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INTRODUCTION 

This paper describes an applied method to optimize the design of passive vibration absorbers to 
reduce terrain-induced vibrations of tank cannons. The method should improve the accuracy of the 
weapon by reducing variations in the initial conditions of the gun barrel at shot start. 

Applying vibration absorbers to beams involves coupling a damped mass-spring system to the 
beam at the locations of greatest vibration activity. (Vibration absorbers m are also commonly referred to 
as dynamic dampers p], vibration neutralize« P1, and tuned-mass-dampers, (TMDs)[4,51.)+ This achieves 
two main benefits. First, the addition of the absorber may reduce the receptance of the modified beam to 
certain frequency bands of a disturbance force—effectively rejecting the disturbance energy. Second, the 
absorber enhances the dissipation of vibrational energy via the damping of the absorber. This may play a 
significant role if the damping of the unmodified structure is limited and sustained external excitement is 
expected, but it generally has less impact on the design. In addition, absorbers may increase receptance at 
certain frequency bands—an undesirable possibility. 

The method presented in this paper uses a Euler-Bernoulli finite element technique to generate the 
second-order equations of motion of the gun barrel as a non-uniform beam—with subsequent conversion 
to the first-order state-space domain.[6] This model is then transformed to the Laplace "s" domain 
(transfer function form) using the MATLAB®* software package.[7,8,91 In this domain, Bode analysis 
reveals the frequency response of the system. The design is optimized by assigning a scalar cost function 
to the frequency response function of the modified barrel, which provides a metric for minimizing the 
design parameter space of the vibration absorber. This applied approach to the effective design of 
vibration absorbers forms a middle ground between mere numerical simulation and analytic formulation of 
the problem. 

This paper documents the detailed development of the dynamic modeling and the design of 
vibration absorbers for application to the XM291 gun system as an elastic beam. All explicit MATLAB® 
functions and previously written m-files are enclosed by angle brackets to distinguish them from regular 
text. 

THE DYNAMIC MODEL 

This report leverages the software developments of a previous effortl6] to formulate the dynamic 
model of the gun system. 

The Barrel 

The finite element method was chosen to dynamically model the barrel. This application uses the 
Euler-Bemoulli beam approximation and Hermite-cubic interpolation functions to form the inertial and 
stiffness matrices of the undamped second-order equations of motion. This is achieved by approximating 

1 In many engineering contexts, these terms may become misnomers and create confusion.131 The design 
of such mechanisms may emphasize dissipation of energy via damping or redistribution of energy within 
the frequency spectrum. For this application, the absorption of energy into other frequency bands and the 
dissipation of energy by the damping element are both suspended by the rejection of the energy effected 
by reshaping the frequency response function. 

* Registered trademark of The MathWorks, Inc., 24 Prime Park Way, Natick, MA 01760-1500. 
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Figure 1. XM291 geometry and material properties data 

the continuous non-uniform beam as an assemblage of a finite number of discrete elements. Within each 
discrete element, the interpolation functions are used to approximate the interior deformation. At the 
boundary between two adjacent elements, called a node, continuity of lateral displacement and slope is 
imposed. When assembled, the resulting finite element model dynamics—governed solely by the node 
states—closely approximate the dynamics of the non-uniform beam. 

The geometry and material properties data for the XM291 are read in by the m-file 
<geomf_XM291.m> [6] and are shown in Figure 1. The upper plot depicts the inner and outer radii of the 
barrel with respect to the axial position. Within the confines of the inner diameter of the barrel, the 
distribution of the extraneous mass of components attached to the barrel is shown. The plot reveals that 
the barrel is configured with its breech and mount hardware—but not with the thermal shrouds, bore 
evacuator, or muzzle reference mount. For clarification, the title lists the total mass of the extraneous 
attached hardware. The middle plot indicates the linear density of the barrel alone. (The purpose of 
segregating the inertia of the barrel from the mounted hardware is to maintain visual validation of the 
plots; a plot of the combined linear density could obscure the distinction between a valid plot and an 
erroneous one.) The final plot reveals the axial distribution of cross-sectional stiffness. These input 
vectors are used to formulate the finite element matrices. 

For this model, the barrel is broken up into seven elements to provide ample accuracy of the 
model in the frequency range of the first few flexible modes. As discussed in Reference [6], the frequency 
response is greatest in the lowest modes of vibration. This is where the finite element model most 
accurately mimics the vibration of the underlying distributed parameter system. 

To form the finite element mesh, three locations are specified as imposed node locations along the 
barrel in locations where external constraints may conveniently be incorporated into the dynamic model. 
The three external constraints are located at the elevation mechanism, the trunnion bearing, and the 



Vibration absorber (0.540m, 0.988m, and 6.544m, respectively). The absorber is located at the muzzle 
reference system mount, in order to conveniently test the design concept. In general, the location of the 
absorber would be a free parameter. The remaining three node locations are placed by the file 
<fem_mesh.m>.l6]  (For seven elements, the beam must be modeled by eight nodes—including the two 
free ends of the beam, the three imposed node locations, and the three nodes to be placed by the mesh 
(Figure 2)). 

The finite element modeling of the barrel realized by <fem_form.m>[6] results in a 16-by-16 
inertial matrix and a cross-sectional stiffness matrix. A damping matrix, which introduces a force opposite 
in direction and proportional to the velocity of the deformation, is constructed via the Rayleigh 
proportional damping approximation, as realized by the file <fem_lump.m>.[6] The inertial proportional 
damping coefficient, a, is set to zero, and the stiffness coefficient, ß, is set to set to 0.001 ^f1. (These 

values are a common approximation for steel structures. Experimental measurements of these values are 
anticipated for a future report.) 

Constraint/Mounting of the Barrel 

Once the dynamics of the barrel's distributed parameter system are modeled, they must be 
constrained by a model of the gun mount. This constraint is applied to the barrel at two locations—the 
elevation mechanism and the trunnions—and provides constraint forces that are a function of the 
transverse deflections of the barrel. 

Both forces are approximated by a force that is 
proportional to the lateral deflection of the barrel at the 
constraint location and opposite in direction (i.e., springs). 
(For this analysis, both stiffnesses are set to 500,000 lbf /in ~ 
108 N/m.) 

Using arguments developed in Reference [6], the 
stiffness and damping values of the constraints are added to 
the respective diagonal elements of the finite element 
matrices, which correspond to the lateral motion of the 
constrained node.   This implementation is executed by the 
file <fem_lump.m>. 

This parametric formulation of the barrel constraints 
is limited; the real structure would require more than two 
values for an accurate model. This approximation results in 
imprecise boundary conditions on the barrel that have the 
greatest impact on the lower modes of vibration. However, 
the model does capture many of the dynamic effects of 
interest and can easily be modified to incorporate more 
advanced constraint approximations—including servo- 
control dynamics.1101 

Coupled External Vibration Absorbers 

An interesting dynamic effect can be achieved by 
coupling an external lumped mass-spring-damper system to 
structures. This attenuates combined system vibration in 
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Figure 2. Node placement by meshing metric 



a relatively narrow band near the operating frequency of 
the absorber and dissipates and disperses steady-state 
energy across a wider band—as long as the damping, 
stiffness, and inertial coefficients are well-tuned. 

With the inclusion of the absorber, a new energy 
storing degree of freedom is added to the total system. 
This requires a new generalized coordinate to represent 
the deflection of the absorber—and its time 
derivatives—from its equilibrium position. This increases 
the size of the system matrices to 17-by-17 (Figure 3). 
(The incorporation of the absorber is developed in 
Reference [6] and implemented by the file 
<fem_lump.m>.) 

XM291 Absorber Modified Matrices 
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Figure 3. Image of absorber modified 
system matrices 

Figure 3 depicts the completed system mass and 
stiffness matrices of an absorber modified system. (The 
absorber stiffness and damping will be optimized later in 
this report.) The shaded images to the left indicate the 
relative magnitude of the elements of each matrix. 
Because the disparity in element magnitude is great, the 
distinction between small and zero elements may be obscured. To address this issue, the non-zero 
elements of both matrices, regardless of their magnitude, are revealed to the right (using MATLAB®'s 
<spy> command 181). The plots verify the cascading construction of 4-by-4 elemental matrices—resulting 
in the diagonally banded system matrices for the 16-by-16 finite element portion of the matrices. In 
addition, the coupling of the absorber to the lateral generalized coordinate (in this case, q13) results in the 
stiffness elements at K17 13, K13 ,7, and K17,7. (Interior modification at K1313 is also effected by 
<fem_lump.m>.) The absorber inertia results in the single element at the lower right-hand comer of the 
mass matrix, M17 17. 

Equations of Motion 

Once the combined system matrices are formed, the resulting equation of motion is: 

Mä + CDi + Ka =f (1) 

where: 

M 

K 
3- 
I 

is the 17-by-17 mass matrix 
is the 17-by-17 damping matrix 
is the 17-by-17 stiffness matrix 
is the 17-by-l generalized coordinate vector 
is the 17-by-l generalized force vector 
denotes differentiation with respect to time 

In equation (1), M, CD, and K are the 17-by-l7 mass, damping, and stiffness matrices, 
respectively. The generalized coordinate vector, g, and force vector,/, may be related to the nodal 
displacements and forces as follows: 
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is the 11th generalized coordinate 
is the n"1 generalized force 
is the transverse displacement of the nth node 
is the transverse displacement of the absorber 
is the rotational displacement of the n,h node 
is the transverse external force at the n"1 node 
is the external force applied to the absorber 
is the external applied moment at the nth node 
is the total number of nodes 

With the exception of gravitational forces, external forces are generally transmitted to the system 
only through the mount locations (exclusive of the firing event). For example, terrain disturbance forces 
would be applied to the gun system through the trunnion mounts and corrected by the elevation 
mechanism (f5 and/3, respectively). Gravitational forces may be neglected because they result in an 
equilibrium deflection solution about which the disturbance-induced vibrations will oscillate. This 
assumption may be compromised if the gun barrel is rapidly elevated—resulting in significant changes of 
the orientation of the gun relative to the gravity field and subsequent changes in the equilibrium deflection. 

Conversion to First-Order State-Space 

Many of the powerful MATLAB® tools for dynamic analysis and design require the dynamic 
equations to be in linear, time-invariant, first-order state-space form. Equation (1) is in the second-order 
symmetric form. This representation can be converted to the first-order state-space form by using the 
following method.t611] 



First, define the state-vector and its first time derivative as the combined generalized coordinates 
of equation (2) and their first temporal derivatives. 

Or i 
-  i = 

* J [4 
(3) 

Second, define the system dynamics of equation (1) in terms of the generalized coordinate vector's 
time derivatives. 

i = H (a) 
ä = -M-'Kg -M-*CDi + M-1/ (b) (4) 

Note that the form of equation (4) presumes that the mass matrix is invertible. This is always the 
case for beam finite element formulations. Using equations (3) and (4), a state-space representation with 
all of the generalized coordinates as the output is as follows: 

x = Ax + Bf 
a = Cx + Df (5) 

where the state-space matrices are constructed in terms of the second-order system matrices and the zero 
and identity matrices are of compatible size. (Note that the state-space matrices have twice the number of 
rows and columns as the second-order system matrices.) 

(6) 

A = 
0 

-(AT
1
*) 

/ 
(«) B = 

0 

M1 
(b) 

c- [/     0] (c) D- [0} (d) 

The m-file <fem2ss.m> [6] computes the state-space matrices using the second-order matrices of 
equation (1) as shown in equation (6). 

FREQUENCY RESPONSE ANALYSIS OF THE MODEL 

Model Truncation 

Truncation of the state-space model from a multi-input/multi-output system to a single- 
input/single-output system facilitates frequency response analysis. With this goal in mind, the input and 
output to be used must be selected. Because terrain disturbances are transmitted to the system via the 
trunnion mounts, the disturbance forcing is applied at/5. The correction force applied by the elevation 
mechanism at/3 is simply modeled as a linear compliance. (Inclusion of the fire-control dynamics, as 
previously done by Dholiwar[10], would enhance the model significantly and will be pursued in the future.) 
The muzzle pointing angle is selected as the sole output of the system because it includes contributions 



from all vibratory modes. (The muzzle is an anti-node of the constrained beam.) The truncation is 
effected by the <ssselect> command[9], as demonstrated in Reference [6]. 

XM291 Trunnion Disturbance to Muzzle Pointing Angle Bode Plot 

Frequency (Hz) 

Figure 4. Base-line Bode plot of unmodified XM291 gun system 

Bode Analysis of Unmodified Barrel 

Once single-input/single-output state-space is realized, the frequency response of the system can 
be computed using the <bode> command.l9] Think of this as a cross-section of the Laplace transfer 
function along the imaginary frequency axis by substituting jw for "s" where <o is the radial frequency. 
The frequency response of a dynamic system indicates the steady-state response, y(t), of the system to a 
sinusoidal input, u(f): m 

u{t) = Asm{(2nf)t) 
y(t) = kAsin{(2nf)t + (j)) 

(7) 

where: 

u(t) is the input force at the trunnions 
A is the amplitude of the input force 
/ is the cyclic frequency of the input force 
t is time 
y(t) is the output pointing angle of the muzzle 
k is the gain 
(f> is the phase lead/lag of the response. 

Figure 4 is a Bode plot of the response of the muzzle pointing angle to disturbance trunnion 
loading of the unmodified barrel. Use this as a baseline for judging modified barrels. It consists of two 
plots. The upper plot relates the gain of the system, k in equation (7), to the excitation frequency,/. The 
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lower plot depicts the phase lag, (|>, to the 
frequency. The gain is represented in decibels. (A 
decibel is related to the gain as: dB = 20 log10(jfc).) 

FREQUENCY DOMAIN OPTIMIZATION OF 
THE ABSORBER 

Bode Analysis for Absorber Optimization 

The frequency response of a modified 
barrel is affected in the same manner as the 
unmodified barrel. For this paper, two absorber 
parameters are varied—the stiffness, KVA, and the 
stiffness proportional damping coefficient, 
ßVA—while the mass of the absorber, MVA, is 
maintained at 20 Kg. The gain function of the 
modified barrel is then divided by the gain of the 
original system—resulting in a relative frequency 
response (Figure 5). 

A weighting function is then applied to 
emphasize the response in the frequency range of 
primary interest. This function (Figure 6) was 
generated as the normalized response of a second- 
order system with natural frequency,/,,, of 9 Hz and 
a critical damping ratio, £, of 40%. In general, the 
weighting function effectively combines the 
dynamics of the gun system with a priori knowledge 
of the frequency content of the disturbance force. 
(Multiplication in the frequency domain is 
equivalent to convolution in the time domain.[I2)) 
Thus, this weighting function approximates white 
terrain-induced trunnion disturbances as having been 
passed through a second-order, damped filter. 

A single scalar cost function, J, is then 
quantitatively computed across the frequency range 
of interest as the integral of the weighted relative 
frequency response of the absorber modified system. 

Unmodified 
-Modified 
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Absorber Parameters: 
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Figure 5. Juxtaposition of modified and un- 
modified barrels and the resulting relative 
frequency response 
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Figure 6. Weighting function used to 
emphasize expected disturbance frequency 
content in the optimization 



J = J (GR(f)G^f))df (8) 

flaw 

where: 

J is the scalar cost function 
fhw is the lowest frequency of interest 
fhigh ls *e highest frequency of interest 
GR(j) is the relative frequency response as shown in Figure 5 
GJj) is the weighting function frequency response as shown in Figure 6 

J is subsequently normalized to be unity for KVA and ßVA at zero; these values essentially eliminate 
the effects of the absorber. Other cost functions can be used to incorporate other design considerations 
(such as worst-case performance) or pragmatic engineering issues (such as bounds on reasonable damping 
levels). Strategic formulation of the cost function is more of a concern when the dimension of the 
parametric design space increases—thus requiring all multi-dimensional gradient descent methods for 
optimization such as the <fmin> command. [8]For the two-dimensional case at hand, visual inspection of 
the optimization surface, J(ßVA> KVA), is possible. 

RESULTS 

Optimization Surface 

The optimization surface generated for a 20 Kg vibration absorber using the scalar frequency 
response cost function is shown in Figure 7. 

The plots clearly indicate that, for low levels of damping, ß < 0.005s, the absorber design is 
extremely sensitive to parametric variation. This can be seen by the high density of contour lines near the 
peaks that indicate step gradients. 

The peaks are caused by detrimental interaction of the absorber with the fundamental frequencies 
of the barrel. As mentioned earlier, this implies that low-level damping absorber designs are sensitive to 
model uncertainty caused by the unmodeled mount and elevation servo-control dynamics. That said, the 
contour plot indicates that at least one low-level damping design, near KVA = 10,000 N/m, would effect 
disturbance rejection by the absorber. 



Optimization Surface in Parameter Space 

Surface 

1.4 v 
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Figure 7. The optimization surface of a 20 Kg 
absorber 

The top plot depicts a 3D rendering of the surface. 
The bottom plot reveals a contour of the surface. The 
dashed line represents the unity J value. The 
asterisks represent optimal parameter values that 
minimize J. 

10 



For higher damping levels, (i.e., 0.005s <r ßVA < 0.030s), the absorber design appears to be quite 
insensitive, especially to the level of damping. 

In both cases, the lack of sensitivity to damping levels is a desirable result. Engineering obstacles 
with damping materials that are subject to harsh variations in temperature—as would be experienced in a 
weapons environment—may be relaxed because of this lack of sensitivity. 

Relative Frequency Response 

Figure 7 demonstrates that the optimal "spring-constant" of 11,400 N/m that couples the 20 Kg 
absorber to the gun barrel is essentially constant for the range of ßVA's examined. (Actually, for the low 
damping values, the optimization bifurcates with a slight advantage for a KVA of 9,600 N/m.) 

Figure 8 depicts the change in the frequency response gain due to an optimal absorber for various 
Rayleigh damping values. The "spikes" in the response for low damping may be offset by the deep 
"notch-filter" effect these systems exhibit. If modeling uncertainty is very low, matching the notch-filter 
to known problem disturbances may be a viable design method. 

Unweighted Relative Frequency Response for Optimal KVA's 

ßVA 
N/(m/s)/N/m /    Hz 

Figure 8. Relative frequency response of a 20 Kg absorber 
for optimal KVA*s (-10,000 N/m) versus Rayleigh damping 

PVA'S 
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For the case at hand, the "notch-filter" approach is viable if: 

i. Prototype hardware tuning of the parameters to match the real system is possible, 
ii. Interaction with the fire-control servo loop is well-modeled. 
iii.        Modal interaction with other unmodeled structures (such as the turret) does not coincide 

with the absorber "spikes." 

The advantages of a design with significant damping levels are clearly based on a lack of model 
and structural sensitivity. Unless there is an absolute need for a "notch-filter" level of disturbance 
rejection, this robust behavior is the preferred design approach. 

Pole-Zero Plots in the Laplace Domain 

The location of the damped eigenvalues and zeros in the Laplace domain provides insight into the 
dynamics of the absorber modified gun system. 

Often called a pole-zero map, the unmodified system is shown in Figure 9. In this figure, the first 
four bending modes are revealed as the complex conjugate "x" pairs. The natural coordinate units for the 
imaginary axis are radians per time, but this axis is scaled to display the more familiar cyclic Hertz (Hz) 
frequency. 

The polar grid correlates damped frequencies to their natural (undamped) counterparts by the arcs 
of constant radius. 

The critical damping ratio, £, for each mode is revealed by the angular displacement off the 
imaginary axis. Each radial line represents a 20% increment of the critical damping—from zero at the 
imaginary axis to 100% along the real axis. 

It is important to realize that roots in this domain imply that the denominator of the transfer 
function goes to zero as these roots are approached. This leads to unbounded response at these locations; 
thus the term "pole." 

Conversely, the zeros of the transfer function are depicted by the "o" marks. At these locations, 
the transfer function numerator is zero, which nullifies any response from the system at these locations. 

The effect of these values on the frequency response occurs along the imaginary axis—where the 
real parts of the Laplace domain "s" variables are zero. As a surface, the transfer function along the 
imaginary axis closely mimics the response of the poles and the zeros near it. Thus, in Figure 9, the 
nearby location of the eigenvalue located at 6.8 Hz effects a spike in the frequency response function (as 
seen in Figures 4 and 5). Because the pole does not coincide with the imaginary axis, the spike is not 
unbound, as would be expected in an undamped model. 
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First Four Modal Eigenvalues of Modified XM291 
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The absorber changes the pole-zero map by introducing a new degree of freedom and its 
subsequent poles and zeros. 

Figure 10 depicts the new pole-zero map of the modified gun system. The 20 Kg absorber has 
created a pair of conjugate poles and zeros, and the optimization has placed the new zeros very near to the 
new poles—with a slight translation to a higher frequency. 

The absorber pole location almost coincides with the natural frequency the absorber would exhibit 
if it were constrained to a rigid reference. This natural frequency can be evaluated as <D„ = J(KVA/MVA). 

Divided by 2it radians per cycle, this value is 3.70 Hz for the absorber parameters MVA = 20 Kg and KVA - 
10,800 N/m. Located near 3.5 Hz, the absorber pole is below the rigid coupling value because of the 
relatively high barrel contribution to its effective inertia (as opposed to stiffness) and the modest level of 

damping. 

The close proximity of the zero to the pole largely cancels the response of the pole. However, 
because the zero is shifted higher, the pole does effect a small increase in response toward the low- 
frequency side. This effect is readily seen in Figures 5 and 8. 

The zero subsequently reduces the response of the system toward the higher frequencies, 
especially the next pole. The effect diminishes as the input disturbance frequency moves up the imaginary 

axis. 

In addition, the coupling of the absorber has slightly increased the effective stiffness of the 
original first mode of the gun system. This is seen as the shift of the 6.8 Hz pole in Figure 9 to 7.0 Hz in 

Figure 10. 

For an absorber designed with low damping, the new pole-zero pair becomes nearly collocated 
with the imaginary axis—resulting in the pronounced spike and notch effects in Figure 8. 

Mode Shape Comparison 

The mode shapes (eigenvectors) of both the original and the 20 Kg absorber modified barrels were 
evaluated (Figures 11 and 12) using the <eigen_2o.m> file developed in Reference [6]. In both cases, the 
mode shapes are mass-normalized. 

The x's along the barrel center line indicate the node locations. The external coupling at the 
elevation mechanism and the trunnions is shown by the small circle around the x. The absorber deflection 
in Figure 12 is depicted by the circle—constrained to the barrel—by the thin line. 

Figure 12 depicts the nearly decoupled first mode of the vibration absorber. (The flexure of the 
barrel in this mode shape is nearly rigid body.) Although the rather large deflection of the absorber in the 
first mode would normally cause concern, the near pole-zero cancellation shown in Figure 10 largely 
alleviates this problem. The first mode essentially coincides with the notch depicted in Figures 5 and 8. 
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CONCLUSIONS 

Figure 12. First three mode shapes and 
frequencies of the gun system modified by an 
optimal absorber 

Vibration absorbers present an opportunity to reduce the receptance of gun systems to terrain- 
induced vibrations by using a simple passive mechanism. The design method presented in this paper 
optimizes the design and reveals the sensitivity of the design to the parametric uncertainty of the 
absorber—as revealed by the gradient of the optimization surface. Optimization within a high 
dimensional parameter space was enabled by the identification of a scalar cost-function in the frequency 
domain of the system, which is readily computed with MATLAB® software. This cost function may be 
adapted to disturbances characterized a priori via a weighting function in the frequency domain. This 
weighting in the frequency domain is equivalent to convolution in the time domain of the gun system with 
the approximated disturbance system. 

Absorber performance was evaluated in the Laplace domain using pole-zero plots, frequency 
domain via Bode analysis, and eigen techniques. This verified the advantages of designing an absorber 
with significant damping levels, which helps to avoid undue sensitivity to modeling and parametric 
uncertainties. 

The sensitivity of designs that are low in damping—to slight parametric variations, model 
uncertainty, and unmodeled dynamics—were shown. In addition, the potential advantage of the "notch- 
filter" effect was demonstrated in case the disturbance can accurately be characterized a priori; this 
justifies significant modeling and validation efforts to reduce the potentially detrimental uncertainties. 
Terrain-induced vibrations are unlikely to be well-characterized; however, undesirable servo-control 
dynamics may provide a candidate for this type of approach. 
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