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Abstract

Modern manufacturing incorporates fabrication constraints and quality
control into the initial product design to create competitive, cost-effective
products. This research offers a design-for-manufacture approach to
gradient-index lens production. Fabrication parameters are coupled to a
lens design program to eliminate the traditional trial-and-error
manufacturing process. The new approach allows a lens designer to
design a gradient-index optical system in terms of the actual fabrication
parameters and then provides a set of experimental specifications to the
materials scientist. The result is a more efficient and cost-effective
manufacturing process for gradient-index optical systems.

Traditional gradient-index design methods were developed before
many of the current gradient-index materials were available and are
therefore unrelated to the material fabrication parameters. For example,
the index of refraction profile is typically expressed by a polynomial
expansion in optical design. Once a lens is designed with this
representation, the manufacturer must guess at fabrication parameters
such as time and temperature to obtain the required An, depth, and profile
shape. As a result, the design-to-manufacture process is slow and

iterative.




Therefore, a more efficient design-for-manufacture approach is offered
by this research. First, a mathematical model for gradient-index
fabrication by ion exchange is developed using Fickian diffusion theory.
Second, an experimental procedure is developed to test this model against
experimental results for several different diffusion times and
temperatures in both axial and radial sample geometries. In particular,
empirical diffusion models are developed for Li* for Na* and Na* for Li*
ion exchange in alumina silicate glasses, alumina borate glasses, and
titania silicate glasses. Third, the model is integrated with a lens design
program to allow optimization on diffusion parameters and several
sample designs are presented which compare the old design procedure
with this new method of design. Thus, with the completion of this
research, a lens designer can now choose from a realistic set of gradient-
index glasses and, in turn, generate a complete set of experimental

specifications for the production of the gradient.
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Chapter I

Introduction/Background

Preface

Industry recognizes that a design-for-manufacture approach is essential
for creating competitive, cost-effective products. Modern manufacturing
methods incorporate fabrication constraints and quality control into the
initial product design to create a much more efficient manufacturing
process. Nevertheless, few design-for-manufacture techniques exist in
optics; traditional lens fabrication methods use numerous labor-intensive
processing steps. Consequently, computer-integrated manufacturing of
conventional lens systems is currently being explored, [1] but this process
has not yet been extended to include nonconventional optical systems
such as those which utilize gradient-index materials.

A gradient-index optical system contains inhomogeneous materials in
which the refractive index changes continuously throughout the medium.
Design studies of optical systems employing gradient-index materials
indicate that a gradient can reduce the required number of lens elements
or improve the system performance by providing additional optical power
or aberration correction. Unfortunately, the added benefits of gradient-
index lenses are often weighed against the added complexity of fabricating
the material. In particular, traditional design techniques use gradient




specifications that are unrelated to the material fabrication parameters.
This leads to an iterative manufacturing process which can be both
difficult and time-consuming.

The research presented in this thesis offers a design-for-manufacture
approach to gradient-index lens production. Fabrication parameters are
coupled to a lens design program to eliminate the traditional trial-and-
error manufacturing process. The new approach allows a lens designer to
design a gradient-index optical system in terms of the actual fabrication
parameters and then provides a set of experimental specifications to the
materials scientist. The result is a much more efficient and cost-effective
manufacturing process for gradient-index optical systems.

1.1 Introduction

Imaging systems incorporating gradient-index elements have been
studied for over a century. In 1854, Maxwell published the first example of
a lens designed with an index of refraction gradient. [2] Late in the
nineteenth century, Exner observed that insect eyes were composed of
tiny, naturally occurring gradient-index rods. [3] Shortly thereafter, Schott
developed the first method to manufacture gradient-index materials by
applying a differential cooling technique to glass. [4]

Widespread interest in gradient-index lenses emerged with the
invention of the computer and the subsequent ability to efficiently trace
rays through gradient-index materials. This generated several papers
concerning gradient-index design, [5,6,7] but most of the early raytrace and
aberration theories were based on hypothetical materials. [8,9,10] At that
time, only a small number of gradient materials existed, and even fewer
were completely characterized. This resulted in the development of a
mathematical representation for the optical properties of the gradient that
was unrelated to the fabrication process parameters. Thus, designers could
determine the type of gradient needed for a particular lens configuration,
but could not incorporate manufacturing constraints into the design.

Currently, the gradient-index optical systems which are commercially
available include collimators, fiber couplers, endoscopes, and unit
magnification lens arrays for compact photocopy or facsimile machines.




[11,12,13,14,15] Although gradient-index elements have also been
incorporated into the designs of photographic objectives, binoculars,
microscopes, and zoom lenses, [16,17,18,19] only a few of these systems
have ever been fabricated. [20] Even with the recent development of new
materials, researchers continue to use design techniques which make the
implementation of these types of designs difficult and sometimes

impractical.

1.2 Gradient-Index Optical Design

The index of refraction variation of a gradient-index lens is usually
written as a function of spatial coordinates and then categorized according
to the shape and orientation of its isoindicial surfaces. For example, the
two most common types of index of refraction profiles, the axial gradient
and the radial gradient, are shown in Fig. 1.1. The shading indicates both
the orientation of the gradient with respect to the optical axis and the
change in refractive index across the lens.

(a) (b)

Figure 1.1 Orientation of the index of refraction gradient with respect to the optical axis, Z
for (a) an axial gradient and (b) a radial gradient. The shading indicates the change in
refractive index across the lens.




In optical design and third-order aberration analysis, the index of
refraction profile of a gradient-index element is usually expressed by the
polynomial expansion given by Sands, [21]

N(r,z) = irzi[i Nijzj} (1.1)
i=0  \j=0

where z is the distance along the optical axis (measured from a reference
plane) and r is the radial distance from the optical axis. The Njj
coefficients of this expansion offer extra degrees of freedom to the lens
designer. For example, the index of refraction gradient may contribute to
the optical power of a lens system and/or help in aberration correction.

The Njj coefficients of the gradient expansion also vary with the
wavelength of light. Similar to a homogeneous dispersion, a gradient-
index Abbe number is defined for each coefficient as [22]

Nij d

Vi =1 —N-
P} Jc

= except for i=j=0 (1.2)

where d, F, and C refer to the spectral lines of helium and hydrogen (587.6,
486.1, and 656.3 nm respectively). For i=j=0, Eq. (1.2) is replaced by the

traditional Abbe number,

(1.3)
Noo, —Nooc

Voo =

where V(g is often referred to as the homogeneous dispersion, or V4, and
Noo, is the index of refraction of the base glass at the kth spectral line.

It is sometimes more convenient to define a second gradient-index

Abbe number in terms of the total change in the refractive index, or An, at
the d, F, and C wavelengths as [23] '

V... Ang

=—. 14
& Ang —Anc 4

Each An is determined from the measurement of the gradient-index
profile at that particular wavelength. Previous results show that the range
of measured Vgrin values (10 to e and -e to -100) extends well beyond the




range of Abbe numbers for homogeneous glasses (20 to 80). [24] Unlike
designs of homogeneous lens systems, the existence of negative Vgrin
numbers allows for color-corrected gradient-index systems which contain
only positive elements. [25] This reduces the power required from each
individual element and can therefore significantly reduce the total
aberrations of the system.

1.2.1 Axial Gradient

In an axial gradient, the surfaces of constant index are planes
perpendicular to the optical axis so that all terms containing r in Eq. (1.1)
are zero. The index of refraction profile may then be expressed as a Taylor

series in z, _
N(Z) = NOO + N01Z + N0222 +... (1.5)

where z is the distance measured along the optical axis. If the reference
plane from which z is measured is placed in the homogeneous region of
the gradient profile then in this equation, Ngo represents the index of
refraction of the base glass.

The addition of curvature to an axial gradient causes the refractive
index value to change with the height of the incident ray at the surface. In
terms of opfical path, this type of lens resembles an asphere and many of

Figure 1.2 Ilustration of the use of an axial gradient to correct the third-order spherical
aberration of a singlet. The dashed line represents the marginal focus of the singlet
without the gradient.




the design techniques applied to aspheres can be extended to axial
gradients. For example, placing an axial gradient in a homogeneous
singlet corrects the third order spherical aberration of the lens. Figure 1.2
illustrates the change in focus of the marginal ray with the addition of the
axial gradient.

In the past, axial gradients have been incorporated into many different
types of lens systems. Linear axial gradients have been used to correct the
spherical aberration of single-element collimators, [26] while in more
complex systems axial gradients have been used to correct other
aberrations, such as distortion in eyepieces. [27] Previous designs have
also shown that the total number of elements in an optical system can be
reduced by including an axial gradient in the design. For example, a two
element gradient-index binocular objective has been designed to replace a
three element homogeneous lens in the U.S. Army M-19 binocular. [28]

1.2.2 Radial Gradient

In a radial gradient, the isoindicial surfaces are concentric cylinders
about the optical axis so that all terms containing z in Eq. (1.1) are zero.
The index of refraction profile is then given by the even-powered Taylor
series in r, the radial distance from the optical axis,

N(r) = Ny + Nygr? + Npor® +... . (1.6)

Materials with nonzero r2 terms introduce optical power upon transfer
through the lens. As shown in Fig. 1.3 (a), this allows radial gradient-
index elements with only plane parallel surfaces to form images. The
entire optical power is due to the gradient and for thin lenses is
approximated by

& = 2Nt (1.7)

where t is the thickness of the lens. This type of lens is commonly known
as a Wood lens. [29]

Due to their unique property of having optical power without curved
surfaces, small diameter radial gradient focusing rods were the first
commercial application of gradient-index materials. Selfoc™ rods of this
type have been available from Nippon Sheet Glass Company (NSG) for




(a) (b)

Figure 1.3 Tllustration of two types of radial gradients: (a) a thin Wood lens demonstrating
its ability focus light and (b) a long radial gradient-index rod showing the sinusoidal
ray paths within the material.

over two decades. [30] Currently their widest application is in unit-
magnification lens arrays for desktop copiers and fax machines where a
wide field of view is desired for short conjugates. They are arranged in
linear arrays of two rows and used to scan the document rather than
image the entire document at once.

A second emerging commercial market for gradient-index materials is
in the area of endoscopic instruments. [31] Many different medical
procedures use a small-diameter endoscope to relay an image of the inside
of the body to an outside observer. The optical system of the instrument
usually consists of three separate subsystems: the objective, the relay, and
the eyepiece. The objective forms an image which the relay system
transfers across the length of the scope to the eyepiece. This usually
requires several identical relay stages, each of which is composed of a
series of homogeneous lenses that form an image at unit magnification.
As illustrated in Fig. 1.3 (b), rays in long gradient-index rods traverse
sinusoidal path lengths within the material, creating several intermediate
image locations. Thus, a single gradient-index rod can also function as the
instrument's relay system.

Shown in Fig. 1.4 is one stage of a relay system that might be used in (a)
a typical endoscope and (b) an equivalent gradient index rod. For a
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(b)

Figure 1.4 One stage of a unit-magnification endoscope relay: (a) a typical homogeneous
relay system and (b) an equivalent gradient-index relay system.

particular application, the length of the instrument determines how many
relay stages are required. Since most endoscopes have at least three of
these stages, there are a large number of small lenses to manufacture, coat,
and align in homogeneous designs. In contrast, a gradient-index relay
system consists of a single gradient-index rod and results in a much lower
fabrication cost.

In addition to their current commercial applications, radial gradients
have been incorporated into many other types of optical designs. Lens
systems which derive most of their optical power from the gradient
contribution have been shown to have significantly lower third-order,
monochromatic aberrations. For example, the aberrations of a gradient-
index eyepiece tend to be half that found in analogous homogeneous
systems. [32] In other designs, a radial gradient can reduce the number of
elements needed to meet a particular design specification. For example, a
single radial-gradient element with curved surfaces can replace as many as
three homogeneous elements and yield equivalent imaging performance.
[33] Haun has also recently developed a set of equations which utilize the
surface contribution of the radial gradient instead of relying on the
gradient's power contribution to minimize third-order monochromatic
aberrations. He then applied these equations to the design of high-speed
singlets for compact disc objectives. [34]




1.3 Gradient-Index Fabrication

Gradient-index lenses are manufactured in glass, plastic, and crystal
materials using a wide variety of techniques. The most common method
is ion exchange, but the diversity of the fabrication methods includes glass
fusion, [35] sol-gel processing, [36, 37] chemical vapor deposition, [38] and
Czochralski crystal growth. [39] Glass fusion produces gradients with large
index changes (0.3) over relatively large distances (10 mm), but is limited
to an axial geometry. Recent studies of sol-gel materials show promising
results for radial gradients, but require a large number of delicate
processing steps. Chemical vapor deposition is widely used to
manufacture gradient-index fibers, but is limited to small geometries
because of thermal expansion problems encountered during the fiber
pulling process.

Ion exchange is a well-known process used in both the fabrication of
waveguide devices for photonic applications [40] and the chemical
strengthening of glass. [41] Ion exchange is also the prevailing method for
commercial production of gradient-index materials. [42, 43] The
manufacturing process is relatively uncomplicated and can be used for
either an axial or a radial geometry. The main disadvantage is that long
diffusion times are required for large penetration depths. This is one of
the principal reasons why the current commercial success of gradient-
index technology lies in the area of small-diameter optics.

1.3.1 Gradient-Index Glass

A wide variety of homogeneous glasses with different indices of
refraction (1.5-2.0) and dispersions (20-80) are currently available to the
lens designer. Unfortunately, attempts to make gradients by ion exchange
in commercial optical glasses met with very limited success. [44, 45] This
led to the development of special glasses specifically designed for ion
exchange. For example, Nippon Sheet Glass Company of Osaka, Japan
currently manufactures their own custom thallium silicate glasses in
which radial gradient-index rods are fabricated by K+ for TI* ion exchange.
Bausch and Lomb and University of Rochester also developed a special
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Figure 1.5 Dlustration of a typical ion exchange experiment: a glass sample containing Na*

ions is suspended in a molten salt bath which contains Li* ions.
alumina silicate glass that was used mainly in the fabrication of axial
gradients by Ag+ for Na+ exchange. [46] |

Thus, to take advantage of the additional degrees of freedom offered by
gradient-index materials, a large number of gradient-index glasses must
also be available to the lens designer. Kindred recently expanded the range
of existing materials by developing several new gradient-index glasses
whose compositions were specifically tailored for large exchange rates. [47]
These glasses include titania silicates, alumina silicates, tantalum silicates,
and silver phosphates. The large range of base glass compositions offers a
wide variety of gradient properties such as An, gradient dispersion, and
profile shape.

1.3.2 Ion Exchange Experiments

In a typical ion exchange experiment, a homogeneous glass is fabricated
with a specified concentration of one of the following single-valent ions:
K+, Lit, Na*, Ag*, or TI*. As shown in Fig. 1.5, a small sample of the glass
is suspended in a molten salt bath containing another of the single-valent
ions. The experiment is held at a particular temperature for a set period of
time, during which an interdiffusion of ions occurs due to the
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concentration gradient across the boundary. After the specified amount of
time, the glass is removed from the molten salt and cooled slowly to room
temperature. The exchange of ions between the glass and the salt bath
produces a concentration gradient of both diffusing species in the glass
sample. The concentration profile results in a corresponding index of
refraction profile since the refractive index of the glass is a function of

concentration.

1.3.3 _Index of Refraction Profile Control

In gradient-index manufacturing, it is important to understand how to
manipulate the various fabrication parameters to obtain a particular index
of refraction profile. The three basic specifications for the gradient profile
are the refractive index difference (An), the diffusion depth, and the profile
shape. Each of these specifications can be related to typical ion exchange
manufacturing parameters. For example, the main determinant of the
maximum possible An is the choice of glass/salt combination [48] while
the diffusion depth is a function of both temperature and time. The third
specification, profile shape, is often the hardest to classify since it is affected
by several experimental conditions. These include the size and geometry
of the glass sample, the time dependence of the diffusant concentration at
the glass/salt interface, and the concentration dependence of the diffusion

coefficient of the glass/salt system.

In the past, manufacturers have had to use the results of at least one
initial experiment and the relationships between profile specifications and
fabrication parameters to determine the correct set of experimental
conditions which would give the desired index of refraction profile. For
example, if the optical design required a certain gradient profile depth and
in the initial experiment the gradient depth was too shallow, then the
diffusion time (or temperature) could be increased in the next experiment.
Often, though, the three profile specifications become interrelated such
that an attempt to change the experimental parameters to satisfy one
condition changes the values of the other two. Thus, several trial-and-
error type experiments are required to fabricate a particular index of
refraction profile.
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In addition, several of the manufacturing techniques can only be
applied to very specific glass/salt systems. For example, the time-
dependence of the diffusant concentration at the glass/salt interface is an
important factor which can affect both the shape and the An of the final
profile. During diffusion, the concentration of the glass cation increases in
the salt bath which in turn affects the concentration of the salt bath cation
at the glass surface. In some systems, this is viewed as a salt bath
contamination because it results in an incomplete exchange and is often
referred to as "poisoning of the melt." In other systems, the effects of
outdiffusion become negligible; a large salt bath dilutes the outdiffused
cations so that the actual concentration change at the surface is small,
while a large equilibrium constant results in the glass having such a high
preference for the salt bath cation that it is insensitive to salt bath
composition changes.

Researchers have examined both types of systems by systematically
changing the salt bath composition and then measuring the effect on the
index of refraction profile. For example, Samuels studied the addition of
several different salt bath components for a Ag+ for Na+ exchange in a
sodium aluminosilicate glass. [49] The salt anion was shown to be a highly
influential parameter for control over the index of refraction profile. In
particular, her research showed that the oxyanion salts Ag>5O4 and
Ag>CrOy4 can be added to a AgCl salt bath to increase the equilibrium
constant and therefore increase the maximum index change for this
system. In contrast, both Haun and Kindred studied the effect of
"poisoning" the salt bath for Li* for Na* and Nat* for Li* exchange in an
aluminosilicate glass. [50, 51] Kindred discovered that adding very small
amounts (1-5%) of LiNO3 to a NaNOj3 salt bath "poisoned” the bath and
significantly decreased the total An, while Haun showed that large
amounts (greater than 50%) of NaNO3 must be added to a LiNO3 bath
before a large change in the final index of refraction profile can be
obtained. _

Researchers have also introduced external means to modify the index
of refraction profile of a particular sample. These techniques include post
annealing, field-assisted ion exchange, and microwave energy. In post
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annealing, an ion-exchanged sample is held for a specified amount of time
at an elevated temperature in the absence of a source of dopant
concentration. [52] This effectively decreases the total An, increases the
diffusion depth, and in some cases "smoothes" the index of refraction
profile. Field-assisted ion exchange results in a larger diffusion depth over
a shorter period of time since the application of an electric field to the
glass-salt interface speeds the diffusion process. [53] In a similar manner,
microwave energy has been applied to a glass sample during ion exchange
to increase the diffusion depth in the sample. [54]

Thus, there are many different manufacturing techniques which can be
used to fabricate a particular index of refraction profile, but each method
requires prior knowledge of a set of experimental process parameters such
as time, temperature, and glass composition. In optical design, however,
the index of refraction polynomial coefficients used to characterize the
gradient profile are unrelated to these parameters. This discrepancy
results in a trial-and-error manufacturing process; it becomes difficult to
apply the different fabrication techniques to a particular design when the
fabrication parameters are not coupled into the design process.

1.3.4 Fickign Diffusion

A model for the gradient-index fabrication process can be developed
using Fickian diffusion theory. In particular, the interdiffusion of ions
which occurs during an ion exchange experiment may be described by the
diffusion equation,

ac _

ot
where C is the concentration of the diffusing species, D is the diffusion
coefficient, and t is the diffusion time. [55] Thus, the diffusion equation
can be solved if the diffusion coefficient, the length of time for the

V+(DVC) - (1.8)

diffusion, and the initial and boundary conditions for a particular sample
geometry are given. The solution then describes how the concentration in
the sample varies with position. Furthermore, if the index of refraction as




14

a function of concentration is known, the concentration profile can be
related to an index of refraction profile.

The experimental process parameters are incorporated into the
diffusion model through the initial condition, the boundary conditions,
and the diffusion coefficient. Both the diffusion time and the ion
concentration already appear as variables of the diffusion equation. The
initial condition is determined by the ion concentration of the original
glass sample while the boundary conditions are usually related to the salt
bath concentration. Furthermore, time-dependent boundary conditions
incorporate other manufacturing techniques such as "poisoning" of the
salt bath and post-annealing. Finally, the diffusion coefficient is function
of the temperature of the diffusion, and, for many gradient-index
materials, is also a function of the concentration of the diffusing species.
In particular, this concentration dependence can be related to both the
original composition of the glass material and the choice of salt for the ion
exchange experiment.

Solutions to the diffusion equation are strongly influenced by the
concentration dependence of the diffusion coefficient. In some cases, such
as diffusion in dilute solutions, D can be assumed to be constant
(concentration independent), and then analytical expressions for the
concentration profile may be obtained. However, for most gradient-index
materials the diffusion coefficient is concentration-dependent, and, in
general, the diffusion equation must be solved numerically.

Thus, Fickian diffusion theory presents a way to model the ion
exchange process and predict future experimental gradient profiles when
given a specific set of fabrication parameters. Furthermore, the direct
integration of the experimental parameters into a diffusion model makes
it easy to examine the effects of changes in those parameters on the index
of refraction profile prior to performing the experiments.

1.4 Design-for-Manufacture Objectives of Thesis

It is now well-known that using gradient-index materials in optical
systems gives a designer several extra degrees of freedom in the design
process which are beneficial to the lens system. In addition to the
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conventional parameters such as curvature and thickness, a designer can
change the functional form of the index of refraction across the lens. In
the past, the change in index of refraction across the lens was depicted by a
polynomial in the design process. Mathematically, this representation was
convenient since it allowed the simple calculation of the first- and third-
order properties of the system, but it was not related to the manufacturing
parameters. Consequently, it was difficult to fabricate a particular index
profile that was designed with this type of representation.

The previous gradient-index design-to-manufacture process was slow
and iterative. The designer asked for a particular profile and the
manufacturer, after a number of experiments, obtained something similar.
In most systems, the difference between the two profiles resulted in a
decrease in optical performance and the lens system needed to be
reoptimized. The new design usually required a slightly different profile
and the entire process was repeated several times, taking several months
to complete. A preferable method from a manufacturing standpoint
would be to design the lens in terms of the actual fabrication parameters
such as time, temperature, and salt/glass composition.

A more efficient design-for-manufacture approach is given by this
research and can be divided into three sections:

e the development of a mathematical representation of the
manufacturing process which uses Fickian diffusion theory to
model gradient-index fabrication by ion exchange,

* a test of the model against experimental results for several different
glass compositions, diffusion times, and temperatures in both axial
and radial sample geometries,

e and finally the integration of the model with a lens design program
to allow optimization on diffusion parameters.

With the completion of this research, a lens designer can choose from a
realistic set of gradient-index glasses and, in turn, generate a complete set
of experimental specifications for the production of the gradient.
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The first part of this research is presented in Chapter 2 and formulates a
mathematical model for the fabrication of gradient-index materials by ion
exchange. An introduction into Fickian diffusion theory is given which
shows how to apply this theory to ion exchange experiments. Several
simple examples are used to demonstrate how manufacturing parameters
can be incorporated into the diffusion equation through the initial
condition, the boundary condition, and the diffusion coefficient. Then,
variations in manufacturing parameters (such as diffusion time) are
analyzed for their effect on the concentration/index of refraction profile.
These examples also show the importance of the concentration
dependence of the diffusion coefficient in determining the final
concentration dependence in the sample.

In general, the concentration dependence of the diffusion coefficient
must be found experimentally for each particular glass/salt pair. Thus, a
discussion of the concentration-dependent diffusion coefficient is also
given in Chapter 2. First, a well-known form for the concentration
dependence of the diffusion coefficient is presented, but the historical
treatment of this equation requires a time-consuming experimental
measurement procedure. Therefore, a new analytic expression for the
concentration-dependent diffusion coefficient is derived from statistical
thermodynamics. This new theoretical model is called the Modified
Quasi-Chemical (MQC) diffusion coefficient and can be used to determine
the concentration dependence of the diffusion coefficient from a single ion
exchange experiment. In particular, the new expression is shown to be
very useful as a fitting function for noisy Boltzmann-Matano calculations
of the diffusion coefficient.

Chapter 2 concludes with the development of a numerical routine that
incorporates the new diffusion coefficient model, solves the diffusion
equation, and calculates concentration profiles based on manufacturing
parameters. The routine is formulated so that it is easily linked to a lens
design program to allow optimization of the manufacturing process
parameters for a particular design. Thus, a mathematical diffusion model
has been realized which, given a set of experimental parameters, can
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predict future concentration/index of refraction profiles prior to
performing the experiment.

In the second part of this research, diffusion model solutions are tested
against experimental results for Li+ for Na* and Na* for Li* diffusions in
several different types of glass. In particular, Chapter 3 gives the
experimental procedure for testing the model in which glass melting, ion
exchange experiments, and the measurement of index of refraction
profiles are discussed. Furthermore, the mathematical diffusion model
developed in Chapter 2 requires an empirical calculation of both the index
of refraction and the diffusion coefficient as a function of concentration for
each glass composition. Thus, Chapter 3 also gives the experimental
procedure for these calculations and includes an error analysis for each
step in the calculations.

Chapter 4 examines diffusions in a series of alumina silicate crown
glasses with various amounts of alkali and alumina in the homogeneous
glass composition. Previous results of Li* — Na* exchange in this type of
glass show that it has favorable ion exchange properties including little or
no divitrification and relatively fast diffusion rates. As a result, this type
of glass is chosen to identify the parameters needed to change the

" mathematical diffusion model developed in Chapter 2 into a working

empirical diffusion model. In particular, an empirical calculation of the
diffusion coefficient and the index of refraction as a function of
concentration is made for several different alumina silicate glass
compositions. Ion exchange experiments are conducted in these glasses in
both an axial and radial geometry for a range of different temperatures and
diffusions times. Then, the measured index of refraction profiles are
compared with the numerical solutions from the diffusion model.
Chapter 5 tests the diffusion model for other types of glasses to explore
different regions of the glass map and to ultimately determine how well
the model conforms to other glass compositions. First, Li+ — Na* exchange
in a series of alumina borate glasses is examined in axial geometry. The
optical properties (such as index of refraction and dispersion) of these
glasses are similar to the alumina silicate glasses. However, these glasses
use boron as the glass former and there are large differences in the index of
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refraction profiles. The diffusion model is tested for two different times, at
the same temperature, in several different glass compositions of this
series.

The second part of Chapter 5 examines two titanium silicate glass
compositions which have a higher index of refraction and are more
dispersive than the alumina silicates glasses. The first glass is a simple
composition with only three components. The second glass has several
additional components to see if the diffusion model can be applied to
more complicated glass compositions. Axial diffusions in the two
different glass compositions are examined over a relatively large
temperature range. An empirical calculation of the diffusion coefficient as
a function of concentration and temperature is made for these glasses, and
then, the measured index of refraction profiles are compared with the
numerical solutions from the diffusion model.

In the third part of this research, the diffusion model is integrated with
a lens design program to allow optimization on diffusion parameters such
as time and temperature. Preliminary research by Hoppe showed the
feasibility of an optimization on diffusion parameters, but his method of
solving the diffusion equation was limited to an axial geometry and
experimentally he considered only one glass/salt pair. [56] Furthermore,
Haun successfully investigated the radial geometry in a sol-gel material,
but his model used a concentration-independent diffusion coefficient. [57]

In the first part of Chapter 6, the empirical diffusion model is linked to
the lens design program, CodeV™. [58] By coupling the model with
CodeV's design algorithms, a designer has access to a range of glass
compositions, diffusion temperatures, and diffusion times within a
particular glass/salt system. This allows the user to optimize an index of
refraction profile for its An, depth, and shape in terms of manufacturing
process parameters. Therefore, a designer can choose a particular glass
composition and then explore a range of profiles without spending time
developing something that cannot be manufactured. Furthermore, the
new diffusion model allows for studies on the tolerances of the various
diffusion parameters such as time and temperature. Typically, studies of
gradient tolerances have utilized the polynomial index of refraction
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coefficients and have been hard to relate to laboratory parameters. Thus,
the new method gives manufacturers an idea as to what type of tolerances
on the process parameters are required to fabricate specific optical systems.

In the second part of Chapter 6, several example lens designs with the
diffusion model are presented. These include an axial gradient singlet, a
radial gradient focusing rod, and gradient-index compact disc objective.
For each lens system, the old method (using the index polynomial
coefficients) and the new method (using manufacturing parameters) of
design and optimization are compared and contrasted. These example
designs demonstrate that the new diffusion model allows for the design of
a variety of optical systems utilizing both axial and radial gradients and
guarantees that the designs can be manufactured using current ion
exchange technology.
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Chapter II

Mathematical Model of
Concentration-Dependent Diffusion

2.1 Introduction

The first step in a design-for-manufacture approach to gradient-index
lens production is the development of a mathematical model of the
fabrication process which incorporates all of the details needed to
manufacture the gradient. The model must be able to take a given set of
experimental parameters and calculate the index of refraction profile prior
to performing the experiment. For example, in an ion exchange
experiment these parameters might include time or temperature. The
model must also be in a form that is easily linked to a lens design program
and allow an optimization of the index of refraction profile using the
manufacturing parameters. Finally, the mathematical model must have
sufficient accuracy to ensure that the optical performance of the finished
device meets the design specifications.

The goal of this chapter is to develop a numerical model which uses
the diffusion equation to predict the results of ion exchange experiments.
First, an introduction into Fickian diffusion theory is presented that
includes several simple examples to demonstrate how manufacturing
parameters can be incorporated into the diffusion equation through the
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initial condition, the boundary condition, and the diffusion coefficient.
These examples illustrate the importance of the concentration dependence
of the diffusion coefficient in determining the final concentration
dependence in the sample. Second, the derivation of a well-known form
for the concentration dependence of the diffusion coefficient is given, but
further discussion shows that the historical treatment of this equation
requires a time-consuming experimental measurement procedure. Thus,
an alternative technique to determine the concentration dependence from
a single experiment is discussed, but the noise in this method requires a
fitting function for the diffusion coefficient before it can be used in the
diffusion equation. Therefore, a new analytic expression for the
concentration-dependent diffusion coefficient is derived from statistical
thermodynamics. This new theoretical model is called the Modified
Quasi-Chemical (MQC) diffusion coefficient. Finally, a numerical routine
is given that incorporates the new MQC diffusion coefficient model,
solves the diffusion equation, and calculates concentration profiles based
on manufacturing parameters.

2.2 Fickian Diffusion Theory
In a one-for-one ion exchange experiment, dopant cations (designated
by B) from a molten salt replace the constituent cations (designated by A)
of a glass sample. The interdiffusion of ions which occurs during the
experiment can be written as

+

+ + +
glass + Bsalt = Asalt + Bglass (2.1)

and under certain conditions is described by Fickian diffusion theory. [1]
First, the initial glass sample must be isotropic. Second, the glass matrix
must be stable and rigid at the diffusion temperature such that the cations
are the only species moving during the diffusion. Finally, the boundary
reaction between the salt and the glass must be fast relative to the total
diffusion time. This last condition requires that the mobility of the cations
in the salt is large when compared to the mobility of the cations in the
glass. Under these assumptions, Fickian diffusion theory can be used to
mathematically model the ion exchange process.
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2.2.1 The Diffusion Equation

Fick's first law states that the rate of transfer of a diffusing substance
through a surface of unit area is proportional to the concentration gradient
measured normal to that surface. The flux, ], is then given by

J=-DVC 22)

where C is the concentration of the diffusing substance and the constant of
proportionality, D, is called the diffusion coefficient. The negative sign in
Eq. (2.2) appears because diffusion occurs in a direction opposite to that of
increasing concentration. If the equation of continuity,

dC

Ve]=——, 23
| J % (2.3)
is applied to Eq. (2.2), then Fick's second law is obtained:

aa—(t: =Ve(DVC) . (24) -

Equation (2.4) is often referred to as the diffusion equation where the
diffusion coefficient, D, is a function of temperature and can also be a
function of the concentration of the diffusing species. In some cases, such
as diffusion in dilute solutions, it is reasonable to assume that D is
constant, and then analytical expressions for the concentration profile may
be obtained. In many cases, though, the diffusion coefficient is
concentration-dependent and the equation must be solved numerically.

2.2.2 Analytical Solutions

The solution to the diffusion equation describes how the concentration
in the sample varies with position. Although analytical expressions for
the solution can be obtained, most require that the problem has a constant
diffusion coefficient. For cases of concentration-dependent diffusion, few
solutions of the diffusion equation exist which can be expressed (without
approximation) strictly in terms of basic mathematical functions.
Furthermore, those that can are mostly of implicit or parametric form
rather than explicit relationships between the concentration, space, and
time variables. In addition, most of these solutions only apply for one
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particular type of concentration dependence for the diffusion coefficient
and for one type of sample geometry.

Although limited to very specific problems, analytic solutions are
helpful in the initial development of a diffusion model for a number of
reasons. First, they can demonstrate how manufacturing parameters such
as diffusion time, temperature, glass concentration, and salt concentration
are incorporated into the model through the initial condition, the
boundary conditions, and the diffusion coefficient of the diffusion
equation. Second, variations in the experimental process parameters can
then be analyzed for their effect on the concentration/index of refraction
profile. The next two sections in this chapter give some simple diffusion
examples for both the axial and the radial geometries usually used in
gradient-index lens production.

2.2.2.1 Axial Geometry
The first example is a one-dimensional axial diffusion into a semi-
infinite piece of glass. For this geometry, the diffusion equation reduces to

oC o oC
E"&E(DEZ) '

Given that the initial ion concentration of the glass sample is Cg, then the

(2.5)

initial condition for the problem is given by

C=Cg for z>0 and t=0. (2.6)

If the amount of ions flowing into the sample is negligible in comparison

to the number of ions in the bath, then the concentration of the salt bath is
assumed constant in time. The boundary conditions for this situation are

then given by

C=C, for z=0 and t>0 (2.7)
and

C=C, for z=e (2.8)

where C; is the maximum ion concentration that the glass can acquire
after diffusion and is assumed to be constant in time.
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(C-Cg)/(Cs-Cg)

Figure 2.1 The solution for a one-dimensional axial diffusion into a semi-infinite piece of

1
glass plotted for different values of the variable y = Tt D is the diffusion

coefficient (assumed constant) and t is the diffusion time.

If the diffusion coefficient, D, is concentration-independent, then the
diffusion equation can be solved with Laplace transforms. The analytical
solution is given by

C(z)=C, - (Cg - Cs)erfc( «/715155) (29)

where the complementary error function, erfc(z), is defined as
erfc(z) =1-erf(z) (2.10)

and the error function, erf(z), is defined as

erf(z) = 2 Jeln? )dn 2.11)

Vmg

Figure 2.1 shows a plot of this solution for different values of Yy = —\—/—4_11_—1—)-}-,

where D is the value of the constant diffusion coefficient and t is the time
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Figure 2.2 The solution for a one-dimensional axial diffusion into a semi-infinite piece of
glass for the Fujita diffusion coefficient in Eq. (2.12) plotted for different values of the
mobility ratio, a.
of the diffusion. As expected, increasing either the value of the diffusion
coefficient or the time of the diffusion increases the depth of the diffusion.

In the same problem, if the diffusion coefficient, D, is concentration-
dependent, then only a few analytic solutions exist. These solutions
usually only apply for a specific form for the concentration dependence of
the diffusion coefficient and many of the solutions are given in parametric
form. For example, Fujita determined the solution for a diffusion
coefficient with the following concentration dependence:

Dy

D(C) } 1- (X(C/CS)

(2.12)
where Dg and « are constants. [2] Although the solution is in fact analytic,
it is a complicated integral solution which must be evaluated numerically.
Several solutions to the diffusion equation for the Fujita diffusion
coefficient are shown in Fig. 2.2. When plotted for different values of o,
they show how small changes in the concentration dependence of the
diffusion coefficient have large effects on the concentration profile.
Furthermore, the Fujita diffusion coefficient was important in the early
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analysis of ion exchange experiments. The parameter o in Eq. (2.12) was
experimentally related to the mobility ratio of the two exchanging ions.
Graphical techniques then compared experimental profiles to the Fujita
solutions to estimate the mobility ratio of the exchanging ions in the
sample. [3]

2.2.2.2 Radial Geometry

The third example is given by a purely radial diffusion into a long
cylinder where the effects of diffusion into the ends of the rod can be
ignored. The diffusion equation in cylindrical coordinates is given by

oC 10 aC

—=-—|tD—| . 2.13

or r Br( or ) 213)
The initial condition for the problem is written as

C=Cg for r<a and t=0 (2.14)

where Cg is the initial glass composition and a is the radius of the cylinder.
The boundary conditions for this situation are

C=C,for r=a and t>0, and (2.15)
9C_ 0 for r=0, (2.16)
or

where C; is the maximum ion concentration that the glass can acquire
after diffusion, and is assumed to be constant in time.

If the diffusion coefficient is concentration independent, then the
problem can be solved by separation of variables to obtain

2 = expl-Dad)lg(re
Apn=1 anll(aan)

C(r)=Cy —(Cy-C,) 1 , (17)

where the on's are the roots of the equation
Jo(ac,)=0 (2.18)

and Jo(x) is a Bessel function of the first kind of order zero. This solution
is plotted in Fig. 2.3 for several values of X = Dt/ a’. Equation (2.17)
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Figure 2.3 The solution for a radial diffusion into a long cylinder of glass plotted for

different values of the variable x = Dt/ a2; D is the diffusion coefficient (assumed
constant), t is the diffusion time, and a is the radius of the cylinder.

shows that even for the case of a constant diffusion coefficient, the analytic
solution for diffusion in more than one dimension is given by an infinite
sum of Bessel functions, making it quite complicated to evaluate. As a
result, the solutions for this geometry, especially for concentration-
dependent diffusion, must almost always be found numerically.
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2.3 The Diffusion Coefficient

2.3.1 Introduction

The results shown in the previous section demonstrate that solutions
to the diffusion equation are highly influenced by the concentration
dependence of the diffusion coefficient. This makes the diffusion
coefficient a significant factor in determining the final concentration
distribution in the sample, and, therefore, the optical performance of the
finished device. Thus, an accurate mathematical model of ion exchange
would require prior knowledge of the concentration dependence of the
diffusion coefficient to predict index of refraction profiles for lens design.

Previous research has shown that for diffusions in which large ion
concentrations are exchanged, the diffusion coefficient becomes
remarkably concentration dependent. [4] However, for a specific ion
exchange pair, it is currently impossible to ascertain the concentration-
dependent diffusion coefficient based solely on the glass composition data,
although several experimental techniques can be used to measure it. One
method uses a Boltzmann-Matano technique to calculate the diffusion
coefficient from the concentration profile of a single ion exchange
experiment.” However, this calculation tends to be very noisy and a fitting
function is needed to use this data in a numerical model which solves the
diffusion equation.

The main goal of this section is to develop an expression for the
concentration dependence of the diffusion coefficient that can be used in
the diffusion equation to predict the results of ion exchange experiments.
The general expression for the diffusion coefficient for ion exchange is
well-known [5], but it contains quantities which take a large amount of
time and many experiments to measure. In gradient-index optics, this is
not really practical, since numerous glass compositions need to be
considered to identify the one most suitable for a particular application.
Therefore, a new expression is presented that allows the concentration-
dependent diffusion coefficient to be obtained from the concentration
profile of a single experiment.
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2.3.2 Background
A general expression for the concentration dependence of the diffusion

coefficient can be derived from first principles in terms of the chemical
potentials of the diffusing species. For a one-dimensional diffusion the
flux J, or rate of transfer of a diffusing substance, is given by:

]= _Daa—lj (2.19)

where D is the diffusion coefficient, N is the concentration of the diffusing
species, and x is the spatial coordinate. [6] At each point in the glass, the
flux of each cation is also given by the rate equation,

Ji=N;v; for i=A,B ' (2.20)

where N;j and v; are the concentration and mean velocity, respectively, of
cation i at that point. The mean velocity can then be written as a product,

Vi = Fiui for i= A,B (2.21)

of a driving force, F;, and the ionic mobility, uj, of cation i.

If there is only one type of diffusing species, the driving force is due
entirely to the concentration gradient of the diffusant and can be written as
the negative of the gradient of the chemical potential, p, [7]

__ou

== (2.22)
This type of situation occurs in the radiotracer experiments used to
determine self-diffusion coefficients. In these experiments, the rate of
diffusion of one component in a two-component system of uniform
chemical composition can be observed using radioactively labeled
molecules.

An additional term must be added to Eq. (2.22) when considering
diffusion between two different species. In general, unlike cations will
have different mobilities. During the diffusion process the difference in
mobilities generates a local internal electric field; the ion with the higher
mobility tends to move ahead of the other on a local scale, thereby creating
a temporary electric potential. The potential acts to preserve charge




35

neutrality both by slowing the progress of the faster ion and by pulling the
slower ion along at a faster rate. The driving force for cation i is then
written as
F = O +eZ; % for i=A,B (2.23)
ox ox

where e is the electric charge, Z; is the valence of cation i and ¢ is the
electrical potential set up by the unequal mobilities. |

In one-for-one exchange, the flux entering the glass must be equal to
the flux leaving the glass,

Ja=-T8 (2.24)

so that charge neutrality is conserved across the whole sample. Following
a procedure described by Jost, [8] the equation for Ja,

auA a},LB uAubNANB aNA
- _ + 2.25
Ja (aNA N Ju,N, +u N ox 22)

is obtained by using Eqs. (2.20), (2.21), and (2.23) in Eq. (2.24), solving for

0
eZa—q) and substituting it back into the original expression for Ja.
X

Comparison of Eq. (2.25) to Eq. (2.19) gives the standard expression for the
diffusion coefficient

1 (EHA + alis) DDy NaNg (2.26)

“KXT\aN,  oNg JD,N, +D,Np
where we have used
u; = —E;I‘_- for i=A,B (2.27)

to relate the cation's mobility to its self diffusion coefficient where k is
Boltzmann's constant and T is temperature. [9]
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To explicitly see the concentration dependence, Eq. (2.26) can be
rewritten in terms of a normalized dopant concentration, ), such that

D)= {x(; x) (ang _ agt < J} 1133 . (2.28)
for
x = ﬁfﬂfﬁ (2.29)
and the parameter o is defined as
o= -%:1 . (2:30)

The term in brackets is the thermodynamic term of the diffusion
coefficient, while the unbracketed term is sometimes called the Fujita
term since it is similar in form to the Fuyjita diffusion coefficient. As
expected, the Fujita term accounts for the unequal mobilities of the
exchanging species since it is just a constant when Da=Dp. If Dy is not
equal to Dg, the mobility term is a smooth function that either increases
monotonically with concentration when Dj is greater than Dp or
decreases monotonically with concentration when D4 is less than Dg.

The effect of the concentration dependence of the Fujita term on the
concentration profile has been known for quite awhile. On the other
hand, the bracketed thermodynamic term in Eq. (2.28) has presented
problems to researchers since it requires the knowledge of chemical
potentials to determine its concentration dependence. In a particular
system, the direct calculation of the chemical potential of a species as a
function of its concentration is often difficult, and is even impossible in
some cases. This made it hard to determine an explicit expression for the
concentration dependence of the thermodynamic term and its
corresponding effect on the concentration profile.

2.3.3 Historical Treatment
Applications which require exchanges of small dopant concentrations,
such as waveguides, have often ignored the thermodynamic term or
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assumed it to be equal to a constant. However, in the fabrication of
gradient-index optics, large dopant concentrations (10-30 mole percent) are
needed for large changes in the index of refraction. This leads to ion
exchanges which are strongly concentration-dependent. [10] As a result,
models which assume that the thermodynamic term is constant do not
accurately predict the concentration dependence encountered in the
manufacture of gradient-index lenses. Therefore the incorporation of the
thermodynamic term into the model becomes very important.

In the past, the thermodynamic term has been included by defining the
chemical potential of component i

W; =) +KTIn(a;) (2.31)

in terms of an experimentally measurable quantity called the activity, aj,
which is equal to the product of an activity coefficient and the mole
fraction of component i. The activity coefficient describes how the
component interacts with its environment and is a macroscopic measure
of the components ideality; in an ideal state the activity coefficient is equal
to one so that the activity is exactly equal to the mole fraction. The Gibbs-
Duhem relation [11],

Nadp =-Ngdpg (2.32)

can then be invoked to get an equation for the diffusion coefficient, [12, 13]
dlnag D

D= B_—B 2.33

olnC 1-oay (233)

where C is the concentration of species B and ag is its activity.
For some glasses which exhibit "ideal behavior", the ratio of the cation
activities in the glass can be approximated by the empirical equation [14]

n
as = I:-XA-] (2.34)
ap xB

where n is the Rothmund-Kornfeld factor. [15, 16] If n=1, the glass is said
to be ideal and the activities are directly proportional to the concentration.




38

The equation for the diffusion coefficient can be written in terms of this
factor according to: [17]

Dg
1-oy

D= n . (2.35)

Several glasses have been shown to obey this relation. [18, 19, 20, 21]

If the glass exhibits behavior which cannot be approximated by
Eq. (2.34), as is the case with most glasses in the gradient index optics
regime, Eq. (2.33) must be used to find the interdiffusion coefficient. The
self-diffusion coefficients must then be measured by radiotracer diffusions
or some other method [22] and the activities [23, 24] must be
experimentally determined. This is a time-consuming process, and
because of the many steps involved in making these measurements, is not
really practical for the large number of glass compositions and salt melts
involved in the fabrication of gradient-index optics.

2.3.4 Experimental Measurement/Calculation

Since it is currently impossible to determine the concentration-
dependent diffusion coefficient based solely on the glass composition data,
it must be measured experimentally. Several experimental techniques can
be used to measure it, but for a design-for-manufacture approach, the goal
is to use one that minimizes the number of experiments. One method
uses the form for the concentration dependence given in the previous
section but takes a large number of experiments and is therefore not really
practical for this situation. An alternative method uses a Boltzmann-
Matano technique to determine the concentration dependence of the
diffusion coefficient. This method takes the concentration profile from a
single diffusion experiment with certain initial and boundary conditions
to calculate the diffusion coefficient.
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2.3.4.1 Boltzmann-Matano Method
Under certain conditions, the diffusion equation for one-dimensional
diffusion from Eq. (2.5) can be reduced to the ordinary differential equation

dC d dC :
2n—=—|D— 2.36
"an dn( d'n] (236

in terms of a new variable, 1}, that has been defined as

z
n= 2 (2.37)
where z and t are the old variables of position and time, respectively. This
type of transformation requires that the diffusion coefficient be only a
function of concentration and that the boundary conditions be expressible
in terms of i} alone.
For a semi-infinite medium the new boundary conditions are given by

C= Co for n=0 (2.38)
and
C= Cl for n=o . (2.39)

An explicit expression for the concentration dependence of the diffusion
coefficient can then be found by integrating Eq. (2.36) and then solving for
D. If the resulting expression is transformed back in terms of the time and
space variables, then D is given by the Boltzmann-Matano relation,

D(C=C,)= “>rac [zdC (2.40)

where z(C) is the position versus concentration profile measured from an
ion-exchanged sample and t is the diffusion time.

Thus the Bol