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ABSTRACT

The Oppenheimer-Brinkmen-Kramers theory of the capturs of electrons by
alpha wt.ialu in their p&sm& through mstter is formlated in terms of
a momentua rewcmtatibn of the electrons. For a heavy ilon carrying a
core of elsctrons, capture is largely into excited states. Total cross
sections: fod mh dons are eastimated assuming hydrogen-like representations
for- the electroh in the captured states and treating the atom from which
capture takes place by the Thomas-Fermi model.
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1 INTRODUCTION

The capture of un eleotron by un energetio lon in its pass-
e.ge through &ir or other material is s collision process in
which an electron Juwps from an stom to & bound state of the

ion and the difference in energy i1s absorbed in the trenslational

energy of the two heuvy particles. Ruadlative chpturo oen oocurl,»

but 1te probubility is smaller by a fector of the order of mag-
nitude of (e3/ne)® = (1/137)3,
1

J. Re Oppenheimer, Phys. Rev. 31, 349 (1928), J. F. Carlson

has recently mude detalled celculations on the radliative oapture

oross section (unpublished).

An estimate of the capture oross section CE- has recently

been made by Bohrz. His formula c¢an be wrltten as follows:

LA AT L r)
s < v

where a, 1s the radius of the smallest Bohr orblt of hydrogen

(7Tag = 0.88 10~1% om?), v, = /b = 2,19 108 om/see, v 1s the

velocity of the iom, 1 its effective churge nuaber, and Z, is

the atowmioc number of the substance through which the ion is paas-

ing. The formula is to apply for ion velocities for which

2 .
Ne BOny (1948) Kgle. Dan. Vid. Sels. 18, 8 (1940).

2ivy/v~1l, end 18 for a stripped particle, (i = Z, where Z 1s the

atouio number of the ion),
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The Born approximation hus been uéié‘by“0§penhaimarl and

s to calculaote the oapture cross section

by Brinkuan and Kramers
of fast alpha particles, The approximetlon 1s valld only if

2¥a/vZe 1 and 2ve/v 441, where Vg 8nd Ve are the orbital veloc-

ities of the elsctron in the initial (atomie) state and in the

most tightly bound final (ionic) stete, respectively. ilowever,

the results are of &oue 1nterea£ for ion velocities below-the

limits of wvalidity of the celculations,

For a« stripped particle of high velocity, the principal
gontribution to the total capture oross sectlon arises from
cspture into one of the lowest {n = 1) electronic states of
the ilon, whioch states are widely sepsrated in energy from the
excited states, OCapture into sll excited stetes adds only
twenty per ocent to the cross section at high velocitiesl but
i8 of greater relative importznce &t low velocities,

A particle cerrying & single electron im & 1s state has a
cross section for cepture into the remaining ls stete which
contains the statistloel factor 1/4, beoause the two elaotrons
must form a singlet state of the ion, Since excited states are
préctioally hydrogen-like, they can be expected to add about .
eighty per cent at high veloclties and somewhet more at low
velocitles,

sin ion earrying a core of more than one electron has states
for electron capture all of which are usually very degenerate;
moreover, neighboring energy levels are not greetly distant,

For these reasons, capture into sny perticular state is re¢lae-

tively uninportent. Lven at high velocitics, the principul

3 H. 0. Brinkmen snd H., Ae Kramers, Proc. K. Akad. Amst. 33,

973 (1930)."
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contributions to the cross section come from excited states,

Since an electron 1s most readily ceptured when its veloo-
ity 48 approximately the ion velocity, the momentun distribuﬁion
0f the electrons of the atom from which capture takes place is
very importunt imn the capture process. Thus, inner electrons
contribute the most to the oross section at hlgh'ion velocities
and outer electrons the most at low velosities,

In this paper the Born approximation is used to study the
capture oross seotion of high-veloolty ions. Becsuse the masses
of the ion and atom are very large compared to the elesctron mass,
the atom 18 considered as statlonary and the veloocity of the ion
regarded &3 unchanged in the colliision process, The transition
probability is osloulated by the method of lupaot parameters

without requiring conservaetion of enorsy‘. A momentum represen-

Poaeswee

¢ Compare reference 3,

tation 18 used for the eleotrons, which simplifies the caloula-

tions and makes possible s simple Thomas-Ferml treatment of the

atomio elaotrons,
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2. FIRST BORN APPROXIMATION

The eapture eross sestion is

o= > fak el (z)
where b is tho impect perameter (b.v 47 v is the ioa velocity),
end ¢ 1s the probability anplitude of a final state corresponding
tc cepture. In the initial state the iom is approaching the
neutral atom. Its Coulomb fisld (energy terms -Le2/R in the
Hamiltonian for eash atomic elestron, where ie iz the nst, or
effeotive, oharge of the ion and R the distance from the ion %o
the electron) affects the eleotrons of the atom. Poasible final
states in the collision correspond to no ohange, exeitation of
the ilon, further iomization, exsitation of the atom, lonizetion
of the atom without osapture, snd ionization of the =2tom with
capture by the ilomn.

In the Born approximation, the deformation of the wave
funotions during lupuaot 18 neglected. The wave funotions are
assumed t0 be neurly orthogonal and all transition probabilities

are assumed to be small.
If a Hartree model i3 used, it is suffioient to oonsider

the sleotrons separately and introduce statistioal faotors where

necessary. The probability amplitude then is

_(MU'h}
/ajfmf‘ ) e FFE 2y )
R
In this tormula'l({ (f) and 7){’(?2') are solutions of the Sehrodinger
equation for the electron when bound with energles E, and By to

the atom and iom, respeotively.
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A transformation to a momentum riprcuntation is convenlent
because R cohtains the time. The following two functicns are
introduced: ;

- (ﬁ zr)
7 7 -
- ‘
- / —v‘. 2 "T ?
() =(z71)% /2 7?‘ 7%

Using Rsr*+0-= ;t. the expression for the probabdbility ampli-

()

tude becomes - - oo (5 5') -

B IO I X )
where § is the Dirac delta function and ? 18 the component
of T persliel to V. In this epproximation only electrons for
which this compoaeat is -E’"»V +-#(E.—E;):: z} MV can undergo
capture,

On substitution in (1) there results

%= COX s [4F | G BT (-5t -5 v ), )
where the sumnation 1s to be carried out over the occupled states
of the aton and the unoccupled states of the ion, each with the
factore required by the Hartree model. It is %0 be noted that

T %
(/,-my/—zmég =p-2nkq, )

2 relation which greatly simpliries the calculations.

It is interesting %o examine (5) for low ion velocities,
The principsl contributions arise from the mexima of the momentum
distridutions, Since in general these occur near the origin of
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the correspondlng mementum space, (6) 18 large for velocities
such that z/l”’"t:\‘: IEx‘Ei/ + Hence for a specified pair of
states, oapture as glven by (&) is most probsble at low velocie
ties 1f there i1s no change in energy of binding and is most
probeble near that orbital velocity which is the larger if the
energy of binmding of one state i3 considerably larger than that
cf the other.

Croas sections a3 glven by (6) are probably too large be=-
cause 0f the error introduced in assuming the amplitude of the
initial state to be unity during the collieion, for a reduced
amplitude for the initial state tends to reduce tramsition prob-
abilities®., Distortions of the momentum dlstributions to be
found in diatomic end polyatomiec gases, and in liquids and solids,
due to interatomic forces are neglected since they are important
only at low velocities, for which calculetions have linmited
validity in the first Born approximetlion,
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3. GENTHAL FIELDES

In the central fleld approximation for the atom and the lon,

B AF) = Fdlb) G..(<) £, (8)
BAP) : Qe (P Guolw) 8,097

in whioh the Becond and third feoctors are the ususl normalized

&)

polar and azimuthal wave funetions, respectively, end the first
faotors are related to the normalized radial wave functions

(r) and B, {R) through the formulas

}?e(yv —————ﬁggi///;%zrtéﬁil(h‘)6{4(/1;?) s

. (- ¥y
Gt (F) (gﬁifjf/m/e o Rue(R) Ay (BF) &)

ﬁ/?/f)) ) \J[L+J{P)

The firet four polar funotions are &) (.): /= 8, () VE 5
3 o

By ) = ygi'(/”“})4£

The eapturo oross seotlon as given by (8) then becomes

Ly /J—/@,,/f)/ﬂ,w/u/f/@ L) 00

= ) o)
P /"L—mefu , =l “’""%7 N

and the suusation ls over nlm of the atom and n*'l'wm® of the ion

fo = {7/kial"25;u') e = /jb7;

with appropriate fastors.
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4. PARTICULAR STATES VITH HYDROGEN~LIXKE REPRISENTATIONS

The momentum functions of (9) zre eusily .oal'culated for
hydrogen~like states by using the genersting funotions for the
assocluted Laguerre functions «ud for the Gegenbauer funetlions
C’Z(}c/ . The results® are

® Gompare B. Fodolsky and L. T'auling, Phys. Rev. 34, 109 (1929},

P ( )=é-t)£ze/.2u" n(n-t-1); / o (8 ]
e f. (2xx % )% éu,z// (5’&+,)ln nty \E%%1 ),

2° 72
4, ,(p)=,;ez,</(—m 2 o atyl ST g*, ¢z)
n'e (ta(/tj%— p,,_gj/ (5;*/)£+/

mare o= Zn () Bu pfs et i / a 7;,#‘
The energies cre £ = —@{)fj/ L @/xjém"rho first

”I =
three Gegenbauer runotions are A (x) =/ Qf(x) - a?xj C:(A:/ -/
7/

The cupture crose sectiion into & state n'l'm' of the ion

from & state nla of the aton 1s

& (enjntm) = Ko -—ﬁ“,(e/z L' [ n(nt ) (n-£- )/ @1 11) 5%
Vi, /(n 1’)/(0_,_4// j

| b ) O g ) s

In thi i = (_6_... d = are the root
s expression Kv _2-;"4. 7‘5_) and |, __';’__(/

mean squure velocities of the electron in its hydrogen-like orbits

in the atom und lon, respectively. Other quantities are




2 -4 _4/_ Ve ( V’ ], ‘»f,,/f 3 (/4)
'z(wm o etk )], st/

The oqwauon {(13) gives the following oxpreuiona for the
capture into 1s, 25, and 2p states of a stripped lon of atomic
sbharge Z from a 1ls state of an atom with effective nuclear

sharge Z

Iz (teo; 190) ZZ 4t )" Z Vz/Vm
’Trq_ : zV; 5 l+

Teltoojlog) > SR ACLY L Vefove 5
A, VoVe {I+i[¥_ vm )]zz *

Evﬂ 5 Ve 5 V@}/Zp@ 2

R+ 2 \/15 \/e /2 Va - }2]
l+J.[ ] } T Vo (143 %2:%5(‘_¥%1y]2 5

Y Ve AVE TR (+9)
Zelatojied) oo 4{4&/%2_( Ve s Fo 5 (-4 ]
Tay ViV \zva) T V Vel v 7

where Vo~ Z* Gz/'[;L and VC =7 /‘/:u

The formula given above for ceapture intc a 1s state wus first

derived by Brinkmen and Kramorsz, replaeing & less
accurate

formule of Oppenheimerl. The formulas for oapturse into £p

states were first derived by Sasha and Bazu®,
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For v/2v,>> 1, ke minkman-nam- romx,- becomes
Te(io0; 109) _ (4e“/£‘) (u/e) (z V‘ (16
T at
In this liait, oo (3003100) is amaller than v_{100;100) by a
faotor 1/8; 02(810 100) differs from the Brinkzan-Kramers
foraula by Ve ) <_v_ j and T (21+1; 100) by,“( ( )
Ixperiments with alphs partisles in hydrogen? lesd %o the

7 7. 0. Jacobsen, Nature 117, 858 (1928), Phil. Mag. 10, 410
(1920).

conolusion that the mean free peth at NTP 18 grester than 20 om
at & velocity of 17.5 108 cn/sec, £ince there are 5.37 1019
atons/om® at NTP, the ocupture oross section is lese than 0.93
1072 ou® at this velooity, Thus %/ 7© a§< 1.1 107° for v/(e?/n) = 8,
The Brinkman-Kremers formuls zives 1.2 10~° for this ratio, in
better agreement with experiment tham (16), whioh gives 2.4 10 .
Capture into excited states adds &t least tweaty per cent to
these numbers. |

It 18 to be expceted that the eguetions (18) give soae indi-
cation of the oapture prosess at low veloeities. If Viiévo' the
Brinkman-Xremers formula hes a maximum slightly below v = (v. - Ve ‘*
and teands t0 zere as v, 1r Vo s Vo 3t hos no maximum &nd
beconmes infinite as 1/v3., Ry way of illuatratism, surves using
these formulas for alpha partieles in atomioc hydrogea ars showm
in Fige. 1. The dashed surves are feor capture inte partieular
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two-quentun {n' = 8) states., The total cross section for
capture into two-quantum states 1ls given by ourve n*' z 2,
Also plotted are surves for cepture into ell states having
prinoipal quantum numbers 3, 4, etc., calouleted from (23)
below, and the total oross section for ocspture into any state
of fho ion (top curve), G&ince the energy of the two-guantum
states of Ho*‘ll the same as the energy of the ground state
of H, the two-quantum states give the principal contribution
to the total orosz section, except at very high velocities,
where cepture into the ground state of Ho*’predominutos.
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8. TOTAL CROSS SECTION FOR CAPTURE INTO HYDROGEN-LIKE STATES
As long as the exolusion prinoiple does not interfere,

the sum over m' in (10) is given by the addition theorem
¢ ,_e H ,
(L7
> Oe, (7= (LY
hn':-e’ .
If in addition the stites of the ion are hydrogen-like, the
sum over 1' is given by the second addition theorem
,‘4_' (a(,+lja4( (el,/ 1!"”,'1/! I'4 6{ l*/ c ’I
Z , //// ( /(_é u/ ( ) — //:n.’ 2/
o (h +l7. 1§ n-€t | g'r
Therefore, using (1z),

2 N o 44“64{d’f/3
2 /Q""' (0] Opr 9= mE(L %) v P]*

eI”‘ ‘

Y

The total oross seotion for oapture into any stute of the

ion 18, in the centrsl field approximation, the sum of contri-

butions for capture into the unocoupicd shelles of thue ion:
o= 2 0w, @y
hl

If the shell n' 1s completely unoooupied and if a hydrogen-like
represantation for these states 1- vand, the use of (19) gives

U-‘(."))-_ (46 /ff) ( Vs ) K Zj /’[::((‘)/ O}Z_ (le
¢’ Fo2m Lt

rar |V v

LY p) )nV
where .« =ie/n'%, A/ z V{En( t— ) = /An/p ,
and the summation 18 over the nlm states of the atom with

appropriste feotors,
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“inees £y a ls xtute

6 _ («H) (22)
IP’A(/P) @oo}fi) 77— [_(dt))"‘i- /\_—/ J
whewe of K =i , Vi=Z.C%5 | | (=)
becomes for an aton with o single le electron
JZ_» n') (igﬁyCV%)% Von' /o (23)
Tq,* e j gL %ﬁ y )J

whlch.also follows from the firgt of eguations (1l4) on repiaaing

Z2by 1 amd v bry at* lor isvge lon velositios (23] depends

on 8 as 1/n'S, since 25-353 = 1,302 snd since cepture 15 prine
cipslly from 1s states at high velocities (aithough other states

Mve this general behavior algo), caepture into exclted states

add twenty pcr cent to the cross seztion Por completely ctelpped

lons of high veloclty, 2s has been observed Ly Qppenhelmerlc
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6. HARTREE TREATMENT OF THE ATOM

¥or stoms with many electrons it 1s proposed to use simply

ey (_ZL_Z_C 243*—5’(4”)(2( Vo g,(; (1+)
P’““'('P)‘(dh)”*[ T (2£+l)! ] (;L_'_/) e+

as the 2tomiec redizl momentwn functions. In this expression
c{=.%%£ (;2%%:) end § = Pk s Slater's effective chargea

ie usad to caloulate <, Since these functions have the prope
orty that[a:iff}l&e(p)rz (o&E)L, it 1s consistent to teke for

the energy Slater's vslue fim€ = — é‘ﬁ)f/&ﬂw .

8 Jo Ce Slater, Phys. Rev. 36, 57 (1930). Por atowic aitrogen,

Za is 6.7 for the K shell 4nd 3.9 for the L shell,.

The corresponding space functions are
22+3 TR 4
Rae (#) = “3/{7%@] («r) e, | (25)
which differ from Slater's functions in that they have a hydrogen=~
1ike form for swall r rather then fo. large r { the normalization
affects the magnitude in both camses). The Slatar funcotions give
reascnable values for sizea of stoms and lons but not always
reagonable values for the average momeatum, In the prodlem at
hand‘the latter is of prime importance,
on combining (24) with (18), thers is obtained for the
ocross gection for capture of a purtiocular eleotron inm an atomic
stete nlm into any unoccuplad shell of the lon with prineipal

quantun number n'




-

AECD - 2430 | «lfe

24
M,m@m jl 4 )/,‘5— ), v
Bleiote) 79”}'/‘ 2) % @ém( / f(uf’)‘ )l@m(r), (29

whore K‘,:b—ei?_ . B e/t f l[ = )J//"’ u

The integration is eeslily carrlied out for partieuler values of
1lm,

Fquation (26) has been used to calculate oupture cross
seotions for alpha perticles in nitrogen, Sinoce the ground
state of atomic nitrogen is 1s 2252293 ‘30 the three 2p elec-

trons have m = <}, 0, +1, Hence

ll
& (n)= 20 (mj100) + 20 (w20 ¢ € (5009 £ 2G(+520)

(27)

In Fig. 2 are plotted oross sections for capture into the ground
state oanly (n' = 1) of He' and the total oross seotion (top
ourve), The curves for the 132 and zua electrons are essentially
the Bame vB curves given by Brinkman and Kr&mcrls. However these
authors omitted contributlons from the 2p3 slectrons on the
ground that contributions from p electrons are negligible. Sueh

i8 not the case for v/ve below 5 (ve = 2e2/h). In fact below
about 4,2 the formula for 2p5 electrons contributes more than the

formula for the 252 slectrons, and below about 3.2 it sontridutes
more than the formule for the 182 electrons, <Contridutions of
exoited states to the various c¢rose sections are given in Table 1.
Excited states ocontribute to the total cross section & maxinum

of about 60 per cent at slightly below v/v, = 2, This maximum

comes from the 2p3 eleotrons, Also shown in Fig. 2 are some
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points from measurenents by Rutherrord9 and Jacobsenlo. Caleu~
lated cross sectlons are larger by & rather blg fector over
the entire velooity range, the greatest difference being at

low velooitles, ees expooted,

v E. Rutherford, rhil, !iag. 47, 277 (1924); data from alphe
particles in wlea and in air, whioh substances secm to have

simlilar charaoteristics,

10 J. C. Jacobsen} points shown ere for air and are those given

by Brinkman and Kramers, loe, olt.
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7. ESTIMATES FOR HEAVY IONS
A simplified expression 1s obtained from (21) by supposing
states of the atoa with the same principal ¢uantum number to be

2
degenerate, wWith £, 7~ -/m7 V,,’/z , roplacsiin‘ the sum of / Emg. (/’)/ z 6’1»" //"/

N (%4
over a eomplete shell by 7 #[{ /’:) " ]4 » and epproximating
the sum over n with integral Ty, 2% % o The Tesult is

Q‘,__(z:'.)_ N (R )’ (2*#3) g X
ma,” Vvt A 4T ,,:u'ﬁ"‘) 7 ,71//'7[7/ y
where{Z ) is 2n appropriate average of the cube of the

effective nuoloar charge and

I(y).— 9y y (73%??

is an 1ntogral which approaches unity for large values of its
argument, If Slater's values are used and a simple average
taken, (2‘ : ;r=/1!: (503)3for nitrogen. This factor provides a
crude explenation for Jaoobsen's observationl® that the meam free
path for capture of alpha partiocles is more tham one hundred

times greater in hydrogen then in air.

T
A e
If in (20) the sum over nt' is replaced by f dV '~ =z
W J
there 1is obtained
6 ST 2¢% f ~7 ‘/e
—lff%a:‘b ’7"/— )ﬁv VVe 4(' —ZI/e ,21/ k(zl/e 2

i
/([;z)‘-'?/;zf["%/*;‘)’" 7[3”‘ /’7J f(,f,,x)y}

is an expression which alsc approaches unity for large values

of its arsumént.

( 2.8)

G1)




8, STATISTICAL TREATMENT OF THE ATOM

In a Thomas-Ferml treatment of the atom, [d, (15’)[ ’ in (6)
i8 replaced by /V(/K,E*)AL»; , which is the number of electrons
in the eneryy range [, to £_+4aF, having momenta in unit
range abou% ;; , and the sum over the vocupied states of the
atom 1s repinoed by an integral over the energy of the electrons.

This procedure ylelds

DS (Ut [dp[9f - W) § (bt "o - 70, ¥) Gy

where the swwnstion 18 now only over the unoccupied states of
the ion. |
To ouloulute ﬂVﬁ k) , let X (n) be the slestrostatio potential
in the atom. The number of eleotrons in the range d4r dp is
s n‘JAJP/(uTt) Since £_- .,ﬁ,;-e)l(fz). these have energles in
the renge J [ :=-c¢ XXJ/(. Henoe

UXNE mY—ia)/mrt)’ G

where 1 is & funotion of €X - (}0 -dm Ea)

. 0n porforming tho energy 1ntogration

i (B
o - IS [N (4G 18, (Fom W £ ) G1)

Ir (19) 1s usod, the summation of/f(/a-mv)/ in in (32) over a

complete set of unoocupled states with principal quantum number

nt gives .
f et mv,)>

(2T %) famex]
Therefore for cepture 1nto such a group of states,
- Lemyd, mie,
g, Y 'Iz‘Ql(”‘Vn')3 ( f '\) ~
(n') = ¢ e 4 -
e v £ /., G(fllﬂ_/ f’lh( )[JMC%_/ (36)

O
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In this expression the second integratlon is transformed into an
integration over /[ . After the order of integration is interchanged, |
the integration over P is simple, If ‘/7 V,, s the result is ’

"N = L) L7/ 0’
Semy = ¢* Z\;’::’;V )j {tZMCWJ'(h"\/D\)r 3 ’-”’e"“/‘"'l"’w‘”}

L 2 _a
where Zme K (i) =(m Vi) T+ [_-‘\;(mi‘_’_.- mz\’/w 3,

The Parmi charge function (?(x) is introduced by writing

A=aB%, @Yl = 'Za __‘_—L i

(37

Qi 2
in which 4= (,2321) —,fg_: is the Fermi length and

/= e &% /pm Vo is zn energy parameter,
[3 2

In terms of thesze quantities,

O—_(nl
it (2evt) " _Va W at
- (VZ., ,{# = = (e L) Tt £r)o0

where (y)>o0)
! ’ 3 , {-
Ty =15 ol 77 gy {1522 T,

/
and (ﬂ;‘/)‘= ’+\jt.
>

The formula (35) reduces to (88) on replacing ('P(B’x) by( )A g / Zq.
Moreover, I(g,o)EIuj) and Ih,,(g') approaches Ig for >>Y":"'
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12, as in (30, the sum over n' i3 replaced by an intagral, there

1s obtained

B mleeh) (- %)k (K- Bn),

where ﬂ:%aef‘/m[é" ad (y5o)

iy -ost (e g QLTS {4 T (52041
g Suruedl s (ol 4021
in which Y, am X, are defined by

(73X,) ral
g@él_-_[wf’{ ] cg(rizc:)a g

L
The quntities(y,3’) and K [4,3) have been tatulated for
a few values of the parameters in Table 2,




R P W

v/av
1.20
2.12
3.08
4.08

AECD - 2430 ~28-

Table 2, Numerical values of I(y{%’) and K(y.ﬁs).

I(y,0) 1I(y,%) I(y,10) 1(y,20) Kk{y,0) K(y,5)

0.058 0.0044¢ 0,0018 0.00066 0.107 0.0076
0.39 0.077 0.040 0.0178 0.48 0.094
0.68 0.26 0.14 0.068 .73 0.28
0.78 0.49 0.85 0.141 0.81 0.47

K(y,10)
0.0026
0.046
0.15
0.26

K(y,20
0400088
0.0187
0.071

0.14
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