the true sense of the 
word. During the last few years, I had the privi- 
lege to witness his success in establishing—or 
rather reestablishing—human and scientific con- 
tacts with colleagues and students in the Baltic 
Countries, especially at the University of Tartu. It 
was no surprise that he succeeded so well. He was 
almost an expert in Baltic history and culture, and 
had started to learn the languages. Above all, he 
was almost unique in generosity, kindness, and 
friendship. 

GORAN BERGSON 
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ABSTRACT __  

Many quantum mechanical problems are separable in one or several of the standard 
classifications of general coordinate systems. The associated solution is most conveniently 
evaluated using expansions in Lame wave functions. We give here some preliminary 
numerical results displaying the continuous distortion of an s-, p-, and d-wave spherical 
harmonic. The results indicate rather surprising features which may be useful in general 
quantum mechanical contexts.    © 1996 John Wiley & Sons, Inc. 

Introduction 
b > c. Going over to dimensionless variables £ 
(17 + a2)/(a2 - b2), one writes 

When separating the variables in terms of 
ellipsoidal coordinates, particular solu- 

tions of the Helmholtz equation are formed as pro- 
ducts of the so-called angle and radial ellipsoidal 
(or Lame) wave functions. For comparison, in the 
case of a sphere, the angle functions are the Legen- 
dre polynomials and the associated functions, 
while the radial ones are the Bessel and Hankel 
functions. 

Consider the ellipsoidal coordinate system given 
by x2/(a2 + TJ) + y2/(b2 + 77) + z2/(c2 + 77) = 1, 
where the basical ellipsoid has the semiaxes a > 

*Permanent address: Department of Numerical Methods, 
Computing Center of Russian Academy of Sciences, Vavilova 
str. 40, 117967 Moscow GSP-1, Russia. 

y 
(a2-b2){      (a2-b2)(£-l) 

(a2-b2)(£-p2) 

Here, we have set p2 = (a2 - c2)/(a2 - b2), i.e., 
p2 > 1. This equation for each point (x, y, z), 
xyz + 0, has exactly three different roots: £x e 
I, = (0; 1), £2 G 12 = (1; p2), and £3 e I3 = 
(p2;oo). If £ = i\, the surface defined above is an 
ellipsoid; for £ = £2, it is a hyperboloid of one 
sheet; and for £ = £3, it is a hyperboloid of two 
sheets. 

The above three families of confocal surfaces 
form  an  orthogonal curvilinear  coordinate sys- 
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tern related to Cartesian coordinates within each 
octant (e.g., x > 0, y > 0, z > 0) by one-to-one 
correspondence: 

(p2-D, 

z2 = (a2 - b2)(i, - p2)(£2 - p2)(£3 - p2)/ 

[(p2-l)p2].    (1) 

One can find the detailed consideration of the 
variables separation in ellipsoidal coordinates in, 
e.g., [1, 2]. 

As a result, we obtain a system of three equa- 
tions known as the Lame wave equations: 

i   A   I  , dA-, 

'-q(£lfh,l,(o)A1 =0,   £ el,,    (2.a) 

,    d   I  , dA, 

-q(£2,h,l,a>)A2 = 0,  £2e/2,    (2.b) 

^^w^'-k 
+ -q({3,h,l,w)A3 = 0,  £3e/3,    (2.c) 

where h and 1 are the separation constants, /(£) = 
f(£ - IX^ - p\ q{£, h, I, w) = hp2 - lp\ + 
a>2g2, and to2 = k2(a2 - b2), k standing for the 
wave number. Hereafter, we consider the first two 
equations, i.e., those determining the angular part 
of a particular solution to the Helmholtz equation. 

Results and Discussion 

Owing to the symmetry of the problem, a par- 
ticular solution must be either odd or even with 
respect to each coordinate plane. Since coordinate 
planes correspond to the ends of the intervals of 

ellipsoidal coordinate variations, we have 

lim   A1(f1)=0or    lim   Üf(^) Ä^)) = 0, 

lim   A1(f1)=0or    lim    (^/Ui) A'^)) = 0, 

lim   A2(£2) = 0or 

limo(1/-/(^)A'2(f2)) = 0, 

lim    A2(£2) = Oor 

lim    (}/-f(Z2)X2(£2j\ =0,    (3) 
h^p2-o 

besides the boundary conditions for £x -» 1 - 0 
and for £2 -» 1 + 0, which must be identical. 

No reliable methods for the evaluation of ellip- 
soidal wave functions existed until [3, 4] appeared 
and, therefore, the application of these functions 
had been delayed. This is because the angle Lame 
wave functions compose the eigenfunctions of a 
two-parameter self-adjoint Sturm-Liouville prob- 
lem (see, e.g., [5]), i.e., on separating variables, we 
arrive at a couple of ODEs (2.a,b), each depending 
on its own argument and being subject to its own 
boundary conditions. The equations are linked to- 
gether only by a couple of separation constants, 
which enter each equation. One must, hence, find 
such a couple of values for the separation con- 
stants such that both equations have nontrivial 
solutions satisfying the corresponding boundary 
conditions. The eigenvalue of the problem is such 
a couple of values, and the product of the corre- 
sponding solutions to the system gives its eigen- 
function. 

One can find a detailed analytical investigation 
of the Lame wave functions in [6] and the articles 
cited therein. The Lame wave functions depend 
continuously on the parameters p and co, and in 
the case w = 0, they coincide with the well-known 
Lame polynomials (see [2]). Eigenfunctions associ- 
ated with different eigenvalues are orthogonal with 
respect to the inner product: 

(*,*)= // {* X *}a(^,i2)d^d^r 

where    Yl = It  X I2,    a{^, £2) = (f2 -  ^) 

r-/(£i)/(&)r1/2. 
The methods proposed in [3, 4] provide an 

efficient and economic way to calculate the Lame 
wave functions at a rather wide range of parame- 
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ter variations. This technique exploits a general- 
ized Prüfer transformation, which has also been 
successfully used for solving various similar prob- 
lems (see [7, 8]). The merit of the above technique 
can be illustrated from [9], where the solution of 
an acoustic wave-scattering problem by a general 
ellipsoid has been expanded in terms of the Lame 
wave functions and multiple results of the calcula- 
tions have been plotted. When expanding func- 
tions defined over a three-dimensional space, one 
faces the necessity to prolong the partial solutions 
expressed in Lame wave functions to the hole 
space, since (1) defines the relations between ellip- 
soidal and Cartesian coordinates only within an 
octant. The prolongation of the partial solutions 
defined in one octant into the others has also been 
considered in [9]. 

Here, we present the examples of angular distri- 
bution densities which have been calculated as 
squared eigenfunctions of the above two-parame- 
ter Sturm-Liouville problem, normalized accord- 

ing to the condition 

ff [%m(tlr Z2)]2<r(€u f2) Aix d{2 = 1/8 

(here, we take into account the above comment 
that LI covers only a part of an ellipsoid enclosed 
in an octant). Each surface is plotted as a function 
of spherical angles 0 and <p, where 8 is counted 
off x, and the connection between the angle ellip- 
soidal coordinates and the spherical ones is given 
by 

£x£2 = p2cos29, 

(£ - 1)( f2 - 1) = "(p2 - Dsin20 cosV 

(£i - P2X& - P2) = P2( P2 - Dsin20 sin2<P 

(for more details, see [9]). 
Given a set of boundary conditions (3) and an 

eigenvalue multi-index, i.e., a couple of integers 

FIGURE 1. pco-diagram for the s-like density. For more details, see text. 
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specifying the number of internal zeros of solu- 
tions to (2.a) and (2.b), the parameters p and w 
uniquely determine the problem. Hence, we can 
vary the semiaxes of the basical ellipsoid and the 
wave number k and obtain the same solution 
provided that the values of p and a> do not change. 

In Figure 1, we give the pw-diagram for the 
s-like state density, i.e., the dependence on the 
parameters p and w. The value of p remains 
constant in each line (p2 = 1.01, 1.1, and 2.0, re- 
spectively), while the value of u> is constant in 
each column (w2 = 0.1, 1.0, 5.0, 10.0). One can see 
that for small <y the shapes of partial angular 
distributions is almost independent of the geome- 
try of the problem and the orbitals are close to the 
spherical case. In the case w2 = 0, all the orbitals 
of the same type (i.e., both the same boundary 
condition set and the same multi-index) coincide 
regardless of the value of p. This fact can be easily 
proved for the basical state orbitals under all pos- 
sible sets of boundary conditions (3); it also seems 

to be true for all harmonics. Thus, the orbitals can 
be naturally classified according to the conven- 
tional classification in the spherical case, in spite of 
the fact that the higher the value of w (or k2) the 
more is the difference among the shapes. 

In Figure 2, one can see the changes in the p- 
and rf-like orbitals, which appear as w increases 
from left to right (w2 = 0.0, 5.0, 10.0, 20.0, 50.0), 
with p remaining constant (p2 = 2.0). The original 
shapes should be obvious to the reader. 

In practice, much more complicated Lame wave 
functions can be calculated; see, e.g., [3]. Here, we 
have only displayed the continuous distortion of 
some simple partial wave distributions, as viewed 
and comprehended via so-called pw-diagrams. It is 
interesting to note, however, that the distortions 
occurring in Figures 1 and 2 can be obtained in 
several ways: For instance, a specific distributional 
shape in the p«-diagram may be obtained for 
certain values of the semiaxes a, b, and c at given 
k . Alternatively, the same angular distribution 

FIGURE 2. pw-diagrams for the p- and d-like orbitals. Note that only w changes here. 
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can also be maintained via different values of k2 if 
p and &> remain constant—a flexibility not given 
by standard choices of coordinate system. This 
result could be of potential interest, suggesting 
useful applications in a more general quantum 
chemical context. 
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ABSTRACT .  

The Feynman path integral method is applied to the many-electron problem. We first 
give new closure relations in terms of ordinary complex and real numbers, which could 
be derived from an arbitrary complete set of state vectors. Then, in the path integral 
form, the partition function of the system and the ensemble average of energy are 
explicitly expressed in terms of these closure relations. It is impossible to evaluate the 
path integral by direct numerical integrations because of its huge amount of integration 
variables. Therefore, we develop an algorithm by the Monte Carlo method with constraints 
corresponding to the normalization condition of states to calculate the required integral. 
Finally, the ensemble average of energy for the hydrogen molecule is explicitly evaluated 
by the quantum Monte Carlo method and results are compared with the result obtained 
by the ordinary full configuration interaction (CD method.    © 1996 John Wiley & Sons, Inc. 

Introduction 

The path integral introduced by Feynman [1] 
has been applied to many problems in quan- 

tum mechanics. The quantization by the path 
integral is different from the usual canonical pro- 
cedures, namely, the physical quantity can be han- 
dled as a commuting variable similar to a classical 
one. Thus the physical processes can be under- 

* To whom correspondence should be addressed. 

stood more clearly than in ordinary quantum me- 
chanics. On the other hand, almost all the studies 
of quantum chemistry have been done by dealing 
with the Schrödinger equation. The wave function 
of the many-electron system is usually written in 
terms of the Slater determinant composed of one- 
body functions, where the wave nature of elec- 
trons is in the orbital function and the Fermion 
character of electrons is represented by the anti- 
symmetric property of the determinant. When we 
apply the path integral method directly to the 
electron field described by the anticommuting field 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1223-1230 (1996) 
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operator, we must deal with the corresponding 
anticommutable c-numbers, the Grassmann num- 
bers. However, the properties of the Grassmann 
numbers are, in general, not so well known [2, 3], 
so that, in the field of quantum chemistry, the path 
integral method has not been widely applied to 
the many-electron problems for a long time. 

Recently, the path integral method has been 
applied to the Hiickel model [4] and the many- 
electron problems [5]. We have also developed the 
path integral method without using the Grass- 
mann number to estimate the electron correlation 
in molecules [6]. In that work, we have derived the 
new closure relation in terms of the linear combi- 
nation of atomic orbital (LCAO) coefficients of the 
molecular orbital and have constructed a path in- 
tegral form of some physical quantities using the 
LCAO closure relation. In this treatment, there 
appears no Grassmann numbers corresponding to 
the electron field operator but the c-numbers cor- 
responding to LCAO coefficients. 

The essence of the path integral is a sum of 
histories, and the path integral is usually ex- 
pressed as a multidimensional integral with a huge 
number of variables. Therefore, we cannot directly 
carry out this integration by ordinary ways and 
will be forced to use statistical methods, such as 
the Monte Carlo method. The ordinary quantum 
Monte Carlo method is a very powerful tool in 
order to estimate thermal and quantal fluctuations 
of interacting quantum spin systems and strongly 
correlated electron systems [7]. This method is 
based on the generalized Trotter formula, and the 
quantum fluctuation is expressed in the ordinary 
path integral form. Therefore, we can apply the 
Monte Carlo method to evaluate the path integral, 
though the path summation scheme needs a large 
amount of machine time even in high-speed com- 
puters. 

In this study, we present the new closure rela- 
tions which could be, in principle, derived from an 
arbitrary complete set of state vectors, and apply 
the closure relation to construct the partition func- 
tion in the path integral form. Here, we use the 
closure relation corresponding to the multiconfigu- 
rational configuration interaction (CI) state and 
show that it is very useful in the path integral 
method in both theoretical treatments and practi- 
cal calculations. To reduce a huge amount of inte- 
gral variables, we introduce the static approxima- 
tion and discuss the physical meaning of the 
approximation. To evaluate the required integral, 
we  develop  an  algorithm by  the  Monte Carlo 

method with the normalization condition of states. 
Finally, we apply this method to the hydrogen 
molecule, evaluate the ensemble average of the 
energy, and compare it with the result obtained by 
the ordinary full CI method. 

Closure Relation 

In the usual path integral method, a transition 
amplitude (xf, tf\xir f;> is expressed by a summa- 
tion of the action along all possible paths from 
\xjr tj) to \xf, tf). In the coordinate representation, 
all position eigenstates \x) can appear as interme- 
diate states in the path from \xi,ti) to \xf,tf). 
Thus, the following closure relation is applied: 

j d3x\x){x\. (1) 

Even if we have a nonorthonormal but complete 
set, {|r>}, we could generally orthonormalize them 
by the proper unitary transformation as follows: 

M 
E Urk\r), |fc> 

<k\k') = 8kk., 

(2) 

(3) 

where M is a dimension of the vector space {|r>} 
and Urk is an element of an unitary matrix. Here- 
after, we develop our theory in terms of the or- 
thonormal set, {\k)}, for mathematical convenience. 

The state \k) could be either the single-particle 
state or the many-electron configurational one. 
However, it is the essential point in our formula- 
tion that the basis set satisfies the following clo- 
sure relations: 

M 

EifcXfcL (4) 
k=1 

that is, we assume that the orthonormal set, [\k)}, 
spans the Hilbert space. We construct a general- 
ized state vector by the linear combination of the 
above state vectors, as 

\c> = E ck\k). (5) 
k=l 

Here, the coefficient Ck is an arbitrary complex 
number. If we choose the atomic orbital as \k), 
then |C> corresponds to the molecular orbital, and 
if \k) is the many-electron configuration, it be- 
comes the CI state. 
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Here, let us assume that Ck are variables and 
change these parameters arbitrarily. Then resulting 
|C> is transformed into an arbitrary state vector. It 
is important to notice that the space spanned by 
the state vector, |C> generated by changing Ck 

arbitrarily could include every state in the Hubert 
space, namely, the set {|C>} is an overcomplete set. 
Thus, we could construct the closure relation: 

/n J   k=l 

*L dCt dCk 

277-Z 
-exp 

M 

Eic/licxci. (6) 
k = l 

The derivation of the closure relation is given in 
Appendix A. Each variables covers the whole com- 
plex plane. However, the Gaussian weight func- 
tion effectively restricts a region of the integration. 
By suitable variable transformations, we can de- 
rive another form of the closure relation: 

MifU-^s  EIQI2-ilO<c|. 
J  k=i     2iri        \k = l j 

(7) 

The derivation of this equation from Eq. (6) is 
given in Appendix B. The delta function ensures 
the normalization condition of the state vectors. 
Thus, in this case, each variable varies only on the 
surface of the unit sphere in the complex space. 

Next, we restrict Ck in Eq. (5) to be real. Then, 
we could get the real-number closure relation with 
the real Gaussian weight function, 

M  dC, M 

l = 2fnrexp   -LQ2  ICXCI.      (8) 
J   *=1   V77 \        k=l j 

The real delta function closure relation can be also 
derived; 

/ M \ ,   M   dCk    I M 

\ 2 )J  k=i  V77    \k=1 

icxci. 

(9) 

These real closure relations are derived in Ap- 
pendix C. 

Path Integral Formulation 

Consider a partition function, Z = Tr e~ß , 
where Tr implies a trace operation, and ß = 
(fcBT)_1 with the Boltzmann constant kB and a 
temperature T. Let us divide the temperature in- 

terval, ß into L infinitesimal time slices, i.e., ß = 
LT, and inserting the closure relation among seg- 
ments, then Z becomes 

Z= Hm l/"dM[C*,C]Z[C*,C],      (10) 

where 

d/x[C*,C] 

A it dCtil)dCk(l) JL = nn 
1=1 k=l 

nw[C*(/),C(!)], 
Itri i = i 

(11) 

Z[C\C] = U<CiO\e-ßH/L\CO - D>,   (12) 
1 = 1 

and 

=yyL. (13) 

W[C*(/),C(/)] is the Gaussian weight function or 
the delta function corresponding to Eq. (6) or (7), 
respectively, and JV is the normalization factor 
appearing in the denominator of the closure rela- 
tion. The trace operation in the partition function 
imposes a periodic boundary condition upon |C(0> 
as 

|C(0)> = |C(L)>. (14) 

The ensemble average of any operator O can be 
calculated as 

<o> = 
Tr(e-^HC0 

=  lim M dM[C*,C]Z[C*,C] 

1   i;   <C(/)|Q|C(/-1)> 
xL;r! <c(/)ic(/-i» 

X fdiA[C*,C]Z[C*,C]\    .    (15) 

Note that, in the above expression, the normaliza- 
tion factor a has disappeared. In general, we could 
express the ensemble average of any physical 
quantity in terms of the logarithmic derivative of 
the partition function with respect to suitable pa- 
rameters. For example, the ensemble average of 
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the Hamiltonian, i.e., the average energy, (H) is 
given by 

<H> = 
Tre^" 

d 

dß 
logZ. (16) 

Thus substituting Eq. (10) into (16), we get 

(H) = lim     fdß[C*,C]Z[C*,C] 

£ *; <CQ)\H\C(l - iy> \ 
XL^   <C(/)|C(/-1)>    / 

fd(i[C*,C]Z[C*,C])    ■    (17) X 

It is impossible to evaluate Eq. (17) by direct nu- 
merical integration because of its huge amount of 
integration variables generated by slicing ß and 
the presence of the two-body interactions. There- 
fore, we should approximate the above integral or 
should adopt other integration methods such as 
the Monte Carlo method. 

Now, we introduce the static approximation, 
where all the integral variables are independent of 
the temperature (the imaginary time) as, 

{C*,C,} = {C*(/),Q(/)}. (18) 

Therefore, we have an approximate energy; 

<H>static= lim(/^static[C*,C] 

xzstalirc*,c] 
<C\H\Q 

<C|C> 

f dfistatic[C*,C]Zstatic[C*,C]\    , x 

(19) 

where the measure of integral and the static Boltz- 
mann factor are given by 

dMstatic[C*,C] = n      *   ■ *MC*,C],   (20) 

Zstatic[C*,C] = «C|e-^|C»' 

<C|C>Lexp(-/3 
(C\H\C) 

<C|C> 
(21) 

When we adopt the delta function as the weight 
function, Eq. (19) becomes 

(H): 'static 

/        M 

/n 
r k=i 

M  dC* dCk   l M 
8   EIC/-1 

2iri k=l 

\ I      M  dC* dC 
Xe-/3<CHIC><C|H|C> /"   j-T^fh 

/ \J   £-\      2TH 

xs   ElQ|2-i\e-ß(cmc)\   _  (22) 

The approximation in Eq. (21) seems to be very 
rough; however, in the zero-temperature limit we 
can give Eq. (22) a positive meaning as shown in 
the following. 

Now, the set {\k)} is complete, so we could, in 
principle, construct the eigenstates of the Hamilto- 
nian as 

H|C(n)> = En\C(n)), 
M 

ic<n>> = E c^ifc), 

(23) 

(24) 
Jt= l 

where E„ is the nth energy eigenvalue. Thus, for 
the numerator of Eq. (22), we have an inequality as 

/n -f-^5   EIQI2-1 

Xe^<c'Hlc><C|H|C>>e^£oE0.    (25) 

Here, the equality holds when ß is infinity, i.e., in 
the case of the zero-temperature limit, where only 
the ground state contributes to the integral. We 
also have another inequality for the denominator 
of Eq. (22) as, 

M   rfc* d_C       I   M \ 
J   k-1        27TI \k=1 J 

(26) 

Therefore, we obtain a required result as, 

lim <H>static = EQ. (27) 

For the finite temperature calculations, we must 
use the exact expression, Eq. (17). The approxima- 
tion expression, Eq. (22), works practically for the 
zero-temperature calculations. 
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Monte Carlo Method 

An estimation of Eq. (17) requires the numerical 
calculation of two multidimensional integrals over 
M X L variables with large enough L, but we 
cannot directly carry out this integration by ordi- 
nary ways. Therefore we apply the Monte Carlo 
method to do it. 

We have two kinds of closure relations, Eqs. (6) 
and (7) with the weight functions of the Gauss-type 
function and the delta function, respectively; 

M 

exp  - D IQI    , 
k=l 

M 

s\ ElQI2-i 

(28) 

(29) 

For the former, we must generate random num- 
bers distributed from -» to », and the physical 
meaning of the amplitude is not so clear. On the 
other hand, the distribution of random numbers in 
Eq. (29) is restricted on the surface of the unit 
sphere. Thus an elegant algorithm enables us to 
generate them under the restriction of the delta 
function, which ensures the normalization condi- 
tion of the state. Therefore, we adopt the delta 
function weight in the practical calculation. 

The algorithm of generating random numbers 
with the constraint of the delta function, which 
generate the set of the next generation, {Ck(l + 1)} 
from the original set, {Q(D}, is as follows: 

1. Assume that {Ck(l)} (1 < / < L) is normalized 
and consider it as the set of variables of the 
next generation, {Ck(l + 1)}: 

2. Choose randomly k, k' (k # k'\ and 0 (0 < 0 
<2TT). 

3. Generate new variables by the following or- 
thogonal transformation of the selected vari- 
ables: 

Q*0 + D 
C*(Z + 1) 

cos 0 
sin 0 

— sin 0 
cos 0 

Ck(l + 1) 

Ck.(l + 1) 

cos 0 
sin 0 

— sin 0 
cos 0 

C*(Z + 1) 

q?.(z + 1) 

Q(Z + 1) 

Ck,(l + 1) 

,   (31) 

(32) 

Resulting {Ck(l + 1)} is also normalized. 

4. Repeat procedures 2 and 3 a suitable number 
of times and finally obtain the orthonormal 
set of the next generation, {Ck(l +1)}. 

This procedure generates the normalized variables 
of the further generations in succession. 

{Ct(Z + l)}<={Ct(0}. (30) 

Numerical Examples—Hydrogen 
Molecule 

We calculate here the average energy, <H>, of 
the hydrogen molecule as numerical examples. We 
do not intend to reproduce the experimental re- 
sults but concentrate on how our method works by 
comparing our results with ones obtained by the 
ordinary full CI method. 

We carry out numerical calculations under the 
static approximation using Eq. (22), because an 

TABLE I   
Energy of hydrogen molecule (a.u.): temperature vs. energy. 

Energy (STO-3G) Temperature, ß~ 

0.1 
1 
10 
100 
(HF approx.) 
(Full CI) 

1.8211376557 ± 0.0000002212 
1.8211396153 + 0.0000001303 
1.8211250591 ± 0.0000045046 
-1.8210604210 + 0.0000685900 

-1.7991487410 
-1.8211407332 

Energy (4-31G) 

-1.8668794694 ± 0.0000000519 
-1.8666971526 + 0.0000021232 
-1.8667716435 ± 0.0000231532 
-1.8642273943 + 0.0002478408 

-1.8105620770 
-1.8670253484 
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estimation of Eq. (17) requires a large amount of 
machine time in the Monte Carlo simulation due 
to two multidimensional integrals over M X L 
variables with large enough L. Moreover, we are 
interested in the electronic structure of molecules 
and have already a complete set of orthonormal 
state vectors satisfying Eq. (23), that is, the CI basis 
set. Therefore, even if we restrict ourselves to the 
static approximation, we could evaluate physical 
quantities in the zero-temperature limit. 

The calculation is carried out with the STO-3G 
and 4-31G basis sets at the internuclear distance of 
E46 a.u. The Monte Carlo integration was done 
changing the temperature, ß~l, from 0.1 to 100 K. 
The number of samplings is 100 for each calcula- 
tions. Calculations are executed on the S-4/1000 
(FUJITSU Co. Ltd.). The temperature dependence 
of the energy is presented in Table I. Note that our 
calculation is based on Eq. (22) and the calculated 
energy tends to the full CI ground-state energy, 
Eg1. We might expect that results for lower tem- 
perature are more accurate than that for higher 
ones. However, the calculated energy does not 
necessarily approach to Eg' monotonously due to 
the sampling procedure we adopted in the Monte 
Carlo integration. As the temperature is lower, the 
energy is closer to Eg' on the calculations using 
the 4-31G basis set. While, the results of the STO-3G 
basis set shows that the energy for 1 K is closer to 
Eg1 than that for 0.1 K. In spite of these results, we 
could expect that the energy for low temperature 
is close to Eg1. 

Concluding Remarks 

Fermion path integrals are usually based on the 
closure relation for the Fermion coherent state 
which is expressed in terms of the Grassmann 
numbers [8], auxiliary fields [9], or the bond order 
[5]. Since the standard computation of the quan- 
tum chemistry is based upon the LCAO-MO-CI 
method, it is very convenient to express the path 
integrals in terms of the related LCAO coefficients, 
which enable us to utilize conventional techniques 
and ideas of the molecular calculation. 

We have derived the general closure relation 
from the complete set of state vectors and have 
shown that it is possible to carry out the ab initio 
calculation by using the complete set of the many- 
electron configurational state in the zero tempera- 

ture. We have restricted ourselves to the zero-tem- 
perature calculation in this study, but we can, in 
principle, evaluate physical quantities for finite 
temperatures. Moreover, as we could formulate 
the finite temperature Green's function in the path 
integral form, we could calculate dynamical quan- 
tities in the finite temperature. Static and dynamic 
quantities at finite temperature will be calculated 
in separate studies. 

In the path integral method, all the independent 
paths of particles must be taken into account, but 
"the classical path" is determined by optimizing 
the action. If we interpret particle as molecule, this 
image of the classical path in the path integral may 
correspond to the reaction path. Therefore, the 
path integral method of both electrons and nuclei 
enables us to directly investigate the chemical re- 
action by the ab initio calculation. In usual chemi- 
cal reaction theories based on the orbital theory or 
the collision theory, it is very hard to take simulta- 
neously into account the temperature and the 
dynamics. While, our theory could treat the dy- 
namical processes of systems mentioned above and 
includes explicitly the temeprature which plays an 
essential role in the chemical reaction. In the fu- 
ture, we will discuss the chemical reaction from a 
path integral point of view. 

Now, the ab initio calculations of molecules are 
usually carried out by the LCAO-MO-CI method. 
The CI method, however, requires a huge amount 
of computer memory. On the other hand, for the 
zero-temperature calculations, the path integral 
Monte Carlo method described in this work, re- 
quires memories comparable to or less than the 
full CI method. If we use the closure relation in 
terms of the LCAO coefficients [6] instead of the 
CI relation, the memory required is much less than 
the full CI method, though we meet with the 
negative sign problem [7]. Therefore, it would be 
possible to calculate large molecules by the path 
integral Monte Carlo method. 

Since, in the Monte Carlo method, the comput- 
ing time is everything, we need high-speed com- 
puters rather than large-storage ones. The high- 
speed computing can be achieved by parallel com- 
puting, and the Monte Carlo integration can be 
easily executed by parallel computers. Thus, the 
massively parallel computers enable us to calcu- 
late large molecules in realistic computational 
times. Therefore, we think that the path integral 
Monte Carlo method is very powerful and applica- 
ble to a large area of chemistry. 
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Appendix A: Derivation of Closure 
Relation 

Now we consider an operator if in the follow- 
ing form: 

1   , It dCt dCk 

JV ■ID. k=\ 2iri 
W[C*,C]\C)<C\,   (33) 

where W[C*,C] is an unknown weight function 
and JV the normalization factor. In order to make 
<f be the resolution of unity, we must find a 
suitable weight function. Substituting Eq. (5) into 
(33), we have 

1   , It dCt dCk (n     ~ W[C*,C] 
J    Is—I JV k=1 

M 

2iri 

x E c.aik.Xk, (34) 
Jt1Jr2=l 

In this equation, if we could construct W[C*,C] 
satisfying the following relation: 

,  M  dCt dCk ,   , 
\ El -^f—1W[C*,C]Q.Q*2 = A8kiki,   (35) 

J     1, _ i Z IT I 

where A is a real constant, then Eq. (34) is reduced 
to the closure relation of the set {|fc>}. This means 
that the square terms, |Q|2's, with appropriate 
W[C*,C] could be integrated to give finite values, 
and on the other hand, the cross terms, CkC*2's, 
with W[C*,C] to vanish. Thus, we could easily 
show that one of the simplest forms for W[C*;C] 
is the Gaussian function: 

W[C*,C] =expf- EICJ2). (36) 

Therefore, the explicit form of a novel closure 
relation is 

M   AC* dC t        M \ 
1 = / n ^f^exp   " E IQI2   ICXCI.   (37) 

The proof is quite elementary. 

Appendix B: Another Closure Relation 

Here, we derive the delta function closure rela- 
tion from the Gaussian one. We can rewrite the 

PATH INTEGRAL MONTE CARLO METHOD 

Gaussian weight function in Eq. (6) as 

M 

exp  - E IQ 
fc=i 

\CkV\e~ I   dx 8\ x -  E 
■'O \ Jt=l 

fdxx-'dll-x-1 L\Ck\2\e-\   (38) 
k = l 

Here we have used a fact that the summation in 
the exponent gives a positive value. While, in the 
integrand of Eq. (6), we note the following relation: 

|C> =xX|Cx^>. (39) 

Then, we could derive the required relation as 
follows: 

It dC£ dCk 
M 

f n-f-^exp   - EICJ2  ICXCI 
3   *=1       277J \      k=1 J 

r   
M  dCt dCk ,=0 

= /n-^T
1/ dx 

J  k=i     2TTI     ->O 

M 

x5 i -x-1 EIQ 
fc=i 

e-x\Cx-l)(C\ 

/   dx xMe~x X 
r  

M  dCt dCk n J   k = \ 2iri 

M 

xs| EIC/-1 icxc 

It dCt dCk   I M 

M 
j it=i 2-77 i 

s\ EIQI -i icxci. 
i- = l 

(40) 

Appendix C: Real-Mumber Closure 
Relation 

By following the derivation in the Appendix A, 
we could easily obtain the real Gaussian weight 
closure relation as 

M    AC I M \ 
1 = 2/" n-T^exp   - EQ2   ICXCI.    (41) 

3    *=1   V7T \       k=1        j 

Notice here that the factor, 2, appears in the above 
expression. The origin of the factor is directly de- 
rived from the complex number closure relation, 
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Eq. (6). By separating a complex integral variable 
into real and imaginary parts, 

ck = xk + i})k> 

we can rewrite the measure of integral as 

dc* dck _ dxk dyk 

2-77i VTT  'frr 

Thus nonvanishing integrals are calculated as 

(42) 

(43) 

/ 
dCt dCy 

-CfC- 
2iri 

r dxk dVk   _xi_v2     1     ,    . 
/ -j=--j=e x*  ** = l,   (44) 

J     \1T    V7T 

/ ■CtCke-<*c' 
dCt dCt 

2iri 

, dxk dvk 
= 2(-r±-prxle-xi-ri = l.       (45) 

J     \7T    V7T 

Thus, Eq. (45) shows that the real and the imagi- 
nary parts of the integral variable equally con- 
tribute to the integral. This is the origin of the 
factor. 

Finally, we give the real delta function closure 
relation. This  is  obtained by the same variable 

transformation as in the Appendix B, 

/ M \ .  M  dCk   j 
M \ 

><c|. 

(46) 
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ABSTRACT .  

The time-dependent Schrödinger equation is solved for an electron with potentials of the 
form /a(r) + /2(r, t)U(t), where 11(0 is the unit step function. We use a product 
formulation, solving for F(r, 0 where the wave function ^(r, 0 = F(r, 0$(r)e~'E,/Ä in 
which <t>(r)e~'£,/Ä is the solution for t < 0. A simple implementation of the product 
formulation that does not use absorbing boundary conditions and is explicit, without 
using split operators, is applied in two examples. The first example pertains to resonances 
in tunneling with square barriers when the barrier height varies sinusoidally with time. 
The initial response of quantum tunneling to oscillations in the barrier height shows a 
buildup for oscillations at the resonance frequency and an off-resonance response that 
diminishes to approach the steady-state solution after several cycles. The second example 
is the initial response of a hydrogen atom to an intense applied electric field. In both 
examples the response is delayed, and for tunneling particles the delay is approximately 
equal to the semiclassical value for the duration of barrier traversal, defined as the time 
for traversing the inverted barrier.    © 1996 John Wiley & Sons, Inc. 

 " Transient solutions have been obtained using finite 
Introduction differences with an alternating-direction implicit 

propagation scheme [3], finite differences with a 
split-operator propagator [4], finite differences with 

arious methods have been used to solve the a fourth-order predictor-corrector [5], a split-oper- 
time-dependent   Schrödinger   equation   for ator spectral technique with fast Fourier trans- 

time-varying  potentials.   Floquet   methods  have forms [6], finite-element methods [7], and quadra- 
been used to determine the steady-state response tures with an expansion in Vokolov states [8]. It is 
to a potential varying periodically with time [1, 2]. the objective of this study to describe a product 
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formulation for transient solutions that is particu- 
larly simple to implement and to illustrate its use 
with several examples. 

Analysis 

We begin the present analysis with the dipole 
approximation [9] of the time-dependent Schrödi- 
nger equation for an electron in a static potential 
plus a radiation field, 

dV h2 

i*— = -—V2^+ [V0(r)-er-E(r,O]¥/ at 2 m 

(1) 

where V0(r) is the static potential and E(r, 0 is the 
electric field intensity of the radiation field. We 
define the function F(r, 0 such that the wave func- 

tion ¥(r, t) = F(r, 0<J>(r)e-''E'/*, where <&(r)e-''£'/* 
is the solution without the radiation field. Substi- 
tuting into Eq. (1) leads to the following: 

dF ih 
— = — VT + 
dt 2m 

ih 

m(£> 
V$ • VF + 

iex ■ E(r, t)F 

(2) 

For problems with only one spatial dimension, 
when the electric field E(x,t) is in the x direction, 
Eq. (2) may be written as follows: 

dF       ih   d2F        ih   d<t> dF      iexE(x,t)F 
+ — + 

dt       2m dx m<$> dx  dx h 

(3) 

We set E(x,t) = E^smicoOlKt), where El is a 
constant and (1(0 is the unit step function (1 for 
t > 0, else 0). The following finite-difference ap- 
proximation of Eq. (3) is obtained by using the 
midpoint method [10] to approximate the time 
derivative of Fix, t): 

f/,/ + i ~ Fi,h 

ihAt 

m(Ai)' 
■lFI+i,,-2FIJ + FI_hJ] 

ih At 
+ ■ 

1 d<t> 

<t> dx m A x 

2iAtIAxeE1 

J; 

h sm(coJAt)U(J)F, ,,   (4) 

where F, } = F(I ■ A x, J ■ At). The product formu- 
lation, which was used for the examples presented 
in this study, consists of the following three steps: 
First, analytical or numerical methods are used to 
solve the time-independent Schrödinger equation 
to determine <$>(x). Next Eq. (4), or the correspond- 
ing equation for two- or three-dimensional prob- 
lems, is solved by time stepping from t = 0 where 
F, 0 = 1. Finally, the wave function Wix, t) is de- 
termined from the definition W(x, t) = 
Fix, 0$(x)e~,£,/A. 

For all of the examples studied thus far, we 
have found that it is sufficient to limit the spatial 
increment so that \k\Ax does not exceed a value of 
0.2 at any point in the grid, where  |fc| is the 

magnitude of the wave vector. If the radiation 
field is not too strong when compared with the 
static potential, then F( x, t) varies more slowly in 

space than does *K x, t), and so it is possible to use 
values of Ax with the product formulation that 
are somewhat larger than this recommended limit. 
Our numerical studies have also shown that there 
are six criteria which are necessary (but not suffi- 
cient) conditions limiting the maximum size of the 
time step A t. The first three criteria may be under- 
stood from physical considerations: (1) The ratio 
Ax/At must exceed the velocities that would be 
anticipated under the conditions of the problem. 
(2) The ratio A x/A t should exceed the semiclassi- 
cal value for barrier traversal [11] at all points 
where tunneling occurs. (3) It is necessary that 
At <s 2ir/w so that the time dependence of the 
radiation field is sampled sufficiently. The remain- 
ing three criteria for numerical stability limit the 
coefficients on the right-hand side of Eq. (4). (4) 
From the first coefficient, A t < mi A xf/h. (5) From 
the second coefficient, At < m Ax<$>/ihd<&/dx) for 
all points on the grid. (6) From the third coeffi- 
cient, At < h/i2exE1) for all points on the grid. 
While each of these six criteria must be satisfied, 
the fourth is especially pertinent because numeri- 
cal solutions diverge sharply at the point where 
this criterion is violated. The sixth criterion is only 
relevant for extremely intense fields. While these 
six criteria are not claimed to be sufficient condi- 
tions, in all of the examples studied thus far we 
have found that when they are satisfied the solu- 
tion is stable for a short interval of time (~ 1-5 fs). 
A reduction in the size of the time step is generally 
required for stability when simulating much longer 
durations. We have also solved Eq. (3) using the 
modified midpoint method with Richardson's de- 
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ferred approach to extrapolate to zero step size 
with rational functions (Bulirsch-Stoer technique) 
[12]. However, the latter method was found to 
require considerably greater computer time, and it 
does not appear to provide any noticeable im- 
provement in accuracy or stability when all of the 
above criteria are satisfied. 

When solving directly for the wave function, 
others have used various absorbing boundary con- 
ditions [13] and empirically adjusted "windowing" 
and "gobbling" [14]. Split-operator formulations, 
requiring matrix methods, have been used to im- 
prove the numerical stability [3-6]. The product 
formulation is much simpler to implement. At 
each time step Eq. (4) is used to update the values 
of the function F at all interior points of the grid. 
A separate procedure must be used for the points 
at the ends of the grid because Eq. (4) requires 
values of the function F at increments of +Ai 
from the point that is updated. We have found 
that for a given value of A x, the numerical stabil- 
ity is greatest if (1) linear extrapolation is used 

v^i, /+i — 2F2/j+1 

rN-2, 1 + 

r3, 7 + vh N, 7+1 2F N-1,7+1 

j) when the increment is relatively small; 
(2) continuity is imposed (F: / + 1 = F2 / + 1, Fj N, 7+1 

= F N- 1,7 + 
j) for intermediate values of the incre 

ment; and (3) the end points are not updated when 
the increment is relatively large. Solutions ob- 
tained by using Eq. (4) in the manner described are 
not unconditionally stable, but they have been 
shown to be stable over the range of durations 
simulated in the examples. 

Numerical Example: Sinusoidal 
Variation of a Square Barrier 

Büttiker and Landauer [15] used analytical 
methods to show that when a time-dependent po- 
tential is added to a square barrier ("modulation" 
of the barrier) tunneling particles absorb and emit 
modulation quanta. We have used Floquet meth- 
ods [2] and other procedures [16] to determine the 
steady-state solution when the barrier height varies 
sinusoidally with time. These solutions show that 
there are resonances with a marked increase in the 
transmission. For square barriers, these resonances 
occur when modulation quanta have sufficient en- 
ergy to take tunneling particles above the barrier, 
and the length of the barrier is an integral multiple 
of one-half the (now real) de Broglie wavelength 
[2], 

o 
o 

in 
to 

en 
z < 

1.04 
Q 

N 
Zi    1.02 

o z 1.00 
0.1 0.3 0.5 0.7 0.9 1.1 1.3 

OPTICAL WAVELENGTH, MICRONS 

FIGURE 1. Ratio of transmission to the static value as 
a function of wavelength for 10-eV electrons with an 
11-eV 1-nm square barrier. The radiation field has power 
flux densities of 0.2, 0.4, 0.6, 0.8, and 1.0 x 1012 W / m2, 
from bottom to top curve, respectively. 

Figure 1 shows the ratio of the transmission 
coefficient with barrier modulation to the static 
value as a function of the wavelength for 10-eV 
electrons with a square barrier having a height of 
11 eV and a length of 1 nm. Floquet methods were 
used as previously described [2] to determine the 
steady-state solution of Eq. (1) for a radiation field 
with E(x,t) = E1sm(cot). Three resonances are 
evident in this figure (A = 0.905, 0.506, and 
0.296 fim), for which the barrier length equals \, 
|, and f of the de Broglie wavelength for particles 
absorbing one quantum. It may be seen in Figure 1 
that the increase in transmission caused by the 
radiation field is proportional to the power flux 
density, which is consistent with the mechanism 
being the absorption of modulation quanta. 

Figures 2-5 show the transient response of 10-eV 
electrons with an 11-eV 1-nm square barrier to a 
radiation field with a power flux density of 1012 

W/m2. Each calculation was made using 450 points 
on the axis, with a prebarrier length of 0.5 nm, the 
1 nm barrier, and a 1.5 nm postbarrier length. 
Thus, A x = 0.00667 nm so that k A x = 0.108 and 
KAx = 0.0342, where k = (2mE)l/2/h and K = 
[2m(V - E)]1/2/h, where V is the height of the 
square barrier. The calculations were repeated for 
other numbers of intervals, and with 225 points 
(Ax = 0.0133 nm) the maximum difference be- 
tween the probability density and that for 450 
points is 0.68% at all grid locations for the 12-fs 
simulated   duration.   However,   these   errors  in- 
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crease precipitously for A x > 0.03 nm at which 
point kAx ~ \. The calculations were made for 
radiation at two different wavelengths. Figures 2 
and 3 are for the dominant resonance seen in 
Figure  1  (A = 0.905 /im), for which the barrier 

length is one-half of the de Broglie wavelength. 
Figures 4 and 5 are for the off-resonance wave- 
length of 1.50 ixm, which exceeds the limit for 
which the absorption of a single quantum can take 
a tunneling electron above the barrier (1.24 /xm). 

time, fs 
x, nm 

FIGURE 2. Probability density for 10-eV electrons with an 11-eV 1-nm square barrier. For time t > 0 the barrier height 
is modulated sinusoidally at A = 0.905 ^m by a radiation field with a power flux density of 1012 W/m2. 

time, fs 
x, nm 

FIGURE 3. Ratio of the probability density to the static value for 10-eV electrons with an 11-eV 1-nm square barrier. 
For time f > 0 the barrier height is modulated sinusoidally at A = 0.905 am by a radiation field with a power flux densitv 
of1012W/m2. y 
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The probability density (¥'*'*) is shown in Figures 
2 and 4, and the ratio of the probability density to 
the static value (FF*) is shown in Figures 3 and 5. 

For this example, the most stringent of the six 
criteria for the time step is the fourth, that At < 

m(A xY/h giving a limit of 0.384 attoseconds (as). 
Numerical solutions converge for simulated dura- 
tions of 1 fs or less when At = 0.384 as, and 
diverge sharply when the time step exceeds this 
value. To obtain stability for a simulated duration 

time, fs 

x, nm 

FIGURE 4. Probability density for 10-eV electrons with an 11-eV 1-nm square barrier. For time f > Othe barrier height 
is modulated sinusoidally at A = 1.50 ^m by a radiation field with a power flux density of 1012 W/m2. 

time, fs 

FIGURE 5. Ratio of the probability density to the static value for 10 eV electrons with an 11-eV 1-nm square barrier. 
For time f > 0, the barrier height is modulated sinusoidally at A = 1.50 /urn by a radiation field with a power flux density 
of 1012 W/m2. 
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of 12 fs in Figures 2-5, it was necessary to use 
time steps of 0.002 as with A = 0.905 /im and 0.01 
as with A = 1.50 /xm. When the calculations were 
repeated using one-tenth of these time increments, 
all values of probability density were found to be 
unchanged to within 1 part in 104 for the full 12 fs. 
In this example the end points of the grid were 
updated   by   imposing   continuity   (Fx ]+l = 

*2,i+i' FN,/+I 
= ^N-l, j+u- 

The semiclassical value of the tunneling time, 
defined as the time for traversing the inverted 
barrier [11], is Tsc = 1.69 fs for the static square 
barrier in this example. It may be seen in Figures 2 
and 3 that there is no response to the radiation 
field until after Tsc. There is a monotonic increase 
in the magnitude of the consecutive peaks in the 
transmission during the 12 fs simulation to ap- 
proach the steady-state solution at resonance. At 
A = 0.905 /an (Figs. 2 and 3) the height of the 
modulated barrier is maximum at 0.75, 3.77, 6.79, 
and 9.81 fs and minimum at 2.26, 5.28, 8.30, and 
11.32 fs. Each decrease in the barrier height causes 
an increase in the transmission, and each increase 
in the barrier height causes a decrease in the trans- 
mission. However, there is a delay of approxi- 
mately Tsc/2 between each extremum in the bar- 
rier height and the corresponding extremum in the 
probability density at the end of the barrier. 

At A = 1.50 yum (Figs. 4 and 5) the height of the 
modulated barrier is maximum at 1.25, 6.25, and 
11.26 fs, and minimum at 3.75 and 8.76 fs. It may 
be seen in Figures 4 and 5 that, as with A = 
0.905 yum, there is no response to the radiation 
field until after Tsc. However, with A = 1.50 /im 
extrema in the transmission are irregularly spaced, 
corresponding approximately to wavelengths from 
1.0 to 1.2 /an. Furthermore, the response dimin- 
ishes to approach the steady-state solution for this 
off-resonance wavelength after several periods of 
oscillation. It is known [17] that the steady-state 
response of both classical and quantum systems to 
a periodic perturbation is approached only for 
durations t such that cot » 2TT, and this may be 
understood by noting the breadth of the spectrum 
for a sinusoidal pulse. We attribute the monotonic 
increase in the magnitude of the consecutive peaks 
at resonance (Figs. 2 and 3) and the decrease off 
resonance (Figs. 4 and 5) to increased definition of 
the frequency of the radiation field with elapsed 
time. For comparison, Figure 6 shows the square of 
the magnitude of the Fourier transform of a sine 
wave as a function of the frequency for pulses 
having durations of 0.5, 0.8, 1.5, and 3.0 periods. 

cr 
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FREQUENCY/FREQUENCY OF SOURCE 

FIGURE 6. Square of the magnitude of the Fourier 
transform of a sine wave as a function of the frequency 
for durations of 0.5, 0.8, 1.5, and 3.0 periods. 

Numerical Example: Response of a 
Hydrogen Atom to a Laser 

Pulse compression for the generation of ex- 
tremely short optical pulses has received con- 
siderable emphasis in laser science. High-order 
harmonics have been measured [18] when neon is 
irradiated with intense femtosecond optical pulses, 
and it appears this effect may lead to subfemtosec- 
ond pulses [19]. We have simulated the response 
of a hydrogen atom to intense fields as a prelimi- 
nary to modeling these phenomena. First, the ef- 
fect of a static electric field on the ground state of a 
hydrogen atom was determined by solving the 
time-independent Schrödinger equation using sep- 
aration of variables in parabolic coordinates [20], 
with care to allow for the three turning points in 
the solution. 

In solving the time-dependent Schrödinger 
equation to determine the transient response by a 
hydrogen atom, we use cylindrical coordinates 
with the z axis parallel to the applied electric field. 
The solution is independent of the polar angle 
because, due to the orientation of the applied field, 
the azimuthal symmetry in the ground state is not 
altered by the applied field. For the product for- 
mulation we define the function F(r,z,t) such 
that the wave function ^(r, z, t) = F{r, z, t) 
<5(r, z)e~iEt/h, where <J>(r, z)e~'EI/f' is the solution 
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without the radiation field, with 

$(r,z) 
J: r2+z2/«0 

■\JTTC 
(5) 

where a0 is the radius of the first Bohr orbit. 
Substituting into Eq. (2) results in the following 
partial differential equation for the function 
F(r, z, t): 

dF        ih 

dt       2m 

d2F 2r 

dr< 

+ 
d2F 

Jz2 

+    - 

2z 

ajr2 + z 

dF 

Jr2 + z2   dz 

+ sin wtU(t)F. 
h 

(6) 

The following finite-difference approximation of 
Eq. (6) is obtained by using the midpoint method 
[10]   to   approximate   the   time   derivative   of 
F{r, z, t): 

F 1,1, K+l * /, /, K-1 

ihAt 

m 

FI+I,J,K     2FItJiK + FJ-I,J,K 

(Ar)2 

21- Ar 

X 

+ 

\I-Ar      aJilArf + (/Az)2 

X 

+ 

2Ar 

fj, I+1,K ~ 2F/,/,K + f/,/-1,K 

(Az)2 

2/Az 

aJ(IArf + (/Az )2 

2Az 

2z'Af/AzeE1 
fc- Af^/rr 

A 
(7) 

where F, ; K = F(I • Ar, / ■ Az, K- At). For points 
on the z axis (7 = 0) the equation is modified by 
deleting the term approximating the first deriva- 
tive in respect to r. Equation (7) is used to solve 

for the function F by time stepping from t = 0 
where F, ; 0 = 1 in the same manner as Eq. (4) was 
used in the example with a square barrier. How- 
ever, for this example the stability is greatest when 
the points on the boundary of the grid are updated 
by means of linear extrapolation. 

Values of Ar = Az = 0.024 ran, and At = 1.0 as 
were used in this set of simulations. Criteria limit- 
ing the maximum size of the time step At in Eq. 
(7) have been determined as they were for Eq. (4). 
For this example the most stringent criteria are 
that At < m(Ar)2/h and At < m(Az)2/h, which 
are analogous to those in the first example, giving 
a limit of 5.0 as. Numerical solutions diverge 
sharply when the time step exceeds this value, but 
converge to within 1 part in 104 for At = 1.0 as in 
the range of simulated durations for this example. 
Figure 7 shows the initial and steady-state re- 
sponse of a hydrogen atom to a step function pulse 
having an amplitude of 1 V/nm for t > 0. The 
ratio of the probability density to the unperturbed 
value is shown at 0.04, 0.08, 0.10, and 0.12 fs, and 
in steady state (dashed curve). Figure 8 shows the 
ratio of the probability density at 0.12 fs as a 
function of r and z. It may be seen in Figure 7 that 
there is a delay of approximately 0.05 fs, which 
may be attributed to the uncertainty principle, 
before the atom begins to respond to the applied 
field. Other simulations made using optical fre- 
quencies show that this delay is relatively insensi- 
tive to the wavelength. These results suggest that 
delays present in the transient response must be 
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FIGURE 7. Ratio of the probability density for the 
electron in a hydrogen atom with an applied field of 
1 V/nm to the unperturbed value as a function of the 
axial coordinate. The dashed curve is the static solution, 
and the solid curves are for a step function pulse. 
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FIGURE 8. Ratio of the probability density for the electron in a hydrogen atom to the unperturbed value at 0.12 fs after 
the start of a step function pulse having an amplitude of 1 V/nm. 

considered when modeling the response of atoms 
to intense fields. 

Discussion 

The simple implementation of the product for- 
mulation illustrated in this study does not use 
absorbing boundary conditions and is explicit, 
without using split operators. This implementation 
is not unconditionally stable, but the solutions are 
stable over the range of simulated durations used 
in the examples. 

The first numerical example, for sinusoidal vari- 
ation of the height of a square barrier, offers 
promise as a new approach to the unsolved prob- 
lem [21] of evaluating the duration of quantum 
tunneling. A variety of different theoretical ap- 
proaches have been used to examine tunneling 
times [21], but all of these are based on steady-state 
solutions with the exception of transient solutions 
for wave packets [22]. While these transient solu- 
tions show a delay between the arrival of the 
incident wave packet and the departure of the 

transmitted packet, they have been criticized [23] 
because there is no valid basis for comparing any 
part (e.g., peak or centroid) of the two different 
packets. The interpretation is further complicated 
because the distribution of energies in a wave 
packet would smear the effects of tunneling times. 
The calculations in the first numerical example do 
not use such a distribution of energies. While the 
result is by no means unanimous [21], 12 analyti- 
cal methods result in the semiclassical expression 
for the tunneling time [11] which is the classical 
time for traversing the inverted barrier. The results 
in the first example are consistent with the semi- 
classical expression for tunneling time. 
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ABSTRACT 

An algorithm for calculating excitation energies and transition moments in the random- 
phase approximation (RPA) of the polarization propagator is presented. The algorithm 
includes direct solution of the RPA eigenvalue problem and direct evaluation of products 
of superoperator Hamiltonian matrices with excitation vectors. Given sufficient memory, 
only one integral evaluation step per iteration is needed. Illustrative calculations on the 
excitation energies and oscillator strengths of ethylene are presented. © 1996 John Wiley 
& Sons. Inc. 

Introduction 

The random-phase approximation (RPA) of the 
polarization propagator is a clearly defined 

method for calculating excitation energies and 
transition moments [1, 2]. It is a convenient point 
of reference for more ambitious models that con- 
sider electron correlation [3]. Efficient implementa- 
tion of the RPA in accessible and transparent pro- 
grams can facilitate comparisons with other meth- 
ods that are in common use. To this end, we 
present the following report on algorithms, codes, 
and an illustrative calculation on ethylene. 

RPA excitation energies and transition moments 
obtain from solutions of the generalized eigen- 

*To whom correspondence should be addressed. 

value problem: 

"(qV)   (q+lq)" Z [(' l*|Hqt)     (tflHq)" 

(qlq+)       (qlq) Y (q|Hq+)      (q|Hq) 

X 
Z 
Y (1 

Single excitation operators in the Hartree-Fock 
orbital basis are included in the qf space and their 
de-excitation counterparts are found in q. The su- 
peroperator metric, (r\s), and the action of the 
superoperator Hamiltonian, H, are defined in the 
usual manner [4]: 

(r|s) = <0|rfs - sr+|0> 

Hr = rH- Hr, 

(2) 

(3) 
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where H is the second quantized Hamiltonian and 
the reference state |0> is the Hartree-Fock determi- 
nantal wave function. 

More detailed discussions of the RPA have been 
presented elsewhere [2, 3]; only essential aspects 
need be considered here. The eigenvalue problem 
presented in Eq. (1) is usually written as 

(4) 

An equivalent formulation takes the form of a 
nonsymmetric eigenvalue equation: 

1 0 z A B Z 
0 -1 Y B A Y 

B 
B (5) 

For every eigenvector obtained from the last equa- 
tion, there corresponds another solution with an 
eigenvalue equal in magnitude but opposite in 
sign: 

~E 
B (6) 

Several so-called direct algorithms have been 
proposed [5-11]. The term direct must be under- 
stood in two senses. The first refers to direct calcu- 
lation of excitation energies and transition mo- 
ments without actual recourse to matrix elements 
of H. Instead, products of the latter matrix with 
trial vectors are assembled (directly) and reduced 
eigenvalue problems (or linear equations) are 
solved [12]. This approach has been applied exten- 
sively in configuration interaction calculations. The 
second sense of the word direct implies that elec- 
tron repulsion integrals are not stored but are 
reevaluated as needed. Here, we discuss an algo- 
rithm that is direct in both senses [13]. 

Direct solution of eigenvalue problems and lin- 
ear equations with the paired eigenvalue structure 
characteristic of the RPA has been discussed re- 
cently [5]. Direct treatments of electron repulsion 
integrals for RPA response properties [6, 7] and 
excitation energies [8, 9] have emphasized N4 

arithmetic scaling, where N is the number of basis 
functions. Two other implementations stress the 
formal convenience of so-called one-index-trans- 
formed integrals arising from evaluation of the Hq 
and HqT commutators [10, 11]. Integral transfor- 
mations necessarily scale as N5, however. The 
utility of these intermediates remains formal, rather 
than computational. We therefore present an alter- 
native algorithm that retains N4 scaling. 

A Direct Algorithm 

Let i, j, k (a,b, c) denote occupied (virtual) 
Hartree-Fock orbitals, while Greek indices stand 
for basis functions. X stands for Y or Z, the qf and 
q components, respectively, of the eigenvectors. C 
is the matrix of Hartree-Fock eigenvectors. Fi- 
nally, we let D stand for matrices with the same 
dimensions as the A or B matrices of Eqs. (4)-(6). 
Primes indicate transformation to the primitive 
basis. 

The core of a direct RPA algorithm is evaluation 
of products of the H matrix with trial vectors. 
Such a contraction is 

(TyX)ia=EDia,jbXjf 
ß 

In terms of basis functions, 

(DX)/« = £r.c„(DX);,, 

where 

and 

(DX)M*= ED; 
per 

X' ixvpv      pa 

*;. 2-l^-njCabX:b. 

(7) 

(8) 

(9) 

(10) 
jb 

The contraction of Eq. (9) requires generation of 
primitive electron repulsion integrals only and is 
the most demanding step. 

Spin-projected formulas facilitate separate con- 
sideration of singlet and triplet final states for a 
closed-shell reference state. Let the A matrix in the 
canonical orbital basis be decomposed into its ze- 
roth- and first-order parts such that 

A = A(0) + A(1). (11) 

For the singlet case, 

Afljb = Si}8abUa-ei)t (12) 

AVjb = 2(ia\jb) - (ij\ab) (13) 

and 

Biajb = -2(ia\jb) + (ib\ja), (14) 

where electron repulsion integrals are expressed in 
Mulliken notation. 
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An examination of the permutational symmetry 
properties of (A(1) + B) shows how these matrices 
are more suitable intermediates for direct algo- 
rithms than A and B. In the canonical orbital basis, 

(Am + B)ia.jb = -iij\ab) + (ib\ja)      (15) 

and 

(Am - B)ia,jb = 4(w|/fc) - [(ij\ab) + (ib\ja)}. 
(16) 

Analogous expressions in the primitive basis are 

(Am + B)'^P* = -{IXP\V(T) + (fxa\vp)   (17) 

and 

(A(1) -B)^P<r = 4(/il/|p£r) 

-[(/iplwr) + (fialvp)].   (18) 

(A(1) + B)' is antisymmetric with respect to permu- 
tation of indices p and <x and (A(1) - B)' is sym- 
metric with respect to the same permutation. The 
same properties apply to permutations of p and v. 
While X' is a square matrix that is neither symmet- 
ric nor antisymmetric, contractions with (A(1) + B)' 
and (A(1) - B)' of the type represented by Eq. (9) 
can be done with the antisymmetric and symmet- 
ric parts of X', respectively. Only lower triangles of 
these parts of X' are needed. The expression for 
(A(1) - B)' is identical to the contribution to the 
closed-shell Fock matrix suggested by Raffenetti 
[14]; the expression for (A(1) + B)' corresponds to a 
second Raffenetti combination used for open-shell 
calculations. For triplet final states, (A(1) + B)' re- 
mains the same, but for (A(1) - B)' one finds 

(A(1) - B)ia,jb ■[(ij\ab) + (ib\ja)].    (19) 

In the primitive basis, the matrix elements are 

(A(1) -B)'w<r= -(/ip\va)-(.(Lcr\vp),   (20) 

and thus correspond to the Raffenetti format re- 
quired for complex Hartree-Fock calculations. 

All summations pertaining to Eq. (9) can be 
accomplished using the Gaussian 94 [15] routine 
FoFDir, which performs direct contractions of vari- 
ous types of Raffenetti combinations with density 
matrices. These contractions can be executed for a 
set of vectors through a single call to FoFDir per 
iteration, provided there is enough memory to 
store all the necessary matrices. Singlet and triplet 
transitions are treated separately. Because prod- 

ucts of A(1) + B with Z may be generated in this 
procedure, consideration of the eigenvalue prob- 
lem in the Tamm-Dancoff approximation [TDA or 
single excitation configuration interaction (CI)], 

AZ = EZ, (21) 

is accomplished straightforwardly by addition of 
intermediates, i.e., 

A(1)Z = i(A(1) + B)Z + i(A(1) - B)Z.    (22) 

An alternative approach, suggested in Ref. [16], 
diagonalizes the product 

M = (A - B)(A + B). (23) 

Two integral evaluation steps instead of one are 
necessary to perform the contractions 

and 

(A + B)X = F 

(A - B)F = M. 

(24) 

(25) 

This method is used in the TURBOMOLE [8, 9] 
RPA code. 

For the present direct algorithm, intermediates 
from Eq. (10) must be contracted with the 
Raffenetti combinations according to Eq. (9). Maxi- 
mum performance is achieved when as many 
contractions as possible (depending on memory 
available) are done in one call to the appropriate 
routine. The vectors may pertain to different irre- 
ducible representations. After performing these 
contractions, construction of new vectors, and or- 
thogonalizations, errors are introduced which vio- 
late symmetry restrictions in the Hartree-Fock or- 
bital basis. These small errors are converted to 
zeros and the new vectors are renormalized. Solu- 
tions of the TDA are used as initial guesses for the 
Z components of the RPA guess vectors. 

Eigenvalues and eigenvectors are obtained 
through a generalization of Davidson's method for 
symmetric eigenvalue problems [12]. This proce- 
dure consists of the following steps. 

1. A set of guess vectors is chosen such that 

[Zt     Yt], PI' (26) 

For example, Z components of the guess vec- 
tors may be TDA eigenvectors, while Y com- 
ponents are zero vectors. The vectors are 
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then transformed to the primitive basis ac- 
cording to Eq. (10). 

2. Contractions represented by Eq. (9) generate 
(An> + B)'X' in the primitive basis. These in- 
termediates are transformed back to the 
Hartree-Fock basis through Eq. (8). A(0)X 
contributions are then added to produce AZ, 
AY, BZ, and BY. 

3. The projected H matrix is assembled from 
the previous intermediates according to 

H,„ =Z;(AZ)„ 

- YfiAY),,. 

ZJ(BY)u - YtHBZ),, 

(27) 

4. Eigenvalues, e, and eigenvectors, W, of the 
projected H matrix are obtained using rou- 
tines appropriate for small matrices. 

5. Eigenvectors, W, having the largest overlaps 
with previous guesses or solutions are se- 
lected. 

6. Residual vectors, R, are built, such that 

R A 
B 

B Wz 

wY 

wz 

Wy 
,   (28) 

where e is the eigenvalue pertaining to W. 
7. Additional  expansion  vectors,   S,   are  con- 

structed such that 

S, Rp/(e ± App), (29) 

where the + sign is used for the Y compo- 
nents of S and the - sign is used for the Z 
components. 

8. The new vectors are orthogonalized to the 
old vectors and to each other. In the absence 
of convergence of the eigenvectors and eigen- 
values, the algorithm returns to step 2 with 
an enlarged vector space. These iterations 
may continue until a maximum number of 
vectors is reached, whereupon the process 
returns to step 1. 

9. After achieving convergence, the solutions 
are renormalized such that 

Z Z - YY = 1. (30) 

Transition moments are properly normalized 
in this manner. 

Because this procedure solves a nonsymmetric 
eigenvalue problem, there is always the danger of 

1244 

obtaining complex solutions. In the present appli- 
cations, where TDA guesses closely resemble the 
RPA solutions, this problem has not been in evi- 
dence. Iterations on all the vectors are performed 
simultaneously. 

Excitation Energies of Ethylene 

Excitation energies of ethylene were calculated 
using the algorithm presented here. In order to 
make the results comparable with those published 
previously [17, 18], we used the geometry opti- 
mized at the MP2(Full)/6-31G* level. For the RPA 
calculations themselves, we used the following 
basis sets: 6-311(2 + ,2 + )G** from Ref. [17], aug- 
mented, correlation-consistent valence double £ 
(aug-cc-pVDZ) [19] and two additional basis sets 
derived from aug-cc-pVDZ. The latter we denote 
as aug2-cc-pVDZ and aug3-cc-pVDZ; these in- 
clude one and two additional sets of diffuse s, p, 
and d atomic orbitals (AOs), respectively. Expo- 
nents of the additional diffuse functions were ob- 
tained by dividing those from aug-cc-pVDZ by 
3.32. The performance of the algorithm and the 
code is illustrated by the timings given in Table I. 
In each of these calculations, 15 singlet states were 
computed and the convergence threshold on the 
norm of the residual vector was set to 10~6. For 
the aug-cc-pVDZ basis set, direct contractions were 
done in one pass and the RPA CPU time is about 
two times that of the self-consistent field (SCF). 
With the larger basis sets, two passes were made 
to test the code, but this choice was not necessary 
to execute the calculations. The timings indicate 
that RPA calculations are no less feasible than the 
SCF step. 

Tables II-V compare TDA and RPA excitation 
energies and oscillator strengths for C2H4 with 
reliable experimental data. RPA results obtained 
with the 6-311(2 + ,2 + )G** basis set do not dif- 
fer much from TDA values for transitions assigned 
as Rydberg states (see entries 1, 2, 4-12,14, and 15 

TABLE I 
SCF and RPA CPU time (sec). 

Number 
Basis Set               of AOs        SCF RPA Iterations 

aug-cc-pVDZ             82           185.6 
aug2-cc-pVDZ         116           491.6 
aug3-cc-pVDZ         150         2161.8 

378.0 
1231.7 
8036.0 

7 
5 
8 

QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



RANDOM PHASE APPROXIMATION 

TABLE II  
6-311 (2 + ,2 + )G** C2H4 excitation energies (eV). 

TABLE IV  
aug2-cc-pVDZ C2H4 excitation energies (eV). 

Transition      TDA f RPA Expt. Transition      TDA RPA Expt. 

1B3u 7.13 .0913 7.11 .0865 7.11 [20] 1ß3ü 
7.12 .0903 7.10 .0851 7.11 [20] 

2Si, 7.71 .0000 7.70 .0000 7.80 [22] 2ßig 7.70 .0000 7.69 .0000 7.80 [22] 

3S1u 7.74 .5127 7.39 .4152 7.60 [20] 3ßi„ 7.71 .4932 7.37 .3996 7.60 [20] 

4S2o 7.86 .0000 7.85 .0000 4ß2g 7.85 .0000 7.84 .0000 

5A9 8.09 .0000 8.07 .0000 8.29 [20] 5Ag 8.08 .0000 8.06 .0000 8.29 [20] 

6S3u 
8.63 .0061 8.63 .0058 8.62 [20] 6S3U 

8.60 .0017 8.59 .0016 8.62 [20] 

1 Au 8.77 .0000 8.77 .0000 1AU 8.76 .0000 8.76 .0000 

8S3u 8.93 .0108 8.93 .0099 8.90 [22] 8 ß3u 8.88 .0030 8.88 .0046 8.90 [22] 

9ßig 
ioe1u 

9.09 .0000 9.08 .0000 9S3U 
8.98 .1084 8.97 .0987 

9.09 .0544 9.04 .0205 10ß1g 9.04 .0000 9.03 .0000 

11 B30 9.11 .1003 9.10 .0942 11ßiu 
9.06 .0483 9.01 .0187 

12S2g 9.18 .0000 9.18 .0000 12ß2g 9.12 .0000 9.11 .0000 

13Slg 
14S2g 

9.28 .0000 9.23 .0000 13ßig 9.21 .0000 9.16 .0000 

9.56 .0000 9.56 .0000 14ß2u 9.29 .0855 9.28 .0774 

15 Au 9.65 .0000 9.65 .0000 15 Au 9.55 .0000 9.55 .0000 

in Table II) [20, 21]. However, a significant red 
shift is observed for the valence BlH state. A 
smaller shift occurs for the valence TT'CH2 —> TT* 

transition to the lBx   state (entry 13 in Table II). 
RPA vertical excitation energies obtained with 

the 6-311(2 + ,2 + )G** basis set agree very well 
with established experimental results for B3u, Blu, 
1Bl , lA , and 1B3„. Every transition is described 
by more than one excited configuration. D Orbit- 
als are unimportant in describing transitions 
calculated with the aug-cc-pVDZ and 
6-311(2 + ,2 + )G**  basis sets, but they can be- 

come significant for some states when the other 
basis sets are used. 

The first 1
B3H transition is chiefly a TT —> 3 s 

transition. 
The order of the next two states, Blg, and Blu, 

which were almost degenerate in the TDA calcula- 
tions, is changed in RPA calculations. The gap 
between the states widens, in agreement with ex- 
periment. This change is due to the significant 
lowering of the lBlu excitation energy in the RPA 
calculations. While the 1Blg state clearly has 
Rydberg character (TT -> 3p ), the 1Blu state seems 

TABLE III  
aug-cc-pVDZC2H4 excitation energies (eV). 

Transition      TDA RPA Expt. 

TABLE V  
aug3-cc-pVDZ C2H4 excitation energies (eV). 

Transition      TDA RPA 
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Expt. 

1ß3U 
7.15 .0930 7.13 .0875 7.11 [20] 1ß3ü 

7.12 .0902 7.10 .0851 7.11 [20] 

2Sio 7.75 .0000 7.74 .0000 7.80 [22] 2ß1g 7.70 .0000 7.69 .0000 7.80 [22] 

3B,U 7.73 .5166 7.38 .4082 7.60 [20] 3Si„ 7.71 .4929 7.37 .3996 7.60 [20] 

4B2g 7.92 .0000 7.92 .0000 4ß2g 7.85 .0000 7.84 .0000 

5Ag 8.80 .0000 8.74 .0000 8.29 [20] 5Ag 8.08 .0000 8.06 .0000 8.29 [20] 

QAU 9.00 .0000 8.99 .0000 6  ß3u 8.55 .0023 8.55 .0025 8.62 [20] 

7ßig 
8S3u 

9.21 .0000 9.15 .0000 7ß3ü 
8.72 .0586 8.72 .0550 

9.23 .0181 9.24 .0169 8.90 [22] 8 62„ 8.74 .0334 8.74 .0306 

9B2g 

10 s1g 

11ß3g 
12ß2g 
13S3u 

10.28 .0000 10.17 .0000 9AU 8.76 .0000 8.76 .0000 

10.47 .0000 10.45 .0000 10S3ü 
8.87 .0169 8.87 .0150 8.90 [22] 

10.48 .0000 10.47 .0000 11Siu 
9.00 .0360 8.97 .0147 

10.50 .0000 10.48 .0000 12ßig 9.01 .0000 9.00 .0000 

10.52 .1729 10.50 .1711 13ß2g 9.08 .0000 9.08 .0000 

14B1u 10.60 .0800 10.52 .0376 ^4Ag 9.15 .0000 9.14 .0000 

15S3U 
10.87 .1511 10.83 .1171 15ß1g 

9.21 .0000 9.16 .0000 
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to be a mixture of valence (77 -> 77*) and Rydberg 
(77 -» 3px) transitions, the contribution of the latter 
decreasing in the RPA. 

There is another pair of neighboring transitions, 
lBlg and lBlu (transitions 9 and 10, Table II), the 
order of which changes in the RPA calculations. 
These transitions are described as 77 -» nip '(lB1 ) 
and 77 -> npx CB1U). 

Results obtained with aug-cc-pVDZ are less sat- 
isfactory. The first three transitions are in quite 
good agreement with experiment (both TDA and 
RPA results), while the higher TDA excitation en- 
ergies are not acceptable. Augmentation of the 
aug-cc-pVDZ basis set with diffuse functions 
changes the results of TDA calculations dramati- 
cally, bringing the excitation energies into close 
agreement with both experimental and 
6-311(2 + ,2 + )G** data. TDA energies of the first 
seven transitions calculated with aug2-cc-pVDZ 
differ only by 0.01-0.03 eV from those calculated 
with the 6-311(2 + ,2 + )G** basis set. Changes 
between aug2-cc-pVDZ and 6-311(2 + ,2 + )G** 
calculations begin with the ninth final state, which 
is B1? in the latter basis. The energy of lB1 

transition is somewhat lower with aug2-cc-pVDZ. 
A greater lowering occurs for 1B3u [state 11 in 
6-311(2 + ,2 + )G** at 9.11 eV], the energy of 
which approaches that of the preceding 1B3„ state 
in Table IV. 

The lB2g and JB1? transitions (12 and 13 in 
Tables II and IV) have lower energies with the 
larger basis. The most significant feature of this 
range of the theoretical spectrum is that a transi- 
tion of different symmetry (9.29 eV, 2B2u) appears 
before Au which, in its turn, occurs at lower 
energy (9.55 vs. 9.65 eV), thus pushing the 1B2 

transition out of the calculated 15 states. CB2 

probably would be the next one, had the number 
of computed states been larger.) 

Continued augmentation of the aug-cc-pVDZ 
basis set with additional diffuse functions has no 
influence on the energies of the first 5 transitions 
(Table V). Both TDA and RPA values coincide 
with those of aug2-cc-pVDZ calculations. The en- 
ergy of the sixth (1B3„) transition is 0.05 eV lower. 
Transitions 1B3„ and 1B2u occur at 8.72 and 8.74 eV, 
while the Au energy (8.76 eV) remains the same 
(see Tables II, IV, and V). The order of transitions 
at higher energies is changed again, however. A 
new A? transition appears at 9.14 eV, leaving the 
B2u (9.29 in aug2-cc-pVDZ, Table IV) and Au (9.55 
in aug2-cc-pVDZ, Table IV) states beyond the 
limit   of   15   calculated   transitions.   Unlike   the 

6-311(2 + ,2 + )G** results, pertinent molecular 
orbitals obtained with aug2-cc-pVDZ and aug3- 
cc-pVDZ do contain appreciable contributions from 
d orbitals. Only diffuse d functions with exponents 
near 0.045 and 0.014 have nonnegligible coeffi- 
cients in those virtual molecular orbitals to which 
transitions occur. The B2u transition, which is ab- 
sent in calculations with two smaller basis sets, is 
described as an excitation to virtual orbitals with 
pure d character. 

Inclusion of additional diffuse functions leads to 
the appearance of new transitions at lower ener- 
gies, the increase in the number of configurations 
describing a given transition, and lower excitation 
energies for many transitions. The first six singlet 
states are treated consistently in Tables II, IV, and 
V and are not likely to be affected by additional 
diffuse functions. 

Conclusions 

An algorithm that is direct in both senses dis- 
cussed in the Introduction has been presented. It 
retains N4 arithmetic scaling and is comparable in 
difficulty with direct SCF methods, therefore. In- 
termediates dependent on electron repulsion inte- 
grals take advantage of efficient techniques for the 
evaluation of Raffenetti lists. Just one call to the 
corresponding routines for performing direct con- 
tractions with density matrices occurs in each iter- 
ation. Only the lower triangles of the symmetric 
and antisymmetric components of the X' interme- 
diates in the primitive basis are needed. Consistent 
assignments of the ethylene excitation spectrum 
have been made. 
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ABSTRACT 

Avoided crossing diagram parameters for the radical exchange reaction and the concerted 
exchange of two and three bonds are computed by using the approximated valence bond 
method, which is a nonorthogonal configuration interaction (CI) semiempirical method 
among the valence bond configuration functions. Here, each valence bond configuration 
function is a spin-adapted combination of Slater determinants constructed from the 
Heitler-London or Coulson-Fischer hybrid orbitals. Atomic orbitals integrals are 
evaluated using semiempirical philosophy, and these provide considerable saving of 
computer time compared with the most standard ab initio multistructure valence bond 
methods. The results indicate that the approximate valence bond method is capable of 
yielding reasonable results for the avoided crossing diagram parameters. These results 
also indicate that the diagram gap (G) is the decisive factor for the stability of symmetric 
clusters, X„, although no clear correlation between the gap G and the geometric 
distortion is found for different values of n.    © 1996 John Wiley & Sons, Inc. 

Introduction 

Valence bond (VB) calculations provide us with 
useful information about the structure and 

physical properties of organic and inorganic 
molecules. Ab initio VB theory has been exten- 
sively developed in the last years, representative 
examples are the generalized VB method (GVB) of 
Goddard [1], the resonating GVB method (RGVB) 

of Voter and Goddard [2], the spin-coupled VB 
method (SCVB) of Cooper, Gerratt, and Raimondi 
[3], the spin-free VB method (SFVB) of McWeeny 
[4], the biorthogonal VB method (BVB) of Mc- 
Douall [5], and the new SFVB method proposed by 
Li and Wu [6]. In spite of considerable advances, 
such methods are currently slow, and their routine 
application for many systems of chemical interest 
is still not practical. The use of a nonorthogonal set 
of orbital remains the major difficulty of such 
kinds of VB calculation. A few semiempirical VB 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1249-1256 (1996) 
© 1996 John Wiley & Sons, Inc. CCC 0360-8832 / 96 / 071249-08 
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methods have also been proposed [7]. In all of 
these semiempirical methods, the zero differential 
overlap (ZDO) approximation has been used for 
the integral evaluation and for the simplification of 
the nonorthogonal matrix elements of the Hamilto- 
nian. The use of the ZDO approximation is appar- 
ently contradictory with the VB philosophy, since 
is well known that the use of an orthogonal set of 
atomic orbitals has been incapable of predicting 
the chemical bonding [8]. In order to overcome this 
contradiction, many of the semiempirical ZDO-VB 
calculations have been implemented using the so- 
called overlap-enhanced atomic orbitals (OEAO). 
Although the use of OEAO produce a nonorthogo- 
nal set of hybrid orbitals, the contradiction due to 
impose the ZDO approximation remains. Here we 
want to emphasize that an approximate valence 
bond (AVB) method, without the ZDO assump- 
tion, is more consistent with the spirit of the VB 
theory. It is the purpose of this communication to 
outline one possible AVB formalism without the 
ZDO approximation. In these preliminary calcula- 
tions, this method will be used to compute the 
reactivity parameters of curve-crossing VB dia- 
grams [9, 10] for the linear radical exchange reac- 
tion [Fig. (la)] and the concerted exchange of two 
and three bonds shown in Figures Kb) and (c). As 
representative test cases, we have selected three 
different atomic systems representing one orbital 
for one center, X = H(ls),  Li(2s),  and  Li(2pJ. 

Some of this system has been studied by Maitre 
and co-workers [11] using ab initio multistructure 
VB method to understand the stability of small 
atomic clusters, a problem that is closely related to 
the concept of aromaticity [12]. 

Approximate Valence Bond Method 

This communication deals with an approximate 
method for calculating VB wave function for va- 
lence electrons of a molecule. The molecular wave 
function, $, is expanded as a linear combination of 
VB configuration function, {<£,-}, 

<D = £>,</>,, (1) 

Each VB configuration function can be repre- 
sented as a single VB resonance structure or a 
linear combination of these and can be written in 
the form 

Nl Ato&SM.k]- (2) 

The spatial factor, ilK, is a product of 
nonorthogonal hybrid orbitals, where the subindex 
K indicates a particular configuration. For a partic- 
ular configuration, &sM,k is one °f N-electron spin 
eigenfunctions of S2 and Sz with eigenvalue S(S 

Xa -Xb  + ■Xc  !_Xa Xb-X c] XQ    +Xb       Xc 

Ta 

Xa Xb ~Xa- 

xd- 

<b Xa       Xb ) 

Xd Xc  xc Xd       Xc 

lb 

Xf         ^Xb 
1 

Xf' 
1 

Xb 

^Xa 

Xf            Xb 
1 I 

Xe       ^-Xc 

Xd 

I 

Xe X 

^x«r 
c 

1 
Xe            Xc 

"xd 

1c 

FIGURE 1. (a) Linear radical exchange reaction; (b) D4/rconcerted exchange of two-bond exchange; (c) D6ft-concerted 
three-bond exchange. 
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+ 1) and M, respectively. In order to obtain a 
chemical interpretation of the final wave function, 
the Rumer spin function is used [13]. Using the 
properties of the antisymmetrizer, s/, the term 

J>A.£lK®SM,k\ will be expressed as a linear combina- 
tion of 2P Slater determinants, where p is the 
number of covalent bonds in the configuration K. 

The VB wave function yields, after minimizing the 
total energy, the secular matrix equation [H][C] 
= [S][C][E], where the elements of the [H] and 
[S] matrix are defined by HKl = <<£K|H|0L> and 
SKL = (4>K\(f>L), respectively. The matrix elements 
between VB structures are given in terms of matrix 
elements between nonorthogonal Slater determi- 
nants. 

In the computational strategy two problems 
must be addressed: an efficient scheme for evalua- 
tion of matrix elements between nonorthogonal 
Slater determinants and the optimization of the 
orbitals to be used in the wave function. These are 
the crucial problems in the implementation of the 
VB theory. The matrix elements between VB struc- 
tures are computed by means of the Löwdin cofac- 
tor formula [14], using the factorized cofactor- 
driven algorithm developed by Raimondi and co- 
workers [15], which results in important savings in 
computer time. Let us now consider the choice of 
hybrid orbitals. We distinguish two types of hy- 
brid orbitals. First, the atomic Heitler-London (HL) 
hybrids orbitals, which in the case of H and Li 
atoms correspond to the atomic basis. Second, the 
Coulson-Fischer (CF) hybrid orbitals [16]. In the 
CF orbitals the HL orbitals must be allowed to 
deform and delocalized onto other nuclear centers. 
This delocalization is implemented here by using a 
unique variational parameter that allows one to 
mix HL orbitals in a nucleus different from the 
reference one, with a weight proportional to the 
overlap integral. This scheme reduces the opti- 
mization problem to one parameter. As is shown 
in the next section, this scheme is essential for a 
compact representation of the curve-crossing dia- 
grams for the reaction of Figure 1. 

At this point a discussion of the semiempirical 
approximation is appropriated. The task now is to 
discuss the manner in which atomic orbital inte- 
grals can be computed, and the objective is that 
the approximate integrals should reproduce the 
atomic integrals as accurately as possible in each 
point of the nuclear configuration space. This 
method uses a basis set of Slater-type orbitals 
(STO). Once the configuration functions are gener- 
ated, the superposition integral and the cofactor of 

the Löwdin formula are evaluated without approx- 
imation. In a typical calculation, the evaluation of 
cofactors require about 80% of CPU time. After 
some manipulation, the expression for the diago- 
nal one-electron atomic integral, Hkk, becomes 

H, kk IIA ukk L vk\, (3) 
J#A 

both Uk
A

k and Vkk are approximated as in the 
CNDO/1 parametrization of Pople and co-worker 
[17, 18]. This approximation can be justified with- 
out any introduction of the ZDO approximation. 
By using a modification of the standard Mulliken 
approximation, the one-electron nondiagonal 
terms, Hkl, are approximated as 

H*i = ßkiSkt + ß>li exp(-wkl)r 
(4) 

where ß°, and ßkl are empirical parameters de- 
rived from the equilibrium bond length and disso- 
ciation energy of diatomic homonuclear molecules, 
wkl = aklRkl, with akl = 0.5(^ + £,), & and ij, 
are the exponents of the orbitals k and I, Rkl are 
the bond distances between the center of orbitals k 
and I, and Skl is the overlap integral. This approxi- 
mation requires some comments. In the first ver- 
sion of this method, we tried to implement the 
standard Mulliken approximation, proportional to 
the overlap integral. However, with this approxi- 
mation it was impossible to obtain good prediction 
both for the equilibrium bond length and dissocia- 
tion energy for the simple case of H2. The H2 

molecule is very instructive, since with the excep- 
tion of the nondiagonal elements, Hkl, the rest of 
the integrals are evaluated without approximation. 
Then, it is clear in this case that the error in the 
parametrization is due to Hkl. The exact form of 
Hw for the H7 molecule is 

Wit/ 
4a2 

Sk,+ 
2a 

-wkl exp(-wkl), 

(5) 

where a is the orbital exponent of hydrogen and 
the rest of the terms have the same meaning as in 
Eq. (4). Equation (4) is a generalization of the 
result for the H2 molecule; the use of this equation 
is perhaps a better approximation than other 
semiempirical formulas for Hkl. All three- and 
four-center integrals are equal to zero, and it is 
assumed that the two- and one-center integrals 
depend only upon the nature of the atom and 
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not upon the nature of the orbitals involved. We 
only have computed one type of one-center-two- 
electron integral for each atom: (AA\ AA), and four 
types of two-center-two-electron integral for each 
diatomic pair: (AA\BB), (AA\AB), (AB\BB), and 
(AB\AB). Furthermore, the requirements of space 
invariance are fulfilled by treating all the integrals 
as if they only involved spherically symmetric 
orbitals. 

Avoided Crossing Diagrams 

The construction of avoided crossing diagrams 
(ACD) has been discussed in great detail by Shaik 
and Pross [9, 10], therefore only a brief description 
is presented here. ACD for the single-step chemi- 
cal reaction R -> P is shown in Figure 2. This 
diagram consists of two diabatic curves as a func- 
tion of an abstract reaction coordinate, one for a 
reactant VB configuration, ER, and other for the 
product VB configuration, Ep. The avoided cross- 
ing of these two curves generate two adiabatic 
curves, denoted by dashed lines. The crossing point 
corresponds in a good approximation to the transi- 
tion state, i.e., the point where the formation of the 
new bonds compensates for the breaking of the old 
ones [19]. 

Following the Shaik-Pross theory, the activa- 
tion energy can be characterized by three quanti- 

AEc=fG 

ties. The first quantity is the vertical energy gap G. 
This parameter is the energy required for the elec- 
tronic reorganization that converts the reactant 
configuration to the product configuration at the 
geometry of the reactant. The second quantity is 
the height of the crossing point (A Ec) which can be 
expressed as a fraction (/) of the gap G; that is 

AEC =/G. (6) 

The fraction / depends on the curvature of the 
reactant and product diabatic curves. The third 
quantity is the degree of avoided crossing B. This 
is the quantum mechanical resonance energy at the 
transition state. The reaction barrier can be ex- 
pressed in terms of these three quantities and 
reads: 

AE# =/G (7) 

The intersection point of diabatic states corre- 
sponds to the symmetric geometry of the X„ sys- 
tems in Figure 1. The energy of the avoided curve 
in this point, relative to the minimum energy point 
of the reactant and product diabatic curves, is 
determined by two opposing factors. One is the 
energy to reach the cross point, which is due to the 
geometrical distortion of the reactant in order to 
achieve the crossing point. This energy depends 
both on the electronic gap G and the curvature 
factor /. The second factor is the resonance interac- 
tion. Equation (7) expresses this balance in a quan- 
titative form. Shaik and co-workers [12] have pos- 
tulated that the variation in the energy gap G 
dominates the other factors of Eq. (7). Thus, for a 
large G, the symmetric geometry of the X„ clus- 
ters is expected to be unstable as in 2 of Figure 3. 
In the case of a small gap, the symmetric geometry 
is stable as in 3 of Figure 3. We would like to note 
that explicit calculations of reactivity parameters, 

AE   =fG-B 

FIGURE 2. Curve-crossing diagram. 
FIGURE 3. Avoided curve-crossing diagrams. The 
resonance interaction is B. 
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Xa'   "Xb   "Xc Aa: Xb   'Xc 

4 5 

Xa  :Xb   'Xc 

Xa- Xb~Xc Xa'   Xb   :Xc Xa'  Xb:   Xc 

7 8 9 

XaT Xb"   Xc+ Xa    Xb'   :Xc 

10 11 

FIGURE 4. Classical VB resonance structures for three 
atoms /three orbitals. 

/, G, and B for an ample spectrum of reactions, are 
scarse in the literature. 

We now discuss how to construct the ACD for 
reactions of Figure 1. Consider the reaction la. If 
one atomic orbital per atom is used (a, b, c), then 
eight classical resonance structures are obtained 
(Fig. 4). Three of these structures correspond to 
reactant (4-6), three to product (7-9), and two 
participate in the resonance at intermediate points 
in the reaction coordinate (10-11). These eight 
structures can be included in the ACD in a suc- 
cinct form using CF hybrid orbitals described in 
the previous section. Using the Heitler-London 
spin coupling of the reactant (4) and the product 
(7), the wave function for the diabatic configuration 
may be constructed as: 

\X„RX?X?\-\Xtt
RXb

RXc
R\, 

for reactant, and 

4>p = I xRxb
Fxc | - I xa xb xc 

(8) 

(9) 

for the product. The electron of the reactant VB 
configuration function occupy the CF orbitals 

X R  _ a + e(a\b)b, 

Xb
R = b + e(a\b)a, 

X c, (10) 

and similar orbitals for the product VB configura- 
tion function: 

X.p = a, 

Xb
P b + e(b\c)c, 

Xc
p = c + e{b\c)b. (11) 

Here e is a unique variational parameter of the CF 
orbitals. If e = 0 the orbitals of the reactant, Eq. 
(10) and the product, Eq. (11) are the same, and the 
configuration function of Eqs. (8) and (9) is re- 
duced to the HL configuration of reactant (4) and 
product (7), respectively. In the case of e =£ 0, the 
inclusion of orbitals [Eq. (10)] in the reactant con- 
figuration function only increases the ionic contri- 
bution of the reactants, (5) and (6), in the form 

cf>R = (1 - £2<fl|b>2)4 + e(a\b)(5 + 6).   (12) 

The CF orbitals of Eq. (11) have a similar effect 
on the product configuration function. As can be 
seen, the weight of ionic structures depend on the 
overlap integrals between the covalent bond of the 
HL structure and the variational parameter e. The 
intermediate structures (10) and (11) of Figure 4 
can be included, if the central orbital, both in the 
reactant and the product configuration function, is 
replaced by 

X xb
p b+ e((a\b)a + (b\c)c).     (13) 

This scheme is closely related to the VB symbol- 
ism of Harcourt [20], based on the concept of 
increase-valence structures. A generalization of this 
method is used for calculation of the reactivity 
parameters in the reactions of Figure 1. 

Results and Discussion 

A summary of the parametrization is presented 
in Table I. The results of dissociation energy and 
geometry optimization compare well with the ex- 
perimental values for the H2 (De = 109.5 kcal/mol 
and rc = 0.746 A) and the U2(De = 24.16 kcal/mol 
and re = 2.67 A). On the other hand, our results 
are in moderate agreement with the full CI calcula- 
tion of Shaik and Hiberty [21] for these systems: 
H2(D£ 

and   rt 

LA J—(CT 

= 128.1 kcal/mol, AEsr 

= 0.735 A), Li2(s) (De 

25.2   kcal/mol   and   re 

384.4 kcal/mol 
11.0 kcal/mol, 
2.872  A),   and 

Li2U)(De = 13.4kcal/mol, AEST = 47.7kcal/mol 
and re = 2.193 A). We think that there are many 
refinements to make in the model, however, our 
main interest at this moment is to explore whether 
or not this crude parametrization works well. 

The reactivity parameters for the reactions of 
Figure 1 are shown in Table II for the HL (e = 0) 
and the CF orbitals. We also report the symmetric 
geometry distance, Re, and two reactivity index: 
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TABLE I  
Summary of parametrization. 

X, HO 

IP 

(eV) OE 

H2 

Lip(s) 

Li2(7r) 

CF 
HL 
CF 
HL 
CF 
HL 

13.6 
13.6 
5.4 
5.4 
3.5 
3.5 

1.20 
1.20 
0.65 
0.65 
0.65 
0.65 

(A) 

1.68 0.32 0.75 
1.68 0.32 0.74 
0.60 1.16 2.88 
0.60 1.16 2.66 
0.60 1.16 1.88 
0.60 1.16 1.80 

De 
(kcal/mol) 

109.4 
105.5 
35.5 
32.9 
44.3 
39.7 

AE ST 

(kcal / mol) 

338.22 
329.23 

77.85 
76.11 

100.82 
96.15 

HO, type of hybrid orbital; IP, ionization potential; OE, orbital exponent. For ß° and ß2 see text. re, equilibrium bond distance; 
De, dissociation energy, A£ST; singlet-triplet excitation energy. 

(i) a distortion index, [Re - re/re], which is the 
relative lengthening of the diatomic bond to 
achieve the symmetric structure, and (ii) a reso- 
nance index, [ B/AEJ, which is the relative impor- 
tance of the quantum mechanical resonance energy 
in the stability of the symmetric Xn clusters. 

The CF results for the collinear reaction la are 
in reasonable agreement with the VB calculation of 
Maitre et al. [11] for the case of H (AE* = 15.3 
kcal/mol, G = 156.6 kcal/mol, / = 0.37, and B = 
42.4 kcal/mol) and Li (AE* = -3.8 kcal/mol, G 
= 22.4 kcal/mol, / = 0.13, and B = 6.6 kcal/mol). 
To our knowledge, no quantitative calculation of 
the reactivity parameters (G, /, and B) have yet 
been performed for the rest of the reactions in 
Figure 1. The estimated activation energy and opti- 
mized geometry for the three-bond exchange reac- 
tion are in general higher than the ab initio value 
of Shaik and Hiberty [21]: H6 (AE* = 109.3 
kcal/mol, Re = 0.9886 A), Li6(s) (AE* = +0.04 
kcal/mol, Re = 3.0717 A) and Li6U) (AE# = 
+ 27.4 kcal/mol, Re = 2.7718 A). Comparison with 
some ab initio calculations for the two-bond ex- 
change reaction also shows higher values for the 
activation energy and equilibrium geometry [22]. 
Considering the smallness of the atomic orbital 
(AO) basis set used and the neglect of the three- 
and four-center two-electron integrals, it is not 
surprising that these estimates differ considerably 
from the ab initio results. 

Two clear correlations emerge from Table II. 
The first is the strong relationship between the 
energy gap G, the energy of the crossing point 
AEC, and the activation energy AE#. This result 
shows that the gap G is the factor that governs the 
stability of the symmetric structures; this relation- 
ship has already been derived within VB approach 

by Maitre et al. [11] and Shaik et al. [12]. The 
second is the relationship between the curvature 
factor / and the geometric index Ar/r. Finally, no 
clear correlation with the resonance index is found, 
although it is apparent that the quantum mechanical 
resonance energy is underestimated in this calcula- 
tion. 

The results given in Table II show that G is 
proportional to the number of bonds broken. Then 
for a given atom, X, the value of the gap increase 
in the order, X6 > X4 > X3. This is the same order 
for AEC and AE#. Also, the energy gap increases 
in the order: H > Li(-n-) > Li(s). As is shown in 
Table I, this is the same order for the dissociation 
energy and the singlet-triplet excitation energy of 
the X2 bond. This result agrees with the analysis of 
Maitre et al. [11]; they have found that G follows 
the relation 

G (|)«AEsr, (14) 

where n is the number of bonds broken in the 
process. The previous equation works relatively 
well both for HL and CF orbitals. In general, the 
deviation of this equation is greater for H than for 
Li due to the neglect of the AO overlap in the 
derivation of Eq. (14). 

Table II shows a strong correlation between the 
curvature factor / and the geometric index. These 
factors increase in the order X4 > X6 > X3. The 
value of / reveals a parabolic curvature of the 
diabatic curves for the case of X3 (/ < 0.5), semi- 
linear for X6 (/ ~ 0.5), and exponential for X4 

(/ > 0.5). The tendency of the symmetric X4 clus- 
ter for higher geometric distortion is well docu- 
mented in many four-member rings. Therefore, no 
trivial  correlation exists between the geometric 
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ABSTRACT .  

In carrying out our plan for doing multicenter molecular integrals over Slater-type 
orbitals, it is necessary to evaluate the Löwdin a-function over a grid from the origin of 
the coordinate system to the displacement distance of the center of the orbital. A 
previous article obtained excellent results by expanding the exponentials in the a-function, 
for both interior and exterior regions. However, if the displacement distance multiplied 
by the screening constant, i.e., the (a parameter, is larger than 16, we suggest that it may 
be more efficient in time and storage if we use the closed formula for the a-function for 
values of the radial distance r greater than 8. This remarkable rule of thumb was tested 
for a variety of orbitals up to £a = 64 and one to t,a = 128. Also, in the exterior region, 
the formula may always be used if (a > 16. This strategy necessitates using the formula 
in quadruple precision arithmetic.    © 1996 John Wiley & Sons, Inc. 

Introduction 

We continue to fill in the details that will 
make the Löwdin a-function method capa- 

ble of dealing with all the kinds of Slater-type 
orbitals (STOs) needed for problems in quantum 
chemistry. In a companion article [1], the case of 
small values for (£a), namely, £a < 16, where £ is 
the screening constant of an orbital and a is its 
displacement from the origin of the working coor- 
dinate system, was examined. The exponentials in 
the a-functions were expanded and the number of 
terms needed for acceptable accuracy were noted 
for various orbital parameters. In this article, to 

evaluate an a-function over a grid when r < a, we 
show that it is expedient and efficient when t,a > 
16 to deal with the closed formula for the a-func- 
tion. Of course, in the region of the orbital when 
r < a, we are compelled to again use expanded 
exponentials. In Table I, we tabulate this crossover 
point for a variety of orbitals and their harmonics. 
We note that the evaluation of our closed formulas 
always results in a loss of significant figures due to 
cancellation errors. Our aim was to work with 
numbers accurate to the 16 decimal digits (double 
precision on our Silicon Graphics Power Chal- 
lenge). To achieve this, we started with 32 digit 
numbers (quadruple precision), and to be conser- 
vative, we determined the value of r when 12 
digits are sacrificed. Below this value, the a-func- 
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TABLE I  
Switch over value of r when the closed formula is valid; r < a; (£3) = 16. 

Orbitals / Orbitals / Orbitals 

100 

200 

210 

211 

300 

310 

311 

320 

321 

322 

400 

410 

0 1 
4 1 
8 2 

12 4 

0 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 4 

1 1 
4 1 
8 2 

12 4 

0 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 5 

1 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 5 

1 1 
4 1 
8 2 

12 5 

1 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 6 

0 1 
4 1 
8 2 

12 6 

411 

420 

421 

422 

430 

431 

432 

433 

500 

510 

511 

520 

1 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 5 

1 1 
4 1 
8 2 

12 6 

2 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 

12 6 

1 1 
4 1 
8 2 

12 6 

2 1 
4 1 
8 2 

12 5 

3 1 
4 1 
8 2 

12 6 

0 1 
4 1 
8 2 

12 7 

0 1 
4 1 
8 2 

12 6 

1 1 
4 1 
8 2 

12 6 

0 1 
4 1 
8 2 

12 7 

521 

522 

530 

531 

532 

533 

540 

541 

542 

543 

544 

1 1 
4 1 
8 2 

12 6 

2 1 
4 1 
8 2 

12 6 

0 1 
4 1 
8 2 

12 5 

1 1 
4 1 
8 2 

12 7 

2 1 
4 1 
8 2 

12 6 

3 1 
4 1 
8 2 

12 5 

0 1 
4 1 
8 2 
12 6 

1 1 
4 1 
8 2 

12 7 

2 1 
4 1 
8 2 

12 6 

3 1 
4 1 
8 2 

12 6 

4 1 
8 2 
12 6 
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tion is evaluated by expansion; above this value, 
the a-function is evaluated by a closed formula. 

with 

The a-Function 

A complex STO x = &
RN

~ V^
R
YL

M
(0, </>) in its 

local coordinate system (R, ©,</>) has its origin 
displaced to (0,,0, a) in the working coordinate 
system O, 6, <t>). Its expansion in spherical har- 
monics is [2, 3] 

A 

£ N-l 

! = M 

(2L + 1KL + M)! 

4TT(L -M)! 

4ir(/ + M)! 

(2/ + 1)(/-M)! 

1/2 

(-1) 
M 

1/2 

Xa,NLM(^/Z:r)y,M(0/0). (1) 

Interior Evaluation of the a-Function 

The a-function for r < a is given by 

(21 + 1)0-M)! 
a?LM{£a,£r) = 

2(/ + M)! 
istop /stop 

i' = 0   ;' = 0 

■Ua)i~l~l~\CrTl~\      (2) 

with 

and 

and 

H   ={-{'[(-l)V'-e"«']. 

z'sfop = N + L + / - M 

jstop = N + I. 

For efficiency in programming, we reduce the 
double sum to a single sum by the introduction of 
one-dimensional matrices T,(j) [4]: 

a,MLM(^,£r) 

=   E'^pK-DV'-e-^lr'"'-1,   (3) 
/ = 0 

T,(j) 
(2/ + 1K/-M)! _,_, 

2(L + M)! 
i stop 

1 = 0 

Although the C-matrix elements increase explo- 
sively with the harmonic I [5], they can be brought 
under control with sufficiently large values of r 
and (£d). The price is the loss of significant digits. 
In our aim to achieve 16-digit accuracy, we start 
with quadruple precision of 32 digits and, to be 
conservative, find the lowest value of r that will 
result in a loss of only 12 digits of accuracy. These 
switch-over values are tabulated in Table I. Hence, 
for r less than this value, we evaluate the a-func- 
tion by the expansion method using an E-matrix. 
For r greater than this value, we may use the 
closed formula in quadruple precision. 

We note that the expansion method is very 
reliable, having been tested for Is orbitals (/ = 0) 
to la = 128 with ;max = 238. However, for effi- 
ciency and to minimize storage requirements for 
the E and F matrices, the closed formula approach 
should be considered. To avoid a profusion of "IF" 
statements in our programming implied by Table 
I, it was decided to just have one condition: If 
r < 8, use the expansion method, and if r > 8, use 
the formula. This is surprisingly valid at least up 
to l,a = 64. In all cases of la < 16, use the expan- 
sion method. 

Exterior Evaluation of the a-Function 

The situation is much clearer for the r > a case 
in the evaluation of the a-function. We start with 
the exterior definition of H,;: 

H,;. = e-fr[(-l)Vfl-e-^]. 

Again, the double sum is changed to a single 
sum by the introduction of a one-dimensional ma- 

trix X,(;'): 

(21 + 1)0 - M)! istop 

20+ M)! 

•[(-D'V" -e-fB]-(ffl) 

1 = 0 

i-L-(-l (5) 
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Then, 

N+I 

a,(£a,£r) = e^' £ X,(;) ■ r''-'"1.        (6) 
y = 0 

We recall the definition of the Z,(j) matrix 
obtained by the expansion of exp(£n) and 
exp( - £<?): 

/ max 

Z,(/) = ^'-'-1     £    F,NLMU, ])■(&)';    (7) 

Then, 

a;(£<7, £r) = e 
N+! 

"frEz,(;)-. 
/ = 0 

./-/-l (8) 

As an update, we found by numerical experi- 
mentation, that istart = \l - L\ and that only 
nonzero values occur in the summation at every 
other position starting with i start, i.e., the / index 
starts at i start and proceeds in steps of two. 

The form of the a-function is the same whether 
Xi(j) or Z,(j) is used. We have found that the 
closed formula at quadruple precision is adequate 
for all the orbitals in Table I with (£a) > 16 and up 
to at least £a = 64. Multicenter integrals in the 
exterior region may be done analytically, since all 
the exponentials have negative arguments. 

Conclusion 

We have made it plausible that the a-function 
can be dealt with in its closed formula form and in 
its expanded form; the two expressions of the 
a-function complement each other. Hence, we state 
that the a-function method can be applied to all 
orbitals of chemical interest. 
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ABSTRACT .  

We have already developed the many-electron wavepackets (MEWP) method in order to 
study the dynamics and electronic structure of molecular systems. We extended the 
MEWP method to study the nonadiabatic effects and formulated a nonadiabatic molecular 
theory, where both electron and nucleus are treated equivalently. Then we applied our 
method to the isotope series of hydrogen molecule i.e., H2, HD, and D2, and calculated 
the total energy and the average distance between nucleus-nucleus, electron-electron, 
and nucleus-electron in order to analyze numerically the nonadiabatic effect in the 
molecule. Finally we calculated the real-time evolution of the polarization by means of 
Chebyshev scheme; and by Fourier transforming this, we found out the excitation 
spectrum of the system, which corresponds to the electronic excitation and the nuclear 
vibrational frequency.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

The time-dependent formulation is an ex- 
tremely important tool in the field of molecu- 

lar dynamics [1, 2]. We have already developed 
the many-electron wavepacket (MEWP) method 
and succeeded in describing the static and dy- 
namic electronic structure of molecules. In the 
MEWP method, we calculate the imaginary-time 
evolution of the many-electron wavepacket, where 
this time evolution is accurately evaluated by the 
Chebyshev polynomial method [3]. We appropri- 
ately divide the real space of electrons into the 
small grid, and so we made up the discretized 
Hamiltonian of the molecule. We construct the 
Slater determinant as an initial state of system in 
the imaginary-time development. This relaxation 
method [4] directly generates the ground state, 
and excited states of the system could be also 
obtained by using the projection operator method 
after one gets the ground state. We could perfectly 
treat the electron correlation by this method, how- 
ever this method is based upon the Born-Op- 
penheimer (BO) approximation as well as in the 
ordinary ab initio calculation. 

Recent progress of experiments using the laser 
have revealed the detailed properties of molecular 
state and dynamic process in molecules, so new 
molecular theories beyond the BO approximation 
have been tried from the different point of view [5, 
6]. Thus we will extend our MEWP method to 
include nonadiabatic BO (NBO) effects completely. 
We regard a molecule as a quantum mechanical 
collective of electrons and nuclei, and we treat 
electrons and nuclei equivalently by extending the 
MEWP method to include both electrons and nu- 
clei. Thus the initial molecular state for electrons 
and nuclei is described as a product of Slater 
determinant corresponding to electrons and a 
wavepacket of nuclei, where the explicit form of 
the nuclear wavepacket depends on the quantum 
statistics of the nucleus under consideration. We 
would like to call our extended wavepackets 
method the molecular wavepackets (MWP) 
method. 

In the following section we give the outline of 
the new molecular theory. Here we show how to 
represent the discretized Hamiltonian by expand- 
ing the field operator in terms of basis set, which 
discretize the real space, and how to construct the 

initial wave function. In the third section, we ap- 
ply our method to the isotope series of one-dimen- 
sional hydrogen molecules (H2, HD, and D2). Here, 
we calculate the energy and the mean square root 
of particle distance in order to analyze the isotope 
effect due to the nonadiabaticity, and then evalu- 
ate the real-time development of polarization to 
calculate the excitation energy of molecular sys- 
tem. In the last section we conclude with remarks 
and future work, and we address the validity of 
our method. 

Molecular Wavepacket Method 

RELAXATION METHOD 

We, first, summarize briefly the relaxation 
method, which plays an important role in the 
MWP method. The time-dependent Schrödinger 
equation and its formal solution are given by 

i — mt)) =H|¥Ü)>, 
at 

l*(0> = e-iHt\V(0)). 

(1) 

(2) 

The basic idea of the relaxation method [4] is as 
follows: First, we introduce the imaginary time 
ß = it. The component of the excited state in the 
time-developed state \"¥(ß)) decreases faster than 
the ground state due to the exponential factor 
e~ßE>-. Namely, for a sufficiently large ß, we get 
only the information of the ground state as follow: 

|^()8)> =e-"H|¥(0)> 

n = 0 

-» e-ßE»\%)(%\y(0)),   as ß -» oo,   (3) 

where |^n> means the nth eigenstate of Hamilto- 
nian and \%) is the ground state. In order to 
evaluate the imaginary-time evolution of the sys- 
tem explicitly, we divide the imaginary time ß 
into L infinitesimal time slices, i.e., ß = LT; 

|^(/3)> = (e-^)L|^(0)>. (4) 

Therefore we consider the following recurrence 
formula in the infinitesimal evolution: 

|^(T;)>=e-
H|^(r;_1)>,        Tl = h.       (5) 
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This infinitesimal time evolution operator could be 
estimated by various methods. For time-indepen- 
dent Hamiltonian, we adopt the Chebyshev 
scheme, where this evolution operator is approxi- 
mated by the Chebyshev polynomial as 

where 

e-rH =    £ A.(H). (6) 
1 = 0 

The number of term Jmax is large enough to con- 
verge the sum; then this method practically gives 
most accurate results. Substituting Eq. (6) into Eq. 
(5) and using the resolution of unity, we obtain 

<W|¥(T,)> = <«|e-TH|^(T/_1)> 

(7) 

where 

C„m= L<«lA,-(H)|m>. (8) 

After time-developing the initial wave packet ac- 
cording to the above procedure, we could obtain 
the ground state of the system under considera- 
tion. On the other hand, the excited state could be 
generated by the projection method. Namely, we 
first remove the ground-state component from the 
initial wavepacket; then we apply the relaxation 
method to this wavepacket and get the excited 
state. 

Finally, we note that we calculate the time de- 
velopment of the polarization by means of the 
real-time evolution, which is treated in the same 
way as the imaginary-time evolution method ex- 
cept for the complex Chebyshev polynomial. The 
Fourier transformation of this polarization results 
in the excitation spectrum of the system. 

MODEL HAMILTONIAN 

We here construct the discretized Hamiltonian 
according to following procedure. For a system 
composed of electrons and nuclei, the Hamiltonian 
is given in terms of the field operator t/^Cr) and 
$ao.(R) as follows: 

H = H„ + Hn + H„ (9) 

He=E/d3r^J(r)   -— V*U_(r) 
a \ e I 

(ja 

„2 

X 
br-r 

-^,(r')^(r), (10) 

H„ = EE/A^») \-YMV2 K'(R) 
a     7 

X|^*»'''(R,)*-'(R)' (U) 

a    a     I 

X 
Ir-Rl 

4>aI(K)hW, (12) 

where He, Hn, and Hen represent the electron, 
nuclear, and interaction Hamiltonian between elec- 
trons and nuclei, respectively; me, Ma, and Za are 
an electron mass, a nuclear mass, and an atomic 
number of ath nucleus, respectively. The electron 
field operator with spin a a space coordinate r, 
i/k(r), and the field operator for a nucleus a with 
nuclear spin I at space coordinate R, 4>aJ(R), sat- 
isfy the following commutation relations: 

[^(r),^-(r')]+= [^(r),e(r')] + = 0,   (13) 

[^a7(R),^.r(R')]±=5M.8(R-R')Sir/ 

[ <k,(R), 4vr(R')] + = [ <&(R), 4>lv(R')] + = 0, 
(14) 

[^(r),^I(R)]±=[^(r),^a/(R)]±, 

[ti(r),4>aI(JO]±= [^(r),^(R)]± = 0,   (15) 

where the + sign refers to the anticommutation 
relation for Fermion and the - sign means the 
ordinary commutation relation for Boson. 

Then we expand the field operator by the basis 
set * (r) ( XQ(R)), which vanishes everywhere ex- 
cept for one small grid generated by discretizing 
the real space and is therefore specified by the 
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corresponding lattice point q(Q). For example, 

^Gr) = E *,(*)«,„' 
<? 

0„/(R)= E*Q(R)kaQ„ (16) 
Q 

where aqa(baQI) is the annihilation operators of 
electron (nucleus) at the lattice point q(Q) with 
spin cr(a), and satisfy the anticommutation or 
commutation relation: 

others = 0. 

±-   8aa   SQQ-8,,. 

(17) 

Then the discretized Hamiltonian is given by 

tr   qq1 

1 
+ - 

2 E E vö~^4-'V-'V 
+  2J  2^    2^   laQQ'baQlbaQ'I 

«      I    QQ' 

1 „    „    „ 
2 "   ^   _"    ■ nQa'Q'baQlbL'Q'rba'Q'I'baQI LEEK 

act'   [/'   QQ' 

+ E E UqaQa\iTblQ1baQlaqiTl 
<rq alQ 

(18) 

where the differential operator of the kinetic part 
is estimated by second-order differencing. Then 
introducing a lattice constant e, the matrix ele- 
ment of kinetic part is explicitly given by 

= _L 1 1 
m„e 2m „e 2mee

2   i + hi' 

(19) 

The atomic unit ft = mt, = e = 1 is used through- 
out this article. 

INITIAL MOLECULAR WAVE FUNCTION 

We construct an initial many-particle wave 
function in terms of single-particle electron and 
nuclear wavepackets. The single-particle state \(f>) 
of the initial state is represented by the Gaussian 

wavepacket as 

{xp\<j>) = 
1 

TT1/4^ 

X exp 
(x - x0f 

2a2 + ikQ(x - xn) (20) 

where p, x0, k0, and a is the spin coordinate, the 
mean position, the mean momentum, and the dis- 
persion of the initial Gaussian wavepacket, respec- 
tively. Then we construct the Slater determinat of 
the initial many-electron wavepacket as 

(xlPl,..., xNpN\ijje) 

N\ 

<*iPil</>i> 

<*lPll^N> 

(xNpN\(f>l) 

(xNpN\(f>N) 

(21) 

where N is the number of electrons. We could 
construct the wavepacket for identical Fermion 
nuclei in the same way as for electrons. For identi- 
cal Boson nuclei, we use the permanent instead of 
the determinant. Thus total initial wave function is 
written as the product form of the electron and 
nuclear part: 

<xlPu...,xNpN,\<lteXX1iu...,XMgMf\il,n). 

(22) 

If a molecule consists of nonidentical nuclei, then 
the nuclear wave function is factorized into parts 
of the corresponding nuclear species. 

Numerical Examples 

We have applied the MWP method to the iso- 
tope series of one-dimensional hydrogen molecule 
for simplicity. We discretize one-dimensional 
molecular space by dividing its range Lc into N 
segments, and the hydrogen molecule is a four- 
particle system of two electrons and two nuclei. 
Thus this one-dimensional model Hamiltonian is 
represented by a symmetric matrix of N* dimen- 
sion. The wave function for the hydrogen molecule 
is explicitly given as 

(xlPux2p2; X^, X2f2|^>. (23) 

In the one-dimensional systems, Javanainen, 
Eberly, and Su [7] showed that the Coulomb po- 
tential is approximated by the softened Coulombic 
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form: 

1*1       (* + *2)V2 
(24) 

where Javanainen et al. set a = 1. This approxi- 
mate potential retains the asymptotic form of the 
Coulomb potential; moreover it reduces the singu- 
larity at the origin. Thus we also adopt this soft- 
ened Coulombic potential in the practical calcula- 
tion. 

ISOTOPE EFFECTS OF H2, HD, AND D2 

When we construct the initial molecular 
wavepacket of these isotope molecules, we have to 
pay attention on the statistics of nucleus. Namely, 
the nuclear part of H2 is given by the Slater 
determinant, and we use the permanent for D2 as 
the nucleus D is Boson. On the other hand, we 
have to treat both H and D independently for the 
HD molecule. Moreover, for H2 molecule, we 
could take into account the total nuclear spin an- 
gular momentum, i.e., we treat separately the or- 
tho- and para-hydrogen molecule. Therefore, we 
could analyze the effect of the quantum statistics 
on the physical quantity in detail. 

Table I summarizes various parameters of the 
initial nuclear-electron wavepackets adapted in 
this calculation. We assume that the range of 
molecular space is Le = 21 a.u., and we divide Le 

into N = 21 grids. Therefore, the grid interval dx 
is 1.0 a.u.. For the initial single-particle Gaussian 
wavepackets of nucleus, we set  xx = 9, kr = 0.0, 

al = 1.5 for up spin nuclei, x2 = 13, k2 = 0.0, 
<T2 = 1.5 for downspin. While for those of electron 
wavepackets, we choose xx = 9, fcj = 0.0, ax = 2.1 
for up spin, and x2 = 13, k2 = 0.0, a2 = 2.1 for 
down spin. Namely, the initial Gaussian 
wavepacket of the electrons and nuclei with up 
(down) spin are put in the same position, but with 
the different width. The width for the electron is 
taken to be larger than the one for the nuclei. The 
result does not depend on the initial value, which 
has an effect just on the computational time. The 
initial probability density is shown in Figure 1. We 
also set the potential parameter a = 1.0 [7]. 

Total energy by MWP method is shown in Table 
II. We cannot definitely find out the energy differ- 
ence in the singlet ground state of ortho- and 
para-H2, so that the nuclear spin yields almost no 
contribution to the total energy. Table III shows 
that average nuclear distance between protons in 
para-H2 is rather larger than one in ortho-H2, and 
the difference of average distance between elec- 
trons in para- and ortho-H2 is a little bit amplified 
due to the mobility of electron. 

The order of the total energy increases like 
D2 < HD < H2, which is good agreement with the 
Kolos et al. [8]. This indicates that the heavy nu- 
cleus moves slowly compared to the light nucleus, 
in other words, the amplitude of the light nucleus 
is larger than that of the heavy nucleus. 

The average distance between nuclei in this 
isotope series increases like H2 < HD < D2, and 
the same tendency is also shown in the average 
distance between electrons. The order of average 

TABLE I  
Parameters of initial single-particle wavepacket. 

Le dx 

(1) BO-H2 (MEWP method) 

21 1.0 

(spin) 

Electron wave function 

,=9 
, = 0.0 
,=2.1 
Up 

02 _ 13 
02 = 0.0 
o-2 = 2.1 
Down 

Nucleus wave function 

X01 = 10 X02 = 12 

(2) NonBO singlet ortho-H2(MWP method) 

21 1.0 

(spin) 
(mass) 

01   —  " x02 — 13 X01 = 10 X02=12 

foi = °-0 k02 = 0.0 *oi = 0.0 k02 = 0.0 

oi = 2.1 o-2 = 2.1 o-, = 2.1 o-2 = 2.1 

Up Down Up Down 
1836 
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0-25 
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20 
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Final Density (p-H ) 

20 

10 15 
Distance (a.u.) 

FIGURE 1. Probability density of electrons and nuclei of ortho- and para-H2 for the initial wavepacket and the 
calculated ground state: (a) singlet state and (b) triplet state. 

TABLE II  
Total energy of H2, HD, and D, (a.u.). 

Nucleus: 

Electron: 

(1) H2 

Electron: 

(2) HD 

(3) D2 

Ortho 

Singlet Triplet 

-1.4588412068 -1.3644142801 

Singlet 

1.4591075654 

-1.4593753100 

Para 

Singlet Triplet 

•1.4588412043 -1.3644129998 

Triplet 

-1.36449593229 

-1.3645815086 
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FIGURE 1. (Continued) 

distance is reversed compared to the order of the 
total energy. 

REAL-TIME EVOLUTION OF THE 
POL/\RIZATIOI\ 

Finally we calculate the real-time evolution of 
the polarization: 

P(0 = <^(OI(-x + X)|^(0>. (25) 

The results for BO-H2 and NBO-ortho-H2 are il- 
lustrated in Figure 2. By Fourier transforming the 
polarization, we obtain the excitation spectra as 
shown in Figure 3. For the BO-H2 molecule, we 
have one sharp peak at 16496 cm-1 which corre- 
sponds to the electronic excitation to the first ex- 
cited state. On the other hand, for the NBO-ortho- 
H2 molecule, we have two sharp peaks at 4713 
and 16496 cm-1. In the nonadiabatic treatment, in 

addition to the electronic excitation, we could ob- 
tained the nuclear vibrational frequency of 4713 
cm 

Concluding Remarks and Future Work 

In this study, we have formulated the nonadia- 
batic molecular theory and analyzed the nonadia- 
batic effects and the nuclear quantum statistics 
effect in the isotope series of hydrogen molecule 
and the nuclear spin multiplicity effect of the para- 
and ortho-H2 molecule. 

In the imaginary-time development, we ob- 
tained the total energy and the average distance 
between electrons, nuclei, and electron-nucleus of 
ortho-H2, para-H2, HD, and D2. We also calcu- 
lated the real-time evolution of the polarization in 
BO-H2 and NBO-ortho-H2, and by the Fourier 
transform we got the excitation spectrum of the 
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Polarization 
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3400 3600 
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Time (a.u.) 
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1400 1600 
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2400 2600 
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2800      3000 

3400      3600      3800 
Time (a.u.) 

(a) (b) 

FIGURE 2. Time evolution of polarization from 0 to 4000 a.u.: (a) BO-H2 and (b) NBO-H2. 

molecular system. BO-H2 has only the electronic 
excitation; on the other hand NBO-ortho-H2 has 
two peaks corresponding to the electron excitation 
and the nuclear vibrational frequency. From these 
results we are sure that our method is truely a 
nonadiabatic theory, which directly includes the 
nuclear motion. 

Because the MWP method is an extension of the 
MEWP method, the MWP method has the same 
merits as the MEWP method; that is, the MWP 
method could include the dynamical correlation of 
the electron-electron, nucleus-nucleus, and nu- 
cleus-electron. The relaxation technique due to the 
imaginary-time development yields the ground 
and excited states. In order to reduce the computa- 

tional resources, we could introduce some approx- 
imations into our method. The mean-field approxi- 
mation, for example, will drastically reduce a CPU 
time and core memories, which are indispensable 
for molecular calculations. The method could be 
applied to a larger system by means of the parallel 
processing computer. 

There are characteristic features in the MWP 
method, which originate from classical and quan- 
tal properties of nuclei. Our method fully takes 
into account the quantum effect of the nuclear 
motion and is beyond the BO approximation. The 
method, of course, optimizes automatically the 
molecular geometry and is applicable to the vibra- 
tional and rotational motion of molecule. In these 
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TABLE III  
Mean square root of particle distances (a.u.). 

Electron state: 

(1) Ortho-H2 

e-e: 
e-H: 
H-H: 

Singlet 

2.1897892672 
1.6689229382 
1.9996299013 

Triplet 

5.8619611057 
4.1324366305 
5.6360858657 

(2) para-H2 

e-e: 
e-H: 
H-H: 

2.1897893589 
1.6689230174 
1.9996300363 

5.9620001840 
4.1324636646 
5.6361244806 

(3) HP 

e-e 
e-H: 
e-D: 
H-D: 

2.1898848722 
1.6690108471 
1.6690070541 
1.9997793058 

5.8457056682 
4.1208203462 
4.1207963036 
5.6188735236 

(4) D2 
e-e: 
e-D 
D-D: 

2.1899598503 
1.6690763368 
1.9998963145 

5.8291993119 
4.1089969332 
5.6013881927 

BO H2 

300- 

 0.011963 

(16496.974cm'1) 

250- 

«     200- 

K   150- 

100- 

50- HWLAAJ 
I             I             I             1             I 

D                     5                    10                  15                 20                 25 

mHz 

30 

NBO 0-H2 

200- 

0.003418 

(4713.421cm-lj 
0.011963 

*"(16496.974cm-') 

150- 

x   100- i 
50- J VM/J V^VJL __ 

30 0                   5                  10               15               20               25 

mHz 

(b) 

FIGURE 3. Excitation spectra of (a) BO-H2 and (b) 
NBO-ortho-H2 obtained by Fourier transform of the 
polarization in Figure 2. 

cases, the isotope effect due to a nuclear mass on 
the electronic structure is naturally described. 
Moreover, in our method, electorns and nuclei are 
treated at the same level. Therefore, our method 
could visualize chemical reactions and could iden- 
tify the reaction path and the activated complex. 
As our method can easily deal with the excited 
state, it is applicable to the relaxation process in 
the excited molecule, the radiationless transition, 
the photo- and thermal dissociation, the inter- 
molecular excitation, and so on. Therefore, our 
method could simulate in principle all the chemi- 
cal processes; the simulation chemistry may be 
established in this framework. 

Because our method fully takes the nuclear spin 
into consideration, we could discuss the isotope 
effect due to the nuclear spin and could calculate 
physical constants appearing in the magnetic reso- 
nance, such as the hyperfine constant, the chemical 
shift, the spin-spin coupling constant, and so on, 
from the first principle. 
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ABSTRACT   

A practical procedure (FUERZA) to obtain internal force constants from Cartesian second 
derivatives (Hessians) is presented and discussed. It allows a systematic analysis of pair 
atomic interactions in a molecular system, and it is fully invariant to the choice of 
internal coordinates of the molecule. Force constants for bonds or for any pair of atoms in 
general are defined by means of the eigenanalysis of their pair interaction matrix. Force 
constants for the angles are obtained from their corresponding two-pair interaction 
matrices of the two bonds or distances forming the angle, and the dihedral force 
constants are similarly obtained using their corresponding three-pair interaction matrices. 
© 1996 John Wiley & Sons, Inc. 

Introduction 

Classical molecular dynamics methods that 
analyze the time evolution of macroscopic 

systems for several thousands of time steps or 
conformations have become very effective tools for 
gaining insight into a variety of macroscopic sys- 
tems and processes [1, 2]. Most of this work has 
involved the use of empirical force fields obtained 
from experimental measurements of geometries, 
heats of formation, vibrational frequencies, and 
barrier heights. However, with the increasing ac- 
curacy and availability of first-principles methods 
(standard ab initio and density functional theory), 
there is a growing tendency to obtain the force 
field data from high-level computations on the 

basic molecular units [3-7]. This makes it possible 
to treat macroscopic systems that have not yet 
been investigated experimentally or that may not 
even exist at present. 

In early molecular dynamics (MD) simulations, 
there was only limited use of intramolecular force 
fields, primarily because the time step could be 
increased more than twofold when molecules were 
constrained to having fixed bond lengths and 
sometimes angles (the SHAKE method [8]). How- 
ever, for studying the effects of external factors, 
such as temperature and pressure, upon molecular 
properties of a fluid [9-11], e.g., shifts in vibra- 
tional spectra [12], the force field clearly must 
include an intramolecular component. 

If the intramolecular portion of the force field is 
expressed in terms of force constants correspond- 
ing to molecular internal coordinates (bond lengths, 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1271-1277 (1996) 
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bond angles, and dihedral angles), then a signifi- 
cant problem that arises is that of assuring invari- 
ance of the individual internal force constants with 
respect to the chosen set of internals. A given 
molecule can be described by various sets of inter- 
nal coordinates, and these may give different val- 
ues for a particular internal coordinate force 
constant. Thus the internal force constants, and 
therefore their intramolecular force field, are not 
invariant to the choice of internal coordinates. This 
is due to fact that physical force constants are 
tensors of rank 2, but we want to use them in 
practical MD simulations as scalars (tensors of 
rank 0). An example of this problem can be visual- 
ize with the cyclic chon molecule: 

H 

C 
//\ 

N—O 

A quick HF/STO-3G calculation yields a force 
constant for the CO bond of 0.54 a.u. if the chosen 
internals are the CO bond, CN bond, and NCO 
angle; 0.57 a.u. if we choose the CO bond, NO 
bond, and CON angle; and 0.26 a.u. if we choose 
redundant internal coordinates [13] CO, NO, CN, 

CNO, NOC, and OCN (for the sake of clarity, the 
coordinates containing the hydrogen atom are not 
mentioned in this example). The choice of a value 
of the force constant to be used in MD calculations 
is therefore ambiguous. In this study, we present a 
procedure to compute, in an invariant fashion, the 
force constants corresponding to internal coordi- 
nates. 

Background 

The 3N component reaction force 8 F due to a 
displacement <5x of the N atoms in a molecular 
system can be expressed exactly to second order 
on a Taylor series expansion as 

5F= -[jfc]5x, (1) 

where [k], the Hessian, is a tensor of rank 2 and 
dimension 3N X 3N defined by 

[*]=*,-,.= 
d2E 

dx, dXj 
(2) 

Explicitly, Eq. (1) can be written as 

8FX 

SF-, 

SF, 

8F 3N 

d2E 

d2E 

d2E 

dx3 dxx dx3 dx2 

d2E 

d2E 

dx\ a Xj dx2 dx1 dx3 

d2F a2E a2E 
dx2 dxx dx\ ax2 ax3 

d2E a2E d2E 

dxi 

d2E 

ax3N axx     ax3N ax2     ax3N ax 

a2E 
dxl dx3N 

a2E 
ax2 ax3N 

a2E 
ax3ax3N 

a2E 

Sx1 

dx-, 

8Xn 

dx 3N \[ 
8x 3N 

(3) 

Tensor [k] can be obtained by procedures avail- 
able in density functional theory and ab initio 
programs such as deMon [14, 15] and Gaussian 94 
[16]. 

The tensor [k] represents the intramolecular 
force field to second order for small displacements 
8x. The eigenvalues  A,  of [k] are the 3N force 

constants corresponding to the 3 translational, 3 
rotational and 3N-6 vibrational modes of the sys- 
tem. The eigenvectors i>{ of the Hessian [k] indi- 
cate the directions of the displacements of the 
normal modes corresponding to each eigenvalue. 
If a displacement of magnitude 8r occurs in the 
direction of one of these eigenvectors, the reaction 
force acts exclusively parallel or antiparallel to that 
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direction: 

F, [k]v,8i \:V:8r. (4) 

Displacements in any other direction result, in 
most cases, in a reaction force that is not in the 
direction of the displacement vector. 

The use of the symmetric tensor [k] in a molec- 
ular simulation could be cumbersome because of 
the large number of independent elements, 3N(3N 
+ l)/2. Many of these may be relatively small in 
magnitude, as is shown in Figure 1 for the case of 
nitromethane. A more practical approach is to re- 

late the force field to internal coordinates, which 
can generally reduce the number of terms to as 
few as 3N-6. The potential energy function is then 

v=  E \kb{b-b0f +  E \k6{9-eBf 
bonds angles 

1 
+   E   ^M - 0o) 

dihedrals 

+   E   2fcw(w_Wo) 
imp ropers 

(5) 

XN       YN        ZN        Xc       YC        Zc       XHI      YHI      ZHI      XH2     YH2     ZH2     XH3      YH3      ZH3      Xoi      Y0i      Zoi      XQ2      YQ2     Z02 

XN 489 

YN 0 

ZN -7 

Xc -201 

Yc 0 

Zc -A 

XHI 9 

YHI 0 

ZHI -84 

XH2 -1 

YH2 -6 

ZH2 38 

XH3 -1 

YH3 6 

ZH3 38 

XOI -147 

YOI 8 

Zoi 9 

X02 -147 

Yo2 -8 

Z03 9 

0 -7 -201 0 -4 9 0 -84 -1 -6 38 -1 6 38 -147 8 9 -147 

1934 0 0 -164 0 0 -5 0 -1 -7 -69 1 -7 69 12 -875 -372 -12 

0 1322 1 0 -231 -1 0 -39 -6 2 -25 -6 -2 -25 9 -366 -501 9 

0 1 1241 0 -27 -653 0 -151 -236 237 81 -236 -237 81 43 0 8 43 

-164 0 0 1389 0 0 -98 0 233 -536 -131 -233 -536 131 -4 -28 -94 4 

0 -231 -27 0 788 -158 0 -138 91 -154 -150 91 154 -150 4 -51 -60 4 

0 -1 -653 0 -158 694 0 173 -25 -A -8 -25 4 -8 0 2 1 0 

-5 0 0 -98 0 0 94 0 55 5 19 -55 5 -19 3 0 -3 -3 

0 -39 -151 0 -138 173 0 162 22 3 10 22 -3 10 9 0 -2 9 

-1 -6 -236 233 91 -25 55 22 240 -254 -91 19 -27 -14 2 -2 -3 0 

-7 2 237 -536 -154 -A 5 3 -254 562 164 27 -33 -17 2 5 -3 -1 

-69 -25 81 -131 -150 -8 19 10 -91 164 171 -14 17 10 -3 -3 -19 -4 

1 -6 -236 -233 91 -25 -55 22 19 27 -14 240 254 -91 0 3 0 2 

-7 -2 -237 -536 154 4 5 -3 -27 -33 17 254 562 -164 1 4 -5 -2 

69 -25 81 131 -150 -8 -19 10 -14 -17 10 -91 -164 171 -A -3 3 -3 

12 9 43 -4 4 0 3 9 2 2 -3 0 1 -4 51 -12 -13 51 

-875 -366 0 -28 -51 2 0 0 -2 5 -3 3 4 -3 -12 1117 450 2 

-372 -501 8 -94 -60 1 -3 -2 -3 -3 -19 0 -5 3 -13 450 475 -2 

-12 9 43 4 4 0 -3 9 0 -1 -4 2 -2 -3 51 2 -2 51 

-875 366 0 -28 51 -2 0 0 -3 4 3 2 5 3 -2 -224 27 12 

372 -501 8 94 -60 1 3 -2 0 5 3 -3 3 -19 -2 -27 104 -13 

FIGURE 1. Hessian matrix (kcal / A2 mol) for the staggered conformation of CH3N02. 

+x 
Hi 
\ 

+ z<- -~C- 
H2   f 

2H3 

•o2 / 

-8 9 

-875 372 

366 -501 

0 8 

-28 94 

51 -60 

-2 1 

0 3 

0 -2 

-3 0 

4 5 

3 3 

2 -3 

5 3 

3 -19 

-2 -2 

-224 -27 

27 104 

12 -13 

1117 ^450 

-450 475 

The pair interaction matrix that gives the reaction force on the atom N due to a displacement of atom C is 
given by 

8FX 

8E 
YN 

8F7. 

201 0 4 
0     164 0 

-1 0     231 

[8xc 

syc 

[Szc 
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in which b, 8, <j>, and co correspond to the bond 
lengths, bond angles, dihedral angles, and im- 
proper dihedrals (out-of-plane); b0, 00, <f>0, and w0 

are their equilibrium values; and kb, ke, k^, and kw 

are the respective force constants (the indexes for 
bonds, angles, dihedrals, and impropers are not 
shown). We will now show how to obtain an 
invariant force constant corresponding to any in- 
ternal coordinate. The same procedure can be ap- 
plied for force fields that contain cross terms such 
as 

£ 
l 

khB(b - b0)(e - en) (6) 
bonds & angles 

Method 

BOND FORCE CONSTANTS 

The essential concept is to analyze the interac- 
tions between all pairs of atoms in the molecule 
and to determine which ones are pairwise stable, 
the criterion for which shall be explained. From 
Eq. (3), we can get the reaction force S~FA = 
(8FX , 8FV , 8FZ ) on atom A due to a displacement 
8rB = (8xB, 8yB, 8zB) of atom B: 

5FV 

8F, 
VA 

8F- 

d lE 

dxA dxB 

d lE 

dyA 
dxB 

d lE 

d -E 

dxA JVB 

d -E 

$VA dyB 

d' -E 

d' -E 

dxA dzB 

f -E 
dVA dzB 

d: E 

dzA dxB       dzA dyB 

Sxr 

dzA dzh 

syB 

SZE 

(7) 

or in compact notation, 

SF/i = [kAB]SrB. (8) 

The interatomic force constant matrix [kAB], de- 
fined including the minus sign, permits an analy- 
sis of the nature of the interaction between atoms 

A and B. It has three eigenvalues AAB and three 
eigenvectors £AB (z = 1,2,3), which we assume to 
have unitary norm. An example of one interatomic 
force constant matrix of nitromethane molecule is 
also shown in Figure 1. 

The physical interpretation of Eqs. (7) and (8) is 
as follows: If a particular eigenvalue AAB of [kAB] 
is positive, this means that the reaction force on A 
due to a displacement of B in the direction of £ AB 

is in the same direction. If all three eigenvalues are 
positive, then for any displacement of B there is 
always a restoring reaction force on A that seeks to 
maintain the original interatomic separation. The 
atoms A and B are then described as pairwise 
stable. All pairs of formally bonded atoms belong 
to this category, as well as some between which 
there is no formal bond but such a strong interac- 
tion that the atoms can be viewed as bonded. If 
one or more eigenvalues are negative, then A will 
not feel a restoring reaction force trying to main- 
tain unchanged the AB separation. This condition 
is described as a pairwise unstable interaction, and 
we conclude that A and B are not bonded. The 
same conclusion is reached when two of the three 
eigenvalues or eigenvectors are complex. 

If one of the eigenvectors, i>AB, is in the direc- 
tion from A to B, which shall be described by the 
unit vector uAB, and forms and orthonormal sys- 
tem with the other two eigenvectors, then the force 
constant for the interaction between A and B, 
whether they are bonded or not, is, 

k AB (9) 

When the direction from A to B does not coincide 
with that of any of the eigenvectors, or when the 
eigenvectors are not orthogonal to each other, then 
the force constant kAB may have contributions 
from more than one eigenvalue of [ kAB ] in propor- 
tion to the projections of the corresponding eigen- 
vectors upon the unit vector iiAB: 

AB | -AB .   -AE (10) 

Equation (9) is clearly a special case of Eq. (10). 
The magnitude of kAB, as given by these equa- 
tions, is obtained directly from the eigenvalues of 
the matrix [kAB] in Cartesian coordinates, and 
hence is invariant to the choice of internal coordi- 
nates. This invariance is a fundamental require- 
ment for any physical quantity. 
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BOND ANGLE FORCE CONSTANTS 

Consider the bonds AB and CB which have unit 
vectors «AB and uCB. Their interatomic matrices 
[fcAB] and [fcCB] have eigenvalues AAB and \fB, 
and eigenvectors v,AB and i>fB (;' = 1,2,3). Let «N 

be a unit vector perpendicular to the plane ABC: 

MCB  X «AB 

|wCB X uAB\ 
(ID 

Then the unit vectors perpendicular to the bonds 
AB and CB on the plane ABC are 

-,PA = uf XÜAB (12) 

IMPROPER DIHEDRAL (OUT-OF-PLANE) 
ANGLE FORCE CONSTANTS 

Let atoms B, C, and D be connected to the 
central atom A. Then the out-of-plane angle «ABCD 

is defined as the angle between planes ABC and 
BCD. The movement of A perpendicular to the 
plane BCD feels a restoring force from the bonds 
AB, AC, and AD. The effective force constant for 
the movement of A perpendicular to BCD is given 
by the sum of the three bond contributions: 

KN= LAfB|fiN-^ABl+ LA AC|-N. -AC 

i'=l i' = l 

and 

^,PC UCB X ih (13) 

They are the direction of small displacements of 
atoms A and C that result from opening or closing 
the angle ABC. If RAB and RCB are the length of 
the bonds, the bond angle force constant is then 
given by 

1 

R 
3 

AB  Lt Ai 
1=1 

AB,-PA RCBLI"
PC
^,

CB
I 

(14) 

+ £A
AD

|M
N
-£

AD
|, 

I=I 

(18) 

where uN is a unit vector perpendicular to the 
plane BCD. Then the out-of-plane force constant 
for the angle <WABCD is 

ft ARm^A 'ABCD^AN' (19) 

where ftABCD is the length of projection into the 
plane BCD of the altitude of triangle ABC (with 
base BC). 

Applications 

DIHEDRAL ANGLE FORCE CONSTANTS 

Consider the dihedral angle defined by the 
atoms A, B, C, and D which are linked by bonds 
AB, BC, and CD. The approach is similar to that 
used for bond angles. Unit vectors perpendicular 
to the planes ABC and BCD are given by 

VBCD 

UCB X wAB 

\ÜCB  X MAB| 

ÜDC X WBC 

\ÜDC X ÜBC\ 

(15) 

(16) 

The dihedral angle force constant is then 

1 1  

*    4l%xii BO EAfB 

(•=1 

NABC 

AB I 

+ (17) 

-RCDI"BC 
X
 

M
CD' I>t 

1 = 1 

DC'fiN   • ^,DCI NBCD ' 

We have coded the preceding equations in the 
program FUERZA. It is presently designed to read 
the Cartesian Hessian tensor from the output of a 
Gaussian [16] program after a frequency (FREQ) or 
second derivative of the energy has been re- 
quested. The output format of FUERZA is compat- 
ible with the input format of the molecular model- 
ing program CHARMm [17]. These features can, of 
course, be modified to be consistent with other 
programs. 

In the applications that follow, we used a proce- 
dure based on density functional theory (DFT) 
available in the program Gaussian 94 [16] to opti- 
mize geometries and compute the second deriva- 
tives of the energy. The Becke 88 [18] and the 
Lee-Yang-Parr [19] functionals were used to repre- 
sent the exchange and correlation potentials, 
respectively. However, our method can be imple- 
mented with any other DFT, ab initio or semiem- 
pirical technique. In the cases to be discussed, 
FUERZA used the force constants in the output of 
a frequency DFT calculation to create the in- 
tramolecular force field, which was subsequently 
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used in conjunction with CHARMm for a classical 
calculation of vibrational frequencies. The extent to 
which these reproduce the original DFT frequen- 
cies is a measure of the quality of the constructed 
force field. (The DFT procedure being used is 
known to be effective for vibrational frequencies 
[20, 21].) In the trivial case of diatomic molecules, 
exact agreement is obtained, as it must be, since 
there is only one independent internal coordinate 
and hence one possible force constant. 

In the following, all bond lengths are in A, 
angles in degrees, bond force constants in kcal/A2, 
angular force constants in kcal/rad2, frequencies 
in cm"1, and doubly or higher degenerate vibra- 
tional modes are listed only once. 

H20 

The DFT values for the bond length and bond 
angle are 0.976 and 102.7; the corresponding force 
constants are 1067 and 80.4, as compared to 900 
and 110 in the CHARMm force field. All three 
eigenvalues of the interaction matrix [KHH] are 
positive, indicating a stable HH interaction which 
should be included in the force field. The equilib- 
rium HH distance is 1.249 and the force constant is 
31.1. The vibrational frequencies obtained with this 
force field are 1555, 3674, and 3679; the DFT fre- 
quencies are 1636, 3643, and 3754 respectively. 

NO 2 

The DFT bond lengths and bond angle are 1.224 
and 133.1, and the corresponding force constants 
are 1334 and 242. No stable OO interaction is 
found. The created force field frequencies are 703, 
1201, and 1630, compared to the DFT 713, 1301, 
and 1586. 

CHS 

For this radical in D3h symmetry, the DFT bond 
length is 1.089 and the bond force constant is 768. 
The bond angle and out-of-plane force constants 
are 62 and 12.2. The resulting force field frequen- 
cies are 449, 1426, 2997, and 3186, while the DFT 
are 459, 1386, 3059, and 3236. 

FUERZA program, with the DFT values given in 
parentheses, are: 577(572), 606(619), 945(866), 
1000(1067), 1081(1091), 1176(1323), 1278(1370), 
1294(1436), 1418(1450), 1694(1558), 2912(3014), 
3033(3107), and 3064(3136). The first two frequen- 
cies are not given, since they correspond to the 
lowest torsional modes, in which anharmonic ef- 
fects are particularly significant; accordingly, nei- 
ther harmonic approximation, empirical nor DFT, 
is meaningful. 

CIS-RH(PH3)2(CO)F 

The results of an earlier DFT study [22] were 
used to make a more demanding test of the pre- 
sent approach. The force field frequencies ob- 
tained, with the DFT values in parentheses, are: 
91(102), 91(107), 91(114), 92(115), 254(271), 260(274), 
292(297), 393(403), 408(448), 419(465), 422(470), 
434(477), 452(522), 782(530), 801(968), 966(993), 
971(1095), 971(1095), 991(1098), 1328(1100), 
1925(1935), 2315(2362), 2315(2364), 2339(2386), 
2339(2388), 2348(2390), and 2361(2390). The fre- 
quencies for the lowest three torsional modes are 
not given, again because anharmonic effects ren- 
der them useless. 

Conclusion 

Overall, the vibrational frequencies obtained 
with the FUERZA force fields are in very good 
agreement with those resulting from the DFT orig- 
inal calculations, over a wide range of values. This 
supports the physical validity of the approach that 
we have presented for obtaining an intramolecular 
force field in terms of force constants that are 
invariant to the choice of internal coordinates. The 
procedure can be applied to any molecular system 
for which Cartesian second derivatives of the en- 
ergy are available. 
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It should be noted that parameters for nitro 
derivatives are not available in any of the standard 
force fields. The frequencies calculated with the 
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ABSTRACT   

For intermolecular perturbation theories in which it is assumed that the unperturbed 
wave function of the composite system is a product of the unperturbed wave functions of 
its components, and which satisfy one general constraint, we derive two renormalized 
interaction energy expressions which are more accurate than the perturbation expansions, 
when all are evaluated to comparable order. This is accomplished by focusing on the 
parameter A in terms of which the perturbation expansions are derived rather than on the 
potential of interaction between components. In the derivation of each renormalized 
energy formula, we discard zeroth- through infinite-order terms which do not contribute 
to the interaction energy when the interaction is turned on fully, i.e., when A = 1. The 
first renormalized interaction energy when A = 1 is identical in form to the interaction 
energy in the symmetrized Rayleigh-Schrödinger (SRS) theory, but not in interpretation. 
The wave function appearing in the renormalized energy cannot generally be that 
assumed in the SRS theory, and the renormalized energy to zeroth order in A is not zero. 
The latter is not surprising because we discarded a zeroth-order term in the derivation. 
The second renormalized interaction energy formula is derived from the first by using 
the same set of assumptions and arguments that were used in deriving the first. We 
expect it to be more accurate than the first, which is expected to be more accurate than 
the sum of the perturbation energies, all evaluated to comparable order. These 
expectations are supported by the results of calculations on LiH using two perturbation 
theories, the polarization approximation and the Amos-Musher theory. The first-order 
wave functions for both were calculated in the configuration interaction (CD 
approximation; then the interaction energies were calculated by summing the perturbation 
energies through third order and by evaluating the renormalized energy expressions. The 
perturbation results are compared to interaction energies calculated by full CI with the 
same basis set. As important as the formulas is the light our analysis throws on the 
meaning of order in intermolecular perturbation theory.    © 1996 John Wiley & Sons, Inc. 
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We show that for a certain class of inter- 
molecular  perturbation  theories,  interac- 

tion energies can be calculated more accurately 
from two renormalized energy formulas than from 
the energy expansions defined by the perturbation 
theories, using in each case just the zeroth through 
nth-order wave functions. In the theories we con- 
sider, it is assumed that the unperturbed wave 
function for two interacting atoms/molecules is 
the product of the ground-state atomic/molecular 
wave  functions  for  the  noninteracting systems. 
There are additional conditions that the theories 
must satisfy. The most important is that they shoul 
give, in principle, exact energies and wave func- 
tions when carried to infinite order. It is this condi- 
tion that the simplest intermolecular perturbation 
theories fail to satisfy, due to the existence, for 
nearly all systems, of an infinite number of un- 
physical solutions to the Schrödinger equation, ly- 
ing lower in energy than the physical ground state. 

Unphysical solutions of the Schrödinger equa- 
tion are those which violate the Pauli exclusion 
principle. Claverie [1] explained how they become 
accessible in the simplest intermolecular perturba- 
tion theory, the polarization approximation (PA) 
[2], and that the lowest energy unphysical solu- 
tions have lower energies than the physical ground 
state. Morgan and Simon [3] later observed that 
there were an infinite number of unphysical solu- 
tions of lower energy than the physical ground 
state in any system containing at least one atom of 
atomic number greater than 2, and that the physi- 
cal ground-state energy lies in a continuum of 
unphysical state energies. Consequently, the PA 
theory not only gives a divergent energy expan- 
sion [4], but cannot be used in principle to calcu- 
late the ground-state energy if carried to infinite 
order [5]. The simplest improvement on the PA 
theory,   the   symmetrized   Rayleigh-Schrödinger 
(SRS) theory [6-9], fails similarly [10]. In contrast 
to these negative results, we have shown that one 
can circumvent the unphysical states problem by 
changing the Hamiltonian for the interacting sys- 
tems in ways that make its lowest energy eigen- 
function the physical ground-state function [5, 11, 
12]. Perhaps the simplest change is that made in 
the Amos-Musher (AM) theory [13]. It was rela- 
tively inaccurate when applied to Hj [14], but this 

defect is corrected significantly by the renormal- 
ized energy expressions derived in this study. 

An essential element in our derivation of the 
renormalized interaction energy formulas, and in 
our understanding of these formulas, is the explicit 
use of a parameter A in carrying out the perturba- 
tion expansions. It might seem unnecessary to in- 
clude A explicitly since it multiplies the perturbing 
potential V in the Hamiltonian for an interacting 
pair of molecules, but it is the key to deriving and 
understanding the renormalized  energy expres- 
sions. In particular, the focus on  A, as we will 
explain, gives us a mathematical handle for under- 
standing perturbation theory. We feel that an oft- 
cited defect of intermolecular perturbation theories 
[2, 15], that orders are not uniquely defined, is 
more imaginary than real. It is based on the false 
assumptions that V is "weak" and that expansion 
of the energy and wave function in powers of A is 
equivalent to expansion in powers of V. If V were 
weak,  an  infinite  number  of unphysical  states 
would not be lower in energy than the physical 
ground state. The renormalized energy formulas 
show that expansion in   A is not equivalent to 
expansion in V. For example, our first formula 
gives to zero order in A the Heitler-London inter- 
action energy. There is no mystery to this because 
we have identified terms of all orders which can- 
not contribute to the interaction energy in the limit 
A = 1 and then discarded those terms. The resul- 
tant energy expression is identical to that of the 
SRS perturbation theory, except for its  A depen- 
dence and except that the wave function appearing 
in it cannot be the PA function if the system has 
more than two electrons. Our second interaction 
energy formula is derived from the first by apply- 
ing to it the same reasoning that led to the first. 

In the next section we summarize our under- 
standing of the perturbation problem defined by 
the assumption that the unperturbed wave func- 
tion for the system is the product of the unper- 
turbed, ground-state wave functions of two 
atoms/molecules. The renormalized interaction 
energy formulas are derived in the third section 
for perturbation theories based on Hamiltonians 
that satisfy certain general conditions. We infer 
that the second formula is more accurate than the 
first, and that both are more accurate than the sum 
of the perturbation energies when calculated to the 
same order in the wave function. This section is 
followed by one in which the Hamiltonians of 
several published perturbation theories are recast 
in the form assumed in the derivation of the renor- 
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malized energy formulas. In the next to last sec- 
tion, we apply the energy formulas to the LiH 2 
ground state using the PA and the AM perturba- 
tion theories. The results support our assertion that 
the renormalized energies are more accurate than 
the sum of the perturbation theory energies. In 
addition, the results suggest how one might calcu- 
late still more acurate interaction energies than the 
renormalized energy formulas give. This conjec- 
ture is tested, too. 

Nature of the Problem 

Most of the work on intermolecular perturba- 
tion theory published until the 1990s did not take 
into consideration the unphysical states problem 
delineated by Claverie [1] and Morgan and Simon 
[3]. In this section we define our notation as we 
summarize what the existence of these states im- 
plies for perturbation theories based on a zeroth- 
order wave function which is a product of unper- 
turbed atomic or molecular functions, specific elec- 
trons being assigned to each subsystem. The prob- 
lem is defined by the PA theory. 

The PA theory is just the Rayleigh-Schrödinger 
perturbation theory with a specific choice for the 
unperturbed Hamiltonian [2]. Let A and B repre- 
sent two interacting systems, which have, respec- 
tively, NA and NB electrons. We arbitrarily assign 
the first NA electronic position-spin coordinates to 
A, the coordinates NA + 1 to N = NA + NB to B. 
Let H be the nonrelativistic Hamiltonian for the 
A-B system in the Born-Oppenhieimere approxi- 
mation. The unperturbed Hamiltonian H° is the 
Hamiltonian of A when B is absent, plus the 
Hamiltonian of B when A is^ absent. The two sys- 
tems interact via V = H - H°. The lowest energy 
eigenfunction of H° is F° and its eigenvalue, W°. 
The function F° in our calculations is the spin- 
coupled product of the A and B ground-state wave 
functions, and &° is the sum of the A and B 
ground-state energies. In the PA theory one solves 

(H° + AV)F(A) =r(A)F(A) (1) 

by the Rayleigh-Schrödinger method setting 

F(A) =F° +   £ A"F(,!)    and 
ii = i 

r(A) =r° +  £ A"gr(n).   (2) 
» = 1 

Note that A has only two physically significant 
values, zero and one. No attempt is made in the 
PA theory to exploit the electronic exchange sym- 
metry that is so important for chemical bonding. 
The result is a theory with major defects: the 
expansions (2) must diverge for systems contain- 
ing more than two electrons [1, 4] and, for systems 
containing one atom of atomic number greater 
than 2, one cannot give a closed-end prescription 
for calculating, in principle, the exact ground-state 
energy [5]. This raises a question as to the signifi- 
cance that should be attached to low-order PA 
calculations and to refinements of the PA theory. 

One can gain a good intuitive understanding of 
the eigenvalues of (1) at A = 0 and 1 by consider- 
ing the limit of large separations R between A and 
B. We require F(A) to be antisymmetric in the A 
electronic coordinates and, separately, in the B 
electronic coordinates. Thus, the set of g*(0)'s equal 
all possible sums of one unperturbed A and one 
unperturbed B eigenenergy. For R infinite, some 
members of the set of if(l)'s equal members of the 
set of if(0)'s, but there are additional eigenvalues 
corresponding to states which violate the Pauli 
exclusion principle. We have explained in some 
detail the origin of these states for LiH [16]. We 
have used the configuration interaction (CI) 
method to solve Eq. (1) nonperturbatively for 2 
LiH for 0 < A < 1. Our results show that the <T(A) 
at finite R have the dependence on A inferred by 
Claverie [1], namely, that the lowest eigenvalue 
g\(A) equals r° at A = 0, that it shows behavior 
characteristic of an avoided crossing with J?2(A) 
well before A = 1,..., and that it equals E", the 
lowest unphysical state energy, at A = 1 [5,10-12]. 
We find for LiH, from the equilibrium bond length 
to infinity, that If0 - E" = 1 hartree, which is 
much larger than the binding energy of about 0.08 
hartree. The magnitude of <T° - E" is consistent 
with the insight of Morgan and Simon [3] in that it 
suggests that the unphysical continuum at large R 
begins about 0.5 hartree below if0. 

To understand the mathematical properties of 
the energy expansion in Eq. (2), one lets A be 
complex and interprets f(A) as a multivalued 
function of A. The general properties of g'(A) are 
well understood in the CI approximation [17-19]. 
In particular, it is known that f(A) can have only 
branch point singularities. We denote the sheets of 
the f(A) Riemann surface by ^(A) and order 
them so that töt^A) < 9trt+1(A). The eigenf unc- 
tion corresponding to g^( A) is denoted by F^(A). In 
an exploratory set of calculations we have found 
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that the avoided crossing between f/A) and J?2(A) 
for LiH arises from a pair of branch points nar- 
rowly straddling the real A axis at A = 0.78. Thus, 
the power series expansion [Eq. (2)] of Jf/A) has a 
radius of convergence = 0.78. Only within that 
radius of convergence does the power series 
uniquely define J?(A). For |A| greater than the 
radius of convergence, one can in principle analyti- 
cally continue the series either along the lowest 
Riemann sheet or to the second lowest. The physi- 
cal ground-state energy, however, generally lies on 
neither of these sheets, but on a sheet that is an 
indeterminate number of sheets above f^ A). In an 
exact calculation, that indeterminate number is 
expected to be infinity. One can assume that it is 
possible by successive analytical continuations of 
the power series to move from the lowest sheet to 
the sheet on which the physical ground-state en- 
ergy lies, but there is zero probability that, after 
any number of continuations, the desired sheet 
will have been reached [5]. 

One naturally conjectures that the simplest way 
to correct the deficiencies of the PA theory is to 
project out the unphysical contributions to Fj(A) 
and calculate the energy from it. This is exactly 
what is done in the SRS theory [6-9]. Unfortu- 
nately, the SRS theory to infinite order is no more 
accurate for LiH than is the PA theory [10] when 
one uses F:( A). One can again imagine analytically 
continuing the PA expansion from the lowest Rie- 
mann sheet to the sheet on which the physical 
ground-state energy lies, but one still has to carry 
out an indeterminate, if not infinite, number of 
successive continuations. This will not be the case 
for a perturbation theory derived from a Hamilto- 
nian which has no unphysical states below the 
physical ground state. We show in the next section 
that if Ft(\) is determined by such a perturbation 
theory, generally not the PA theory, then the SRS 
energy expression gives a renormalized interaction 
energy which sums an infinite number of contribu- 
tions to the usual perturbation approximation to 
the interaction energy. 

We would use the difficulties that arise in the 
PA theory from the existence of unphysical states 
as an argument for abandoning intermolecular 
perturbation theories based on the choice H° for 
the unperturbed Hamiltonian, except that we have 
shown that there are theories which do not have 
the defects of the PA theory. These are theories in 
which ^(0) = r° and F/l) = Eu the physical 
ground-state energy. It is to these theories that the 

energy formulas we derive in the next section 
should be applied. The theories are reviewed in a 
later section. 

Interaction Energy Formulas 

We derive two interaction energy formulas 
which effect partial infinite-order summations of 
energy expansions for a number of intermolecular 
perturbation theories. In the derivations we as- 
sume that the perturbed wave function F(\) is an 
eigenfunction of a Hamiltonian H° + KV and that 
the perturbed energy g'(A) is the corresponding 
eigenvalue. It follows that the interaction energy 

Ag-(A) =r(A) -&° = A<F°|#|F(A)>      (3) 

when F(A) is normalized so that <F° | F(A)> = 1. 
Equation (3) gives the interaction energy directly 
rather than as the difference between two total 
energies. The potential "V is different for each of 
the perturbation theories considered in the next 
section, but each satisfies s>?7/~=sfV. It follows 
that 

[H° + AV)F(A) = rUXafrU). (4) 

We derive the first interaction energy formula from 
Eq. (4). It is effectively the SRS energy formula, but 
its derivation provides a useful understanding of 
what has been accomplished in deriving that for- 
mula. The derivation suggests that one can expect 
the formula to give more accurate approximations 
to interaction energies when the F(A) expansion is 
truncated at nth order than can be obtained from 
Eq. (3) with the same approximation to F( A). From 
the understanding gained in deriving the first for- 
mula, we are lead to apply to that formula the 
same series of manipulations. The derivation uses 
another consequence of sf^—s/V, namely, that 

:HC r°)F<1)=^(r(1)-y)F°, (5) 

where F(1) is the first-order wave function of the 
theory which defines F(A). The result is a second 
renormalized interaction energy formula. We ex- 
pect it to be more accurate than the first. 

A key element in the derivations is the commu- 
tator identity 

[s/,H°] = [V,sf]. (6) 

It is this identity which Hirschfelder called para- 
doxical [2] because its left side is zeroth order in 
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V, the right, first order. Equation (6) would be 
paradoxical if the perturbation expansions [Eq. (2)] 
were developed in powers of V rather than A, but 
they are not. No A appears in Eq. (6); both sides of 
Eq. (6) are zeroth order in A. At the time 
Hirschfelder called it paradoxical, it was believed 
that V was a weak perturbation. Given the under- 
standing that we now have of the relationship 
between the physical and unphysical state eigen- 
values of H° + V, and the relationship of both to 
the eigenvalues of H°, it is unreasonable to as- 
sume that V is a weak perturbation, suitable for 
defining orders in an expansion. Furthermore, ex- 
pansion in V is much more complicated than ex- 
pansion in A. This is quite clear hi the CI approxi- 
mation in which expansion in V means that each 
element of the V matrix should be treated as an 
independent variable. A power series expansion in 
terms of A is simpler, and it gives some mathemat- 
ical understanding of the properties of f(A) 
[17-19]. 

To derive the first formula, we use Eq. (6) to 
transform Eq. (4) into 

HV+ Vsf+ (A - DsfV F(A) =gr(A)M:(A). 

(7) 

Next, multiply Eq. (7) from the left by the complex 
conjugate of F° and integrate over all space. Since 
F° is an eigenfunction of H° and r° is its eigen- 
value, it follows that 

Ar(A) = r(A) -r° 
<F0itfa?|F(A)> + (A - 1XF°WV\F(X)) 

<FV|F(A)> 
(8) 

In the discussion which follows, the function F( A) 
should be regarded generally as the exact, unex- 
panded eigenfunction of H° + A#. Only when 
discussing order should it be assumed that F(A) is 
a power series in A as in Eq. (2). 

The term in the numerator of Eq. (8) that is 
multiplied by A - 1 is interesting. It does not con- 
tribute to the energy when A = 1, but it con- 
tributes a term to each order of the A expansion 
of Ag'(A). What is more interesting is that part 
of what it contributes in nth order is canceled, 
when A = 1, by part of what it contributes in 
n + 1th order. For example, it contributes in the 

numerator of Eq. (8) to zeroth order - < F°\s/V\F°) 
and to first order (F°WV\F°) - (F°WV\F^). 
The second-order contribution is <F°|j/y|F(1)> - 
(F°\s?V|F(2)>, and so on. In short, when one trun- 
cates the A expansion of Af (A) at nth order, one 
includes terms which do not contribute in infinite 
order when A = 1. For this reason, if one is going 
to approximate the interaction energy by a trun- 
cated expansion in A, one should derive it from 

AES(A) 
(F°\W\F(\y> 

<F°MF(A)> 
(9) 

This is the SRS energy expression except for two 
differences. First, in the SRS theory it is assumed 
implicitly that V is multiplied by A; that is clearly 
not the case in Eq. (9). Second, the F(A) in Eq. (9) 
cannot generally be the PA wave function [10]. 

The problem with using the PA theory F(A) in 
Eq. (9) arises even when one restricts the theory to 
the determination of the potential energy surface 
of the physical ground state. In this case, IT0 in Eq. 
(8) should be the lowest eigenvalue of H°. Thus, 
we are interested in g^CA), the lowest sheet of the 
f(A) Riemann surface. For nearly all systems, the 
PA theory g'/l) equals the lowest unphysical state 
energy and s/F-fi) = 0, i.e., Eq. (8) gives Ar(A) = 
0/0. In contrast, the Hamiltonians considered in 
the next section all have ^(1) = Ev the physical 
ground-state energy, and for each, s/F(l) is pro- 
portional to the physical ground-state wave func- 
tion. In the PA theory, ^(1) = E1 only for one and 
two electron systems. 

The denominator of Eq. (8) is also interesting. If 
one substitutes in Eq. (8) the F(A) expansion trun- 
cated to nth order, then expands this approxima- 
tion to Ag'(A), the expansion includes contribu- 
tions of infinite order in A, i.e., the denominator of 
Eq. (8) effects an infinite-order summation of se- 
lected contributions to the A^(A) expansion. In 
fact, we first derived an approximation to the 
energy formula given below by summing selected 
terms in the A^(A) expansion of the AM theory. 
We conclude that Eq. (9) includes an infinite-order 
summation of contribution to the A If (A) expan- 
sion. Equation (9) is the first of the renormalized 
interaction energies. 

The importance of the denominator in Eq. (9) 
increases as the number of electrons increases. To 
see this, one has only to assume that at large R, 
the dominant contribution to  F(A) is   F°. Then 
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(F°\MF(D) = <F*ViF°>. For binary systems, as 
R -> 3c, all permutation contributions to (F°\s/\F°) 
approach zero except that from the identity opera- 
tion, i.e., <F°MF°> « NAlNBl/Nl. This equals ± in 
our LiH calculations. It will be much smaller for 
systems containing more electrons. 

The expansion of A E s( A) differs from the expan- 
sion of A*?(A) even to the zeroth order in A. To 
zeroth order, Ag'(A) is zero, but AE.(O) = 
(F0\V^\F°)/(F0W\F°) = AEHL, commonly 
called the Heitler-London energy. It is also the 
first-order SRS energy. It should not be puzzling 
that AEs(0) is nonzero. When we discarded the 
term in A<T(A) that is multiplied by A - 1 to get 
AES(A), we discarded -(F°WV\F°), which is the 
term which cancels the zeroth-order contribution 
from (F°\VsP\F(\)) to the numerator of AgT(A). 
That A Es(0) should equal A EHL is not absurd. It is 
as if one knew an unperturbed Hamiltonian hav- 
ing s?F° for an eigenfunction, with I"0 + AEHL as 
its eigenvalue. A perturbation theory based on that 
Hamiltonian would give the same zeroth-order 
contribution to the interaction energy. No such 
theory has been proposed. 

Since in zeroth order AES(A) is equal to what is 
generally regarded as a first-order energy, one 
should expect that to first order in A it will include 
second-order energies ^<2), and so on. To look at 
these contributions, we have to consider a specific 
perturbation theory, which we do in the next sec- 
tion. We show there that the numerator of AES(A) 
expanded to first order in A does include ^{1). 
There is no reduction in computational effort asso- 
ciated with the shifting of terms from higher to 
lower order, but one does get higher accuracy. 

In the Rayleigh-Schrödinger perturbation the- 
ory, one can calculate the energy to third order 
if one knows the zeroth- and first-order wave 
functions. This is done by recognizing that the 
equation which determined Fa) can be used to 
to eliminate F{2> from the third-order energy, i.e., 
r,3) = <E°|y - r(1)|E<2)> = - <F

(1)
|H° -r°|F(2)> = 

<F(1)|V-Jf(1)|F(1>>. We use Eq. (5Ho achieve a 
similar end. We solve Eq. (5) for .o/VF°, then sub- 
stitute its Hermitian adjoint into Eq. (8) to obtain 
Ar(A){F°MF(A)) = <F°WF(A)>gr(1) - <F(,)|(H° 
-rV'|F(A)> + (A - l)<F°|.a?y|F(A)>. Finally, we 
use Eq. (6) followed by Eq. (4) to arrive at 

We assume here that F(1) is calculated with the 
perturbation theory that is derived from the 
Hamiltonian which has F(A) as its eigenfunction, 
although this is not necessary. In addition, we 
assume again that .c/F(l) is proportional to the 
physical ground-state wave function. Equation (10) 
should be compared to Eq. (8). Note that there is 
an additional term multiplied by A - 1 and that 
there is an additional term in the denominator. We 
have achieved a further infinite-order summation 
of selected contributions to the Ag'(A) expansion. 
Again we discard the terms multiplied by A - 1 
because they do not contribute to the interaction 
energy when A = 1, the one value of interest. The 
second renormalized interaction energy formula is 

AE;(A) 
<F°|.a?|F(A»g'<1) +<F(1)|Ka?|F(A)> 

<F° +F(1W|F(A)> 
(ID 

To zeroth order in A, Eq. (11) does not vanish. In 
zeroth order, its numerator includes a contribution 
that would ordinarily be identified as second or- 
der. We show below that A E;(l) to zeroth order in 
A, is identical to AES(1) when F° + F(1) is substi- 
tuted for F(A). In Eq. (11) terms have been shifted 
to lower order not by approximation but by dis- 
carding those contributions to the exact Af (A) of 
Eq. (10), which vanishes when A = 1. We show in 
the next section that if we substitute F° + XFm for 
F(A) in Eq. (11), the resultant approximation to 
AEj(A) includes terms that one would customarily 
classify as third order. 

Before we go further it simplifies the later dis- 
cussion if we introduce a notational convention to 
indicate approximations made in evaluating Eqs. 
(9) and (11). We consider only one class of approxi- 
mations, substituting F° + AF(1) + ■■• +A"F('0 for 
F(A). When this is done, we add a superscript [n] 
to the E in Eqs. (9) and (11). When we also set 
A = 1 in those formulas, we write simply AES;"] 

and AEJ"1 for the resultant, approximate interac- 
tion energies. Translated into the new notation, the 
observations of the preceding paragraph are that 
AE{°1 = AE'1' and that E^U) includes terms cus- 
tomarily identified as third order. On the basis of 

Ag-(A) 
<F°MF(A)>r(1) +<F(1)|Ka?|F(A)> + (A - 1XF° + F^Wv|F(A)> 

<F° + F(1V|F(A)> 
(10) 
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these observations, we conjecture that AEf"1 is 
generally more accurate than AE^"]. Our numeri- 
cal results for A El;11 and AEf11 are consistent with 
this conjecture. Note that in our calculations, we 
have expanded neither AES/'KA) nor AEf"](A) in a 
power series in A. 

It is straightforward to show that AE{0] = AE^1]. 
Note that AE[0] = Af,(0), the zeroth-order approx- 
imation to Af (A). We have 

AE|°1 
(F°\MF°)^m+(Fm\W\F0) 

(F° + F d)| \F°) 

and 

<FC F° + F(1)> 
s        <F°U?|F° + F(1)> 

If we assume that F° and F(1) are real, which is 
the case in our calculations, then the denominators 
of AEf01 and A El/1 are identical. We use Eq. (6), 
then Eq. (5) in the numerator of AES;1] to see that 

(F°\W\F° + F(1)> 

= (F°\VMF°) + (F°\sfV+JH° -H°MFm 

= (F0\VMF°)+(F°WV\Fm) 

+<F°Mr(1)-y)|E°>, 

which reduces to the numerator of AEf0]. 
It is natural to wonder if a formula more accu- 

rate than Eq. (11) might be derived by applying a 
sequence of operations to it similar to the sequence 
that led from Eq. (9) to (11). The answer is yes. 
One can transform <F

(1)
|VJ/|F(A)> in Eq. (10) to 

bring in <F(2)|Vsf\F(\)) and other, lower order 
terms. Thus, an additional summation of the per- 
turbation expansion can be achieved. We do not 
present the analysis here because we have not yet 
done calculations with the resulting formula. 

Suitable Perturbation Theories 

In the second section, we explained why it is 
important that intermolecular perturbation theo- 
ries have f jUVs such that ^(0) = r° and ^(1) = 
Ej, the physical ground-state energy. The energy 
formulas of the preceding section are strictly appli- 
cable only to theories satisfying both conditions. 
We have recently reviewed which of the existing 

perturbation theories can satisfy these conditions 
[10], but we did not state the eigenvalue equations 
for each in the form assumed in the preceding 
section. We do that here. In addition, we show that 
the second-order AM energy contributes to both 
AEf1 = AEj;11 when the AM first-order function is 
substituted in these formulas. Similarly, the third- 
order AM energy is shown to contribute to AE|1]. 

The r^AXs of the AM theory [13], Hirshfelder's 
HAV (van der Avoird-Hirschfelder) theory [20] 
and Polymeropoulos's and the author's theory (AP 
since PA is taken) [21], satisfy the conditions stated 
above. The three theories are clearly related. Their 
wave functions and energies are defined by equa- 
tions of the form [H° + \J(V - D(A))]F(A) = 
JT(A)F(A) [10]. The three differ in their definitions 
of D(A) and in the meaning assigned to the eigen- 
value JT(A). In the AM theory D(A) is identically 
zero, but the Coulomb potential energy between 
the nuclei must be included in V. We write "must" 
because when it is not, the JT(A) are rapidly vary- 
ing functions of A [5]. The AM theory's JT(A) has 
the properties assumed for r(A) in the preceding 
section, namely, ^(0) = r° and^(l) = Ev Thus, 
T in the AM theory is ThM =Jv. 

In the HAV theory, it is required that [H° + 
XJ(V - DHA(A))]FHA(A) = g-°FHA(A),   which   im- 
plicitly   defines    DHA(A).   We   substitute   r° = 
irHA(A) - ADHA(A) in the HAV equation, i.e., we 
set ADHA(A) = ArHA(A), then rearrange terms so 
that the FHA(A) is an eigenfunction of ^H° + XT' 
and rHA(A) is its eigenvalue. We find ??"HA =sPv 
+ DHA(A)(1 -ja?). Since  ADHA(A) is identical to 
AirHA(A), one uses   DHA(A) = g$\ + \&g>A + - 
to derive the equations which determine the F^. 

In the AP theory MX) is defined by requiring 
that EAP( A) be least distorted from F° in an energy 
sense [22], under the constraint that J/FAP(A) not 
vanish. This gives [H° + xJ(V - DAP(A))]FAP(A) = 
JrAP(A)FAP(A)with DAP(A) = <FAP(A)|^V|FAP(A)>/ 
<FAP(A)MFAP(A)>. We have shown that the AP 
equation implies that s/FAF(l) is an eigenf unction 
of H° + V with the eigenvalue Ji^XD + DAP(1). 
To put the AP equation into the form assumed in 
the preceding section, we substitute JfA?(\) = 
fAP(A) - ADAP(A) and rearrange terms to^ get (H° 
+ A^AP)FAP(A) = rAP(A)FAP(A) where ^AP =s?V 
+ DAP(A)(1 -sf). This is identical in form to T~HA, 
but the two D(A)'s are different. In particular, 
DAP(1) must be less than Ai^pd) because the 
lowest JTAP(1) > r° [22]. In the HAV theory 
DHA(1) = A<rHA(l). Through first order in the wave 
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function and second order in the energy, however, 
the HAV and AP theories are identical [21]. 

In the last theory we consider, a Hermitian 
operator i? is introduced which satisfies „#F° = 0 
and JSaf = 0, and has the property, when added to 
H° + V, of shifting all unphysical energies above 

this, one has first to derive the identity Jf^ = 
(F&lJviFvy + r^a -<F<V|F°» - jr««F°| 
^\F^i> + <F]&W>1 To do this, we used the 
equations which determine the first- and second- 
order AM functions and Eq. (6). It its then straight- 
forward to show that 

AEfl] ^«f°l^lF° + 2F^) ./ p(i)ip(i)0 . 
\ rAMlfAM/J ■^<F 

(F° + FV\s?\F° + F<$) 

■°HF°) + rA^ 

the physical ground-state energy [12]. Two such 
operators have been constructed explicitly [11, 12], 
but it should^ be possible to construct additional 
ones. With T'= V + .#, the lowest eigenvalue in 
this level shifted (LS) theory can satisfy the condi- 
tions rLS(0) = r° and rLS(l) = Ev The resultant 
perturbation theory is identical through first order 
in the wave function and second order in the 
energy, to the PA theory. We have used the LS 
theory, without an explicit definition of _# to ar- 
gue that results obtained with the PA and SRS 
theories are fundamentally valid if only F° and 
F$ were used [5, 11]. In this context, E[,1] can be 
regarded as a valid higher order extension of the 
SRS energy A El$] whereas AE[P cannot. 

It is not possible to relate the contributions to 
AES(A) or AE,(A) to orders in the PA theory be- 
cause the numerators of both generally depend on 
matrix elements of srfV, whereas the PA perturba- 
tion energies are determined by matrix elements 
of V alone. The AM perturbation theory, on the 
other hand, is well suited to this task because its 
perturbation energies are defined by I?|M

+1)
 = 

(F0WV\Fl'll) when the normalization <F°| 
W*» = <F°|F°> = 1 is imposed. Thus, for the 
AM theory, the numerator of Eq. (12), assuming 
real functions, equals <F0MF°>g^> + jr^. This 
shows that AE|0> includes contributions through 
second order in the perturbation energies although 
AEJ01 is the zeroth-order term in the expansion of 
AE,(A) in powers of A. This is not surprising 
because in the derivation of AE,(A), we discarded 
contributions to Ag'(A) of all orders in A. 

In the calculations described in the next section, 
we have calculated the PA and AM wave func- 
tions only through first order in A since it can be 
argued that it is not practical to go to higher order. 
This means that we can calculate only A El;11 = 
AEJ0] and AE{,]. The numerator of AE|1] when the 
AM functions are used, includes contributions 
from the first through third order f^- To show 

We include this equation here to show that the 
numerator is not just a sum of the AM perturba- 
tion energies as well as to show that it explicitly 
includes the third-order energy. 

Finally, we must note that the numerator of 
AE!?1 can be evaluated using just F° and F(1), but 
that the evaluation of its denominator requires 
also F(2). We could, of course, truncate the denom- 
inator of A ElP to a different order than the numer- 
ator, but we have not done so because we feel that 
it would be inconsistent with the formal analysis 
in which changes in the denominator are linked to 
changes in the numerator. 

Numerical Test 

A numerical test is required to verify the infer- 
ences drawn in the preceding sections, namely that 
E[/'] is more accurate than AE^"1 for each pertur- 
bation theory, and that both are more accurate 
than the perturbation energies summed through 
the highest order calculable with F° through F(n). 
We have calculated only F(1) for the PA and AM 
theories, which might be thought of as the practi- 
cal limit for intermolecular perturbation calcula- 
tions. Using the PA theory, E[

s
1] is the interaction 

energy given by the SRS theory, also known as the 
symmetrized PA theory [8]. Accordingly, we refer 
to AEE/] calculated with the AM functions as the 
symmetrized AM (SAM) energy. In the same man- 
ner, according to the perturbation functions used 
in evaluating AE[1], we refer to it as the IRS or the 
IAM energy. The properties of AEf1 and A El?1 as 
functions of the nuclear separation R, as exhibited 
in our calculations, suggest a method by which 
more accurate approximations to the interaction 
energy might be obtained than from either AEf11 

or A Elg] alone. We test it as well. 
We have chosen to study LiH because it is the 

simplest system which has an energy spectrum 
like nearly all other systems, i.e., with an infinite 
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number of unphysical states below the physical 
ground-state energy. Our calculations were done 
with a bideterminantal CI basis in the manner, and 
with a basis set, we have described previously [5, 
10]. The orbital basis set consisted of Li Is, 2s, 
2 per, and 2p7r Hartree-Fock functions and the 
hydrogen atom Is, 2s, 2per, and 2p-7r eigenfunc- 
tions. Full CI with this basis gave 2840 bidetermi- 
nants. A finite CI basis set cannot, of course, repre- 
sent an infinite number of unphysical solutions 
below the physical ground-state energy, but this 
one does represent five, including the three lowest. 
Thus, our calculations allow for effects that a finite 
number of unphysical states below the physical 
ground-state energy might introduce. How this 
may differ from the effect of the infinite number 
that would be present in an exact calculation is 
unknown. Our calculations show that the basis set 
is sufficient to model both short- and long-range 
interactions between Li and H. It is not large 
enough to give an accurate LiH potential surface, 
but that is not our goal. Our goal is to show that 
AE|1] is more accurate than AE^1, and that both 
are more accurate than the corresponding pertur- 
bation theories summed through third order in the 
energy. For that purpose, the basis set is adequate. 

The results obtained for the PA, SRS, and IRS 
energies are summarized in Figure 1. Each line in 
the figure represents one of the interaction ener- 
gies divided by the full CI interaction energy. A 

value of one for the ratio indicates that the pertur- 
bation theory gives the energy exactly. Note that 
the range of R values extends from short, less 
than the equilibrium bond length of 3.0 bohrs, to 
long range where the PA theory if known to give 
exactly the leading terms in the asymptotic 1/R 
expansion of the energy [23]. That all four curves 
are approximately equal to one at 20 bohrs, shows 
that the SRS and IRS energies are also asymptoti- 
cally correct. It is clear that AE^R

]
S is much more 

accurate than the PA energy expansion summed 
through third order and that AE[R

]
S is modestly 

more accurate than AE^R
]
S. These results are con- 

sistent with the discussion of the preceding sec- 
tions. Note that the IRS energy is less than 90% of 
the exact interaction energy for R < 12 bohrs, 
dropping to only 75% at the equilibrium bond 
length. 

The results obtained for the AM, SAM, and 
IAM energies are presented in Figure 2 in the same 
manner that results were presented in Figure 1. It 
is noteworthy that the not one of the curves in 
Figure 2 approaches 1 as R approaches 20 bohrs. 
This was expected; the AM theory is known not to 
give correctly the coefficients of the leading terms 
in the asymptotic, 1/R expansion of the energy for 
H2

+ [14]. It is clear from Figure 1 that the SAM 
energy is more accurate than the AM energy ex- 
pansion summed through third order and that the 
IAM energy is more accurate than the SAM en- 
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FIGURE 1. For the 1S LiH ground state, the ratios of 
the PA, SRS, and IRS interaction energies to the full CI 
interaction energy are plotted against the nuclear 
separation R. The lower dashed curve represents the 
sum of the first- through second-order PA energies; the 
upper dashed curve, the sum through third order. The 
lower solid curve represents the SRS interaction energy, 
the upper solid curve, the IRS. If one of the perturbation 
theories gave the exact interaction energy, its curve 
would overlay the light, horizontal line in the graph. 
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FIGURE 2. For the 12 LiH ground state, the ratios of 
the AM, SAM, and IAM interaction energies to the full CI 
interaction energy are plotted against the nuclear 
separation R. The lowest dashed curve represents the 
sum of the first- through second-order AM energies; the 
dashed curve immediately above it, the sum through 
third order. The lower solid curve represents the SAM 
interaction energy; the upper solid curve, the IAM. The 
short-dash curve represents the corrected IAM interaction 
energy. 
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ergy. This is consistent with the inferences drawn 
from the formal analyses of the preceding sec- 
tions. The IAM energy is not so accurate as one 
would wish, equaling, at best, less than 80% of 
the exact interaction energy at any R. The IRS en- 
ergy is more accurate than the IAM for R > 
4 bohrs, but the two are of comparable accuracy at 
smaller R. 

The IAM energy as a function of R exhibits an 
interesting property: It varies rather slowly with 
R, giving between 67 and 78% of the exact interac- 
tion energy from 3 bohrs, the equilibrium bond 
length, to 20 bohrs. This is the basis for a specula- 
tion. Suppose that in calculations more accurate 
than the ones presented here, the IAM theory 
could be expected to give the same fraction / of 
the exact interaction energy at all R. Since the PA, 
SRS, and IRS theories are asymptotically correct at 
large R, one could calculate / at the largest R, 
then multiply the IAM energies at each R by 1// 
to get a corrected IAM interaction energy. The 
short-dash line in Figure 2 shows how this works 
when we set /= AE\^M/E\^S, using the R = 20 
values of those energies. The corrected IAM en- 
ergy overestimates the interaction energy. 

To compare the IRS and corrected IAM energies 
we have plotted them with the full CI energy in 
Figure 3. We have not plotted the IAM energy 
because it is almost indistinguishable from the IRS 
energy on the scale of the graph. Note that the 
same range of R values is used in Figure 3 as in 

-0.08 
4      6      8      10     12     14     16     18    20 

R in bohr 

FIGURE 3. For the 1S LiH ground state, the IRS and 
the corrected IAM interaction energies, and the full CI 
interaction energy are shown as functions of R. The solid 
curve represents the cull CI results; the long-dash curve, 
the IRS results; and the short-dash curve, the corrected 
IAM results. The IAM results were not plotted because 
they are indistinguishable from the IRS results on this 
scale. 

the first two figures, even though the energies, on 
the scale of the graph, are all zero for R > 10 
bohrs. Where the interaction energy is significant, 
the corrected IAM energy is clearly more accurate 
than the IRS energy. We are undertaking an exten- 
sive series of calculations to see if the method we 
have used to correct the IAM energies works with 
larger basis sets for LiH and for other systems. 

Conclusions 

There is no ambiguity as to order if one focuses 
on the expansion parameter A in developing per- 
turbation theory for interacting atoms/molecules 
from the assumption that the unperturbed wave 
function for the system is a product of unper- 
turbed atomic/molecular wave functions. The 
renormalized energy AES(A) is more accurate than 
the sum of the perturbation energies when both 
are calculated using F° through F("\ In turn, 
AE,(A) is more accurate than AES(A) under the 
same conditions. 
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ABSTRACT .  

We present a computational scheme to study the dynamics of many-electrons in molecular 
systems by wavepackets method. Several approaches to calculation of nonlinear optical 
properties for molecules under time-independent or time-dependent external electric 
fields are presented. Some simple examples of one-dimensional two- or three-electron 
systems are demonstrated concretely. Implications of these results are discussed in 
relation to the validity of the many electron wavepackets (MEWP) method.    © 1996 John 
Wiley & Sons, Inc. 

Introduction 

Heller et al. [1-5] has developed a time- 
dependent formulation in classical and 

semiclassical mechanics by using Gaussian 
wavepackets. The manifold of Gaussian wave 
packets is discussed by using the time-dependent 
variational principle [6]. Numerically exact propa- 
gation methods developed by Kosloff et al. [7] 
indicated that the Laplacian of wave function can 
be evaluated by using fast Fourier transform (FFT) 
algorithms. Moreover, time evolution of the wave 

function may be obtained in terms of a second- 
order difference scheme developed by Askar and 
Cakmak [8]. Feit et al. [9] demonstrated the useful- 
ness of a split-operator time propagation scheme. 
Tal-Ezer and Kosloff [10] showed that the time 
evolution may be achieved to machine accuracy by 
expanding an evolution operator by means of com- 
plex Chebyschev polynomials. Kosloff et al. [11] 
pointed out that eigenfunctions and eigenvalues of 
Schrödinger equation are determined by solving 
the Schrödinger equation in imaginary-time evolu- 
tion and that excited states are obtained by filter- 
ing out the lower states. The basic framework of 
time-dependent   quantum   mechanical   (TDQM) 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1291-1301 (1996) 
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methods for nuclear dynamics calculations are ex- 
plained by Kosloff [12]. Leforestier et al. [13] com- 
pared time propagation algorithms extensively 
used so far for the time-dependent Schrödinger 
equation. Zhang [14] showed that propagation of 
quantum wavepacket in the interaction picture 
improves the efficiency of the TDQM method that 
has emerged as a powerful tool in nuclear dynam- 
ics over the last decade. 

The TDQM has been applied successfully to 
study eigenvalue problems, photodissociation, Ra- 
man scattering, mode selectivity in chemical reac- 
tions, gas-surface scattering, etc. Deumens et al. 
[15] have presented an overview of methods used 
for time-dependent treatments of molecules as sys- 
tems of electrons and nuclei. 

The study of molecular systems has tradition- 
ally proceeded by solving the electronic problem 
first to obtain a molecular potential-energy surface 
(PES) with an associated electronic eigenstate. The 
dynamics of the molecule is then reduced to the 
dynamics of the nuclei on that PES, at the classical, 
semiclassical, or quantum level. It was found that 
small errors in curvature of the fit can produce 
significantly different dynamics [16, 17]. 

Manthe et al. [18] have shown the wavepacket 
dynamics on three-dimensional PES by the multi- 
configurational time-dependent Hartree (MCTDH) 
approach. The ability of the MCTDH approach to 
an accurate description of a splitting of wavepacket 
on a saddle-shaped surfaces have been discussed 
[19,20]. Many applications of the TDQM were per- 
formed in various fields. 

Zhang et al. [21] presented a computational 
scheme to propagate wavepackets describing sin- 
glet states of two-electron systems, and the low- 
energy spectrum of helium was computed. Dehnen 
and Engle [22] calculated the dynamics under the 
influence of a stronger laser pulse and considered 
how above-threshold-ionization peaks can be in- 
terpreted in terms of momentum-space wave 
functions. The results were compared with those 
obtained from calculation using a soft-core poten- 
tial. 

Our interests are in the study of electron 
wavepackets near the Wannier ridge, strong-field 
ionization, static and dynamic hyperpolarizabili- 
ties of molecular systems, and so on. Our concerns 
lie in the real spatial dynamics of electrons for 
such situations in molecular systems. The nonlin- 
ear response to the external intense electric field is 

described by the hyperpolarizabilities. These have 
been calculated using several approaches, namely 
perturbative or nonperturbative theories [23-25] 
and so on [26, 27]. We have newly proposed some 
approaches [26, 27] for the nonlinear optical phe- 
nomena on the basis of the electron wavepackets 
dynamics. In order to study the dynamics of elec- 
trons in real space, a wavepackets method is pre- 
sented and is applied to molecular systems. First, 
we explain our scheme to study the dynamics of 
many-electron systems with our model Hamilto- 
nian. Then we present three procedures for com- 
puting electronic hyperpolarizabilities. Some sim- 
ple examples for our approach, which is called the 
many-electron wavepackets (MEWP) method, is 
then demonstrated. Finally, these results are dis- 
cussed in connection with the validity of MEWP 
method. 

Theory and Our Scheme 

OUR SCHEME 

The   TDQM   method   consists   of numerically 
solving the time-dependent Schrödinger equation 

i—\cp(t)) = H\cp(ty), (i) 

where H is a time-dependent Hamiltonian; |<p(f)> 
is a wave function. The atomic unit h = mc = e = 1 
is used throughout this article. Equation (1) is 
solved by means of some algorithms numerically. 

In case of a time-independent Hamiltonian, the 
solution of Eq. (1) is expressed by the time evolu- 
tion operator. This exponential function of the time 
evolution operator is estimated by various 
schemes, which are the Euler scheme, the simplest 
Crank-Nickolson scheme, the product formula, the 
second-order difference scheme, the Chebyshev 
scheme (CH), and so on. 

The CH, which is classified as a global propaga- 
tor method, is the most accurate and stable method. 
The CH approximates the exponential function by 
a Chebyshev polynomial expansion. The error of 
the CH can be reduced down to the machine limit. 
These schemes are discussed in detail by Iitaka 
[28]. 

In the other case of a time-dependent Hamilto- 
nian, Eq. (1) is solved by some schemes, which are 
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the Runge-Kutta scheme, the Lanczos scheme, and 
so on. The accuracy for the long time evolution of 
these scheme is not so good. But, they are useful to 
calculate the dynamics for systems with arbitrary 
Hamiltonian. 

Our scheme is as follows: 

1. Our model Hamiltonian is derived. 
2. The primitive initial wave function is con- 

structed. By propagating the time-indepen- 
dent Schrödinger equation in imaginary time, 
which is called the relaxation method, the 
wave function of the ground state is ob- 
tained. 

3. Using the initial wave function obtained from 
step 2, the Schrödinger equation is solved 
and the properties are calculated with the 
generated wave function at each time step. 

MODEL HAMILTONIAN 

Now, we derive our model Hamiltonian. We 
consider the ab initio Hamiltonian for the molecu- 
lar systems. In the Born-Oppenheimer approxima- 
tion, the Hamiltonian is written as 

H= E/dr^+(r) 
2 

¥„(r) 

+ £- fdrdr'^(r)%+(r'),  i—, 2 J CT p \r — r 
ap 

X%(r')%(r)- EE/dr%+(r) 
cr    n 

z„ 
x 

\r-R, 
7*», (2) 

where the first term means the kinetic part, the 
second is the electronic interaction part, and the 
third is the nuclear-electron interaction part. ^(r) 
[%(r)] means the field operator which is the cre- 
ation (annihilation) operator for an electron with 
spin a at real spatial three-dimensional coordinate 
r, and satisfies the anticommutation relation. 

Here,  we  introduce  an  orthogonal basis   set 
(*;,!•( r)} as 

Ax 
XiikM 

-öl x 

e\ x 

Ax 

x 
Ay 

y-yj--£- 

Ay 
-y, + -y 

e z -z. 
Az 

k~~T 
Az 

öl z - z,. + — (3) 

where 6(x) indicates the step function, Ax, Ay, 
and A z are the grid intervals when a finite space L 
is divided into N? of intervals for each direction. 
The (ijk) means the (z/7c)th interval. Nnorm 

= ^/Ax AyAz is the normalization factor. Then, 
the field operators are expanded in terms of the 
basis set {^(r)} as 

%+(r)=   £ Xu^afjt, (4) 
ijk=l 

where a?jk(a?jk) is the creation (annihilation) oper- 
ator for the (y'fc)th interval. Operators also satisfy 
the anticommutation relation. 

Then, the Hamiltonian in Eq. (2) is rewritten as 

H = lim £ j - —  
e^0„\     2A xs 

X[a?+\jka?jk - 2a?+a?jk + a^ykafjk] 

1 

2A ys 

1 

2A ze 

"^ 2-1     2-,    W,1^, ,,„„,,,„„, ijkaijkulmnulmnuijk 
<rp ijklmn 

fl|,„,^].H,T^'    " 

X, L, zLwn'Uk'nkafika7jk' (5) 
n     a    ijk 

where 

v 'i]k' \mn ' Imn' ijk 

X 

r[x,+ ^x/2dxfy'+^/2dy 
-Jx,-\x/2        A/,-Ay/2 (AxAyAz)    Jx-\x/2 ■'y/-Ay/2 

+ Az/2dzp+'X/2dx'rJ'" + Ay/2dy> 
-Az/2        Jx,-Ax/2 Jy„,-Ay/2 

/•z„ + Az/2       , 

/ dz r- 
•/z„-Az/2 V 

(6) 
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Wn'ijk'ijk 
ijj+Ay/2 

dy 
AlAl/Az^.-i^ •'y —Ay/2 

xj dz- —. (7) 
'zt-Az/2 r-K, 

For the first term in the right-hand side of Eq. (5), 
we approximate each s to the grid interval: 2 Axe 
-» 2Ax2,2Aye -> 2At/2, and 2Azs -» 2Az2. Then, 
it becomes the kinetic Hamiltonian for the finite- 
difference method. In Eqs. (6) and (7), both inte- 
grals for the coulomb interaction, which are called 
the two-electron integral, are carried out analyti- 
cally and numerically. Therefore, it is found that 
the matrix elements for the coulomb interaction 
are easily obtained. In our model, the Hamiltonian 
is constructed by the kinetic term for the finite-dif- 
ference method and the interaction terms are given 
by expansion in terms of basis set. 

Javanainen, Eberly, and Su [29] approximated 
coulomb potential to the softened coulombic form: 

T/T + x' 
(8) 

This approximation implies that the potential re- 
tains an asymptotic form of the coulomb potential 
while eliminating the singularity at the origin. We 
also use this softened coulombic potential instead 
of our coulomb matrix element shown as Eqs. (6) 
and (7). 

PRIMITIVE INITIAL WAVE FUNCTION 

To obtain the initial wave function used in our 
last scheme of step 3, we explain how to construct 
the primitive initial wave function. Our desired 
initial wave function is generated from this primi- 
tive initial wave function by the relaxation method. 

The wave function of particles should be anti- 
symmetric: 

<ri<ri, Tr, cr-, ■ ,rnaN\4i) 

~(r?cr7 rA, cr, ,!<A>,      (9) 

where r, indicates the z'th coordinate, and cr, is an 
up or a down spin state. For an antisymmetric 
state, the wave function may be written by 

The wave function of the form of Eq. (10) is com- 
monly called a Slater determinant. Though each 
initial single-particle wave function is arbitrary, 
we consider a Gaussian wavepacket !</>■> of the 
initial state for z'th electron: 

<r/P/|«fc> = — 
77  '     -i/CT; 

Xexp 
(r; ~ r0i) 

2cr,.2 

(11) 

where |c/>,-> is the state vector of z'th electron. <r-| 
means the ;'th coordinate. p] is the spin for r■; r0j 

and koi are the grid of the center and the momen- 
tum of the z'th initial wavepacket, respectively. 
And crl is a dispersion of z'th initial wavepacket. 
We call the wave function shown in Eq. (10) the 
primitive initial wave function, which is con- 
structed by the single-particle wave function de- 
fined in Eq. (11). This wave function is superposed 
by plural eigenstates. Since our desired initial wave 
function is the ground state or a particular excited 
state that is generated from the above primitive 
initial wave function by the relaxation method, 
this primitive initial wave function is not so im- 
portant. But we note that it is significant that the 
initial wave function is antisymmetric. 

BOUNDARY CONDITION 

When we carry out the relaxation method or the 
calculation of the time-dependent wave function 
and properties, the boundary condition is consid- 
ered as the following: 

(r^,..., rig[k(m^0air..., rN<TN\^,) 

= (rjo-j,..., rig[Hj)] = Ns+1cri, ...,rNcrN\ij/) 

= 0, (12) 

{rl(Tl,r2a2,...,rNaN\4i) = 
IN\ 

OjO-jlc^)      <r2<x2|01> 

(r1a1\(f)2)      < r2 cr2 [ 02 > 

<ri°"Mv>     (r2cr2\(f)N) 

<rNO"Nl02> 

<rNcrN|c/)N> 

(10) 
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where 

igWi)) 
= ;' X A %i 

(i = l,...,N,j = 0,...,Ng + l,k = l,2,3), 

(13) 

■k (k = 1,2,3) means xn = x{ or xi2 = y,- where xit  . .. 
or xi3 = z„ which is the ith coordinate; g[H/)] 
indicates the ;th grid number for the xk direction. 
On the edge grid of a finite space, the amplitude of 
the wave function vanishes. 

NUMERICAL CALCULATION 

We can perform the dynamics of electrons in 
molecular systems by the following procedure. Us- 
ing the model Hamiltonian of Eq. (5) and the 
primitive initial wave function of Eq. (10), we can 
obtain the ground state and the excited states for 
each spin state by the relaxation method. We use 
the CH, since the Hamiltonian is time-indepen- 
dent. Using the generated initial wave function, 
several properties and the wave functions are cal- 
culated. 

Approach to the Nonlinear 
Optical Properties 

The MEWP method is considered to be useful 
particularly for the phenomenon with contribu- 
tions from electrons in spatially extended regions. 
Therefore, the nonlinear optical phenomenon may 
be a good example of the MEWP approach. In this 
section, after briefly reviewing the conventional 
approaches to calculation of the nonlinear optical 
properties, three new approaches based on the 
MEWP method applicable for some different situa- 
tions are proposed. 

CALCULATION OF HYPERPOLARIZABILITY 

In the calculation of static hyperpolarizability, 
the finite-field method is useful. This procedure 
consists of the calculation of the total energy or the 
polarization by a Hamiltonian, including the exter- 
nal electric field, and the differentiation of the total 
energy (or the polarization) with respect to the 
external field. It is important to evaluate the error 
caused by the numerical differentiation. An advan- 
tage of such a method is that several standard 

quantum chemical calculation methods can be 
used. In the calculation of static hyperpolarizabili- 
ties,l we usually use this finite-field (FF) method, 
i.e., finite-field coupled-Hartree-Fock (FF-CHF) 
method. 

For the time-dependent external field, we can 
calculate the dynamical hyperpolarizability by the 
time-dependent Hartree-Fock (TDHF) method [30, 
31], the time-dependent perturbation theory 
(TDPT) [32], the Floquet-Liouville supermatrix 
(FLSM) method [33], the numerical Liouville ap- 
proach (NLA) [26], and so on. 

MEWP-BASED APPROACHES 

Approach via the Finite-Field Method 

This approach is a scheme for the time-indepen- 
dent external electric field. By our scheme shown 
in the previous section, the Schrödinger equation 
with the external electric field is solved in terms of 
the relaxation method to obtain the ground state 
and the total energy. Here, we also use the CH. 
The static polarizability and hyperpolarizabilities 
are written as 

a/;.(0) 

A-;*<°> 

VilkW 

E->0 

dßi 

*VEt*E//B^0 

(14) 

(15) 

(16) 

where 

P(E) = M0 + «E + ßE2 + yE3 + - ,     (17) 

^tal(E) = Utotalo-MoE-|aE2-|/3E3 

-iyE4--, (18) 

^otal(E) 
M,(E) = 

BE, 
(19) 

P(E) is the polarization, and Utotai(E) is the molecu- 
lar total energy in the presence of electric field. We 
can obtain hyperpolarizabilities by numerical dif- 
ferentiation as shown in Eqs. (14), (15), and (16). 

Approach via the Levei Theory (NLA) 

We explain another procedure for the dynami- 
cal external field. By our scheme mentioned in the 
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previous section, we have the model Hamiltonian 
and the initial wave function in the absence of 
external electric field by the MEWP. Then, the 
wave function and the total energy of the ground 
state are obtained. Following Kosloff [11], we can 
obtain the excited states in order of increasing 
energy. Therefore, we can get each energy level 
and each wave function of the system. 

In the NLA method [26], which can provide 
nonperturbative hyperpolarizabilities including the 
population and coherent relaxation effects, we first 
perform the static analysis. The transition proper- 
ties which are the transition energies, the transi- 
tion moments, and the dipole moments are calcu- 
lated in terms of the above results obtained by the 
MEWP. Next, we carry out the dynamic analysis. 
The polarization P(t) of the system in the external 
electric field, which has the frequency «, and the 
field s(t) are generated by numerically solving the 
Liouville equation including relaxation effects in 
the Runge-Kutta scheme. The obtained polariza- 
tion is converted to Pico) by the discrete Fourier 
transformation. Finally, the intensity-dependent 
nonlinear optical properties Xg'Kno) (NHG) can 
be obtained by the definition: 

Xin)(na>) 
Pino) P(nco) 

n"s"(w)        e"'(w) 
(20) 

where P(nw) is the «th-order harmonic response. 
e(co) indicates an amplitude. s'(a>) = ns(a>) is the 
amplitude of incident field. Definitions of hyper- 
polarizabilities for other nonlinear optical phenom- 
ena, e.g., EFISH, DFWM, and EFIOR, are given in 
our previous studies [32]. 

Direct Approach by the MEWP 

Following our scheme of steps 1 and 2, we get 
the initial ground-state wave function in the pres- 
ence of external field. Using it, the time-dependent 
Schrödinger equation with the time-dependent ex- 
ternal electric field is solved by the MEWP method 
in the Runge-Kutta or the Lanczos scheme. The 
polarization P(t) is calculated directly by using 
the wave function \if/(t)) for each time step. The 
polarization P(t) is converted to P(w) by the 
Fourier transformation. And then, we can obtain 
the nth-order nonlinear properties based on the 
definition of Eq. (20). 

An advantage of this scheme is that we need 
not calculate the energy level of the system. By 
using the wavepacket method all schemes have 

this advantage. On the other hand, we can calcu- 
late the energy levels by our scheme of step 2 or 
the relaxation method. Therefore, this scheme 
proves to be a powerful tool in studying problems 
on the ionization, dynamics under the influence of 
the strong external field, etc. 

A defect of this scheme is that all the contribu- 
tions from the relaxations cannot be included. 
Namely, it is not sufficient to simulate phe- 
nomenon including resonant processes by only this 
scheme. However, this approach will be a useful 
tool to obtain various informations for the systems 
of our interests. 

Examples 

In this section, some concrete and simple nu- 
merical examples are discussed. For simplicity, we 
consider the one-dimensional hydrogen molecule, 
which is two-electron and two-nuclei system. First, 
we will demonstrate a propagation of the time- 
independent Schrödinger equation in the imagi- 
nary time for this system. Second, we will calcu- 
late the nonlinear optical properties of this system 
by our MEWP approach via the finite-field method 
(FF-MEWP method) mentioned in the previous 
section. Later, another example with respect to the 
chemical reaction of H3 will be presented. 

IMAGINARY TIME EVOLUTION IN THE 
ABSENCE OF EXTERNAL ELECTRIC FIELD 

At the second step in our scheme, we perform 
the relaxation method in the absence of external 
electric fields to obtain the initial wave function in 
the hydrogen molecule system. Table I summa- 
rizes parameters constructing the primitive initial 
wave function. We divide a finite space of 21 a.u. 
for each electron into 21 grid points. Then, the grid 
intervals Ax, and Ax2 are 1.0 a.u. The first elec- 
tron wavepacket is put on the 9th grid point, and 
the second is set on the 13th grid point. The spin 

TABLE I  
Parameters used in MEWP method. 

Ax Wavepacket 1 Wavepacket2 Nucleus 

21   1.0      x01 =9 
k01=0 

a-, = 2.1 
Spin-up 

= 13      X01 = 10, X02 = 12 
0 

o-2 = 2.1 
Spin-down 
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state is the singlet. Each hydrogen nucleus is fixed 
on the 10th and 12th grid point. Therefore, the 
distance between atoms is 2.0 a.u. 

By the relaxation method in the CH, we can 
obtain the wave function of the ground state and 
the excited states. From the primitive initial wave 
function and the generated final wave function, 
the total energy E and the square root of the 
square average with respect to the distance be- 
tween electrons De_e, electron and the nucleus 
D„_„ and nuclei D„    • 

TABLE III 
Parameters. 

Wave- 
L         Ax    packet 1 

Wave- 
packet 2 Nucleus 

13.1     0.1     x01=40 
*01=0 
er, = 13.1 
Spin-up 

x02 = 80 
k02 = 0 
02=13.1 

Spin-down 

•*01 = 58, X02 — 74 

De-e=J((x1-x2)
2} , 

>t_n = j({x-X?>, D, 

D„-„ = ]/{(x,-x2y 

(21) 

(22) 

(23) 

are shown in Table II. It is found that the total 
energy (-1.45992 a.u.) of the singlet ground state 
is lower than that of the primitive initial state 
(-1.25275 a.u.). For the distance between elec- 
trons, the former is shorter than the latter. The 
distance between electron and nucleus also be- 
comes short as a result of the imaginary time 
evolution. 

We depict the results using other parameters 
shown in Table III. Figure 1 displays the square 
amplitude of the ground states for the singlet and 
the triplet spin states and the singlet first excited 
state. All calculations are carried out at the inter- 
nuclear distance of 1.6 a.u. The square amplitude 
of a wave function is plotted on a x1a1 + x2cr2 

plane. The x1cr2 ~~ x2°"2 plane is composed of four 
subspaces. There are the a-a subspace, and a-ß 
subspace, the ß-a subspace, and the ß-ß subspace 
with respect to the spin state for each r-space. 
Each subspace is expanded by spaces xx and x2. 
For the triplet ground state, there is one node on 
Xj = x2 line. This means that two electrons are not 

TABLE II  
Total energy and average distance. 

Singlet Initial wave function Final wave function 

Energy 

Dn 

1.251748 -1.459917 
4.262350 2.190121 
2.577675 1.669181 
2.0 2.0 

in the same place. Thus, spin space is symmetric, 
and real space becomes antisymmetric. On the 
other hand, it is found that there is one node, 
which is different from that for the triplet, for the 
singlet first excited state. This node is on xx + x2 

= L line, where L is the length of the grid, i.e., 
L = 33.1 a.u. And then, the density of the electron 
is more widely expanded than that of the ground 
state. The total energy for the singlet ground state 
is -1.452865 a.u., and that for the triplet ground 
state becomes -1.198768 a.u. We show the poten- 
tial curves for the hydrogen molecule by the 
MEWP method in Figure 2. It is found that in the 
region where the internuclear distance is short, the 
difference of the curvature between the MEWP 
and well-known results by Kolos and Wolniewicz 
[34] appears, and that in the region where the 
internuclear distance becomes long, the inequality 
almost vanishes. However, the qualitative shape of 
the potential curves obtained by the MEWP is 
nearly equal to that of Kolos et al. 

These results indicate the validity of our scheme 
and numerical calculations for qualitative studies. 

NONLINEAR OPTICAL PROPERTIES VIA THE 
FINITE-FIELD MEWP METHOD 

Next, we calculate the total energy by the imag- 
inary time evolution under static external electric 
field. The same parameters shown in Table I are 
used. For each intensity of the electric field, we 
obtain the properties shown in Table IV. Following 
our definition, the polarizability and the hyperpo- 
larizability are calculated straightforwardly. How- 
ever, since we consider the spatial one-dimen- 
sional system, they will correspond to axx, ßxxx, 
and yxxxx. From these results, the polarizability 
axx becomes 12.2395 a.u., and the hyperpolariz- 
ability yxxxx is 306.6565 a.u. Certainly, the value of 
the ßxxx vanishes. In order to confirm the applica- 
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x2a 
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1 Zi« 131       Xi/3        13 1        x\a 

a 
131        xxß       13 
b 

a?2ai 

FIGURE 1. Square amplitudes for the singlet and triplet states. The distance between each nucleus is fixed by 1.6 a.u. 
The amplitude for the singlet ground state is shown in Figure 1 (a). Figures 1 (b) and 1 (c) display those for the triplet 
ground state and the singlet first excited state. 

bility of the FF-MEWP method to the calculation 
of hyperpolarizabilities, we should further investi- 
gate the qualitative behaviors, e.g., variations in 
hyperpolarizabilities during the bond dissociation, 
in comparison with ab initio results. 

OTHER EXAMPLE 

Finally, we show the results of the chemical 
reaction of an H3 system which is a spatial one- 
dimensional three-electron system. Parameters are 
summarized in Table V. Grid size is 20.4 a.u., and 
the number of the intervals is 51. Therefore, the 

grid interval becomes 0.4 a.u. Calculations are car- 
ried out under a condition such that both inter- 
atomic distances from the central nucleus are equal. 

We depict the wave function of the H3 system 
in Figure 3. Figure 3 shows that the wave function 
of three electron system consists of eight sub- 
spaces. In a subspace (xl ß - x2a - x3a), the ini- 
tial wave function and the final wave function 
obtained by the relaxation method are illustrated 
in Figures 3(b) and (c), respectively. These figures 
indicate that the initial wave function is modified 
into the shape expected from electron-electron 
coulombic repulsion. 
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-0.90 
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Ö 
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-1.2 

-I—» 

O 
■4—» 

-1.3 

-1.4 

-1.5 
0.0 1.0     2.0     3.0     4.0     5.0     6.0 

Inter atomic distance ( a.u.) 

FIGURE 2. Potential curve of a one-dimensional hydrogen molecule. The potential curves for the singlet and triplet 
spin states are shown. 

Figure 4 shows a potential curve of the H3 

system. When the interatomic distance is 2.0 a.u., 
the total energy takes the lowest value: - 2.12039 
a.u. On the other hand, total energy of the one-di- 
mensional hydrogen atom is —0.67111 a.u., and 
that of the one-dimensional hydrogen molecule is 
— 1.45434 a.u. Therefore, because the sum of these 
total energies is -2.12546 a.u., the energy barrier 
for the reaction becomes 0.00506489 a.u. The result 
of Liu [35] by an exact ab initio calculation gives 
0.01593600102 a.u. Our result is lower than that of 
B. Liu, but these results suggest that a qualitative 
calculation for three electron systems or more elec- 
tron systems will be able to be performed. 

Concluding Remarks 

In this study, we have extended the wavepacket 
method to many-electron systems in a molecule 
and have proposed some wavepacket approaches 
to study of the nonlinear optical properties. From 
some examples presented here, the MEWP method 
is shown to be applied to the qualitative studies 
for energies and properties for small molecular 
systems. 

The MEWP method includes the solving pro- 
cess of the spatially three-dimensional or mathe- 
matically 3N-dimensional Schrödinger equation. 
Therefore, it is difficult to calculate properties of a 
such system which is composed of a great number 

TABLE IV 
Total ene rgy and average distance for each 

eld. 
TABLE V 

electric fi Parameters for H3.a 

Electric 
field Energy De-e De„n D„-n 

L        Ax   Wavepacket 1 

20.4   0.4           x01 

/c01=0 
o^ = 5.1 
Spin-up 

Wavepacket 2 

x02 = 26 
/c02 = 0 

<x2 = 5.1 
spin-down 

Wavepacket 3 

0.000 
0.005 
0.010 

-1.45992 
-1.46007 
-1.46053 
-1.46130 

2.19012 
2.19070 
2.19248 
2.19551 

1.66918 
1.68804 
1.70797 
1.72905 

2.00000 
2.00000 
2.00000 
2.00000 

A03 

^03 = 0 
0-3 = 5.1 

Spin-up 
0.015 aDistance x0Ax = (x02 - 26)Ax= (26 -xc i)Ax. 
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X a    / 

xß 
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/ 
x.a xß 

x^a 

x,a 

FIGURE 3. Space and spin coordinates for one-dimensional three-electron system is shown in Figure 3(a). Figures 
3(b) and 3(c) show the initial wave function and the final wave function is a subspace (x, ß - x2a - x3a). 

3 
d 

60 

C 

3 4 
Distance (a.u.) 

FIGURE 4. Potential curve of a one-dimensional H3 system with equal H -H bond lengths. 

of particles. But we will apply this method to a 
wide variety of problems which include the dou- 
ble-ionization threshold, the dynamics is highly 
excited states, electronic nonlinear optical, and 
magnetic properties by external static and dy- 
namic optical and magnetic fields. 
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ABSTRACT 

A stochastic path-integral (SPI) technique for chemical reaction dynamics is explored. It 
is shown that this technique enables the direct computation of the transition amplitude 
with a finite space-time range, by generating a set of classical paths subject to 
simultaneous stochastic differential equations. The numerical values of the Boltzmann 
matrix elements for a harmonic potential are in good agreement with the analytical ones. 
Within the quantum transition state theory, the flux-flux autocorrelation function is also 
evaluated at 630 K for the H + H2 exchange reaction and is found to give a satisfactory 
agreement with the previous studies. To appraise the influence of the dimensionality, 
both one-dimensional Eckart potential and a full three-dimensional (3D) 
Liu-Siegbahn-Truhlar-Horowitz (LSTH) potential calculations have been performed. 
The calculated values of the Boltzmann matrix elements for the colinear and the full 3D 
cases are found to deviate slightly from each other in the lower temperature range. The 
3D thermal rate constant is in very good agreement with the previous one.    © 1996 John 
Wiley & Sons, Inc. 

consist of complex time propagators with a finite 
Introduction space-time range [1, 2]. Path-integral approaches 

suggested to date for the estimation of the desired 
thermodynamic or dynamic quantities generally 

o far, there have been a number of studies in involve either iterated "short-time" approximation 
the field of chemical reaction dynamics where using the Trotter formula or the use of Fourier 

the quantum mechanical rate constant is defined expansions of the path involved [3]. However, it is 
through a path-integral formulation. In doing so, still   a   matter   of  great  concern  for  theoretical 
the  relevant  flux-flux  autocorrelation  functions chemists  to  treat realistic  chemical  phenomena 
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where quantum and classical degrees of freedom 
exist inevitably at the same time or, in other words, 
to overcome the multidimensionality problem. 

The stochastic quantization method (SQM) [3] 
has succeeded in solving a variety of problems in 
high-energy physics [4-7]. The prescription of SQM 
to obtain the usual quantum mechanics depends 
on the fact that propagators and related quantities 
can be reduced to n-point functions of the opera- 
tors [8, 9]. Also, the SQM is based on the equality 
between the path-integral measure and the Fok- 
ker-Planck measure. The latter can be obtained as 
an equilibrium distribution for dynamical vari- 
ables by solving a stochastic differential equation 
(SDE) (e.g., the Langevin equation) [10]. 

In the field theory for elementary particles, 
where SQM has been developed, the Feynman 
boundary condition is implicitly assumed [9]; 
therefore the two-point functions (i.e., the vacuum 
expectation values of field operators) are nothing 
but the transition amplitudes themselves [8, 9]. On 
the contrary, in quantum statistical mechanics for 
finite temperature and nonrelativistic quantum 
mechanics, i.e., the realm of chemical reactions, it 
is not appropriate to treat a transition amplitude as 
a vacuum-to-vacuum expectation value in the 
presence of a source [8]. Instead, the boundary 
conditions for the motion of classical particles 
should be such that x(tr) = Xr and x(tt) = xjr i.e., 
boundary conditions with a finite space-time range 
(the Dirichlet boundary condition [8, 9]). 

Therefore, in this article, a new possible proce- 
dure of the path-integral method to obtain a transi- 
tion amplitude with a finite-time range is pro- 
posed by combining the quantum transition state 
theory with SQM, namely, the stochastic path-in- 
tegral (SPI) method for chemical reaction dynam- 
ics. Simple examples are demonstrated by using a 
harmonic potential, a one-dimensional (ID) Eckart 
potential and a full three-dimensional (3D) Liu- 
Siegbahn-Truhlar-Horowitz potential for the ther- 
mal exchange reaction of the H + H2 system. 

Theoretical Treatments 

STOCHASTIC QUANTIZATION METHOD AND 
THE BOLTZMANN MATRIX ELEMENTS 

For such problems in quantum statistical me- 
chanics at temperature T, SQM assumes the fol- 
lowing simultaneous SDE with respect to a new 
parameter r which is called "the fictitious time" 

(the fifth dimensional parameter with the dimen- 
sion T2/M) and is introduced just to describe the 
quantum mechanical fluctuation around the classi- 
cal most probable path as a hypothetical stochastic 
process: 

d x( U, T ) 

dT 8x X= x(ll, T) 

+ X\(U,T),      (1) 

where x denotes a set of Cartesian coordinates 
describing the dynamics and depends not only on 
the inverse of temperature (or the Euclidean time) 
u (0 < u < ßh/2) but also on the fictitious time T; 

SE is an Euclidean action functional that enables 
us to calculate the partition function and t\ is a 
random number vector whose components are 
Gaussian white noises subject to 

<7J,.(M,T)> = 0/ (2) 

(77,(1/, T^O^T')) = 2ä5,7S(M - U')8{T- T'). 

(3) 

The brackets (...) stand for the average over TI'S. 
By solving Eq. (1) under the most suitable bound- 
ary conditions for each problem, we obtain a 
Markov process x(u, T) reflecting not only thermal 
but also quantum mechanical characteristics of the 
system. Then, one can retrieve quantum mechanics 
in the thermal equilibrium limit of the hypothetical 
stochastic process with respect to the parameter r. 

The probability distribution functional P(X;T) 

with respect to x satisfies the Fokker-Planck equa- 
tion [11, 12]; 

dP(x;r) 8(8        1 8SF 
  = h—   — +  

dr 8x\ 8x      h   8x 
P(x;r),   (4) 

which yields 

P(x) = limP(x;T) = N-exp(-SE/h)     (5) 

at the thermal equilibrium limit with respect to T, 

N being the normalization constant [4, 11, 12]. 
Thus, one can find that the Fokker-Planck mea- 
sure at the infinite fictitious time limit, 

aß. Peq(x) dx (6) 

is nothing but the path-integral measure [7]. 
One typical procedure for extracting quantum 

mechanical information is to calculate the two- 
point function   A/;(z/ - u'),  i.e.,  two-time  Green 
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function, by using the following relationships [6, 9, 
10], 

A,;(w - u') = NJD[x]xi(.u)xj(u')exp(-SE/h) 

= Dij(u-u';Q), (7) 

D,7(« - M';T- T') 

lim      <X,(M;T)X,(M';T')>.      (8) 

|T— T'| — fixed 

However, in this article, we will pursue a direct 
method which can reproduce the path-integral 
measure under the Dirichlet condition [Eqs. (11) 
and (12)]. This is a most profitable method for 
describing time-dependent phenomena in low-en- 
ergy sciences as chemical reaction dynamics. In 
that case, the transition amplitude of the Boltz- 
mann operator (the Euclidean time evolution oper- 
ator) is expressed as follows: 

<X/,M/|x,, Ut) 

= <x/!exp(-«H)|x,> 

boundary conditions: 

/I  f "f I 
D[x]exp - T I    duLE\x(u), 

dx(u) 

du 

(9) 

where LE denotes an Euclidean Lagrangean: 

dx(u)"> 
LE\x{u), 

du 

1 dx(u)     dx(u) 
M —— + V(x(u)), 

2    du du 

' x(Uj,  I")    =   X(M;,0)    =   X; 

X(UJ,T) = x(«|,0) = x / 

(11) 
(12) 

throughout the fictitious time generation. Only if 
the equilibrium is reached, can we construct an 
ensemble of paths {x(u, r)} for the boundary condi- 
tion with two fixed Euclidean space-time bound- 
aries [4, 11, 12]. The pictorial illustration for the 
scheme is shown in Figure 1. 

THERMAL RATE CONSTANT EXPRESSION 

In the chemical reaction rate theory, it is well 
known that the thermal rate constant is expressed 
as 

k(T) = Q-R'fdtCAt), (13) 

where QR is the partition function normalized at 
the reactant state per unit volume and Cf(t) is the 
flux-flux autocorrelation function defined as 

CM) =Tr[Fexp(M
c*H)Fexp(-M

cH)] 

|<x/|exp(-M
cH)|x;>| 

2m /  I dXj dxt 

-4  <xJexp(-M
cH)|x;> 

OX:   ' J (14) 

(10) with the complex time 

and M is a mass matrix. For our purpose, one has 
to  solve   the  SDE  (1),   imposing  the  following 

ß 
2 

l'I (15) 

x   :   Fictitious time 
   To» 

P„*(x) _ thermal equilibrium 
, _ _ ' with respect to z Nexp (-S E/h) 

FIGURE 1. Schematic diagram for the stochastic path-integral method. The space axis is represented here by one 
dimension. The boundary condition is x(uf) =x(u,) =x,(=x;) = 0. 
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(16) 

and the flux operator 

1 
F = - 

2 

In Eq. (14), the transition amplitude is defined as 

<x/-|exp(-»''H)|x,-> 

P       P 
5(x) — + — S(x) 

m       m 

m 1/2 

iTTfihl 

■A(X//x,;/3/2 

exp 
m 

2n u     ' 
x,y 

it/fi). (17) 

The left-hand side is the analytic continuation of 
the transition amplitude of the Boltzmann operator 
[Eq. (9)], 

p(x,-,x,) = {xf, ßfi/2\xlf0) 

= <x/|exp(-j8H/2)|x,.>, (18) 

which is related to the Boltzmann rate constant if 
the Euclidean time is analytically continued to a 
complex time fi ß/2 + it [1]. As a result, for esti- 
mation of the rate constant, one finally needs the 
analytic continuation (a.c.) of the SQM value for 
the potential factor A(x/r x,; ß/2) of the transition 
amplitude as follows: 

A(x,-,x,; ß/2 + it/h) =   a.c. A(x,,x,; ß/2).   (19) 

The H + H2 Exchange Reaction 

SIMPLE EXAMPLE: THE 
HARMONIC BARRIER 

In the present study, we employed two ID and 
one 3D analytic potentials for the proton exchange 
reaction in the H + H2 system. The first one was a 
harmonic potential: 

V(x) = \mu2x2, (20) 

where the parameters were a> = 4.00 X 1014 (s_1) 
and in = 1.67 X 10 "~24 (g). These values were opti- 
mally chosen to model a colinear H. molecular 
system. 

For each numerical simulation, the Euclidean 
time axis was discretized into 50 segments be- 
tween 0 to ßfi/2 and that of the fictitious time into 
10,000 segments. By setting an arbitrary initial 
condition for the fictitious time, Eq. (1) was solved 
and the latter 5000 paths were chosen to make an 
ensemble {x(u , T,,)} where \x and  v are integral 

suffixes in the ranges between 0 and 50 and be- 
tween 1 and 5000, respectively. It must be noted 
that each path, specified by v, satisfies strictly the 
Dirichlet boundary condition x(u0, TV) = x(u5Q, T„) 

= 0. To know statistical error estimation, we per- 
formed a set of 10 simulations for each tempera- 
ture by generating 10 sets of random numbers. For 
each calculation at different temperatures, the same 
element of the same set of random numbers was 
assigned to the same lattice points. Each run de- 
manded about 10 s of CPU time in the IBM 
RISC/6000 355 workstation. 

In Table I, the calculated values of the matrix 
elements of the Boltzmann operator (0|exp(-/3H/ 
2)|0) (the Euclidean time transition amplitude) for 
the harmonic barrier are shown along with the 
averages, variances, and standard deviations, ab- 
breviated to Avg., Var. and S.d., respectively. The 
exact values of the matrix elements obtained by 
analytic expressions are also presented for compar- 
ison [13]. The agreement is very good especially 
for temperatures higher than 500 K in spite of the 
naive center-difference algorithm. Although we 
originally used the first-order difference scheme in 
the numerical algorithm and obtained slightly 
worse values, a second-order difference scheme 
was later found to improve those values quite 
well. However, as is well known in the quantum 
mechanical simulation, the systematic error be- 
came larger as the temperature was lowered [14]. 
At 300 K, the systematic error in Avg. results in 
~ +40% in comparison to the exact value, al- 
though the accidental error is found to be small 
and with almost the same magnitude, i.e., 2.6- 
6.4%, throughout the whole temperature range. 

In Figure 2, the temperature dependence of the 
matrix element is plotted for the Avg. and Avg. + 
S.d. values by comparison to the exact ones. Since 
the transition amplitude itself becomes smaller as 
the temperature becomes lower, the absolute val- 
ues of accidental errors at low temperature become 
small due to the uniformity of percentage of the 
accidental error. 

ONE-DIMENSIONAL ECKART POTENTIAL 
AND FELL 3-DIMENSIONAL 
LSTII POTENTIAL 

For demonstration of the SPI method, we em- 
ployed two more realistic potentials for describing 
the H + H2 exchange reaction. In the first case, we 
adopted a ID Eckart potential, which is often em- 
ployed as a model potential in a symmetric SN2 
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TABLE I 
Matrix elements of the Boltzmann operator <s,|exp(- ~H/2fcT)|s,>in the case of s, = s, = 0 for the harmonic 

oscillator (all values were divided by 108). 

TOO 

Data 300 400 500 600 700 800 900 1000 

1 0.5768 0.8106 1.0498 1.2781 1.4948 1.6993 1.8915 2.0718 

2 0.6052 0.9184 1.0112 1.1967 1.3739 1.5470 1.7171 1.8836 

3 0.5807 0.8322 1.1541 1.3950 1.6152 1.8175 2.0046 2.1783 

4 0.6372 0.8082 1.0693 1.2955 1.5114 1.7157 1.9079 2.0881 

5 0.5604 0.8900 1.1727 1.4061 1.6218 1.8217 2.0074 2.1803 

6 0.5565 0.8073 1.0384 1.2460 1.4360 1.6146 1.7851 1.9494 

7 0.5965 0.8875 1.1597 1.4070 1.6306 1.8342 2.0212 2.1943 

8 0.5845 0.8644 1.1314 1.3801 1.6094 1.8198 2.0130 2.1911 

9 0.6476 0.9375 1.2010 1.4368 1.6490 1.8416 1.9454 2.1826 

10 0.5666 0.7725 1.0847 1.3034 1.5032 1.6903 2.0067 2.0371 

Avg. 0.5912 0.8529 1.1072 1.3345 1.5445 1.7402 1.9300 2.0957 

Var. 0.0010 0.0030 0.0042 0.0066 0.0089 0.0107 0.0112 0.0123 

S.d. 0.0310 0.0547 0.0648 0.0810 0.0941 0.1033 0.1060 0.1110 

Avg.+ S.d. 0.6222 0.9076 1.1721 1.4155 1.6386 1.8434 2.0360 2.2066 

Avg.- S.d. 0.5602 0.7982 1.0424 1.2535 1.4504 1.6369 1.8240 1.9847 

Analytical3 0.3523 0.6659 0.9764 1.2620 1.5190 1.7490 1.9560 2.1450 

TOO 
Data 1100 1200 1300 1400 1500 1600 1700 1800 

1 2.2409 2.3997 2.5494 2.6908 2.8250 2.9525 3.0743 3.1908 

2 2.0456 2.2023 2.6353 2.4988 2.6383 2.7723 2.9009 3.0246 

3 2.3404 2.4923 2.5651 2.7705 2.8990 3.0213 3.1384 3.2507 

4 2.2571 2.4158 2.6370 2.7062 2.8398 2.9669 3.0881 3.2042 

5 2.3421 2.4939 2.4084 2.7723 2.9009 3.0234 3.1406 3.2530 

6 2.1080 2.2610 2.6488 2.5501 2.6864 2.8174 2.9434 3.0646 

7 2.3555 2.5066 2.6540 2.7833 2.9110 3.0327 3.1491 3.2609 

8 2.3561 2.5099 2.6175 2.7897 2.9182 3.0404 3.1571 3.2689 

9 2.3360 2.4806 2.4992 2.7480 2.8726 2.9922 3.1072 3.2181 

10 2.1985 2.3524 2.5369 2.6393 2.8726 3.0239 3.1417 

Avg. 2.2580 2.4114 2.5752 2.6949 2.8364 2.9577 3.0723 3.1877 

Var. 0.0123 0.0119 0.0063 0.0104 0.0094 0.0095 0.0080 0.0073 

S.d. 0.1108 0.1090 0.0794 0.1022 0.0971 0.0976 0.0894 0.0852 

Avg.+ S.d. 2.3688 2.5204 2.6545 2.7971 2.9335 3.0553 3.1617 3.2729 

Avg.- S.d. 2.1472 2.3025 2.4958 2.5927 2.7393 2.8601 2.9829 3.1026 

Analytical3 2.3170 2.4770 2.6250 2.7650 2.8960 3.0210 3.1390 3.2530 

a Analytical values are calculated by the analytic formula in Feynman and Hibbs (Ref. [13]). 

type of chemical reaction [1-3]: 

V(x) = V0sech2(x/a), (21) 

where V0 = 7.50 (kcal/mol) and a = 3.15 (A). In 
the second case, to understand better the influence 
of dimensionality for this quantum mechanical 
process, the full 3D potential prepared by Liu, 

Siegbahn, Truhlar, and Horowitz (LSTH), was uti- 
lized [15-17]. This has been extensively used for 
investigating the H + H2 exchange reaction when 
checking accuracy of different quantum mechani- 
cal treatments. 

In Figure 3, the temperature dependence of the 
matrix element is plotted for the ID Eckart poten- 
tial and, in Table II, nine sets of the matrix ele- 
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T(/K) 

FIGURE 2. Temperature dependence of the transition 
amplitude for the harmonic potential [Eq. (20)]. 

merits relating to the potential factor A( xf = 0, 
xi = 0; uc) and nine corresponding values of the 
time correlation function C^(f) are shown from 0 
to 20 fs at 630 K in Figure 4. The numerical value 
estimated by Cf(t) is 3.317 X 1010 s"1 for the ther- 
mal rate constant multiplied by QR (Table III) and 
was found to give a reasonable value when the 
previous values in the temperature range between 
200 and 400 K [3] are extrapolated (Fig. 5). 

On the other hand, the temperature dependence 
of the Boltzmann matrix element for the LSTH 
potential is plotted in Figure 6 for both the colin- 
early restricted and the full 3D cases at the same 
time. The corresponding Cf(t)'s at 630 K are ob- 
tained as shown in Figure 7 and result in 6.272 X 

for kQR, respectively. For 

0.00 5.00 10.00 

t (/fs) 
20.00 

FIGURE 4. Flux-flux autocorrelation function for the 
Eckart potential, Eq. (21), with V0 = 7.50 kcal/mol and 
a = 3.15 A, under a temperature of 630 K. 

the sake of direct comparison of the rate constant 
values themselves, the reactant partition function 
per unit volume QR for the 3D case [18-20]: 

QR 
2TT/jbkBT 

h2 

3/2 

E (2; + Dexp 
v> i kBT 

(22) 

10y and 2.492 X 109 s"1 

was calculated for distinguishable-atom H2 with- 
out nuclear spin [18, 19, 21]. fi is the reduced 
mass, sv ■ is the vibrational-rotational energy of 
the reactant H2 diatom [19]. With the numerical 
value 1.858 X 1022 molecule cm"3 of QR for the 
parameter set A in Ref. 18(a), the present 3D ther- 

9.00 

8.50 

ID 
T3 
3 8.00 

"5. 
E 7.50 
03 

C 
.2 7.00 

"t/> 

ra 6.50 

*°6.00 
o> 

_o 
5.50 

5.00 

T(/K) 

FIGURE 3. Temperature dependence of the transition 
amplitude for the Eckart potential [Eq. (21)]. 

> Ref. 3(a) 

i Present 

T (/K) 

FIGURE 5. Temperature dependence of the thermal 
rate constant for the Eckart potential. The previous values 
(♦) are shown also with the present one (■). 
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TABLE II  : —77-— 
Matrix elements relating to the potential factor Ms,, s,; uc) and the time correlation function C,(t) for 
sf = sf = 0(T=630K).  ___ 

f(fs) 

0.00 
1.00 
2.00 
3.00 
4.00 
5.00 

10.00 
15.00 
20.00 

ReA(0,0;uc 

(x10~2) 

5.023 
4.424 
2.771 
4.573 

-1.967 
-3.931 
-0.024 
6.249 
4.840 

A(0,0;tvc) 

lmA(0,0;uc 

(x10"2) 

0.000 
-2.378 
-4.771 
-5.004 
-4.631 
-3.168 
5.523 
0.585 

-4.661 

|A(0,0;uc)|2 

(x10"3) 

2.5227 
2.5228 
2.5231 
2.5249 
2.5312 
2.5484 
3.0503 
3.9386 
4.5154 

cf(t) 
(X1024S"2) 

5.463 
5.247 
4.679 
3.936 
3.187 
2.534 
0.920 
0.449 
0.239 

TABLE III  
Thermal rate constant as kQR for the Eckart, 
colinear and 3D models of the H + H2 exchange 
reaction (T=630 K). 

/cQ„(s-1) 

7"(K) Eckart Colinear 3D 

630 3.317E + 10 6.272E + 09 2.492E + 09a 

a The corresponding rate constant k (T = 630 K) is 1.341 x 
10~13 (cm3 molecule-1 s~1). 

mal rate constant k (T = 630 K) is converted to 
1.341 X 10  13  cm3  molecule" which is in 
very good agreement with the previous result in 
Table IX in Ref. [21]. However, the value is about 
10 times larger than that (~ 2.000 X 10~15 cm3 

0) 
-a 
3 0.00 

E -1.00 ro 
c 
.2 -2.00 

üi 
g -3.00 

^0 -4.00 
o> 
o 
— -5.00 

-6.00 

o Colinear H3 

A30H3 

T(/K) 

FIGURE 6. Temperature dependence of the transition 
amplitude for the LSTH potential in the colinearly 
restricted and the full three-dimensional cases. 

6.00E+24 

5.00E+24 

j» 4.00E+24 

23.00E+24 

O 
2.00E+24 

1.00E+24 

-colinear 

-3D 

0.00 5.00        10.00       15.00       20.00       25.00       30.00 

t (/fs) 

FIGURE 7. Flux-flux autocorrelation function for the 
LSTH potential in the colinearly restricted and the full 
three-dimensional cases, under a temperature of 630 K. 

molecule"1 s_1) in Ref. [18(a)] since we have uti- 
lized the same LSTH potential as Ref. [21] al- 
though Ref. [18(a)] adopted the double many-body 
expansion surface [18(b)]. 

Furthermore, comparing each matrix element 
value at the same temperature (Fig. 6), one can 
understand that the smaller value for the 3D case 
than for the colinear case (Table III) is originating 
from its relative smaller values. Because both are 
based on the same LSTH potential, the relative 
difference should come from the dimensionality in 
the two cases. Namely, one should notice that, in 
the colinear case, there are fewer bath coordinates 
orthogonal to the reaction coordinate and, there- 
fore, each trajectory, which determines the quan- 
tum mechanical transition amplitude as a whole, 
stays for relatively shorter time than in the 3D 
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case. Accordingly, the difference in the time of 
stay results in relatively larger matrix elements 
and rate constant for the colinear potential. 

Concluding Remarks 

In the light of the previous examples, we sug- 
gest that the stochastic path-integral method can 
become a promising strategy for many applica- 
tions in the field of low-energy science, as demon- 
strated here for a chemical reaction. Furthermore, 
it should be noted that there exist some merits in 
this method because it is based on the equation of 
motion [13]. In addition, we are also convinced 
that the present method will be regarded as an 
important milestone in the progress of SQM in the 
low-energy material sciences. 

Although one might regard the present method 
just as one of the importance sampling methods, in 
the sense that the ensemble is constructed from the 
solutions of a stochastic differential equation, 
which reflects the equation of motion of the sys- 
tem, the method needs not assume any approxi- 
mation with respect to the potential functional 
forms, in comparison to usual treatments. There- 
fore, this approach should, in principle, work for 
most of the systems with any analytical or numeri- 
cal force fields for solving the stochastic equation 
of motion. It is the recent development of quantum 
chemistry which enabled us to realize analytic 
potential functions for various realistic chemical 
reactions that motivate us to do the present study. 
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ABSTRACT   

Dirac bra-ket notation is introduced for the Whittaker cardinal (Sine) functions and a 
previously unreported completeness relation for these quantities is presented and derived. 
With the use of this completeness relation it becomes simple to transform to a Sine-basis 
the eigenvalue equations arising from a light-cone quantization of field theory or the 
similar equations occurring in nonrelativistic quantum mechanics. The simplicity and 
power of Sine-function expansions is illustrated by computation of the eigenvalues and 
eigenfunctions of the position-space planar Coulomb equation, a problem for which 
convergence has not been achieved by a variety of other computational methods.    © 1996 
John Wiley & Sons, Inc. 

Introduction 

Expansion methods based on Whittaker cardi- 
nal functions (usually referred to as Sine 

functions) are becoming increasingly recognized as 
very powerful tools for solving various problems 
within applied physics and engineering [1]. How- 
ever, there has been little use of Sine functions in 
quantum chemistry, and it has not been clear how 
to apply Sine methods within the context of the 
operator formalism of quantum field theory. In a 
recent contribution one of us (V.G.K.) has shown 
how, with the use of Dirac's bra-ket notation and 
with the derivation of appropriate mathematical 

* To whom correspondence should be addressed. 

theorems, a Sine-function approach can be made 
more transparent and flexible enough to become 
applicable to problems in a general occupation- 
number Fock space [2]. 

The use of Sine functions constitutes a second 
step in the direction indicated by our contribution 
to the 1995 Sanibel Symposium [3]. That work 
started from the premise that light-cone quantiza- 
tion (LCQ) of quantum field theory was a promis- 
ing method for solving nonperturbative problems 
in quantum chemistry, condensed-matter physics, 
and particle physics, since it led naturally to a 
rational, closed-form, and relativistically covariant 
Hamiltonian formulation with a convenient vac- 
uum state. In particular, a discretized LCQ formu- 
lation permits gauge theory to be reduced to an 
eigenvalue problem (for the square of M, the in- 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1311-1318 (1996) 
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variant mass) involving the light-cone Hamilto- 
nian HLC and a discrete and covariantly regular- 
ized Fock space of functions \n): 

E<«|H rLC\m)(m\y) =M2(n\V). (1) 

Attempts to solve Eq. (1) with plane waves \n) 
have produced interesting results, but led to con- 
vergence difficulties in problems modeling bound 
states [4]. Our previous contribution showed how, 
starting from a plane-wave basis in which nonper- 
turbative renormalization can be properly imple- 
mented, one could transform to a localized Gauss- 
ian basis. The main drawback of that procedure is 
the lack of orthogonality of the individual Gauss- 
ian functions. The use of a Sine basis, whose mem- 
bers are orthogonal, provides a route to circum- 
vent that drawback. We have not yet applied Sine 
expansions to a fully realistic LCQ problem. How- 
ever, we can now report results illustrating the 
power of Sine-function methods by applying them 
to a model problem whose solution has not been 
satisfactorily obtained by other means. 

Even though the numerical computation of this 
model is not of direct interest to quantum chemists, 
the essential steps which lead to its solution are 
very relevant. The model is rigorously formulated 
from a fully relativistic light-cone formulation of 
quantum electrodynamics (QED) in 2 + 1 dimen- 
sions. We then outline how to derive the planar 
Coulomb   Schrödinger   equation   by   taking   the 
weak-coupling and nonrelativistic limits. A similar 
need to use a full-fledged quantum field theoretic 
model as a starting point for solving relativistic 
many-electron atomic problems is now well estab- 
lished [5]. These atomic models are also initially 
formulated within a rigorous quantum field theo- 
retic framework and appropriate low-energy limits 
are then taken to facilitate computation. Novel 
technical difficulties brought about by such an 
approach have created a need for new computa- 
tional paradigms and their tests on simple models. 

In this spirit, the remainder of the present study 
consists of (1) a condensed overview of Sine meth- 
ods in Fock space, expressed in Dirac bra-ket nota- 
tion and including a completeness theorem not 
previously exhibited in the mathematics literature, 
followed by (2) a Sine-method application relevant 
in  quantum  field  theory and  in nonrelativistic 
quantum mechanics; namely,  the position-space 
radial Coulomb equation in two spatial dimen- 

Sinc kets and Sine bras 

If a > 0 and m is an integer, the Sine function, 
S(m, rt)(.r), is defined by [1] 

sin 
S(m,a)(x) 

a 
•{x — ma) 

77 

— (x - ma) 
a 

(2) 

Let's define the Sinc-ket and the Sine-bra to be, 
respectively, \m, a) and (m, a\. We may then ex- 
press the Sine function as 

(x\m,a) = S(m,a)(x) = (m,a\x),       (3) 

with the second equality above following from the 
fact that S(m, a)(x) is real. In order to exploit the 
full power of the Dirac bra and ket notation [6], we 
must first establish the completeness relation, 

£   \m, a)(m, a\ = 1, (4) 

where the 1 on the right-hand side is understood 
to be the identity operator. To establish this, we 
first prove the following lemmas: 

Lemma  1.    The cardinal series for the plane wave, 
yJa/2Treikx, with \k\< ir/a is 

a     ., a 
-^e     =]hr~     E   S{m,a)(x)e'kma.   (5) 

Proof.    Suppose that ^a/2Tre'kx is represented by 
the power series 

LeikX=^ZCm(x)e*<>». (6) 

Multiply both sides of Eq. (6) by ^a/2Tre'ik"a and 
integrate over k: 

,/(.Y- ua)k 

sions. 

— /       dke'{ 

=     L    CJx)— r/a dkeik<m-"».   (7) 

We obtain 
■yz 

S(n,a)(x)=     £   Cm(x)S„hn = C,,(x),   (8) 
m = — ^ 

and this completes the proof. 
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We denote the plane wave, ^a/l-rre ikx, in bra 
and ket notations as 

a 
(x\k) = Al — e-'kx. (9) 

V   Z77 

Analogously, we also define 

_i. g-ikma = (m/a\k) = {k\m,af.     (10) 
2TT 

Equation (5) may now be rewritten as 

(x\k) = ^(x\m,a)(mra\k). (11) 
m 

We now state the next lemma. 

Lemma 2. 

£<Jt|m,fl><m,fl|Jfc'> = (k\k') = S(k-k').   (12) 

Proof.    By definition, we reexpress the left side of 
Eq. (12) as 

2 77 
£e/(*-jt>,„ = a^Siaik - k') + lirn) 
in n 

= 8(k-k'), (13) 

where the last equality follows because \k - k'\ < 
27i/a. This completes the proof. 

It has already been established that [6] 

r/a\k)dk{k\ 
J — TT /n 

and 

I    \x) dx( x\ 
J — -r 

1. 

(14) 

(15) 

We now use the above closure relations to prove a 
third lemma. 

Lemma 3. 

£   S(m,a)(x)S(m,a)(y) 

sin -(x -y) 

-(x-y) 
a 

hS(x -y) = (x\y) (16) 

Proof. The proof of this theorem demonstrates the 
power of the Dirac bra and ket notation as it 
makes self-evident the decomposition of the sums 
and integrals necessary to prove it: 

cc 

Y,   S(m,a)(x)S(m,a)(y) 
m = - =o 

= £<x|m,a><m,a|i/> 
m 

= £ I"7"  r/a (x\k)dk(k\m,a)(m,a\k') 
m     -v/a   -IT/a 

xdk'(k'\y) 

/« r17/" eikx "    \     fir/a    fT/>i 

277/   J-Tr/a-*-TT/a 

Xe~iklJdkdk' 

Le — i(k — k')ma 

rr/a   — Tr/a 

1\   r-rr/a    r 

TTl'-TT/J- 

= [ — \r/tt e'^-yHk 
\2lT jJ-ir/a 

elkxe-ik'XJ8(k-k')dkdk' 

sin -(x -y) 
(17) 

-(x -y) 

It turns out that sin[77/fl(x - y)]/[ir/a{x - y)] is 
an exact delta function for a large class of square- 
integrable functions; namely, the Wiener space of 
functions [1]. For other functional spaces, the error 
between it and a delta function is exponentially 
damped [1, 7]. This completes the proof. 

The bra and ket notation for a general square- 
integrable function is 

(x\f)=f(x). (18) 

In this notation, the sampling of fix) at the Sine 
points ma is given by 

<m, a\f) = f(ma). (19) 

We may now state the lemma for the cardinal 
series representation of a function in Wiener space 
by using the bra and ket notation. 

Lemma 4. Let a > 0, and let W(TT/O) denote the 
Weiner space of functions [1]. Every f in W(ir/a) has 
the cardinal series representation 

(x\f) =     £    (x\ma)(ma\f). (20) 
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Proof.    By the Paley-Wiener theorem [1], fix) has 
a Fourier transform: 

fix) 
1 

/ 
it/a 

- it/a 

, — ikx Fik) dk. (21) 

The function F may be represented on the interval 
(- v/a, IT/a) by its Fourier series expansion, 

F(x)= Zc,„e'k'"a, (22) 

with 

:/' 
■/a 

w/a 

y — ikma F(k)dk = af{ma),   (23) 

where the last identity follows form Eq. (21). Upon 
substituting Eqs. (22) and (23) into Eq. (21) and 
using the fact that 

we get 

- r/a e'k(ma~x) dk = Sim, a)ix), 
T>   J-ir/a 

fix) =    £ S(m,a)(x)f(ma). 

(24) 

(25) 

This completes the proof. Notice that this proof 
demonstrates that the cardinal series (20) for a 
function in Wiener space will reproduce the func- 
tion with zero error. However, even for more gen- 
eral function spaces the error is exponentially 
damped [1, 7]. 

These four lemmas are necessary and sufficient 
to prove the closure relations (4). The upshot of all 
this is that Eq. (4) may be inserted into any second- 
quantized Hamiltonian to obtain that Hamiltoni- 
an's Sine-basis representation. In turn, we can now 
rigorously derive the Sine-basis representation of 
the QED light-cone Hamiltonian. 

For example, in the bra and ket notation, the 
momentum space representation of the light-cone 
Hamiltonian may be written as 

H^ = f/tt-r/ar/a -r/a\k)dk(k\... 
J-TT/a        J~7T/aJ-7T/n        J--jr/a 

\k') dk'(k'\HLC\k") dk"(k"\ 

\k'") dk'"{k'"\. (26) 

We obtain the Sine-basis representation by insert- 
ing the identity operator (4): 

m    K m     K   K    n 

f Y,\m,aXm,a\k)dHk\- 

••• \m', a)(m', a\k') dk'(k'\HLC\k") 

Xdk"(k"\n,a)(n,a\--- 

■■■ \k'")dk'"{k'"\n',a)(ri,a\ (27) 

L "" E E '" Y,\m,a)(m,a\--- \tri, a) 
in m     n n 

X (m',a\HhC\n,a)(n,a\--- \ri,a)(n',a\, 

(28) 

where the appropriate limits of summation and 
integration are understood. If we now use (28) to 
operate on a bound state l^>, we see by inspection 
of (1) that we would be dealing with an eigenvalue 
and matrix diagonalization problem. The bound- 
state samples are obtained at the Sine points; we 
can then use the cardinal series to get the relativis- 
tically invariant bound-state amplitudes through- 
out all space. 

Solving the Planar Coulomb Equations 

We will now demonstrate the power of the Sine 
collocation method by solving the radial Coulomb 
equation in d = 2 + 1. The motives for studying 
QED in 2 + 1 dimensions are numerous [7, 8]. The 
lower dimensions allow a smaller number of de- 
grees of freedom, but the model still possesses 
independent photon degrees of freedom, unlike 
the (1 + l)-dimensional model. The model is su- 
per-renormalizable and, when formulated with 
four-component spinors, it exhibits confinement [8, 
9]. 

The nonrelativistic Coulomb Schrödinger equa- 
tion is derived from the LCQ formalism as follows 
[7, 8]. One first derives the discretized light-cone 
Hamiltonian for (2 + l)-dimensional QED with 
four-component spinors. A Tamm-Dancoff integral 
equation is then obtained for the "positronium" 
bound states. Taking the weak-coupling limit, one 
gets a nonrelativistic integral equation which is the 
momentum-space Coulomb Schrödinger equation; 
the infrared divergences cancel between the self- 
mass and one-photon exchange diagrams [8]. The 
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position-space result is then obtained by a Fourier 
transform, 

1 
■— V2 

r m 
H (y + In mr) 

2TT 
¥(r) = E¥(r),   (29) 

where y is the Euler-Mascheroni constant, m is 
the mass, and g is the coupling constant. It is 
convenient to rewrite Eq. (29) in terms of the 
dimensionless variables x = \mg2

/2TTT and A' = 

(2ir/g2)E + ln]/2g2/mir. We get 

(-V2 + In x + y + ln2)¥(x) = A'¥(x),   (30) 

or 

with 

(-V2 +lnxWx) = A¥(x), 

A In 2. 

(31) 

(32) 

The separation of variables, V(x) = R(x)@(0), 
leads to ©(0) = exp(±z70), where / is the angular 
momentum quantum number. We are left with a 
radial differential equation for R which, after us- 
ing the substitution [9] 

R(x)=x^/2f(x), (33) 

transforms into a differential equation for /: 

U/2-l 
-f"(x) + 

\xl + In x fix) = Xf(x).   (34) 

This equation for / represents a singular Sturm- 
Liouville system, and it can be solved by Sine 
collocation [1]. 

The theory of Sine series (cardinal functions) on 
the entire real line has been thoroughly developed. 
As mentioned earlier, for a class of functions 
known as the Wiener class, the Sine interpolation 
and quadrature formulas are exact [1]. However, a 
more practical application of Sine approximation 
of functions which are in a much less restrictive 
class has also been developed and the absolute 
errors have been derived via contour integration 
[1]. In a nutshell, the Wiener functions are entire 
but a more practical class of functions should have 
specific growth restrictions on the real line and 
should be analytic only on an infinite strip cen- 
tered about the real line, 

Dc [ze?:z = i + iy,!yl<ii).       (35) 

W denotes the set of complex numbers. It turns out 
that the absolute error of Sine interpolation and 
quadrature on such functions is exponentially 
damped [1]. 

For the problem of interest to us we need to use 
Sine methods on a function / whose domain is 
(0, °°). The more general class just described, how- 
ever, has a domain which includes the whole real 
line. This conflict is elegantly circumvented 
through the use of conformal maps [1]. For exam- 
ple, let (f> be a one-to-one conformal map from 
some domain D to domain Ds and let \\i denote 
the inverse map which is also conformal. If / is 
analytic in D then /° </> is analytic in Ds. So, if a 
numerical process has been developed in a domain 
containing the whole real line, £%, then this process 
can be carried over to a new domain containing 
only a proper subset of the real line. 

We will shortly see that the domain of interest 
to us is 

IT 

D = Iw G ^:|arg(sinh(w))| < d < —\.   (36) 

This domain is conformally mapped onto the infi- 
nite strip Ds by the function [1] 

z = (f>(w) = ln(sinh(a;)). (37) 

If we let 

w = 0(z) = <f>-\z) = ln(e2 + Vl +e2z),   (38) 

then 

r = vise) = (o,oo), (39) 

as desired. For a > 0 and m an integer we define 
the Sine points 

xm = ip(ma) = ln(em" + Vl + e2ma).     (40) 

One may further verify that 

<£"(xm) = -e-2ma, (41) 

where the primes denote differentiation with re- 
spect to x. 

Now, to solve (34) we note that [7] 

N 

fix) ~     E    Sim,a)i(j>ix))fixm),     (42) 
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/"(*)«     E 
m= - M 

(<£'(*)) 
d2 

+  <*"(*)- <f<£2       T   *'" rf0 

xS(m,a)(4>(x))\f(xJ. (43) 

where 

J(0) 4/2 

4x2 In x     S(0) 
w       n, m 

Since we would like our solution to be normalized, 
we will also make use of the Sine quadrature 
formula [7], 

,= N      Fix  ) 
\ F(x)dx~a    E    TTT4- (44) 

ui= —M </>'(*,„) 

To evaluate these expansions at a general Sine 
point xn note that 

S(m,a)(4>(X))\Xii = S^m, 

— SO»,«)(<£(*))!*„ = --8?]„, 
a<p a 

d2 1 
—?S(M, «K4>(*))!,,.= — 8™„ (45) 
dtp' '      a 

where S^),: is the Kronecker delta function and 

?u> 
'0, 

(-1)" 

in — n 

5(2) 

77" 

2(-l)" 

(»/ - «) 

w; = n 

m ¥= n, 

m = n 

m ¥= n 

(46) 

(47) 

Using these results along with (41) we may now 
approximate (34) via Sine collocation, 

N 

E    [C- + ^)
m + C]/(0 = A/(*„),   (48) 

in = - M 

rO)   = _p-2»Hfl?(i) 
*- II        HI ^ ^17        III 

a 

J(2)     = (1   +     -2ma)8(2) (49) 

In the tradition of LCQ, we have formulated the 
problem as an eigenvalue and matrix diagonaliza- 
tion problem. The components of the eigenvector 
/(.T,„) can be substituted into (42) to compute the 
eigenfunction at arbitrary x. Finally, we use (33) to 
acquire R(x) and we normalize this function by 
computing the norm, y fgR2(x)dx, using the Sine 
quadrature formula (44). 

In Table I we list the first five eigenvalues for / 
ranging from 0 to 4. The diagonalization was per- 
formed with MATLAB [10]. The convergence was 
excellent for all / values but we needed consider- 
ably higher M values for / = 0 than for / # 0 [7]. 
In Ref. [7] the first five / = 0 eigenvalues were 
computed in momentum space: 

A'„ = 1.7969,    A', = 2.9316,    A'2 = 3.4475, 

A'3 = 3.7858,    A'4 = 4.0380, (50) 

where A is related to A in Table I by (32). These 
momentum space results do not agree with the 
position-space computations in the literature [9] 
and additional repeated attempts to get conver- 
gence in position space have failed [8]. It was 
concluded in Ref. [8] that "the previous position 
space calculation [9] was inaccurate, due to the 
slow, logarithmic behavior of the potential.... The 
momentum space calculation is much more rapidly 
convergent." 

TABLE I  
First five eigenvalues for / ranging from 0 to 4. 

A, 

/=0 

0.52643626 
1.6619365 
2.1870578 
2.5153639 
2.7677810 

/= 1 

1.3861862 
2.0094748 
2.3943387 
2.6726676 
2.8906069 

1=2 

1.8443720 
2.2758614 
2.5800522 
2.8144703 
3.0049630 

1 = 3 

2.1578468 
2.4881158 
2.7390550 
2.9409664 
3.1096821 

1 = 4 

2.3962798 
2.6638815 
2.8772701 
3.0543788 
3.3373990 
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10 15 

FIGURE 1. Plot of normalized function R0 0(x) for / = 0 
and A'0 = 1.7968. 

FIGURE 3. Plot of normalized function R20(x) for / = 0 
and A'2 = 3.4574. 

On the other hand, if we use (32) to convert the 
first column of Table I to the parameterization 
used in Ref. [7] we see that 

A'0 = 1.7967991,    A', = 2.9322993,    A'2 = 3.4574206, 

A'  = 3.7857268,    A'4 = 4.0381439. (51) 

These values are in very good agreement with 
(50), they converge faster, and they are more accu- 
rate. Note further that the eigenvalues for / =£ 0 are 
actually in good agreement with the previously 
reported position space results [9]. (The momen- 
tum space calculations in [8] were not carried out 
for / # 0.) This leads us to conclude that the slow 
convergence of the previous position space results 

was not due to the slow logarithmic behavior of 
the potential; rather, it was due to a minor instabil- 
ity caused by the sign-flip of the "centrifugal" part 
of the potential when / = 0. 

As promised, it is now very easy to use (42) 
along with (33) to compute any eigenfunction; 
these eigenfunctions are easily normalized through 
the use of the Sine quadrature result (44). As a 
representative sample, in Figures 1 to 3 we display 
the first three normalized eigenfunctions for / = 0; 
note that the number of bumps increases incre- 
mentally as we go from n = 0 to n = 2. Figures 4 
to 6 show the first three normalized eigenfunctions 
for ; = 4; note that the "centrifugal" barrier causes 
the bumps to move away from the center, relative 
to the I = 0 plots. 

FIGURE 2. Plot of normalized function R1t0(x) for / = 0 
and A'., = 2.9323. 

0.06 

0.04 

0.02 

FIGURE 4. Plot of normalized function fl0]4(x) for / = 4 
and A'0 = 3.6666. 
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0.04 

0.02 

-0.02 

-0.04 

FIGURE 5. Plot of normalized function fl1 4(x) for / = 4 
and A', = 3.9342. 

0.06 

FIGURE 6. Plot of normalized function R2 4(x) for / = 4 
and A? = 4.1476. 

Conclusion 

We have introduced a Dirac bra-ket formulation 
of the Sine basis along with an important com- 
pleteness relation. It is now straightforward to 
incorporate a Sine-function representation into any 
problem which is posed in a second-quantized 
format such as the light-cone Hamiltonian. Fur- 

thermore, we have explicitly demonstrated that 
Sine methods provide a very powerful tool for 
solving the radial Coulomb Schrödinger equation 
in d = 2 + 1. These methods are very accurate and 
converge very fast. This point is strongly demon- 
strated by the fact that convergence for the / = 0 
values could not be attained in position space by 
other well-known numerical techniques. It is our 
hope that Sine methods will be found useful in 
attacking many other nonperturbative problems in 
quantum chemistry, condensed matter physics, and 
related disciplines. 
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ABSTRACT 

We recently investigated some features of atomic-electron distributions which are 
products of atomic orbitals without linear redundancies. Then, the atomic-electron 
distributions were employed as expansion functions of molecular charge distributions in 
the three-center expansion method for electron repulsion integrals. It turned out that the 
method is very accurate even after substantial reductions of required integrals. We shall 
illustrate the method and discuss its applicability to many electron theories. © 1996 John 
Wiley & Sons, Inc. 

Introduction 

The fundamental scaling properties in many 
types of ab initio electronic structure calcula- 

tions are governed by generating and manipulat- 
ing electron repulsion integrals (ERIs), 

(ab I cd) 

= j dr1di2 A'„(dr1)A'6(dr1)r]~2
1^c(dr2)^(dr2). 

(1) 

In spite of a great deal of effort toward theoretical 
and algorithmic developments coupled with in- 
creasingly faster electronic computers, the tractable 

*To whom correspondence should be addressed. 

quality of a wave function is strongly limited with 
respect to the size of molecules and the quality of 
basis functions. To overcome this obstacle, there 
has been a recent resurgence of attempting to 
approximate ERIs. The pseudospectral approach 
developed by Friesner and co-workers [1] chooses 
a spatial grid and transforms basis set and spatial 
grid representations. This approach scales as N2Mg 

in the context of the Hartree-Fock approximation 
and n2N„Mg in the localized formulation of 
Moller-Plesset perturbation theory (LMP2) [2], 
where N, n, and Mg are numbers of basis func- 
tions, occupied orbitals, and grid, respectively, and 
Nv is fixed virtual space size. 

Alternative ways to approximate ERIs employ 
model distributions to represent products over ba- 
sis functions, and the resolution identity (RI) over 
model distributions is substituted into the expres- 
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sion of ERIs [3]. Some of these approaches are 
based on the similar ideas used for approximating 
direct coulombic energy in the linear combination 
of atomic orbital (LCAO) Xa method [4, 5], and 
charge and transition densities of molecules are 
expanded into model distributions of auxiliary ba- 
sis functions. Although these methods gave almost 
satisfactory results, the optimal ways to generate 
expansion basis functions were not well-addre- 
ssed. 

Most recently, we focused our attention upon 
atomic-electron distributions [6, 7], in which all of 
the linear redundancies of orbital products are 
removed, and approximated molecular charge dis- 
tributions with linear combination of atomic-elec- 
tron distributions (LCAD). The LCAD approxima- 
tion has following features: 

1. Neither independent sets of auxiliary func- 
tions nor numerical parameters are needed in 
approximating ERIs. 

2. The number of atomic-electron distributions 
grows almost linearly not only with respect 
to the size of molecules but also to the qual- 
ity of basis functions. 

3. The approximation is very accurate since no 
error occurs in the intra-atomic distributions, 
and the accuracy is systematically improved 
according to the quality of basis set used. 

The present study will show how this approach 
can be used to provide particularly convenient 
procedures for the wave functions of molecules 
and what new aspects are possible to enhance the 
electronic structure theory within the method. We 
shall give a brief review of the method and then 
explore new possibilities to the many-electron the- 
ory, focusing our attention on a multiconfiguration 
self-consistent field (MCSCF) procedure, where or- 
bital Hessian is not explicitly set up, and direct 
configuration interaction (CI) methods. 

RI-LCAD method 

The notion to employ auxiliary functions to 
reexpand the ^„(r)^-fc(r) distributions is not quite 
new. In these methods, the auxiliary functions are 
usually chosen to be proportional to N, N being 
the number of LCAO basis functions. In the 
Roothaan-type expansion, the required rank of dis- 
tributions should be much smaller than N(N + 
l)/2 for large N, since the convergence of distribu- 

tions is doubly faster than that of molecular basis 
functions. Several approximations are conceivable 
with a given set of auxiliary functions [3]. Vahtas 
et al. [8] investigated Hartree-Fock energies of 
different approximations based on RI or the spec- 
tral resolution, 

(ab I cd) = E (ab \ K)Cc
K
d, (2) 

or 

(ab\cd) = EQ
6
(K| A)Qd, (3) 

where  K, A,...,   denote auxiliary functions. The 
expansion coefficients are determined locally, 

or nonlocally, 

C E (V-l)Kx(ab 
A 

A), 

(4) 

(5) 

where (abX) and SKA are three- and two-center 
overlap integrals, and (ab I A) and VKA = (K | A) are 
three- and two-center ERIs. The use of nonlocally 
determined coefficients leads to the same expres- 
sion of Eq. (2) and (3). For the approximation of 
ERIs in the LCAO Xa and Hartree-Fock calcula- 
tions [4, 8], the authors concluded that the nonlo- 
cally determined coefficients (5) give results supe- 
rior to a locally determined one (4), since Eq. (5) 
can be obtained by minimizing the self-repulsion 
of the residual. In order to realize the computa- 
tional efficiency and the reduction in disk storage 
requirement of decomposed quantities in Eqs. (2) 
or (3), the approximate ERIs are rewritten as, 

(ab\ cd) = E (flfc|ic][iö|cd), (6) 

where 

(ab\H] = E(V-1/2),K(flM/<). (7) 

This expression is used in the CCSLXT) (singles 
and doubles coupled-cluster plus a perturbational 
estimate of the effects of connected triple excita- 
tions) models [9] to avoid the input/output (I/O) 
and storage bottlenecks. In the RI-MP2 [10] and 
the coupled-cluster methods with approximate in- 
tegrals, the scaling properties of the calculations 
are hardly improved, viz. 0(n2N2m) and O0?2N4), 
m being the number of auxiliary functions, since 
they explicitly form four-indexed integrals from 
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three-indexed integrals. Since the usual ab initio 
methods are based on the four-indexed ERIs, addi- 
tional research is needed to explore optimal ways 
to use three-indexed integrals. However, the com- 
putational effort shifts from I/O to matrix multi- 
plications, which can be handled more efficiently 
than I/O. We also employ the same expression (6) 
and (7) in the approximate second-order MCSCF 
procedure [6, 7], but the three-indexed integrals 
are used as much as possible in place of the 
four-indexed integrals. In this case, the most time- 
consuming part of the molecular orbital (MO) inte- 
gral transformation step is much more improved 
and maximum a factor of 8.4 speedup is attained 
for one MCSCF iteration [7]. 

The choice of auxiliary functions is apparently 
dominant over the quality of three-center approxi- 
mation. Previous researchers tried to construct an 
independent auxiliary set as compact as possible. 
Some of them used an even-tempered set and 
obtained accurate self-consisted field (SCF) ener- 
gies [8]. However, no systematic contraction 
scheme has been proposed. Although auxiliary sets 
have also been used to approximate coulombic 
potentials in the density functional theory, prelimi- 
nary experience suggests that the exchange inter- 
actions are more complicated than the direct 
coulombic one. So such expansion sets are not 
necessarily transferable to the general two-electron 
interactions. Furthermore, an optimal choice 
should require one-to-one correspondence of the 
auxiliary basis sets with a given molecular basis 
set which varies with the purpose. For these rea- 
sons, we have fallen back on the idea of using 
atomic-electron distributions (ADs) consisting of 
each atomic basis set, 

X„(r)xfc(r)^   E CZXWXAT), (8) 

where the summation runs over intra-atomic dis- 
tributions. In each set of atomic-electron distribu- 
tions, they include two different kinds of linear 
dependencies, viz. the angular and coulombic re- 
dundancies (AR and CR) [6, 7]. It should be noted 
that atomic blocks are dominant in the matrix V. 
Both of the redundancies can be efficiently re- 
moved, since we can use full symmetry of each 
atom, which is independent from the shape of 
molecules to be calculated. Numerical results indi- 
cate that ADs grow proportionally not only with 
the size of molecules but also with the quality of 
basis functions, if AR and CR are removed. We 

call the RI method plugged into ADs, where the 
charge distributions are reexpressed by linear com- 
binations of ADs, the RI-LCAD, or simply LCAD 
approximation. The accuracies of the RI-LCAD are 
automatically and systematically improved by ex- 
tending the set of basis functions. Our previous 
calculations suggest that typical errors of the ap- 
proximation for molecules consisting of first row 
atoms are a few 10fiEh with d functions (g-ADs) 
and less than l/j,Eh with / functions (z'-ADs) [7]. 
To our knowledge, the present LCAD is the most 
accurate way to approximate ERIs. 

MCSCF Method without Setting up 
Orbital Hessian 

We combined the RI-LCAD method with the 
approximate second-order MCSCF method [6, 7]. 
Since the MCSCF methods include CI and orbital 
optimization, the time-consuming steps are 
strongly dependent on the number of basis func- 
tions and the size of CI expansion. We therefore 
shall not give general inspections on the MCSCF 
method in this section but focus our attention 
upon the orbital improvement within the frame- 
work of second-order MCSCF theory. Direct CI 
method combined with the RI-LCAD approxima- 
tion, which bear some resemblance to the direct 
MCSCF method, will be given in the next section. 
For a large majority of MCSCF calculations, the 
most time-consuming step is the integral transfor- 
mation required in each MCSCF iteration. It is the 
most apparent that integral transformation time 
can be much reduced in the three-center approxi- 
mation, since the total number of ERIs is much less 
than that of full integrals. In this case, the integrals 
transformation is efficiently achieved without dif- 
ficulty using a code for similarity transformations 
of symmetric matrices. So if the transformed 
(three-indexed) integrals can be used in the re- 
maining steps as efficiently as those of four- 
indexed, the MCSCF method will be more en- 
hanced by the three-center expansion. 

In the second-order MCSCF method, solving the 
Newton-Raphson linear equations in each itera- 
tion commonly reduces to an iterative procedure, 
where the Hessian is multiplied by a trial vector 
and a sequence of vectors is built [11, 12]. Usually, 
the number of active orbitals n is much smaller 
than the entire part N, and the linear equations are 
solved quickly in comparison with the integrals 
transformation step. We therefore set up the or- 
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bital Hessian matrix explicitly in the approximate 
second-order MCSCF method with RI-LCAD [6,7]. 
There coarse quantities of ERIs are accumulated 
into Hessian, and four-indexed integrals are not 
generated explicitly for the gradient and the 
coulombic-like part of the Hessian, 

and 

m{vc) 

E  dUab\H] 
<=i 

and 

df; Er, 
kl 

ijkl W\H] 

(9) 

(10) 

where i, j,k,..., and a,b,c,..., refer to occupied 
and virtual orbitals, respectively, T denotes two- 
particle reduced density matrix, and vc is a coarse 
threshold of two-electron contributions to the Hes- 
sian. Our previous experience suggests that em- 
ploying the coarse threshold efficiently simplifies 
the evaluation of Hessian without any loss of con- 
vergence [7]. It is, however, not completely re- 
solved to generate four-indexed integrals for the 
exchange-like contributions, and this step and the 
step in Eq. (9) scale as n2N2m(vc), where m(vc) is a 
number of distributions within the coarse thresh- 
old. One can expend a nontrivial amount of com- 
putational effort in these steps, if the active space 
becomes large both in the LCAD and the usual 
algorithms. 

We can proceed with an alternative method to 
solve linear equations, where the update vectors 
are evaluated directly from the elements of the 
Hessian matrix. Instead of using four-indexed 
coulombic-like and exchange-like operators, whose 
one index is transformed to be a restricted one, the 
basic contributions can be written in the forms: 

and 

m(vc) 

E Ldftfj 
K=l j 

m(vc) 

E   JLefj(aj\K], 
K=l j 

(11) 

(12) 

where L denotes three-indexed operator, one in- 
dex of which is transformed by an arbitrary vector, 

L*aj=   E(flb|K]R; (13) 

~ij        E '■ijkl'^kl- 
kl 

(14) 

The above procedure scales at most nN2m(vc), and 
it is more independent of the size of the active 
orbitals than setting up Hessian explicitly. So it 
would be most efficient in the restricted active 
space (RAS) SCF. It should be noted that the pre- 
sent algorithm is entirely based on the three- 
indexed integrals, in which four-indexed quanti- 
ties do not appear. The operations in the entire 
part consist of simple linear algebra, and we can 
expect that the method with LCAD approxima- 
tion can handle many degrees of orbital rotations. 
The Newton-Raphson procedure requires that the 
starting orbitals be in a local region close to the 
global minimum, and it is very stable in such 
region. However, if one starts from ill-conditioned 
orbitals, there is no way to attain the global con- 
vergence with information of first- and second- 
order derivatives since the energy function in- 
cludes infinite-order terms with respect to the anti- 
symmetric exponent R in the unitary matrix. 
Werner and Meyer [13, 14] have introduced a 
method in which the energy is expanded through 
second order in T(R) = eR - 1 and the method is 
more reliable than the Newton-Raphson proce- 
dure. Since the microiteration requires one-index 
transformation, it is as cheap as the update scheme 
in the Newton-Raphson procedure. We note that 
the above mentioned procedure employing three- 
indexed integrals is applicable to the method with 
an entirely parallel argument. 

Slater Determinant-Based Direct 
CI Method 

The CI method is one of the most popular tools 
to treat electron correlation effects of ground and 
excited states. When we use the direct CI algo- 
rithm where the Davidson scheme is used, the 
time-consuming step is the evaluation of a of the 
two-electronic part: 

"■/= E(yiw)E</IE,74l/>c/, 
ijki j 

(15) 

where c is a trial vector and E; are generators of 
unitary group. Siegbahn [15, 16] proposed an algo- 
rithm for full CI calculations, which can make 
good use of pipeline computers, introducing the 
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resolution of the identity over CSFs, and 

a E„4I/> = EaiE,7iK><KiEJ/>- (16) 

Then the evaluation of a in Eq. (15) can be written 
as follows, with, loop over K: 

<?! ~   L  %■;'   L'i' (17) 

where y,'K are one-electron coupling coefficients, 

•y,.f = </|El7|K>/ (18) 

whose matrix elements over Gelfand states are 
ordinarily calculated in the graphical unitary group 
approach [17, 18], and 

E£=EO;|W)D£, 
kl 

/ 

(19) 

(20) 

Although this method turns out to be computa- 
tionally efficient, there remains a demand on I/O 
facilities for the one-electron formula tape. Aban- 
doning the use of CSFs, Knowles and Handy [19] 
extended Siegbahn's idea to the use of simple 
Slater determinants. Although there are two or 
three times as many determinants as CSFs in a CI 
expansion and accordingly the matrix multiplica- 
tion in Eq. (19) increases, the treatment of the 
coupling coefficients is much more simplified. 

We can expect that the RI-LCAD method pro- 
vides an efficient alternative to the Slater determi- 
nant CI illustrated above. In the three-center ex- 
pansion, the part of Hamiltonian including two- 
electron generators can be expanded into a combi- 
nation of square of one-electron operators, 

where 

E E/y4,(y I kl) = E Q 
ijkl 

o-K = L^jUm- 

2 (21) 

(22) 

Accordingly, the major matrix multiplication step 
in Eq. (19) can be rewritten 

-iniü E3=E0yi*]E£ (23) 

D^=E(K\Ö-K\J)c,. 
I 

(24) 

Then the scaling property in Eq. (19) changes from 
n2 to m, asymptotically. However, since the size of 
full CI grows rapidly with the numbers of elec- 
trons and orbitals, it is usual that a set of basis 
functions are chosen as active. The original algo- 
rithm is also designed with the problem of the 
complete active space (CAS) SCF method in mind 
[19], where the square of n often becomes smaller 
than m. Thinking from a different point of view, 
we shall explore the possibility of restricted CI 
algorithms with the Slater determinant-based 
method. 

The problem to be solved here is a CI calcula- 
tion of a single reference in which the excitation is 
limited to be X. The most obvious difficulty of 
introducing intermediate states is that they must 
span extra spin states which at least interact 
through the operators Eai. We can divide the linear 
contributions to a into two parts, viz. intermedi- 
ate states are within or out of the range of the CI 
expansion space: 

E   aiCL|Y><Y|CL|/> 
Y<X 

+ ai4ix + i><x + ii4i/>, (25) 

where we used abbreviated notation for the sum- 
mation over intermediates and K. The size of inter- 
mediates out of the CI space makes the calculation 
wasteful. It is also possible to classify the second 
contributions into three parts; namely the rank of 
orbital difference is 2, 1, or 0. For rank = 2, we can 
rewrite it to a by introducing X - 1 electron 
excited states as; loop over (X - 1) and K; 

<Hö;!X + I>E<X + IIö;I/>CJ 

= ^(X-1)E^(X_1)c/ 
bj 

>E^(X-% AaUX-iy 

4(X-1)E4'(X"1)CJ 

+ c1(ai\K]2, (26) 

where a and i indicate created and annihilated 
orbitals to form a state I from a state belonging to 
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X - 1, and 

Aa^x-v = (I\EJX 

In the RI-LCAD method, the main contributions 
therefore can be expressed as a sum of products in 
each excited state of X - 1 and K. This expression 
is no more wasteful and similar convenience can 
be provided for rank = 0,1 as well. The present 
method is restricted within the single reference CI 
calculation. However, even in the multireference 
case, we believe that efficient code can be gener- 
ated based on the RI-LCAD method with a tech- 
nique similar to the one introduced here. 

Conclusion 

We have illustrated MCSCF and direct CI meth- 
ods incorporating the RI-LCAD approximation. In 
both methods, new ideas are proposed to avoid 
explicitly setting up four-indexed integrals. These 
methods therefore enable us to handle smaller size 
of data and lead to new aspects in the ab initio 
methods for large molecular systems. Our experi- 
ence suggests that the LCAD approximation is 
very accurate not only in the single-determinant 
wave function but also in the large-scale CI calcu- 
lations, unless one uses an extremely poor basis 
set. It should be emphasized that we do not think 
the entire part of the ab initio method can be 
improved by adopting three-center expansion. For 
instance, the SCF or energy part of the MP2 method 
scales as fourth power of the size of molecules. It 
is always necessary to transform an index in the 
three-center expansion and it also scales as N4. 
However, the bottleneck of the computation shifts 
from the necessity to handle a large number of 
data to the algebraic manipulations of matrices. So 
the three-center expansion would be much more 
suited on parallel computers. 
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ABSTRACT .  

We review "Hubert space basis-set reduction" (BSR) as an approach to reduce the 
computational effort of accurate correlation calculations for large basis sets. We partition 
the single-particle basis into a small "internal" and a large "external" set. We use the 
MRCI method for the calculation for that part of configuration space in which only 
internal orbitals are occupied and perturbatively correct for the remaining configurations 
using a method similar to Shavitt's Bk method. The present implementation approximates 
the MRCI result for the unpartitioned basis set, with a significantly reduced computational 
effort. To demonstrate the viability of the method, we present results for selected states 
of small molecules (Be2, CH2, Os). For the examples investigated, we find that relative 
energy differences can be reproduced to an accuracy of approximately 1 kcal/mol with a 
significant computational saving.    © 1996 John Wiley & Sons, Inc. 

Introduction 

In recent years a number of attempts have been 
made to introduce approximations for the 

treatment of dynamical correlation effects within 
the framework of the established methodology of 
accurate ab initio methods in quantum chemistry. 
The impetus for such developments stems from 
the unfavorable scaling of the correlation energy 

*To whom correspondence should be addressed. 

with the basis-set size, which arises when the 
many-body wave function is expanded in terms of 
Slater determinants. Consequently, methods have 
been proposed to improve either the wave func- 
tion, e.g. through the introduction of explicit elec- 
tron-electron cusps [1], or to formulate an effec- 
tive Hamiltonian [2, 3] to reduce the size of the 
basis set which must be treated within the estab- 
lished methodology. The latter approach benefits 
from the realization that perturbative methods cope 
adequately with the treatment of purely dynamical 
correlation effects. Additionally there are a num- 
ber of comprehensive multireference perturbation 
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theory approachs [4-6]  which account for both 
dynamical and nondynamical correlations effects. 

One common objective of such treatments is an 
adequate description of electronic fluctuations for 
a zeroth-order wave function which is more com- 
plex than the single-determinant closed-shell 
Hartree-Fock function. It is well known that the 
systematic approximation of the electronic fluctua- 
tions requires the use of a hierarchical sequence of 
basis sets of increasing size [7]. For nonperturba- 
tive methods this increase quickly leads to a pro- 
hibitive computational cost even for molecules of 
moderate size. The underlying assumption for the 
development of multireference perturbation meth- 
ods is the existence of an orbital hierarchy, so that 
only a small subset of the orbitals is occupied in 
the zeroth-order wave function. This observation 
suggests a partition of the orbitals basis into two 
subsets: a small "internal" subset required for the 
construction of the zeroth-order wave function and 
a larger "external" one for the treatment of dy- 
namical electronic fluctuations [3]. 

Introducing projectors P and Q = 1 - P for the 
internal and external many-body space, respec- 
tively, an effective Hamiltonian [2] for the internal 
many-body space can be written as 

HBfl = PHP + PHQ(E - QHQVlQHP,    (1) 

where the inversion of the many-body operator 
(E - QHQ) generates a perturbation expansion. 
Given such an effective Hamiltonian, the internal 
wave function % = PV can be generated by an 
established method using only the small subset of 
internal configurations and then expanded to yield 
the full wave function through the wave operator: 

^=[l + (E_QHQ)-i]^/ (2) 

which recovers all fluctuation effects implicit in 
the effective Hamiltonian. 

A scaling analysis in the orbital momentum k 
demonstrates that only terms in lowest-order per- 
turbation theory to Eq. (1) yield corrections of 
order k~2 to the correlation energy, justifying a 
termination of the perturbation expansion at that 
level. Unfortunately, in addition to one-particle 
and two-particle terms, this approach generates a 
three-particle interaction in the effective Hamilto- 
nian. The corrections arising from the three-par- 
ticle interaction are of equal importance as those of 
the two-particle terms. As Wang and Freed ob- 
served early on, an omission of this interaction 

expansion seriously affects the quality of the ap- 
proximation [8]. Its treatment, on the other hand, 
necessitates a computational effort which tends to 
overwhelm the possible savings gained by this 
approach. 

Description of the Method 

Based on these observations, we previously de- 
veloped a formalism [9] which avoids the explicit 
introduction of the effective Hamiltonian in favor 
of a configuration-based approach similar to 
Shavitt's Bk method [6]. Using an orbital partition- 
ing, we divide the many-body state vector V into 
an internal and an external part: % = PW and 
^x = (1 - P)V- The internal wave function will be 
treated with the MRCI method. We do not require 
the knowledge of the effective Hamiltonian, but 
only the internal components of the many-body 
field D. = HV. These arise from the coupling to 
both the internal and the external wave function: 

n; = P(H% + H%). (3) 

The approximate evaluation of the second term in 
the many-body field corresponds to the implicit 
evaluation of the second term in the effective 
Hamiltonian in Eq. (1). In the following we de- 
velop a formalism to compute this contribution 
approximately, a method we refer to as Hilbert 
space basis-set reduction (BSR). 

As noted above, lowest-order perturbation the- 
ory captures the most important contributions to 
the correlation energy. The truncation of the per- 
turbation expansion at this level decouples the 
external configurations from one another. There- 
fore we can determine approximate coefficients ax 

for the each of the external configurations <f>x inde- 
pendently and their contribution to the effective 
internal field as uxH<t>x. In determining at we go 
beyond perturbation theory in a fashion which 
avoids the intruder state problem: for each exter- 
nal configuration we diagonalize the Hamiltonian 
in the Hilbert space spanned by 4>x and the inter- 
nal wave function %, i.e., we solve the eigenvalue 
problem 

' (%\H\%)     <^,.|H|^>\/1 

^<<t>x\H\%)     <<k|H|«k>Jl«> = e. '*   a. (4) 

We note that a substitution of the full many-body 
wave   function   W   for   %   and   accounting   for 

1326 
QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



MULTIREFERENCE BASIS-SET REDUCTION 

nonorthogonality would yield the exact coefficient 
for a x [10]. An expansion in the energy difference 
[<^,.|H|^-> - (c/gHl^XT1 recovers all lowest- 
order terms in the effective Hamiltonian of Eq. (1), 
including the crucial three-particle contribution. 
The sum of the individual energy contributions of 
all the external configurations is a perturbative 
estimate of the external energy contribution, 

AE= ECe.-E,.), (5) 

where E, is the energy of the internal wave func- 
tion. The lowest-order expansion A E yields the Ak 

energy. A similar approach, DCPT2, has recently 
been introduced as an alternative to MP2 [11]. 

As the first step in the calculation we omit any 
external contributions to Ü, and converge the 
MRCI wave function in the internal space, yielding 
a zeroth-order approximation to the internal state 
^/0). For each external configuration, this state is 
substituted into Eq. (4) and we obtain a first ap- 
proximation for the external state, 

^i) = i:«?)0x, (6) 

which is used to compute the first correction to the 
internal many-body field, ft£> = PH^\ We then 
reconverge the internal calculation in the presence 
of this field, completing conceptually one iteration 
of the single-state Bk method, arriving at a cor- 
rected internal state Wp\ The energy of this wave 
function is given as 

(ymiHW^) + «^Plfti-V) + h.c.) + Ex 
JBSR <^a)|^/i)> + NX 

(7) 

which accounts for the relaxation of the internal 
wave function in the presence of the field gener- 
ated by the external configurations. In the expres- 
sion for the BSR energy we have introduced 

Ex= IX<4>JH|</>X> 

and 

Nr M 

(8) 

(9) 

for the purely external contributions to energy and 
norm. The most serious error of this approxima- 
tion arises from the decoupling of the external 
configurations, which, on the other hand, is re- 

sponsible for the significant reduction of the com- 
putational effort of this method. We note that the 
energy in Eq. (7) is not invariant under unitary 
transformations of the external orbitals. The effort 
scales as the second power of the number of exter- 
nal orbitals, compared to a fourth-power depen- 
dence for the equivalent MRCI. 

Results 

The underlying hypothesis for the introduction 
of this method is that it is possible to separate out 
a sufficiently large part of the basis for an approxi- 
mate treatment without the introduction of serious 
differential errors in the potential energy surface. 
In the following we present a comparison between 
MRCI/FCI and BSR energies for three small 
molecules, Be2, CH2, and 03. These molecules 
were chosen because the treatment of dynamical 
and nondynamical correlation effects in each ex- 
ample presents a significant challenge to the 
method. 

Be2 is among the prototypical examples of a 
molecule which requires an accurate treatment of 
both dynamical and nondynamical correlation ef- 
fects in a large basis set and has been widely 
studied for that reason. A section of the FCI 
ground-state potential energy surface in a large 
basis [12] is shown as the long-dashed line in 
Figure 1. The minimum of the potential energy 
surface (PES) is found at re = 4.78 a.u. in good 
agreement with an experimental value of re = 4.72 
a.u. [13]. If we reduce the basis set for another FCI, 
calculation to the lowest 22 orbitals, selecting on 
the basis of the Hartree-Fock energies, the FCI-PES 
shows no binding in the relevant region (short- 
dashed line); hence the entire differential effect arises 
from the proper treatment of the contribution of 
the neglected external orbitals. The state-selected 
FCI-BSR-PES (full line) captures the important dif- 
ferential contribution of the external orbitals, while 
introducing an overall absolute error of 1.8 mH. 
The binding distance 4BSR) = 4.82 a.u. is in good 
agreement with that of the FCI calculation. 

The computation of the singlet-triplet splitting 
in methylene is another example where a high-level 
method and a large single-particle basis are re- 
quired to obtain the desired accuracy. In Table I 
we present the results for MRCI and BSR calcula- 
tions for the singlet and triplet states of methylene 
at  their  respective  minima,  which were  deter- 
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FIGURE 1. FCI and FCI-BSR energies for the beryllium 
dimer. The FCI energy (long dashed line) in the basis 
used by Harrison and Handy. The short dashed line 
shows the FCI potential energy surface for a 22-orbital 
subset of this basis —it has been shifted down by 12 
mH. The full line is the BSR curve including relaxation. 

mined by Shavitt [14] in a QZP quality basis. All 
BSR and MRCI calculations presented here were 
performed in the frozen-core interacting-space 
Hubert space without Davidson correction. The 
internal orbitals were generated by an all-electron 
CASSCF calculation, and the remaining orbitals 
were K-orbitals [15]. 

Table I demonstrates the absolute energy con- 

TABLE I  
Electronic energies for lowest triplet and singlet states of methylene in the frozen-core full-valence 
complete active-space MRCI and BSR methods at the geometries determined by Shavitt [12].a 

vergence of the BSR method. The top row shows 
the results of a six-electron CAS-MRCI calculation 
at their respective minima. The following three 
blocks of data correspond to different partitions of 
the orbitals, with 6, 14, and 48 orbitals in the 
internal set, respectively. The first entry in each 
block, labeled £,, gives the MRCI energy in the 
internal basis, the second entry the perturbative 
energy of Eq. (5), and the last entry the BSR en- 
ergy. The difference between the last two energies 
is a measure of the importance of the relaxation 
effects in the last step of the BSR procedure. The 
last column of each block shows the relative reduc- 
tion in the number of matrix elements which must 
be calculated in the BSR vs. the MRCI calculation. 
The first calculation restricts the internal space to 
the CAS reference space and gives a predictably 
large total error; on the other hand the computa- 
tion effort was reduced by a factor of 1430. The 
perturbative correction overshoots the MRCI en- 
ergy by about 12 mH, as is common for an Arlike 
method. About half of this error is corrected for in 
the final relaxation step. 

One can now systematically improve upon this 
calculation. Based on the orbital occupation in the 
single-particle density matrix or their energy con- 
tribution in the first calculation we can select the 
next important set of orbitals for inclusion into the 
internal space. A typical threshold for the orbital 
occupation is about 0.01, but a systematic investi- 
gation for an automated selection of the orbitals 

Treatment Ni/Nx 

3B1
b 

(a.u.) 
Error 
(mH) 

v 
(a.u.) 

Error 
(mH) 

Comp. 
speedupd 

MRCI 
E; 
E, + AE 

^BSR 

E; + AE 

^BSFt 

E, 
E, + AE 

^BSR 

82/0 
6/76 
6/76 
6/76 

14/68 
14/68 
14/68 
48/34 
48/34 
48/34 

-39.0831 
-38.9721 
-39.0940 
-39.0903 
-39.0016 
-39.0853 
-39.0846 
-39.0463 
-39.0824 
-39.0826 

111.8 
-10.9 
-6.7 
83.0 
-7.0 
-1.5 
36.8 

0.7 
0.5 

-39.0683 
-38.9529 
-39.0815 
-39.0771 
-38.9856 
-39.0727 
-39.0713 
-39.0309 
-39.0684 
-39.0684 

115.4 
-13.2 
-8.8 
82.7 
-4.4 
-3.0 
37.4 
-0.1 
-0.1 

1 

1430 

95 

aW, (Nx) denote the number of internal (external) orbitals in the BSR framework. Six of the internal orbitals are treated in the 
complete active space. E, is to the energy of *,<°>. The perturbative energy correction AE and the BSR energy £R,R are defined in 
Eqs. (5) and (7), respectively. 
"Geometry: R = 1.0779 A, 0 = 132.9°. 
cGeometry: R = 1.1086 Ä, 0= 102.0°. 
dThe computational speedup is the fraction of MRCI matrix elements evaluated vs. those used for the BSR calculation. 
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for the internal space has yet to be undertaken. In 
this set of 14 orbitals the original six active orbitals 
will be treated as internal in the MRCI calculation, 
while the remaining eight will be external in the 
sense of the MRCI calculation. While the total 
error of the internal calculation is still quite large, 
the BSR method now recovers more than 96% of 
this error, the computational effort is reduced by a 
factor of 100. The last partition, with 48 internal 
orbitals, demonstrates convergence of the absolute 
error, though the computational saving is no longer 
significant. 

An equivalent set of calculations was carried 
out for the stretched molecule (75 A) to determine 
the dissociation energy. In Table II we summarize 
the results for singlet-triplet splitting and the dis- 
sociation energy for the various partitions. For 
even the smallest internal basis, BSR recovers the 
full MRCI singlet-triplet splitting and the dissocia- 
tion energy. Note that none of the energies have 
been corrected for zero-point vibrations. In the 
second calculation both energy differences are con- 
verged to 1 kcal/mol. The last set of results 
demonstrates the convergence of the method. 

As the final example we present results of an 
exploratory calculation of the ground state At 

energy surface of ozone. The importance of this 
molecule to atmospheric chemistry, as well as its 
interesting properties have spurred a number of 
theoretical investigations in recent years [16]. While 

a number of properties could be adequately de- 
scribed, some features, most notably the dissocia- 
tion process, remain to be elucidated. Here we 
focus on the two minima of the ground-state en- 
ergy surface to test the validity of the BSR approxi- 
mation. Calculations at the primary minimum were 
carried out at the experimental geometry; the sec- 
ondary minimum was determined using an 11 
reference MRCI calculation in CASSCF orbitals 
constrained to D3h symmetry. Dunning's cc-pVTZ 
basis [17] was used for all calculations. Both the 
energy of the primary minimum and the location 
of the secondary minimum compare well with 
previous studies [16]. The location of the minima 
and their MRCI energies are given in Table III. We 
determined the most important orbitals using a 
BSR calculation in which all nonreference orbitals 
at both minima were treated in the BSR approxi- 
mation, yielding a set of 22 internal orbitals. Using 
only the internal basis, we incur a large differential 
error in the separation of the two minima. The 
perturbative step, labeled E, + A E, reduces the 
relative error to 4.4 mH, while the relaxation step 
reduces it further to 0.4 mH. The BSR computation 
cost of the BSR calculation was 7% of that of the 
corresponding MRCI calculations. 

Conclusions 

For the examples investigated here the BSR ap- 
proximation resulted in an adequate energy reso- 

TARLE II  
Singlet-triplet splitting and dissociation energy of the methylene radical in the frozen-core full-valence 
complete active-space MRCI and BSR methods.3 

Treatment N,INX 

Splitting 
(kcal / mol) 

Error 
(kcal / 

189.7 

mol) 
error 

MRCI 82/0 9.3 — — 

E; 
E, + A£ 
^BSR 

6/76 
6/76 
6/76 

12.0 
7.8 
8.3 

2.7 
-1.5 
-1.0 

169.5 
191.9 
191.3 

-20.2 
2.2 
1.6 

Ei 
£, + A£ 

^BSR 

14/68 
14/68 
14/68 

10.4 
7.9 
8.3 

+ 1.1 
-1.4 
-1.0 

173.1 
190.1 
189.3 

-16.6 
0.4 

-0.4 

E; 
£, + A£ 

^BSR 

48/34 
48/34 
48/34 

9.7 
8.7 
8.9 

+ 0.4 
-0.6 
-0.3 

184.3 
189.7 
189.8 

-5.4 
0.0 
0.1 

aFor symbols and geometries see Table 1. 
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TABLE III  
Electronic MRCI and BSR energies for the primary (XV^) and secondary minimum of the ground-state 
potential energy surface of ozone in a cc-pVTZ basis using CASSCF orbitals in Czcv symmetry.3 

Treatment N;/Nx 

Primaryb 

(a.u.) 
Error 
(mH) 

Secondary ■(2) 

(a.u.. 
Error 
(mH) (mH) 

MRCI 

^BSR 

84/0 
22/62 
22/62 
22/62 

-225.0482 
-224.7880 
-225.0721 
-225.0669 

260.2 
-23.9 
-18.7 

-224.9848 
-224.7346 
-225.0131 
-225.0031 

250.2 
-28.3 
-18.1 

63.4 
53.4 
59.0 
63.8 

Error 
(mH) 

10.0 
4.4 
0.4 

aW, (Nx) denote the number of internal (external) orbitals in the BSR framework. There are six (active) valence orbitals E refers to 
the energy of */°>. The perturbative energy correction A£ and the BSR energy EBSR are defined in Eqs. (5) and (7), respectively. 
APS denotes the energy difference between the two minima. 
"Geometry: R = 2.413a0, 0=116.8°. 
cGeometry: R = 2.668a0, 0 = 60.0°. 

lution of the potential energy surfaces with a sig- 
nificantly reduced computational effort. Building 
on the effective valence shell Hamiltonian method, 
we have been able to show that a configuration- 
based approach can successfully treat the three- 
particle terms which arise in lowest-order pertur- 
bation theory for the effective Hamiltonian. BSR 
offers a systematic approach to formulate a mul- 
tireference perturbation theory. Based on an initial 
run with only a few internal states, the important 
orbitals can be selected on the basis of either their 
perturbative energy contribution or according to 
their occupation. The approximation allows the 
generation of a single-particle density matrix and 
thus the computation of properties. The computa- 
tion of forces and frequencies is a more challeng- 
ing problem. The present implementation was 
explicitly designed to approximate an MRCI calcu- 
lation of the full basis, as such it lacks size consis- 
tency. This approach allowed us to test the most 
significant approximation of the method, namely 
the neglect of the off-diagonal terms in the external 
Hamiltonian, against a firmly established method. 
In the future the requirement to approximate the 
MRCI will be relaxed to arrive at a size-consistent 
version of the method. 
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ABSTRACT 

An extensive investigation of the basis-set effect on the predicted geometry of the redox 
pair [Ru(NH3)6]2+/3+ is presented. Basis sets where the core electrons have been 
replaced with a relativistic core potential as well as all-electron basis sets were tested. 
Best agreement with observations was obtained with the all-electron basis set MIDI 
augmented with a set of /-type polarization functions on the metal center. Other 
properties such as the vibration spectrum, the relative energy of the high-spin and 
low-spin states, and geometry changes upon oxidation/reduction of the central metal are 
discussed. The importance of electron correlation on the predicted geometry was 
estimated at the MP2, MP3, MP4(SDQ), CCSD, and CCSEXT) levels of theory. The 
MIDI(/) basis set is then used for other octahedral second-row transition-metal complexes 
and some other related complexes. The electronic spectrum of [Ru(NH3)6]

2+ is also 
calculated using two different CI computational schemes. Surprisingly good agreement 
between the predicted electronic spectrum and the observed spectrum are obtained using 
one of the CI computational schemes.    © 1996 John Wiley & Sons, Inc. 

Introduction 

Ruthenium complexes, especially 
[Ru(bpy)3]

2+, are among the most experi- 
mentally studied metalorganic complexes, due to 
their unique combination of chemical stability, re- 
dox properties, electron and energy-transfer prop- 
erties, and excited-state reactivity [1], despite that 
few quantum chemical investigations of ruthe- 
nium complexes have been published [2-4]. The 

list of computational work on ruthenium com- 
plexes is certainly not complete and many works 
have probably escaped our attention. Until just 
recently, only semiempirical methods [2, 4a] and 
density functional theory methods [3] have been 
used. Part of the problem in applying ab initio 
quantum chemical methods to second-row transi- 
tion metals is the relative large size, in terms of 
basis functions, of the metal complexes. Another 
aspect is the importance of relativistic effects on 
the electron structure of the metal, which is not 
properly accounted for in a traditional Hartree- 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1331-1343 (1996) 
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Fock calculation. Yet another important factor is 
the so far unclear role of electron correlation on the 
geometry and binding energy of second-row tran- 
sition metals [5]. However, attempts have been 
made to clarify the role of electron correlation on 
the geometry of second-row metalorganic com- 
plexes [6]. The aim of this article was to further 
study the effect of electron correlation and the 
effect of the basis set on geometry and geometry 
changes when the formal oxidation state is changed 
for the metal ion. This work is concentrated mainly 
on ruthenium complexes with a nearly octahedral 
arrangement of the ligands surrounding the cen- 
tral metal ion. Several basis sets and computa- 
tional methods are used. A compromise between 
accuracy and computational resource requirements 
are recommended to be used in future studies. 

Computational Details 

The ligand field around the central ruthenium 
ion has octahedral (Oft) symmetry or close to Oh 

symmetry in most of the ruthenium complexes in 
this study. The ruthenium ion has either a 4rf6 

electron configuration, Ru(II), or a 4d5 electron 
configuration, Ru(III). Three d orbitals, xz, j/z, and 
xy, are occupied and two, x2-y2 and z2, are 
unoccupied. In a perfect Oh ligand field, the occu- 
pied d orbitals have t2g symmetry and the unoc- 
cupied d orbitals have eg symmetry. When the 
perfect Oh symmetry is broken by less symmetric 
ligands, the occupied d orbitals, as well as the two 
unoccupied metal orbitals, will be separated in 
energy. All the Ru(II) complexes are assumed to 
have a low-spin d6 metal configuration, since the 
ligands included in this study are known to pro- 
duce rather large ligand fields [7]. The Ru(III) 
complexes are assumed to have a low-spin d5 

metal configuration, which is also observed in most 
Ru(III) complexes. However, the corresponding 
high-spin states were calculated in some cases. The 
highest symmetry a M(NH3)6 complex can have is 
D3d. In the D3d symmetry, all the M-N bonds are 
equal. However, we would like to be able to study 
Jahn-Teller distortions upon oxidation-state 
changes. Thus, all geometry optimizations were 
performed under the C2v symmetry restriction. In 
the C2v symmetry, three different metal-ligand 
(M-L) bond distances are possible. When the C2v 

symmetry restriction is used, the t2g orbitals will 
be transformed in to an a2 orbital, an ax orbital, 

and a bt orbital. The eg orbitals will be trans- 
formed into an ax orbital and a b2 orbital. The 
geometries and a simple molecular orbital (MO) 
diagram of the studied complexes are found in 
Figure 1. 

All the ab initio geometry optimizations were 
performed with the GAMESS set of programs or 
the Gaussian94 program packages [8]. A rather 
large number of basis sets were tested. The used 
basis sets are summarized in Table I. 

Results and Discussion 

IRU(NH3)6]2 + 

The most extensive basis-set study was per- 
formed for the [Ru(NH3)6]

2+ complex. The geom- 
etry of [Ru(NH3)6]

2+ was optimized using basis 
set A-I at the Hartree-Fock (HF) level of theory. 
The results are summarized in Table II. It is evi- 
dent that the HF method predicts the Ru—N bond 
length to be much too long compared to what is 
found in the crystallographic geometry of 
[Ru(NH3)6]I2 [17]. This type of over estimation of 
the M-L bond length was also found in many 
M(H20)6 complexes studied at the HF level of 
theory by Akesson et al. [4h]. In the work by 
Äkesson et al., both first- and second-row transi- 
tion metals were considered. They discussed possi- 
ble sources to the rather large error in the pre- 
dicted bond lengths and argued that hydrogen 
bonding to the second solvation shell is one possi- 
ble source of error. Another possible source of 
error put forward by Akesson et al. was that the 
observed bond lengths are temperature-dependent 
and crystal effects might also contribute to the 
differences between theory and observations [4h]. 

Even though we do not expect that the geome- 
try will be well reproduced at the HF level of 
theory, we investigated the possible effect of the 
surrounding media on the predicted geometry of 
the [Ru(NH3)6]

2+ complex. The geometry of the 
[Ru(NH3)6]

2+ complex was optimized in the pres- 
ence of two counterions to form a noncharged 
complex. Two different counterions were consid- 
ered: F~ and Cl~. The effective core potential basis 
set B was used in this study. The counterions were 
placed in between the equatorial ligands (see 
Fig. 1). The Ru(NH3)6F2 and the Ru(NH3)6Cl2 

complexes were optimized under the C2v symme- 
try constraint. In both complexes, three differ- 
ent   Ru—N   bond   lengths   were   obtained.   For 
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Ru(NH3)6 

Simple MO diagram 

Ru(NH3)6Cl 
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b, 
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3a 

FIGURE 1. A schematic picture of the geometries of some of the metal complexes studied in this work. It is also 
shown in a simple MO diagram of the 4d orbitals on the metal. The symmetry labels of the MOs in different point 
groups are also indicated. 

Ru(NH3)6F2, the Ru—N bond lengths are pre- 
dicted to be 2.271, 2.247, and 2.246 A, and for 
Ru(NH3)6Cl2, the Ru—N bond lengths are 2.275, 
2.258, and 2.257 A, compared to the Ru—N bond 
length 2.286 A predicted for the "free" complex 
using basis set B. Thus, a considerable bond-length 
decrease is induced by the counterions. It is not 
clear whether the bond-length change is due to 
sterical effects or electronic effects, but it is likely 
that the sterical effects are the most important 
contribution to the observed bond-length decrease. 

The geometry of [Ru(NH3)6]
2+ was optimized 

with different basis sets using the second-order 
perturbation theory (MP2) to account for some of 

the dynamic electron correlation. The predicted 
geometries are found in Table II together with the 
HF-predicted geometries. In the MP2 calculations, 
the core electrons were left uncorrelated. This 
means that with the ECP basis sets the 12 core 
electrons on the ligands were left uncorrelated, 
and for the all-electron calculations, the core elec- 
trons of the ligands and the Is, 2s, 2p, 3s, 3p, 4s, 
4p, and 3d electrons on ruthenium were left uncor- 
related. With the ECP basis set, the Ru—N bond 
length is still predicted to be too long compared to 
what is observed. Electron correlation at the MP2 
level of theory decreases the M-L bond length 
about 0.04 A for the ECP basis sets. The Ru—N 
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TABLE I _  
Summary and description of the basis sets used in this work. 

Basis set Abbreviation 

A SBK + STO-3G 

B SBK + 6-31G 

C HW + 6-31G 

D HW + D95 

E 3-21G 
F 3-21 G(3f) 

G MIDI 
H MIDKO 

MIDI(fp,d) 

Description 

Relativistic effective core potential on Ru where the 28 most 
inner electrons have been repalced with a core potential [8] and 
single zeta on N and H [9] 

Relativistic effective core potential on Ru where the 28 most 
inner electrons have been replaced with a core potential [8] and 
split valence double zeta on N and H [9] 

Relativistic effective core potential on Ru where the 28 most 
inner electrons have been replaced with a core potential [10] and 
split valence double zeta on N and H [9] 

Relativistic effective core potential on Ru where the 28 most 
inner electrons have been replaced with a core potential [10] and 
double zeta on N and H [11 ] 

Double zeta [12] 
Double zeta [13] augmented by three f-type polarization 

functions on Ru (a = 1.6, 0.4, 0.1) 
Double zeta [14] 
Double zeta [14] augmented by a set of f-type polarization 

functions on Ru* 
Double zeta [14] augmented by a set of f-type of ploarization 
functions and a set of diffuse p-type functions on Ru* and a set of 
d-type polarization functions on N 

The /-type polarization function is a three-component contraction which mimic a Slater-type function. The contraction is due to the 
scheme outlined by Stewart [15] and Walsh et al. [16]. 

bond length obtained at the MP2 level using the 
all-electron basis set G is not altered much relative 
to what is obtained at the HF level. Polarization 
functions of /-type on the metal ion seem to be 
more important and the geometry is predicted in 
good agreement with observations at the 
MP2/MIDK/) level of theory. When the basis set 
is extended with a set of d-type polarization func- 
tions on the nitrogen and a set of diffuse p-type 
functions on the metal, the M-L bond length is 
increased. A similar pattern was also found at the 
HF level of theory. The effect of a higher level of 
electron correlation on the geometry will be dis- 
cussed further in the Property sub-section. The 
relativistic effect on the geometry was not explic- 
itly investigated since all the ECPs used here in- 
clude relativistic corrections in the core potential 
and the all-electron basis sets do not include any 
relativistic corrections. However, the expected im- 
pact on the predicted geometry when the relativis- 
tic effects are sufficiently included in the calcula- 
tions is a shortening of the M-L bond; Thus, the 
ECP basis-set calculations, which include some of 
the relativistic effects, should produce shorter bond 
lengths than do the all-electron basis sets, pro- 

vided that the quality of the basis sets is the same 
in the valence region. Clearly, this is not the case 
here and we conclude that the ECP basis sets are 
not sufficiently flexible to be used for this molecule. 

An other important issue is whether the correct 
spin state is obtained or not. The high-spin/low- 
spin separations is investigated by calculating the 
energy of the first low-spin state in each irre- 
ducible representation and the energy of the corre- 
sponding high-spin states of [Ru(NH3)6]

2+. Basis 
set B was used in a set of CASSCF calculations. 
The rational for using basis set B is that Äkesson 
et al. used a similar ECP basis set in an investiga- 
tion of the high-spin/low-spin separation for some 
transition-metal hexaaqua complexes with modest 
success [4h]. We compared the present results with 
theirs on an equal basis. In the CASSCF calcula- 
tions, six electrons were distributed in all possible 
ways among nine active orbitals. The low-spin 
states were geometry-optimized. The high-spin 
states were assumed to have all the Ru—N bond 
lengths equal to 2.26 A and the geometry of the 
NH3 groups was kept as predicted for the :A1 

state. The corresponding energies and Ru—N bond 
lengths are summarized in Table III. The lAx low- 
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spin state is found as the ground state and is 
favored by about 170 kj/mol over the 5Al state. 
Thus, the CASSCF calculations predict the high- 
spin/low-spin energy ordering in accord with ob- 
servations [7]. Äkesson et al. [4h] predicted the 
high-spin state to be the most stable state of the 
[Ru(H20)6]

2+ complex at both the HF and CASSCF 
levels of theory in contrast to what is found here 
for [Ru(NH3)6]

2+. However, ammonia is known to 
produce a larger ligand field splitting than does 
water [7]. The high-spin/low-spin separation will 
be further discussed for the [Ru(H20)6]

2+ com- 
plex later. 

[Ru(rVH3)6]3 + 

The three valent oxidation state of ruthenium 
has five d electrons. The low-spin ground state is a 
doublet. The "t2g" orbitals have ax, a2, and ^ 
symmetry in the C2v point group. Thus, three 
different doublets can be constructed with C2v 

space symmetry. The 2AU 2A2, and 2BX states were 
geometry-optimized with the CASSCF method 
with five active electrons in seven active orbitals 
As for the Ru(II) ions, the basis set B was used in 
the CASSCF calculations. Three almost identical 
M-L bond lengths are found for all three doublet 
states (see Table III). The M-L bond lengths are 
predicted to be much too long compared to the 
observed one of 2.104 A in the [Ru(NH3)6](BF4)3 

[17]. The ZA2 state is found to be the most stable 
state, favored over the 1B1 state by 28.2 kj/mol 
and over the 2A1 state by 37.8 kj/mol. 

The HF/H and MP2/H model reproduced the 
observed geometry of the 2 + complex best. Thus, 
the same basis set was used to predict the geome- 
try of the 3 + complex at the unrestricted 
Hartree-Fock level (UHF), restricted open-shell 
Hartree-Fock (ROHF) level, and the second-order 
perturbation corrected level (UMP2). The opti- 
mized geometries of [Ru(NH3)6]

3+ are summa- 
rized in Table IV. In the ROHF calculations, the 
state symmetry was allowed to change during the 
SCF iterations. This resulted in that only two dou- 
blet states were geometry-optimized. The 2Al state 
was never accessed in the ROHF calculations, while 
the UHF and UMP2 geometry optimizations al- 
ways ended in an 2A state. 

[Ru(H20)f 
12+/3 + 

The geometry of the hexaamine complexes were 
best reproduced with all-electron basis sets G and 
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TABLE III 
CASSCF-predicted Ru—N bond lengths of the first root in each symmetry with low-spin of [Ru(NH3)6]

2H 

compared with the high-spin state of each symmetry. 

State Ru—N (A) 

[Ru(NH3)6]
2+   Exp. 2.144 

*1 
2.292 

X 2.319 
S1 2.337 
e2 2.268 

?' 2.26 
5AZ 2.26 

;si 2.26 5e2 2.26 

[Ru(NH3)6]3+ Exp. 2.104 

?  1 

A 
2   2 

2.228 
2.221 
2.228 

Ru—N (Ä) 

2.292 
2.322 
2.337 
2.478 

Nonoptimized 

2.208 
2.214 
2.221 

Ru—N (A) 

2.292 
2.605 
2.524 
2.490 

2.205 
2.209 
2.212 

Energy 

(-429.au) 

.93774 

.87733 

.87136 

.87495 

.87340 

.86186 

.87314 

.77476 

.39563 

.41004 

.39931 

The high-spin states were not geometry-optimized, the geometry of the ammonia was extracted from the MP2 / B geometry, and the 
M-L bond distance was set arbitrary to 2.26 Ä. Also shown is the CASSCF-predicted Ru—N bond lengths for the [Ru(NH3)6]

3 + 

complex. The ECP basis set B was used in the CASSCF calculations. 

H. Thus, those basis were used for further studies 
together with ECP basis set B. Even though the 
ECP basis sets did not reproduce the geometry of 
the hexaamine complexes very well, they are 
needed for studies of larger systems than what are 
considered here. Thus, it is of importance to obtain 
a better knowledge of how well ECP basis sets 
reproduce the geometry of second-row transition- 
metal complexes. The geometry of [Ru(H20)6]

2 + 

was optimized assuming D2h symmetry. The pre- 

dicted geometry and the basis set and method 
dependency are summarized in Table V. The 
Hartree-Fock model with an ECP basis set pre- 
dicts the Ru—O bond length to be too long com- 
pared to the observed bond length, as was also the 
case for the Ru—N bond. Akesson et al. [4h] 
reported a Ru—O bond length of 2.197 A for the 
[Ru(H20)6]

2+ complex at the Hartree-Fock level 
of theory using the Hey^Wadt ECP basis set [10] 
on ruthenium and a double zeta basis set on the 

TABLE IV 
Predicted geometries of [Ru(NH3)6]3+ using the basis sets G and H; qRu, qN, and gHdenotes the Mulliken 
atomic charge on the ruthenium atom, the nitrogen atoms, and the hydrogen atoms, respectively. 

Method/basis set 

ROHF/G 
2A2 

UHF/H UMP2/H ROHF/H 
2A2 

ROHF/H 
2s2 

2.148 
2.152 
2.156 

1.024 
105.3 

1.51 
-0.92 

0.39 

Exp. [17] 

Ru—N (A) 

N—H (A) 
H—N—H 
<7RU 

QN 
C7H 

2.151 
2.152 
2.158 

1.024 
105.3 

1.59 
-0.93 

0.39 

2.159 
2.149 
2.144 

1.024 
105.3 

1.50 
-0.92 

0.39 

2.123 
2.121 
2.118 
1.042 

105.1 

2.149 
2.149 
2.155 

1.024 
105.6 

1.51 
-0.92 

0.39 

2.104 
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TABLE V  -  
The predicted geometry of [Ru(H20)6]2+ complex compared with the crystallography geometry of 
[Ru(H20)6](C7H7S03)2 [21] and the predicted geometry of [Ru(H20)6]3+ complex compared with the 
crystallographic geometry of [Ru(H20)6](C7H7S03)3 [21].  

Ru—O (A) 

0—H (A) 
H—0—H 

<7RU 

Qo 
<7H 

HF/B 

0.952 
110.4 
110.7 
111.9 

Method / Basis Set 

[Ru(H20)( 

HF/G 

2.224 2.134 
2.224 2.130 
2.194 2.108 

0.973 

1.38 
-0.77 
0.44 

HF/H 

2.162 
2.160 
2.140 

0.973 

1.07 
-0.72 
0.44 

MP2/H 

2.094 
2.088 
2.066 

0.992 
107.8 
107.5 
109.7 

1.32 
-0.77 

0.44 

Observed 

2.139 
2.121 
2.107 

[Ru(H20)6]3 + 

ROHF/H        Observed 

2.105 
2.058 
2.040 

0.982 
107.9 
108.2 
110.3 

1.39 
-0.73 

0.49 

2.016 
2.030 
2.031 
2.037 
2.019 
2.031 

ligands. Thus, the ECP basis sets predict the Ru—O 
bond to be too long compared to what is observed. 
In contrast, Sargent and Hall predicted the geome- 
try of the Ru04 complex using the same ECP basis 
set at the Hartree-Fock level of theory in good 
agreement with observations [4i]. In fact, all basis 
sets in their work performed remarkably well for 
the Ru04 complex, while the M-L bond lengths 
were not well reproduced at all for the 
Ru(P(CH3)3)2(CO)3 complex using the same basis 
set [4i]. The Ru—P bond was predicted to be 0.11 
Ä too long and the Ru—C bond length was pre- 
dicted 0.10 A too long. At first glance, this could 
appear to be strange. However, the ruthenium 
atom has a different formal oxidation state in the 
two complexes. The Ru—O bond lengths of the 
Ru04 complex are predicted to be 1.664 A at the 
HF/H computational level, which is close to what 
Sargent and Hall found for all their basis sets [4i]. 

In the work by Äkesson et al. [4h], only partial 
geometry optimization was performed of the 
[Ru(H20)6]

2+ complex. Furthermore, D3d symme- 
try restrictions were used. Thus, only one Ru—O 
bond length was obtained. However, the 
[Fe(H20)6]

2+ was optimized under both D3d and 
D2/, symmetry restrictions and a distorted geome- 
try was obtained for the D2h complex Req - Rax 

= 0.043 A [4h]. In the crystallographic-determined 
geometry,  three  different  Ru—O bond  lengths 

were found [18]. Bernhard et al. assumed that 
hydrogen bonding was responsible for the inequal- 
ity of the Ru—O bond lengths [18]. However, all 
the geometries of the [Ru(H20)6]

2+ complex re- 
ported here have three different Ru—O bond 
lengths, two almost equal (equatorial) and one a 
little shorter (axial). By allowing the symmetry to 
be reduced (Jahn-Teller distortion), we repro- 
duced the observed bond length and the small 
deviation from perfect D3d symmetry. The bond 
length difference Re„ - R„. was calculated to be -eq 
0.02 A for the [Ru(H20)6]

2+ complex at the HF/H 
level. Furthermore, Akesson et al. was not able to 
reproduce the relative ordering of the high-spin 
and the low-spin state of the [Ru(H20)6]

2+ com- 
plex, not even with an MRCI + Davidson correc- 
tion calculation [4h]. Using the HF/G model with 
the HF/G geometry, which is closest to the ob- 
served geometry, the high-spin state is predicted 
to be 45.2 kj/mol higher in energy than the low- 
spin state in accord with what is observed [18]. 
Thus, the correct ordering of the high-spin and 
low-spin states is possible to reproduce if an all- 
electron basis set is used, but the correct ordering 
is not obtained with an ECP basis set. The reason 
for the somewhat disappointing performance of 
the ECP basis sets might be that the core potential 
is not flexible enough to account for the core con- 
traction due to the ionic state of the metal. The 
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ECPs are obtained for neutral molecules and not 
for the ions that are studied here. It might be 
necessary to develop different ECPs for different 
ion charges in order to increase the usefulness of 
the ECP basis sets. 

In Table V is also the ROHF/H-predicted ge- 
ometry 2B3g state of the [Ru(H20)6]

3+ complex 
compared with the observed geometry. A rather 
large Tahn-Teller distortion is found for the Ru(III) 
hexaaqua complex that was not found for the 
corresponding hexaamine complex. The predicted 
bond-length change upon reduction of the metal 

o 

ion AR = 0.086 A is in good accord with the 
observed A R = 0.093 A. It has been argued that 
the different bond-length change for the hexaaqua 
and hexaamine complexes when the ruthenium 
oxidation state is changed is due to TT interaction 
in the case of H20, which is not possible for the 
NH3 ligands [18, 19]. The TT back-bonding effect 
should be manifested by an increase of the Mul- 
liken charge of the metal ion. If the Mulliken 
charge of the ruthenium ion for the hexaamine and 
hexaaqua complexes is compared, a somewhat 
larger Mulliken charge is found for the hexaamine 
complex. Thus, the bonding IT orbital on the water 
molecules donates a fraction of about 0.1 elec- 
tron charges to the ruthenium ion (see Tables II, IV 
and V). 

!Uo(CO)(i AND Ru(CO)s 

This far, only ruthenium complexes with small 
or no back-bonding effects have been considered. 
We also included a ruthenium carbonyl complex 
in this study in order to investigate an M-L bond 
where the back-bonding effects are very important. 
The molybdeniumhexacarbonyl complex was also 
studied since it has octahedral symmetry and was 
included in the study by Sargent and Hall [4i]. The 
formal oxidation state of the central metal is zero. 
The Mo(CO)6 complex was geometry-optimized 
under the Oh symmetry restriction. Thus, all six 
CO ligands are identical and all the Mo—C bond 
lengths are equal. At the HF/G level of theory, the 
Mo—C bond length is predicted to be 2.094 A, 
which is a little longer than the observed 2.063 A 
[20]. The C—O bond length is calculated to be 
1.137 A compared to the observed 1.145 A [20]. 
Sargent and Hall reported Mo—C bond lengths 
between 2.122 and 2.092 A. The geometry of 
Mo(CO)6 is reproduced reasonably well already at 
the HF level of theory even with a rather compact 

all-electron basis set and with the ECP basis sets. 
The geometry of the Ru(CO)5 complex was opti- 
mized under the Clv symmetry restriction at the 
HF/G level of theory. Three different Ru—C bond 
lengths are possible. However, the two different 
equatorial Ru—C bond lengths were found to be 
equal. Thus, the Ru—Caxial bond length was pre- 
dicted to be 2.010 A and the equatorial Ru—C 
bond length was predicted to be 1.991 A. To the 
best of my knowledge, no crystallographic geome- 
try is available for the Ru(CO)5 complex, but the 
geometry of the related Ru(P(CH3)3)2(CO)3 has 
been reported [21]. The observed Ru—C is 1.890 
A, which is 0.11 A shorter that what was predicted 
at the HF/G computational level. That is the 
largest difference between theory and observations 
in this work at the HF/G level of theory. How- 
ever, the crystallographic geometry is perhaps not 
appropriate for a detailed comparison since the 
rather large P(CH3)3 might affect the Ru—C bond- 
ing situation. Sargent and Hall reported a similar 
Ru—C bond length for the Ru(P(CH3)3)2(CO)3 

complex using both ECP basis sets and all-electron 
basic sets at the HF level of theory. 

PROPERTIES 

An interesting question is: Which level of theory 
is necessary to be used to reproduce properties, 
such as vibration spectrum or bond-length changes 
upon oxidation/reduction of the central metal ion? 
Both these two properties are of importance in 
electron-transfer theory since the bond-length 
change and the force constant for the symmetric 
M-L stretching are proportional to the internal 
reorganization energy, Ein, in the Marcus and Hush 
model for electron transfer [22]. E„, in the case of 
an ML2/ -ML3

6
+ system is given by Eq. (1): 

3A/3 

k+h 
(ARN )2, (1) 

where f2 and f3 are the force constants for the 
breathing mode of the 2 + and 3 + complex and 
ARM„L is the metal-ligand bond-length change 
upon oxidation/reduction. 

The observed bond length changes when the 
[Ru(NH3)6]

2+ complex is reduced is 0.04 A [17]. 
At the CASSCF/B level of theory, a bond-length 
change of 0.075 A is predicted. At the HF-UHF/ 
ROHF level of theory with basis set H, a ARM_L 

of 0.058 A is predicted. A ARM_L of 0.017 A is 
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predicted at the MP2/UMP2/H level of theory. 
Thus, a rather large spread in the predicted ARM_L 

is obtained and the method dependency is large. 
The bond-length change upon reduction of the 
central metal ion is best reproduced at the 
HF/UHF/ROHF level of theory. However, at the 
MP2/H level, the geometry is best reproduced. 
For the [Ru(H20)6]

2+/3+ redox pair, the observed 
bond-length change was better reproduced (see 
Table V). 

To calculate the full vibration spectrum, the 
Hess matrix has to be diagonalized. It is a very 
time-consuming issue if the basis set is large 
and/or at a high level of electron correlation cor- 
rection. A full vibrational analysis was performed 
at the HF-ROHF/G level of theory for the two 
ruthenium hexaamine complexes (see Fig. 2 and 
Table VI). When the predicted frequencies associ- 
ated with vibrations within the amino group are 
scaled by a factor of 0.9, the agreement between 
the observed frequencies and the predicted fre- 
quencies is good. A scaling factor 0.9 for 
Hartree-Fock vibrational frequencies to obtain a 
good agreement between theory and observations 
is generally accepted nowadays. The reasons for 
scaling the frequencies are the lack of electron 

correlation in the calculation and that the vibration 
analysis neglect the anharmonicity of the vibra- 
tions. The skeletal vibrational spectra are repro- 
duced rather well without scaling, which is in 
accord with that anharmonicity is less important 
for the low-energy mode since the vibrational am- 
plitude is smaller than for the high-frequency 
modes. It should be mentioned here that in the 
vibrational analysis four imaginary frequencies 
were obtained. The imaginary frequencies are due 
to rotations of the amino groups in a way to 
increase the symmetry to the highest possible sym- 
metry (D3d). This small deviation from the highest 
possible symmetry causes some vibrational mode 
to be slightly mixed, e.g., the symmetric and asym- 
metric breathing vibrational mode for the Ru(III) 
complex are slightly coupled. 

At a higher level of theory, the breathing vibra- 
tion mode was explored by freezing the geometry 
of the ligands at the MP2/G geometry and vary- 
ing the Ru—N bond length. The breathing vibra- 
tion modes are summarized in Table VII. It is 
interesting to note that the Ru—N bond distance is 
not changed when higher level of electron correla- 
tion is included in the calculation. All the breath- 
ing frequencies predicted with the Moller-Plesset- 

600 

500 

400 

5-   300 

200 - 

100 

0      500     1000     1500     2000    2500    3000     3500     4000 
E(cmM) 

FIGURE 2. The vibrational spectrum of [Ru(NH3)6]2+ calculated at the HF/basis set G level of theory. 
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TABLE VI 
The vibration spectrum of [Ru(NH3)6]2+/3+ 

frequencies are unsealed. 
as predicted with the HF/G model; the > displayed vibration 

va 
NH3 

vs 
NH3 

sa 
H—N—H 

8S 
H—N—H 

P 
NH3 M—N 

V 

M—N 
vas 

M —N N 
8as 

—M- -N 
5 

N—M—N 

HF/G - 3615 3532 1822- 
1867 

1499 806 436 397 
397 

381 
382 

243 240 
241 

Obsd.a 3315 3210 1612 1220 763 409 
384 

ROHF/G 3540- 3479 1826 1609 885 516 462 424 278 248 
3569 3486 1832 

1852 
1611 
1616 

890 
920 

468 435 
436 

255 

Obsd.b — — — — — 500 475 463 273 248 
a[Ru(NH3)6]CI2,from [23]. 
b[Ru(NH3)6]CI3,from [24]. 

type treatment of electron correlation are predicted 
to be too high in energy compared to the observed 
one, while the coupled cluster calculations predict 
too low breathing frequencies. A similar pattern 
was observed in a work on FeCO by Ricca et al. 
[25]. This pattern can also be taken as an indication 
on the lack polarization functions on the transition 
metal, which was shown earlier to have a large 
effect on the predicted geometry at the MP2 level 
of theory. However, it was not possible to use a 
larger basis set in this study due to limitations of 
the local computer environment. 

UV-YIS-SPECTRA 

As a final test of the basis sets, the electronic 
spectrum of the [Ru(NH3)6]

2+ was calculated. In 
this part, only basis set G was used, Meyer re- 
ported the electronic spectrum of [Ru(NH3)6]

2+ in 
his thesis work and found a very weak band 
centered  at 3.10 eV,   s = 30 MT1   cm"1,  and a 

TABLE VII  
Harmonic breathing mode frequencies of 
[Ru(NH3)6]2+ as predicted at different levels of 
theory using the MIDI basis set (basis set G). 

j'tRu—N)      Experimental 
Ru—N (A) (cm-1) [20] 

HF 2.207 
MP2 2.182 
MP3 2.181 
MP4(SDQ) 2.183 
CCSD 2.185 
CCSD(T) 2.183 

436 
442 
448 
446 
383 
382 

403 -423 

somewhat more intense band at 4.51 eV, s = 630 
M~l cm^1 [26]. Both bands are due to Ru 4d -> Ad* 
(t 

2« eg) transitions. It is well known that most 
ab initio methods do not reproduce transition en- 
ergies in the UV and visible frequency regions 
very well. Recent developments of the multirefer- 
ence perturbation theory have, however, shown a 
promising future in this area [27]. In most ab initio 
studies of the absorption spectrum, the transition 
energies must be scaled due to the lack of a good 
treatment of the dynamic electron correlation in 
the excited state [28]. Two different types of elec- 
tronic spectrum calculations are used here. The 
first method uses HF orbitals as the starting Or- 
bitals in a CI calculation where all possible single, 
double, and triple substitutions within a restricted 
active space are considered. This is the lowest 
level of configuration interaction which brings in 
electron correlation of the excited states [29]. This 
method will be abbreviated as CI(SDT) hereafter. 
The second method starts with a small CASSCF 
calculation where the general density matrices are 
formed from an average of the ground state and 
the two lowest excited states. The final CASSCF- 
optimized orbitals are then used in a CI(SDT) 
calculation. This method will be abbreviated CAS- 
CKSDT) hereafter. In the CI(SDT) calculation, the 
six f2„ electrons were allowed to be excited into 
the 30 lowest unoccupied molecular orbitals 
(LUMOs); 20,118 configuration-state functions 
were generated in this way. The first transition 
energy was calculated to be 4.79 eV, corresponding 
to a "t2g -> e?" metal-centered transition. Due to 
symmetry restrictions in the CI calculation, only 
one transition energy was  calculated;  however, 
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two more "t2g -> eg" transitions are to be found at 
about the same energy but with different symme- 
try. The second transition is predicted at 6.72 eV 
and has also a "t2g -> eg" character. In similarity 
with ab initio CI calculations of the absorption 
spectrum of the DNA bases [28], the CI(SDT) 
method predicts the transition energies to be too 
high in energy. Petke et al. used a scaling factor of 
about 0.7 to obtain qualitative good agreement 
with the observed absorption spectra [28]. A simi- 
lar scaling of the predicted CI(SDT) "t2g -» eg" 
transition energies give the first peak at 3.35 eV 
and the second peak at 4.70 eV, which still is about 
0.2 eV above the observed transition energies. The 
CAS-CKSDT) method predicts the first band at 
3.02-3.13 eV (/osc ~ 0.0) that contains three "t2g -» 
e " transitions; no symmetry restriction was used 
in this CI calculation. The second band with three 
"t2 -> e " transitions are predicted at 4.27-4.35 
eV (/osc ~ 10 "6). The CAS-CKSDT) transition ener- 
gies are in excellent agreement with the observed 
spectrum. However, this very good agreement is 
likely due to cancellations of errors since a rather 
compact basis set was used. However, the success 
of the CAS-CKSDT) treatment indicates that it is of 
great importance to optimize the virtual orbital 
space to obtain qualitative agreement between cal- 
culated and observed electronic spectra. This issue 
is currently under further study in this laboratory. 
Preliminary results indicate that electronic spectra 
of organic molecules could be reproduced with 
high accuracy, without a scaling of the transition 
energies, using the computational scheme pro- 
posed above [CAS-CKSDT)] [30]. 

Summary 

The basis-set dependency of the predicted ge- 
ometry of some octahedral ruthenium complexes 
was reported. Ab initio HF calculations with effec- 
tive core potential basis sets do not reproduce the 
observed metal M-L bond lengths very well. The 
geometry is better reproduced if all-electron basis 
sets are used. Polarization functions of /-type on 
the central metal ion improve the description but 
the predicted M-L bond lengths are still too long. 
Electron correlation at the second-order perturba- 
tion theory level in combination with an all-elec- 
tron basis set augmented with a set of /-type 
polarization functions [MP2/MIDK/)] is the mini- 
mum level of theory that is needed to reproduce 

the geometry of octahedral second-row transition- 
metal complexes with an acceptable accuracy. A 
similar level of theory (MP2/6-31G*) has been 
proven to be sufficient to accurately reproduce the 
geometry of small and medium-sized molecules 
[28, 31, 32]. ECP basis sets seem to be too rigid in 
the core region to reproduce observed geometries 
of ruthenium complexes when the metal is in an 
ionic state. When the metal has mostly atomic 
character, the observed geometries are better re- 
produced. 

Properties such as geometry changes due to 
reduction/oxidation of the central metal ion are 
reproduced well already at the HF level of theory. 
Inclusion of electron correlation does not improve 
the results. The high-spin/low-spin state separa- 
tion is predicted in accord with observations at the 
HF level of theory with the all-electron basis set H 
in contrast to what, e.g., Äkesson et al. observed 
for the [Ru(H20)6]

2+ complex and other second- 
row transition metal complexes using ECP basis 
sets [4i]. Thus, we conclude that to reproduce the 
observed high-spin/low-spin separation all-elec- 
tron basis sets are needed at least for complexes 
where the metal is in an ionic state. 

The full vibration spectrum of [Ru(NH3)6]
2+/3 + 

predicted at the HF/MIDI level of theory agrees 
reasonably well with the observed spectrum if a 
linear scaling factor of 0.9 is applied on the calcu- 
lated frequencies, in similarity with what has been 
found for small organic molecules. The skeletal 
vibrational modes are accurately reproduced with- 
out any scaling. At a high level of electron correla- 
tion, only the breathing vibrational mode has been 
explored. The MPn methods all predict a breathing 
mode frequency higher in energy that what is 
observed and the coupled cluster methods predict 
the breathing mode too low in energy compared 
with the observed IR spectrum. Polarization func- 
tions are probably needed to reproduce the ob- 
served breathing vibrational mode at the electron- 
correlated level of theory. 

The observed electronic spectrum (t2g -» eg 

transitions) of [Ru(NH3)6]
2+ is reproduced sur- 

prisingly well using basis set G and a novel strat- 
egy to do CI calculations on excited states. The 
strategy can be summarized as follows: First, the 
important occupied and virtual orbitals are opti- 
mized in a small complete active space self-con- 
sistent field calculation (CASSCF). For the present 
complex, this means that the occupied t2g orbitals 
and the lowest unoccupied eg orbitals are opti- 
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mized. The optimized natural orbitals are then 
used in a CI calculation where all single, double, 
and triple excitations in a restricted active space 
are considered [CI(SDT)]. In this case, all MOs that 
have large metal character are considered in the 
CI(SDT) calculation. Using this procedure, electron 
correlation is introduced in a democratic way in 
both the ground state and the excited states. 
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ABSTRACT 

The lattice constant, cohesive energy, bulk modulus, and band gap for Si were calculated 
with the linear combinations of Gaussian-type orbitals-fitting function (LCGTO-FF) 
technique using three distinct types of charge density and exchange-correlation fitting 
function basis sets: (1) site-centered s-type GTOs only; (2) site- and bond-centered s-type 
GTOs; and (3) site-centered s- and /-type GTOs. All three basis sets produce good results 
for the lattice constant and bulk modulus of Si, but only the two larger basis sets 
determine the cohesive energy and LDA band gap accurately. The numerical results 
obtained with the two larger basis sets are in good quantitative agreement with each 
other and with results from other techniques.    © 1996 John Wiley & Sons, Inc.1" 

Introduction 

The linear combinations of Gaussian-type Or- 
bitals-fitting function (LCGTO-FF) method 

is an all-electron, full-potential, density functional, 
electronic structure technique characterized by its 
use of three independent GTO basis sets to expand 
the one-electron orbitals, charge density, and 
exchange correlation (XC) integral kernels. The 
LCGTO-FF technique is routinely used now to 

* The Los Alamos National Laboratory requests that the 
publisher identify this article as work performed under the 
auspices of the U.S. Department of Energy. 

perform local density approximation (LDA) calcu- 
lations on molecules [1-3], polymers [4-6], ultra- 
thin films [7-9], and crystalline solids [10-12]. One 
of the primary advantages of the LCGTO-FF 
method over other extant LDA electronic structure 
techniques is this ability to treat localized (molecu- 
lar) and periodically extended (crystalline) systems 
on an equal footing, thereby bridging the long- 
standing gap between quantum chemistry and 
solid-state physics. To exploit this advantage of the 
LCGTO-FF technique fully, a new computer code 
(GTOFF) [10] was developed recently to perform 
LCGTO-FF calculations on general systems with 
3D, 2D, and ID (not yet implemented) periodici- 
ties. 
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Although the LCGTOFF method is, in princi- 
ple, capable of producing fully consistent results 
for local and extended systems, in practice, there 
are at least two potential obstacles to making di- 
rect quantitative comparisons between results for 
such systems. First, there are a number of algorith- 
mic differences between the implementation of the 
LCGTO-FF method generally employed for the 
calculations on molecules and polymers [2] and 
that used for most of the calculations on films and 
crystalline solids [8-10]. The most significant dif- 
ference between the two implementations is in the 
technique used for fitting the XC integral kernels. 
In the molecular formulation, the unfitted XC inte- 
gral kernels are formed from the exact electron 
density, whereas GTOFF forms the unfitted XC 
kernels from the fitted density. Since formation of 
the exact electron density is a time-consuming 
process for crystalline solids [10], the impact of 
this algorithmic distinction can be most efficiently 
addressed via molecular calculations and, hence, 
lies beyond the scope of the present work using 
GTOFF. 

The second potential obstacle to direct compari- 
son of LCGTO-FF calculations for various types of 
systems is more subtle. LCGTO-FF calculations 
for molecules occasionally have used bond-center- 
ed s-type GTO fitting functions to achieve accurate 
numerical results without including large-/ GTO 
fitting functions in the site-centered expansions 
[13]. In contrast, nearly all calculations for films 
and crystalline solids have used site-centered fit- 
ting functions only, since the higher symmetry of 
these systems often excludes many components of 
the larger /-type fitting functions and the lengthy 
Coulomb lattice sums converge more rapidly for 
the large-/ charge fitting functions than for the 
s-type charge fitting functions. This systematic dif- 
ference between the fitting function basis sets used 
in molecular and crystalline LCGTO-FF calcula- 
tions raises questions about the relative merits of 
these two approaches to fitting the charge density 
and XC kernels and the extent to which results 
obtained using the two approaches can be com- 
pared directly. 

In this investigation, these questions are ad- 
dressed by calculating the properties of crystalline 
Si, in the cubic diamond structure, with GTOFF, 
using three types of fitting function basis sets: (1) 
site-centered s-type fitting functions only; (2) site- 
and bond-centered s-type fitting functions; and (3) 
site-centered s- and /-type fitting functions. This 
particular test case has been chosen for several 

reasons: Most importantly, cubic Si has well-de- 
fined tetrahedral bonds, which ensure that the 
site-centered s-type only basis will be severely 
taxed. In addition, crystalline Si has been studied 
recently with at least two other all-electron, full- 
potential, electronic structure techniques [14, 15], 
which provide an external reference for the present 
study. Finally, since Si routinely appears in 
molecules, polymers, surfaces, and crystals that 
are of great technological importance, consistent 
calculations for these various types of systems 
could prove to be invaluable. 

The implementation of the LCGTO-FF method 
used in GTOFF was discussed in considerable de- 
tail elsewhere [8-10]. That discussion will not be 
repeated here. Instead, the following section dis- 
cusses only those methodological details that are 
peculiar to this particular investigation. Results are 
presented and discussed in the third section. A 
few concluding remarks are given in the final 
section. 

Computational Details 

The orbital basis set used here was derived 
from Huzinaga's lls7p atomic basis [16]. To re- 
duce the size of the secular matrix, the atomic 
basis set was contracted into a 6s4p basis set using 
contraction coefficients derived from a series of 
atomic calculations using the same LDA parame- 
terization as was subsequently used for the crystal 
(Hedin-Lundqvist [17]). The orbital basis set then 
was augmented with a single d-type GTO, whose 
exponent was found to minimize approximately 
the total energy of crystalline Si in a series of test 
calculations. The final 6s4plrf orbital basis set used 
here is shown in Table I. 

The site-centered s-type-only charge and XC 
fitting function basis sets used here each consisted 
of nine GTOs (see Table II). The exponents for 
these sets were selected on the basis of previous 
experience with a wide range of materials and 
were fine-tuned by requiring that the site-centered 
s-type fitting functions should produce good re- 
sults for an isolated Si atom. The site-centered 
s-type basis sets were then augmented as desired 
either with two site-centered /-type functions, with 
only the xyz component retained due to symmetry 
considerations, or by a single s-type function in 
the center of each bond (see Table II). Since there 
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TABLE I  
Gaussian exponents (a) and contraction coefficients (C) of the orbital set used for Si; horizontal lines 
separate the contractions. 

s-Type p-Type d-Type 

26737.389 
4076.3786 
953.29315 
274.58441 
90.681987 
90.681987 
33.529057 
13.457629 
4.0506916 
1.4841839 
0.27044323 
0.09932161 

0.0010354 
0.0077158 
0.0376661 
0.1368397 
0.2433422 
0.0924999 
0.4327388 
0.1933028 
1.0000000 
1.0000000 
1.0000000 
1.0000000 

163.73270 
38.352081 
12.021114 
4.1845733 
1.4827170 
0.3349856~9 
0.09699384 

0.0118853 
0.0805337 
0.2705100 
0.4640613 
1.0000000 
1.0000000 
1.0000000 

0.45 1.00 

are two atomic sites and four bond centers in each 
primitive unit cell of the diamond structure, both 
augmentation schemes add a total of four GTOs to 
each of the fitting function basis sets. No effort 
was made to optimize the exponents of these addi- 
tional fitting functions. 

In all calculations reported here, the Brillouin 
zone (BZ) integrals were evaluated over the entire 
BZ on a uniform 6X6x6 mesh, with 16 irre- 
ducible points, using the histogram technique. 
One-electron eigenvalues were calculated at three 
additional /c-points along the A-axis, near the X- 
point, to allow an accurate determination of the 
indirect band gap for Si. The SCF portion of each 
calculation was iterated until the total energy var- 

TABLE II  
Gaussian exponents of the site-centered s-type, 
site-centered f-type, and bond-centered s-type 
charge and XC basis sets used for Si. 

Charge XC 

Sites Site / Bond s Sites Site f Bond s 

1000.00 1.00 1.00 360.00 1.00 1.00 
260.00 0.30 90.00 0.30 

72.00 27.00 
24.00 9.00 

8.10 3.00 
2.70 1.00 
0.90 0.36 
0.35 0.17 
0.13 0.08 

ied by less than 1 /j,Ry/atom. All the calculations 
were nonrelativistic. 

Results 

For each of the fitting function schemes de- 
scribed above, the total energy of crystalline Si was 
calculated at six lattice constants: 10.0, 10.1, 10.2, 
10.26, 10.3, and 10.4, all in bohr. Binding energies 
were then obtained by subtracting the energy of an 
isolated, spin-polarized Si atom, -576.391596 Ry, 
as determined from an atomic calculation with one 
additional diffuse p-type GTO added to the orbital 
basis set to compensate for the effect of the orbital 
basis functions on neighboring sites during the 
crystalline calculations. Finally, the equilibrium 
lattice constants (a0), cohesive energies (Ec), and 
bulk moduli (B) were obtained by fitting the cal- 
culated binding energies with a slightly modified 
form [18] of the universal equation of state [19]. 
Each fit had a standard deviation of less than 0.01 
mRy/atom. The equilibrium band gap (Eg) for 
each series of calculations was then determined 
via linear interpolation. 

In Table III, the equilibrium properties of Si 
obtained with the three fitting function schemes 
discussed earlier are compared with results from 
recent calculations using the scalar-relativistic 
full-potential linearized muffin-tin orbital (FP- 
LMTO) method and the full-potential Korringa- 
Kohn-Rostoker (FKKR) method with fully rela- 
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TABLE III  
The lattice constant (a0, in bohr), static lattice 
cohesive energy (£c, in eV / atom), bulk modulus 
(S, in GPa), and band gap (£g, in eV) obtained 
here for silicon with the LCGTO-FF method, using 
three different fitting function basis sets, compared 
with previous results from FP-LMTO [14] and FKKR 
[15] calculations and experimental data [20]; except 
B, which is taken from [21]. 

a0 Ec B E
9 

FP-LMTO 10.22 5.18 95 
FKKR 10.24 96 0.49 
Sites 10.25 5.26 101 0.76 
Site s + bond s 10.25 5.14 97 0.52 
Site s + site f 10.25 5.14 99 0.51 
Experiment 10.26 4.63 98 1.17 

tivistic cores and nonrelativistic valance electrons. 
Table III also lists experimental values for the 
various parameters [20, 21]. Several interesting fea- 
tures are readily apparent in Table III: First, the 
lattice constants and bulk moduli obtained here 
with the three fitting function schemes are nearly 
identical, with the lattice constants varying by less 
than 0.1% and the bulk moduli varying by about 
4%, a negligible variation for a fitted second 
derivative. This insensitivity of a0 and B to 
changes in the fitting function basis sets reflects 
the overall robustness of the fitting algorithms 
used in GTOFF, especially the variational charge 
fit [1]. The various LCGTO-FF results for a0 and B 
are all in slightly better agreement with the experi- 
mental data than are the corresponding FP-LMTO 
and FKKR results. 

Although the cohesive energies obtained with 
the different fitting function schemes vary only by 
0.12 eV/atom (~ 2%), that energy difference is 
significant. The cohesive energy from the s-type 
only calculation is larger than are the cohesive 
energies obtained with the richer basis sets be- 
cause the variational charge fit procedure ensures 
that the fitted Coulomb energy is a lower bound to 
the exact Coulomb energy [1]. The virtually perfect 
agreement between the cohesive energies obtained 
with the two augmented fitting function basis sets 
once again demonstrates the robustness of the fit- 
ting function algorithms being used here, i.e., any 
reasonable extension of the basis set beyond the 
s-type-only approximation is sufficient to achieve a 
well-converged result for the cohesive energy. The 
cohesive energies obtained with the augmented 

fitting function basis sets differ from the FP-LMTO 
value by only 0.04 eV (< 1%), an excellent agree- 
ment for two completely different electronic struc- 
ture techniques. All the theoretical results exhibit 
the usual LDA overbinding. 

The parameter in Table III that best illustrates 
the overall inadequacy of the s-type-only approxi- 
mation is the band gap. The s-type-only basis set 
produces a band gap (0.76 eV) that is roughly 0.25 
eV larger than the band gaps obtained with the 
two richer fitting function basis sets (0.51 and 0.52 
eV) or with other electronic structure methods, 
0.49 eV [15] -> 0.52 eV [22]. This sensitivity of the 
band gap to the richness of the fitting function 
basis is not surprising given the variational nature 
of the charge fit procedure. The one-electron eigen- 
values for the unoccupied states and the band gap 
have no variational significance during an elec- 
tronic structure calculation and, thus, will be 
"sacrificed" to ensure that the occupied one-elec- 
tron eigenvalues are well represented. As was true 
for the cohesive energy, either augmentation 
scheme provides enough additional flexibility in 
the fitting function basis set to allow a precise 
estimate of the LDA band gap, which is, as usual 
[22], much smaller than the experimental gap of 
1.17 eV [20]. 

Conclusions 

It has been demonstrated here that the 
LCGTO-FF technique is an exceptionally robust 
electronic structure method for determining the 
ground-state properties of crystals within the con- 
text of the LDA. Even the crudest fitting function 
basis set used here, the site-centered s-type-only 
basis set, produces excellent results for the lattice 
constant and bulk modulus of Si and only misses 
the converged cohesive energy by 0.12 eV/atom. 
This is a remarkable result given the fact that 
crystalline Si should be one of the more difficult 
systems to describe with GTO fitting functions, 
due to its highly directional tetrahedral bonding. 

The LCGTO-FF method has a substantially 
more difficult time describing the band gap of 
crystalline Si, since the gap is not a ground-state 
property. For this reason, the site-centered s-type- 
only basis set proved inadequate for determining 
the band gap and should not be used for any 
application in which the conduction states of a 
tetrahedral semiconductor must be described accu- 
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rately. The band gap can be determined accurately 
if the site-centered s-type basis set is augmented 
with either site-centered /-type GTOs or bond- 
centered s-type GTOs. 

The results obtained for crystalline Si with the 
two types of augmented fitting function basis sets 
are nearly indistinguishable. This result suggests 
that LCGTO-FF cluster calculations using bond- 
centered s-type fitting functions should be fully 
consistent with LCGTO-FF crystalline calculations 
using site-centered /-type fitting functions, so long 
as there are no significant algorithmic differences 
between the codes used for the two calculations. 

ACKNOWLEDGMENT 

This work was supported by the U.S. Depart- 
ment of Energy. 

References 

1. B. I. Dunlap, J. W. D. Connolly, and J. R. Sabin, J. Chem. 
Phys. 7, 3396 (1979); Ibid., I. Chem. Phys. 71, 4993 (1979). 

2. B. I. Dunlap and N. Rosch, Adv. Quantum Chem. 21, 317 
(1990). 

3. ]. L. Ballester and B. I. Dunlap, Phys. Rev. A 45, 7985 (1992). 

4. J. W. Mintmire and C. T. White, Phys. Rev. Lett. 50, 101 
(1983); Ibid., Phys. Rev. B 27, 1447 (1983). 

5. J. W. Mintmire and C. T. White, Phys. Rev. B 28, 3283 (1983) 

6. J. W. Mintmire, Phys. Rev. B 39, 13350 (1989). 

7. J. W. Mintmire, J. R. Sabin, and S. B. Trickey, Phys. Rev. B 
26, 1743 (1982). 

8. J. C. Boettger, Inter. J. Quantum Chem. Symp. 27, 147 
(1993); also see, J. C. Boettger and S. B. Trickey, Phys. Rev. 
B 32; 1356 (1985). 

9. U. Birkenheuer, J. C. Boettger, and N. Rösch, J. Chem. Phys. 
100, 6826 (1994). 

10. J. C. Boettger, Int. J. Quantum Chem. Symp. 29, 197 (1995). 

11. J. C. Boettger and S. B. Trickey, Phys. Rev. B 51, 15623 
(1995). 

12. J. C. Boettzer and J. M. Wills, unpublished. 

13. B. I. Dunlap, personal communication. 
14. A. K. McMahan, J. E. Klepeis, M. van Schilfgaarde, and M. 

Methfessel, Phys. Rev. B 50, 10742 (1994). 

15. S. Bei der Kellen, Y. Oh, E. Badralexe, and A. J. Freeman, 
Phys. Rev. B 51, 9560 (1995), and references therein. 

16. S. Huzinaga, Approximate Atomic Functions II, Report (Dept. 
of Chemistry, University of Alberta, 1971). 

17. L. Hedin and B. I. Lundqvist, J. Phys. C 4, 2064 (1971). 

18. J. C. Boettger and S. B. Trickey, Phys. Rev. B 53, 3007 (1996). 

19. A. Banerjea and J. R. Smith, Phys. Rev. B 37, 6632 (1988). 

20. C. Kittel, Introduction To Solid State Physics, 5th ed. (Wiley, 
New York, 1976). 

21. P. Becker and G. Mana, Metrologia 31, 203 (1994). 

22. M. Schlüter and L. J. Sham, Adv. in Quantum Chem. 21, 97 
(1990). 

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 1349 



Reaction Energetics of Tetrahedrane and 
Other Hydrocarbons: Ab Initio and 
Density Functional Treatments 

JORGE M. SEMINARIO AND PETER POLITZER 
Department of Chemistry, University of New Orleans, New Orleans, Lousiana 70148 

HUMBERTO J. SOSCUN M.* 
Department of Chemistry, UMIST P.O. Box 88, Manchester, M60 1QD, United Kingdom 

ANGELICA G. ZACARIAS AND MIGUEL CASTRO 
Departamento de Fisica y Quimica Teorica, y Departamento de Quimica Inorganica, Universidad 

Nacional Autonoma de Mexico, C.P. 04510, Mexico D.F., Mexico 

Received March 1, 1996; accepted April 18, 1996 

ABSTRACT 

Reaction energetics of the highly strained tetrahedrane molecule, as well as some smaller 
hydrocarbons, were computed at the ab initio MP4, QCISD (T), Gl, and G2 levels and 
also by several density functional (DF) approaches: VWN(LDA), PW86, BLYP, and 
B3LYP. A variety of basis sets were used in the DF calculations. For atomization 
processes, nonlocal DF procedures are superior to MP4 and QCI. For the other reactions, 
B3LYP is the most reliable DF approach and is overall competitive with MP4 and QCISD 
(T), although the MP4/6-311G(2d/, p) results are generally the closest to the experimental 
and/or the G2 values. There is no consistent correlation between the accuracy of the DF 
results and the size of the basis set.    © 1996 John Wiley & Sons, Inc. 
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SEMINARIO ET AL 

Introduction 

While a considerable amount of evidence al- 
ready attests to the effectiveness of nonlo- 

cal density functional methods for computing 
molecular properties and reaction energetics [1- 
26], there remains a continuing need to evaluate 
various combinations of exchange and correlation 
functionals and basis sets. In the present work, we 
extended such comparative investigations to the 
highly strained molecule tetrahedrane, 1: 

This compound has not yet been isolated [27], 
although it has been claimed to be an intermediate 
in several reactions [28]. Estimates of strain energy 
[27] and a quantitative measure of bond bending 
[29] both confirm its extremely strained nature. 
Our present objective was to compare the results 
of various ab initio and density functional treat- 
ments of this molecule and its reaction energetics, 
as well as those of some smaller hydrocarbons. 

Methods 

We computed the geometries and energies of 
tetrahedrane and some other hydrocarbons with 
several ab initio and density functional (DF) meth- 
ods. The former included Hartree-Fock (HF), 
Moller-Plesset perturbation theory (MP), and 
quadratic configuration interaction (QCI). The den- 
sity functional procedures involved the Becke (B) 
[30] and Becke three-parameter-hybrid (B3) [31] 
exchange functionals and the Perdew-86 (P86) [32] 

TABLE I 
Ab initio energies and geometries for tetrahedrane. 

Method 

HF/6-31G(d) 
HF/6-31G(d,p) 
HF/6-311G(c/,p) 
MP2/6-31G(c/,p) 
MP2 = Full/6-31 G(c/,p) 
MP2/6-311G(d,p) 
MP2 = Full/6-311G(d,p) 
MP2/6-311G(2ctf,p) 

HF / 6-311G(d,p)//MP2/6-311G(d,p) 
HF/6-311 +G(d, p) // MP2 / 6-311 G(d, p) 
HF / 6-311G(2df,p)//MP2/ 6-311G(d,p) 
HF/6-311+G(3df, 2p)//MP2/6-311G(d, p) 
MP2 /6-311 +G(d, p) // MP2 / 6-311 G(d, p) 
MP3 / 6-311 G(d, p) // MP2 / 6-311 G(d, p) 
MP3 / 6-311 +G(d, p) // MP2 / 6-311 G(d, p) 
QCISD(T) /6-311 G(d, p) // MP2 / 6-311 G(d, p) 
MP4 / 6-311G(d,p)//MP2/ 6-311G(d,p) 
MP4/ 6-311 +G(d, p) // MP2 / 6-311 G(d, p) 
MP2 / 6-311 G(2df, p) // MP2 /6-311 G(d, p) 
MP3/ 6-311G(2df,p)//MP2/ 6-311G(d,p) 
MP2 /6-311 +G(3df, 2p) // MP2 / 6-311 G(d, p) 
MP4/ 6-311G(2df,p)//MP2/ 6-311G(d,p) 
G1//MP2/6-311G(d,p) 
G2//MP2/6-311G(d,p) 

Energy 
(Hartrees) 

-153.59789 
-153.60704 
-153.63451 
-154.14019 
-154.16113 
-154.19211 
-154.26843 
-154.27430 

-153.63339 
-153.63499 
-153.64308 
-153.64958 
-154.19584 
-154.21238 
-154.21543 
-154.24319 
154.24359 
-154.24719 
-154.27418 
-154.29230 
-154.29308 
-154.32804 
-154.33482 
-154.33858 

Bond lengths (A) 

1.463 1.062 
1.463 1.062 
1.465 1.062 
1.478 1.067 
1.476 1.066 
1.484 1.072 
1.482 1.071 
1.476 1.070 

1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
1.484 1.072 
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and Lee, Yang, and Parr (LYP) [33] correlation 
functional. All this work was carried out with the 
Gaussian 92/DFT and Gaussian 94 programs [34, 
35V A variety of basis sets, some including a con- 
siderable number of polarization terms, were used; 
these are enumerated in Tables I and II. 

We also used the code deMon [36, 37] for a DF 
calculation with the Perdew-Wang (PW 86) ex- 
change-correlation functional [32, 38, 39] and, for 
completeness, a local density approximation (LDA) 
treatment with the Vosko-Wilk-Nusair (VWN) 
correlation functional [40]. The basis set for these 
deMon studies was the DZVP2 [41], which is simi- 
lar to the Gaussian 6-31GW, p). In addition, auxil- 
iary basis sets containing s-, p-, and d-type func- 
tions were used to fit the density and the ex- 
change/correlation potential and energies [41]. 

Since no experimental data are available for 
tetrahedrane, we compared our results to values 
obtained by the ab initio Gaussian-1 (Gl) and 
Gaussian-2 (G2) procedures, which were designed 
to achieve a very high level of accuracy [42-44]. 
For the latter, we used MP2/6-311GW, pVopti- 

REACTION ENERGETICS OF TETRAHEDRANE 

mized geometries instead of the prescribed MP2/ 
6-31GW) and improved the energies through sub- 
sequent MP4/6-311 + G(3d/,2p) and QCISLXT)/ 
6-3U + G(3df,2p) calculations plus empirical cor- 

rections. These results are generally expected to be 
accurate to within < 2 kcal/mol [42-44], al- 
though larger errors have been reported in certain 
instances [45, 46]. 

Results and Discussion 

TETRAHEDRANE ENERGIES 
AND GEOMETRIES 

The total energies and optimized bond lengths 
obtained for tetrahedrane by the various ap- 
proaches are given in Tables I and II. The ab initio 
results include a series of single-point calculations 
at various levels using a fixed geometry, the MP2/ 
6-311GW, p). 

A striking feature of the computed bond lengths 
is their uniformity. If the HF (uncorrelated) values 

TABLE 
Density functional energies and geometries for tetrahedrane. 

Method 

VWN / DZVP2(LDA) 
BLYP/6-31G(d) 
BLYP/6-31G(d,p) 
BLYP/6-311G(d,p) 
BLYP/6-311+G(d,p) 
BLYP/6-311G(2df",p) 
BLYP/6-311+G(2df,p) 
BLYP/6-311+G(2df,2pd) 
BLYP/6-311+G(3df,2p) 
BLYP/6-311+G(3df,2pd) 
BLYP/6-311+ + G(3df,3pd) 
B3LYP/6-31G(d) 
B3LYP/6-31G(d,p) 
B3LYP/6-311G(d,p) 
B3LYP/6-311+G(d,p) 
B3LYP/6-311G(2df,p) 
B3LYP/6-311+G(2df,p) 
B3LYP / 6-311 + G(2df, 2pd) 
B3LYP/6-311+G(3df,2p) 
B3LYP/6-311+G(3df,2pd) 
B3LYP / 6-311 + + G(3df, 3pd) 
BP86 / 6-311 + + Q{3df, 3pd) 
PW86 / DZVP2 
B3P86 / 6-31 + +G(3df, 3pd) 

Energy 
(Hartrees) 

-153.24990 
-154.55969 
-154.56745 
-154.60545 
-154.60825 
-154.61283 
-154.61575 
-154.61881 
-154.61989 
-154.62061 
-154.62107 
-154.63669 
-154.64466 
-154.67888 
-154.68109 
-154.68697 
-154.68929 
-154.69224 
-154.69350 
-154.69411 
-154.69447 
-154.69672 
-154.87135 
-155.20317 

Bond lengths (A) 

C —C 

1.485 
1.493 
1.493 
1.492 
1.492 
1.486 
1.487 
1.487 
1.487 
1.487 
1.487 
1.479 
1.479 
1.479 
1.475 
1.474 
1.474 
1.474 
1.474 
1.474 
1.475 
1.484 
1.494 
1.470 

C —H 

1.082 
1.080 
1.078 
1.076 
1.076 
1.075 
1.076 
1.074 
1.074 
1.074 
1.074 
1.073 
1.072 
1.070 
1.068 
1.069 
1.069 
1.068 
1.068 
1.068 
1.068 
1.077 
1.079 
1.068 
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REACTION ENERGETICS OF TETRAHEDRANE 

are excluded, the range in the C—C distances is 
only 1.470-1.494 A, and for the C—H, 1.068-1.079 
A. The nature of the theoretical approach is more 
significant than is the particular basis set being 
used; e.g., the C—C bond lengths obtained at the 
BLYP level are all within a range of only 0.007 A, 
whereas replacing the B exchange functional by 
the B3 typically decreases the C—C distance by 
about 0.013 A. 

The B3 exchange functional also has a very 
consistent effect upon the energies when coupled 
with LYP correlation. For any particular basis set, 
the B3LYP total energy is  about 0.074 Hartree 

more negative than is the BLYP. However, with 
the P86 correlation functional, replacing the B ex- 
change by B3 lowers the energy by fully 0.5 
Hartree. 

The effect of the basis set is brought out particu- 
larly clearly by the various ab initio single-point 
calculations with the same MP2/6-311GW, p) ge- 
ometry (Table I). For example, in two instances, 
MP2 energies are lower than those of MP4, be- 
cause the former basis sets have more polarization 
functions. The significance of these in describing 
this highly strained molecule with its markedly 
bent bonds [29] is demonstrated by the improve- 

TABLE IV . — 
Calculated atomization energies (kcal / mol). 

Method 

Ab initio 
MP4/6-311G(d,p)a 

MP4/6-311+G(d,p)a 

MP4/6-311G(2df",p)a 

QCISD(T)/6-311G(d,p)a 

G1b 

G2C 

Density functional 
VWN/DZVP2(LDA)d 

PW86 / DZVP2d 

BLYP/ 6-31 G(d) 
BLYP/6-31 G(d,p) 
BLYP/6-311G(d,p) 
BLYP / 6-311+G(d,p) 
BLYP/ 6-311G(2ctf,p) 
BLYP / 6-311+G (2 df,p) 
BLYP / 6-311+G(2dr",2pd) 
BLYP / 6-311+G(3df,2p) 
BLYP / 6-311+G(3df,2pd) 
BLYP / 6-311 + + G(3df, 3pd) 
B3LYP/6-31G(d) 
B3LYP/6-31G(d,p) 
B3LYP/6-311G(d,p) 
B3LYP/6-311+G(d,p) 
B3LYP/6-311G(2df",p) 
B3LYP/6-311+G(2df,p) 
B3LYP / 6-311 +G{2df, 2pd) 
B3LYP/6-311+G(3df,2p) 
B3LYP/6-311+G(3df,2pd) 
B3LYP / 6-311 + + G(3df, 3pd) 
Experiment6 

a Calculated using energies from [42]. 
b[42], 
c[44], 
d[11]. 
e Calculated from data in Table VIII. 

CH CH„ CoHp CoH* C2H6 Average error 

99.6 72.6 375.8 367.4 505.5 637.5 17.4 

99.6 73.1 375.4 367.4 505.6 636.7 17.5 

99.6 75.2 381.5 379.2 517.5 648.3 10.3 

99.9 73.3 374.8 364.2 503.6 635.3 18.6 

103.5 80.0 391.0 387.0 530.1 663.5 1.4 

104.4 80.5 393.2 387.2 531.7 666.6 0.8 

109.3 88.4 437.7 437.2 600.5 752.5 43.8 

108.7 84.6 402.8 394.6 545.9 684.3 9.7 

103.1 79.6 389.5 382.4 527.3 660.2 3.4 

104.8 80.6 393.0 384.9 531.3 665.4 1.4 

102.9 80.1 388.3 386.1 526.9 657.0 3.6 

102.9 80.6 387.4 385.4 525.7 655.0 4.5 

102.9 80.8 388.9 388.2 528.9 658.4 2.7 

102.9 81.2 388.0 387.3 527.8 656.5 3.6 

103.2 81.6 389.5 388.4 529.4 658.7 2.6 

103.2 81.6 389.0 388.4 528.9 657.8 2.9 

103.2 81.7 389.5 388.6 529.6 658.7 2.5 

103.0 81.7 389.0 388.4 529.2 658.1 2.8 

103.5 79.2 393.1 380.0 528.9 666.3 2.3 

105.4 80.2 396.7 382.5 532.9 671.6 3.2 

103.7 79.9 391.9 383.7 528.7 663.3 2.1 

103.7 80.4 391.2 383.3 528.0 661.8 2.7 

103.7 80.6 392.6 386.0 530.8 664.7 1.1 

103.7 81.0 391.9 385.5 530.2 663.4 1.7 

103.9 81.4 393.4 386.5 531.7 665.5 1.1 

103.9 81.4 392.9 386.4 531.3 664.7 1.2 

103.9 81.6 393.4 385.6 531.9 665.5 1.0 

103.8 81.5 393.0 386.5 531.6 665.1 1.1 

103.3 80.0 392.5 388.9 531.9 666.2 0.0 
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ment observed in going from MP2/6-311GW, p) to 
MP2/6-311G(2<f/, p)//MP2/6-311GW, p). The ad- 
ditional d and / functions on the carbons lower 
the energy by 0.08207 Hartree (51.5 kcal/mol), a 
quantity of chemical significance. 

REACTION ENERGETICS 

Some hypothetical reactions involving tetrahe- 
drane are shown as Eqs. (l)-(5): 

2C2H2 —» C4H4 (3) 

6C2H6 - C4H4 + 8CH4 (4) 

2C2H4^C4H4 + 2H2. (5) 

C4H4 - 

4CH 

4C + 4H 

*C4H4 

(1) 

(2) 

In Table III are listed computed energies for the 
reactants and products in Eqs. (l)-(5). The ab initio 
values are taken from elsewhere [42, 44], except 
for tetrahedrane, and are based on MP2 = FULL/ 
6-31GW) geometries; the tetrahedrane energies are 
from Table I. The density functional values are 
from the present work, except as indicated. The 
zero-point energies [ZPE(G)] were obtained in the 
course of the Gl and G2 procedures [42, 44] and 

TABLE V 
Calculated A£ values (kcal/mol) for reactions shown in Eqs. (6)-(10). 

Method Eq. (6) 

Ab initio 

MP4/6-311G(ö,p)a 
222.1 

MP4/6-311+G(d,p)a 
221.2 

MP4/6-311G(2df, p)a 
228.8 

QCISD(T)/ 6-311 G(d,p)a 
217.6 

G1a 
226.9 

G2b 
226.3 

Density functional 

VWN/DZVP2(LDA)° 260.5 
PW86 / DZVP20 

225.5 
BLYP/6-31 G(d) 223.2 
BLYP/6-31 G(d,p) 223.7 
BLYP/6-311 G(c/,p) 225.9 
BLYP / 6-311+G(d,p) 224.2 
BLYP/ 6-311G(2df,p) 226.6 
BLYP/ 6-311+G(2o7,p) 224.9 
BLYP / 6-311+G(2dr",2pd) 225.1 
BLYP / 6-311+G(3o?,2p) 225.2 
BLYP/ 6-311+G(3df,2pd) 225.1 
BLYP/6-311+ + G(3df,3pd) 225.0 
B3LYP/6-31G(d) 221.7 
B3LYP/6-31G(d,p) 222.1 
B3LYP/6-311G(d,p) 223.9 
B3LYP/6-311+G(d,p) 222.5 
B3LYP/6-311G(2df,p) 224.7 
B3LYP/6-311+G(2df,p) 223.4 
B3LYP/6-311+G(2df,2pd) 223.6 
B3LYP/6-311+G(3df,2p) 223.6 
B3LYP/6-311+G(3d/,2pd) 223.5 
B3LYP/6-311+ + G(3df,3pd) 223.4 
Experiment0 

228.9 

"Calculated using energies from [42]. 
Calculated using energies from [44]. 

cCalculated using energies from [11]. 
d Calculated from data in Table VIII. 

Eq. (7) 

-41.9 
-41.2 
-39.8 
-42.3 
-39.4 
-39.8 

-69.6 
-47.4 
-40.1 
-39.3 
-31.6 
-30.2 
-31.2 
-29.9 
-29.5 
-29.1 
-29.4 
-29.7 
-46.5 
-45.6 
-38.4 
-37.2 
-37.8 
-36.8 
-36.4 
-36.1 
-36.4 
-36.7 
-40.0 

Eq. (8) 

-6.3 
-7.0 
-7.4 
-7.8 
-9.7 
-9.6 

-11.3 
-12.8 
-12.1 
-12.3 
-10.6 
-11.1 
-11.1 
-11.7 
-11.7 
-11.7 
-11.9 
-11.9 
-11.5 
-11.8 
-10.3 
-10.9 
-10.8 
11.5 

-11.5 
-11.5 
-11.6 
-11.6 
-8.7 

Eq. (9) 

-38.6 
-38.6 
-38.7 
-39.5 
-39.5 
-40.1 

-54.0 
-42.5 
-41.8 
-41.6 
-37.8 
-37.4 
-37.7 
-37.5 
-37.8 
-37.4 
-37.8 
-37.8 
-45.4 
-45.0 
-41.3 
-41.0 
-41.1 
-41.0 
-41.3 
-41.0 
-41.3 
-41.3 
-39.8 

Eq. (10) 
Average 

Error 

-32.4 2.7 
-31.6 2.5 
-31.3 0.6 
-31.7 3.1 
-29.8 1.0 
-30.5 0.9 

-42.7 17.9 
-29.7 3.8 
-29.8 2.5 
-29.3 2.6 
-27.2 3.8 
-26.3 4.8 
-26.6 3.9 
-25.8 4.9 
-26.1 4.8 
-25.6 5.1 
-25.9 4.9 
-25.9 4.9 
-33.9 5.0 
-33.2 4.6 
-30.9 2.1 
-30.1 2.7 
-30.3 2.1 
-29.5 2.8 
-29.8 2.9 
-29.4 2.9 
-29.7 2.9 
-29.6 2.9 
-31.0 0.0 
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were used in computing the MP4 and QCI reaction 
energetics; the ZPE(DF) were calculated at the 
B3LYP/6-311 + +G(3df,3pd) level and were used 
for all DF reaction energetics. 

As a test of the data in Table III, Table IV 
presents the computed atomization energies of the 
molecules in Eqs. (l)-(5). Experimentally deter- 
mined values are also included. As anticipated, the 
largest average error is for the VWN/DZVP2 re- 
sults; the local density approximation is known to 
be very poor for calculating bond-breaking ener- 
gies [47-49]. However, Table IV shows a clear 
superiority of the nonlocal DF procedures, espe- 
cially the BLYP and B3LYP, over the MP4 and 
QCI, which are consistently too low. Indeed, the 
B3LYP approach is able to achieve the same level 
of accuracy as do the Gl and G2, provided that / 
polarization functions are included in the basis set. 
It is interesting to note that diffuse functions have 

a detrimental effect upon the BLYP and B3LYP 
results, possibly reflecting a basis-set superposi- 
tion error. 

As further tests, we used the data in Table III to 
compute AE for each of the reactions shown as 
Eqs. (6)-(10). The results are in Table V: 

C,H, -> 2CH 

C2H; 

C2H, 

4CH, 3C,H 

C2H6 - 2C2H 

2il6 

ur 

C2H2 + H2 

C2H4 + H2 

• C2H4 

C,HÄ. 

(6) 

(7) 

(8) 

(9) 

(10) 

The disparity between the accuracies of the ab 
initio and DF procedures that was observed for the 
atomization energies (Table IV) is not in evidence 
in reactions (6)-(10). Instead, the poorest overall 

TABLE VI 
Calculated AE values (kcal/mol) of reactions involving tetrahedrane, Eqs. (1)-(5). 

Method Eq. (1) Eq. (2) Eq. (3) Eq. (4) Eq. (5) 

Ab initio 
MP4/6-311G(d,p) 708.7 

MP4/6-311+G(d,p) 708.7 

MP4/6-311G(2ctf,p) 735.2 

QCISD(T)/6-311G(d,p) 702.4 

G1 750.7 

G2 753.8 

Density functional 

VWN / DZVP2(SDA) 896.7 

PW86 / DZVP2 782.3 

BLYP/6-31 G(d) 746.9 

BLYP/6-31 G(d,p) 751.8 

BLYP/6-311G(d,p) 743.7 

BLYP/ 6-311+G(d,p) 740.9 

BLYP/ 6-311G(2df,p) 747.8 

BLYP / 6-311+G(2df,p) 745.2 

BLYP/ 6-311+G(2df,2pd) 747.1 

BLYP / 6-311+G(3df,2p) 747.7 

BLYP / 6-311+G(3df,2pd) 748.1 

BLYP / 6-311 + + G(3df, 3pd) 748.0 

B3LYP/6-31G(d) 747.4 

B3LYP/6-31G(d,p) 752.4 

B3LYP/6-311G(d,p) 744.7 

B3LYP/6-311+G(d,p) 742.9 

B3LYP/6-311G(2df,p) 749.4 

B3LYP/6-311+G(2df,p) 747.6 

B3LYP / 6-311 + G{2df, 2pd) 749.5 

B3LYP/6-311+G(3df,2p) 750.2 

B3LYP/6-311+G(3df,2pd) 750.6 

B3LYP / 6-311 + +G(3df, 3pd) 750.5 

-418.2 
-416.2 
-434.3 
-409.1 
-430.5 
-431.9 

-543.2 
-444.1 
-428.4 
-429.4 
-423.3 
-418.6 
-424.6 
-420.3 
-420.6 
-421.3 
-421.1 
-421.1 
-430.8 
-431.6 
-425.1 
-421.3 
-426.8 
-423.5 
-423.7 
-424.5 
-424.3 
-424.4 

26.1 
26.2 
23.2 
26.1 
23.4 
20.6 

-22.3 
6.9 

17.9 
17.9 
28.6 
29.9 
28.6 
29.5 
29.7 
29.1 
29.1 
28.8 
12.7 
12.6 
22.7 
23.7 
22.7 
23.4 
23.5 
22.7 
22.7 
22.5 

109.9 
108.6 
102.7 
110.6 
102.1 
100.3 

116.9 
101.7 

98.1 
96.6 
91.9 
90.3 
90.9 
89.3 
88.6 
87.2 
87.8 
88.2 

105.7 
103.8 
99.4 
98.2 
98.2 
97.0 
96.3 
94.9 
95.4 
95.9 

103.3 
103.4 
100.6 
105.0 
102.4 
100.8 

85.7 
91.9 

101.5 
101.2 
104.2 
104.7 
104.0 
104.5 
105.3 
103.8 
104.6 
104.4 
103.6 
102.7 
105.2 
105.8 
104.9 
105.4 
106.1 
104.6 
105.3 
105.0 
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results are now shown by the BLYP method for 
reaction (7) and, to a lesser extent, reaction (10). It 
is interesting that the BLYP values actually be- 
come worse as the basis set is expanded. The 
B3LYP calculations, on the other hand, are compa- 
rable in accuracy to the MP4 and QCISLXT), except 
for the smallest basis sets. Again, as for the atom- 
ization energies, the inclusion of diffuse functions 
gives poorer energies by both the BLYP and B3LYP 
approaches. 

Proceeding now to the reactions actually involv- 
ing tetrahedrane [Eqs. (l)-(5)], Table VI lists the 
A £ values obtained using the data in Table III. For 
the reaction in Eq. (1), the atomization of tetrahe- 
drane, the MP4 and QCI results appear to be too 
low, as would be expected on the basis of Table 
IV. The BLYP and B3LYP values approach much 
more closely the Gl and G2. For the other reac- 
tions, the B3LYP results tend to be superior to the 

TABLE VII 

BLYP and are overall comparable in accuracy to 
the ab initio (if we take the G2 as our standard); 
however, the MP4/6-311G(2d/, p) are clearly the 
best, as they were also for the reactions in Eqs. 
(6)-(10). Except for the VWN/DZVP2(LDA), the 
largest errors were obtained with the QCISLXT) 
and the PW86/DZVP2 procedures. 

A point of interest concerning Eq. (4) is that it 
depicts an "isodesmic" reaction, i.e., one in which 
the number of bonds of each formal type remains 
the same. AE for such a reaction is sometimes 
interpreted as reflecting any deviations from addi- 
tivity of bond energies and, hence, is used as a 
measure of anomalous energetic effects, such as 
strain [50]. By this reasoning, the AE values listed 
in Table VI for Eq. (4) indicate that tetrahedrane 
has a strain energy of approximately 100 kcal/mol. 
On the other hand, other approaches to estimating 
strain energy, also involving G2 calculations, have 

Tetrahedrane enthalpies of formation at 0 K (kcal/mol) computed from Eqs. (1)-(5). 

Method Eq. (1) 

Ab initio 

MP4/6-311G(d,p) 
MP4/6-311+G(d,p) 
MP4/6-311G(2df,p) 
QCISD(T)/6-311G(d,p) 
G1 
G2 
Density functional 
VWN / DZVP2(SDA) 
PW86 / DZVP2 
BLYP/ 6-31 G(d) 
BLYP / 6-31 G(d,p) 
BLYP/6-311G(d,p) 
BLYP / 6-311+G(d,p) 
BLYP/6-311G(2d/,p) 
BLYP/6-311+G(2d/,p) 
BLYP / 6-311+G(2df,2pd) 
BLYP / 6-311+G(3df,2p) 
BLYP / 6-311+G(3df,2pd) 
BLYP / 6-311 + +G(3df, 3pd) 
B3LYP/6-31G(d) 
B3LYP/6-31G(d,p) 
B3LYP/6-311G (d,p) 
B3LYP/6-311+G(d,p) 
B3LYP/6-311G(2df,p) 
B3LYP/6-311+G(2d/:,p) 
B3LYP/6-311+G(2df,2pd) 
B3LYP/6-311+G(3df,2p) 
B3LYP/6-311+G(3df,2pd) 
B3LYP/6-311++G(3d/,3pd) 

Eq. (2) Eq. (3) Eq. (4) 

177.7 
177.7 
151.2 
184.0 
135.7 
132.6 

-10.3 
104.1 
139.5 
134.6 
142.7 
145.5 
138.6 
141.2 
139.3 
138.7 
138.3 
138.4 
139.0 
134.0 
141.7 
143.5 
137.0 
138.8 
136.9 
136.2 
135.8 
135.9 

148.2 
150.2 
132.1 
157.3 
135.9 
134.5 

23.2 
122.3 
138.0 
137.0 
143.1 
147.8 
141.8 
146.1 
145.8 
145.1 
145.3 
145.3 
135.6 
134.8 
141.3 
145.1 
139.6 
142.9 
142.7 
141.9 
142.1 
142.0 

134.7 
134.8 
131.8 
134.7 
132.0 
129.2 

86.3 
115.5 
126.5 
126.5 
137.2 
138.5 
137.2 
138.1 
138.3 
137.7 
137.7 
137.4 
121.3 
121.2 
131.3 
132.3 
131.3 
132.0 
132.1 
131.3 
131.3 
131.1 

Eq. (5) 

138.5 132.3 
137.2 132.4 
131.3 129.6 
139.2 134.0 
130.7 131.4 
128.9 129.7 

145.5 114.7 
130.3 120.9 
126.7 130.5 
125.2 130.2 
120.5 133.2 
118.9 133.7 
119.5 133.0 
117.9 133.5 
117.2 134.3 
115.8 132.8 
116.4 133.6 
116.8 133.4 
134.3 132.5 
132.4 131.7 
128.0 134.2 
126.8 134.7 
126.8 133.8 
125.6 134.4 
124.9 135.1 
123.5 133.5 
124.0 134.2 
124.5 134.0 
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TABLE VIII  
Experimental enthalpies of formation at 
0K(kcal/mol).a 

System Afy.oK 

H(g) 
H2(g) 
C(g) 
CH(g) 
CH4 (g) 
C2H2 (g) 
C2H4 (g) 
C2H6 (g) 

51.626 
0 

169.98 
141.6 

-15.970 
54.3 
14.515 

-16.523 

3 Except for C2H2, these data are from [52]. The value for 
C2H2 was calculated using its experimental atomization 
energy as given in [42]. 

recently yielded values greater than 130 kcal/mol 
[51]. Indeed, Maier noted that strain energies from 
97 to 150 kcal/mol have been attributed to tetrahe- 
drane [27]. This simply illustrates the difficulty in 
trying to describe quantitatively a property for 
which there is no rigorous definition. 

ENTHALPY OF FORMATION 

In principle, the enthalpy of formation at 0 K of 
tetrahedrane can be determined from the AE for 
any of the reactions in Eqs. (l)-(5) if AHf 0 K is 
known for each of the other reactants and prod- 
ucts. The results obtained in this manner, using 
the experimental data in Table VIII, are given in 
Table VII. The Gl and G2 procedures yield aver- 
age values of 133.1 and 131.0 kcal/mol, respec- 
tively, over ranges of less than 6 kcal/mol. (These 
are in reasonable agreement with other calculated 
values [51, 53, 54].) For all our other computational 
approaches, the heats of formation predicted from 
Eqs. (l)-(5) cover much larger ranges, although 
the MP4/6-311G(2d/, p) values are very consistent 
if that for Eq. (1) is excluded. (The latter is based 
upon the atomization process, and we have al- 
ready pointed out that the MP4 and QCI methods 
give relatively poor atomization energies.) Thus, 
even though the B3LYP/6-311 + + G(3rf/, 3pd) av- 
erage is 133.5 kcal/mol, quite close to the G2, the 
range is 17.5 kcal/mol. 

work, the B3LYP procedure has been found to be 
the most reliable of the density functional methods 
that were investigated and generally competitive 
with ab initio MP4 and QCISLXT) techniques. 

A notable feature of both the BLYP and B3LYP 
results is the absence of any consistent correlation 
between their accuracy and the size of the basis 
set. Evidence of this can be found throughout 
Tables IV-VII. Thus, the BLYP/6-31G(rf) AE val- 
ues for Eqs. (2)-(5) are distinctly better than are 
the BLYP/6-311+ G(3df, 2 pd); as another exam- 
ple, the average of the B3LYP/6-31GW, p) en- 
thalpies of formation is 130.8 kcal/mol, nearly 
matching the G2 131.0, and the range is only 13.6 
kcal/mol, while the corresponding B3LYP/6-311 
+ G(3df, 2 pd) figures are 133.5 and 18.1 kcal/mol, 
respectively. It is clear that a larger basis set, 
which, of course, increases the demands upon 
computational resources, is not a reliable means of 
achieving greater accuracy. A similar conclusion 
was reached by Hertwig and Koch in a DFT study 
of homonuclear diatomic molecules [22]. 
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Conclusions 

In the comparisons that have been made in this 
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ABSTRACT 

A generalized density functional theory (DFT) is proposed based on a generalized 
Hohenberg-Kohn theorem with the pair density as the key quantity and the kinetic 
energy as a universal functional of the pair density. It is assumed that there exists an 
effective interaction potential which, via the corresponding two-particle (2P) Schrödinger 
equation, generates 2P orbitals (geminals) from which follows the pair density, just as in 
the conventional DFT the density follows from IP orbitals (as the solutions of an effective 
IP Schrödinger equation). According to three different representations (natural spectral 
resolutions) of the pair density or the cumulant pair densities in terms of geminals, three 
versions of a pair DFT (PDFT) are formally sketched. Also considered are the relation 
between electron correlation and particle-number fluctuations in fragments of the system 
and the use of the pair density for an estimation of such fluctuations.    © 1996 John Wiley 
& Sons. Inc. 

1. Introduction 

Density functional theory (DFT) provides us 
with the ground state (GS) energy E of an 

interacting many-electron system (finite or ex- 
tended) and the GS density p(l), the diagonal of 
the one-particle (IP) reduced density matrix (RDM) 
7(1,1'), referred to below as the 1-matrix. [The 
shorthands 1 = (tl, ax) and f dl = ECT. / d

3r1 are 
used.] The electrons are bound by an external 
potential vext(l) and interact via vint(l, 2), the 
electron-electron repulsion e2/r12. The inputs of 

the effective IP scheme after Kohn and Sham (KS) 
are the external potential vext(l) and an approxi- 
mation for the exchange (X) and correlation (C) 
energy Exc as a functional of the density p(l). 
Several review papers and monographs show the 
"triumphal march" of DFT in solicl-state theory 
and quantum chemistry [1-21], recent papers deal 
with improvements, refinements, extensions, gen- 
eralizations, benchmark checking, connections with 
related theories [22-25, 70]. Although "the density 
has its charm and power" [26], it gives "only" the 
probability of finding an electron at "1" and be- 
sides this the average number of electrons in an 
arbitrarily chosen fragment (1 of the whole space 
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(e.g., the region around an atom or of a bond in a 
molecule) via 

number of electron pairs in a fragment O via 

Nn= [ dl p(l), 
-'n 

(1.1) 

which, of course, approaches the total number of 
electrons N for Q, approaching the total space. 

Obviously, further information about the quan- 
tum kinematics of the GS of a correlated electron 
system is contained in the 1-matrix y(l, 1') and in 
the two-particle (2P) or pair density «(1; 2), which 
is the diagonal of the 2-matrix and which is nor- 
malized according to 

/ 

did! 

2! 
■n(l;2) 

the total number of electron pairs, as well as in 
higher-order RDMs [27]. The 1-matrix and pair 
density yield the density via p(l) = y(l, 1) and 

P(D = / 
dl 

N 
-w(l;2), (1.2) 

respectively. In addition to this from y(l, 1') fol- 
lows the momentum distribution, which contains 
—in the case of crystalline metals—the Fermi sur- 
face, and generally follow the (/-order nonidempo- 
tency (per particle) 

1 

c(q) = 1 - -^Tr(y)\        c(l) = 0, 

and from c'(l) the correlation "entropy" (per par- 
ticle) 

s = -—Tr(y)ln(-y) 

as recently discussed quantitative measures (on 
the IP level) of the qualitative term correlation 
strength [28-31, 36]. Originally Löwdin [32] sug- 
gested studying the meaning of Tr(y — y2) which 
is just Nc(2) with the second-order nonidempo- 
tency c(2), in the following denoted by c. [A side 
remark: from c{q) follows the Tsallis entropy s(q) 
= c(q)/(q - 1) with s(l) = s [33].] For other mea- 
sures of the correlation strength based on particle- 
number fluctuations cf. [34] or on configurational 
interaction (CI) cf. [35, 36]. 

The pair density gives the probability of finding 
an electron pair with one electron at "1" and one 
electron at "2," and it again yields the average 

,   dld2 N1 

2/n 
(1.3) 

which of course approaches (^j, the total numbers 
of electron pairs, for fl -» °°. 

This  allows   the  calculation  of  the  particle- 
number fluctuations in a fragment fi, because of 

N -[(N2)a-Na\, 
2 In      2! 

and the definition of the variance as 

(ANn)
2 = (N2)n - (Nnf 

= f did! nil;2) - Nn(Nn - 1).   (1.4) 

Then PÜ(M), the probability of finding M ( = 
0,1,..., N) electrons in fl, can be obtained ap- 
proximately from Na and ANn maximizing its 
information entropy 

Sa= -E^(M)lnPn(M). 
M 

The result is Pn(M) = Cexp(-a(M - ßf) with 
a, ß,C to be determined from Na, ANfl, and the 
normalization. For the exact particle number prob- 
ability in Q higher-order distribution functions 
would be needed [37-39]: 

,     ,      (@a)M N^M ("©n)M' 
P«(M) = -1ÄT   £   --~^-M^.   (1.5) 

Here the notation 

(@n)
MnM = f dl- f dM«(l,...,M) 

Jn Jn 

is used, n0 = 1. In terms of the cumulant expan- 
sion 

«(1) = p(l), 

n(l;2) = p(l)p(2) - w(l;2), 

n(l;2;3) = p(l)p(2)p(3) - p(l)rü(2;3) 

-p(2)a;(3;l) 

- p(3)w(l;2) + iv(l;2;3), 

etc., the variance is 

(ANnf =Nn- W/2
2),        WA2) = f dld2 o»(l;2), 

(1.6) 
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and 

Pn(M)=   exp -W, (2) 

3Nn 

+ •• 

X 
(NaT 

M! 
-expN_M(-Nn)    (1.7) 

describes the deviation from the (classical) Poisson 
distribution due to X and C hidden in the hier- 
archical series Wg\ Wg\.... The index N - M at 
"exp" means that the power series stops with 
(-Nn)

N~M/N - Ml. 
The relations between correlation and fluctua- 

tions are discussed by Fulde [34]. Therein the 
molecule C2H2 is considered as an example, and 
the probability of finding in the ground state 
0,1,... or 8 valence electrons at a C-atom is con- 
sidered. The average value is 4, but the variance 
depends on whether or not correlations are taken 
into account. A correlation-induced narrowing is 
found accompanied by a suppression of fluctua- 
tions: The probability for configurations with large 
deviations from the average value, i.e., 0 or 1, 
respectively, 7 or 8 valence electrons essentially 
goes down (to almost zero). Similarly in [71] a 
detailed fluctuation analysis for H2 and N2 is 
performed. So the pair density gives a deeper 
insight into the internal dynamical structure of an 
interacting electron system, especially into the mu- 
tual relation between correlation and fluctuations. 
A striking example in favor of the pair density is 
the uniform electron gas, where the density p(l) = 
const has no structure whereas the spin parallel 
and antiparallel pair densities with the Fermi 
and Coulomb holes, respectively, have rich struc- 
tures with curvature and cusp properties for small 
electron-electron separations and Friedel oscilla- 
tions for large separations. For a recent discussion 
of pair densities in the H2 molecule cf. Gritsenko 
et al. [23]. For strongly correlated electron systems 
with dominating on-site electron-electron repul- 
sion, the pair density approach is possibly an ap- 
propriate access or starting point. Of course, the 
price for more information is the need to deal with 
a more complicated function. With all this in mind 
one may perhaps say: if available, n(l;2) would 
have even more charm and power than p(l). 

For finite systems quantum chemical methods 
(e.g., CI = configurational interaction, CC = 
coupled  cluster,  MP = Moller-Plesset)  allow in 

principle the calculation of the pair density. But for 
extended systems (crystals) the Hartree-Fock (HF) 
approximation (which falsely yields for metals a 
vanishing density of states at the Fermi energy) 
does not take into account correlation, and DFT 
gives "only" p(l) and E (for the GS). The meth- 
ods developed by Fulde et al. (use of cumulants 
for size consistency, to avoid for extended systems 
ghosts/spurious terms ~ N2, N3,...; use of 
projection and partitioning techniques as pro- 
moted long ago by Löwdin; use of local operators 
to describe the correlation hole; use of incremental 
methods to calculate GS and binding energies) 
have until now been successfully applied "only" 
to nonmetallic systems [34]. So the additional 
availability of calculational/computational 
schemes which provide the pair density especially 
for extended systems (both nonmetallic and metal- 
lic) seems to be highly desirable. For bosons a pair 
density functional theory (PDFT) has been pro- 
posed [40]. For fermions the ideas of a PDFT [41] 
as well as a (generalized) HF method for electron 
pairs [42] have been presented recently. Here we 
try to push the PDFT idea a step further. 

The advantage of DFT is its applicability to 
finite as well as extended (metallic as well as 
insulating/semiconducting) systems: The effective 
IP or KS equation survives the thermodynamic 
limit (TDL). In case it is really possible to develop 
a practicable PDFT, its advantage should be again 
its applicability not only to finite but also to ex- 
tended systems: Also the effective 2P equation 
should survive the TDL. 

The present work—a formal sketch of ideas 
toward a PDFT of the GS—has the following 
structure: Section 2 clarifies some basic notation. 
Section 3 considers the different possible spectral 
resolutions of the 2-matrix and its cumulant com- 
ponents. The derivation of DFT (Sec. 4) is formally 
transferred to obtain similarly (and bearing in mind 
the spectral resolutions of Sec. 3) three versions of 
PDFT (Sec. 5). Section 6 presents some discussion, 
open questions, and an outlook. 

2. The System and Its Quantities 

For simplicity relativistic effects are neglected 
(spin-independent Hamiltonian) and the nuclei are 
resting at given positions (adiabatic approxima- 
tion).   The   Hamiltonian   of   this   Schrödinger- 
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Born-Oppenheimer world or with iv(l;2) = |y(l,2)|2 + c ■ u(l;2) and V: xc 

H = T+Vext + Vint (2.1) 

describes the electronic structure of atoms, Hooke 
law models, molecules, clusters, solids as well as 
finite and extended jellium models. The IP part of 
H is H0 = L; h0(i) with h0(i) = f(z) + uext(f) and 
t(z') = —(ä

2
/2W;)A;. The interaction term Vinl = 

E,<7 fint(z, j) includes a coupling constant A vary- 
ing between 0 and 1. 

The correlated antisymmetric wave function (of 
the GS) is normalized as 

dl- dN. 

J       N! 
1^(1,..., N)I   = 1,        i = (r;, o-,.), 

fdi=Efd3rit 

and yields the (nonidempotent) 1-matrix: 

, rf2--- dN 
y(l,l') = / 7 -¥(1,2,. ..,N) r •/   (N- 1)! 

X ¥*(1',2,...,N),    (2.2) 

and the 2-matrix (with 2' =2): 

n(l,l';2) 
, d3-- dN 
/ 7 -¥(1,2,3,...,N) 

■/   (N-2)! 

X ¥*(!',2,3,...,N). (2.3) 

Density and pair density are then p(l) = y(l, 1) 
and n(l; 2) = n(l, 1; 2), respectively. The "compo- 
nents" of the GS energy E = T + Vext + Vint in 
terms of RDMs are 

T[y] = /dl?(l)y(l,l')lr = i, (2.4) 

VcJp] = fdlp(l)veJl), (2.5) 

, dlrf2 
Vmt[n] = J —n(l;2)vint(l,2),      (2.6) 

or   with   H(1;2) = p(l)p(2) - Zü(1;2)   and   Vint = 
yH + yxc: 

v, Jp] = -/dlp(l)/d2p(2)üint(l,2),   (2.7) 

, dld2 
^xclw] = -/^r-^(l;2)i;inta,2),   (2.8) 

x + Vc- 

Vx[y] = 
, dld2 

"/    2!    *(1 

v_r«i 
, dld2 

Vc[u] = -J-^-M(l,2)c-oinl(l/2).   (2.10) 

H means "Hartree" and Vx and Vc are referred to 
as cumulant X energy and cumulant C energy, 
respectively. Note that y in Vx is not the idempo- 
tent HF 1-matrix. In [43] the difference between 
|y[ and |y|HF is referred to as "correlation in- 
duced X-hole narrowing"; therein this narrowing 
and also Vx and Vc as functions of rs are illus- 
trated for the uniform electron gas using data for 
the momentum distribution (which agrees for this 
simple model case with the natural occupation 
numbers). 

The cumulant pair densities w(l;2) and w(l;2) 
are the diagonals of the cumulant matrices (CMs) 
w(l,l';2) and u(l, l';2), respectively. The IP and 
2P eigenfunctions of the RDMs and CMs are deco- 
rated with tilde to distinguish them from the IP 
orbitals and geminals of DTF and PDTF, respec- 
tively. 

3. Reduced Density Matrices and Their 
Spectral Resolutions 

The 1-matrix y(l, 1') can be written in terms of 
its orthonormal eigenfunctions (NSOs = natural 
spin orbitals) i^K(l) and eigenvalues (NONs = 
natural occupation numbers) nK according to 

rÜ,i')=E<£c(i)«K<£c*(i')        Ö.D 

with EK nK = N and 0 < nK < 1. 
The g-order nonidempotency c(q) = 1 — (1/N) 

Y.K(nK)
q and the correlation entropy s= —(1/N) 

LK. «Kln nK measure the correlation strength (on 
the IP level). In the following the notation c will 
be used for the second-order nonidempotency c(2) 
= 1 - Tr(y2)/N. 

For the spectral resolution of the pair density 
n(l; 2) in terms of geminals, there are three possi- 
bilities. 

a. Version I: Here the pair density is given di- 
rectly in terms of orthonormal natural geminals 
i/V^G, 2) and the corresponding geminal occupation 
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numbers (GON) nK via 

n(l;2)= E%I<ÄKOL
2

)| (3.2) 

with T,KnK = (N2) and 0 < nK(< [N/2]). Whereas 
K is a IP quantum number, here K is a 2P quan- 
tum number. The geminals 1/^(1,2) are anti- 
symmetric and normalized according to /did! 

|i/^K(l,2)|2/2! = 1- Each geminal has a 1-matrix: 

yK(l,l') = /d2^(l,2)^(l',2), 

fdlyK(l,l)=2, 

again with the spectral resolution 

and with the correlation entropy 

1 
sK= "2^"KKln"K

K>0. 

From the "partial" 1-matrix yK(l, 1') follows the 
"total" 1-matrix: 

,     dl 
(3.3) 

via 

r(U') = ^E^(U'). 

[From the contraction (3.3) follows for V = 1 the 
more simple contraction (1.2).] 

The GS energy takes the form   E = E0 + Vint 

with 

E0=H*Khl       V.mt=ZnKvf      (3.4) 
K K 

and with the (diagonal) matrix elements 

h°K = fdl 4*(1)Ä0(1)4(1) = <^l^0i'<>. 

, dldl „ .  ,     s 
v{r = / — ^(1,2)^(1,2)^(1,2) 

= <K|pint|K>. 

fc. Version II: Here the pair density is decom- 
posed into a Hartree term and a remainder (which 

describes XC beyond "Hartree"): 

n(l;2) = p(l)p(2)-H;(l;2). (3.5) 

The cumulant pair density w(l; 2) including X has 
the contraction 

p(l) = jd2w(l;2). (3.6) 

Note the difference compared to Eq. (1.2). And 
w{\; 2) is the diagonal of a corresponding 2-matrix 
zu(l, l';2) with the contraction 

y(l,l') = /d2a;(l,r;2). (3.7) 

If one would like to express this (unsymmetric) 
matrix w(l, l';2) in terms of symmetric and anti- 
symmetric geminals, then one needs to decompose 
this matrix into a symmetric and an antisymmetric 
part. The result for w(l; 2) is 

H>(l;2) = ^E«K+|&+a,2)|2 

-^HnK_\4,K(l,2)\2.   (3.8) 

The first term contains the symmetric geminals 

&+(l,2) 

= 
14/1) 4/2) + 4/2) 4/1)    for Kl * K2 

1^4/1)^/2) for K1 = K2 

(3.9) 

and occupation numbers 

ü
K= nKnKi < 1   with    E =    L 

and 

1 

K+     +     2 

[c denotes the second-order nonidempotency 
c(2) = 1 - Tr(y2)/N.] These symmetric geminals 
are uncorrelated because they are single perma- 
nents [built up of the NSOs 4(D like determi- 
nants with all plus signs]. Their 1-matrices are 
explicitly given by 

yK+(i,r) = 4/i)<d') + 4/i)4*(i'), 
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containing (spin dependent!) occupation numbers 
1 (for Kl * K2) and 2 (for KX = K2). The second 
term of Eq. (3.8) contains antisymmetric geminals 
ipK (1,2) and occupation numbers nK_ with 

LnK_= -N(N -1) -Nc. (3.11) 
K_ *■ 

These antisymmetric geminals are correlated, i.e., 
they are sums of 2P Slater determinants. Their 
1-matrices 

yK.(l,l') = /d2^.(l,2)[^_(l'/2)]* 

have spectral resolutions 

yKa,r) = ZkK-(m*-[lK-a')Y, 
K 

K 

and correlation entropies 

1 
sK = -- Y.n^-lnn*- > 0. 

K 

The GS energy E = E0 + VH + Vxc contains now 

1 
V» E    VVC'K,;*,,^ 

Vv 

where 

K|, K*| ," K2, K'2 

1 
(3.12) 

E"f 
LM      „,int 

= fdl ^*(l)^,(l)Jd2 ^(2)^,(2)^(1,2). 

The o^m are similarly defined as in Eq. (3.4). 
c. Version III: Here the "correlation only" (X not 

including) cumulant pair density zt(l; 2) is consid- 
ered. It is defined via 

?z(l;2) =p(l)p(2) -ly(l,2)|2 -C-H(1;2); 

(3.13) 

because  of  /c?2 rc(l;2) = (N - l)p(l) it has the 
contraction property 

cf dl H(1; 2) = p(l) - f dl I y(l, 2>|2,   (3.14) 

which follows from the more general contraction 

of the matrix u(l, V; 2): 

cfd2u(\,Y;2) = r(l,l') -Jrf2y(l,2)y(2,l'). 
(3.15) 

Furthermore    u(l; 2)   has   the   normalization 
c/dld2 M(1;2) = N- jdldl |y(l,2)|2 or 

Jdld2u(l;2) =N 

and the spectral resolution 

M(1;2) = E"KI<ÄK(1,2)|
2
. 

(3.16) 

(3.17) 

The antisymmetric geminals and the occupation 
numbers are, of course, different from those of Eq. 
(3.2); for simplicity an additional index to distin- 
guish them will not be introduced. Here the occu- 
pation numbers nK are normalized to 

E% 
K 

N 

~2' 
(3.18) 

Again similar as in version I each of these corre- 
lated geminals i^K(l,2) has a 1-matrix yK{\, 1') 
with a corresponding spectral resolution and a 
correlation entropy sK. Here the relation between 
the "total" 1-matrix y(l, 1') and the "partial" 1- 
matrix yK(l, 1') is more complicated: 

y(l,l') - f d2ya,2)y(2,V) = c£ hKyK(l, 1'). 

The GS energy   E = E0 + VH + Vx + Vc con- 
tains now 

Vv T  n   n  vint 

K
\> K2 (3.19) 

Vr Y.nKc-v'r. 

Note the role of the second-order nonidempotency 
renormalizing the coupling constant A of the bare 
electron-electron repulsion uint(l,2) and note the 
cancellation of the self-interaction terms (arising 
from KX = K2) in the VH and Vx terms, similarly 
as this is known from the HF approximation. 

4. Density Functional Theory 

The DFT starts with the 1:1 correspondence be- 
tween   the   external   potential   and   the   density 
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(Hohenberg-Kohn theorem). So the energy and its 
"components" T and V are for fixed oext(l) func- 
tional of p(l). The external potential expectation 
value is an explicitly given linear functional: 

K. t[ p] = f dl p(l)veJl). (4.1) 

The kinetic energy functionally depends on p(l) 
because the 1-matrix yd, 1') is a functional of p(l). 
The interaction energy depends functionally on 
p(l) because the pair density n(l; 2) is a functional 
of p(l). 

Now in view of the RDM analysis of Section 3 
these unknown functional are made partially ex- 
plicit under the assumption that there exists an 
effective (local) IP potential ueff(l) which is a func- 
tional of p(l) and which causes orthonormal IP 
orbitals i/cK(l) and IP energies eK in such a way 
that the GS density of the interacting system is 
given by 

P(D = £l«fcü)l (4.2) 

as a variational ansatz (v representability) and the 
GS energy follows as E[ p]. 

To derive this effective IP Schrödinger equation 
for the orbitals i//K(l) the 1-matrix y(l, 1') is de- 
composed according to 

occ 

7(1,1') = E<fcWK*(l'> + Ay(l,l')   (4.3) 
K 

into an idempotent part (first term) and an un- 
known remainder (second term) with the property 
Ay(l, 1) = 0. This yields the ansatz (4.2) and makes 
the "total" 1-matrix y(l, 1') nonidempotent. Thus 
the kinetic energy 

occ 

T[y[p]] = £<K|fk> + AT[p]        (4.4) 
K 

consists of an explicitly given orbital part Ts[ \pK[ p]] 
[note that the IP orbitals i/cK(l) are functionals of 
p(D] and an unknown remainder. The pair density 
nil; 2) is decomposed as 

n(l;2) = p(l)p(2) + A«(l;2) (4.5) 

[comparison with Eq. (3.5) shows An(l;2) = 
- w(i; 2)], so the interaction energy 

Vint[nip]] = VH[p] +AV[p]        (4.6) 

consists of the explicitly given Hartree term and an 
unknown remainder. The sum of the unknown 
remainders is denoted with Exc[ p]; in it nonidem- 
potency and fluctuations caused by XC are hidden. 
So the energy density functional is given by 

E[p] =Ts[<fc[p]] + VeJp] 

+ VH[p]+Exc[p].    (4.7) 

Minimizing this functional under the constraint 
/ d\ p(l) = N yields the KS equation 

h0(l) + vH(l) + 
8EXC[ p] 

Sp(l) 
«fc(l)  =  6,^(1), 

(4.8) 

where %(1) = J d2 p(2)z>int(l, 2) is the Hartree po- 
tential. Note the difference between the KS orbitals 
i/rK(l) and the NSOs ijiK(i). Their dissimilarity to- 
gether with the difference between the NONs nK 

and their KS parties nK (= 0 and 1) are contained 
in Ay(l, 1') and thus in AT[ p] which is part of 
Exc[p]. 

In the same way that KS-DFT is obtained, three 
types of PDFTs are derived, thereby bearing in 
mind the spectral resolutions of the pair density 
and its cumulant pair densities. 

5. Pair Density Functional Theory 

The PDFT starts with the correspondence be- 
tween the external and interaction potentials on 
the one hand and the pair density on the other 
hand (generalized Hohenberg-Kohn theorem, cf. 
Appendix). So the energy and its "components" T 
and V, also y(l, 1') and p(l) are for fixed vext(l) 
and uint(l,2) functionals of n(l;2). Their detailed 
representation depends on which PDFT version 
(I, II, III) is considered. In each of these versions it 
is assumed that there exists an effective 2P Schrö- 
dinger equation generating orthonormal geminals 
in such a way that the true pair density and the 
true cumulant pair densities are given by geminals 
just as in the conventional DFT the density is 
given by IP orbitals (v representability). Because 
"scientists have not yet learned to think in terms 
of (^) geminals, rather than in N orbitals" (David- 
son [27], p. 97) there is on the one hand a "mental 
barrier," on the other hand it seems worthwhile to 
overcome it. 
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PDFT I: GEMINAL REPRESENTATION OF 
THE PAIR DENSITY JI(1; 2) 

Here the interaction energy Vint[n] is given by 
Eq. (2.6). With the contraction (1.2) the external 
potential expectation is 

V, 
, did!                1 

t[p[n]] =  I  w(l;2)  

x[z;ext(l)+ t;ext(2)].    (5.1) 

The 2-matrix (with 2' = 2) 

occ 

w(l,l';2) = E-AKÜ,2)-A*(1',2) + An(l,l';2) 

(5.2) 

is decomposed into a geminal part and an un- 
known remainder, which describes XC beyond the 
first term and has the property An(l,l;2) = 0 so 
that 1' = 1 leaves 

n(l;2)= El Ml, 2) I (5.3) 

as a variational ansatz for the pair density in terms 
of (^j orthonormal antisymmetric geminals. With 
the contraction (3.3) the kinetic energy 

T[y[n]] = E 
N- 1 

(K\Ul) + i(2)\K) 

+ Txc[n]    (5.4) 

consists then of a part, explicitly given in terms of 
geminals [which are functionals of n{\; 2)] and an 
unknown remainder. 

Minimizing the sum of T, Vext, Vint under the 
constraint /rflrf2 w(l;2) = N(N - 1) yields the ef- 
fective 2P Schrödinger equation 

1 

N T[ft0(l) + Ä0(2)] 

8Txc[n] 
-Pint(l,2)+   „ ^ ^  }lpK(l,2) 

8n(l;2) 

= eKi//K(l,2), (5.5) 

where XC makes the bare interaction "effective." 
Its self-consistent (sc) solution gives via Eq. (5.3) 
the GS pair density, from which follows the GS 
density by the contraction (1.2), as well as the GS 

energy 

^                           ,dU2 STxc[n] 
E=E% + Txc[n] - f n(l;2) , . 

(5.6) 

The 2P Hamiltonian of Eq. (5.5) corresponds 
(without the correlation correction—last term) to 
the reduced 2P Hamiltonian of Coleman [44]. 

PDFT II: GEMINAL REPRESENTATION OF 
THE EXCHANGE INCLUDING CUMLLANT 
PAIR DENSITY w(l;2) 

Here the starting points are Eq. (3.5) and the 
decomposition of the cumulant 2-matrix (with 
2' = 2): 

J occ 

H>(1,1';2) = -E<&+(1,2)[^.(1',2)]* 

2  occ 

-,Eft (1,2)[^ (l',2)]* 

+ Aw(l,l';2) (5.7) 

into two geminal parts and an unknown remain- 
der which describes XC beyond the first terms and 
which has the property Aw(1,1; 2) = 0 so that 

w(l;2) = -E 1^(1,2)1 El fed, 2) I 
K + 

(5.8) 

is a variational ansatz for the cumulant pair den- 
sity w(l;2) in terms of N(N + l)/2 symmetric 
geminals and N(N - l)/2 antisymmetric gemi- 
nals. With the contraction (3.7) the kinetic energy 

T[y[w]] 
1   °CC 

-L(K+\UD + t(2)\K+) 
K + 

^ occ 

-T£<*U?(D + ?(2)|K_> 

Txc[a;] (5.9) 

consists then of a part, explicitly given in terms of 
geminals [which are functionals of w(l; 2)] and an 
unknown remainder. With the contraction (3.6) the 
external potential expectation is 

, did! 
VeJ p[w]] = J —w(l;2)[vext(l) + vext(2)], 

(5.10) 
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and  the  interaction  energy   Vint = VH + Vxc   is 
given by Eqs. (2.7) and (2.8). 

Minimizing the sum of T, Vext, and Vint under 
the constraint f dld2 w(l;2) = N yields the effec- 
tive 2P Schrödinger equation: 

hH(l)+£H(2)-i>int(l,2) + 
8w(l;2) j 

eKilrK(l,2),    (5.11) 

where hH(l) = h0(l) + %(1). Again the bare inter- 
action potential vint [here with a minus sign aris- 
ing from the minus sign in Eq. (3.5)] is made 
effective by an additional XC term. 

The sc solution of Eq. (5.11) gives via Eqs. (5.8) 
and (3.6) the GS density and via Eq. (3.5) the GS 
pair density as well as the GS energy: 

1 occ \  occ 

E = -£eK+-^E^ ~ VH[ p[w}] + Txc[w] 
2 K+ 

l K_ 

dld2 *Txc[a>] 
- /  w(l;2) TT^T-   (5-12> 

J     2! dw(l;2) 

Solving Eq. (5.11) the use of Hartree orbitals should 
be appropriate. 

PDFT III: GEMINAL REPRESENTATION OF 
THE CORRELATION ONLY (EXCHANGE NOT 
INCLUDING) CUMULANT PAIR DENSITY 
u(I,2) 

PDFT III goes a step further by using Eq. (3.12) 
and representing part of the cumulant pair density 
M(1;2) in terms of antisymmetric geminals. Note 
that this scheme needs also the nonidempotent 
1-matrix (at least approximately), which enters here 
not only the kinetic energy T[y] but also the 
cumulant X energy Vx[y], cf. Eqs. (2.4) and (2.8), 
and which yields the second-order nonidempo- 
tency c = 1 - Tr(y2)/N. Here the decomposition 

u(l,l';2) = H0(1,1';2) + Aw(l,l';2), 

(5.13) 
«0(1,1';2)= 2>K(1,2)^(1',2) 

K 

into a geminal part and an unknown remainder 
with the property AM(1, 1; 2) = 0 provides 

M(1;2)= El 1^(1,2) I (5.14) 

sity M(1;2) in terms of N/2 antisymmetric gemi- 
nals. 

Now the 1-matrix y is related to the ansatz 
(5.13) via the contraction (3.15). Consequently the 
(explicitly from geminals constructable) part y0 

follows from u0(l, l';2) via 

y0(l,l')-/rf2r0(l,2)y0(2,l') 

= c0fd2u0(l,l';2),   (5.15) 

while the unknown remainder AM causes the un- 
known remainder Ay via 

Ay(l,l')-/d2[Ay(l,2)y0(2,l') 

+ y0(l, 2) Ay(2,1') + Ay(l, 2) Ay(2,1')] 

= c0f d2 AM(1, 1'; 2) + Ac f d2 «0(1,1'; 2). 

(5.16) 

The use of y = y0 + Ay in T[y] and Vx[y] leads 
to the complicated task of performing the variation 
of T with 1/^(1,2) via Eq. (5.15). In addition a 
consequence of y = y0 + Ay is p = p0 + Ap 
which causes also unknown remainders not only 
of T and Vx, but also of Vext and VH. 

With   the   simplifying   assumption   (nK)
2 ~ 

nK EK (nK)
2/N   the   nonlinear   contraction   (3.15) 

emerges the more simple linear form 

17) 

as a variational ansatz for the cumulant pair den- 

y(l,l')«/d2M(l,l';2), (5. 

which leads together with the ansatz (5.13) to the 
kinetic energy 

occ 

T[y[u]] = i;<JC|?(l) + K2)\K) + AT[u]. 
K 

(5.18) 

The external potential expectation is 

Vext[ P[u]] = f —«(l;2)[pext(l) + vexi(2)}. 

(5.19) 

The interaction energy Vint = VH + Vx + Vc is 
taken from Eqs. (2.7), (2.9), and (2.10) with Vx[y] 
= ^xtro] + A^xt"]- The sum of AT[M] and 
AVX[M] is denoted Exc[w]. 

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 1369 



ZIESCHE 

and Vint under Minimizing the sum of T, V( 

the constraint f dld2 H(1;2) = N yields now the 
effective 2P Schrödinger equation 

V(D+^HF(2)-c0oint(l,2) 

SE 
+ XCL 

Su(l;2) '^ 
fed, 2) 

(5.20) 

where hHF(l) = hH(l) + vx(l) with z)x(l)/(l) = 
-fdl y0(l,2)yint(2)/(2). As in version II the inter- 
action has a minus sign, following from the minus 
sign of the last term in Eq. (3.13). Besides this, the 
second-order nonidempotency c0 = 1 - Tr(y0)

2/N 
appears as a factor renormalizing the bare interac- 
tion potential self-consistently. Again as in ver- 
sions I and II an additional XC term makes the 
interaction effective. Deriving Eq. (5.20) terms aris- 
ing from Ac = c - c0 and from the functional 
derivative of the second-order nonidempotency 
have been deleted. 

The sc solution of Eq. (5.20) gives via Eqs. (5.14) 
and (5.17) the approximate 1-matrix 70(1,1') from 
which follows c0 and p(l), via Eq. (3.13) the GS 
pair density n(l;2), and the GS energy 

K 
VH[p[u]] -Vx[y0[u]] +£xc[«] 

/ 
dld2 

2! 
-H(1;2) 

8Exc[u] 

S«(l;2) 
(5.21) 

Solving Eq. (5.20) the geminals are suitably ex- 
panded in HF orbitals. 

Summarizing and comparing the presented 
PDFT versions one may say: 

Version I: Here the effective 2P Hamiltonian 
contains N, the total number of electrons explic- 
itly. So it seems not appropriate for the TDL. 

Version II: Here not only antisymmetric but also 
symmetric geminals appear and the density [via 
contracting Eq. (5.8) by integration over 2] proves 
to be the difference between two (large?) terms. 

Version III: Here pair density and (nonidempo- 
tent) 1-matrix have to be calculated simultane- 
ously and the XC term is not purely "kinetic" (as 
this is the case for versions I and II); it has also a 
"component" resulting from part of the potential 
(interaction) energy. 

Versions II and III: The geminals of the cumulant 
pair densities w(l; 2) and M(1; 2) result from effec- 
tive 2P Hamiltonians which contain the electron- 

electron interaction with a minus sign, as if elec- 
trons would attract each other. 

From a size consistency point of view version III 
seems perhaps to be the most appropriate one. But 
there are still flaws which one should try to over- 
come [e.g., replace the condition Au(l, 1;2) = 0 (or 
add to it) the requirement fdl AM(1,1';2) = 0 ?]. 

6. Some Discussions, Open Questions, 
and Outlook 

1. Even if the proposed schemes for the calcula- 
tion of the pair density survive a critical analysis 
(possibly after corrections or modifications, e.g., 
with GONs ¥= 11), then the task remains at first to 
find reasonable approximations for the effective 
interaction. 

a. One way could be to find scaling properties 
and to exploit them. To find the minimum of E[n] 
one can first define the kinetic energy as a func- 
tional of the pair density with the constrained- 
search idea of Levy [45]: 

Tin] lim 
¥->n(l;2) 

(6.1) 

and then minimize Tin] + V[n] under the con- 
straint f did! n(l; 2) = N(N - 1). Perhaps the 
scaling properties of Tin] and consequently of 
Txc[n] and Txclzv] can be used to find explicit 
expressions (functionals). Based on the local scal- 
ing method an energy functional of the pair den- 
sity has been derived [46]. 

b. Another way is to say that with each effec- 
tive interaction a (static) dielectric function (DF) is 
defined which contains (beyond random-phase ap- 
proximation) local-field corrections being related 
to the pair density via the static structure factor, cf. 
e.g. [47]. Possibly the "correct" DF includes 
higher-order response (beyond the linear one) via 
corresponding functional dependences. For differ- 
ent kinds of DFs (describing screening between 
two test charges or between a test charge and an 
electron or between two electrons), cf. [48]. For 
DFs of inhomogeneous systems, cf. [49]. For a 
relation between DF and pair correlation via the 
fluctuation-dissipation theorem within DFT, cf. 
[68]. 

2. Another task is to make the spin dependence 
more explicit by distinguishing between parallel 
and antiparallel pair densities. 
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a. A question in this connection is: Must the 
geminals be (restricted) eigenfunctions of the total 
spin Sj + s2 of the electron pair? 

b. Another question: How to treat the total spin 
S of the N-electron system on the way to an 
effective 2P equation? 

3. The task to solve a 2P Schrödinger equation 
becomes easy for two model cases: the uniform 
electron gas and the Hooke's law model. Separa- 
tion of the (free, respectively, harmonic) center-of- 
mass motion leaves behind the IP problem for the 
relative motion. 

4. How one can make use of the equation of 
motion: 

[&0(l)-£S(l')]y(l,l') 

= -Jd2[oint(l,2)-<t(l',2)]«(l,l';2)    (6.2) 

and, following from it, of the continuity equation 
and the local stress theorem (or momentum bal- 
ance) [50]? 

5. What is known from detailed quantum 
chemical studies of atoms and molecules about 
the structure (the eigenvalues) of the 2-matrix and 
its cumulant matrices and—possibly following 
thereof—would it be more appropriate to modify 
the decompositions (5.2), (5.7), and (5.13)? This 
may be especially important for cases where "su- 
pergeminals" appear with large GONs [51]. 

a. Do cases where ODLRO (= off-diagonal 
long-range order) appears need a special treat- 
ment? 

b. A (at that time) controversial paper on super- 
conductivity from a pair density is [52]. 

c. Do the Lagrange parameters eK in Eqs. (5.5), 
(5.11), and (5.20) have any physical meaning? 

d. How does strong electron correlation show 
its peculiarities in the 1- and 2-matrices? 

6. What are the relations between DFT and 
PDFT? In this connection one may ask: If a good 
DFT calculation is done, is it then reasonable/pos- 
sible to think about an additional succeeding 
PDFT-like treatment of the 1-matrix remainder 
Ay(l,l') and the pair density remainder An(l;2) 
hidden in the XC functional Exc[ p] of DFT. Such 
a version IV should be derived under the con- 
straint of an already known (from DFT) density. 

7. Recently the N representability of the pair 
density was studied [53]. To what extent the re- 
sults obtained therein have an impact on the con- 
siderations of Section 5 remains to be checked. For 

the purpose of deriving effective 2P Schrödinger 
equations it seems to be sufficient that only the 
variational ansätze (5.3), (5.8), and (5.14) result 
from N particle wave functions. 

In addition to further questions and references 
mentioned in [41] (cf. references [18-22] therein) in 
the following other hints to papers are listed, which 
might have relationship with the proposed PDFT: 

a. There exists a rich literature on antisym- 
metrized geminal power (AGP) wave functions, cf. 
[8] and [54]; in [55] the 2-matrix of the AGP wave 
function has been studied. 

b. Functionals of the 1-matrix and of the pair 
density are discussed, e.g., in [56-58] and [46], 
respectively. 

c. What, if any, is the relationship of Section 5 
to the density matrix hierarchy decoupling schemes 
of [59] and [60]? Therein the 2-matrix is approxi- 
mated in terms of the 1-matrix, respectively, a 
"density equation" is derived, which yields the 
2-matrix without any use of the many-electron 
wave function! 

d. Another way of exploiting density matrices 
is to obtain the XC potential (of the Kohn-Sham 
scheme) from low-order density matrices [61]. 

d. What, if any, is the relationship to the 
Euler-Lagrange equation of [62] resulting from a 
trial wave function with a local correlation factor? 

e. What, if any, is the relationship to quantum 
chemical methods (especially CC) [34, 72]? 

f. In [69] an effective interaction (instead of the 
bare Coulomb interaction) is introduced so that 
already a single determinant of IP orbitals 
(Coulomb-hole HF) or the linear combination of a 
few determinants give reasonable results for the 
density and the energy. Is there a relationship 
between this effective interaction and that of PDFT? 

Finally the hope is expressed that the different 
approaches of quantum chemistry and solid-state 
theory to tackle the problems of weak and strong 
electron correlation in small and extended sys- 
tems, crystalline (metallic and nonmetallic, perfect 
and with imperfections) as well as disordered (al- 
loyed and amorphous) materials without and with 
pairing phenomena, with hard and soft reactivity, 
etc. can be brought to a fruitful/prolific interaction 
with the result of a unified theory of electron 
correlation, knowing that electron correlation is, of 
course, not only matter of the GS but of all the 
states of a system and their more or less hard or 
soft response when perturbing the system with 
external fields or when changing the number of 
electrons ("particle bath" as a sort of an external 
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"field"). For a historical review of the develop- 
ment of the electron correlation problem cf. [63]. In 
the future theory of electron correlation the GS 
pair density surely will have its firm place; al- 
though it is a more complicated quantum kine- 
matic quantity (compared with the density), it 
may give finally a more clear/lucid picture of the 
internal dynamical structure of a many-electron 
system in its GS. 

Appendix: Generalized 
Hohenberg-Kohn Theorem 

0. In [64] a Hohenberg-Kohn theorem for the 
nondegenerate GS of an interacting system with a 
nonlocal external potential has been proven. Simi- 
lar work is in [65, 66]. Here the variation of the 
pair density (and following from it also of the 
density) with local external and interaction poten- 
tials are considered. 

1. For given uext(l) and uint(l,2) the Hamilto- 
nian H may have a (nondegenerate) GS character- 
ized by E, *• and, following from ^, by n{\; 2) and 
p(l) = fd2n(l;2)/(N - 1). Other potentials v'cxt(l) 
and v[nt(l,2) yield £',¥', and n'(l;2), p'(l). The 
assumption w'(l;2) = n(l;2) leads to 

E<E' + /rflp(l)[Dext(l)-ü;xt(l)] 

, dld2 
+ f ~^rna;2)[vmi(h2) - v'int(l,2)] 

and a similar inequality with primed and un- 
primed quantities exchanged. So E + E' < E' + E 
would result showing the above assumption to be 
wrong. Conclusion from this contradiction: n'(l;2) 
# M(1;2) when v'eJl) # vcxt(l) and/or ü|nl(l,2) # 
flnt(l,2). 

2. For given vext(l) and vint(l, 2) the GS energy 
is a functional of the pair density: E[n] = T[n] + 
Vext[ p[n]] + Vint[n]. The pair density n0 of the GS 
% minimizes E[n] and this minimum E[n0] is 
the GS energy E0. Proof: Assume a state %(¥= %) 
which yields a pair density n,(l;2) and minimizes 
the kinetic energy according to Eq. (6.1), then 

E0 = (%\H\%) < (^\H\%) = E[n,}. 

3. In [67] (the author thanks N. Ashcroft for 
giving a hint to this reference), it is similarly shown 
that under given conditions of (temperature and) 
density, the pair potential oint(l,2), which gives 

rise to a given radial distribution function n(l; 2), 
is unique up to a constant. 

Note added in proof: The DFT literature [1-21] is 
continued by H. Eschrig, The Fundamentals of 
Density Functional Theory (Teubner, Stuttgart, 
1996). 
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ABSTRACT   

The optimal mixing coefficient C of the exchange energy Ex and the electron-electron 
interaction part of the exchange-correlation energy Wxc in the formula for the total 
exchange-correlation energy Exc was expressed through the ratio of the kinetic Tc and 
potential Wc contributions to the correlation energy Ec. This expression can be derived 
from a Heavyside step function model of the dependence of Wx\ on the coupling 
parameter of the electron interaction A. Values of Tc and Wc obtained from ab initio wave 
functions were used to estimate C for a number of atoms and molecules. A strong 
dependence of Tc, Wc, and C on the bond distance was demonstrated for the case of 
the H2 molecule. Tc and C approach zero in the bond-dissociation limit; so for an 
electron-pair bond, the admixing of exact exchange to obtain an accurate Exc is strongly 
dependent on the bond length and has to disappear for weak interaction/large bond 
distances. The potential of the exchange-correlation hole constructed for H2 from an ab 
initio second-order density matrix was compared with its generalized gradient 
approximation (GGA).    © 1996 John Wiley & Sons, Inc. 

 "  different  quantities  than  the  conventional ones 

Introduction used in ab initio quantum chemistry. They are 
defined with respect to the determinantal wave 
function of Kohn-Sham orbitals rather than with 

xchange and correlation energies as defined respect to the Hartree-Fock determinantal wave 
in density functional theory (DFT) [1, 2] are function. We briefly recall the relevant definitions. E 
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The exact total energy of an interacting electron 
system is written as 

cles occupying the Kohn-Sham orbitals: 

E = T + fP(rMr)dr+U
P]ri'Pyy+WTC, J 2J    \rl- r2\ 

(1) 

where Wxc is the exchange-correlation part of the 
electron-electron interaction energy, which can be 
written employing either the two-electron density 
matrix T(r1s1,r2s2) or the pair-correlation factor 
g(rvr2): 

W. 'Il      l   V   /-r(risi'r2S2)   ,     , 
Jt   pl~2L \r   -r I     dri dr2 

1 r p(r1)p(r2) 
~ ^ / ~i r dri dr2 2->    \rl- r2\ 

(2) 

r p(ri)[g(rur2) - l]p(r2) 
— / [^ j dfj dr2. 

ki - r, 

(3) 

The energy of the Kohn-Sham determinantal wave 
function M*. is 

EKS = (%\H\%) 

= Ts + I p(r)v(r)dr 

1  rP^ri^p(r2) 
+ ili^^rdridr2 + E- (4) 

which defines the exchange energy in terms of the 
Kohn-Sham orbitals [see Eq. (17) below]. The ex- 
change-correlation energy Exc of DFT is now de- 
fined by writing the exact total energy in the 
following form: 

E = TS + jp(r)v(r)dr 

1   , p(rx)p(r2) 
+ if- i»"i -r2\ 

drx dr2 + Exc.    (5) 

Note that Exc incorporates, apart from the elec- 
tron-electron interaction term Wxc, also the differ- 
ence between the exact and Kohn-Sham kinetic 
energies, T - Ts. The Kohn-Sham kinetic energy 
Ts is just the kinetic energy of independent parti- 

Z = 
I    N 

-zLftfirW^Mdr. (6) 

The following definitions are now self-explanatory: 

Ec = E - EKS = Exc - Ex 

TC = T^T5 

E    = E   + F 

Wxc = Ex + Wc 

Exc = Wxc + TC = EX + WC + TC (7) 

Ec = Wc + Tc. (8) 

The contributions Wxc and Wc will be referred to 
as the electron-electron potential energy parts (or 
just potential parts) of the exchange-correlation 
and correlation energies, respectively. It is interest- 
ing to observe that the DFT definition of the corre- 
lation energy Ec does not involve, as does the 
conventional definition, correlation corrections to 
electron-nuclear and Hartree electron-electron in- 
teraction energies, since the exact and Kohn-Sham 
one-electron densities do not differ, while the exact 
and Hartree-Fock one-electron densities do. The 
DFT definitions will not differ much from the 
conventional ones in systems where there is little 
near-degeneracy correlation and the Hartree-Fock 
approximation is a good zero-order starting point. 
In systems with strong near-degeneracy correla- 
tion, however, the Hartree-Fock density may dif- 
fer strongly from the exact one and the DFT quan- 
tities are very different from the conventional ones 
[3, 4]. 

A key formula of DFT to obtain the 
exchange-correlation energy Exc[ p] of a many- 
electron system is an integral [5-7] over the cou- 
pling parameter A of the electron interaction A/r:2: 

*U p] 

SL 
ip(n)[gV„r2)-l]p(r2) 

dk dr1 dr2, 

(9) 

where p(r) is the electron density and gx(rj,r2) is 
the pair-correlation function of a system in wnich 
the electron-electron interaction is A/r12 and in 
which an "external" potential v\r) is present of 
such a form that the one-electron density p\r) 
corresponding to the exact wavefunction ^A is 
equal to the exact density p(r) of the fully interact- 
ing system at each A. Usually, the integration over 
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A is effectively carried out first and   Exc[ p]  is 
expressed as the spatial integral 

r   1      /-P(ri)[|(ri,r2) -l]p(r2) 
E,c  P   = / i i dri dr2 J \rx - r2\ 

(10) 

of the coupling constant integrated pair-correla- 
tion function g(rl, r2): 

g(ri,r2)= Cgk(r^r2)d\. (ID 

Numerous approximations of g(rv r2) were used 
in DFT to calculate Exc[ p] via Eq. (10). 

One can, alternatively, carry out first the spatial 
integrations in Eq. (10) and represent Exc[ p] as an 
integral of the electron-electron interaction energy 
part Wk

c[ p] of the exchange-correlation energy of 
electrons in the model system with the pair-corre- 
lation function g\rl, r2): 

EJ p] = jVc[ p] d\. (12) 
•'o 

In its turn, Wxc[ p] may be expressed as an integral 
of the potential of the exchange-correlation hole 
D*c°"-A(r): 

W,A
C[ p] = -fp(r)v><°c

lc-*(r) dr, (13) 

J \rl- r2\ 

Expression (12) can also be used as a basis for 
the DFT approximations. In particular, Becke pro- 
posed in [8] to approximate the dependence of Wxc 

on A with a linear function, so that integral (12) is 
calculated in this approximation via the simple 
trapezoidal rule ("half-and-half" formula): 

Ejp]m°d = \wx\[p] + ^Ex[p],      (15) 

where Ex[ p] - Wxc[ p] is the exchange energy of 
the Kohn-Sham (A = 0) system, the pair-correla- 
tion function of which, [g°(ru r2) - 1], of course, 
only describes the exchange hole. With Wxc ap- 
proximated with the functional WX

L
C
SDA of the local 

spin-density approximation (LSDA) [9] and with 
the rigorous exchange functional Ex of the 
Kohn-Sham (KS) orbitals (the latter were obtained 
from the self-consistent LSDA calculations) for- 

mula (15) provides reasonable accuracy for the 
calculated atomization energies Ea of a representa- 
tive set of molecules. A linear combination of 
WX

L
C
SDA and Ex with the coefficients fitted to ex- 

perimental data yields substantially better Ea val- 
ues [8] and an empirical combination of Ex with 
four approximate exchange and correlation func- 
tionals [10] reproduces also total atomic energies, 
atomic and molecular ionization potentials, and 
molecular proton affinities. 

The question arises, What is the optimal mixing 
of Wxc and Ex to provide an accurate Exc value 
for a given system? In this article, an exact mixing 
coefficient C is expressed through the ratio of the 
kinetic Tc and potential Wc contributions to the 
correlation energy Ec. This mixing can be derived 
from a Heavyside step function model of the de- 
pendence of Wxc on A, which is an alternative to 
the linear interpolation model of Becke. Values of 
Tc and Wc obtained using accurate quantities 
(p, E, T, Ex) from ab initio wave functions are 
used to estimate C for a number of atoms and 
molecules. The dependence of Tc, Wc, and C on the 
bond distance is analyzed in the case of the H2 

molecule and an accurate asymptotic formula for 
Tc is obtained for the bond dissociation limit. The 
shape of the potential vx

w
c
leA as function of the 

electron coordinate r is obtained from an accurate 
ab initio second-order density matrix for H2 [11, 
12] and is compared to its generalized gradient 
approximation (GGA) [13-15]. 

A Mixing Formula and a Model of the 
X. Dependence 

In this article, a mixing formula of the type 

EjpV (1 - C)W}r + CEX (16) 

is considered, which mixes the upper and the 
lower limits of the integral (12). In the case of 
A = 0, the general formula (13) for Wx\ can be 
rewritten in terms of the occupied KS orbitals 
<P,(r>. 

I    N      N 
w,°[p] = Ex[P]=--i: E 

L i=l7=1 

■■!■ \r, - r, 
drl dr2. 

(17) 
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The difference between Wxc[ p] and Ex[ p] is the 
potential energy part Wc[ p] of the correlation en- 
ergy [cf. Eqs. (8)]: 

Wx\[ p] - Ex[ p] = Wc[ p] = ~fp(r)v'c""^(r) dr, 

(18) 

where v^"11''1 is the potential of the Coulomb hole, 
the difference between the complete hole de- 
scribed by [gA=1(r1, r2) - 1] and the exchange hole 
described by [g°(r1, r2) - 1]. The integrand of Eq. 
(12) is the exchange-correlation part of the elec- 
tron-electron potential energy, but the integration 
over A produces the total Exc[ p] including its 
kinetic contribution Tc: 

EJ p] = [\\[ Pi d\ = Ex[ p] + Wc[ p] + Tc[ p]. 

(19) 

For a particular many-electron system, the exact 
value of the mixing coefficient C in formula (16) 
can be defined from the requirement that (16) 
should reproduce the accurate value of Exc[ p]: 

Ejp] =Ex[p] +Wc[p] +Tc[p], 

E'::dip] = (i - ow/;1 + CEX 

= Ex[p] + Wc[p] +Tc[p]. 

(20) 

(21) 

From Eqs. (8) [cf. also (18)], the expression for C 
follows: 

C (22) 

The ratio (22) provides a theoretical estimate for 
the optimal mixing coefficient of the exchange- 
correlation and exchange functionals in the for- 
mula for Exc. 

The mixing formula (16) can be derived from a 
model, in which the A dependence of Wx\. is ap- 
proximated with the Heavyside step function 0( x): 

w;tod'x = e(A 

e(x) = 

CKW?C-EX) + Ex,    (23) 

if x > 0 
if x < 0. 

The integration of (23) over A yields the mixing 
formula (16). The step-function model (23) can be 
considered as an alternative to Becke's linear inter- 

polation mc 

W, mod, A AWJ (1 - \)EX, (24) 

the latter yielding after the A integration the trape- 
zoidal rule formula (15). Contrary to model (24) 
with its relatively smooth dependence on A, Eq. 
(23) models a sharp dependence with a region 
A < C of weak Coulomb correlation, where Wx'"od'A 

is assumed to be equal to its exchange-only limit 
Ex and a region A > C of strong Coulomb correla- 
tion, where Wx"

od'A is assumed to be equal to its 
full strength limit Wxc. In the weakly correlated 
mode, the system is assumed to have the ex- 
change-only pair-correlation function g°(rl, r2), 
while the full-strength pair-correlation function 
g\rv r2) is attributed to the strongly correlated 
mode. The mixing coefficient C in this model has 
the meaning of a critical coupling strength, at 
which the transition occurs from the weakly corre- 
lated system to the strongly correlated system. In 
the next sections, the optimal mixing coefficient C 
will be estimated from the available data on Tc 

and the Coulomb correlation energy Ec and the 
dependence of C on the bond distance will be 
studied in the case of the H2 molecule. 

The Ratio - Tc / Wc for Atoms and 
Molecules 

Table I represents values of Tc obtained for a 
number of atoms [16] and molecules [17, 18] and 
the corresponding values of Wc and C = -Tc/Wc. 
The values for Tc were obtained as the difference 

nrLl   —  'T Cl T (25) 

of the kinetic energy TCI calculated for the system 
with the configuration interaction (CI) method and 
Ts, the latter being obtained by available methods 
[19, 20] to construct the KS orbitals and potential 
from the CI electron density. Wc is evaluated as 

W■ =E. c; -ci (26) 

where the (CI approximation to the) conventional 
correlation energy Ec

cl
Hr is the difference between 

the total energies of the CI and Hartree-Fock 
methods: 

cc, HF        c 
:HF (27) 

as it is traditionally defined in quantum chemistry. 
Note that we are approximating here the DFT 
correlation energy or, rather, the best CI approxi- 
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TABLE I 
Correlation energy components (au) and their 
ratios. 

System Tc wc C 

He 0.037 -0.079 0.47 

Li 0.038 -0.083 0.46 

Be 0.074 -0.168 0.44 

B 0.095 -0.216 0.44 

C 0.12 -0.272 0.44 

N 0.15 -0.330 0.45 

0 0.19 -0.435 0.44 

F 0.24 -0.546 0.44 

Ne 0.30 -0.676 0.44 

Na 0.31 -0.696 0.44 

Mg 0.34 -0.752 0.45 

Al 0.35 -0.765 0.46 

Si 0.36 -0.781 0.46 

P 0.41 -0.862 0.47 

H2 0.032 -0.071 0.45 

LiH 0.057 -0.134 0.43 

BH 0.099 -0.236 0.42 

HF 0.237 -0.541 0.44 

curate functionals: 

mation to it, 

jCI EKSM, (28) 

c/     This by the conventional correlation energy Ec HF 

replacement is acceptable, for the present purpose 
of interpretation, for atoms and for the chosen 
molecules at their equilibrium geometry, because 
in this case, the Hartree-Fock electron density pHF 

is close to the correlated density p, so that EKS[ p] 
and EHF values should also be close to each other. 
The accuracy of the CI wave function varies from 
system to system, so that a comparison of absolute 
values of Tc and Wc is not always meaningful. On 
the other hand, their ratio C is expected to be less 
influenced by the errors of the limited CI. 

For eight of 18 systems considered, C has the 
same value C = 0.44, while for the other systems, 
deviations from this value are not large and C 
varies within the range 0.43-0.47. It follows from 
these results that for the considered atoms and for 
molecules at the equilibrium geometry (at least if 
there are not strong correlation effects at the equi- 
librium geometry) the optimal mixing is not very 
sensitive to the type of the system and Exc can be 
reproduced with the following combination of ac- 

£„[ p] - 0.56W,1, + 0.44E,, (29) 

which is not far from the "half-and-half" formula 
(15) of Becke. In terms of the Heavyside step 
function model (23), it means that the region of 
strong Coulomb correlation spans a slightly larger 
portion of the interval 0 < A < 1 and at the cou- 
pling strength value A = 0.44 the system under- 
goes a transition from the weakly correlated mode 
to the strongly correlated mode. 

Note that if, instead of the functional Tc of DFT 
and Wc of Eq. (26), their conventional quantum 
chemical analogs Tc Hf and Wc HF, 

TC,HF = T-THF, (30) 

WC/HF = EC/HF ~~ EcHF, (31) 

F        = F - EHF 
^r   HF           u           u         1 

(32) 

are inserted in (22), C would be always equal to 
0.5 because of the virial theorem, which holds true 
for the exact solution, as well as for the 
Hartree-Fock solution with the total and kinetic 
energies EHf, THF, and electron density pHF. Levy 
et al. [21] recently made the analogous observation 
that eq. (15) would be exact in case the virial 
relation Ec HF = - Tc HF would also hold for Ec 

and Tc. This is in agreement with our exact relation 
C = -TC/(EC - Tc). The reason for the lower val- 
ues of C obtained (see Table I) is the difference 
between Ts and THF. By its definition, the KS 
kinetic functional Ts[ p] minimizes the kinetic en- 
ergy (6) for the correlated density p. This density 
is usually somewhat more contracted around the 
nuclei (the exact kinetic energy is higher than the 
HF kinetic energy) and the minimal kinetic energy 
for pexact is still higher than is THF. As a result, C 
of Eq. (22) is consistently lower than C = 
-TC/HF/WCrHF = 05. 

From the results presented, one can conclude 
that for atoms and for molecules at the equilib- 
rium geometry the model with the step-function A 
dependence provides only a slight alteration in 
comparison with the linear interpolation model. 
However, the step-function model has a definite 
advantage over the linear model for the process of 
molecular dissociation, because of the well-known 
deficiency of the exchange-only functionals in the 
bond dissociation limit. In the next section, the 
dependence of Tc and C on the bond distance will 
be considered for the simplest case of the H2 

molecule. 
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II,: The Dependence of Tc and C on 
the Bond Distance 

T. and C exhibit a strong dependence on the 
bond distance and in the bond dissociation limit of 
the H2 molecule both Tc and C approach zero. To 
establish this trend, we shall derive first the 
asymptotic expression for Tc. In the bond disso- 
ciation limit, the H2 molecule is described prop- 
erly   with   the   Heitler-London   wave   function 

VHL{xux,) = 
a*{rx)b{r2) + a*(r2)b(r,) 

2d + s^,r 

x[a(s})ß(s2) a(s2)j3(s,)], 

(33) 

where a(r) and b(r) are the ls-type atomic orbitals 
located on the H atoms A and B, a(i) and ß(i) 
are the one-electron spin functions, and Sah is the 
overlap integral: 

Ia*(r)b(r) dr. (34) 

A convenient feature of the KS theory is that in the 
dissociation limit the KS system of H2 is properly 
described with the one-determinantal wave func- 
tion ^s(xj, x2) formed from the cr, combinations 
of the Is orbitals a(r) and b(r) (except possibly at 
the bond midpoint): 

%(xux2) 
(«*(*-,) + b*(r1))(fl(r2) + fe(r2)) 

2^2 (1 + Sab) 

X[a(s1)ß(s2) - a(s2)/3(Sl)], 

(35) 

since just iirs(xl, x2) generates the ground-state 
density p(r) in this limit. Subtracting the kinetic 
energy obtained with %(xu x2) from that ob- 
tained with x¥HL{xl, x2), one can derive an asymp- 
totic expression for Tc: 

_ 2(TaSah - Tah)(l - Sah) 

(i + sja + s2
ttb)   ' 

(36) 

where Ta and Tab are the kinetic integrals: 

1 
Ta= --jcf'{r)V2a(.r)dr, 

TBh= --fa*(r)V2b(r)dr. 

(37) 

(38) 

The difference between the total energies obtained 
with x¥HL(xl, x2) and %{xl,x2), the correlation 
energy, Ec, approaches with increasing H—H dis- 
tance its exact finite limiting value -0.3125 au 
[22]. On the other hand, T„ the difference (36) 
between the corresponding kinetic energies de- 
creases with decreasing Snh and Tab at longer bond 
distances and it becomes zero in the infinite sepa- 
ration limit: 

Tc -» 0, R(H ~ H) (39) 

Note a striking difference between Tc and the 
conventional kinetic contribution TcHF: The latter 
function approaches in this limit the finite value 
0.2565 au [4]. 

As a consequence of the asymptotics (36), the 
optimal mixing coefficient C of Eq. (22) decreases 
with decreasing Tc and becomes zero in the infi- 
nite separation limit: 

C 
Tc 

0, R(H ~ H) -> oo7 (40) 

so that the mixing formula (16) correctly reduces 
to W.1 • 

E.;r = (1 - C)Wl + CEX -» Wx\, R(H - H) 

(41) 

In terms of the Heavyside step-function model 
(23), Eq. (40) means that in the infinite separation 
limit for all A but A = 0 the system is in the 
strongly correlated mode. This is physically rea- 
sonable in view of the negligible interaction be- 
tween the H atoms at infinite distance, so that the 
model offers a physically correct picture [23, 24]. 
For all A > 0, the interaction term A/r12 will favor 
the Heitler-London wave function AFHL(x1, x2) 
[Eq. (33)] in which two electrons are residing on 
different atoms. Only for A = 0, the exact wave 
function for the noninteracting electrons is just the 
KS determinant %(xv x2) of Eq. (35). The A = 0 
point, however, becomes unimportant in the cou- 
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pling constant integration for the pair-correlation 
function and we have 

lim g{rA, r2) 

=  lim / gKrl,r1)d\= / g1(rur2)d\ 

= g1(r1/r2). (42) 

In this case, the step-function model has a definite 
advantage over the linear interpolation model of 
Eq. (24), which for each A appears to mix 
WHL(xlr x2) and %(xu x2), leading to an unwar- 
ranted Ex contribution to Exc. As a result, the 
mixing formula (16) provides in this case a consid- 
erable improvement over Becke's "half-and-half" 
formula. 

To study the dependence of Tc, Wc, and C for a 
wide range of bond distances K(H—H), we use Tc 

and Ec values calculated in [25] at several dis- 
tances from a full-CI wave function. In this case, 
the rigorous quantity Ec

c' of Eq. (28) was used to 
estimate Wc = Ec - Tc, since the difference be- 
tween Ec

c' and EC
C'HF becomes appreciable at 

longer distances. The Hartree-Fock one-electron 
density deviates quite strongly from the exact den- 
sity at longer bond distances, to the extent that the 
conventional correlation corrections to the one- 
electron energies, the Hartree-Fock electron- 
nuclear potential energy and the Hartree-Fock ki- 
netic energy, become larger in magnitude than the 
correlation correction to the two-electron part of 
the energy [4]. The assumptions made in compil- 
ing Table I would not be justified for dissociating 
H2. In Figure 1, the plots of TC(R), WC(R), and 
C(R) as functions of R(U—H) are presented. One 
can see from Figure 1 that in the interval of R = 
1-4 au Tc shows a slight dependence on R, reach- 
ing its maximum Tc = 0.042 Hartrees at R = 3 au. 
For longer distances, Tc gradually decreases, ap- 
proaching zero asymptotically (39). On the other 
hand, the absolute value of Wc increases monoton- 
ically with increasing R. As a result, their ratio C 
gradually decreases with increasing R; the only 
exception is a local plateau of C(R) in the interval 
R = 2.0-2.5 au. From these results, one can con- 
clude that, at least in the considered case of the H2 

molecule, the optimal mixing coefficient C de- 
pends strongly on the bond distance. 

The conclusions reached here on .the asymp- 
totics of Tc can be generalized for the case of a 
many-electron homonuclear molecule. In this case, 
the value of Tc in the dissociation limit becomes 

R(H-H), a.u. 

FIGURE 1. Tc, Wc (au), and C as functions of the bond 
distance for the H2 molecule. 

equal to the sum of the Tc contributions of the 
atomic fragments. The A-integrated exchange-cor- 
relation hole for a reference electron on one of the 
atomic fragments will then be equal to the A-in- 
tegrated hole of the atom itself. In the particular 
case of the H2 molecule, this leads to the estab- 
lished asymptotics (39), because for the one-elec- 
tron H atom, Tc = 0. 

Conclusions 

In this article, the exact coefficient C of 
mixing of the exchange Ex and the exchange- 
correlation potential energy Wx\ in the formula for 
the total exchange-correlation energy Exc was ex- 
pressed through the ratio of the kinetic Tc and 
potential Wc contributions to the correlation en- 
ergy Ec. This mixing corresponds to a Heavyside 
step-function model of the dependence of Wxc on 
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A, where C has the meaning of a critical coupling 
strength, at which the transition occurs from the 
weakly correlated system to the strongly corre- 
lated system. Values of Tc and Wc obtained from 
CI wave functions were used to estimate C for a 
number of atoms and molecules. For the H2 

molecule, the strong dependence of Tc, Wc, and C 
on the bond distance was demonstrated and an 
accurate asymptotic formula for Tc was obtained, 
according to which Tc and C approach zero in the 
bond-dissociation limit. This dependence of the 
admixing of "exact exchange" on the bond dis- 
tance should be taken into account in the actual 
applications of mixing formulas. 

To apply various mixing formulas, one has to 
approximate W1. with one of the currently avail- 
able approximate functionals. Thus, the problem of 
the quality of the approximate functionals W"'c

od 

arises. The potential of the exchange-correlation 
hole v'^'^Kr) which, according to Eq. (13), yields 
the potential energy W^c[ p], may be used to ob- 

-0.2 

FIGURE 2. Comparison of the potential of the 
exchange-correlation hole and its GGA approximation 
(au) for the H2 molecule at ft(H—H) = 1.401 au. 

=   -0.8- 

FIGURE 3. Comparison of the potential of the 
exchange-correlation hole and its GGA approximation 
(au) for the H2 molecule at fl(H—H) = 5.0 au. 

tain some insight in the quality of the r-depen- 
dence of approximations to the exchange-correla- 
tion energy density. In Figures 2 and 3, the essen- 
tially accurate potential v*°c

h%l obtained for the H2 

molecule from the full-CI second-order density 
matrix [11, 12] at the equilibrium bond distance 
and at the long distance JR(H—H) = 5 au is repre- 
sented as a function of the distance Z from the 
bond midpoint. It is compared with its GGA model 

which is calculated via the following vhole,GGA 

formula: 

.hole,CG A (r) = 2ex
LDA(r) + 2e*(r) 

+ 2ef
m(r)-2f™(r).    (43) 

is the exchange energy density (per 
particle) of the local density approximation (LDA), 
2 ev

B is the gradient-dependent correction to e" ~ 

Here, .IDA 

LDA 

of Becke [13], eL
pw is the Coulomb correlation 

energy density of Perdew and Wang [9, 14, 15], 
and tc

PW(r) is the kinetic correlation energy den- 
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TARI F  II 
Exchange-correlation energy (au) and its components for the H2 molecule. 

R(H—H) (au) 

-0.661 
-0.410 

pGGA pLDA EB K WPW wx
G

c
GA wxl 

1.401 
5.0 

-0.658 
-0.512 

-0.569 
-0.423 

-0.089 
-0.089 

-0.071 
-0.207 

-0.081 
-0.057 

-0.739 
-0.569 

-0.732 
-0.617 

sity, which is obtained by the partial differentia- 
tion of ec

pw(r) [26-28]: 

uPW/ 

£x(rs) 

rc 

d 
5drs 

e 
pw(rs,x; 

£x(rs) 

r) 
,   (44) 

0.458 
)= , (45) 

'4 
-Trpir) 

] 

3 

/ (46) 

|VP( r)l 
(47) 

Insertion of vx
w

c
h'GGA{r) of Eq. (43) into the inte- 

gral (13) yields the exchange-correlation potential 
energy of GGA: WX

C
C

CA. 
In Table II, WGGA values calculated for 

K(H—H) = 1.401 and 5.0 au are presented to- 
gether with the contributions to WX

G
C

GA from the 
LDA exchange functional EX

DA, the Becke correc- 
tion Ex, and the correlation contribution Wc

pw. 
They are compared with the corresponding values 
of the exact Wx\, obtained by integration of vh

x°c'
eA, 

and its contributions, the exchange energies Ex 

and correlation energies Wc. One can see from 
Table II that at the equilibrium distance GGA 
reproduces Wx\ very nicely; the corresponding dif- 
ference is only 7 mHartrees. The LDA value Elx

DA 

is lower than the accurate Ex, but the Becke correc- 
tion compensates the difference, so that both ex- 
change and correlation contributions are repro- 
duced well within the GGA. 

For the long distance R = 5.0 au, the Ex value 
becomes 251 mHartrees smaller (in an absolute 
sense) than that for the equilibrium distance, since 
in the former case, the exchange hole is delocalized 
over two well-separated H atoms. An increase of 
the left-right Coulomb correlation Wc from -0.071 
to -0.207 due to the strong near-degeneracy ef- 
fect, leading to a more pronounced Coulomb hole 
[4], compensates more than half of the above-men- 
tioned difference, and the total Wxc value at R = 
5.0 au is only 115 mHartrees smaller than that for 

R = 1.401 au. This reflects the fact that delocaliza- 
tion of the exchange hole at long bond distances is 
effectively compensated by delocalization of the 
Coulomb hole, so that the total exchange-correla- 
tion hole remains essentially localized around the 
reference electron [4]. 

The GGA correlation functional Wc
pw fails to 

reproduce the near-degeneracy effect at large 
bond length; it is only 27.5% of the exact Wc (see 
Table II) at R = 5.0 au. Its value is 150 mHartrees 
too small, being even smaller than that at R = 
1.401 au. However, the GGA exchange functional 
(E;GA = EX

DA + Ex) simulates a major part of the 
correlation: Its vaiue at R = 5.0 au is ca. 100 
mHartrees larger (more negative) than that of the 
accurate KS functional Ex. This comes about by 
the EX

DA being now slightly larger than Ex (13 
mHartrees larger, not ca. 90 mHartrees smaller as 
is the case at R = 1.401 au) and the Becke correc- 
tion, being equally large as at R = 1.401 au, adding 
an overcorrection of 89 mHartrees. This yields 
about a 100 mHartrees too negative EGGA, which 
partly compensates the 150 mHartree's too small 
GGA correlation contribution Wc

pw, resulting in a 
total WGGA that is "only" ca. 50 mHartrees smaller 
than Wx\. 

A comparison of the hole potentials vx°c
leA and 

vhoie,GGA shows appreciable local deviations (See 
Figs. 2 and 3). For both bond distances considered, 
vhoie,ccA ig more attractive than is vx°'eA in the 
neighborhood of the H nuclei and it is less attrac- 
tive in the outer region of the H2 molecule. In the 
bonding region, vx°le'GGA is more attractive than is 
vhou,i for R = 1_401 au (see pig_ 2), while it is less 

attractive in this region for R = 5.0 au (see Fig. 3). 
The errors of opposite sign from the different re- 
gions cancel each other when v\°c

u'GGA is inte- 
grated via Eq. (13), thus providing the above-men- 
tioned reasonable WGGA values. 

One can conclude from the present results that 
further work is needed to develop an approximate 
functional vh

x°c
u'moA, which will yield better Wxc 

values at longer distances and will provide a bet- 
ter approximation locally. In this respect, a promis- 
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ing way is not to split the functional into exchange 
and correlation parts, but try to develop from the 
very beginning a combined exchange-correlation 
approximation, which allows to retain a localized 
model of the exchange-correlation hole. The corre- 
sponding work is in progress. 
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ABSTRACT . .  

The molecular properties characterizing diammine platinum complexes have by way of 
example been analyzed and selected because of their role in anticancer activity. The 
research was done with the use of the nonstandard quantitative method to compare 
molecular properties resulting from density functional theory (DFT). Among different 
molecular parameters considered, the multipole moment components were found mainly 
to have clear correspondence to the trans (anticancer neutral) and eis classes of platinum 
complexes. The results led to the selection and conjecture of the specific significance of 
some molecular characteristics contrasted with other assemblies of parameters.    © 1996 
John Wiley & Sons, Inc. 

T 

 ■  gation to find factors which could have influence 

Formulation of the Problem on the cell growth. 
It is well known [2-5]  that the eis form of 

diammine platinum complexes is the necessary 
he invention of Rosenberg [1] of the filamen- condition to observe anticancer activity. Hence, if 

_   tous growth of  Escherichia coli during elec- some physico-chemical properties of the two Pt 
trolysis with platinum electrodes can serve as the complexes (active and inactive) are similar, then it 
example of an unplanned result and as an investi- can be supposed these properties have doubtful 

relevance to the activity considered. Otherwise, 

*To whom correspondence should be addressed. the  same properties (under  similar  conditions) 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1385-1391 (1996) /n-»oOK nv 
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would be assumed to underlie mutually excluding 
phenomena, e.g.: 

Active 
l 

czs-PtCl2(NH3)2- 

«i < 

Inactive 
2 

— frans-PtCl2(NHj 3^2 

Oti ■>*l 

matched by a resemblance under a], 

(1) 

and 
.,al do not show these quantities involved 

in the anticancer mechanisms. Oppositely, if the 
compounds of system (1) are differentiated (un- 
matched) under the families of properties 
ßu ■ ■ ■, ßk and ß\, ■■■, ßk

2, then these properties 
can have an anticancer relevance. 

The first task to resolve this problem is how to 
split the matched system (1) and to differentiate as 
far as possible the considered compounds accord- 
ing to their inhibiting cancer abilities. Some molec- 
ular parameters are commonly considered for their 
relevance to the anticancer activity [2-5]. The 
properties to be investigated in this study are 
sequences a[,..., a'n of parameters evaluated for 
particular platinum complexes (indexed by i). 
Quantitative properties a[,...,a'n have been de- 
termined for eis and trans conformations with the 
same or different nonammine ligands. 

The second step pursued was looking for subse- 
quences <2, ...,alk such that if a^,..., a'vk was 
matched by the resemblance with a'vl,..., a

j
vkl then 

i and ;' should simultaneously denote eis or simul- 
taneously trans conformers. Thus, if for each Pt 
complex i from the set considered the sequence 
a'vU ..., alk fulfills the condition just mentioned, 
then vlf...,vk are indexing quantities distin- 
guished from a{,..., a'n to parallel the cis-trans 
dichotomy. 

What are parameter discriminating procedures 
and how to prove the existence of the subse- 
quences postulated is shown below. 

Computational 

The electronic structure of the systems under 
consideration has been calculated within the den- 
sity functional theory (DFT). All the calculations 
were performed with the BLYP functional [6] for 
the fully optimized geometries at the all-valence 
MOPAC level [7]. The final, first time computed 
results for platinum-coordinated complexes are 
listed in Tables I-IV. 

TABLE I  
Calculated dipole moments (Debye) for eis 
and trans conformations of platinum compounds. 

Molecule Cis 

PtCI2(NH3)2 

PtF2(NH3)2 

Pt(OH)2(NH3)2 

PTCIF(NH3)2 

Pt(OH)F(NH3)2 

Pt(OH)CI(NH)2 

Pt(SH)2(NH3)2 

PtBr2(NH3)2 

PtBrCI(NH3)2 

13.49 
12.18 
8.99 

12.98 
13.30 
11.41 

1.68 
11.94 
12.75 

Trans 

0.00 
0.00 
0.00 
1.29 
1.67 
2.83 
0.00 
0.00 
1.06 

If x denotes a compound having characteristics 
av...,an, then the relevant set spectrum [8] is 
defined as follows: 

fx = e{a,}    for i=l,...,l, 

i.e., fx is the coproduct of one-element sets includ- 
ing particular quantities. This allows one to find 
the general factors of similarity FSC/x, fy) and dis- 
similarity FD(fx,fy) for two molecules x and y 
considered. The factors with the relation of toler- 
ance t have been determined in [8]: 

FS(a,&) = |[(flXfc) U (bxa)] n t\, 
df , 

FD(«, b) = \a\ dom((a X b) n t)\ 

+ |fc\im((a x b) n t)\, (2) 

where a, b are finite sets and domain (dorn) and 
image (im) of the relations indicated have been 
involved. 

Two quantities a'k and a{ are recognized to 
fulfill t if their difference \a'k - a{\ is less than the 
average difference in the set of quantities of the k 
kind. The distance between two compounds x and 
y is estimated by the following formula 

d(x, y) 
FD( fx,fy) 

m(fx,fy)+ FS( fx,fy) (3) 

Such determined distance has the following prop- 
erties: (i) for each molecule x from the set estab- 
lished: 

d(x, x) = 0; 
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TABLE II  ——  
Calculated main quadrupole moment components (Debye-Ang) for eis and trans conformations of platinum 
compounds.  

Cis form Trans form 

Molecule Oxx Qyy Ozz Qxx Qyy Ozz 

PtCI2(NH3)2 -67.1 -62.4 -67.4 -67.1 -40.9 -94.3 

PtF2(NH3)2 -48.9 -47.1 -49.3 -48.9 -24.9 -69.4 

Pt(OH)2(NH3)2 -53.5 -43.6 -42.9 -53.4 -30.4 -54.0 

PtCIF(NH3)2 -56.8 -56.3 -58.0 -58.0 -32.9 -81.7 

Pt(OH)F(NH3)2 -40.3 -51.6 -48.6 -51.2 -27.8 -61.6 

Pt(OH)CI(NH)2 -59.8 -48.1 -60.3 -60.3 -35.7 -73.4 

Pt(SH)2(NH3)2 -64.7 -51.9 -51.0 -65.0 -54.3 -49.8 

PtBr2(NH3)2 -78.1 -65.7 -79.0 -78.0 -53.9 -103.1 

PtBrCI(NH3)2 -65.7 -71.0 -72.7 -72.6 -47.4 -99.4 

(ii) for each molecules   x  and   y  from the set 
considered: 

d(x, y) = d(y, x)    (symmetry). 

The distance mentioned is particularly a pseu- 
dometric when the tolerance t is an identity (cf. 
[8]). Using distance d, one can determine relations 
between the objects compared simply by imposing 
useful conditions on the function d involved: 

(x, y)    fulfills r if and only if (x, y) 

eXxX   and    <P(x,y,d), 

where the required properties are established by 

the condition $. If the condition(s) <£(x, y, d) are 
fulfilled, then the points x, y are matched: 

x-*— y, 

otherwise, they remain unmatched. Hence, a graph 
equivalent to relation r can be constructed. For 
example, in [9], the recurrent procedure to choose 
the nearest neighbors) after rejecting all previ- 
ously chosen objects has been applied, i.e., xl+l is 
such that for each 

y X\{xlr...,x^\ d(xt, xI + l) < d(xt, y'). 

In this work, the rejected set {xv ..., x,) of ele- 
ments has been restricted to one-element set {x,}, 
i.e., it generally holds that (x, y) fulfills r if and 

TABLE III 
Calculated octupole main -moment components (Debye -Ang**3) for cis and trans conformations of platinum 

compounds. 

Cis form Trans form 

Molecule ^xxx Vyyy Ozzz *-^xxx Oyyy Ozzz 

PtCI2(NH3)2 1.9 83.8 0.0 0.0 0.0 0.0 

PtF2(NH3)2 0.0 0.0 -26.8 0.0 0.0 0.0 

Pt(OH)2(NH3)2 0.0 0.0 -10.9 0.0 0.0 0.0 

PtCIF(NH3)2 -87.7 40.5 1.8 0.0 0.0 37.9 

Pt(OH)F(NH3)2 -21.5 51.5 0.0 0.0 0.0 -26.7 

Pt(OH)CI(NH)2 80.8 13.4 0.1 0.0 0.0 67.3 

Pt(SH)2(NH3)2 0.0 0.0 36.4 0.0 0.0 1.4 

PtBr2(NH3)2 -2.0 60.3 0.0 0.0 0.0 0.0 

PtBrCI(NH3)2 -56.8 -85.1 1.9 0.0 0.0 -55.4 
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TABLE IV 
Calculated hexadecapole main-moment components (Debye-Ang* *3) for eis and trans conformations of platinum 
compounds. 

Cis form Trans form 
Molecule H nxxxx 

LJ 
yyyy Hzzzz 

LJ 
xxxx 

u 
yyyy Hzzzz 

PtCI2(NH3)2 -87.3 -619.6 -696.8 -87.4 -300.2 -1127.4 
PtF2(NH3)2 -56.0 -336.8 -347.4 -56.7 -292.4 -398.8 
Pt(OH)2(NH3)2 -65.0 -360.3 -342.8 -65.1 -317.7 - 254.5 
PtCIF(NH3)2 -649.5 -361.8 -71.6 -71.9 -295.9 -728.0 
Pt(OH)F(NH3)2 -272.0 -365.0 -47.7 -60.9 -306.8 -326.8 
Pt(OH)CI(NH)2 -667.6 -281.2 -76.2 -76.2 -309.4 -637.9 
Pt(SH)2(NH3)2 -82.1 -793.6 -705.7 -83.3 -396.4 -958.7 
PtBr2(NH3)2 -101.3 -660.2 -899.0 -101.4 -335.1 -1469.9 
PtBrCI(NH3)2 -731.0 -668.1 -94.5 -94.5 -316.9 -1316.4 

only if x, y e X and for each y' e X \ 
{x}: d(x, y) < d(x, y'). This all enables one to dis- 
tinguish classes with growing relevance, generally 
regarding the fixed condition <J>. If (x, y) e r, then 
(y, x) does not necessarily fulfill relation r, i.e., it 
takes place (x, y)-asymmetric matching. The sym- 
metric matching shows a closer proximity between 
x and y. 

The classes of resemblance of the first kind 
have, in general, elements (vertices) keeping only a 
rough kinship between each other. They are equiv- 
alence classes of the quotient set X/r~ where r~ 
is the equivalence closure of r. The equivalence 
classes of this kind can include the asymmetric 
matching. 

The classes of resemblance of the second kind, 
i.e., the elements of the quotient set X/O n r~lY 
are more closely related regarding their similarity. 
Only symmetric matching is possible between the 
vertices of a fixed equivalence class. Even more 
closely related are vertices in the classes of resem- 
blance of the third kind, which are determined as 
maximal elements with the following property: 
a X a c r. Any two vertices of such a class are 
related by the symmetric matching. If the class a3 

is of the third kind, than there exist class of resem- 
blance a2 of the second kind and class of resem- 
blance ax of the first kind such that a3 c a2 c ax. 
The classes of resemblance of all kinds have been 
considered to reveal the possible properties re- 
sponsible for the anticancer activity. 

The experimental thesis to regard trans isomers 
considered as inactive leads to the utmost differen- 
tiation F0 = {B, B'} (utmost mixing F, = {X}) such 

that 

X = ßuß'    and    B n B' 

where X is the set of compounds and B and B' 
are sets of eis and trans forms, respectively. If F is 
a family of finite sets [e.g., X/r~ or X/(r n r~l)~], 
then its set spectrum is the union of sets of the 
form 

a2 \ ([dom((fl nB) X (a n B'))]2 

U[im((fl n B) X (a n B'))]2),    forflGF, 

where a2 = a X a for short. For example, fF0 = B2 

U B'2 and fF1 = (B X B') u (B' X B) which im- 
plies including only (eis, cis) and (trans, trans) 
pairs into /F0, and (cis, trans) and (trans, cis) pairs 
of compounds into f¥v Thus, distance [Eq. (3)] 
(with the identity taken as tolerance 0 between F 
and F0 (or Fj) can easily be determined. This 
distance turned out very useful in selecting proce- 
dures. 

To summarize: 

1. Any    chosen    sequence    of   parameters 
a:,..., an determined for each compound 
of X does allow one to establish the rela- 
tion r and using it to distinguish the fam- 
ily F of resemblance classes (of the fixed 
kind) covering X. 

2. Pattern  F0  consists of two classes cis and 
trans forms, respectively. 

3. Another family is defined as Ft = {X}, where 
no discrimination between cis and trans 
conformations occurs. 
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4. d(F, F0) = 1 if and only if each class of F 
includes the cis-trans pair of compounds. 

5. d(F, Fj) = 1  if and only if no class of  F 
includes a cis-trans pair of compounds, 
i.e., the full separation of eis and trans 
forms takes place. If d{F, F0) = 0, then F 

Hence, if parameters a\,...,a}„ (for i indexing 
all complexes from the fixed set) induce full sepa- 
ration or close to 1 distance d(F, Fj), then they can 
be considered as accompanying the cis-trans di- 
chotomy and therefore having potential relevance 
to the activity or inactivity. Otherwise, such a 
relevance cannot be recognized. 

Additionally, distance d(F, F0) has been taken 
into account as an auxiliary. It estimates the 
"crumbling" of X if d(F, Fx) is constant. 

Selecting Anticancer Properties for 
Platinum Complexes 

The series of quantities computed by DFT were 
leading to distinguishing classes of resemblance of 
the second kind. They were determined for the 
family X of platinum (II) complexes with the SH~, 
OH-, Br", Cl", F_ ligands. 

It is of great interest to know the behavior of 
system (1) under quantities of various kinds and to 
know the distances under the pattern partition F0. 
Table V includes comparison results computed for 
electron affinity (A), electronegativity (ELN), nu- 
clear repulsion energy (NUC), total energy (HF), 
and other properties as stated for set X of Pt 
complexes where X = {20H-,2Cr,2F-,(20H")', 
(2CD', (2F-)'} [only the nonammine ligands are 
indicated and the trans forms are primed; e.g., 
(2C1-)' stands for rrans-PtCl2(NH3)2]. 

In the case of Table V, the unmatched status of 
(1) appears only when the dipole moment is in- 
volved. For one case of constants of rotation the 
full separation [d(F, Fx) = 1] has been reached. 

In spite of alterations of system of compounds 
using Mg(II), Be(II), and Ca(II) complexes with the 
same ligands, the results were not better than 
those presented in Table V. Hence, the results of 
Table V indicate the dipole moment alone as in- 
ducing cis-trans separation. After turning to mul- 
tipoles, the marked proximity under uttermost dif- 
ferentiation F0 has been fixed for some multipole 
moments in X analyzed under their activity- 
inactivity relevance. For this reason, a more de- 
tailed analysis has been made for dipole, 
quadrupole, octupole, and hexadecapole moments. 
The various structural modifications of the Pt com- 
plexes can throw light on the cancer-pertinent 
mechanisms (cf., e.g., [10]). Hence, mixed functions 
in the nonammine ligands have been introduced. 
Also, the number of compounds in the systems 
analyzed was gradually increased. The extended 
systems of Pt complexes (denoted according to the 
convention mentioned) are the following: 

X* = {2SH-, 20H-, 2Br~, 2C1", 2F", (2SHT)', 

(20H-)', (2Br")', (2CT)', (2F~)'} 

X** = {2SH-, 20H-, 2Br", 2CT, 2F", OHCl', 

OH-F", Br-Cr, Cl-F-, (2SH-)', 

(20H-)', (2Br-)', (2C1")', (2F")', 

(OHCr)', (OH-F-)', (Br-Cl)', 

(Cl-F-)'}. 

Establishing matching (1) and computing distances 
under utmost differentiation F0 (mixing F:) was 
the task potentially revealing invariant kinship in 
the systems gradually extended. The searched 
family of parameters have to show minimal dis- 

TABLE V 
Differentiation of Pt complexes under physicochemical properties (X) 

No. 
Properties 
cumulated 

1 A, NUC, HF 
2 ELN, NUC, HF 
3 Const, of rotation 
4 Polarizability 

System (1) 
matched (+) 

unmatched (- 

+ 
+ 
+ 
+ 

Cumulation with dipole 
moment 

Distance of the 
pattern: d(F, F0) 

System 
(1) 

+ 
+ 

Distance of the 
pattern d(F, F0) 

0.60000 
1 

0.44444 
0.90909 
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TABLE VI 
Matching an d distances (x 102) for multipole m 

X                       X* 

oments an dthei r components.3 

X** 

Cumulation with dipole moment 

X X* X** 
Parameters m Dist. m Dist. m Dist. m Dist. m Dist. m Dist. 

Dipole 
mom. - 0 

100 
- 83.333 

83.333 
- 54.762 

97.479 
- 0 

100 
- 83.333 

83.333 
- 54.762 

97.479 

d(F,F0) 

d(F,F1) 

Quadrup. 
mom. + 100 

0 
+ 100 

56.000 
+ 97.283 

86.826 
+ 83.333 

72.727 
+ 100 

32.000 
+ 97.727 

65.269 

dtF.F,) 

d(F,F1) 

Octupole 
mom. - 33.333 

100 
- 36.000 

100 
- 78.824 

95.960 
- 22.222 

100 
- 36.000 

100 
- 80.357 

96.823 
d(F,F0) 

dtF,^) 

Hexadecap 
mom. - 86.364 

80.952 
- 85.185 

93.103 
- 48.765 

100 
- 55.556 

100 
- 89.655 

85.714 
- 81.482 

100 

d(F,F0) 

d(F,F1) 

HEXC - 44.444 
100 

- 56.000 
100 

- 61.728 
100 

- 44.444 
100 

- 68.000 
100 

- 81.482 
100 

d(F,F0) 

d(F,F1) 

aWhere m shows matching status of system (1) as in Table V 

tance d(F, F0) and maximal value of d(F, Fx). 
Moreover, these distances should exhibit a stabil- 
ity under extensions. Testing the systems intro- 
duced, the following results have been obtained 
(Table VI). HEXC is a choice of hexadecapole mo- 
ment components consisting of all of them after 
rejecting five components (i.e., XXXX, ZZZZ, 
XXYY, XXZZ, YYZZ). The distances for this assem- 
bly are the best results attained here in looking for 
invariants. Cumulating HEXC with dipole mo- 
ment yields the similar status but with the greater 
standard deviation (0.09 and 0.19, respectively). 

In an alternative computational way, other than 
(2) factors of similarity and dissimilarity can be 
used. For example, 

FD(rt;,fl/) = ljJ{ai A üJ), 

FS(fl;, fl;) = fji(ai n fl;), 

where air a} are some neighborhoods of a' and a', 
respectively, and ß is a measure (e.g., the measure 
of Lebesgue). Using these factors the hexadecapole 
distances have been determined for X** (for the 
resemblance classes of the first kind): 

d(F, F0) = 0.97521,        d(F, Fx) = 0.49438. 

For HEXC assembly the results are as follows: 

d(F', F0) = 0.78652,        d(F', Fx) = 0.92. 

Thus, distance d(F', Fr) is close to 1, showing the 
small fraction of mixed classes in F' (under HEXC). 
The existence of invariants and alternative, result- 
ing in principle in the same algorithms, does 
prompt a good reason for further testing assem- 
blies of parameters pertinent to the activity consid- 
ered. 

Discussion and Conclusions 

From the results of our calculations, we con- 
clude that only some molecular properties enable 
one to discriminate an active and nonactive sys- 
tem. These conditions are fulfilled solely by higher 
than dipole, multipole moments. It seems that the 
best are components of the hexadecapole mo- 
ments. However, it seems strange that typical 
molecular parameters like ionization energy, elec- 
tron affinity, total energy, and correlation correc- 
tions are unable to distinguish between those two 
groups of molecular systems. 

It should be stressed that parameters are dis- 
criminated on the grounds of the distances be- 
tween the induced collections of compounds 
(resemblance classes) and F0, Ft families. These 
estimations depend of the fixed pattern. In this 
work, the trans and eis conformations have been 
taken as such a pattern in view of their well-known 
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experimentally established activity-inactivity rela- 
tionship. 

Since dipole moment induces the ideal partition 
F = F0 (cf., Table VI) for system X, a pitfall arises 
when making conclusions on the pertinence of this 
moment to the cis-trans discrimination. To im- 
prove and test the conclusion, Pt(SH)2(NH3)2 com- 
plex has been included (X*), and thereafter the 
partition F induced contained mixed classes [i.e., 
d(F, F{) < 1]. Thus, the negative result of the test 
has been obtained. It is so since the complex just 
considered has relatively much smaller value of 
the dipole moment than eis conformers (of X*), 
and therefore this dipole moment shows a better 
kinship to the trans forms. Generally, the parame- 
ters, being out of the pertinence desired, disturb 
the cis-trans dichotomy affecting induced parti- 
tions when the database is enriched. On the con- 
trary, the properties looked for should not induce 
cis-trans mixing in the resemblance classes after 
substitutions of new ligands. 

This is a hard postulate since even the existence 
of such properties within a finite family of the 
considered parameters is difficult to be a priori 
assumed. Therefore, the discriminated family of 
multipole components HEXC, inducing the parti- 
tion desired in the gradually enriched systems, 
shows the method of the resemblance analysis, 
enabling one to find quite new criterion for the 
separation of eis and trans forms. 

In view of the example considered, it can be 
noted that the cancer diseases are one of the most 
serious challenges for modern science, particularly, 
the "reading" of cancer cells by drugs (cf., e.g., the 
concepts of lectins [11] or long-range carcinogenic 
effects [12]) illustrate the complexity of this prob- 
lem. The analysis performed here allows one to 
frame the hypothesis on the specific significance of 
some molecular parameters in the anticancer ac- 
tion. It is easily seen that the electric molecular 

parameters and their symmetry in platinum com- 
plexes should play an essential role in the mecha- 
nisms of their activity. However, their character, 
which is necessary for the desired effect, remains 
unknown or is difficult to determine. On the other 
hand, the general idea to pursue some multipoles 
does not seem groundless and can probably be 
helpful in predicting ways to stimulate anticancer 
inhibition. 

The extensions or modifications of the method 
illustrated can be of great interest in looking for 
efficient ways in drug design and selecting useful 
properties. 

Note added in proof: Annotation performed within 
C.E.C. COST D3 Action. 
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ABSTRACT 

Starting from a formally exact density-functional representation of the frequency- 
dependent linear density response and exploiting the fact that the latter has poles at the 
true excitation energies, we develop a density-functional method for the calculation of 
excitation energies. Simple additive corrections to the Kohn-Sham single-particle 
transition energies are derived whose actual computation only requires the ordinary 
static Kohn-Sham orbitals and the corresponding eigenvalues. Numerical results are 
presented for spin-singlet and triplet energies.    © 1996 John Wiley & Sons, Inc. 

Introduction 

In recent years, density-functional theory (DFT) 
[1-5] has enjoyed increasing popularity in the 

field of quantum chemistry. The computational 
simplicity of the Kohn-Sham scheme and the 
availability of reliable exchange-correlation (xc) 
functionals allow accurate calculations even for 
very large systems [6,7]. The traditional density- 
functional formalism of Hohenberg, Kohn, and 
Sham [1,2] is mainly a ground-state theory. In 
view of the advantages of DFT, a generalization 
allowing the calculation of excitation spectra is 
highly desirable, especially since most experimen- 

*To whom correspondence should be addressed. 

tal data are obtained by spectroscopical tech- 
niques. One might be tempted to interpret the 
Kohn-Sham single-particle energy differences as 
excitation energies. This interpretation, however, 
has no rigorous basis and in practice the 
Kohn-Sham orbital energy differences deviate by 
10-50% from the true excitation energies. Another 
deficiency of the Kohn-Sham orbital energy spec- 
trum is the fact that it shows no multiplet split- 
tings. 

To deal with excited states, several extensions 
of ground-state DFT have been proposed which 
rely either on the Rayleigh-Ritz principle for the 
lowest eigenstate of each symmetry class [8-10] or 
on a variational principle for ensembles [11-16]. 
A practical difficulty of these approaches is that 
the respective xc energy functionals depend on the 
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symmetry labels of the state considered or on 
the particular ensemble. Until today, little is known 
about the explicit form of these excited-state xc 
functionals although significant progress has re- 
cently been made in the ensemble formalism 
[17-22]. 

In this article we are going to elaborate on a 
different approach [23-25] to the calculation of 
excitation energies which is based on time-depen- 
dent density-functional theory (TDDFT) [26]. In 
the linear response regime TDDFT has been ap- 
plied rather successfully to the photo-response of 
atoms and molecules [27-31]. Dynamical hyperpo- 
larizabilities have also been calculated [32] and 
first applications beyond the perturbative regime 
have emerged [33-35]. For a recent review of 
TDDFT and its applications, see [36]. 

To calculate excitation energies from TDDFT we 
use the fact that the frequency-dependent linear 
density response of a finite system exhibits dis- 
crete poles at the true (correlated) excitation ener- 
gies of the unperturbed system. It can be shown 
[23] that the exact linear density response of an 
interacting system can be written as the linear 
density response of a noninteracting (Kohn-Sham) 
system to an effective perturbation. The basic idea 
is to use this formally exact representation of the 
frequency-dependent linear density response to 
calculate the shifts of the Kohn-Sham orbital en- 
ergy differences (which are the poles of the 
Kohn-Sham response function) toward the true 
excitation energies in a systematic way. This pro- 
gram has recently been carried out [23] rather 
successfully to the calculation of singlet excitation 
energies. The purpose of the present article is to 
extend the scheme to incorporate spin degrees of 
freedom. This will allow us to calculate the excita- 
tion energies of spin multiplets. 

Method 

The frequency-dependent linear density re- 
sponse nla(x, a>) of interacting electrons with spin 
a to a frequency-dependent perturbation i'^Xy, OJ) 

is usually written in terms of the full response 
function xav 

as 

«l0.(r, w) = Y.jd3yx,rM,y; <o)vlv(y, «).  (l) 
V 

Alternatively,   the   exact   frequency-dependent 
spin-density response can be calculated (self-con- 

sistently) from 

nla(r,o))= Y,fd3yxsav(t,y,aj)vsU,(y, a)   (2) 
V 

as the response of noninteracting (Kohn-Sham) 
particles subject to the effective potential 

vslv(y, w) 

= vlv(y, w) 

Zfdhji 
ly-y 

77 +/xc„'(y/y';*>) 

Xnlv,(y',w). (3) 

Here the spin-dependent exchange-correlation ker- 
nel /xc is given by the Fourier transform of 

/xc<™-'(M/*'/*') := 
5üxcir[Ht,nj](r,f) 

StiXi',t') 
«or -"tu 

(4) 

with respect to (t - t'). The proof that Eqs. (2)-(4) 
represent the exact linear spin-density response 
of the interacting system is based on the spin- 
dependent generalization [37] of TDDFT. The argu- 
ment follows step by step the proof for the 
spin-independent case given in Ref. [23] and will 
therefore not be repeated here. The response func- 
tion xs of the Kohn-Sham system can be ex- 
pressed in terms of the unperturbed static 
Kohn-Sham spin orbitals §■   as 

XS(nr.(r,r';co) 

^(r)^(r)^(r')0tff(r') 
X ,     (5) 

where fka, f-CT are the Fermi occupation factors (1 
or 0). The summations in (5) run over all unper- 
turbed Kohn-Sham orbitals, including the contin- 
uum states. Note that the Kohn-Sham response 
function (5) is diagonal in the spin variable and 
exhibits poles at frequencies a)-kl7 = e- - eka cor- 
responding to Kohn-Sham single-particle excita- 
tions within the same spin space. In order to calcu- 
late the shifts toward the true excitation energies 
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ft of the interacting system, we rewrite Eq. (2) as and set 

LId3y'U„,8(r - j') - £ f d3yXsav(r,y, a>) 

1 

ly-y 
77 + he-Ay ,y'; <») nlv,(y',co) 

= L/^3y*sff>'y; a)vlv(y,a>). (6) 

In general, the true excitation energies ft are not 
identical with the Kohn-Sham excitation energies 
o)-ka.. Therefore, the right-hand side of Eq. (6) re- 
mains finite for u> -> ft. Since, on the other hand, 
the exact spin-density response nllT, has poles at 
the true excitation energies ft, the integral opera- 
tor acting on nXa on the left-hand side of Eq. (6) 
cannot be invertible for a> -> ft. This is easily seen 
by reductio ad absurdum: Assuming the inverse 
operator existed, its action on both sides of Eq. (6) 
would result in a finite right-hand side for co -> ft 
in contradiction to the fact that nla, remaining on 
the left-hand side, has a pole at w = ft. 

Consequently, the true excitation energies ft are 
characterized as those frequencies where the inte- 
gral operator acting on the spin-density vector in 
Eq. (6) is not invertible or, equivalently, where the 
eigenvalues of this operator vanish. If the delta 
function in Eq. (6) is integrated out, the true excita- 
tion energies ft are those frequencies where the 
eigenvalues A(w) of 

Lfd3y'Lfd3yxslrAr,y;^ 
v' V 

1 

.ly-y'l 
AO^Cr, co) 

/„/(y-y» %-(y',«) 

satisfy 

A(ft) = 1. 

(7) 

(8) 

This condition rigorously determines the true exci- 
tation spectrum of the interacting system consid- 
ered. 

For notational convenience, we introduce dou- 
ble indices q = (;', k) so that u>qa = eja - ektJ de- 
notes the excitation energy of the single-particle 
transition (ja -» ka). Moreover, we define 

%aix) ■= </>,CT(r)*0;(r(r), (9) 

^-=h,-f,<r (10) 

v' 

1 

ly-y 
77 +fxc„Ayry';o>) %-(y'/ w). 

(ID 

With these definitions, Eq. (7) takes the form 

a   <£   (r) qa     qu 

w - <w    + if] 
La(w) = k(w)ya(r,u).   (12) 

Solving this equation for ya(x, &>) and reinserting 
the result on the right-hand side of Eq. (11) leads 
to 

E £     M'T'(0):J,-*^ = A(W)^(-)- 
o-     q ■    W ~  Mq'a'  + lV 

(13) 

Here we have introduced the matrix elements 

AV<r-'(w) 

a,v./d3r/dV*,*ff(r) 

1 
X 

r — r -77 +/xc(ro-'(r'r';w) $ ,  ,(r'). 

(14) 

Note that the summation in Eq. (13) extends 
over all single-particle transitions q'a' between 
occupied and unoccupied Kohn-Sham (KS) Or- 
bitals, including the continuum states. Up to this 
point, no approximations have been made. In or- 
der to actually calculate A(w), the eigenvalue prob- 
lem (13) has to be truncated in one way or another. 
One possibility is to expand all quantities in Eq. 
(13) about one particular KS orbital energy differ- 
ence co„ 

£,«x(w) = £,„(«V) 
dZM 

dco 
(co - (O    ) + 

(15) 

A(w) 
M<o„T) 

VT' 

+ B(ü).T) + - (16) 
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The matrix elements with topT # co ,a., can be ex- 
panded into a Taylor series: 

MW,„,U) 

7 w — w.v- + h 

M,,CT,V'(Wpr) 

«v - «y^ + ^ 
d ^,V'(^) 

(co- - o>VT) 
dco w ~ %v' + lV 0Jpr 

(17) 

whereas, for copT = coq.a,, the matrix elements have 
to be represented by a Laurent series: 

Mqirq;r.(co) M qaq ■(to      ) 

coq,lT. + irj       co - copT + i-q 

dMqaq,a,(co) 
+ (18) 

Inserting Eqs. (15)-(18) into Eq. (13) the coeffi- 
cients A and B are readily identified. If the pole 
W    is nondegenerate, one finds 

A(copT) =MpTpT(copT) (19) 

and 

B(to) = 
dM p-rpr + 

MpTpT(copT) 

MpTq,a.(copT)Mq,a,pT(cop7) 

«y ~ <»<!■<,' + h 
(20) 

The corresponding eigenvector (in lowest order) is 
given by 

'"      A(w   )     'i<rPT^wPT^PT (21) 

with (pr) fixed. The number £    is free and can be 
chosen to properly normalize the vector £,. 

If the pole to    is K-fold degenerate, 

"V, = «W, =  •■■  = topkTK = to0r        (22) 

the lowest-order coefficient A in Eq. (16) is deter- 
mined by the following matrix equation: 

Y,MpirrPJco0)^ = A„(coQ)^, 
k = \ 

i = l,...,K.    (23) 

In general, one obtains K different eigenvalues 
Av ..., AK. Then the remaining components of the 
corresponding eigenvectors £(n) can be calculated 
from 

/1(Awo-' fc=i 

once the eigenvalue problem (23) has been solved. 
Assuming that the true excitation energy ft is not 
too far away from co0, it will be sufficient to 
consider only the lowest-order terms of the above 
Laurent expansions. In particular, we set 

A„(<u) « 
An(co0) 

(25) 

The condition (8) and its complex conjugate, A*(fl) 
= 1, then lead, in this order, to a compact expres- 
sion for the excitation energies: 

n. >0 + 3>An(co0). (26) 

This is the central result of our analysis. Equation 
(26) shows that a single KS pole can lead to several 
many-body excitation energies. The corresponding 
oscillator strengths can be obtained [25] from the 
eigenvectors £(,,) and the KS oscillator strengths. 

Application to Closed-Shell Systems 

In this section, we will apply the above formal- 
ism to systems with spin-unpolarized ground 
states. For these systems, the Kohn-Sham orbital 
eigenvalues are degenerate with respect to the 
spin variable, which implies a lack of spin-multi- 
plet structure in the Kohn-Sham spectrum. In the 
following, we demonstrate how this is restored by 
the lowest-order corrections (26). Assuming that 
there are no further degeneracies besides the spin 
degeneracy, Eq. (23) reduces to the following (2 X 
2) eigenvalue problem: 

L    Mp<Tp<T,(to0)tpa.(to0)=A{prr(to0).   (27) 

For spin-saturated systems, one finds  Mp T   T = 
M l   T, so that the eigen- M

Plpi   and   MpU'l 
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values of Eq. (27) are given by 

A n,2 MpTpT +MpTfU. (28) 

By Eq. (26), the resulting excitation energies are 

flj = (o0 +MM T   T +MpTpi} (29) 

ft, w0+^{M T   T -MpTpi}.        (30) 

Inserting the explicit form of the matrix elements 
(14), one finds 

ilt = co0 + 23?fdhfd3r'<S>*(r) 

1 
X — +/xc(r,r';«u0) <&p(r')   (31) 

Ü2 = co0 + 2£?f d3rfd3r'<S>*(i) 

X /igGxc(r,r';w0)«I>.(r') (32) 

where 

/xc(r,r';ö,) = -       E      /xc<w.(r,r'; *,)   (33) 

and 

Gxc(r,r'; w) 

= A       E       (AOT.)/xc<^(r,r';W);    (34) 

fji0 denotes the Bohr magneton and ßaa, = 1 for 
a = a' and ßmr. = -1 for a ¥= a1. For simplicity, 
we have dropped the spin index of $po. in Eqs. 
(31) and (32). [This is possible only if the unper- 
turbed KS ground-state determinant is spin- 
saturated since, in this case, $■ T (r) = ty i (r) for all 

;•] 
The quantity Gxc gives rise to exchange and 

correlation effects in the Kohn-Sham equation for 
the linear response of the frequency-dependent 
magnetization density mix, <o) = /i0[ n T (r, w) — 
n ^t, co)] [37]. 

The fact that the magnetization density re- 
sponse naturally involves spin-flip processes sug- 
gests that ü2 represents the spin-triplet excitation 
energies of many-electron systems with spin- 
saturated ground states. The corresponding spin- 
singlet excitation energies, on the other hand, are 
given by fij. This assignment will be given further 
support by the numerical results presented in the 
next section. 

Results and Discussion 

Apart from the truncation of the expansions 
(15)-(18), two further approximations are neces- 
sary in the described TDDFT calculation of excita- 
tion energies: 

1. The frequency-dependent xc kernels /xc and 
Gxc have to be approximated. 

2. The static Kohn-Sham orbitals entering Eqs. 
(31) and (32) through Eq. (9) have to be 
calculated with an approximate (static) po- 
tential öx'

at. 

As an application of the method, we consider 
the lowest excitation energies of the alkaline earths 
and the elements of the zinc series. Here, in addi- 
tion to the degeneracy with respect to the spin 
index, the s -> p transitions under consideration 
are threefold degenerate in the magnetic quantum 
number m of the "final" state. Hence, we have a 
six-fold degenerate pole and Eq. (23) is a (6 X 6) 
eigenvalue problem. In our case, however, the 
matrix M„ T „ T in Eq. (23) consists of three identi- 
cal (2 X 2) blocks, leading only to two distinct 
corrections, independent of m, as it should be. The 
resulting triplet states are still degenerate with 
respect to the total angular momentum quantum 
number because the spin-orbit coupling is not ac- 
counted for in the nonrelativistic Kohn-Sham 
equations. 

In Tables I-IV we show excitation energies cal- 
culated from Eqs. (31) and (32). The calculation of 
Table I employs the ordinary local density approx- 
imation (LDA) for ox'

at (using the parametrization 
of Vosko, Wilk, and Nusair [38]) and the so-called 
adiabatic LDA (ALDA) for the xc kernels: 

/ALDAK](r,r';W) 

= S(r - r')-^! [ pex
h

c
om( P,C)\ L = „0(,U-o) 

(35) 

and [39] 

GALDA[«0](r,r';a>) 

S(r-r')- 
dl 

vlnir) d£2 

X
 lexc°m(P'£)]|(p=H0(rU=0)- (36) 
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TABLE I 1 TABLE 
Lowest 

II 
Lowest S -* P excitation energies Of S -> P excitation energies of 
various atoms.3 various atoms.3 

Atom State ^exp fiLDA n(ASCF) LDA w0 Atom State ^exp nOEP n(ASCF) ,.OEP w0 

Be 1P 0.388 
0.200 

0.399 0.331 0.257 Be 
;p^ p 

0.388 
0.200 

0.392 0.331 0.259 

3Pi 0.200 0.192 0.181 0.257 % 0.200 0.138 0.181 0.259 
3P 0.200 3P2 0.200 

Mg 0.319 
0.199 

0.351 0.299 0.249 Mg 
:p 
p 

0.319 
0.199 

0.327 0.299 0.234 

Pi 0.199 0.209 0.206 0.249 % 0.199 0.151 0.206 0.234 
jp2 0.200 '% 0.200 

Ca 
3P1 

> 

0.216 
0.138 

0.263 0.211 0.176 Ca 1P1 
3Po 

0.216 
0.138 

0.234 0.211 0.157 

> 
0.139 0.145 0.144 0.176 % 0.139 0.090 0.144 0.157 

jp2 0.140 ap2 0.140 
Zn 

:p 0.426 
0.294 

0.477 0.403 0.352 Zn 
p 

0.426 
0.294 

0.422 0.403 0.314 

Pi 0.296 0.314 0.316 0.352 ^1 0.296 0.250 0.316 0.314 
6p2 0.300 % 0.300 

Sr 0.198 
0.130 

0.241 0.193 0.163 Sr 
p 

0.198 
0.130 

0.210 0.193 0.141 

Pi 0.132 0.136 0.135 0.163 % 0.132 0.081 0.135 0.141 
3P2 0.136 >P2 0.136 

Cd 

> 

0.398 
0.274 

0.427 0.346 0.303 Cd 
P 

0.398 
0.274 

0.376 0.346 0.269 

^ 
0.279 0.269 0.272 0.303 % 0.279 0.211 0.272 0.269 3P2 0.290 3P2 0.290 

The experimental values (first column) [44] are compared 
with results calculated from Eq. (31) for the singlet and from 
Eq. (32) for the triplet (second column) and with ordinary 
LDA-ASCF values (third column). The LDA was employed for 
vx

s
c
,at and the ALDA for the xc kernels. The corresponding 

Kohn -Sham orbital energy differences <u0 are shown in the 
last column (all values in rydbergs). 

For the xc energy per particle, ex
h

c
om, of the 

homogeneous electron gas and its second deriva- 
tive with respect to the relative spin polarization 
C ~ (nT - «j)/n, also called the xc contribution 
to the "spin-stiffness coefficient," we use the 
parametrization of Ref. [38]. 

The calculation of Table II uses the x-only opti- 
mized effective potential (OEP) for v^c

3t in the 
approximation of Krieger, Li, and Iafrate [40] and 
for /xc the kernel 

rTDOEP 
J xc [n0](i,r'; co) 

2\Lkfk4>k(i)4>t(t')\2 

|r - r'|n0(r)«0(r') 

(37) 

which is based on the time-dependent OEP method 
in the x-only approximation [23,41]. 

aThe experimental values (first column) [44] are compared 
with results calculated from Eq. (31) for the singlet and from 
Eq. (32) for the triplet (second column) and with ordinary 
LDA-ASCF values (third column). The x-only optimized effec- 
tive potential was used for v^al and the approximate TDOEP 
kernels (37) and (38). The corresponding Kohn-Sham or- 
bital energy differences <o0 are shown in the last column (all 
values in rydbergs). 

The mean absolute deviation from the experi- 
mental singlet spectrum for the excitation energies 
calculated from Eq. (31) is 36 mryd for the pure 
LDA calculation of Table I and 11 mryd for the 
x-only OEP calculation of Table II. 

In Table III we show the results of a "hybrid" 
calculation (OEP + ALDA) which employs the x- 
only OEP for v*at and the ALDA (including local 
exchange and correlation terms) for the xc kernels. 
The results of this calculation are of similar quality 
as the x-only OEP calculation of Table II. The mean 
absolute deviation from experiment is 15 mryd. 
Thus, for the singlet spectrum, the OEP values are 
clearly superior to the LDA results and are also 
better than the usual LDA-ASCF values, which de- 
viate on the average by 27 mryd from the experi- 
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TABLE III  
Lowest S ^ P excitation energies of 
various atoms.3 

Atom     State     fl exp n OEP + ALDA n(A SCF' 
,OEP 
°0 

Be 

Mg 

Ca 

Zn 

Sr 

Cd 

3p 

P° 
"Pi 

>1 

P 

>1 

3P, 

0.388 
0.200 
0.200 
0.200 

0.319 
0.199 
0.199 
0.200 

0.216 
0.138 
0.139 
0.140 
0.426 
0.294 
0.296 
0.300 

0.198 
0.130 
0.132 
0.136 

0.398 
0.274 
0.279 
0.290 

0.398 

0.196 

0.329 

0.196 

0.236 

0.129 

0.417 

0.280 

0.211 

0.117 

0.370 

0.239 

0.331 

0.181 

0.299 

0.206 

0.211 

0.144 

0.403 

0.316 

0.193 

0.135 

0.346 

0.272 

0.259 

0.259 

0.234 

0.234 

0.157 

0.157 

0.314 

0.314 

0.141 

0.141 

0.269 

0.269 

aThe experimental values (first column) [44] are compared 
with results calculated from Eq. (31) for the singlet and from 
Eq. (32) for the triplet (second column) and with ordinary 
LDA-ASCF values (third column). The x-only optimized effec- 
tive potential was used for vx

s
c
tat and the ALDA (including 

exchange and correlation terms) for the xc kernels. The 
corresponding Kohn-Sham orbital energy differences a>0 

are shown in the last column (all values in rydbergs). 

mental data. This can be traced back to the sensi- 
tivity of the unoccupied orbitals and their energy 
eigenvalues to the asymptotic behavior of the 
Kohn-Sham potential. One major reason for the 
superiority of the optimized effective potential is 
the fact that it is self-interaction free and therefore 
has the correct - 1/r tail (while the LDA potential 
falls off exponentially). We note in passing that 
since the optimized effective potential decreases 
correctly for all orbitals, it is also superior to the 
Hartree-Fock (HF) potential, which is self-interac- 
tion free only for the occupied orbitals but not for 
the unoccupied ones. Consequently, HF orbital en- 
ergy differences are typically too large. 

The triplet  spectrum  obtained  from Eq. (32) 
within the LDA deviates  on the average from 

TABLE IV  
Singlet-triplet separations for the lowest S -» P 
transitions of various atoms calculated with 
different approximations of the xc-functionals 
(see text) in comparison with experimental values 

[44] (EXP).a 

Atom    J     EXP       LDA      OEP     OEP + ALDA   ASCF 

Be 

Mg 

Ca 

Zn 

Sr 

Cd 

0 
1 
2 

0 
1 
2 

0 
1 
2 

0 
1 
2 

0 
1 
2 

0 
1 
2 

0.188 
0.188 
0.188 

0.120 
0.120 
0.120 
0.077 
0.077 
0.076 

0.132 
0.130 
0.126 
0.067 
0.066 
0.062 

0.124 
0.119 
0.108 

0.207    0.253 

0.142    0.175 

0.118    0.144 

0.164    0.172 

0.105    0.129 

0.158    0.165 

0.033    0.057 

0.202 

0.133 

0.107 

0.136 

0.094 

0.131 

0.018 

0.150 

0.094 

0.067 

0.087 

0.058 

0.074 

0.028 

aJ is the total angular momentum quantum number of the 
triplet state; S denotes the mean absolute deviation of the 
calculated values from the experimental ones (all values in 
rydbergs). 

experiment by 9 mryd, which is slightly better 
than the mean absolute deviation of 10 mryd of 
the LDA-ASCF spectrum. However, in spite of the 
fact that the OEP provides self-interaction free 
orbitals, it reproduces the triplet spectrum less 
accurately: the average deviation from experiment 
is 55 mryd, as can be seen from Table II. This is a 
consequence of the fact that we have employed the 
time-dependent x-only approximation for the ker- 
nel fxctra.'. This approximation neglects the correla- 
tion between electrons of antiparallel spin and 
leads to an xc kernel which is diagonal in spin 
space. Accordingly, from Eqs. (33) and (34), we 
have within the x-only TDOEP 

Gx
T

c
DOEP[n](r,r'; to) = ^/™OEP[n](r,r'; co).   (38) 

We expect that the OEP triplet energies can be 
improved considerably by adding appropriate cor- 
relation terms [42, 43] to the TDOEP xc kernels. 
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This expectation is backed by the observation that 
when the x-only OEP approximation of v^ is 
combined with a local density prescription (ALDA) 
for exchange and correlation in the xc kernels fxc 

and Gxc, the triplet spectrum is reproduced fairly 
well by Eq. (32). This can be seen from Table III, 
where the calculated triplet spectrum deviates on 
the average by 15 mryd from the experimentally 
measured one. 

To complete the discussion of the various ap- 
proximate xc functionals employed, we list the 
singlet-triplet separations for the lowest S ^> P 
transitions of the alkaline earth elements and the 
zinc series in Table IV. Obviously, by calculating 
üj - 02 from Eqs. (31) and (32), the Kohn-Sham 
excitation energies w0 and hence all the errors 
contained in the approximate Kohn-Sham eigen- 
values cancel out. Again, the mean absolute devia- 
tion 5 from experiment clearly shows that singlet- 
triplet splittings are well reproduced only if corre- 
lation is included in the xc kernels. The best results 
are obtained when the ground-state potential is 
self-interaction free (OEP + ALDA). 

Summary and Conclusion 

We have developed a formally exact scheme of 
calculating excitation energies from TDDFT. Within 
that scheme, we arrived at compact approximate 
expressions for the excitation energies which per- 
formed quite well in practical calculations of sin- 
glet and triplet excitations. The calculation in- 
volves only known ground-state quantities, i.e., 
the ordinary static Kohn-Sham orbitals and the 
corresponding Kohn-Sham eigenvalues. Thus the 
scheme described here requires only one self- 
consistent Kohn-Sham calculation, whereas the 
so-called ASCF procedure involves linear combina- 
tions of two or more self-consistent total energies 
[9]. 

In spite of the fact that we focused our attention 
to the lowest transition energies of closed-shell 
systems, and spin-multiplets, the method is also 
capable of dealing with spatial multiplets, higher 
excitations, and open-shell systems. Work along 
these lines is in progress. 
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ABSTRACT 

In density functional theory (DFT) the exchange-correlation energy has to be 
approximated. One of the most widely used approximations to the correlation component, 
the Lee-Yang-Parr (LYP) functional does not obey nonuniform scaling requirements. We 
propose a modifying function that makes this functional satisfy nonuniform scaling 
constraints. As a result, two modified LYP functionals are suggested. One of them, 
optimized in a preliminary way, exhibits some properties better than the original LYP 
functional. This implies that nonuniform scaling requirements convey very important 
information and all approximate functionals in DFT should be made to satisfy these 
requirements. Our modifying factor could be used to improve the nonuniform scaling 
properties not only of £c

LYr[n] but also of most functionals which do not obey these 
conditions.    © 1996 John Wiley & Sons, Inc. 

' — is attractive for large systems because the den- 
IntrodllCtiOIl sity depends only upon three spacial coordinates, 

regardless of the size of the system [1-4]. For 
computational   purposes   the   exact   exchange- 

Density functional theory (DFT) has provided correlation (xc) functional, Exc[ n], must be approx- 
a machinery for effective quantum calcu- imated, and conveniently Exc[n] is separated in 

lations  replacing  the  traditional  wave   function the following way,   Exc[n] = Ex[n] + Ec[n]  (Ref. 
approach by the electron density description of [5]). In order to arrive at the very best approxima- 
the system under investigation. This methodology tions to Exc[ n], one needs knowledge of conditions 
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reflecting the properties of the exact exchange-cor- 
relation energy. 

We will concentrate our attention on the exact 
correlation component, Ec[n], only and more 
specifically on the nonuniform scaling properties 
of the well-known Lee-Yang-Parr (LYP) approxi- 
mation to Ec[n]. We propose a modifying factor 
that makes this approximation obey nonuniform 
scaling constraints. Our factor is not sensitive to 
uniform scaling but furnishes the correct nonuni- 
form scaling behavior and could be used to im- 
prove most functionals that do not obey the 
nonuniform scaling requirements. Uniform and 
nonuniform scaling, when used with other con- 
straints, turns out to be very powerful for con- 
structing new approximations or improving upon 
the properties of already existing ones. 

Define three types of scaled densities: 

form: 

EC
LYP[«] 

(-a)n 

17|V«|2       21V2« 
+ 

72 n8/3       72 «5/3 e-'»-l/3\dr. 

(9) 

By integrating by parts, one eliminates the term 
containing the Laplacian of density [9], and ex- 
pression (9) simplifies to 

nxix,y,z) = X3ni\x,Xy, \z), (1) 

nlix, y, z) = Xn(\x, y, z), (2) 

nllix, y, z) = X2n(Xx, Ay, z). (3) 

Equation (1) represents a uniformly scaled density, with 
and (2) and (3) nonuniformly scaled densities. With 
these definitions, the following equalities and in- 
equalities have been established for the exact cor- Qin) 
relation energy [6,7]. 

f    (~a) n 

J 1 + rf«-1/3 

x   1 + b CF ~ 
17|Vn|2 

72 „8/3 Q(") e—-,/3| dt, 

(10) 

7 

17 
en -1/3 dn-1^ 

1 + dn~^3 .   (ID 

lim Ec[nA] > -co, 

lim Ec[nx] < 0, 

Ec[nJ ~ -A,        A -» 0, 

lim Ec[nA*] =0, 
A—» oc 

lim \-lEc[n
xJ] = 0. 

A^0 

(4) 

(5) 

(6) 

(7) 

(8) 

Modifications for LYP Functional 

Next, we will focus our attention on one of the 
most commonly used approximations to the exact 
correlation energy, the functional of LYP [8]. This 
functional stems from the Colle-Salvetti formula 
for the correlation energy [9]. The LYP functional 
for spin-nonpolarized system has the following 

The values of the constants for both versions are 
a = 0.049, b = 0.132, d = 0.349, c = 0.2533, and 
C

F = (^X37T2)2/3. The spin-dependent forms of 
(9) and (10) are given in Refs. [8] and [10], respec- 
tively. 

The LYP approximation satisfies conditions (4) 
through (6) but does not obey equalities (7) and 
(8). Instead, 

limEc
LYP[n*] -> o=, 

limA^E^t«^] 

(12) 

(13) 

In order to improve the scaling properties of the 
LYP functional, we suggest the following modify- 
ing function that simply multiplies the integrands 
in Eqs. (9) and (10). Our factor reads 

fin) = exp  -K 
|V«|: 

nit) 
8/3 (14) 
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and makes the LYP formula obey constraints (7) 
and (8). Note that the proposed function f(n) is 
not sensitive to uniform scaling, but it is submis- 
sive to nonuniform scaling as required by (7) and 
(8). In expression (14), K is left as a positive 
adjustable parameter; K should be a positive con- 
stant in order to prevent any divergence of the 
integrand. In the limiting case, K = 0, f(n) be- 
comes 1, and the original LYP functional is recov- 
ered. Corresponding to expressions (9) and (10), 
the following modifications of LYP result: 

where 

;LYPM1 [n] 

= /(-«)« — 
-K[|V«|2/n(r)8/3] 

x  l + b 

+ dn-1/3 

17|Vn|2       21V2n 
~F ~    72n8/3    +   72„5/3 

K[|VH|
2
/"M8/3] 

(15) 

72 „8/3 
Q(n) e-^/3\dr. 

(16) 

To obtain Eq. (16) from Eq. (10), we multiplied the 
integrand by f(n) after Eq. (9) had been integrated 
by parts. 

To demonstrate how f(n) improves the scaling 
properties of EC

LYP[ n], we will apply condition (7) 
to formula (16) to arrive at 

limQ(wA*) = £ 
A-»°° 

lime-cA"/3"(*'y'zrl/3 = l 
A-»oo 

have been used. [A corresponding result applies 
with expression (15).] 

Observe that the exponential function in (17) 
approaches zero much faster than the function in 
the curly brackets and the limit becomes zero. 
Following the same pattern, it can be easily shown 
that both modifications satisfy condition (8) as 
well. 

Spin-dependent forms of our suggested func- 
tionals could be obtained by multiplying spin- 
polarized forms in Refs. [8] and [10]. Since f(n) 
involves only the total density of the system. 

In order to find the values of the adjustable 
parameters, we have varied, thus far, only one of 
the parameters in the original LYP functional, de- 
noted by a. We have looked for a combination 
between a and K, for each modification, that gives 
as good results for atomic systems as Ec

LYP[n]. For 
the first modification, Eq. (15), we have obtained a 
viable set of a = 0.052 and K = 0.002. However, 
we have not yet been able to find a good combina- 
tion of a and K for Ec

LYPM2[rc] because it is ex- 
tremely sensitive to the value of K. Consequently, 
one should try to optimize the second modification 
more thoroughly by varying all constants in it. 

lim E, 
A^ x 

LYPM2 
- (-a)n(x, y, z) 

[<1 = !iraJi + rV'^ 

X exp -K 

dn(x,y,z) dn{x,y,z) dn(x, y, z) 

dx 
+ A 

dy 
+ A- 

dz 

X<1 + b 

A8/3n8/3(x, y,z) 

dn{x,y,z) dn{x,y,z) dn(x, y,z) 
A2 \- A 1- A - 

dx dy dz 

24 A8/3«8/3(x, y,z) 
> dxdydz = 0, 

(17) 
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TABLE I  
Correlation energies / negative values3 with 

Atom / ion Exp.1 
K = 0.0/ 

a = 0.049 
K= 0.002/ 
a = 0.052 

He 
Li + 

Be2+ 

Be 
B + 

Ne 
Ar 
Kr 

0.042 
0.0435 
0.0443 
0.094 
0.111 
0.387 
0.79 

0.0436221 
0.047370 
0.0488703 
0.0942098 
0.106204 
0.382075 
0.748027 
1.74216 

0.0417904 
0.045582 
0.0473012 
0.0903355 
0.102123 
0.386307 
0.763763 
1.80303 

aDensities are obtained from Clementi-Roetti orbitals. 
The experimental values are taken from the original paper 

by Lee, Yang, and Parr [8]. 

Numerical Results 

We present some numerical results showing 
some improvement of the properties of the 
EC

LYPM1[«] versus EC
LYP[«]. First we calculated the 

correlation energies of some atomic systems. The 
third column in Table I, where K = 0.0 and a = 
0.049, gives the correlation energies calculated with 
the original LYP approximation using our integra- 
tion program. The fourth column gives the correla- 
tion energies computed by means of formula (15) 
with K = 0.002/a = 0.052. 

Next, we will utilize some recently derived rela- 
tionships from DFT perturbation theory in order to 
compare the properties of EC

LYP
[H] and Ec

LYPM1[n]. 
It has been shown by Görling and Levy [11] that 

N 
AV = Vee - £ 

i = i 

r n(r,-) dt 
/ -, r + üx([?i];r,.) ,   (19) 

where <t>0 is that noninteracting Kohn-Sham 
ground-state determinant which yields n, and E0 

is the sum of the orbital energies of $0. The deter- 
minants $; are the excited states of HKS[n] with 
the respective energies E,'s, where HKS[n] is the 
Kohn-Sham noninteracting Hamiltonian. E<2) is 
the leading term in the following expansion for the 
correlation energy of the scaled density: 

EC[«J = E?\n] +A-1Ef[n] 

+ A-
2
EC

(4)
[H] + - (20) 

This fact implies that limA^=c ElrcJ = Ec[n], or 
that Ec[n] is relatively insensitive to scaling, ex- 
cept when n is nearly uniform and integrates to a 
large number of electrons. 

Table II demonstrates that for most of the con- 
sidered systems our modified functional exhibits 
smaller sensitivity upon uniform scaling than the 
original LYP functional. 

Finally, we turn our attention to two exact 
bounds on the high-density limit of the correlation 
energy and its functional derivative obtained by 
Ivanov, Lopez-Boada, Görling, and Levy [12]. The 
conditions are held for a two-electron hydrogen- 
like density of the form 

nix) = 
2ZJ 

,-2Zr 

IT 

E?][n] = - £ |<<D,|AV|*0>|7(E; - E0),   (18) or,  w(r) = 2|ls|2, where Is = (Z3/2/ fn)e' 

(21) 

in 
;=i atomic units. From the recent work of Chakravorty 

TABLE II 
Correlation energies / negative values3 

Atom/ion Ec
LYP[n] E<2»LYP[n] £LYPM1[n] E(2)LYPM1[n] 

He 0.0436221 0.0578889 0.0417904 0.0519484 
Li + 0.0473702 0.0577638 0.045582 0.0513296 
Be2 + 0.0488703 0.0570887 0.0473012 0.0510797 
Be 0.0942098 0.157741 0.0903355 0.142842 
B + 0.106204 0.157977 0.102123 0.143258 
Ne 0.382075 0.537544 0.386307 0.525429 
Ar 0.748027 1.03754 0.763763 1.03109 
Kr 1.74216 2.2082 1.80303 2.25591 

aDensities are obtained from Clementi-Roetti orbitals: E{
c
2)lYP[n] is the result of taking the limit of £^YP[nA] as A 9oes t0 infinity; 

£(2)LYPM1[n]  |g the resu|t of takjng tne Nmit Qf £LYPM1[„J  as  A goes ,0 jnfjnity 
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and Davidson [13] and from our independent work, 
we ascertain that 

E<2)[n] = -0.046663   (ina.u.). (22) 

Moreover, we [12] have obtained 

fv?K[n],r)n(r)dr = 0.12868   (ina.u.),   (23) 

where  v^2K[n],r) is the functional derivative of 
Ef\n] with respect to n(r). 

Condition (22)       Condition (23) 

Exact value 
£c

LYP[n] 
nLYPM2f    " Lnj 

-0.046663 
-0.056481 
-0.050375 

0.128680 
-0.108922 
-0.098721 

It is seen that the modified functional gives results 
closer to theoretical values than the original LYP 
approximation. Both approximations have wrong 
signs when condition (23) is applied. This is not 
surprising since the form of the original EC

LYP[«] 
was not designed with the functional derivative in 
mind. (It can be demonstrated that the inclusion of 
fin) cannot change the sign of 

/if)LYPM1([n],r)n(r)rfr 

for any K > 0.) Finally, since completion of this 
work, the refined GGA correlation energy func- 
tional of Perdew, Burke, and Ernzerhof [14] has 
been tested with respect to condition (22) and 
found to give E?\n] = -0.0482 a.u. 

Concluding Comments 

Following nonuniform scaling requirements, we 
have proposed a modifying factor that makes 
EC

LYP[ n] obey constraints (8) and (9). Even though 
we optimized one of our suggested functionals, 
Ef

LYPM2[«], in a preliminary way, the modified 
version has certain better properties than the origi- 
nal LYP formula. It is anticipated, in the future, 
that both modified functionals, Eqs. (15) and (16), 
will be optimized with respect to all parameters, to 

closely reproduce the improved "exact" correla- 
tion energies by Chakravorty et al. [15]. This im- 
plies that nonuniform scaling conveys important 
information for approximating Ec[n]. Moreover, 
our modifying function could be used to improve 
nonuniform scaling properties of any functional 
which does not obey constraints (7) and (8), pro- 
vided upon nonuniform scaling f(n) dominates 
the violating term as far as the asymptotic behav- 
ior is concerned and approaches the correct limits 
faster. 
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ABSTRACT 

The Tr-allyl insertion mechanism of the 1,4-cz's polymerization of butadiene by means of 
allyl-nickel catalysts has been studied theoretically by density functional theory (DFT) for 
the ligand free cationic butenyl nickel(II) complexes [Ni(C3H5XC4H6)]+, I, 
[Ni(C3H5XC4H6)(C2H4)]+, II, and [Ni(C7Hn)(C4H6)]+, III. DFT energy profiles have 
been determined for the insertion of s-c/s-butadiene into the anti-Tj3-butenyl nickel(II) 
bond in the supine and prone orientation of the reacting ligands. One of the objectives of 
the study was to support the proposed Tr-allyl insertion mechanism. With increasing size 
of the model compound there is better agreement between the calculated reaction and 
activation energies in relation to the known experimental behavior. Among the different 
arrangements (anti- or syn-butenyl) of the allylic end of the growing polymer chain and 
the relative orientation (supine or prone) of cisoid butadiene at the catalytic site, the 
anti-butenyl/prone reacts in compound III with a small activation barrier (8.2 kcal/mol) 
to the product (— 5.7 kcal/mol). The stabilizing effect of the coordination of an additional 
double bond of the growing polymer chain for the correct description of the geometrical 
and energetical aspects of the insertion reaction was demonstrated by II. The results 
support the s-c/s-butadiene insertion into the anti-Tj3-butenyl nickel(II) bond according to 
the proposed Tr-allyl mechanism.    © 1996 John Wiley & Sons, Inc. 

compounds of other transition metal ions catalyze 
Introduction the C—C bond formation with high eis selectivity. 

The reaction mechanism is much more compli- 
cated than it is for mono-olefins (Ziegler-Natta 

he stereospecific polymerization of butadiene polymerization). From the experimental observa- T can be directed to the desired 1,4-cz's-poly- tions at the moment there are two mechanisms in 
butadiene. This is  an important process in the the very complex reaction scheme proposed. The 
chemical  industry  for producing so-called  syn- allylic end of the growing polymer chain interacts 
thetic rubber. Allyl-nickel compounds and ally! with a butadiene monomer, both coordinated in 

*To whom correspondence should be addressed. the sphere of a catalytic center. The cr-alryl mecha- 
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nism first suggested by Cossee and Arlman [1] 
describes the C—C bond formation by a nucle- 
ophilic attack of the -^-coordinated butenyl end to 
the coordinated butadiene. The second mechanism 
is the 77-allyl insertion introduced by Taube et al 
[2]. 

The aim of this research is to investigate the 
mechanism of the 7r-allyl insertion by reliable ab 
initio calculations of those allyl-/butadiene-nickel 
species (models of key structures) in their equilib- 
rium structures of educts and products. The sec- 
ond task is to locate and characterize the transition 
states for those reactions. 

In a previous study [3] we reported the reliabil- 
ity of density functional theory (DFT) and 
Hartree-Fock (HF) calculations in describing the 
structure of such experimentally very well known 
compounds like fe(T?3-allyl)nickel and syn- 
crotyl-cyclooctadiene-nickel, and intermediates of 
(i73-a?/i//Xbutadiene)nickel [4]. In the HF calcula- 
tions different basis sets of double-zeta (DZ) and 
triple-zeta (TZ) quality and pseudopotentials were 
used, but the results at the HF-level are not as 
good as the corresponding DFT calculations. As an 
important conclusion for the calculation of 
organo-nickel compounds, the reliability of the 
DFT approach with nonlocal gradient corrections 
is of the same good quality as post-HF results, but 
not so time consuming. 

The structural models for the calculations had 
been taken from the mechanistic investigations and 
x-ray studies of Taube et al. [5] of the cationic 
C12-allyl nickel(II) complex [Ni(C12H19)] 
(B(C6H3XCF3)2)4]. They have proved conclusively 
that the cationic polybutadienyl butadiene 
nickel(II) complex [RC3H4M(C4H6)] + is the real 
catalyst for the 1,4-cis polymerization of butadiene. 
A generally accepted mechanistic scheme for the 
catalysis of the eis- and trans-1,4 polymerization of 
butadiene by allyl nickel(II) complexes was pro- 
posed. The different reactivity of the anti- and the 
syn-butenyl nickel(II) complex with respect to the 
mode of butadiene coordination should show 
whether the insertion process is a eis or trans 
insertion step of the catalytic reaction. 

Computational Details 

The approximate density functional calculations 
reported here were performed with the DGauss 
program and the UniChem interface [6] on a CRAY 
supercomputer. 

All calculations were carried out using the local 
spin density approximation (LDA) with Slater's 
exchange functional [7(a),(b)] and the Vosko- 
Wilk-Nusair parameterization on the homoge- 
neous electron gas for correlation [7(c)], aug- 
mented by gradient corrections to the exchange- 
correlation (xc) potential. Gradient corrections for 
exchange were based on the functional of Becke 
[7(d)] and for correlation were based on Perdew 
[7(e)], Lee-Yang-Parr [7(f)], and Stoll- 
Pavlidou-Preuss [7(g)]. The Becke-Perdew func- 
tionals were either added variationally within the 
self-consistent field (SCF) procedure (LDA/BP- 
NLSCF) or added perturbatively to the LDA ener- 
gies (LDA/BP). The other correlation functionals 
were added together with the Becke functional 
either variationally (LDA/BLYP-NLSCF) or as 
perturbation (LDA/BSPP). 

All election Gaussian orbital basis sets were 
used for all atoms. The calculations were per- 
formed with two different basis sets from the 
DGauss basis-set library, denoted DZVP and 
TZVP. Our standard DZVP basis is a 15s/9p/5d 
set contracted to (63321/531/41) for nickel [8(a)], a 
9s/5p/ld set contracted to (621/41/1) for carbon 
[8(b)], and a 4s/lp set contracted to (31/1) for 
hydrogen [8(b)]. A corresponding auxiliary basis 
set was used for the fitting of the charge density 
[8(b)]. The TZVP basis set consisted of orbital 
function with the contraction patterns 
(63321/5211/41), (7111/411/1), and (311/1) for 
Ni [8(a)], C [8(b)], and H [8(b)], respectively. 

The numerical integration was done using a 
standard fine-meshed grid of adequate quality. 
The energetic effect of tighter meshed grids was 
estimated to be less than 0.2 kcal/mol, as indi- 
cated by single-point calculations with more than 
twice as many integration points as in our stan- 
dard fine grid. 

The geometry optimization and the saddle point 
search were performed at the LDA and the 
LDA/BP-NLSCF level of approximation by utiliz- 
ing analytical gradients/hessians according to 
standard algorithms. No symmetry constraints 
were imposed in any optimization. The stationary 
points were exactly identified by the curvature of 
the potential surface at these points corresponding 
to the eigenvalues of the analytically calculated 
hessians. 

Single-point calculations at the optimized sta- 
tionary points at the LSDA/BP-NLSCF level with 
our standard basis set were performed using the 
LDA/BLYP-NLSCF functional as well as the larger 
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t W 

compound I 
compound tl 

compound III 

TZVP basis in connection with the LDA/BP- 
NLSCF functional. Also the LDA/BP and 
LDA/BSPP functionals were utilized in single- 
point calculations at the optimized stationary 
points at the LDA level with our standard basis 

set. 

Results and Discussion 

We shall here present the results from our DFT 
calculations on the cationic [(C3H5)Nz'(C4H6)]

+, I, 
[(C3H5)(C2H4)Ni(C 4 H 6 )] II,     and 
[(C7Hn)M(C4H6)]+, HI, complexes (see Fig. 1). 

These were chosen as models of the real active 
catalyst, the cationic polybutadienyl butadiene 
nickel(II) complex [R-C.H.NiiC^T. The struc- 
tures of the educts were derived from preliminary 
investigations [9] of the i73-butenyl coordination in 
anti- and syn-conformation of the corresponding 
cationic C12-allyl nickel(II) complexes. In each of 
the above model systems two arrangements were 
investigated: the "supine" (the reacting i?2/1?4' 
butadiene and ij3-butenyl group oriented back to 
back) and the "prone" (reacting Tj2/T/4-butadiene 
and V-butenyl group oriented back to front). 

In the smallest [(C^NKC^T complex, I, 
no distinction between anti and syn coordination 

cSltid energy profile for the ^-allyl insertion in the cationic [(C3H5)Ni(C?H6)]+ system (kcal,■ moiT 
^2!^!^ V-butadiene (a), ^-butadiene (b) educt, transition state (c), and product (d) m supme (1) 

and prone (2) orientation. .  

System 

LDA/BP- 
NLSCFb 

1a 
1b 
1c 
1d 

2a 
2b 
2c 
2d 

0.0 
17.7 
24.0 
7.0 

-6.9 
18.6 
18.6 
-0.3 

LDAb 

LDA/BLYP- 
NLSCFC 

0.0 
32.2 
24.7 
11.4 

-2.2 
32.8 
14.3 
4.0 

0.0 
12.8 
26.3 
7.8 

-6.6 
13.6 
21.6 
0.7 

aThe supine V-butadiene educt (1a) was chosen as arbitrary reference point. 
"Complete optimized structures. 
c Single-point calculations using LDA/BP-NLSCF optimized structures. 
dSingle-point calculations using LDA optimized structures. 

LDA/BPd 

0.0 
23.3 
27.0 
12.1 

-2.1 
23.5 
18.3 
4.6 

LDA/BSPPd 

0.0 
10.1 
30.0 
12.5 

-1.6 
9.7 
23.9 
5.0 
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of the 7}3-butenyl group is possible. Also, we do 
not expect large differences between the educts, 
products, and transition states in supine and prone 
arrangement, respectively, considering the lack of 
coordinative saturation of nickel in this simple 
model. 

The more realistic l(C3H5)(C2H4)Ni(C4H6)] + 

complex, II, contains an additional ethylene ligand 
in an orientation above the nickel that takes into 
account the specific orientation of an 7?3-butenyl 
group in the anti conformation. Here it is impor- 
tant to see how the ethylene ligand stabilizes the 
transition states for the supine and prone configu- 
ration in a different way. 

In the biggest model [(C7Hn)M(C4H6)]+, III, 
under investigation here, the stabilizing ethylene 
itself is part of the growing polymer chain. 

An indication for the reliability of the standard 
DZVP basis is given by single-point calculations at 
the LDA/BP-NLSCF optimized structures using 
the larger TZVP basis. The relative energetic 
changes are sufficiently small, about 1 kcal/mol 
for the supine and up to 4 kcal/mol for the prone 
arrangement. 

CATIONIC [(C,H5)NKC4H6)]+  COMPLEX 

Single-point LDA/BLYP-NLSCF calculations 
give quite similar energetics as for the LDA/BP- 
NLSCF level. The insertion reaction is about 8 
kcal/mol endothermic, and the activation energies 

were calculated to be of the same order for supine 
and prone orientations (26 and 28 kcal/mol, re- 
spectively). Only the T?2-butadiene educts (lb, 2b) 
are about 5 kcal/mol more stabilized relative to 
the i74-butadiene educts (la, 2a), distinctly below 
the transition states (see Table I). Although struc- 
tural relaxation was not included, we would not 
expect   any   dramatic   changes,   if   a   complete 
LDA/BLYP-NLSCF optimization was performed. 

At the LDA level there is a clear kinetic and 
thermodynamic preference for the prone versus 
the supine orientation. The supine reaction is about 
twice as endothermic as the prone reaction, 11 
kcal/mol and 6 kcal/mol, respectively. The activa- 
tion energies were calculated to be 25 kcal/mol 
(supine) and  16 kcal/mol (prone), and the r?2- 
butadiene educts (lb, 2b) are clearly above the 
transition  states.  These considerable  differences 
with respect to the gradient-corrected functional 
can hardly be accepted from a chemical point of 
view for the similar reaction models lacking any 
steric hindrance. We guess the inadequate xc-treat- 
ment at the LDA level is responsible for this fail- 
ure. Perturbatively adding the BP corrections at 
the  LDA-optimized  stationary points (LDA/BP) 
cannot overcome this behavior. The insertion turns 
out to be 12 or 7 kcal/mol endothermic and activa- 
tion energies of 27 or 20 kcal/mol for the supine or 
prone orientation. Also the LDA/BSPP level was 
unable to give a suitable energetic description. So 
we cannot agree with the commonly used mixed 

TABLE II __  

Calculated energy profile for the ir-allyl insertion in the cationic [(C3Hs)(C2Hd)Ni(CaHfi)l + system (kcal/mol) a 

System 
LDA/BP- 
NLSCF0 

3a 
3b 
3c 
3d 

4a 
4b 
4c 
4d 

0.0 
3.6 

26.4 
-8.5 

2.8 
5.3 
6.7 

-14.4 

LDAb 
LDA/BLYP- 

NLSCF0 

0.0 
12.6 
26.9 
-8.4 

3.9 
11.8 
6.9 

-7.4 

0.0 
-1.3 
26.8 
-7.7 

2.9 
0.6 
9.0 

-13.4 

bThe supine ^"-butadiene educt (3a) was chosen as arbitrary reference point 
Complete optimized structures. 

^Single-point calculations using LDA/BP-NLSCF optimized structures. 
Single-point calculations using LDA optimized structures. 

LDA/BPC 

0.0 
5.4 

27.8 
-6.7 

4.0 
4.6 
9.9 

-8.2 

LDA/BSPPd 

0.0 
-6.6 
28.6 
-4.7 

3.7 
-7.3 
14.2 

-10.1 
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computational treatment, to perform optimizations 
at the LDA level followed by a perturbative addi- 
tion of gradient corrections. 

CATIOMC [(CsH3)(C2H4)Ni(C4H6)]+ 

COMPLEX 

The optimized structures of the r/4-butadiene 
educt (3a, 4a), the rj2-butadiene educt (3b, 4b), the 
transition state (3c, 4c), and the product (3d, 4d) 
for the supine/prone arrangement are compared 
in Table II, respectively. All optimized structures 
have no symmetry. 

The most remarkable differences between the 
supine and prone coordination mode, influenced 
by the ethylene ligand, occurred for the transition 
states (3c, 4c). They differ in the two possible 
geometrical arrangements, observed for the d 
transition metal configuration. The supine transi- 
tion state 3c can be described as tetragonal pyra- 
midal and the prone system 4c as trigonal bipyra- 
midal. The transition states were located at a car- 
bon to carbon distance of 2.155 and 2.079 A, for 3c, 
4c, respectively, for the performed cr-bond. These 
are noticeably larger than for lc, 2c, indicating an 
earlier occurrence at the potential surfaces than for 
lc, 2c. By comparing the transition states for supine 
(3c) and prone (4c) orientation, it can be concluded 
that the former appears product-like whereas 4c 
appears educt-like. 

The simpler [(C3H5)M(C4H6)]
+ model (dis- 

cussed in the previous section) is able to give 
essential insights into the mechanism, derived from 
the located transition state structures. But only by 
the inclusion of an additional ethylene ligand could 
we overcome the lack of coordinative unsaturation 
at the nickel center. A different picture between 
the supine and prone arrangement results. The 
coordinative interaction of the ethylene with Ni(II) 
is very similar at each stage of the reaction, as 
indicated by the nearly identical ligand geometry 
distortion, regardless of whether the allylic and 
butadiene moieties are supine or prone oriented. 

As found for the [C7HnNi]+ system the Ni-C 
distances are found to be noticeably shorter at the 
LDA than at the LDA/BP-NLSCF level. The 
above-discussed geometrical aspects for the educts, 
products, and transition states are found also with- 
out including gradient corrections. Greater devia- 
tions from the LDA/BP-NLSCF geometries occur 
for the transition states 3c, 4c. Two different geo- 

metrical arrangements are revealed, tetragonal 
pyramidal with 2.084 A for 3c and trigonal bipyra- 
midal with 2.079 A for the CC o--bond for 4c. 

In free optimizations starting downhill from 
marginally distorted transition state geometries, 
that is with an elongated and shortened CC dis- 
tance (which is mainly involved in the reaction 
coordinate), proved that the two transition states 
correspond to the 7j4-butadiene educts (3a, 4a) and 
the products (3d, 4d), respectively. 

The calculated energy profile at several levels of 
theory using the standard DZVP basis is reported 
in Table II. From the above-discussed geometrical 
aspects of the insertion reaction we would expect a 
noticeable energetic difference especially for the 
transition states, resulting in quite different activa- 
tion energies for supine and prone arrangements. 
Due to the inclusion of the ethylene ligand, Tol- 
man's 18-16 electron rule should be fulfilled; we 
also expect more realistic reaction energies, com- 
pared with the experiment. 

First we discuss the energetics for the complete 
optimized structures at the LDA/BP-NLSCF level. 
In contrast to the simpler [(C3H5)M(C4H6)] + 

model the insertion reaction was calculated to be 
exothermic in both arrangements, 8.5 kcal/mol for 
supine and about twice as much, i.e., 17 kcal/mol 
(Table II), for prone. Also the 174- (3a, 4a) and 172- 
(3b, 4b) educts are energetically similar, with the 
T74-educts favored by about 3 kcal/mol. So from 
the energetic point of view both educts are eligible 
as reactants for the true insertion reaction, but the 
rj2-educts should be ruled out according to deduc- 
tions from the principle of least structure variation. 
The most important difference was found for the 
transition states. Whereas for the supine mode a 

TABLE III ___  
Calculated energy profile at the LDA/ BP-NLSCF 
level for the -n-allyl insertion in the [(anti-C7Hin) 
Ni(C4H6)]+ system (kcal / mol).a The structures are 
?! "-butadiene (a), ^-butadiene (b) educt, transition 
state (c), and product (d).   

Structure Supine (5) Prone (6) 

a 
b 
c 
d 

0.0 
11.5 
25.2 
-4.7 

3.9 
12.8 
12.2 
-1.8 

aThe supine ^"-butadiene educt (5a) was chosen as refer- 
ence point. 
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similar activation energy of about 26 kcal/mol as 
for the [(C3H5)M(C4H5)]+ model arises, only 
about 4 kcal/mol was calculated for the prone 
mode. So besides the thermodynamic preference, 
the prone orientation should also be kinetically 
quite feasible. 

The calculated reaction energies are not influ- 
enced by using the larger TZVP basis at the 
LDA/BP-NLSCF level. Also the activation energy 
for supine remains the same, whereas for prone 
about 6 kcal/mol was calculated. 

Quite similar energetics result from single-point 
LDA/BLYP-NLSCF calculations using the opti- 
mized LDA/BP-NLSCF structures. The prone in- 
sertion was twice as exothermic as supine, i.e., 
about 16 and 8 kcal/mol, and the activation ener- 
gies were calculated to be about 27 or 6 kcal/mol 
for supine or prone. The largest deviation of ap- 
proximately 5 kcal/mol appears in the case of the 
T?2-educts. At the LDA/BP-NLSCF level the T,

4
- 

educts are slightly more stable than the Tj2-educts, 
but at the LDA/BLYP-NLSCF level that relation is 

*= 

•>■'-** 

T)4-Educt(18 e-)   AE= 0.0 kcal/mol Product( 16 e")    AE = -4.7 kcal/mol 

it 

ii 
* 

r|2-Educt(16e-)   AE= 11.5 kcal/mol Transition State AE = 25.2 kcal/mol 

FIGURE 2. Modeling of the 77-allyl insertion mechanism (antibutenyl configuration) (SUPINE)[Ni(7j3 vz-CMuXv2/v4- 
c/s-C4H6)] + (DZVP/A1-Basis VWN BP NLSCF XC grid-fine, relative energies, ANTI-Butenyl SUPINE „4-educt is the 
reference point). 
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turned around. The energetic effects caused by a 
complete optimization at the LDA/BLYP-NLSCF 
level were estimated to be negligible. 

The relative energetics of the insertion reaction 
are surprisingly well described at the LDA level 
compared to the more reliable gradient-corrected 
functionals. The prone insertion is thermodynami- 
cally preferred over supine, although by only about 
3 kcal/mol. The calculated activation barriers of 
about 27 or 3 kcal/mol for supine or prone agree 
quite well with the LDA/BP-NLSCF values. On 
the other hand unlike the gradient-corrected func- 
tionals, a rather large energy difference between 
the 174- and ^-educts appears. Taking the strik- 

ingly good energetically description at the LDA 
level into account, than the fairly good agreement 
between the perturbatively added BP corrections 
(LDA/BP) and the full self-consistent BP treat- 
ment (LDA/BP-NLSCF) is not so unexpected. Al- 
though we do not have any real measure for the 
reliability of the calculated energetics for the in- 
vestigated systems, for example, by means of 
highly correlated ab initio methods, at the moment 
we are worried about the reliability of the 
LDA/BSPP calculated energetics. More elaborate 
calculations on small organyl-nickel compounds at 
the coupled-cluster singles and doubles (CCSD(T)) 
level have been started. 

*-# \\ W4 

Ti4-Educt(18e")   AE= 3.9 kcal/mol Product(16 e")    AE = -1.8 kcal/mol 

Ti2-Educt(16e")   AE= 12.8 kcal/mol transition state AE = 12.1 kcal/mol 

FIGURE 3. Modeling of the Tr-allyl insertion mechanism (antibutenyl configuration) (PRONE) [Ni(i73,i72-C7H11)(772/17'' 
c/'s-C4H6)]+ (DZVP/AI-Basis VWN BP NLSCF XC grid-fine, relative energies, ANTI-Butenyl SUPINE T/4-Educt is the 
reference point). 
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At the LDA/BSPP level, which should be suit- 
able to overcome the error introduced by self-in- 
teraction, the i72-educt results considerably more 
stable than the 7)4-educt. 

A detailed mechanistic interpretation and com- 
parison of these models (1, 2, 3, 4) and their role in 
describing the catalytic chemical insertion reaction 
of butadiene will be given in a separate more 
chemical-oriented work [4]. 

CATIONIC [(C7HU)M(C4H6)]+ COMPLEX 

In conclusion of the models described above, 
the additional ethylene ligand gave a reliable pic- 
ture of the insertion process. Here we want to 
investigate its effect, to be part of the growing 
polymer chain. The calculations were performed at 
the LDA/BP-NLSCF level for an antibutenyl con- 
formation of the growing end of the polymer, 
which transforms during the insertion to a eis unit 
of the polymer. This model (5, 6) takes into ac- 
count all the essential coordination as it is pro- 
posed for the reaction mechanism [5] for the real 
catalyst. 

It was found that the orientation of the 772- 
olefinic part of the polymer is quite similar to the 
ethylene ligand in the models discussed (3, 4) 
above. Furthermore the allyl part in the educts is 
very similar to those in the products, which is 
important for the overall process. 

The supine orientation gives slightly more sta- 
ble educts (5a) and products (5d) (see Table III), 
but the activation energy for the prone orientation 
is essentially smaller (only 12 kcal/mol) than for 
the supine (25 kcal/mol). Therefore the reaction 
starts from the prone orientation, which is not the 
most stable one. This agrees with nuclear magnetic 
resonance (NMR) investigations of labeled com- 
pounds in the 1,4-cis-polybutadiene [10], which 
had been interpreted to arise from prone orienta- 
tions. 

The optimized structures of educts, transition 
states, and products for supine (Fig. 2) and prone 
orientation (Fig. 3) are summarized. 

Conclusions 

The aim of this research was to study the inser- 
tion of s-cis-butadiene into the anti-?73-butenyl- 
nickel(II) bond attempting to support the proposed 
7r-allyl insertion mechanism for the 1,4-cis poly- 
merization of butadiene. The investigations were 

model system [MC7Hfl]* 

transition state 

if'-Mfuct product 

model system [NiCo H^]* 

transition state 

product 

model system [NiC^H^]* 

transition state 

.-A\S_ 

 -S.1 

^1 
• 

/     25.2 
/                I /^-—r 

\ \ 
—*^ \ supine 

proneXA 

^s , ^W- -s- L y 
if*-educt                                                          ^""^47 / 

product 

FIGURE 4. Calculated energy profiles (kcal/mol) for 
the insertion of butadiene into the allyl-nickel bond for 
supine and prone orientation in the three model 
compounds (I, II, III). 
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done on model compounds of increasing complex- 
ity, the [(C3H5)Nz(C4H6)]+, [(C3H5)(C2H4) 
Nf(C4H6)]+, and [(C7H11)M(C4H6)]+ system, 
modeling the ligand-free cationic butenyl nickel(II) 
complex. 

For the [(C3H5)M(C4H6)]+ complex no clear 
difference for both the main geometrical parame- 
ters and the reaction profile between the supine 
and prone coordination mode was appeared. The 
necessity of the incorporation of the next double 
bond of the growing polymer chain for a correct 
picture of the geometrical and energetical aspects 
was clear demonstrated by the [(C3H5)(C2H4) 
Ni(CAH6)V and [(C7Hn)M(C4H6)]+ systems. A 
clear difference between the supine and prone 
orientation has occurred for these systems, espe- 
cially realized at the transition states. The 
product-like supine transition state 3c, 5c can be 
described as tetragonal pyramidal and the rather 
educt-like prone transition state 4c, 6c as trigonal 
bipyramidal structure. 

As a result of the lack of coordinative saturation 
of Ni(II) in the [(C3H5)M(C4H6)]+ system, the 
insertion was calculated to be endothermic with an 
activation barrier of about 25 kcal/mol. For the 
[(C3H5)(C2H4)M(C4H6)]+ model a noticeable 
thermodynamic and kinetic preference of the prone 
over the supine orientation has occurred. The in- 
sertion was determined to be exothermic by about 
8.5 or 17 kcal/mol with a barrier of about 26 or 4 
kcal/mol for supine or prone, respectively. For the 
biggest model [(C7Hn)M(C4H6)]

+ the insertion is 
5 or 6 kcal/mol and the barrier is 25 or 8 kcal/mol 
for supine or prone. The insertion reaction pro- 
ceeds from the prone orientation. Figure 4 com- 
pares the energy profiles for supine and prone 
orientations of all three models at the LDA/BP- 
NLSCF level. 

The transition states can be characterized by a 
nearly complete change in hybridization of the 
reaction centers at the carbon atoms of the newly 
to form C—C cr-bond from sp2 to sp3. As a conse- 
quence this C—C cr-bond is coordinated lower and 
moved away from the nickel coordination sphere, 
while the other ligands remain 7r-coordinated to 
Ni(II). 

From a theoretical point of view the usage of 
gradient-corrected functionals is recommended for 
a reliable description of the investigated reactions. 
Very similar energy profiles were derived with 
both the LDA/BP-NLSCF and the LDA/BLYP- 
NLSCF treatment. Also for the geometries of the 

optimized structures we would expect no signifi- 
cant difference between these functionals. Al- 
though the nickel-ligand interaction was not prop- 
erly described at the LDA level, the relative geo- 
metrical changes are comparable to the former one. 
For the estimation of the energetics the LDA, even 
by perturbatively adding of gradient corrections, is 
not able to give a well-balanced energetic descrip- 
tion. 

In further studies we will extend our investiga- 
tions on one hand to the use of more elaborated 
methods to study the reliability of the DFT calcula- 
tions and on the other hand we want to continue 
in study the catalytic reaction scheme of butadiene 
in monoligand nickel(II) complexes. 
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ABSTRACT   

The interaction of two iron atoms with molecular nitrogen was studied by means of 
density functional techniques. Calculations were of the all-electron type, and both 
conventional local and gradient-dependent approximate (GDA) models were used. A 
ground state (GS) of linear structure was found for Fe2-N2 with 2S + 1 = 7; whereas a 
distorted tetrahedral structure, being also a septuplet, was located at 4.0 and 14.3 
kcal/mol above the GS, at the local and GDA levels of theory, respectively. The N-N 
bond is moderately perturbed in the GS, but it is strongly activated in the tetrahedral 
mode: It has bond orders of 2.6 and 1.5, vibrarional frequencies of 2148 and 1496 cm"1, 
and equilibrium bond lengths of 1.14 and 1.24 A, for the linear and tetrahedral geometries, 
respectively. These values are 3.0, 2359 cm"1, and 1.095 A, for free N2. At GDA level of 
theory, the Fe2-N2 binding energy is 15 kcal/mol, which is bigger than that of Fe-N2 (9 
kcal/mol). The 7r-back donation, in the linear GS, is of 0.31 electrons, but the total charge 
transfer, from Fe2 to N2, is only 0.05 units. This is relevant in comparison with the 
tetrahedral mode, where the Fe2 to N2 total charge transfer is of 0.45 electrons, yielding 
a stronger activated N2 moiety.    © 1996 John Wiley & Sons, Inc. 

Introduction 

The experimental and theoretical study of the 
interaction of molecular species with transi- 

tion metals (TM) is nowadays an active field of 
research. Large efforts are devoted to determine 
the mechanism of activation that some molecules 
(such as N2, N2, 02, etc.) experience in the pres- 
ences of TMs [1-6]. Surfaces, organometallic com- 

* To whom correspondence should be addressed. 

plexes, and enzymes represent some catalytic sys- 
tems responsible for many important chemical 
reactions that occur in biological and industrial 
processes. They usually contain one or two types 
of TMs surrounded by some ligands [1] (e.g., nitro- 
genase contains Fe, Mo, S, and H atoms). So far, it 
is not totally clear which metallic site is preferred 
for the activation; also the role played by the 
ligands attached to, or surrounding the metallic 
centers is not known. Nonetheless it is expected 
that both the metal-metal and metal-ligand inter- 
actions within the enzyme or complex will pro- 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1419-1428 (1996) 
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mote a electronic state of optimal catalytic capabil- 
ity. The study of the catalytic properties has been 
focused on a fragment of the whole system. This 
small piece commonly contains a TM atom joined 
to some ligands, in the case of enzymes, or joined 
to a small number of TM atoms, in the case of 
metallic surfaces; this TM atom will be labeled as 
TM*. This kind of approach reduces the problem 
to the study of a TM*-L system, which is more 
amenable for the search of lowest energy struc- 
tures, transition states, activation energies, etc., 
that occurs during the catalytic processes. A limi- 
tation of this approach is in the choice of a struc- 
ture for the active site, which is more difficult to 
select for an enzyme. 

On the other hand, a theoretical study of the 
whole enzyme-molecule system is beyond the 
state of the art both of the computational method- 
ologies and of the available computational facili- 
ties. One reason for such limitation originates from 
the complicated nature of the exchange-correlation 
(XC) that arises when TM atoms are involved. For 
instance, it is well known that the Hartree-Fock 
(HF) level of theory is a very bad starting point for 
TMs, and that their treatment at least requires a 
second order Moller-Plesset perturbation theory 
(MP2) approach (at this level, the nonlocal XC 
operator scales as N5), or even higher, but with a 
consequent higher order scaling, for a reasonable 
accounting of XC. On the other hand, density func- 
tional theory (DFT) accounts for XC of many elec- 
tron systems through local, and presumably, more 
accurate gradient-corrected functionals and at the 
same time scale as N3 (or even lower when cutoffs 
are employed). Then, DFT base methods may be 
used for the study of molecules interacting wit TM 
systems [3, 4]. 

In an attempt to understand the activation of 
molecular nitrogen by systems containing Fe 
atoms—organometallic complexes [1] and en- 
zymes (i.e., nitrogenase)—we have recently started 
a theoretical study of the interaction of N2 with Fe, 
Fe2, Fe2S2, FeMoS2, and up in order to reach a 
cluster's size where the activation mechanism has 
been switched on. The goal is to obtain a character- 
ization of the site that is responsible of the N2 

fixation and to get insight about the role that 
the metal-metal and metal-ligand interactions, 
wherein the cluster, play in that kind of process. 

In a previous work [6], we reported the results 
of Fe-N2. Two lowest energy states were found 
(linear and triangular triplets), at which the bond- 
ing of N2 is strongly perturbed by the Fe atom [6]. 

Now, we are going to discuss the lowest energy 
structures that result from the interaction of Fe2 

with N2. 

Computational Procedure 

The  study was  done through first-principles 
all-electron calculations with the program deMon- 
KS [7]: a  Linear Combination of Gaussian-type Or- 
bitals (LCGTO) DFT-based method. Here, the local 
spin density approximation (LSDA) was included 
as in Vosko et al. [8] while the gradient-dependent 
approximations (GDA) were those of Perdew and 
Wang for exchange [9], and Perdew for correlation 
[10].  The  GDA  potential  was  included  in  the 
Kohn-Sham potential during the self-consistent- 
field (SCF) procedure [7]. Orbital basis sets of 
DZVP2 quality [(63321/5211=741+) for Fe and 
(721/51/1*) for N], optimized explicitly for DFT 
calculations   [11],   were   used.   They  contain   p- 
polarization and   d-diffuse functions. Additional 
auxiliary bases of Gaussian-type orbitals were em- 
ployed to describe the change density (CD) and 
the XC potential. During the iterative step, the CD 
is fitted analytically, while the XC potential is 
fitted numerically on a fine grid. At the end of the 
SCF procedure, the XC contributions to the energy 
and energy gradients are calculated by numerical 
integration on an augmented set of grid points 
[12].   By  means  of the  Broyden-Fletcher-Gold- 
farb-Shanno algorithm [13], the geometries were 
optimized by minimizing the norm of the gradient 
(with a 10~5 a.u. threshold). A tolerance conver- 
gence criteria of 10~6 a.u. was used for the total 
energy and of 10~5 a.u. for the electronic density. 
These criteria are needed for a correct determina- 
tion of the lowest energy structure for a given 
TM-L geometry, since it was observed that, in 
some cases, there are several coordination modes 
within a small energy range [3, 4]. Finally, a vibra- 
tional analysis, under the harmonic approxima- 
tion, was done for the optimized geometries. This 
gives information about the stability or nature, a 
minimum or a transition state, of the optimized 
geometry. 

Results and Discussions 

We have started the study of Fe2-N2 by choos- 
ing some input geometries (see Fig. 1). The geome- 
try optimization of these starting structures was 
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N3 N4 

Fe2 

Fe1 Fe2 

Fe1 

FIGURE 1. Some input geometries for the Fe2-Ns 

coordination modes. 

done for several electronic states of different total 
spin S or multiplicity M = 2S + 1. In all cases, the 
initial N-N, Fe-N, and Fe-Fe internuclear dis- 
tances were 1.095, 2.0, and 2.0 A, respectively. This 
initial guess yields a pletora of possibilities for the 
Fe2-N2 coordination modes. Figure 2 shows some 
optimized geometries. Visualization techniques, as 
implemented in UniChem [14], were used to fol- 
low the evolution of the Fe2-N2 structures during 
the geometry optimization procedure. Initial and 
final structures, as obtained with UniChem, are 
shown in Figures 1 and 2. Also the density contour 
plots were obtained with the use of UniChem, 
coupled, in this case, with the program Dgauss 
[15], which was used for the generation of the 
electronic density of the optimized structure. The 
density contour plots for the GSs of Fe2 and N2 are 

reported in Figure 3, and those for some located 
Fe2-N2 structures are reported in Figure 4. 

In general, high-spin states are energetically 
more favored for Fe2-N2 (which shows prefer- 
ences tor M = 7 and M = 5 states, with the former 
lying deeper in energy) as compared with Fe2-N2, 
which has preferences for M = 3 and M = 5 states 
[6]. Some of these lowest energy structures are 
contained within an small energy range (of about 5 
kcal/mol), and they have different dimensionality 
and/or multiplicity; see Figure 2. The values in 
parenthesis show the relative stability at GDA 
level, which, in principle, is a better approach than 
LSDA. These two levels of theory yield a different 
energy position for some states, which reveals both 
the complicated nature of XC in systems involving 
TM atoms and the complicated nature of the po- 
tential energy surface of Fe2-N2. For example, the 
two-dimensional septuplet is a transition state, 
since its vibrational analysis yields an imaginary 
frequency, but while LSDA locates it at +7.6 
kcal/mol, with respect to the GS, GDA locates this 
state at only + 2.7 kcal/mol above the GS. More- 
over, there is agreement between GDA and LSDA 
in that the GS is the linear septuplet; but these two 
approaches give a different ordering for the re- 
maining sates. Now, we are going to discuss the 
main features of the Fe2-N2 structures. Table I 
shows the calculated equilibrium bond lengths, 
Re, and Table II shows the vibrational frequencies, 
a)c, as well as the AR and Aco changes experi- 
enced by N2. Table III presents a Mulliken popula- 
tion analysis for the valence electrons of the GS; 
while Table IV contains the gross populations that 
the N and Fe atoms have in the Fe2-N2 structures. 
Finally, the binding energies, De computed at 
LSDA and GDA levels of theory, are reported in 
Table V. 

Fe2-N2, THE END-ON GROUND STATE 

A linear structure, with M = 7, was found as 
the GS for Fe2-N2. The linear quintet was found 
= 16 kcal/mol higher in energy. In the Fe2-N2 

end on mode, the Re and u>e of N2 are, with 
respect to free N2, enlarged and reduced by 0.019 
A (0.017 A) and by 195 cm"1 (179 crrT1), respec- 
tively, at LSDA (GDA) level of theory. These re- 
sults imply a reduction of the multiple bond of N2. 
Indeed, a Mayer bond order (BO) analysis [16] 
yields a BO of 2.6 for N2 in Fe2-N2. (free N2 has 
BO = 3.0). That is, the bonding of the N2 moiety 
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Linear   (M=7) 
(end-on Ground State) 

1.92 A 

Fe2 I^P^^^H^H Kk.. Fol 
2.07 

Tetrahedral   (M=7) +4.0 (+14.3) 

Fe2 

Fe2 

Angular   (M=7) +7.6 (+2.7) 
(side-on Transition State) 

1.87 A 

Fe2 
Fe1 

2.04 
Tetrahedral   (M=5) +4.6 (+23.2) 

Fe2 

1.87 A 

quasi side-on mode 
(M=7) +5.3 (+2.6) 

quasi side-on mode 
(M=5) +9.1 (+12.7) 

1.23 
1.25 

Fe2 

1.73 A 

Fe1 

Planar   (M=5) +2.6 (+16.9) 

Fe1 

81 A 

ii Hi 

Fe2 ^J<PrtBiiiBiiiiiiii^^ Fei 

Planar   (M=7) +12.0 (+19.0) 

N3  1.14ÄN4 

Linear   (M=5)    +15.7 (+17.2) 

FIGURE 2. Optimized geometries for the lowest energy structures of Fe2~N2. LSDA and GDA (values in parenthesis) 
relative energies are indicated as well as the LSDA equilibrium bond lengths. 

has been reduced by less than a half bond. In 
linear TM-L systems a synergistic ligand to metal 
(a cr-donation) and metal-to-ligand (a 7r-back do- 
nation) charge transfer mechanism is operative. 
This last is a measure of the TM-L bond strength. 
In the GS of Fe2-N2 there is a o--donation of 0.325 
electrons and a 7r-back donation of 0.314 electrons; 
see Table II. (These values are smaller than those 
of the triplet linear GS of Fe2-N2, where there are 
a- and 7r-back donations of 0.37 and 0.73 electrons, 
respectively [6]. The smaller -rr-back donation in 
Fe2-N2 is due to the fact that the Fe atom, which 
is bonding directly to N2, is also bonding, through 
some 7r-electrons, with the other Fe atom.) This ir 
metal-to-ligand charge transfer, although a modest 

value, accounts for the high stability exhibited by 
the linear septuplet. The total density contour plot 
for the GS [see Fig. 4(a)] reveals some accumula- 
tion of charge density in the metal (Fe^-ligand 
(N3) region, which accounts for a high bond 
strength. In fact, in this one-dimensional geometry 
is where the Fe-N distance reaches its shortest 
value (see Fig. 2) and its highest binding energy. 
Fe2-N2 have a metal-ligand De of 30.3 and 14.6 
kcal/mol at the LSDA and GDA schemes, respec- 
tively. (These D/s were computed with respect to 
the GSs of Fe2 and N2 free molecules. Note that 
the quintet linear state of Fe2-N2 in unbound, at 
GDA level of theory.) On the other hand, there is a 
very small total charge transfer from Fe2 to N2, 
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-*d54 

FIGURE 3. Total density contour plots for (a) free N2 and (b) free Fe2. 

which is of about 0.05 units; see Table III. This last 
fact accounts for the relatively small perturbation 
of the N-N bonding by Fe2 (the transferred elec- 
trons goes into antibonding 7r-type molecular Or- 
bitals of N2). Summarizing, the main findings for 
the computed GS are: the metal-ligand De for the 
linear septuplet is the biggest one, (see Table V), 
but the perturbation experienced by N2 is rela- 
tively small. 

Fe, -N2, A QUASI SIDE-ON, M=l, 

Fe, -N2, A SIDE-ON TRANSITION STATE 

The two-dimensional (2D) septuplet of Fe2-N2 

was located as a transition state (TS), since its 
vibrational analysis yields an imaginary frequency. 
The N-N bonding experiences a bigger perturba- 
tion in the TS than in the GS. For example, in the 
TS the N-N distance (1.16 A) and the (from Fe2 to 
N2) total charge transfer (0.1 units) are bigger than 
the corresponding values for the GS. The 2D septu- 
plet may be the starting point that gives rise to 
Fe2-N2 coordination modes in which the N2 moi- 
ety is more strongly perturbed by Fe2. Below, we 
will show these kind of states. 

COORDINATION MODE 

As shown above, the side-on mode is unstable. 
We have found that this type of coordination (in 
which the N centers are mostly bonding to a single 
Fe atom) is stabilized by bending the N2 molecule 
out of the plane by about 54°. This yields the 
structure labeled as "quasi side-on" in Figure 2. 
This structure is stable in both septuplet and quin- 
tet (which is bent by 63° out of the plane) states 
(with the septuplet lower in energy), since their 
vibrational analysis does not produce imaginary 
values. In the septuplet quasi side-on mode, the Re 

and <oe of N2 are 1.18 A and 1902 cm-1, respec- 
tively. These values produce A R and A a> shifts of 
+ 0.058 A and -441 cm-1, respectively. These 
changes are bigger than those of the linear GS, and 
they reflect a moderate but important reduction of 
the N-N bond strength. In fact, in the M = 7 quasi 
side-on structure there is a total charge transfer, 
from Fe2 to N2, of 0.14 electrons. As expected, 
most of this charge, 0.13 units, is transferred from 
the Fe atom that is directly bonded to the N2 
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FIGURE 4. Total density contour plots for (a) linear GS, (b) quasi-side on, and (c) tetrahedral coordination modes of 
Fe2-N2. 

moiety. However, we have observed that there is 
some interaction, presumably of bonding type, 
among the iron atom (labeled as Fe2) that is far 
away from N2, and the nitrogen centers. This is 
reflected by the total electronic density contour 
plot, displayed in Figure 4(b). This kind of interac- 
tion could originate the appearance of directional 
forces that would move the N centers into a posi- 
tion at which they are able to interact more equally, 
and more effectively, with the two Fe centers. 
Below, we will address this type of mode. 

Fe2-N2. THE TETRAHEDRXL. M=l AND 5. 
COORDINATION MODES 

A tetrahedral-like approach of N2 to Fe2 [see 
Fig.  1(c)]  yields  a  distorted  tetrahedron,  as  an 

stable structure for Fe2-N2 (see Fig. 2). High spin 
states, M = 7 and 5, occur in this geometry. They 
are quasi-degenerate at LSDA level of theory. But 
the introduction of GDA corrections puts the quin- 
tet at 8.9 kcal/mol above the septuplet. In these 
states, the two N atoms are equally bonded to both 
of the two Fe atoms. The Fe-N R/s are equal to 
1.92 Äo(1.87 Ä), and the N-N distance is of 1.26 A 
(1.28 Ä) for the M = 7 (M = 5) state. This gives, 
with respect to free N2, A_R = 0.14 A for M = 7, 
and A R = 0.17 A for M = 5. In these tetrahedral 
modes occurs the biggest enlargements of the N-N 
bond lengths, which means a substantial weaken- 
ing of the N-N bond. This is also implied by the 
huge reductions of the N2 frequencies (in Fe2-N2). 
These A w changes are, with respect to the free N2 

value (2343 cm"1), -847 and -951 cm"1, for the 
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TABLE 1 
Equilibrium bond length is for the calculated structures of Fe2-N2. AR changes of N2 are also indicated. 
GDA values are shown n parenthesis. 

M 

fle(A) 

Structures N-N Fe-N Fe-Fe Afl (N-N) 

Linear 7 1.137(1.146) 1.837 (1.929) 2.018(2.016) 0.019(0.017) 
5 1.139(1.147) 1.846(1.951) 1.853 (1.856) 0.021 (0.018) 

Tetrahedral 7 1.256(1.221) 1.924 (1.87) 2.068 (2.017) 0.138 (0.092) 
5 1.283(1.301) 1.867 (1.90) 2.041 (2.030) 0.165 (0.172) 

Angular 7 1.164(1.165) 1.966(2.109) 2.036 (2.023) 0.046 (0.036) 
Quasi side-on 7 1.176(1.167) 1.923(2.104) 2.024 (2.024) 0.058 (0.038) 

5 1.187(1.194) 1.868 (1.930) 1.916(1.928) 0.069 (0.065) 
Planar 7 1.227 (1.239) 1.810(1.852) 2.108 (2.102) 0.109(0.110) 

5 1.251 (1.267) 1.727 (1.756) 2.108 (2.059) 0.133 (138) 
Calculated at LSDAa 1.118(1.129) 0.020(0.031) 
Experimental13 1.098 

a For free N2. 
b For free N2; from Refs. 5 and 17. 

M = 7 and 5 states, respectively. In fact, the N-N 
bond strength (in Fe2-N2) is 1.5, which is a much 
weaker bond that the triple bond of free N2. Also, 
there are large total charge transfers from Fe2 to 
N2: They are equal to 0.44 and 0.52 electrons for 
the M = 7 and 5 states, respectively. These trans- 
ferred electrons go into high-energy antibonding 
molecular orbitals of N2. The density contour plots, 
for the M = 7 tetrahedral state [see Fig. 4(c)], re- 
veal that the electronic charge is highly polarized 
toward the N atoms. In fact, this picture implies 

that, in this septuplet coordination mode, the N2 

moiety is strongly perturbed or truly activated by 
the Fe atoms. This activation is slightly bigger in 
the quintet state, which is higher in energy than 
the septuplet one. It is to be remarked that the 
biggest structural changes (experienced by N2) are 
coupled with huge total charge transfers (from Fe2 

to N2). In fact, this occurs in the quintet tetrahe- 
dral state, and to a lesser extent in the septuplet 
one. However, at GDA level of theory, the De for 
the septuplet is very small, about 0.3 kcal/mol, 

TABLE 
Vibrational frequencies, we, for the calculated Fe2-N2 structures. 

(oe (cm-1) 

Structures                     M                        N-N                            Fe-N Fe-Fe Ao> 

Linear 

Tetrahedral 

Angular 
Quasi side-on 

Planar 

Calculated at LSDAa 

Experimental15 

7 
5 
7 
5 
7 
7 
5 
7 
5 

2148(2071) 
2136 
1496 
1392 

(1934) 
1902 
1837 
1589 
1455 

2343 (2250) 
2359 

450 (387) 
368 

515,431 
601,626 

(208, 322) 
369, 434 
492, 502 
499, 579 
336, 635 

332 (332) 
491 
438 
373 
(415) 
379 
423 
328 
373 

-195 (-179) 
-207 
-847 
-951 

(-316) 
-441 
-506 
-754 
-888 

-16 (-109) 

'For free N, 
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TABLE 
Eigenvalues and occupation numbers, per atom and per angular momentum component, for the valence 
electrons of the ground state of Fe 2-N2. 

ni               ei 

Fe1 Fe2 N3 NJ4 

Orb. S P cf s P d s P s P 

a 
1cr 1          -28.009 0.01 -0.02 0.37 0.06 0.46 0.13 
2a 1          -15.212 — — — 0.03 0.02 0.03 0.42 0.25 0.24 0.02 
1TT 2         -11.763 — — — — — 0.01 — 0.54 — 0.43 
3cr 1          -11.232 — — 0.01 0.04 0.03 0.03 0.02 0.21 0.22 0.44 
2TT 2           -7.213 — — 0.57 — — 0.41 — — — 0.02 
4CT 1            -7.175 — — 0.64 — 0.04 0.30 0.01 0.01 — 0.01 
15 2           -6.742 — — 0.77 — — 0.23 — — — — 
25 2           -6.146 — — 0.23 — — 0.77 — — — — 
5a 1            -5.802 0.64 — -0.02 0.32 0.03 0.04 — — — — 
3TT 2           -5.392 — 0.01 0.40 — 0.02 0.47 — 0.03 — 0.07 
6a- 1            -5.049 0.14 — 0.31 0.07 0.02 0.47 — -0.01 — — 
4ir 

ß 
1a 

0           -2.995 — 0.06 0.02 — 0.10 0.08 — 0.35 — 0.39 

1          -27.966 — — — 0.01 -0.02 — 0.38 0.06 0.46 0.13 
2a 1          -15.157 — — — 0.03 0.02 0.02 0.42 0.27 0.24 0.02 
1TT 2          - 11.667 — — — — — 0.01 — 0.55 — 0.42 
3a 1          -11.120 — — 0.01 0.04 0.03 0.03 0.02 0.21 0.22 0.44 
4a- 1             -5.573 0.33 — 0.26 0.10 0.13 0.14 0.01 0.02 — 0.01 
2TT 2            -5.370 — 0.01 0.39 — 0.01 0.54 — 0.01 — 0.04 
5a- 1             -5.017 0.25 0.01 0.23 0.22 -0.01 0.31 — -0.01 — — 
15 1             -4.233 — — 0.47 — — 0.53 — — — — 
25 0            -3.703 — — 0.38 — 0.06 0.12 — 0.18 — 0.18 

a--donation               0.325 
7r-back-donation     0.314 

while there is no positive De for the quintet state 
(it is about -8.6 kcal/mol). The enlargement of 
the cluster or improvement of the model (i.e., the 
use of Fe2S2 or FeMoS2) in order to obtain a better 
description of the active site may enhance the 
stabilization of these types of coordination modes. 
We are searching currently these possibilities; re- 
sults will be reported elsewhere. 

Fe2-N2, THE PLANAR, M= 5 AND 7, 
COORDINATION MODES 

A parallel approach of N2 to Fe2 produces two 
planar coordination modes of Fe2-N2 with M = 5 
and 7. These two states differ by only = 2 
kcal/mol; see Figure 2. The two N atoms in these 
planar modes are equally bonded to the two Fe 

TABLE IV 
Mulliken populations for the lowest energy states of Fe2-N2. The dipole moment, \i, is also indicated. 

Linear                                          Tetrahedral Quasi side-on 

Atom                   M = 7                              M = 7                             M = 5 M=7                          M=5 

Fe1              26.00 (26.03)                   25.77 (25.79)                   25.74 (25.72) 
Fe2              25.95 (25.93)                   25.78 (25.87)                   25.74 (25.73) 
N3                 7.03 ( 7.02)                      7.22 ( 7.16)                      7.26 ( 7.28) 
N4                 7.02(7.01)                      7.22(7.19)                      7.26(7.28) 
Ai                    1.058(0.605)                   1.105(1.104)                        3.379 

25.87 (25.90)               25.89 (25.86) 
25.99(26.01)               25.95(25.97) 

7.07 ( 7.05)                 7.08 ( 7.09) 
7.07 ( 7.05)                 7.08 ( 7.09) 
1.561 (0.992)              2.005 (1.823) 
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TABLE V  
Binding energies, De for the computed states 
of Fe2-N2. 

M 

De (kcal / mol) 

Fe2-N2 LSDA                GDA 

Linear 7 
5 

Tetrahedral 7 
5 

Angular 7 
Quasi side-on 7 

5 
Planar 7 

5 

30.258 
14.577 
26.274 
25.673 
22.659 
24.962 
21.146 
18.104 
27.661 

14.627 
-2.541 

0.311 
8.566 

11.918 
12.088 

1.972 
-4.486 
-2.234 

centers. The N-N distance is of 1.25 A (1.23 A) for 
the M = 5 (M = 7) state. This gives (with respect 
to free N2) enlargements of 0.13 A for M = 5 and 
of 0.11 A for M = 7, for the N-N Re. There are 
also big reductions (888 cm for M = 5 and 754 
crrT1 for M = 7) for the w value of N2. Consis- 
tently, there are large total charge transfers, from 
Fe2 to N2; they are 0.40 and 0.38 electrons for the 
M = 5 and 7 states, respectively. These changes of 
N2 are relatively big (particularly those for M = 5), 
but smaller than those observed in the tetrahedral 
modes, and implies a substantial reduction of the 
N-N bond. 

Conclusions 

A systematic study of the Fe2-N2 coordination 
modes was done by means of the program deMon- 
KS, a DFT-based method. The calculated ground 
state corresponds to a linear geometry, with M = 
7, in which the metal-ligand binding energy 
reaches its highest value, and where N2 shows a 
relatively small perturbation by the Fe atoms. A 
highest activation of N2 occurs in the tetrahedral 
Fe2-N2 geometry, which is stable in both quintet 
and septuplet high spin states. Indeed, the bond 
length and vibrational frequency of N2 are consid- 
erably enlarged and reduced, respectively, in these 
tetrahedra modes. These changes indicates that N2 

is truly activated in this type of geometries, where 
the two N atoms interact equally with the two Fe 
centers. These results suggest a strong correlation 
between the electronic charge transfer (from the 
metal to the moiety) and the activation experi- 
enced by N2 (measured by the extent of its struc- 

tural changes). Big structural changes of N2 were 
also observed in the planar coordination modes, 
although to a lesser extent than those in the tetra- 
hedrals. 

Going to a bigger cluster, in order to achieve an 
improvement in the description of the active site, 
our preliminary results of Fe2S2-N2 indicates that 
the sulfur atoms further enhance the activation 
experienced by N2. Studies to determine the role 
played by both sulfur and molybdenum atoms in 
the catalytic process are in progress in our labora- 
tory; results will be published elsewhere [18]. 
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ABSTRACT 

Density functional theory (DFT) calculations of the electronic structure and properties of 
Fe, Ni, and Cu carbonyls with one and five transition-element atoms are reported, due to 
their importance in heterogeneous catalysis (especially in Fischer-Tropsch synthesis). The 
local density approximation (LDA) with the Vosko-Wilk-Nussain (VWN) correlation 
functional as well as the generalized gradient approximation (GGA) using Becke's 1988 
exchange functional and Perdew's 1986 correlation functional (BP method) were applied 
to the study of the clusters using a triple-zeta plus polarization (TZP) basis set. Triplet 
and quintuplet states for FeCO, singlet and triplet for NiCO, and doublet for CuCO were 
considered, and optimization of energy at the LDA/BP level for these cases was done. 
Dissociation energies in M and CO fragments, frequencies, and population analysis were 
performed. Geometry optimization of the distance between the C atom and the clusters 
M5 (with geometries taken from the crystals) were carried out and the dissociation 
energy in fragments M5 and CO as well as population analysis at the optimized 
geometries were also done. Comparison between our results and some others published 
using ab initio and density functional methods were performed.    © 1996 John Wiley & 
Sons, Inc. 
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Introduction 
bonyls that are extensively considered in the litera- 
ture. 

Carbonyls of transition elements are a very 
important class of compounds for several 

reasons. One of these is that they are considered to 
be the first step in the reaction of CO with H2 

catalyzed by transition elements (Fischer-Tropsch 
synthesis) which, from the industrial point of view, 
is of paramount importance due to the large num- 
ber of chemicals that can be obtained from it. The 
initial step of the chain of reactions is the 
chemisorption of CO on materials which contain 
such elements. The simplest model for these mate- 
rials is one atom. That is where the importance of 
the MCO compounds comes from. There are many 
experimental and theoretical studies of these car- 
bonyls, and our theoretical study uses one of the 
important methodologies: the density functional 
theory (DFT) in one of the successful versions 
developed at present. 

As a further step it is natural to consider, as 
suitable models for real materials, clusters or crys- 
tals of the elements involved and to use the appro- 
priate computational techniques. 

In order to compare the results of the MCO and 
M„CO calculations (n = 2,3,...), we must use the 
same computational level in both cases, and, there- 
fore the cluster size must not be too large. These 
calculations must provide accurate predictions at 
least for the equilibrium molecular geometries, 
dissociation energies, and vibrational frequencies. 
For this reason we have studied, besides the MCO, 
the M5CO compounds with symmetry C4V that 
involve transition-atom clusters with geometries 
taken from the crystal. Models with fewer or larger 
number of atoms are scarce in the current litera- 
ture [1-3]. 

The transition elements considered in this re- 
port Cu, Ni, and Fe, are important in the 
Fischer-Tropsch synthesis and present quite dif- 
ferent difficulties. The Cu case is the simplest 
because of its electronic structure as compared to 
Ni and Fe. 

Important points in our study are the prediction 
of the place where. the CO will be preferently 
adsorbed, the geometry of the adsorbate-substrate 
and the energy involved in such adsorption. 

We will focus our interest in the geometrical 
and energetical aspects of the systems under con- 
sideration rather than in the bonding of the car- 

Method 

The calculations reported in this work are based 
on the Kohn-Sham approach to the DFT with the 
methodology of Baerends and co-workers [4, 5]. 

The density functional, also called the ex- 
change-and-correlation (XC) functional, consists of 
a local part [local density approximation (LDA)] 
and a so-called gradient correction [generalized 
gradient approximation (GGA)]. Initially, the LDA 
used by the calculation of the exchange energy 
Ex(LDA) was that proposed by Slater [6] (X a ap- 
proximation); version that includes also a correla- 
tion part, which is used in this report, is that 
proposed by Vosko, Wilk, and Nusair (VWN) [7]. 

The GGA introduces terms depending on the 
gradient of the electron density that account for 
inhomogeneity in order to describe the nonuni- 
form electron gas in the case of atomic systems. 
GGA is the sum of two terms: the exchange and 
the correlation ones. The introduction of these 
terms, correcting LDA, usually gives better results 
for comparison with experimental data for molecu- 
lar geometries, bond energies, etc. 

We have several possibilities using the ADF 
program for the GGA calculations. The one used in 
this report is the Becke's calculation [8] for the 
exchange term and the Perdew's [9] for the corre- 
lation. The method is called LDA/BP. 

Slater orbitals (STO) basis set for the molecular 
orbital (MO) expansion linear combination of 
atomic orbitals (LCAO) method were used. For the 
transition elements an uncontracted triple zeta 
(three 3d and three 4s) and one 4p were used as 
the valence basis set and 2 s and 1 p for the frozen 
core shell (FC). In order to establish the orthogo- 
nality of the valence MO, with the FC, it is neces- 
sary to add s and p orbitals to the valence set. We 
add 4 s and 3p and we have in this way 14 STO for 
the valence set. 

For the main elements (C and O) we set up also 
a triple zeta basis set with 3 s and 3p and one 
polarization d STO; we add also Is to have the 
valence orbitals orthogonal to the FC Is. We have, 
therefore, 8 STO for the valence basis set. 

We can consider the molecular symmetry in 
order to have the overlap and Fock matrices 
block-diagonal by using symmetry-adapted linear 
combinations of the above mentioned STO. 
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A set of auxiliary s, p, d, f, and g STO centered 
on each nucleus were used to fit the electronic 
density. For each transition metal atom 34 STO 
were used and for C and O 20 STO were used. In 
this way integrals involving electronic density 
(such as Coulomb potentials) were evaluated us- 
ing these auxiliary functions and then taking linear 
combination of these integrals. The coefficients of 
these linear combinations were evaluated in each 
SCF cycle. 

The matrix elements of the overlap and Fock 
matrices were calculated by numerical integration. 
The success of the DFT methods such as the ADF 
is due, among other reasons, to the existence of 
accurate and very efficient numerical methods for 
the calculation of integrals using STO functions 
[10]. 

Instead of calculating total energies, as most 
methods do, ADF calculates bond energies accord- 
ing to Ziegler's procedure [11]. These bond ener- 
gies are the difference between the total energy of 
a molecule (or atom) and those of the atoms (or 
fragments) in established reference states. 

Optimization of the geometry at the LDA/BP 
level was done for all the geometrical parameters 
in the case of the MCO compounds: triplet and 
quintuplet for FeCO, singlet and triplet for NiCO, 
and doublet for CuCO. 

Mulliken population analysis was carried out 
and the intermolecular charge distribution and re- 
lated dipole moment as well as the vibrational 
frequencies were calculated for each molecule. 

We have several possibilities for the M5 clusters 
in the case of M5CO compounds. Ni and Cu crys- 
tals have fee (face-centered cubic) elementary cells 
and the Fe has a bec (body-centered cubic) one. 

In the first two cases we have selected two 
cluster models, one that we call "planar" and 
symbolized by (5, 0) that has the five atoms on the 
top face. The other that is called "hollow" and 
symbolized by (4, 1) has the four center atoms of 
the lateral cubic faces and one atom located at the 
center of the bottom face (see Figs. 1 and 2). We 
have used the nomenclature given in [2]. 

In the case of Fe5 we have selected the hollow 
(4,1) model, taking the four Fe atoms of the square 
top face and the central cubic Fe atom. 

The CO group was oriented normal to the M4 
plane and passing through its center. In one calcu- 
lation (CuCO) we have tilted the CO group, to 
take into account the nonlinearity of the CuCO 
molecule, and the CuCO plane was taken parallel 
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FIGURE 1. 

FIGURE 2. 

to one side of the M4 square, but the results 
obtained do not change significant. 

Optimization of the distance d between the C 
atom and the M4 plane, with the CO distance 
unchanged at the value optimized in the MCO 
calculation, was the first step of the calculation. 
This was done at the selected electronic configura- 
tion with the lowest energy. 

All calculations were done at the unrestricted 
level, giving initially the total number of alpha 
and beta spin electrons. We checked the electronic 
configuration after the self-consistent field (SCF) 
convergence to see if the lowest unoccupied 
molecular orbital (LUMO) is lower in energy than 
the highest occupied molecular orbital (HOMO) 
both for alpha and beta spin. 

If this was not satisfied, we changed the config- 
uration accordingly (making sure that the energy 
decreased) until we got the lowest value. 
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We have the very cumbersome problem of the 
oscillation in energy when working with transition 
elements, where occupied and empty orbital levels 
are very close in energy. This is particularly diffi- 
cult in the case of the M5 clusters for Ni and Fe 
cases. The level shift technique of Saunders and 
Hillier in many cases solves the problem. 

Two procedures were used to obtain the sum- 
of-fragments energy (Esof): one was to increase the 
M-C distance until a constant value of the energy 
was reached (asymptotic energy) and the other 
was to calculate directly the energies of the frag- 
ments M (or M5) and CO. 

Results and Discussion 

MCO (M = Fe, Ni, Cu) CASE 

Molecular Geometries 

Optimized geometries, as well as bond and dis- 
sociation energies and electronic configurations are 
summarized in Table I. 

All calculations reported were done at the 
LDA/BP level. It is well known [12] that the 
predictions for molecular geometries are improved 
when the BP corrections are included in the LDA 
methodology, resulting in values very close to the 
experimental ones. In general, DFT methods are in 
many cases far superior to Hartree-Fock (HF) ones, 
in particular for metal-ligand bond lengths. 

For CuCO a linear geometry was supposed [13], 
but the bond energy between Cu and CO was 
almost null. Optimization of the energy without 
this restriction gives a nonlinear geometry, as was 
pointed out by Fournier [14], with a significantly 
higher bond energy.  His calculation method is 

very similar to the ADF that we are using in this 
report. 

Our results (Table I) were similar to the ones 
from [14] (1.858/1.160/142.8), where the symbol 
(d/d'/a) means d = d(MC), d' = rf(CO), and a = 
angle(M-C-O). 

Summarizing the results we have: 

(1.906/1.160/136.7)    Table I 

(1.858/1.160/142.8)     [14] 

(1.963/1.132/153.1)     [15] 

The result from [15] is the most exact of the several 
reported there. 

The ground state was 2A' with the electronic 
configuration (11 4/10 4) in the symmetry group 
Cs where the symbol means 11 electrons in a' and 
4 in a" orbitals for alpha spin and 10 electrons in 
a' and 4 in a" orbitals for beta spin. 

For NiCO we have considered the two lowest 
energy states: the ground state whose geometry is 
linear and is a singlet (12) with the configuration 
(6 6 2/6 6 2) (6 electrons in a orbitals, 6 in w 
orbitals, and 2 in 5 orbitals both for alpha and beta 
spin), and the first electronic excited state is a 
triplet with a bent geometry with the configuration 
(11 4/9 4). 

Many calculations for NiCO have been reported 
in the literature. Among others, we consider those 
of references [14] and [16] (DFT) ([14] at the LDA 
level and [16] at the LDA/BP level), [13] (ab initio 
CASSCF), [17] (ab initio MRSDCI-CIPSI) in order 
to compare with those of Table I. 

A general review about ab initio calculations of 
structure and molecular properties of transition- 
metal organometallics is given in [18]. 

TABLE 1 
Molecular geometries, bond and dissociation energies, and electronic configurations of the 
MCO compounds. 

Molecular geometry 
Bond 

energy 

E (a.u.) 

Dissociation 
energy3 

De (kcal / mol)     Ele Molecule/state      d(MC)(A) d(CO)(A) < MCO (deg) sctronic configuration 

CuCO(2A')                1.9057 
NiCO(12)                  1.6614 
NiCO(3A')                 1.8575 
FeCO(32)                1.6972 
FeCO(5A")                1.8626 

1.1600 
1.1692 
1.1633 
1.1731 
1.1656 

136.7 
180.0 
143.2 
180.0 
164.6 

-0.575237 
-0.660224 
-0.605832 
-0.753607 
-0.741648 

16.05(16.03) 
63.93 (62.84) 
31.10 (28.25) 
58.74 (55.34) 
35.70 (40.34) 

(11 4/10 4) 
(6 6 2/6 6 2) 

(11 4/9 4) 
(6 6 2/6 6 0) 

(11  4/8 3) 
aParentheses values calculated from Esof. 
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For the linear NiCOÜX) we have: 

(1.661/1.169) Table I 

(1.663/1.715) [16] 

(1.637/1.167) [14] 

(1.693/1.164) [13] 

For the bent NiCO(3A'): 

(1.876/1.163/143.2)    Table I 

(1.788/1.162/147.5)     [14] 

As we can see from these results, the general 
agreement is rather good. It must be pointed out 
that our calculations are all at the LDA/BP level 
and that without the BP corrections the 
metal-ligand bond lengths are underestimated by 
an average of 0.05 A, and the BP corrections re- 
duce the error to an average of 0.01 A [12]. Bond 
angles, in general, are not influenced significantly 
by these corrections. 

We observe from our results an increase of 0.22 
A for the Ni-C and a reduction of 0.006 A for the 
d(C-O) distances as well as a change in the bond 
angle Ni-C-O from 180° to 143° when we go from 
the ground to the first excited state. 

In the case of FeCO we have a linear triplet 32 
ground state and a bent quintuplet 5A" first ex- 
cited state. A comparison between reported ge- 
ometries and ours is given below. 

FeCO(32): 

(1.697/1.173) Table I 

(1.660/1.175) [14] 

(1.809/1.190) [17] 

(2.039/1.256) [19] 

FeCO(5A"): 

(1.863/1.166/164.6)     Table I 

(1.808/1.160/158.1)     [14] 

(1.900/1.201/180)        [17] 

The agreement between [14] and ours is rather 
good (taking into account the above-mentioned 
calculated levels). The bond distances of [17] are a 
little bit higher and, furthermore, the geometry of 
the excited state was, apparently, taken to be lin- 
eal. 

Dissociation Energies 

Bond energies for the MCO compounds are 
given in Table I for the above-mentioned states at 
the equilibrium geometry. 

The asymptotic energy was obtained at approxi- 
mately 4.0 A where we can consider the molecule 
dissociated into the M and CO fragments. The 
identification of the state of these fragments is 
interesting. This is done by calculating the energies 
of selected states of these fragments that reproduce 
these constant energies (that we call asymptotic 
energies). 

Starting with CuCO we have an asymptotic 
(bond) energy of -0.54968 a.u. For the fragments 
we have E{Cu(slrf9)} = -0.00941 a.u. (it is not 
zero because this is not the reference state chosen 
for the Cu atom) and E{CO(1.1600)} = -0.539719 
a.u., and their sum is -0.54966 a.u., in very good 
agreement with the asymptotic energy. The differ- 
ence between the minimum reported in Table I 
and the asymptotic energy is 16.05 kcal/mol (1 
a.u. = 627.5 kcal/mol). The analog if using Esof is 
16.03 kcal/mol. 

In this way we identify the state of the products 
as Cu(sld9) and CO(l2) (the ground state for CO). 
The experimental value reported in [17] is 16.6 
kcal/mol, in very close agreement with ours. Re- 
ported values are 20.3 (19.6) kcal/mol in [16], 19.4 
kcal/mol in [17] (but the linear geometry was 
considered here). A value of 22.72 kcal/mol was 
quoted in [12] where the ADF method was used 
(but in [1] in which an earlier version of the ADF 
method was used a value of 12 kcal/mol was 
given). However, only in [16] and ours, a bent 
geometry was assumed. 

In the case of NiCO, we consider the singlet 
ground state 12 with a configuration (6 6 2/6 6 
2) and the corresponding asymptotic energy 
is - 0.55853 a.u. In this case, the SCF convergence 
is difficult to reach, and it was necessary to intro- 
duce a level shift of 0.1 a.u. So we have perhaps, 
an error in this value. The Esof of the fragments Ni 
and CO that fits better this value is the one corre- 
sponding to Ni(slrf9) with a bond energy (with 
respect to the reference state) of -0.021245 a.u. 
that added to -0.538842 a.u. corresponding to 
COQ.1692 A) gives - 0.560087 a.u., in relative good 
agreement with the asymptotic energy. With the 
equilibrium value of Table I and the sum of frag- 
ments we have 62.84 kcal/mol. 

This is quite a high value compared with those 
reported in the literature. However, a higher value 
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of 79.0 kcal/mol by a DFT method was reported in 
[20]. In [16] a value of 54.5 kcal/mol is given, but 
as a result of the most accurate calculations and 
experiments a value of about 40 kcal/mol seems 
to be quite acceptable. For example, a Coupled 
Cluster Singles, Doubles (Triples) (CCSD(T)) calcu- 
lation with a large basis gives a value of 38.0 
kcal/mol [21]. 

The lowest excited triplet state is 33.8 kcal/mol 
above the ground state (36 kcal/mol according to 
[16]). As we said, the equilibrium geometry is bent 
(symmetry Cs). The electronic configuration is (11 
4/9 4) and the asymptotic energy is -0.556276 
a.u. The values of E, are -0.560799 a.u. if we 
adopt for CO (C-O distance equal to 1.1633 A) the 
value -0.539554 a.u. and for Ni(slrf9) the value 
-0.009941 a.u. and -0.572375 a.u. if consider in- 
stead the Ni(s2d8) state, whose energy is 
- 0.032821 a.u. The asymptotic energy is closest to 
the first value, so we can identify the dissociated 
state of the Ni atom as the slrf9 one. 

With the asymptotic value the dissociation en- 
ergy is 31.10 kcal/mol, but if we consider the Esof 

ones, this result moves to 28.25 kcal/mol for 
Ni(slc/9) and 21.00 kcal/mol for Ni(s2rf8). These 
values are compared with 18 kcal/mol found in 
[14]. In [13] the geometry considered for this ex- 
cited state is a linear one. 

Let us consider now the states of FeCO. The 
ground state is a linear triplet (32) with an asymp- 
totic energy of —0.6600 a.u. and its configuration 
is (6 6 2/6 6 0). 

The states of the fragments Fe and CO that give 
the best fit for this value are CO(l2 + ; 1.1731) 
with a bond energy of -0.538511 a.u. and Fe(sld7) 
quintuplet with a bond energy of —0.104308 a.u. 
The Esof value is, therefore, —0.665422 a.u. giving 
a dissociation energy of 55.34 kcal/mol. If we use 

instead the asymptotic energy, it changes to 58.74 
kcal/mol. 

Reported values for this energy are 49(33) 
kcal/mol [14], 30.9 kcal/mol [17] (experimental 
values between 25.1 and 36.9 are reported here), 
and 28.6 kcal/mol [13]. 

Our calculated value is about 18 kcal/mol 
higher relative to the average value of 40 kcal/mol. 
This is surprising because DFT methods are con- 
sidered to yield results at a very good level of 
accuracy when the BP corrections are made (at the 
LDA level, however, errors of about 100% are 
common) [12]. 

Something similar happens in the case of NiCO 
ground state, whose corresponding difference is 
about 23 kcal/mol. 

The first electronic excited state for FeCO is the 
bent quintuplet FeCO(5A") with the configuration 
(11 4/8 3), 7.50 kcal/mol above the ground state. 
The asymptotic energy is - 0.684752 a.u. when we 
specify 15 and 11 as the total number of alpha and 
beta electrons, respectively, and consider the ge- 
ometry at rf(Fe-C) = 5.0 A as linear. The CO 
ground-state energy is — 0.539340 a.u. If we adopt 
the si d7 quintet state for Fe, the sum of the 
fragments energy is —0.666251 a.u. On the other 
hand, if we choose the s2rf6 quintet state for Fe, 
we get a value of —0.677357 a.u. The asymptotic 
energy is closer to the last value, whence we can 
correlate the dissociated state of Fe with the quin- 
tet s2d6. We have, consequently, the value 40.34 
kcal/mol for the dissociation energy using the Esof 

value and 35.70 kcal/mol using the asymptotic 
energy. 

Reported values are: 31 kcal/mol in [14], 13.4 
kcal/mol in [17], and 22.6 and 18.5 kcal/mol in 
[13]; the last value was obtained at higher compu- 
tational level then the previous 22.6 kcal/mol. In 

TABLE II 
Atomic charges and dipole moments for the MCO compounds. 

Atomic charges 

Molecule/state M(s) M(p) M(d) M C O Dipole moment (D) 

CuCO(2) 
NiCOd) 
NiCO(3) 
FeCO(3) 
FeCO(5) 

0.1011 
0.3042 
0.0461 
0.0304 
0.1407 

-0.2214 
-0.0566 
-0.2581 
-0.0655 
-0.3826 

0.2235 
-0.1100 

0.3251 
0.2290 
0.4315 

0.1032 
0.1376 
0.1132 
0.1939 
0.1896 

0.2064 
0.2404 
0.2136 
0.1866 
0.1488 

-0.3096 
-0.3780 
-0.3268 
-0.3805 
-0.3384 

0.7014 
3.5023 
0.9997 
3.2350 
0.7694 
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the two last references the FeCO molecule was 
supposed to be linear. 

Atomic Charges and Dipole Moments 

We consider in this report the Mulliken's popu- 
lation analysis as the method of choice for obtain- 
ing the charge distribution in the molecule. In 
order to understand the data that are displayed in 
Tables II, III, and IV we consider the case of the 
CuCO molecule at the equilibrium geometry. 

The Elementary Atomic Basis Functions (BAS) 
population is given for the orbitals s, p and d, in 
this order, for Cu, C, and O and for alpha and beta 
spin: 

Alpha spin        Beta spin 

Cu s 1.7301 Cu s 1.1688 

P 3.1669 p 3.0545 
d 4.8968 d 4.8797 

C s 0.7750 C s 0.7279 

P 1.2042 P 0.9994 
d 0.0445 d 0.0427 

0 s 0.9364 O s 0.9362 

P 2.2171 P 2.1613 
d 0.0291 d 0.0295 

corresponding sums for Cu are 2.8989 for s or- 
bitals, 6.2214 for p, and 9.7765 for d, and they give 
the total (alpha + beta spin) population as the 
valence contribution. If we adopt the valence con- 
figuration: (3s)2(3p)6(4s)l(3d)10, then we have 
3s,6p,10d electrons that give us the net electronic 
charge 0.1011 for s orbitals, -0.2214 for p, and 
0.2235 for d. These are the values in Table II 
labeled as M(s)M(p)M(d). The sum of these three 
numbers gives the value 0.1032 labeled M in Table 
II. 

This number can also be obtained from the total 
alpha + beta population for Cu that amounts, in 
our case, to 18.8968. For Cu (atomic number 29) we 
have 10 core electrons and, therefore, 19 valence 
electrons. The net charge for Cu is, therefore, 
0.1032. Similarly, we can obtain 0.2064 and - 0.3096 
as the net charges for C and O, respectively. 

In Table II we also report the dipole moment (in 
Debye), and it is interesting to compare some 
dipole moments reported in the literature with 
ours. 

This comparison give the results: 
CuCCX2): 

The differences between the corresponding 
numbers are the spin polarization that are shown 
in Table IV for the metal (Cu in our case). The 

0.7014 D 
0.64 D 
3.49 D 

3.74 D (2.74 D) 

NiCOQ): 

Table II 
[16] (0.68 D at LDA level) 
[17] (linear geometry) 

[13] (linear geometry) 

TABLE III  
Spin densities on the metal atom for 
MCO compounds. 

Molecule/state d(s) d(p) 

CuCO(2) 
NiCO(3) 
FeCO(3) 
FeCO(5) 

TABLE IV  
Overlap populations CM for the 
MCO compounds. 

Molecule/state Alfa Beta 

d(d) 

0.5613 0.1124 -0.0171 
0.5581 0.1440 1.0537 
0.2202 -0.0133 2.4964 
0.7241 0.2590 3.1361 

Total 

CuCO(2) 0.1293 0.1447 0.2740 
NiCO(1) 0.2076 0.2076 0.4152 
NiCO(3) 0.1439 0.1789 0.3228 
FeCO(3) 0.1877 0.2124 0.4001 
FeCO(5) 0.1674 0.2032 0.3706 

3.5023 D Table II 
3.42 D [16] 

3.18 D (4.55 D)     [13] 

NiCO(3): 

FeCO(3): 

FeCO(5): 

0.9997 D Table II 
2.69 D (1.63 D)     [13] 

3.2350 D Table II 
1.38 D [17] 
2.18 D [19] 

0.7694 D Table II 
1.55 D [17] 
0.762 D (1.85 D)     [13] 
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As we can see from these results, the agreement 
with DFT calculations of [16] is quite good, but the 
other calculation gives results coincident with ours 
only in a few cases. 

Overlap Populations 

We consider only the overlap populations be- 
tween the C and the M atoms, which are a mea- 
sure of the C-O bond strength. We expect to find, 
therefore, a relationship between this population 
and the dissociation energy of the CO group. From 
the data of Tables I, III, IV we have, taken in 
increasing order the overlap populations: 

CuCO        (0.2740,16.03)     (overlap population 

and dissociation 
energy, in 

parentheses, 

respectively) 

NiCO(3)     (0.3228,28.25) 
FeCO(5)     (0.3706,40.34) 
FeCO(3)     (0.4001,55.34) 
NiCO(l)     (0.4152,62.84) 

This relationship can be graphed and the corre- 
sponding curve is quite smooth. CuCO gives the 
lowest overlap population and NiCO(l) the high- 
est. 

Vibrational Frequencies 

Vibrational frequencies (in cm-1) for the MCO 
molecules are displayed in Table V as well as 
intensities (in parentheses) in km/mol. We com- 
pare these values with those reported in the litera- 
ture. The three values considered are: fl for the 
bending M-C-O mode, f2 for the stretching of the 
M-C bond, and the highest f3 corresponding to 
the stretching of the C-O bond. 

Comparison with vibrational frequencies re- 
ported in the literature give the results: 

CuCO(2): 

231(13) 386(7) 1951(848)     Table V 
237(23) 439(6) 1978(906)     [16] 
— 363 2075 
— 320 2010 

243(18)    517(7)    2026(861) 

[15] 
(experimental 

value quoted 
in [17]) 

[14] (here an 
experimental 

value of 2042 
for/3 is 

quoted). 

NiCOd) (we have a great deal of calculations to 
compare with from which we have made the fol- 
lowing selection): 

342(10)   617(0.2)   2005(530)    Table V 
311(12)   614(2)      2019(565) 

324(11)   646(2)      2076(524) 

[16] (an 
experimental 
value of 
2028 for f3 is 
quoted) 

[14] 
2010-2074   [19] 

NiCO(3): 

243(20)     460(9)       1939(861)     Table IV 
265(25)     551(10)     2017(871)     [14] 

FeCO(3): 

357(5) 574(26) 1948(986) Table V 
341(13) 638(5) 2020(680) [14] (an 

experimental 
value of 1930 
is quoted 

for/3). 

546 1986 [17] 
320 1546 [19] 

FeCO(5): 

153(51)     462(6)       1960(551)     Table V 
241(45)     542(10)     2003(659)     [14] 

552 1876 [17] 

We conclude that the agreement of our values 
with the experimental ones are very satisfactory as 
well as with those from [14]. Our calculations are 
at the LDA/BP level (those of [14] are at the LDA 
level), and it is considered that LDA corrections 
(such as the GGA ones) usually improve the re- 
sults of the frequencies obtained by DFT methods 
[22]. 
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M5CO (M = Fe,M,Cu) CASES 

In Tables VI and VII the relevant parameters 
that we have calculated in this report are dis- 
played. 

In Table VI we report the optimized distance 
from the C atom to the center of the M4 square 
keeping the CO distance fixed at the value of the 
corresponding MCO compound. Only in the case 
of CuCO have we optimized this distance. 

In the cases of Cu5CO and Ni5CO we have the 
two choices for the cluster M5 those of (5, 0) and 
(4,1); for the Fe5CO we have only the (4,1) cluster 

geometry among the M5 clusters of C4V symme- 
try. 

We report bond energies at equilibrium and Esof 

energies. The difference between these two values 
is the vertical dissociation energy that is also re- 
ported as well as the corresponding configuration 
using the symmetry C4V (symmetries are 

, bv bz, ev in that order). We have also calcu- li-^ (*2 

lated asymptotic energies and checked that they 
agree with the corresponding Esof energies. The 
energy of CO was obtained at the bond distance 
used in the M5CO calculations. We subtracted 

TABLE V 
Vibrational frequencies f (cm   1) and (in parentheses) intensity in (km/mol) for MCO compounds. 

Molecule/state f, stretch. (MC) fo bend. 

CuCO(2) 
NiCO(1) 
NiCO(3) 
FeCO(3) 
FeCO(5) 

231 (13) 
342 (10) 
243 (20) 
357 (5) 
153(51) 

f, stretch. CO 

386 (7) 1951 (848) 
617(0.2) 2005 (530) 
460 (9) 1939 (861) 
574 (26) 1948 (986) 
462 (6) 1960(551) 

TABLE VI . . — 
Distance d from C to the M4 plane (Ä), bond energy £ (a.u.), Esof (a.u.), dissociation energy De (kcal / mol), 
and electronic configuration for the M5CO compounds.  

Molecule/state D0 Configuration 

Cu5CO(2A1)(5,0) 1.80 -0.791656 -0.752472 24.59 (13 3 7 4 26/12 3 7 4 26) 

Cu5CO(2E1)(5,0) 1.90 -0.793778 -0.783390 6.52 (13 3 7 4 26/13 3 7 4 25) 

Cu5CO(2A1)(4,1) 
Cu5CO(2E1)(4,1) 
Ni5CO(1)(5,0) 

0.85 -0.707294 -0.673491 21.21 (13 3 7 4 26/12 3 7 4 26) 

1.73 -0.719386 -0.713274 3.86 (13 3 7 4 26/13 3 7 4 25) 

1.70 -0.956774 -0.893778 33.37 (12 3 7 4 24/12 2 7 4 25) 

Ni5CO(1)(4,1) 0.00 -0.863319 -0.820598 19.07 (12 3 7 4 24/12 2 7 4 25) 

Ni5CO(3)(5,0) 1.80 -0.957368 -0.896044 38.48 (12 3 6 4 26/12 3 6 3 25) 

Ni5CO(3)(4,1) 0.10 -0.850991 -0.820598 19.07 (12 3 6 4 26/12 3 6 3 25) 

Fe5CO(3)(4,1) 
FesCO(5)(4,1) 

1.05 -1.543196 -1.498714 27.86 (12 2 4 6 22/12 2 3 5 22) 

1.15 -1.585505 -1.498714 54.56 (113 3 6 24/12 1  3 6 21) 

TARI F VII  
Net atomic charges and dipole moments (D) of the M5CO compounds. 

Molecule/state 

Cu5CO(2)(5,0) 
Cu5CO(2)(4,1) 
Fe5CO(3)(4,1) 
Fe5CO(5)(4,1) 
Ni5CO(1)(5,0) 
Ni5CO(1)(4,1) 
Ni5CO(3)(5,0) 
NLCO(3)(4,1) 

q(M,) q(M) q(0 q(O) q(CO) 
Dipole 

moment 

0.2842 0.0729 
0.1049 0.0183 
0.0026 0.0460 
0.0422 0.0321 
0.1815 0.0660 
0.1669 0.0458 
0.1995 0.0655 
0.1419 0.0552 

0.3324 
0.1478 
0.2124 
0.2281 
0.2963 
0.0171 
0.2937 

-0.0248 

-0.3400 
-0.3258 
-0.3940 
-0.3989 
-0.3786 
-0.3671 
-0.3562 
-0.3380 

0.0076 0.4747 
0.1780 0.4241 
0.1816 0.1990 
0.1708 0.5176 
0.0823 0.0920 
0.3500 0.3019 
0.0625 0.0976 
0.3682 0.8143 
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from the occupation numbers for the alpha and 
beta spin the corresponding ones to CO in the 
symmetry C4V, that are (30002/3000 2), 
and we obtained the occupational numbers for the 
M5 fragment. 

Consider as an example the case of the Fe5CO 
quintuplet. The bond energy at 3.0 A is -1.490355 
a.u. and the configuration is (11 3 3 6 24/12 1 3 
6 21). The configuration for the Fe5 fragment is, 
therefore (9333 22/9 136 19), and its bond 
energy is -0.953107 a.u. The CO bond energy at 
the CO distance of 1.17 A is - 0.538758 a.u., whence 
the Esof is -1.491865 A, agreeing with the calcu- 
lated energy at 3.0 A. 

The reason for this checking is that in some 
cases we had to shift the virtual orbitals because of 
convergence problems, and this might introduce 
some uncertainty in the energy. These problems 
appeared very often at large bond distances when 
we wanted to calculate the asymptotic energies. 

It is interesting to assess the influence on the 
energy of the position of the ring M4 when it is 
moved along the axis of the MCO molecule con- 
sidered in the linear geometry. 

At long distances between the center of the M4 

square and the M of the MCO, the energy of the 
system is the sum of the energies of MCO and M4. 
This is natural because the interaction between the 
two fragments is negligible. When the two frag- 
ments become closer, the energy drops when, as in 
this case, there is an attractive interaction between 
the two molecules. This continues until an equilib- 
rium situation is set up, and then the energy 
begins to increase. 

In the case of NiCO at long distances between 
the square Ni4 and the NiCO the energy is - 0.818 
a.u., that is, the sum of the energies of the NiCO 
(1) -0.660 (from Table I) and of the square Ni4 

that was calculated at the experimental geometry 
of the Ni crystal and was -0.158 a.u. 

When the Ni4 square moves toward the Ni 
atom of NiCO, the energy drops until a minimum 
is reached at which the energy is -0.956774 a.u. 
This happens when the Ni of the NiCO is in the 
center of the Ni4 square (d = 1.70 A) and we are 
in the case of the cluster (5, 1) (see Table VI). 

When the Ni4 square continues to move toward 
the C atom and the Ni atom of the NiCO is on the 
other side of this square, the energy begins to 
increase, and this continues until the distance of 
this fifth Ni atom from the Ni4 square is the 
corresponding to the Ni(4,l) cluster. In this case 
the energy increases up to the value  -0.863619 

a.u. according to Table VI and the distance d of the 
C atom from the center of the Ni4 square is 0.0 A. 
This particular distance in the case of C%CO is 
0.85 A and in the case of Ni5CO(3) is 0.65 A. 

Bond Distances and Dissociation Energy 

Let us consider, in the first place the case of 
Cu5CO. There are two studies from Baerends et al. 
[1, 2] in which this compound with the geometries 
(5,0) and (4,1) and symmetries C4V were studied. 
This was done at the LDA level instead of at the 
LDA/BP as was done in this report. 

According to Tables I and VI the distance C-Cuj 
changes from 1.91 to 1.80 A when we move from 
CuCO to Cu5CO (5,0) due to additional effect of 
the Cu4 group and, at the same time, the dissocia- 
tion energy is increased from 16.0 to 24.6 kcal/mol, 
meaning a more stable C-Cut bond. On the other 
hand, when we consider the cluster (4,1) whose 
equilibrium distance from the C to the Cu4 plane 
is 0.85 A and taking into account that the distance 
from the Cu2 tp that plane is 1.795 A, the distance 
C-Cuj is 2.60 A, larger than the corresponding one 
to the (5,0) case, and the dissociation energy is 
therefore lower (21.2 kcal/mol in Table VI). 

Contrary to the conclusion reached in [1], the 
most stable place for CO to interact with the Cu 
crystal is the top position, and the hollow position 
would be a little bit less preferred. In [1] the 
distances from C to the Cu4 plane are 1.93 A (ours 
is 1.80 A) for the (5,0) case and 1.39 A (1.217 A in 
[2]) for the (4,1) one (ours is 0.85^ A). The experi- 
mental distance reported is 1.90 A, agreeing with 
the top site adsorption. The dissociation energies 
reported in [1] are very different from ours (14.6 
kcal/mol) (22.72 kcal/mol in [12]) (ours is 24.6 
kcal/mol) for the (5,0) case and 30.9 kcal/mol 
(38.0 kcal/mol in [12]) (ours 21.2 kcal/mol) for the 
(4,1) one. The experimental one is 15 kcal/mol, as 
reported in [1]. 

We consider now the Ni5CO(l) case. Going from 
NiCO to Ni5CO (5,0) the distance C-Ni: changes 
from 1.66 to 1.70 A and the dissociation energy 
from 63.9 to 39.52 kcal/mol, meaning that the 
bond C-Nij is weaker when the Ni4 group inter- 
acts with NiCO, and therefore the distance C-N^ 
must increase somewhat, in agreement with our 
results. 

When Ni4 moves toward the C atom the cluster 
(4,1) is set up with a distance of 1.76 A from Ni: to 
the Ni4 plane, then this C atom is on the Ni4 plane 
(d = 0 according to the Table VI). The distance 
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C-Nij is 1.76 A, a little longer than in the (5,0) 
case, and the dissociation energy is lowered from 
39.52 k in the (5,0) case to 22.1 kcal/mol. 

The only reported data we found were in [23], 
where a value of 2.04 A of the C-Nia is given for 
the (5,0) case (ours is 1.70 A), but we have used 
the BP correction. 

Moving to the Ni5CO(3) case, we find the inter- 
esting fact that for the cluster (5,0) this triplet state 
is a little more stable than the singlet one by 1.42 
kcal/mol, contrary to the NiCO(3) where the sin- 
glet is more stable than the triplet by 34.13 
kcal/mol. This situation is opposite to the case of 
the (4,1) cluster, where the singlet is more stable 
than the triplet by 7.79 kcal/mol. 

The C-Nj distance is changed from 1.88 A in 
NiCO to 1.80 A in Ni5CO (5,0) and to 2.41 A in the 
(4,1) case. The corresponding dissociation energies 
are 31.10 kcal/mol from Table I and 38.48 kcal/mol 
for the (5,0) case and 15.0 kcal for the (4,1) one. 
This shows us that the behavior for the triplet state 
of Ni5CO is different from the singlet case. The 
maximum interaction of the Ni4 group with NiCO, 
that occurs in the (5,0) cluster, shortens the C-Nij 
bond and therefore increases the bond energy. For 
the (4,1) case the distance from C to the Ni4 plane 
is 0.65 Ä and as a consequence the distance to Nij 
is 2.41 A, which is longer than the corresponding 
to Ni-C in NiCO (1.88 A). The bond energy re- 
duces to 15.0 kcal/mol, less than the 31.10 
kcal/mol value corresponding to the NiCO case. 

Similarly to the CuCO case, for both, the 
NiCO(l) and NiCO(3), the top position from the 
energetical point of view is preferred to the hollow 
one. 

For Fe5CO we have only the case (4,1). We 
observe from Table VI that the Fe5CO quintuplet 
is more stable than the triplet by 28.2 kcal/mol. 

The fifth Fe atom is 1.435 A from the Fe4 plane, 
therefore, according to Table VI, the distance C-Fej 
is 2.485 A for the triplet Fe5CO and 2.535 for the 
quintuplet. 

For the triplet the distance C-Fe changes from 
1.70 to 2.49 A and the dissociation energy drops 
from 58.74 kcal/mol for the triplet FeCO to 27.86 
kcal/mol for the triplet Fe5CO. This means that 
the C-Fe bond is now weaker. In the case of the 
quintuplet, the distance C-Fej is also increased 
from 1.86 to 2.54 A, but the corresponding dissoci- 
ation energy does not drop, as in the previous 
case, but increases from 35.70 to 56.12 kcal/mol. 
This could be rationalized if the effect of the Fe4 

group were greater than the change of the C-Fej 
distance, so the direction in which the change of 
dissociation energy occurs would be more influ- 
enced by the presence of this Fe4 group than for 
the change in the Fe-C distance. It is also interest- 
ing to note that, for the FeCO case, the triplet is 
more stable than the quintuplet, contrary to the 
Fe5CO case where the quintuplet is more stable 
than the triplet. 

Atomic Charges and Dipole Moments 

In Table VII the net gross atomic charges of the 
metal atom M1 and the rest the M4 atoms, as well 
as C, O, and CO, and the dipole moments are 
displayed. 

Observing those values we conclude: 

1. Going from the MCO to the M5CO(5,0) cases, 
there is a significant lowering of the negative 
CO charge, meaning that electronic charge is 
flowing from CO to the M5 group. Dipole 
moments are also reduced, meaning that the 
electric charge is more smoothly distributed. 

TARI F  VIII 
Overlap populations C-M of MsCO compounds. 

Alpha Beta Total 

Molecule/state CM1 CM2 CM, CM2 CM, CM2 CM 

Cu5CO(2)(5,0) 0.1495 0.0042 0.1560 0.0226 0.3055 0.0268 0.4127 

Cu5CO(2)(4,1) -0.0161 0.0374 0.0430 0.0690 0.0269 0.1067 0.4537 

Ni5CO(1)(5,0) 0.1640 0.0199 0.1742 0.0226 0.3382 0.0425 0.5082 

Ni5CO(1)(4,1) 0.1452 0.0403 0.1442 0.0476 0.2894 0.0879 0.6410 

Ni5CO(3)(5,0) 0.1753 0.0177 0.1787 0.0202 0.3540 0.0379 0.5056 

Ni5CO(3)(4,1) 0.1436 0.0545 0.1167 0.0603 0.2603 0.1148 0.7195 

Fe5CO(3)(4,1) 0.0355 0.0496 -0.0118 0.0575 0.0237 0.1071 0.4521 

Fe5CO(5)(4,1) 0.0125 0.0633 -0.0224 0.064 -0.0099 0.1273 0.4993 
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2. Unlike the MCO, in the M5CO(4,l) cases what 
takes place is an increase in the electronic 
charge of the CO group, except in the Fe5CO 
triplet and quintuplet cases, where there is 
only a small reduction in this charge and the 
dipole moments are reduced too. 

3. In the singlet and triplet Ni5CO cases, com- 
paring the (5,0) with the similar (4,1) cases, 
we observe that the electronic charge of the 
CO group is increased as well as the dipole 
moments. On the other hand, in the Cu5CO 
cases, both the CO electric charge and the 
dipole moments, remain almost unchanged. 

Overlap populations 

In Table VIII the overlap populations of the 
C-Mj and the four C-M2 bonds for alpha and 
beta spin are shown, as well as the total alpha plus 
beta spin. The total overlap population between C 
and M5 is CM = CM: + 4CM2. This is displayed 
in the last column and is the corresponding to the 
C-M bond of the MCO compounds. 

As in the case of the MCO compounds we can 
observe a close relationship between the total over- 
lap population of the C and the M5 cluster and the 
dissociation energy. In the case of the (5,0) clusters 
we have that increased values of the overlap popu- 
lations are in the order Cu5CO(2E1)(0.3420), 
Cu5CX2A.jX0.4127),..., and the highest values are 
those of the Ni5CO singlet (0.5082) and triplet 
(0.5086), and they have also a very similar dissoci- 
ation energy. In the case of the (4,1) clusters the 
situation is not so clear. 

quintuplet FeCO. The ground states for NiCO 
(singlet) and FeCO (triplet) are linear. 

2. Dissociation energies calculated using bond 
asymptotic energies are, in general, quite 
close to those obtained using the sum-of- 
fragments energies. 

3. There is a close relationship between the dis- 
sociation energy and the overlap population 
of the M-C bond for the MCO and M5CO 
(5,0) compounds. 

4. Bond energies are lower in the (5,0) cases 
compared to the (4,1) ones. The dissociation 
energies are lower for the (4,1) cases com- 
pared to the (5,0) ones. 

5. Cu5CO has two states with almost the same 
bond energy but with very different dissocia- 
tion energies in the case (5,0). On the con- 
trary, in the (4,1) case, the state 2E2 is much 
more stable and has much lower dissociation 
energy than the 2AX state. 

6. The (4,1) case of Ni5CO, similarly to NiCO, 
has the singlet more stable than the triplet, 
but this behavior is reversed in the (5,0) case. 

7. For Fe5CO, the quintuplet is more stable than 
the triplet, opposite to FeCO where the triplet 
is more stable than the quintuplet. 
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Conclusions 

The DFT method at the LDA/BP level is very 
satisfactory for the predictions of equilibrium ge- 
ometries, dissociation energies, and vibrational fre- 
quencies, as well as dipole moments for MCO 
compounds when compared to experimental val- 
ues. 

For M5CO compounds the theoretical values, 
given in this report, are comparable with the few 
experimental values available. 

In particular our calculations have, established 
that: 

1. CuCO is bent in the doublet ground state, 
and this is also true for triplet NiCO and 
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ABSTRACT 

The fractional quantum Hall effect (FQHE) occurs at a certain magnetic field strengths 
B*(n) in a two-dimensional electron gas of density n at strong magnetic fields 
perpendicular to the plane of the electron gas. At these magnetic fields strengths, the 
system is incompressible, i.e., there is a finite cost in energy for creating charge density 
fluctuations in the bulk, while the boundary of the electron gas has gapless modes of 
density waves. The bulk energy gap arises because of the strong electron-electron 
interactions. While there are very good models for infinite homogeneous systems and for 
the gapless excitations of the boundary of the electron gas, computational methods to 
accurately model finite, inhomogeneous systems with more than about 10 electrons have 
not been available until very recently. We will here review an ensemble density 
functional approach to studying the ground state of large inhomogeneous spin-polarized 
FQHE systems.    © 1996 John Wiley & Sons, Inc. 

Introduction 

The fractional quantum Hall effect (FQHE) is 
manifested in a two-dimensional electron gas 

(2DEG) in a strong magnetic field oriented perpen- 
dicular to the plane of the electrons [1]. The effect 
was discovered as a transport anomaly. This is still 
the "Hallmark" of the effect, even though there 

* To whom correspondence should be addressed. 

are now a host of other phenomena associated 
with the effect, which have been studied experi- 
mentally. In a transport measurement it is noted 
that at certain strengths B*(n), which depend on 
the density n of the 2DEG, current can flow with- 
out any dissipation. That is, there is no voltage 
drop along the flow of the current. At the same 
time, the Hall voltage perpendicular to both the 
direction of the current and of the magnetic field is 
observed to attain a quantized value for a small, 
but finite, range of magnetic field or density, de- 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1443-1455 (1996) 
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pending on which quantity is varied in the experi- 
ment. The effect is understood to be the result of 
an excitation gap in the spectrum of an infinite 
2DEG at these magnetic fields, so that there is a 
finite cost in energy to be paid for making density 
fluctuations in the system. This means that the 
2DEG is incompressible. In general, the magnetic 
field strengths B*(n) at which the quantum Hall 
transport anomalies are observed are related to the 
density through the filling factor v = 2irl2Bn, with 
lB = yhc/ieB) the magnetic length. The quantum 
Hall effect was first discovered [2] at integer filling 
factors. In this integer quantum Hall effect, the 
energy gap is nothing but the kinetic energy gap 
h(iic = heB/(m*c). Later, the fractional quantum 
Hall effect was discovered [3] at certain rational 
filling factors of the form v = p/q, with p and q 
relative primes, and q odd. In the FQHE, the 
excitation gap is a consequence of the strong elec- 
tron-electron interactions. 

Our understanding of the origin of the FQHE 
started with Laughlin's seminal study of 1983 [4], 
which dealt with the simplest fractions v = 1/m, 
with m an odd integer. At these values of v, there 
are on the average m magnetic flux quanta $0 = 
hc/e per electron. In that work, Laughlin con- 
structed a variational wave function for spin- 
polarized systems in strong magnetic fields, strong 
enough that the splitting fiwc between the mag- 
netic subbands, or Landau levels, can be taken to 
be infinite. The wave function can then be con- 
structed from single-particle states entirely within 
the lowest Landau level. Laughlin wrote the varia- 
tional wave function as 

%„ « n(z,--Z;)'"exp I>, (1) 

where m is an odd integer, and z ■ = x- + hj: is the 
coordinate of the ;'th electron in complex notation. 
This wave function is an eigenstate of angular 
momentum. Laughlin went on to demonstrate that 
the system having the wave function of Eq. (1) is 
an incompressible liquid with v = 1/m, m odd, 
and with an energy gap to excitations, and that the 
elementary excitations are fractionally charged 
quasi-holes or quasi-particles of charge e* = 
±e/m. The origin of the energy gap can be under- 
stood in the so-called pseudo-potential representa- 
tion of the electron-electron interactions [5]. Here, 
the electron-electron interaction V(r; - r) be- 
tween electrons i and ;' is decomposed into 
strengths Vl in relative angular momentum chan- 

nels 1 = 0,1,2,..., of the two electrons. For any 
realistic interaction V(r; — r;), it turns out that 
V0 > V1 > V2... . Consider the case v = |. In this 
case, the lowest angular momentum pseudo- 
potential that enters into the m = 3 Laughlin de- 
scription is Vlr the interaction energy of two elec- 
trons of unit relative angular momentum (in units 
of h). (Even relative angular momenta are not 
permissible for spin-polarized electron wave func- 
tions, since they have to be antisymmetric under 
interchange of electron coordinates). The Laughlin 
wave function is a very cleverly constructed highly 
correlated state which completely excludes unit 
relative angular momentum between any two elec- 
trons, and is furthermore the only state which 
satisfies this property at v = \. Therefore, any ex- 
cited state must contain some electrons with unit 
relative angular momentum. The energy gap is 
due to the cost of this, and hence is of order Vv 

Note that because of the nature of the correlations 
between the electrons, which are contained in the 
factors (z; - z-)"', the Laughlin wave function can- 
not be expressed as a single Slater determinant of 
single-particle states in the lowest Landau level. 
Figure 1 depicts the exchange-correlation energy 
per particle for infinite, homogeneous FQHE sys- 
tems vs. filling factor. The cusps at filling factors 
v = 3' f' §/ and v = f have been included to scale, 
and these filling factors marked by vertical lines 
for clarity. Note that these cusps are barely visible 
on this scale, yet they are responsible for all the 
physics of the FQHE! 

More modern theories of the FQHE are based 
on the so-called composite fermions. This idea was 
originated by Jain [6] who noted that the m = 3 
Laughlin wave function can be written as II(z; - 
Zj)2%, where % = n(z, - z;.)exp[ - ±L\zk\2] is 
the Slater determinant wave function of a filled 
lowest Landau level. Because of constraints on the 
Hilbert space, ^ is an exact eigenstate of an 
interacting electron system at v = 1. Although % 
need not in general be the ground state of the 
interacting system, it is if the Landau level split- 
ting ha>c is much greater than the scale of the 
Coulomb interaction, e2/(e0/B), and if the external 
potential is sufficiently well behaved [7], e.g., it is 
caused by a uniform positive background charge 
density, and we will assume that these conditions 
are satisfied. Multiplication by the Jastrow factor 
n(z; - Zy)2 makes the total wave function M^ van- 
ish as the cube of the separation of two electrons 
when they approach each other, rather than lin- 
early. In the two-dimensional world of the FQHE, 
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FIGURE 1. The ground-state energy exc per particle of an infinite, homogeneous, spin-polarized FQHE system is 
depicted as a function of filling factor. The cusps at v= \, f, f, and v= § are included (these filling factors are 
indicated by vertical lines for clarity). 

a zero of the wave function at a fixed point z0 

produces a phase factor of 2TT when an electron 
adiabatically encircles z0. This is equivalent to 
adding a flux-tube containing a single-flux quan- 
tum <$>0 at z0. This is purely an Aharonov-Bohm 
phase—no magnetic field is added anywhere ex- 
cept at z0, where the wave function vanishes. 
Therefore, the FQHE at m = 3 can be interpreted 
as a system of electrons at v = 1, but with two flux 
quanta added to the position of each electron. 
These composite objects, electrons plus an integer 
number of flux quanta, are called composite 
fermions. So one can say that the fractional quan- 
tum Hall effect at v = \ is an integer quantum 
Hall effect {v = 1) of composite fermions. This 
generation of FQHE states from composite 
fermions was subsequently generalized to all 
FQHE fractions. One way of studying FQHE sys- 
tems of electrons theoretically is to perform a sin- 
gular gauge transformation [8], which is a gauge 
transformation in which an odd number of flux 
quanta is added to the position of each electron. 
The transformed wave function is thus a wave 
function for composite fermions. In a Lagrangian 
formulation, a term has to be added to the La- 

grangian to ensure that the flux tubes indeed are 
located at the electrons. The resulting term in the 
Lagrangian is called the Chern-Simons term, and 
is well known from earlier topological field theo- 
ries. 

Finite Systems 

We have outlined above how the electron-elec- 
tron interactions in an infinite, homogeneous sys- 
tem produce the excitation gap. It is important to 
note that these gaps are only for excitations in the 
bulk of the system. When a system is bounded 
there must be gapless excitations located at the 
boundaries of the system. The following simple 
argument, due to MacDonald [7], demonstrates 
this point. Consider a finite system in which the 
chemical potential /A lies in the bulk "charge gap," 
i.e., we have to pay the price of the energy gap to 
introduce particles to the bulk of the system. Now 
imagine that the chemical potential is increased an 
infinitesimal amount 8/JL, and consider the result- 
ing change in the current density. In the bulk, the 
current density cannot change since S/x is infinites- 
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imal and cannot overcome the energy gap in the 
bulk. It follows that if there is a change in the 
current density as a response to 8/JL, this must be 
located at the edges of the system. Current conser- 
vation also requires that if there is a resulting 
change in the current along the edge, this change 
must be constant along the edge. We can relate the 
change in current 81 to the change in orbital mag- 
netization through 

81 -8M, (2) 

where A is the total area of the system. This 
relation is nothing but the equation for the mag- 
netic moment of a current loop. But we can write 
SM in terms of 8/j, using a Maxwell relation: 

8M = 
dM 

djx 
SyU, 

dN 

~d~B 
8/JL, (3) 

where   N  is  the total number of electrons.  By 
combining Eqs. (2) and (3) we arrive at 

57 

5ya 

dn 

~a~B 
(4) 

Since dn/'dB is nonzero, it follows that 81/dp is 
nonzero, and we conclude that there must be gap- 
less excitations of the system, and that these exci- 
tations must be localized to the edges. Since all 
experimental systems are finite and inhomoge- 
neous, the low-energy properties probed by exper- 
iments must be determined by the gapless edge 
excitations. Advances in semiconductor nanofabri- 
cation technologies have lead to the possibility of 
manufacturing systems which are extremely inho- 
mogeneous and, in practice, dominated by edges. 
As an example, recent experiments have even been 
performed on tiny quantum dots, with about 30 
electrons on them [9, 10]. In order to accurately 
understand the experiments and inhomogeneous 
FQHE systems in general, we must have a way of 
accurately calculating their properties. Certain as- 
pects of inhomogeneous FQHE systems have been 
studied by different techniques. For example, field 
theories can be constructed to study the low- 
energy limit of the gapless edge excitations [11]. 
Composite fermion methods have been used in a 
Hartree approximation to study finite FQHE sys- 
tems [12, 13]. In this approach, the Chern-Simons 
term, arising from the singular gauge transforma- 
tion, and the electron-electron interaction are 
treated in a self-consistent Hartree approximation. 

The hope is then that the most important aspects 
of the electron-electron correlations are included 
in this approximation. Near v = 1, at which the 
Slater determinant ^ is the exact ground state, it 
makes sense to use the Hartree-Fock approxima- 
tion, and the stability of a quantum dot at v = 1 as 
a function of confining potential has been studied 
in this approximation [14, 15]. The edge structure 
has also been studied using semiclassical methods 
[16, 17] in which the electron-electron interaction 
is included at the Hartree level, and it is further- 
more assumed that all potentials vary on a length 
scale much larger than  lB. Beenakker [16], and 
Chklovskii, and Glazman [17] demonstrated that 
the edge of an integer quantum Hall system, in 
which the correlation energies between the elec- 
trons can be ignored, consists of a sequence of 
compressible and incompressible strips. Imagine 
going from the bulk of an integer quantum Hall 
effect, with ^filled Landau levels in the bulk (so 
that the chemical potential lies above the energy of 
these v Landau levels) toward an edge. There is an 
external potential confining the system, and this 
potential rises toward the edge, causing the Lan- 
dau levels to bend upward near the edge. The 
compressible strips occur where the chemical po- 
tential crosses a Landau level. There are then both 
empty and occupied single-particle states avail- 
able, and the electron gas can screen the external 
potential perfectly. Eventually this Landau level 
bends upward, rising above the chemical potential. 
There are then no more empty single particle states, 
and changing the electron density would involve a 
cost of energy of the order of hcoc, the spacing 
between the Landau levels. Thus, an incompress- 
ible strip forms. Here, the electrons cannot screen 
the external potential. Further out on the edge, the 
chemical potential crosses the next lower Landau 
level, and a new compressible strip forms. Thus, 
whenever the chemical potential lies between two 
Landau levels, the electron gas is incompressible, 
and the electron density is constant, while the total 
potential varies. On the other hand, whenever the 
chemical potential crosses a Landau level, the elec- 
tron gas can screen perfectly the external potential, 
and the electron density varies while the total 
potential remains constant. The width of the in- 
compressible  strips  is  then  determined by  the 
length over which the confining potential varies an 
amount equal to the energy gap hu>c. The origin of 
the compressible and incompressible strips are the 
energy gaps, which are the kinetic energy gaps 
fi o)c in the case of the integer quantum Hall effect. 
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But it is easy to heuristically generalize the argu- 
ment to include the energy gaps causing the FQHE 
[17]. The conclusion is then that there should be 
compressible and incompressible strips, with the 
density of the incompressible strips fixed at the 
density of an FQHE fraction. The width of each 
incompressible strip is then fixed by the length 
over which the confining potential varies an 
amount equal to the energy gap of the FQHE 
fraction corresponding to the density of that strip. 

Finite, inhomogeneous systems have also been 
studied by direct numerical diagonalizations [18]. 
At the present, numerical diagonalizations are lim- 
ited to systems with about 10 electrons. 

It is highly desirable to have a computational 
approach which accurately includes electron-elec- 
tron correlations and can handle inhomogeneous 
systems with on the order of 102-103 electrons. 
One such approach is in principle valid for any 
interacting electron system is the density func- 
tional theory (DFT) [19-21]. There have been some 
attempts to apply density functional theory to the 
FQHE. 
Ferconi and Vignale [22] applied current density 
functional theory [23] to small, parabolically con- 
fined quantum Hall systems and showed that the 
current density functional theory gave good re- 
sults for the ground-state energy and spin polar- 
ization near v = 1. However, the energy gaps due 
to correlation effects were not included in that 
calculation. Ferconi, Geller, and Vignale [24] also 
recently studied FQHE systems within the spirit of 
the DFT using an extended Thomas-Fermi ap- 
proximation at low, but nonzero, temperatures. In 
this, the kinetic energy was treated as a local 
functional, as in the standard Thomas-Fermi ap- 
proximation, while the exchange-correlation en- 
ergy was included in a local density approxima- 
tion (LDA). This extended Thomas-Fermi approxi- 
mation is valid in the limit of very slowly varying 
confining potential. Ferconi, Geller, and Vignale 
focused on the incompressible and compressible 
strips at an edge of an FQHE system and obtained 
results in agreement with the predictions by 
Chklovskii, Shklovskii, and Glazman [17]. 

We have developed for the fractional quantum 
Hall effect an ensemble DFT scheme within the 
local density approximation and have applied it to 
spin-polarized circularly symmetric quantum dots 
[25]. In our approach, the kinetic energy is treated 
exactly, and the density represented by 
Kohn-Sham orbitals. The results are in good 
agreement with results obtained by semiclassical 

[16, 17, 24], Hartree-Fock [14, 15] (for cases where 
the correlations do not play a major role), and 
exact diagonalization methods [26]. Our calcula- 
tions show that the exchange and correlation ef- 
fects of the FQHE are very well represented by the 
LDA and that our approach provides a computa- 
tional scheme to model large inhomogeneous 
FQHE systems. We note that there exist previous 
formal DFTs for strongly correlated systems, in 
particular for high-temperature superconductors 
[27], and DFT calculations of high-Tc materials [28] 
and transition-metal oxides [29]. However, ours 
are, to the best of our knowledge, the first practical 
LDA-DFT calculations of a strongly correlated 
system in strong magnetic fields, and demonstrate 
the usefulness of the LDA-DFT in studying large 
inhomogeneous FQHE systems. 

Ensemble Density Functional 
Theory Approach 

In typical DFT calculations of systems of Ne, 
electrons, the standard Kohn-Sham (KS) scheme 
[30] is implemented in which the particle density 
n(r) is expressed in terms of a Slater determinant 
of N > Nel KS orbitals, i/^Cr). These obey an effec- 
tive single-particle Schrödinger equation Heff i/ca = 
ea\j/a, which is solved self-consistently by occupy- 
ing the Nel KS orbitals with the lowest eigenval- 
ues, ea, and iterating. This scheme works well in 
practice for systems for which the true election 
density can be represented by a single Slater deter- 
minant of single-particle wave functions. How- 
ever, when the KS orbitals are degenerate at the 
Fermi energy (which we identify with the largest 
ea of the occupied orbitals) there is an ambiguity 
of how to occupy these degenerate orbitals. There 
exists an extension of DFT which is formally able 
to deal with this situation. This extension is called 
ensemble DFT [20, 21], and in it, the density of the 
system is represented by an ensemble of Slater 
determinants of KS orbitals. However, while it can 
be shown using ensemble DFT that such a repre- 
sentation of the density is rigorous, it cannot be 
shown how the degenerate KS orbitals at the Fermi 
energy should be occupied, i.e., there has not been 
available a practical computational scheme for en- 
semble density functional theory. 

We argued above that the Laughlin wave func- 
tion cannot be represented as a Slater determinant 
of single-particle wave functions. Therefore, one 
may suspect that the density of a general FQHE 
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system cannot be represented by a single Slater 
determinant. We will now argue that this is indeed 
the case. Consider a FQHE system in the xy plane 
with the magnetic field along the z axis. A circu- 
larly symmetric external potential Vcxt(x) = Vext(r) 
(due, e.g., to a uniform positive background charge 
density) confines the systems such that the density 
is fixed with a local filling of v = \ up to an edge 
at r0 O0 » lB) where the density falls to zero 
within a distance of order lB. That such systems 
exist is well demonstrated by the excellent agree- 
ment between the Laughlin wave function and 
experiments, and by many numerical calculations 
[31, 26]. Due to the circular symmetry we can label 
single-particle orbitals by angular momentum m, 
and by a Landau level index n > 0. The orbitals 
ip„lr „(r) are centered on circles of radii rm ~ ^2 ml B 

with Gaussian fall-offs for r <K rm and r » rm. 
The single-particle orbitals with n = 0 are then in 
the bulk all degenerate, and the degeneracy is not 
lifted by electron-electron interactions since the 
system is homogeneous in the bulk. Only the or- 
bital <//0 0 is nonzero at the origin—all others van- 
ish at r = 0. In order to obtain a constant density 
at v = \ even at the center of the system, all 
single-particle orbitals in the bulk with n = 0 must 
have occupancies \. If the Fermi energy lay above 
the energies of the bulk orbitals, they would all be 
filled and one would have v = 1. Therefore, to get 
occupancies \ the Fermi energy must lie at the 
degenerate energy em0 of these orbitals. Thus, in 
applying DFT to the FQHE we can expect a huge 
degeneracy of KS orbitals at the Fermi energy, and 
they must all have fractional occupancies. Conse- 
quently, the particle density cannot be expressed 
in terms of a single Slater determinant. Instead, the 
density has to be constructed from an ensemble of 
Slater determinants, i.e., the orbitals at the Fermi 
energy are assigned fractional occupation num- 
bers, just as the Laughlin wave function for v = \ 
is not a single Slater determinant, but a highly 
correlated state with average occupancies of \ of 
single-particle states. Therefore, one might expect 
from the outset that one has to use ensemble 
density functional theory—the standard 
Kohn-Sham scheme may not converge. 

Although ensemble DFT has been developed 
formally, there are in practice few examples of 
applications and calculations using ensemble DFT 
for ground-state calculations. A significant aspect 
of our work is that we have developed an ensem- 
ble scheme which is practical and useful for the 

study of the FQHE. In ensemble DFT, any physical 
density    nix)   can   be   represented   by    nix) = 
^mnfmn^mn^ ' where /,„„ are occupation num- 
bers satisfying 0 </„,„ < 1, and the orbitals  ipmn 

satisfy the equation 

2m* 
p + -A(r) 

c 

„(r) = 

+ Vextir) + VHii) + yxc(r,B) 

<Affl„(r), (5) 

where V X A(r) = B(r). In Eq. (5), VH(r) is the 
Hartree interaction of the two-dimensional elec- 
trons, and, as usual, Vxc(r, B) is the exchange-corre- 
lation potential, defined as a functional derivative 
of the exchange-correlation energy Exc[nir), B] of 
the system with respect to density: 

Kc(r,B) = 
SExc[n(r),B] 

8 nix) 

(We will hereafter not explicitly indicate the para- 
metric dependence of Vxc and Exc on B.) For the 
case of the FQHE, we know that the exchange-cor- 
relation potential will be crucial, as it contains all 
the effects of the electron correlations which cause 
the FQHE in the first place, and a major part of the 
DFT application is to come up with an accurate 
model of Exc and so of Vxc. Leaving this question 
aside for a moment, and assuming that we have 
succeeded in doing so, the practical question is 
then how to determine the KS orbitals and their 
occupancies in the presence in degeneracies. We 
devised an empirical scheme, which means that 
after a lot of trial and error we made some edu- 
cated guesses that work. Our scheme produces a 
set of occupancies for the KS orbitals which satisfy 
some minimum requirements, namely (a) the 
scheme converges to physical densities (to the best 
of our knowledge) for FQHE systems, (b) it repro- 
duces finite temperature DFT distributions at 
finite temperatures, and (c) it reproduces the stan- 
dard Kohn-Sham scheme for systems whose den- 
sities can be represented by a single Slater deter- 
minant. 

In our scheme, we start with input occupancies 
and single-particle orbitals and iterate the system 
Neq times using the KS scheme. The number N is 
chosen large enough (about 20-30 in practical cal- 
culations) that the density is close to the final 
density after N iterations. If the density of the 
system could be represented by a single Slater 
determinant of the KS orbitals, we would now 
essentially be done. However, in this system there 
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are now in general many degenerate or near- 
degenerate orbitals at the Fermi energy. After each 
iteration, the Kohn-Sham scheme chooses to oc- 
cupy the Nel orbitals with the lowest eigenvalues, 
corresponding to making a distinct Slater determi- 
nant of these orbitals. But there will be small 
fluctuations in the density between each iteration, 
which cause a different subset of these (near) de- 
generate orbitals to be occupied after each itera- 
tion. This corresponds to constructing different 
Slater determinants after each iteration, and the 
occupation numbers fm„ of these orbitals are zero 
or unity more or less at random after each itera- 
tion. This means that the computations will never 
converge. However, the average occupancies, i.e., 
the occupancies averaged over many iterations, 
become well defined and approach a definite value, 
e.g., | for orbitals localized in a region where the 
local filling factor is close to v = |. Therefore, we 
use these average occupancies to construct an en- 
semble by accumulating running average occupan- 
cies </,„„> after the initial Neq iterations: 

\ 1 m n ' 

1 

Nif - H 
E Jm n,i' (6) 

eq  i = 

where fmn , is the occupation number (0 or 1) of 
orbital ipmn after the z'th iteration, and use these to 
calculate densities. Thus, our algorithm essentially 
picks a different (near) degenerate Slater determi- 
nant after each iteration, and these determinants 
are all weighted equally in the ensemble. It is clear 
that this scheme reduces to the KS scheme for 
which the density can be represented by a single 
Slater determinant of KS orbitals (for which the KS 
scheme picks only the one Slater determinant 
which gives the ground state density) for Neq large 
enough. We have numerically verified that a fi- 
nite-temperature version of our scheme converges 
to a thermal ensemble at finite temperatures down 
to temperatures of the order of W~3ha>c/kB. We 
have also performed some Monte Carlo simula- 
tions about the ensemble obtained by our scheme. 
In these simulations, we used a Metropolis algo- 
rithm to randomly change the occupation numbers 
about our converged solution, keeping the chemi- 
cal potential fixed. The free energy of the new set 
of occupation numbers was calculated self-con- 
sistently. If the free energy decreased, this set was 
kept, and if the free energy increased, the set was 
kept if a random number was smaller than 
exp[-AF/fcBT*], where AF is the change in free 

energy, and T* a fictitious temperature. The re- 
sults were that to within numerical accuracy our 
ensemble DFT scheme gives the lowest free en- 
ergy. As a condition for convergence, we typically 
demanded that the difference between the input 
and output ensemble densities, nin(r) and nout(r), 
of one iteration should satisfy 

2TT 

Nel'o 

-CO 

\ \nin(r)-nout(r)\rdr< 10" (7) 

Practical density functional theory calculations 
hinge on the availability of good approximations 
for the exchange-correlation potential Vxc, which 
enters in the effective Schrödinger equation for the 
KS orbitals. The simplest, and probably the most 
commonly used, approximation is the local density 
approximation (LDA). In this approximation, the 
exchange-correlation energy is assumed to be a 
local  function   of   density,   so   that   the   total 
exchange-correlation energy consists of contribu- 
tions from the local density of the system. Thus, in 
this    approximation    one    writes    Exc/N = 
/drex(v)n(r), where exc(v) is the exchange-corre- 
lation energy per particle in a homogeneous system 
of constant density n = V/0-TTI\) and filling factor 
v. In other words, in the LDA one assumes that 
the system is locally homogeneous, i.e., the system 
can locally be approximated to have the energy 
per particle of an infinite, homogeneous system of 
the local density. This approximation obviously 
makes sense if the density of the system varies on 
a very long length scale, while it could be ques- 
tionable for systems in which the density varies on 
some microscopic length scale. However, experi- 
ence has shown that the LDA often works surpris- 
ingly well, even for systems in which the electron 
density is strongly inhomogeneous [19]. In fact, the 
first application of LDA-DFT was to calculate the 
work function of simple metals [32], so these were 
systems  which were  terminated  with  densities 
varying on the scale of a Bohr radius! Neverthe- 
less, the LDA-DFT gave quite good results, vastly 
superior to those of the Hartree or Hartree-Fock 
approximation. In the FQHE, the length scale of 
exchange-correlation interactions and density fluc- 
tuations is given by the magnetic length lB due to 
the Gaussian fall-off of any single-particle basis in 
which the interacting Hamiltonian is expanded. 
The densities are relatively smooth on this length 
scale, which gives us additional hope that the LDA 
will work well for the FQHE, too. In addition, the 
cusps in the exchange-correlation energy will sup- 
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press density fluctuations, so in this sense one can 
actually expect the basic physics of the FQHE to 
make the LDA a good approximation. 

In conventional LDA-DFT calculation, the ex- 
change-correlation energy exc is obtained by inter- 
polating between the exchange-correlation ener- 
gies per particle of systems with vanishing and 
infinite densities, respectively, for which exact re- 
sults are known. Analogously, following Rasolt 
and Perrot [33], we obtain our exchange-correla- 
tion energy by interpolating between two limits 
for which the result is known very accurately. In 
our case, the two limits are B -> °°, and B -» 0, 
respectively, and we stitch them together using a 
Pade approximant [33]. Thus, we write for the 
exchange-correlation energy per particle of a uni- 
form electron gas in a constant magnetic field: 

-FQHE 

» 
1 + vl (8) 

Here, ejc
c is the zero-magnetic field result for a 

2DEG obtained by Tana tar and Ceperley [34]. The 
term e^HE(v) is the B -> =° limit, which is the 
exchange-correlation energy of the FQHE in a sys- 
tem for which only single-particle states in the 
lowest Landau level are occupied. This contribu- 
tion consists of two terms. The first one is a smooth 
interpolation formula ex

L
c
WM(i>) due to Levesque, 

Weiss, and MacDonald [35] between ground-state 
energies at some rational fillings. The second one, 
ex

c
c(^), is all-important for the study of the FQHE. 

This term contains the cusps in the ground-state 
energy which cause the FQHE. Here we have used 
a simple model which captures the essential 
physics. We model e^c{v) by constructing it to be 
zero at values of v = p/q which display the FQHE. 
Near v = p/q, e^c(v) is linear and has at v = p/q a 
discontinuity in the slope related to the chemical 
potential gap A/A = ^(|Ap| + |A;,|). Here Ap h are 
the quasiparticle (hole) creation energies which 
can be obtained from the literature [36, 37] at 
fractions v = p/q. Farther away from v = p/q, 
exc{v) decays to zero. Finally, in the LDA Vxc(r) is 
obtained from e(v) as 

VM 
d[ve(v)] 

dv v~ f(r) 

at constant B. In our calculations, we restrict our- 
selves to include only the cusps at v = \, §, § and 
v = 3, which are the strongest fractions. These are 
some the fractions of the form   v = p/(2p + 1) 

generated by the so-called V1  model, in which 
only the pseudo-potential Vx is included. 

A technical difficulty arises in the LDA: The 
discontinuities in Vxc(r) in the LDA give rise to a 
numerical instability. The reason is that an arbi- 
trarily small fluctuation in charge density close to 
an FQHE fraction give rise to a finite change in 
energy. Imagine that the local filling factor v(r) in 
some neighborhood of a point r is very close to, 
but less than, say, ~ after one iteration. In this 
neighborhood, the local exchange-correlation po- 
tential will then form a potential well with sharp 
barriers at the points around r where v(r) = f. 
During  the  next iteration,  charge will  then be 
poured into this well. As a result, the local filling 
factor will after this iteration exceed \, and in this 
neighborhood Vxc now forms a potential barrier of 
finite height. So in the next iteration, charge is 
removed from this neighborhood, and so on. We 
can see that this leads to serious convergence prob- 
lems. To overcome this, we made the compressibil- 
ity of the system finite, but very small, correspond- 
ing to a finite, but very large, curvature instead of 
a pointlike cusp in exc at the FQHE fractions. In 
other words, instead of having a steplike disconti- 
nuity   Ayu,   in   the   chemical   potential,   it   rises 
smoothly an amount A ^ over an interval y in the 
filling factor. What worked very well in practice 
was to have the discontinuity in chemical potential 
occur over an interval of filling factor y of magni- 
tude 10~3. This corresponds to a sound velocity of 
about 106  m/s in the electron gas, which is 3 
orders of magnitude larger than the Fermi velocity 
of a 2DEG at densities typical for the FQHE. In 
general, the finite compressibility does not lead to 
any spurious physical effects so long as the energy 
of density fluctuations on a size of the order of the 
systems size is larger than any other relevant en- 
ergy in the problem. The only noticeable effect is 
that incompressible plateaus, at which the density 
would be perfectly constant were the compressibil- 
ity zero, will have density fluctuations on a scale 
of y. Figure 2 depicts Vxc used in our calculations 
as a function of filling factor. 

Applications to Quantum Dots 

We have self-consistently solved the KS equa- 
tions [Eqs. (5)] for a spin-polarized quantum dot in 
a parabolic external potential, Vext(r) = ~m*Ü,2r2, 
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0.0 0.2 0.8 1.0 0.4 0.6 

V 
FIGURE 2. Exchange-correlation potential Vxc as function of filling factor in units of e2/ (e0/B) for 0 < v < 1. The 
increase in Vxr at an FQHE filling occurs over a range of filling factor of 0.004. 

by expanding the KS orbitals i//mffl(r) = eim+<pmn(r) 
in the eigenstates of 

Ho 2 m* 
p + -A(r) 

c 

We use the cylindrical gauge, A(r) = \Br^), and 
include the four lowest Landau levels (n = 
0,...,3). We chose the static dielectric constant 
e0 = 13.6, appropriate for GaAs, and a confining 
potential of strength [9] hü, = 1.6 meV. 

The use of our LDA-DFT scheme is illustrated 
by a study of the edge reconstruction of the quan- 
tum dot as a function of magnetic field strength. 
As is known from Hartree-Fock and exact diago- 
nalizations [12-15, 16], for strong confinement the 
quantum dot forms a maximum density droplet in 
which the density is uniform at v = 1 in the inte- 
rior, and falls off rapidly to zero at r ~ )/2NlB = r0. 
As the magnetic field strength increases, a "lump" 
of density breaks off, leaving a "hole" or deficit at 
about r = r0. This effect is due to the short-ranged 
attractive exchange interaction: It is energetically 
favorable to have a lump of density break off so 
that the system can take advantage of the ex- 
change energy in the lump. As B is further in- 
creased, the correlations will cause incompressible 

strips with densities v = p/q to appear [16, 17, 24, 
38] on the edges, and incompressible droplets to 
form in the bulk at densities  v = p/q. Figure 3 
depicts various states of edge reconstruction ob- 
tained by us as the magnetic field strength is 
increased. The value of B for which the exchange 
lump appears compares very well with the value 
found   by   De   Chamon   and   Wen   [15]   in 
Hartree-Fock and numerical diagonalizations. At 
higher fields still, incompressible strips appear at 
the edges, and incompressible droplets are formed 
in the bulk. In Figure 4 we show occupancies for 
the KS orbitals for a finite-temperature calcula- 
tion   with    Nel = 40,    B = 4.45   T,   and   T = 
0.0003e2/(eQlBkB). The diamonds depict the con- 
verged ensemble occupancies for the KS single- 
particle states using our ensemble scheme. At this 
finite temperature, we calculated the thermal occu- 
pancies of the KS orbitals after each iteration, and 
these "instantaneous" thermal occupancies were 
then averaged using our ensemble scheme. The 
temperature was sufficinently low that the instan- 
taneous thermal occupancies were essentially 0 or 
1 before convergence. The continuous curve shows 
the instantaneous thermal occupancies obtained 
after a particular iteration after convergence has 
been achieved. This figures then clearly shows that 
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FIGURE 3. Edge reconstruction of a quantum dot as the magnetic field strength is increased. Plotted here is the local 
filling factor v{r) for a parabolic quantum dot with ÄU = 1.6 meV and 40 electrons. For magnetic field strengths e < 2 5 
T he dot forms a maximum density droplet, and for B = 3.0 T, an exchange hole is formed. For stronger magnetic ' 
fields, incompressible regions form, separated by compressible strips. 
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Enfemble (diamonds) and instantaneous (solid line) thermal occupancies for NBl = 40 B = 4 45 T and 

/= 0.0003 e  /(eQlBkB) after convergence. 
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FIGURE 5. Eigenvalues of the lowest Landau-level Kohn -Sham orbitals for Nel = 40 and B = 4.45 T as a function of 
angular momentum quantum number. The chemical potential is indicated by the dashed line. 

our ensemble occupancies (in this case at a low, 
but nonzero, temperature) converged to the ther- 
mal occupancies. Note that this particular temper- 
ature is so low that no standard finite-temperature 
scheme could be used to achieve convergence. 

Figure 5 depicts the eigenvalues of the KS or- 
bitals for Nel = 40, and B = 4.45 T. The dashed 
line indicates the chemical potential of the system. 
This figure then shows that all KS orbitals in the 
bulk are in fact degenerate. It may at first seem 
paradoxical that the eigenvalues are degenerate on 
an incompressible strip, since, according to the 
picture by Chklovskii, Shklovskii, and Glazman 
[17], on such a strip the density is constant, while 
the total potential varies (since the electrons can- 
not screen the external potential). If the total po- 
tential varies, then ought not the eigenvalues of 
the KS orbitals localized on that strip vary, too, 
since these then in general are subjected to differ- 
ent potential energies? The problem with this ar- 
gument as applied to DFT is that it ignores the 
effect of the exchange-correlation potential. As the 
external and Hartree potentials vary across the 
strip, the exchange-correlation potential varies 
across its discontinuity so as to completely screen 
out the external and Hartree potentials. The dis- 
continuity in yxc does not mean that this potential 
is fixed at the lower limit of its discontinuity while 

the density is fixed at an incompressible strip. 
What it does mean is that Vxc is free to achieve 
any value across its discontinuity so as to com- 
pletely screen out the external and Hartree poten- 
tials. In this way, it is perhaps better to think of 
incompressibility as the limit of a finite compress- 
ibility approaching zero. A strip can then remain 
incompressible with constant density so long as 
Vxc can screen the external and Hartree potentials, 
so the width of the incompressible strip is given by 
the distance over which the external plus Hartree 
potentials varies an amount given by the energy 
gap associated with the density at that strip. Also, 
all bulk KS states are degenerate at the chemical 
potential. When a single particle is added, the 
chemical potential simply increases a small 
amount, and all KS orbitals are again degenerate at 
the chemical potential. We also would like to em- 
phasize that incompressible regions that appear in 
these calculations are not due to the presence of a 
uniform positive background density which tends 
to fix the bulk density at the value of the back- 
ground density. 

There is also another edge effect caused by 
correlations. For particular, stiff confining poten- 
tials, so-called composite edges [26, 39] can ap- 
pear. These can be thought of as particle-hole 
conjugates   of  uniform  incompressible   droplets. 
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Consider a droplet with a bulk density corre- 
sponding to v = \, falling off to zero at the edge. 
An incompressible droplet with a bulk density of 
v = | is obtained by particle-hole conjugation. 
However, at the edge, the density will first rise to 
v = 1 (since the density of thec=| droplet drops 
to zero), and then eventually drop to zero. Note 
that this argument is based on particle-hole conju- 
gation, which is an exact symmetry of the lowest 
Landau level [40], and it is unclear if composite 
edges exist in real systems, which do not strictly 
obey particle-hole symmetry. 

Figure 6 depicts the particle density (inset) for a 
system where the confining potential is supplied 
by a uniform positive background charge density 
n+= 2/(677-/g) (so that the corresponding filling 
factor is v+= §) for r < r0, and falling linearly to 
zero over a distance a for a > r0, where r0 is fixed 
by charge neutrality. Thus, the parameter a is a 
convenient parameter with which one can control 
the stiffness of the confining potential [15]. From 
this figure, we see that for a = 0, the system forms 
a composite edge, even though our system does 
not obey particle-hole symmetry. We therefore 
conclude that such edges can exist in real systems. 
As a is increased, the edge undergoes an instabil- 

ity and reconstruction, and eventually forms in- 
compressible strips. 

Conclusion and Summary 

In conclusion, we have showed that ensemble 
density functional theory can be applied to the 
FQHE. This opens the door to doing realistic calcu- 
lations for large systems. We believe that our re- 
sults are also significant in that they are the first 
LDA-DFT calculations of a strongly correlated 
system in a strong magnetic field, and they are (to 
the best of our knowledge) the first practical en- 
semble DFT calculations. There are, however, still 
many issues that need to be resolved, and new 
directions to go. For example, our calculations 
were of a spin-polarized system. As is well known 
[7], the spin degree of freedom is very important, 
even for magnetic fields of the order of 10 T. The 
reason is that the effective g factor in GaAs is very 
small, so small that the ratio between the Zeeman 
splitting and the cyclotron energy is about 2%. 
This leads to the possibility of FQHE ground states 
which are not spin-polarized. It also gives rise to 
so-called charge-spin-texture excitations near v = 

1.5 

1.0 

0.5 

0.0 
0.0 

a=0 
a=4 

 a=12 

15.0 20.0 

FIGURE 6. Local filling factor v(r) as a function of r (in units of lB) for a system of 45 electrons in a magnetic field of 
e - 5.0 T. The confining potential is due to a positive background charge density at v+= f in the bulk, and falling 
linearly to zero within a distance a near the edge. For a stiff edge (a = 0), the system forms a composite edge with v(r) 
rising toward unity near the edge. As a increases, the edge becomes softer and undergoes a reconstruction to a 
sequence of incompressible strips. 
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\/m, m = 1,3,... . These excitations are lower in 
energy than a simple singlet particle-hole pair, 
and believed to be responsible for the observed 
[41] rapid destruction of the spin polarization near 
v = 1. Correctly including the spin degree of free- 
dom to account for this involves a DFT for Heisen- 
berg spins. We are presently, together with J. 
Kinaret (Chalmers University of Technology), de- 
veloping such a theory. 
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ABSTRACT 

The Kohn-Sham eigenvalues were formally introduced into density functional theory as 
Lagrange multipliers in the implementation of the minimum principle for the total 
energy of a many-electron system. No general results are available concerning the 
physical significance of these one-electron eigenvalues (with the exception of the highest 
occupied level, which equals the Fermi energy). Recent ab initio calculations of dynamical 
response in metals make explicit use of the Kohn-Sham band structure, and associated 
wave functions, through the use of spectral representations. This opens up the possibility 
of examining the significance of the eigenvalues at an "empirical" level, i.e., through 
direct comparison with the results of spectroscopic measurements. A particularly 
interesting example is afforded by new inelastic x-ray scattering experiments on Al. For 
a special wave vector transfer, q0 ~ 1.5kF, the measured spectrum provides a direct mapping 
of the Kohn-Sham noninteracting spectrum. For a range of wave vectors about q0, the bare 
Kohn-Sham spectrum still reproduces all the main features of the measurements; this 
suggests that, in this metal, the Kohn-Sham eigenvalues are good approximations to the 
quasiparticle energies. We also discuss the interplay between Kohn-Sham bands and the 
energy of the "anomalous" plasmon in Cs, whose dispersion bears a signature of the 
excited-state band structure. Finally, and in a more formal framework, we outline the 
results of a first-principles comparison between quasiparticle amplitudes and Kohn-Sham 
wave functions at a jellium surface; the latter turn out to be excellent approximations to 
the former.    © 1996 John Wiley & Sons, Inc. 

* Managed by Lockheed Martin Energy Research Corp. for 
the U.S. Department of Energy under contract DE-AC05- 
960R22464. 
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Introduction 

Density functional theory is a powerful ap- 
proach to the many-body problem of inter- 

acting electrons [1]. In particular, Kohn and Sham 
[2] established a rigorous mapping between the 
intractable problem of interacting electrons (e.g., 
the ~ 1023 valence electrons in a metal) and the 
much simpler problem of fictitious noninteracting 
electrons moving in an effective, local, energy- 
independent potential which contains all the 
many-body effects (these effects strongly influence 
most properties of metals). The great practical in- 
terest of this scheme resides in the fact that the 
self-consistent solution of the Kohn-Sham equa- 
tion yields the density for which the energy of the 
ground state of the interacting system takes on its 
minimum value. The scheme would be exact, i.e., 
the density would equal the exact many-body den- 
sity, if the exact form of the exchange-correlation 
energy functional Exc[n] were known—which, of 
course, it is not. 

The local density approximation (LDA) is the 
simplest nontrivial ansatz for Exc[«]. This approxi- 
mation, already discussed in the two original pa- 
pers on density functional theory [1, 2], has turned 
out to work surprisingly well in practice. When 
LDA-based density functional calculations are per- 
formed strictly within the confines of the method 
—the ground state of the interacting system—the 
success stories have been many [3-5]. Typically, 
lattice parameters, bulk moduli, phonon frequen- 
cies, and other observables which are functionals 
of the ground-state electron density, are nowadays 
obtained from first principles—that is, using as 
input only the atomic number for the species un- 
der study, and an available approximate result for 
the correlation energy of the uniform electron gas 
—and they agree with experiment very well. For 
strongly correlated systems such as the heavy 
Fermions, the high-Tc cuprates, and even for a 
conventional itinerant ferromagnet such as Fe, the 
limitations of the LDA, and its spin-polarized 
counterpart, LSD A, must be dealt with [6-8]. In 
some cases, gradient corrections to the LSDA func- 
tional may improve the results (e.g., the ground 
state of Fe) [9]. For the magnetic systems, the 
quality of the results may even depend on the 
details of the parametrization of the correlation 
energy for the uniform electron gas [10]. 

Now, there is another class of physical problems 
for which the information contained in the 
Kohn-Sham equation has been used rather rou- 
tinely—and, basically, out of necessity. Specifi- 
cally, the Lagrange multipliers of the theory, the 
Kohn-Sham eigenvalues (typically, evaluated 
within the LDA) are commonly used for the inter- 
pretation of spectra obtained via photoemission 
[11] (which probes the occupied states) and inverse 
photoemission [12] (which probes the empty 
states). This procedure has proved successful in 
many cases, at least in a practical sense [11, 12]. 
However, in others it has not—the band-gap prob- 
lem in semiconductors [13, 14] being a classic 
example. [We recall that the origin of this problem 
is not the approximate nature of the LDA; the 
optical excitation across the gap is strongly influ- 
enced by the dynamical electron-hole (exciton) at- 
traction [15], which is a many-body process out- 
side the one-electron Kohn-Sham scheme.] 

The question of how good the Kohn-Sham 
eigenvalues are as an approximation to the excita- 
tion energies is receiving a great deal of attention 
these days [16, 17]—particularly for finite systems, 
such as atoms and molecules [16]. (In the case of 
atoms, there is the additional issue that the LDA 
yields poor eigenvalues, since in this approxima- 
tion the one-electron potential decays exponen- 
tially, rather than as the inverse power of the 
distance from the nucleus [3].) Of course, anybody 
doing spectroscopy would probably agree that 
what is needed are quasiparticle band structures 
(and their lifetimes), as these are the "energy lev- 
els" which photoelectrons probe. However, quasi- 
particle band structure calculations in the presence 
of the periodic ionic potential are still rather rare 
[18], and, for the most part, confined to semicon- 
ductors (Ref. [19] is an exception) and to relatively 
simple treatments of the correlation problem, such 
as the dynamically screened Hartree-Fock [20]—or 
GW [21]—approximation. More elaborate treat- 
ments of dynamical correlations are at the present 
stage the province of discrete models of highly 
correlated materials, such as the two-dimensional 
Hubbard model [22]. 

In this article we examine the question of the 
interconnection between the Kohn-Sham band 
structure and real electronic excitations in metals 
at both an "empirical" level and at a more "funda- 
mental" level. For the most part, we confine the 
presentation to the empirical category, by which 
we mean detailed comparison with measured 
spectra. Such comparisons are now becoming possible 
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because of recent advances on the theoretical front, by 
virtue of which loss spectra can be calculated ab initio, 
that is, with use of a realistic representation for the 
Kohn-Sham states in crystals (as opposed to, e.g., 
jellium model-based calculations); see Ref. [23], 
and references therein. 

A very recent inelastic x-ray scattering investi- 
gation of Al provides an excellent test case, as in 
that study a wave vector transfer is identified (q = 
q0 ~ 1.5kF) for which the x-ray photons couple 
directly with noninteracting electron-hole pairs 
[24]. We find that the "Kohn-Sham spectrum" 
agrees very well with the x-ray data obtained for 
this unique experimental condition. Away from 
this condition, the x-rays, of course, excite dressed 
electron-hole pairs. Yet, in general, for wave vec- 
tors which are large enough that the coherent 
aspects of the electronic response are suppressed, 
the bare Kohn-Sham (LDA-) spectrum still dis- 
plays all the main features of the measured spec- 
tra. This finding suggests that the unoccupied 
Kohn-Sham bands are not too different from 
quasiparticle bands, even at energies as high as 60 
eV above the Fermi level. (Quasiparticle lifetimes 
are outside this argument.) 

The heaviest alkali metal, Cs, is another interest- 
ing system for which to address the same issue. 
This possibility arises because it turns out that 
interband transitions into empty states just above 
(op [25] influence the measured "anomalous" dis- 
persion [26] of the Cs plasmon appreciably. While 
other physical effects—such as correlation—also 
play a role, even for small wave vectors [25], our 
presentation highlights the interplay between se- 
lected Kohn-Sham bands and the measured plas- 
mon energy. This interplay is such that it leads to 
a negative plasmon dispersion [27] for small wave 
vectors. 

A message that comes out of these studies of 
electronic excitations in prototype metals is that 
we expect that a "many-body loop," which would 
start with a Kohn-Sham band structure, and would 
proceed by renormalizing the bands via dynamical 
self-energy insertions, should converge rather 
quickly. Of course, a wider variety of metallic 
systems needs to be investigated along similar 
lines. 

Finally, we present a sketch of a first-principles 
comparison [28] between quasiparticle theory and 
density functional theory at a jellium surface—this 
study belongs in the "fundamental" category. The 
emphasis is placed on states which are self-bound 
to the surface by long-range Coulomb correlations, 

the image states [29]. The Kohn-Sham eigenfunc- 
tions for these states—which must be calculated 
without invoking the LDA, as this approximation 
ignores long-range correlations—turn out to be 
excellent approximations to the corresponding 
quasiparticle amplitudes. Furthermore, the quasi- 
particle energy shifts are found to be quite small. 
Thus, at least as far as the manifestations of the 
real part of the electron self-energy are concerned, 
the Kohn-Sham states represent the quasiparticle 
states near the vacuum level (~4 eV above the 
Fermi level) very well. 

Linear Response 

For the purposes of our inquiry into the possible 
experimental manifestation of the Kohn-Sham 
states, it is convenient to begin with the following 
spectral representation for the spatial Fourier 
transform of the noninteracting electron-hole po- 
larizability *(0;KS)(x,x'; <y), 

*c.0;GKS,(q; «0 
1      BZ 

TT-X: E 
fk, n       J\ k + q, n' 

a N    k „   „'   Ek,n   "   Ek+q,«'   +   h(<°+   »?) 

X<k, M|e-'(" + G)-*|k + q, n') 

X<k + q, n'\e^ + G'yi\k,n), (1) 

where flN is the normalization volume and G is 
a vector of the reciprocal lattice. The label KS add- 
ed to the polarizability serves as a reminder that 
the "noninteracting" electrons we have in mind 
are those described by Kohn-Sham eigenfunctions 
and eigenvalues ("independent" may be a better 
denomination than noninteracting, since the 
Kohn-Sham electrons experience a mean field 
which includes exchange-correlation effects). The 
matrix elements in Eq. (1) are evaluated by ex- 
panding the one-electron Bloch (Kohn-Sham) 
states in an appropriate basis; the expansion coeffi- 
cients are obtained from the self-consistent solu- 
tion of the Kohn-Sham ground state. In principle, 
Eq. (1), and the discussion which follows, refer to 
an exact implementation of density functional the- 
ory; in practice, most calculations—in particular, 
the physical results discussed in the next two 
sections—start from a band structure obtained 
within the LDA. [Some details of the numerical 
evaluation of Eq. (1), and of the ensuing loss spec- 
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trum (number of bands included, sampling of the 
Brillouin zone, size of the response matrices, etc.), 
can be found in Refs. [25, 30-32].] 

In the time-dependent version of density func- 
tional theory (this method is a relatively recent 
development) [33, 34], the true density response 
function ^(x, x'; w) obeys an integral equation of 
the form 

X = X + XVX, (2) 

where v denotes the bare Coulomb interaction and 
X  is the "irreducible polarizability," related to 

X 
(0;KS) via the equation 

r1 
(x(0;KS))   -/> KS (3) 

where the "vertex correction" /x^
s is rigorously 

given by the functional derivative of the time- 
dependent exchange-correlation potential [34] with 
respect to the fluctuating density, i.e., 

/> 
KS 

SVxc(x,t) 

Sn(x',t') 
(4) 

We note that we have chosen to write Eqs. (2) 
and (3) in a form which facilitates the comparison 
with the diagrammatic approach [35]. To this end, 
we furthermore write the solution of Eq. (2) ä la 
Hubbard [36], i.e., 

<°;KS>{1- Ki - GKS)*(0;KS)r\     (5) X = X 

a result which follows immediately from Eqs. (2) 
and (3) upon introducing the "many-body local- 
field factor" GKS(q, w) [35, 36], defined such that 
/xf = - vGKS. [Note that, while for the jellium 
model the density response function ^ is a scalar, 
for the general case of band electrons in a periodic 
crystal potential, all elements of Eq. (5) must be 
understood as matrices in reciprocal space.] 

In the time-dependent density functional frame- 
work [33, 34], Eq. (5) is formally exact. However, 
not much is known explicitly about the functional 
form of Vxc(x, t). (For recent work on the treatment 
of dynamical correlations in jellium, see Ref. [37]; 
exchange-only calculations for atoms within the 
so-called optimized effective potential are dis- 
cussed in Ref. [34].) Most calculations of response 
within density functional theory—particularly in 
the presence of the crystal structure—have so far 
resorted to making an adiabatic ansatz, such as the 
"time-dependent" LDA (or TDLDA) [38], in which 

/xf = / d3xe-i(ix dVxc(x)/dn(x), where Vxc(n) is the 
exchange-correlation potential obtained in an LDA 
ground-state calculation. 

In diagrammatic approaches to the electronic- 
response problem, it is rather customary to intro- 
duce the random-phase approximation (RPA) for 
the irreducible polarizability, ^(0), as the reference 
density response for noninteracting electrons [39]. 
In that case, the counterpart of Eq. (5) can be 
written as 

x = x(0){1_Hl_G)x(0)y (6) 

where we have introduced a general many-body 
local-field factor G(q, «). We stress that Eq. (6) 
may also be viewed as giving the exact density 
response function—if we agree that all the effects 
of correlation are to be included inG(q, w). Of 
course, this is just a definition; in actual calcula- 
tions, the local-field factor is obtained only approx- 
imately [35]. Note also that the propagators which 
define ^-<0) are bare [40] (i.e., they contain no self- 
energy or exchange-correlation, effects), and this 
translates into the result that, although the spectral 
representation for ^(0) has the same form as Eq. 
(1), the energy eigenvalues and matrix elements 
are to be obtained for the Hartree one-electron 
Hamiltonian. 

As just indicated, the two "pictures"—i.e., the 
response methods based on either Eq. (5) or Eq. (6) 
—formally yield the same exact density response. 
However, the respectively noninteracting polariz- 
abilities, ^(0;KS) and ^-(0) are, in general, different 
(an exception is encountered in the case of Al 
investigated below); thus, the corresponding 
many-body local field factors must be different as 
well. In fact, from Eqs. (5) and (6) it is a simple 
exercise to obtain the following relation between 
them [41]: 

G KS G = v-i{(x^y1 -ix^y1}. (?) 

Traditionally, the many-body aspects of the 
electronic response have been discussed via the 
diagrammatic approach [Eq. (6)], whose imple- 
mentation has been mostly restricted to the jellium 
model [35]. However, the physics discussed in the 
next two sections is outside this time-honored 
model; one must then tackle the spectrum of exci- 
tations of real crystals. As is well known, calcula- 
tions for crystals are the established domain of the 
Kohn-Sham method—as far as ground-state ob- 
servables are concerned. Equation (7) provides a 
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convenient link between both approaches to the 
treatment of the effects of correlation in the den- 
sity response function x- 

Probing the Kohn-Sham States in 
Aluminum with X-rays 

Larson et al. [24] have very recently performed 
extensive measurements of the dynamical struc- 
ture factor of Al at the Oak Ridge National Labora- 
tory x-ray beam line at Brookhaven's National 
Synchrotron Light Source. The emphasis was 
placed on wave vectors q ~ 2k F, as calculations by 
Fleszar et al. [31] had raised the possibility that 
such measurements could be used to prove the 
details of the short-range electron-electron correla- 
tions. This wave vector regime is, of course, central 
to Hartree-Fock theory, which predicts a spin den- 
sity wave instability in the electron gas [42]. Fur- 
thermore, the large wave vector response has a 
long history of interest in connection with the 
famous double-peak loss structure of the inelastic 
x-ray spectrum of simple systems; see Refs. [31, 43, 
44], and references therein. 

We recall that the cross section for inelastic 
x-ray scattering is proportional to the dynamical 
structure factor S(q, to), given by the equation 

S(q; co) = -2/jnNIm xG = 0G. = 0(q;w).    ^ 

Thus, the cross section is directly obtained from 
the solution of Eq. (5). Inspection of the experimen- 
tal data [24] readily shows that the x-ray spectrum 
of Al contains a distinct "crossover" from a regime 
(q < kF) for which mean-field response (the RPA) 
works well, to a regime (q > kF) where it does not. 
An equivalent way to phrase this is to state that 
for q > kF the response becomes predominantly 
incoherent—which is precisely the regime that we 
must have access to, if we are to isolate the re- 
sponse of the one-electron states. Note that this 
regime is not easily accessible with other probes, 
such as inelastic electron scattering. 

In fact, the large impact of correlation for q > kF 

and energies up to fiw ~ 40 eV made possible the 
first experimental determination of the many-body 
local-field factor for Al for large wave vectors [24]. 
In brief, such determination proceeds by "invert- 
ing" Eq. (5) (whose left-hand side corresponds to 
the measured data) to extract the local-field factor 
[45] on the basis of the knowledge of the noninter- 
acting spectrum S(0;KS)(q, co)—which obtains from 

Eq. (8) upon replacing the true response x bv its 

noninteracting counterpart given by Eq. (1); such 
replacement is equivalent to setting v(q) = 0 in 
Eq. (5). Remarkably, the measured local-field fac- 
tor, Ge^p(q, co), turns out to be much stronger than 
predicted by theory for q -> lkF [46-50]—with 
one exception [49]; this result is indicative of strong 
many-body correlations. 

From the perspective of the present article, the 
key feature of the experiments of Larson et al. [24] 
which we want to focus on is that Gefp(q, co) equals 
unity for q = q0 ~ 1.5kF. Most importantly, this 
result holds (approximately) over a large fre- 
quency interval—the data of Ref. [24] are consis- 
tent with a weak co dependence of the local-field 
factor for energies less than ~ 35 eV; furthermore, 
Ge^p(q, co) turns out to be predominantly real in 
this spectral region. Thus, for q = q0 conditions are 
realized such that from Eq. (5) it follows that 
S(q0/fi>) - S(°;KS)(q0, co) (i.e., Im x » Im *(0;KS) for 
q = q0) over a rather wide frequency inter- 
val—which includes the double-peak loss struc- 
ture. This situation is striking, since it means that, 
for q = q0, the x-rays photons probe the response 
of noninteracting (independent) electron-hole pairs. 
This provides us with the opportunity of "taking a 
look" at the Kohn-Sham eigenvalues (band structure). 

The above statement is borne out by the results 
of Figure 1, in which we compare explicitly the 
x-ray data for q = q0 with the Kohn-Sham spec- 
trum S(0;KS)(q0, co), obtained in the LDA. The 
agreement between both spectra is extremely good; 
note that we are comparing absolute intensities, 
and that the calculation contains no adjustable 
parameters. Clearly, then, for q = q0 the measured 
spectrum provides a direct physical realization of 
the Kohn-Sham excited-state one-electron band 
structure. We are not aware of a similar example 
in any other experimental context. 

[The exaggerated feature in S(0;KS)(q0, co) at hco 
~ 40 eV is probably due to residual effects of the 
Coulomb interaction, i.e,. to the approximate na- 
ture of the equality Ge^p(q0, co) = 1 over the fre- 
quency range covered by the data shown in Figure 
1. In addition, for hco ~ 40 eV, and for higher 
frequencies as well, the data are rather insensitive 
to the effects of correlation—this increases the 
intrinsic error of the measured value of local-field 
factor for such frequencies [24].] 

Now, the definition of the "special" wave vec- 
tor q0 was made on the basis of Eq. (5), i.e., in the 
context of the density functional approach to dy- 
namical response. We noted above that the many- 
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FIGURE 1. Inelastic x-ray spectrum of Al for q = q0 = 
1.5/cF—the wave vector for which G*x

s
p(q, w) s 1, as 

determined in Ref. [24] (see text). The empty circles are 
the measurements of Larson et al. [24]. The solid curve 
corresponds to S(0;KS)(q0, w), which is the loss spectrum 
for "bare" Kohn-Sham electrons, obtained by replacing 
Eq. (1) into Eq. (8). For comparison, the corresponding 
noninteracting spectrum for jellium (Lindhard function) is 
also shown. 

body local-field factor introduced in the diagram- 
matic approach differs, in general, from its density 
functional counterpart; see Eq. (7). Thus, on first 
sight it may seem that the preceding analysis may 
contain an element of ambiguity in the assignment 
of the balance between the band structure and 
many-body effects. However, there is no ambigu- 
ity; explicit calculation shows that, for Al, the 
"truly noninteracting" response x<0) evaluated in 
Hartree (RPA) theory is identical, on the scale of 
Figure 1, with the Kohn-Sham noninteracting re- 
sponse ^(0;KS>. From this result it follows that 
GKS = G, at least for the domain of wave vectors 
and frequencies relevant to the experiments of Ref. 
[24]. Thus, the significance of the wave vector q0 

for the x-ray spectum of Al is identical in both 
"pictures." 

Thus far we have argued that, for a special 
experimental condition, which materializes for 
q = q0, the x-rays excite "bare" Kohn-Sham 
electrons. What about other wave vectors?—how 
different is the measured response from ^<0;KS) in 

the general case? We stress that this argument refers 
to a comparison of the data with *(0;KS), not with the 
full ("dressed") response x- 

The answer to the question just posed is con- 
tained in Figure 2. For pedagogical reasons, we 
show results for both the smaller q regime (left 
panel), in which the response is dominated by the 
collective mode (plasmon), and for a range of 
wave vectors about q0, for which the response is 
manifestly incoherent (right panel). It is apparent 
that, in the incoherent regime, the response of 
independent Kohn-Sham electrons, S(0;KS)(q, «), 
provides a rather good approximation to the x-ray 
data—it reproduces the fine structure of the mea- 
sured spectra quite well, and the absolute intensi- 
ties are not that far off. (A more exhaustive series 
of measurements, including data for even larger 
wave vectors, is presented in Ref. [24].) We inter- 
pret this result as a strong indication that, for Al, 
the Kohn-Sham eigenvalues and wave functions 
are good first approximations to their quasiparticle 
counterparts—even for excited states which are as 
far away from the Fermi surface as are probed by 
the data of Figure 2. 

We finish this discussion with an overview of 
the method of analysis presented above. One may 
still ask what response scheme—based on Kohn- 
Sham or RPA noninteracting polarizabilities—is 
more suitable, in general, for the purposes of ana- 
lyzing the x-ray data. Both approaches are entirely 
equivalent within the jellium model, since in that 
case the Kohn-Sham wave functions are plane 
waves, and the many-body effect contained in 
VXC(H) amounts to a trivial shift of all the eigenval- 
ues. However, a metal would not even bind in the 
absence of electron correlations (which is why the 
calculation of the noninteracting RPA response ^(0) 

alluded to above was performed by clamping the 
crystal at the lattice constant for which the total 
energy minimizes in LDA), and this favors the 
procedure adopted above—i.e., the extraction of 
the local-field factor based on Eq. (5), not on Eq. 
(6). The opposite viewpoint was adopted in Ref. 
[24], but, as noted above, for Al there is no differ- 
ence. [Incidentally, on first sight, the fact that, for 
AL  x (0; KS) 

X 
(0) may appear to imply that the 

inelastic x-ray spectrum of this metal is well repro- 
duced by the jellium model; we emphasize that 
this is not the case, as Figure 1 clearly illustrates.] 

For a metal with localized electrons at the Fermi 
level, such as Pd, ^(0;KS> and x(0) are quite differ- 
ent [51] (the correlation effect contained in Vxc(n) 
leads to a narrowing of the occupied d-band com- 
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FIGURE 2. Comparison of measured inelastic x-ray spectra of Al [24] for a variety of wave vectors with the 
corresponding loss spectra for independent Kohn-Sham electrons, S(0;KS)(q, <o). See text for details. 

plex), and thus the respective many-body local- 
field factors are* intrinsically different. Since the 
LDA provides a valuable starting point for the 
treatment of correlation in crystals, we anticipate 
that forthcoming experiments on the transition 
metals (which will make use of new sources of 
hard x-rays, such as the Advanced Photon Source 
at Argonne) will be analyzed on the basis of Eq. (5) 
—if desired, the transformation to the RPA-based 
picture can be performed via Eq. (7). 

Interplay between Kohn-Sham Bands 
and the Dielectric Response of Cesium 

The dielectric response of Cs provides us with 
another example of the "empirical" manifestation 
of the Kohn-Sham band structure in the excitation 
spectrum of metals. High-resolution electron en- 
ergy loss measurements by vom Felde et al. [26] 
have shown that the plasmon dispersion relation 
of the heavy alkalis differs drastically from the 
picture of the collective response of the simple 
metals held for many years—ever since the devel- 
opment of the RPA for the interacting electron gas 
[39]. In the case of Cs, instead of a "conventional" 
(upward) parabolic dispersion curve, controlled by 
the compressibility, the energy of the plasmon 

disperses downward for q -» 0; furthermore, the 
dispersion curve remains quite flat for large wave 
vectors. 

In Figure 3 (which centers on the small wave 
vector domain) we show the measured plasmon 
dispersion relation [26], together with our calcu- 
lated dispersion curve for Cs [25] and for electrons 
in jellium with the bulk density of Cs (rs = 5.6). (A 
negative plasmon dispersion for a realistic model 
of Cs was first reported in Ref. [27].) The theoreti- 
cal dispersion curve was obtained from the posi- 
tion of the main peak in the loss spectrum S(q, a>) 
given by Eq. (8). Clearly, there is excellent agree- 
ment with experiment. The key physical ingredi- 
ents behind this agreement are [25]: the effects of 
the band structure, the matrix nature of the re- 
sponse, which reflects the contribution to the po- 
larizability from the spatially localized 5p semi- 
core states, and the related enhancement of the 
importance of the many-body Coulomb correla- 
tions for small wave vectors. 

In keeping with the theme of this presentation, 
we proceed to highlight the role of the Kohn-Sham 
band structure. We do this with reference to Fig- 
ure 4, in which the central issue is the effect of the 
unoccupied bands on the position of the root of the 
equation Re eG = 0; G' = o(<i; u) = 0—an alternative 
definition of the energy of the plasmon for a given 
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FIGURE 3. Plasmon dispersion relation in Cs for small 
wave vectors along the (110) direction. The figure shows 
the experimental data of Ref. [26] (crosses) and the 
crystal calculation of Ref. [25] (full circles), together with 
the RPA dispersion curve for jellium (empty squares). (In 
the crystal calculation the 5p semicore states were 
treated as valence states; furthermore, that calculation 
includes the effects of the crystal local fields and of a 
many-body local-field, or vertex correction [25].) 

q. Now the exact dielectric function is given by 
e = 1 - vx [see Eq. (3)], where, in general, all 
quantities are matrices in reciprocal space. For 
independent Kohn-Sham electrons we have eKS = 
1 vx (0;KS). since we are focusing on the empty 
states, in Figure 4 we have not included the contri- 
bution from the semicore states [25], in which case 
the response becomes predominantly diagonal, and 
this is why only the G = 0, G' = 0 element of the 
dielectric function enters the present argument. 

Figure 4 shows, in the frequency region in the 
vicinity of the plasmon energy (~ 3 eV), Re eGi 0 

G. = 0(q;a>) calculated for "real" Cs (solid curve) 
and its counterpart for jellium (long dashes). First, 
it is apparent that the zero of the (real part of the) 
dielectric function of the crystal is shifted down- 
ward relative to its position for the jellium model 
—the location of the respective zero of Re eGi0 

G. = 0(q;w) is indicated by a pair of arrows. The 
negative plasmon dispersion for q -> 0 is traced to 

this shift [32], whose magnitude is wave vector 
dependent. 

Next, we draw attention to the curve in short 
dashes, which corresponds to the dielectric func- 
tion of the crystal obtained upon eliminating from 
Eq. (1) the contribution from final states corre- 
sponding to a narrow complex of Kohn-Sham 
bands lying just above the plasmon energy. The 
inset of Figure 4 shows the calculated density of 
(Kohn-Sham) states (DOS); the lower local maxi- 
mum in the DOS (note that it occurs at ~ 3 eV!) 
due to the bands in question is highlighted by an 
arrow. These bands, which are predominantly of 
d-like symmetry [52], roughly span the 3-4 eV 
range. As seen in the figure, in the absence of 
those interband transitions, the root of Re eGt0 

G- = 0(q; w) = 0 for the crystal coincides with its 
frequency position for jellium. In that case the 
anomaly goes away—the plasmon dispersion is then 
solely determined by the compressibility, which is 
of course positive, since the system is stable, and 
the plasmon disperses upward [53]. 

[Although for small wave vectors the spectral 
weight of the one-electron transitions just identi- 
fied is small [32], they involve final states which 
are nearly degenerate with the plasmon; further- 
more, the real part of the dielectric function of the 
crystal reaches its zero quite gradually, as seen in 
Figure 4. Both features of the excitation spectrum 
of Cs contribute to the sensitivity of the energy of 
the plasmon to small "perturbations," such as 
introduced by the unoccupied Kohn-Sham bands 
whose effect is highlighted in the figure.] 

To reiterate: If we remove the spiky complex in 
the Kohn-Sham DOS which lies just above u> , the 
dispersion relation of the plasmon of Cs changes 
qualitatively—it becomes the same as that for elec- 
trons in jellium (cf. Fig. 3). Thus the plasmon of Cs 
embodies a remarkable signature of the Kohn- 
Sham excited-state band structure. The impact of these 
one-electron (Kohn-Sham) transitions on the di- 
electric function of Cs is such that, in conjunction 
with other physical effects which prove important 
in the present problem—crystal local fields, elec- 
tron-electron correlations—excellent agreement 
with the measured plasmon dispersion relation is 
obtained for small wave vectors [25]. 

In summary: Although there is no general 
Koopmans-like theorem relating the Kohn-Sham 
one-electron states to electronic excitations, the 
above results for the plasmon of Cs, together with 
the direct observation of S(0;KS)(q, co) on which we 
based our discussion of the x-ray spectrum of Al 
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for large wave vectors, provide concrete examples 
in which dynamical polarizabilities obtained from 
Kohn-Sham electrons compare with experiment 
quite well. Ongoing calculations for a metal with 
d-like orbitals at the Fermi surface, namely Pd, 
tend to agree with this finding [51]. 

Of course, by its very nature, an "empirical" 
study such as the one we have outlined for Al and 
Cs can only be deemed as being "suggestive." 
Nonetheless, on the basis of the above presentation 
we propose that, for these metals, the Kohn-Sham 
independent electrons provide a good first approx- 
imation to the true quasiparticle states (with the 
caveat that the quasiparticle lifetimes are beyond 
the realm of the Kohn-Sham scheme). Clearly, 
more fundamental investigations, based  on the 

evaluation of quasiparticle band structures (in- 
cluding lifetimes), must be undertaken. Such cal- 
culations may be feasible; the above discussion gives 
us the hope that the Kohn-Sham band structure may be 
such a good initial "guess" that {the computationally 
expensive) many-body self-consistency may be achieved 
in a few iteration steps. 

Quasiparticles and Kohn-Sham 
Electrons at a Jellium Surface 

The spectrum of electronic excitations can be 
obtained from the solution of the Dyson equation 
for the one-electron Green's function, or, equiva- 
lently, by the self-consistent solution of the quasi- 
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particle equation [54]: 

—v2 + yH(x) 
2m 

wOP{x, EOP) ■QP-1 

+ f d3x' Sxc(x,x'; EQ?)%P(x', EQP) 

QP    QP^X/ ^QpL (9) 

where ^QP(x, EQP) is a quasiparticle amplitude and 
EQP is the corresponding eigenvalue—which, we 
recall, corresponds to a physical excitation energy 
of the many-electron system in a metal, as probed, 
for example, by an electron added in the inverse 
photoemission process. In Eq. (9) we have intro- 
duced the electron self-energy, Xxc(x, x'; E), which 
plays the role of a complex, nonlocal, energy- 
dependent "potential" in which the quasiparticle 
propagates—and which the quasiparticle actually 
sets up self-consistently. In the calculations on 
which the following outline is based, the self- 
energy was evaluated in the so-called GW approx- 
imation [20, 21], in which 

2xc(x, x'; E) = — f dE' e;£'" G(x, x'; E + E') 
2TT J 

XW(x,x';E'),    (10) 

where G(x, x'; E) is the one-electron Green's func- 
tion, and W(x, x'; E) is the dynamically screened 
electron-electron interaction, given by the equa- 
tion W = v + vxv, where \ is the time-ordered 
counterpart of the density response function intro- 
duced in Eq. (2). We note that a description of the 
screening consistent with the neglect of vertex 
corrections in Eq. (10) requires that the density 
response x used in the evaluation of W be the 
solution to Eq. (2) for x = Xm—which is the RPA, 
obtained also from Eq. (6) with G(q, w) = 0. [The 
exact self-energy is formally given by Sxc = GW T, 
where T is the vertex function; T = 1 in Eq. (10).] 

The solutions of Eqs. (9) and (10) have been 
compared in detail [28] with the self-consistent 
solutions of the much simpler Kohn-Sham equa- 
tion, 

2m 
V2 + VH(x) + Vxc(x)U„(x) = E>„(x), 

(ID 

for the case of a metal surface modeled by jellium 
—this model affords a tractable realization of a 
strongly inhomogeneous interacting electron sys- 

tem. The emphasis was placed on states which are 
bound by the image tail of the surface barrier, 
namely the image states [29] (which are reso- 
nances, in the absence of a band gap). The physics 
of these states is governed by the dual features of 
long-range Coulomb correlations and strong charge 
localization at the surface. 

Now, in the LDA, Vxc(x) is a function of the local 
value of the density n(x), and this leads to a 
surface barrier which decays exponentially into the 
vacuum outside the surface. By contrast, the cor- 
rect surface barrier has a long-range z~l tail. Thus, 
the image states are entirely beyond the realm of 
the LDA, which is the approximation for correla- 
tion for which Eq. (11) is typically solved. 

A scheme was developed for going beyond the 
LDA in Eq. (11) in a nonperturbative fashion [55, 
56]. By nonperturbative we mean that the rapid 
rate of decay of the electron density at the surface 
is treated exactly, i.e., without appeal to gradient 
expansions—which is a must, in the present case. 
In essence, this scheme starts out from the obser- 
vation that long-range correlations in the presence 
of the self-consistent electron density profile at the 
surface are naturally included into the self-energy 
given by Eq. (10), and thus into the quasiparticle 
states given by Eq. (9), already at the level of the 
RPA, via the response function x- The idea is then 
to feed the long-range correlations into Vxc(x) 
through their insertion into Sxc(x, x'; E) by solving 
an exact integral equation [57] which relates both 
"potentials." From the solution of that equation 
for Vxc(x), a nonlocal relation between Vxc and n 
was subsequently established [56, 58]; this relation 
allows us to perform electronic surface structure 
calculations which have built in the effects of the 
long-range Coulomb correlations, and thus the im- 
age states, absent in the LDA. 

In Figure 5 we compare the quasiparticle ampli- 
tude ^(qy, £QP; z) with the corresponding Kohn- 
Sham wave function </>v(q^, z)—obtained from Eq. 
(11) in the presence of the "nonlocal" Vxc obtained 
as just described. The figure refers to the n = 1 
image state (resonance) of Al, modeled with 
jellium with rs = 2.07, for a representative value 
of the wave vector parallel to the surface, qt], 
and energy eigenvalue EQP, for the quasiparticle 
state. Clearly, the two wave functions are nearly 
identical. 

The above result is remarkable in view of the 
fact that the physics of the image problem is con- 
trolled by correlation, while in the bulk (of a semi- 
conductor), for which a similar result was previ- 

1466 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



KOHN-SHAM EIGENVALUES IN METALS 

2.0 i—i—i—i—I—i—I—i—r 

FIGURE 5. Comparison of the modulus square of the 
quasiparticle amplitude VQp(qpEQP;z) and the density 
functional wave function 4>v(qr z) for the n = 1 image 
state (resonance) of Al, modeled by a jellium surface 
with rs = 2.07. The calculation was performed for EQP = 
0.3EF, and q,, = 0.2kF [28]. 

ously obtained [59], correlation plays a lesser role 
in establishing the nature of the one-electron po- 
tential. Since in Figure 5 the Kohn-Sham and 
quasiparticle calculations were performed at the 
same level in the treatment of the electron-elec- 
tron interaction (the RPA), we feel that this a 
posteriori success of the Kohn-Sham wave func- 
tions may be general—i.e., it will hold for calcula- 
tions which derive from more sophisticated treat- 
ments of correlation than contained in Eq. (10). 

Additionally, the quasiparticle energy shift, that 
is, the difference EQP - EKS was found to be small. 
Specifically, this difference was found to be ~ 0.02 
eV for <7|| = 0, which should be compared with the 
binding energy of the state, ~ 0.5 eV, measured 
from the vacuum level. This result is deemed to be 
typical of the present problem, as for Al the quasi- 
particle effective mass is very close to unity; the 
fact that the center of mass of the image state is far 
into the vacuum (see Fig. 5) should lead to an even 
smaller many-body mass enhancement. 

A physical interpretation for the almost perfect 
overlap between the quasiparticle amplitudes and 
Kohn-Sham wave functions for the image states 
was given by Deisz et al. [28] on the basis of an 
effective, local quasiparticle potential, lEjf(z), 
constructed as a spatial integral over the electron 
self-energy, weighted by the quasiparticle ampli- 

tude [28]. It was found that the relatively weak 
nonlocality of Re Sxc outside the surface has the 
consequence that LEJf (z) is well approximated by 
Vxc(z) over the energy range corresponding to the 
image states. This energy domain is of the order of 
4 eV above the Fermi surface. 

Of course, the quasiparticle spectrum is richer 
than its Kohn-Sham counterpart, since the former 
contains the physical effect of the damping of the 
excited electronic states. Novel features of the en- 
ergy dependence of the quasiparticle states outside 
the surface have been found [60]; in particular, the 
conventional (E - Ef)

2 scaling of Fermi liquid 
theory has been shown to hold for an increasingly 
small range above the Fermi level as the quasipar- 
ticle moves out into the vacuum. In other words, 
when the quasiparticle is outside the surface, large 
corrections to quadratic scaling are obtained for 
most energies for which such scaling holds in the 
bulk. These corrections are traced to the suppres- 
sion of decay channels involving one electron final 
states above the Fermi energy [60]. 
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ABSTRACT  — 

We study the intensity and polarization of light emitted during slow ion-atom collisions. 
We describe the nuclei as moving along classical trajectories while the electronic 
rearrangement is treated using time-dependent molecular orbitals. The intensity of 
emitted light is calculated from the diatomic time-dependent dipole. We evaluate the 
diatomic dipole matrix elements involving Is, 2s, and 2p traveling atomic orbitals 
suitable for time-dependent collision studies. We calculate the intensity and the 
polarization of light emitted in p + H(ls) collisions at kinetic energies from 10 to 1000 
eV, for several impact parameters, changing over time. The emitted intensity goes 
through a maximum as the collision energy increases and lasts between 10 and 1 fs; the 
polarized light components parallel and perpendicular to the incoming beam direction 
show pronounced dependences on impact parameters and time.    © 1996 John Wiley & 
Sons, Inc. 

Introduction 

Several contributions have shown how elec- 
trons jump between two nuclei during slow 

ion-atom collisions [1-7]. In our previous work, 
we developed a time-dependent theory of 
ion-atom collisions which provides details of the 
time evolution of the diatomic's properties [8-13]. 
Our previously calculated Figure 1 [13] presents 
the target H  ls-orbital population in collisions 

*To whom correspondence should be addressed. 

with H+ at a laboratory projectile kinetic energy 
E = 10 eV and impact parameter b = 1.0 a.u. One 
can see the temporal charge rearrangement that 
leads to an osculating electric dipole for the colli- 
sion complex, which does therefore emit light. 

We have recently presented [14] a quantitative 
study of the light emission, where we have calcu- 
lated its time evolution and spectral distribution in 
H++ H(ls) collisions, at projectile (H+) energies 
of 10 and 100 eV at a single typical impact parame- 
ter, and we have analyzed the wavelength A = c/v 
components of the emitted light packet. In the 
present work we calculate the intensity and polar- 
ization of emitted light integrated over the light 
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detector angles for varying impact parameters and 
collision energies, and as functions of the time 
lapsed during collisions. The calculations involve 
the evaluation of the dipole matrix elements for Is, 
2 s, and 2p orbitals over time, insofar as 2 s and 2p 
orbitals are important for collisions occurring at 
Lab energies of the order of 100 eV and higher. We 
consider only the free-to-free transition, since the 
radiative recombination leading to formation of 
HJ has been found to have small cross sections 
(below about 10~5 a.u., compared to electron 
transfer cross sections around 102 a.u.) due to the 
small values of their Franck-Condon factors [15, 
16]. 

We adopt a semiclassical treatment with the 
nuclei moving along classical trajectories, and we 
calculate the intensity of light emitted from the 
classical electromagnetic flux. The expectation 
value of the time-dependent electric dipole is ob- 
tained from the electronic density matrix, calcu- 
lated in a basis of traveling atomic orbitals previ- 
ously introduced in the calculation of collision 
cross sections [12, 13]. 

In the conventional language of molecular elec- 
tronic spectra, light emission leads to a transition 
between stationary electronic states of H + H+, 
which are coupled to the nuclear motions and 
change nuclear trajectories. In our treatment, elec- 
tronic and nuclear motions are coupled over time, 
and we can describe changes of trajectories as the 
electron state changes. The electronic rearrange- 
ment is accurately treated by a quantal (time-de- 
pendent molecular orbital) calculation which has 

been shown to give correct answers for cross sec- 
tions and orbital polarization parameters [12, 13, 
17]. Our classical description of the electromag- 
netic field means that we are describing photon 
emission in a probabilistic way, with the absolute 
value squared of the field giving the relative prob- 
ability of emission at a given time. 

The procedure we follow here may be com- 
pared with the conventional procedure using sta- 
tionary molecular states. For free-to-free transi- 
tions, these states are first generated in the absence 
of light for the continuum energies and the elec- 
tronic states of interest. Then the transition dipole 
is calculated between stationary states, and from 
this one obtains emission rates. The wavelengths 
and intensities of emitted light vary in accordance 
with the distance dependence of states and transi- 
tion   dipoles,   which   enter   the   rates   through 
Franck-Condon factors. For the H + H+ system, 
the initial state has the electron localized at one of 
the protons, and must therefore be written as a 
combination of the ag and au stationary states of 
Hj. In our procedure, we instead generate nonsta- 
tionary (time-dependent) states chosen initially to 
localize the electron at one of the protons. The 
system is evolved in time, again in the absence of 
light, to generate a time-dependent dipole which 
oscillates due to the electron jumps between pro- 
tons. This takes the place of transitions between 
the ag and au  orbitals of HJ. From the time-de- 
pendent dipole, it is possible to calculate transient 
light emission, as we show in what follows. The 
Fourier transform of the emission intensity gives 
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FIGURE 1. Löwdin population of the target 1s state vs. time in a.u. in a 10-eV proton-hydrogen-atom collision at 
b = 1.0 a.u. 
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the distribution of emitted frequencies and could 
be rewritten in terms of stationary electronic states. 
The present time-dependent calculation provides 
instead a straightforward procedure for transient 
emission. The energy carried away by an emitted 
photon must be small compared with the total 
energy of the diatomic system. This is indeed the 
case for H + H+, insofar as the emitted photon 
energies are below about 5 eV, as found from the 
diatomic potential energy differences and also from 
Ref. [14], while the molecular energies we consider 
go from 1000 down to 10 eV. At the lower value, a 
more accurate treatment would include the elec- 
tromagnetic energy in the calculation of the molec- 
ular dynamics from the outset, but this would not 
change the qualitative description at our low ener- 
gies, and would be negligible at our high energies. 

INTENSITY AND POLARIZATION OF THE 
EMITTED LIGHT 

Our starting point is the eikonal/time-depen- 
dent Hartree-Fock (Eik/TDHF) method reported 
earlier [12], which describes the time evolution of 
coupled electronic and nuclear motions during col- 
lisions. We are interested in one-electron collisions 
for which the Fock operator reduces to the one- 
electron Hamiltonian H and we work with the 
eikonal/time-dependent molecular orbital 
(Eik/TDMO) approach [13]. This formulation is 
developed in terms of the density operator and its 
density-matrix derived in a basis of traveling 
atomic orbitals. In the next step the electric and 
magnetic fields of the oscillating dipole and the 
Poynting flux vector are derived. Integrating the 
expression for the intensity of light emitted into a 
given solid angle over a sphere of radius rLD (the 
distance from the Lab frame region to the light 
detector) produces the intensity 4 of light emitted 
in a given polarization k. Integration of Ik over 
time gives the polarization energy Ek. 

atomic orbitals £, 

Eikonal / Time-Dependent Molecular 
Orbital Method 

We express the electron density operator as 

P = \<p)(>Pl CD 

where the time-dependent molecular orbital i/>(0 
is written as  a linear combination of traveling 

<A(r,0 = m^Dc^t), 
(2) 

with x Or) an atomic orbital centered at proton 
position Rm(0, m = a,b, for the electron at posi- 
tion r, and with the electron translation factor 
Tjx,t) given by 

T„,(r, 0 = exp im vm(t)-r- fdt'v2
m(t')/2 

(3) 

where vm is the velocity vector of proton m, tt is 
the initial time, and me is the electron mass. 

Following the notation used for molecular or- 
bital calculations [18] we write the atomic orbitals 
(AOs) as linear combinations of Gaussian func- 
tions glK 

J 
XniM,a'l">=  Y.dnlijglK(xml;anlij),       (4) 

7 = 1 

with / = 6, where rml is the distance from electron 
1 to nucleus m, K = x, y, z for I = 1. The Gaussian 
functions we have used are (for Rm = 0), 

,'2c^3/4 

,(r, a) = | — 
77 

N3/4 

exp(-ar2), 

(5) 

gPM' a) = 
2V 

TT" 
f exp(-ar2), 

with £ = x, y, z, and the exponential coefficients 
a„, and expansion coefficients dnlj taken from 
previous work [10, 13]. 

The density operator in the basis of traveling 
atomic orbitals is 

p(o = Dp^ai' (6) 
fiV 

where  P v  is the ([xv) element of the density 
matrix P, which is given by 

JUO =   E ^.(0^,(0]' (7) 

For one-electron systems the TDHF equation for 
the electronic density operator becomes 

df> 
Hp- pH = ih — 

at 
(8) 
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This equation is coupled to the equation for the 
proton trajectories, which are determined by the 
classical Hamilton's equations for the system, in 
terms of an effective Hamiltonian average over 
electronic states I with weight w, [12], 

H=«H»= X>,tr( p,H) 
i 

dR       dH 

~dT ~ 7P ' 
dV dH 

dt  ~ ~~dR' 

(9) 

Equations (8) and (9) are solved self-consistently 
to generate a dynamically screened Coulomb po- 
tential. Since we take the collision to occur in the 
(x, z)-plane, the internuclear distance is given by 

R(t) = )/[ Xp(t) - XT(t)]2 + [ZP(0 - ZT(t)]2, 

(10) 

with the subscripts P and T referring to the pro- 
jectile and target nuclei, respectively. 

Evaluation of the Electric Dipole 

For a single electron, the electronic component 
of the electric dipole in terms of the electronic 
density matrix P^v is 

Del(0 = <<MOlDel|<KO> = - £ VOairlp, 

(11) 

in atomic units. 
The total electric dipole D is given by 

D = Dnud + Del = D(f;Mp), (12) 

where the nuclear component of the electric dipole 
is 

D nucl ZTRr(0 + ZpRp(t), (13) 

with ZT and Zp, being the nuclear charges and 
Rr(0 and RP(t) being the trajectories. 

The distance from an electron 1 to the origin x1, 
is given by 

where R,„ is the distance from the nucleus m to 
the origin. Then, the Cartesian components of i1 

are xl = Xm + xml, yx = Ym + yml, and zx = 
Z,„ + z,„i' and the dipole matrix elements are as in 
the example below: 

i   i 

x(gnMi)\T:Tn\gns(al))Xn 

X<^s(a/)|r,*T„|g„p/a()> 

(15) 

2^' 

where use was made of the property of the Gauss- 
ian functions 

xgs(al)=gp{al)/(2^'l). (16) 

The other matrix elements are derived in a similar 
way. 

Electric and Magnetic Fields and 
the Poynting Vector 

We assume that the collision occurs in the 
(x, z)-plane, with the initial projectile velocity par- 
allel to the +z-axis. The light detector (LD) is 
located at vector position rLD. We introduce two 
sets of coordinates to describe it: (rLD,@'LD, <E>'LD) 
in a coordinate system where the z' axis is kept in 
the direction of D(fr) and rotates with time (@'LD 

is the angle between the dipole and the light 
detector) and (WÖLD'^LD) 

in tne Lab frame 
[Fig. 2(a)]. In Figure 2(b) we illustrate the dynam- 
ics of the oscillating dipole with the dipole orienta- 
tion angle 0 being defined as the angle between 
the z' and z-axes in the Lab frame. 

In SI units, the electric E and magnetic B fields 
for the light emitted by the dipole are given by 
[19] 

Ed 
Mo rLD,0 = j-2- [rLD(nr • DÜr))nr - D(fr)l   (17) 

477-7- L \ / J 

and 

rl Rm   +  tm\> (14) 
B(rLD,0 

Mo 

4irrLDc 
[n,XT)(tr)],     (18) 
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(a) 

Projectile 
Light Detector 

Target 

FIGURE 2. (a) Coordinate systems and light detector positions for proton-hydrogen-atom collisions; (b) similar to (a) 
including the nuclear trajectories. 

where /x0 is the permeability of free space, rLD is 
the location of the light detector, tr = t - rLD/c 
and nr = rLD/rLD. 

We express the total electric dipole as 

where 

n„ = cos(0'LD)nr - sin(0'LD)n0,,       (20) 

D = D,,ru,, (19) ing &\ 
with n0. the unit vector in the direction of increas- 

LD- 
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Using Eqs. (19) and (20) we can rewrite E and B 
as 

w        ..      /t0 / sin(0'LD) \ 
E(rLD/ 0 = — D(fr)    

4-7T r ' LD 
'6'' (21) 

B(rLD,0 
/Lt0   ..       / sin(@',n) \ 

-p-D(tr)\ —  n*.,   (22) 
47TC 1 " ' 'LD 

with ntJ), the unit vector in the direction of increas- 
ing OLD- 

Then the Poynting flux vector is given by 

1 
S(rLD/0 = —(EXB) 

Mo 

16 TT   C L ' 

:sin2(@'LD) 
n,D.   (23) 

'LD 

We need S in the Lab frame, where we use the 
coordinate system (x, y, z). We find the detector 
angle 0'LD in the Lab frame in terms of the dipole 
orientation angle 6(t; b,vP) = arccos(Dz/D) (with 
D2 = D2 + D2), and the detector angles 0LD and 
OLD, by recognizing [from Fig. 2(a)] that 

rz = rLDcos(0LD), 
Yx  =  rLDSin(©LD)COs((l)LD)/ (24) 

rz, = rLDcos(0'LD) = r,cos(0) + rxsin(0), 

yields 

cos(0'LD) = cos(0LD)cos(o) 

+ sin(0LD)cos($LD)sin(0).   (25) 

Intensity and Polarization of Emitted 
Light 

In this work we are interested in looking at the 
intensities and polarizations of light emitted by an 
oscillating dipole. The intensity of light emitted 
into solid angle düLD by a dipole component 
along k = x, z, for fixed impact parameter b and a 
nearby detector (with rLD/c <=; t) is 

dL 

dil LD / b 

S-nLrL
2 -^VD,(O2sin2(0'LD). 

16TT
Z

C 

(26) 

Integration over dühD, with 

dnLD = sin(0LD) d®LD rf<DLD, (27) 

yields 

1     2\Dk(t;b,vP)Y 
Ik(t;b,vP) = - L    ' „ 7        

J   .     (28) 
4lTSn 3c1 

We obtain the energy Ek emitted per collision, 
for each polarization, by integrating over time the 
k polarization of the intensity of light emitted Ik: 

Jh dt. (29) 

Results and Conclusion 

We consider the case where the light has been 
collected over all angles and calculate the inte- 
grated intensity given by Eq. (29). 

Figures 3 and 4 present results for Ix and L vs. 
time vs. impact parameter for protons of energy 
10.0 eV. Figures 5 and 6 present similar results for 
100.0 eV. The lowest b value shown is b = 0.1 a.u., 
and the others are multiples of 0.5 a.u. 

From Figures 3 and 4, we observe that the x 
polarization (perpendicular to the velocity of the 
incoming proton) of the intensity of emitted light 
integrated over time goes through a maximum for 
impact parameters b around 1.0 a.u. and has a 
very small value for head-on collisions near b = 0.0 
a.u. The integrated intensity with z polarization 
(parallel to the incoming proton velocity) is on the 
other hand largest at b = 0, and then falls with 
increasing b values. The light emitted over time is 
found to appear only during the collision and lasts 
about 400 a.u. or about 10 fs. Figures 5 and 6 show 
similar dependences with impact parameter and 
time, but the duration of light emission is shorter, 
as we would expect for a faster collision, and show 
transient emission lasting about 2.5 fs. 

To obtain the magnitudes of the transient emis- 
sion, we calculated the average total light energy 
emitted per collision for the impact parameters of 
1.0 and 1.5 a.u. by integrating over time. Results 
are presented in Table I, for the x and z polariza- 
tions and also for their sum. Our calculations, 
done in atomic units, have been converted to Joules 
per mole to give an estimate of the amount of 
energy emitted at each impact parameter. This 
corresponds to a given deflection angle into the 
detector, and would have to be integrated over 
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Intensity [x 1 0^-8)] (a.u.) 

800 
700 

600 
500 

400      Time (a.u.) 

Impact Parameter (a.u.) 4     4^100 

FIGURE 3. The x component of the intensity vs. time vs. impact parameter for H++ H(1s) collisions for a collision 
energy of 10 eV. 

angles to obtain the total light energy emitted over 
all angles for all times. For a single trajectory, we 
find that the magnitude of light emission appears 
to go through a maximum as collision energy 
increases from 10 to 1000 eV; this is observed for 
the two impact parameters we include in Table I 
and appears to be a general feature of the transient 
emission. The values in Table I can be used to 
estimate the number of emitted photons at each 
energy. For typical light emission energy of 1 J/mol 
and photon energy of 4 eV = 6.40 X 10 ~19 I, the 
number of photons emitted by 1 mol of H + H + 

would be 1.56 X 1018. A beam-gas experiment at 

one of the given energies and impact parameters 
would give a somewhat lower number of photons, 
while in a crossed-beam experiment the number 
would be much lower; but in any case it appears 
to us that there would be enough emitted photons 
to experimentally detect the transient emission. 

In conclusion, we have characterized the nature 
of transient light emission with a computational 
approach which proved before to be reliable for 
collisional properties. Light emission following 
ion-atom collisions has been observed and mea- 
sured before, but to our knowledge it has not been 
studied at our low collisions energies, for which 

Intensity [x 10A(-8)] (a.u.) 

800 
700 

600 
500 

400       Time (a.u) 

Impact Parameter (a.u.) 4^100 

FIGURE 4. Similar to Fig. 3 for the z component. 
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Intensity [x 10^-8)] (a.u.) 

Impact Parameter (a.u) 3     50 

250 

Time (a.u.) 

FIGURE 5. The x component of the intensity vs. time vs. impact parameter H++ H(1s) collisions for a collision energy 
of 100 eV. 

Intensity [x 10^-8)] (a.u.) 

250 

Time (a.u.) 

Impact Parameter (a.u 

FIGURE 6. Similar to Fig. 5 for the z component. 

TABLE I 
Light energy emitted per collision forH++ H(1s )coll sions for impact parameters b = 1.0 a.u. and b = 1.5 a.u., 
integrated over time 

Impact Emission 
parameter energy 

(J / mol) 

Coll sion energies 

(a.u.) (10 eV) 100eV 500 eV 700 eV 1000 eV 

1.0 Ex 0.460 1.578 0.402 0.335 0.393 
Ez 0.578 0.890 0.834 0.758 0.692 
Ex + Ez 1.038 2.468 1.236 1.093 1.085 

1.5 Ex 0.514 0.889 0.361 0.298 0.271 
Ez 0.227 0.288 0.309 0.310 0.306 
Ex + Ez 0.741 1.177 0.670 0.608 0.577 
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repeated electron transfer is present. Light emis- 
sion due to polarization of target or projectile 
atoms in slow collisions has been theoretically 
studied before and has been labeled atomic 
bremsstrahlung [20]. Light emission in our case 
comes instead not from transient atomic states but 
from transient molecular states resulting from the 
temporary sharing of electrons, and therefore has a 
different distribution of intensities over time and 
wavelengths. The present study indicates that 
transient light emission should appear in many 
collision phenomena involving electronic rear- 
rangement, and provides an estimate of the prop- 
erties of the emitted light. 
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ABSTRACT 

A hybrid quantum/classical model is developed for the photodissociation and 
recombination dynamics of an I2 molecule in low-temperature rare-gas (Rg) matrices. 
The simplified model consists of an I2 molecule embedded in a linear chain of Rg atoms. 
The aggregate is partitioned into a quantum system and a classical bath, which are 
self-consistently coupled. Two partitioning schemes are used. The first treats the I-I 
coordinate quantum mechanically and the Rg coordinates classically. The second and 
more reliable scheme includes in the quantum system both the I-I mode and the 
symmetric motion of the two nearest Rg atoms. Both models show substantial energy 
transfer from the dissociating I2 to the solvent, followed by coherent vibrational motion 
of the recombined 12. It is found that the one-dimensional quantum/classical scheme is 
consistent with its higher dimensional counterpart, although the latter shows much faster 
dephasing.    © 1996 John Wiley & Sons, Inc. 

I 

classical treatment is not always sufficient. To ad- 
I.  Introduction dress this dilemma, it is common to partition the 

aggregate into a system and the surrounding bath 
[1]. The system is usually defined as a collection of 

n many extended systems, a complete quan- several modes where the primary dynamics takes 
tum-mechanical characterization of dynamics place, while the bath consists of the less involved 

is formidable and often unnecessary. However, modes coupled to the system. Such a separation 
there is ample evidence indicating that a pure represents a good approximation when the system 

and bath are weakly coupled and when their fre- 
* To whom correspondence should be addressed. quencies are significantly different. 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1479-1486 (1996) 
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A commonly used formulation of the system- 
bath separation is the so-called hybrid classical/ 
quantum scheme [2]. In this method, the dynamics 
of the system is described by a quantum wave 
packet while that of the bath is by classical trajec- 
tories. The system and the bath are coupled self- 
consistently via the Ehrenfest theorem [3]. Namely, 
the system is subjected to an instantaneous mean- 
field determined by the bath and vice versa. En- 
ergy exchange between the system and bath is 
allowed, albeit indirectly. This approach focuses 
on the primary dynamics in the system without 
neglecting the influence of the bath. It is numeri- 
cally efficient and amenable to large and weakly 
coupled systems. 

It should be realized that the aforementioned 
scheme can be considered as the quantum/classi- 
cal version of the so-called time-dependent Hartree 
(TDH) or self-consistent field (TDSCF) approxima- 
tion [2, 4-6], in which the total wave function is 
assumed to be separable. Thus, the hybrid method 
inherits the deficiencies of the TDH approxima- 
tion, in addition to the classical approximation. A 
major concern [7] of the hybrid approach is the 
separability of the quantum-classical subsystems. 
In this work, we attempt to address this issue in a 
well-defined simple system, i.e., the photodissocia- 
tion and recombination of I2 in a linear rare-gas 
(Rg) matrix. 

tion of the I2 moiety is very slow [14]. On the 
other hand, the neglect of solvent atoms in three 
dimensions renders the LC model a qualitative 
one. Thus, no direct comparison with experiments 
is attempted. The I-I interaction potentials for the 
X and A states are given in the Morse form while 
the I-Rg and Rg-Rg interactions are represented 
by Lennard-Jones 6-12 potentials. Only the nearest 
interactions are included in the model. The param- 
eters of the potentials are given elsewhere [13]. 
The potentials of the I2 system are displayed in 
Figure 1. 

III. Hybrid Quantum/Classical 
Methods 

In order to facilitate a direct comparison be- 
tween the two quantum/classical models used 
here, we restrict ourselves to a matrix temperature 
of 0 K. Under such idealized conditions, the I2 

center-of-mass motion can be ignored and the rare- 
gas atoms oscillate symmetrically relative to the 
center of the chain. It has been shown previously 
that the dynamics at a finite but low temperature 
does not change qualitatively [12]. 

The hybrid quantum/classical approach consid- 
ers the total Hamiltonian as the sum of terms 
representing the system, the bath, and the interac- 
tion between them: 

II. Linear Chain Model 

In this work, we are primarily concerned with 
the photodissociation and recombination of I2 em- 
bedded in a cryogenic rare-gas (Kr) matrix. This 
system (I2-solvent) has been extensively investi- 
gated and served as a prototype for condensed 
phase bond breaking processes [8]. With a fem- 
tosecond pump/probe scheme, coherent vibra- 
tional motion of the recombined I2 has been ob- 
served for a few picoseconds after the initial exci- 
tation to the A state [9, 10]. Experimental evidence 
also indicated that the caging of I2 in its A state is 
complete. Our simplified model [11-13] used here 
is loosely based on the I2-Rg system. In this so- 
called linear chain (LC) model, an I2 molecule is 
embedded in a one-dimensional aggregate of 100 
rare-gas atoms, as shown in Figure 1. The LC 
model is expected to be a reasonable approxima- 
tion for the short-time dynamics because the rota- 

H = Hs + H„ + nsb (1) 

The quantum wave packet of the system is the 
solution of the time-dependent Schrödinger equa- 
tion, which can be written for a two-state problem 
as follows (fi = 1): 

St 

eff 

H 

H12 

<p2 
(2) 

where <p, (/'= 1,2) represent the nuclear wave 
functions on the two adiabatic electronic surfaces 
corresponding to the X and A states, respectively. 
The off-diagonal terms in the Hamiltonian matrix 
denote radiative couplings responsible for the exci- 
tation, which are modeled in this work by a short 
temporal function with a central frequency: 

H, m Ae-yt2eiwt. (3) 
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Rgn       R92n-3    Rg2n-2 

FIGURE 1   Upper panel: one-dimensional potential energy curves for the l-l coordinate. The pump scheme is 
indicated by a vertical bold arrow. The presence of the solvent wall (dashed line) prevents complete dissociation. Lower 
panel- geometry of the linear chain model for l2 embedded in rare-gas (Rg) atoms. The two boxes indicate the quantum 
system in the two hybrid quantum/classical schemes used in this work. The upper labels are for the 1DQ/C model and 

lower ones are for the 2DQ/C model. 

The equations of motion for the classical bath are 
given below in Hamilton's form: 

dH eft 

dt 

dft 

dt 

SH eft 

dq{ 

(4) 

The system is initially on the ground state and 
the excitation occurs in the time span of the excita- 
tion pulse. The quantum wave packet of the sys- 
tem is propagated using a short iterative Lanczos 
method [15]. The fast Fourier transform method 
[15] is used to evaluate the action of the Hamilto- 
nian. The classical equations are solved using the 

velocity Verlet method [16]. The quantum and 
classical equations of motion are integrated simul- 
taneously. The self-consistent propagation allows 
energy flow between the quantum and classical 
modes. 

A. ONE-DIMENSIONAL QUANTUM / CLASSICAL 
(1DQ/C) MODEL 

In this model, only the dynamics along the I-I 
internuclear distance is treated quantum mechani- 
cally and the rare-gas atoms are described classi- 
cally. The quantum system is illustrated in the 
lower panel of Figure 1 by the inner box. The 
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Hamiltonians for the system, the bath, and the 
system/bath interaction are given below: 

98 

H   = 
2

MI-I 
+ V,T(X), 

100    „2 

Hsh = 2V1_R (X,q), 

(5a) 

(5b) 

(5c) 

where m and fil_l are the mass of Rg and the 
reduced mass of I2, respectively. The quantum 
degree of freedom X is the I-I internuclear dis- 
tance while the collective bath coordinate q de- 
notes the classical displacements of the 100 Rg 
atoms in the matrix. The effective Hamiltonians for 
the system and the bath are given below: 

H!ff = 
P2 1 x 

+ Vl_l(X) + 2(VI_R(X,q)\, 

(6a) 

100    „2 

Hf =  H~ + Vb(q) + 2(V,_^(X,q))x.   (6b) 
; = 1 /-m 

For the quantum system, the mean-field potential 
is determined by the instantaneous positions of the 
classical particles in the bath (q). For the bath 
particles, however, the effective potential is aver- 
aged over the quantum mode according to the 
Ehrenfest theorem [3]: 

<vVRg(x,<?)>x 

= ]   dXcpHX,t)V1_Rg(X,q)cp(X,t).    (7) 

The mean-field potential is only calculated for the 
excited state. 

B. TWO-DIMENSIONAL QUANTUM/ 
CLASSICAL (2DQ/C) MODEL 

In this more elaborate model, the symmetric 
motion of the two rare-gas atoms nearest to the I2 

moiety is included in the quantum system, as 
shown by the outer box in the lower panel of 
Figure 1. The classical bath includes all the remain- 
ing rare-gas atoms. The corresponding Hamiltoni- 
ans are 

Hc + 
P2 1
 Y 

2^1-1       2^,Rg^Rg 

+ V,_I(X) + 2VI_Rg(X,Y),      (8a) 

H, Pi 

- £ tk+ W)' 
Hsfc - 2VRS- AY,q>), 

(8b) 

(8c) 

where Y = qR - qL (qR and qL are the displace- 
ments of the two rare-gas atoms nearest to the I2 

moiety) and MRg-Rg is the corresponding reduced 
mass. Note that in this model the bath has 98 
atoms and the system-bath interaction is between 
two solvent atoms (Rg-Rg'). Similarly, the effec- 
tive Hamiltonians for the system (I2 • Rg2) and the 
bath (98 Rg') are 

H ■eff 
P2 1
 X P2 1

 Y 

2/AI-I      2/xRg_Rg 

+ yi_I(X) + 2VI_Rg(X,Y) 

+ 2(VRs_Rg,(Y,q')\, 

H eff Pi 

+ 2<VRs-RAY,q'))XrY. 

(9a) 

(9b) 

Note that the I-Rg interaction is explicitly taken 
into account in the system Hamiltonian. The effec- 
tive potentials are treated in a similar manner to 
the 1DQ/C system. For example, the mean-field 
potential for the classical bath is as follows: 

<^Rg-Rg'(^?')>X,Y 

= f dX CdYv*(X,Y,t) 

XVRg_H,(Y,q)cp(X,Y,t),       (10) 

where Rg denotes a rare gas atom in the system 
and Rg' its nearest neighbor in the bath. 

The idea of explicitly including in the system 
some strongly coupled bath modes is not entirely 
new [17, 18]. The 2DQ/C model proposed here 
removes some crucial deficiencies in the 1DQ/C 
model. It treats the dynamics between the I2 and 
its adjacent rare-gas atoms exactly and quantum 
mechanically. The 2DQ/C method is thus ex- 
pected to yield much more reliable results and 
serves here as a benchmark to assess the validity 
of the 1DQ/C model. 

IV. Results 

We concentrate here on the comparison between 
the 1DQ/C and 2DQ/C models for the I2-Kr 100 
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system. A 734-nm laser pulse with a width of 100 
fs is used to excite the system from its ground 
state to the excited A state. Figure 2 displays the 
averaged I-I distance (a) and the energy (b) of the 
system calculated from the two models. Startingjat 
the ground-state equilibrium geometry (~ 2.8 A), 
the I-I distance increases rapidly during the initial 
phase of dissociation, owing to the strong repul- 
sive potential of the A state. It quickly reaches its 
maximum at ~ 4.2 A in a few hundred femtosec- 
onds. Because of the "cage effect," however, the 
dissociation of 12 is blocked by the solvent. Subse- 
quently, the 12 moiety oscillates near a new equi- 
librium geometry. The agreement between the 
1DQ/C and 2DQ/C models, as shown by Figure 
2(a), is generally satisfactory. Quantitatively, the 
2DQ/C model (dotted line) shows stronger and 
more regular oscillations in the first 1 ps and more 
pronounced dephasing at long times (> 2 ps). The 
dephasing can be attributed to the diffusive wave 
packet in the two-dimensional phase space [13]. 

The caging of the highly energetic fragments is 
accompanied by drastic energy transfer from the 

I 

1000        2000        3000 

Time (fs) 

4000 

1000   2000   3000 

Time (fs) 

4000 

FIGURE 2. Averaged I-I distance (a) and averaged 
energy of the system (b) as a function of time. The solid 
and dotted lines are the 1DQ/C and 2DQ/C models, 
respectively. 

fragments to the solvent atoms. It can be seen from 
Figure 2b that the energy loss in the 1DQ/C model 
occurs in the first ~ 300 fs. It takes a little longer 
to achieve similar energy loss in the 2DQ/C model 
because the system now includes two neighboring 
Kr atoms. Quantitatively, the amount of energy 
transferred to the bath is somewhat larger in the 
2DQ/C model (dotted line). This difference may 
be attributed to the inclusion of the I-Rg interac- 
tion in the quantum system, which provides a 
better description of the energy transfer from I2 to 
its adjacent Rg atoms. Concurrent with the I2 en- 
ergy loss, the energy of the rare-gas matrix in- 
creases (not shown here) and the total energy 
(system plus bath) is conserved. The kinetic energy 
of the rare-gas atoms is propagated outward in the 
solvent chain as a shock wave [11-13]. After the 
initial energy loss due to the fragment-solvent 
collision, further vibrational relaxation becomes 
less efficient due to the oversimplification of the 
LC model. 

Similar observations have been obtained in 
three-dimensional classical molecular dynamics 
studies of the same system by Martens and co- 
workers [9, 10]. However, it should be pointed out 
that the quantum coherence, which stems from the 
interference between coherently populated vibra- 
tional states, is fundamentally different from the 
classical vibrational oscillation. The retention of 
the vibrational coherence after significant energy 
transfer is due to the impulsive nature of the 
collision and to the low temperature of the matrix. 

The wave packet motion in the I-I degree of 
freedom is presented for the two models in Figure 
3. In the 2DQ/C model, the one-dimensional re- 
duced density is defined as follows: 

«p2(X,f) = fdY<p*(X,Y,t)<p(X,Y,t).   (11) 

Overall, the two methods give qualitatively simi- 
lar results, even at very long times (~ 2 ps). In 
order to quantitatively compare the two models, 
we calculate the overlap between the moduli of 
the two wave packets: 

<l<p1DQ/clk2DQ/Cl> 

V< «p1DQ/c I <P1DQ/C X «P2DQ/C I <P2DQ/C > 

where the modulus is defined as 

■,   (12) 

|^2DQ/C| = ^2 (13) 
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The denominator in Eq. (12) is used to normalize 
the wave functions in both models. This is neces- 
sary because the population on the A state is not 
normalized and is a function of time during pump- 
ing. Since we are primarily interested in the dy- 
namics in coordinate space, rather than in energy 
space, the phase factors of the wave packets are 

ignored. The overlap is displayed in Figure 4. At 
the center of the pump pulse (t = 0), the overlap 
between the two models is very close to unity. 
Subsequently, the overlap deteriorates as the colli- 
sion between the iodine fragments and the nearby 
rare-gas atoms takes place. It recovers near 1300 fs 
where the wave packet again reaches the outer 

t = -80 fs 2DQ/C Model 

X5 

t = 80 fs 

X1/2 

t = 240fs 

 AtaiAW/IWVWV^^ 

t = 400fs 

t = 560fs 

X1/2 

t = 720fs 

t = 880fs 

 /W»M«WMM^^ 

JWnlNtoNN*^^. 

Jfmm^^A^. 

t = -80 fs 

t = 80fs 

t = 240 fs 

t = 400 fs 

t = 560fs 

t = 720 fs 

t = 880 fs 

35 4.5 5.5     2.5 3.5 4.5 5.5 

II Distance (A) I-I Distance (Ä) 

FIGURE 3. Snapshots of the I -I wave packet motion of the l2 -Kr100 system for the 1DQ/C and 2DQ/C models. 
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1000 2000 3000 

Time (fs) 

4000 

FIGURE 4. Overlap between the moduli of the wave 
packets for the two models (see text). 

turning point. Beyond 2000 fs, the overlap between 
the 1DQ/C and 2DQ/C models becomes stabi- 
lized near  ~ 80%. 

The above comparison of the two models clearly 
illustrates that the validity of the 1DQ/C model 
depends very much on the type of quantities to be 
extracted from the dynamics. The 1DQ/C model is 
certainly capable of capturing some major dynami- 
cal features of the dissociation-recombination pro- 
cess, such as the impulsive energy transfer be- 
tween the dissociating fragments and the solvent 
atoms and the retention of the vibrational coher- 
ence after the collision. However, it fails to de- 
scribe the destruction of the coherence on a rela- 
tively long time scale. This failure of the 1DQ/C 
model in this aspect can be directly related to the 
mean-field approximation that restricts the I-I 
wave packet to one dimension. 

V. Conclusions 

In this work, we have examined the validity of 
the hybrid quantum/classical methodology in 
studying the photodissociation and recombination 
dynamics of I2 in rare-gas matrices. The validity of 
the system-bath separation is explored by two 
models within the linear chain approximation. The 
simpler model (1DQ/C) treats the I-I coordinate 
quantum mechanically and the remaining bath 
modes classically. This method is often used in 
condensed phase systems. The more sophisticated 
model (2DQ/C) includes in the system both the 
I-I mode and the symmetric mode of the two 

adjacent rare-gas atoms. It provides a better repre- 
sentation of the dynamics because of the exact 
treatment of the I-Rg interaction. 

The 1DQ/C model is shown to reproduce the 
significant energy transfer between the dissociat- 
ing fragments and the solvent atoms. It also shows 
coherent wave packet motion after the energy 
transfer. However, this model gives a relatively 
poor representation of the dephasing process. 
Overall, the 1DQ/C model appears to provide a 
reasonably accurate representation of the short- 
time dynamics. 

The hybrid quantum/classical method based on 
the time-dependent Hartree approximation com- 
bines a quantum treatment of the system with an 
approximated classical characterization of the bath. 
When applied prudently, it represents an efficient 
and useful tool in studying chemical processes 
with large dimensionalities. It should, however, be 
borne in mind that this method involves a number 
of potentially fatal approximations. It works best 
when the system-bath coupling is weak and the 
mass of the bath atoms is heavy. Its validity deteri- 
orates with time so that the long-time dynamics is 
unreliable. Highly averaged attributes are usually 
more trustworthy than state-resolved quantities. 
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ABSTRACT .   

Minimal basis-set (STO-3G) direct and Fourier space restricted Hartree-Fock (RHF) 
calculations on the infinite regular (metallic) and alternating chains of lithium molecules, 
(-H2-)x, are reported to illustrate two advantages of the Fourier representation method: 
accurate calculation of all lattice summations and faithful reproduction of the genuine 
features of the RHF approach for metallic cases.    © 1996 John Wiley & Sons, Inc. 

Introduction 

Restricted Hartree-Fock (RHF) linear combi- 
nation of atomic orbitals (LCAO) calcula- 

tions on extended chains with one-dimensional 
periodicity [1] have become routine. Most of the 
numerical and algorithmic difficulties associated 
with the study of these systems are understood 
now (basis-set extension and possible linear de- 
pendencies, lattice summations, self-consistent 
field (SCF) convergence, computational effort, etc.) 
and, if not yet fully controllable, the possible nega- 
tive effects on the quality of the results have been 

To whom correspondence should be addressed. 

pointed out. It is interesting to note that essentially 
all practical calculations in this area are carried out 
in the configuration or direct space (DS) approach. 

In the DS approach, the Coulomb and exchange 
contributions are treated on a different footing [2]. 
The Coulomb (Madelung) sums are computed 
generally using a multipole expansion of the two- 
electron integrals in the asymptotic regime of small 
overlap of the interacting charge distributions. The 
convergence of the summations of the exchange 
contributions is fixed by the decay of the LCAO- 
density matrix elements making the implementa- 
tion of a multipole expansion-based algorithm 
more difficult. At present, the exchange lattice 
summations are still evaluated on a trial-and-error 
basis by repeated calculations with varying num- 
bers of interacting cells to assess the convergence. 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1487-1497 (1996) 
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If acceptable in the case of insulators and semicon- 
ductors, the procedure cannot be applied realisti- 
cally to systems characterized by partial band oc- 
cupancy. Indeed, to reproduce the genuine fea- 
tures of the HF description of the metallic situation 
[3] (notwithstanding its physically undesirable 
character) the number of interacting cells to be 
taken into account would be prohibitively expen- 
sive. This surely explains that the vast majority of 
the reported applications are on insulators and 
semiconductors. 

The Fourier space (FS) representation [4] is a 
promising direction to investigate for the evalua- 
tion of both the Coulomb and exchange lattice 
sums on a consistent basis. Very recently, it has 
been shown that combining the Poisson summa- 
tion formula and the Ewald method in the context 
of gaussian basis sets [5] can be used to compute 
accurately these summations. Practical implemen- 
tation, however, requires the development of effi- 
cient algorithms for the two-electron integrals. The 
purpose of this work is to compare the results 
obtained for the linear chain of lithium molecules 
treated in a basis of s-type gaussian functions by 
the FS and DS approaches. 

The article is planned as follows: In the theoreti- 
cal section the model system is described briefly. 
Also introduced in this section are the basic RHF 
equations that will be needed and some numerical 
aspects to help in appraising the difference be- 
tween the DS and FS methods. In the result section 
we compare numerical results on the lithium chains 
obtained with both approaches. The work ends 
with a few remarks on future developments. 

Theoretical Considerations 

MODEL SYSTEM 

The model system used for the present compari- 
son is the linear chain of lithium molecules with 
ne(ne = 6) electrons per unit cell distributed along 
the z axis, which is chosen as the direction of 
periodicity (Fig. 1). The interatomic distance in the 
unit cell is kept fixed and is equal to 5.5 a.u., 
which is close to the ab initio HF value (5.52 a.u.) 
obtained for the Li2 molecule with the STO-3G 
basis set using the Gaussian 92 program [6]. In this 
work three values of the unit cell length a0 have 
been considered, 11.0, 12.0 and 13.0 a.u., to cover 
situations ranging from an even distribution of 
atoms to cases of increasing alternancy. In a RHF 
description it must be pointed out that to a (-Li2-)x 

chain with equidistant atoms does not correspond 
the metallic situation, but the symmetry broken 
solution. Accordingly, the band structures for the 
three values of a0 will all exhibit a gap at the edge 
of the Brillouin zone. 

The DS calculations have been performed with 
the PLH program [2] and the calculations in FS 
using a new prototype program, FTCHAIN. In all 
cases, the criterion for convergence of the iterative 
SCF procedure on the density matrix elements is 
set equal to 10~6. Calculations have been carried 
out using two atomic s functions on each atom, 
each function described by three gaussians to 
mimic Slater functions of exponents £ls = 2.69 and 
£2s = 0.65 [7]. It must be pointed out that this 
fairly localized minimal basis set has been selected 
on purpose to guarantee everywhere reliability 

d=5.5 a.u. 

FIGURE 1. Schematic picture of the infinite chains of lithium molecules, (-Li2-)x, considered in this work The values 
of a0, the unit cell length, are 11.0, 12.0, and 13.0 a.u. The interatomic distance in the unit cell, d, is equal to 5 5 a u 
The z axis is the direction of periodicity. 
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and accuracy of the multipole expansion used in 
the PLH program to evaluate the Madelung terms. 

RELEVANT RHF EXPRESSIONS 

The RHF Bloch states <j>n(k, r) are doubly occu- 
pied up to the Fermi energy EF and orthonormal- 
ized as shown in the following equation: 

jdt^,{k',i)4>nik,r) = N8k,k8n,n (1) 

N(N -» °°) is the total number of cells in the sys- 
tem, the lattice sites are identified by the integers 
m, m', and m"(= 0, + 1, + 2,...), and n and n' 
are the band indices. In our notation, the 
wavenumber k is expressed in units of 2v/a0 and 
is defined in the Brillouin zone (BZ), i.e., k e [ - \, 
\\. The Bloch states 

0„a,r)= EC_„U)fe.U,r) (2) 

JR7 

X 

'BZ 

fdi 
0*.(fc',r2)0B.(fc',r2) 

•'R'Z 

4>n(k>rl"> 

2 •'BZ 

#(fc',r2)^(fc,r2) 
X  / rfr2 : : (^„.(fc',!!) 

^ lrx - r2| 

£m(fc)4>„U,ri), (6) 

where Fdj) is the Fock operator in the restricted 
form for double occupancy of the Bloch states; Z0 

and vector A0 define the charge and the position 
of atom a, respectively, and M is the number of 
atoms (M = 2 in this work). Equation (6) can be 
expressed in terms of the atomic functions as 

I,F(k)C(k) = en{k)Y,S(k)Cqn{k),   (7) 

are expressed in terms of Bloch sums b (k,r) 

cc 

blk,t)=    £   eik2v%(r - Ap - ma0ez) 

where Fpij(k) and Spi)(k) are the elements of the 
LCAO Fock F(fc) and overlap S(fc) matrices, de- 
fined as 

£   eik2nmx"(x), (3) Fpq(k) =N-' fdrb;(k,r)F(r)bq(k/r)      (8) 

where p and vector Ap represent the index and 
the center in the unit cell of the atomic function, 
Xp, respectively. 

The charge neutrality condition of the chain is 
given by 

and 

f   d/c£0„(fc) = ne (4) 
BZ „ 

with the occupation function 6„(k) defined as 

o„(k)= {_ -;,;. / (5) 
2ifsn(k) <EF 

Oif s„(k) > EF. 

The RHF equations of the Bloch states and the 
energy bands e„(k) are 

V2(fl) =c M 

m = - x tt = 1  ll 1 

Spq{k) =N~1 fdrb;(k,T)bq(k,r). (9) 

mane 0czl 

The Fock matrix elements are composed of three 
terms: 

Fpq(k) = Tpq(k) + Vpq(k) + Xpq(k),     (10) 

where T (fc) is the kinetic energy, Vpq(k) the clas- 
sical electrostatic energy, which includes the elec- 
tron-nuclear attraction and the electron-electron 
repulsion contributions, and Xpq(k) the exchange 
energy. Analysis of the problem in these terms 
with respect to the convergence of the lattice sums 
which enter in their definition, and the analytic 
properties of the LCAO density matrix elements 

pp,(k) = T,cpn(k)qna)en(k)       (ID 
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in the BZ, as well as the consequences on the RHF 
results are well documented [8]. 

COMPUTATIONAL ASPECTS 

In this section, we briefly contrast the way the 
matrix elements are computed in the DS and FS 
approaches. 

Direct Space 

In the configuration-space approach, the differ- 
ent components are expressed as 

Nr 

SpXk)=     E    e2«»"»S» PI' 
m= —Nx 

Nx 

TPM=     E    e2-*T* 
m= -N. 

(12) 

(13) 

Vpq(k)=     E    ^'k'"l    E 
m= -Nx y m" = - cc 

=     £    e2"ikml     E 
m= -Nr I m" = - N, 

E        \LPrms 
m' = -Nx I  rs 

E   EC 
in' = —Nx   rs 

+ long range correction, 

1 NT / 

0 m 
V 1 

0 m 
V <? 

m"     m' + m" 
r s 

m"     m' + m" 
r s 

v;'q{m") 

-S™Vp;'(m") 

xpXk) = --   E 
Z m= -Nv 

,2-irikn E      E 
rs   \ m , m 

) m  - m — in 

where Nx is the limit used in the lattice summa- 
tions appearing in the exchange and in the 
Coulomb terms. In the Coulomb terms, however, 
the summation over m" decays like \m"\~l. Hence, 
the summation over m" is partitioned in a short- 
range region (-Nc < m" < +NC) where all inte- 
grals are calculated in a standard way. Outside of 
this region a multipole expansion is applied and 
the infinite summations are carried out explicitly 
using the properties of Rieman zeta functions. S"'a, 
T»,V»(m"I and 

PI' 

-Nx 

0     m' 
p      s 

m + m      m 
r q II' 

M 

Vp"'Xm")=  E/dr^°(r-Ap) 

Z„ 

0=1 

X 
r - A„ — m"ae, 

(14) 

(15) 

*;'(r)   (18) 

0     m 
v   q 

m      m 
r       s 

fdrj, X°(r1)x'"(ri)x;"'(r2)x5
m"^2) 

r, - r, 
(19) 

0     m 
v    q 

m 
s 

respectively, are the overlap, kinetic, nuclear at- 
traction and two-electron integrals between the 
atomic functions used to represent the Bloch state 
cßXKt): 

s;; = ./rfr*;(r)*;'(r), 

T, PI fdtX°(r) 
-V2 

*;'(r), 

(16) 

(17) 

where P/"   is the  mth Fourier coefficient of the 
complex Fourier series representing Prs(k), 

'™ = f1/2 dke-2"ikmPrXk). (20) 

In this work, only s type atomic orbitals located 
on the z axis are used: 

XilXx) 
2«   \3/4 

p \ r 2i exp[-ap(r - Ap - ma0ez) J, 

(21) 
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and the above integrals take the particular forms: Fourier Space 

VI 

4apa? 

X exp 

3/4 
7T 

ap + o^ 

3/2 

ap + a, 
■|A?- Ap + ma0ez,  ,, 

(22) 

p<?      l a„ + a„ 

X   3a„a„ - 2- 
(a„aD) 

P    9y 

-IA   -At ^      ~(ap + a?r~?      *  p 

+ Wfl0
ez|2    Sp"l' 

(23) 

v;-(m") 
2(ap + a?) 

^V2 

1/2 M 

~^p<; i-t^a 

F0((ap + a,)(G™ -Afl + m"a0ez)
2), 

(24) 

In the Fourier transform approach, the expres- 
sions for the Coulomb and the exchange terms are: 

Vpq(k) 

= (• 
rfqo 

rs  ''BZ /    lo + C 

1 /   M 

s„a',-q|i)--srs(fc',o) Ez.«2'"'"1' 

(27) 

Xp,tt) = -(27r«0)"
1E/   dfc'P„(*') 

rs     BZ 

y f dq° 

X Sps(k',qIM + k_k,)Srq(k, -q^+t-f), 

(28) 

where q ~ (^, qy, <?z) and qM *» (^ t^, ^). 
In   these   equations,   the   generalized   overlap 

Spq{k, q) integral is defined by: 

Sp,(*,q)= Ee,'2wm*(x>,'Wq'rlx™)-   (29) 

0    m 
V     <? 

M"     m" + m' 
r s 

X Fr 

(ap + a^)(otr + as) 

ir{ap + a? + ar + as) 

(ap + a?)(ar + as) 

ap + a, + «r + as 

cm cm' 

(m"«0ez + G™'-G™) 

(25) 

In the case of s-atomic orbitals, the generalized 
overlap integral has, after factorization in the 
qx,qy, and q2 components, the following analyti- 
cal expression: 

s„tt,q) = s<vy)s#(MzV2,rq-G" 

X exp 
7T 

«0   («p + a«) 
(30) 

where Gpq and G™' are the centers of the gauss- 
ians that result of the product of two gaussians 
X°(r) and Xq

m(r\ and *°(r) and */''(r), 

qpAp + a?(A? + ma0ez) 

ap + afl 

(26) 

F0(f) is related to the error function, 

F0(t) = /   exp(-tu2)du = -i/—erflVO 
■'o 2 V   t 

Ü> 0). 

with S**'y) defined as: 

, 4a„a   \1/2 

g(*, y) =l       p   ' 
p? 77 

77 

ap + a? 

a„a0    r 

+       (Ay,p-Ay,,r|}. 

_  4       Y 
x, p ^x, q' 

(31) 

The z-component Sp^} involves a lattice summa- 
tion that can always be made to converge rapidly 
by choosing one of the two equivalent forms (32a) 
or (32b) linked by the Poisson formula according 
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to the particular values of the gaussian exponents, 

,4a„a/1/4'       -      ^1/2 

s#<Mz> = '    P  ' 

X £exp 

ap + aq 

2irim\ k + 
ap + aq 

Rz 

«,,«, 
l-^(ma0+A:,q~AZ:p)2 

a   + a 

(32a) 

or 

S<:=Kk,qz) 

IT j 4a 
Pa 

\ V4/ 
1 

«o I     ^     /     I 
\    2TT 

X exp  f(/ 
«0 

X £e: 
m 

<p 
2TT 

a° 

1/2 

ap«, 

i(A. .-A, p)\k + H—q. 

im(A:q - AZiP) Y 
a0 

X -Z q- \k + m +  q-—q. (32b) 

Using these relations, the Coulomb and exchange 
terms then become: 

V„(*) 

«o-1 £ f1/2 dk'Pjk') 
«    -1/2 

-1/2 

1/2 

xEsM^s^u,^) 

Sjs
=)(Jt',-/i)ep,r,''l/'">XG°-^-G°-")E1(7/Ll

2) 

-S<=)(*:',0)EZ1Ic
(2'r'>/''»XG?.p,-/i=)Ei(g/i2) 

a 

(33) 

and 

x„<» 

-fl0   rs     -1/2 
dJt'P^UOS^S^' 

xSffOc-ifi + k-k')) 

E1(7j(M + fc-fc')). (34) 

In these expressions, y, 8, and 17 are respectively 
defined as: 

8 = 

a   + a        ar + as 

a
P + aq 

a
p + as        <*r + V 

The rate of convergence of these lattice summa- 
tions can be slow if the y, 8, or 17 values are small, 
or alternatively when (a + a ) or (ar + as) are 
large. Rapidly convergent series are obtained us- 
ing a combination of the Ewald technique [9] and 
the Poisson formula [10], the latter being applica- 
ble thanks to the gaussian expansion of the atomic 
functions. 

The numerical integration over k' is carried out 
with the same quadrature scheme and integration 
points for both the Coulomb and exchange contri- 
butions. The method is based on a grid of equidis- 
tant points (in our case 33 k' points in the first 
Brillouin zone) and Newton-Cotes formulas [11]. 
The numerical integration procedure has specifi- 
cally been designed to handle analytically the sin- 
gularity in the exchange part. The integration 
weights needed to treat the singular integrand 
occurring in the exchange term in a suitable way 
have been constructed from the Lagrange interpo- 
lation formulas [11]. Reference 5 contains more 
details about this newly proposed computational 
technique. 

Results 

First, we analyze comparatively the results ob- 
tained with the DS and FS approaches for the three 
values of the unit cell length (a0 = 11.0, 12.0, and 
13.0 a.u.). Then, to further illustrate the power of 
the FS approach, we report results on the symme- 
try constrained metallic situation. 
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TABLE I .  
Energy values e(k) of the occupied and unoccupied valence bands at selected k points and the band gaps, 
W, for the infinite chain of lithium molecules, (-Li2-)x, with (a) a0 = 11.0, (b) 12.0, and (c) 13.0 a.u. 
computed with the DS and FS approaches. (Energies are in atomic units.) 

>« 

occ. 
ff(O.O) 
£ (0.125) 
s(0.25) 
e (0.375) 
s(0.5) 

(a) (b) (0 

DS FS DS FS DS 

-0.228535 
-0.223255 
-0.206738 
-0.177521 
-0.149940 

-0.228533 
-0.223254 
-0.206730 
-0.177518 
-0.149992 

-0.217075 
-0.212417 
-0.198218 
-0.175256 
-0.158195 

-0.217076 
-0.212417 
-0.198217 
-0.175256 
-0.158195 

-0.207408 
-0.203517 
-0.192080 
-0.175418 
-0.165188 

FS 

-0.207410 
-0.203519 
-0.192079 
-0.175416 
-0.165188 

unocc. 
e(0.0) 0.152080 0.152152 0.119592 0.119599 0.093216 0.093201 

e (0.125) 0.111178 0.111210 0.089544 0.089549 0.071268 0.071260 

£(0.25) 0.040393 0.040367 0.032494 0.032492 0.026775 0.026771 

s (0.375) -0.021191 -0.021217 -0.018549 -0.018553 -0.013423 -0.013424 

s(0.5) -0.058807 -0.058761 -0.044671 -0.044673 -0.031566 -0.0311561 

W 0.091133 0.091231 0.113524 0.113522 0.133622 0.133627 

nit 
57 38 10 22 8 18 

LITHIUM CHAINS WITH a0 =11.0, 12.0, AND 
13.0 a.u. 

The valence band structures obtained by the DS 
and FS approaches for (-Li2-)r with a0 = 11.0, 
12.0, and 13.0 a.u. are shown in Figure 2 where 

FIGURE 2. Valence bands obtained by the DS and FS 
approaches for the infinite chain of lithium molecules, 
HJ2-)X, with (a) a0 = 11.0, (b) 12.0, and (c) 13.0 a.u. 
Energies are in atomic units. 

they are denoted by (a), (b), and (c), respectively. 
The DS results have been obtained with Nx = 10, 
the maximum number of interacting cells that can 
presently be taken into account in the PLH pro- 
gram to compute the exchange contributions to the 
Fock matrix elements, Eq. (15). Selected energy 
values s(k) of the occupied and unoccupied va- 
lence bands, and the band gaps W obtained by the 
two approaches are listed in Table I. The number 
of iterations nit needed to achieve convergence of 
the density matrices within the preassigned 
threshold is also indicated. Overall, the DS and FS 
results compare fairly well and their graphs in 
Figure 2 are indeed indistinguishable. Neverthe- 
less from data in Table I, one can notice that the 
more alternant the situation is, the better the 
agreement between the two approaches. To trace 
the origin of this discrepancy, it is useful to ana- 
lyze the changes during the iterations of the en- 
ergy band values obtained by the DS approach for 
the chain of equidistant atoms (a). 

The first iteration starts with a guess density 
matrix based on the diagonal elements of the over- 
lap matrix S(/c): 

pfpKk) = s^(k)epp(k), (35) 

[~\,\\ and 1 for fce 
W U [\,\]), p = Is and 2s. The valence 

band structures corresponding to the first (dashed 
line) and last (continuous line) iterations of the 

where 0   (fc) = 2 for k 

([--2 ' 
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0.20, 

FIGURE 3. Energy valence band obtained by the DS 
approach for the infinite chain of lithium molecules, 
(-Li2-)x, at the first (dashed line) and last (continuous 
line) iterations of the SCF procedure. Energies are in 
atomic units. 

SCF procedure are shown in Figure 3. At the first 
iteration the band structure is degenerate (to within 
accuracy of the calculations) at the edge of the 
Brillouin zone (k = 0.5). As the iterations proceed, 
the degeneracy is progressively lifted and the solu- 
tion converges toward the energetically more sta- 
ble symmetry broken solution. Figures 4al and 4a2 
compare the graph of the density matrix element 
P2'"_2s witn respect to m at the first and last 
iterations. The corresponding values are given in 
Table II. It is observed that the decay of these 
elements is rather slow (~ \rn\~1) [8] at the first 
iteration since it corresponds to a "numerically 
transient" metallic situation. At the end of the SCF 
process a gap has opened up (Fig. 3) and the decay 
is now of the exponential type as theoretically 
predicted for the nondegenerate cases [8]. The ac- 
tual rate of the exponential decay is governed by 
the analytical features of the one-electron states 
and energies with respect to k (see appendix in 
Ref. 8c). To a first approximation, the convergence 
rate can be related to the energy band gap [8b]. 
This can be verified with case (b) (aQ = 12.0 a.u.) 
for which the gap is slightly larger than for (a) 
(Fig. 2); the corresponding density matrix ele- 
ments, also given in Table II and plotted in Figure 

FIGURE 4. Graphs of the evolution with respect to m 
of the density matrix element P2S-2s f°r tne infinite 
chain of lithium molecules with a0 = 11.0 a.u. at the (a1) 
first and (a2) last iterations of the SCF procedure and 
with (b) a0 = 12.0 a.u. at the last iteration. 

4b, indeed decay faster than for (a). Thus, the 
larger discrepancy between the direct space and 
Fourier space results (Table I) noted for the chain 
of evenly distributed lithium atoms (a) indicate 
that the number of interacting cells, \NX\ = 10, 
used to evaluate the exchange contributions is not 
enough to reach 5 decimal digits accuracy. 
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Values with respect to m of the density matrix element P™ _ 2s for the infinite chain of lithium molecules with 
a0 = 11.0 a.u. at the (a1) first and (a2) last iterations of the SCF procedure and with (b) a0 = 12.0 a.u. at the 
last iteration.  

m 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

(a1) 

0.685031 
-0.151910 

0.546705 X 10^1 

-0.266155 X 10_1 

0.155983 X 10"1 

-0.102099 X 10"1 

0.721343 X 10 
-0.537895 X 10 
0.417780 X 10 

-0.334927 X 10 
0.275415 X 10 

(a2) (b) 

0.720026 0.699199 

-0.172434 -0.127620 

0.601288 X 10 ~1 0.352045 X 10 "1 

0.261654 X 10 _1 -0.121790 X 10"1 

0.128804 X 10 "1 0.472761 X 10 _1 

0.672170 X 10 ~2 -0.194125 X 10~2 

0.365573 X 10 "2 0.829047 X 10 3 

0.203782 X 10 "2 - 0.362483 X 10 " 3 

0.115738 X 10"2 0.161329 X 10"3 

0.666340 X 10 ~3 -0.727299 X 10 "4 

0.390831 X 10 ~3 0.332536 X 10 4 

To further assess the importance of the number 
of interacting cells taken into account to evaluate 
the exchange terms in DS calculations, we have 
computed the band structure (the occupied and 
the unoccupied valence band) for the chain of 
evenly distributed lithium atoms (a) with Nx = 
2,3,5, and 10. Energies at selected k points and 
band gaps are listed in Table III, and the valence 
band structures are plotted in Figure 5. For the 
sake of clarity, Nx = 5 is omitted in Figure 5. It 
appears that even if the graphs are essentially 
stabilized for Nx = 3, the values in Table III show 
that significant variations in the energies still per- 
sist. 

STOIMETRY-CONSTRAINED METALLIC CHAIN 

As we have just seen, even in nondegenerate 
situations with gaps as large as 0.094 a.u. or 2.5 eV, 
DS-RHF band structures can still be sensitive to 
the number of interacting cells through their ex- 
change contributions. Here we wish to show that 
the FS approach applied to compute the band 
structure of the symmetry-constrained metallic so- 
lution of (-Li-);, (one Li atom per unit cell) leads 
to the genuine features of the RHF approach, 
namely the vanishing of the density of states at the 
Fermi level. The results given in Table IV and 
Figures 6 and 7, reveal that, except in the vicinity 

TABLE III  „......,  
Energy values e(k) of the occupied and unoccupied valence bands at selected k points and the band gaps, 
W, for the infinite chain of evenly distributed Li atoms and for the DS and FS approaches. In the DS calculations, 
different numbers of interacting cells (Nx) have been considered. (Energies are in atomic units.) 

DS 

s{k) Nx = 2 Nx = 3 Nx = 5 N, = 10 FS 

OCC. 

£(0.0) -0.229288 -0.228249 -0.228475 -0.228535 -0.228533 

*?(0.125) -0.223232 -0.223475 -0.223290 -0.223255 -0.223254 

£(0.25) -0.205896 -0.206686 -0.206758 -0.206738 -0.206730 

^(0.375) -0.177509 -0.177305 -0.177470 -0.177521 -0.177518 

£(0.5) -0.151701 -0.150501 -0.150016 -0.149940 -0.149992 

unocc. 
£(0.0) 0.164063 0.147813 0.151261 0.152080 0.152152 

£(0.125) 0.104394 0.114752 0.111203 0.111178 0.111210 

£(0.25) 0.039743 0.037917 0.040868 0.040393 0.040367 

e (0.375) -0.017581 -0.019508 -0.021235 -0.021191 -0.021217 

£(0.5) -0.061858 -0.059989 -0.059054 -0.058807 -0.058761 

IV 0.089843 0.090512 0.090962 0.091133 0.091231 
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FIGURE 5. Valence bands obtained by the DS 
approach for the infinite chain of evenly distributed Li 
atoms using different numbers of interacting cells (A/x). 
Energy values are in atomic units. 

of k = kF, the band structures for the metallic and 
symmetry-broken solutions are almost identical. 
Thus, it seems from this application that the gen- 
eral features of the electronic structures, in particu- 
lar the band widths, are not better nor less well 

TABLE IV  
Energy values e(k) of the occupied and 
unoccupied valence bands at selected k points 
and the band gaps, W, obtained for the symmetry- 
constrained metallic (dotted line) and the symmetry- 
broken (continuous line) solutions. (Energies are in 
atomic units.) 

s(k) DS FS 

occ. 
fi(O.O) -0.228535 -0.229977 
e (0.125) -0.223255 -0.224647 
£(0.25) -0.206738 -0.207620 
s (0.375) -0.177521 -0.174672 
e(0.5) -0.149940 -0.104701 
unocc. 
e(0.0) 0.152080 0.152798 
£ (0.125) 0.111178 0.111863 
s(0.25) 0.040393 0.040592 
s (0.375) -0.021191 -0.024702 
e(0.5) -0.058807 -0.104701 
W 0.091133 0.0 

FIGURE 6. Valence bands obtained for the 
symmetry-constrained metallic (dotted line) and 
symmetry-broken (continuous line) solutions. To facilitate 
comparison, the DS valence band has been unfolded. 
Energy values are in atomic units. 

D(E) 

-0.24 0.16 

FIGURE 7. Valence density of states D(E) obtained for 
the symmetry-constrained metallic (dotted line) and 
symmetry-broken (continuous line) solutions. Energy 
values are in atomic units and the density of states 
values are in arbitrary units. 
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described in  metals than in insulators at the RHF 
level. 

The graphs of the valence density of states ob- 
tained for the metallic (dotted line) and 
symmetry-broken (continuous line) solutions are 
shown in Figure 7. In the case of the metallic 
solution and within the resolution of the density of 
states calculations reported here, the special be- 
havior of RHF metallic cases is apparent. A more 
detailed analysis of the valence and core bands of 
the symmetry-constrained metallic case can be 
found in Ref. 12. 
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Concluding Remarks 

From this work, the following concluding re- 
marks can be made: 

1. Even for systems with gaps of the order of 2.5 
eV, typically case (a), the importance of the num- 
ber of interacting cells contributing to the ex- 
change terms is still felt beyond 10 neighbors. It 
must be further stressed that these observations 
are made for a localized minimal basis which is a 
rather favorable situation from a numerical point 
of view. Even if it could be argued that the net 
effect does not modify qualitatively the final pic- 
ture in the case studied here, a similar analysis on 
complex systems where more diffuse bases are 
generally used is thus necessary. 

2. The FS approach constitutes a suitable frame- 
work for accurate evaluations of all lattice sums 
for localized as well as delocalized bases. As such, 
it appears as a way to avoid the difficult problem 
of selecting the number of interacting cells needed 
in a particular application. 

3. To our knowledge, the FS approach is 
presently the only approach capable of a proper 
description of RHF symmetry-constrained metallic 
solutions of realistic systems. 

4. On a more pragmatic ground, these compar- 
isons constitute checks on the reliability of our FS 
and DS codes. 

Our Fourier transform code (FTCHAIN) is still 
in a prototype phase, but it has already con- 
tributed to illustrate the merits of the Fourier rep- 
resentation in the context of calculations of the 
electronic structure of extended chains. Ongoing 
work to bring it to a more applicable stage in- 
cludes the rather demanding task of obtaining 
working forms for new types of integrals and the 
corresponding computer routines. 
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ABSTRACT   

With a view to elucidate and develop a model for the mechanism of conduction in doped 
transpolyacetylene (t-PA), we have carried out an ab initio study of the ground and 
excited state of transoctatetraene in the presence of an iodine atom. While the ground 
state is calculated as characterized by a slightly distorted alternating bond geometry 
with iodine remaining largely neutral on top of the plane of the polyene near roughly the 
midpoint of the chain axis, the excited state has the geometry characterized by a solitonic 
distortion with the octatetraene carrying a net positive charge close to 0 7e The bandgap 
[highest occupied to lowest unoccupied molecular orbital (HOMO-LUMO) gap] is 
computed to be nearly 0.8 eV. Moreover, the excited-state energy appears very insensitive 
to the position of iodine along the axis of the octatetraene chain. As an extension of an 
earlier calculation on the transport of charge by a charged soliton, a similar calculation is 
performed on a C8H-0 "kink" traveling along the backbone of C12H14, yielding very 
similar results. A computer code has been developed to compute the transport velocity of 
charge based on the above model and can be used in conjunction with the GAMhbb 
program package.    © 1996 John Wiley & Sons, Inc. 

Introduction 

When doped even at a very low level, trans- 
polyacetylene (t-PA) exhibits very high 

conductivity [1, 2]. In understanding the way 
charge is transported in organic systems under the 
influence of an electric field, one has to take into 
account many details of the system beyond those 

* To whom correspondence should be addressed. 

international Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1499-1504 (1996) 

© 1996 John Wiley & Sons, Inc. 

required in understanding conduction in metals 
and inorganic semiconductors. While the latter is 
amenable to interpretation in terms of largely free 
electrons or holes, the conductivity in organic sys- 
tems appears to be a truly many-body phe- 
nomenon where not only is such reduction to free 
electrons inappropriate, but also the 
electron-nuclear coupling seems to be too strong 
to be treated as perturbation. First proposed by Su, 
Schrieffer, and Heegar (SSH) [3], the traveling soli- 
ton waves are now generally accepted as repre- 
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senting the predominant mode of electrical con- 
duction in doped transacetylene and perhaps other 
similar organic polymeric systems. In this soliton 
model of electrical conduction the electrical energy 
is carried by positively or negatively charged soli- 
tons which are, in fact, "kinks" in an otherwise 
periodic Peierls bond-alternated geometry. 

The solitonic transport theory developed so far 
as relied almost exclusively on the SSH model 
Hamiltonian or its variants [3]. Because of the very 
approximate nature of these models, however, even 
though the reality of charged solitons as carriers of 
electrical energy is now accepted universally, the 
predictions of their mobility [4-6] based on these 
models   remain  unconvincing.   This   is   notwith- 
standing the fact that several all-electron semiem- 
pirical [7] and ab initio [8] studies on the structure 
of charged solitons reveal roughly the same fea- 
tures as obtained from the SSH models. We have 
recently carried out an ab initio evaluation of the 
transport velocity of a positively charged soliton 
and made an estimate of the conductivity based on 
these calculations [2]. In this analysis several as- 
sumptions have been made. First, the positively 
charged solitons are assumed to be the dominant 
carriers. Moreover, the excitonic energy (i.e., the 
energy of these carriers relative  to the ground 
state) is taken to be of the order of 1 eV. Also the 
solitonic charge is assumed to be not pinned by 
the dopant counterions and moving almost freely 
along the direction of the chain axis. In the present 
work we shall try to justify these assumptions 
again in the ab initio framework. For this, we 
restrict ourselves to the case of a single iodine 
atom interacting with a  fraws-octatetraene mole- 
cule. This represents perhaps the simplest proto- 
type (computationally speaking) of the real doped 
t-PA system. Upon satisfying ourselves that the 
underlying assumptions of the model are borne 
out, we reevaluate the transport velocity of a posi- 
tively charged octatetraene kink as it moves along 
the chain axis of the oligomer C^H^ under the 
influence of an external voltage. 

Characterization of the Iodine-doped 
Polyene System 

In carrying out the investigation as outlined 
above we must describe adequately both the 
ground and excited states of the total system as 
the charge moves along its length. We can achieve 

this by using the complete active space self-con- 
sistent field (CASSCF) wavefunctions built out of 
the total 7r-orbital space treated as the active space. 
However, the CASSCF process runs into difficul- 
ties here because of the weak mixing of the a- and 
vr-orbitals due to the breakdown of the "planar" 
symmetry of the polyene in the presence of the 
iodine atom. An unrestrained CASSCF will scram- 
ble the o-- and 7r-orbitals among each other beyond 
recognition, leading to undesirable inclusion of the 
cr-correlation. Moreover, this will also cause the 
MCSCF convergence, particularly for the excited 
states, to be poor since the partially occupied TT- 

orbitals have orbital energies that are very similar 
to the higher lying  o-orbitals. In this work we 
solve this problem as follows: We first obtain the 
occupied cr-orbital and the occupied and virtual 
7r-orbital from a restricted Hartree-Fock (RHF) 
calculation on the polyene (without the iodine). 
We also get the occupied  a- and 7r-orbitals for 
iodine. These orbitals are then combined, ordered 
in accordance with the basis set of the combined 
system, ICgH10, and then orthonormalized. Let us 
denote this set as {a-,-0} and {TT,

0
}. We now carry out 

an open-shell RHF on the combined system. Let 
the corresponding occupied and unoccupied or- 
bitals be denoted as {c/j,}. We now transform these 
orbitals into the a- and 7r-like orbitals {a,} and {77,}, 
respectively, as follows: 

ycoc 

r(oc) E «(0CHH-, 
/COC (1) 

^un) = L <*funH-H-' 
ycun 

where the symbols oc and un denote respectively 
the occupied and virtual orbitals. These orbitals 
{cr,.} and {TT,} are then used as the starting orbital 
sets for the CASSCF runs where we impose the 
additional constraint that the cr-like orbitals mix 
only within the space that is orthogonal to the 
7r-like orbitals, while the 77's mix only among 
themselves. 

Since an analytic approach of geometry opti- 
mization is ruled out because of the constraints on 
CASSCF, in order to simplify the geometry search 
process, we make the following further approxi- 
mations: First, we truncate the 7r-space to consist 
only of the lowest N (the number of "heavy" 
atoms) 7r-orbitals, thus obviating the need of the 
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rotation of the 7r-orbitals during the CASSCF opti- 
mization. The error due to this constraint, we be- 
lieve, is minimal as far as the geometry optimiza- 
tion is concerned since the changes of geometry in 
our case bring about mostly bond breaking and 
forming without much of a participation of the 
nonvalence 7i-space (which, in the case of a mini- 
mal basis, as we choose for the first stage of our 
calculation, is absent anyway). This approximation 
clearly reduces the orbital optimization problem to 
simply the optimization of the closed-shell tr- 
orbitals. Also, in the search for the minimum in the 
potential energy surface, we avoid a complete ge- 
ometry optimization by keeping frozen all the 
lengths of the truly cr-bonds such as CH through- 
out at their values obtained for the polyene in its 
ground state. Moreover, we assume that the 
polyene molecule remains strictly planar. This is 
presumably a good approximation since in both 
the ground and excited states iodine is quite far 
away from the plane of the polyene molecule, 
making it highly unlikely for the latter to be signif- 
icantly nonplanar. 

Calculations and Results on the 
Polyene Plus Iodine System 

For studying the influence of a counterion, in 
this case I", we adopt the following basis: We treat 
iodine in the effective core potential (ECP) frame- 
work using the Hay-Wadt ECP basis. For octate- 
traene we use the STO-3G basis, which is known 
to lead to a reasonably good geometry for such 
systems. 

In Figure 1 we plot the bond lengths of the 
system I + C8H10 in its ground and first excited 
states. It is evident tha the ground-state geometry 
is very close to that of the undoped Peierls alter- 

6.22 

(b) 

FIGURE 1. Bond distances (in bohrs) for the ground 
(a) and excited (b) states of C8H10I. 

nating-bond polyene, while the excited state corre- 
sponds to a solitonic kink (a soliton-antisoliton 
pair). The Mulliken charges carried by iodine in 
these states are respectively -0.033 and -0.694 
and the excitonic energy is 0.76 eV. Table I shows 
the excited-state energy and the Mulliken charge 
on iodine as functions of the distance of iodine 
from one end of the octatetraene (all other geome- 
try parameters being optimized within the restric- 
tions described above). It is evident that the ex- 
cited-state energy is quite insensitive to where the 
iodine is located. It is, however, interesting to note 
that the charges on iodine vary significantly as the 
solitonic kink moves away from iodine. 

We conclude from the above calculations that 
the assumptions underlying the modeling of charge 
transport in terms of a traveling charged soliton 
are justified, at least at the level of calculations 
described above. Once the geometry is optimized 
for both the ground and excited states, we recom- 
pute the excitation energy at the level of the 3-21G 
basis for all the atoms. The difference of 0.07 eV in 
the excitation energies going from STO-G to 3-21G 
(shown in parentheses in Table I) is sufficiently 
small such that the general conclusions drawn 
here based on STO-3G are very likely sound. 

Evaluation of Charge 
Transport Velocity 

Calculations on the charge transport are now 
carried out by assuming a positively charged larger 
polyene, in our case, C12H|4. The model of charge 
transport that we pursue here is similar to the one 
used in [2]. This is diagrammatically sketched in 

TABLE I  
CASSCF excitonic energy of the first excited state 
and Mulliken charge on iodine as functions of iodine 
distance measured from the "left"-most carbon.3 

Excitonic energy 
x{A) (hartrees) 

Mulliken 
charge on I 

0.44 0.03321 -0.616 
0.94 0.03311 -0.611 
1.44 0.03069 -0.651 
1.94 0.02954 -0.706 

2.44 0.02854 (0.03111) -0.694 

2.94 0.03302 -0.612 

aThe ground state CASSCF energy = -316.21123 hartrees 
at the ground-state optimized geometry. 
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Figure 2. We review below the steps involved in 
calculating the velocity of transport of charge, (i) 
First we obtain the ground-state wavefunction of 
the total neutral system, in this case, C12H14. This 
is done at the RHF level, (ii) The 77-orbitals {77,} are 
localized in the following manner: We consider 
two sets of elementary localized 77-orbitals, one 
consisting of all the bonding orbitals and the other 
of antibonding ones belonging to each double bond. 
These are symmetrically orthonormalized. We de- 
note the resulting orbitals as {77*} and {77,°} respec- 
tively. The 77-orbitals obtained from step (i) are 
now projected on to these orbitals: 

<(oc)= E<^V/oc)>7rf, 

7r;(un)= £<<|7rfn)>77fn). 
(2) 

(iii) A part of the oligomer is now selected (to be 
called the "charged unit") as carrying the charge 
and a restricted open-shell Hartree-Fock (ROHF) 
calculation is carried out where only the 77-orbitals 
belonging to the charged unit are optimized with 
the constraint that they be orthogonal to the rest of 
the 77-orbitals. The cr-orbitals are, however, opti- 
mized for all geometries. This is followed by a 
relocalization of the 77-orbitals on the charged unit 
(along the lines indicated above). A geometry opti- 
mization of the total system is now carried out 
using a singles-and-doubles configuration interac- 
tion (CD where only the 7r-electrons of the charged 
unit are promoted. This will give us both the 
equilibrium geometry and the normal modes with 
the charge located within the charge unit selected, 
(iv) The total wavefunction is now constructed as a 
linear   combination   of  the   global   Born-Oppen- 

heimer (GBO) products €>,G;, each defining a 
"charge unit" [9]. The matrix elements and over- 
laps are given by: 

S;;. = <$,|cD;><G,|G;>, 
(3) 

where He] and lfel are respectively the electronic 
Hamiltonian and electronic energy of each charge 
unit and the electron integrals are computed at the 
equilibrium geometry of either the zth or the ;'th 
charge unit. In our singles-and-doubles representa- 
tion of the electronic wavefunctions (see above), 
assuming that €>, and <5; are the same except for a 
translation that transforms <£, into <t; or vice versa, 
it is easy to show that, to a good approximation 
(neglecting virtual space contribution), 

<<&,.!*,.> = Y,BiaBja, 
a 

<*,-lHel - iy$;> = LB,aBja(K - KO     (4) 

+   H  BiaBjbKb> 
a¥=b 

where 

$. = V B  U i L-i ^ia     a 

n„ =  Tt\lt\   •••   77„2_177fl77fl
2

+ 
(5) 

Wtt  =  <77a|H>fl> 

(v) The general solution of the time-dependent 
problem is 

i|»(r,R,r) = EOli^V**'/*. (6) 

If we assume that at t = 0 the system is in the 
nonsteady localized state <$>lr that is, the charge is 
localized in the first charge unit, we have 

(7) 

The probability that at a later time the charge 
resides on the charge unit number 2 is given by 

+ 

FIGURE 2. Scheme for modeling transport of charge 
along the backbone of a C12H14 radical cation. 

EQ4 A)./8\f/Ä 

4 £ CXCA, A^A^'hin2   A_   A t       (8) 
A, A' 2Ä 
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assuming both CA and A\k) to be real. This attains 
its maximum at a time t given by 

EQCA,A^/> 
J?A,     g^ »I' ©\ 

sin- 
Ä 

-T=0.   (9) 

In the present case Eq. (3) involves three charge 
units, leading to three eigenvalues of which the 
higher two are nearly degenerate. Thus Eq. (9) 
leads to 

sin- 
2 1 irh 

0 or 
&2 \ 

,   (10) 

whence the transport velocity is given by 

y = 0.256x(ainbohrs) x(AEineV) X 107 cm/s, 

(11) 

where a is the approximate repetition length in 
polyacetylene and A E is the width of the excitonic 
energy band. 

We shall now describe our calculations on the 
transport of charge in C12H^4. We have found [9] 
the choice of the STO-3G basis for these calcula- 
tions to be adequate for preliminary estimates. As 
shown in Figure 3, the general features of the 
geometry of C12H,+

4 optimized at the semiempiri- 
cal and ab initio SCF levels with STO-3G and 
3-21G basis sets are very similar. For the case at 
hand the values of the various overlaps and matrix 
elements [Eq. (3)] are shown in Table II. The solu- 
tion of the corresponding secular equation yields 
the following energies: Ej = - 0.030, E2 = - 0.002, 
and  E3 = 0.001 hartrees. Hence the transport ve- 

7 
locity is calculated to be approximately 0.9 X 10 
cm/s. This is very similar to the value obtained in 

TABLE II  
Values of S'u and H'n [Eq. 3]. 

Parameters Values 

9' °12 

°13 

W13 

-0.78676 
0.39086 
-1.7222 (X10""3 hartrees) 
1.0981 (x10~3 hartrees) 

aS'23 and H23 are assumed equal to S\2 and H\2, respec- 
tively. 

[9] with a shorter chain with a pure charged soli- 
ton. Thus we arrive at the important conclusion 
that the size of the "charged unit" does not seri- 
ously affect the calculated transport velocity. Such 
high velocities have been shown [9] to be crucial 
for the occurrence of high conductivity in t-PA. 

As we have noted in [9], however, the charge 
transport velocity is substantially reduced (by 
nearly 40%) when 3-21G basis is used instead of 
STO-3G in the transport calculation. The resulting 
value is then in approximate agreement with the 
value u(s> = 0.12 X 107 cm/s reported by Su [6] 
based on the SSH Hamiltonian. 

Code for Computing Charge Transport 

We have automated the above steps by devel- 
oping a code and installing it in the GAMESS 
environment. A flow diagram is given in Figure 4. 
The code requires as input the occupied and vir- 
tual orbitals resulting from an RHF calculation on 
the neutral backbone system (restricted here to be 

(a) &j to. V- .* 
'& Ü& 

'vO -A 

IA^ 
.A 

& 
^ & 

(b) 
*/5\*>  y**V*k   V^ffe 

?4» Xv£ N^ ^*&  ^%» 

^J^zd^^J^ (c) 
FIGURE 3. Geometry of C^H^ with bond distances shown in bohrs optimized at (a) the semiempirical (AM1) level 
and the ab initio SCF level with (b) STO-3G and (c) 3-21G bases. 
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planar). The code then localizes the 7r-orbitals, per- 
forms new ROHF at each of a set of grid points as 
defined by the input, yielding new u-orbitals, and 
then performs singles-and-doubles CI over the 
localized 77-orbitals. The single and double ex- 
citations are chosen so as to represent the bond 
breaking and bond forming that lead to the input- 
specified location of the charged kink. These CI 
energies are then used to perform the vibrational 
analysis. If any of the frequencies is imaginary, the 
system is displaced in the direction of the normal 

Deviation 
of new 
geometry 
from old 
too large 

■■Go to other 
options of 
GAMESS 

vied grid oil powiuiai sunace 1 
according to input specs  ^" 

Calculate energies at grid points 
by the program GRIDEN (See 
flow chart for GRIDEN) 

Obtain 
new geometry 

Geom- 
etry con 
verged 

Some frequencies 
imaginary 

Choose normal mode of imaginary 
frequency with largest modulus. 
Displace system along this mode 
until energy curves up. Go back and 
repeat the above processes 

IGRIDENI 

IL'arry out SL'lj 

Localize active 
space. Present 
code limited to 
rc-orbitals 

Form 1- and 
2-el integrals 
over localized 
Orbitals 

Form singles 
and doubles 
Hamiltonian 
matrix and 
solve secular 
equation 

Calculate overlaps of 
the vibrational and 
electronic functions. 
Go to solve secular 
equations 

FIGURE 4. Flow chart for global solution of molecular 
Schrödinger equation. 

mode of imaginary frequency with the largest ab- 
solute value until the energy attains a rough mini- 
mum, whereupon the above steps are repeated 
again. On the other hand, if the vibrational fre- 
quencies are all real, the new equilibrium geome- 
try is obtained by solving for the displacements 
that lead to zero gradients (in the quadratic ap- 
proximation) on the potential surface. If the devia- 
tion between the new and old geometries is larger 
than a given threshold, the above steps are re- 
peated. Otherwise the geometry is assumed con- 
verged. The corresponding normal modes and fre- 
quencies are then used to obtain the overlaps of 
vibrational functions according to Eq. (4). Also the 
overlaps between the electronic wavefunctions and 
the corresponding Hamiltonian matrix elements 
are calculated according to Eq. (4). The global 
secular equation is then solved, leading to the 
parameter AE of Eq. (11). 
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ABSTRACT . .— 

The dependence of X-ray photoionization spectra on structural characteristics is assessed 
by one-particle Green's function calculations on the nearly isomeric adamantane, 
1,4-dimethyl bicyclo [2,2,2] octane and 1,1,4,4-tetramethyl cyclohexane compounds. These 
calculations are carried out using the quasi-particle approximation and the diagonal 
2ph-TDA renormalization scheme for the self-energy. The simulated spectra fingerprint 
remarkably the atomic connectivity from their inner valence part, through the interplay 
of energy degeneracies and the influence of torsional strains on electron binding energies. 
The boundary region between the inner and outer valence bands provides also specific 
signatures for molecular characteristics pertaining to conformational questions, namely 
the enforced conversion from the chair to the boat form of the cyclohexane units 
generating these compounds.    © 1996 John Wiley & Sons, Inc. 

Introduction 

Photoelectron spectroscopy has been success- 
fully used for more than two decades to 

investigate the electronic structure and the chemi- 
cal bonding characteristics of molecules in the gas, 
liquid, and solid phases. As is well known, this 
spectroscopy gives a direct access from core level 
shifts to the chemical composition and inhomo- 
geneity in the top layers of organic and inorganic 

*To whom correspondence should be addressed. 

solids. It is as such one of the most currently used 
analytical devices. On the other hand, the valence 
bands have received so far much less attention. By 
comparison with the results of reliable quantum 
mechanical calculations, however, valence pho- 
toionization spectra can also provide [1] invaluable 
information on the molecular architecture of the 
investigated compounds. This comprises not only 
the overall atomic connectivity (primary structure 
or configuration) but also the possibility [2-7] of 
tracing more subtle changes of the molecular con- 
formation (or secondary structure). Owing to its 
high sensitivity to the mixing of orbitals through 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1505-1514 (1996)^ 
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the interplay of cross-section effects, X-ray pho- 
toionization spectroscopy (XPS) is particularly 
well-suited to fingerprint molecular conforma- 
tions. 

Recent theoretical investigations on the elec- 
tronic structure of large saturated hydrocarbons 
have disclosed evidence for a mixing of the C2s 

and C2p + Hls states at the border of the inner and 
outer valence bands, due to the development of 
long-range methylenic hyperconjugation effects 
over zig-zag planar chains [6] or related cyclic 
structures [7]. These interactions yield highly spe- 
cific XPS conformational signatures in a binding 
energy interval comprised between 14 and 22 eV, 
which could be for instance exploited [8] in a 
definite identification [9] of the leading fold stack- 
ing sequence in the [110]'s growth sector of 
polyethylene. These studies have generated fur- 
ther investigations on polypropylene [10] or self- 
assembled layers of alkane-thiol compounds [11]. 
Long-range methylenic hyperconjugation have also 
provided a consistent explanation [12] for the ori- 
gin of valence XP spectra differences of w-tride- 
cane in solid and gas phases, considering the ther- 
mal agitation prevailing in the gas phase. 

Previous works [13] have shown the value of 
studying gas-phase model molecules to provide a 
detailed analysis of the core level structure of 
polymers. Their virtue resides not only in the 
higher resolution achieved in gas phase but also in 
the separation of intramolecular characteristics 
(chemical bonding, vibrational influences on the 
line profiles, origin of the nonstoichiometric ratios 
of peak areas) from intermolecular interactions 
(polarization of neighboring molecules, phonon 
broadening, structural disorder, etc.) and related 
solid-state effects limiting the resolution (surface 
charging). One limitation with n-alkanes samples 
is that the chains adopt different conformations in 
the gas phase, the proportion of which is hard to 
define. As a result of the ring closure constraints, 
the cycloalkane compounds, at least the smallest 
ones, exhibit in comparison a much better defined 
molecular architecture. The rigid chair form pre- 
vailing for cyclohexane is in particular very well- 
suited to investigate the effects of long-range 
methylenic hyperconjugation. As shown in [7, 9, 
14], a cyclic conversion from the chair to the boat 
or twisted-boat forms of cyclohexane could be 
easily followed from XPS measurements, if the 
latter conformer, lying 4.2 kcal above the global 
energy minimum, could be stabilized and isolated, 

which is, to our knowledge, impossible in practice 
nowadays. Nevertheless, this conversion can be 
followed indirectly, by enforcing the chair and the 
boat forms of cyclohexane in polycycloalkane 
structures. 

Thus, in the present study, we have chosen to 
consider the adamantane, the 1,4-dimethyl bicyclo 
[2,2,2] octane and the 1,1,4,4,-tetramethyl cyclohex- 
ane compounds, which are of very close chemical 
nature and nearly isomeric pairwise, but strongly 
differ in their overall connectivity. A few ultravio- 
let photoelectron spectra are available [15] for 
adamantane and hetero derivatives, in studies 
which essentially focus on the outer valence re- 
gion. Except for a recent work [16] based on outer 
valence Green's function (OVGF [17]) calculations, 
their interpretation has been advanced by compar- 
ison with semi-empirical theoretical data. No mea- 
surement of the inner valence structure of 
adamantane from X-ray photoionization spec- 
troscopy has been reported to date. There is also, 
to our knowledge, no experimental record avail- 
able for the 1,4-dimethyl bicyclo [2,2,2] octane and 
the 1,1,4,4-tetramethyl cyclohexane compounds. 

In order to evaluate on correlated grounds XPS 
fingerprints for the molecular structure of polycy- 
cloalkanes, the valence ionization spectra of these 
compounds have been, in this preliminary study, 
evaluated using simple one-particle Green's func- 
tion schemes in the quasi-particle approximation 
[6, 7]. 

Model Systems and 
Computational Aspects 

Among the many saturated hydrocarbon com- 
pounds available today, adamantane has the 
unique cage structure of a tetrahedron of CH 
groups embedded in an octahedron of CH2 groups. 
The basic pattern found in this molecule is the 
chair form of cyclohexane, which is consistently 
reproduced along each of the 3-fold axis of its Td 

symmetry group. The 1,4-dimethyl bicyclo [2,2,2] 
octane compound has been selected in this study, 
in order to build with the same number of carbons 
as adamantane a rigid cage structure of D3h sym- 
metry based on the boat form of cyclohexane. The 
chair form of cyclohexane is most conveniently 
recovered from the latter structure by considering 
the closely related 1,1,4,4-tetramethyl cyclohexane 
compound of C2h symmetry. 
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The photoelectron spectra of these compounds 
have been computed on the basis of RHF/STO-3G 
optimized geometries. The molecular structures 
studied are shown in Figure 1. Previous compar- 
isons carried out on linear alkanes [6, 7, 9] or 
cycloalkanes [9] have pointed the adequacy of sim- 
ple Green's function calculations carried out on the 
assumption of a quasi-particle picture of ioniza- 
tion, when has been recently assessed [14] by a 
detailed series of Green's function calculations ac- 
counting for multistate interactions in an algebraic 
diagrammatic construction (ADC) scheme [18] be- 
ing exact through third order in correlation. As 
shown in this study, the idea of a one-particle 
process for the ionization of saturated hydrocar- 
bons can be retained nearly over the whole valence 
region, up to a general threshold of about 23 eV. 
Beyond that threshold, the innermost ionization 
lines in the C2s region tend to break into many 
shake-up lines of comparable strength, as a result 
of severe hole-mixing effects [19] in the molecular 
cation. Particularly relevant for the present pur- 
pose is that the main spectral features fingerprint- 
ing the development of long-range methylenic hy- 
perconjugation remain free [18] of satellites. At 
this point, it is useful to recall that configurational 
and conformational signatures in the XPS spectra 
of saturated hydrocarbons find essentially their 

origin in the nodal characteristics of the molecular 
orbitals. These signatures can therefore be consis- 
tently analyzed [6a, 7] in terms of the relative 
distribution of main lines, which appears to be 
mostly unaffected [18] by basis-set effects. 

As the Green's function is in this case domi- 
nantly diagonal, one can legitimately consider re- 
lated forms of the second-order self-energy de- 
rived from a renormalization [20] of excitation 
energies through first-order in correlation in the 
so-called diagonal 2ph-TDA (two-particle-hole 
Tamm-Dankoff Approximation) scheme [21]. In 
spite of inherent drawbacks such as a loss of size 
consistency [22], this scheme has enabled [6a, 7, 9] 
overall a satisfactory reproduction of the photoion- 
ization spectra of saturated hydrocarbons, in re- 
gards with the relative positions of peaks and their 
intensity or the width and shape of bands. Accu- 
rate absolute values are beyond reach with this 
approximation, as a result of the neglect of elec- 
tron correlation in the reference ground state, 
yielding typically an underestimation of the elec- 
tron binding energies by about 1 eV. This ap- 
proach has been preferred to other schemes of 
decoupling of the many-body problem, like the 
second-order (MBGF2) or shifted Born collision 
(SBC) approximations [21] for the self-energy. The 
reason of this choice is that for linear alkanes, it 

(b) (c) 

(a) 

FIGURE 1. Selected structures: (a) adamantane, (b) 1,4-dimethyl bicyclo [2,2,2] octane, and (c) 1,1,4,4-tetramethyl 
cyclohexane. 
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has enabled [6b, 9] a calculation of the relative 
positions of inner valence ionization lines within 
less than 4% of error with respect to experiment. 

Photoionization intensities have been evaluated 
using the parametric Gelius model [23] for molecu- 
lar orbital cross sections; the relative atomic pho- 
toionization cross sections used for C2s, C2 , and 
Hu being 100.0, 7.69, and 0.00, respectively (core 
atomic functions do not significantly participate in 
the molecular orbitals of the valence region). Al- 
though this simple model implies the use of a 
minimal basis set, it reflects nicely [9, 14] the 
influence of the C2-C2p mixing of states at the 
border of the inner and outer valence regions aris- 
ing with the development of methylenic hypercon- 
jugation effects [6a] on the calculated photoioniza- 
tion intensities. For a better account of many-body 
effects, the Gelius cross sections, obtained from an 
uncorrelated model, are multiplied by the corre- 
sponding pole strength factors Tc as obtained from 
a one-electron Green's function calculation. More 
details on the technical aspects of these calcula- 
tions can be found in [6b]. 

The simulated XPS spectra shown in this work 
are constructed from a superposition of peaks cen- 
tered at the Koopmans and 2ph-TDA/QP values 
for electron binding energies, respectively. In these 
spectra, the ionization lines have been convoluted 
using a spread function based on a linear combina- 
tion of one gaussian and one lorenzian curve with 
equal weight and a full width at half the maxi- 
mum of 1.1 eV, in order to account roughly for 
vibrational broadening, as well as the experimen- 
tal resolution characteristics allowed with the most 
recent gas-phase X-ray spectrometers [24]. 

Resells and Discussion 

GENERAL OBSERVATIONS 

The convoluted spectra of the selected com- 
pounds are displayed in Figure 2 at the Koopmans 
and diagonal 2ph-TDA/QP levels of approxima- 
tion. In the latter case, the computed main lines 
are also given as a spike spectrum. The detailed 
molecular orbital cross sections and Green's func- 
tion data used to construct these convolutions are 
given in Table I, together with results obtained 
using other decoupling schemes of the many-body 
problem. Except for a shift and a contraction of 
bands toward lower binding energies, the Koop- 

mans and diagonal 2ph-TDA/QP spectra are over- 
all essentially similar, a result of a balance in the 
convolution procedure between the relaxation ef- 
fects on binding energies and the dispersion of 
photoionization intensity into secondary processes 
[1, 6a]. 

Two bands of rather different intensity can be 
distinguished on the selected energy scale, justify- 
ing a somewhat arbitrary [6a] classification of the 
valence molecular orbitals of saturated hydrocar- 
bon compounds in terms of inner valence levels 
dominated by C2s atomic contributions and of 
outer valence levels of leading (C2p + Hls) charac- 
ter. Owing to their large number and to their 
diffuse character, the latter molecular orbitals yield 
poorly structured bands of low photoionization 
intensity, from which it is usually difficult to ex- 
tract specific information on the molecular struc- 
ture. Therefore, in this contribution, attention is 
mainly focused on the inner valence levels. 

As shown (Table I) by the values obtained for 
pole strengths, the molecular orbital picture is well 
preserved nearly over the whole range of binding 
energies, justifying the use of diagonal approxima- 
tions for the self-energy and its kernel. Great care 
has, however, to be exercised for a definite conclu- 
sion, as a minimal STO-3G basis set yields shake-up 
states of artificially too high energy and tends 
therefore to limit the fragmentation of ionization 
lines into satellites. In direct relationships with the 
results given in [6b, 9] and [14], the pole strengths 
obtained for the innermost levels of the investi- 
gated compounds drop significantly at the 2ph- 
TDA level of approximation, an observation which 
suggests a complete breakdown of the molecular 
orbital picture of ionization of an electron out of 
those levels in Green's function calculations of the 
ADC type, based on larger basis sets. Since these 
levels fall far apart from each other, their fragmen- 
tation tail should simply yield a smoothing and 
broadening of the convoluted band profile at the 
bottom of the inner valence region. As in [9] and 
[14], the idea of a one-particle process of ionization 
can be on the other hand reasonably retained be- 
low an approximate threshold of 23 eV on electron 
binding energies. 

In Figure 3, we compare our theoretical results 
to the inner valence binding energy data obtained 
by R. Boschi et al. [15e] from He(II) photoelectron 
spectroscopy measurements on adamantane. As 
clearly shown by the slope of linear correlations 

1508 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



X-RAY PHOTOIONIZATION SPECTRA OF POLYCYCLOALKANES 

100.00 

35.0 25.0 15.0 
Binding energy (eV) 

FIGURE 2. X-ray theoretical photoionization spectra of (a) adamantane, (b) 1,4-dimethyl bicyclo [2,2,2] octane, and 
(c) 1,1,4,4-tetramethyl cyclohexane, at the HF/Koopmans (dotted line) and diagonal 2ph-TDA (full line) levels of 
description. 
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TABLE I 
Theoretical electron binding energies (in eV) and Gelius XPS molecular orbital cross sections (pole strengths 
in brackets). 

Molecule level Koopmans QP2 SBC Diagonal 2ph-TDA a 

Adamantane (Td) 
1a, 30.32 27.10(0.880) 26.16(0.804) 25.40(0.551) 77.39 

% 26.98 24.21 (0.897) 23.45 (0.840) 22.90 (0.789) 88.52 
1e 23.58 21.40(0.915) 20.78 (0.869) 20.34 (0.830) 88.89 
2f2 20.57 18.56(0.921) 18.00(0.880) 17.62(0.847) 73.69 
2a1 18.18 16.46(0.929) 15.99(0.894) 15.67(0.867) 25.72 

3a! 16.40 14.92(0.938) 14.53(0.907) 14.26(0.885) 51.26 
3f2 15.79 14.27(0.936) 13.87(0.906) 13.60(0.884) 11.45 

% 14.21 12.59(0.933) 12.18(0.904) 11.91 (0.883) 7.01 
4f2 13.69 12.09(0.935) 11.69 (0.907) 11.43 (0.887) 15.13 
2fi 11.44 9.82 (0.934) 9.44 (0.908) 9.10(0.889) 9.34 
2e 11.42 9.73 (0.932) 9.34 (0.905) 9.10(0.887) 16.44 
5t2 9.76 8.22 (0.937) 7.89(0.913) 7.68 (0.896) 12.45 

1,4-Dimethyl bicyclo 
[2,2,2] octane (D3h) 

1a'i 30.09 26.87 (0.880) 25.93 (0.800) 25.31 (0.135) 79.21 
1a'2 27.64 24.81 (0.894) 24.02 (0.833) 23.44(0.761) 87.05 
1e' 26.00 23.52 (0.904) 22.81 (0.850) 22.29 (0.796) 87.67 
2a', 24.84 22.79(0.918) 22.23 (0.873) 21.81 (0.832) 82.59 
2a'a 22.99 21.12(0.925) 20.62 (0.887) 20.25 (0.852) 90.83 
1e" 21.70 19.72(0.921) 19.16(0.879) 18.77(0.844) 77.59 
3 a', 19.87 17.89(0.922) 17.36(0.883) 16.99(0.851) 69.10 
3a'2 16.97 15.35(0.935) 14.94(0.904) 14.65(0.880) 74.14 

2e' 16.75 15.16(0.932) 14.72(0.900) 14.44(0.876) 6.59 
4a', 16.02 14.23(0.926) 13.78(0.894) 13.48(0.870) 15.18 
2e" 14.54 13.32(0.945) 13.00(0.922) 12.80(0.905) 9.34 
1a2 14.47 13.12(0.942) 12.76(0.915) 12.53(0.897) 5.15 
3e' 14.47 13.19(0.944) 12.86(0.920) 12.66(0.903) 6.32 
2e" 12.93 11.70 (0.946) 11.38 (0.923) 11.18(0.907) 5.61 
4e' 12.85 11.12(0.933) 10.79(0.905) 10.54(0.885) 16.61 
4a2 12.13 10.29(0.926) 9.88 (0.899) 9.62 (0.879) 17.51 
1a',' 11.61 10.41 (0.948) 10.11 (0.926) 9.93(0.911) 5.39 
5e' 11.57 9.90 (0.932) 9.52 (0.906) 9.28 (0.887) 10.10 
5 a', 9.90 8.22(0.931) 7.86 (0.907) 7.64 (0.889) 19.60 
3e" 9.76 8.17(0.935) 7.80(0.910) 7.59 (0.893) 14.71 

1,1,4,4-Tetramethyl 
cyclohexane (C2h) 

1ag 29.61 26.58 (0.887) 25.77 (0.822) 25.14(0.742) 80.97 
1ö„ 28.05 25.27 (0.895) 24.55 (0.839) 24.01 (0.778) 85.42 
1au 26.09 23.61 (0.906) 22.96 (0.856) 22.48(0.812) 87.35 
2as 25.15 22.97(0.915) 22.39 (0.870) 21.98 (0.830) 84.93 
2b, 24.31 22.50 (0.926) 22.02 (0.888) 21.68 (0.856) 80.09 
3ag 24.18 22.39 (0.927) 21.92(0.891) 21.60 (0.860) 83.15 
3ö„ 22.59 20.69 (0.925) 20.20 (0.888) 19.86(0.857) 87.51 
1ös 21.77 19.79(0.921) 19.27(0.882) 18.90(0.850) 76.24 
4ag 19.45 17.56(0.925) 17.10(0.892) 16.78(0.865) 71.85 
4ö„ 18.06 16.44(55.18) 16.04(0.905) 15.77(0.881) 59.09 
5a

S 
16.35 14.80(0.934) 14.42(0.907) 14.17(0.885) 10.13 
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TABLE 1 
(Continued). 

level Koopmans Molecule QP2 SBC Diagonal 2ph-TDA a- 

2bg 

5bu 

2au 

16.07 
15.55 
15.51 

14.62(0.939) 
14.14(0.941) 
14.05(0.938) 

14.25(0.912) 
13.79(0.914) 
13.70(0.912) 

14.01 (0.892) 
13.57(0.895) 
13.47(0.893) 

7.04 
20.24 

7.74 

displayed in this figure, the lt2, le, 2t2, 2^ HF 
one-electron levels of adamantane fall in an energy 
range that is too large by about 36% as compared 
with experiment, a defect which reduces to an 
error of 20, 16, and 12% with the diagonal second- 
order, SBC, and 2ph-TDA results, respectively. 
These slopes are significantly larger than the ones 
obtained in the same conditions [6b] for gas-phase 
samples of w-alkane chains (respectively, HF: 1.27; 
QP2: 1.13; SBC: 1.07; 2ph-TDA: 1.00), reflecting the 
enhanced role played by electronic relaxation ef- 
fects in a polycyclic structure. This relates to a 

lowering of the fundamental gap as a result of 
torsional strains. 

INFLUENCE OF THE ATOMIC CONNECTIVITY 

Striking differences can be observed in these 
bands from one compound to the other, confirm- 
ing the proposition that the valence region of XP 
spectra can be successfully used to extract infor- 
mation on the molecular structure. In this case, the 
XPS fingerprints relate to combined variations on 

> 

u o c 
W 

•a c 
S 
•a 
Ü 

•3 

J3 

o     Koopmans' results: 

Y = -4.94 + 1.36 X (R2=0.999) 

»     Second-order QP results : 

Y = -3.99 + 1.20 X (R2=0.998) 

o     Diagonal SBC results 

Y = -3.72+1.16 X(R2=0.997) 

•     Diagonal 2phTDA results 

Y =-3.45 +1.12 X(R2=0.997) 

16 18 

Experimental Binding Energy (eV) 

FIGURE 3. Correlation between theoretical and experimental [15e] inner valence binding energies of adamantane. 
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the connectivity, torsional strains in polycyclic 
structures, and transannular or long-range interac- 
tions, an observation which is worth further analy- 
sis. 

The inner and outer valence bands fall by 1.6 eV 
apart in the ionization spectrum of 1,1,4,4- 
tetramethyl cyclohexane, whereas the topmost C2s 

level of 1,4-dimethyl bicyclo [2,2,2] octane com- 
pound lies only 0.2 eV above the first outer va- 
lence level. From the intensity of the individual 
ionization lines, the C2s and C2 + H1, bands 
clearly interpenetrate in the XP spectrum of 
adamantane. This overall behavior relates to an 
enhancement of torsional strains with the closure 
and fusion of one, three, and four six-membered 
rings, respectively, yielding [9] a stronger energy 
dispersion of the C2s and C2 + Hls one-electron 
levels. 

From their overall aspect, the outer valence 
bands of the selected compounds present some 
similarity, with the emergence of four rather poorly 
resolved substructures. On the other hand, the 
atomic connectivity affects heavily the overall as- 
pect of the convoluted inner valence bands, 
through the interplay of energy degeneracies and 
line positions. Four peaks can be clearly distin- 
guished in the C2j band of adamantane, the inten- 
sity of which directly reflects the degree of degen- 
eracy of the corresponding levels, \ax, \t2, le, 2r2, 
successively. As shown in Figure 2(a), 2ax level 
falling in the border energy range with the outer 
valence band should most likely remain hidden in 
the convoluted XPS background. The 1,4-dimethyl 
bicyclo [2,2,2] octane compound yields six peaks in 
the convoluted C2s band, which can be assigned to 
the following sets of orbitals, successively: (la\); 
(lrt2, le', and 2a\); (2fl2); (le"); (3^); (3a"2). Only 
four well-resolved structures emerge from the in- 
ner valence band of the 1,1,4,4-tetramethyl cyclo- 
hexane compound, which from their energy loca- 
tion and relative intensity remind the C2, energy 
structure of the 1,4-dimethyl bicyclo [2,2,2] octane 
compound. 

INFLUENCE OF TRAiMSAMNLIAR 
INTERACTIONS 

The boundary energy region between the inner 
and outer valence bands exhibit also specific dif- 
ferences from one compound to the other, which 
cannot be easily rationalized considering atomic 
connectivity only. These changes relate to a modu- 
lation of long-range interactions with variations on 

the molecular architecture, and can be as such 
regarded as probes of conformational characteris- 
tics. 

From the computed photoionization cross sec- 
tions (Table I), the 2ax orbital of adamantane can 
be shown to be dominantly of (C2p + HXs) charac- 
ter, whereas the 3ax orbital is clearly dominated by 
C2s atomic contributions. In the convoluted XP 
spectrum [Fig. 2(a)], this feature is fingerprinted 
by the disappearance of the 2ax level in the com- 
puted background and by the emergence of a 
relatively intense peak at 14.3 eV, in an energy 
region normally assigned to the outer valence band. 
As for the chair form of cyclohexane [6b, 9] or 
zig-zag planar chains of polyethylene [6a, 9], this 
particularly strong mixing of the C2s/(C2p + Hls) 
orbitals at the border of the inner and outer va- 
lence bands typically relates to the development of 
through-space interactions between the methylenic 
C-H bond (also referred as cr-conjugation effects 
[25]). It is in this case very strongly favored by the 
overlap of the inner and outer valence energy 
ranges due to the ring constraints in a cage struc- 
ture on the one hand, and on the other hand by the 
topology of the involved orbitals, 2ax and 3ax, 
enabling a hyperconjugation pattern fully consis- 
tent with the tetrahedral symmetry group. In 
comparison, when considering the chair form of 
cyclohexane, this mixing is limited by an energy 
interval of about 2.0 eV between the inner and 
outer valence regions, and by the presence of a 
nodal surface in orbitals belonging to the a2u irre- 
ducible representation of the D3d symmetry group. 
Similar considerations prevail with zig-zag planar 
forms of large «-alkane chains, in which the 
boundary orbitals of the inner and outer valence 
regions exhibit also a nodal surface following 
roughly the carbon backbone. 

Long-range methylenic hyperconjugation, on the 
other hand, is forbidden with the 1,4-dimethyl 
bicyclo [2,2,2] octane compound, since it can be 
regarded as a fusion of boat forms [6b] of cyclo- 
hexane. The computed photoionization cross sec- 
tions differ markedly from the inner and outer 
valence bands (Table I), confirming the absence of 
a mixing of the C2s/(C2p + HXs) character of the 
boundary orbitals, in spite of their very weak 
energy separation. Accordingly, the 3a"2 orbital 
emerges intensively and distinctively at the top of 
the inner valence region, 2.35 eV above the nearest 
inner valence energy level, corresponding to the 
3flj orbital. 
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Methylenic hyperconjugation interactions are 
recovered with the 1,1,4,4-tetramethyl cyclohexane 
compound, through the interplay of a mixing of 
the Cls/(C2p + Hls) character of the 4b„ and 5bu 

orbitals, as reflected by their XPS photoionization 
cross sections. Besides the emergence of a rather 
intense peak at 13.6 eV, relating directly to the 5bu 

orbital, this mixing contributes to a net stabiliza- 
tion of the topmost C2s level by 1.1 eV in compari- 
son with the 1,4-dimethyl bicyclo [2,2,2] octane 
compound. In this case, the highest C2s level can- 
not be resolved from the energy level below. 

Conclusions 

The goal of this work was an assessment of 
specific fingerprints of the molecular architecture 
in the X-ray photoionization spectra (XPS) of poly- 
cyclic hydrocarbons, the adamantane and the 1,4- 
dimethyl bicyclo [2,2,2] octane compounds and of 
the 1,1,4,4-tetramethyl derivative of cyclohexane. 
The inner valence XP spectra of these molecules 
exhibit striking signatures for their molecular pri- 
mary structure (atomic connectivity), through the 
interplay of electronic degeneracies and the influ- 
ence of cyclic strains on binding energies. Owing 
to the sensitivity of X-ray photoionization cross 
sections to the development of transannular meth- 
ylenic hyperconjugation, these spectra can also be 
successfully used to follow the conversion from 
the chair to the boat form of the cyclohexane unit 
on which these compounds are based. As con- 
firmed in this study, the boundary region between 
the inner and outer valence bands generate spe- 
cific signatures for molecular characteristics per- 
taining to conformational questions. 

The results presented in this study have been 
obtained using the quasi-particle approximation 
for a one-electron Green's function scheme based 
on the diagonal 2ph-TDA renormalization of the 
self-energy. Although electronic configuration mix- 
ing effects in the cation are not explicitly consid- 
ered in this approximation, one can reasonably 
retain, by comparison with previous works on 
related compounds, the idea of one-particle picture 
of ionization nearly over the whole range of va- 
lence binding energies, except above an approxi- 
mate threshold of 23 eV where ionization lines 
should most likely split into dense structures of 
shake-up lines. To cope with multistate interac- 
tions, as well as with electronic correlation in the 

reference ground state, one should consider spe- 
cific high-order approximations of the one-electron 
Green's function such as the third-order algebraic 
diagrammatic construction [ADC (3)] scheme. 

Another limitation in our simulations result 
from the use of a parametric model based on a 
noncorrelated approach for the evaluation of pho- 
toionization cross sections. In the long-run, pho- 
toionization intensities should be computed using 
nonparametric techniques implemented [26] in 
the framework of the Green's function approach. 
Vibronic coupling effects [27] in systems with 
numerous electronic degeneracies should also be 
considered. 
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ABSTRACT .  

Many applications involve the use of macromolecules at interfaces, including adhesion, 
lubrication, and the manufacture of surfaces resistant to wear. Modeling these systems 
requires an understanding of how the dominant conformational features of a 
macromolecule are modified by the presence of a boundary. In this work, we are 
interested in monitoring the shape changes that accompany the configurational 
rearrangements of a single polymer chain near a hard plane. We provide a detailed 
characterization of essential molecular shape features of compressed grafted chains. 
These chains are modeled by three-dimensional (off-lattice) walks with excluded-volume 
interaction, anchored to a flat surface by a terminal point. Compression is induced by 
confining the chains between two parallel walls. For these systems, we have studied how 
shape descriptors depend on polymer size and the separation between walls. We show 
that compression causes a number of nontiivial changes in shape (shape transitions). In 
particular, we show that the most compact chains found during compression are neither 
spheroidal nor maximally self-entangled. Maximal entanglements are found in chains 
that are already mostly "flattened" toward the surface. The present results provide new 
insights that can be useful in the design of interfaces with targeted properties.     © 1996 
John Wiley & Sons, Inc. 

 ■—  oil recovery. The design of size-exclusion chro- 
IntrodllCtion matographic phases, filters, and surfaces resistant 

to wear is also based on the properties of confined 
polymers. The properties of macromolecules at thin 

here is a considerable interest in modeling interphases are also central for understanding the 
_   the behavior  of macromolecules  at  solid- functions of biological membranes, 

liquid interfaces [1-3]. These systems find many Several models have been proposed for study- 
applications,   including   surface   wetting,   crystal ing the effect of boundary conditions on chain 
growth, adhesion, film spreading, lubrication, and molecules. Two typical approaches are usually fol- 
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lowed, where: (a) macromolecules are anchored at 
the solid-liquid interface and (b) macromolecules 
form a liquid interphase, confined between two 
solid phases. Some specific examples have consid- 
ered: (i) grafting of a chain to a surface (i.e., termi- 
nal-point chemisorption) to form a "brush" [4-10], 
(ii) adsorption of the entire chain [5, 11-13], (iii) 
macromolecules geometrically confined within 
planar impenetrable surfaces, e.g., slabs [14, 15] 
and prisms [15], (iv) confinement in realistic chan- 
nels [16], nanotubes [17, 18], liquid layers [19], and 
(v) adsorption in the presence of an irregular 
boundary (e.g., a pore) [20]. All these models 
include usually chain-chain and chain-surface 
interactions in various forms, from the simple 
excluded-volume interaction [5] to detailed hydro- 
gen-bonding and solvation [21]. 

Recent results confirm that polymer size is 
greatly affected by the presence of a surface [22], 
its texture [23], and interphase thickness [24]. 
Computer simulations complement these observa- 
tions. They provide us with a microscopic picture 
of how the shape and size of the dominant chain 
configurations are modified by a boundary. 

Computer simulations of confined chains usu- 
ally monitor some ad hoc molecular size features, 
from the components of the radius of gyration in 
preferential directions [10, 14, 19] to the distribu- 
tion of end-to-end distances [25] and persistence 
length [26]. Topological properties of cyclic poly- 
mers (e.g., knot probabilities) have also been stud- 
ied in terms of geometrical confinement [13, 15, 
27]. Yet, a systematic study of how distinct shape 
features are affected by boundary conditions is 
lacking. Here, we present a detailed approach 
where independent aspects of geometrical shape 
are monitored simultaneously. 

We have studied how distinct molecular shape 
features of grafted chains are affected by compres- 
sion. Only linear chains are considered here. Chains 
are considered in "swollen" (excluded-volume) 
configurations and they are modeled by off-lattice 
(self-avoiding) walks, grafted to a plane. Compres- 
sion is introduced by placing the chains between 
two "hard" (impenetrable) walls with variable 
separation. (For general scaling properties of ran- 
dom walks in the presence of a surface, see Ref. 
[28] and others therein. Some effects of confine- 
ment on branched polymers are discussed in Ref 
[29].) 

We use grafting as a device to control the de- 
formability of the chains and produce reasonable 
cut-offs on the "pressure" that can be applied on 

them. The effect of grafting on the configurational 
properties of long chains is minor. In the limit of 
short chains, however, grafting and excluded vol- 
ume allow us to reproduce the usual experimental 
observation that small polymers are fairly rigid 
and difficult to deform by compression. Our pres- 
ent goal is to study the behavior of all shape 
features of a single chain, confined to an inter- 
phase with variable thickness. Entanglements with 
other chains and the possibility of full chain ad- 
sorption are not considered here. Similarly, we will 
neglect attractive interactions and thus eliminate 
the possibility of forming compact globules. Com- 
pactness will only be controlled by varying the 
confinement between walls. 

For these model chains, we have computed con- 
figurationally averaged descriptors associated with 
three distinct shape features: size, anisometry, and 
entanglement complexity. We have also character- 
ized the occurrence of shape transitions due to 
compression. The relation between self-entangle- 
ments, anisometry, and polymer size has recently 
been studied for various homopolymers [30, 31] 
and protein backbones [31-33]. In this work, we 
show that the interrelation between the above 
shape features is greatly modified when a bound- 
ary is taken into account. In contrast with "free" 
polymers, compression can lead to structures that 
are compact according to size, but whose configu- 
rations are neither spheroidal nor very entangled. 

The next sections deal with the construction of 
the model chains, their shape characterization, and 
the onset of shape transitions by compression in- 
side a slab with impenetrable walls. We show that 
the use of several independent shape features, 
rather than a single descriptor, can provide a de- 
tailed characterization of structural changes. 

Grafted Polymer Model with 
Confinement 

We study conformational transitions in poly- 
mers with small to intermediate size. These poly- 
mers (with typically less than 100 monomers) com- 
prise a large number of cases with practical inter- 
est. These chains are well represented by off-lattice 
models [34]. Here, we use a "necklace" model (a 
Pearson random walk), consisting of a string of n 
identical "beads," with a constant bonded-bead 
distance / (Kuhn's length). We simulate the effect 
of a "good solvent" [5, 35] by including an ex- 
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eluded-volume interaction. This is a purely repul- 
sive interaction characterized by the condition that 
all nonbonded monomers must be at a distance 
larger than or equal to rex, the radius of excluded 
volume. [This imposes a restriction on the polymer 
shape: in the limit of rex -> 2/ the chain can only 
be a rigid rod.] 

Our goal is to explore only the effect of confine- 
ment on grafted chains with variable length. The 
parameters / and rexaxe kept constant. Our pres- 
ent choice (/= 3.8 A and rex = 6 A) generates 
chains that mimic unfolded (solvated) proteins, in 
absence of confinement. A smaller rex value is not 
convenient since it produces compact chains that 
instead resemble polymers in poor solvents. Our 
main results depend, however, little on /. 

Grafting and confinement are simulated as fol- 
lows: A terminal point of the chain is attached to a 
planar wall. Then, the chain is allowed to "grow" 
by random walks of length / within two parallel 
(hard-plane) walls separated by a distance L. All 
configurations that violate the condition of ex- 
cluded volume or grow outside the region for 
confinement are rejected. The procedure is equiva- 
lent to a Monte Carlo sampling of configurational 
space, where all accepted conformers have zero 
energy and all rejected conformers have infinite 
energy. An example of an "accepted" (n = 100) 
configuration is given in Figure 1. Successful con- 
figurations will be indicated by {£,-}. This ap- 
proach is sufficient to explain simple size and 
shape features in free chains [31, 34]. In this work, 
we expand the procedure to chains subject to 
boundary conditions. Our goal is study confined 
polymers by using the same shape descriptors that 
are useful for free chains. 

Often, descriptors of size and anisometry are 
adapted to the particular geometrical features of 
the chosen confinement [5, 10, 15, 35-41]. For 
example, in the case of placing a chain between 
two parallel planes, one can analyze the compo- 
nents of the radius of gyration and the asphericity 
in the directions parallel and perpendicular to the 
walls. This approach may not be useful for other 
confinement geometries. Elsewhere [33] we have 
shown that the simultaneous use of distinct shape 
descriptors can uncover subtle changes in molecu- 
lar shape induced by temperature. For the present 
study of confined polymers, we use three descrip- 
tors that are independent from each other. 

The chosen descriptors characterize the shape of 
freely rotating polymers [33]. In our present case, 
the chains are not created in isolation, but rather 

FIGURE 1. Two views of a typical random polymer 
configuration confined between two parallel planes. (The 
example corresponds to n = 100 beads, a step length of 
/= 3.8 A, and a radius of excluded volume of rex = 6.0 
A. The separation between planes is 30 A.) 

grown between two parallel planes and grafted to 
one of them. The subsequent analysis of these 
chains as if in isolation may introduce a problem 
in sampling. Note that all K, configurations, de- 
rived from each other by translation and rotation, 
will have the same shape description. Yet, not all 
of them would necessarily be "successful configu- 
rations" if grafted and grown under confinement. 
To circumvent this issue, we deal with a slightly 
modified subset of configurations that can un- 
equivocally be associated with grafting. Their con- 
struction is as follows: (a) the first three monomer 
beads are chosen collinear and perpendicular to 
the wall; (b) the confined Pearson walk with ex- 
cluded volume is built starting from the fourth 
bead, located at a distance / from the third 
collinear bead (see Fig. 1). 

The condition that the chains start with three 
collinear beads grafted perpendicularly provides 
an unambiguous specification on how to "insert" 
an isolated polymer within the slab and anchor it 
to the surface by one end. Moreover, note that the 
probability that the last three beads (n - 2, n - 1, 
n) will place themselves randomly collinear is vir- 
tually zero. Thus, in practice, it will only be possi- 
ble to "graft back" a selected configuration Kt at 
one end of the chain, the one with the three 
collinear beads. Its shape characterization will un- 
equivocally be associated with a "successful" con- 
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figuration. Nonetheless, this special condition for 
grafting has little influence on the shape of long 
chains. 

There exists a minimum value of L(Lmin) below 
which no polymer configurations are found. With 
the first three beads collinear, this critical wall 
separation increases, but the difference is only 
significant for chains with n < 10. For the parame- 
ters / and rex used here, conformers were always 
found for wall separations larger than 8.5 A, re- 
gardless of the 11 value. This value is comparable 
to a very small molecular cavity [10, 14, 18]. 

Detailed Molecular Shape Description 

We have evaluated shape descriptors on the 
configurations selected according to the above cri- 
teria. The descriptors characterize three distinct 
shape features: (a) size and compactness, de- 
scribed by the span R and the instantaneous ra- 
dius of gyration RG [35]; (b) anisometry, described 
by the asphericity il [37, 38]; and (c) the entangle- 
ment complexity, described by the mean number 
of overcrossings, N [42]. These three properties 
have already been used to monitor dynamical 
shape transitions in biopolymers [33]. 

The evaluation of the descriptors has been dis- 
cussed elsewhere in detail [33]. We summarize 
here the main elements. Let {r,, i = 1, 2,..., n} be 
the coordinates associated with a chain configura- 
tion K{. The origin of the coordinate system is at 
the geometric centre of the chain. The instanta- 
neous radius of gyration Rc and the span R are 
simply given as: 

Rl = 
l  " 
- T r2         r- = llr,-ll, (la) 

R = max r,-. 
{0 

(lb) 

A number of so-called shape factors have been 
proposed in the literature to account for the config- 
ure tional anisometry [36-40]. In our case, we re- 
sort to RG and R to characterize size, whereas we 
use the asphericity for measuring anisometry [40]: 

n = Ui     E    (A,--A,)2) (LA, |     ,    (2) 
, i=\   j = i+\ i = l 

defined in terms of the three principal moments of 
inertia {A,}. Spheroidal chains exhibit Q ~ 0, 
whereas prolate chains satisfy O, ~ \. 

Finally, we use the probability distribution of 
overcrossings as a measure of the complexity of 
self-entanglements in a chain [42]. In the present 
context, the term "self-entanglement" is meant to 
convey how the linear chains "coil and twist over 
themselves." (Note that we deal with a single 
chain that in general will not be grafted to both 
surfaces, and thus they will not form knots or 
braids.) The distribution of overcrossings provides 
a geometrical characterization of the complexity of 
these "coils" that is independent, in general, from 
size and anisometry features. The distribution, in- 
dicated as {AN(nj}, gives the probability of ob- 
serving N overcrossings when projecting the 
bonding pattern of a rigid rc-atom macromolecular 
conformation onto two dimensions. (The over- 
crossings are the points where two bonds appear 
to "cross" when projected to a plane.) In practice, 
{AN(n)} is evaluated by averaging over a large 
series of randomized projections (typically 5 X 104 

points) [42]. Here, we use a single parameter to 
describe the type of entanglements obtained, 
namely the mean number of overcrossings N de- 
fined as: 

maxW 

N=    E   NAN(n), 
N=0 

max N = (n - 3)(n - 2)/2. (3) 

This descriptor captures some essential folding 
features^ In swollen or_disentangled chains we 
expect N -> 0, whereas N will take large values in 
convoluted or entangled polymers. 

For each polymer of length n, we have com- 
puted configurational averages of the above de- 
scriptors over many chains. If D, is the value of a 
generic descriptor D at a successful configuration 
Kt, reliable (and conservative) estimates for the 
configurational mean <D> can be obtained by av- 
eraging over sequences of the computed descriptor 
(Dj, D2, ...), as follows: 

<D> = 
N- 1 

N>2   k>2 

E  E D.jk. 
k=2   i=l 

(4) 

We have added enough configurations to reach 
3-significant-figure accuracy in {R2

C)
1/2. The si- 

multaneous use of {R2
c)

l/ , (R), <0>, and <N> 
should provide a detailed picture of all relevant 
molecular shape features for compressed chains. In 
free chains, some degree of correlation is found 
between descriptors [33, 34]. For example, a de- 
crease in size is accompanied by an increase in 
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entanglements and a decrease in asphericity. This 
behavior is contrasted below with the results for 
various wall separations L. 

Shape Transitions Induced by 
Compressing a Grafted Polymer 

Intuitively, the behavior of the grafted chains in 
the limit of large L values (i.e., weak confinement) 
and small L values (i.e., strong confinement) could 
be predicted: (a) Long grafted chains with no con- 
finement should resemble free chains. For the cho- 
sen / and rex parameters, this means slightly 
prolate configurations «ft> ~ 0.1). There are no 
attractive interactions between beads that can turn 
the chain into a spherical globule, (b) When com- 
pression is applied, the chains should become 
smaller, more spheroidal, and entangled. There- 
fore, we expect that < R2

Gf
/2, < R), and <ü> should 

initially decrease when L decreases, whereas < N > 
should increase under the same conditions, (c) 
Under strong confinement (i.e., with wall separa- 
tions approaching Lmin), the chains will be 
squashed along directions parallel to the surface. 
The resulting configurations will be oblate, large in 
size (not compact), and unentangled. Therefore, 
we expect the behavior of the shape descriptors 
near Lmin to be the opposite to that for large L 
values, i_.e., (R2

C)
1/2, <R>, and <il> will increase 

(and <N> decrease) with compression. Figure 2 
illustrates this behavior for representative configu- 
rations of an n = 100 chain at large, intermediate, 
and small wall separations (L = 50 A, 30 A, and 
10 A, respectively). 

The above analysis suggests that, at least for 
large n values, size and anisometry descriptors 
will exhibit a minimum as a function of L, and the 
averaged mean number of overcrossings will have 
a maximum for some L value. Let L*(D) be the 
wall separation at which the descriptor D has a 
critical point (i.e., [ d{ D)/dL]L * = 0). As we show 
below, the positions of the critical points for size, 
anisometry, anclentanglement complexity [ L*(RG), 
L*(0), and L*(N), respectively] are not coincident. 

The occurrence of a minimum radius of gyra- 
tion in chains enclosed in various geometries has 
already been reported [10, 15]. Our results confirm 
the same behavior for confined chains grafted onto 
a surface. Figure 3 shows the configurationally 
averaged radius of gyration as a function of L for 
n = 75 chains. The molecular size has a minimum 

L=30Ä 

FIGURE 2. Typical changes in polymer configuration 
due to compression. (The parameters for the chain are 
the same as in Fig. 1. The separation between walls is 
indicated to the right.) 

<R>1/2 ♦ / ♦ ' I 

L (wall separation) 

FIGURE 3. Change in mean radius of gyration of a 
n = 75 chain (/= 3.8 Ä, rex = 6.0 A) with compression. 
(Wall separation and radius of gyration in angstroms. 
The error bars represent the uncertainty in the mean 
values after configurational sampling.) 
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at approximately 30 A [i.e., L*(RC) = L*(R) ~ 30 
A]. This minimum is rather flat, as the averaged 
molecular size changes little between L ~ 20 and 
40 A. 

The mean number of overcrossings and the av- 
erage asphericity (Figs. 4 and 5, respectively) com- 
plement the picture of how the shape of the n = 75 
chains is affected by compression. The most entan- 
gled configurations are found in the regime of 
strong confinement [L*(N) ~ 20 A], whereas 
spheroidal ones appear at weaker confinement 
[L:F(fl) ~ 45 A]. By comparing the results in Fig- 
ures 3-5, it is clear that the maximum in entangle- 
ment complexity is found for oblate chains that are 
not very compact. Note, however, that (N) 
changes fast as L is further reduced. As expected, 
the large and flat chains found at very strong 
compression (L ~ 10 A) are not entangled. 

The above results indicate that different shape 
features are affected differently by confinement. 
Size, compactness, anisometry, and entanglement 
complexity are not trivially related when the 
boundary conditions are changed. This trend is 
also found at other chain lengths. Figures 6-8 
show the three averaged shape descriptors for 
chains with n = 20. Again, the positions of the 
critical points for the various descriptors do not 
coincide. The most compact conformations (i.e., 
those with smallest {R2

G)) are found to be oblate 
rather than spheroidal. Note that a maximum in 

entanglement complexity appears at very strong 
confinement [L*(N) ~ 10 A], just above the 
threshold below which no conformers are found 
[^min ~ 8.5 A]. This critical point is not detected 
for chains shorter than n = 20. In these cases, (N) 
increases monotonically during compression. 

0.15 

0.14 

0.13 ■- 

<ß>   0.12 

0.11 -- 

0.09 

I, 
\ 

4 
*, t.i ii i+i 

!M 

20 100 

L (wall separation) 

FIGURE 5. Change in the configurationally averaged 
asphericity of a n = 75 chain with compression. (Wall 
separation is in angstroms. Simulation conditions are the 
same as in Fig. 3.) 

<N> 

6.6 -■ 

6.2 

5.8 -■ 

5. 6 

80 

L (wall separation) 

FIGURE 4. Change in the configurationally averaged 
mean number of overcrossings of a n = 75 chain with 
compression. (Wall separation is in angstroms. 
Simulation conditions are the same as in Fig. 3.) 

<R2
G>

1/2 

11.5 

20 50 

L (wall separation) 

FIGURE 6. Change in mean radius of gyration of a 
n = 20 chain (/ = 3.8 angstroms, rex = 6.0 A) with 
compression. (Wall separation and radius of gyration in 
A. The error bars represent the uncertainty in the mean 
values after configurational sampling.) 
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0.9 

<N>  0.85 

0.75 -+- ■+- ■+■ -i 
0 10 20 30 40 50 

L (wall separation) 

FIGURE 7. Change in the configurationally averaged 
mean number of overcrossings of a n = 20 chain with 
compression. [Wall separation is in angstroms. 
Simulation conditions are the same as in Fig. 6.] 

0.14 

0.13   -- 

<Q>    0.12   -- 

0.1   -- 

0.09 

t «¥" 
-+- -+- -+- 

0 10 20 30 40 50 

L (wall separation) 

FIGURE 8. Change in the configurationally averaged 
asphericity of a n = 20 chain with compression. (Wall 
separation is in angstroms. Simulation conditions are the 
same as in Fig. 6.) 

The critical behavior of shape descriptors is 
summarized in Table I for polymers with n < 100. 
A number of observations can be made from these 
approximate estimates: 

1. Over the small range of polymers considered, 
the wall separation leading to the most compact 
conformations increases approximately linearly 
with n. As well, the value of mh\{R2

c)
1/ (a mini- 

mum over L, for n constant) appears to be linear 
with n. 

2. The minimum value of asphericity is virtually 
the same for all chains, that is, all polymers reach a 
similar "spheroidal regime" at some point during 
the compression. The actual position of this mimi- 
mum [L*(fl)] varies with the polymer length. 
Nevertheless, its change is easily predicted. Let R,^ 

be the value of the average span in the limit of 
large wall separations (R„ = limL^„<R». For the 
examples in Table I, we find that the span of the 
nonconfined chains and the wall separation that 
leads to the most spheroidal chains are virtually 
indistinguishable (at 95% confidence level and val- 
ues in angstroms): 

L*(fl) « (0.97 ± 0.15)2?, + (0.3 ± 4.9).    (5) 

These results suggest that the asphericity is not a 
very discriminating shape descriptor. Asphericity 
alone provides little insight into the structural 
changes taking place during compression, beyond 
giving a first indication on the chain's reorienta- 
tion toward the boundary surface.  In order to 

TABLE 1 
Estimated critical values of configurationally averaged shape descriptors for grafted chains of various lengths.3 

n                 min<fl§>1/2 L*(RG) max<A/> L*(N) min<(l> L*(il) 

10                     — 
20                11.9 ±0.1 
50                 20.7 ± 0.3 
75                 25.5 + 0.5 

100                 30.0 ± 0.5 

17 + 3 
25 + 5 
30 + 3 
40 ± 5 

0.92 ± 0.03 
3.76 ± 0.05 

6.8 ± 0.1 
9.9 + 0.1 

10 + 1 
13 ± 1 
16 ± 2 
20 ± 3 

0.104 ± 0.003 
0.106 ±0.004 
0.101 ± 0.004 
0.100 ±0.003 
0.099 + 0.003 

12 + 1 
21 + 1 
35 ± 3 
45 ± 5 
50 ± 5 

a [Radius of gyration and wall separations L* in angstroms. Due to the configurational restrictions imposed on the model chains, the 
shortest chains (e.g., n = 10) exhibit no extrema for the descriptors of size and entanglement. The estimated values of max N are 
less accurate due to the intrinsic errors in computing mean overcrossing numbers, in addition to the fluctuations associated with 
the configurational sampling.] 
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obtain more detailed information, one should ana- 
lyze the individual principal moments of inertia 
(cf. eq. (2)). 

3. In the range of polymers considered, the wall 
separation leading to the most entangled confor- 
mations is rather small [L*(N) ~ L*(Rc)/2], and 
it also increases with n. The results suggest that 
the entanglement complexity is maximized just 
before a rapid "configurational transition" leading 
to flattened chains almost adhered to the surface. 

Figure 9 conveys the differences in shape de- 
scriptors from another viewpoint. The figure gives 
the dependence of the span (R) on the separation 
between walls. We observe the occurrence of rather 
flat minima, for all n (except n = 10). The dashed 
lines to the left and right of the minima represent 
the approximate wall separations for the maxima 
in entanglements and minima in asphericity, re- 
spectively. This figure suggests an interesting in- 
terrelation between the three shape descriptors: (a) 
The minimum in asphericity marks the onset of 
boundary effects on the chains' size; (b) the mini- 
mum in molecular size defines a regime where the 
confinement forces the chains into compact, in- 
creasingly entangled, and oblate configurations; 
and (c) the maximum in entanglement complexity 
marks the limits to compactness. Further squeez- 
ing brings about a rapid variation in molecular 
size. Since the configurational "space" accessible 

max <N> min <ß> 

60 

50 

\; 

40 /"- 
  n_75 

<R> 
(A) 

30 ■ 

20 

10 

^               / ■      n=20 

n-10 

0                 20 40 60                80 100 

L (wall separation, Ä) 

FIGURE 9. Change in chain span as a function of the 
wall separation for polymers of various lengths. (The 
dashed lines to the left and right represent qualitatively 
the values of (R) and L associated with the maximum 
degree of entanglement and the minimum asphericity, 
respectively. The gray area gives the L values where no 
chains are possible.) 

to long chains is very reduced for L < L*(N), the 
chains are quickly forced to adopt laterally spread, 
open, and unentangled structures. Note that ex- 
cluded volume will pose a smaller constraint for 
shorter chains. Therefore, a decrease in entangle- 
ment complexity brought with further compres- 
sion may not be visible before reaching the critical 
Lmi„ value. 

Further Comments and Conclusions 

The improved design of interphases with de- 
sired structural properties requires appropriate 
tools to analyze how molecular shape is modified 
by various control factors (e.g., interphase thick- 
ness, density of grafting, temperature, and solva- 
tion). In the present work, we have shown that 
three descriptors (associated with independent 
shape features) can provide a detailed characteri- 
zation of configurational transitions in compressed 
polymers. The results show that it is not necessary 
to use ad hoc descriptors "adapted" to the nature 
of the particular geometrical confinement consid- 
ered. 

The present study indicates that the terms 
"compactness," "sphericity," and "entanglement" 
are not interchangeable for the compressed chains. 
Summarizing, we have found that: (i) compressed 
chains reach their smallest size for configurations 
which are not the ones closest to sphericity and (ii) 
the maximum entanglement complexity occurs for 
rather flat conformers that are not maximally com- 
pact. Therefore, it is clear that the interplay be- 
tween these shape features cannot be captured by 
a single descriptor. 

The same procedure presented here should 
be valuable to study configurational transitions 
in more realistic polymer models. A number of 
effects, omitted in this work, should introduce 
important shape changes. For instance, we have 
restricted our study to confinement on "hard" 
polymer chains with variable length. We have ex- 
cluded attractive interactions between monomers 
or between the polymer and the surface, as well as 
avoided the explicit presence of molecules in the 
liquid phase. Moreover, whereas the presence of 
grafting poses a reasonable limit to the accessible 
compression, it plays little role in modifying the 
shape of long chains. This is due to the fact that we 
have only considered single-chain effects (i.e., a 
grafted surface with low surface coverage of poly- 
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mers). A less diluted surface grafting between at- 
tractive chains will of course affect enormously the 
nature of their entanglements. The role of these 
factors on polymer shape transitions will be dis- 
cussed elsewhere. 
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ABSTRACT 

The local self-consistent field (LSCF) method which allows full SCF computations on a 
fragment of very long molecular systems represented by a classical force field has been 
adapted to the description of nonmetallic crystals. The periodicity of the network is 
achieved by modifying self-consistently the basic parameters of the classical subsystem 
(charges, geometric parameters) along the SCF iterative scheme. The method is tested on 
a-cristobalite. The parametrization of the quantum classical junction, achieved by 
localized bond orbitals has been performed with the help of a fragment located in the 
bulk. The stability of the method with respect to the size of the fragment and the size of 
the crystalline sample appears to be very good. The properties of fully hydroxylated (010) 
surface are corrected described. Modeling of water adsorption on the ideal surface as 
well as on two kinds of surface defects gives rise to very reasonable results with an 
absorption energies of ca 10 kcal/mol which are close to the upper limit of the 
experimental data. This preliminary study appears to be quite encouraging regarding the 
possibilities of using this method, which can be considered as an extension of the 
embedded cluster approach to covalent solids. Many applications to surface chemical 
reactivity studies can be imagined.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

Theoretical studies of chemical reactivity re- 
quire the use of quantum mechanics (QM) in 

order to be able to describe the modification of the 
electronic structure of the reactants. This is now 
quite a common method for the study of reactions 
in the gas phase. When the reaction involves the 
chemical participation of the surface of a solid, the 
quantum chemical study of the exceedingly large 
system becomes a very difficult problem. In the 
case of nonmetallic surfaces one often replaces the 
whole solid by a small part of it in which the 
valence rules are fulfilled, for the dangling bonds, 
by extra atoms (usually hydrogen) and performs 
the computations with the usual molecular codes 
at the ab initio, density functional or semiempirical 
levels of approximation [1-6]. In such approaches 
the size of the clusters is limited and the level of 
accuracy is rather low. For instance, the cluster 
H54Si25025, model of a silica surface, has been 
computed at the 3-21 G level [7] and larger clus- 
ters with about 100 Si and O atoms were investi- 
gated at the MNDO level [8]. In addition long- 
range electrostatic interactions which are present 
in crystals are either omitted or roughly reintro- 
duced [9, 10] in such models. 

Another approach consists of using periodic 
Hartree-Fock computations [11] on a periodic 
two-dimensional slab of the crystal structure [12], 
but this method suffers some serious limitations 
too: The slab cannot be very thick and the influ- 
ence of the bulk crystal is not very well repre- 
sented. Moreover the periodicity makes difficult 
the introduction of some irregularities or defects. 
New computational approaches, based on the 
Car-Parrinello formalism [13] seem very promis- 
ing [14, 15], in particular for modeling metal sur- 
faces. However, they usually require large com- 
puter facilities and suffer some limitations which 
make alternative approaches still desirable. 

In the case in which the interactions can be 
considered at the physical level, modeling of large 
systems can be conveniently achieved by means of 
molecular mechanics (MM). For instance, the ener- 
getics of zeolite frameworks [16, 17], the localiza- 
tion of adsorbed molecules in silicalite channels 
[18, 19], and amorphous substances [20] have been 
approached successfully with such models. 

In the case of chemical interactions one usually 
assumes that the electronic perturbation created by 
a local interaction in a large system becomes negli- 
gible at some distance of the interaction center so 
that one immediately thinks of limiting the quan- 
tum chemical computation to this part of the 
system, provided that one is able to include the 
interaction with the rest of the system in the com- 
putation scheme and treat properly the boundary 
between the quantum and the classical parts of the 
system. This last point is straightforward in the 
case of molecular solutions in which it is easy to 
chemically define the solute and the solvent 
molecules which here play the role of the classical 
surroundings [21-25], giving rise to hybrid QM- 
MM methods. This is also true for molecular crys- 
tals in which one may introduce a Madelung po- 
tential due to the surrounding molecules [26]. The 
task becomes far more difficult when there is no 
chemical discontinuity between the quantum and 
the classical parts of the system such as in macro- 
molecules or in nonmetallic solids. The idea of 
using localized orbitals is not so recent [27] and 
offers various levels of approximation for the reac- 
tive part and for the surroundings [28-30]. Va- 
lence bond treatments are an alternative to 
overcome the difficulty [31]. Recently, a simple 
modification of the usual Roothaan equations [32] 
used in molecular Hartree-Fock computations 
have been proposed under the denomination of 
local self-consistent field (LSCF) method [33] which 
enables us to treat quantum mechanically part of a 
large system while the boundary between the 
quantum and classical subsystem is properly 
treated. The method consists in representing the 
electron pairs involved in the chemical bonds con- 
necting the quantum and classical subsystems by 
localized orbitals and by constraining the molecu- 
lar orbitals in the quantum subsystem to remain 
orthogonal to these localized orbitals. The rest of 
the system is represented by a classical force field, 
and the two subsystems interact through electro- 
static and van der Waals interactions. The analytic 
derivatives of energy with respect to the atomic 
coordinates have been established for the quantum 
subsystem giving rise to a classical quantum force 
field (CQFF) [34] which allows geometry optimiza- 
tion and even molecular dynamics computations. 
This methodology has been tested successfully on 
protein and enzymatic systems. The present work 
mainly deals with the implementation of the 
method for the study of the surface reactivity of 
covalent solids. 
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After having solved the technical details inher- 
ent to solid state, we chose to test the method by 
modeling a silica surface. It is well known that 
silicon oxide is one of the most abundant compo- 
nents of Earth's crust, but silica is also a widely 
studied solid by computational approaches, using 
either quantum [6, 35-37] or classical [18, 38, 39] 
mechanics. Solid silica exists in many different 
crystalline forms [40] in which the basic units, 
most often a tetrahedral Si04 motif, share its apices 
with the neighboring tetrahedrons, the various ge- 
ometric arrangements of these connectivities lead- 
ing to the different well-defined crystalline forms. 
In this study we limit ourselves to the hydroxyl- 
ated (010) surface of a-cristobalite. 

This study will be organized as follows. In the 
next section we briefly recall the principles of the 
LSCF method and the modifications made neces- 
sary by its extension to the study of solid surfaces. 
The applications to a-cristobalite are described in 
the third section. The parametrization of the quan- 
tum classical junction is detailed and tested on a 
quantum subsystem located in the bulk of the 
crystal. The results regarding the geometry and 
electronic structure of a regular (010) surface are 
given and simple examples of surface irregularities 
are presented. The results are briefly discussed in 
the fourth section and the last section is devoted to 
the conclusion. 

Extension of the LSCF Method 

The principles of the LSCF method have been 
described previously [33]. The whole system is 
divided into the quantum subsystem (S) and its 
classical environment (E). The chemical bonds 
linking the atoms of S (frontier atoms) to E are 
assumed to be represented by predefined localized 
orbitals built with hybrid orbitals. The hybrid or- 
bital of the frontier atom belonging to S is called 
the frozen hybrid orbital. At the NDDO level of 
approximation [41] which will be used here, the 
only parameters we need to introduce are the (i) 
the s content of the normalized frozen hybrid 
orbital of each frontier atom of S. This quantity 
will be denominated a. (ii) The diagonal element 
Pu of the density matrix corresponding to each 
hybrid orbital in the localized bond orbital linking 
S to E. 

This pair of parameters is assumed to be trans- 
ferable and is usually predetermined on a model 
system computed quantum chemically with the 

same method as used in the forthcoming computa- 
tions. At the NDDO level of approximation the 
energy of the systems is expressed by: 

fL        V 

(JUHATJ) -  — (/17j|Al>) 

+ EPH EE^, 
^ " 

inv\ll)--(fil\vl) 

+ £-P;r(/Z|ZT) 

+  £ QA(H\sAsA) +   £ ZK(/Z|sKsK) 
AG£ KES ) 

+ ^ E LzKzjKL 

+ E (QAEEP^HW 

+ £ ZK[ZAfKA-PA(sKsK\sAsA)] 
K<ES 

+ V(E) + V'(E,S). (1) 

In this equation P^v denotes the density matrix 
element corresponding to atomic orbitals I £i> and 
\v) o( subsystem S (orthogonalized to the frozen 
hybrid orbitals). The semi-empirical core-core 
atomic repulsion function is symbolized by fKA 

and, according to the NDDO formalism, the 
Coulomb interaction between two atomic charges 
A and K is assumed to be proportional to the 
Coulomb integral between s functions sA and sK, 
respectively. The equivalent valence electronic 
population of a classical atom A is simply defined 

by PA 
QA  where  ZA  is the number of 

valence electrons. Therefore, the first line of Eq. (1) 
represents the Hartree-Fock energy of electrons in 
S; the second sum corresponds to the potential 
energy of the electronic population of the frozen 
hybrid orbitals. The third sum is the core-core 
atomic repulsion in S and the fourth one stands 
for the electrostatic interaction between subsys- 
tems S and E. The two extra terms V(E) and 
V'(E, S) represent, respectively, the potential en- 
ergy of the classical subsystem and all interactions 
between the two subsystems E and S, except the 
electrostatic ones. 
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The derivation of the Hartree-Fock equations 
from this expression of E is straightforward and 
the computation of one- and two-electron integrals 
of Eq. (1) involving hybrid atomic orbitals requires 
simple linear transformation of standard integrals 
as explained in Ref. [33]. 

The extension of this formalism to crystalline 
solids can be performed at least in two different 
manners. We can choose a finite piece of crystal, 
especially if the atoms are assumed to be fixed, 
and compute the interaction of the quantum sub- 
systems with all the atoms of E as it is the case in 
proteins. The macroscopic size of the crystal may 
be simulated by using an Ewald sum [42] to ex- 
tend the classical environment to infinity. In the 
present preliminary study we chose the first 
method in order to analyze the convergence of the 
results when the size of the sample is increased. In 
order to take into account the volume and the 
surface periodic arrangement of the atoms, the 
code has been modified in such a way that the net 
charges located on the atoms of the classical sub- 
system, and which are used to define the electro- 
static interaction of the two subsystems, are set 
equal to the net charges computed on the equiva- 
lent atoms of the quantum subsystem. This adjust- 
ment is performed by iterations until the self- 
consistency is reached. Similarly, the code allows 
an optimization of the geometric parameters of the 
surface atoms in the quantum part, and these 
parameters are repeated in the classical part of the 
surface in order to achieve the two-dimensional 
periodicity of a regular surface. 

The input data of the program are the basic 
parameters a and Pn of the frozen orbitals and the 
atomic coordinates of the unit cell of the crystal. 
The code generates finite size samples by repeat- 
ing this cell N times along the three directions of 
space, to create an assembly of N3 unit cells. 

The surfaces are generated by a cleavage plane 
defined by the equation 

hx + ky + Iz = D; (2) 

in which h, k, and I are the Miller indices of the 
plane and D, is an integer. By varying D„ one 
defines planes with the same atomic structure. In 
the case of finite samples as defined above, differ- 
ent values of D; generate surfaces limiting a crys- 
tal sample with a variable number of atoms for a 
given value of N. Consequently, by changing N 
and Dj one can study the influence of the size of 
the bulk and of the extension of the surface on the 
computed properties. 

Computation and Results 

DEFINITION OF THE PARAMETERS 

The test system investigated is a-cristobalite. 
This crystal has a tetragonal P*!^ space group 
symmetry [40]. The pseudocubic primatic cell con- 
tains 12 atoms and its parameters are a0 = b0 = 
4.9733 A and c0 = 6.9262 A. 

In the computations reported here the frontier 
atoms of the quantum subsystem are oxygen 
atoms. The basic parameters a and Pu are adjusted 
on the O-Si bonds surrounding a Si04 tetrahedron 
located in the bulk of the crystal. We used a 
pentamer Si5016 [Fig. 1(b)] located at the center of 

FIGURE 1. General view (A) and the quantum systems 
(B, C) for the modeling of a bulk. 
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TABLE 1 
Self-cons stent Si and 0 charges and precalcu 

MNDO- 

ated paran ieters of the MNDO-AM1 and the MNDO-PM3 levels. 

MVI1 MNDO-PM3 

Units3 Atomsb            qSi 9o p 
' ss a Qsi Qo Pss                   a 

125 
343 
729 

1331 

1500            2.090 
4116            2.130 
8748            2.170 

15972            2.190 

-1.045 
-1.064 
-1.085 
-1.095 

1.526 
1.534 
1.540 
1.544 

0.79 
0.79 
0.79 
0.79 

1.590 
1.760 
1.890 
1.980 

-0.795 
-0.880 
-0.945 
-0.990 

1.370          0.79 
1.420           0.79 
1.450           0.79 
1.480           0.79 

a Total number of elementary units. 
b Total number of atoms in quantum and classical subsystems. 

pseudocubic samples of variable size. We used 
four different samples, containing 125, 343, 729, 
and 1331 crystallographic unit cells (1500, 4116, 
8748, and 15972 atoms) [Fig. 1(a)]. The parameters 
are adjusted self-consistently. 

The computations have been carried on by both 
AMI [43] and PM3 [44] methods. AMI is used 
with its native parametrization. In the case of PM3 
we had to modify the p0 parameter of silicon. We 
simply transferred the value used in AMI (pg ■' = 
1.38544). The values obtained are collected in Table 
I, together with the self-consistent values of the 
charges. 

In order to check the reliability of the method, a 
second computation has been performed with a 
larger cluster embedded in the same crystal sam- 
ples. We chose a 12-member silicon oxygen ring 
with the stoichiometric formula Si18054 [Fig. 1(c)]. 
The charges computed in the quantum subsystem, 
by using the parameters determined with the 
smaller cluster, are compared with the charges 

TABLE II  
Average values of Si and O charges, calculated 
for clusters B and C (Fig. 1). 

MN DO-AM 1       MNDO-PM3 

Cluster Units3   Atoms3    0Si       0 o Oc 0, o 

Bb 

B 
C 
B 
C 
B 
C 
B 
C 

125 
125 
343 
343 
729 
729 
1331 
1331 

33 
1500 
1500 
4116 
4116 
8748 
8748 
15972 
15972 

2.015 
2.091 
2.071 
2.134 
2.130 
2.168 
2.164 
2.191 
2.189 

-0.972 
-1.048 
-1.040 
-1.071 
-1.067 
-1.086 
-1.084 
-1.097 
-1.096 

1.324 
1.592 
1.650 
1.760 
1.826 
1.885 
1.952 
1.975 
2.044 

-0.571 
-0.790 
-0.789 
-0.848 
-0.877 
-0.909 
-0.935 
-0.958 
-0.988 

computed on the latter. Due to the boundary con- 
ditions, the charges are not rigorously the same on 
the various atoms of the same element. We give in 
Table II the averaged value of these charges. The 

aThe definition was given in Table I. 
b Data for the molecular cluster. 

FIGURE 2. General view (A) and the quantum systems 
(B, C) for the modeling of the surface with a regular 
structure. 
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TABLE III 
Jf opl Values ( timized parameters for cluster B (Fig. 2). 

<H403 <03Si2 <H807 
Atoms3 U,b Approx. RH403 <H403Si2 SiaO, R03Si2 

05Sie R
H807 

<H807Si6 Si605 

156.4 

R07Si6 

1.756 

<07Si605 

750 2 AM1 0.946 116.1 81.1 1.765 3.2 0.948 114.6 106.4 
750 2 PM3 0.946 113.5 70.9 1.723 3.1 0.945 113.6 171.6 1.715 106.2 

1050 3 AM1 0.946 116.4 81.1 1.764 3.2 0.947 114.9 159.1 1.755 106.3 
1350 4 AM1 0.946 116.6 81.2 1.763 3.2 0.947 115.1 161.8 1.754 106.2 
1470 2 AM1 0.946 116.1 77.0 1.765 3.9 0.947 114.5 153.5 1.756 107.1 
3822 6 AM1 0.946 116.9 76.9 1.761 4.1 0.947 115.1 157.7 1.754 107.1 
2430 2 AM1 0.946 116.1 71.7 1.765 4.2 0.947 114.5 155.0 1.757 107.3 
8262 8 AM1 0.946 117.1 73.4 1.761 4.5 0.946 115.2 157.4 1.755 107.5 
3630 2 AM1 0.946 116.2 69.4 1.765 4.5 0.947 114.5 156.1 1.757 107.3 

15c — AM1 0.947 116.8 121.7 1.740 2.8 0.945 116.6 106.6 1.758 111.7 
15c — PM3 0.945 116.1 123.7 1.699 2.3 0.944 117.0 94.4 1.712 109.0 
15d — AM1 0.949 117.6 147.2 1.730 20.4 0.948 117.8 89.0 1.730 109.3 
15d — PM3 0.945 116.4 131.8 1.690 28.3 0.944 116.4 93.9 1.689 110.2 

The definition was given in Table I. 
b For the definition of D, see Eq. (2). 
c Corresponds to the molecular cluster with the same number of the optimized parameters. 

Corresponds to the fully optimized molecular cluster. 

convergence is quite good, and the charges com- 
pare quite well with the classical charges opti- 
mized of the rest of the crystal. The same quanti- 
ties computed on the isolated molecular cluster 
(Si5016H12) depart noticeably from the data ob- 
tained on the embedded cluster. The absolute val- 
ues of charges are higher at the MNDO-AM1 level 
because the charges of molecular cluster for these 
systems are higher for the MNDO-AM1 method 
(see Table II). We also briefly mention that the 
results obtained by AMI seem in better agreement 
with ab initio computations which suggest a charge 
close to -1 on oxygen [45]. In other respects both 
methods have the same tendencies. 

TABLE IV  

MODELING OF THE HYDROXYLATED (010) 
SURFACE 

The dangling bonds of (010) a-cristobalite sur- 
face belong to Si and O unsaturated atoms. These 
surface atoms are considered as chemisorption sites 
for polar molecules, especially for water, which 
generates an hydroxylic layer on the surface. The 
reaction may be depicted by the general scheme: 

O OH OH 

Values of optimized parameters for cluster C (Fig. 2) at the MNDO-AM1 level. 

Si- -o- -Si + H ,o —> Si- -o- -Si 
/l |\ /| l\ 

uo oo oo oo 
I  \ /  I \ \ / / 

Atoms3    D?    FL <H605Si4 

<H605 

Si403 <05Si403     R H10Og <H10OgSig 
<H10O9 

Si807 Ro,siB    <Si80907 

750 2 0.948 115.8 78.0 1.762 112.1 0.947 114.6 185.3 1.757 106.4 
1050 3 0.948 116.1 77.1 1.760 112.4 0.947 114.7 189.5 1.757 106.3 
1350 4 0.948 116.2 78.3 1.760 112.3 0.947 114.8 190.2 1.757 107.2 
1470 2 0.948 115.9 74.1 1.761 112.2 0.947 114.6 182.8 1.757 107.2 
39 c — 0.947 115.9 137.2 1.746 111.1 0.947 115.3 115.3 1.744 110.4 
39 d — 0.947 116.0 146.4 1.725 112.4 0.949 115.7 115.7 1.729 112.0 

The definition was given in Table I. 
b For the definition of D, see Eq. (2). 
c Corresponds to the molecular cluster with the same number of the optimized parameters. 

Corresponds to the fully optimized molecular cluster. 
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TABLE V 
Average vali es of atomic charges fc 

D,b              Approx. 

ir cluster B (Fig. 2). 

Atoms3 
Oo, Osi2 Qo3 0H4 Oo5 

750 2 AM1 -0.978 1.948 -0.744 0.220 -1.000 

750 2 PM3 -0.683 1.336 -0.574 0.179 -0.665 

1050 3 AM1 -0.982 1.959 -0.747 0.222 -1.003 

1350 4 AM1 -0.984 1.964 -0.748 0.223 -1.005 

1470 2 AM1 -0.999 1.955 -0.745 0.218 -1.004 

3822 6 AM1 -0.999 1.984 -0.754 0.223 -1.015 

2430 2 AM1 -0.998 1.959 -0.747 0.218 -1.008 

8262 8 AM1 -1.009 2.001 -0.760 0.224 -1.023 

3630 2 AM1 -1.004 1.962 -0.748 0.218 -1.010 

15c   AM1 -0.820 1.990 -0.735 0.223 -0.847 

15c   PM3 -0.616 1.317 -0.536 0.185 -0.552 

15d   AM1 -0.673 1.775 -0.673 0.245 -0.776 

15d — PM3 -0.510 1.223 -0.507 0.202 -0.541 

aThe definition was given in Table I. 
b For the definition of D, see Eq. (2). 
c Corresponds to the molecular cluster with the same number of the optimized parameters. 
d Corresponds to the fully optimized molecular cluster. 

The ideal hydroxylated (010) a-cristobalite is 
shown of Figure 2(a). The hydroxyl groups all 
occupy vicinal positions according to the usual 
classification [46]. 

Structure of the Ideal Surface 

In order to analyze the electronic properties of 
the surface, we performed some LSCF computa- 
tions on two clusters of variable size with the 
formulas Si207H2 and Si6019H2 that contain two 
vicinal hydroxyl groups [Fig. 2(b) and 2(c)]. Table 
III collects the results obtained with cluster B for a 
variable number of atoms in the classical system, 

including the free cluster. The corresponding re- 
sults for cluster C can be found in Table IV. Again 
one notices that the conclusions do not depend 
significantly neither on the size of the cluster nor 
on the size of the classical subsystem. Neverthe- 
less, the results corresponding to the free cluster 
depart strongly from all the other ones for the 
orientation of the OH groups (see the values 
<H403Si201 and <H807Si605 in the Table III and 
<H605Si403 in the Table IV). 

The main difference between the atoms on the 
surface compared with the bulk is the electronic 
charge (Tables V and VI). The absolute value of 
the charge of the hydroxylic oxygen atoms is less 

TABLE VI 
val Average je of atomic charges for cluster C (Fig 

D,b              00l                Osi2 

2) at the MNDO-AM1 leve . 

Atoms3 Oo3 Osu Oo5 OH6 Oo7 

750 2              -1.014 2.014 -0.995 1.940 -0.840 0.223 -1.000 

1050 3              -1.017 2.028 -1.000 1.948 -0.852 0.225 -1.005 

1350 4              -1.019 2.034 -0.996 1.947 -0.853 0.226 -1.010 

1470 2               -1.024 2.022 -1.003 1.946 -0.847 0.223 -1.003 

39 c —             -0.804 2.013 -0.888 1.921 -0.750 0.225 -0.906 

39 d —             -0.687 1.781 -0.842 1.935 -0.668 0.239 -0.865 

aThe definition was given in Table I. 
b For the definition of D, see Eq. (2). 
c Corresponds to the molecular cluster with the same number of the optimized parameters. 
d Corresponds to the fully optimized molecular cluster. 
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TABLE VII  
Geometry (A and degree) for clusters B and D 
(Fig. 3) at the MNDO-PM3 level.3'b 

Cluster Parameter Value 

"02H3 0.957(0946) 

"H305 2.654 

°H607 1.783 

"07H8 0.945(0946) 

°H405 0.970(0.951) 

"H605 0.957(0.951) 

\H405H6 106.8(107.7) 

\H302Si8 116.6(112.8) 

\H807Si9 116.8(112.9) 

°01H2 0.946(0.945) 

°H401 1.759 

°03H6 1.904 

"H403 0.967(0.951) 

"H503 0.954(0.951) 

"H607 0.948(0946) 

(H403H5 106.9(107.7) 

(H201Si9 114.6(112.8) 

(H607Si8 114.1(113.5) 

a Values in parentheses correspond to isolated clusters or to 
isolated water molecule. 
b Surface has been defined with Atoms = 750, D, = 2. 

TABLE VIII  
Geometry (A and degree) for clusters B and D (Fig. 4) 
at the MNDO-PM3 level. 

Parameter Cluster B Cluster D 

Rsi203 1.699 1.701 
Ro3Si4 1.708 1.702 

Rsi405 1.696 1.697 

°05Si6 1.707 1.708 

"Si407 1.704 1.703 

Rsi409 1.715 1.719 

RH807 0.948 0.948 

"H10O9 0.945 0.945 
\01Si203 87.4 87.5 
(si203Si4 110.7 111.0 
\03Si40S 125.2 125.1 
\Si406Si6 117.7 117.6 
\05Si601 90.4 90.4 
(H807Si4 113.9 114.4 
\H10O9Si4 112.8 114.5 
\07Si4O9 102.7 101.7 

°H11012 — 0.968 
"H13012 — 0.954 

"09H11 — 1.768 
\H11012H13 — 106.6 

than the corresponding quantity for oxygens coor- 
dinated with two surface silicon atoms, and the 
oxygen atoms of the bulk bear the greatest charge. 
The same variation is observed for the positive 
charge of the silicon atoms. These observations 
indicate that the Si-O bonds are less polarized 
near the surface than in the bulk, as expected, 
since a condensed phase is a polarizable medium 
which favors charge separation. 

The barrier to internal rotation of one OH group 
on the surface can be easily estimated. The results 
range from 2.9 to 5.9 kcal/mol depending on the 
size of the bulk. They meet the known experimen- 
tal data [47]. 

Finally one notices that the results obtained by 
the PM3 method are in agreement with those ob- 
tained by AMI. 

Interaction of a Water Molecule with the Ideal 
Surface 

This study has been performed at the PM3 level. 
The full geometry optimization of a water molecule 
interacting with the hydroxylated surface shows 
two stable conformations in which the adsorbed 
molecule interact with the hydrogen atom of a OH 
group and with the oxygen atom of a OH group. 
These two situations correspond to the cases in 
which one hydrogen atom (H6) of the adsorbed 
molecule is hydrogen bonded to the 07H8 group 
[Fig. 3(a) and (b)] or both hydrogen atom (H4) and 
oxygen (03) are involved in a bifurcated interac- 
tion [Fig. 3(c) and (d)]. In both cases (Table VII) the 
hydrogen bonds with the oxygen atom of the hy- 
droxylic group are rather short (1.78 A or less) 
although the hydrogen bonds involving the oxy- 
gen atom of the adsorbed water molecule are closer 
to the usual bonds in water dimers (1.90 A). The 
interaction energies are of the same order of mag- 
nitude [11.5 and 10.4 kcal/mol for structures (b) 
and (d)]. These values are in the observed experi- 
mental range [5, 48, 49], although they appear as 
slightly overestimated. 

Modeling Surface Defects 

Silica surfaces can hardly be considered as ide- 
ally regular surfaces [50-52]. Most of the theoreti- 
cal approaches deal with point defects [5]. We 
shall here consider two special cases: an extra Si02 
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FIGURE 3. General view (A, C) and the quantum systems (B, D) for the modeling of water adsorption on a surface with 
a regular structure. 

group added to the ideal (010) surface and a crys- 
tal edge. 

The extra SiOz group, represented on Figure 
4(a) is modeled by a quantum cluster schematized 
in Figure 4(b) (formula Si7021H6). The presence of 
this chemically bonded extra group introduces a 
local perturbation in the bond angles and bond 
lengths (Table VIII). One possible structure of a 
water molecule adsorbed on this defect is repre- 
sented in Figures 4(c) and 4(d) (the interacting 
atoms are 09 and Hn). The energy of interaction 
found in this case is 10.2 kcal/mol, very close to 
the values obtained on the ideal surface. 

We finally considered the edge of a (010) plane 
represented in Figure 5. The uneven geometry of 
the silanol groups is clearly visible on this figure. 
The energy of interaction of a water molecule with 
these groups was again found equal to 10.2 
kcal/mol. 

Discussion 

Although the main aim of this work is to test 
the extension of the LSCF method to crystal sur- 
faces, especially to its capability for modeling their 
chemical properties, the preliminary results ob- 
tained on the (010) surface of a-cristobalite already 
give some interesting indications on the chemical 
properties of the surface. 

The most striking result is the great stability of 
the computed properties with the size of the quan- 
tum subsystem either in the bulk or on the surface. 
This should give confidence in the method. The 
other very clear result arises from the comparison 
of the geometric features of an isolate surface clus- 
ter with an imbedded one which exhibits larger 
differences, indicating that the conclusions drawn 
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FIGURE 4. General view (A, C) and the quantum systems (B, D) for the modeling of a surface with irregular structure. 

This could mean that this interaction involves the 
properties of individual OH groups and that these 
properties do not vary much from one place to 
another, as expected for covalent bonds. 

This method is well adapted to the study of 
other physical properties, such as vibrational fre- 
quencies [36], as well as chemical reactivity such 
as acidity or basicity of surface groups or the 
influence of chemical defects (substitution of one 
atom by another element). It should be tested in 
this way in the near future. 

FIGURE 5. General view of a corner of (010) 
a-cristobalite surface.  — — 

from the study of small molecular clusters in- 
tended for representing the surface of a solid may 
be somewhat erroneous. 

The only chemical property studied here is the 
energy of interaction of a water molecule with the 
hydroxylated (010) surfaces. The unexpected result 
is the small range of variation of these energies. 

Conclusion 

The extension of the LSCF method to periodic 
systems appears to be quite an appropriate tool to 
perform quantum chemical computations on a 
cluster of any size (provided that the computa- 
tional requirements do not exceed the possibilities 
of the computer in use) interacting with the rest of 
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the solid and linked to it by localized bond orbitals 
which minimize the electronic discontinuity be- 
tween the two systems. When such a cluster is 
located at the surface of the solid, it allows the 
study of chemical properties of the surface and of 
chemical reactions in which this surface is in- 
volved. 

This computational scheme, which was origi- 
nally devised for modeling biopolymers, can also 
be used for amorphous solids provided that one is 
able to generate the structure of these solids and to 
define a chemical similarity between the atoms of 
the quantum part and those of the rest of the 
system, in order to achieve the self-consistency in 
the charge distribution. 

In its present form, the method works very 
efficiently at the NDDO semi-empirical level, due 
to the assumed orthogonality of the atomic or- 
bitals. The basic principles of the method are also 
valid at the ab initio level, but they require a full 
orthogonalization of the quantum subsystem to 
the localized bond orbitals which separate the clas- 
sical and the quantum subsystem. This additional 
subroutine is under development in the Nancy 
group. Therefore, the local self-consistent field 
method [33] together with the classical-quantum 
force field [34] appear as a natural extension of the 
embedded cluster methods to covalent solids and 
thus offer some very appealing prospects. 
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ABSTRACT 

In a positively charged metallic cluster, surface tension tends to enhance the ionic density 
with respect to its bulk value, while surface-charge repulsion tends to reduce it. Using 
the stabilized jellium model, we examine the self-expansion and compression of positively 
charged clusters of simply metals. Quantal results from the Kohn-Sham equations using 
the local density approximation are compared with continuous results from the liquid 
drop model. The positive background is constrained to a spherical shape. Numerical 
results for the equilibrium radius and the elastic stiffness are presented for singly and 
doubly positively charged aluminum, sodium, and cesium clusters of 1-20 atoms. 
Self-expansion occurs for small charged clusters of sodium and cesium, but not of 
aluminum. The effect of the expansion or compression on the ionization energies is 
analyzed. For Al6, we also consider net charges greater than 2+. The results of the 
stabilized jellium model for self-compression are compared with those of other models, 
including the SAPS (spherical averaged pseudopotential model).    © 1996 John Wiley & 
Sons, Inc. 

T 

~—— Hum model, the ions are replaced by a continuous 
1. Introduction charge background of density n = 3/(47rrs

3), trun- 
cated sharply at a cluster radius R = rs N0

1/3, where 
N0 is the number of valence electrons in the neu- 

he stabilized jellium model (SJM) or struc- tral cluster.  This model is widely used  in the 
tureless pseudopotential model [1] is a sim- physics of metal clusters, since the precise position 

pie modification of the jellium model. In the jel- Gf the ions is not important for many physical 
*To whom correspondence should be addressed. properties. Stabilized jellium as well as jellium 
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may be deformed, but we limit our consideration 
here to spherical shapes. 

Bulk jellium (N0 -> °o) is unstable at density 
parameters which are very different from that of 
sodium (rs

B = 3.93 bohr). (We adopt atomic units 
in which e = m = h = 1.) The SJM cures the main 
deficiencies of the jellium model, namely unrealis- 
tic binding energies at all densities, unrealistic 
bulk moduli for metals with low valence electron 
density such as cesium (rs = 5.62 bohr), and unre- 
alistic surface energies for high valence electron 
density metals such as aluminum (rs = 2.07 bohr). 
The SJM retains the simplicity and universality of 
jellium, as the only inputs to these models are the 
bulk density parameter rs and the valence z. In 
the SJM, we subtract the spurious self-repulsion of 
the jellium charge inside each Wigner-Seitz sphere 
and then add a constant potential acting on the 
electrons inside the cluster. This constant poten- 
tial, different for each metal, is designed so that 
the bulk metal is stable at the observed valence- 
electron density rs (i.e., the pressure P vanishes at 
the experimental rs). 

In previous works, the surface properties [2], 
the energetics of small clusters and cohesive prop- 
erties of bulk metals [3], and a number of fragmen- 
tation processes of charged clusters [4] were ex- 
plored in the framework of the SJM. In all those 
works the density parameter of the clusters was 
taken to be rs

B, the bulk density parameter. How- 
ever, stabilized jellium permits adjustment of the 
background density so that the energy per particle 
of a cluster is minimal [5, 6]. A neutral cluster with 
rs = r* < rs

B has a lower energy than a cluster 
with r5

B. This effect, which cannot be described in 
the jellium model, is simply explained, within the 
liquid drop model (LDM), by the surface tension. 
It is called "self-compression" and has analogs in 
nuclear physics [7] and in the physics of helium 
droplets. 

In the present work, the SJM is employed to 
study not only the self-compression but also the 
self-expansion of charged clusters of simple met- 
als. The magnitude of self-compression should be 
reduced for charged systems. Self-expansion is ex- 
pected if the Coulomb repulsion of the excess 
charge overwhelms the surface tension. We use the 
Kohn-Sham equations of density functional theory 
in the local density approximation (LDA), and the 
LDM, considering clusters of three different metals 
(Al, Na, and Cs), which cover the range of physical 

densities, with single and double positive charges. 
Let us see how the main reasoning used to 

introduce the self-compression of neutral clusters 
can be extended to the case of charged ones. The 
constant potential is an average of the difference 
between an electron-ion pseudopotential and the 
jellium electron-background potential in a unit cell. 
It can therefore be expressed in terms of a pseu- 
dopotential "core radius" rc. Then the bulk stabil- 
ity condition is 

d 
lim — 

Nn^=o dr. Nn 
= 0, (1.1) 

where E0 = E(N0, rs, z, rc) is the total energy of 
the neutral cluster in the SJM. Equation (1.1) fixes 
rc = rc(rf, z) for each metal. 

The equilibrium positive-background density 
parameter r* for a neutral cluster with a finite 
number N0 of valence electrons is the solution of 
the following equation: 

d 

~dr~c Nn 
= 0, (1.2) 

where the derivative is evaluated using the same 
rc as in Eq. (1.1) (assuming transferability of the 
pseudopotential from the bulk to the cluster envi- 
ronment). 

The elastic stiffness or inverse compressibility of 
the neutral cluster measures the curvature of the 
energy with respect to rs, around the point r*. It is 
defined by: 

(1.3) 
12irr* drl    N, 

It is a function of N0, r*, z, and rc. This second 
derivative goes over to the bulk modulus B B when 
N0 ^oc. 

If we ionize the cluster, the number of valence 
electrons becomes N = N0 + v, with NQ the num- 
ber of valence electrons of the neutral system and 
v the number of excess electrons (e.g., for a cluster 
with a single positive charge, v — — 1). The energy 
of the charged cluster may be evaluated by solving 
the self-consistent Kohn-Sham [8] equations and 
filling up in sequence the available single-particle 
levels. It can also be evaluated using the LDM for 
charged systems [9, 10], in which we disregard 
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shell fluctuations. In either case, the equilibrium 
radius of the positive background is R = rs*N0

1/3, 
with the equilibrium density parameter defined by 

d  I E 

Jr~AN 
0, (1.4) 

where E = E(N0, rs, z, rc, v) is the total energy of 
the charged cluster. We have expansion if r* > rs

B 

or compression if rf < rs
B. 

The elastic stiffness of the charged cluster, 

12-n-r* dr} \ N 
(1.5) 

is different from the stiffness of a neutral cluster. 
Besides N0, rf, z, and rc, it depends on the 
charge v. 

We shall determine rf and related physical 
properties as functions of N0 and v for different 
metals (different sets of rf and z). 
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FIGURE 1. (a) Ratio of the equilibrium density parameter r* to its bulk value /f as a function of number of atoms 
Nai = N0/z, for a singly charged cluster of stabilized jellium representing Al+. Heavy dots: LDA Kohn-Sham results. 
Solid curve: Exact numerical solution within the LDM. These results should be compared with those for neutral clusters 
[5, 6]. Note, however, that in Ref. [5] the local spin density (LSD) was used instead of the LDA and, in Refs. [5, 6], the 
densities of Na and Cs were rf = 3.99 and rf = 5.63, in contrast with the present 7=0 values r^ = 3.93 and 
rB = 5.62. (b) Ratio of the elastic stiffness to its bulk value as a function of number of atoms for Al+. 
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In the next section we elaborate on the LDM for 
charged clusters. In Section 3, we present and 
discuss the quantal and liquid drop results, and in 
Section 4 the main conclusions are drawn. 

2. Energy of the Charged System 

To evaluate the energy of a charged system, we 
use the Kohn-Sham equations in the LDA, with 
the Perdew-Wang parametrization [11] for the 
correlation energy. The quantal equations which 
were solved are explicitly written in Refs. [3, 4]. 

The LDM for a charged system deserves more 
attention, since it is not so well known. In this 
model, the energy of a neutral cluster is written as 

a power series of the valence electron number 
N0V3: 

E0 = av(rs, z, rc)N0 + as{rs, z, rc)N0
2/3 

+ ac(rs,z,rc)N^3 + -,   (2.1) 

where av is the average energy per electron for a 
bulk system of uniform density, as is the surface 
energy coefficient, and ac is the curvature energy 
coefficient. This expression can be derived using 
density functional techniques by developing the 
density of the cluster around the density profile of 
the planar surface (Lang-Kohn calculation) [2]. 
This procedure, which goes under the name of 
"leptodermous expansion" since it applies to sys- 
tems with thin skin, allows us to evaluate the 
surface and curvature energies [7]. Although Eq. 
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(2.1) is strictly valid for N0 -> °°, it provides a 
useful average of the shell-structure oscillations of 
the quantal result and may be accurate even in the 
atomic limit N0 = 1 [3, 12]. 

The energy of a charged cluster may also be 
described by a continuous approximation. In Refs. 
[9, 10] the following liquid drop formula of a 
charged cluster with v excessive electrons has been 
obtained in the jellium model: 

E = E0-^|W+- 
2(R + 8) 

(2.2) 

where W is the work function, c is a size correc- 
tion to the work function, and 8 is the distance 
from the image plane to the jellium edge of the 
planar surface. In Eq. (2.2), -(W + c/R) is the 
chemical potential of the neutral cluster; its contri- 
bution of order R"2 is currently unknown. If we 

replace the jellium LDM coefficients by those of 
the SJM, the expression (2.2) is still valid for stabi- 
lized jellium, given the similarity of the two en- 
ergy functionals. It has been used in Ref. [4, 13] 
without any self-expansion or compression effects. 
We stress that the LDM formula (2.2) is only justi- 
fied when the charge v is small in comparison 
with the total number of electrons N = N0 + v. 

The ionization energy and the electron affinity 
may be derived from Eq. (2.2): 

I = E(v= -1) -E(v=0) 

A = E(v=Ö) -E(v= 1) 

= w+|-2- + c)irnr     a4) 
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Therefore, once values of W and c are available, 
the SJM can predict ionizations and affinities for 
finite systems. The work function is given by the 
same surface calculation which yields as and ac 

[2]. Lacking any first principles calculation of c, we 
have evaluated it by taking finite singly charged 
and neutral clusters and considering an extended 
Thomas-Fermi approximation (TFDW-4) for the 
kinetic energy functional of the self-consistent den- 
sity. Then, fitting the ionization energy by the 
formula (2.3) yields c = -0.1 in the case of Al [4], 
close to the value known for jellium (c = -0.07) 
[14]. Since in the jellium model c is approximately 
independent of rs, we assume that the same is true 
for the SJM. Finally, S was taken from Ref. [15]. 

The ionization energy is always positive, but 
within the jellium-LDA  approach the  electron 

affinity is negative for small clusters. That is also 
the case for stabilized jellium-LDA. It is interest- 
ing to investigate the number of particles for which 
the affinity turns our to be positive. From Eq. (2.4), 
the condition A > 0 is equivalent to: 

N0> 
rW 

(2.5) 

More generally, the affinity of order v is defined 
by 

A(v) = E(v-l) 

This quantity is positive if 

E(v). 

N0> 
rM 

(2.6) 

(2.7) 
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FIGURE 4. Same as Fig. 1, for Na24 
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The results on the limits of stability for negative 
ions are displayed in Table I. 

The solution of (1.4) with the energy given by 
(2.2) is found numerically, since the rs dependence 
of the LDM coefficients as, ac, and W is known 
from numerical planar surface calculations. The 
coefficients c and S are assumed to remain con- 
stant when compression changes the density of 
each metal. 

The LDM can be used to make simple estimates 
of the transition from expansion to contraction. We 
use the Taylor expansion of Ref. [5] around the 
bulk density parameter: 

E = E(rB) + (r  -rs
B)E' + |(rs-rs

B) E" + 

(2.8) 

with E' = dE/drs\r^rB = «;N0
2/3

 + dcN^3, and 
E" = d2E/dr%s=rf- The equilibrium condition 
leads to 

-RS
B - -E'/E". (2.9) 

The condition r* = r B is then equivalent to 
E' = 0 or, considering only the surface and the 
Coulomb term (with 8 = 0): 

M?/3 - *sIV0 

2(r»)2Nn
1/3 

= 0. (2.10) 

For v = -2, this happens at N0 = 3 for aluminum, 
N0 = 9 for sodium, and N0 = 11 for cesium. (The 
values of the derivatives ds appear in Ref. [5].) 
Clearly, these guesses for the transition from ex- 
pansion to compression are only reasonable if the 
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TABLE I  
The smallest integer value of N0 for which the 
electron affinity of the (A/0 + v - 1) valence 
electron cluster is positive, according to Eq. (2.7).a 

Al Na Cs 
(r* = 2.07, (rs

B = 3.93, (r? = 5.62, 
V z = 3) z=1) z = 1) 

1 3 2 2 
2 90 42 33 
3 435 210 153 
4 1216 554 423 

aThe smallest neutral cluster of stabilized jellium that can 
bind excess electrons has N0  valence electrons. The 
results are similar to those of the jellium model [26]. 

truncation of the Taylor expansion (2.8) is a good 
approximation to the exact LDM result, and if the 
excluded terms in (2.10) may be neglected. 

3. Results 

In Refs. [5, 6] we have found for neutral systems 
with up to 20 atoms that: 

1. Small clusters display self-compression r* < 
rf, i.e., the ionic density is higher in the cluster 
than in bulk. 

2. Quantal shell effects produce local minima in 
r* and local maxima in B for closed-shell clusters 
Na = 2, 8, etc. 
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Figures l(a)-6(a) show the ratio of the equilib- 
rium density parameter r* to its bulk value rs

B as 
a function of the number of atoms Nat = N0/z, for 
Al+, Al2+, Na+, Na2+, Cs+, and Cs2+, respectively. 
From these figures we see that Al+ and Al2+ show 
self-compression for all sizes, although this com- 
pression is not so pronounced as in the neutral 
case. This is due to the high surface tension of Al. 
On the contrary, Na2+ and Cs2+ exhibit self- 
expansion for small clusters and self-compression 
for large clusters. The transition takes place at 
Nat = 8 and Nat = 9, respectively, using the LDM 
(and the Kohn-Sham approach gives practically 
the same transition). Na+ and Cs+ always show 
self-compression. The simple rule given by Eq. 
(2.11) makes a good estimate of the transition from 
dilatation to contraction, except for Al where the 
truncated Taylor expansion is not accurate [6]. In 
the asymptotic limit (N0 -> °°), a fixed net charge 
is negligible so that the asymptotic expression (Ref. 
[5]) for rs in the neutral case still holds in the 
charged case. As in the neutral case, the LDM 
provides a good average of the quantal results, 
and quantal shell effects are evident in the curves 
r* /rf versus Nat. 

The elastic stiffness was calculated numerically 
by making a least-squares fit of a fourth-order 
polynomial to the curve E(N0, rs, z, rc, v), around 
the minimum r*, in the quantal as well as in the 
liquid drop cases. Figures l(b)-6(b) show the ratio 
of the elastic stiffness to its bulk value as a func- 
tion of the number of atoms, for Al+, Al2+, Na+, 
Na2+, Cs+, and Cs2+, respectively. We conclude 
that in the LDM picture for Al2+, bigger clusters 
are harder than the bulk and smaller clusters are 
softer. (The same was found for neutral clusters in 
Ref. [5], where the asymptotic N -> o° correction to 
the bulk modulus was positive for Al but negative 
for Na and Cs). The crossover occurs at N0 = 4. 
On the contrary, the quantal calculations for Al 
always show a cluster stiffness higher than that of 
the bulk. These observations may have technologi- 
cal implications. Na and Cs clusters charged or 
neutral, are always softer than the bulk in the 
LDM picture. The quantal results show fluctua- 
tions, with some clusters harder than the bulk 
material. 

The role of the charge is to decrease the elastic 
stiffness. Disagreement between the LDM and the 
quantal stiffnesses for very small charged clusters 
indicates that the LDM may be failing in those 
cases. For some very small clusters, we do not find 
solutions for the equilibrium radius. The disap- 

pearance of such solutions is prefigured by a sud- 
den drop in the elastic stiffness. 

Ionization energies are affected by the expan- 
sion or compression. We can define two ionization 
energies: one "vertical," where the density param- 
eter is frozen at the value of the neutral system, 
and another "relaxed," where both the neutral and 
the charged system are allowed to minimize their 
energies with respect to rs. The first is more realis- 
tic, since in a real ionization process the ions do 
not have time enough to readjust their positions. 
Figure 7 shows the vertical ionization energy for 
Cs, in comparison with that calculated for the bulk 
density (without any compression or expansion). 
The stronger self-contraction that occurs for 
closed-shell clusters leads to a stronger binding 
of the least-bound electron and thus enhances 
the shell-structure fluctuations of the ionization 
energy. 

4. Conclusions 

We have examined the self-expansion and self- 
compression of singly and doubly positively 
charged clusters of stabilized jellium. We have 
found that, for a range of densities which cover Na 
and Cs, self-expansion occurs for smaller doubly 
charged clusters and self-compression for larger 
ones. However, for high densities, such as that of 
Al, self-compression prevails for the net charges 
considered here. If the charge increases further, 
self-expansion appears even for Al, and for very 
large charges the phenomenon of "blow up" 
(Coulomb explosion) arises via disappearance of a 
solution for the background equilibrium radius 
(see Figure 8). 

Note that the recently proposed "ultimate jel- 
lium model" [16], unlike the stabilized or standard 
jellium models, does not admit solutions for any 
positively charged clusters. 

Typically the charged liquid drop model yields 
a useful average of the quantal results. But it fails 
to give results for some very small charged clus- 
ters, where the quantal method still applies. 

Finally, let us discuss the experimental and the- 
oretical information available on the compression 
and expansion of charged clusters. Lattice com- 
pression or dilatation has been observed in many 
cases (see Ref. [17]), but the experimental data are 
contradictory. The observed clusters are bound to 
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and the charged clusters have the same density, in comparison with calculations where both neutral and charged5 

clusters have the bulk background density /f. The dashed horizontal line indicates the work function 

a surface, and the effect of the substrate is not well 
understood. 

It is interesting to compare the self-compression 
of a neutral system predicted by the SJM with a 
similar compression given by atomistic calcula- 
tions. The spherical averaged pseudopotential 
model (SAPS) [18] is a model which has an inter- 
mediate degree of sophistication between the SJM 
and full atomistic calculations. In Refs. [19, 20], the 
SAPS was used to predict an inhomogeneous con- 
traction of a Cs cluster, in which the ions in the 
inner layers are more closely packed than those 
near the surface. The SAPS has been used recently 
to calculate the frequency of the "breathing" mode, 
where the ions oscillate while maintaining spheri- 
cal symmetry [21]. In the SJM framework, we can 
infer the frequency of this mode from the bulk 
modulus via Eq. (21) of Ref. [21]. The result for Na 
(h(o0 = 23N~1/3 meV) does not differ very much 
from that obtained in the SAPS. (A good fit [21] is 
given by hw0 = a + W\T1/3, with a = 0.6 meV 
and b = 30 meV). This suggests that the SAPS is 
similar to the SJM. The SAPS may also be used to 

evaluate contraction or dilatation of charged sys- 
tems and is probably somewhat more realistic than 
any continuous background model. 

In Ref. [22], some of the present authors have 
evaluated the contraction of six-atom clusters of 
different metals (Li, Na, Mg, and Al), using a 
linear combination of atomic orbitals local density 
molecular code but considering only the octahe- 
dral shape. The results were only qualitatively 
comparable with those of the SJM. 

Some theoretical calculations on small neutral 
and charged aluminum clusters with unrestricted 
geometry are available. In Ref. [23], density func- 
tional calculations (with a local spin density ap- 
proximation for the exchange-correlation energy) 
and finite-temperature molecular dynamics are ap- 
plied to neutral and singly charged aluminum 
clusters, with the number of atoms ranging up to 
10. In Ref. [24], an all-electron study on neutral, 
singly, and doubly charged aluminum clusters (for 
2-6 atoms) is carried out within the Kohn-Sham 
formalism, including gradient corrections to the 
exchange and correlation energy. In Ref. [25], the 

1546 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



CHARGED CLUSTERS OF STABILIZED JELLIUM 

Ai6
q+ 

2.0 

1.5 

1.0 

-i 1 1 r 

^ 
■ B/B b 

\r---m- 

.+ -+—•-• 

10 

FIGURE 8. Elastic stiffness B and equilibrium density parameter r* calculated by the Kohn-Sham method for the 
spherical SJM of Alg+. There is no self-consistent solution for q > 12. 

structure and properties of singly positively and 
negatively charged (1-5 atoms) aluminum clusters 
are investigated by using the linear combination of 
Gaussian type orbitals method, employing local 
and nonlocal spin density approximations and a 
model core potential that allows the explicit treat- 
ment of 3s2 3p1 valence electrons. In all these 
studies the average bond length tends to be smaller 
in smaller clusters, in agreement with our own 
results. But, again, the agreement is more qualita- 
tive than quantitative. Charged clusters show a 
smaller bond-length reduction that neutral ones. 

We plan to study the SAPS for several charged 
metallic clusters and to carry out more exact calcu- 
lations for the charged six-atom clusters with re- 
stricted and unrestricted geometries. 
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ABSTRACT  .  

Theoretical models will be presented in which the internal energy of (a) a ferromagnet 
and (b) a pyroelectric material is expressed in terms of magnetization and electric 
polarization, respectively. For the ferromagnet, simple models of elementary excitations 
(e.g., spin wave theory in an insulator, to which Stoner excitations must be added in a 
metal) lead to formulas for the internal energy at low temperature as power laws in the 
change of magnetization from its saturation value. An unconventional use of two order 
parameters, the sublattice magnetization plus the metallic discontinuity in momentum 
distribution at the Fermi surface, allows the phase transition between metallic and 
insulating states of antiferromagnets to be treated at T = 0, the three-dimensional 
transition-metal dichalcogenides being an example here. The treatment of the internal 
energy of the ferromagnet is then extended to include the entropy also, using specifically 
the Ising model in nonzero external magnetic field. Its relevance to the Landau theory of 
phase transitions will be emphasized. Some comments will finally be made about the 
analogue for pyroelectrics.    © 1996 John Wiley & Sons, Inc. 

 —  with magnets—both ferro and antiferro—where 
Introduction the magnetization is the crucial quantity, and with 

pyroelectrics, where the polarization, or  dipole 
moment per unit volume, plays a central role. A 

he  concept  of the  order parameter  is,   of little more specifically, the order parameter of the 
course, central to the theory of phase transi- transition from a paramagnetic to a ferromagnetic 

tions. In the present work, we shall be concerned state with long-range magnetic order is the magne- 
tization M. This transition is second-order; e.g., 

*To whom correspondence should be addressed. the susceptibility and specific heat, second-order 
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derivatives of the free energy, diverge at the tran- 
sition. 

Though we shall deal at some length with ferro- 
magnets, we shall also make reference to the anti- 
ferromagnetic case. Thus we should note that an 
antiferromagnet exhibits phase transitions at 
nonzero field. In this case a series of ordered 
phases are characterized by different order param- 
eters related to components of the sublattice mag- 
netization [1]. 

The final case treated in the present study is 
that of pyroelectric materials. The phenomenon of 
pyroelectricity, which is observable through the 
temperature dependence of the electric dipole mo- 
ment, is important technologically for infrared de- 
tection. It will be treated here along with magnets, 
though the models employed below are more 
primitive than in the case of magnetic systems. 

The outline of the study is then as follows. 
Immediately below the exact Onsager solution of 
the two-dimensional Ising model [2,3] will be 
shown to yield a unique plot of the internal energy 
of such a ferromagnetic description in terms of the 
order parameter, the magnetization. Then by dis- 
cussing low-lying elementary excitations in (a) in- 
sulating ferromagnets using spin wave theory [4] 
and (b) metallic ferromagnets in terms of Stoner 
excitations [5], the form of the internal energy in 
terms of the change from the saturation magneti- 
zation as the temperature is raised from T = 0 will 
be set out. Following this, a brief discussion will 
be given in the main text of the treatment of the 
metal-insulator transition, now at T = 0, between 
two antiferromagnetic phases, the detailed phe- 
nomenology in terms of sublattice magnetization, 
the conventional order parameter, plus a second, 
unconventional choice at T = 0, being given in the 
Appendix. 

To discuss the free energy, the focus on the 
internal energy must be expanded to embrace the 
entropy. In doing this, attention will be restricted 
to the ferromagnetic case. A generalization of the 
study of Tuszyhski and Wierzbicki [6] is effected 
in this section by employing now the one-dimen- 
sional Ising model in a nonzero external magnetic 
field. It is shown, when entropy is related again to 
the order parameter, that the results thereby ob- 
tained reduce to those of Ref. [6] when the interac- 
tion between spins is finally "switched off." 

A brief treatment of the internal energy in pyro- 
electric materials is then given by analogy with the 
magnetic case, and some predictions as to low- 
temperature behavior follow. 

Internal Energy of Ferromagnet in 
Terms of Magnetization 

We turn first to discuss the internal energy of a 
ferromagnet in relation to the order parameter, the 
magnetization M. We start from the model of the 
two-dimensional Ising Hamiltonian, solved in ex- 
act form by Onsager [2]. The magnetization is 
given in convenient form by Calla way [3]. As 
Grout and March [7] emphasized, one can thereby 
express the internal energy, known also in closed 
form as a function of T in this simple model, by 
solving two equations simultaneously, in terms of 
the magnetization M(T). The result is shown in 
Figure 1. 

What is of interest when we turn to realistic 
magnetic materials below, both insulating and 
metallic ferromagnets, is the deviation from the 
saturation magnetization M(T = 0) = M0: say 

AM = M0 -M(T). (1) 

Then, it can be seen from Figure 1 that, in the 
two-dimensional Ising model: 

E0 - E(T) 

= constant AM (at small AM or low T).    (2) 

It can be shown, in fact [7] that for all Ising 
models, Eq. (2) is true at sufficiently low tempera- 
ture. 

LOW-LYING EXCITATIONS IN 
THREE-DIMENSIONAL MAGNETS 

In an insulating ferromagnet in three dimen- 
sions, one can express the predictions of spin wave 

[mo-mfDl/n^ 

FIGURE 1. [E(T) - E0] IJ vs. [m(0) - m(T)] /m(0) 
in two-dimensional Ising model (after Grout and 
March [7]). 
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theory very simply for the low-lying excitations: (i) 
the magnon dispersion relation <oq a q2, translates 
readily into the form of internal energy 

E(T)-E0aT5/2(atlowT), (3) 

whereas (ii) the deviation of magnetization from 
the saturation value is given by 

AM a T3/2, (4) 

a law first derived long ago by Bloch. Inverting Eq. 
(4) to obtain T a (AM)2/3, and substitution in Eq. 
(3) yields the desired result for an insulating ferro- 
magnet at low temperature: 

E(T) - E0 a (AM) 
5/3 (for an insulator at low T). 

(5) 

Turning to metallic ferromagnets, such as Ni, 
one has single-particle or Stoner excitations, and 
these, it turns out, dominate aspects of the low- 
temperature thermodynamics in the metallic mate- 
rials. In particular, one has instead of Eq. (3) 

E(T) E0ocT2 

(for a metallic ferromagnet at low T).    (6) 

However, the magnetization is still dominated by 
the spin waves. Substituting therefore, according 
to Eq. (4), T a (AM)2/3 but now into eq. (6), one 
obtains immediately for the metallic magnet: 

E(T) - E0 a (AM) 
4/3 (7) 

These results are evidently rather different from 
the Ising model prediction (2) and are the correct 
results for the low-temperature behavior of three- 
dimensional magnets; insulating according to Eq. 
(5) and metallic having behavior (7). In other 
words, the low-temperature expansion of E0 - 
E(T) in powers of AM is now nonanalytic around 
T = 0 at leading order. 

Metal-Insulator Transition at T = 0 
Between Two Antiferromagnetic 
Phases 

March et al. [8] proposed to build a phenomeno- 
logical theory of metal-insulator transitions at 
T = 0 using the discontinuity, q say, in the elec- 
tronic momentum distribution at the Fermi surface 
of the metallic phase as the order parameter. In 

this way they were able usefully to treat (a) the 
transition between electron liquid and Wigner 
electron crystal in the jellium model and (b) the 
transition induced in a metal described by the 
Hubbard Hamiltonian to an insulating phase as 
the energy it costs to put two electrons on the 
same site with antiparallel spins is increased from, 
say U, to some critical value Uc. 

Below, we add this order parameter to the con- 
ventional one—the sublattice magnetization—to 
treat the metal-insulator transition between two 
antiferromagnetic phases at T = 0: see also Ferraz 
et al. [9]. This treatment, summarized below, was 
designed with the three-dimensional transition- 
metal chalcogenides in mind. A schematic phase 
diagram for the specific case of NiS^Se^ is 
drawn, for example, by Czjzek et al. [10]. 

To model such a phase diagram, it is quite clear 
that one must introduce strong electron-electron 
correlations in narrow energy bands, which is just 
the situation for which the Hubbard Hamiltonian 
was invented. Writing this for a half-filled doubly 
degenerate band one has, in a customary notation: 

H= L        tfg{a}aaagaa+alaaafaa) 

s v <* a 

+ (tf-/)X>„1(7n 2<r. (8) 

In Eq. (8), / is the interatomic exchange integral, 
and the index a = 1 and 2 denotes the two Or- 
bitals. One then associates the metal-insulator 
transition within this framework with a decrease 
in the ratio of the band width, proportional to tfg, 
to the correlation energy U, and /, through some 
critical value, as discussed by Mott [11]. In the 
three-dimensional transition-metal chalcogenides 
cited above, namely NiS2_ISex, the band width 
will clearly depend on x, since the transfer of an 
electron between Ni sites will occur via an anion. 

The phenomenological model employed here 
generalizes the work of March et al. [8] to antifer- 
romagnetic phases as follows. While the fermiol- 
ogy of an antiferromagnetic metal is a somewhat 
complex problem, it is assumed in the phe- 
nomenology that some, average, discontinuity in 
the momentum distribution, again defined as q, 
can be used as one order parameter in the antifer- 
romagnetic metal-insulator transition. The details 
are set out in the Appendix, and in particular in 
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Eq. (Al) the internal energy E(q,M) is expanded, 
following Landau, in the two order parameters, q 
already defined above, and the conventional one, 
the sublattice magnetization M. 

As set out in the Appendix, minimization of the 
internal energy E(q, M) leads to the simple predic- 
tion that the difference between the sublattice 
magnetization in the metallic (m) and the insulat- 
ing (0 phases is proportional to the discon- 
tinuity q: 

M„ M; a q. (9) 

This Eq. (9) would seem to be of interest in connec- 
tion with magnetic properties of two antiferromag- 
netic phases around the metal-insulator transition 
and seems worthy of attempts to test it experimen- 
tally. This would mean low-temperature measure- 
ments of sublattice magnetization in two antiferro- 
magnetic phases and also positron annihilation, or 
Compton profile experiments on the metallic phase 
near the transition. 

So far, the discussion has focused entirely on 
internal energy E. To complete the thermodynamic 
description, one must also know the entropy. The 
results of our very recent investigation, via again 
the Ising model, are the focus of the ensuing dis- 
cussion. Then, the combined considerations, lead- 
ing to the free energy will be related to the Landau 
theory. 

Expressions for Entropy 

In earlier work [6], the entropy S of an assembly 
of noninteracting spins of arbitrary magnitude / as 
a function S(m) of the magnetization m induced 
by an applied external magnetic field H has been 
derived. This entropy is given implicitly by the 
two coupled equations below: 

Nkr. 
In 

sinh[(2/+ Dgfigv/2] 

sinh(g/xBp/2) 
mv  (10) 

and 

2m = gßB  (2/+ Dcoth 
(2/+1) 

coth 

-gV-Bv 

g^Bv 

(11) 

where m denotes mean magnetization per particle: 
m = M/N and c is a Lagrange multiplier. For 
/ = \, this reduces to the well-known expression 
[12]: 

Nk„ 
ln(2) - iln(l - a2) - a taiürV), 

(12) 

where a is the reduced magnetization defined by 
a = M/(gfiBN). Equation (12) is plotted in Figure 
2. Here, our main aim is to generalize this result to 
apply to interacting spins, and thereby to make 
contact with the approximate theory of Landau 
[13]. 

To proceed, we start out from well-established 
results [3,14] for (i) equilibrium magnetization as 
a function of temperature at H = 0 and (ii) the 
Helmholtz free energy F = E - TS for the two- 
dimensional Ising model in zero field. The magne- 
tization m can be written in the explicit form: [14] 
for T < T 

m 
(1 + e-^r (1 - 6e-^ + e-8^)J/8 

ft -4/3e 
 .   (13) 

Here, ß = l/(kBT) while e measures the interac- 
tion strength and is related to the critical tempera- 
ture Tc by kBTc = 2.269e. The entropy S per site 
can be obtained as a function of ße also through 
TS = E - F, where the Helmholtz free energy F 
per site is given by [14]: 

/3F = ln[2cosh(2/3e)] 

— Td^ln -(l + ^l-52 

ATT ->r\ ?   >■ 
sin (14) 

where   8 = 2sinh(2/3e)/cosh2(2/3e).  The internal 
energy per site [7] takes the form 

ßE = -ßecoth(2ße)  1 + -[2tanh2( ße) - 1] 
77 

■L 
7T/2 dcfi 

]/l - S2 sin2 <f> 
(15) 

Using these results [Eqs. (13)-(15)], the entropy S 
is plotted for this model as a unique function of 
the equilibrium magnetization m in Figure 3. This 
complements the plot of E(m) given in Ref. [7]. 
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11/2 

FIGURE 2. Entropy SV2NkB (for J = ±) of Eq. (12) as a function of the reduced magnetization a [6,12] for an 
ensemble of noninteracting spins. 

Naturally since m = 0 for T > Tc, such plots apply 
only for T < Tc. When we consider S(m) in Figure 
3 in relation to the noninteracting results of Ref. [6] 
and Figure 2, the maximum entropy per site 
Snonint/kB = ln(2), is, as expected, substantially re- 

duced by the presence of interactions, measured 
by the energy e in Eqs. (13)-(15). 

To make closer contact with the work of Ref. [6], 
we turn next to consider the one-dimensional Ising 
model in the nonzero external field H. The magne- 

0.35 

0.3 - 

0.25 - 

S/^B    °-2 - 

0.15 

0.05 

FIGURE 3. Entropy per Boltzmann constant as a function of the equilibrium magnetization m for the two-dimensional 
Ising model. 
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tization m can now be written in terms of ße and 
ßH^h as [14] 

sinh(/z) 
m 

v/cosh2(/z) - 2e-2^sinh(2/3e) 
(16) 

For this one-dimensional model, the Gibbs energy 
G per site is given in the simplest form by: 

ßG(ße,h) = -ße-ln cosh(fr) 
sinh(/;) 

m 

(17) 

Using  the  thermodynamic  relation   S = -(dG/ 
dT)H, one can find S in terms of the equilibrium 
magnetization m and ße. A plot of S versus these 
two variables (h and ße) is shown in Figure 4. 

To summarize this section, we have established 

the way the entropy of an interacting spin system 
can be expressed in terms of the equilibrium mag- 
netization. This has been done for (i) the two-di- 
mensional Ising model in zero field and (ii) the 
one-dimensional Ising model in an applied field. 
Particularly through example (ii), contact can be 
made with the result of Ref. [6] for noninteracting 
spins. Note that the related computer simulation 
results of Stump [15] for the two-dimensional Ising 
model in an external field, in contrast to our ap- 
proach, were concerned with the entropy S = 
S(E, m), as a function of internal energy and mag- 
netization. 

Relation to Landau Theory 

Landau theory [13] can be taken to start out 
from an approximate form of free energy as a 

V<X 
¥////**:% X 
^fiO\ 

m AÄAvAA A A A A AA/VvV 
ßmfiw^A x y y Y Y X'£ X A A 

mfiJm/xj\h Ll XA X A A/V v 

M|; A Y vwy v y A. A/ 
MUwjili V \A A A 1 A A A/A x / /trrntmh 

At ff»* ißt \ i Wv A  »",   *i 

/AcA^AAAi?    ! A\ A V  X  i 

FIGURE 4. A three-dimensional surface plot of the entropy per Boltzmann constant as a function of x = ße and 
h = ßH for the one-dimensional Ising model in the presence of a magnetic field. 
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function of the magnetization m and the tempera- 
ture T, namely 

F(m,T) = E(m,T) - TS(m,T). (18) 

Assuming that Eq. (18) is sufficiently general to 
apply away from equilibrium, one now performs 
the minimization of F with respect to m at con- 
stant T to find 

dF 

dm 

dE dS 
- T  

dm dm T 
0 =     - T    . (19) 

To establish contact between this Eq. (19), valid 
on the minimum of the free energy, and the results 
presented earlier, we have taken the (equilibrium) 
relations between S and m and E and m in the 
two-dimensional Ising model in zero magnetic field 
and have plotted the two derivatives (dE/dm)T 

and (dTS/dm)T in Figure 5 against magnetization 
m. What is remarkable to us is that, over an exten- 
sive range of magnetization, coming away from 
the critical point, Eq. (19) is well satisfied. How- 
ever, as one nears the region where the magnetiza- 
tion is approaching saturation, some inadequacies 
in using our results for large values of magnetiza- 
tion are being exposed. 

In this context, we note the results for (three-di- 
mensional) insulating and metallic ferromagnets 
near the saturation value of the magnetization. 
Power laws (n/3, with n integer) emerge for the 
internal energy A E in the two cases in terms of the 
deviation from the saturation magnetization 
Am = miff) - m(T), by consideration of the 
low-lying excitations in the two types of ferromag- 
net. Evidently, near T = 0, Am is a satisfactory 
order parameter though the internal energy is non- 
analytic in Am. 

In contrast, the Landau theory concerns itself 
with an expansion around the critical temperature 
Tc, where the magnetization m (the order parame- 
ter in the examples treated in the present work) is 
itself small. Clearly, to extend the Landau theory, 
one must, at the very least, interpolate successfully 
between the Landau limit and the nonanalytic 
behavior in Eqs. (5) and (7). 

Analogous Treatment of Pyroelectric 
Materials 

Especially as the theory and experiment are 
much less extensively studied, especially at low 
temperatures, it is appropriate to follow the above 

FIGURE 5. (a) Derivatives of ßE (solid line) and S /kB 

(dashed line) with respect to m at constant temperature 
T as functions of m. (b) A comparison of the profiles 
between the ßE (solid) and the S/kg (dashed) curves 
as functions of m is made by adding a positive constant 
(0.93) to the ßE curve. 

discussion of magnets with some comments on the 
analogue for pyroelectrics [16, 17]. 

Very briefly, changes in the electric polarization 
of solids can be brought about by various means. 
These embrace the application of a strain (piezo- 
electricity). It is pyroelectrics we focus on in this 
section. It is relevant to note here that ferroelectiics 
constitute a technologically important class of ma- 
terials, in which the polarization can be switched 
by application of an electric field—see, for exam- 
ple, the book by Lines and Glass [16] and the 
review by Resta [17]. The work of King-Smith and 
Vanderbilt [18] should also be mentioned in the 
above context. 
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Below, the low-temperature behavior of the py- 
roelectric coefficient is the focus. We stress that in 
noncentrosymmetric crystals, the measurable 
quantity is the temperature dependence of the 
electric dipole moment: not the polarization p(T) 
itself. Early important theoretical work was that of 
Born [19]. 

Let us proceed first by analogy with ferromag- 
nets and write the deviations of internal energy E 
and polarization p from their zero temperature 
values as 

AE = ct(Ap)'       where Ap a Is.       (20) 

To recover from these low-temperature forms, with 
exponents t and s to be determined, the Debye T3 

law for the specific heat associated with acoustic 
phonon excitations we require that AE a T4 and 
hence 

ts = 4. (21) 

Elsewhere, models have been considered to deter- 
mine the low-temperature exponents t and s, re- 
spectively. We mention here the work of Ohmura 
et al. [20], where the starting point is the well- 
known Dick-Overhauser shell model. These work- 
ers argue that due to the deformation of the elec- 
tronic charge clouds as the ions vibrate, the Dick- 
Overhauser exchange charge has a quadratic tem- 
perature dependence in the low-temperature limit. 
This leads to an (observable) pyroelectric coeffi- 
cient (essentially dAp/dt) proportional to T, and 
hence s = 2 in Eq. (20). Then from Eq. (21), t = 2, 
which would be what one would assert in a molec- 
ular field treatment. This result, compatible as 
noted above with a shell model, would be changed 
in a (less realistic) rigid ion model, which leads to 
Ap a T4 and hence t = 1 in Eqs. (20) and (21). 
This is hence to be compared with the Ising model 
result discussed above for magnets where AE a 
Am at low temperatures: a result differing from 
the realistic low-temperature behavior in Eqs. (5) 
and (7) for insulating and itinerant electron mag- 
nets, respectively. 

However, we must stress that experiment has 
not yet confirmed the shell-model prediction of a 
linear temperature dependence of the pyroelectric 
coefficient at low temperature, though the simple 
model of Ohmura et al. predicts a value of 2 X 10 ~7 

/icm"2 K"1 at 5 K, which agrees reasonably with 
that measured by Lines [21] for LiTa03. It is rele- 
vant in the context above to note that Grout et al. 
[22] give upper bounds to the pyroelectric coeffi- 

cient. But at low temperatures, both the shell-model 
and the rigid-ion predictions are compatible with 
the bounds, so a full microscopic theory transcend- 
ing these models is still required. 

Discussion and Summary 

The internal energy of a ferromagnet has first 
been treated from the point of view of the two- 
dimensional Ising model. One consequence of 
working out the change in internal energy from its 
ground-state limit in terms of the deviation A M of 
the magnetization from its saturation value is the 
linear relation at low temperatures. This is modi- 
fied in both insulating and metallic three-dimen- 
sional ferromagnets to exhibit an exponent correc- 
tion c: AE a (AM)1 + C, where the fractional expo- 
nent c is § for insulating magnets and | for metal- 
lic systems. At T = 0, another order parameter is 
valuable in discussing the metal-insulator transi- 
tion between two antiferromagnetic phases. This is 
the discontinuity in the momentum distribution of 
the metal at the Fermi surface, the further order 
parameter being the customary sublattice magneti- 
zation. The internal energy has also been treated at 
low temperatures in pyroelectrics where, in con- 
trast to the magnets, the low-lying excitations are 
acoustic phononlike. 

The ferromagnet in the Ising framework has 
finally been reconsidered in relation to the en- 
tropy, needed of course to construct the free en- 
ergy appearing in the Landau theory of phase 
transitions. The results of our analysis are of signif- 
icance to a number of particular applications, two 
of which, ferromagnets and pyroelectrics, have 
been discussed in the article. 

Appendix: Unconventional Order 
Parameter for Metal-Insulator 
Transition Between Antiferromagnetic 
Phases 

In this Appendix we shall summarize an uncon- 
ventional phenomenological approach to the treat- 
ment of the metal-insulator transition at T = 0 
between phases which both exhibit cooperative 
antiferromagnetic ordering. Following the ideas set 
out in the main text, we must first note that to 
model the phase diagram (the case of three-dimen- 
sional transition-metal dichalcogenides is a specific 
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example; see, e.g., the schematic phase diagram in 
Ref [10]) of such systems requires the incorpora- 
tion of strong correlation interactions in narrow 
energy bands. In the text, this situation is modeled 
by the Hubbard Hamiltonian, written there for a 
half-filled doubly degenerate band. 

from Eqs. (A3) and (A4) that AM a q, as dis- 
cussed in the body of the text. Experimental tests 
of this relation as the metal-insulator transition is 
approached from the metallic phase would be of 
considerable interest but these would be required 
at the lowest feasible temperatures. 

PHENOMENOLOGICAL MODEL IN TERMS 
OF METALLIC DISCONTINUITY AT 
FERMI SURFACE 

In accord with the approach of March et al. [8], 
the discontinuity at the Fermi surface is to be used 
as an order parameter to describe the metal-insu- 
lator phase transition at absolute zero of tempera- 
ture. Then (see also Chapman and March [23] at 
elevated temperatures), in the region of the transi- 
tion in the metallic side one expands E in both the 
discontinuity, q say, and the difference AM be- 
tween the sublattice magnetizations, as a further 
order parameter as discussed in the body of the 
text. Then near the transition, and following the 
spirit of Landau theory of phase transitions, 

E(q, AM) = E0 + E}q + \E2q
2 + aAM 

+ }MAM)2 + XqAM + (Al) 

where AM = Mmet - Mins < 0, since it will be 
supposed that there is magnetic saturation in the 
insulating phase. Also 

ß(Uc -U)>0,        El -a(Uc - U) < 0 
(A2) 

with a, ß, b, E2, and A all being taken as positive 
quantities. The physical significance of A is that 
this parameter reflects the dependence on magne- 
tization of the formation of electron-hole pairs. 

Carrying out the minimization of E(q,AM) in 
Eq. (Al) with respect to q and AM then gives 

AM 

and 

[(ctA/E2) + b][Uc- U] 

(A2/E2) - b 

[ß + (aß/X)][Uc-U] 

(E2fe/A) - A 

(A3) 

(A4) 

Since AM < 0 as argued above, we must have 
\2/E2b < 1. It is evident from Eqs. (A3) and (A4) 
that both AM and q, in this model, go continu- 
ously to zero at U -> II. It immediately follows 
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ABSTRACT 

Self-consistent electronic structure calculations of S-doped quantum wells (QW) in the 
presence of in-plane magnetic fields B up to 20 Tesla are carried out within the 
frameworks of the effective mass and the local density approximations. QWs composed 
of two layers of Ga^, Al., As, separated by a layer of GaAs with a donor S-doped sheet 
in the center, are considered. The width of the GaAs layer was varied from 100 to 400 A. 
It is shown that the diamagnetic shift increases with the increasing of the GaAs QW 
width. The magnetic field induces remarkable changes in the energy dispersions of 
electrons and holes, along an in-plane direction perpendicular to B. The most striking 
effect occurs in the nature of the band gap of these systems. We found that the valence 
band displays a double-maximum character instead of a single maximum at the center of 
the Brillouin zone.    © 1996 John Wiley & Sons, Inc. 

 ~~ — ation of high-mobility 2D electron gas systems [1]. 
Introduction Such structures are obtained by atomic layer dop- 

ing of epitaxially grown, e.g., GaAs or GaAlAs 
crystals. An ideal S-doping profile is achieved by 

Recently, an increasing interest has been re- confining the dopant atoms to a crystal monolayer, 
vealed in the use of the S-doping concept to generating a V-shaped potential well in the host 

produce very high carrier concentration two-di- material. The presence of a 2D electron gas with a 
mensional (2D) semiconductor structures of sev- characteristic subband structure in the V-shaped 
eral applications, including devices and the gener- potential well has been confirmed by several ex- 
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perimental and theoretical works [2-5]. The lack, 
however, of confinement of the minority carriers, 
i.e., holes in the case of n-S-doping, has brought 
difficulties, for instance, on the use of optical ex- 
periments to investigate this kind of system [6-8]. 

Additional information on the physics of these 
<5-doped structures can be obtained when the 8- 
layer lies, e.g., within a quantum well (QW), since 
the QW barriers may provide an extra degree of 
control to the number and population of typically 
various confined subbands [9-11]. This has been 
also achieved by building up a superlattice of such 
S-layers, which allows for the needed minority 
carriers confinement [2, 3]. 

The effects of a magnetic field on the 2D elec- 
tron gas in semiconductor heterostructures have 
been the subject of intensive investigations. Partic- 
ularly, in the well-known modulation-doped quan- 
tum well (MDQW) structures, the behavior of 2D 
carriers under the influence of an in-plane mag- 
netic field B has been widely studied both theoreti- 
cally [12-14] and experimentally [15, 16]. A dou- 
ble-minimum character of the electron energy 
dispersion with a magnetic field-induced indirect 
band gap has been predicted [14] and confirmed 
by photoluminescence measurements [16]. In these 
MDQWs, the doping in the barriers provides the 
required confinement of holes in the valence band, 
therefore making possible optical transitions within 
the well to be observed. The electronic subbands of 
an isolated «-S-doped layer in bulk GaAs under a 
magnetic field parallel to the plane of the donor 
atoms have also been studied through magneto- 
conductivity experiments [17]. An increase of the 
bottom of each electron subband energy level due 
to the diamagnetic shift was seen. No attempts, 
however, have been done to investigate the effect 
of the in-plane magnetic field on the holes in the 
valence band of such S-doped layers. 

In this work, we present detailed calculation 
results for the electronic structure of an n-type 
S-doped layer placed at the center of GaAs/ 
AllGa1_rAs QWs (x = 0.3), under in-plane mag- 
netic fields B up to 20 Tesla. Calculations, based on 
the self-consistent (SCF) one-electron state solution 
of the Schrödinger equation and the Poisson equa- 
tion, were performed for a sheet donor concentra- 
tion Ns = 7.0 X 1012 cm"2 and different values of 
the QW widths Lw. Many-body effects such as 
exchange and correlation were taken into account 
within the local density approximation (LDA). The 
effects of the field on the electron and hole sub- 
band structures were analyzed. It is shown that 

the hole energy dispersion has a double maxi- 
mum, which is more pronounced as the QW be- 
comes larger, whereas the electron dispersions keep 
the single minima at k = 0. Thus, the band gap is 
predicted to become indirect. For such S-doped 
type-I QWs, the valence band discontinuity pro- 
vides the required confinement of the holes for 
optical investigations. Besides, the presence of an 
in-plane magnetic field may give further support 
for probing the nature of the conduction-valence 
band gap. 

Theory 

The system considered is a GaAs/Ga^Al^As 
QW with a silicon-5-doped layer at its center. We 
use the effective-mass approximation [18] to de- 
scribe the electrons in the host semiconductor het- 
erostructure and replace the localized donor 
charges by a z-dependent charge density which 
has been averaged over the x-y plane. A schematic 
representation of the layers in the system investi- 
gated here is depicted in Figure 1. All Si donors 
are assumed to be ionized and uniformly dis- 
tributed within a range of 2 A. Since low tempera- 
ture is usually employed to reduce diffusion of 
silicon out of the doped plane, no significant spread 
of the donors is expected [1]. The electrons re- 
leased by the donors form a quasi-2D electron gas 
which screens the potential of the positive charges. 

The electron-electron interactions in the con- 
duction band can then be separated into a Hartree 
(Coulomb) contribution due to the electrostatic 
potential of the total electron density and an ex- 
change-correlation term. Hohenberg et al. [19] 
showed that the exchange-correlation potential can 
be obtained by taking the functional derivative of 
the exchange and correlation part of the ground- 
state energy with respect to the electron density; in 
general, the exchange-correlation potential energy 
is an unknown functional of the electron density 
n(z). In the simplest approximation, i.e., the LDA, 
the   exchange-correlation   potential   is   approxi- 

GaAfAs GaAJAs 

FIGURE 1. Schematic representation of the GaAs/ 
GaAIAs QW with a silicon S-doped layer in the center. 
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mated by the exchange-correlation contribution to 
the chemical potential of a homogeneous electron 
gas having a uniform electron density which equals 
the local electron density n(z) of the inhomoge- 
neous system. It is interesting to point out that this 
simple approximation works surprisingly well and 
has been currently used with great success to ob- 
tain ground-state properties of several systems [20]. 

The magnetic field was assumed to be along the 
y axis B = (0, B, 0), for which the gauge A = 
(Bz, 0,0) has been chosen, with z being the direc- 
tion perpendicular to the layers or to the QW. The 
problem is in the LDA reduced to a one-particle 
Schrödinger equation, with electrons moving in an 
effective potential which is a sum of the Coulom- 
bic and the exchange-correlation potentials, plus 
the magnetic potential. The calculations are per- 
formed at temperature T = 0 K. 

The electronic states will be denoted by the 
wave function <$>(x, y,z) which due to the transla- 
tional symmetry in the x-y plane can be written 
as 

$ = eik*xeikyyy(z), (1) 

where kx and k are components of the wave 
vector k = (kx,k ,0) and ^P(z) is the solution of 
the one-dimensional Schrödinger equation, which 
is solved for each state i: 

h2 

2 m* dz2 + Vc(z) + Vxc(z) + VB(z) %(z) 

(2) 

with m* being the electron effective mass. Here, 
Vxc + VB is the effective potential, given by Vr 

the sum of the Coulombic potential Vc(z), the 
local exchange potential Vxc(z), and the magnetic 
potential VB(z). The potential VB(z) generated by 
the magnetic field is given by [14] 

We consider a finite layer of thickness 2 d with a 
3D density of donors nD. Thus, Ns = 2 X d X nD 

is the Si donor concentration per unit area. As 
mentioned before, it is assumed that all the Si 
atoms are ionized, supplying the electrons to form 
the 2D electron gas. Therefore, the 2D electron 
density equals the sheet donor density Ns. The 
Coulombic potential Vc(z) due to the electrostatic 
electron-electron and electron-ionized donor in- 
teractions, is obtained from the Poisson equation 

d2Vc 

dz2 -[n(z) - nD], (5) 

where e is the dielectric constant, and n(z), the 
electron gas density given by 

n(z) = ENJICM^CZ)!
2
, (6) 

with  N$(kx) being the number of electrons per 
unit area in the ith subband, which is given by 

NKkr) 
2m* 

-(Ef -Et(kx)) 
1/2 

(7) 

where EF is the Fermi energy obtained from the 
condition 

NQ [ + =° L N£(kx)®[EF - E,(kx)] dkx.   (8) 
*   — rr      ■        -i 

i = l 

In the above expression, © is the Heaviside step 
function. 

For the exchange-correlation potential Vxc(z), 
we used the simple analytic expression suggested 
by Hedin and Lundqvist [21]: 

Vxc(z) = - 
2eal irars 

1 + 0.0368rcln 1 + 
21 \ 

(9) 

VB(z) = jtn*col(z + kxl
2) , (3) with a% = ea0{jjr) being the effective Bohr radius, 

where coc = eB/m* is cyclotron frequency, e is 
the electronic charge, and / = yh/(eB) is the 
magnetic length. The magnetic potential VB(z) de- 
pends on the in-plane wave vector kx perpendicu- 
lar to B. Thus, the energies related to the trans- 
verse axis x have the form E,(/cx), so that the total 
energy of the carrier is 

ET = 
2m- 

-k] + Et(kx). (4) 

{[477flfn(z)]/3}-1/3, and a = [4/(9TT)]
1/3

 is 
a numerical constant. 

The value x = 0.3 was assumed for the Al con- 
centration in the alloy and the currently used 
60-40% rule for the conduction-to-valence band 
discontinuity was adopted [22]. This leads to a 
barrier height of 226 meV for the QW where the 
electrons are confined. The values used for m* and 
s are 0.068m and 12.53e0, respectively, where m is 
the free electron mass, and e0, the vacuum per- 
missivity [23]. 
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We are dealing here with an n-type S-doping 
system where the majority carriers are electrons. 
To obtain the one-particle energy states for the 
minority carriers, we assumed that they are sub- 
mitted to the SCF potential calculated for the elec- 
trons. This assumption is valid as long as one 
keeps the hole density very low. For a hole gas of a 
finite density, a proper treatment is required to 
obtain the valence band dispersion curves [24]. 
According to the low-density limit assumed here, 
the holes are submitted to the repulsive potential 
calculated for the electrons and confined by the 
valence band potential of the QW, which, for x = 
0.3, has a height of 148 meV. The confined energy 
states for the holes are then calculated by consider- 
ing these one-particle external potentials and a 
value of 0.36 m for the heavy-hole effective mass in 
the Schrödinger equation [23]. We neglected the 
effects of the magnetic field on the light-hole va- 
lence band, since any occupation of this band may 
be ruled out in the description of electron-hole 
recombination transitions of the n-type S-doped 
QWs investigated here [7]. Changes in the effective 
masses within the GaAlAs barriers were also ne- 
glected. In spite of the fact that nonparabolicity 
effects of the valence bands have not been taken 
into account in the present work, the inclusion of 
such effects is not expected to alter qualitatively 
the conclusions made here and is in progress. 

and Lw = 150 A and two values of B: B = 0 and 
B = 20T. The results displayed in this figure show 
that the magnetic field increases the electron-hole 
recombination energy, which is seen by the large 
diamagnetic shifts at kx = 0. Figure 3 also shows a 
flattening of the dispersion curves for both elec- 
trons and holes for B =£ 0 [14]. 

The effect of the magnetic field on the electronic 
structure of the S-doped QW is first considered in 
Figure 4. There, energy dispersion curves for a 
sheet donor concentration of Ns = 3.5 X 1012 cm"2 

and a QW width of Lw = 150 A are shown. Solid 
lines correspond to values in the absence of mag- 
netic field (B = 0) and dashed lines are related to 
B = 20 T. First, we analyze the results depicted in 
Figure 4 for B = 0. The presence of the S-doped 
layer is responsible for a strong attractive potential 
which is partially screened by the Hartree poten- 
tial generated by the electrons. This makes the 
carriers to feel higher barriers, therefore being more 
localized around the doped plane. The energy lev- 
els appear several meV above the bottom of the 
potential well, which was taken as the energy zero. 
This is a characteristic picture of the subbands 
inside S-doped QWs [5, 7]. The presence of the 
magnetic field flattens the energy dispersions and 
gives rise to relatively small diamagnetic shifts if 
compared to the undoped QW, as expected (see 
Fig. 3). 

Results and Discussion 

In Figure 2, we show the conduction band po- 
tential profile and energy levels for a S-doped QW 
with typical values of sheet donor concentration 
Ns = 7.0 X 1012cm~2 and well width Lw = 100 A. 
Two subbands E0 and Ex are found occupied, 
below the Fermi energy EF. Within the QW, there 
is still an empty level E2 which appears well 
above EF. This latter energy level may be impor- 
tant in absorption and absorption-related optical 
experiments [11, 25]. The S-doped layer is respon- 
sible for the spikelike potential profile seen in 
Figure 2, in which lies the lowest energy level E0 

comprising most of the 2D electrons. 
Some general effects of the magnetic field B on 

the carriers are best illustrated assuming Ns = 0, 
i.e., an undoped QW. In this case, V(z) = Vc(z) + 
Vxc(z) is just a square-well potential. Figure 3 
shows the energy dispersions along the in-axis kx 
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FIGURE 2. Conduction band potential profile and 
energy levels for a typical n-6-doped QW with a sheet 
donor concentration Ns = 7.0 x 1012 cm"2 and a well 
width Lw = 100 A. The subbands E0 and £1 are 
occupied. The Fermi energy EF is indicated by a dashed 
line. 
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FIGURE 3. Energy dispersion curves for an undoped 
QW (Ns = 0) with Lw = 150 A for B = 0 (solid line) and 
S = 20T (dashed line). The zero in the energy scale is 
taken at the bottom of the conduction band at k„ = 0 for 
electrons and at the top of the valence band at the same 
/(-point for holes. 

In Figure 5 we present the energy dispersions 
for electron and hole subbands, for different val- 
ues of magnetic fields for three well widths Lw = 
100, 200, and 400 A and a fixed sheet donor con- 
centration Ns = 7.0 X 1012 cm~2. As expected, 
with the increasing of Lw, the energy of the elec- 
tron subbands is lowered, with higher levels start- 
ing to be populated. For Lw = 400 A, already four 
subbands are occupied at kx = 0. For such a large 
well width, the system behaves essentially as an 
isolated S-doped layer [5, 17]; the compositional 
band offset does not affect the 5 potential. This 
can also be concluded by analyzing the charge 
distribution within the QWs. For the larger QW 
width, the total charge density is found essentially 
localized around the doped plane, with no pene- 
tration in the GaAlAs barriers. It is worth mention- 
ing that, contrarily, for the 100 A width QW, the 
barriers play a relevant effect on the electronic 
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FIGURE 4. Energy dispersions of electrons and holes 
for an n-S-doped QW with Lw = 150 A and Ns = 3.5 x 
1012 cm-2 for S = 0 (solid line) and 6 = 20T (dashed 
line). The Fermi energy EF is also shown. The zero in the 
energy scale is taken as in Figure 3. 

states confinement, which is reflected by the exten- 
sion of the wave functions within the barrier re- 
gions [26]. The main effects of the magnetic field, 
as seen in Figure 4, are the increase of the subband 
levels at kx = 0 (diamagnetic shift) and a flatten- 
ing of the dispersion curves as one moves away 
from kx = 0. In contrast to what has been ob- 
served in MDQWs [14], the effect of B is more 
pronounced for the higher electronic subbands. 
This feature was also seen in previous investiga- 
tions reported on [17] for the case of an isolated 
S-layer in GaAs. 

The most striking characteristic observed in the 
electronic structure of the S-doped QWs investi- 
gated here under the effect of a parallel magnetic 
field is that the maximum of the hole energy 
dispersion curves moves out from the center of the 
Brillouin zone (BZ) already for moderate values of 
the field, whereas the electron dispersions keep the 
single minima at kx = 0. To emphasize the behav- 
ior of the hole bands, Figure 6 depicts the hole 
energy dispersions only, inoa larger scale, for the 
S-doped QW of Lw = 400 A and Ns = 7.0 X 1012 

cm~2 for the several values taken for B. The dou- 
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FIGURE 6. Heavy hole subbands, as extracted from 
Figure 5(c), for different values of the magnetic field, for 
an n-S-doped QW of Lw = 400 A and sheet donor 
concentration Ns = 7.0 x 1012 cm "2. The zero of energy 
was placed at the top of the valence band QW for kx = 0. 

ble-maximum character is clearly seen. This char- 
acteristic behavior is also observed for the nar- 
rower QWs, although it is more pronounced as the 
QW width increases. Therefore, under the influ- 
ence of the magnetic field, these systems become 
indirect-gap materials. This is a novel effect, which 
has been predicted for MDQWs. Nevertheless, the 
induced indirect-gap in the later systems is due to 
the displacement of the minimum in the first elec- 
tron subband and has been attributed to the effect 
of the magnetic field on the electronic charge re- 
distribution [14]. The effect is more remarkable as 
the QW becomes larger and the electrons lying in 
the lowest subband are more sensitive to the self- 
consistent repulsive Coulombic potential, which in 
the case of MDQWs is generated by the doping in 
the barriers. For the S-doped QWs studied here, 
such a situation takes place for the carriers in the 
lowest hole subband. Similarly, the holes in this 
subband are directly affected by the repulsive po- 
tential created by the positive charges in the S- 
sheet. 

the square potential, thus changing the electronic 
charge distribution and the electron energy disper- 
sion curves. However, we verified that even for 
intense magnetic fields the Fermi level position 
remains quite stable and the minimum of the occu- 
pied conduction bands stays at the center of the 
BZ. This finding differs from that observed for the 
MDQW structures where the magnetic field in- 
duces a double-minimum character in the occu- 
pied conduction bands. 

The magnetic field-dependent SCF potential ob- 
tained from the calculations is then used to solve 
the effective-mass Schrödinger equation for a sin- 
gle hole at the valence band of the S-doped 
GaAs/GaAlAs QWs. We show that the one-hole 
energy dispersion curves display a remarkable fea- 
ture due to the magnetic field, which is the dis- 
placement of the maxima of the valence bands out 
from the center of the BZ. In conclusion, the mag- 
netic field leads to a double maximum character 
for the valence band, therefore indicating that an 
indirect band gap behavior is expected for these 
systems. It is worth mentioning that this interest- 
ing behavior is predicted to occur even for moder- 
ate values of the magnetic field. 

The results reported here are expected to be 
useful for the analysis of optical measurements 
performed on S-doped layers: first, because of the 
extra degree of control provided by the QW barri- 
ers, which allows for the necessary hole confine- 
ment for electron-to-hole recombinations be ob- 
served, and, second, as previously done for 
MDQWs, the indirect-band gap behavior predicted 
here for S-doped QWs could be further studied, 
e.g., through photoluminescence experiments un- 
der parallel magnetic fields. 
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Conclusions 

We have shown that the in-plane magnetic field 
leads to significative effects on the electronic 
ground-state properties of S-doped GaAs/GaAlAs 
QWs. The magnetic field brakes the symmetry of 
the V-shaped S-doped QW by bending one side of 
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ABSTRACT _  

The contribution reports results of ongoing computations of various cage structures 
differing from the well-known buckminsterfullerene in the number of carbon atoms (C80) 
in their coordination or in the types of rings involved (C59). The computations have 
supplied a complete description of the seven isolated-pentagon-rule (IPR) isomers of Cg0 

(i.e., a system not yet observed) at the semiempirical AMI and SAM1 levels; their 
energetics was also evaluated at ab initio Hartree-Fock level in small basis sets. The 
ground-state structure of the system possesses a D5d symmetry, but at supposed 
synthetic conditions a structure of D2 symmetry is the most populated, i.e. temperature 
represents an important factor in the stability relationships. One of the IPR isomers 
exhibits an I,, topological symmetry, but it undergoes a Jahn-Teller distortion and its 
symmetry is actually reduced to D2. The C59 serves as an example of odd-numbered 
carbon clusters, and new rules are reported for the pentagon/hexagon pattern in the odd 
clusters, yielding a variable number of the pentagons. Moreover, other rings are 
considered and the computed ground state of the system in fact contains an 
eight-membered ring (while the next lowest species exhibits a nine-membered ring). 
Their relative stabilities are not very sensitive to temperature. Altogether 19 isomers of 
C59 are treated at the AMI level. In contrast to even-numbered fullerenes, with odd 
fullerenes the cages cannot be built from three-coordinated carbon atoms only. Hence, we 
have to allow for two- or even four-coordinated atoms. For example, if we consider one 
two-coordinated carbon atom (and the rest three-coordinated) the number of pentagons 
drops to 10. If we allow for just one four-coordinated atom, the number of pentagons 
changes to 14. Let the number of two-coordinated carbon atoms be p, and the number of 
four-coordinated q. If we still allow only for pentagons and hexagons, it holds for the 
number of pentagons n5 = -2p + 2q + 12.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

Fullerenes became known to chemist recently 
enough, i.e., at times when computational 

chemistry, and especially molecular mechanics and 
semiempirical quantum chemistry, could provide 
useful information during the surge of interest in 
these molecules. Owing to the tremendous devel- 
opment of computational hardware in the 1970s 
and 1980s, computational chemistry could well 
follow the C60 discovery, and even supply useful 
support to further advances. Computational chem- 
istry is now playing the role of a real partner in 
fullerene research where theory and experiment 
are mutually complementary tools. In this article 
we shall illustrate fullerene computations with two 
less conventional systems, with C80 and C59. 

The Isolated-Pentagon-Rule (IPR) 
Isomers of C80 

Three mixtures of fullerene isomers were stud- 
ied in detail by now, namely C78 [1-5], C82 [6-13], 
and C84 [14-31]. The missing system, C80, has 
received limited attention [32, 33], apparently be- 
cause the particular fullerene set has not been 
isolated yet. For the three isolated and character- 
ized systems it has been demonstrated [5, 13, 30, 
31] that they cannot be understood without con- 
sidering temperature effects. Although interiso- 
meric separation energies are important, they 
themselves alone cannot determine the relative 
stabilities at elevated temperatures. The tempera- 
tures in fullerene syntheses are high, and thus 
entropy contributions can even overcompensate 
the enthalpy terms. This was shown not only on 
fullerene systems but also for small carbon clusters 
[34] and with silicon clusters [35]. 

There are seven topologically different C80 

structures [36] which obey the isolated pentagon 
rule (the structures are coded A-G, which corre- 
spond to the letters used in Ref. 33, see Fig. 1). In 
this section, the AMI computations on C80 are 
reported together with their relative stability eval- 
uations. 

The geometry optimizations were performed 
with the implementation of the AMI semiempiri- 
cal quantum chemical method [37] in the Spartan 
program package [38] installed at an Iris/Silicon 

FIGURE 1. AM1 optimized IPR structures of C80. 

Graphics XZ4000 workstation. The optimizations 
were performed without any symmetry constraints 
in Cartesian coordinates and with analytically con- 
structed energy gradient. In the AMI optimized 
geometries, the harmonic vibrational analysis was 
carried out by a numerical differentiation of the 
analytical energy gradient. The vibrational calcula- 
tions were mainly performed with the Gaussian 92 
[39] though some cases of poor self-consistent field 
(SCF) convergency were retreated with the SCF 
convergers built in the MOPAC 5.0 [40] program 
package. The vibrational analysis helped in clarifi- 
cation of the stationary point nature, in the vibra- 
tional spectra prediction, and in partition function 
construction. 

Relative concentrations of the seven isomers 
were computed as the mole fractions wir using the 
isomeric partition functions qt within the rigid- 
rotor and harmonic-oscillator approximation. In the 
terms of q{ and the ground-state energy A H0°, the 
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mole fractions are given [41]: 

fcexpt-AHoVCRT)] 
W; 

E^expf-AHo^./CRT)] 
(1) 

where R is the gas constant and T the absolute 
temperature. The conventional heats of formation 
at room temperature were converted to heats of 
formation at the absolute zero temperature, and 
finally the vibrational zero-point energy was ex- 
tracted. Hence, the relative potential energies A Erel 

resulted from the treatment. 
Chirality contribution is to be considered with 

Eq. (1). There is no asymmetric carbon atom in the 
conventional sense in the fullerene cages (with 
three coordinated carbon atoms), nevertheless, 
some of the structures are still chiral, i.e., they are 
not superimposable upon their mirror image. This 
structural dissymmetry can readily be recognized 
from the point group of symmetry as the presence 
of no reflection symmetry, i.e., absence of 
rotation-reflection axes S„: only the C„, D„, T, O, 
and I groups obey the requirement. For an enan- 
tiomeric pair its partition function q{ in Eq. (1) has 
to be doubled (if we assume the presence of both 
optical isomers, which seems natural under 
fullerene synthesis conditions). 

Symmetry of the optimized structures has been 
determined by a procedure that allows for a preci- 
sion of the computed coordinates as a variable 
parameter, e. The origin of the coordinate system 
is placed in the center of charge (defined similarly 
to the center of mass)—the point is the only candi- 
date for possible center of symmetry. Candidates 
for C2 axes are either lines connecting any two 
nuclei or perpendicular bisectors of the distance 
between any two nuclei of the same kind. Then C„ 
axes with n > 2, S„ and S2n axes, and planes of 
symmetry are investigated. The symmetry opera- 
tions found have to create one of the known sym- 
metry groups. For each symmetry operation con- 
sidered, coordinates of the interrelated atoms be- 
fore and after symmetry operation are checked 
with respect to e. If the coordinates are identical 
within the accuracy e (i.e., the largest difference is 
smaller than e) a symmetry element has been 
found at the accuracy level e. 

Of the seven IPR C80 structures, the species B is 
especially interesting. It has a topological symme- 
try I,,. However, according to the concept of the 
Goldberg polyhedra [42], it has to be an open shell 

and it has to undergo a Jahn-Teller distortion to- 
ward lower energy and lower symmetry. This in- 
deed happens in our AMI calculations, though the 
geometry distortions are quite small. This is in 
agreement with the findings for charged C60 

species [43-45] where the Jahn-Teller geometry 
distortions are of the order of 1CT3 A only. The 
symmetry of the B structure is relaxed to D2, 
however, the determination of the symmetry de- 
serves a comment. The computations were per- 
formed in the Cartesian coordinates, hence, the 
coordinates of the symmetry-related atoms can be 
subject to a numerical inaccuracy. If we want to 
extract the related symmetry group, we have to 
allow for some threshold variation or accuracy e in 
the coordinates when we judge symmetry relation- 
ships. For very low value (e.g., 10 ~5 A) of such a 
threshold e we can find simply C1 symmetry and 
only after its increase (say to 1CT4 or 10~3 A) a 
correct symmetry appears (and a further increase, 
e.g., to 10 "2 A, may produce an artificially high 
symmetry). Apparently the threshold choice should 
be related to the precision with which the coordi- 
nates themselves are computed. It should also be 
realized that a usage of internal coordinates with 
the strict symmetry requirements may not neces- 
sarily help as a possible imaginary frequency may 
be quite small (HF/STO-3G calculations [46] lead 
to D5d symmetry, however, without vibrational 
analysis). Using such threshold variation we deter- 
mined the symmetries presented in Table I. The 
results were consistent with exception of the E and 
G cases where reoptimization of already opti- 
mized structure sometimes resulted in a symmetry 
change that, however, was not permanent. Appar- 
ently, the numerical precision available was not 
sufficient to resolve the problem, and therefore we 
list two alternatives of symmetry for the two par- 
ticular cases. However, we preferred the lower 
symmetry for them in the relative stability calcula- 
tions, though we checked the effects of the higher 
symmetries, too—vide infra. Clearly enough, each 
of the E and G species is just one structure with 
well-established energy, etc., only the symmetry is 
not easy to decide owing to numerical impreci- 
sions in Cartesian coordinates (the details on the 
computerized symmetry-finding procedure will be 
published elsewhere [47]). 

The computations (both at room and at absolute 
zero temperature) point out the C isomer (D5d 

symmetry) as the system ground state, being fol- 
lowed by the A species of a D2 symmetry. This is 
in agreement with density functional computa- 
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TABLE I 
The AM1 structures3 and energetics" of the IPR structures of C80. 

/A S C Ar"7, 298,rel AErel SAM1C HF/3-21Gd 

Species (cm-1) (cm"1) (cm-1) (kJ/mol) (kJ / mol) (kJ / mol) (kJ/mol) 

A    D2 0.00179 0.00150 0.00142 21 22 17 10 
B    D2 0.00157 0.00156 0.00155 273 301 314 423 
C    D5d 0.00188 0.00142 0.00142 0 0 0 0 
D    C2V 0.00157 0.00156 0.00155 132 144 154 216 
E    C2/C2v 0.00167 0.00156 0.00146 73 77 75 98 
F    C2 0.00166 0.00165 0.00140 132 137 138 154 
G    0,/C, 0.00163 0.00156 0.00151 104 110 115 158 

The rotational constants A, B, and C, and symmetries. 
"Relative heats of formation at room temperature (AH°29B|J or relative potential energies (A£re!). 
c The SAM1 computed A£re, terms. 
dThe HF/3-21G A£re, terms computed in the SAM1 optimized geometries. 

tions [33]. We also computed the HOMO-LUMO 
gaps of the species and found the values 4.0, 4.02, 
4.14, 4.15, 4.31, 4.72, and 4.95 eV for the D, F, B, G, 
E, C, and A isomers. Hence, the stability order 
deduced from the HOMO-LUMO gaps is not iden- 
tical with the potential-energy order. We also 
checked the computed separation energies by the 
newly introduced SAM1 semiempirical method 
[48] (i.e., the geometries were fully reoptimized at 
the SAM1 level). Figure 2 shows that the results 
are basically parallel. However, the total values of 
the heats of formation differ as the SAM1 terms 
are considerably lower (but for the relative stabili- 
ties only relative heats of formation matter). More- 
over, we also checked the relative potential ener- 
gies AErel at an ab initio Hartree-Fock level, 
namely in the standard 3-21G basis set (HF/3-21G), 
though the ab initio computations were performed 
in the optimized SAM1 geometries (Table I). The 
semiempirical and ab initio results essentially 
agree. There is only a stability interchange be- 
tween structures F and G. Experiments cannot 
supply separation energies for fullerene isomers at 
present. With the experimental information it is 
virtually impossible to decide which set of the 
computed separation energies is the best (though 
the question is not critical owing to the proximity 
of the results). 

The vibrational calculations confirmed that all 
the seven localized stationary points are local en- 
ergy minima as there was no imaginary frequency. 
Table II presents only 12 wavenumbers, selected 
out of 234 terms, for each isomer, namely the 
lowest, highest, and 10 infrared (IR) most intense 
wavenumbers. Even for those few representative 

lines, we can see that the isomers are vibrationally 
different. In particular, the most intense line is 
located in different spectral regions for various 
structures. Of the seven isomers only the C species 
exhibits symmetry-adapted degeneracies (which is 
also seen in Table II). It has been well known that 
quantum chemical vibrational frequencies are 
somewhat overestimated comparing to experi- 
ment, and thus, scaling down (by a factor of about 
0.9) is important for spectral predictions. But in 

AErd 
[kcal/mol] 

80 

60 

40 

20 

      D 

 E 

AMI SAM1 

FIGURE 2. AM1 and SAM1 computed relative heats of 
formation of the IPR structures of C80. 
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TABLE II 
The AM1 lowest (wmin), 10 most intense3 (<a„ lt), and highest (to max) harmonic vibrational wavenumbers 

(in cm "1) for the IPR structures of C80- 

Species             wmin/a)int                   wint 

A                          211                          918(61) 

wint wint wint ment/ wmax 

1383 (65) 1540(57) 1557(51) 1604(52) 

1616(79) 1630 (53) 1747 (82) 1777(67) 1832 (100) 1843 

B                          150 1102(57) 1221 (64) 1235 (51) 1350(100) 1363 (94) 

1369 (89) 1457 (72) 1532 (89) 1615(67) 1641 (88) 1775 

C                          201 1436(17) 1465 (26) 1582(24) 1582 (24) 1610(62) 

1610(69) 1778 (100) 1802(29) 1804(19) 1804(21) 1818 

D                          214 897 (43) 1247(42) 1253 (36) 1326(100) 1327(40) 

1404(45) 1487 (58) 1524(36) 1670 (38) 1761 (34) 1902 

E                          224 904 (77) 1342 (58) 1347 (69) 1370 (92) 1380(67) 

1505 (100) 1530(43) 1622(90) 1630(78) 1830(57) 1881 

F                          214 896 (100) 1295(27) 1307 (64) 1334(72) 1381 (85) 

1528(27) 1677(38) 1797 (52) 1807(43) 1807(42) 1863 

G                          227 900(19) 1328 (100) 1356 (27) 1378 (16) 1489(20) 

1505(32) 1507(14) 1611 (16) 1656(19) 1779(17) 1902 

aThe relative IR intensities of u> nt are given in parentheses; the most intense frequency has the relative intensity of 100 (arbitrary 
units). 

fact, such a uniform scaling has a negligible effect         modes that after all matters for the relative iso- 

[41] for Eq. (1). Therefore, no scaling of the com-         meric concentrations 
puted vibrational frequencies was applied in this              Table III reports the temperature evolution of 

study- Needless to add, IR intensity has spectral         the relative   concentrations,   wjr   for the   seven- 

but no thermodynamic significance—in Eq. (1) all         membered   mixture under   the   thermodynamic 

vibrational modes must be considered with equal         equilibrium conditions. At very low temperatures 

significancy. Although lower frequencies are gen-         the ground-state structures, C, has to prevail, and 

erally more important for thermodynamic func-         the relative concentrations of other structure have 

tions, it is the overall interplay of all the 234        toobey the AH/0rel order. But at higher tempera- 

TABLE III 
The AM 1 equilibrium relative populations (%) of the IPR structures of C, iO- 

T(K) A 

3.20 

B 

4 X 10~24 

C D E F G 

500 96.8 5 X 10"11 3 x 10-5 2 x 10"11 4 x 10"8 

1000 30.0 1 X 10"9 69.8 5 X 10"4 0.17 1 X 10~4 0.01 

1485a 48.6 9 x 10~5 48.6 0.08 2.19 0.02 0.46 

1500 49.0 1 x 10~4 48.1 0.08 2.31 0.02 0.50 

2000b 53.9 0.03 34.3 1.00 7.48 0.23 3.06 

56.9 0.03 36.2 1.06 3.95 0.24 1.62 

2500 49.3 0.67 24.2 3.87 13.1 0.83 7.93 

3000 39.8 4.82 16.4 8.19 16.4 1.66 12.8 

3345a 31.9 12.0 12.0 10.8 16.4 2.14 14.7 

3711a 23.7 23.7 8.28 12.3 14.8 2.38 14.9 

4000 18.1 34.4 6.00 12.5 12.8 2.37 13.9 

5000 6.55 65.5 1.91 9.39 6.45 1.71 8.51 

a Two-structure equimolarity point. 
b The lower line for 2000 K (in italics) results from the C2„ and Cs symmetries of the E and G isomers, respectively (see Table I). 
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tures preexponential factors in Eq. (1) become im- 
portant (while the importance of the exponential 
part is gradually decreased). At a temperature of 
1485 K the A species reaches equimolarity with the 
C species and beyond that point is always more 
populated. Nevertheless, at considerably high tem- 
peratures (above 3700 K) actually the B species 
becomes the most populated one (though the tem- 
peratures are probably already too high from a 
practical point of view). This surprising high- 
temperature importance of the B isomer originates 
in the fact that it has the lowest low-frequency 
terms, though the chirality enhancement is rele- 
vant, too. Other four structures (D-G) are less 
important though not entirely negligible. It is of 
interest to note that the two structures with some- 
what unclear symmetries, E and G, in fact do not 
change the overall picture even if their alternative 
(higher) symmetries are considered instead (as 
demonstrated for a temperature of 2000 K). Unfor- 
tunately, we cannot confront the computations 
with an observation yet. 

A complex isomeric interplay can also be visual- 
ized in terms of heat capacity, namely as the dif- 
ference between the standard molar heat capacity 
at constant pressure of the equilibrium isomeric 
mixture (the overall value C°) and a partial value 
C° , belonging to one selected reference isomer, for 
example, C. This difference, the isomerism contri- 
bution 8Cp c, can frequently exhibit [41] a sharp 
temperature maximum (which could even be seen 
in the overall C° term). Such maximum is present 
in the C80 system, too, and it is quite pronounced. 
It is reached at about 3782 K and amounts to 
substantial 98.8 J/K mor1 (though it is only about 
5% of the C° term at the temperature). 

The reported considerable thermal effects on the 
relative isomeric stabilities result from an interplay 
between rotational, vibrational, potential-energy 
terms, and chirality factors. The whole scheme, 
however, refers to a thermodynamic equilibrium, 
though only to the interisomeric equilibrium. We 
can hardly say anything on the degree to which 
this presumption is satisfied in a future experi- 
ment. After all, fullerene synthesis is probably 
controlled by kinetics rather than by thermody- 
namics and it may explain why the Cso has not yet 
been isolated. Other explanation could be based on 
different charge distributions in the molecules 
(possibly connected with different solubility or ad- 
sorption properties). However, the most positive 
and most negative Mulliken charge in the A and C 
structures is about comparable with the AMI val- 

ues for C70 (though the spatial distribution of 
charges matters, too). Overall, computations pre- 
dict that under the supposed fullerene-synthesis 
conditions the species A and C should primarily 
be produced (and the former one in a larger 
amount), and possibly other isomers in less signifi- 
cant concentrations. The proportions are, however, 
quite temperature sensitive and thus the particular 
temperature regime must be known. 

Computations of C59 

Fullerenes are usually considered as even-atom 
cages built from pentagons and hexagons (while 
other related species are sometimes called pseudo- 
fullerenes). However, odd-numbered carbon ag- 
gregates have also been observed [49-51] around 
both n = 60 and n = 120. The observations are 
based on mass spectrometry and structural rela- 
tionships are not well known. Hence, computa- 
tions are useful and the computed structure of C61 

was reported [42]. The computations [42] pointed 
out that rings other than pentagons and hexa- 
gons could also be significant, e.g., three- and 
seven-membered cycles. In fact, even with even- 
numbered fullerenes some other rings have occa- 
sionally been considered [43-57]. This section deals 
with computations of C59, its structures, energet- 
ics, vibrations, and thermodynamics. 

In contrast to even-numbered fullerenes, with 
odd fullerenes we cannot build the cage from 
three-coordinated carbon atoms only; this immedi- 
ately follows from the relationship valid in con- 
ventional fullerenes between the number of atoms 
V and the number of bonds £: 3V = 2E. Hence, 
we have to allow for two- or even four-coordi- 
nated atoms. Using Euler's theorem we can show 
that the number of pentagons (if we allow only 
for five- and six-membered rings) is generally dif- 
ferent from 12. For example, if we consider one 
two-coordinated carbon atom (and the rest three- 
coordinated) the number of pentagons drops to 10. 
If we allow for just one four-coordinated atom, the 
number of pentagons changes to 14. With six two- 
coordinated atoms we can completely avoid pen- 
tagons. Rules are of course different if we include, 
for example, heptagons. With one heptagon and 
one two-coordinated carbon atom, the number of 
pentagons drops to 11, etc. 

We can go even further and consider simultane- 
ously two-, three-, and four-coordinated atoms in a 

1572 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



LESS COMMON FULLERENE-RELATED SPECIES 

cage. Let the number of two-coordinated carbon 
atoms be p, and the number of four-coordinated q. 
If we still allow only pentagons and hexagons, we 
can evaluate the number of pentagons, n5, from 
Euler's formula: 

= -2p + 2q + 12, (2) 

which of course reduces to the 12 pentagons if 
p = q = o. There is a possibility that n5 = 0, and 
also some parity requirements and value limita- 
tions. 

One possible way to generate C59 topologies is 
to take a C58 structure and add two-coordinate 
carbon atom to a selected C-C bond. It is a useful 
approach though not all C59 structures can be 
generated this way. Moreover, we should consider 
all possible C58 isomers. This is of course impossi- 
ble as it is estimated [58] that there should be, for 
example, 1037 isomers of C58 of Cr symmetry 
(thus producing 1037 X 87 = 90,219 structures of 
C59). Therefore we decided to limit ourselves only 
to the lowest known [59] structure of C58. It has a 
topological symmetry C3v, but it undergoes a 
lahn-Teller distortion (Fig. 3). 

We first selected the shortest and the longest 
bonds in the ground-state structure of C58 and 
added one carbon atom to them. It has turned out 
that the long C-C bonds led to considerably lower 
energies of the final C59 species. Therefore we 
concentrated on particularly long 6/6 and 5/6 
bonds of the original C58 cage. Table IV surveys 

TABLE IV 
AM1 en ergetics of the selected C59 structures. 

Bridged Bond AHf 298 A^f,298,r 

Label3 Bridge" (A) (kJ / mol) (kJ / mol) 

6/8c 5/7 2.319 4617 0 

5/9c 4/8 2.264 4670 52 
1229od 5/6 2.305 4695 77 

0308d 6/6 2.322 4701 83 
7/7c 6/6 2.331 4736 119 
1335 5/5 1.592 4757 139 
6/7c 5/6 2.357 4780 163 
1335o 5/5 2.177 4789 172 

0203O 5/6 2.338 4810 193 
0203 5/6 1.631 4819 201 
1229 5/6 1.691 4822 205 
0102 6/6 2.220 4822 205 
2022 6/6 1.559 4828 211 
2140 6/6 1.550 4829 212 
2456 6/6 1.574 4840 222 
3047 6/6 1.582 4878 260 
3ie 5269 651 
6/8i 5/7 1.524 5319 702 
2456! 6/6 1.461 5356 739 

aThe four-digit labels (see Fig. 3) for the numbering of 
atoms involved in the bridging. Suffix o denotes an open 
structure (in order to distinguish from the related closed 
structure); suffix i denotes an internal (in cage) location of 
the 59th carbon atom. The two-digit labels refer to structures 
not derived by a simple bridging and denote the rings in 
which the two-coordinated carbon atom is involved. 
b The type of the bond bridged over. 
cSee Figure 4. 
d See Figure 5. 
e The 59th atom is bonded inside the cage to one atom only. 

FIGURE 3. AM1 structure of C58 used in generation of 
some C59 isomers. 

the computed results and uses numbering from 
Figure 3. Owing to addition of the C atom, C-C 
bond (6/6, 5/6, or 5/5) can either remain or can 
be broken as clearly indicated by the bond lengths 
of the critical bonds after the full geometry opti- 
mization. Figure 4 presents two lowest C59 struc- 
tures derived from C58. The bridged bonds in 
Figure 4 are of 5/6 and 6/6 types, and both 
structures are open (the critical bond broken); this 
creates one and two heptagons, respectively, in the 
C59 cage. 

Another, less systematic way of C59 generation 
can start from C60: remove one carbon atom, and 
reconstruct the cage. By this approach we could 
generate four additional structures (Fig. 5). They 
contain one eight- (6/8), one nine- (5/9), three 
seven- (7/7), and two seven-membered rings (6/7). 
In both generation approaches we tried to create a 
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7/7 6/7 

03 -08 

FIGURE 4. Two low-energy C5g structures derived from 
C58 in Figure 3. 

structure with a four-coordinated carbon atom but 
the geometry optimizations never converged to 
such a structure. Finally, we also optimized three 
structures with the 59th atom inside (and not out- 
side) the cage; they are all high in energy (Table 
IV). 

We can select a limited set of four isomers, the 
ground state and three species separated from it 
by less than 100 kj/mol. The ground state contains 
eight-membered ring (6/8, Q symmetry), being 
followed by the species with nine-membered ring 

6/8 
5/9 

FIGURE 5. Four low-energy C59 structures not derived 
from C58 in Figure 3. 

(5/9, Cs symmetry). Then, two structures derived 
from Figure 3 follow, 1229o (Q symmetry) and 
0308 (Cs symmetry). The computed HOMO-LUMO 
gaps of the 6/8, 5/9, 1229o, and 0308 structures 
are 5.7, 6.4, 3.9, and 4.9 eV, respectively. Hence, 
they do not exactly follow the stability order given 
by the heats of formation at room temperature 
(Table IV). 

Table V presents rotational constants and three 
intense IR lines for the four low-energy structures 
of C59. Variation in the rotational constants is not 
very significant. However, there are differences in 

TABLE V  
AM1 computed structural and vibrational characteristics of the four lowest C59 isomers.3 

C &), 
(cm-1) (cm-1) Isomer 

A 
(cm-1) 

B 
(cm-1) 

6/8 0.00299 0.00279 0.00277 1692/100 1742/95 1747/96 
5/9 0.00297 0.00279 0.00275 1286/100 1742/89 1745/87 
1229o 0.00300 0.00281 0.00278 1061/100 1532/71 1592/67 
0308 0.00296 0.00286 0.00278 1444/79 1651/100 1700/47 

See Table IV and Figures 4 and 5. 
3 Only the three IR most intense vibrational wavenumbers are presented followed by their relative IR intensities (after the slash). 
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TABLE VI 
Temperature dependency of the equilibrium mole fractions w of the four lowest CS9 isomers. a 

Wi (%) 
Isomer 500 b 1000b 1500b 2000 b 2500 b 3000 b 4000b 

6/8 
5/9 
12290 
0308 

100.0 
3 X 10" 
7 X 10"7 

1 x 10~7 

99.83 
0.16 

8 X 10"3 

3 X 10~3 

98.40 
1.31 
0.20 
0.09 

94.89 
3.67 
0.99 
0.46 

89.73 
6.59 
2.47 
1.21 

83.87 
9.46 
4.42 
2.25 

72.70 
14.00 
8.69 
4.62 

aSee Table IV for the structure labeling. 
b Temperature in K. 

the positions of the IR intense lines, and they could 
play some role in experimental identification of the 
structures. 

Although the energy separation of the four 
low-energy isomers is rather small, entropy does 
not compensate it in this particular case. As can be 
seen in Table VI, the ground-state structure 6/8 
remains the far most populated, prevailing species 
even at very high temperatures. However, this 
result is valid only for the thermodynamic equilib- 
rium, and we cannot decide if this should really 
happen in an experiment. There may be differ- 
ences in kinetic barriers between the structures 
originated in simple additions of one carbon atom 
to C58 and the structures produced by reorganiza- 
tion after a carbon release from C60 (the first chan- 
nel may be more common). Finally, it is interesting 
to note the position of C59 with respect to C60 in 
the AMI computed heats of formation per particle 
—it is higher by about 10.4 kj/mol atom. The 
supposed AMI ground state of C58 is placed about 
8.17 kj/mol atom above C60. From this point of 
view, the C59 species are actually not particularly 
high in energy. 

As a two-coordinated carbon atom is involved, 
we can ask about triplet electronic states. There is 
a difficulty in computing their separation energies. 
The unrestricted HF (UHF) treatment has better 
convergency properties over the open-shell re- 
stricted Hartree-Fock procedure (ROHF). How- 
ever, the energies from the UHF treatment are not 
directly comparable with the values for closed-shell 
structures (owing to the higher flexibility of the 
UHF wave function the stabilities of triplet species 
are overestimated [52]). On the other hand, the 
ROHF computations frequently diverge. 

This study points out some interesting, new 
geometrical relationships in fullerenes, once we 
relax the carbon coordination number. Moreover, 
it indicates that arrangements with larger rings 

tend to be energetically more convenient in the 
odd fullerenes. A deeper insight, however, re- 
quires some knowledge on kinetics of the forma- 
tion processes. The suggested approach could also 
be applied to other odd-numbered species, like C57 

or C55, known from mass spectra [50], too. 

Note Added in Proof. Michel et al. [60] reported 
separation of a C80 species for which they con- 
cluded D2 symmetry, this being in agreement 
with our prediction for higher temperatures (Table 
III, species A). 

ACKNOWLEDGMENTS 

Acknowledgments are made to the National 
Science Council, Taiwan, and the National 
Chung-Cheng University for financial support. The 
authors also thank the National Center for High- 
Performance Computing in Hsinchu for computer 
time on the Convex C3840 and SPP 1000. 

References 

1. P. W. Fowler, R. C. Batten, and D. E. Manolopoulos, J. 
Chem. Soc, Faraday Trans. 87, 3103 (1991). 

2. F. Diederich, R. L. Whetten, C. Thilgen, R. Ettl, I. Chao, and 
M. M. Alvarez, Science 254, 1768 (1991). 

3. K. Kikuchi, N. Nakahara, T. Wakabayashi, S. Suzuki, H. 
Shiromaru, Y. Miyake, K. Saito, I. Ikemoto, M. Kainosho, 
and Y. Achiba, Nature 357, 142 (1992). 

4. D. Bakowies, A. Geleßus, and W. Thiel, Chem. Phys. Lett. 
197, 324 (1992). 

5. Z. Slanrna, J.-P. Francois, D. Bakowies, and W. Thiel, J. Mol. 
Struct. (THEOCHEM) 279, 213 (1993). 

6. K. Kikuchi, N. Nakahara, T. Wakabayashi, M., Honda, H. 
Matsumiya, T. Moriwaki, S. Suzuki, H. Shiromaru, K. Saito, 
K. Yamauchi, I. Ikemoto, and Y. Achiba, Chem. Phys. Lett. 
188, 177 (1992). 

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 1575 



LEE, SUN, AND SLANINA 

7. M. Hoinkis, C. S. Yannoni, D. S. Bethune, J. R. Salem, R. D. 
Johnson, M. S. Crowder, and M. S. de Vries, Chem. Phys. 
Lett. 198, 461 (1992). 

8. S. Nagase, K. Kobayashi, T. Kato, and Y. Achiba, Chem. 
Phys. Lett. 201, 475 (1993). 

9. G. Orlandi, F. Zerbetto, and P. W. Fowler, J. Phys. Chem. 
97, 13575 (1993). 

10. M. Okada, K. Okahara, K. Tanaka, and T. Yamabe, Chem. 
Phys. Lett. 209, 91 (1993). 

11. S. Nagase and K. Kobayashi, Chem. Phys. Lett. 214, 57 
(1993). 

12. X. Q. Wang, C. Z. Wang, B. L. Zhang, and K. M. Ho, Chem. 
Phys. Lett. 217, 199 (1994). 

13. Z. Slanina, S.-L. Lee, K. Kobayashi, and S. Nagase, J. Mol. 
Struct. (THEOCHEM) 339, 89 (1995). 

14. F. Diederich, R. Ettl, Y. Rubin, R. L. Whetten, R. Beck, M. 
Alvarez, S. Anz, D. Sensharma, F. Wudl, K. C. Khemani, 
and A. Koch, Science 252, 548 (1991). 

15. R. D. Beck, P. S. John, M. M. Alvarez, F. Deiderich, and 
R. L. Whetten, J. Phys. Chem. 95, 8402 (1991). 

16. K. Kikuchi, N. Nakahara, M. Honda, S. Suzuki, K. Saito, H. 
Shiromaru, K. Yamauchi, I. Ikemoto, T. Kuramochi, S. Hino, 
and Y. Achiba, Chem. Lett. 1607 (1991). 

17. K. A. Caldwell, D. E. Giblin, and M. L. Gross, J. Am. Chem. 
Soc. 114, 3743 (1991). 

18. S. Hino, K. Matsumoto, S. Hasegawa, K. Kamiya, H. 
Inokuchi, T. Morikawa, T. Takahashi, K. Seki, K. Kikuchi, S. 
Suzuki, I. Ikemoto, and Y. Achiba, Chem. Phys. Lett. 190, 
169 (1992). 

19. J. F. Anacleto, H. Perreault, R. K. Boyd, S. Pleasance, M. A. 
Quilliam, P. G. Sim, J. B. Howard, Y. Makarovsky, and A. L. 
Lafleur, Commun. Mass Spectr. 6, 214 (1992). 

20. K. Raghavachari and C. M. Rohlfing, J. Phys. Chem. 95, 
5768 (1991). 

21. P. W. Fowler, J. Chem. Soc, Faraday Trans. 87, 1945 (1991). 

22. D. Bakowies and W. Thiel, J. Am. Chem. Soc. 113, 3704 
(1991). 

23. F. Negri, G. Orlandi, and F. Zerbetto, Chem. Phys. Lett. 189, 
495 (1992). 

24. P. W. Fowler, D. E. Manolopoulos, and R. P. Ryan, J. Chem. 
Soc, Chem. Commun. 408 (1992). 

25. K. Raghavachari, Chem. Phys. Lett. 190, 397 (1992). 

26. X.-Q. Wang, C. Z. Wang, B. L. Zhang, and K. M. Ho, Phys. 
Rev. Lett. 69, 69 (1992). 

27. D. Bakowies, M. Kolb, W. Thiel, S. Richard, R. Ahlrichs, and 
M. M. Kappes, Chem. Phys. Lett. 200, 411 (1992). 

28. D. E. Manolopoulos, P. W. Fowler, R. Taylor, H. W. Kroto, 
and D. R. M. Walton, J. Chem. Soc, Faraday Trans. 88, 3117 
(1992). 

29. P. W. Fowler, D. E. Manolopoulos, and R. P. Ryan, Carbon 
30, 1235 (1992). 

30. Z. Slanina, J.-P. Francois, M. Kolb, D. Bakowies, and W. 
Thiel, Fullerene Sei. Technol. 1, 221 (1993). 

31. Z. Slanina and S.-L. Lee, NanoStruct. Mater. 4, 39 (1994). 

32. S. J. Woo, E. Kim, and Y. H. Lee, Phys. Rev. B 47, 6721 
(1993). 

33. K. Nakao, N. Kurita, and M. Fujita, Phys. Rev. B 49, 11415 
(1994). 

34. Z. Slanina, Chem. Phys. Lett. 173, 164 (1990). 

35. Z. Slanina, S.-L. Lee, K. Kobayashi, and S. Nagase, J. Mol. 
Struct. (THEOCHEM) 312, 175 (1994). 

36. D. E. Manolopoulos and P. W. Fowler, J. Chem. Phys. 96, 
7603 (1992). 

37. M. J. S. Dewar, E. G. Zoebisch, E. F. Healy, and J. J. P. 
Stewart, J. Am. Chem. Soc. 107, 3902 (1985). 

38. W. J. Hehre, L. D. Burke, and A. J. Schusterman, SPARTAN 
(Wavefunction, Inc., Irvine, 1993). 

39. M. J. Frisch, G. W. Trucks, M. Head-Gordon, P. M. W. Gill, 
M. W. Wong, J. B. Foresman, B. G. Johnson, H. B. Schlegel, 
M. A. Robb, E. S. Replogle, R. Gomperts, J. L. Andres, K. 
Raghavachari, J. S. Binkley, C. Gonzalez, R. L. Martin, D. J. 
Fox, D. J. Defrees, J. Baker, J. J. P. Stewart, and J. A. Pople, 
"GAUSSIAN 92, Revision C" (Gaussian Inc., Pittsburgh, 
1992). 

40. J. J. P. Stewart, MOP AC 5.0 (QCPE 455, Indiana University, 
1990). 

41. Z. Slanina, Int. Rev. Phys. Chem. 6, 251 (1987). 

42. P. W. Fowler, Chem. Phys. Lett. 131, 444 (1986). 

43. R. D. Bendale, J. F. Stanton, and M. C Zerner, Chem. Phys. 
Lett. 194, 467 (1992). 

44. N. Koga and K. Morokuma, Chem. Phys. Lett. 196, 191 
(1992). 

45. R. Saito, G. Dresselhaus, and M. S. Dresselhaus, Chem. 
Phys. Lett. 210, 159 (1993). 

46. G. E. Scuseria, In Buckminsterfullerenes, W. E. Billups and 
M. A. Ciufolini, Eds. (VCH, New York, 1993). 

47. F. Uhlik, Z. Slanina, and S.-L. Lee, to appear. 

48. M. J. S. Dewar, C. Jie, and J. Yu, Tetrahedron Lett. 49, 5003 
(1993). 

49. J. F. Christian, Z. Wan, and S. L. Anderson, J. Phys. Chem. 
96, 3574 (1992). 

50. J.-P. Deng, D.-D. Ju, G.-R. Her, C.-Y. Mou, C-J. Chen, Y.-Y. 
Lin, and C.-C. Han, J. Phys. Chem. 97, 11575 (1933). 

51. S. W. McElvany, J. H. Callahan, M. M. Ross, L. D. Lamb, 
and D. R. Huffman, Science 260, 1632 (1993). 

52. Z. Slanina and S.-L. Lee, J. Mol. Struct. (THEOCHEM) 304, 
173 (1994). 

53. A. D. J. Haymet, Chem. Phys. Lett. 122, 421 (1985). 

54. T. I. Shibuya and M. Yoshitani, Chem. Phys. Lett. 137, 13 
(1987). 

55. R. L. Murry and G. E. Scuseria, Science 263, 791 (1994). 

56. B. I. Dunlap and R. Taylor, J. Phys. Chem. 98, 11018 (1994). 

57. Z. Slanina and S.-L. Lee, Fullerene Sei. Technol., to appear. 

58. D. Babic, D. J. Klein, and C. H. Sah, Chem. Phys. Lett. 211, 
235 (1993). 

59. R. E. Stanton, J. Phys. Chem. 96, 111 (1992). 

60. R. Michel, D. Fuchs, E. Werner, H. Eisler, S. Richard, F. 
Hennrich, C. Lehner, M. Fanti, F. Zerbetto, and M. M. 
Kappes, International Winterschool on Electronic Properties 
of Novel Materials, Kirchberg, 1996, p. 70. 

1576 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



Investigation on the Interaction on and 
the Rotation of C60 in Alkali-Doped 
Complexes AXA'3_,JC60 (X = 1, 2, 3; 
A, A' = Alkali) 

JI-MIN YAN* and CHUAN-BAO ZHU 
Institute of Chemistry, Academia Sinica, Beijing 100080, People's Republic of China; email for 
J.-M. Y.: huangsi@rose.cnc.ac.cn 

ZHI-JIN XU 
Institute of Chemistry, Academia Sinica, Beijing 100080, People's Republic of China; and Institute of 
Applied Physics and Computational Mathematics, Beijing 100088, People's Republic of China 

Received February 25, 1996; revised manuscript received April 18, 1996; accepted April 24, 1996 

ABSTRACT .  

The interaction on and the rotation of C60 in akali-doped C60 solids,. AXA'3_XC60 

(X = 1,2,3; A, A' = alkali), have been calculated with Buckingham potential model. The 
results show that the total interaction on C60 changes dramatically when the pure C60 

solid is alkali-doped into K3C60. The interaction on C60 in K3C60 is about 20 times 
greater than that in pure C60. And the main component in the former, occupying > 90% 
is electrostatic, while in the latter, the main components, occupying > 90%, are dispersive 
and repulsive. The results also show that in contrast to the whole-region free rapid 
rotation of C60 molecule in its pure solid, the rotation of C60 in K3C60 is mostly 
forbidden due to a 10 times increase (reaching about 300 kj/mol) in potential barrier, 
except for the region from 0° to 50° where a broad, smooth, and shallow potential well 
exists. Calculations for alkali-doped complexes other than K3C60, i.e., AXA'3_XC60 

(X = 1,2,3; A, A' = K,Rb,Cs), come to the same conclusion. Finally, an interesting and 
meaningful result is that the superconducting transition temperatures of AXA'3_XC60 

(X = 1,2,3; A, A' = K, Rb, Cs) change inversely with the total interactions on C60. 
© 1995 John Wiley & Sons, Inc. 
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Introduction 

Pure C60 solid is an insulator, whose C60 

molecules rotate very rapidly on the lattice 
points [1-4]. However, alkali-doped C60 solids, 
AxA'3-XC60 (X = 1,2,3; A,A' = K,Rb,Cs), are 
not only conductors but also superconductors at 
low temperatures [5-16], and the rotation of C60 

molecules are assumed to be forbidden by the 
lattice geometry [5, 11]. Clearly, the properties of 
alkali-doped C60 solids are very different from 
those of pure C60 solid. Scientists have been inter- 
ested in this issue and contributed a great deal to 
the literature [15, 17-37]. Generally, they have 
paid more attention to the lattice geometry. It is 
held that the lattice of C60 solid expands after 
being doped with alkali atoms, and then the fron- 
tier energy bands become narrow and the density 
of states on the Fermi surface increases, so that the 
superconducting transition temperature Tc in- 
creases [15,16, 29, 37]. As for the dynamics proper- 
ties, some authors also hold that the free rapid 
rotations of C60 molecules are forbidden after the 
solid is doped with alkali atoms, since there is no 
room for C60 molecules to rotate [5, 11]. However, 
the expansions of the lattice constant are small, 
about 0.004 nm from C60 solid to K3C60 solid and 
about 0.032 nm from K3C60  solid to RbCs.C 60 
solid. It is not convincing that simply such small 
expansions change an insulator into superconduc- 
tors and even raise the transition temperatures 
from 2.5 to 33 K [6, 7, 12, 13]. Furthermore, the 
distance between an A (or A') and a C on C60 is 
much longer than the sum of their van der Waals 
radii, therefore one may wonder how the free 
rapid rotation of C60 could be forbidden simply by 
the lattice geometry. In short, the insignificant 
variations of lattice constant cannot satisfactorily 
explain the sudden property changes for the solid 
from being insulator to being superconductor and 
for C60 molecules from being able to rotate freely 
and rapidly to being forbidden from that. In this 
study we consider the sudden change of physical 
interaction on C60, instead of the lattice geometri- 
cal change, as the essential reason for the sudden 
property changes mentioned above. The interac- 
tions on C60 in both pure C60 solid and alkali- 
doped C60 solids, AXA'3_XC60 (X = 1,2,3; A,A' 

= K, Rb, Cs), have been calculated, and the results 
show that there is a sudden change in interaction 
from the former to the latter, which corresponds to 
the sudden change of C60's rotation and the con- 
version from insulator to superconductor. 

Computational Model 

Alkali-doped C60 solids, AXA'3_XC60 (X = 
1,2,3; A, A' = K, Rb, Cs), all have the same crys- 
tallology features as the pure C60 solid. They all 
belong to the face-centered-cubic (fee) structure 
form, in which A and/or A' atoms occupy both 
the tetrahedral and the octahedral interstitial sites 
[7, 8, 10-12, 19]. For each C60 in AXA'3_XC60, 
there are 12 nearest neighbors of C60 and 14 near- 
est neighbors of A and/or A'. Of these alkali 
atoms 8 are filled in the rooms of 8 tetrahedrons 
and 6 in the rooms of 6 octahedrons. Since the 
room volume of the tetrahedron is smaller than 
that of the octahedron, the alkali atom with smaller 
radius will first reside in the room of tetrahedron. 
In order to express the computational model for 
the interactions on C60 clearly and accurately, the 
form of Table I is used, where the center C60 is put 
at the origin point in a Cartesian coordinate sys- 
tem and it rotates around the axis [1 1 1]. 

In C60 solid, although each C atom in C60 is 
electroneutral, because each C links with one short 
(or double) bond and two long (or single) bond, 
the atomic point dipole moment on each C atom is 
not equal to zero, shown as follows: 

Atomic (f pole 
moment 

It is inconvenient to operate atomic point dipole 
moments. Therefore, to make the operation conve- 
nience, the distribution of atomic site dipole mo- 
ments   is   transformed   to   the   distribution   of 
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TABLE I .  
The coordinates of the neighbors around the center C6 

Sort and number 
of neighbors Coordinate State 

Four Cp 

Four Cp 

Four Cf 

Eight A and/or A' 

Six A and / or A' 

(_l,-±,0),(i,-l,0) 

(0.UU0.-U). 
(0,-1,-1), (0,1,-1) 

(1,0,1), (1,0,-1), 
(-1,0,-1), (-1,0,1) 

(111) (-11 1) \4 ,  4 ,  4/,  V       4,4,4'' 

(-1 -1 1) (1 -1 1) V 4 , 4 ,  4/,  V4, 4 ,  4/, 

(1 1 -1) (-1 1 -1) V41   4, 4/,   V        4'   4 , 4' 

f_l -1 -1) (1 -1 
V 4, 4, 4',   M> 4' 

(1,0,0), (-1,0,0), 
(0,1,0), (0,-1,0), 
(0,0, i), (0,0, -i) 

On xy plane and rotating 
synchronously with center 

C60 around the [1 T T] axis 
On yz plane and rotating 

synchronously with center 

C60 around the [T 1 T] 
axis 
On zx plane and rotating 

synchronously with center 

C60 around the [T T 1] 
axis 

At the center of tetrahedron 
composed of four C60's 

At the center of octahedron 
composed of six C60's 

nonatomic site charges as follows: 

Negative charge at 
non-atomic site 

Positive charge at 
non-atomic site 

This is to say that there is a nonatomic site positive 
charge with Q+= 5q on each of the 12 centers of 
five-membered ring, and a nonatomic site negative 
charge with Q"= 2q on each of the 30 centers of 
short bond, q being the effective charge. It has 
been already known from simulation that q = 
0.13M [38]. It follows that the interactions on 
nonatomic site charges should also be considered 
in calculation. 

Interaction Potential 
v3-xC60   'X In solids of pure C60  and AXÄ3 

1,2,3; A, A' = K, Rb, Cs), the distance between two 

atoms on different molecules or components is 
larger than the sum of their van der Waals radii; 
therefore it is convenient and accurate using 
Buckingham [40, 41] potential to calculate the in- 
teraction of atom pairs mentioned above. 

For the sake of conciseness, the calculating for- 
mulas of interaction on the center C50 are only 
given in some detail in the case of when A = 
A'(= K). It is easy to transform these formulas into 
those when A + A'. The calculation includes two 
steps, in which the first step is to calculate the 
interaction on C60 in pure C60 solid, namely E(C60): 

60     12     60 

Erep(C60)(«) =EEE Bc-c 
i=l k = l ; = 1 

Xexp[-Cc_c-r,;W((o)], (1) 

60     12     60 

Edis(Q0)(W) = E  E   EAc_cr^(W), (2) 
1 = 1 Jc = l ; = 1 

12     12     12 

Ees(c60)U)= E E EQA^OOC«) 
i=l k = \ ;' = 1 

12     12     30 

+ E E ZQ.iQn^U^ 
1 = 1 Jc = l ; = 1 
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30     12      12 

+ E E EQ„,QW^,(«) 
i' = l k = \ j=\ 

30     12     30 

+ L   L   LQ„,Qnir-,lk)(co).   (3) 
;=ik=l ; = 1 

The second step is to calculate the interactions on 
C60 in alkali-doped C60 solid, namely E(K3C60): 

Erep(K3C60)(a>) 

= Erep(Q0)(w) 

60      8 

+ E   Eßc-Kexp[-Cc_Kr,..(ö»)] 

60      6 

+ E  Eßc-Kexp[-Cc^r;.(w)l,   (4) 
1 = 1  ; = 1 

Edis^3C6o)(W)   = EdiS(Qo)(w) 

60      8 

+ E E^C-K^7
6
(^) 

1=17=1 

60      6 

+ E   LAc_Krr6(a>),   (5) 
i=l ; = 1 

Ees(^3Qo)(«)  = E:s(Q0)(W) 
60      8 

+ E EQo-Qx/^1^) 
i=i j=i 

60      6 

+ E ZQCQK/.JHO) 
1 = 1 ; = 1 

12      8 

+ E EQp/CV^U) 
1 = 1y=i 

12      6 

+ E EQp/CV,-;"1*") 
/=I /=i 

30      8 

+ E EQ^QK/^CC) 
,'=I 7=i 

30      6 

+ E IQ.QK,^"^) 
I = 1 ; = 1 

60     12     60 

+ E E T,QckQcmrm^ 
i'=l Ar = 1 ; = 1 

60     12     12 

+   E    E    E QaQpjikf^ilo) 
i=\ k=l j=\ 

60     12     30 

+ L L L Qc,Qnj(k)ri~m(<») 
1 = 1 k=\ ; = 1 

12     12     60 

+ E E E QpiQcKkfiKk^0*) 
1 = 1 fc = 1 ;'=1 

30     12     60 

+   E    E    EQB/QC/W^U«»), 
,•=1 k=\ ;=1 

(6) 

where w is the rotation angle of the C60 molecules, 
and the E'(C60) denotes the corresponding interac- 
tion on C60 as in the pure C60 solid, but the lattice 
constant is already changed into the one as that in 
the K-doped C60 solid, K3C60 solid. 

The coupling potential parameters needed in 
the calculation are listed in Table II. 

Interaction on C60 and Transition 
Temperatures of the Superconductors 

Pure C60 solid is an insulator, but AXA'3_XC60 

(X = 1,2,3; A, A' = K,Rb,Cs) are superconduc- 
tors, and it has been noted that the transition 
temperatures Tc have a parallel relationship with 
their lattice constants a. In the literature, it has 
been held because of the increasing of the lattice 
constant, the energy bands will be changed to 
narrow, and then the density of states on the Fermi 
surface increases, so that the transition tempera- 
tures Tc increase. After A and/or A' are filled into 
the C60  solid, the lattice of the doped solid is 

TABLE II  
Coupling potential parameters for some atom pairs. 

Atom pair B (kJ / mol) C (nm~1) 

c-c 369743.0 0.36000 
K-C 11791.062 0.30450 
Rb-C 11058.562 0.28675 
Cs-C 10215.256 0.28184 

A (10-8 kJ-nm6/mol) Refs. 

-24.39800 [39, 40] 
-6.89781 [41, 42] 
-8.67123 [41, 42] 
-9.34565 [41, 42] 
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-"60 

expanded, but it is a gradual, not a sudden change. 
Therefore, this geometrical factor of cell change 
may not be a good reason for the sudden change 
of the electricity and the superconductivity. 

In this work, the interactions on C60 in C60 solid 

and in AxA'3_XC6o <X = 1'1>3' A'A' = K'Rb'Cs) 

solids have been calculated. From the computa- 
tional results, it is seen that there is a sudden 
change for the interactions on C60 from in pure C60 

solid (- 435.5 kj/mol) to in alkali-doped C60 solids, 
AXA'3_XC50 (X = 1,2,3; A,A'= K,Rb,Cs), for 
example, -9517.1 kj/mol for K3C60. Therefore, it 
will be important and interesting to associate the 
physical factor of interaction on C60 with the su- 
perconducting transition temperature Tc, and the 
relationship between them is shown in Table III. 

From the data listed in Table III, it can be easily 
seen that there is an antiparallel change relation- 
ship between the superconducting temperatures 
Tc and the interactions on C60 in AXA'3_XC60 

(X = 1,2,3; A, A' = K, Rb, Cs) solids. One can see 
this relationship more clearly from Figure 1. 

a(nm) 
1.421   1.428 1.435  1.442  1.449  1.456 

The Interaction on and the Rotation 
Dynamics of C60 

A series of interaction on C60 in the range of 
a) = 0-120° have been calculated, which are shown 
in Figure 2. For ease of comparison, the relative 
interaction REU) = EU) - E(0) is used in this 
figure. 

Figure 2 shows that the absolute values of the 
total interaction Etot on C60 in K3C60 solid is about 
20 times greater than that in pure C60 solid, and 
the corresponding relative variation in K3C60 solid 
is about 10 times greater than that in C60 solid; the 
absolute value of the electrostatic interaction Ees 

on C60 in K3C60 solid is about 60 times greater 
than that in solid C60, and the corresponding rela- 
tive variation in K3C60  solid is about 15 times 

9250 9300 9350 9400 9450 9500 9550 

|E(co)|(kJ/mol) 

FIGURE 1. Transition temperatures Tc vs. interactions 
|E(ö))| on C60 or lattice constants a. 

greater than that in C60 solid; the repulsive and 
the dispersive interactions in two systems do not 
change too much. It is also seen that the electro- 
static interaction is the essential component in 
K3C60 solid, being > 90%, but the repulsive and 
the dispersive interactions are the essential compo- 
nents in the C60 solid, being  > 90%. 

Making a comparison of the potential barriers 
between two systems of the pure C60 solid and the 
alkali-doped C60 solid, K3C60 solid, it can be seen 
that in pure C60 solid, the rotation potential barrier 
is low, ~ 31 kj/mol, which can be overcome by 
the thermomotion. Then the C60 molecule can ro- 
tate rapidly and freely; while in alkali-doped C60 

solid, K3C60 solid, the potential barrier is high, up 
to ~ 280 kj/mol, which cannot be overcome by 
thermomotion. Therefore, the rotation of the C60 

molecule will be forbidden in K3C60 solid. But it is 
also seen that there is a broad and smooth poten- 
tial well in the region from 0° to 50°. Then the C60 

molecule can rotate in this region at room temper- 
ature. In other words, the rotation of C60 molecule 

TABLE III 
ComparisorT^the interactions on C60 and the superconducting transition temperatures (nm; kJ / mol; K). 

Solid 

a 
£.ot(o) 

1.420 
-435.5 

KaCgo 

1.4240 
-9517.1 

19.3 

K,RbC 60 

1.4243 
-9515.1 

23 

K2CsC60 

1.4292 
-9480.7 

24 

KRb2C60 

1.4323 
-9452.9 

27 

Rb3C60 

1.4384 
-9403.4 

29 

Rb2CsC60      RbCs2C60 

1.4431 
-9368.1 

31 

1.4555 
-9271.7 

33 
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ca(degree) 
;125-100-75  -50 -25    0    25    50   75   100 125 

1   I   '   l   '   l   '   i 

0    25   50   75   100 125 150 175 200 225 250 

ca(degree) 

£„„(*3C»)(0)= 253.22 

£*(*jC„)(0) = -684.32 
EJK,Cx)(0) =-9086.0 
^(KÄWO)--9517.1 

£,,(Q»)(0)= 261.78 

£*(C»)(°)= -679.92 
£„(CMXO) = -177.77 
£™(C80)(0)=-435.49 

FIGURE 2. Relative interaction energy RE(&>) vs. 
rotation angle w. 

is only forbidden to a small region about 0-50°. 
That is to say that the rotation of C60 molecule in 
alkali-doped C60 solid is neither wholly free nor 
wholly forbidden, where C60 can rotate in a small 
region. This conclusion is not in agreement with 
those from other authors [5, 11, 24]. About the 
rotation of C60 is K3C60 solid, there are two points 
of view in the literature, namely one is that the 
rotation of C60 molecule is wholly forbidden be- 
cause of the geometrical factor [5, 11]. From our 
computational results it is seen that it is the higher 
potential barrier coming from the interaction on 
C60 in its alkali-doped complex that confines the 
free rotation of C60 molecule. Another viewpoint is 
that the rotation of C60 molecule is expected to be 
free wholly according to the line width of 13C-NMR 
spectra of K3C60 solid [24]. Although the spectrum 
peak is not broad, it is not narrow enough to be 
seen as a line. Therefore, it is not exact evidence to 
demonstrate that the rotation of C60 molecule is 
wholly free as that in pure C60 solid. In addition, it 
is not very reasonable to make a conclusion just 
from the test of the 13C-NMR spectra. Now, these 
two distinctly contrary viewpoints are united into 
one viewpoint as shown above. 
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ABSTRACT 

In this work, we examine several continuum models for estimating the free energy of 
solvation. We find statistically that the best overall one-parameter fit depends only on 
whether there is a hydrogen bond or not. Within the non-hydrogen-bonded set of 
molecules, a three-parameter fit including molecular volume, molecular surface area, and 
the electrostatic component from any reaction field model is quite successful. We do not 
find a strong bias for any of the dielectric models, although the PCM model of Tomasi 
and co-workers seems to slightly surpass the others. Within the hydrogen-bonded set of 
compounds, a good fit can be obtained simply by considering the surface accessible area 
of each atom, together with a dispersion and electrostatic interaction descriptor (a 
six-parameter fit). Such a model, containing primarily nonquantum chemical descriptors, 
extrapolates very well to the solvation energies of the non-hydrogen-bonded set with an 
overall R2 = 0.9334.    © 1996 John Wiley & Sons, Inc. 

Introduction 

The use of continuum models for simulating 
solvent effects in quantum chemistry has a 

history of more than two decades. The publication 
of several recent reviews on the subject [1, 2] 
indicates that the area has reached a certain level 
of maturity and acceptance. Many articles are now 
in the literature using one model or another ad- 

dressing the differences that one obtains between 
quantum chemical calculations in the gas phase 
and modeled in solution. 

In spite of some debate, most of these models 
are very successful in describing the chemistry 
that they examine if the solvent is not water or 
potentially hydrogen bonding to the solute. It is 
possible in these cases that models based upon the 
dielectric properties of the solvent alone have 
reached their limits, at least in predicting such 
properties as heats of solution. Current research is 
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shifting toward the dynamic aspects of solvent- 
solute interactions, using various combined classi- 
cal/quantum models [3-9]. Another approach that 
we are examining is super-molecule quantum me- 
chanics in which the quantum motif contains the 
solute and several solvent molecules from the first 
solvation shell, all embedded in a dielectric contin- 
uum. 

Despite the existence of several continuum 
models of solvation, most of them appear to be 
implemented in different quantum chemical envi- 
ronments and, in many cases, exist only as local 
modifications to available codes. Access to these 
codes is in some cases limited to the research 
groups themselves and their closest collaborators. 
Only a limited number of methods (SCRF in 
MOPAC [10] and GAUSSIAN [11], COSMO [12] in 
MOPAC [13], SM* methods [14-18] in AMSOL 
[19]) have been made publicly available in quan- 
tum chemical packages. 

As a consequence of the above, there appear to 
be very few (if any) comparisons of the several 
different approaches to the problem of solvation, 
in which all factors not relevant to the particular 
model would be eliminated. Here, we examine 
and compare several theoretical approaches to the 
different components of the free energies of solva- 
tion, using the same Hamiltonian, basis set, and 
set of test compounds. 

Methods Studied 

The free energy of solvation is usually described 
as consisting of the following components [2, 
20-22]: 

AGsol = W(M/S) ~ RT In 
(7rot,s'7vib,s 

RTln\ 
HM,g^M,g 

W(M/S) = AGel AGcav + AGdis + AGrep. 

(1) 

(2) 

Here, W(M/S) is the coupling work of solvent (S) 
and solute (M); qrot g, qvihg, qmts, and qvihs are 
the microscopic partition functions for rotation and 
vibration of M, in the gas phase and in solution; 
nM a and nM „ are the numerical densities of M 'M,s 
molecules; and AM 

partition functions. The free-energy components of 
and AM s are the momentum 

the coupling work come from the electrostatic in- 
teraction (AGel), cavitation (AGcav), dispersion 
(AGdis), and repulsion (AGrep). 

The current work concentrates on the AGel, AGcav 

and AGdis, as these are the major components of 
AGsol. The other components are generally consid- 
ered to be negligibly small. 

ELECTROSTATIC INTERACTION ENERGY 

The term most studied, and that with the great- 
est number of methods available for its calcula- 
tion, is the electrostatic interaction term, AGel. 
Within the continuum approach, it is typically 
modeled as the energy of building up a charge on 
a cavity surface, in the presence of the electric field 
created by the solute. The solvent is modeled as a 
(usually isotropic) dielectric medium, character- 
ized by its dielectric constant, e. For cavities of 
spherical or ellipsoidal shape, analytical solutions 
exist for the Poisson equation: 

V2<Mr) 
47rp(r) 

(3) 

where cf> is the electrostatic potential and p is the 
charge density at the point r. For other shapes of 
cavities, and e different from infinity, one has to 
resort to numerical methods of solving the electro- 
static problem. 

The Poisson equation for a point dipole in a 
spherical cavity was applied to the phenonemon of 
solvation by Onsager in the 1936 [23]. Inclusion of 
the respective interaction terms into a quantum- 
chemical Hamiltonian was first proposed by 
Hylton, Christoffersen, and Hall [24], with imple- 
mentations following shortly thereafter from sev- 
eral groups [25,26]. In the current study, we com- 
pared the models employing spherical and ellip- 
soidal cavities. Due to limitations of the imple- 
mentation available to us, the electric field created 
by the solute was expanded up to hexadecapole 
moments when spherical cavities were considered. 
For ellipsoidal cavities, only the dipole-level ex- 
pansion was available and studied. Traditionally, 
this class of methods has been called the self-con- 
sistent reaction field (SCRF) [25,26]. 

There are two approaches for inclusion of the 
solvent-solute interactions into the Hamiltonian, 
depending on the assumptions of the derivations 
[27]. The terms "model A" and "model B" have 
been used for these in the past. Model A freely 
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varies the total energy of the system 

^univ  = ^quantum*-*'    '    ^interaction*- * '' *-*-' 

subject to the normalization of the wave function 
\j^ (<ip | \j/> = i) a-nd a Hamiltonian is derived of 
the form 

and 

W 

■"      ~~ "-0 ~*~ *■ -"interaction ^' 

<*|H|^> = <V\Hom + 2Einteraction.   (6) 

The factor of two arises because of the quadratic 
dependence of the interaction energy, Einteraction, 
on the wave function ty, and for this reason, W 
must be corrected for the loss of free energy that 
the solvent experiences when disturbed by the 
solute: 

= W1 E, interaction * (7) 

Model B introduces a second Lagrange con- 
straint such that the quantum chemical energy 
yields £miv directly, with 

ti H0 + -ninteraction 

-   .   = WB 
(8) 

SCRF models are generally of type A, whereas 
direct reaction field models are generally of type B. 
For more details, the reader is referred to [27]. 
Both approaches were included, when available, in 
the current study. 

The most successful and widely known algo- 
rithm for solving the Poisson equation for a cavity 
of a general shape in quantum chemical calcula- 
tions is likely the polarizable continuum model 
(PCM), introduced by Miertus, Scrocco, and 
Tomasi in 1981 [28]. In our implementation of the 
PCM model [29], the electric field of the solute was 
derived from its molecular charge distribution ex- 
panded as a set of point charges and point dipoles 
centered at the nuclei. While less rigorous than the 
direct calculation of the electrostatic potential at 
the cavity surface, it is remarkably faster and has 
been shown to produce results of comparable ac- 
curacy to the full treatment [30]. Different ap- 
proaches can be used for estimating the atomic 
point charges, of which the Mulliken and ZDO 
charges are readily available. These approxima- 
tions bring the model close to the Generalized 
Born model [31-36]. In the case where atomic 
point dipoles were also included, these were calcu- 

lated within the ZDO approximation, and the cor- 
responding ZDO point charges were used as the 
remaining part of the expansion. For an ab initio 
implementation, inclusion of the two-center dipole 
terms would be required. 

A method which can be viewed as positioned 
between the above two is the multicavity (MCa) 
SCRF approach, proposed by Karelson, Tamm, and 
Zerner in 1993 [37]. Here, the molecule is parti- 
tioned into rotationally invariant groups (frag- 
ments), each embedded in a apherical cavity with 
its own Onsager-type reaction field. The original 
formulation included additional terms for inter- 
fragment reaction field interactions. The approach 
was revised prior to the current study, and in the 
latest implementation, the interfragment interac- 
tion terms have been omitted. The justification 
behind this change will be published elsewhere. 

CAVITATION ENERGY 

The energy associated with the formation of a 
cavity inside the solvent is usually termed the 
cavitation energy, AGcav. The most widespread 
approach toward its estimation is likely the scaled 
particle theory, originally introduced by Pierotri 
[38]. 

Another widely used approach is based on the 
assumption that the cavitation energy is roughly 
proportional to the surface area of the solute. Vari- 
ous solvent-accessible surface area (SASA)-based 
approaches are known from the literature [39-41]. 
For the current study, a straightforward linear 
relationship 

AG„ a A, (9) 

where A is the surface area and a is a proportion- 
ality factor, was adopted. 

A more sophisticated elaboration of the same 
approach has been used in the successful SM1-SM5 
solvent models introduced by Cramer and co- 
workers [14-18]. In this case, proportionality fac- 
tors (named "surface tensions" by the authors) are 
established for each type of atom in the molecule, 
where "type" denotes either a chemical element or 
an element in a certain molecular environment. In 
the later models, hydrogen atoms are not assigned 
separate surface tensions, but those of the bonded 
atoms are adjusted according to the number of 
attached hydrogens. For this study, the most 
straightforward approach was chosen, where the 
exposed surface area for each different element 
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was multiplied by a proportionality factor: 

N 
AGcav =   E <rkAk, 

k=\ 
(10) 

where N is the number of atoms in the molecule; 
Ak, the exposed surface area of the atom; and crk, a 
proportionality factor (surface tension). In this case, 
there are different values for ak for each different 
element, independent of its bonding environment. 

DISPERSION ENERGY 

For the current study, only two methods of 
evaluating the dispersion energy were at our dis- 
posal. The first one is the configuration interaction 
(Cl)-based approach developed by Rösch and 
Zerner [42], which has given very good results for 
describing solvent shifts in electronic spectra. The 
second approach is based on the experimentally 
known fact that larger molecules have higher dis- 
persion energies, and the dispersion is roughly 
proportional to the volume of the molecule: 

AG, 'dis gv, (ID 

where V is molecular volume, and p, a propor- 
tionality factor. 

ENERGY OF HYDROGEN BONDS 

Hydrogen bonding is a phenomenon which is 
traditionally studied outside of continuum solva- 
tion models, due to its high specificity and direc- 
tionality, caused by association energies consider- 
ably greater than kT, the thermal energy. For the 
pure energetic effect, however, it was found im- 
portant (and sufficient for the current study) to 
include a single parameter, "hydrogen-bonding 
energy," which would be set at a fixed value for 
the molecules which are known to form hydrogen 
bonds and to zero otherwise. This parameter will 
be called the "hydrogen-bonding descriptor" in 
the subsequent text. 

Calculations 

For the current study, a set of 30 small organic 
molecules was assembled. The main selection cri- 
teria were a diversity of functional groups and 
structures, availability of experimental geometries, 
densities, and free energies of sovation in water. 

The compounds and the related experimental data 
are assembled in Table I. Crystallographic struc- 
tures were used, and no geometry optimization 
was attempted in the solution-phase quantum 
chemical calculations. This might have allowed for 
a more complete comparison of the different mod- 
els of solvation. However, we felt that we did not 
want to compare, at least not yet, errors in geomet- 
ric predictions using a model only of modest accu- 
racy is estimating gas-phase geometries (INDO/1). 
This will be a source of error, however, in our 
comparisons [43,44]. 

All calculations were performed using the 
INDO/1 Hamiltonian [45-47] as implemented in 
the ZINDO [48] program. The CI calculations nec- 
essary for calculation of the dispersion energies 
were performed using a spherical cavity. 

Cavity sizes for spherical cavities were calcu- 
lated from the mass density (d), molecular weight 
(M), and Avogadro's number (NA): 

R 
1024 • M 

d-NA 

1/3 

0.732\ — UA),    (12) 

assuming no empty space between the molecules. 
For the elliptical cavities, the same volume was 
preserved, but the ratio of the axes of the ellipsoid 
was adjusted according to the moments of inertia 
of the molecule. For purposes of calculating these 
moments, the atomic volumes, not masses, were 
used. 

The cavity shapes for the PCM models were 
obtained from the GEPOL93 [49] algorithm, as van 
der Waals surfaces, using radii compiled by Bondi 
[50]. There have been suggestions in the literature 
to multiply Bondi's radii by 1.2 (see, e.g., [2] for a 
discussion and further references). We found that 
such multiplication decreases the electrostatic sol- 
vation energies on the average by 1.73 = 1.23 times, 
with a very high correlation between the energies 
obtained by using the modified and unmodified 
radii (R2 = 0.998). Therefore, we dropped the mul- 
tiplier and assumed that any necessary adjust- 
ments will be done at the data analysis stage. The 
GEPOL93 algorithm also supplied us with the to- 
tal and partial surface areas for cavitation energy 
calculations, as well as another set of molecular 
volumes. The latter correlated very well with the 
mass density volumes [eq. (12)], and due to their 
general availability, the GEPOL volumes were used 
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TARI F  1 
The solute molecules in this study. 

Name of molecule AGsoiv Classification Hbond 

Methane 1.93 Hydrocarbon N 

Ethane 1.77 Hydrocarbon N 

Propane 1.98 Hydrocarbon N 

2-Methylpropane 2.28 Hydrocarbon N 

Cyclohexane 1.24 Hydrocarbon N 

Octane 2.89 Hydrocarbon N 

Benzene -0.88 Aromatic N 

Toluene -0.77 Aromatic N 

Ethylbenzene -0.60 Aromatic N 

Acetic acid -6.70 Acid Y 

Pyridine -4.70 Heterocycle Y 

Chloromethane -0.56 Chlorinated hydrocarbon N 

Chloroform -1.07 Chlorinated hydrocarbon N 

Dichloromethane -1.41 Chlorinated hydrocarbon N 

Acetone -3.85 Ketone Y 

Methylamine 
Nitroethane 
Acetonitrile 
Trimethylamine 
Aniline 
Nitrobenzene 
Methanol 
Ethanol 
1-Propanol 
1-Butanol 
fert-Butanol 
1-Hexanol 
Cyclohexanol 
Phenol 

-4.56 
-3.71 
-3.90 
-3.24 
-4.90 
-4.12 
-5.10 
-5.05 
-4.83 
-4.72 
-4.51 
-4.36 
-5.48 
-6.62 

Amine 
Nitro compound 
Nitrile 
Amine 
Aromatic amine 
Aromatic nitro 
Alcohol 
Alcohol 
Alcohol 
Alcohol 
Alcohol 
Alcohol 
Alcohol 
Aromatic alcohol 

for the present study. The experimental AGsol of 
solvation in water were taken from the compila- 
tion by Cabani et al. [51]. 

The results were analyzed using the CODESSA 
[52] statistical-analysis package, utilizing the corre- 
lation and heuristics methods available therein. In 
keeping with the terminology used in the field of 
Linear Structure-Activity Relationships, the vari- 
ous calculated values from the various models will 
be called descriptors. The quality of the fits was 
judged by the square of the correlation coefficient 
(R2), by the sign and value of the regression coef- 
ficients (multipliers in front of the corresponding 
descriptor values in the regression formula), and 
by the cross-validated R2. The latter is a figure 
which measures the predictive power of a fit by 
leaving out the data points one by one, repeating 
the correlation for the rest, predicting the left-out 
experimental value from the regression, and then 

correlating predicted values with the actual one. 
We consider R2 and R2(CV) values above 0.9 
satisfactory for predictions in complex areas like 
studies of solvation energetics. 

Results and Discussion 

DEPENDENCE OF THE COMPONENTS OF 
SOLVATION ENERGY ON CAVITY SIZE 

The only solute-specific parameter that enters 
the equations of the solvation energy, which is not 
directly obtainable from quantum chemistry, is the 
size (and shape, for PCM-type models) of the cav- 
ity. To investigate this dependence, the various 
components for the simplest spherical cavity 
model, along with cavitation energy by Pierotti, 
and dispersion energy by Rösch and Zerner, were 
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calculated and plotted as a function of cavity size. 
For the case of acetone, the plot is reproduced in 
Figure 1. 

It is immediately clear that all components of 
the solvation energy become more positive as the 
size of the cavity increases. The dependence is 
especially sharp for the sum of the three compo- 
nents, which can be used as the estimate for the 
total free energy of solvation. For example, when 
the cavity size is decreased by 10% from the 
mass-density value, the total calculated solvation 
energy decreases from -3 to -8 kcal/mol—far 
beyond any experimental error and probably be- 
yond the expected error of the calculation. 

Since there is no generally approved and tested 
method to calculate the cavity size, it is often 
approached as a parameter of the model. There is 
also no proof that the optimum values for the radii 
for calculating the different components of the 
solvation energies are similar. However, in the 
range close to the optimal radius, the components 
of the solvation energy depend monotonically upon 
the radius. Therefore, it was found justified to use 
multilinear regression in fitting the calculated 
components of the solvation energy to experimen- 
tal data. The regression coefficients can be con- 
verted back into coefficients usable for scaling the 
sizes of the cavity from the values used in this 
study into a single optimal scaling factor for each 
model, but we have not done so here. 

SINGLE-PARAMETER CORRELATIONS 

In some early studies, the electrostatic interac- 
tion energies have been used as a measure of the 
whole solute-solvent interaction, without addi- 
tional corrections for the cavitation and dispersion. 
According to the results of the current study, none 
of the available electrostatic interaction energy 
models yields results which correlate well with the 
experimental data. The best correlation [ R2 = 
0.4882, R2(CV) = 0.4165, Fig. 2] was achieved for 
the multicavity SCRF model: 

^'-'solv "•■-,^-'^(-Jelectrostatic 0.60. (13) 

Surprisingly, the hydrogen-bonding descriptor 
correlated remarkably well with the experimental 
solvation energies [R2 = 0.8285, R2(CV) = 0.7997, 
Fig. 3)], dividing the data into two classes of 
non-hydrogen-bonding and hydrogen-bonding 
molecules, with the average energy of the hydro- 
gen bond estimated at -5.3 kcal/mol. The latter 
value is in good agreement with the generally 
accepted values of 3-9 kcal/mol for a hydrogen 
bond [see, e.g., [53], p. 454]. Trying to anticipate 
how many hydrogen bonds a compound pos- 
sessed did not improve the statistical fit. 

Since the solvation energies appear to be largely 
dominated by the hydrogen bonding, the com- 
pounds were subdivided into two groups: hydro- 
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FIGURE 1. Components of the calculated solvation energy of acetone in water. 
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FIGURE 2. Correlation between the calculated 
multicavity SCRF and the experimental solvation energies 
of all 30 compounds. 

gen-bonding and non-hydrogen-bonding. There 
were 17 hydrogen-bonding and 13 non-hydrogen- 
bonding structures in the set. Most of the remain- 
ing correlations were performed on the two groups 
separately. 

NON-HYDROGEN-BONDING COMPOUNDS 

For this group, three parameters appeared to be 
the minimum amount necessary to achieve a corre- 
lation of the experimental solvation energies with 
the R2 higher than 0.9. The best fit was obtained 
with the PCM model (electrostatic potential from 
Mulliken charges), surface area, and volume, as 
parameters[R2 = 0.9513, R2(CV) = 0.9144,Fig.4)]: 

AG, solv 0.63AG, 'electrostatic + 0.27S 0.34 V- 1.7. 
(14) 

The coefficient 0.63 in front of the calculated elec- 
trostatic contribution would be brought to 1.0 by 
using a scaling factor for the van der Waals radii 
equal to 1.17, close to 1.2 as discussed above. 
Replacing the PCM/Mulliken electrostatic interac- 
tion descriptor with any other one of the electro- 
static descriptors did not lead to a much worse 
correlation; R2 in all cases was above 0.87. 

Leaving out any of the three descriptors, how- 
ever, did lead to a significant degradation of the 
fit, with typical correlation coefficients as low as 
R2 = 0.5. We conclude here that at least one de- 
scriptor for each of cavitation, dispersion, and elec- 
trostatic components of the solvation energy is 
required to describe the energetics of solvation of 
the non-hydrogen-bonding compounds. 

All structures (29 structures) 
R2=0.8285 F=130.45 s2=1.5108 (1 descriptors) 

FIGURE 3. Correlation between the hydrogen-bonding 
descriptor and the experimental solvation energies of all 
30 compounds. 

FIGURE 4. The best three-parameter correlation for the 
non-hydrogen bonding compounds. 
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At the same time, there is a little dependence of 
the final results on the choice of the particular 
models chosen for either of the components. Also, 
the more complex (CI) method for the calculation 
of dispersion energy [42] does not appear to have 
advantages over the far more trivial molecular 
volume model, at least for AGsol (R2 = 0.7777 for 
PCM electrostatics, surface area, and CI disper- 
sion; R2 = 0.5993 if Pierotti's cavitation energy is 
substituted for the surface area). 

HYDROGEN-BONDING COMPOUNDS 

Aside from the overall energy of a hydrogen 
bond, as described earlier, there appears to be no 
single good descriptor to characterize the solvation 
energy for this group of compounds. Reasonably 
good correlations could only be achieved when the 
partial atomic surface area descriptors were in- 
volved. This apparently accounts for the different 
ability of the atoms to form hydrogen bonds and is 
at the heart of such methods as described by 
Cramer and Truhlar [14-18]. These are features of 
geometric structure rather than directly dependent 
on electronic structure. 

The best correlation results from inclusion of 
the partial surface areas, along with spherical cav- 
ity dipole-level SCRF electronic energies. The cor- 
relation coefficient is still not very good, R2 = 
0.6296. Addition of dispersion term raises the cor- 
relation coefficient to R2 = 0.7812 (here the ellipti- 
cal cavity model performed better than the spheri- 
cal), but the R2(CV), i.e., the predictive power of 
the model, remains extremely low, 0.3952 (Fig. 5). 
The plot indicates a relatively uniform distribution 
of errors, unlikely to be improved by adding an- 
other descriptor. The coefficient in front of the 
electrostatic term, -0.54, is indicative of the low 
influence of the electrostatic energy contribution 
into the total AGsol. 

A similar set of parameters, with the addition of 
the surface area of chlorine and the hydrogen- 
bonding descriptor, and using the spherical cavity 
electrostatic contribution, is well capable of pre- 
dicting the solvation energies in the whole data 
set. The errors are all below 1 kcal/mole, with a 
R2 = 0.9443 and R2(CV) = 0.8226 (Fig. 6). We con- 
clude that the approach adopted by the developers 
of the SM* models will be the most successful one, 
applicable to both non-hydrogen-bonding and hy- 
drogen-bonding compounds. 

The downside of this multiparameter approach, 
however, is the fact that removal of the electro- 

H-bonding compounds (17 structures) 
R2=0.7812 F=5.95 s2=0.2977 (6 descriptors) 
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FIGURE 5. The best six-parameter correlation for the 
hydrogen-bonding compounds. 

static component does not lower of the quality of 
the fit significantly (R2 = 0.6296). It appears that 
solvation energy can be described by descriptors 
devoid of quantum theory. The influence of the 
solvent on the electronic structure, as well as elec- 
tronic properties of the solute other than energy, is 
not expected, however, to be described accurately 

FIGURE 6. The best correlation (8 parameters) for the 
entire set of compounds. 
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without quantum chemistry. It is also a reasonable 
conclusion to expect, that for hydrogen-bonded 
systems, supermolecule calculations are required if 
greater accuracy is the objective. 

Conclusions 

The current study indicates that the best de- 
scriptors for free energy of solvation, A.Gsolv, 
presently come from models that do not require 
quantum chemical calculations. While the impor- 
tance of various continuum models in the descrip- 
tion of the influence of solvents on the electronic 
structure of the solute cannot be overestimated, 
the property most often sought after and quoted, 
namely, free energy of solvation, can still be 
best described by simple multilinear correlation 
models. 

For hydrogen bonding, there appears to be no 
general quantum mechanical approach aside from 
supermolecule calculations or mixed quantum 
classical models that include strong interactions 
specifically. While the non-quantum-mechanical 
simple descriptors are quite capable of estimating 
the free energies of solvation, these models have 
no influence whatsoever on the electronic structure 
resulting from single-molecule quantum chemistry 
calculations. The various continuum methods 
studied all give results of similar quality, and none 
of them can be singled out by this study to be the 
"best" in calculating AGsolv. 
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ABSTRACT 

Experimental observations of the photoinduced excited-state lifetime of cz's-stilbene have 
shown a distinct dependence on solvation processes. The rate of decay, dominated by a 
cis-trans isomerization, is more rapid in polar solvents than in nonpolar solvents. Linear 
solvation energy relationship (LSER) techniques show that this can be explained in terms 
of polarity and polarizability parameters for the solvent. Theoretical linear solvation 
energy relationship (TLSER) analysis shows that this can be explained in terms of solvent 
polarizability and electrostatic basicity. New TLSER descriptors based on calculated 
solvent bond diplole parameters are also successful in describing this solvent dependence. 
Solvent-dependent dipole moments are calculated for an approximate stilbene 
transition-state geometry using the polarizable continuum model (PCM), which suggests 
the usefulness of a more detailed study of this photoisomerization process using current 
solvation theory and computational techniques.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

Reaction dynamics in solution is a complex 
phenomenon not easily explained by theoret- 

ical or experimental models [1]. The photoinduced 
isomerization of stilbene between eis and trans 
forms is a well-studied unimolecular phenomenon 
[2, 3] and has been previously treated with solvent 
viscosity models to describe solvent influence on 
the internal rotation about the ethylenic central 
bond. These models, however, do not seem to 
account for some experimental observations, par- 
ticularly when studied in dipolar solvents [1, 3]. 
Considerable research has focused on the mecha- 
nisms that contribute to this phenomenon using 
concepts such as internal/external energy reorga- 
nizations and time-dependent solvent "friction" 
[1]. 

This manuscript describes the results of regres- 
sion studies of the solvent dependence of photoin- 
duced excited-state cfs-stilbene relaxation rates 
which are dominated by cis-trans isomerization. 
Regression techniques have a long history of suc- 
cessful elucidation of basic phenomena affected by 
solute/solvent interactions [4, 5]. Using well- 
established descriptors associated with various 
models for solute/solvent interactions, regression 
techniques employ statistical analysis to identify 
important solvent and solute solubility factors as- 
sociated with variations in experimental observa- 
tions. These calculations are fast and are extremely 
useful for identifying models worthy of more elab- 
orate development [6]. 

Previously, Puce and Baronavski [9] and McGill 
and co-workers [7] modeled the effects of solvent 
on the excited-state cfs-stilbene lifetime. The ultra- 
fast dynamics of cfs-stilbene in solution were mon- 
itored using ~ 100 ns laser systems: Experimental 
lifetime data in a wide range of dipolar and non- 
polar solvents were gathered from several inde- 
pendent laboratories [8-14]. 

LSER ANALYSIS 

The solvent dependence of these lifetimes were 
studied using the techniques of linear solvation 
energy relationships (LSER). Multiple regression 
analysis of log isomerization rates, In k, were per- 
formed based on variations of empirical multipa- 

rameter solvation equations developed by Koppel, 
Palm, Makitra, and Pirig [KPMP] [15-18] and 
Kamlet, Abraham, and Taft [KAT] [19]. These 
equations have been shown to be capable of corre- 
lating, predicting, and elucidating hundreds of 
physiochemical properties and reactivity para- 
meters of diverse types [4, 19, 20]. Both the KPMP 
and KAT equations contain solvent descriptors for 
solvent polarity such as TT1 or f(s); hydrogen- 
bonding acidity o^ or electrophilicity E; hydrogen- 
bonding basicity ßl or nucleophilicity B; and cav- 
ity formation 8^. However, in contrast to the 
KPMP solvation equation, the KAT equation does 
not contain a separate parameter that describes the 
solvent molecular polarizability. To include such a 
parameter, the refractive index function f(n) was 
used to replace the solvent parameter which mod- 
els the polarizability of the solvent lone pair and TT 

electrons Rv as opposed to the whole molecule. In 
addition to using the usual solvent dipolar de- 
scriptors^/(s) and 77 j for the KPMP and KAT 
solvation equations, the molecular dipole moment, 
[i, was also examined as an alternative to these 
parameters. The three primary equations utilized 
were 

ln(fc) = ln(fc0) + p Xf(n)i + s X ir1 

+ aXa1+bXß1 + hX8^i    (1) 

Ln(fc) = ln(fc0) + p X/(w)i + m X /x 

+ a X ttj + b x ßj + h X 8^   (2) 

ln(Jt) = ln(Jfc0) + A1 Xfinh + AJ(s)i 

+ A5 X E + A4 X B + A3 X 8£.    (3) 

TLSER ANALYSIS 

The work reported here focuses on using the 
theoretical linear solvation energy relationships 
technique developed by Famini and co-workers [6, 
20, 21]. They developed the theoretical linear sol- 
vation energy relationship (TLSER) method based 
on a systematic study of this problem. The TLSER 
formulation of the regression equations is given by 
[6] 

log(P) = a X Vmc + b X TT,- + c X sB + d X q_ 

+ eXsA+fXqh + +g.    (4) 

The definitions of these terms are given in Table I. 
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TABLE I 
Definitions of TLSER descriptors. 

Symbol Name Definition Units Meaning 

Molecular volume Molecular volume 100 A Cavity / steric 

^i Polarizability index Polarizability (Vmc) none Polarizability 
SB "Covalent" HB 

basicity 0.30- (|(£(h) - E(lw))|/100) heV HBAB 

q - "Electrostatic" HB 
basicity 

Maximum |(-)| charge on 
an atom 

acu HBAB 

SA "Covalent" HB acidity 0.30- (|(£(1) -E(hw))|/100) heV HBDA 

9/,+ "Electrostatic" HB 
acidity 

Maximum |( + )l charge on 
an H atom 

acu HBDA 

A = angstrom; heV = hectoelectron volt; acu = atomic charge unit, HB = hydrogen bond; £(1) = LUMO energy; 
£(h) = HOMO energy; £ (Iw) and £ (hw) refer to the £ (LUMO) and £ (HOMO) for water, respectively; | | indicates 
absolute magnitudes; HBAB = hydrogen bond acceptor basicity; HBDA = hydrogen-bond donor acidity. 

The molecules of interest for these studies are 
relatively large. Therefore, the TLSER method re- 
lies on the semiempirical formulations for molecu- 
lar orbital calculations [22, 23], most notably the 
well-documented and extensive functionalities 
available in the MOP AC package [24]. These de- 
scriptors have been successfully used to character- 
ize a range of properties ranging from charcoal 
absorption, HPLC retention index, electronic ab- 
sorption of a pyridinium ylide, octanol-water par- 
tition coefficients, pKa and the reaction rate con- 
stant for hydrolysis of organophosphonothioates in 
different solvents [20, 25]. 

One of the principal reasons for this study was 
the recent development of an empirical model by 
McGill and co-workers [7] which characterizes the 
excited-state ds-stiibene decay rate as a process 
dependent on two main opposing effects con- 
trolled by the solvent molecular polarity and po- 
larizability. In the spirit of the TLSER philosophy, 
Fager and Famini [26] developed proposed de- 
scriptors derived from bond dipoles as calculated 
by MOP AC [24]. Use of these dipole descriptors is 
still in the preliminary development stage. The 
proposed descriptors are the total molecular dipole 
/uT, the maximum bond dipole /xM, and the aver- 
age bond dipole yu,A. The bond dipole is defined as 
the positive difference between the calculated 
atomic charges multiplied by the bond length for 
the two atoms participating in a bond. 

Results 

The TLSER descriptors for the various solvents 
along with the associated experimental lifetimes 
and rates are given in Table II. Calculations were 
made for some hydrocarbons which were not part 
of the experimental data set for the purpose of 
seeing if the regressions predict useful values for 
future experiments. Since molecular dipoles are of 
interest in this study, TLSER descriptors were cal- 
culated for stilbene geometries optimized with 
MNDO using a two-state configuration interaction. 
Both the eis and trans forms were optimized and 
an approximate geometry for a transition state was 
obtained by searching the ethylenic torsion coordi- 
nate at 5° intervals. The CToptimized geometry 
holding the torsion at 105.0° exhibited the highest 
heat of formation. The customary TLSER descrip- 
tors were calculated holding these three geome- 
tries fixed [26]. These geometries are shown in 
Figure 1. The descriptors for the eis, trans, and the 
approximate transition state are given in Table III. 
Since the TLSER descriptors are often not greatly 
sensitive to molecular conformation [6], the ap- 
proximate transition-state geometry is a good rep- 
resentation for the purposes of this study. This 
may be observed in Table III where most of the 
TLSER descriptors vary between the eis and trans 
conformations by 1% or less. The calculated de- 
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TABLE II 
TLSER descriptors for solvents. 

Experimental Experimental 
Solvent3 Volume Polarizability Ebb 0- Eab 0 + / MM S lifetime (ps) In k Rate" 

Acetonitrile 41.06 0.1034 0.1177 0.1146 0.1622 0.0209 0.7675 0.3577 0.1535 0.38 0.968 
Cycloheptane 116.71 0.1119 0.1276 0.0054 0.1460 0.0037 0.1237 0.0100 0.0059 1.52 -0.419 
Cyclohexane 99.97 0.1116 0.1286 0.0092 0.1461 0.0050 0.1840 0.0158 0.0102 1.37 -0.315 
Cyclononane 150.94 0.1117 0.1287 0.0040 0.1462 0.0065 0.1078 0.0115 0.0040 

c C 

Cyclooctane 137.53 0.1094 0.1292 0.0029 0.1457 0.0032 0.0765 0.0068 0.0032 1.62 -0.482 
Cyclopentane 86.09 0.1062 0.1250 0.0165 0.1462 0.0082 0.2744 0.0274 0.0183 1.25 -0.223 
n-Decane 184.44 0.1056 0.1275 0.0218 0.1466 0.0045 0.7295 0.0787 0.0235 1.27 -0.239 
1-Decanol 184.76 0.1092 0.1328 0.3236 0.1466 0.1805 2.3157 0.6742 0.0724 1.13 -0.122 
Diethyl ether 87.02 0.1034 0.1365 0.3423 0.1456 0.0071 2.8536 0.7162 0.2038 0.66 0.416 
DMSOa 68.54 0.1101 0.1475 0.7204 0.1734 0.0500 8.0154 2.4601 0.8906 0.59 0.528 
1,4-Dioxane 83.48 0.1075 0.1391 0.3230 0.1478 0.0327 3.6174 0.6384 0.2584 0.73 0.315 
n-Dodecane 224.52 0.1037 0.1281 0.0218 0.1470 0.0045 0.7887 0.0787 0.0213 1.35 -0.300 
Ethanol 50.92 0.0983 0.1324 0.3235 0.1442 0.1783 1.7092 0.6501 0.2136 0.62 0.478 
Ethyl acetate 84.38 0.1073 0.1314 0.3570 0.1687 0.0260 3.7324 0.9377 0.2871 0.54 0.616 
n-Heptane 133.64 0.1032 0.1258 0.0217 0.1455 0.0045 0.6390 0.0786 0.0290 c C 

n-Hexadecane 289.49 0.1067 0.1289 0.0218 0.1474 0.0045 0.9074 0.0787 0.0185 1.59 -0.464 
n-Hexane 115.2 0.1033 0.1252 0.0218 0.1450 0.0045 0.6062 0.0787 0.0319 1.05 -0.049 
hmpaa 177.11 0.1153 0.1451 0.6559 0.1874 0.0111 24.0137 3.1901 0.8576 0.83 0.186 
Methanol 33.67 0.0932 0.1314 0.3291 0.1402 0.1803 1.9036 0.7258 0.3807 0.50 0.693 
mth-2-butna 95.89 0.1040 0.1255 0.0666 0.1453 0.0126 1.0273 0.1670 0.0642 1.00 0.000 
mthcyclhxn3 118.85 0.1096 0.1293 0.0560 0.1465 0.0110 0.7224 0.1523 0.0344 1.37 -0.315 
n-Nonane 169.3 0.1039 0.1270 0.0218 0.1463 0.0045 0.6997 0.0787 0.0250 1.21 -0.191 
n-Octane 151.42 0.1036 0.1265 0.0218 0.1460 0.0045 0.6699 0.0787 0.0268 1.16 -0.148 
n-Pentadecane 271.8 0.1066 0.1288 0.0218 0.1473 0.0045 0.8780 0.0787 0.0191 C C 

n-Pentane 97.4 0.1028 0.1240 0.0217 0.1446 0.0045 0.5809 0.0786 0.0363 0.97 0.030 
1-Pentanol 101.93 0.1045 0.1336 0.3234 0.1462 0.1790 2.2997 0.6679 0.1353 0.94 0.062 
2-Propanol 68.04 0.1010 0.1335 0.3200 0.1450 0.1781 1.5821 0.5893 0.1438 0.80 0.223 
Propionitrile 61.23 0.1005 0.1197 0.1055 0.1620 0.0291 0.5967 0.2802 0.0746 0.46 0.777 
n-Tetradecane 247.04 0.1096 0.1286 0.0218 0.1472 0.0045 0.8475 0.0787 0.0197 1.44 -0.365 
n-Tridecane 238.85 0.1054 0.1284 0.0218 0.1471 0.0045 0.8186 0.0787 0.0205 1.37 -0.315 
tm224pntnea 145.9 0.1065 0.1293 0.1045 0.1461 0.0057 2.4571 0.2421 0.0983 1.10 -0.095 
n-Undecane 202.35 0.1057 0.1278 0.0218 0.1468 0.0045 0.7592 0.0787 0.0223 c C 

aDMSO = dimethyl sulfoxide, hmpa = hexamethylphosphoramide, mth-2-butn = 2-methylbutane, mthcyclhxn = methylcyclohexane, 
tm224pntne = 2,2,4-trimethylpentane. 
bEb = electrostatic basicity; Ea = electrostatic acidity. 
cNot part of experimental data set; calculations included for illustrative purposes. 

scriptors for the approximate transition state show 
variations that range from < 1% to as large as 
11%. The changes observed in the calculated dipole 
descriptors in Table III support the molecular 
dipole model for the solvent dependence of this 
isomerization. These calculations are viewed as 
probes of significant trends in complex processes 
and are meant to be suggestive rather than quanti- 
tative. 

The TLSER regressions were performed using 
the isomerization rate data shown in Table II. 
Because of the limited amount of experimental 
data, and because of large cross correlations be- 
tween descriptors for this data set, it was essential 

to search for the minimum set of descriptors that 
appeared significant. Using the established TLSER 
descriptors, the regression analysis demonstrated 
that the stilbene isomerization rate data were best 
represented by the molecular polarizability ir; and 
the electrostatic basicity q_. The regression results 
are given in Table IV. During the search for mini- 
mum descriptors, it became apparent that the data 
for acetonitrile, propionitrile, and ethyl acetate 
were not well represented by the TLSER descrip- 
tors and they were removed from the regression as 
outliers whose residuals rates were well over three 
standard deviations removed from the rest of the 
data (Fig. 2). Nitrogen compounds, in particular 
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28)        &) if9) (29) 

Approximate Transition State 

FIGURE 1. MNDO geometries of c/s-stilbene, an 
approximate transition state with torsion around the 
ethyleneic bond of 105.0° and frans-stilbene using a 
two-state configuration interaction. 

acetonitrile, have often proven difficult to repre- 
sent with this methodology, perhaps because of 
well-known difficulties in semiempirical calcula- 
tions for these molecules [27]. At this time, it is not 
understood why ethyl acetate is not well repre- 
sented by TLSER for this data set. 

The VIF is the variable inflation factor used to 
measure cross-correlation among descriptors in the 
regression analysis. It is defined as 

VIF = 1/(1 - R2), (5) 

where R is the correlation coefficient of one vari- 
able against the others in the regression set. In the 
TLSER methodology, values of 1 < VIF < 5 are 
considered acceptable. Because the proposed dipole 
descriptors are not yet well characterized, and 
because of the limited amount of experimental 
data, much stricter criteria were employed here in 
suggesting the significance of various descriptors 
for the rate of isomerization. For example, includ- 
ing the molecular volume descriptor in the above 
regression improves the R2 value, increasing it to 
0.941 and reducing the RMS residual to 0.086. 
However, the two-tail P value for the volume 
term is 0.0005 and the VIF factor for the volume is 
1.41. While these are acceptable values, and the 
coefficient for the volume contribution is negative 
in accord with the proposed model for isomeriza- 
tion, the changes in statistical measures suggest 
that more data are necessary for a definitive analy- 
sis. Similarly, a regression using the TLSER polar- 
izability and covalent basicity yielded goodness- 
of-fit values R = 0.921 and R2 = 0.848, however, 
the VIF for the polarizability vs. the electrostatic 
basicity (Eb) was 1.1. 

Regression analysis of this isomerization data 
using the proposed dipole descriptors was greatly 
aided by the VIF analysis of cross-correlation. There 
is not a strictly defined direct relationship between 
the TLSER descriptors and these proposed dipole 
quantities, even though they are all strictly defined 
in terms of results from the MOP AC calculations 

TLSER descripl ors for still 

Vmol 

178.15 
177.00 
179.24 

>ene MNDO geometries optimized using two-state configuration interaction. 

Stilbene 
configuration Pi-I Eb 0- Ea 0/1 + Total Max Average 

c/s-Stilbene 
frans-Stilbene 
TS ~ 105° 

0.1358 
0.1415 
0.1519 

0.1535 
0.1535 
0.1670 

0.0644 
0.0645 
0.0655 

0.1758 
0.1764 
0.1844 

0.0599 
0.0602 
0.0680 

1.7417 
1.7786 
1.7983 

0.1353 
0.1357 
0.1442 

0.0645 
0.0659 
0.0666 
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TABLE IV 
TLSER regression on stilbene isomerization rates: Ln(fc) = bx<ir, + dxq- + intercept 
(n = 24, r = 0.945, sd = 0.114); R = 0.945, R2 = 0.892, Adj R2 = 0.882, and RMS residual = 0.114. 

Intercept 

Coefficient 
+ 
t value 
P (two-tail) 
VIF 
Std. coefficient 

-38.800 
5.022 

-7.726 
< 0.001 

1.00 
-0.542 

1.289 
0.810 

11.540 
< 0.001 

1.00 
0.810 

3.850 
0.531 
7.248 

< 0.001 

3.850 

Solvent Experimental \n{k) Calculated ln(fr) Residual 

Acetonitrile (avg, [11, 13]) 
Cycloheptane [8] 
Cyclohexane [9] 
Cyclononane 
Cyclooctane [8] 
Cyclopentane [8] 
n-Decane [11] 
1-Decanol [8] 
Diethyl ether [8] 
DMSO (avg, [8, 11]) 
Dioxane 
n-Dodecane [11] 
Ethanol [8] 
Ethyl acetate [8] 
Heptane 
n-Hexadecane [14] 
n-Hexane (avg, [8, 10, 12-14]) 
hmpa [8] 
Methanol (avg, [9, 11, 12]) 
mth-2-butn [14] 
mthcyclhxn [8] 
n-Nonane [13] 
n-Octane [13] 
Pentadecane 
n-Pentane [8] 
Pentanol [11] 
Propan-2-ol [11] 
Propionitrile [8] 
Tetradecane [10] 
Tridecane 
tm224patne [14] 
Undecane 

.968 
-.419 
-.315 

.482 

.223 

.239 

.122 

.416 

.528 

.315 

.300 

.478 

.616 

.464 

.049 

.186 

.693 

.000 

.315 

.191 

.148 

.030 

.062 

.223 

.777 

.365 

.095 

-.014 
-.484 
-.468 
-.478 
-.391 
-.249 
-.219 

.030 

.280 

.507 

.096 
-.145 

.453 

.147 
-.126 
-.262 
-.130 

.222 

.658 
-.099 
-.330 
-.153 
-.141 
-.258 
-.110 

.213 

.344 

.087 
-.374 
-.211 
-.147 
-.223 

.981 

.066 

.153 

.092 

.026 

.020 

.153 

.136 

.021 

.219 

.155 

.025 

.469 

.202 

.081 

.036 

.035 

.099 

.015 

.038 

.007 

.141 

.151 

.121 

.690 

.009 

.052 

See footnote a to Table II for abbreviations. 

[24, 26]. Based on the regression results above, and 
the model proposed by McGill and co-workers [7], 
the polarizability term was chosen as the most 
significant TLSER descriptor. In the process of 
minimizing additional descriptors, the best regres- 
sion analysis was achieved by combining the po- 

larizability and the average dipole descriptors ixA. 
These regression statistics are given in Table V. 

Regression using the polarizability and the total 
dipole descriptor, //, yielded goodness of fit 
values R = 0.787 and R2 = 0.64. Using the maxi- 
mum dipole descriptor, /J,

M
, and the polarizability 
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FIGURE 2. Observed vs. TLSER calculated transition rates for solvent-dependent photoisomerization of stilbene. The 
regression line is shown for the final regression with the outliers removed. 

yielded goodness of fit values R = 0.900 and R2 = 
0.810. The VIF factor for the polarizability and the 
/xM descriptor is 1.09, suggesting a stronger cross- 
correlation between these two descriptors as per- 
haps the explanation for the less satisfactory good- 

TABLE V 
Regression equation and statistics using 
polarizability and average dipole descriptors: 
Ln(/c) = bx-nl + m3Xfji,A + intercept 
(n = 24, r = 0.913, sd = 0.141); R = 0.913, 
R2 = 0.833, Adj R2 = 0.818, and RMS 
residual = 0.141. 

b m3 Intercept 

Coefficient -44.827 1.086 4.544 
+ 6.326 0.783 0.667 
f value -7.086 8.858 6.808 
P (two-tail) < 0.001 < 0.001 < 0.001 
VIF 1.03 1.03 
Std. 

coefficient -0.626 0.783 4.544 

ness of fit. The volume descriptor is found to 
contribute to the regression analysis in a manner 
similar to the contribution with the polarizability 
and electrostatic basicity. Using the volume de- 
scriptor along with the /xA dipole descriptor in- 
creases the goodness of fit to yield R = 0.953 and 
R2 = 0.907, but the VIF for the volume is 1.35 and 
the VIF for the AVG descriptor increases to 1.20. 

Because models for the isomerization process 
for czs-frans-stilbene need not necessarily involve 
significant hydrogen-bonding or cavity term ef- 
fects, it is possible to simplify Eqs. (l)-(3) by 
removal of the last three terms. The resulting re- 
gressions for all the data shown in Table II are 

lna) = 2.21 - 10.07 X/0)i + 1.06 X TT1 

(n = 30, r = 0.980, sd = 0.09)    (6) 

ln(fc) = 2.14 - 9.61 X/(n)i + 0.24 X /A 

(« = 30, r = 0.975, sd = 0.11)    (7) 

InU) = 1.33 - 8.32 X/(n)i + 2.45 Xf(s) 

(n = 30, r = 0.906, sd = 0.19).    (8) 
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From these equations, it is clear that the photoiso- 
merization of cz's-stilbene to fraws-stilbene may be 
explained in terms of a polar transition state. These 
equations show positive contributions from terms 
representing the polarity of the solvent such that 
more polar solvents increase the isomerization rate. 
Opposing this is a term representing induced 
molecular polarizability which retards the isomer- 
ization and dominates the different equations. This 
suggests that polarizable term interactions, be- 
tween the transition state and polarizable solvents, 
result in attractions between molecules. Coupled 
with polarizability interactions between solvent 
molecules, this indicates an increased "sip-stick"- 
type friction for the phenyl group as it rotates 
about the central carbon-carbon bond toward 
frans-stilbene. More polarizable solvents thus re- 
tard the isomerization rate. 

Discussion 

The results of the MNDO-CK2) calculations are 
consistent with other theoretical models for the 
isomerization of cz's-stilbene [3]. The trans form 
exhibits a slightly lower heat of formation (60.7 
kcal) than does the eis form (61.1 kcal) and both 
forms exhibit similar structures around the eth- 
ylenic bond with only minor variations in opti- 
mized geometric parameters. The approximate 
model for the transition-state geometry, calculated 
for ethylenic torsion fixed at 105.0° away from the 
eis orientation, shows sharp differences in opti- 
mized geometric parameters, with the central bond 
at 1.467 A compared to 1.345 A for the initial eis 
and trans forms. The C—C bond length to the 
phenyl groups is approximately the same as the 
central bond in the twisted form, averaging 1.466 
A, which is sightly smaller than the average 1.480 
A found in the planar forms. The lengthening of 
the central bond is consistent with results from 
vibrational analysis [3]. 

the TLSER model, the nitrogen-containing solvents 
and ethyl acetate had to be removed from the data 
set as outliers from the model. In both models, 
increasing solvent "polarity" advances isomeriza- 
tion rates and increasing solvent polarizability re- 
tards isomerization rates, and the latter dominates 
the process even for the most dipolar solvents 
studied. Dipolar solvents interact with a polar stil- 
bene transition state, providing a more favorable 
reaction pathway via a lower-energy transition 
state. Polarizable solvents interact with stilbene 
and surrounding layers of solvent molecules to 
form a friction barrier to rotation of the phenyl 
group from the transition state through to the 
trans isomer. Increasing solvent polarizability leads 
to larger microscopic friction. 

From the stilbene equations developed, we can 
now use them to predict new isomerization rates 
and evaluate term contributions to examine which 
solvation factors dominate the process. For the 
empirically developed LSER Eq. (9) and the theo- 
retically developed TLSER Eq. (10), the term 
contributions are listed for some representative 
solvents. 

A comparison of "polar" terms in Table VI(a) 
shows that there is very good agreement in the 
LSER and TLSER term contributions. It is not sur- 
prising therefore to find that p and q- are very 
well correlated [Eq. (11)] for the stilbene solvent 
set after elimination of the two nitrile containing 
solvents. 

Similarly, a comparison of "polarizability" 
terms [Table VI(b)] also shows some very similar 
trends for homologs and between different fami- 
lies. The relatively constant difference between the 
magnitude of the terms for solvents can be traced 
to the difference of the regression constants from 
the two LSER and TLSER equations. The direct 
comparisons are shown in Table VI(c). A plot of 
fin) vs. 7J-J for all the solvents in Eq. (12) is also 
quite reasonable, although the scatter of the plot 
reduces the correlation coefficient: 

EMPIRICAL LSER VS. THEORETICAL TLSER 
MODEL 

The different ris-frans-stilbene equations devel- 
oped by multiple linear regression of empirical 
and theoretically derived solubility parameters 
show very similar trends and similar statistical 
quality. However, the LSER empirical model does 
provide a slightly better fit to the data and can 
model all the different solvent data, whereas for 

ln(fc) = 2.14-9.61-/(M)I + 0.24 •/! (9) 

ln(Jfc) =3.85 -38.8- TT1 + 1.29- a (10) 

p = -0.13 + 539q_         r = 0.99 (11) 

f(n)i = -0.15 + 3.72 ■ TT1      r = 0.85. (12) 

Also in this work, stilbene was studied using 
the polarizable continuum model (PCM) [28] as 
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TABLE VI 
Comparison of LSER and TLSER polarity terms, polarizability terms, and regressions. 

(a) Comparison of LSER and TLSER polarity terms 

LSER dipolar term TLSER dipolar term 
Solvent 0.24^ 1.29 q — 

n-Hexane 0.00 0.03 
n-Decane 0.00 0.03 
n-Tetradecane 0.00 0.03 
Cyclohexane 0.00 0.01 
Cyclooctane 0.00 0.00 
Methanol 0.41 0.42 
Pentanol 0.40 0.42 
Decanol 0.39 0.42 
Dimethyl sulfoxide 0.95 0.93 
Ethyl acetate 0.43 0.46 
Diethyl ether 0.28 0.44 

(b) Comparison of LSER and TLSER polarizability terms 

LSER polarizability term TLSER polarizability term 
Solvent -9.61 f(n) -38.8 77-1 

n-Hexane -2.21   4.01 
n-Decane -2.40 — 4.10 
n-Tetradecane -2.50 _ 4.25 
Cyclohexane -2.50 — 4.33 
Cyclooctane -2.59 — 4.24 
Methanol -1.92 — 3.62 
Pentanol -2.40 — 4.05 
Decanol -2.50 — 4.24 
Dimethyl sulfoxide -2.69 — 4.27 
Ethyl acetate -2.21 — 4.16 
Diethyl ether -2.11 - 4.01 

(c) Comparison of LSER and TLSER regressions 

Solvent                 Ln obs (1 / f) In fr0 0.24 mu              -9.61 (n) In fr0 1.29 qr-     -38.877--I 

n-Pentane 0.000 2.14 0.00                   -2.11 3.85 0.03 -3.99 
n-Hexane -0.100 2.14 0.00                   -2.21 3.85 0.03 -4.01 
n-Octane -0.148 2.14 0.00                   -2.31 3.85 0.03 -4.02 
n-Nonane -0.191 2.14 0.00                    -2.40 3.85 0.03 -4.03 
n-Decane -0.239 2.14 0.00                    -2.40 3.85 0.03 -4.10 
n-Dodecane -0.300 2.14 0.00                    -2.40 3.85 0.03 -4.02 
n-Tetradecane -0.322 2.14 0.00                   -2.50 3.85 0.03 -4.25 
Cyclopentane -0.223 2.14 0.00                   -2.40 3.85 0.02 -4.12 
Cyclohexane -0.315 2.14 0.00                   -2.50 3.85 0.01 -4.33 
Cycloheptane -0.419 2.14 0.00                   -2.59 3.85 0.00 -4.34 
Cyclooctane -0.482 2.14 0.00                  -2.59 3.85 0.00 -4.24 
Methylcyclohexane -0.315 2.14 0.00                   -2.40 3.85 0.07 -4.25 
Methanol 0.693 2.14 0.41                   -1.92 3.85 0.42 -3.62 
Ethanol 0.478 2.14 0.41                    -2.11 3.85 0.42 -3.81 
Propan-2-ol 0.223 2.14 0.40                    -2.21 .85 0.41 -3.92 
Pentanol 0.062 2.14 0.40                    -2.40 

(Continued) 

.85 0.42 -4.05 
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TABLE VI _ 
(Continued) 

Solvent 

(c) Comparison of LSER and TLSER regressions 

Lnobs(1/f) 

Decanol 
Acetonitrile 
Propionitrile 
Dimethyl sulfoxide 
HMPA 
Ethyl acetate 
Diethyl ether 

In kn 0.24 mu -9.61 (n) In kr, 

0.122 2.14 0.39 

0.968 2.14 0.94 
0.777 2.14 0.97 
0.598 2.14 0.95 
0.186 2.14 
0.616 2.14 0.43 
0.416 2.14 0.28 

1.29 q- -38.8T7--, 

-2.50 .85 0.42 -4.24 

-2.02 3.85 0.15 -4.00 
-2.11 3.85 0.14 -3.90 
-2.69 3.85 0.93 -4.27 
-2.59 3.85 0.85 -4.47 
-2.21 3.85 0.46 -4.16 
-2.11 3.85 0.44 -4.01 

implemented in the ZINDO program [29-33]. The 
model develops a realistic shape of the cavity 
around the solute by surrounding each atom by 
intersecting spheres with radii equal to the van der 
Waals radii. The surface is divided into patches 
(tesserae) by a triangulation technique [34-36]. 
Each tessera is represented by a point which car- 
ries the entire charge of that patch. 

The PCM model used in this work was pre- 
sented in detail elsewhere [37, 38]. The new fea- 
tures of the PCM model developed include several 
different approaches for estimating the electro- 
static potential of the solute. Charges derived from 
the Mulliken population analysis, from the zero 
differential overlap (ZDO) density matrix, and 
from the ZDO density matrix plus point atomic 
dipoles were implemented to estimate the electro- 
static potential on the tessera. In addition, we 
made algorithmic improvements, including calcu- 
lating the charges on the tessera internal to the 
self-consistent field (SCF) procedure, that speed up 
the calculations significantly and lead to a good 
agreement between the calculated and experimen- 
tal solvation energies. 

The results obtained from preliminary calcula- 
tions [37, 38] show that the "ZDO charge dipole" 
approximation to estimate the solution electro- 
static potential appears to be most suitable for the 
description of the solvent-solute interactions. 
Therefore, we chose this latter method for our 
studies on ris-stübene. 

According to the general expression (PCM), 

r(r) 
4-7TS      dn 

[4>p(r) + <f>„(r)],     (13) 

the charge density on the cavity surface cr(r) is a 
function of the dielectric constant of the medium, 
s. The electrostatic part of the total energy, Epolar, 
is thus screened through s which is the only 
solvent characteristic within the time-independent 
PCM model. 

The dipole moments of czs-stilbene and those 
for the geometry calculated as an approximation 
for a transition-state structure in gas phase (twist 
angle = 105.0°) were calculated via PCM in a vari- 
ety of solvents. The results are given in Table VII. 
These dipole moments alone can reproduce the 
experimental decay rates with a statistical data fit 
of R = 0.774 with an rms error of 0.26. A regres- 
sion with these dipoles and the molecular volume 
yields a statistical data fit of R = 0.84 and an rms 
error of 0.23. 

A significant question in this study is the link 
between different computational approaches for 
obtaining the solvation descriptors. A regression 
analysis on the PCM calculated TS dipoles shows 
that the TLSER q+ is correlated with a goodness of 
fit of 0.95 over the solvent molecules data set 
without the outliers. This goodness of fit does not 
change appreciably when the solvent molecules in 
Table II, for which there is no experimental data, 
are also included in the regression. However, the 
goodness of fit deteriorates dramatically to 0.77 
when the outlier molecules, acetonitrile, propio- 
nitrile, and ethyl acetate, are included in the re- 
gression. This suggests that current advances in 
solvation theory such as the PCM can provide 
significant insight into solvation descriptors such 
as those used in the TLSER and in the LSER 
empirical descriptor set. 
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TABLE VII 
PCM dipole moments calculated for approximate transition-state (TS-105) and c/s-stilbene geometries. 

Dielectric Experimental 
Solvent Constant                      TS-105 (D) c/s-Stilbene (D) lifetime (ps) 

Gas phase 1.000 0.590 0.319 0.32 
Acetonitrile 37.500 0.846 0.548 0.38 
Cycloheptane 1.965 0.680 0.402 1.52 
Cyclohexane 2.023 0.683 0.405 1.37 
Cyclononane3 2.000 0.682 0.404 — 
Cyclooctane3 2.000 0.682 0.404 1.37 
Cyclopentane 1.965 0.680 0.402 1.25 
Decane 1.991 0.682 0.403 1.27 
Decanol 8.100 0.803 0.511 1.26 
Diethyl ether 4.335 0.763 0.475 0.66 
Dimethyl sulfoxide 4.700 0.767 0.480 0.59 
Dioxane 2.209 0.695 0.414 0.73 
Dodecane 2.015 0.683 0.405 1.35 
Ethanol 24.300 0.839 0.542 0.62 
Ethyl acetate 6.020 0.787 0.496 0.54 
Heptane 1.920 0.678 0.399 — 
Hexadecane3 2.000 0.682 0.404 1.59 
Hexane 1.890 0.675 0.397 1.05 
hmpaa 2.000 0.682 0.404 0.83 
Methanol 32.630 0.844 0.546 0.50 
2-Methylbutane 1.843 0.672 0.394 1.00 
Methylcyclohexane 2.020 0.683 0.405 1.37 
Nonane 1.972 0.681 0.402 1.21 
Octane 1.948 0.679 0.401 1.16 
Pentadecane3 2.000 0.682 0.404 — 
Pentane 1.844 0.672 0.394 0.97 
Pentanol 13.900 0.825 0.530 0.94 
Propan-2-ol 18.300 0.835 0.537 0.46 
Propionitrileb 37.50 0.846 0.548 0.46 
Tetradecane3 2.000 0.682 0.404 1.37 
Tridecane3 2.000 0.682 0.404 1.44 
2,2,4-Trimethylpentane 1.940 0.679 0.401 1.10 
Undecane 2.005 0.682 0.404 — 

ahmpa = hexamethylphosphoramide. Dielectric constant assumed to be = 2.0. 
Dielectric constant assumed equal to that of acetonitrile. 
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ABSTRACT 

In recent experimental studies of infrared (IR) spectra of hydrated phenol clusters, the 
Mikami and Ebata group at Tohoku University attributed apparently two very different 
spectra to PhOH(H20)4. The first spectrum has a wide transparent region between 3500 
and 3700 cm"1, which they named a window region. The second spectrum has several 
absorption bands in this window region. Our previous study revealed that the first 
spectrum was assigned to the isomers which have a single-ring structure of a hydrogen- 
bonding network of OH's of phenol and waters. The experimentalists suggested that the 
second spectrum might be identified to a proton-transferred phenol-water cluster. In the 
present article, the geometrical structures of proton-transferred hydrated phenol clusters 
were determined with the ab initio molecular orbital method and their IR spectra were 
calculated. The proton-transferred phenol-water cluster is at a stable local minimum, but 
the energy is much higher than that of the most stable nontransferred cluster. The 
calculated IR spectrum has a still wider window region and is far different from the 
experimental spectrum of the second type.    © 1996 John Wiley & Sons, Inc. 

Introduction 

The proton-transfer reaction is one of the typical 
chemical reactions. As described even in high 
school textbooks, a part of the water molecules in 
pure bulk water are dissociated to the oxionium 
ion H30

+ and the hydroxyl ion OH". The dissoci- 
ation constant of pure water Kw is 1.0 X 10"14 at 
room temperature. Here is an intriguing question 
in cluster chemistry: Does the proton-transfer reac- 

tion take place in small water clusters? Very re- 
cently, Lee et al. theoretically predicted that pro- 
ton-transferred clusters could exist in such small 
water clusters as H30 + OH"(H20)3 and 
H30

+OH"(H20)6 [1]. They are much less stable 
than are the well-investigated normal water clus- 
ters (H20)5 and (H20)8 [2-12], but the proton- 
transferred water clusters are at a stable local min- 
ima. When the cluster has an acidic nature, the 
proton-transfer reaction more easily takes place. 
Recently, we reported that in the hydrated singly 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1607-1613 (1996) 
© 1996 John Wiley & Sons, Inc. CCC 0360-8832 / 96 / 071607-07 
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charged boron cation-water clusters B+(H20)„ the 
proton-transfer reaction proceeds without any bar- 
rier for n > 2 [13]: 

B+(H20)„ -» BOH(H30
+)(H20)„   - (1) 

Phenol is one of the fundamental organic acids. 
One can expect that the possibility of the proton- 
transfer reaction in hydrated phenol clusters is 
higher than in pure water clusters. This possibility 
was first noticed by the Mikami group at Tohoku 
University, when they studied the infra-red (IR) 
spectra of phenol-water clusters PhOH(H20)„ (for 
n < 4), [14, 15]. Up to n = 3, the observed spectra 
have a transparent region between antisymmetric 
and symmetric stretching modes of water 
molecules around 3500-3700 cm"1. The region is 
named the "window region" by Mikami's group 
[14-16]. Our previous theoretical studies revealed 
that the spectra having a window region are as- 
signed to the isomers of a single-ring structure 
consisting of an OH of phenol and an OH of each 
of n water [17]. In their "mass-selected" experi- 
ments, two different IR spectra were attributed to 
PhOH(H20)4. One of the spectra is similar to those 
for n = 2 and 3 and is identified to the isomers of 
a ring structure. On the other hand, the other has 

no window region and shows several absorption 
bands in this region. To explain this second spec- 
trum, the proton-transferred phenol-water clus- 
ters were suggested [14, 15]. 

In the present article, the geometric structures 
of proton-transferred phenol-water clusters, which 
are regarded as derivatives of proton-transferred 
water clusters reported in [1], are determined with 
the ab initio molecular orbital method. The IR 
spectra of the proton-transferred phenol-water 
clusters as well as pure water clusters are calcu- 
lated, and the possibility of identification of the 
second type of spectrum in [14, 15] is examined. 

Method 

The closed-shell self-consistent field (SCF) 
molecular orbital method is used for optimization 
of the geometries and for evaluation of the IR 
spectra. The basis sets used are 6-31 + G* for 
oxygen atoms and the 6-31G* set for the rest of 
atoms (carbon and hydrogen). It is important to 
place diffuse functions on the oxygen for describ- 
ing the hydroxyl anion OH~. In [1], the basis set 
used is 6-31 + G** for all atoms. For (H20)5 and 

PhOH(H20)4 (ring structure) 

1.852.- 
.T    1.869   \ 

ä   m      1.940'Y 
T— A ^|--1.885 

\ 1.877 

PhO-(H30
+)(H20)3 (H30

+)PhOH(H20)2(OH_) 

1.715 

1.726 1 
\r/^\ 1.623 

...I5..--' V. 

1.718V O      ...- 
'NÄ-"'' i-629 

2 3 

FIGURE 1. Structures of ring type (1) of PhOH(H20)4 cluster and proton-transferred clusters of (2) PhO~(H30 + 

(H20)3 and (3) (H30
+)PhqH(H20)3(Ohr). The geometric parameters were determined with the SCF/6-31 + G* 

method. Units are given in A. 
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H30
+(H20)3OH~, the total energies are recalcu- 

lated with the frozen-core second-order Mteller- 
Plesset perturbation (MP2) method. The present 
basis set is smaller than that in [1], but large 
enough to describe the dissociation to ion-pair 
clusters. The scaling factor for harmonic frequen- 
cies is 0.8976, which is fixed by adjusting the 
symmetric and antisymmetric stretching modes of 
a free water molecule. Programs used are GAUSS- 
IAN 92 and GAUSSIAN 94 packages [18, 19]. 

Results and Discussion 

In our previous work [17], the most stable iso- 
mer of PhOH(H20)4 has a single-ring structure 
consisting of the hydrogen-bonding network of 
OH groups of phenol and water molecules. Struc- 
ture 1 in Figure 1 depicts the ring structure 
of the PhOH(H20)4 cluster. Structures 2 and 3 
are two proton-transferred phenol-water clusters 
PhOH(H20)4, which are regarded as derivatives 
of the proton-transferred pure water cluster 
(H30 + )(H20)3(OH) reported in [1]. Isomer 2 has 
the structure PhO"(H20)3H30

+, in which a pro- 
ton of phenol is transferred to an oxionium ion. On 
the other hand, isomer 3 has the structure 
H30 + Ph0H(H20)20H", in which a proton of wa- 
ter is transferred. The proton-transferred cluster 
(H30

+)(H20)3(OH) has a C3 symmetry and the 
C3 axis is through the oxygen atom of the oxion- 
ium ion H30

+ via the hydroxyl ion OH". In struc- 
tures 2 and 3, the local C3 symmetry is almost 
preserved, although an OH" ion in the water 
clusters is replaced with a PhO" ion in the phe- 
nol-water clusters. 

The relative energies of proton-transferred phe- 
nol-water and pure water clusters are summa- 
rized in Table I. Although a stable local minimum 
is found for PhO"(H20)3H30

+ (structure 2), the 
total energy is 138.43(144.49) kj/mol higher than 
that of the ring PhOH(H20)4 (structure 1) without 
(with) zero-point vibration correction. Isomer 2 is 
more stable than is isomer 3, as is expected from 
chemical common sense that the acidity of PhOH 
is stronger than that of H20. The energy difference 
between isomers 2 and 3 is 23.62 kj/mol without a 
zero-point vibration collection and 23.56 kj/mol 
with a zero-point vibration collection. The energy 
difference between isomers 1 and 3 is almost the 
same as the energy difference between (H20)5 and 
H30

+(H20)3OH", because the generated ion pair 
is the same. The energy difference between (H20)5 

and H30
+(H20)3OH" with the SCF approxima- 

tion is overestimated compared with that in [1]. 
But the single-point MP2 (frozen core) energy is in 
good agreement with that in [1], in spite of the 
smaller basis set. Thus, if we assume that the 
electron correlation effect on the proton-transfer 
reaction is similar to each other for the clusters 
(H20)5 and PhOH(H20)4, we may be able to dis- 
cuss qualitatively the stability of the PhOH(H20)4 

and its ion-pair clusters. 
The calculated infrared stick spectra of the clus- 

ters in the —OH frequency region are shown in 
Figure 2. Their numerals are summarized in Table 
II. Only dominant components are given for as- 
signments of each absorption band in Figure 2 and 
Table II. Spectrum A in Figure 2 shows the stick 
spectra of a free water molecule, an oxionium 
ion H30

+, and a hydroxyl ion OH" for compari- 
son. The calculated stick spectra of proton-trans- 

TABLE I 
Relative energy difference without zero-point vibration (- A E) and with zero-point vibration (- A £zpv) 
correlation of the proton-transferred PhOH(H20)4 and (H20)5 clusters.   

AE, 

-A£ SCF MP2//SCF 

PhOH(H20)4 (ring) (1) +0.00 +0.00 
PhO"(H20)3H30 + (2) + 138.43 + 144.49 
H30

+PhOH(H20)2(OH") (3) + 162.05 + 168.05 
(H20)5 (ring) +0.00 +0.00 +0.00 (+0.00) 

H30 + (H20)3OH" + 159.84 + 168.69 + 100.74 (+92.05) 

For - A£z v with MP2 (frozen core) evaluation, the zero-point vibration energies with the SCF level of approximation are added into 
the total energies calculated with the single-point MP2 (frozen core) level of approximation. Energy standards are set at the most 
stable ring isomers of PhOH(H20)4 and (H20)5. The values in parentheses are in [1] with the MP2/6-31 + G** level of 
approximation. Units are given in kJ/mol. 
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ferred clusters (H30
+)(H20)3(OH-), PhCr 

(H20)3(H30
+) (structure 2), and (H30

+)PhOH 
(H20)2(OH~) (structure 3) are spectra B, C, and D, 
respectively. 

In previous theoretical studies, the IR spectra of 
the pure water cluster (H20)„ [2, 3] and hydrated 
phenol clusters PhOH(H20)„ [17], both of which 
have a single-ring structure, had similar character- 

istics in the spectra. The antisymmetric stretching 
modes of water molecules do not move much. In 
contrast, the symmetric stretching modes of water 
molecules show large shifts toward the lower en- 
ergy from a free water. The former mode is more 
or less localized in nonhydrogen bonding OH's, 
and the latter is on a hydrogen-bonding OH, form- 
ing  a  ring.  In phenol-water  clusters,  the  OH 

A.     Free H20 , OH~ , and (H30+) 

0.5 

0 ,I , , ,  

2800 3000 3200 

Free OH" 

Free H30+ 

I I 

3400 

Free H20 

I I 

3600 3800 

B.     (H30
+)(H20)3(OH-) 

H30+ H20 symm. 

_l_ 
2800 

C.   PhO^(H20)3(H30
+) 

i i    ' 1— 

3000 3200 

H2O symm. 

n 1 

H3CT 

iTlr 
2800 3000 3200 3400 

H2Oanti.     OH" 

 1 1 1— r~" 1 
3400 3600 3800 

H20  anti. 

m 
1 p— j 

3600 3800 

D.    (H30
+)PhOH(H20)2OH" 

H30+ 

3- 

2 

-OH 

(PhOH) 

2800 

-CH|: 

3 
3000 

H20 symm. 

3200 3400 

HoOanti.     OH" 

—1Z 
3600 3800 

FIGURE 2. Calculated IR spectra of proton-transferred clusters and relative speices: (A) water, oxionium ion and 
hydroxylion; (B) H30 + (H20)3Or; (C) PhO-(H30

+)(H20)3; (D) (H30
+)PhOH(H20)3(OH~). Only dominant 

components are given for assignments. 
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stretching mode of the phenol molecule also shifts 
toward the low frequency. The low-frequency shifts 
of symmetric stretching modes of water and the 
OH mode of phenol become larger for a large 
cluster size. In other words, the window region 
[14-16] is wider for a larger cluster size n in 
(H20)„ and PhOH(H20)„ of a ring structure. For 
the ring structure of PhOH(H20)4, the experimen- 
tal absorption bands of the OH stretching of PhOH 
and symmetric stretching of water appear in the 
region about 3150-3450 crrT1, and the window 
region is around 3450-3700 cm-1. 

But as shown in Figure 2, the window region 
of proton-transferred clusters is much wider than 
that of the nontransferred ring structure of PhOH 
(H20)4. In the calculated spectrum B for (H30

+) 
(H20)3(OH~) in Figure 2, the window region is 
range 3050-3700 cm-1. The window region of 
spectrum D (for structure 3) is almost as large as 
spectrum B. The window region of spectrum C 
(for structure 2) is 3200-3700 cm'1, a little nar- 
rower than that of spectrum B. It is, however, still 
wider than of the window region of PhOH(H20)4. 
By hydrogen-bonding formation, the stretching 
modes of water and the OH stretching of phenol as 
well as the degenerate OH modes of oxionium ion 
H30

+ shift substantially toward the low fre- 
quency. 

According to the analysis by Schiöberg and Luck 
[20], the band shifts of water molecules are related 
to the strength of the basicity of the proton-accept- 
ing molecule. When the strong base molecule is 
bonded to a water as a proton acceptor, the base 
molecule attracts strongly a hydrogen atom of a 
water molecule. Thus, the OH bond of the water 
becomes weak and the frequency of OH stretching 
becomes lower. The very wide window regions of 
proton-transferred clusters are due to the much 
strong basicity of the hydroxyl ion OH". Because 
the basicity of PhO" is weaker than that of OH", 
the window region in spectrum C for PhO" 
(H30

+)(H20)3 is somewhat narrower than in 
spectrum B. The width of the window region of 
spectrum D is almost same as that of spectrum B 
because the anion in (H30

+)PhOH(H20)2(OH) 
is a hydroxyl ion, the same as in (H30

+)(H20)3 

(OH). 
In contrast, the high-frequency modes of water 

molecules in the cluster do not move much; the 
parentage of these modes is the antisymmetric 
mode of a water molecules. When two OH bonds 
are not equivalent by hydrogen bonding, this mode 

becomes localized on a free (nonhydrogen bond- 
ing) OH. At the limit of complete decoupling of 
two OH modes, the frequency of the free OH 
mode is given as [20] 

Vi    +   Vr, 

'lim (2) 

where vx and v3 are the frequencies of symmetric 
and antisymmetric modes of a free water. In the 
present case, v1 = 3653 and v3 = 3750, and, thus, 
"um = ("i + "3)/2 = 3702 [cm"1]. In these pro- 
ton-transferred clusters, the frequencies of "un- 
shifted" modes are about 3715 cm"1, very close to 
3702 cm"1. In other words, two OH modes of a 
water in clusters are decoupled, which is evidence 
that water molecules in proton-transferred clusters 
are bonding to a strong base. 

TABLE II  
Calculated harmonic frequencies (cm   1) and 
IR intensities (km/mol) of proton-transferred 
clusters and several associated moieties in the 
OH frequency region; only dominant components 
are written for assignments. 

Frequency Intensity Assignment 

H20 

3653 23.4 
3750 87.5 

H30 + 

3385 62.6 

3481 598.6 
3481 598.6 

OH" 
3561 80.4 

PhO"(H20)3(H30
+) 

2832 836.4 
2867 876.4 
2993 68.9 
2996 5.2 
3004 1140.2 
3010 10.5 
3015 88.4 

3033 31.4 
3127 1259.5 
3145 1324.3 
3205 2436.5 
3714 156.6 
3716 115.9 
3718 90.0 

(Continued) 

sym. 
anti. 

H30 + 

H30 + 

—CH str. 
—CH str. 

H30 + 

—CH str. 
—CH str. 
—CH str. 

H20 
H20 
H20 
H20 
H20 
H20 
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TABLE II 
(continued) 

Frequency Intensity Assignment 

(H30
+)(H20)3OH + 

2761 212.7 H30 + 

2761 212.7 H30 + 

2958 2398.4 H20 
2958 2398.4 H20 
2961 1619.0 H30 + 

3041 888.6 H20 
3716 142.1 H20 
3716 142.1 H20 
3718 4.4 H20 
3723 12.7 OH" str. 

(H30
+)PhOH(H20)2(OH-) 

2738 516.0 H30 + 

2746 271.0 OH of PhOH 
2888 2908.4 H30 + 

2974 2003.1 H20 
3012 9.7 —CH str. 
3020 9.4 —CH str. 
3032 59.2 —CH str. 
3039 56.0 —CH str. 
3044 470.6 —CH str. 
3048 1942.5 H30 + 

3052 465.2 H20 
3716 145.3 H20 
3717 63.9 H20 
3721 17.0 OH " str. 

Conclusion 

The IR spectra of proton-transferred clusters 
have a very wide window region because of the 
strong basicity of OH~ and PhO~. The possibility 
of the identification of the second spectrum of 
PhOH(H20)4 to such proton-transferred clusters is 
ruled out. An alternative species for the second 
spectrum is a larger size of clusters than 
PhOH(H20)4. In [17], we demonstrated that sev- 
eral IR bands are found in region 3500-3700 cm"1, 
if the cluster has a water molecule with both of the 
hydrogen atoms of the molecule bonded to other 
water molecules. The water molecule in which two 
hydrogens are bonded to base molecules was 
named the "double proton donor" by Jordan and 
Zwier's group [21, 22]. Some isomers of 
PhOH(H20)5 contain two such double proton 
donor waters. The second spectrum could be as- 
signed to one of those isomers. It might be difficult 

to experimentally find the proton-transferred clus- 
ters in such small clusters as PhOH(H20)4 and 
(H20)5 because of their instability. But one could 
obtain the proton-transferred clusters in larger sizes 
by matrix isolation techniques. By measuring the 
IR spectra, the wide window region could be a key 
of detecting the proton-transferred clusters. 
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ABSTRACT . .  

We present an assessment on the accuracy of a dielectric continuum solvation model, the 
generalized conductor-like screening model (GCOSMO), for predicting hydration free 
energies, tautomeric equilibria, and reaction profiles in solution.    © 1996 John Wiley & 
Sons, Inc. 

Introduction 

For the past half century, quantum chemistry 
has made significant progress in the develop- 

ment of theory as well as its applications to predict 
physical properties of gas-phase processes. Re- 
cently, theoretical efforts have been shifting focus 
toward solution chemistry. In particular, many 
theoretical approaches have been proposed for 
modeling solvation. The dielectric continuum ap- 

* To whom correspondence should be addressed. 
f On leave from the Institute of Chemical Physics, Univer- 

sity of Latvia, 19 Rainis, Blvd., Riga, LV 1586, Latvia. 

proach [1-3], however, offers the simplest method- 
ology for incorporating solvent effects into a wide 
range of ab initio molecular orbital (MO) and den- 
sity functional theory (DFT) levels of theory. In the 
dielectric continuum approach, the solvated sys- 
tem is modeled as the solute inside a cavity sur- 
rounded by a dielectric continuum medium char- 
acterized by the dielectric constant e. Models based 
on molecular-shape cavities have been shown to 
provide a more accurate description of solvent-so- 
lute interactions than those based on simple spher- 
ical or ellipsoidal cavity [1, 3]. For molecular-shape 
cavities, several promising approaches have been 
introduced. In particular, the SMx models [1], 
which are based on the generalized Born formal- 
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ism  within  the  semiempirical  molecular  orbital 
theory, are quite successful in calculating free en- 
ergy of solvation. However, the deficiency of the 
semiempirical   molecular   orbital   wave   function 
makes them less useful for modeling reactions in 
solution. Thus, to model reactions in solution, more 
accurate representation of the solute is required 
such as using DFT or ab initio molecular orbital 
theories. In this case, one can use the DFT/PB 
model [4-7], which combines DFT for solute den- 
sity distribution and the Poisson-Boltzmann (PB) 
method for interaction with the dielectric contin- 
uum medium. Alternatively, the polarizable con- 
tinuum model (PCM) [3, 8] can be employed. This 
model based on the Poisson boundary condition 
has been implemented at the DFT and ab initio 
MO levels of theory. Although both the DFT/PB 
and PCM models can provide accurate description 
of the solute in the dielectric cavity, their use is 
computationally rather expensive. Several approxi- 
mations have also been developed. In the reaction 
field factors approach [9], the PCM equations are 
simplified by using multipole expansion for the 
solute density. We recently suggested the general- 
ized conductor-like screening model (GCOSMO), 
which is based on the COSMO model originally 
proposed by Klamt and Schrüümann within the 
semiempirical MO formalism [10]. In GCOSMO, 
accurate ab initio electronic wave function can be 
used for solute electrons and nonelectrostatic con- 
tributions are added to the free energy of solvation 
[11-14]. GCOSMO approximate boundary condi- 
tion allows significant reduction in computational 
demand as compared to the DFT/PB and PCM- 
based models while maintaining comparable accu- 
racy. Since DFT/PB, PCM, and GCOSMO models 
were implemented within the DFT and/or ab ini- 
tio MO theory, they can be employed for quantita- 
tive modeling of reactions in solution. However, 
before 
extensive use of these models to real systems, 
thorough analyses of their accuracy should be 
performed. 

Accuracy of continuum solvation models de- 
pends on (1) boundary conditions on the surface of 
the cavity, (2) the atomic radii used in determining 
the cavity size, and (3) the validity of the contin- 
uum approximation itself. In this study, we focus 
our attention on how these three factors affect the 
accuracy of the GCOSMO model. 

The GCOSMO model uses the boundary condi- 
tion from a cavity in a conductor and then scales 

the surface charges for a dielectric medium. This is 
fundamentally different from the exact boundary 
condition used in the PCM model. In our previous 
study [11], we have shown a good agreement 
between GCOSMO and PCM hydration energies 
for a large set of molecules and ions when the 
same atomic radii were used. This shows that the 
GCOSMO approximation is quite accurate for sol- 
vents with high dielectric constants such as water. 
However, in principle, the GCOSMO scaling pro- 
cedure may yield errors for solvents with low 
dielectric constants, though no systematic analysis 
has been done. To estimate the magnitude of these 
errors, here we compare results from GCOSMO 
and PCM calculations with experimental data for 
the tautomeric equilibria between 2-hydroxypyri- 
dine and 2-pyridone in several solvents having a 
wide range of dielectric constants. 

In our previous work [11], we optimized a set of 
atomic radii for construction of molecular cavities 
for both GCOSMO and PCM calculations. With 
these atomic radii, GCOSMO model reproduces 
experimental hydration energies with an average 
unsigned difference of about 1 kcal/mol for neu- 
tral solutes and of order 2-4 kcal/mol for ions that 
were used in the fit. It is desirable to test applica- 
bility of these radii for a larger set of molecules 
and ions that were not included in the fit. In this 
study, we calculated hydration free energies for 39 
molecules and 5 ions playing an important role in 
protein structure and function. 

Finally, in this study, we perform a GCOSMO 
study on hydration effects on the potential surface 
for the proton transfer reaction in the 
[H3N-H-NH3]+ system. Comparison of these re- 
sults with previous QM/MM Monte Carlo simula- 
tions [15] provides a test of the applicability of the 
GCOSMO model for modeling of reaction profiles 
in solutions and also illustrates the use of 
GCOSMO gradient in determining geometries of 
stationary points on the free energy surface. 

This study is organized as follows. In the theory 
section we present a brief overview of the 
GCOSMO model. The application section is di- 
vided into three parts: the first examines solvent 
effects on the tautomeric equilibria of 2-hydroxy- 
pyridine/2-pyridone in different solvents. The sec- 
ond provides a test of fitted atomic radii by calcu- 
lating free energies of solvation for a large number 
of molecules and ions which were not studied by 
the GCOSMO earlier. The third discusses hydra- 
tion effects on the potential surface the proton 
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transfer reaction in the [H3N-H-NH3]+ system. 
Finally, conclusions and future directions are given. 

Theory 

GENERALIZED CONDUCTOR-LIKE SCREENING 
MODEL (GCOSMO) 

The GCOSMO model is a generalization of the 
semiempirical COSMO method [10] to have an 
accurate ab initio description for the solute charge 
density and also to include dispersion, repulsion, 
and cavity formation contributions to the free en- 
ergy. The GCOSMO model was incorporated into 
classical ab initio MO and DFT frameworks. The 
central approximation of this model is to scale the 
screening conductor surface charge by a factor of 
/(e) = (e - l)/e to satisfy the Gauss theorem for 
the total surface charge for a solute in a dielectric 
medium specified by the dielectric constant e. The 
screening conductor surface charge can be ob- 
tained directly from the boundary condition that 
the total potential on the surface of the cavity in a 
conductor is zero: 

R,l     Jv IR 'v |r 

r o-(r') 
+ (-. ^V=0,   (1) 

■'sir - r'| 

where z, and R, are values and positions of N 
nuclear charges, p(r) is the solute electronic den- 
sity and the solvent reaction field is represented by 
the surface charge density o-(r). 

Within the boundary element approach, a cavity 
boundary is defined by M surface elements with 
areas {Su}. The surface charge density at each sur- 
face element is approximated as a point charge, 
{qj, located at the center of that element, {£„}. The 
surface charge distribution is then given by 

/(e)A-1(Bz + c), (2) 

where A, B, and c are M X M, M X N, and M X 1 
matrices, respectively, with matrix elements de- 
fined by [10] 

■"«>, for u T± v   and 

A„ 1.07 
4TT 

s7 
(3) 

B,„ = 
it„-R,r 

f p(r) J3 

(4) 

(5) 

and z is the vector of N nuclear charges. The total 
free energy of the whole system (solute + surface 
charges) is then given by 

- -/(e)z + B +A^Bz + Em + AGnonels,    (9) 

where Em is the solute nuclear-nuclear repulsion. 
The solvent contributions to the one- and two-elec- 
tron terms of the Fock matrix elements (H and 
G   , respectively) are expressed as 

H;„= -/(eWA-V, 

G;„=-/(6)ctA-V' 

(10) 

(11) 

where 

ß (8) 

and P is the density matrix element; AGnonels is 
the non-electrostatic part of the free energy of 
solvation that includes the dispersion, repulsion, 
and cavity formation contributions. For the disper- 
sion and short-range repulsion contributions, we 
adopted Floris et al. method [16]. For the cavity 
formation term, we employed the scaled particle 
fluid theory of Pierotti [17], which was trans- 
formed by Huron and Claverie [18] into an atom- 
molecule-type formalism. Other non-elecrostatic 
contributions—such as an entropy change due to 
the solvent reorganization, an enthalpy change due 
to changes in the solute vibrational and rotational 
degrees of freedom, a charge transfer to the sol- 
vent, non-electrostatic components of the 
solute-solvent hydrogen bonding, etc.—are effec- 
tively included in the atomic radii defining the 
cavity boundary. The cavity boundary was defined 
by the solvent-excluding surface (also known as 
molecular surface) proposed by Richard [19]. Note 
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that in some cases when the solute can make 
strong hydrogen bonds with solvent molecules, 
the GCOSMO approach can be improved by in- 
cluding several explicit solvent molecules. This 
will be discussed more details in a separate report. 

We have implemented the above formalism into 
the HF, MP2, CIS, and local and non-local DFT 
theories. Our results indicate that GCOSMO solva- 
tion energy gradient and Hessian calculations on 
the average require only about 10-20% more com- 
putational time as compared to corresponding 
gas-phase calculations. This is noticeably faster 
than other existing ab initio MO or DFT dielectric 
continuum models based on a general cavity. 

Applications 

TAUTOMERIC EQUILIBRIA OF 
2-HYDROXYPYRIDINE/ 2-PYRIDONE IN 
SOLUTIONS 

Tautomeric equilibria of heterocyclic com- 
pounds in solution are very sensitive to the sol- 
vent-solute interaction, thus providing excellent 
tests for accuracy of different solvation models. 
These properties have also been the subjects of 
recent reviews [1, 2, 20] due to their importance in 
biological systems. In this study, we consider the 
tautomeric equilibria of 2-hydroxypyridine/2- 
pyridone in different solvents as shown below: 

O 
I 

H 

N      OH 

Previous studies showed that almost all dielectric 
continuum models correctly predict the differen- 
tial free energies of solvation for this system. We 
use this well-behaved system here mainly to test 
the accuracy of GCOSMO boundary condition and 
optimized atomic radii for solvents other than wa- 
ter by comparing our results with experimental 
data and with PCM calculations which employs an 
exact Poisson dielectric continuum boundary con- 
dition. We refer readers to an excellent review by 
Cramer and Truhlar for more discussion on the 
accuracy of other continuum solvation models for 
this system [2]. 

Gas-phase geometries for both 2-hydroxypyri- 
dine and 2-pyridone were optimized at the sec- 

ond-order Moller-Plesset perturbation theory level 
using the 6-31G** basis set. These structures were 
used in solvation calculations for solvents with 
dielectric constants e equal to 2, 5, 36, and 78, 
which correspond to cyclohexane, dimethyl ether, 
acetonitrile, and water, respectively. Free energies 
of solvation were calculated by using both PCM 
and GCOSMO models with our atomic radii. The 
van der Waals surface was used for the PCM 
model as implemented in the Gaussian 94 pro- 
gram. We found that the non-electrostatic terms 
contribute only about 0.1 kcal/mol in the calcu- 
lated differential free energies of hydration, thus 
they were not included here. 

Calculated differential free energies of solvation 
are listed in Table I along with experimental data 
[21]. For e = 5, the PCM surface charges do not 
converge for 2-hydroxypyridine. This convergent 
problem is due to the iterative procedure for calcu- 
lating surface charges. Recent closure relation and 
matrix inversion formulations of the PCM model 
[22] may elevate this problem. For aqueous sol- 
vent, GCOSMO yields the error of 0.8 kcal/mol 
compared to the experiment. As expected, the 
GCOSMO surface charge scaling approximation 
produces larger errors for less polar solvents. It 
should be noted that both 2-hydroxypyridine and 
2-pyridone have hydrogen bonding groups which 
would have strong interactions with first-solva- 
tion-shell waters. A good agreement with experi- 
mental data may result from cancelation of errors 
from specific hydrogen bond effects in both tau- 
tomers that were not included in the present and 
previous continuum calculations. A detailed anal- 
ysis of modeling hydrogen bonding effects in con- 
junction with the dielectric continuum approach 
will be presented in a forthcoming study. The 
agreement between GCOSMO and PCM results for 

TABLE I 
Difference between free energies of solvation 
(kcal / mol) for 2-hydroxypyridine and 2-pyridone in 
solutes with different dielectric constant e. 

Model / Hamiltonian / Basis 5  e = 36 e = 78 

GCOSMO/MP2/6-31G* 
PCM/MP2/6-31G** 
Experiment3 

2.0 3.8       4.9 
1.6     NCb      4.5 
1.1 1.8       3.8 

5.1 
4.7 
4.3 

'Ref. [21]. 
5 Not converged. 
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a wide range of solvents not only validates the 
boundary approximation used in GCOSMO but 
also opens the possibility for more quantitative 
quantum continuum solvation studies. 

HYDRATION FREE ENERGIES 

Using our recently optimized atomic radii (H: 
1.172; Cff: 2.096; C^: 1.635; Nhb: 1.738; Nnhb: 2.126; 
O: 1.576; F: 1.28; P: 2.279; S: 2.023; Cl: 1.75) [11], we 
have calculated hydration free energies for a set of 
39 neutral molecules and 5 ions which are of 
interest in biochemistry. GCOSMO calculations 
were done at the HF/6-31G* level using the gas- 
phase optimized geometries at the same level of 
theory. For dispersion and repulsion interactions 
between the solute with solvent water hydrogen 
and oxygen atoms, coefficients are taken from the 
OPLS force field [23]. Recall that in our previous 
study [11] we found rather small differences be- 
tween hydration free energies calculated at the HF, 
DFT, and MP2 levels. Thus, we expect that DFT 
and MP2 theories would show the same trend as 
the present HF results. The calculated HF/6-31G* 
hydration free energies are listed in Table II along 
with available experimental data. We found that 
GCOSMO yields hydration free energies for neu- 
tral nonaromatic molecules with a RMS (root-mean 
square) difference with experiments of about 1.3 
kcal/mol. This is consistent with our previous 
finding. An interesting new result is that for aro- 
matic molecules, GCOSMO tends to overestimate 
the hydration free energies with a RMS error of 
about 2.6 kcal/mol. A careful examination of the 
fitting procedure [11] for atomic radii shows that 
the sp2 carbon radius (1.635 A) attempts to ac- 
count for both hydrogen bonding effects in acids, 
acetones, and amides as well as resonance effects 
in aromatic compounds. However, the sp2 carbon 
radius is biased toward the former since it has 
more experimental values used in the fit. Conse- 
quently, the sp2 carbon radius is too small and 
effectively overestimates the resonance effects for 
aromatic compounds. For ions, the RMS error is 
about 5 kcal/mol, which is about the same range 
as in our previous study. Note that the wave 
functions for anions are quite diffuse. As a result, 
there is a non-negligible portion of the solute elec- 
tron density outside of the cavity; this yields con- 
sistently smaller hydration free energies for anions 
as seen in Table II. Therefore, more accurate fitting 
of atomic radii is required with the use of carefully 
selected set of target species. 

TABLE II 
Calculated and experimental hydration free 
energies (in kilocalories per mole). 

Solutes AGhyd ^^hyd 

Neutral (nonaromatic) 
Ethanol -4.90 -4.9 
1-Propanol -4.39 -4.8 
Isopropanol -4.46 -4.8 
Dimethylamine -1.77 -4.3 
Ethylthiol -1.32 -1.3 
Methyl-ethylsulfide -1.88 -1.5 
Dimethylsulfide -0.94 -1.4 
Diethylsulfide 0.25 -1.3 
Butanone -3.89 -3.6 
2-Pentanone -3.70 -3.5 
3-Pentanone -2.82 -3.4 
Acetaldehyde -4.58 -3.5 
Propionic acid -7.78 -6.5 
acetamide -11.36 -9.7 
Propionamide -10.35 -9.4 
W-methylacetamide -8.97 -10.0 
W-p-Guanidine -11.61 -11.0 
Trimethylamine 0.19 -3.2 
1-Propylamine -2.89 -4.4 
2-Methoxyethanol -6.70 -6.8 
2-Methoxypropane -0.19 -2.0 
3-pentanone -3.64 -3.4 
Ethylacetate -4.27 -3.1 
Methyl-butanoate -3.39 -2.8 
Methyl-propanoate -4.02 -2.9 
Methylformate -5.40 -2.8 
N-methylacetamide -9.04 -10.0 
Piperazine -5.77 -7.4 
Pro-2-en-1-ol -4.64 -5.0 

RMS error 1.27 

Neutral (aromatic) 
Benzene -2.95 -0.9 
Toluene -2.01 -0.9 
4-Methylpyridine -2.76 -4.9 
P-cresole -7.91 -6.1 
2-Methylphenol -7.72 -5.9 
Methylindole -7.47 -5.9 
Methylimidazole -11.42 -10.0 
Aniline -7.28 -4.9 
Acetophenone -8.47 -4.6 
Benzaldehyde -9.29 -4.0 

RMS error 2.64 

Ions 
W-Butylammonium -63.6 -69 
Methyl-thiol ion -72.4 -74 
Propionate ion -73.4 -79 
P-cresole ion -66.5 -75 
Methylimidazolium -66.9 -64 

RMS error 5.4 
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SOLVENT EFFECTS ON POTENTIAL ENERGY 
SURFACE FOR THE PROTON TRANSFER IN 
H3N.. HNH3

+ 

Proton transfer reactions are fundamentally im- 
portant in many chemical and biological processes 
and are the subjects of numerous theoretical and 
experimental studies. Since proton transfer in bio- 
logical systems occurs under the influence of the 
protein and aqueous environments, environmental 
effects are of profound importance for modeling its 
reaction mechanisms. In this study, we provide an 
analysis of the potential energy surface of the 
proton transfer in the H3N...HNH3 system in 
aqueous solution, which is often being used as a 
model for proton transfer in biological systems. In 
particular, McCammon and co-workers [24] have 
constructed an analytical potential function for the 
gas-phase reaction based on the MP2/6-31G* ener- 
gies and pointed out that the N-N vibration of the 
donor and acceptor fragments has a noticeable 
effect on the barrier to proton transfer. Gao [15] 
has performed hybrid QM/MM simulations based 
on the AMI semiempirical Hamiltonian for the 
quantum region to obtain a two-dimensional po- 
tential energy surface for this reaction and noted 
that hydration effects further raise the barrier at 
large N-N distances. 

Geometries of the ion-dipole complex and sad- 
dle point were fully optimized at the MP2/6-31G** 
level of theory in both the gas phase and in aque- 
ous solution. Optimized geometrical parameters 
and barrier heights are listed in Table III. We 
found that the aqueous environment has a signifi- 
cant effect on the geometry of the ion-dipole com- 
plex due to the large total dipole but has a little 
effect on the structure of the zero-dipole transition 
state, even though the difference in hydration en- 
ergies of the complex and transition state is only 
1.5 kcal/mol. In particular, the NH, bond distance 
(Ri) of the ammonium shortens from 1.134 to 
1.058 A while the hydrogen bond (Rz) elongates 
from 1.533 to 1.801 A when transferring from the 
gas phase to aqueous solution. This is consistent 
with previous finding on the similar 
[H,O..H..OH2] + system using the PCM solva- 
tion model [25]. As pointed out in previous studies 
[15, 25], the charge distribution is more delocalized 
at the transition state; consequently the transition 
state is less solvated compared to that of the 
ion-dipole complex. This leads to an increase in 
the proton transfer barrier by 1.5 kcal/mol from its 
values in the gas phase of 0.45 kcal/mol. Similar 

TABLE III  
Geometrical parameters (bond lengths in 
angstroms and angles in degrees) of stationary 
points and barrier heights (kilocalories per 
mole) to proton transfer in both the gas 
phase and aqueous solution. 

H    * R2 X 

H H 

Gas pi- ase Solution 

Complex TS Complex TS 

R,                        1.134 1.298 1.058 1.296 
R2                        1.533 1.801 
a                      110.7 111.8 109.9 111.7 
ß                       112.7 112.8 
AEorAAG         0.0 0.45 0.0 1.94 

AGsoiv 70.4 68.9 

increase of 1.24 kcal/mol was found for the barrier 
of the proton transfer in the [H20. .H. .OH2] + 

system using the PCM solvation model [25]. How- 
ever, our result is a factor of 2 smaller than Gao's 
prediction of 3 kcal/mol using 
QM/MM-AMI/OPLS approach [15]. This differ- 
ence could result from several factors. One is the 
solvent-solute hydrogen bond effects which is 
treated in an average manner in our continuum 
calculations. But including specific first-solvation- 
shell hydrogen bond effects in a discrete contin- 
uum model was found to lower the proton transfer 
barrier for the [H20.. H.. OH2]

+ system [25]. The 
other factor is the difference in the solute elec- 
tronic wave functions, MP2 in our calculations as 
compared to AMI in Gao's simulations [15]. How- 
ever, as mentioned earlier, our previous study [12] 
showed that solvation energy is not very sensitive 
to the quality of the solute wave function (though 
only HF, MP2, and DFT levels were considered). 
More study is certainly needed to sort out the 
origins of this discrepancy. 

To provide a quantitative understanding of the 
hydration effects on the potential energy surface of 
this reaction particularly along the N-N stretching 
mode, we have calculated the potential curves for 
proton transfer between two nitrogen atoms sepa- 
rated by distances RNN = 2.5, 2.75, and 3 A, re- 
spectively, both in the gas phase and in aqueous 
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solution. Since the spectator RNH bond distances 
and HNN angles remain nearly constant about 
1.02 A and 111.6°, respectively, at the reactant and 
transition state, they are assumed to be fixed. 
These potential curves plotted versus the reaction 
coordinate are shown in Figure 1. The reaction 
coordinate used here is defined as the difference in 
the distances from the transferring proton to the 
acceptor and the donor nitrogens. In general, our 
results agree well with those obtained from 
QM/MM Monte Carlo simulations by Gao. In par- 
ticular, at RNN = 2.5 A, the free energy surface is 
barrierless to proton transfer. However, as the N-N 
distance increases the barrier to proton transfer 
also increases but at a faster rate in the presence of 
aqueous solvent. Furthermore, the ion-dipole 
complex is more stabilized by the aqueous solvent 
as the N-N distance increases making the complex 
minimum flatten out relative to that of the gas- 
phase minimum. These features have been dis- 
cussed in details by Gao. The general agreement 
between our results and those from Gao's 
QM/MM simulations [15] leads to an important 
conclusion that the simple and efficient GCOSMO 
model can be used effectively for reaction profile 
calculations instead of expensive simulations. This 
allows one to use more sophisticated quantum 
mechanical methods that is essential for quantita- 

-0.5 0 0.5 

Reaction coordinate (A) 

FIGURE 1. 

tive description of bond-breaking and -forming 
processes in solution and to consider realistic re- 
acting systems with reasonable computational cost. 
In addition, the availability of GCOSMO first and 
second energy derivatives allows one to study 
solvent effects on the reaction coordinates which 
have not been addressed in the past. Such effects 
will be discussed in a forthcoming study. 

Conclusion 

The GCOSMO continuum solvation model has 
shown considerable promise in modeling equilib- 
ria, structure, and reactivity of reactions in solu- 
tions. In many cases, like tautomeric equilibrium 
in 2-hydroxypyridine/2-pyridone and proton 
transfer reaction in the HjN-H-HN^ system 
studied here, the use of the dielectric continuum 
GCOSMO model is justified, as shown by compar- 
ison with more rigorous PCM and QM/MM re- 
sults. In such cases, the main advantage of the 
GCOSMO model is the computational efficiency in 
calculating solvation free energy and its deriva- 
tives. The accuracy of about 1 kcal/mol for hydra- 
tion free energies of neutral nonaromatic solutes 
and slightly larger for aromatic solutes and ions is 
comparable to the more rigorous PCM model. More 
work is needed to improve the atomic radii for 
defining the cavity and to include specific hydro- 
gen bonding effects. Extending this model to study 
solvent effects on electronic absortion and vibra- 
tional spectra is currently under way in our labora- 
tory. 
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ABSTRACT 

Multireference configuration interaction wave functions with single and double 
excitations were calculated for the 1I,+ ground state of the C2 molecule and the excited 
states of C2 with symmetries 2£ + , 2S~, 2UU, and 2Ug. The corresponding ag, au, iru, 
and irg valence Dyson orbitals were calculated. Most of the density due to the valence 
electrons is accounted for by three ag, one au, and one degenerate pair of TTU Dyson 
orbitals. Electron correlation plays an important role in the bond strength of C2 by 
increasing the occupation of the ag valence orbitals and decreasing the occupation of the 
o-„ and TTU valence orbitals.    © 1996 John Wiley & Sons, Inc. 

Introduction 

A number of experimental [1] and theoretical 
[2-11] studies of C2 were conducted to 

determine potential energy curves, spectro- 
scopic constants, electron affinity, and ionization 
potentials and to identify the energy positions of 
several of its excited states. The 12,+ ground 
state, KK(2o-Ä)

2(2o-„)2(l77„)4, is only slightly 
below, 0.09 eV, the 3n„ excited state, 
KK(20-x)

2(2o-H)
2(l77u)

3(3a-p1[12]. 

The experimental bond energy, De, for C2 is 
0.234 au [12], but the Hartree-Fock value is only 
0.029 au [10]. The near degeneracy of the 2au, 3a , 
1TTU, and \rng orbitals and the large spatial overlap 
of the 2(7„ and 3crg orbitals are thought to con- 
tribute to the stability of C2 [2]. The conventional 
bond-order analysis of the self-consistent-field 
(SCF) single-configuration :£+ wave function 
leads to the prediction that C2 has a double 77 
bond. Configuration interaction (CI) wave func- 
tions for C2 typically have a coefficient of about 
0.88 for the primary configuration and a coeffi- 
cient   of   about   0.32    for   the    configuration 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1623-1631 (1996) 
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TONG, MORRISON, AND DAY, JR. 

KK(2o-p2(l7T„)4(3o-s)
2. One effect of the correlated 

wave function is to increase the amount of a 
bonding in C2. 

Dyson orbitals (DOs), also called generalized 
overlap amplitudes and Feynman-Dyson ampli- 
tudes, were used for a qualitative analysis of 
chemical bonding in oligosilanes [13] and carbon 
clusters [14]. In this article, we examine the chemi- 
cal bonding in C2 using DOs. 

Dyson spin orbitals (DSOs) can be defined as 
[15, 16] 

gi(x)=m7^j%»-Hxux2 x^) 

X^N(x1,x2,...,xN_1,x) 

X dxj dx2 ■ ■ ■ dxN_lr (1) 

where x; represents the spatial and spin coordi- 
nates of the z'th electron. The mjx/2 serve as nor- 
malization constants in Eq. (1) and can be inter- 
preted as occupation numbers when expanding 
the density in terms of gt: 

p(x) = E'«,lg,(x)|2 (2) 

The DSO occupation numbers, mu sum to N, the 
number of electrons. In general, they are not equal 
to the natural spin orbital (NSO) occupation num- 
bers. 

The DSOs can be written as the product of a 
spatial part times a spin part gt(x) = g,-(r)a-,-. For 
the singlet state considered here, g,(r) is the same 
for both a and ß spin parts. We refer to the g,(r) 
as the DOs and will refer to DSOs, the g,-(x), 
mainly with reference to discussing their occupa- 
tion numbers. 

The N-electron wave function can be expanded 
in terms of the DOs and the wave functions for the 
(N - l)-electron states: 

m \1/2 

*'V=£|^)     ^,(rN)^,N-1(x1 x^). 

(3) 

The gj(r) are the orbitals occupied by one electron 
if the others occupy an eigenfunction of the ionic 
system of (N - 1) electrons. The DOs are physi- 
cally meaningful, since the square of the Fourier 
transform into momentum space of individual or- 
bitals can be measured by electron momentum 
spectroscopy [17]. 

Although certain DOs with the same spin are 
predicted to have the same long-range decay [18, 
19] related to the lowest ionization potential (IP), 
calculations on the Li atom suggest that they may 
have intermediate-range decays which depend on 
their associated IPs [20]. DOs with higher IPs tend 
to decay more rapidly at intermediate distances. 
The most diffuse DOs appear to be associated with 
the lower states of the ion. DOs associated with 
higher excited states of the ion, higher IPs of the 
N-electron system, appear to be more compact, to 
have fewer nodes and to decay more rapidly. DOs 
associated with higher IPs for H2 contribute to 
building up the electron density at the nucleus and 
in the bonding region [21]. 

Calculations and Results 

Multireference configuration interaction with 
single and double excitations (MRSDCI) wave 
functions were calculated for C2 and for the ex- 
cited states of CJ having symmetries 2^, 2,7, 
2Uu, and 2Ug- Calculations were performed at the 
C2 equilibrium internuclear distance re = 2.348 
bohr using the MELD [22, 23] programs which 
include a program for calculating DOs. The basis 
set consisted of 14s, 12p, 3d, If, and \g Cartesian 
Gaussian functions. All Cartesian components were 
kept. The 14s, 12 p, and 3d orbitals are taken from 
Wang's 228-CGTO-2 basis set [24] and the 2/ and 
lg functions are the correlated orbitals for carbon 
from Dunning [25]. The SCF energy in this basis 
set is - 75.4065 au. 

Configurations in the MRSDCI wave functions 
were dropped if their second-order perturbation 
theory contributions were less than 1 X 10~5. This 
resulted in 51,105 configurations for the C2 ground 
state, 33,595 configurations for the 22 + states of 
C2, 42,934 configurations for the 22~ states of C2, 
35,044 configurations for the II u states of C2, and 
57,222 configurations for the 2Ug states of C2 

using D2h symmetry. The total computed CI en- 
ergy of C2 is -75.83235 au, which accounts for 
82% of the correlation energy. (The exact total 
energy is estimated to be —75.9255 au using 
- 37.8450 au for the total nonrelativistic energy of 
the carbon atom [26] and the experimental dissoci- 
ation energy De = 147.8 kcal/mol [27].) 

The highest NSO [28] occupation numbers for 
the ground state of C2 are listed in Table I. The 
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TABLE 1 
NSO occupation numbers. 

°"g nu °"ü "a 

1 0.9993 0.9680 0.9993 0.0251 
2 0.9875 0.0031 0.8527 0.0009 
3 0.1296 0.0012 0.0053 
4 0.0031 0.0014 
5 0.0031 0.0008 
6 0.0019 
2*suma 4.2688 3.8892 b 3.7186 0.1040b 

aThe factor of 2 accounts for both a and ß spin types. 
bThe extra factor of 2 accounts for the spatial degeneracy of 
the 77 orbitals. 

large amount of correlation between the 
KK(2 o-/(2 a-„)2Q77„)4 and KK(2o-p2(l77-u)

4(3or/ 
configurations is illustrated by the high occupation 
number of 0.1396 for the 3ag NSO and the low 
occupation number of 0.8527 for the 2au NSO. 
These occupation numbers would be expected to 
be near 0 and 1.0, respectively, for a wave function 
that had little correlation. The sum of the spin- 
traced occupation numbers is about 4.3 for the ag 

natural orbitals (NOs) and about 3.7 for the cru 

NOs. The occupation of the iru NSO, while down 
slightly, is not reduced nearly as much as the 2au 

NSO. Electron correlation has the effect of con- 
tributing to the stability of the molecule by reduc- 
ing the density contribution of the antibonding 
orbitals. 

The number of Dyson orbitals that could be 
determined for each symmetry of the CJ ion is the 
same as the number of configurations in the wave 
function, many more than the number of SCF 
orbitals in a finite basis set. We label DOs by the 
symbol nXm, where X is the symmetry label, n is 
the principal SCF quantum number within a given 
symmetry type, and m is an index which orders 
DOs according to their IP within a given n and X. 
The first ag DO is 3agl, the second is 3crg2, the 
third is 2cr 1, and so on. 

The first 13 IPs and DSO occupation numbers 
are listed in Table II for the ag, au, TTg, and vu 

orbital symmetries. All the TTU DOS listed in Table 
II are \irum, all listed au are 2aum, and all listed 
77- are \7rgm. DOs corresponding to the core or- 
bitals lcr and \uu were not calculated because 
they correspond to excited states of the ion that 
were higher than we were able to compute. The six 
DOs that make significant contributions to the 
valence density are the 3<rg2, 2agl, 2<rg3, and 2aul 
and the two lir„l DOs. 

If the wave functions had coefficients near 1 for 
the dominant configurations and coefficients near 
0 for the others, the occupation numbers for both 
the NSOs and the DSOs would be near 0 and 1. 
The largest occupation number for the 1TTU DSO is 
0.9237, near 1, while the largest occupation num- 
ber for the 2au DSOs is 0.8076. Three of the ag 

valence DSOs which have significant occupancy 
are the 3cr 2 DSO with an occupation number 

TABLE II   
IPs and DSO generalized overlap amplitudes (GOA) occupation numbers for C2 for R = 2.348 au. 

IPU0 DO IP(c m{(Tg) \P(CTU) m(cru) IPUJ m[iru) 

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 

m(Tra) 

1 0.5911 0.0009 0.5867 0.8076 0.4932 0.9237 0.5677 0.0038 

2 0.8519 0.1335 0.8371 0.0041 0.7459 0.0001 0.7372 0.0013 

3 1.0593 0.2179 1.1032 < 10"4 0.8487 0.0002 0.9107 0.0013 

4 1.1756 0.0199 1.1922 0.0008 0.9919 0.0003 0.9574 0.0003 

5 1.2287 0.4261 1.2127 0.0034 1.0370 0.0019 1.1457 0.0051 

6 1.2599 0.0084 1.2937 0.0005 1.0606 < 10"4 1.1907 0.0002 

7 1.2972 0.0285 1.3091 0.0010 1.1346 0.0001 1.2560 < 10" 

8 1.3372 0.0110 1.3647 0.0011 1.1910 0.0002 1.2665 0.0004 

9 1.3516 0.0657 1.3725 < 10"4 1.2024 < 10"4 1.2685 < 10" 

10 1.3687 0.0043 1.3774 < 10" 1.2310 < 10" 1.2863 < 10" 

11 1.3812 0.0022 1.3864 0.0002 1.2538 0.0009 1.2957 0.0001 

12 1.4030 0.0004 1.4198 < 10" 1.2837 0.0011 1.3012 < 10" 

13 1.4340 0.0002 1.4253 0.0009 1.3086 0.0023 1.3167 0.0003 

£m; 0.9190 0.8196 0.9308 0.0128 
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0.1335, the 2o-1 DSO with an occupation number 
of 0.2179, and the 2<r 3 DSO with an occupation 
number of 0.4261. The other valence-shell DSOs 
have occupation numbers less than 0.1. 

The perspective plots of the 3ag2, 2ag\, and 
2<r?3 DOs are shown in Figures 1-3, respectively. 
The 3cr?2 DO is similar to the 3ag SCF virtual 
orbital.'The 2^1 DO and 2^3 DO are similar to 
the 2ag SCF orbital. The 3^2, 2^1, and 2ag3 DOs 
have amplitudes of 0.4187, 0.3945, and 0.3647, re- 
spectively, at the bond midpoint compared to val- 
ues of 0.3705 and 0.2816 for the 2ag and 3ag SCF 
orbitals. The 3cr?2 DO bond-midpoint amplitude is 
significantly higher than is the bond-midpoint am- 
plitude for the 3<jg SCF orbital, an indication that 
occupation of the 3<x?2 DO would contribute to the 
bond strength more than would that of the 3 a 
SCF orbital. 

The overlaps of the valence DOs with the se- 
lected SCF orbitals are given in Table III. The 3agl 

3 a- DO is a mixture of -0.2598 2ag and Oi 
SCF orbitals and contains significant contributions, 
> 0.1, from higher SCF virtual orbitals. The 3ag2 
DO is a mixture of 0.4645 2ag and 0.8707 3ag SCF 
orbitals. The 2<x?l and 2crx3 DOs are primarily the 
2cr? SCF orbital. The 2<r„l DO is essentially the 2a„ 
SCF orbital and the l-n^l DO is essentially the \iru 

SCF orbital. The a% DOs gain increasing amounts 
of 2ag SCF character going across Table III from 
3cr,l to 2<r 3. 

The sums of the first 13 DO occupation num- 
bers for each symmetry are 0.9308 for the ITU DOS, 

0.9190 for the ag DOs, 0.8196 for the au DOs, and 
0.0128 for the ir DOs. These sums are for only a 
very small fraction of the DOs, but they are consis- 
tent with the increased   a    NO occupancy and 

FIGURE 2. Perspective plot of the 2o-J DO. 

decreased au NO occupancy compared to the SCF 
orbitals. 

One indication of an orbital's contribution to 
bonding is the fraction of its density that lies in the 
bond. We calculated partially integrated orbital 
densities by integrating the orbital density over 
the x and y coordinates, taking the internuclear 
axis to be along the z axis. This gives the total 
density in the xy plane at each point along the 
internuclear axis. 

The partially integrated densities of the 3 a 2, 
2agl, and 2<xx3 DOS are shown in Figure 4 and the 
partially integrated densities of the 2<x!(l and 1TTU\ 

DOs are shown in Figure 5. There are small peaks 
at the nuclear positions for the 2agl DO, the 2o^3 
DO, and the 2<x„l DOs. The highest peaks of the 
partially integrated densities are in the bonding 
region for the ag and iru orbitals and are outside 
the bonding region for the antibonding 2cr1(l DO. 

FIGURE 1. Perspective plot of the 3 o- 2 DO. FIGURE 3. Perspective plot of the 2cr 3 DO. 
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TABLE III 
Overlap of the DOs with the SCF orbitals. 

<t> 3o-g1 DO 3txg2 DO 2c7g1 DO 2crg2 DO 2o-g3 DO 

m 
<1crgSCF|c6> 
<2crgSCF|c6> 
<3o-gSCF|ci> 

0.0009 
0.0029 

-0.2598 
0.8846 

0.1335 
-0.0034 

0.4645 
0.8707 

0.2179 
-0.0016 

0.9983 
0.0323 

0.0199 
0.9 X 10~4 

0.9996 
-0.0169 

0.4261 
0.0020 
0.9998 
0.0123 

4» 1T7U1 DO 

m 
<177-„SCF|^> 

0.9237 
0.9999 

4> 2o-u1 DO 

m 
(2auSCF\<t>) 

0.8076 
0.9993 

In Eq. (2), the total density is obtained by multi- 
plying the DO densities by their respective occu- 
pation numbers and summing. The partially inte- 
grated DO densities times their occupation 
numbers are plotted in Figure 6 for the 3<x?2, 2tr 1, 
and 2<x 3 and in Figure 7 for the 2cr„l and ITTU\ 

DOs. All these orbitals make significant contribu- 
tions to the electron density and the <rg and 1TTU 

DOs contribute to building up the density in be- 
tween the two atoms. The 3<rs2 DO is not expected 

to contribute to the bond strength as much as do 
the two 2cr Dyson orbitals because it contains a 
large component of the 3ag SCF orbital, but it has 
a smaller occupation number and makes a smaller 
contribution to the total density than that of the 
other two ag Dyson orbitals. 

Bader et al. [29] analyzed the SCF density of C2 

and other diatomic molecules in terms of Berlin's 
[30] binding and antibinding regions. Electron 
density in the binding region produces attractive 

0.5 

0.451- 

0.4 

0.35 

0.3 

0.25 

0.2 

0.15 

0.1 

0.05 

0' ' 
-6 -4 

FIGURE 4. Partially integrated densities of (dashed line) the 3crg2 DO, (solid line) the 2crg1 DO, and (dashed-dotted 
line) the 2<jg3 DO. Vertical dotted lines indicate atomic positions. 
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FIGURE 5. Partially integrated densities of (dashed line) the 2o-„1 DO, and (solid line) the 1TTJ DO. Vertical dotted 
lines indicate atomic positions. 

forces on the nuclei, pulling them together, whereas 
electron density in the antibinding region pushes 
the nuclei apart. The calculated fraction of the 
density in the binding region for the SCF density 
of C2 is 0.60 [29]. The SCF binding density fraction 

computed with the current basis is 0.602 and the 
binding density fraction computed from the CI 
density is 0.598 for C2. They are essentially the 
same, indicating that the additional bond strength 
determined by the CI calculation does not come 

0.3 - - 

0.25 - - 

0.2 _ 

/* \    ■ 

0.15 

0.1 

t 

J                    I   : 

/                  \     :| 

0.05 

n  —..—-± —■ 

1 
/ 

/    / 
~      J 

/                     \   ' ( 

'          \ : V i ■-. 

-4 

FIGURE 6. Partially integrated densities times their occupation numbers for (dashed line) the 3<jg2 DO, (solid line) the 
2^ DO, and (dashed-dotted line) the 2<r 3 DO. Vertical dotted lines indicate atomic positions. 
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0.25 

0.15 

0.05 

FIGURE 7. Partially integrated densities times their occupation numbers for (dashed line) the 1o-u1 DO and (solid line) 
the 17TU1 DO. Vertical dotted lines indicate atomic positions. 

from transfer of electron density from the antibind- axis except at the nuclei, where it is reduced. The 
ing region to the binding region. The difference additional bond strength associated with the CI 
between the CI density and the SCF density is density appears to come from a higher density 
shown in Figure 8. The CI density is more con- along the bond axis rather than from a higher 
tracted than is the SCF density all along the bond density in the Berlin binding region. 

FIGURE 8. Density difference map for p(CI)-p(SCF) for C2. 
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TABLE IV  
Binding density fractions for Dyson and SCF orbitals. 

Orbital 

3o-g2 DO 
2o-g1 DO 
2ag3 DO 
2o-u1 DO 
1iru1 DO 
\ag SCF 
1<ru SCF 
2<rg SCF 
2o-u SCF 
3ag SCF 
1iru SCF 

Fraction 

0.5988 
0.8712 
0.8571 
0.2267 
0.7388 
0.5078 
0.5074 
0.8498 
0.2488 
0.2710 
0.7499 

region. Occupation of the 3tr 1 DO places in- 
creased density at the bond midpoint. Occupation 
of DOs which build up electron density in the 
binding region and at the bond midpoint goes 
hand in hand with increased bond strength due to 
electron correlation. 
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The binding density fractions for the SCF or- 
bitals and selected DOs are listed in Table IV. The 
lag and lau SCF orbitals have binding density 
fractions of about 0.5, consistent with their non- 
bonding character. The 2ag SCF orbital has a bind- 
ing density fraction of 0.8498, the antibonding 2<JU 

SCF orbital has a binding density fraction of 0.2488, 
and the 3ag SCF orbital has a binding density 
fraction of only 0.2710. The equilibrium bond dis- 
tance of the 22;, KKGo-p'Go^air^Go-p1 state 
of Cj is 2.396 bohr, about 0.048 bohr greater than 
the equilibrium bond distance of the ground state 
of C2. This is consistent with the low binding 
density fraction of the 3ag SCF orbital and is an 
indication that occupation of this orbital weakens 
the bond. The 3^2, the 2agl, and 2o^3 DOs have 
binding density fractions of 0.5988, 0.8712, and 
0.8571, respectively, and occupation of these or- 
bitals is expected to contribute to the bond strength. 

Conclusions 

Electron correlation plays a significant role in 
chemical bonding in the C2 molecule. An exami- 
nation of the NSO occupation numbers shows an 
increase in the occupation of the a NSOs and a 
decrease in the occupation of the cru and iru NSOs. 
The net effect is to increase the density along the 
bond axis. 

The occupation of the a^ valence DOs is spread 
over three main DOs, all" of which contribute to 
building up the electron density in the binding 
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ABSTRACT 

Ab initio electron-correlated calculations of the equilibrium geometries, dipole moments, 
and static dipole polarizabilities are reported for benzene and 12 heteroaromatic six- 
membered rings obtained from it by aza-substitution. Our geometries and dipole moments 
agree well with available experimental microwave determinations. The polarizabilities 
are in reasonable agreement with the fragmentary experimental data available. Uncoupled 
Hartree-Fock calculations indicate that as much as half the polarizability comes from the 
cr-elecrrons. Simple empirical formulas based on atom- and bond-additive models 
correlate the calculated polarizabilities of 33 five- and six-membered heteroaromatic rings 
(10 azoles, 10 oxazoles, 13 azines) quite well. The correlation improves significantly if 
systematic data of uniform quality are used.    © 1996 John Wiley & Sons, Inc. 

Introduction 

Polarizabilities determine long-range inter- 
molecular induction and dispersion forces, 

low-energy electron-molecule scattering cross sec- 
tions, Langevin capture cross sections in ion-neu- 
tral collisions, and various phenomena such as 
collision-induced spectral line shifts [1, 2]. We have 
begun a systematic study of the polarizabilities of 
heteroaromatic molecules [3-6] to build a sizable 
body of accurate polarizability data for such 
molecules, to examine the utility and limits of 
simple models for these polarizabilities, and to 

* To whom correspondence should be addressed. 

study the connection between polarizability and 
aromaticity. We have previously studied four fam- 
ilies of heteroaromatic molecules: azines [3], azoles 
[4], oxopurines [5], and oxazoles [6]. However, our 
study of the azines (aza-benzenes) [3] differs from 
our subsequent ones [4-6] in that (i) a mix of 
experimental and calculated geometries was used 
rather than a consistent set of calculated geome- 
tries, (ii) a poorer basis set was used for some of 
the polarizability calculations, (iii) 5 of the 12 pos- 
sible aza-substitutions were not considered, (iv) 
additive models were not reported, and (v) no 
attempt was made to separate the a- and 7r-elec- 
tron contributions to the polarizability. 

The purpose of this study is to revisit the azines 
and remove these shortcomings. We report sys- 
tematic, electron-correlated, ab initio calculations 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1633-1642 (1996) 
© 1996 John Wiley & Sons, Inc. CCC 0360-8832 / 96 / 071633-10 
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of the equilibrium geometries, dipole moments, 
and static dipole polarizabilities of benzene and all 
12 aza-benzenes. Uncoupled Hartree-Fock calcula- 
tions are used to determine the fraction of the 
mean polarizability that arises from the 7r-elec- 
trons. Additive and other simple models for the 
polarizabilities of the 13 azines, 10 azoles, and 10 
oxazoles are discussed and empirical formulas are 
given that fit the polarizabilities of these 33 
molecules quite well. 

Methods and Definitions 

Only a concise summary of our methods is 
given here because full details were given in pre- 
vious work [4] which used the same computa- 
tional methods. Equilibrium geometries for all 13 
azines were computed using all-electron, second- 
order Moller-Plesset (MP2) perturbation theory [7, 
8] and the 6-31G* basis set [9]. The dipole mo- 
ments and polarizabilities were calculated by the 
finite-field method [10, 11] using self-consistent- 
field (SCF) and valence MP2 field-dependent ener- 
gies computed with GAUSSIAN-90 [12]. The fi- 
nite-field SCF polarizabilities are equivalent to 
coupled Hartree-Fock (CHF) ones [11, 13]. We 
used a [5s3p2d/3s2p] basis set, denoted C in Ref. 
[4], of contracted Gaussian-type functions (GTF) 
for the finite-field calculations. It consists of a 
[4s2p/2s] double-zeta substrate [14] augmented 
by [lslp/ls] diffuse GTF, and [2d/2p] polariza- 
tion GTF—one optimized for electron correlation 
[15] and the other for polarizabilities [4]. We com- 
pute uncoupled Hartree-Fock (UCHF) polarizabil- 
ities [16] to estimate the relative contribution of 
the 77-electrons. 

The molecules were placed on the yz plane to 
block diagonalize the polarizability tensor whose 
eigenvalues 04 = axx < a2 < a3 determine the 
mean: 

The Kerr anisotropy and the in-plane anisotropy, 
respectively, are 

A2a 
(04 - a2)   + (a2 - a3)   + (a3 - at) 

1/2 

(3) 

1/2      -/3 [2 j\\./L V ^> 

(A2a)   - (Aja) J       = — (a3 - a2). 

(4) 

Atomic units are used in this work for polarizabili- 
ties. 

Equilibrium Geometries 

Figure 1 is a scale drawing of our MP2/6-31G* 
equilibrium geometries for the 13 azines. The 
MP2/6-31G* bond lengths were remarkably simi- 
lar in all the azines; CC bonds were between 138.5 
and 139.6 pm, CN and NN bonds between 133.5 
and 134.7 pm, and CH bonds between 108.5 and 
108.8 pm. A comparison of our structures with 
experimental [17-25] and other ab initio calcula- 
tions [26-35] follows. 

Seven of our geometries are not tabulated be- 
cause they are very similar to previously reported 
calculations. MP2/6-31G* geometries for benzene, 
pentazine, and hexazine were reported previously 
[26, 27, 29]. Raman [17] and infrared (IR) [25] 
spectroscopy leads to a similar geometry for ben- 
zene. There are no published experimental geome- 
tries for pentazine and hexazine because they have 
not yet been isolated [27, 29]. Our 1,3,5-triazine 
geometry coincides exactly with an MP2/6-31G** 
calculation of Creuzet and Langlet [31]. They dis- 
cussed the good agreement with an experimental 
Raman structure [18]. There is even better agree- 
ment with the combined electron diffraction (ED), 

ä = i(a„ + a     + azz) = K<*i + «2 + «3)   00 Raman' and calculated  h  geometry of 1,3,5-tri 

and the difference between the mean in-plane and 
out-of-plane components: 

Aj« = a,, - a± = \{ayy + azz) - axx 

= l(a2 + a3) - a1. (2) 

azine [22] which differs from ours by less than 0.1 
pm and 0.1° except that their CH bond is 1.8 pm 
longer. Our unlisted MP2/6-31G* geometries for 
1,2,3-triazine and 1,4-diazine are within 0.2 pm 
and 0.1° of their frozen core counterparts [32, 33]. 
Fischer et al. [32] found fair agreement between 
their MP2 calculation and an X-ray structure [21] 
for 1,2,3-triazine. Our geometry for 1,4-diazine dif- 
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H'     \N/     -H 

10 

N^^V 

13 

FIGURE 1. The azines at their MP2/6-31G* optimized geometry: benzene (1), pyridine (2), 1,2-diazine or pyridazine 
(3), 1,4-diazine or pyrazine (4), 1,3-diazine or pyrimidine (5), 1,2,3-triazine (6), 1,2,4-triazine (7), 1,3,5-triazine or 
s-triazine (8), 1,2,3,4-tetrazine (9), 1,2,4,5-tetrazine or s-tetrazine (10), 1,2,3,5-tetrazine (11), pentazine (12), and 
hexazine (13). MP2/C dipole moments are shown to scale, with the arrow head pointing to the negative end. The solid 
line is the a axis of inertia and the dotted line is the a3 axis of polarizability (not specified for symmetric tops). 
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fers by about 0.5 pm and < 1.1° from the ra 

structure obtained by Cradock et al. [23] using 
electron diffraction and liquid-crystal (LC) nuclear 
magnetic resonance (NMR) data. Our unreported 
geometry for 1,2,4,5-tetrazine is very similar to an 
MP2/6-311G** calculation [35] except that our 
NN bond is 0.4 pm longer. The same work [35] 
included a CASPT2/ANO geometry in closer 
agreement to the microwave (MW) rs structure 
[20]. However, the experimental parameters have 
rather large uncertainties; for example, the NN 
bond length of 132.56 + 1.6 pm [20] does not rule 
out our MP2/6-31G* value of 133.9 pm. 

Table I lists our calculated geometries for the 
other six azines. We are unaware of previous elec- 
tron-correlated geometries for pyridine and 1,3- 
diazine, although SCF geometries have been pub- 
lished in 6-31G* and 6-31G** basis sets [36, 37] 
among others. Our MP2/6-31G* geometry for 
1,2-diazine has bond lengths that differ from their 

MP2/6-311G** counterparts [30] by up to 1.7 pm. 
Table I shows that our pyridine geometry agrees 
with the microwave rs substitution structure [19] 
within 0.6 pm and 0.3°. Our geometries for 1,2- 
and 1,3-diazine are in reasonable agreement with 
the ra structures obtained by Cradock et al. [23, 
24] by combining ED, MW, and LC-NMR data. 
Table I shows that the average absolute discrepan- 
cies are 0.7 pm and 0.5°, but the largest bond 
length differences are 1.3 pm for CN in 1,3-diazine 
and 1.5 pm for C4H in 1,2-diazine. 

Table I compares our geometries for the other 
three azines with previous calculations because we 
are unaware of any experimental geometries. The 
recent MP2/TZVP geometry [34] for 1,2,4-triazine 
has virtually identical bond angles but longer ring 
bonds and shorter CH bonds with an average 
difference of 0.5 pm. Table I shows that our bond 
lengths differ from CISD/DZP ones [28] by an 
average and maximum of 1.6 and 3.8 pm for 

TABLE 1 
Compj jrisonof MP2/6 

Pyridine 

-31G* gee 

1,2-di 

MP2 

»metries with others. Bond lengths n picometers and bond angles in degrees. 

azine 

Exp.b 

1,3-d azine 1,2,4-triazine 

MP2       MP2C 

1,2,3,4-tetrazine 

MP2       CISDd 

1,2,3,5-1 

MP2 

etrazine 

MP2 Exp.a MP2 Exp.b CISDd 

1 -2 134.4 133.8 134.7 133.7 134.1 132.8 134.7 134.1 134.6 133.0 133.8 131.1 

2-3 139.4 139.4 134.3 133.8 134.0 133.6 133.5 129.7 
3-4 139.3 139.2 139.6 140.0 134.3 135.0 134.6 134.2 134.3 133.3 

4-5 138.5 138.5 139.1 139.3 133.5 133.2 133.7 131.4 133.6 132.3 

5-6 139.6 139.4 139.0 139.6 
6-1 134.0 133.6 
2-H 108.8 108.7 108.7 108.2 
3-H 108.6 108.3 108.7 107.9 108.6 107.9 
4-H 108.7 108.2 108.6 107.1 108.8 107.9 108.7 108.1 
5-H 108.5 108.7 108.8 108.1 108.6 108.0 
6-H 108.6 108.0 
612 116.8 116.9 119.0 119.4 115.6 116.0 117.6 117.5 117.8 118.3 118.2 118.2 

123 123.8 123.8 127.4 128.0 118.0 118.1 121.7 121.9 119.8 120.5 

234 118.7 118.5 124.1 123.8 127.4 127.5 
345 118.4 118.4 116.9 122.3 121.2 114.1 113.9 125.6 125.3 

456 116.9 117.8 120.7 120.7 120.6 119.8 112.6 112.5 

561 122.3 122.3 
H23 120.5 120.2 
H34 121.2 121.4 121.4 121.3 117.1 117.2 
H45 122.2 122.5 121.5 120.9 118.1 118.5 

H56 121.9 121.7 123.1 123.0 
H61 115.6 115.7 

aMW rs structure, Ref. [19]. 
bED MW, LC-NMR structure, Refs. [23, 24]. 
CTZVP basis Ref. [34], 
dDZP basis, Ref. [28], 

1636 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



HETEROAROMATIC MOLECULES: AZINES REVISITED 

1,2,3,4-tetrazine and 1.1 and 2.7 pm for 1,2,3,5- 
tetrazine. All but the CC bond are shorter. Angles 
differ by as much as 0.8°. 

Dipole Moments 

Five of the molecules have a zero dipole mo- 
ment; Figure 1 shows, to scale, the magnitudes, 
orientations, and polarities of the dipole moments 
of the other eight azines. Figure 1 also shows the 
inertial a axis corresponding to the smallest princi- 
pal moment of inertia. The orientation of the dipole 
moment is determined by symmetry except in 
1,2,4-triazine whose MP2/C dipole moment makes 
an angle of 45.19° with the a axis. In each azine, 
the negative end of the dipole moment points to 
the region with the most nitrogens. 

Our MP2/C dipole moments are listed in Table 
II. Half are higher and half lower than the unlisted 
SCF/C dipole moments by an average of 1.5% and 
a maximum of 3%. The dipole moments obtained 
by microwave Stark spectroscopy, 2.215D for pyri- 
dine [38], 4.22D for 1,2-diazine [39], and 2.334D for 
1,3-diazine [40], are 0.13-0.16D (or 4-6%) lower 
than our MP2/C values. Somewhat better agree- 
ment with experiment was obtained by Palmer et 
al. who reported MRCI/TZVP dipole moments of 
2.275D, 4.343D, and 2.383D for pyridine [41], 1,2- 
diazine [42], and 1,3-diazine [43], respectively. For 
the other azines, there are no experimental dipole 

moments available, and our calculations are more 
accurate than previous ones. Palmer et al. [44] 
reported minimal basis SCF dipole moments (at ad 
hoc geometries) for all eight azines which are on 
average 16% lower than our SCF/C values. Mo et 
al. reported [45] SCF/6-31G*//SCF/6-31G dipole 
moments for seven azines; they differ from our 
SCF/C values by an average of 1.6% and a maxi- 
mum of 4.4%. 

' Polarizabilities 

Figure 1 shows the MP2/C principal axis of 
highest polarizability—the a3 axis. It lies on a 
symmetry axis except in 1,2,4-triazine where it 
makes a 86.31° angle with the inertial a axis. The 
a3 axis is generally more distant from the less 
polarizable nitrogen atoms than the a2 axis. The 
three symmetric tops have an isotropic in-plane 
polarizability, and a nonunique a3 axis, which is 
therefore not shown in Figure 1. 

Our MP2/C polarizabilities are listed in Table 
II. Figures 2 and 3 show that MP2/C polarizabili- 
ties are higher than the CHF/C values by an 
average of 4.2% and 7% for a and AjOt, respec- 
tively, with maximum differences of 7.2 and 12% 
for s-triazine. The UCHF/C ä and Aja, respec- 
tively, are 3 and 10% different from the CHF/C 
results on average, but are 12 and 26% higher for 
the worst-case hexazine. 

TABLE II  
MP2/C dipole moments in Debyesand polarizabilities in atomic units at the MP2/6-31G* geometries. 
The TT-fractions f of the UCHF polarizabilities are given as percentages. 

A,a A, a        f(±,ir)       f(\\,n) 

Benzene 45.17 81.33 81.33 69.28 36.16 36.16 0.00 62.0 56.1 

Pyridine 2.36 41.08 73.23 77.55 63.95 34.31 34.51 3.74 59.2 54.8 
1,2-Diazine 4.38 37.81 69.70 71.38 59.63 32.73 32.76 1.46 56.8 54.3 

1,4-Diazine 37.34 65.50 74.36 59.06 32.59 33.48 7.67 56.7 54.8 
1,3-Diazine 2.46 37.44 67.78 70.75 58.65 31.82 31.93 2.57 55.9 52.7 

1,2,3-Triazine 5.20 34.98 64.02 64.56 54.52 29.31 29.31 0.47 54.2 53.5 

1,2,4-Triazine 2.72 34.60 60.90 67.16 54.22 29.43 29.93 5.42 53.7 53.4 

1,3,5-Triazine 34.20 62.89 62.89 53.33 28.69 28.69 0.00 51.9 49.9 
1,2,3,4-Tetrazine 4.71 32.34 57.33 60.64 50.11 26.65 26.80 2.86 51.6 53.2 
1,2,4,5-Tetrazine 32.50 55.88 61.52 49.97 26.20 26.65 4.88 51.3 54.0 
1,2,3,5-Tetrazine 2.73 32.23 56.41 60.85 49.83 26.40 26.68 3.85 50.5 51.8 
Pentazine 2.78 30.49 52.52 55.39 46.13 23.47 23.60 2.49 48.8 52.9 
Hexazine 28.98 49.16 49.16 42.44 20.18 20.18 0.00 46.8 53.2 
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FIGURE 2. Percent differences between the mean polarizability computed by a given method and its counterpart 
calculated at the CHF/C level. The numbering system for the azines is defined in Figure 1. 

A comparison with previous CHF calculations 
is also made in Figures 2 and 3. Hinchliffe et al.'s 
[37, 46] CHF calculations using a 6-311G + 3d,3p 
basis set, denoted CHF/G, are consistently 3 and 
5% below our CHF/C results for ä and Ata, 
respectively, because their basis set is less appro- 

priate for polarizabilities. By contrast, CHF results 
[3, 47] obtained using Sadlej's basis [48] designed 
specifically for polarizabilities, denoted CHF/S, 
are very close to our CHF/C values; the differ- 
ences average only 0.6% for a and 1.4% for AjOi. 
Even these small differences are chiefly due to 
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FIGURE 3. Percent differences between the polarizability anisotropy A,a computed by a given method and its 
counterpart calculated at the CHF/C level. The numbering system for the azines is defined in Figure 1. 
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small differences in geometry. To confirm this, we 
calculated UCHF/C polarizabilities at the geome- 
tries (denoted //exp) used in Refs. [3, 47]. The 
(UCHF/C//MP2/6-31G*-UCHF/C//exp) differ- 
ences always agreed in sign and rough magnitude 
with the (CHF/C//MP2/6-31G*-CHF/S//exp) 
differences. 

A comparison with previous correlated calcula- 
tions is also made in Figures 2 and 3. Some older 
calculations discussed previously [3] are not men- 
tioned here. The MCLR ä of Knuts et al. [49] are 
significantly lower (4.5% on average) than even 
our CHF/C values. Moreover, their MCLR results 
are lower than their own RPA values whereas all 
other calculations predict that correlation raises ct 
for the azines. Their MCLR values, obtained at the 
geometry of benzene for all the azines, are proba- 
bly unreliable. By contrast, the MP2/S(adlej) po- 
larizabilities [3] for three azines differ from the 
MP2/C values by only 1 and 2% for a and AjCt, 
respectively. Again the small differences are due 
to small geometrical differences. We found the 
MP2/C values for s-tetrazine using the same ge- 
ometry [20] as in Ref. [3] to be 49.44, 25.66, and 
26.07 for a, Axa, and A2a, respectively, which is 
within 0.1 of the MP2/S result [3]. Schütz et al. 
[35] reported very similar CASPT2/ 
S//CASPT2/ANO values of 49.2, 25, and 25.3 a.u. 
for a, Ala, and A2a, respectively. Archibong and 
Thakkar [3] reported hybrid polarizabilities calcu- 
lated by combining CHF/S or MP2/S values with 
higher order correlation corrections computed with 
Spackman's smaller basis set [50]. Figures 2 and 3 
show that there is no uniformity to the differences, 
averaging 1.2 and 3.6% for ä and Ajcx, respec- 
tively, between their hybrid results and our 
MP2/C values. Our uniform MP2/C results are 
likely to be more reliable. 

There have been many experimental measure- 
ments of the polarizability of benzene but only 
two in the gas phase. Alms et al. [51] extrapolated 
refractivity data and Rayleigh scattering depolar- 
ization ratios to zero frequency to find ä = 67.48 
and AjOt = 35.0. Gentle and Ritchie [52] used the 
temperature dependence of electro-optical Kerr ef- 
fect measurements, and Rayleigh scattering depo- 
larization ratios at optical frequencies, to find a 
zero frequency value of Ajct = 38.5 + 1.2 after cor- 
recting for vibronic effects. These measured values 
are in good agreement with our MP2/C values of 
ä = 69.3 and AjOt = 36.2 given that we have omit- 
ted the effects of zero-point vibrational motion. 

There has been much less experimental work on 
the polarizabilities of the other azines. The only 
gas-phase result we are aware of is a value of 
AjOt = 5.4 for s-tetrazine obtained by laser Stark 
spectroscopy [53]; however, this value is almost 
five times as small as theoretical calculations [3, 
35, 53] which are all close to our MP2/C value of 
26.2. This huge discrepancy has not yet been re- 
solved. Battaglia and Ritchie [54] extracted polariz- 
abilities from dipole moments, molar refractions, 
and molar Kerr and Cotton-Mouton constants 
measured at 633 nm for benzene and five azines 
dissolved in dioxane. They had to assume A3a = 0 
to carry out the analysis; Table II shows that this 
assumption is most nearly valid in 1,2-diazine and 
least valid in 1,4-diazine. They determined ä to be 
70.4, 64.3, 56.7, and 50.4 for benzene, pyridine, the 
diazines, and s-triazine, respectively. These values 
differ from our MP2/C results by an average of 
3.4% and a maximum of 6.2%. Battaglia and Ritchie 
[54] found Aja ~ A2a ~ 25 A, 25.5, 26.4, 27.3, 29.2, 
and 29.1 for benzene, pyridine, 1,2-diazine, 1,4- 
diazine, 1,3-diazine, and s-triazine, respectively. 
These anisotropies are lower than our MP2/C val- 
ues by amounts ranging from 30 to 9% except for 
s-triazine where their value is only 1.5% higher 
than ours. Given that Battaglia and Ritchie's polar- 
izabilities are for a wavelength of 633 nm in diox- 
ane solution and based on a questionable assump- 
tion, the agreement with our infinite wavelength 
calculations for nonvibrating isolated molecules is 
as good as can be hoped for. 

Finally, note from Table II that the UCHF ir- 
fraction of the transverse polarizability decreases 
with aza-substitution from 62% in benzene to 47% 
in hexazine. The UCHF 7r-fraction of the mean 
in-plane polarizability varies more erratically be- 
tween 50 and 56%. These fractions are very similar 
to those obtained from a nonempirical Unsold ap- 
proximation by Mulder et al. [55]. 

Polarizability Models 

Molecular polarizabilities have long been mod- 
eled as a sum of contributions from the constituent 
atoms [56, 57]. Such models work rather well for 
ab initio polarizabilities of many organic [58] and 
heteroaromatic molecules [4, 6]. Here we examine 
models that can describe simultaneously the polar- 
izabilities of 10 azoles [4], 10 oxazoles [6], and the 
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13 azines. The simplest is the additive atom model: 

a ~ BlnH + B2nc + B3nN + B4n0 (5) 

in which ni is the number of atoms of type ;'. The 
parameters, obtained by linear regression of our 
MP2/C polarizabilities for 33 molecules, are listed 
in Table III with the model's average absolute 
error 8a and maximum error 8m. Model 5 predicts 
the average polarizability of 33 heteroaromatic 
molecules with 8a = 1.1% and S„, ~ 3%. The coef- 
ficient of the ni term can be interpreted as the 
polarizability of an atom of type i in a planar 
heteroaromatic molecule; Table III shows that these 
coefficients are smaller than free atom polarizabili- 
ties [2]. When model 5 is applied to the anisotropy 
AjCt, the errors are tripled. Addition of a molecular 
"volume" term, taken to be A3/2 as in Ref. [6], 
where A is the area enclosed by the ring, yields 
the model 

a ~ ÖTH I"H B2nc B3"N BAnn + B,A3/2.   (6) 

Table III shows that this model improves 8a to 
0.66 and 3% for ä and Ajoc, respectively. Unfortu- 
nately, the coefficients of the ni terms no longer 
have a simple interpretation. 

A more elaborate model uses additive contribu- 
tions from connections [4] 

a ~ anNH + bnCH + cncc 

+ K:o + gnNO 

dnCN + enNN 

(7) 

where «,■ ■ is the number of connections (or bonds, 
making no distinction between single and multiple 
bonds) between atoms of types i and ;'. For our 33 
molecules, there are two constraints upon the ni;: 
In CH In cc 
trarmg   connections 
Thus Eq. (7) reduces to 

"CO 

= 6 
and the number of in- 

(n NH + n NO + «m)- 

a ~ C1 + C2nNN + C3nCN + C4ncc 

+ Q"NO + Q"c (8) 

Table III shows that model 8 is a slight improve- 
ment over model 6. Adding a A3/2 term to model 
8 does not improve it. Numerical experiments, and 
previous correlations between polarizability and 
electronegativity [59], led us to a term involving 
the energies of the frontier orbitals: 

a ~ C-y + C2«Nr, C3wCN 

+ Q"co C7/X 

LUMO 'HOMO 

QMCC  + QMNO 

(9) 

)/2 can be thought in which ^ = (e 
of as an approximation to the hardness. Table III 
shows that model 9 gives an excellent prediction 
of ä (8a = 0.36%, 8„, = 1.2%), and a reasonable 
one of A1a(8a = 2%, 8„, = 6%). 

The accuracy of our simple models is somewhat 
higher than might have been expected. We think 
this is so partly because the 33 heteroaromatic 
molecules are closely related and partly because 
our polarizability database is of uniform quality. 

TABLE 
Parameters (in atomic units) and errors of various polarizability models. Model numbers refer to equations 
in the main text and an asterisk indicates that a nonuniform data base was used 

a Model \Aa Model 

5 6 8* 8 9* 9 5 6 8 9 

Bi 1.1 11.5 0 0 0 0 -2.87 1.93 0 0 
B? 10.3 -6.56 0 0 0 0 8.82 1.1 0 0 

e. 6.86 1.14 0 0 0 0 3.74 1.113 0 0 

e4 2.8 7.5 0 0 0 0 -1.7 0.5 0 0 

B, 0 0.52 0 0 0 0 0 0.24 0 0 

c, 0 0 8.6 7.1 -3.33 -2.45 0 0 -16.89 0.1 

c? 0 0 5.5 5.78 6.5 6.56 0 0 6.5 5.1 

c, 0 0 7.43 7.75 8.22 8.38 0 0 7.684 6.6 

c4 0 0 10.05 10.4 10.58 10.8 0 0 8.8 8 

c. 0 0 3.1 3.4 4.6 4.6 0 0 5.8 3.6 

cfi 0 0 4.8 5 5.7 5.8 0 0 5.81 4.45 

c7 0 0 0 0 1.604 1.29 0 0 0 -2.3 

5fl(%) 1.1 0.66 0.75 0.59 0.45 0.36 3.4 3.0 2.7 2.0 

8J%) 3.4 2.6 2.8 2.0 1.9 1.2 11. 13. 10. 6. 
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To demonstrate this latter point, we include in 
Table III models 8* and 9* obtained by fitting Eqs. 
(8) and (9) to our polarizability database with eight 
azine polarizabilities of this work replaced by the 
hybrid results of Ref. [3]. Table III shows clearly 
that the error measures for models 8* and 9* are 
noticeably larger than those for models 8 and 9. 

These models utilize only isotropic information 
and therefore work better for the mean polarizabil- 
ity ä than for the anisotropy Axa. The Kerr 
anisotropy A2ct can be described by these models 
with an accuracy slightly worse than that obtained 
for Aja. However, an accurate model for the in- 
plane anisotropy A3a requires anisotropic infor- 
mation. We are trying to develop such models. 
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ABSTRACT ___  

Aspects of the influence of a strong Debye plasma environment on the negative hydrogen 
ion and the neutral helium atom have been studied. Contrary to earlier work, in the 
present calculation all interactions have been screened. This increases the stability of the 
systems to the extent that neither the H" ion nor the ground state of helium will losean 
electron by pressure ionization. It has been found that the charge distribution of H 
remains remarkably constant over a vast range of values of the Debye parameter D. 
© 1996 John Wiley & Sons, Inc. 

Introduction 

In the investigation of plasmas consisting of 
atomic ions and electrons a good understand- 

ing of the interaction potential among those species 
is essential. Compared to the free-space case the 
force between the charges is modified due to 
short-range order and static and dynamical screen- 
ing effects introduced by neighboring ions and fast 
electrons, respectively. These modifications effect 
one-electron properties (e.g., spectral lines which 
serve as key quantities in plasma diagnostics) as 
well as properties involving more than one elec- 

*To whom correspondence should be addressed. 

tron (e.g., dielectronic recombination rates which 
account for plasma losses). Extending the usual 
Debye-Hiickel treatment of screening to encom- 
pass also dynamic screening effects due to ion 
motions is an important research area in its own 
right. Such research is expected to be noticeably 
facilitated by the incorporation of the static screen- 
ing effects into the calculation of atomic properties 
and processes right from scratch. Doing so, one 
can then formulate a procedure which allows the 
simultaneous evaluation of level broadening and 
of the lowering of the continuum threshold—both 
on the same footing. 

In a recent study [1] the numerical pair function 
method of our earlier studies of the Debye poten- 
tial [2] has been replaced by a variational calcula- 
tion employing correlated wave functions. This 
change was needed in order to achieve high accu- 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1643-1650 (1996) 
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racy in calculations of not only the ground-state 
energies of the negative hydrogen ion and the 
helium atom but also of some excited sttaes of the 
latter system, as well as the radical one-electron 
density function of such systems under various 
plasma conditions. In this investigation the attrac- 
tive Coulomb potential between the electron and 
the nucleus has been replaced by a screened poten- 
tial of the Debye type Z exp( - r/D)/r. Varying 
the Debye length D from infinity—which corre- 
sponds to no screening—to small values, different 
plasma conditions can be simulated. Since the De- 
bye parameter is a funtion of both the electron 
density ne and the electron temperature Te, a par- 
ticular value of D corresponds to a range of plasma 
conditions. It is, however, meaningful to associate 
smaller values of D with stronger screening. The 
earlier studies, not including screening of the elec- 
tron-electron interaction, indicated  that the  as- 
sumedly very fragile H"  ion may in reality be 
more stable in weak-to-moderate plasma condi- 
tions than initially assumed. The inclusion of De- 
bye screening into the electron interaction in the 
present work corroborates these findings strongly. 
As expected, this modification leads to a further 
increase of stability for a H" ion embedded in a 
Debye plasma. Since screening in one form or the 
other is a fact on plasmas, the gross features of the 
present calculation, which is strictly based on the 
validity of the Debye model, may well serve as a 
general outline of trends under more general con- 
ditions. The detailed interpretation of the numeri- 
cal results, however, requires caution: The Debye 
potential may not always be appropriate to model 
a real plasma. In particular, in the range of small 
values of the Debye parameter D, close to (or even 
smaller than) the average interparticle distance, 
the interpretation of the present results in terms of 
a plasma is not reasonable. However, even in those 
regions the results represent properties of the De- 
bye potential which have not been studied before. 
In particular, by extending a  similar  study by 
Rogers and co-workers [3] of the hydrogen atom to 
two-electron systems, it was possible to extract 
accurate ionization energies for the helium atom 
and, above all, detachment energies for HT. Over 
most of the range of  D  values covered in the 
present work, the results are indeed representative 
for typical effects of screening on the binding en- 
ergy and the electron distribution of small atoms. 

The Calculations 

The nonrelativistic Hamiltonian 

lv2     lT72      ZexpC-^/D) 
11 2 Vj 2 V- 2 v2 

Zexp(-r2/D)       exp(-r12/D) 
,   (1) 

describing two-electron systems in a Debye plasma 
characterized by the parameter D, has been diago- 
nalized in a basis of correlated functions of the 
following type: 

(Ptim(rur2/ru) = Nklm(e- -ßii-i ± e -ßii-i 

Xe~ 12.    (2) 

The variables rx and r2 are the radial coordinates 
of the two electrons and the variable r12 stands for 
the distance between them, while the quantity 
Nklm is a normalization factor. Expansions of this 
type have previously been shown to be very effi- 
cient in obtaining highly accurate variational wave 
functions for S states of two-electron atoms [4]. 
The two signs correspond to singlet and triplet 
states, respectively. The nonlinear parameters ak, 
ß„ and ym have been preselected so as to approxi- 
mate a definite integral optimally as described in 
the earlier reference which introduced these func- 
tions as a particular type of integral transform 
wave functions. The linear parameters are deter- 
mined in the usual variational procedure by solv- 
ing the generalized eigenvalue equation 

(H-SE)<l> = 0. (3) 

Here H and S stand for the Hamiltonian and 
overlap matrices, respectively. Since the main goal 
of this study has been to evaluate all of the bind- 
ing energy of the H~ ion embedded in a pure 
Debye plasma without overestimating the effect, a 
comparatively large basis set of 220 functions of 
the type given in Eq. (2) has been used. The use of 
correlated wave functions containing the interelec- 
tronic distance r12 as a dynamical variable in con- 
nection with the Debye potential is very conve- 
nient because all integrals can be expressed in 
closed form modifying the closed-form expressions 
given in [4]. 

The radial one-electron density function is ob- 
tained by integrating the two-electron density ex- 
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pression over the coordinate of one of the particles 
as well as over the angular variables of the other, 
which in the present case of spherically symmetric 
states reduces to applying a factor of 4TT: 

P(ri) = 47rj"d2r2<I>*(r1r2)$(r1r, ). (4) 

In the present study we focus on the lowest bound 
state to obtain information about the spatial exten- 
sion of the systems in various plasma environ- 
ments. Hence, in Eq. (4) the quantity 0> stands for 
the ground-state wave function but could be re- 
placed by the eigenfunction of any excited state to 
evaluate the density of that state. 

Although an extension of the correlated wave 
function approach to atoms with more than two 
electrons may not be practical, the treatment of 
systems of particles interacting via Yukawa forces 
by an appropriate modification of more standard 
methods of quantum chemistry or atomic theory is 
possible. In fact, systems of particles interacting 
via Yukawa forces have been studied early on in 
nuclear physics, e.g., by Swiatecki [5]. This refer- 
ence contains also the formulas for the interaction 
integrals of particles described by wave functions 

HYDROGEN AND HELIUM DEBYE PLASMAS 

of Gaussian type, i.e., exp(-ar2), or interacting 
via Yukawa forces. The adaptation to systems with 
both attractive and repulsive screened interactions 
and the interpretation of the results as meaningful 
for ions embedded in a plasma, however, is new 
and promises interesting results, in particular, for 
the further sudy of atomic processes in plasmas. 

All calculations have been performed in ex- 
tended precision on the Hewlett-Packard 9000 
735/125 computer system of the Physics Depart- 
ment of the University of Nevada at Reno. 

Results 

RESULTS FOR THE ENERGIES 

The results for the ground-state energies of both 
the negative hydrogen ion and the neutral hydro- 
gen atom, which have been reported before [1], are 
summarized in Figure 1. Although the results for 
large values of the Debye parameter D are not 
displayed here for the sake of readability in the 
low D region, the results for large but finite values 
of D are represented directly as detachment ener- 
gies in Figure 2. For D -> «, the energy curves for 

E 
o 
< 

-0.05 

-0.1 

-0.15 

-0.2 

-0.25 

-0.3 

-0.35 

-0.4 

Energy of the Negative Ion 

D in Atomic Unit 

FIGURE 1   The enerqv of the negative hydrogen ion vs. the screening parameter D compared to the ground-state 
e frgy of the hydrogenatom under* the same pLma conditions. The ionic system is bound over the whole range of D 
values in which the neutral system is also capable of supporting at least one bound state. 
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D in a.u. 

70 80 90 100 

FIGURE 2. Detachment energy for the negative hydrogen ion vs. the Debye length D. 

H and H approach smoothly the corresponding 
vacuum values of -0.52775 and -0.5 a.u., respec- 
tively. 

In fact, our findings indicate that the negative 
hydrogen ions survives increasing plasma condi- 
tions as well as neutral hydrogen does and that 
both species lose their binding property simultane- 
ously as a function of decreasing values of D. The 
smallest value  of   D  for which binding of the 
two-electron system has still been obtained (al- 
though with a tiny value of the detachment energy 
of 0.68 X 10-4 a.u.) is D = 0.860 a.u. This value is 
so close to the value obtained by Rogers and 
co-workers [3] for the limit beyond which not even 
neutral hydrogen is able to support a bound state 
that it is safe to state as our main finding the fact 
that, in a pure Debye potential, there is no way for 
the negative ion to lose its second electron due to 
pressure ionization. Any detachment that occurs is 
due to the action of one-particle operators such as 
collisions with other particles or photons. As a 
function of decreasing values of D the detachment 
energy of H~ decreases initially very slowly from 
its vacuum value of 0.0277 a.u. and holds still a 
sizable 0.0234 a.u. at   D = 6. From then on its 
drops rapidly. 

The corresponding results for the helium atom 
in comparison to the ground-state energy of the 

helium ion are presented in Figure 3. Again it has 
been found that both systems lose their capability 
to support bound states at the same value of D. 
More precisely, we calculated this to happen at 
D = 0.4311 a.u. for the helium ion. The critical 
point of no binding for the first two excited singlet 
S states of helium is noticeably different from this 
value: D = 0.460 a.u. for the (ls2s) state and D = 
0.4957 a.u. for the (ls3s) state. Since the excited 
states of helium are pushed into the continuum in 
a region of D values where the positive helium 
ion  still  carries  a  bound  ground-state—though 
barely so—the corresponding curves in Figure 3 
do intersect. For higher excited states this crossing 
will occur at values of D which still represent 
plasma situations. In these regions, pressure ion- 
ization of one Rydberg electron is possible even in 
a real Debye plasma. In Figure 4 the ionization 
energies of the neutral helium atom are plotted 
versus the Debye length D. 

RESULTS FOR THE ONE-ELECTRON 
RADIAL DENSITY 

The one-electron radial density has been calcu- 
lated for the negative hydrogen ion under various 
plasma conditions mainly in order to study the 
spatial extension of this system as it becomes less 
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4 5 6 
D in Atomic Units 

FIGURE 3   The energy of the two lowest 1S states of the helium atom vs. the screening parameter D compared to the 

crosses the ionic curve, although this is not noticeable in the graph. 
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FIGURE 4 . lonization energy for the neutral helium atom vs. the Debye length D. 
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and less bound with decreasing value of D. This 
effect is frequently addressed as "lowering of the 
continuum threshold." The expectation is that FT 
increases in spatial extension with the reduction of 
the binding energy. This is indeed the case as 
shown in Figure 5. However, this increase in size 
occurs in a region of small D values which is not 
representative of a plasma. The most prominent 
feature of these results is rather the high degree of 
stability the ion exhibits in various plasma condi- 
tions. There is very little change in the density 
from D = 20,000 a.u. to D = 4 a.u. A small shift of 
electron density from the inner regions toward the 
tail  of the  distribution is noticeable.  The most 
striking feature, however, is the fact that we do 
not see more of it. Even at D = 2 a.u. the curve 
retains its maximum at roughly the same position. 
From then on, however, the charge distribution 
changes noticeably. The lowest curve, correspond- 
ing to D = 0.860 a.u., is so extended that within a 
region of r < 80 a.u. not more than 25% of the 
total charge is collected. The relative constancy of 
both the detachment energy and the electron dis- 
tribution of HT accounts well for its property to 

enhance the opacity of plasmas. The unexpectedly 
high degree of stability of the ion points toward its 
presence even in high-density laboratory plasmas 
as opposed to just in astrophysical plasmas. 

SOME SPECULATIVE RESULTS 

While the Debye theory postulates a uniform 
screening potential between two charges, it seems 
plausible to assume that local fluctuations of the 
screening are not only possible but rather the rule. 
If that is so, it may be argued that the electrons, 
being light particles, can be more efficient in tak- 
ing advantage of such local fluctuations than an 
electron-ion pair which has one less mobile part- 
ner. In particular, it may be argued that electron 
pairs will preferably move into regions with higher 
screening potential (i.e., lower values of D) be- 
cause this will lower the energy of the system and 
that electron pairs are more efficient to do so than 
electron-ion pairs. In order to explore the rudi- 
ments of an emerging theory of such ideas, we 
have studied cases in which the values of the 
Debye parameter for the electron-electron interac- 

0.25 

0.15 

0.05   - 

r in a.u 

FIGURE 5. The radial one-electron density of the negative hydrogen ion in various plasma environments ThP ton 
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tion was chosen different from those of the elec- 
tron-nucleus potential. In practice, we have aug- 
mented the last term of the Hamiltonian Eq. (1) by 
a scaling factor y to read exp(-yrl2/D)/rn while 
the other terms remain unchanged. By changing y 
one can modify the screening of the electron inter- 
action relative to the other interactions. Results of 
these calculations are presented in Table I. The 
most interesting feature of this scenario is the 
possibility of excited states of H~. Although here 
only states of S symmetry have been included, it 
is likely that bound states of higher angular mo- 
mentum do exist. Then one would expect low- 
energy electromagnetic transitions, which, if iden- 
tifiable, might serve diagnostic purposes. Astro- 
physical spectra usually have lots of broadened 

low-energy transition lines so that the identifica- 
tion of such transitions may be difficult. Labora- 
tory plasma have a much better chance for the 
detection. 

Summary 

While in previous work the screening effects 
were applied only to the electron-ion interaction, 
the present study extends Debye screening also to 
the electron-electron interaction. A variational cal- 
culation of the ground-state energy of the negative 
hydrogen ion has been performed for various 
plasma conditions characterized by different val- 

TABLE I  
Binding energies of the negative hydrogen ion are listed for various values of the screening parameter D and 
various values of the scaling factor y by which the screening of the electron - electron interaction can be 
modified without affecting the screening of the electron nuclear potential. For comparison, the values for 
neutral hydrogen (1s) are given in column 2. Multiple entries in columns 2-5 indicate the existence of excited 
states of 1S symmetry 

HAtom 

Negative Hydrogen on 

y= 1.0 y = 1-1 y=1.5 y = 2.0 

D = 200.0 0.49502 0.52276 0.52325 0.52520 0.52760 
0.49517 0.49642 

0.49578 
0.49801 
0.49684 

D = 100.0 0.49007 0.51780 0.51876 0.52254 0.52717 
0.49033 0.49237 

0.49109 
0.49501 
0.49275 

D = 50.0 0.48030 0.50795 0.50978 0.51693 0.52554 
0.48060 0.48361 

0.48131 
0.48761 
0.48319 

D = 30.0 0.46748 0.49499 0.49785 0.50894 0.52203 
0.46772 0.47127 

0.46804 
0.47618 
0.46968 

D = 20.0 0.45182 0.47904 0.48303 0.49829 0.51590 
0.45192 0.45545 

0.45188 
0.46066 
0.45284 

D = 15.0 0.43653 0.46338 0.46834 0.48706 
0.43960 

0.50827 
0.44461 
0.43673 

D=10.0 0.40706 0.43295 0.43942 0.46340 
0.40867 

0.48975 
0.41252 

D = 8.0 0.38588 0.41092 0.41821 0.44499 
0.38656 

0.47387 
0.38929 

D = 6.0 0.35226 0.37568 0.38390 0.41372 0.44507 
0.35312 

D = 4.0 0.29092 0.31074 0.31960 0.35135 0.38351 
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ues of the Debye parameter D. This results in a 
considerable increase in stability of the ion as 
compared to the case of an unscreened interaction 
(i.e., with only the electron-ion potential screened). 

As an example of related research, we refer to a 
study by Scheibner, Weisheit, and Lane [6] of 
plasma screening effects on proton-impact excita- 
tion of positive ions. In this work two screened 
ions interact via a Debye force. 
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ABSTRACT 

Density functional calculations for ethylene glycol (CH2OHCH2OH) in the gas and in a 
dielectric medium are reported. The condensed-phase calculations are based on the 
self-consistent reaction field approach and the environment has the dielectric constant of 
liquid methanol. NPT Monte Carlo simulations of ethylene glycol (ETG) in liquid 
methanol are also reported. The simulations were carried out for three conformers of ETG 
(tGg', gGg', and tTt). Comparison between SCRF results for the conformational 
equilibrium in the gas and in the dielectric suggests that the tGg' conformer is slightly 
stabilized relative to the gGg' conformer in the solvent. However, the energy difference 
between them is less the 1.0 kj/mol, which indicates that frequent interconversions 
between the tGg' and gGg' conformers are expected in the condensed phase. The all-trans 
conformer (tTt) is higher than the most stable conformer in the gas by 14 kj/mol. Monte 
Carlo simulations predict that the tGg' and gGg' conformers have very similar energies 
in the solvent. However, the simulations also show, in agreement with experimental 
data, that the tTt conformer is stabilized in liquid methanol, relative to the gas phase. The 
microscopic mechanism leading to the stabilization of the tTt conformer in the liquid is 
related to the differential hydrogen-bonding formation between the ETG conformers and 
the methanol molecules.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

Interest in the study of polyols has been re- 
cently emphasized by the research of potent 

HIV-1 protease inhibitors [1, 2]. One of the sim- 
plest polyols (a diol) is ethylene glycol 
(CH20HCH20H = ETG). This molecule is a model 
system to discuss the formation of intramolecular 
hydrogen bonding. Ab initio studies of ETG are 
also a good test for the quantum chemical predic- 
tion of the relative stability due to the presence of 
several conformational local minima. 

Another interesting aspect of ETG is that the 
interactions of this molecule with an environment 
can induce important changes on the conforma- 
tional equilibrium. This effect is particularly im- 
portant in hydrogen-bonding solvents. In these 
cases, competition between internal and external 
hydrogen-bonding formation changes the confor- 
mational equilibrium of the solvated molecule rel- 
ative to the gas-phase monomer. In addition, the 
solvation of polyols in water or hydrogen-bonding 
solvents reduces the formation of hydrogen- 
bonded networks and modifies the dynamics lead- 
ing to the phase transitions of the pure solvents. 

Several experimental studies on the conforma- 
tional equilibrium of ETG have been reported 
[3-14]. Theoretical studies on the conformational 
equilibrium of ETG were the research theme of 
several works [15-30]. However, some relevant 
aspects in the theoretical modeling of this molecule, 
as, e.g., electronic correlation effects on the confor- 
mational equilibrium, were analyzed only recently 
[21]. 

Ab initio studies of ETG [15-28] predict, in 
agreement with experimental results, that two con- 
formers with an internal hydrogen bond (gGg' and 
tGg') are the predominant structures in the gas. 
The energy difference between them is very de- 
pendent on the theoretical level of the calculations 
[28]. This is related to the fact, verified by the most 
recent theoretical studies of ETG [21-28], that the 
energy difference between tGg' and gGg' conform- 
ers is less than 1.5 kj/mol. 

Theoretical studies on the conformational equi- 
librium of ETG in condensed phases are few and 
very recent [26-31]. Some of these studies were 
based on Monte Carlo [26-27] and molecular dy- 
namics [30, 31] methods and analyzed the solva- 
tion of ETG in water [26-31] and carbon tetrachlo- 

ride [30]. Very recent molecular dynamics simula- 
tions of ETG in water and in xenon have been also 
reported [31]. Other theoretical studies of ETG in 
the condensed phase were based on self-consistent 
reaction field (SCRF) calculations, using the con- 
tinuum model approach [28, 29]. The simplifica- 
tions introduced by this approach and the limita- 
tions of the method are well known. However, by 
including in the Hamiltonian of the solvated 
molecule the interaction with the environment, 
SCRF methods [32-37] provide the capability to 
model quantum chemical solvent effects in a self- 
consistent way. 

A theoretical study on the modifications of the 
ETG conformational equilibrium when it is sol- 
vated in liquid methanol is presented reported. 
Two different approaches were used: density func- 
tional SCRF calculations and Monte Carlo simula- 
tions. The interest to perform statistical mechanics 
computer simulations of ETG in liquid methanol is 
related to hydrogen-bonding formation and also to 
the fact that a small reorganization of the solvent 
is expected considering the similarity between ETG 
and two methanol molecules. The results are com- 
pared to experimental data and with other theoret- 
ical studies. 

Computational Details 

DENSITY FUNCTIONAL CALCULATIONS 

The density functional calculations were per- 
formed using for the exchange the Becke func- 
tional [38a] and for correlation the Lee, Yang, and 
Parr functional [39] (BLYP). Additional calcula- 
tions using a hybrid functional including a mix- 
ture of Hartree-Fock exchange with DFT ex- 
change-correlation (Becke's parameter function) 
[38b] which is being represented by B3LYP are 
also reported. To assess the importance of elec- 
tronic correlation effects, some calculations with 
the Becke exchange correlation only (HFB) were 
carried out. The calculations were performed with 
the G92/DFT program [40] and the 6-31G** and 
6-311G** basis sets were used. 

Three ETG conformers, defined by the rela- 
tive orientations of the O—H group around the 
C—C—O plane (Fig. 1) and the angle between 
C—C—O planes, are considered. The conformers 
are tGg', gGg', and tTt. There are 10 different 
conformers of ETG. These three conformers were 
selected because it is known that tGg' and gGg' 
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tGg' 

^J^w ^ 

gGg' 

tTt 

FIGURE 1. tGg', gGg', and tTt conformers of ETG. 

are the most stable in the gas phase and also 
because experimental information predicts a sig- 
nificant stabilization of the tTt conformer in ETG 
pure liquid [9]. 

Quantum chemical calculations in the con- 
densed phase have been based on the self-con- 
sistent reaction field (SCRF) approach [32-37]. In 
this approach, the solute molecule is placed in a 
cavity, which is presently assumed to be spherical 
of radius aQ (Onsager cavity radius). The environ- 

ment is represented by a dielectric medium of 
constant s. The Onsager cavity radius for^the dif- 
ferent conformers was in the 3.48-3.51 A range. 
The value of the dielectric constant was that of 
liquid methanol (e = 33.6). Recent developments 
in the SCRF are reported in [36, 37]. 

The G92/DFT implementation [34, 35] of the 
SCRF approach includes only the Born and On- 
sager contributions to the reaction field. They are 
related, respectively, to the total charge and dipole 
moment of the solute. It is known that for some 
systems the contributions to the reaction field due 
to higher-order multipolar moments can be impor- 
tant [37]. In addition, the all-frans conformer (tTt) 
has no permanent dipolar moment and the present 
implementation of the SCRF it is not adequate to 
model the solvation of this conformer. 

MONTE CARLO SIMULATIONS 

The Monte Carlo simulations for ETG solvated 
in liquid methanol were carried out with one so- 
lute molecule and 127 solvent molecules in a cube 
with periodic boundary conditions. The ETG 
molecule was represented by six interaction sites, 
which are the ethyl group and the hydrogen and 
oxygen atoms. The methanol molecule was repre- 
sented by three interaction sites which are the 
methyl group and the hydrogen and oxygen atoms. 
The OPLS intermolecular potential function was 
used to model the site-site interactions and the 
parameters were those proposed by Jorgensen [41]. 

A preferential sampling algorithm [42], ade- 
quate to simulate dilute solutions, was used. The 
Markov chain was generated by the usual 
Metropolis algorithm in the NPT ensemble [43] 
that is particularly convenient to model mixtures 
and dilute solutions. 

The Monte Carlo simulations of ETG in liquid 
methanol were carried out for the three ETG con- 
formers (tGg', gGg', and tTt). The geometry of 
each conformer was the theoretical gas-phase ge- 
ometry and has been kept constant during the 
simulations. The main advantage of this procedure 
is that the relaxation of the solvent around a par- 
ticular conformer is assured and that the statistics 
related to the solute-solvent properties is accurate. 
A similar approach was recently used in the simu- 
lations of ETG solvated in water and in Xe carried 
out by Hayashi et al. [31]. Although ETG is a very 
flexible molecule, it should be observed that the 
main purpose of the present simulations is to pro- 
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vide detailed information on the differential solva- 
tion of the three conformers (gGg', tGg', and tTt). 

The simulations were carried out at 25°C and 1 
arm of pressure. For each conformer, 4-6 X 106 

Monte Carlo steps (one step corresponding to the 
trial move of one solvent particle), were performed 
for equilibration. The coordinates of the solute 
molecule were perturbed each 50-200 steps. The 
volume of the system was perturbed each 2500 
steps. The stochastic parameters related to the 
translations and rotations of the solute, transla- 
tions, and rotations of the solvent molecules and 
volume perturbations were adjusted in order that 
~50% of the generated configurations are ac- 
cepted. Additional 8-12 X 106 steps were gener- 
ated to estimate the reported final averages. 

Results and Discussion 

DENSITY FUNCTIONAL CALCULATIONS 

Density functional calculations for the ETG con- 
formers in the gas phase and in a dielectric repre- 
senting liquid methanol are reported in Table I. 
The present analysis is oriented to the discussion 
of energy differences and dipole moments. A fur- 
ther analysis of the geometries and vibrational 
frequencies of ETG and ETG-(H20)„ complexes is 
in progress and will be reported elsewhere. 

The energy differences relative to the tGg' con- 
former range from -1.97 to 0.18 kj/mol. There is 
almost no difference between the HFB/6-31G** 
and BLYP/6-31G** calculations. A significant re- 
duction (0.87 kj/mol) of the energy difference be- 

tween the tGg' and gGg' conformers can be ob- 
served when we move from the 6-31G** to the 
6-31 IG** basis set. B3LYP results are significantly 
different from the BLYP results, reducing consid- 
erably the energy difference between the conform- 
ers. Excepting the B3LYP/6-311G** calculation 
(0.18 kj/mol), all other calculations predict that 
the gGg' conformer is slightly favored in the gas. 
The B3LYP/6-311G** result is in good agreement 
with the MP2/6-311G** value (0.25 kj/mol) pre- 
dicted by Teppen et al. [25] and is slightly lower 
than an MP2/6-31G* (0.7 kj/mol) calculation [21]. 
ZPVE correction to this energy is 0.12 kj/mol at 
the HF/6-31G* level [26, 27]. 

The experimental studies clearly indicate that 
these two conformers are the most stable in the gas 
phase. The relative stability of the tGg' and gGg' 
conformers, however, is much more difficult to 
assess. Takeuchi and Tasumi [11] suggested the 
possible coexistence of the two conformers in low- 
temperature argon matrices. Walder et al. [10] in- 
terpreted the microwave spectrum of ETG in terms 
of the gGg' conformer only. Kristiansen et al. [12] 
predicted that gGg' is 1.4 (4) kj/mol less stable 
than is tGg' at 300 K. Comparison among the 
present calculations, other theoretical results, and 
experimental works suggests that both tGg' and 
gGg' conformers coexist in the gas phase. The 
all-trans conformer is 14 kj/mol higher than the 
gGg' conformer (BLYP/6-31G**), which is in good 
agreement with the value (13.6 kj/mol) predicted 
by Oie et al. [23]. 

The present DFT/SCRF calculations predict that 
the solvation free-energy difference between tGg' 

TABLE I  
Total energies3 (in au), O—C—C—O dihedral angle <p (in deg.), dipole moment fji (in Debye), and energy 
difference relative to the tGg' conformer A£ (in kJ / mol). 

gGg' tGg' 

^ Total energies (in au) for the all-frans conformer are -230.16952 (BLYP/6-31G**) and -230.25221 (B3LYP/6-31G**). 
The Onsager cavity radius for the tGg' and gGg' are, respectively, 3.5 and 3.49 Ä. 

The dielectric constant was 33.6 (liquid methanol). 

Gas Energy <P M Energy <P M AE 

HFB/6-31G** 
BLYP/6-31G** 
BLYP / 6-311G** 
B3LYP/6-31G** 
B3LYP/6-311G** 

Dielectric13 

-229.02260 
-230.17616 
-230.24689 
-230.25757 
-230.32318 

-230.32499 

56.9 
53.9 
55.1 
54.5 
55.6 

53.8 

2.2 
2.3 
2.3 
2.4 
2.4 

2.9 

-229.02187 
-230.17541 
-230.24648 
-230.25735 
-230.32325 

-230.32525 

63.3 
60.2 
61.1 
59.8 
60.6 

57.9 

2.3 
2.4 
2.4 
2.5 
2.5 

3.1 

-1.93 
-1.97 
-1.1 
-0.57 

0.18 

B3LYP/6-311G** 0.68 

1654 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



CONFORMATIONS EQUILIBRIUM OF ETHYLENE GLYCOL 

and gGg' conformers is -0.7 kj/mol. Solvation 
free-energy differences between gGg' and tGg' 
conformers in water and other solvents were dis- 
cussed by several theoretical studies [26-31]. In 
general, they predict that gGg' is better solvated. 
However, a recent molecular dynamics simulation 
by Hayashi et al. [31] suggests that there is a 
preference for the tGg' in aqueous solution. A 
previous Hartree-Fock/SCRF calculation of Alag- 
ona and Ghio [29] predicted that the difference in 
the solvation free energy between tGg' and gGg' 
was 2.7 kj/mol. Another continuum model study 
by Cramer and Truhlar [28] based on AMI calcula- 
tions predicted that this difference was 0.8 kj/mol. 
The present DFT/SCRF calculations also predict a 
reduction of the O—C—C—O dihedral angle (<p) 
for the tGg' conformer. The angle <p changes from 
60.6° in the gas of 57.9 in the dielectric. A similar 
reduction in the dihedral angle <p can be observed 
for the gGg' conformer. 

The present calculations at the B3LYP/6-311G** 
level predict that the dipole moments (see Table I) 
for the two most stable conformers in the gas 
phase are 2.4 D (gGg') and 2.5 D (tGg'). These 
values are in excellent agreement with experiment 
(2.3 ± 0.1 D) [7a]. SCRF calculations predict that 
the values of the dipole moment in the dielectric 
medium representing liquid methanol are signifi- 
cantly higher. They are 2.9 D (gGg') and 3.1 D 
(tGg'). This result is in very good agreement with 
experimental data for the neat liquid (3.5-4.0 D) 
[5]. The observed increase of the dipolar moment 
of ETG in the liquid and the difference between 
the values for the two conformers is in the present 
model coherent with a better solvation of the tGg' 
conformer. 

MONTE CARLO SIMULATIONS 

Thermal properties for ETG solvated in 
methanol are reported in Table II. The 
solute-solvent interaction energies (Esx) for the 
three conformers show that the tGg' and gGg' 
have similar interaction energies with methanol 
(-110.9 kj/mol). 

The partition of Esx in Esx_12, Esx_6, and Esx_t 

also suggests that for tGg' a higher solute-solvent 
repulsive energy is compensated by the Esx_6 at- 
tractive contribution. The solute-solvent interac- 
tion energy for the tTt conformer is -106.7 kj/mol. 
Comparison between Ess and V from the simula- 
tions of ETG in liquid methanol and those from 
the simulations of the neat liquid (E*   and V*) 

TABLE II  
Thermal data for NPT Monte Carlo simulations of 
ETG in liquid methanol. 

tGg' gGg' tTt 

£ -110.9 + 4 -110.9 + 4 -106.7 ±4 

(-131.4)3 (-136.0)3 (-133.1)3 

^sx-12 68.2 64.8 65.7 

-86.2 -82.0 -81.2 

-92.9 -93.7 -91.2 

-35.0 + 2 -35.4 + 2 -35.5 + 2 

V 9161 + 50 9089 ± 45 9193 + 50 

-34.7 
9070 ± 40 

The pressure is 1 atm and the temperature 298 K. Energies 
are in kJ/mol. Volumes are in A3. Esx is the total 
solute-solvent energy. Esx.12, £sx.6, and Esx.., are, respec- 
tively, the r~12, r~e, and Coulombic interaction energies 
between the solute and the solvent. Fss is the solvent total 
energy. E*s and V* are, respectively, the energy and vol- 
ume of pure methanol. 
aFor ETG solvated in liquid water from [26]. 
"From the simulations of liquid methanol [41]. 

suggests that solvation of ETG in liquid methanol 
do not induces a significant reorganization of the 
solvent. This is expected, since ETG can be seen as 
being formed by two molecular fragments similar 
to methanol. Thus, the energy difference between 
the tTt conformer and the tGg' and gGg' conform- 
ers in liquid methanol can be estimated as ~4.2 
kj/mol. If we compare this value with the gas- 
phase energy difference (14.0 kj/mol at B3LYP/6- 
31G**), it is suggested that solvation of ETG in 
liquid methanol stabilizes the tTt conformer rela- 
tive to the gas phase. This result is in agreement 
with experimental data for the neat liquid by 
Pruettiangkura et al. [9]. These authors predicted 
that the effect of solvation on the conformational 
energy difference was to induce a relatively large 
stabilization of the all-trans rotamer in pure ETG 
by 6.3 kj/mol. The present study for ETG solvated 
in methanol indicates that the tTt conformer is 
stabilized by ~9.8 kj/mol relative to the gas 
phase. 

The site-site distribution functions for the cor- 
relations between the ETG oxygen atom and the 
methanol methyl site [O—CH3(M)], the ethyl ETG 
site, and the methanol oxygen atom [CH2—C<M)] 
are reported in Figures 2 and 3. O—CH3(M) (Fig. 
2) shows for all the three conformers a maximum 
about 3.5 A, which is less pronounced for the gGg' 
conformer. The CH2—C<M) site-site correlation 
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FIGURE 2. O—CH3(M) site-site distribution functions for the three conformers of ETG in liquid methanol. 

functions present a first maximum 3.6 A. For the 
tGg' conformer, there is second maximum at 3.9 A, 
which reflects, in this case, the different roles 
played by the CH2 sites. Also indicated is the 
formation of a second coordination shell, after a 
second maximum^ which is for all the three con- 
formers at   ~ 5.0 A. 

The correlations between oxygen and hydrogen 
atoms are reported in Figures 4 and 5. The correla- 
tions between the ETG oxygen atom and the 
methanol hydrogen (Fig. 4) and the ETG hydrogen 
atom and the methanol oxygen (Fig. 5) are very 
different for the three conformers. As illustrated in 
Figure 4, for the all-trans conformer, the height of 
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FIGURE 3. O—CH2(M) site-site distribution functions for the three conformers of ETG in liquid methanol. 
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R(A) 

FIGURE 4. O—H(M) site-site distribution functions for the three conformers of ETG in liquid methanol. 

the first maximum is significantly higher than those 
corresponding to the tGg' and gGg'. The O—H(M) 
distribution functions show that the tTt conformer, 
when comparison is made with the two other 
conformers (tGg' and gGg'), is the preferential 
proton acceptor conformer. It is also illustrated in 

Figure 4 that for tGg' correlations between 
O—H(M) are favored after the first coordination 
shell. 

Figure 5 suggests that the H—0(M) site-site 
correlation functions for the three conformers are 
not very different, although the approaching of 

o.o 1.0 2.0 3.0 4.0 5.0 

FIGURE 5. H—O(M) site-site distribution functions for the three conformers of ETG in liquid methanol. 
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methanol. 

oxygen methanol atoms to ETG hydrogens seems 
slightly more important for the gGg' conformer. 
However, this figure also suggests that after the 
first coordination shell the approaching of CXM) 
atoms is more favored to tTt and tGg' conformers. 

This is related to the second maximum of the 
correlation functions at  ~ 3.4 A. 

Figures 6-8 report the average coordination 
numbers as a function of the distance between the 
sites, respectively, for the tGg', gGg', and tTt con- 
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formers. For the tGg' conformer, Figure 6 shows 
that given one oxygen ETG atomo there is one 
methanol hydrogen atom at ~ 2.9 A and that for 
one hydrogen ETG atom there is one methanol 
oxygen at ~2.0 A. In Figure 7, a competition 
between CH2—G<M) and O—CH3(M) correlations 
for the gGg' conformer is illustrated by the cross- 
ing of the coordination numbers at ~3.3 and 
-3.9 A. 

The formation of plateaux in the average coordi- 
nation curves, as a function of the distances be- 
tween the sites, illustrates the definition of the first 
coordination shell. This effect is particularly im- 
portant in the O—H correlations and it is related 
to the value of the minima in the site-site distribu- 
tion functions. Figure 8 shows the coordination 
numbers for the tTt conformer. The correlations 
between O—H(M) (dashed curve) for this con- 
former are clearly more important than for the two 
other conformers (Figs. 6 and 7). This suggests, in 
agreement with the data for thermal properties, 
that hydrogen bonding plays a very important role 
to stabilize the ETG all-trans conformer in liquid 
methanol. 

Conclusions 

The modifications relative to the gas phase of 
several molecular properties of ETG when it is 
solvated in liquid methanol were analyzed. DFT 

calculations for different conformers of ETG in the 
gas and in a dielectric medium modeling liquid 
methanol were reported. The calculations were 
performed with different representations for the 
exchange-correlation functionals. The condensed- 
phase calculations based on the DFT/SCRF ap- 
proach predict that for ETG solvated in a dielectric 
there is a small stabilization of tGg' relative to 

Monte Carlo simulations of ETG in liquid 
methanol showed that tGg' and gGg' have similar 
interactions with liquid methanol and that a very 
small reorganization of the solvent is observed. 
However, the simulations also predict, in agree- 
ment with experiment data, an important stabiliza- 
tion, relative to the gas-phase equilibrium, of the 
all-trans conformer. The microscopic mechanisms 
leading to this stabilization were analyzed through 
the calculation of site-site correlation functions 
and were related to the specific role played by the 
all-trans ETG conformer as a proton acceptor in 
liquid methanol. 
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ABSTRACT  

For formaldehyde, the C — O stretch potential of XTT, TT*) crosses all X Rydberg 
potentials, such as n,3py, n, 3dyz, etc., thereby transferring the intensity of the unassigned 

(TT, TT*) *- X system to these Rydberg states. For thioformaldehyde, the situation is 
similar but a shift in the potentials allows for direct observation of  (TT, TT*). In its 
\TT,TT*) state, H2CO is planar, having a low barrier of about 0.2 eV toward the 
nonplanar \a, TT*) state. For H2CS, the planar conformation of \TT, TT*) is a saddle 
point, with \a, TT*) being the global minimum on the 2rA' surface. The triplet TT, TT* 

states of H2CO and H2CS are nonplanar, having inversion barriers of 0.1 and 0.05 eV, 
respectively. For both H2CO and H2CS, the TT, TT*  configuration also crosses the 
ground-state configuration, which explains predissociation and radiationless transitions 
of some Rydberg states.    © 1996 John Wiley & Sons, Inc. 

Introduction 

I n the absorption spectrum of formaldehyde, 
the electric dipole forbidden transition 

1A2(n,TT*) <- X1A1 is observed and well studied, 
whereas the allowed transition (77,77*) «- X1Al, 
despite being predicted to be very intense, has so 
far escaped all attempts at detection. The problem 
of the "missing" X(7T, TT*) state also plagues many 
other aldehyde and ketones. Consequently, Robin, 
a prominent reviewer in the field of higher excited 
states, wrote that "aldehydes and ketones are a 
most perplexing chromophoric group" [11]. 

For a long time, it was believed that (77,77*) 
had a vertical excitation energy in excess of the 
first ionization potential (IP) of 10.8887 eV [2] and, 
therefore, is not observed. For example, Langhoff 
et al. [3] predicted 1

(TT, TT*) to be near 11.2 eV. 
The absorption spectrum in the vacuum ultravi- 

olet (VUV) region of formaldehyde was first stud- 
ied by Price [4]. Currently, all medium and strong 
bands in the VUV spectrum of H2CO are assigned 
to Rydberg transitions. The latest assignments by 
Brint et al. [5] identified n -» s, p, d, /-Rydberg 
transitions up to 5s, 12p, lid, and 9/, converging 
to the first IP. However, in many cases, the intensi- 
ties or quantum defects do not conform to expecta- 
tions for Rydberg transitions. For example, the 
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intensity of n,4p is higher than that of n,3p, and 
the quantum defect of n,3d is 0.4, whereas it is 
expected to be < 0.1. Further, for n > 4, the np, 
nd, and nf transitions have similar intensities, con- 
trary to their normal behavior [1, 5]. Although the 
source of the Rydberg anomalies is usually at- 
tributed to Rydberg-valence interactions, the na- 
ture of the perturbing valence state has never been 
positively identified. 

In contrast to the missing singlet 77 -» 77* sys- 
tem, the triplet 77 -> 77* system of H2CO has been 
observed by electron impact studies ([6] and refer- 
ences therein). It should also be noted that the 
absorption spectrum of thioformaldehyde, whose 
electronic spectrum is expected to be similar to 
that of formaldehyde, shows a progression of 
bands, lying between n -» 4 s and n -» 4p, that 
were assigned to 1(ir, 77*). 

Obviously, it is of significant interest to investi- 
gate theoretically the reasons for the strange be- 
havior of the 7T, 77* state. In a series of multirefer- 
ence (MR) configuration interaction (CI) studies 
performed over the last few years, potential en- 
ergy curves for the C — O stretch and the out-of- 
plane motion were obtained for H2CO [7-11] and 
H2CS [12-15]. Using more extended basis sets and 
large CI expansions, the vertical excitation energy 
of the \ 71-, 77-*) state of H2CO is calculated to be 
9.6 eV [8]. It is important to include the doubly 
excited configuration n°, 77*2 in the set of refer- 
ence configurations. From the calculated potential 
energies, vibronic energy levels and oscillator 
strengths were evaluated [8, 13]. The results, as 
they concern the 77, TT* state of H2CO and H2CS, 
are most interesting and, in our opinion, explain 
why (77, 77*) had previously not been assigned in 
the absorption spectrum of H2CO. 

Methods 

Ab initio MR-CI calculations were performed 
using the MRD-CI programs [16]. A (10s6p/5s4p) 
basis set for C and O, (12s9p/5s4p) for S, with 
additional polarization functions and s, p, d 
Rydberg functions on C and O (C and S for H2CS) 
is used. The hydrogen basis is (5s/3s) with a p 
polarization function. Details are given in [8, 10, 
13,14]. In their ground states, H2CO and H2CS are 
planar, having C2l, symmetry. For the out-of-plane 
motion, Cs symmetry was observed. The number 
of reference configurations varied between 40 and 

60. They were selected such that all symmetry- 
adapted functions (SAF) with c2 > 0.001 in the 
final wave function were part of the reference 
space, for the whole range of geometries covered 
by the calculations. 

The Role of H TT, TT* ) in the Absorption 
Spectrum of H2 CO 

In Figure 1, the 1A1 potential curves for the 
C — O stretch of H2CO are shown. They are simi- 
lar to the ones obtained in [8], but a lower configu- 
ration selection threshold (4 /xHartrees) was used. 
The other geometry parameters were held at ex- 
perimental ground state (GS) values (RCH = 2.0796 
fl0 and </>(HCH) = 116.3° [17]). It is seen that dia- 
batically the 1

(TT,7T*) state crosses all Rydberg 
potentials, also the higher ones not shown here. 
Even the apparent long-distance minimum of 
(77, 77*), at 2.914 a0 is due to an avoided crossing 

of 77, 77* with the GS configuration n2. At 3 a0, the 
llAl wave function contains about 45% n2 and 
45% 77,77*, whereas 2lAl has 40% n2 and 45% 
77, 77* (see Fig. 2). (The percentage contribution 
was calculated from cf, where c, is the coefficient 
of the respective SAF in the CI wave function. In 
the CI expansion, 1(n, TT*) MOs were used. The 
given numbers change slightly, but not greatly, 
with the choice of MOs.) At the largest CO dis- 
tance shown in Figure 2, 4 a0, the eventual dissoci- 
ation to CH2 + O is not yet important. Open-shell 
configurations to describe the dissociation become 
dominant at larger distances than shown. The re- 
pulsive crossing of ^77, TT*) with all XAX Rydberg 
states and the ground state leads to predissociation 
and radiationless transitions. According to Figure 
1, the doubly excited 1(n°, TT*

2
) state appears at 

about 10.2 eV, having a fairly shallow potential, 
and crossing 77, 77* at small R and higher Rydberg 
states at larger R. 

Figure 3 shows an enlarged version of the 
C — O stretch curves for 2lAl to 4^Alf including 
vibrational energy levels for each of the minima. It 
should be noted that all minima, except for n,3p 
and n,3dyz, are caused by avoided crossings with 
77, 77*. These potential wells are bounded by 77, 77* 
on the left, and by a Rydberg configuration on the 
right. A notation such as 77, 77*/«,3py, used here 
to describe such potentials, should be obvious. 

Assuming that all 1A1 states are planar, and that 
the C — O stretch vibrations can be approximated 
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o.o-. 

R (C-O) [ a„ ] 

FIGURE 1. C — O stretch potentials for \ states of 
H2CO. 

by the one-dimensional potentials given in Figure 
3, the vibronic oscillator strengths were evaluated 
for each vibrational level, by first calculating the 
electric dipole transition moment as a function of 
Rco and then combining it with the Franck-Con- 
don (FC) factor. 

In Table I, experimental values for energies and 
oscillator strengths are compared with calculated 
vertical values and with vibronic values evaluated 
for each vibrational level, as described above. For 
the 0-0 bands of the n -» 3s and n -> 3p transi- 
tions, the vertical numbers agree reasonably well 
with the experimental values. However, for the 
0-0 bands of n -» 3dyz (8.88 eV), n,4s (9.26 eV), 
and higher states, the calculated vertical oscillator 
strengths are too small. Also, the 0-1 and 0-2 
bands of Rydberg states have very low 
Franck-Condon factors, and the observed bands at 
8.32, 9.04, and 9.18 eV could not be explained on 
the basis of vertical oscillator strengths. 

In the last three columns of Table I, the calcu- 
lated vibronic values are given. It is seen that 
vibronic energies can be matched with the energies 
of the observed bands to a maximum deviation of 
0.24 eV, but mostly lying within 0.05 eV. Larger 
deviations may be indicative of the need for a 
non-Born-Oppenheimer treatment. 

Except for the three lowest bands, the literature 
assignments, as given in Table I, had to be changed 

n,3d„ ün£ 

I—i—i—i  T  I—i—i—i—i—I—i—I—i   i   i   i   i   r 

,     ,    -|     i     i     i     i     n I   1     I     I     I     I 
2.0      2.2      2.4      2.6      2.8      3.0      3.2      3.4      3.6      3.8      4.0 

R(CO) distance (a0) 
FIGURE 2. Contribution of various configurations to the wave functions VA, to 3% of H2CO using \n, TT*) molecular 
orbitals. 
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FIGURE 3. C — O stretch potentials for 2^ to 41A, 
states of H2CO, showing vibrational energy as used in 
the calculations. Higher Rydberg potentials were 
estimated, and are shown as dashed lines. 

to accommodate the new states that involve mixed 
7T, 77*/Rydberg potentials. For example, the peak 
observed at 9.04 eV was originally assigned to the 
3j band of n,3dyz, where v3 is the symmetric CH2 

bending vibration. By itself, n,3dyz has low inten- 
sity. This band is now associated with 2\ of 
77, TT* /n,3py, where v2 is the C — O stretch vi- 
bration. It clearly derives its intensity (/calc = 0.024, 
/obs = 0.022) from the IT, TT* section of the poten- 
tial. 

Most of the calculated oscillator strengths are in 
surprisingly good agreement with the observed 
values. Exceptions are the 0° band of n,3s, for 
which vibronic interaction with a, TT* /TT , TT* may 
play a role, as outlined in [7]. The small calculated 
/-value for the 8.32 eV band may be due to the fact 
that both the v = 3 level of TT, TT* /n2 and the 
v = 1 level of n,3py lie close to the barrier in the 
1[A1 potential, which was not taken into account 
in the calculations. The third exception is the peak 
at 9.26 eV, for which /calc is too large. It is pre- 
sumed that the rapidly increasing density of states 
in this high-energy region may allow for other 
possible interpretations of the observed bands. 

Overall, the results of Table I show that the 
TT, TT* state is the major intensity provider for 
transitions to Rydberg states higher than n,3p. 
Since intensities of Rydberg transitions normally 
decrease with increasing quantum number (as n~3 

[3]), the contribution of 7i, 77-* to Rydberg transi- 
tions beyond the ones covered here, such as n,Ad 
and ft, 5s, etc., should be even more significant, 

TABLE I  
Comparison of observed values for energies A£ (in eV) and oscillator strengths f with calculated 
vertical and adiabatic values for bands of H2CO lying above 7 eV.a 

Experimental Vertical Vibronic 
A£ f Assignment15 

Advert 'vert A£ '0 Assignment0 

7.09 0.033 0g n,3s 7.15 0.005 7.09 0.005 0° n,3s 
7.97 0.018 0°r>,3p2 8.05 0.021 7.94 0.021 0°n,3pz 
8.12 0.035 0°0n,3py 8.10 0.039 7.98 0.035 OS n,3py 
8.32 0.005 2>,3py — — 8.18 5 x 10~5 23

Q TT, TT* In2 + 2l n,3py 
8.88 0.014 08 n, 3dyz 9.25 0.005 8.64 0.012 0g  TT,TT*/n,3py 
9.04 0.022 31

Qn,3dyz — — 8.90 0.024 20 TT,TT* ln,3py 
9.18 ~ 0.008 ^tn,3dyz — — 9.16 0.013 21TT/TT* ln,3pY + 0° n,3dyz 
9.26 ~ 0.001 OQ n,4s 9.19 6 x 10~5 9.27 0.049 0°0TT,TT* ln,3dyz 
9.63 0.033 08 n, 4Py 9.41 9 X IO-5 9.63 0.027 20 TT,TT* 1 n,3dyz 

0°n,4pz 9.47 9 x 10~4 

^Data taken from [8, 11] and experimental references therein, except for vertical oscillator strengths. 
Literature assignment where v2 is CO stretch and v3 is CH2 symmetric bend. 

cNew assignments based in part on IT, 77* / Rydberg potentials. 

1664 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



77, IT * STATE IN FORMALDEHYDE AND THIOFORMALDEHYDE 

explaining the relatively high intensity observed 
for higher Rydberg states. 

For other vibrational modes, the changes in ge- 
ometry between the GS and excited Rydberg states 
are usually small (as tested in full geometry opti- 
mizations [10]), and, therefore, the 0-0 transition is 
expected to contain most of their intensity. Com- 
plications due to IT, TT*, as encountered for the 
C — O stretch, are not likely. 

Other symmetry species, such as Bl 

(n,3dxy;...) and lB2(n,3s; n,3pz; n,3dxi_yi; 
n,3dzi;...) are not affected by direct coupling 
with 77, TT*. Therefore, C — O stretch bands of 
higher Rydberg states not belonging to the A^ 
symmetry species cannot receive intensity from 
77, TT* directly and should therefore have much 
lower oscillator strengths than those of the A1 

transitions. 
This is borne out by the vertical oscillator 

strengths given in Table I for n,4s and n,4p 
(~ 10~4). The calculated (vertical) oscillator 
strengths for n,3dxi_yi,n,3d7}, and n,3dxy are 
0.001, 0.005, and 3 X 10"5, respectively. Using Te 

values of 9.12, 9.06, and 9.30 eV [8], respectively, 
these 3d-Rydberg transitions may be hidden in the 
more intense bands observed at 9.04, 9.18, and 9.26 
eV. 

9.0- 

AE 
(eV) 

8.0- 

7.0- 
-i—i—i—i—i—r 

80°    60°    40°    20' 20°    40°    60°    80° 
out-of-plane angle ( 6 ) 

FIGURE 4. Out-of-plane potentials for 21A and 31A of 
H2C0, at Rco = 2.914 a0. 

given in Table II. The a, TT*  minimum lies about 
0.35 eV below the TT, TT* minimum. 

The low barrier of TT, TT* toward a, TT* implies 
that the higher vibrational levels of the TT, TT* /n2 

minimum in Figure 3 are not bound by 77, TT*/n2 

but only by a, TT*. Therefore, for such higher lev- 
els, the C — O mode may mix with the out-of- 
plane mode. 

The Geometry of the \ TT, TT* ) State of 
H2CO 

In Figure 4, the out-of-plane potentials are 
shown for the 2M' and 3M' states of H2CO at 
Rco = 2.914 a0, corresponding to the TT, TT* /n2 

minimum of 1XAX (Fig. 1). RCH and c£(HCH) were 
kept at the GS values. It is seen that TT, TT*/n1, at 
that distance about an equal mix of TT, TT* and n2, 
is planar, although there is only a small barrier of 
about 0.2 eV toward the nonplanar O-,TT*. In all 
out-of-plane conformations, 77,77-* mixes with 
a, TT*, and for 6 = 42.1° and Rco = 2.89 a0 (the 
minimum of cr,7r*), the 2XA wave function is 
44% o-, 77*, 32% TT, 77*, and 11% n2. 

Contour plots of 2lA are shown in Figure 5, and 
3-dimensional plots, in Figure 6. The local 77, 77* 
minimum is confined to a small range of coordi- 
nates, whereas n,3py is more extended; in com- 
parison, the global a, TT* minimum covers a wide 
range of geometries. Optimized geometries and 
adiabatic excitation energies for (77, 77*), (a, TT*), 

and \n,3pv), all lying on the 2lA  surface, are 

The '( TT, TT* ) State of H2CS 

In Figure 7, the C — S stretch potentials of the 
Vlj states of H2CS are given. The RCH distance 
and (£(HCH) angles were kept at the experimental 
values of 2.0645 a0 and 116.87° [18]. As in the case 
of H2CO, 77, 77* crosses all Rydberg states. How- 
ever, there is an important difference. The crossing 
of the lowest A1 Rydberg state n,Apy occurs near 
its minimum rather than at larger R, as was the 
case in H2CO. Therefore, the potential well for 
n,4py has effectively disappeared. The left-side 
turning points for the vibrational levels of the 
77, 77* potential move closer to the GS equilibrium 
distance, making the Franck-Condon factors for 
the electronic transition to 77, 77* more favorable. 

As for H2CO, the 21Al wave function has an 
increasing contribution from n2 as Rcs increases. 
At 3.85 a0, 2

lA^ is 37% 77, 77* and 42% n2, whereas 
llAx is 52% 77, 77* and 36% n2. The participation 
of the major configurations in the wave function is 
very similar to the case of H2CO which was shown 
in Figure 2. Figure 7 also indicates that the doubly 
excited state n°,Tr*2  has dropped below n,3y2, 
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3.25 

R(C-O) 

30 30 40 

out-of-plane angle ( 0) 

FIGURE 5. Contour plots for the 21A state of H2CO. Rco distance in a0 and angle 6 in degrees. The outermost 
contour is 8.5 eV, and the innermost is 7.65 eV. 

n,3py 

7.50 
3.25 

3.00 

30 out-of-plane 
20    angle (G) 

2.75 

R(C-0) [aJ 2.00 

FIGURE 6. Three-dimensional plot of 2W potential surface of H2CO. Energies in eV relative to the ground state, Rc 
distance in a0 and angle 6 in degrees. 
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TABLE II 
observed bands Calculated and for H2CO and optimize 

fv' 

id geometries for selected states of H2CO.a 

Af 
calcd. (exptl.) Advert calcd. (exptl.) 'vert Assignment3 

7.09 (7.09) 7.15 {7.30} 0.005 (0.033) 0.005 {0.006} 0g n,3s 
7.94 (7.97) 8.05 {8.09} 0.021 (0.018) 0.021 {0.023} 0°n,3pz 

7.98 (8.12) 8.10 {8.12} 0.035 (0.035) 0.039 {0.041} 0°0n,3py 

8.15 (8.37) 8.32 {8.32} -(-) — 0°n,3px 

8.18 (8.32) — {7.30} 5 X 10~5 (5 X 10~3) 2:
0n,3py-* 
2377,77*/n2 + 2;)n 3py 

8.64 (8.88) 0.012(0.014) 0° n,3dyz-+ 
0°ir,iT*/n,3py 

8.90 (9.04) — 0.024 (0.022) 31
0n,3dyz-+ 
2j,77, TT* ln,3py 

9.16(9.18) 0.013 (~ 0.008) 32
0 n, 3dyz ^ 
2% TT,TT* ln,3py + Q o°".3dyz 

9.18 9.25 {9.24} 5 X 10~3 {3 X 10"3} -n,3dyz 

9.10 9.80 {9.13} 1 x 10"3{6x 10~3} — n, 3dx2_y2 

9.06 9.37 {9.31} 5 x 10~3 {1 x 10~3} — n,3dz2 

9.17 9.40 {9.31} — — n,3dxz 

9.30 9.34 {9.23} 3 x 10"5 {3 x 10"4} — n,3dxy 

9.19 9 X 10-5 — n,4s 

9.27 (9.26) 0.049 (~ 10"3) 0§ n,4s -* 
0g77,77*/n,3dyz 

9.41 9 X 10"5 — n,4py 

9.47 5 X 10" —n,4pz 

9.63 (9.63) 0.027 (0.033) 0° n,4p -* 
21

0 77,77* /n, 3dyz 

Opti mized geometries and Te for selected states of H2 CO" 

Re(CO) 0(OOP)                 (MHCH) Re(CH) Te 

State Configuration 

77, 77 

(a0) 

2.914 

(degrees)               (degrees (a0) (eV) 

2V^ 0.0                      120.8 2.113 7.95 

21A * a, IT 2.890 42.1                       115.1 2.040 7.59 

21^ n,3py 2.266 0.0                       123.3 — 7.89 

13A * 
77, 77 2.789 38.1                       119.9 2.032 4.43 

23A a, 77* 2.750 35.5                       133.5 2.060 7.15 

23A, n,3py 2.256 0.0                       —   ~ 7.89 

v2 is CO stretch and v3 is CH2 symmetric bend. 
"Optimized geometries obtained from [10] for the singlets and [9] for the triplets. 

interfering with the 77,77*  and n,3dyz potentials 
at smaller R and with n,4py at larger R. 

In Figure 8, the out-of-plane potential is shown 
for the 2lÄ state of H2CS, at both Rcs = 3.436 a0 

and Rcs = 3.850 a0. The latter distance corre- 
sponds to the C2v minimum of 77, 77*. At 3.436 a0, 
77,77* has a minimum with a low barrier toward 
a, 77*. However, at the 77,77* equilibrium dis- 
tance of 3.850 aQ, 2lÄ has a slight maximum at 
6 = 0°. While 77, 77* may still be called planar (the 

diabatic 77, 77* potential is indicated by the dashed 
curve), the planar minimum is a saddle point in 
the 3-dimensional potential surface including the 
out-of-plane angle, rather than a local minimum. 

In Table III, the optimized geometries of the 
\ir, IT*), 

l(a, TT*), and x(n,4py) states, all lying on 
the 2lA' surface, are given, together with Te val- 
ues. It should be noted that the minimum of a, IT* 

lies only 0.07 eV below that of 77,77*. Therefore, 
77,77*  (and cr,77*) have a shallow potential both 
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R (C-S) [ a0 ] 

FIGURE 7. C — S stretch potentials for \ states of 
H2CS. 

7.0- 

AE 
(eV) 

6.0- 

7.0- 

2A 

AE 
(eV) 

6.0- 

7T,7T* / rr 

RQ$ =3.436 a0 

0,71* 

71,71* / n   \ 

(b)       V 
/ 71,7t* / n 

Y, 
/ '. 

2A' 7E,7t*/n2 CT,7t* 

Rcs =3.850 a0 
~] 1 1 1 1 1 1 1 1 1 1 1 1 1 r 

80°    60°    40°    20°    00°    20°    40°    60°    80° 
out-of-plane angle (9) 

FIGURE 8. Out-of-plane potentials for 21A state of 
H2CS, at Rcs = 3.436 a0 and at 3.850 a0. 

for the C — S stretch and the out-of-plane angle, 
constituting a shallow potential over two dimen- 
sions rather than just one. The implications for 
spectroscopy should be rather interesting. 

As mentioned in the Introduction, the ir, ir* 
spectrum of H2CS is known, and the observed 
bands have been interpreted as belonging to the 
C — S stretch mode v3. For an out-of-plane angle 
of 36.2°, corresponding to the optimized value of 
2lA', the C — S potential is virtually parallel to 
the C — S potential for planar H2CS (see dashed 
curve in Fig. 9). Therefore, the C — S stretch vi- 
brational energies and vibronic oscillator strengths 
calculated in [13] for the supposedly planar tr, IT* 

state, and reproduced in Table IV, retain some 
validity, although all energies should be corrected 
by the out-of-plane stabilization energy. 

If the calculated energies are matched with 
nearest experimental values, as done in Table IV, 
then the problem arises that calculated oscillator 
strengths for the low-lying bands are too small to 
explain their observation. Therefore, a shift of the 
calculated energies toward the reported band ori- 
gin at 5.54 eV is necessary. Also, a case has been 

made in [13] that hot bands, starting from v" = 1 
of the GS, might play a role. Since our calculated 
vibrational frequency of 473 cm"1 lies near the 
experimental value of 476 cm-1, it should be pos- 
sible, by proper choice of the origin and inclusion 
of hot bands, to match the experimentally ob- 
served spectrum quite closely. 

TABLE III 
Optimized geometries and T 
states of H2CS.ab 

, for selected 

State Configuration 
Re(CO) 

(a„) 
e(oop) 

(degrees) 
<MHCH) 

(degrees) (eV) 

2^       IT, 77-* 3.850 0.0 118.5 5.85 
2W        er, 77* 3.672 36.2 112.5 5.78 
21/A1    n, 4py 3.155 0.0 ~ 122 6.63 
13A        77, 77* 3.483 28 119.8 2.70 
23A    a, 77* 3.553 56 131.5 5.52 
2%   n,4py 3.024 0.0 120.9 6.49 

aOptimized geometries obtained from [14] for the singlets 
and [15] for the triplets. 
bR(CH) bond length was held constant at the GS equilibrium 
distance of 2.076 a0. 
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7.0- 

6.0- 

0",7t*/7t,7t* 

—| 1 1 r- 

2.5 3.0 
-i—i—i—i—i—i—i—i   r 

3.5 4.0 

R(C-S)[a„] 

FIGURE 9. C — S stretch potentials of H2CS showing 
that the potential of a, TT* /TT, IT* at 6 = 36.2° (dashed 
curve) is nearly parallel to the ir,ir* In2 potential at 
0=0.0°. 

In the same article [13], calculated vibrational 
energies and oscillator strengths are given both for 
the 77, 77-*/n,4py adiabatic potential, similar to the 
77-, 7r*/Rydberg states discussed earlier for H2CO, 
and for the diabatic n,<±py potential. In both cases, 
the calculated energy for the 0-0 band (6.65 eV 
adiabatic, 6.56 eV diabatic) agrees well with the 
observed origin of the n -» 4py system at 6.60 eV 
[20]. However, in the adiabatic case, two addi- 

TABLE IV 
Vibronic transition energies AE£ (in eV) and 
oscillator lengths f£ for the 21A1 (IT, TT*) «- X 
system in H2CS. 

calcaV 
AEV

0 

exptl.1 
'0 

calcd.! 

0 5.821 — 4 X 10"7 

1 5.879 5.876 4 X 10~6 

2 5.949 5.927 2 X 10"5 

3 6.006 5.981 7 X 10~5 

4 6.065 6.036 2 X 10~4 

5 6.122 6.111 5 X 10"4 

6 6.177 6.138 9 X 10"4 

7 6.231 6.193 0.001 
8 6.282 6.243 0.002 
9 6.331 6.297 0.003 

aValues from [13], assuming planar geometry. 
b Estimated energies of band maxima from the spectrum of 
Mouleet al. [19]. 

tional strong bands, at 6.82 (3j) and 6.99 eV (3g), 
are predicted, whereas in the diabatic case, higher 
bands have very low oscillator strengths. Unfortu- 
nately, the spectrum above 6.6 eV is poorly re- 
solved, and, therefore, it cannot yet be determined 
which potential, diabatic or adiabatic, approaches 
reality more closely. Our experience with H2CO 
would give a preference to the adiabatic results. 

For H2CS, spectra resulting from higher 
77, 77*/Rydberg potentials have not been investi- 
gated. A complication arises here due to the dou- 
bly excited n°, TT*

2
 state, whose C — S potential 

lies, as was mentioned earlier, between the two 
lowest lAx Rydberg states and crosses them as well 
aS 77, 77*. 

The Triplet TT, TT* States of H2CO 
and H2CS 

In Figure 10, the ^Ax potential curves for the 
C — O stretch of H2CO are shown. It is seen that 
the 3(77, 77*) potential lies well below the Rydberg 

10.0—1 

9.0- 

AE 
(eV) 

8.0-1 

7.0- 

6.0- 

5.0- 

4.0- -| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 r- 

2.0 2.5 3.0 

R(C-0)[a0] 

3.5 

FIGURE 10. C — O stretch potentials of H2CS for *A, 
states of H2CO, showing the location of 77,77* relative to 
n,3py. 
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states, and the triplet TT -» TT* system should 
therefore be free of the Rydberg mixing which 
plagues its singlet counterpart. An electron-impact 
study by Taylor et al. [6] provided vibronic ener- 
gies and intensities with which our calculated en- 
ergies and Franck-Condon factors (based on the 
potential from Fig. 10) agree closely. 

Contrary to the singlet TT, TT*  state,   (TT, TT*) is 
nonplanar, as shown in the out-of-plane potentials 
in Figure 11. The calculated inversion barrier is 0.1 
eV. The reason for the singlet being planar, and the 
triplet nonplanar, arises from the mixing of TT,TT* 

with the closed-shell configuration n2 in the sin- 
glet case, which is not possible for the triplet. 
Obviously, n2 prefers planarity, whereas TT, TT*, in 
conformity with the Mulliken-Walsh rules, prefers 
a nonplanar conformation. The optimized geome- 
tries and T/s of 3

(TT,TT*), 
3
(O-,TT*), and 3(n,3py) 

are included in Table II. In contrast to the singlet 
case, a,TT* lies well above TT,TT*, and, therefore, 
mixing between these configurations is negligible. 

The situation for the triplet TT, TT* of H2CS is 
similar to that of H2CO. In the planar case, 
^A^TT, TT*) lies much lower than the Rydberg 
states, and 3

(TT,TT*) is nonplanar with 0 = 28°, 
having an inversion barrier of 0.05 eV [14]. Its 
optimized geometry and Te, as well as values for 
(a, 17*) and 3(n,4p ), are given in Table III. 

AE    " 
(eV) 

9.0- 

7.0- 

5.0- 

(7,71* 

R(CO)= 2.7000 a„ 
R(CH) = 2.0796a„ 
.(>(HCH)=116.30° 

4.0-   
i    i—i—i—i—i—|—i—i—i—i—|—i—i- 

80°    60°    40°    20°    00°    20°    40°    60°    80° 
out-of-plane angle (0 ) 

FIGURE 11. Out-of-plane potentials for 3A' states of 
H2CO, at Rco = 2.70 a0. 

Summary and Conclusion 

In the absorption spectrum of formaldehyde, 
the (TT, TT*) *- X system is not seen directly, since 
the C — O stretch potential of TT, TT* is repulsive 
and crosses all lAx Rydberg potentials (as well as 
the ground-state potential). As a consequence, a 
series of avoided crossing minima are found which 
are bound on the left (smaller Rco) by a section of 
the TT, TT* potential, and on the right, by a 
Rydberg potential. Due to the fact that TT,TT* and 
n, Rydberg states differ by a double excitation, 
their interaction is weak, as seen in the small 
energy difference between the states at the point of 
the avoided crossing, and usually the configura- 
tion change is very abrupt. 

Due to such mixed TT, 7r*/Rydberg potentials, 
the high intensity of the TT, TT* transition is trans- 
ferred to Rydberg states within the same symme- 
try species, making them appear much more in- 
tense than they ought to be, and also shifting their 
positions in unexpected ways, resulting in unusual 
quantum defects. Using the C — O stretch mode, 
all strong and medium peaks of the absorption 
spectrum of H2CO above 8 eV could, at least in 
principle, be explained in this way. Many details 
still need to be sorted out, such as non-Born- 
Oppenheimer interactions, which should be partic- 
ularly important near the avoided crossings. The 
further crossing of TT, TT* into the GS may explain 
the observed predissociation of Rydberg bands. 

For thioformaldehyde, as for H2CO, the 1
(TT, TT*) 

potential crosses all Rydberg potentials as well as 
the ground-state potential. Since the lowest 1A1 

Rydberg state is crossed near its minimum the 
TT, TT* system has higher Franck-Condon factors 
than in the case of H2CO and becomes directly 
observable. 

Complications are introduced by the out-of- 
plane motion. While 1

(TT, TT*) of H2CO has a local 
minimum for the planar conformation, there is 
only a low barrier of about 0.2 eV toward the 
nonplanar global 1(cr, TT*) minimum, lying 0.35 eV 
below 1

(TT, TT*). For H2CS, the 1
(TT, TT*) minimum 

that is seen in the Rcs potential curves for planar 
geometry becomes a saddle point when the out- 
of-plane motion is also taken into account. How- 
ever, the 1(cr, TT*) minimum lies only about 0.1 eV 
below the TT, TT* minimum. Therefore, the ob- 
served "TT, TT* bands" of H2CS should better be 
called a, TT* bands, according to the predominant 
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configuration of the global minimum. Due to the 
small energy difference between TT, TT* and a, IT*, 
and the fact that the C — S potential at the out- 
of-plane angle 6 = 36.2°, corresponding to the opti- 
mized value for a, TT*, is nearly parallel to that at 
6 = 0°, the distinction between \cr,ir*) and 
\TT, TT*) for the C — S stretch is perhaps not so 
important. The very shallow potential of 2lA' over 
two internal coordinates is expected to introduce 
some interesting features into the spectrum. 

For the triplet TT, TT* states of both H2CO and 
H2CS, the Rco (RCs) potential curves lie well 
below the 3Aj Rydberg potentials. Therefore, the 
3
(TT,TT*) spectra should be observable and have, 
indeed, been seen for H2CO. For both molecules, 
3
(TT, TT*) is nonplanar, with energy lowerings from 

the planar to the nonplanar conformation of 0.17 
eV for H2CO, and 0.07 eV for H2CS. Again, one 
deals here with fairly shallow potentials. 

For alkylated carbonyl compounds, such as ac- 
etaldehyde and acetone, as well as for many larger 
systems, the 1

(TT, TT*) transition has also not been 
assigned, although, as in H2CO, it may have been 
observed indirectly. Recent calculations on acetone 
[21] give Rco potential curves very similar to 
those of H2CO. On the other hand, substitutions of 
hydrogens by halogens raise the energy of 
Rydberg states relative to TT, TT* , due to the stabi- 
lization of the nQ orbital interacting with halogen 
lone pairs. According to calculations performed in 
this laboratory [22], the 1

(TT, TT* ) potentials of F2CO, 
C/2CO, and CZ2CS lie well below the Rydberg 
potentials. 

In summary, the fact that the 1
(TT, TT*) state has 

not been observed directly in the spectrum of 
formaldehyde and alkylated carbonyl compounds 
can be explained by the accidental and somewhat 
unfortunate positioning of the (TT, TT* ) Rco-poten- 
tial relative to the XAX Rydberg potentials. As a 
consequence, 1

(TT, TT*) transfers its intensity to the 
Rydberg states, providing them with unusually 
high oscillator strengths and also changing the 
vibrational energy levels. 
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ABSTRACT   

The SCMEH-MO method with average relativistic and spin-orbit effects has recently 
been applied to study the electronic structure and bonding in samarium pentamethyl- 
cyclopentadienyls. In this report the same approach has been utilized in studying the 
electronic structures of Nd and Sm hexacarbonyls. In contrast to the stable transition 
metal d-block carbonyls, these lanthanide carbonyls are found to be quite unstable. These 
findings are based on calculated electronic structures and bond energies.    © 1996 John 
Wiley & Sons, Inc. 

Introduction 

Over two decades ago the preparation of sev- 
eral lanthanide carbonyls were reported in 

Ar matrices at 10 K [1, 2]. The infrared (IR) spectra 
implied the presence of several NdCCO)^ species, 
with Nd(CO)6 as the primary product. A couple of 
years prior to this the preparation of U(CO)6 was 
reported under similar conditions [3]. 

While the ground-state electron configuration of 
Nd is 4/4 6s2, that of U is 5/3 6dl 7s2. Both have 
six valence electrons to afford an effective atomic 
number, EAN = 18, counting two electrons from 
each of the six CO ligands. Traditionally the EAN 
rule for d-block transition metals is well estab- 
lished for monomolecular carbonyls, so that those 

not obeying the 18 EAN rule are unstable. But the 
electrons in 4/ orbitals of lanthanides are much 
more contracted than those of transition metal d 
orbitals, hence the former are restricted from effec- 
tive orbital overlap. This is the reason that bonding 
in lanthanide compounds is invariably ionic. Thus, 
the formation of Nd(CO)6 and any of the other 
lanthanide carbonyls is quite surprising in light of 
the fact that ionic bonding is precluded for such 
molecules. 

Although the production of Sm(CO)6 was not 
reported, it is interesting to consider this molecule, 
since Sm having a 4/6 6s2 configuration would be 
an atypical hexacarbonyl with an EAN = 20. 

Very recently, full relativistic DV-Xa calcula- 
tions were reported on several M(CO)6 carbonyls 
including U(CO)6 [4]. It was found that the highest 
molecular orbitals (MOs) consisted of a manifold 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1673-1677 (1996) 
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of relativistic levels involving an admixture of U 
5/ and 6d orbitals. But it was not reported whether 
these were open or closed shells, or a combination 
of both. 

This work reports calculations on the systems 
Ln(CO)6 and Ln(OC)6/ Ln = Nd, Sm, utilizing the 
SC-MEH-MO method with average relativistic and 
spin-orbit effects included [5]. Since it has been 
indicated that the M-OC bonding mode may be a 
preferred intermediate in the mechanisms of some 
carbonyl insertion reactions [6, 7], thus the Ln(OC)6 

ligation mode was included in this study. 
Pertinent MO data obtained from these calcula- 

tions are presented in Table I-IV. Calculated bond 
energies are presented in Table V. 

Method of Computation 

Details of the SC-MEH-MO method have al- 
ready been described extensively elsewhere and 
have been successfully applied for some 30 plus 
years [5, 8]. 

TABLE I  
Pertinent MO parameters for Nd(CO)6.a 

The AO basis functions and associated orbital 
quantities essential for calculating STO overlaps, 
diagonal elements of the SCC Hamiltonian, elec- 
tron repulsion, and spin-orbit parameters, were 
obtained from the HF-SCF quasirelativistic pro- 
gram provided by Klobukowski [9]. Since the SC- 
MEH-MO method employs a charge-dependent 
quadratic relation for the SCC Hamiltonian and 
the allowance for Ln negative charge would ap- 
pear to be important [8], some reasonable means 
for obtaining the proper charge-dependent orbital 
energies of all valence and virtual Ln" levels had 
to be derived. The difficulty is that our HF-SCF 
AO program does not converge for Ln" cases. A 
density functional theory (DFT) routine developed 
by Perdew does calculate electron affinities for 
some Ln" in their 5dl (5d2 for Gd) configurations, 
but not for Sm and other lanthanides higher than 
Gd [10]. No stable 4/"+1 or 6p1 configurations of 
Ln~ were computable in any case. Thus a graphi- 
cal extrapolation procedure was applied to all cal- 
culated and spectroscopic data available for 5 s, 5 p, 
4/, 5d, 6 s, and 6p orbital energies in the charge 

MO symmetry 
Typeb 

Elec. 
Occ.c 

E 
(eV)d 

Percent AO character (> 0.5) 
5s 5P Af 5d 6s 6p CO 

f2S 
0 -5.519 

Uu 0 -9.313 
Uu 0 -9.648 
hu 0 -9.871 
Uu 0 -10.421 
t2u 0 -10.559 
a2u 0 -11.078 

*29 6 -12.016 
f29 

6 -12.289 
aig 2 -13.486 
e9 4 -14.026 
hu 6 -14.944 
hg 6 -15.290 
t1u 6 -24.705 
aig 2 -28.125 
e9 4 -29.164 
tlu 6 -42.873 
ais 2 -45.153 
e9 4 -45.900 
Uu 6 -53.098 
al9 

2 -81.454 

68.1 

0.7 

2.3 

1.0 

2.0 

8.8 

16.3 

65.7 

4.8 
5.8 

93.2 
84.2 

100 

1.9 

3.6 

1.7 

27.8 

15.6 

4.2 

1.1 

1.3 

15.6 

16.4 

4.7 

20.1 

1.1 

6.4 

2.5 

89.7 

31.9 
100 
91.6 
94.2 

5.1 
5.8 

72.2 
76.0 
83.7 
84.4 
98.9 
95.8 
84.8 
81.3 
98.9 
81.2 
94.3 
98.7 
34.3 
10.3 

^Populations: Nd = 5s1 9, 5p5e, 4f20, 5c/2", 6s08, 6p1 3. Atom chargers: Nd = -0.421; C = 0 303- O : 
Oh point group. 

°Two more filled CO orbitals of f,„ symmetry have been omitted. 
Includes average relativistic and spin-orbit effects here and in Tables II -IV. 

-0.233. 
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TABLE II  
Pertinent MO parameters for Nd(OC)e 

MO symmetry 
Type 

r2g 

Uu 
till 

Uu 
Uu 

f
2g 

Uu 
aig 

Uu 
aig 

Uu 
a ig 

Elec. 

Occ.b 

1 
3 
2 
6 
2 
4 
6 
6 
6 
2 
4 
6 
2 
4 
6 
2 

£ 
(eV) 

-5.801 
-8.108 
-8.116 
-8.127 
-8.240 
-8.284 
-8.429 
-8.992 

-12.040 
-12.373 
-13.031 
-14.708 
-15.185 
-26.672 
-27.520 
-28.500 
-39.855 
-45.138 
-46.189 
-51.634 
-82.750 

5s bp 

0.5 

0.9 

1.7 

95.9 

1.6 

6.1 

38.3 

52.2 

Percent AO character (> 0.5) 

4f 

4.7 
10.8 

93.2 
94.2 

100 

5d 

86.5 

27.8 

9.7 

4.4 

3.3 

2.1 

6s 6p 

12.5 

2.2 

4.3 

1.7 

11.0 

0.6 

2.4 

5s20, 5p59,4/1'8, 5c/12, 6s0'4, 6p09. Atom charges: Nd = 1.84; 0= -0.640; C = 0.334. 1 Populations: Nd    „„,_,.,..,--. .   . 
3 There are 31 fully occupied orbitals plus 4 unpaired electrons in 2 triply degenerate orbitals 

CO 

13.5 
95.3 
89.2 

100 
5.1 
5.8 

72.2 

87.4 
87.0 
90.3 
99.4 
95.6 
93.9 
96.9 
96.7 
59.3 
94.0 
97.9 
47.8 

4.1 

sequence Ln", Ln°, Ln+ for Ln = Nd, Sm. Mona- 
tonic trends between quadratic curves were as- 
sumed to be transferable among like orbitals. 

Initial calculations were carried out on Ln(CO)6 

for Ln = Nd, Sm in regular octahedral geometries, 
for successive variations of 0.03 increments in the 
Ln-CO bond distance range 2.30-2.60 Ä. Each of 
these was a completely separate calculations with 
set atomic charges. The optimized bond distances 
was taken to be that for which a self-consistency in 
Löwdin populations and minimum total energy 
were attained. Convergence was impossible to 
achieve in any other way, and even with this 
procedure it was still a very difficult and time-con- 
suming problem. 

The Ln(OC)6 calculations were carried out a 
fixed Ln-O bond distances taken to be some 2-3% 
shorter than the computationally optimized Ln-C 
distances. While there are no experimental data 
available to confirm these per se, there are some 
data showing M-OC bond distances falling in a 
range of 97-98% of M-CO bonds, for M = U, Th 
[6, 7]. In all cases the C-O bond distances were 
fixed at 1.41 A. 

Energies of Ln-CO and Ln-OC bonds were 
computed via a relationship successfully applied 
to HCo(CO)4 and a variety of other molecular 
systems [8]. 

Results and Conclusions 

All pertinent MO parameters for these two lan- 
thanide hexacarbonyls in both carbonyl and ox- 
onyl bonding conformations are presented in Ta- 
bles I-IV. The computed optimized bond distances 
and bond energies are contained in Table V. 

As noted in Table I, the Nd(CO)6 highest occu- 
pied molecular orbital (HOMO) is a filled t2g level 
lying 1 eV lower than the a2u lowest unoccupied 
molecular orbital (LUMO). The HOMO is about 
28% Nd 5rf and 72% CO character. The LUMO is 
composed totally of the 4fxyz orbital with the 
other 4/ levels only some 0.4-0.6 eV above it. 

The results for Nd(OC)6 in Table II shows a 
quite different situation. The six Nd valence elec- 
trons are distributed over a filled a2u orbital, plus 
three electrons in the t2„ and one in the tZu level. 
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TABLE III 
Pertinent MO par ameters for Sm(CO)6.a 

Elec.                 £ MO symmetry Percent AO character (> 0.5) 
Type Occ.b (eV) 5s 5p 4f 5d              6s 6p CO 

Uu 0 -9.186 100 
Uu 0 -9.666 29.1 3.8 67.1 
hu 0 -9.879 8.4 91.6 
Uu 0 -0.998 97.3 0.9 1.8 
hu 0 -10.005 91.6 8.4 
a2u 2 -10.994 100 
f23 

6 -11.962 25.8 74.2 
hu 6 -12.294 1.9 0.6 16.0 75.4 
aig 2 -13.386 0.7 16.0 83.3 
e9 4 -13.974 15.8 84.2 
*lu 6 -14.951 1.3 98.7 
hg 6 -15.307 3.6 96.4 
hu 6 -24.558 7.7 7.0 85.3 
aig 2 -27.939 2.1 16.9 81.0 
e9 4 -29.080 9.3 90.7 
Uu 6 -43.151 11.9 2.8 85.3 
aig 2 -45.088 0.8 4.7 94.5 
e9 4 -45.888 1.1 98.9 
^u 6 -55.115 70.8 29.2 
aig 2 -92.128 89.4 10.6 

a Populations: Sm = 5s19, 5p56 , 4f37, 5d23 6s08, 6p2 ° Atom charges : Sm= - -0.204; C = 0.256; 0= - -0.222. 
There are a total of 34 fu llv occ moled orbitals 

The interval spacings of these levels are some 0.6 
eV between a2u and t2g and 0.1 eV between t2, 
and t2u. There are also some vacant orbitals lying 
only 0.06-0.12 eV above the occupied ones. Thus 
the open-shell quintet ground state is amenable to 
extensive delocalization of electron density over 
both metal and ligands. 

Sm(CO)6 is shown in Table III to have a closed- 
shell a2u ground state totally Afxyz in character 
and about 1 eV below the t2u LUMO also of 
predominately 4/ character. However, there are 
two other vacant levels within the very close prox- 
imity of 0.1-0.3 eV with predominately CO charac- 
ter. 

Finally, Sm(OC)6 has a spin nonet ground state 
with eight unpaired electrons distributed over a 
manifold of levels spanning a total of only 0.5 eV 
from lowest to highest occupied (see Table IV). 
These levels consist of an admixture of Sm 4/ 
(with some 5d) and CO character. The LUMO also 
lies in the same energy range but is of totally CO 
character. 

Notably in the case of Nd(CO)6 there is a mod- 
erate net negative charge on Nd, which is about 
half that magnitude on Sm in Sm(CO)6. This is in 

keeping with the evidence indicating that the elec- 
tron affinity of Nd, though a small positive value, 
should certainly be higher than that of Sm [10-13]. 
However, in both Nd(OC) and Sm(OC)6 the net 
metal charges are both positive, with that of Nd 
3.6 times higher than the Sm charge. This is in 
agreement with the evidence that M-OC bonds 
are more typically ionic than M-CO bonds [6, 7]. 

As shown in Table V, the calculated bond ener- 
gies are found to be quite small for both the 
Ln(CO)6 and Ln(OC)6, but those for which Ln = 
Nd are a little higher than those of Sm. However, 
none of these are high enough to suggest any 
meaningful bond stability. 

Apparently the low bond energies and close 
proximity of HOMO and LUMO levels provides a 
reasonable explanation for the instability of these 
molecules, and hence the reason for their fleeting 
existence in low-temperature noble-gas matrices. 
This study also shows that Ln(OC)6 oxonyl bond- 
ing mode is less stable than the Ln(CO)6 carbonyl 
bonding. 

Further work is currently underway to complete 
an ab initio DFT calculation on Nd(CO)6 and to 
continue SC-MEH-MO calculations on the remain- 
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TABLE IV 
Pertinent MO parameters for Sm(OC)6.a 

MO symmetry 
Type 

Uu 
Uu 
Uu 

Elec. 
Occ,b 

£ 
(eV) 

Percent AO character (> 0.5) 

5s 5p Af 5d 6s 6p CO 

l2S 
a2u 

flu 
aig 
eg 
f
29 
eg 

aig 
es 

aig 

0 
0 
0 
0 
1 
3 
3 
1 
6 
2 
4 
6 
4 
6 
2 
4 
6 
2 

-5.745 
-7.908 
-8.368 
-8.379 
-8.394 
-8.482 
-8.647 
-8.925 

-12.079 
-12.295 
-13.128 
-15.201 
-28.844 
-41.107 
- 45.405 
-46.573 
-54.401 
-89.869 

84.0 
99.5 

1.1 
98.9 

100 

1.5 

96.0 

1.5 

27.5 

63.8 

11.1 

10.6 
4.7 
3.4 

2.1 

13.4 

4.4 

12.5 

2.9 

16.0 
0.5 

99.7 
100 

98.9 
1.1 

88.9 

86.0 
86.6 
89.4 
95.3 
96.6 
69.6 
94.1 
97.9 
36.2 

4.0 

a Populations: 
b There are a 
electrons. 

Sm = 5s20  5p59 4f50  5d13, 6s04, 6p10. Atom charges: Sm = 0.510; 0=-0.529; C = 0.444. 
total of 30 fully occupied orbitals plus 4 singularly occupied orbitals (2 triply degenerate), providing 8 unpaired 

TABLE V   
Comparative bond energies and bond lengths. 

Average 
R(M-C) R(M-O) bond energy 

Molecule (Ä) (A) (kJmor1) 

Nd(CO)6 2.40a 61a 

Nd(OC)6 2.34a 56a 

Sm(CO)6 2.37a 49a 

Sm(OC)6 2.31a 48a 

Cr(CO)6 1.91 108b 

Mo(CO)6 2.06 152b 

W(CO)6 2.06 179b 

U(CO)6 2.21 

aThis work; optimized bond lengths. 
b From J. A. Connor, Topics Current Chem. 71, 71 (1977). 

ing Ln(CO)6 molecules for Ln = Ce, Pr, Eu, Gd, 
Tb, Dy, Ho, Er, Tm, Yb, and Lu. 
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ABSTRACT  _  

Despite their importance in the characterization of molecular magnetism, electronic 
g-tensors have received rather little theoretical attention. In this work, however, the 
ground-state g-tensor of MgF is computed at both the ROHF and multireference CI 
levels. The calculations are expanded complete to second order in appropriate Breit-Pauli 
terms and the contributions of all important magnetically coupled excited states are 
accounted for. Both the CI- and ROHF-level A g „-values (-59 and -55 ppm, respectively) 
are in agreement with experiment (-319 ± 500 ppm) within the range of experimental 
uncertainty. For Ag± , however, the ROHF treatment yields a value (-659 ppm) in 
substantial disagreement with experiment ( -1319 + 500 ppm). Fortunately, this 
discrepancy is alleviated by CI level treatment (A g ± = -1447 ppm).    © 1996 John Wiley 
& Sons, Inc. 

Introduction 

When molecular radicals are subjected to an 
external magnetic field B, their Ms levels 

become energetically nondegenerate. This ener- 
getic splitting, called the electronic Zeeman effect, 
is described by the relation 

AE = hv = —fjL-B, (1) 

where JJL is the magnetic dipole moment of the 
radical. 

Due to molecular anisotropy ft is often direc- 
tionally dependent. This dependence can be para- 
metrized as follows: 

fx. = -fiBS-g, (2) 

where g is a second rank tensor called the elec- 
tronic g-tensor; juB, the Bohr magneton; and S, the 
molecule's spin angular momentum. Substituting 
Eq. (1) in (2), we get the following generalized 
expression for the Zeeman effect: 

AE = /JLBS-g-B. (3) 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1679-1684 (1996) 
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Their relation to magnetic dipole moments makes 
g-tensors important as molecular parameters. Be- 
cause of their computational complexity, however, 
very few ab initio studies have been done on these 
quantities. 

In recent work [1-3], however, we performed 
several ROHF-level calculations of electronic g- 
tensors. These studies include the first-ever ab 
initio treatments complete to second order in Ray- 
leigh-Schrödinger perturbation theory [2, 3] and 
also provide basis-set and gauge-dependence anal- 
ysis [1, 2]. 

These ROHF-level calculations were able, for 
the first time, to reproduce general experimental 
trends with reasonable consistency. For many of 
the systems examined, however, sizable discrepan- 
cies were observed (~ 50%) between experiment 
and theory. 

Except for small radicals with relatively few 
electrons [3], the most dominant contribution to 
the g-tensor usually comes from a second-order 
(sum-over-states) expansion wherein the ground 
state magnetically couples with the excited-state 
manifold. It is expected that electron correlation 
should play a major role in the treatment of such 
terms. 

In this work, therefore, we compared and con- 
trasted ROHF- and multireference Cl-level g- 
tensor calculations for the X22+ (6(r227r47ar) 
ground state of MgF. 

Theory 

The g-tensor expansion, complete to second or- 
der in appropriate Breit-Pauli operators, can be 
written as follows: 

gab = ge8ab + Agabr (4) 

where ge = 2.002319304386 [4] is the free-electron 
g-factor, a, b e {x, y, z} are Cartesian coordinates, 
and 

A8"b = &gRMc-sz8ab + Ag^cszile) 

+ AgGC.sz(2e) + AgfB (5) 

is the g-shift. Expressions for all the above contri- 
butions are given elsewhere in regular [5] and 
spin-field reduced forms [1]. 

Most of the contributions to Eqs. (4) and (5) are 
obtained   as   expectation   values   of   different 

Breit-Pauli operators. The constant ge, e.g., is ob- 
tained as the expectation value of the spin-Zee- 
man operator. AgRMC.sz is obtained similarly as a 
relativistic mass correction to the spin-Zeeman 
operator, and AgGC„sz(le) and AgGC.sz(2e) are 
one- and two-electron gauge corrections. 

By contrast, Ag2o comes from a second-order 
sum-over-states expansion: 

2E 
(%\HS0(le) + HS0(2e)\%)(%\H0Z\%) 

(6) 

which describes the total magnetic coupling be- 
tween the ground and excited states [5]. Hso(le) 
and Hso(2e) are the one- and two-electron 
spin-orbit operators, Hoz is the orbital-Zeeman 
operator and En - E0 represents the vertical exci- 
tation energy of the excited state %. More details 
of this are provided elsewhere [1, 5]. 

Computing Ag2o at the Hartree-Fock level gen- 
erally requires that the spin-orbit and orbital-Zee- 
man matrix elements and the vertical excitation 
energies be estimated in terms of the ground-state 
molecular orbitals. The resulting formula, given in 
previous work [1, 2], is computationally simple 
but yields rather approximate results. 

Using correlated methods such as CI, it is possi- 
ble to resolve the matrix elements and vertical 
excitation energies with much improved accuracy 
[6]. Such a treatment should thus yield more reli- 
able results for Ag2o. 

CI treatment of the sum-over-states expansion 
is, however, much more computationally demand- 
ing. Fortunately, only states of certain symmetry 
species may contribute. In the case of MgF (22 + 

ground state), only n states may contribute to 
Ag± (= Agxx, Agyy), while only 2~ states are 
relevant for Ag„ (= Agzz). As well, since Hoz is 
not spin-dependent, the AS = 0 selection rule 
holds firmly for g-tensor calculations. Finally, it 
should be mentioned that although the 2 

+
 <H> 2" 

(Ag„) coupling is symmetry allowed, it is expected 
to be very weak [7]. While ROHF-level treatment 
gives a strictly zero second-order contribution to 
Ag(| [8], CI calculations allow for (extremely small) 
nonzero shifts due to contributions from three 
open-shell TT -> TT* states. 

CI methods have the disadvantage that the 
sum-over-states expansion must be truncated at 
some point and that the contribution of discarded 
terms is difficult to estimate. In this respect, meth- 
ods which implicitly include all excited-state con- 
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tributions, such as propagator techniques, would 
be preferable. As yet, however, no methodology 
suitable for ab initio polarization propagator g- 
tensor calculations has been developed. 

Computation 

Both the ROHF and CI wave functions for MgF 
were generated using the MRD-CI package [9]. 
ROHF-level g-tensor calculations were performed 
with the GSTEPS suite of programs [1, 2, 10] (in- 
corporating external integral routines [11, 12]), 
while CI level treatment was effected through a 
combination of the MRD-CI (with accompanying 
spin/orbit programs) and GSTEPS packages. 

In this work, AgGC_sz(2e) is only computed at 
the Hartree-Fock level, due to inefficiency in our 
present code. Therefore, our best g-tensor results 
correspond to the sum of AgRMC_sz + AgGC.sz(le 
+ Ag2o computed at the CI level plus the ROHF 
value for AgGC_sz(2e). As AgGC_sz(2e) makes only 
a small contribution to the g-tensors of MgF (see 
Results), the corresponding correlation error is ex- 
pected to be minimal. 

Our calculations use the experimentally deter- 
mined Mg—F bond distance (RMgF = 3.31 bohr) 
[13]. As per convention, the molecule was speci- 
fied to lie in the z-axis. The gauge origin was 
chosen to reside at the electronic charge centroid 
(see [2, 14]) as computed at the Hartree-Fock 
level. An estimate of the gauge dependence was 
obtained by computing the g-tensor with a gauge 
centered on the Mg nucleus. 

The basis sets chosen are triple-zeta polarized 
Cartesian sets of Sadlej [15, 16] [(13sl0p4d) -> 
[7s5p4d] for Mg; (10s6p4d) -> [5s3p4d] for F; d 
primitives left uncontracted]. 

While the basis-set criteria for g-tensor calcula- 
tions have not been fully established, the Sadlej 
basis set is designed to treat both electric dipoles 
and polarizabilities at correlated levels [15] and 
may thus provide the flexibility necessary for com- 
puting our complete-to-second-order expansion 
[Eqs. (5) and (6)]. It is therefore seen as a good 
starting point for these calculations. 

With four polarization primitives (of which two 
are diffuse) and a reasonable valence expansion, 
one would expect a decent description of both the 
ground and (valence) excited states. As well, the 
range of primitives from very compact to fairly 

diffuse is appropriate for computing spin-depen- 
dent properties [17]. 

The most diffuse s and p functions on Mg are 
essentially equivalent to Rydberg functions. To 
ensure the resolution of lower-lying Rydberg states, 
however, additional 3 s and 3p Rydberg functions 
(a3s = 0.036, a3p = 0.029) of Dunning and Hay 
[18] are included in the fluorine basis set. Our total 
description, therefore, amounts to 88 functions. 

Details of the CI wave functions for the relevant 
magnetically coupled excited states are presented 
in Table I. The lowest three core orbitals (Is2 on F 
and Is22s2 on Mg) are frozen and the highest 
three virtual orbitals are discarded. While the gen- 
erated CI expansions range in size up to 3.0 mil- 
lion symmetry-adapted functions (SAFs), the selec- 
tion thresholds (0-2 /iiHartree) are set to retain 
only the most important 25,000 to 32,000 configu- 
rations. The 2 c2 values (sum of squares of the 
expansions coefficients of the reference configura- 
tions in the CI expansion) mostly range from 0.94 
to 0.96, indicating that the states are consistently 
well described by the reference configurations [20]. 
The state energies reported correspond to approxi- 
mate full CI energies as obtained by the general- 
ized version [21] of Davidson's extrapolation tech- 
nique [22]. 

In computing Ag2o at the CI level, all valence 
states (and some low-lying Rydbergs) are treated 
in energetically increasing order until three consec- 
utive states with minimal importance (jAg^i^^l 
< 1% of Agah) are encountered. At this point, all 
further contributions are assumed to be insignifi- 
cant and the expansion is truncated. Only those 
states making appreciable (> 1%) contributions 
are retained in Ag2o- The discarded states, while 
not useful in computing Aglo, can provide a rough 
approximation to the error range of Aglo as fol- 
lows: 

A{Ag 2o> 2X     £    A. iboW- (7) 
discarded 

test 
states 

One should note two things about this formal- 
ism: (1) it tends to ignore most of the higher 
Rydberg states, and (2) the expansion may proceed 
beyond the molecule's ionization limit into the 
range of high-energy valence states. Both these 
conditions are reasonable since (1) the higher Ryd- 
berg states are generally much too diffuse to cou- 
ple effectively with the ground state and (2) the 
high-energy valence  states,   although physically 
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TABLE 1 
Cl wave function data for relevant states of MgF. 

Leading 
Configuration 2c2a E    b c

thr SAFsc 

Vertical excitation energies (eV) 

State This work Theoretical0          Exp.e 

X22 + 6o-22<7r47a-1 0.947 0.2 27925 — —                    — 

122- 2TT -» 3l7 0.913 2.0 25630 8.7231 
222- 2-7T -> 377 0.919 2.0 25630 10.1969 
322- 2TT -> 4-7T 0.968 1.5 27268 20.0115 

i2n 7(7 —> 3ir 0.944 0.6 31160 3.4470 3.3                   3.45 
22n 7(7 ->  477 0.943 0.6 31287 6.1359 6.2                   6.73 
32n 7(X -> 5"7T 0.942 0.3 29125 7.0223 
42n 7er —> 6TT 0.948 0.6 27592 8.5875 
52n 6(7 ->  37T 0.948 1.2 25637 8.7797 
62n 2T7^ 7C7 0.904 1.0 27684 10.9284 
72n 6(7 -» 3-!T 0.999 1.0 26649 19.7708 
82n 7(7 ->  77T 0.990 0.6 29601 20.2130 
92n 6(7 —> 5ir 0.998 1.0 26142 20.6257 

3 Squares of Ci expansion coefficients summed over reference configurations. 
Energy threshold (in /iHartree) for retention of configurations in the Cl expansion. 

c No. of symmetry-adapted functions (i.e., configurations) included in the selected Cl space. 
d Obtained from [19]. 
e Obtained from [13]. 

unstable, may be computationally significant and 
have been found in some cases [10] to yield appre- 
ciable contributions to the g-tensor. 

Results and Discussion 

Table II provides details of states whose mag- 
netic coupling contributes to Ag2o. From this, one 
notices two things: (1) As expected [7, 8], there do 
not appear to be any significant second-order con- 
tributions to Ag]]r and (2) (Ag2o)x is apparently 
dominated by the first2 IT state. 

The X22 + ^ 12I1 coupling is especially favor- 
able for two reasons: The state is low in energy 
and its singly occupied molecular orbital (SOMO), 
3-n-, is located primarily on the Mg atom and thus 
can interact strongly with the ground-state SOMO 
(also on Mg). No other 21I states possess both such 
qualities; thus, (Ag2o)± is effectively a one-state 
expansion. 

Table III gives the breakdown of different con- 
tributions to the ROHF and CI level g-tensors. In 
both cases, second-order terms dominate A g ± , 
while   first-order   contributions   determine   Ag«. 

TABLE II  
Magnetic coupling data for excited states 
contributing to Ag2o of MgF; spin-orbit and 
orbital-Zeeman matrix elements, vertical excitation 
energies, and Ag2o contribution given.3 

<HS0> (HOZ)
b AE Ag20(¥„) 

X10~4 (eV) X10"4 (eV) (eV) (ppm) 

Ag„ 
122~ -13.4183 -2 x 10~7 8.7231 0 
222- -20.5968 -1 x 10"8 10.1969 0 
322" 1.1201 4 x 10~5 20.0115 0 

Ag± 

i2n -16.2122 0.9053 3.4470 -1471 
22n -7.9868 0.1918 6.1359 -86 
32n -3.1030 -0.1603 7.0223 14 
42n 11.9253 -0.0423 8.5875 -20 
52n 1.2059 0.2568 8.7797 12 
62n 16.4946 0.2390 10.9284 125 
72n -16.3599 0.0019 19.7708 1 
82n 1.0662 0.0617 20.2130 1 
92n 0.0786 0.0689 20.6257 0 

ä Coupling is with respect to the X22+ ground state. 
3 Assuming a field strength of 1 Tesla. 
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TABLE 
ROHF and Cl level g-shifts for MgF showing 
contributions from different terms 
(all values in ppm). 

ROHF Cl 

^■QRMC-SZ -63 -68 

AgGc-sz(1e) Ag± 

Ag,! 

144 
90 

150 
90 

AgGc-sz(2e) 3    Agx 
A5|| 

-103 
-81 

-103 
-81 

Ag2o
c Ag± 

A9|| 

-637 
0 

-1426 
0 

+ 4 
±0 

Total Agx 

Ag„ 
-659 
-55 

-1447 
-59 

Exp.d Agx 

Ag„ 
-1319 
-319 

+ 500 
+ 500 

a Relativistic mass correction is isotropic. 
"Values for AgGC_sz(2e) are computed at the ROHF level. 
G States contributing only minimally to Ag2o are omitted 
from the Cl sum-over-states expansion. These states are 
used, however, in estimating the uncertainty for Ag2o. 
d[23]. 

First-order terms are well described at the ROHF 
level; thus, there is little difference between the 
ROHF and Cl ^-shifts. Correlation plays a very 
important role for Ag ± , however, in particular 
because of the failure of the ROHF treatment to 
adequately describe the X2S+^> 12II interaction. 

The matrix elements for the X22 + <-> l2n 
spin-orbit and orbital-Zeeman interactions are 
both substantially underestimated (-6.70 X 1CT4 

and 0.69 X 10"4 eV, respectively) at the ROHF 
level compared to the corresponding Cl values 
(-16.21 X 10"4 and 0.91 X 10"4 eV). Addition- 
ally, the excitation energy determined by the ROHF 
treatment (5.22 eV) is more than 1.7 eV too large 
(Cl: 3.45 eV). From all three factors, therefore, one 
sees why A g ± is drastically underestimated (- 659 
ppm) at the ROHF level. The Cl value (-1447 
ppm), although possibly larger than the experi- 
mental value (-1319 + 500 ppm, Ne/Ar matrix) 
is in much better agreement. 

With regard to the g]} shift, very little difference 
is observed when comparing Cl (-59 ppm) and 
ROHF-level (-54 ppm) values. Both are well 
within the range of experimental error (-319 + 
500 ppm), although it is possible that they under- 

estimate the magnitude of the negative shift. This 
would be consistent with other matrix isolation 
data on diatomic species. In the extreme case of 
CO+, e.g., the experimental Ag}] value is -1419 + 
500 ppm [24], while the best theoretical estimate is 
= -178 ppm [10]). The relatively large experi- 
mental lAgijI values may indicate matrix interac- 
tions which reduce the molecule's effective sym- 
metry, thereby allowing spin-orbit coupling to 
occur along the bond axis [7]. It may therefore be 
somewhat inappropriate to compare our Ag]} val- 
ues with matrix isolation data. 

Finally, while most aspects of the Cl g-tensor 
treatment have yielded very encouraging results 
for MgF, we found the Cl-level results to have a 
surprisingly large gauge dependence. The Ag± 

value computed with the origin on the Mg atom 
(i.e., shifted by 1.34 bohr from the ECC) was sub- 
stantially smaller (-1187 ppm), leading to a CI- 
level gauge dependence of 260 ppm/bohr (18.0% 
the size of Ag ±). This is the in stark contrast to the 
Cl-level results that we have obtained for other 
molecules [10]. For example, the Cl-level gauge 
dependence of CO+ has a value only 0.3% the size 
of Ag± [10]. 

The ROHF-level gauge dependence for MgF is 
found to be only 8 ppm/bohr (1.2% of Agx). The 
discrepancy between this value and the Cl-level 
gauge dependence is difficult to explain. While the 
larger Cl value may be related to the truncation in 
the sum-over-states expansion, this is unlikely due 
to the rapid decline in importance of higher contri- 
butions (see Table II). Further study of this phe- 
nomenon may be in order. 

In light of these gauge-dependence findings, we 
do stress that all our calculations are conducted 
with the center at the molecule's electronic charge 
centroid. This provides a nonarbitrary choice of 
gauge, which, in theory [14], should provide re- 
sults in consistent proximity to the correct values. 

Summary and Conclusions 

Although our ROHF g-tensor calculations [1-3] 
are adequate to reproduce qualitative trends in 
experimental data, we found in this article that the 
extension of the method to correlated levels sub- 
stantially improves agreement with experiment. In 
particular, the Cl level Ag± value for MgF differs 
by only 10% from the experimental value (well 
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within the error margin), while the discrepancy 
was 50% at the ROHF level. While first-order 
terms appear to be well described at the ROHF 
level, a reliable treatment of excitation energies 
and spin-orbit coupling requires correlation. 

While this treatment is the most advanced yet 
applied to the g-tensor problem, we admit to some 
technical difficulties: First, we have not yet de- 
vised an efficient method for obtaining values for 
the AgGC_sz(2e) term at the CI level. Neglect of 
correlation in this term, however, is expected to 
introduce only minor errors, likely on the order of 
20 ppm or less for most systems. 

Second, our approach to computing Ag2o at the 
CI level introduces a degree of uncertainty because 
of the truncation of the sum-over-states expansion. 
This is of little worry in the case of MgF, where 
Ag2o is dominated by just one state (12IT), while 
other states contribute only 3% to Agx . One can 
envision systems, however, in which substantial 
difficulties would be encountered. A more effec- 
tive way of treating such a perturbation expansion 
would be through the use of a spin-orbit-per- 
turbed CI formalism, such as that proposed by 
Hess [25]. Unfortunately, no such program is yet 
available. 

Nonetheless, MgF (and other such simple radi- 
cals) provide excellent examples of systems for 
which our Cl-level g-tensor treatment is particu- 
larly successful. It is not certain whether such 
accurate calculations will be possible for all molec- 
ular radicals; however, this work represents an 
important step in the development of effective ab 
initio electronic g-tensor computation. 

ACKNOWLEDGMENTS 

This work was funded by the Natural Sciences 
and Engineering Research Council (NSERC) of 
Canada. 

References 

1. G. H. Lushington, P. Bündgen, and F. Grein, Int. J. Quan- 
tum Chem. 55, 377 (1995). 

2. G. H. Lushington and F. Grein, Theor. Chim. Acta. 93, 259 
(1996). 

3. G. H. Lushington, P. T. Bruna, and F. Grein, Z. Phys. D 36, 
301 (1996). 

4. E. R. Cohen and B. N. Taylor, Rev. Mod. Phys. 59, 1121 
(1987). 

5. J. E. Harriman, Theoretical Foundations of Electron Spin Reso- 
nance (Academic Press, New York, 1978). 

6. R. McWeeny and B. T. Sutcliffe, Methods of Molecular Quan- 
tum Mechanics (Academic Press, New York, 1976). 

7. W. Weltner, Magnetic Atoms and Molecules (Dover, New 
York, 1983). 

8. P. W. Atkins and M. C. R. Symons, Structure of Inorganic 
Radicals (Elsevier, New York, 1967). 

9. R. J. Buenker, S. D. Peyerimhoff, and W. Butscher, Mol. 
Phys. 35, 771 (1978); D. B. Knowles, J. R. Älvarez-Collado, 
G. Hirsch, and R. J. Buenker, J. Chem. Phys 92, 585 (1990), 
and references therein. 

10. G. H. Lushington, PhD Thesis (University of New 
Brunswick, Fredericton, Canada, 1996). 

11. P. Chandra and R. J. Buenker, J. Chem. Phys. 79, 366 (1983); 
Ibid. 79, 358 (1983); C. M. Marian, Doktorarbeit (University 
of Bonn, Bonn, Germany, 1981); B. A. Hess, Doktorarbeit 
(University of Bonn, Bonn, Germany, 1981). 

12. J. D. Augspurger and C. E. Dykstra, J. Comp. Chem. 11, 105 
(1990). 

13. K. P. Huber and G. Herzberg, Molecular Spectra and Molecu- 
lar Structure. Vol. 4: Constants of Diatomic Molecules (Van 
Nostrand Reinhold, New York, 1979). 

14. A. V. Luzanov, E. N. Babich, and V. V. Ivanov, J. Mol. 
Struct. (Theochem) 311, 211 (1994). 

15. A. J. Sadlej, Coll. Czech. Chem. Commun. 53, 1995 (1988). 
16. A. J. Sadlej, J. Mol. Struct. (Theochem) 234, 147 (1991). 
17. S. P. A. Sauer, I. Paidarovä, and I. Oddershede, Theor. 

Chim. Acta 88, 351 (1994). 
18. T. H. Dunning and P. I. Hay, in Modern Theoretical Chem- 

istry, H. F. Schaeffer III, Ed. (Plenum Press, New York, 
1977), Vol. 3. 

19. T. E. H. Walker and W. G. Richards, J. Phys. B 1, 1061 
(1968). 

20. P. J. Bruna and S. D. Peyerimhoff, in Ab Initio Methods in 
Quantum Chemistry, K. P. Lawley, Ed. (Wiley, New York, 
1987). 

21. G. Hirsch, P. T. Bruna, S. D. Peyerimhoff, and R. J. Buenker, 
Chem, Phys. Lett. 52, 442 (1977); P. J. Bruna, S. D. Peyer- 
imhoff, and R. J. Buenker, Chem. Phys. Lett. 72, 278 (1980). 

22. S. R. Langhoff and E. R. Davidson, Int. J. Quantum Chem. 8, 
1516 (1974). 

23. L. B. Knight, W. C. Easley, and W. Weltner, J. Chem. Phys. 
54, 322 (1971). 

24. L. B. Knight and J. Steadman, J. Chem. Phys. 77, 1750 
(1982). 

25. B. A. Hess, private communication. 

1684 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



Wave-Function Splitting Technique for 
Calculating Above-Threshold 
Ionization Electron Spectra 

S. CHELKOWSKI AND A. D. BANDRAUK 
Laboratoire de Chimie Theorique, Faculte des Sciences, Universite de Sherbrooke, Sherbrooke, Quebec, 
Canada }1K 2R1 

Received March 29, 1996; revised manuscript received May 7, 1996; accepted May 8, 1996 

ABSTRACT 

In intense laser fields, atoms and molecules can absorb many more photons than required 
for ionization. This phenomenon is called above-threshold ionization (ATI) and it shows 
up in kinetic energy spectra of ionized electrons. The presence of very high energy 
photoelectrons necessitates the use of extremely large grids in numerical simulations 
based on the full time-dependent Schrödinger equation. We show that by using a wave 
function splitting scheme one can circumvent the problem of large grids and thus obtain 
accurate multiphoton photoelectron spectra. This scheme will be very useful in studies 
of ATI spectra generated by molecules in intense laser fields. We illustrate this method 
for a one-dimensional model of the H atom in intense laser fields.    © 1996 John Wiley & 
Sons, Inc. 

Introduction 

The interaction of intense laser pulses (inten- 
sity I > 1013 W/cm2) with atoms and mole- 

cules leads to many interesting multiphoton, non- 
perturbative phenomena such as high-order har- 
monic generation and above-threshold ionization 
(ATI). This has been an area of active research in 
the past decade [1-4]. One of the theoretical ap- 
proaches to deal with this nonperturbative prob- 
lem relies on exact numerical solutions of the 
time-dependent Schrödinger equation (TDSE) on 

recently available powerful computers. So far, this 
approach has been successfully applied to one- 
electron atoms and molecules (or two 1-D elec- 
trons). Typically, in such numerical simulations, 
the initial wave function of the electron is well 
localized in space and later becomes spread over a 
huge distance. For a short, intense, 40 fs laser 
pulse, the front edge of the wave packet of the 
ionizing electron can be as far as 4000 bohr from 
the nucleus (for I = 2 X 1014 and A = 630 nm) and 
continues to expand for longer times. Thus, to 
avoid reflections from the boundaries, pro- 
hibitively large boxes (grids with 32,000 points or 
more), in which the electron wave packet is fully 
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contained, should be used. The most common so- 
lution to this difficulty is to use much smaller 
boxes with absorbing boundary conditions. This 
approach allows one to calculate the ionization 
rates and harmonic generation spectra but it does 
not allow one to calculate the photoelectron spec- 
tra, since the external part of the wave function is 
thrown away. Also, in our recent numerical stud- 
ies of competition between ionization and dissocia- 
tion [5], the use of an absorber for the electron flux 
led to a considerable loss of information about the 
nuclear movement. In this article, we develop a 
technique which allows one to reconstruct the ab- 
sorbed electron wave packet in momentum space 
and propagate it in time, analytically to any time 
after the pulse turn-off. Thus, with the help of this 
technique, one can calculate efficiently the photo- 
electron spectra after the turn-off of the pulse. A 
similar technique has been used earlier [6], for 
calculating kinetic energy spectra of photodissocia- 
tion products, with the laser-molecule coupling 
neglected in the asymptotic region. Recently [7], 
this technique was generalized for nondecaying 
(for larger distances) dipole couplings (for dissoci- 
ating molecules) and for the calculation of the ATI 
spectra from the TDSE in the Kramers-Henne- 
berger (K-H) representation [8] for high-frequency 
laser fields. In these cases, the laser-induced quiver 
(ponderomotive) motion is small. In this article, 
we use the electric field representation (gauge) for 
near-infrared-visible frequencies, when quiver mo- 
tions  are large.  In [8],  the projections on exact 
eigenstates of hydrogen were performed. Here, we 
do not use the (K-H) frame and show that correct 
spectra can be obtained by projecting on plane 
waves in the asymptotic region instead of project- 
ing on hydrogen asymptotic outgoing Coulomb 
waves. This technique will allow us to develop a 
rigorous   theory   of  multiphoton   electron   spec- 
troscopy based on ATI in molecules with the aim 
of    developing    a    new    tool    for    studying 
electron-molecule dynamics. 

tion [2]: 

Description of the Wave-Function 
Splitting Algorithm 

The dynamics of a hydrogen atom interacting 
with an intense, linearly polarized laser field is 
frequently described by the 1-D Schrödinger equa- 

ih- 
#(z,£) 

dt 

1   d1 

llz1 
i/r + z£ + zEO) U(z,0,   (1) 

where E(t) = EMsin2(Trt/tp)sm(tat) and EM is the 
maximum value of the electric field. This equation 
is usually discretized and solved numerically for 
|z| < zM. For our test calculations, we chose the 
laser intensity I = 2.2 X 1014 W/cm2, A = 630 nm, 
and tp = 20 cycles (1 cycle = 2.17 fs) in order to 
compare with the results from [9]. The photoelec- 
tron spectra from this reference show a plateau 
extending up to 8Up = 70 eV with a slowly decay- 
ing tail up to 130 eV (70 photons absorbed), where 
Up = [eEM/(2mco)]2 is the electron ponderomotive 
energy. Thus, the fastest electron has a speed 
vM = 2.3 au and tp = 43 fs can be as far as 4050 
bohr. Typically, the integration step in space is 
Sz = 0.25 bohr, which means that the grids with 
over 32,000 grid points should be used for a 43 fs 
pulse. For n times longer pulses, n time greater 
grids should be used. This constitutes a serious 
difficulty, even for 1-D problems. Therefore, a fast 
algorithm for large z's is very desirable. In partic- 
ular, since the Coulomb forces are smooth and 
negligible for large z's, larger interaction steps in 
space Sz, as well as much larger steps in time, can 
be used. 

Let us divide the total grid into three overlap- 
ping regions in space, in which different evolution 
algorithms will be used: the internal and two ex- 
ternal (asymptotic, for positive and negative z's) 
parts defined by 

internal: \Z\    <Z: and external: < |z| < z M ' 

(2) 

where z,„ - zex = z0 > 0 is the size of the over- 
lap of both regions. In this overlapping (or 
"matching") region, the absorbing potential is in- 
troduced, which we have chosen in the following 
form: 

Vabs(z) = iV0 
z„ 

for   zex<\z\<zin. 

(3) 

1686 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



ABOVE-THRESHOLD lONIZATION ELECTRON SPECTRA 

The electron wave function i//(z, t) is split into 
internal tpin and external ipin parts, by applying 
this absorbing potential in the overlapping region, 
at times t = k8t, where 8t is much larger than the 
integration time dt (dt = 0.03 au, 8t = 150 dt, in 
our simulations) with the help of the following 
formulas: 

ij,(z,t) = ipin(z,t) + 0„(Z,O, (4) 

fc(z,0=/(z,SO^(z,0, (5) 

«A„(z, t) = (1 -f(z, 8t))iff(z, t), (6) 

where 

f(z, 8t) = exp(-Sfl/(,s(z))    for    z„ < |z| < z,-„, 
(7) 

/(z, 50 = 1    for    |z|<z„, (8) 

and 

f(z,8t)=0   for    |z| > z,-„. (9) 

Our calculation scheme relies on the assumption 
that in the asymptotic zone (defined by |z| > zex) 
the Coulomb potential can be neglected. This al- 
lows us to perform the time evolution exactly and 
over an arbitrary time interval by calculating first 
the wave function in the velocity gauge i[i0(z,t) 
with the help of the formula 

<Pv(z, t) =exp(-fA(i,0)z)^(z,f),      (10) 

In our algorithm, we perform the series of follow- 
ing operations at each time tk = k8t: 

(i) The exact time evolution of if/in is evaluated 
in  the  internal  zone  (|z| < zin) using  the 
split-operator spectral method [10]. 

(ii) The outgoing wave is eliminated from the 
internal zone with the help of Eq. (5). 

(iii) The splitting operation described by Eq. (6) is 
performed to provide the outgoing wave ipex 

defined in the "matching zone," ze:c < |z| < 

Zj'n- 

(iv) The velocity gauge wave function \pv and its 
Fourier transform <pv are calculated: 

<Pv(p,tk) = (2ir)~~2 f '"exp(-ipz)ipv(z,tk)dz. 

(14) 

(v) The momentum wave function <p„( p, tf) is 
calculated at some final time tf > tp (at which 
the photoelectron spectra are to be calculated), 
using the formula 

<Pv(p,tf) = U(tf,tk)<pv(p,tk).      (15) 

(vi) The momentum wave function cpv( p, tf) is 
added to (pv( p, tf)'s accumulated at previous 
steps. 

(vii) The loop ends here and calculation starts at 
step (i) with the integer k replaced by k + 1. 

where 

A(tlrt2) = - ft2E(t)dt (11) 

is the electric field area over the interval tv t2. 
Next, we calculate the Fourier transform <pv( p, t) 
of <pv(z, t), which evolves in time according to the 
equation 

<pv(p,t2) = U(t2,t1)<Pv(p,t2), (12) 

where 

U(tlrt2) 

= exp 
1   rl 

2 
j"2(p2 + 2A(f,0)p + A2(f,0))dt . 

(13) 

Results and Discussion 

The most difficult part of the scheme presented 
here is the choice of the free parameters: Vabs, 8t, 
zin, and z0. Several obvious necessary (but not 
sufficient) physical conditions should be satisfied: 
First, the external zone (|z| > zex) in our scheme is 
the asymptotic region in which we neglect the 
Coulomb forces; therefore, we must require that at 
z = zex the Coulomb force is much less then the 
electric force eEM, i.e.: 

—  "^ eEM ■ 
(16) 

Second, our scheme is based on the assumption 
that the wave entering the "matching" zone (of 
length z0) does not return back to the nucleus, as 
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TABLE I 
Values of parameters [in atomic units) used in the wave-function splitting scheme. 

UP                   ao dt                       8t                       dz                        nin "ex vabs 

0.32                16.1 0.03                      4.5                      0.25                      4196 3300 2 

nin is number of grid points in the internal zone (|z| < z,n) and nex is the number of grid points in the external zone, in momentum 
space with the momentum resolution Ap = 2i7/7168 au. 

well as that the wave exiting this zone does not 
return to it. This means that we should require 
that the classical ponderomotive radius a0 is much 
smaller than the size of the internal box z,„ and 
also smaller than the size of the matching "zone": 

a0 <K z,„ and a0 <K Z0, where a0 

eE 

mco 
(17) 

In addition, we must require that the matching 
should be redone after the time interval S t shorter 
than the time necessary to move for the fastest 
electron across the matching "zone." Assuming 
that the fastest electron has the energy E 
we thus get 

_   Ql J 
max        OLJp/ 

St <K 
4^/mL^" 

(18) 

0.04 
l = 2x10U »/cm2 X=630  nm 

0.03 >- - 

< 
5    =■« - 

0.01 
i , i   . - 

J y i AMMM 1\AAA„A 
0      1       2      3      4      5      6      7      a      9      10    11     12    13    14 

ELECTRON  ENERGY (PHOTON  ENERGY) 

FIGURE 1. Low-energy part of the ATI photoelectron 
spectrum. The laser intensity / = 2.2 x 1014 W/cm2 and 
the wavelength A = 630 nm. Solid line: two-box 
calculation; dashed line: one-box calculation. 

Finally, the absorption should occur on the dis- 
tance z0 longer than de Broglie wavelength of the 
slowest electron. Assuming that the slowest elec- 
tron has the energy h w, we thus get 

Zn S>  77 
(hco) 

(19) 

For the laser parameters chosen in this article, 
I = 2.2 X 1014 W/cm2 and A = 630 nm, the values 
of two relevant parameters are a0 = 16.1 bohr, 
Up = 0.32 au = 8.7 eV, and w = 0.7 au. We have 
listed in Table I the values of all parameters which 
we used in our calculations and which satisfy all 
inequalities Eqs. (16)-(19). The spectra of electrons 
moving in the direction of positive z where calcu- 
lated according the formula 

probability(E) = |cp(p(E))|2 
m 

p(E)' 
(20) 

where p(E) = ^2mE. We display in Figure 1 the 
low-energy part of the calculated spectra, and in 

Figure 2, the entire spectrum, on the logarithmic 
scale. We also calculated, for comparison (dashed 
line), the photoelectron spectra using one large box 
defined by |z| < 7000 bohr. We note a slight dis- 
agreement between the heights (not positions) of 
several first photoelectron peaks. This disagree- 
ment becomes less when the spectra are calculated 
at later times, tf > tp (with the laser turned-off for 
tf > tp), since, then, all slow electrons have enough 
time to leave the matching zone. The peaks for 
energies higher than 5u>, obtained from one-box 
and two-box calculations, overlap exactly and they 
agree well with previous calculations [8, 9], in 
which projections were done on exact Coulomb 
waves, while we performed projections on plane 
waves in the external zone, \z\ > zex. 

We are currently extending this method to in- 
clude the nuclear motion as well, following the 
numerical procedure described in our previous 
work [5, 10]. We expect the ensuing multiphoton 
electron spectra to reveal the full electron-nuclear 
dynamics of molecules in strong laser fields. 

1688 QUANTUM CHEMISTRY SYMPOSIUM NO. 30 



ABOVE-THRESHOLD lONIZATION ELECTRON SPECTRA 

10 20 JO 40 50 60 

ELECTRON  ENERGY (PHOTON ENERGY) 

FIGURE 2. Entire ATI photoelectron spectrum. The 
laser intensity / = 2.2 x 1014 W / cm2 and the wavelength 
A = 630 nm. 
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ABSTRACT 

By performing ab initio calculations on fragments of lei^-zervamicin, it is demonstrated 
that accurate wave functions can be obtained for this large structure by combining the 
results from the fragments. Input information consists of atomic coordinates as obtained, 
for example, from a crystal structure determination. The fragments are composed of a 
kernel of atoms surrounded by a chosen neighborhood of atoms. The entire molecule is 
divided into individual kernels and their neighborhoods are added for the individual 
fragment calculations on the basis of the distances of other atoms from the atoms in a 
kernel. The hydrated leu^zervamicin is composed of 295 atoms which could be handled 
in full by Gaussian 94. The results of the fragment calculations were combined to provide 
an electron density distribution for the molecule. This distribution was compared with 
one that represents the distribution obtained from a calculation on the entire molecule at 
once. The clear implication of this study is that it is feasible to perform ab initio 
calculations on structures by the use of fragments. The time involved increases essentially 
linearly with complexity.    © 1996 John Wiley & Sons, Inc. 
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Introduction 

In a previous article [1], an intimate connection 
was made between structure factor magni- 

tudes obtained from X-ray diffraction data and 
those obtained from quantum mechanical models 
of electron density distributions. The objective has 
been to obtain wave functions consistent with 
crystallographic diffraction data for use in the cal- 
culation of various properties of a broad variety of 
substances. In our approach to the calculation of 
the quantum mechanical model, the electron den- 
sity distribution in a crystal is defined in terms of 
a single determinant of Orbitals. In the single- 
determinant approach, a main feature is the occur- 
rence of a projector matrix in the quantum me- 
chanical definition of the electron density distribu- 
tion. The quantum mechanical model is matched 
to the experimental X-ray data by making adjust- 
ments to the elements of the projector matrix by 
use of the least-squares technique. The goal then is 
to obtain a projector matrix that provides a good 
fit to the X-ray data and is suitable for antisym- 
metric N-electron wave functions. Such a matrix is 
called N-representable [2-4]. Evidently, it is desir- 
able to have a good-quality projector matrix for 
use in initiating the calculations. 

A Hartree-Fock or density functional theory 
calculation produces a suitable projector matrix for 
initiating the desired calculations. In their present 
configuration, currently available computer pro- 
grams can handle a polypeptide composed of sev- 
eral hundred atoms. When this type of capacity is 
not exceeded, there may be no reason to consider 
fragment calculations that can produce projector 
matrices in a step wise fashion [1]. On the other 
hand, fragment calculations would certainly be 
indicated for molecules larger than the capacity of 
computers and computer programs. Fragment cal- 
culations performed on parallel computers may 
afford an advantage in speed that may be worth 
considering even when the capacity to make the 
calculation for the entire molecule at once exists. 

Quantum mechanical calculations have been 
performed on molecular moieties for several pur- 
poses in a variety of ways. Some of these types of 
calculations have already been noted in our previ- 
ous study [1]. They concerned the work of Yang 
and Lee [5, 6] who solved the Kohn-Sham [7] 
equations for partial structures and  obtained a 

representation of a full molecule by using spatial 
partition functions to weight a sum of partial 
structures, the calculations of Christofferson and 
co-workers [8-10] who solved the Schrödinger 
equation approximately for partial structures with 
the use of Hartree-Fock calculations and used the 
solutions as a source of molecular orbitals which 
could serve as a basis set of functions for solving 
the Schrödinger equation for the complete 
molecule, the approach of Bader and co-workers 
[11-14] who developed a method for splitting the 
known electron density of a molecule into densi- 
ties for atomic groupings that have sharply de- 
fined borders, and the "lego" method of Walker 
and Mezey [15] who make a database of the elec- 
tron densities of the various atomic groupings 
required for assembly to form the electron densi- 
ties of larger molecules of interest. 

Additional types of calculations are related to 
our fragment method, in that they all scale linearly 
with the number of atoms for essentially the same 
reasons. They are also similar to ours in that they 
use expansions in direct (coordinate) space with 
basis functions localized to one region of space. 
They are distinguished from one another accord- 
ing to whether the principal objects emphasized 
are density matrices or wave functions. Li, Nunes, 
and Vanderbilt [16, 17] obtain a variational density 
matrix, constrained to be idempotent with off- 
diagonal elements equal to zero, if they "connect" 
basis functions separated by a distance larger than 
a parametric "cutoff" distance. The method is ap- 
plied in the context of tight-binding models of 
solids. In a closely related work Daw [18] obtains a 
variational sparse density matrix and applies this 
method to three examples, viz., a one-dimensional 
infinite chain, a semi-infinite chain, and a vacancy 
in a simple cubic lattice. Hernandez and Gillan 
[19] employ a density matrix method that relies 
closely upon that of references [16, 17] to calculate 
results for crystalline silicon systems. 

Mauri, Galli, and Car [20, 21] obtain molecular 
orbitals by a Kohn-Sham related scheme, which 
uses basis orbitals defined in local regions of direct 
space. They apply their method to semiconducting 
systems and in particular show that it is useful for 
obtaining molecular dynamics simulations of sili- 
con atoms in a diamond lattice configuration [20] 
and of liquid carbon at 5000 K [21]. Kim, Mauri, 
and Galli [22] address explicitly a multiple mini- 
mum problem of energy functionals based on lo- 
calized basis orbitals and treat numerous examples 
concerning surfaces, bulk systems, and clusters. 
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Ordejon and co-workers [23], using a method 
similar to that of Mauri, Galli, and Car [20, 21], 
obtain results for a tight-binding model of silicon. 
This method is developed further in a more recent 
study [24], giving a detailed comparison of their 
work and that of Daw [18] and Li, Nunes, and 
Vanderbilt [16, 17]. Goedecker and Teter [25] de- 
scribe a tight-binding total-energy and molecular 
dynamics algorithm that scales linearly with sys- 
tem size and is applicable with parallel computers. 

Yang and Lee [26] generalize the "divide and 
conquer" density method [6] to one based on the 
density matrix. Their density matrix for a full 
molecule may be obtained from subsystem contri- 
butions in a manner consistent with Mulliken pop- 
ulation analysis and incorporates zero elements in 
a way that is analogous to the definitions of our 
previous study [1] and that of Walker and Mezey 
[15]. They apply their method in a density func- 
tional context to 4-glycine, 8-glycine, and 12- 
glycine polypeptides. 

A density functional/Wannier function formal- 
ism is given by Kohn [27] whose objective is simi- 
lar to that of Lee and Yang [6] but "differs by the 
central role of the systematic construction of the 
generalized Wannier function." 

In this study, we present purely quantum me- 
chanical calculations. The only use of crystallogra- 
phy is to provide atomic coordinates. The purpose 
of the calculations is to illustrate how fragment 
calculations, using standard programs, can be used 
to obtain parts of projector matrices. These parts 
can be added together to form the projector matrix 
for a large molecule, and the calculations increase 
linearly with increase in the number of atoms in 
the structure. When the calculation is programmed 
for high-performance parallel computers, the in- 
crease in computing time should be very small. 
The details of the computation of the individual 
parts of the projector matrix from the fragments 
and how the parts are combined are discussed in 
detail. Once the projector matrix is completed, 
wave functions follow by standard methods of 
quantum mechanics. 

All of the above methods emphasize that their 
computational difficulty increases linearly with the 
number of atoms in the system, in contrast to 
standard methods which scale with a higher power 
of that number. 

The various aspects of the fragment calcula- 
tions used in this study for the molecule of 
leu^zervamicin  differ  somewhat  from  the  de- 

scription in our previous work [1] and will be 
discussed in some detail. 

Initial Considerations 

The fragment calculations to be presented in 
this study are based on structural data, i.e., atomic 
positions, for the molecule leu^zervamicin, 
Ac-Leu-Ile-Gln-Iva-Ile-Thr-Aib-Leu-Aib-Hyp-Gln- 
Aib-Hyp-Aib-Pro-Phol (Aib: a-aminoisobutyric 
acid; Iva: isovaline, Hyp: 4-hydroxyproline; Phol: 
phenylalininol) obtained from a crystal structure 
determination [28]. The formation of molecular 
orbitals follows the procedure presented in Ref. 
[1], with the necessary adjustments for the differ- 
ent peptide residues and solvents present. 

A typical molecular orbital is 

4>t 

835 

E Q,.^, (1) 

where the i/e are individual orbitals and the C/y- 
are the coefficients. The upper limit of the sum 
follows from IS orbitals for each of the 160 hydro- 
gen atoms and IS, 2S, 2PX, 2Py, and 2P2 orbitals 
for each of the 135 other atoms, giving 835 total 
orbitals, t/>-. The hydrated peptide has 1048 elec- 
trons and therefore 524 doubly occupied molecular 
orbitals and 311 unoccupied ones. 

The electron density distribution p is 

524 

2 E <t>A (2) 
i=\ 

The two on the right side of Eq. (2) reflects the 
fact that the orbitals are doubly occupied. If the in- 
form a column vector in Eq. (1), then so do the <f>t 

and 

p = 2tr<|><t>t. (3) 

The trace includes only occupied molecular or- 
bitals. We may write 

<t> = C^P. (4) 

and from Eq. (3) it follows that 

p = 2trCi|iv|itCt = 2trCtCv|iil»t. (5) 

The following definitions are made 

/\]>i}»+ dr, (6) 
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where the integration is performed over the indi- 
vidual elements of the product matrix »|n|»t, 

and 

R = CfC 

RS = pa/ 

(7) 

(8) 

where Pa is a projector. The subscript a indicates 
that unless special steps are taken in forming the 
matrix \\i the projector matrix will not be symmet- 
ric. It can be shown that, as a consequence of the 
fact that the <f> are composed of elements that are 
orthonormal, 

P2 = P 

and 

trP„ N, 

(9) 

(10) 

where N is the number of doubly occupied Or- 
bitals in the molecule of interest. Equation (9) is 
the projector property. 

It is worthwhile to have a projector Ps that is 
symmetric since it reduces, almost by a factor of 2, 
the number of elements in the projector that must 
be considered. From Eq. (8), it follows that 

Sl/2RSS-l/2  =   Sl/2p S-l/2_ (11) 

This matrix product is a symmetric projector Ps 

and may be written 

Sl/2Rsl/2_ (12) 

It follows from Eqs. (6)-(8) and (11) that the elec- 
tron density can be written 

and 

p = 2trRi}<i|/t = 2trPaS
_1iJii|it (13) 

p = 2trPsS-1/2i|*»J.tS-1/2t. (14) 

In view of Eqs. (4), (13), and (14), it is worth- 
while to characterize C and the molecular orbitals. 
The matrix C has 524 rows and 835 columns. 

Ci,i Cl.2 C!,3 

C2,l *-2,2 (-2,3 

-524,1 (-524,2 (-524,3 

(-1,835 

c "-2,835 

^-524,835 

(15) 

CT has 835 rows and 524 columns. The product 
C' C produces a square matrix of dimension 835. If 
C multiplies the column matrix of orbitals i|/, it 

produces 524 molecular orbitals, each having 835 
terms. 

According to Eq. (3), 

jp dr = 2trJ<{><t>t dr = 1048, (16) 

where the integral is taken over all three-dimen- 
sional space. According to Eqs. (5)-(10), 

trP„ = 524. (17) 

Fragment Calculation: Example 
and Results 

The purpose of the fragment calculations pre- 
sented here is to obtain an ab initio projector 
matrix P, when ab initio calculations of an entire 
molecule is either not feasible or considered to be 
too time-consuming. In our calculations, a frag- 
ment consists of an inner core, or "kernel," and a 
number of neighboring atoms called a "neighbor- 
hood." The molecule is divided into a suitable 
number of kernels, which, when recombined, form 
the complete molecule. 

Since the coordinates of the structure of interest 
are available, it is readily possible to calculate 
which atoms would occur within a particular cho- 
sen distance from each of the atoms in a kernel. 
Such atoms would form the neighborhood. In or- 
der to effect a pairing of all electrons and an even 
number of electron pairs, it may be necessary to 
attach some hydrogen atoms to atoms belonging to 
the neighborhood or a moiety that is part of the 
molecule, or both. This can extend the outer limits 
of the fragment somewhat. It was used in the 
leu^zervamicin example to be described. 

A rule employed in our procedure is that all 
atoms present must be a member of some kernel 
once and only once. With atomic positions held 
fixed, the electron density distribution in a frag- 
ment is computed. Such a calculation delivers con- 
tributions to an R matrix and an S matrix from 
which the portion that concerns the kernel is saved 
in the form of Yk = S\/2RkS\/2 where the sub- 
script k refers to a kernel matrix. The elements 
that are saved in a kernel projector matrix are 
described as follows. Those contributions to the P 
matrix involving orbitals from a neighborhood 
atom and an atom in the kernel are saved at the 
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fractional value of one-half, in accordance with the 
above rule. If all neighborhood atoms occur only 
once as part of a kernel, another one-half value 
would be added to those contributions to the P 
matrix already saved at one-half values, when the 
values associated with the adjoining kernels are 
calculated. Contributions from pairs of atoms, both 
in the same kernel, are saved with a coefficient 
of 1. 

In our previous procedure [1], we saved the 
Rfr(O) instead of the Pt(0) and obtained an R(0) 
matrix for the full molecule by combining all the 
R^O) for the various kernels. The Pa(0) matrix was 
then obtained by multiplying the R(0) matrix by 
S(0) according to Eq. (8). The Fk are saved here 
instead and in symmetric form. The Vk are very 
good kernel representations and lead to a full Ps 

matrix that is a very good projector, an improve- 
ment on Pfl(0). The symbol (0) implies a certain 
pattern of zeros that was special to the cyclic 
hexapeptide treated in our previous article [1]. For 
this hexapeptide, it was possible to obtain good 
results by defining the single adjacent peptide 

residue on both sides of a kernel residue as a 
neighborhood. As a consequence of the denser 
packing of residues in leu^zervamicin, more 
residues were required to form the neighborhoods 
of each kernel. 

The matrix S, defined in Eq. (6), is a matrix 
representing the overlap integrals of pairs of Or- 
bitals. For pairs of orbitals belonging to atoms that 
are separated by large distances, the values of the 
overlap integrals will be close to zero. The behav- 
ior of S is the reason why the fragment calcula- 
tions can give accurate values for the elements of P 
for the molecule as a whole. 

The fragment calculations for the hydrated hexa- 
decapeptide, leu^zervamicin, were performed by 
defining 19 kernels as the 16 peptide residues, two 
clusters of water molecules and a cluster of a 
water and an ethanol molecule. In this application, 
the neighborhoods were formed with atoms within 
5 A of the kernels plus some few additions to 
assure that all electrons were paired and the num- 
ber of electron pairs was even. The kernels and 
their neighborhoods are listed in Table I. The num- 

TARI F  1 
Composition of the 19 fragments, i.e. kernels and their corresponding neighborhoods, used in the calculation 
of the P matrix for the hydrated hexadecapeptide, leu1 -zervamicin.3 

Kerne Neighbc 

No. of 

ars 

No. of No. of No. of 

Kernel Neighborhood Atoms Basis Atoms Basis 

1 (Ac-Leu) 2,3,4,5, H6a 27 69 99 275 

2 (lie) 1,3,4,5,6, H7a, Wb3 19 51 124 348 

3 (Gin) 1,2,4,5,6,7, N8, H8a Wb2,Wa3,W4 17 53 147 403 

4 (Iva) 1,2,3,5,6,7,8, H9a, Wb2 16 44 148 412 

5 (He) 1,2,3,4,6,7,8,9, H10f 19 51 159 447 

6 (Thr) 01,2,3,4,5,7,8,9,10, Wb2, Wa3,Wb3 14 42 158 446 

7 (Aib) 02,3,4,5,6,8,9,10,H11 e,H11 h,Wb2,Wa3 13 37 153 441 

9 (Leu) 03,4,5,7,9,10,11,12 19 51 143 411 

9 (Aib) 04,5,6,7,8,10,11,12,13 13 37 164 465 

10 (Hyp) 05,6,7,8,9,11,12,13,14, Wa1,Wa2 15 47 142 414 

11 (Gin) 07,8,9,10,12,13,14,15, Wa1, Wa2 17 53 164 480 

12 (Aib) 8,9,10,11,13,14,15, H16a, H16c, EtOH, Wa1 13 37 141 401 

13 (Hyp) 9,10,11,12,14,15,16,EtOH, Wa1, Wa2, W8 15 47 142 410 

14 (Aib) 10,11,12,13,15,16, Wa1,Wa2 13 37 117 345 

15 (Pro) 11,12,13,14,16 14 42 143 411 

16(Phol) 012,13,14,15, EtOH,W8 23 67 112 311 

EtOH, W8 12,13,16 12 28 116 324 

Wa1 ,Wa2 10,11,12,13,14 6 14 85 253 

Wb2,Wa3,Wb3,W4 2,3,4,6,7 12 28 145 411 

aThe individual numbers in the first column, associated with the 16 sequential peptide residues, imply the same corresponding 
residues in column 2. Other numbers in column 2 have letters with them, e.g., H for hydrogen, O for oxygen, N for nitrogen, and W 
for water. EtOH symbolizes ethanol. The structural aspects of these symbols are to be found in Ref. [28]. 
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bers refer to the peptide residues in the sequence 
that was given above in the description of the 
chemical content of the le^-zervamicin molecule. 
The symbols in Table I correspond to those found 
in the crystal structure analysis [28]. The crystal 
structure analysis provided the atomic coordinates 
used in the calculations reported in this article and 
also afforded the information from which the se- 
lection of the associated solvent molecules was 
based. The last four columns of Table I show the 
number of atoms and the number of basis func- 
tions for each kernel and for each neighborhood. 

The Hartree-Fock calculations for the entire hy- 
drated leu^zervamicin molecule and for the sepa- 
rate fragment calculations were made by use of the 
Gaussian 94 program [29] employing the ST03g 
basis. The structure of the R matrix, obtained from 
the calculations, which is preliminary to obtaining 
the projector matrix by use of Eq. (12), is now 
presented in some detail. A schematic diagram of 
the entire R matrix, obtained from the fragment 
calculations, is shown in Figure 1. The horizontal 
rows are characterized in Table I. All of the squares 
in Figure 1 contain numerous elements of the R 
matrix which has a dimension of 835. The values 
of the elements in the dark blocks, obtained from 
the fragment calculations are entered in the dark 
blocks with a coefficient of 1. The values of the 
elements in the gray areas are formed from two 
fragment calculations, one in which one orbital is 
part of a kernel atom and the other is part of a 
neighborhood atom and a second calculation in 
which the roles of the same two orbitals are inter- 
changed. Each such fragment calculation produces 
a value which is saved with a coefficient of one 
half. The two values are then added together to 
give values for the appropriate elements in the R 
matrix [1]. 

The number of elements for the R matrix repre- 
sented in the various boxes in Figure 1 varies 
considerably and may be judged by examination 
of Table I with respect to the atomic composition 
of the kernels and also their neighborhoods. Nev- 
ertheless each row and each column of both R and 
P has a total of 835 elements. The occurrence of 
empty boxes in Figure 1 is a consequence of the 
limitation put on the extent of the neighborhoods. 
Estimates of the validity of the limitation can come 
from various comparisons, one of the most obvi- 
ous being an inspection of corresponding elements 
in the full molecule calculation and the fragment 
calculation. There are a total of 697,225 elements in 
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FIGURE 1. Schematic diagram of the R matrix obtained 
from the fragment calculations for hydrated leu1 - 
zervamicin. The numbers in the figure label the kernels 
as in Table I. The elements in the dark squares are 
composed of functions of the coefficients of pairs of 
orbitals associated with the atoms of the particular kernel. 
The elements in the gray squares and hatched squares 
are composed of functions of the coefficients of pairs of 
orbitals, one of which is associated with a kernel atom of 
the dark square in the same row and the other is 
associated with an atom of the labeled neighborhood. 
The contents of the dark square labeled by kernel 7 are 
shown in Figure 2 at higher resolution. 

the matrix and 412,902 of them, i.e., 59.2%, have a 
zero value. 

The numbers label the kernels as in Table I. The 
elements in the squares are functions solely of the 
coefficients of pairs of orbitals associated with 
the kernels that label the squares. The elements of 
the dark block-diagonal squares are functions of 
the coefficients of pairs of orbitals associated with 
kernel atoms. The gray squares in the same row as 
a dark square contain as elements functions of the 
coefficients for pairs of orbitals, one of which is 
associated with a kernel atom and one with a 
neighborhood atom. The hatched squares contain 
elements that are functions of the coefficients of 
pairs of orbitals from only some of the neighbor- 
hood atoms represented by the hatched square and 
only some of the kernel atoms represented by the 
dark square in the same row. 

Figure 2 is an enlargement of the dark block in 
Figure 1 which represents the elements of the R 
matrix formed from functions of the coefficients of 
the orbitals associated with the atoms comprising 
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kernel number 7. Those atoms label the individual 
squares that contain within them the elements of 
the R matrix that derive from the orbitals associ- 
ated with the labeling atoms. 

A further enlargement of the box labeled N7, 
N7 in Figure 2 is made in Figure 3. The specific 
orbitals associated with N7 label the squares that 
contain within them a single function of the coeffi- 
cients of the corresponding orbitals. The numerical 
values of the functions in this calculation are given. 

As mentioned above, as soon as a contribution 
to the R matrix was obtained from a fragment 
calculation, it was converted to the corresponding 
contribution to the P matrix by the use of Eq. (12) 
and stored. The sum of all such contributions forms 
the P matrix for the complete structure. Also noted 
previously was the fact that a consequence of the 
fragment calculations is that the values of the 
elements in the blank squares are replaced by 
zeros. The resulting P matrix has the same pattern 
of zeros as the R matrix, but the filled squares 
have more complicated functions of the orbital 
coefficients and do not follow the labeling of the 
rows and columns of Figure 1. Both R and P are 
symmetric. 

N7 

N, H7 

N- 

N7 H7 Ca Cbl Hi. Hlb Hlc Cb2 H2. H2. H2a C 07 N 

, 

/ / 

N7 

H7 

Ca 

Cbl 

Hla 

Hlb 

Hlc 

Cb2 

H2a 

H2b 

H2c 

C 

07 

N8 

FIGURE 2. Contents at higher resolution of the dark 
square in Figure 1 labeled by kernel 7. The elements in 
the squares are functions of the coefficients of the orbitals 
associated with the atoms that label the squares. The 
contents of the square labeled by N7 are shown in 
Figure 3 at orbital resolution. 

IS 2S 2Px 2Py 2P^r 

IS 1.0394 -.1470 .0044 .0013 -.0010 

2S 
-.1470 .6247 -.0331 -.0105 -.0126 

2Px .0044 -.0331 .4262 -.0953 -.0899 

2Py .0013 -.0105 -.0953 .5837 .2245 

2Pz -.0010 -.0126 -.0899 .2245 .6546 

H7 

FIGURE 3. Contents at orbital resolution of the square 
in Figure 2 labeled by N7. The elements in the squares 
are functions of the coefficients of the orbitals that label 
the squares. These rather complex functions of the 
coefficients have the values given in the squares. 

Comparison of Electron Densities 

Isodensity surfaces have been calculated by use 
of Eqs. (1) and (2) from the Hartree-Fock orbitals 
for the hydrated leu^zervamicin molecule. Use 
was made of the P matrix obtained at once for the 
full molecule and that obtained from the fragment 
calculations. The two sources gave electron densi- 
ties that appeared to be quite similar. Therefore, a 
portion of the one obtained from the full molecule 
calculation, as a representative of both types of 
calculation, is illustrated in Figure 4, at an isoden- 
sity surface of 0.005 e/A3. Confining the computed 
volume to a region of interest, as illustrated, saves 
time and memory when desirable or necessary. A 
ball-and-stick model of the structure is superim- 
posed. In order to obtain a more quantitative in- 
sight into the similarity of both types of density 
calculation, a series of difference isodensity sur- 
faces were calculated in which differences that did 
not exceed increasingly larger values were omit- 
ted. Evidently, this is a calculation that can deter- 
mine and locate the largest differences between 
the electron densities. 

The difference isodensity surfaces shown in Fig- 
ures 5 and 6 were obtained from Pf - PK by use of 
Eq. (14), where the subscripts imply full molecule 
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FIGURE 4. Isodensity surface of 0.005 e/A3 within a selected volume for hydrated leu1 -zervamicin. This isodensity 
surface was obtained from a Hartree-Fock calculation performed on the entire hydrated molecule and the further use of 
Eqs. (1) and (2) applied to the resulting wave functions. A ball-and-stick model of the molecule is superimposed on the 
isodensity surface. 

(F) and sum over kernel (K) matrices. A differ- 
ence isodensity surface is shown at the values of 
1.0 x 10-3 e/A3 in Figure 5, and -1.2 X 10"3 

e/A3 in Figure 6. Some small fuzzy regions are 
visible at which there are differences as large or 
larger than the values of the difference isodensities 
shown. The fuzzy regions should all disappear at 
slightly larger difference isodensities. Evidently, 
the fuzzy regions in Figures 5 and 6 are quite 
small and highly localized. 

The difference studies shown in Figures 5 and 6 
indicate that the electron density is well repre- 
sented by the P matrix obtained from the fragment 
calculations. As has been noted, the method for 
developing a P matrix presented here differs from 
the one presented in our previous article [1]. The P 
matrix formed here is more accurate than that 
formed from the R matrix in the previous study. It 
was not necessary to employ the Clinton equations 
here to improve the projector quality. In fact, use 
of the Clinton equations left the good quality of 
the P matrix unchanged. Even greater accuracy 

may accrue if more atoms were included in the 
neighborhoods of the kernels. 

Concluding Remarks 

With the use of the known structure of the 
molecule, leu^zervamicin, from a crystal struc- 
ture analysis, it has been shown once again that it 
is feasible to make ab initio quantum mechanical 
calculations to good approximation for very large 
molecules. With the use of sequential computers, 
the computations increase only linearly with time. 
Were programs to become available for parallel 
computers, the time required for very large struc- 
tures should increase even more slowly. The key 
to such computations is the fragment calculation 
wherein a molecule is divided into kernels and ab 
initio calculations are performed on each of the 
kernels and their corresponding neighborhoods of 
atoms. The theoretical basis for the fragment calcu- 
lations suggests that the larger the neighborhood 
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^—C 
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/ 

FIGURE 5. Difference isodensity surface of 1.0 x 10 ~3 e/A3 for the hydrated leu1 -zervamicin molecule. The 
difference isodensity surface was obtained from PF - PK. Small fuzzy regions represent the remaining difference. They 
involve a small molecular volume and are evidently small in magnitude. 
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FIGURE 6. Difference isodensity surface of -1.2 x 10~3 e/A3 for the hydrated leu1 -zervamicin molecule. The 
difference isodensity surface was obtained from PF - PK. Small fuzzy regions represent the remaining difference. They 
involve a small molecular volume and are evidently small in magnitude. 
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of a kernel, the greater the accuracy. The kernel 
matrices consisting of the results of interactions of 
the kernel orbitals with each other with a weight 
of one and the results of interactions of kernel 
orbitals and neighborhood orbitals with a weight 
of one-half, are additive and combine to form the 
desired matrix for the complete molecule. The pro- 
cedure used here for the calculation of the kernel 
matrices resulted in a total matrix with good pro- 
jector properties, namely, tr(P2 — P)2 = 8 X 1CT5. 

The hexadecapeptide of this article was treated 
within the context of the ab initio Hartree-Fock 
approximation. However, the concept of extracting 
kernel matrices from fragments smaller than a full 
molecule would be applicable within the context 
of any method based on a molecular orbital repre- 
sentation, e.g., density functional theory. 

The kernel-neighborhood fragment calculation 
affords the opportunity to make ab initio calcula- 
tions for molecules whose complexity exceeds the 
capacity of available computer programs, particu- 
larly since the increase in computer time is essen- 
tially a linear function of the complexity. In addi- 
tion, the fragment calculation may save time when 
employed as an alternative to a calculation made 
on a complex, full molecule. 

The P matrix obtained from fragment calcula- 
tions may be used to derive molecular properties 
from the density matrix using the standard rules 
of quantum mechanics. 
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ABSTRACT 

We investigate the fission process Agfa -> Ag£, + Agn in order to compare total energies 
that calculated by the shell correction method and jellium models. A cavity potential and 
a Woods-Saxon-type potential are used as the shell potential for the shell correction 
method, with which the single-particle energy levels are calculated. Shell corrections are 
obtained by using the Balian-Bloch formula and by smoothing the discrete energy levels 
in the shell potentials. The jellium model calculations are performed in the framework of 
the local spin density functional approximation. The conventional jellium model and 
stabilized jellium model are used. Although the qualitative agreement between the shell 
correction method calculations and the stabilized jellium calculations is very good, an 
improvement of the liquid drop energy will be necessary for the satisfactory quantitative 
agreement.    © 1996 John Wiley & Sons, Inc. 

I. Introduction 

The concepts and methodologies used for 
atomic nuclei are very useful in studying 

metal clusters. The method of shell corrections is 
one of them [1-3]. In this method the cluster is 
first considered as a classical liquid drop, then 
quantum mechanical corrections are added. The 
scheme presented by the method of shell correc- 
tions, i.e., a classical description of a system with 

* To whom correspondence should be addressed. 

quantum mechanical corrections, may be a promis- 
ing method to deal with large systems where 
purely microscopic calculations are practically im- 
possible but purely macroscopic theories overlook 
important details. 

The most important quantum mechanical cor- 
rection arises from the inhomogeneous distribu- 
tion of single-particle energy levels in an effective 
potential such as the Hartree-Fock field. The effec- 
tive potential is not known unless we calculate it, 
but we may be able to construct a model potential 
which mimics the effective potential very well. 
This model potential is called the shell potential. 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1701-1707 (1996) 
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The single-particle energy levels are calculated 
with the shell potential and then the shell correc- 
tion is obtained as the energy fluctuation caused 
by the inhomogeneous distribution of the discrete 
energy levels. 

In order to obtain satisfactory results from shell 
correction calculations, we have to have a good 
shell potential. Actually the shell potential needs 
not to mimic the detail of the effective potential, 
but the energy level distribution near the highest 
occupied level or the Fermi level. In the previous 
calculations we used a cavity potential of a cluster 
shape as the shell potential. In the present work 
we also use a Woods-Saxon-type potential, which 
is commonly used in nuclear physics. 

Once the single-particle energy levels are ob- 
tained, the next step is to calculate a smoothed 
density of states. For the cavity potential, there 
exists the formula by Balian and Block. But such a 
formula is not available for the Woods-Saxon po- 
tential. Therefore, we will calculate the smoothed 
density of states from the discrete density of states 
by employing the standard method in nuclear 
physics [4]. 

We also performed the jellium model calcula- 
tions. We used two types of jellium models, the 
conventional jellium model, and the stabilized jel- 
lium model. The stabilized jellium model is a 
modification of the conventional jellium model so 
that the jellium is in mechanical equilibrium. This 
model is known to give much better results for 
surface energy of metals than the conventional one 
[5, 6]. 

II. Method 

A. SHELL CORRECTION METHOD 

In the shell correction method the metal cluster 
is first considered as a charged liquid drop. The 
energy of the liquid drop, ELD, is given by 

The shape of the cluster is determined by a 
shape function. We used the following shape func- 
tion, which is a modified version of the one used 
in nuclear fission [2]: 

ps(z) = s{[l - (z/s)2] [(C"3 - B/5) + 2aßz/s 

+ ß(z/s)2] 
1/2 

(2.2) 

The shape of the cluster is given by ps(z) 
= \ x2 + y2 = p. The modification is made so that 
the volume ration of two fragments is constant 
along the fission line 

BC3 a2-I (2.3) 

where the parameter a is determined by the vol- 
ume ratio of the two fragments which contain Nx 

atoms and N2 atoms, respectively: 

Nj        (a - 1)4(4 + a) 

N2  ~  (a + 1)4(4 - a) 
(2.4) 

JLD +  ^surf  +  -^Coulomb' (2.1) 

Now we add the shell correction to the liquid 
drop energy as the quantum mechanical correc- 
tion. The correction we take into account is the 
energy fluctuation from the average that arises 
from the inhomogeneous distribution of the va- 
lence electron levels. 

The shell correction is given by 

ftp 
Esheii =   L,ni£i- /    eT{e)de,       (2.5) 

where ei and ni are the energy and occupation 
number of the z'th energy level in the shell poten- 
tial, r(e) is a smoothed density of states, and sF is 
the Fermi energy associated with the smoothed 
density of states. 

The standard formula to obtain the smoothed 
density of states from the discrete density of states 
of the shell potential, g(s) = E,8(e - st), is [4] 

where the surface energy, Esurf, is a product of 
surface energy a and surface area S, the Coulomb 
energy, ECoulomb, is the Coulomb energy of the 
charged conductor, and the volume energy, EvoI, is 
the energy proportional to the number of the atoms 
in the cluster. The volume energy is omitted in the 
following discussion because we only consider the 
volume conserving deformations and fission. 

T(e) = y-1 LfKe-eJ/y], (2.6) 

where the smoothing function / is expressed using 
the Hermit polynomials Hk as 

2M 
f(x) = 77-i/2exp(_x2)   £   akHk(x),   (2.7) 

k=0,2 
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where 

fln = 1, -ak_2/2   for   k>2.   (2.8) 

We use 2M = 6 in the present work. 
We try two types of shell potentials. One is a 

cavity potential in which free electrons move in 
the cavity of the cluster shape, and the other is a 
Woods-Saxson-type potential, which is commonly 
used in nuclear physics. 

The Woods-Saxson potential is given by 

Vn 
V(p'z)      l + exPU(p,z)/d0]' 

where 

dip, z) = ±VP
2
 - ps(zf 

(2.9) 

(2.10) 

and the + sign is taken if (p, z) is inside the 
cluster and the - sign is taken if it is outside. The 
parameters V0 and d0 are set to V0 = -0.9(a.u.), 
d0 = 7rrws, where rws is the Wigner-Seitz radius 
[rws = 3.02(a.u.) for silver]. 

In addition to the smoothing formula [Eq. (2.6)], 
the Balian and Bloch formula [7] can be used for 
the smoothed density of states in the cavity poten- 
tial 

TRRU) 
m 

27T2h2 

1 

Vk- 
TTS 

+ 
x      , 1 1 

— f dS\— + — 
6k J     IRj      R2 

,    (2.11) 

charged background jellium. We solve the 
problem of valence electrons moving in the back- 
ground jellium by employing the density func- 
tional method of Kohn and Sham [10]. The local- 
spin density functional by Vosko, Wilk, and 
Nusair [11] is used. 

The eigenvalue problem of the Kohn-Sham 
equations are solved using the discrete valuable 
representation (DVR) [12-14]. In this representa- 
tion the basis is coordinate points. A DVR basis 
{|xa>, a = l,...,N) is related to a finite basis 
representation (FBR) basis {| <£,•>, i = 1,..., N] via a 
unitary transformation: 

1=1 01 = 1 

where the unitary matrix Ü is given by 

LI = YS~1/2, (2.14) 

N 

*„,- = <*>.■>,      sl7= L <^.|xa><xj^.>. 

(2.15) 
a=l 

Because the shape function (2.2) has an axial 
symmetry, we use cylindrical coordinates assum- 
ing the axial symmetry of the Kohn-Sham orbitals. 
Then the angular momentum around the z axis, v, 
becomes a good quantum number, and we solve 
two-dimensional eigenvalue problems for each v. 
As the basis for the z coordinate we use 

where 

k = 
2ms 

h2 
(2.12) 

and S and V are surface area and volume of the 
cavity, respectively, and Ra and R2 are the main 
curvatures of radii of the surface. We used Eqs. 
(2.6) and (2.11) for the smoothed density of states 
for the cavity potential, while Eq. (2.6) is used for 
that for the Woods-Saxson potential. 

B. JELLIUM MODEL 

The jellium model has been shown to give satis- 
factory results for metal clusters [8, 9]. In this 
model valence electrons move in the positive ion 
cores   which   is   approximated  by   a   uniformly 

<zJ<7,> sin qt(za - zmin), 

(2.16) 

q, = iir/i zmax - zmin),    i = 1,..., N2 

za = Zmin + atznax -zmin)/Nz,    a = 1,...,NZ, 

where Nz is the number of grid points in the z 
coordinate, zmin and zmax are the minimum and 
the maximum of the grids, respectively. 

Note that the vectors (z\qt) are eigenvectors of 
the z component kinetic energy 

■—(zl^^zl^.). (2.17) 
dz 
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As the basis for the p coordinate, we use the 
following two sets: 

< pa,0l«,0> = e-fl«V2 l_^±Ln(ciao)r   ai8) 

rmax 

Pa,0  = Pmax-\/aa,o/aNp,0>      OL =  1, . . . , Np , 

and 

<Pn)1|n/l>=e-'-./2   Va •      '_L1
H(«al),   (2.19) 

PmaxV«  +  1 

Pa,l  = Pmax-\/fla,l/flNp,l'      
a =  1,---,Np, 

where Np is the number of grid points in the p 
coordinate, pmax is the maximum of the grids, Ln 

and L], are the Laguerre polynomials and the 
associated Laguerre polynomials, respectively, and 
aa 0 and aa/i are their zeros, respectively. The 
reason we use two basis sets is that the behavior of 
wave functions at p = 0 is significantly different 
depending on whether the angular momentum 
around z axis is even or odd. Therefore changing 
grid points increases the accuracy of the calculated 
energy levels. 

Note that the vectors ( p\n, v) are eigenvectors 
of the two-dimensional harmonic oscillator 

By following Shore we add 

V0 = ßjell(n) - Pjell(") (2.21) 

to the chemical potential inside the jellium, where 
ejelI(n) is the energy per electron in the uniform 
electron gas of density n and pjell is the chemical 
potential of the uniform electron gas. 

Using 

eieii(n) = ^(3TT
2
«)

2/3
 + exc(n),      (2.22) 

Piell(") =   — neie\l(n), 
dn    ^ 

(2.23) 

and the local density functional of VWN [11], we 
obtain v0 = -0.024(a.u.) for silver [n = 3/(4irrls), 
rws = 3.02(a.u.)]. In the actual calculation the step 
function causes instability in the calcula- 
tion. Therefore we broaden it by using the 
Woods-Saxon potential form (2.9) with V0 = v0, 
do = rws. 

III. Results and Discussion 

We apply the jellium model and shell correction 
method calculations to the fission Ag^ -> AgJ"2 + 
Agn. In Figure 1 shapes of the cluster at various 
values of parameters B and C are depicted. Pa- 
rameter C describes elongation and  B describes 

1   d1 d v1 

+ 
2 dp1       2p dp   '   2p2 

X(p\n,v) 

+ 

= -^—{2n + v+ l)(p\n,v). (2.20) 
rmax 

The bases for z and p are combined to the total 
DVR basis, {| Pa 0 > ® | zß >} and {| paA > ® | zp >}. The 
first set is used if the angular momentum around 
the z axis of the single-particle level is even, and 
the second set is used if it is odd. This distinction 
is important to obtain accurate single-particle en- 
ergy levels. 

In addition to the conventional jellium model, 
we try the stabilized jellium model. It has been 
pointed out that the normal jellium model is not in 
mechanical equilibrium if it is applied to metals 
other than sodium. Methods of improvement to 
take account mechanical equilibrium have been 
presented by Perdew et al. [5] and Shore et al. [6]. 

1.5 

CQ 

0.5 

O   DO  0 0 0 0 

O    CO 00 0 0 

O    CD   COO O 

O   O 
1.5 2.5 

FIGURE 1. Shapes of the cluster at various values of ß 
and C for Ag|^ Ag1

+
2+ Ag^ (a = 0.0116). 
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neck formation and scission. The liquid drop en- 
ergy surface is shown in Figure 2. This surface is 
very smooth and does not have much structure. In 
Figure 3 the total energy surface obtained by the 
shell correction method is depicted. This surface is 
rich in structure due to the shell correction. There 
is, a local minimum at C = 1.5, B = 0.5. A ridge 
appears around B = 0.52, 2 < C < 3. There are 
two saddles for fission: One of them is around 
C = 2.6, B = 0.25 and the other is around C = 1.5, 
B = 1.2. Usually only one saddle dominates [2], 
but for this fission process, there are two compara- 
ble saddles for fission. 

Now we compare total energies obtained by the 
shell correction method and the jellium models 
along two fission paths shown in Figure 2. These 
two paths pass near the two saddles for fission by 
the shell correction method estimate. The frag- 
ments are prolatelike along path 1, while the frag- 
ments are oblatelike along path 2. It is predicted 
that path 1 produces low-spin fragments, Ag^(S 
= 0) and Ag^CS = \), while path 2 produces the 
high-spin fragments, Ag^CS = 1) and Ag+2(S = f) 
[15]. 

1.5 • 

PQ i 

0.5 • 

FIGURE 2. Contour plot of the liquid drop energy for 
AglJ-» Ag^-h Ag^. The zero of the energy is at C = 1, 
6 = 0. The contours are from 1 to 4 eV with spacing of 1 
eV. The gray levels of the shading run from black to 
white with increasing energy. The lines denoted by 1 
and 2 are path 1, ß = 0.5(C - 1), 1 < C < 1.5 and 
6 = 0.25, 1.5 < C < 3; and path 2, B = 6(C - 1), 1 < C 
< 1.2 and B = 1.2, 1.2 < C < 1.75, respectively. The 
sold curve is the fission line. 

The parameters for the jellium calculations are 
zmax = 35.0(a.u.), zmin = -35.0(a.u.), pmax = 
25.0(a.u.), Nz = 50, and Np = 30. The convergence 
problem of self-consistent calculation caused by 
near-degenerate levels are handled by broadening 
the occupation numbers using the finite tempera- 
ture distribution. The temperature is set to 500 K. 
It is seen in the calculation that if we use a much 
higher temperature than 500 K, the energy barrier 
is reduced but it does not change much by raising 
the temperature up to 1000 K. Therefore the broad- 
ening by 500 K will not change the barrier signifi- 
cantly. 

In Figure 4 the total energy and shell correction 
along path 1, B = 0.5(C - 1), 1 < C < 1.5; B = 
0.25, 1.5 < C < 3, are depicted. The cluster first 
elongates and then disintegrates along this path. 
Shell corrections are qualitatively the same irre- 
spective of the method as is seen in the bottom 
figure of Figure 4. The abrupt jump at C = 2.75 
seen in the shell correction energy by the 
Balian-Bloch formula is an artifact. This comes 
from the difference in the accuracy of the 
Balian-Bloch formula for a single cluster and for 
fragments. Because the number of atoms in the 
single cluster and its fragments are different, the 

1.5 ■ 

PQ x 

0.5 

FIGURE 3. Contour plot of the total energy for Agiy"-> 
Agi+2+ Ag^. The shell correction is calculated with the 
cavity potential, y= 0.15(a.u.). The zero of the energy is 
the liquid drop energy at C = 1, ß = 0. The contours are 
from 0 to 6 eV with spacing of 1 eV. The gray levels of 
the shading run from black to white with increasing 
energy. 
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-3L 

FIGURE 4. The total energy and shell correction along 
path 1. Top: Total energies by the shell correction method 
with the cavity potential, y- 0.15(a.u.) (solid line), by the 
shell correction method with the Woods -Saxon potential, 
y=0.15(a.u.) (dotted line), by the stabilized jellium 
model (thick solid line), and by the normal jellium model 
(dash-dot line). Middle: The shape of the cluster at 
C = 0, 1.5, 2, 2.5, and 3. Bottom: Shell corrections by 
the shell correction methods with the cavity potential, 
7= 0.15(a.u.) (solid line), with the cavity potential, y = 
0.35(a.u.) (dash-dot line), with the Woods -Saxon 
potential, y = 0.15(a.u.) (dotted line), and with the cavity 
potential using the Balian-Bloch formula (thick solid 
line). 

accuracy of the Balian-Bloch formula is different. 
This difference will not be significant for larger 
clusters, but it causes a sudden jump of the shell 
correction for the cluster size considered here. 

The smoothed density of states obtained by Eq. 
(2.6) does not have this problem. The smoothing 
parameter y is of the order of typical spacing of 
energy levels. The error of the calculated shell 
correction may be minimized by finding y that 
satisfies the stationary condition 

8E, shell 

Sy 
= 0. (3.1) 

We first tried to find the stationary y for each 
cluster shape, but we could not find a stationary 
value for some shapes. Therefore we decided to 
keep using the constant y value through a fission 
path, where the value is an average that satisfy the 
stationary condition near spherical shapes. We use 
two values for y: y = 0.15(a.u.) and y = 0.35(a.u.), 
where the former is in the order of typical spacing 
of levels and the latter is almost the same as the 
energy difference between the ground level and 
the Fermi level. The shell correction obtained by 
using y = 0.35(a.u.) is very similar to the one ob- 
tained by the Balian-Bloch formula, but it gives a 
higher threshold energy for fission than y = 
0.15(a.u.). It seems that y = 0.35(a.u.) is too large 
and y = 0.15(a.u.) is a better value. 

A better shell potential may be the 
Woods-Saxon-type potential. This potential allows 
the spill-out of the electron wave functions. We 
use y = 0.15(a.u.) as the smoothing parameter. Due 
to the spill-out, it is seen in the shell correction by 
the Woods-Saxson potential that the local mini- 
mum around C = 1.7 is shifted to a larger C com- 
pared with the cavity potential result. It is also 
seen that the oscillation of the shell correction 
along the fission path is somewhat reduced. 

The total energy is compared in the top figure 
of Figure 4. The improvement made by the stabi- 
lized jellium is significant. The conventional jel- 
lium calculation predicts much less fission barrier 
than the stabilized jellium, although their qualita- 
tive features are the same. The total energies ob- 
tained by shell correction methods using the cavity 
potential and the Wood-Saxon potential give al- 
most the same fission barrier. 

The position of the local minimum around C = 
1.75 by the jellium calculation is closer to the 
minimum position obtained by the Woods-Saxon 
potential calculation than to that obtained by the 
cavity potential calculation. Therefore the spill-out 
is necessary to predict the right shape for the local 
minimum. 

The fission barrier obtained by the shell correc- 
tion method is higher than that obtained by the 
stabilized jellium model. Because the shell correc- 
tions are not so different among the various meth- 
ods, this difference is probably due to the inaccu- 
racy in the model of calculating the liquid drop 
energy. The quantitative agreement between the 
stabilized jellium result and the shell correction 
results are very good for clusters with near spheri- 
cal shapes, although the agreement is poor for 
those with large deformations. 
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FIGURE 5. The total energy and shell correction along 
path 2. Top: Same as the top of Figure 4 but for the path 
2. Middle: The shape of the cluster at C = 0, 1.2, 1.4, 
and 1.6. Bottom: Same as the bottom of Figure 4 but for 
the path 2. 

In Figure 5, the total energy and shell correction 
along path 2, B = 6(C - 1), 1 < C < 1.2; B = 1.2, 
1.2 < C < 1.5, are shown. The cluster forms the 
neck without substantial elongation along this 
path. The qualitative feature of the stabilized jel- 

lium result and the shell correction method using 
the Woods-Saxson potential are the same. 

In order to improve the quantitative prediction 
by the shell correction method, the model for cal- 
culating the liquid drop energy must be improved. 
But even with the present model, it is expected 
that the accuracy of the shell correction method 
estimate will increase as the size of the cluster 
increases since the cluster energy will approach to 
the bulk value as the cluster size increases. 
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ABSTRACT   

Various nitrogen clusters, Nr, are selected for the present theoretical study. The number 
of nitrogen atoms chosen in this work varies from x = 8 to x = 32. PM3, which is known 
as one of the best semiempirical methods, is selected for the self-consistent molecular 
orbital calculations. The geometrical optimization, vibrational frequencies, and 
thermochemical computations are all involved for various types of molecular nitrogen 
clusters. The results show that all Nr's belong to the category of stable high-energy 
compounds. Comparison of average bond energy and delocalization energy of all cases 
reveals that N20(7,, symmetry) is the most stable molecule among all the nitrogen clusters 
studied. In addition, our results show five-membered rings are the most favored in the 
structures of nitrogen clusters (N^).    © 1996 John Wiley & Sons, Inc. 

Introduction 

In the period from 1990 to 1992, a hypothetical 
molecule N8 having O,, symmetry was intro- 

duced and developed by Lauderdale et al. [1] and 
Engelke and Stine [2] using ab initio calculations. 
They proposed the cubane-type N8 molecule to be 
a stable high-energy structure. Recently, N20 with 
Ih symmetry [3-6] and N28 with Td symmetry [7] 
have been successfully developed and reported in 
the  literature,   with  both  ab   initio   as  well   as 

*To whom correspondence should be addressed. 

semiempirical theoretical predictions. We have ob- 
served in the present study that Ift-type N20 and 
Td-type N28 are both similar to the previously 
mentioned N8. All the molecules are more stable 
than nitrogen atoms and have higher energy than 
N2(g) molecules, thus belonging to the category of 
stable high-energy compounds. In order to exam- 
ine the comparative stability among nitrogen clus- 
ters in general, we studied several Nx (x = 8-32) 
structures. According to both experimental and 
theoretical results, the midsize clusters of the pure 
element with covalent bonds usually exist with 
highly symmetric structures. The well-known 
molecule  buckminsterfullerene   (C60)   is   formed 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1709-1718 (1996) 
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with Ih symmetry [8-10], and even the smallest 
fullerene cluster (C28) with a 5A2 open-shell ground 
state still belongs to the Td point group [11]. Since 
both the nitrogen and carbon clusters are con- 
structed with equivalent covalent bonds and the 
same kind of atoms, similar to the structures of 
carbon clusters, we select the highly symmetric 
structure for each Nx of nitrogen clusters. In addi- 
tion to the behavior of symmetry, we should also 
pay attention to the structure of local rings in each 
cluster. When nitrogen atoms are forming a three- 
dimensional cluster, three equivalent single bonds 
are required for each atom. These three bonds are 
usually formed with the polarized  sp3 type or 
delocalized sp3 type of structure. The favored bond 
angles of these bonds in each atom are usually 
more or less near to the tetrahedral angle (109°). 
The self-consistent field type optimized rings in 
the cluster of molecular orbital (MO) calculation 
are usually in favor of planar or near to the planar 
local ring structure due to the delocalization effect. 
In the planar regular polygonal rings, the inside 
bond angles of a triangle is 60°, of a square is 90°, 
of a five-membered ring is 108°, of a six-membered 
is 120°, of a seven-membered is 129° and of a 
eight-membered is  135°. If one compares these 
angles with the sp3 type of angle as shown above, 
it is not difficult to find out that 108° of five- 
membered ring is the most suitable local structure 
for the nitrogen clusters. Consequently, for the 
planar or nearly planar rings, small rings with a 
size of 3 or 4 get the prominent negative bond 
angular deviation from the sp3 angle (A0 = 60° - 
109° = -49° for the size 3 and Ad = 90° - 109° = 
-19° for the size of 4); large rings with sizes of 7 
or 8 get the prominent positive bond angular devi- 
ation from the sp3 angle (A6 = 135° - 109° = 26° 
for the size of 8 and A9 = 129° - 109° = 20° for 
the size of 7). Both of these negative and positive 
deviation from sp3 angle will cause the large an- 
gular  strain  for  the  single-bond-based nitrogen 
clusters. For nonplanar large rings with the sizes of 
7 or 8 case, bond angle may be shrunk by changing 
dihedral   angle.   However,   the   symmetry   of   a 
three-dimensional system of clusters will be dis- 
torted, and the small rings of size 3 or 4 may 
occur, and the whole cluster will be less compact 
than the original regular polygonal system. The 
instability and another kind of angular strain may 
happen again due to nonplanar distortion of large 
rings. Therefore, for the single-bond-based three- 
dimensional nitrogen cluster in this work, we de- 

^(IJ ; 12 five-membered rings; 30 bonds       N^CD^) ; 2 six-membered rings; 36 bonds 

NjnC3»); 3 six-membered rings; 39 bonds       N^TJ; 4 six-membered rings; 42 bonds 

NJOCD»); 5 six-membered rings; 45 bonds 

1.4 

1476            \ 

1    /1.484     \    f 

108.9 J><^119.lJ^ 

\ \ 1.463     I 

\  110.0      1 
121.3^               ( 

ll447\ 

1.506 

1.506" 

A120-0/ 

— 1.506 

  1.484 

106.lU\ 

N32(D3); 6 six-membered rings; 48 bonds 

FIGURE 1. The geometry of Nx clusters (which 
consisted of five and six-membered rings for x > 2). 
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fined that both the negative and positive deviation 
of angles will be increasing angular strain and 
decreasing the stability of the cluster formation 
whenever the size of the ring is smaller or larger 
than  5.  The  introductory  idea   of this  angular 
strain-type argument was first introduced by us in 
our former work of the semiempirical study of 
N20(I,,) [4]. If the above argument is true, the 
priority of our cluster structures assignment of this 
work are selected according to the following two 
principles. First of all, the five-membered rings are 
assigned as much as possible for the cluster in 
order to decreasing its angular strain. The second 
important principle is to assign the structure of 
clusters according to their highly symmetric prop- 
erty. Under these two principles of assignment, 
N20Ü„), N24(D4rf), N26(D3ft), N28(Td), N30(D5h), and 
N32(D3)   as   shown   in   Figure   1   and   N8(Oh), 
N10(D3ft),  N12(D6,,),  N14(D3fc),  and  N16(D4d)  as 
shown in Figure 2 are selected for this work. In 
order to testify about stability and angular strain 
of various N/s with the same number of nitrogen 
atoms   (x),   we   also   select   the   high   strained 
N14(D7„),   N16(D8„),   N24(0„),   N28(D7d),   and 
N32(OA) as shown in Figure 3 to compare them 
with the related less strained Nx (x = 14, 16, 24, 
28, 32) of Figures  1  and 2.  With this type of 
comparison, the real evidence of the angular strain 
of various sized localized rings in nitrogen clusters 
may be testified as shown in the following section. 

The MO method used in this work is the PM3 
method which is known to be one of the best 
semiempirical methods so far [12]. As shown in 
our previous study on N20 [6], the optimized struc- 
tures, the calculated first ionization potentials, and 
thermochemical results of both the semiempirical 
PM3-MO as well as ab initio type 6-31G are all 
very close to each other. Consequently, we believe 
that using the semiempirical type PM3-MO method 
as an instrument for the theoretical study of nitro- 
gen clusters will be very effective, efficient, and 
reliable in the present comparative analysis. 

Calculation 

The versions of PM3 in Gaussian 92 [13] and 
HyperChem [14] were both used in the present 
work. For various nitrogen clusters, different cal- 
culations of the same molecule by these two pro- 
grams usually yield the identical results. The ver- 

sion of PM3 in the Gaussian package was used 
since it provided better degeneracies for both MOs 
and vibrational frequencies in the cases of high 
symmetry point groups. The version of PM3 in 
HyperChem usually yielded the calculated bind- 
ing enthalpy and enthalpy of formation directly for 
the following reactions: 

xN(g) = Nx(g), 

x/2N2(g) = Nx(g). 

(1) 

(2) 

For comparing the stability of the bonding behav- 
ior for each cluster, similar to the average bond 
energy calculations as reported earlier [3, 7], we 
calculated the average bond energies (BE) with 
enthalpy of atomization, i.e., a negative value of 
binding enthalpy divided by the number of bonds 
(n) in the molecule as 

BE = Mijn. (3) 

In addition to these quantities, the newly de- 
fined "delocalization energy" (DE) of a single 
bonded structure of C24N4 cluster [15] is also ap- 
plied in this work: 

DE = AHa- X>,-(AHbond(), (4) 

where n, and AHbond are the number of bonds 
and bond energy of z'th type of bond. For the N^ 
clusters in this work, all bonds are referenced to 
the N-N single bond 

DE = AH„ AH bond(N-N)' (5) 

where n is the number of N-N bonds in the 
cluster; AHbond(N_N) = 163 kj mol"1 is assigned 
from a recent textbook of physical chemistry [16]. 

For the purpose of comparison between various 
Nx, the average delocalization energy of each bond 
can be easily evaluated as 

DE/n = l^lijn - AHbond(N_N) 

= BE - 163kJmol_1. (6) 

The cluster type of molecules calculated in this 
work are all assumed to consist of nitrogen atoms. 
The size of the molecules assigned here lies in the 
range between 8 and 32 atoms. The assignment of 
cluster structures was according to the principle of 
less angular strain and their symmetric behavior of 
the assigned symmetry group. Hence we first con- 
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N«(0k);6 four-membered rings; 12 bonds Nio(D5i); 2 five-membered rings; 
5 four-membered rings; 15 bonds 

1.494 

1.505 

N|j(DJ; 2 six-membered rings; 
6 four-membered rings; 18 bonds 

NuC0»); 6 five-membered rings; 
3 four-membered rings; 21 bonds 

Ni4(°3k); 8 five-membered rings; 
2 four-membered rings; 21 bonds 

FIGURE 2. The geometry of Nx nitrogen clusters (which consisting of four, five or six-membered rings for x < 20). 
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1.474 

NHCDTJ; 2 seven-membered rings; 
7 four-membered rings; 21 bonds 

N^CDJ; 2 eight-membered rings; 
8 four-membered rings; 24 bonds 

N^CO,,); 6 four-membered rings; 
8 six-membered rings; 36 bonds 

NJ,(D7J); 2 seven-membered rings; 
14 five-membered rings; 42 bonds 

N32(Ok); 12 six-membered rings; 
6 four-membered rings; 48 bonds 

FIGURE 3. Nx clusters (x = 14, 16, 24, 28, 32) with comparative larger angular strain. 
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structed geometries consisting of five- and six- 
membered rings. The Ih type N20 is constructed 
with 12 regular five-membered rings. For x > 20, 
N24(D6(i) has 2 six-membered rings, the N26(D3,,) 
has 3 six-membered rings, the N28(Trf) has 4 six- 
membered rings, N30(D5Ä) has five six-membered 
rings, and N32(D3) has 6 six-membered rings, in 
addition to 12 five-membered rings in each case, as 
shown in Figure 1. For cluster sizes less than 20, 
structures formed with four- and five-membered 
rings or four- and six-membered rings were cho- 
sen, including the cubane-like Ng(0,,), N10(D5A), 
N12(D6/,), N14(D3,,) with 3 four-membered and 6 
five-membered rings, and N16(D4rf) with 2 four- 
membered and 8 five-membered rings as shown in 
Figure 2. In order to verify the principle of large 
angular strain in the cases of large (7 or 8) or small 
(3 or 4) sizes of rings, we also selected clusters 
with seven- or eight-membered rings, such as 
N14(D7,,), N16(D8/!), and N29(D7d) along with an 
analogous larger cluster with four-membered rings 
such as N24(Oh) and N32(Oä) as shown in Figure 3, 
for the purpose of comparison. Thus, a total of 16 
nitrogen cluster structures (Nx, x varying from 8 
to 32) have been evaluated in this work. 

Both the geometry optimization and vibrational 
frequency calculations of all the clusters men- 
tioned above were successfully computed. All the 
calculated ground-state electronic configurations 
are closed-shell singlets. N16(Dgh) exhibited two 
imaginary vibrational frequencies and proved not 
to be a local minimum, whereas the vibrational 
frequencies of all the remaining 15 structures were 
found to be positive real values lying between 89 
and 1108 cm"1. Consequently, they are stable 
structures on their respective potential surfaces. 

Result and Discussion 

COMPARISON BETWEEN LESSER OR 
LARGER ANGULAR STRAIN Nx 

In order to demonstrate the significant effect of 
angular strain on the Nx molecules, we initially 
selected N14, N16, N24, N2g, and N32 consisting of 
comparably lesser angular strain structures of Fig- 
ures 1 and 2 and compared them with the related 
five larger strain molecules, as shown in Figure 3. 
We selected the calculated result of the first ioniza- 
tion potentials, i.e., Ilst, the energy gap between 
the highest occupied molecular orbital (HOMO) 
and lowest unoccupied molecular orbital (LUMO), 
i.e., As = sLVMO - eHOMO the average bond ener- 
gies from Eq. (3), and heat of formations, in order 
to compare the stability of the five pairs of Nx 

(x = 14, 16, 24, 28, 32). The calculated values of 
PM3 are listed in Table I for comparison. From the 
results in this table we found that for Nx with 
identical x, Ilsi, As, and BE of molecules having 
lesser strain are larger than the corresponding val- 
ues of molecules having larger strain. The A HJ of 
lesser strain cases is lower than the A HJ of larger 
strain cases. All these results imply that nitrogen 
clusters consisting of five- or six-membered rings 
are favored over the structures which containing 
seven-, eight-, or four-membered rings. 

COMPARISON OF THE MOST STABLE Nx 

(x = 8 TO 32) 

After the geometrical optimization and vibra- 
tion frequency calculations of various Nx in Fig- 

TABLE I  
Comparisons of the angular strain effect in Nx (x = 14,16, 24, 28, 32). 

Sym. 
Group 

Geometric 
Structure 

'1st 
(eV) 

As 
(eV) 

BE 
(kJ boner1) 

AH; 
(kJmor1) 

D3I 

07/ 
04C 

08/ 
06< 
Oh 

07< 
03 
oh 

Fig. 2 13.15 10.15 195.09 2522.2 
Fig. 3 12.40 9.32 175.57 2932.0 
Fig. 2 13.21 10.01 197.66 2820.9 
Fig. 3 12.50 8.84 169.29 3501.6 
Fig. 1 12.95 8.90 199.23 4174.9 
Fig. 3 12.90 8.87 190.54 4487.6 
Fig. 1 12.98 8.62 197.53 4942.0 
Fig. 3 12.60 8.55 196.49 4985.4 
Fig. 1 12.85 8.00 195.68 5737.0 
Fig. 3 12.73 7.51 188.34 6089.1 
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ures 1 and 2, all the calculated bond distances and 
angles are marked in the related figures and all the 
other results are list in Tables II and III. 

/lst and HOMO-LUMO Energy Gap 

As shown in Figure 4 and Table II, the calcu- 
lated first ionization potentials (Ilst) of various Nx 

are very close to each other; their Ilst are all close 
to 13 eV. The HOMO-LUMO energy gap (As) are 
decreased whenever the number of nitrogen (x) 
increased. The tendency of Ae decreasing in more 
prominent for larger cluster whenever x > 20 than 
in the cases of smaller cluster (x < 20). If one 

compares the observed Ilst = 15.58 eV and PM3 
calculated HOMO-LUMO energy gap As = 14.36 
eV of N2 molecule, it is found that both Ilst and 
energy gap As of various cluster molecules are all 
less than the related values of N2; that means the 
large nitrogen clusters are more reactive than N2 

from the viewpoint of charge transfer processes. 

Vibration Frequency Calculation 

All the vibrational frequencies of these 11 nitro- 
gen clusters are positive between 158 and 1108 
cm-1. The largest frequencies of them are all less 
than 1200 cm-1 due to a lack of stretching-type 

TABLE II  _ 
Comparisons of the /1st, energy gap (Ae), average bond energies (BE), delocalization energies (DE In), 
heat of formations (AH,° / nN2) in Nx(x = 8 to 32).  

and 

N8 

Nio 
N12 

Nu 
N16 

Symmetry 
Group 

D5 

D, 

3ft 

De 
D 

1 
D5I 

Fig. 2 

Fig 1 

'1st 
(eV) 

As 
(eV) 

BE 
(kJbond"1) 

DE/n(kJmo|-1) 
(n: No of N-N bonds) 

AHJ/nU2 

[kJ(N2)"
1] 

12.99 11.03 173.59 10.59 424.82 
13.33 11.18 183.22 20.23 395.91 
12.82 9.70 180.64 17.64 403.67 

13.15 10.15 195.09 32.09 360.32 
13.21 10.01 197.66 34.66 352.61 

13.17 9.63 201.55 38.55 340.95 
12.95 8.90 199.22 36.23 347.91 
12.82 8.60 198.45 35.45 350.24 
12.98 8.62 197.53 34.53 353.00 
12.79 8.28 197.47 34.47 353.16 
12.85 7.96 195.68 32.68 358.56 

TABLE III .  
Comparisons of the average bond lengths (in A), the longest (or weakest) bond length (in A), vibrational 
frequency ranges, and the difference between the highest frequency and the lowest frequency in Nx (x = 8 to 32). 

Symmetry 
Group 

Ave. Bond 
Length 

Longest Bond 
Length 

Vib. Freq. Range 
(cm"1) 

Av 
(cm"1) 

N8 

N10 

N12 

Nu 
N16 

D5h 

D6h 

D3ft 
DArt 

Fig. 2 

1.510 
1.505 
1.498 
1.498 
1.497 

1.510 
1.508 
1.505 
1.506 
1.520 

537 ~ 1108 
395 ~ 1019 
274 ~ 1003 
370 ~ 946 
251 ~ 965 

571 
624 
729 
576 
714 

D6< 
D3I 

L 
D5I 

Fig. 1 

1.491 
1.488 
1.485 
1.483 
1.483 
1.480 

1.491 
1.532 
1.524 
1.493 
1.511 
1.506 

356 ~ 947 
292 ~ 997 
273 ~ 1024 
287 ~ 1000 
158 ~ 1093 
228 ~ 1041 

591 
705 
751 
713 
935 
813 
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12.85 

-the first ionization 
potentials 

-the energy gap 
(HOMO-LUMO) 

7.96 

N8 N10 N12 N14 N16 N20 
(Oh)        (D5d)       (D6h)       (D3h)       (D4d)        (Ih) 

N24 N26 N28 N30 N32 
(D6d)       (D3h)        (Td)        (D5h)        (D3) 

Nx Compounds 

FIGURE 4. Comparisons of the first ionization potentials and the energy gap in Nx (x = 8 to 32). 

vibrations of the special functional group. This 
skeleton vibrational frequencies of clusters are 
usually very small. The largest frequencies of vari- 
ous nitrogen clusters are more or less around 1000 
cm ~"l. For the sake of simplicity, only the range of 
frequencies and difference between largest and 
smallest   frequencies,   (Av = AvUra Av smallest 
are collected and listed in Table III for comparison. 
From Av's of the various clusters, one may easily 
identify the clusters with comparable smaller Av 
(N8, N14, and N20), structures which are more 
compact or more symmetric than other clusters. 
The larger Av cases, such as the clusters of N30 

and N32, are relatively larger and more flexible 
than the other clusters. Both the anomalous large 
Av and small HOMO-LUMO gap of N12(D6„) 
show that the hexagonal type N12 is a less rigid 
and less stable nitrogen cluster compared to the 
pentagonal-type N10(D5;,) cluster with five-mem- 
bered rings. 

Bond Distance 

Most of the calculated bond distances shown in 
and 2 are less than the standard N-N 

single bond distance 1.45 A assigned by Pople and 
Beveridge [17]. In order to compare the geometri- 

Figures 1 

cal size, the average bond distance of each cluster 
is calculated: 

(d)a 

EM; 
E«, (7) 

and listed in Table III and Figure 5. In Eq. (7) ni 

and dj are number and length of the z'th type of 
bond. The range of average bond distance lies 
between 1.51 and 1.48 A. The larger cluster gives 
the shorter average distance due to delocalization 
effect of this single-bond-based system of larger 
cluster. 

In the simplest sense, the bond will be strong 
when the bond distance is short. From the gross 
point of view, the larger cluster with shorter aver- 
age bond length will be stronger and more diffi- 
cult to break than the other smaller clusters. How- 
ever, the bond breaking is not a gross problem, but 
it is a problem of local region or local bond. There- 
fore, the weakest bond or longest bond distance in 
each cluster should be selected for comparison. If 
one looks at Figure 5, the minimum in this curve 
belongs to the N20(4) cluster. This fact means that 
all bonds in the highly symmetric and five-mem- 
bered ring systems are all equivalent and balanced 
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.506 

-the average 
bond length 

-•-the longest (or 
weakest) bond 
length 

1.480 

N8 N10 N12 N14 N16 N20 N24 

Nx Compounds 

N26 N28 N30 N32 

FIGURE 5. Comparisons of the average bond length and the longest bond length in Nx (x = 8 to 32). 

local parts in the N20 cluster, and there is no weak 
point (or special long bond distance) like the other 
nonequivalent bond systems of the other clusters. 

BE, (DE)/n, and AH,/(no. of N2) 

The last and the most important problem is the 
comparison of the energy differences between 
Nx(g) and xN(g) or Nx(g) and x/2N2(g). In 
addition to the average bond energy (BE) and 
average delocalization energy (DE/n), we also cal- 
culate AHf/(no. of N2) for 

N2(g) = 
x/2 

N,(g) 

reaction in which 

AHf/(no. of N2) = AH,/(i/2). (8) 

These results are shown in Table II. Because DE/n 
may be evaluated by Eq. (6) and which is calcu- 
lated by BE-163 (kj mol"1). The reason we calcu- 
late DE/n in this work is to show the delocaliza- 
tion effect related to N-N single bond. Although, 
in the bond distance calculation of the last para- 
graph, most calculated dN_N's are larger than the 
standard single-bond distance (1.45 A), all the cal- 
culated DE and DE/n are positive values for all 
clusters. This result shows that all the N-N bonds 
in various Nx clusters are stronger than the ordi- 
nary N-N single bond. If one compares the BE, 

DE/n, and AH//(no. of N2) for all clusters, all the 
evidences prove that N20(Ift) is the most stable 
nitrogen cluster. If one compares the BE, DE/n of 
the small clusters Ns(Oh) Nw(D5h), and N12(D6ft), 
the most stable cluster among these three clusters 
is Nw(D5h). The idea of angular strain of this work 
shown above is strongly supported by these re- 
sults. The less angular strained five-membered 
rings is the fundamental unit for the stable nitro- 
gen clusters formation. 

Conclusion 

From the above results we conclude: 

1. For nitrogen clusters, five- and six-membered 
rings have less angular strain and are fa- 
vored over four-, seven-, and eight-mem- 
bered rings, just as expected for analogous 
carbon structures. 

2. From both energy and largest bond distance 
comparisons, N20(4) is the most stable Nx 

cluster in this work. 
3. From the energy viewpoint, Nw(D5h) is the 

most stable structure among N8, N10, and 
N12, which is the additional evidence to show 
five-membered rings are preferred also in 
cases of small nitrogen clusters. 

4. In the case of carbon clusters, such as 
graphite, C60, and C70, their six-membered 

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 1717 



CHEN AND SUN 

ring part is usually more important than the 
five-membered ring part. In this work, all the 
PM3 results show that the five-membered 
ring is the most favored fundamental struc- 
tural unit in the nitrogen cluster molecules, 
which may be quite different from those of 
carbon clusters. The idea of smallest angular 
strain of the five-membered ring system is 
strongly verified by all the above-mentioned 
results of this work. 
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ABSTRACT 

We carried out variational model calculations for the assessment of the combined effect 
of the nonparabolicity of the electron effective mass and the screening of the donor ion by 
the valence electrons of GaAs for a donor placed at the center of a spherical quantum dot. 
We considered finite confining potentials between the GaAs QD and the surrounding 
Gaj^A^As matrix. We found that the combined effect becomes more pronounced as 
the radius of the quantum dot decreases.    © 1996 John Wiley & Sons, Inc. Int J Quant Chem 
60: 507-510, 1996 

Introduction 

Reduced  dimensional structures,  such as a 
quantum well (QW), a quantum-well wire 

(QWW), or a quantum dot (QD), are man-made 
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* * We are deeply saddened by the loss of Peter Csavinszky, 
an author published in the International Journal of Quantum 
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the annual Sanibel Symposia. 

Correspondence to: Dr. Kenneth R. Brownstein, Chair, Depart- 
ment of Physics and Astronomy, 5709 Bennett Hall, University 
of Maine, Orono, ME 04469-5709 

structures that can be fabricated by chemical vapor 
deposition (CVD) [1, 2] and molecular-beam epi- 
taxy (MBE) [3-5]. Donor atoms in these structures 
are expected to have different binding energies 
than have the same donor atoms in the bulk semi- 
conductor. 

Each of these reduced dimensional structures 
has received an extraordinary amount of attention 
in the literature. For this reason, we shall severely 
curtail the number of references in the present 
article and refer only to publications that we deem 
essential. 

Much studied hetero structures are the follow- 
ing: the quasi-two-dimensional QW, such as a 
GaAs slab sandwiched between two semi-infinite 

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 30, 1719-1722 (1996) 
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Gaj_j.Alj.As blocks, the quasi one-dimensional 
QWW, such as a GaAs wire placed in an infinite 
Gaj_j.Alj.As matrix, and the quasi zero-dimen- 
sional QD, such as a GaAs sphere placed in a 
Gaj_j.Alj.As bulk. 

The finding energy of a hydrogenic donor in a 
Gaj_j.Alj.As/GaAs/Gaj_j.Alj.As QW was calcu- 
lated by Bastard [6, 7], who applied a variational 
approach. The binding energy in a GaAs/ 
Gaj_j.Alj.As QWW of a circular cross section was 
calculated by Brown and Spector [8], also by a 
variational approach. The effect of changing the 
shape of the QWW was studied by Bryant [9]. The 
binding energy of a hydrogenic donor in the center 
of a GaAs/Ga^^Al^As QD was studied by Por- 
ras-Montenegro and Perez-Merchancano [10], Zhu 
et al. [11], and Zhu [12]. The binding energy of an 
off-center donor in a spherical QD has also re- 
ceived the attention of Zhu and Chen [13, 14]. 

The screening of a donor ion by the valence 
electrons of GaAs in a Gaj_j.Alj.As/GaAs/ 
Gaj_j.Alj.As QW was considered by Csavinszky 
and Elabsy [15], who used an analytical screening 
function obtained by Resta [16]. The screening of a 
donor ion by the valence electrons of GaAs in a 
GaAs/Gaj_j. Alj. As QWW of circular cross section 
was studied by Csavinszky and Oyoko [17, 18]. 
Recently, Elabsy and Csavinszky [19] considered 
the screening of a donor ion by the valence elec- 
trons of GaAs in a spherical GaAs/Gaj^Alj-As 
QD. 

In all the above calculations, the donor electron 
was described by a constant scalar effective mass. 
It is, however, known that the conduction band 
(CB) of GaAs deviates from the parabolic form. 
The effect of the nonparabolicity of the CB on the 
binding energy of a donor in a Gaj_j.Alj.As/ 
GaAs/Gaj_j.Alj.As QW was studied by Chaud- 
huri and Bajaj [20] who considered a finite confin- 
ing potential. A similar calculation was performed 
by Csavinszky and Elabsy [21]. Both of these calcu- 
lations made use of an energy-dependent effective 
mass for the calculation of the binding energies of 
hydrogenic donors placed in on-center [18] and 
off-center [19] positions in the Gaj_j.Alj.As/ 
GaAs/Gaj_ j Alj.As QW. Recently, the effect of the 
CB nonparabolicity on the binding energy of an 
on-center donor in a GaAs/Gaj_j.Alj.As QD has 
been considered by Elabsy and Csavinszky [22]. 

In this article, we study the combined effect of 
screening and nonparabolicity on the binding en- 
ergy of a donor located at the center of a spherical 

Gaj_j.Alj.As/GaAs QD. We consider a finite bar- 
rier confining potential. Our approach is a varia- 
tional approach, and our units are atomic units 
(unit of energy is the Hartree, unit of length is the 
bohr). 

Theory 

In this section, we restrict ourselves to a very 
brief presentation of the theory of the combined 
effect of screening and the nonparabolicity of the 
electron effective mass. 

The Hamiltonian, for a donor in the center of a 
spherical QD of radius R, is given by 

H 
24 

-V2- 
,(r)r 

+ Vh(r). (1) 

In Eq. (1), rri\ denotes the energy-dependent 
effective mass (hence, the subscript E) of Hrivnak 
[23], given by 

m * = m*T 
E 

y 
(2) 

In Eq. (2), m*r is the electron effective mass at the 
T-point, m*T = 0.0665 m0, E is the electron energy 
expressed in eV units, and y = 9Al eV. 

Also in Eq. (1), e,(r) denotes Resta's [16] screen- 
ing function, obtained from a linearized differen- 
tial equation (hence, the subscript /), and Vb(r) is 
the confining potential given by 

Vh(r) = Vn 

r <R 
r > R (3) 

By assuming that 60% of the energy band gap 
discontinuity is related to the conduction band, 
Batey and Wright [24] obtained 

V0 = 0.60 A El, (4) 

where AEj is the difference in band gaps of 
Gaj_xAlj.As and GaAs at the T-point. This quan- 
tity is then 

Ar
?(ev) = 1.247x,  x < 0.45. (5) 
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Our variational trial function is of the form 

Nsin(£wr)   _Xr 

<{>(r) = 

r < R 

N-sm(£wR)eX^R-r) e~ 
r 

Xr r >R 

(6) 

In Eq. (6), N is a normalization constant, given 
in [15], and A is a variational parameter. Finally, 
the quantities Xw and £10 are defined by 

Xw [2m*(Vb - E10)] 
1/2 

and 

U = [2m*Ew] 
1/2 

(7) 

(8) 

The binding energy,  E„(r), described by the 
Hamiltonian in Eq. (1), is defined as 

E„(R) = E10(R)-fmin(JD. (9) 

In Eq. (9), Ew is obtained by solving the transcen- 
dental equation of Porras-Montenegro and Perez- 
Merchancano [10]. By extremalizing the expecta- 
tion value of the energy, f(R), with respect to A, 
one obtains £min(R). 

The results of our variational calculations, for 
x = 0.30 and x = 0.45, are given in Figures 1-4. 

Figure 1 shows the dependence of Eb on R for 
x = 0.30 calculated for a nonparabolic conduction 

60 Nonparabolic   Band 
<x)»oo Parabolic   Band 

X=0.30    „ 
R,= 2.34  A 

40 0    60 
R (A) 

100 

FIGURE 1. Dependence of Eb on the CB 
nonparabolicity (for x = 0.30) as a function of Ft. 

40 „    60 
R (A) 

100 

FIGURE 2. Dependence of Eb on the CB 
nonparabolicity (for x = 0.45) as a function of R. 

54 

53 

Nonparabolic  Band 
• •••• Screened 
ooooo Unscreened 

X=0.30   „ 
R,=2.34 A 

52 - 

51 

50 
20 25 30o 

R   (A) 
35 40 

FIGURE 3. Dependence of Eb on R when the CB 
nonparabolicity is considered simultaneously with 
valence dielectric screening (x = 0.30). 

band for a screened donor with the relevant data 
for a parabolic conduction band. It is noted here 
that while we have calculated Eb usingo atomic 
units the graphs are given in meV and A, since 
these units are most often used for data presen- 
tation in the literature. Figure 2 is similar to Fig- 
ure 1, except that it is obtained for x = 0.45. 
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69 

68 

Nonparabolic   Band 
• •••• Screened 
ooooo Unscreened 

X=0.45    „ 
R,=2.34  A 

> 
CD 

E67 

66 

65 
15 20 250 

R    (A) 
30 35 

FIGURE 4. Dependence of Eb on R when the CB 
nonparabolicity is considered simultaneously with 
valence dielectric screening (x = 0.45). 

Figure 3 compares Eb vs. R, calculated for a 
nonparabolic conduction band for both a screened 
and unscreened donor in a QD of aluminum frac- 
tion x = 0.30. Figure 4 is similar to Figure 3, 
except that is obtained for x = 0.45. Finally, in 
Figures 1-4, the numerical value of the screening 
radius is also displayed. 

Discussion 

Both Figure 1 (x = 0.30) and Figure 2 (x = 0.45) 
show that the CB nonparabolicity of GaAs has a 
significant effect on the binding energy of a 
screened donor placed at the center of a spherical 
QD compared to that obtained using a parabolic 
CB of GaAs. It is also seen from Figures 1 and 2 
that the effect increases as the radius of the QD 
decreases. It is further evident from the figures 
that the binding energy, both for the parabolic and 
for the nonparabolic cases, increases at first as the 
QD radius R decreases, reaches a maximum at a 
certain R value, and then starts decreasing as the 

QD radius R decreases further. Figures 1 and 2 
permit yet another observation: They show that 
the maxima in the binding energy do not occur at 
the same value of R for the parabolic and non- 
parabolic cases. 

Figures 3 (x = 0.30) and 4 (x = 0.45) show the 
dependence of Eb on R when the conduction band 
nonparabolicity is considered together with both 
screening and nonscreening of a donor placed at 
the center of the QD. Consideration of screening 
enhances the binding energy Eb. 
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demonstrated by a physical problem. This approach enables the reader to tackle 
more complex problems by synthesizing simpler mathematical concepts. This 
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