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FUNDAMENTAL STUDIES OF RADIAL WAVE THERMOACOUSTIC ENGINES

June 1996
by
W. Patrick Arnott
Atmospheric Sciences Center
Desert Research Institute

PO Box 60220
Reno NV 89506

for
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ABSTRACT

The influence of resonator and stack geometry on thermoacoustic refrigerator
performance is investigated. The current focus is on the radial mode of a cylindrical
resonator and parallel plate stacks. Progress in'the past year has been development of
a numerical model to evaluate and optimize radial refrigerator performance, and
contribution of a hot end heat exchanger to the radial wave prime mover now operating
at the University of Mississippi. The numerical model was used to evaluate a plane-
wave heat-driven thermoacoustic sound source driving a radial-wave refrigerator.
Optimization improved the overall efficiency of the intuitive design by an order of
magnitude. The refrigerator was predicted to operate at 25% of the Carnot coefficient of
performance, and the prime mover at 28% of the Camot efficiency. The optimization
results were explored to evaluate implications of design features including relative stack
placement in the standing wave, stack plate spacing relative to the thermal penetration
depth, the trade-offs between kinetic and potential energy dissipation and
thermoacoustic power generation, and the dynamical stack temperature distribution

relative to the static result that depends only on stack and gas thermal conductivity.
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1. Project Description

The goal of our research (in close collaboration with Richard Raspet and
students from the Univ. MS) is to determine the merits of alternative geometry
thermoacoustic refrigerators. Our primary emphasis has been on the radial mode of
cylindrical resonators though the eventual formalism is general.

2. Approach taken.

A linear theoretical model was derived for predicting the first order acoustic and
second order heat and work flow quantities for thermoacoustic heat engines. The
model was based on Swift's results! for this geometry, though we added generality to
simplify numerical analysis.2 The short stack analytical approximation was derived to
compare engine performance in plane and radial wave resonators. The numerical
model developed was previously only useful for predicting the onset temperature,
quality factor, and resonant frequency of prime movers, though has now been extended
to predict the full performance of prime movers and refrigerators. The numerical model
is similar in rigor to the model DELTAE (Design Environment for Linear Thermoacoustic
Engines) developed at Los Alamos National Laboratory by Bill Ward and Greg Swift,
though differs in the inclusion of the radial geometry and variable stack plate spacing.
A key component of the model is a subroutine to stretch and shrink the physical lengths
and plate spacings of the thermoacoustic elements to find designs that optimize the
overall efficiency. Experience in both design and construction of thermoacoustic
engines has indicated that models predict an upper limit for system performance, are
useful for considering many potential designs before the timely and costly process of
construction begins, and can enhance intuition about system performance when the
model output is fully explored.
3. Specific work accomplished, June 1995 - May 1996.

Accomplishments are giveh in separate theory and experiment sections below. A

brief summary will be given to introduce these sections. A numerical model was




developed to evaluate radial wave refrigerators and prime movers. This model is similar
in rigor to the Los Alamos model, DELTAE. The primary application was to evaluate a
radial refrigerator driven by a plane wave prime mover. Boundary conditions were
developed to connect the plane wave and radial wave resonators. An optimization
routine was developed to assist in evaluation of many system configurations. This
routine took an intuitively-designed heat-driven refrigerator and significantly improved
the performance of the prime mover and refrigerator. The system designed by the
routine was thoroughly evaluated as a reality check of the routine and as a means to
improve on intuition for thermoacoustics. One particularly interesting result of the
optimization routine was the prediction that the prime mover stack plate spacing should
be narrower than the short stack approximation would suggest, because the dynamical
temperature gradient that generates sound is considerably increased by narrowing the
plate spacing. This result was for a relatively low thermal conductivity stack (compared
with a stainless steel stack) that had the temperature distribution strongly influenced by
the acoustic wave and less influenced by stack thermal conductivity.

The radial wave prime mover at the University of Mississippi finally has gone into
oscillation after considerable effort by Jay Lightfoot! We designed and built a hot end
heat exchanger at DRI for the prime mover. Work is currently underway to compare
prime mover performance predictions with measurements.
3a. Theory A radial wave refrigerator driven by a plane wave prime mover was
evaluated with the numerical model developed during the past year. The purpose was
to continue to develop understanding of acoustic refrigerator performance in alternative
geometry resonators (other than the usual plane wave resonator), and to evaluate a
heat driven refrigerator that does not compromise either the prime mover or refrigerator
performance by requiring them to be adjacent as in the original Wheatley beer cooler.1
The program was designed to nroduce numbers for efficiency and cooling capacity as

well as details of the system such as the pressure and volume velocity throughout the
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system. These details are essential for improving the intuitive model of thermoacoustics
that is based on the analytical short stack approximation. To run the program, one edits
a file that contains a starting system with choices for stack plate spacing and location in
the resonator, heat exchanger properties, ambient gas pressure, heat input at the prime
mover and heat load at the refrigerator, and overall system dimensions such as
resonator cross sectional area. The starting system design is usually obtained from
either the short stack approximation, or trial and error. Only a summary of the program,
the beer cooler design, and the most interesting implications will be given here.

Figure 1 schematics the heat driven acoustic refrigerator. A plane wave
thermoacoustic prime mover driven by an unspecified heat source is the acoustic
source to drive the radial wave acoustic refrigerator. The schematic is roughly correct in
the relative size of the resonator segments and the stack locations determined from the
optimization program. The locations of pressure nodes are shown for reference. The
relevant theory for each section of the system is given in summary form below.
Boundary conditions applied at the radial resonator and cone interface were that
acoustic pressure in the radial resonator at the cone radius r; was taken the same as
the acoustic pressure at the narrow end of the cone, and volume velocity was made
continuous by considering the net volume flow into a differential element of radius r,
thickness dr, and height H. Design criteria of the heat driven refrig are given below,

followed by a table indicating the predicted performance.
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Figure 1. Plane wave prime mover for the radial wave refrigerator.

Radial Wave Refrigerator
(Rott's Equations, modified by Swift! for Radial Waves, as outlined by Arnott, et. al., Ref. 2).
Heat Exchangers and Resonator Sections
Counter propagating cylindrical traveling waves superimposed to meet pressure and impedance
continuity at boundaries.
Refrigerator Stack
Numerical integration of three coupled 1st order Differential Equations:

Acoustic pressure Volume velocity  Stack ambient temperature
Transition Element From Radial to Plane: The Cone
(Webster's Horn Equation with dissipation included).
Numerical integration of two coupled 1st order Differential Equations:

Acoustic pressure Volume velocity.

Plane Wave Prime Mover
(Rott's Equations as outlined in Arnott, et. al., Ref. 3).
Heat Exchangers and Straight Resonator Sections

Counter propagating plane traveling waves superimposed to meet pressure and impedance continuity at

boundaries.
Prime Mover Stack

Numerical integration of three coupled 1st order Differential Equations:
Acoustic pressure Volume velocity ~ Stack ambient temperature




DESIGN CRITERIA:
FLUID: MOLAR MIXTURE 60%He 40%Ar Npg = 0.392 Pampient = 300 kPa.

COOLING 2.2 LITERS OF WATER /HOUR TO
CAPACITY 100 WATTS COLD TEMPERATURE FROM ROOM
COLD END TEMPERATURE 255K=-18C

AMBIENT

TEMPERATURE 22C REFRIG TEMPERATURE SPAN=40 C
HOT END

TEMPERATURE =327C PRIME MOVER SPAN =305 C

Table 1. Predicted parameters of the heat driven acoustic refrigerator.

RESULTS OF INTUITIVE DESIGN RESULTS OF OPTIMIZATION

Frequency 677 Hz Frequency 535 Hz
Arbiant Prassire 095% | Ambiant Pressure 1.7%
Heat Input 5001 WATTS | Heat Input 495 WATTS
Hot End Temperature 316 K Hot End Temperature 330K
Prime Mover Prime Mover

Actual Efficiency 5.4% _ 10.9% Actual Efficiency 14.3% _ 28.1%
Carnot Efficiency 50.0% Carnot Efficiency 51.1%
Refrigerator Refrigerator

C% %g—g = 6.0% %ﬁ‘t%g—‘; % = 24.5%
Overall Overall

Coslng Sepecy 2ov | Coqg Capely
Garot Overal 083% | Camot Overal 62%




The predicted performance in Table 1 is separated into 2 columns. The column on the
left is the performance of the beer cooler designed by intuition, and the column on the
right is performance after optimization. Optimization was performed by stretching and
shrinking the elements listed below to see if a system with higher overall efficiency could
be obtained. The optimization was loosely constrained to prevent the prime mover hot
end temperature from increasing without bound. Constrainment was achieved by
actually optimizing the product of overall efficiency and penalty where penalty
progressively decreased below unity if the newly computed hot end temperature strayed
from the requested value Thot = 316 K. A progressive penalty was essential because
the optimization algorithm had 'room' to work, but ensured a reasonable hot end
temperature.
Quantities Adjusted to Optimize the Overall Efficiency

Prime mover stack length

Resonator length at the hot end

Resonator length between the ambient end of the prime mover and the cone

Prime mover and its heat exchangers plate spacings

Refrigerator and its heat exchangers plate spacings

Refrigerator stack length

Radial resonator length from the wall to the cold heat exchanger

Radial resonator length from the center to the ambient heat exchanger
Length of the cone

Table 1 clearly indicates the utility of optimization. The bottom line overall
efficiency was improved by an order of magnitude by applying optimization. Other
quantities can and have been added to the list of values adjusted in seeking
optimization, though this work is in a preliminary stage at the moment. The refrigerator
COP was computed as 25% of the Carnot COP, and is likely an upper limit to the actual
COP one would achieve in a real device. It perhaps is possible to improve the COP by
optimizing this quantity alone. Heat exchangers were included in the design, though
were not as carefully designed for handling their heat loads as would be necessary in
preparation for device construction. In other words, the heat exchangers were shorter
than they would be in a practical device. The quantity of heat needed to power the

prime mover does not preclude the use of solar energy.
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The intuitive design clearly was far from useful as indicated by the comparison of
the two columns in Table 1. Implications of the optimization code are presented in the
remainder of this section as a reality check and perhaps as a guide for updating
intuition. Figure 2 shows the system configuration that will be used to understand where
the various parts of the heat driven refrigerator are located with respect to the acoustic
quantities to be considered. Positive coordinate values are values of radius for the
radial resonator in Fig. 1, and negative values are the plane wave resonator. Numerical
analysis begins in the radial resonator at the rigid wall, and completes at the hot end of
the prime mover. The program adjusts the starting acoustic pressure amplitude,
frequency, and heat input to the prime mover until the boundary conditions of ambient
end refrigerator temperature and complex specific acoustic impedance at the rigid

termination of the prime mover are met.

System Configuration

radial wave
refrig and
heat exchangers

_ plane wave
prime mover and
heat exchangers

T\

plane wave radial

plane resonator resonaltor 1 resolnator | radial resonator

i — " out I
outerwall 16 04 -02 0 02 04 oMM

Position (m)

Figure 2. Location of thermoacoustic elements relative to the position coordinate.




Figure 3 shows the modal acoustic pressure with an overlay of the system
configuration shown in Fig. 2. Note that the acoustic pressure in the cone is analogous
to the radial resonator profile near the center as one would expect. Note also that the

stacks are in regions of relatively high pressure.
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Figure 3. Acoustic pressure.
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Figure 4. Volume Velocity.

Figure 4 shows the volume velocity distribution. More than 1 cubic meter of gas
oscillates per second through a radius of 0.3 m in the radial resonator. Stacks are at
comparible volume velocities. The volume velocity is lowest at the transition from radial

resonator to cone, purposely, to mode match the radial and plane wave resonators.
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Figure 5. Acoustic power generated in the prime mover stack and dissipated
elsewhere.

Figure 5 shows the generation of acoustic power in the prime mover stack and its
dissipation elsewhere. Negative values indicafe the direction of power flow. The spikes
near -0.6 m near the prime mover are due to large power dissipation in the heat
exchangers. Power flows out of the prime mover to the refrigerator where it stimulates
heat transport, and flows to the rigid termination at the far right where thermali
dissipation consumes a few Watts.

Figure 6 shows the stored kinetic, potential, and 'thermoacoustic' energy in the
resonator. Note specifically that KE and PE are not the dissipated amounts, but are
only proportional to these quantities. Peak KE dissipation is generally larger than PE
dissipation by approximately a factor of 2. Trading off some thermoacoustic power by
moving the stacks away from peaks of this quantity (lower panel) results in a savings of

KE dissipation due to gas viscosity (upper panel).
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Figure 7. Ratio of characteristic dimension and thermal boundary layer thickness.

Figure 7 shows the normalized characteristic dimension of the thermoacoustic
elements. This dimension is simply the stack and heat exchanger plate spacings, or
local resonator radius, divided by the local thermal boundary layer thickness. Note that
the stack plate spacing determined by the optimization routine is greater for the radial
wave refrig than for the plane wave prime mover. This is qualitatively consistent with
the short-stack, optimized refrigerator intercomparison presented in Ref. 2. Details of

stack plate spacings will be considered more thoroughly below.
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Figure 8. Prime mover stack solid and gas thermal conductivities.

The next four figures are a detailed interpretation of the prime mover stack
properties. To start off, Fig. 8 shows the thermal conductivity of the stack solid material
and of the gas. Position in the stack is given by the lower axis, and temperature by the
upper horizontal axis. The temperature dependence of the stack solid material thermal
conductivity was determined by using the room temperature value of silicone bonded
mica paper with the temperature dependence of Kapton (we have not been able to find
the temperature dependence of thermal conductivity for mica paper). The use of Swift's
non-ideal thermal solid parameter? €5 is necessary for the gas/solid combination

considered because their thermal conductivities are comparable.
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Figure 9. Prime mover static and dynamic temperature distributions.

Figure 9 shows the static and dynamic temperature distributions in the prime
mover stack. The static distribution occurs when no acoustic wave is present. The
acoustic wave adds 2 extra path ways for heat transfer in the stack, in addition to

thermal conductivity, as discussed in Ref. 2.
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Figure 10. Prime mover stack static and dynamic temperature gradients.

Thermoacoustic power generation in the stack is proportional to the gradient of
temperature. Figure 10 shows that static and dynamic temperature gradients are quite
different. The hottest end of the prime mover stack (see Fig. 8 for the temperature
scale) has more than 3 times the temperature gradient of the cold end, indicating (all
other things being equal), that thermoacoustic power generation in the stack is greatest

at the hot end.
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Figure 11. Prime mover stack normalized plate spacing relative to the temperature
gradient and ideal inviscid thermoacoustics plate spacing.

Referring to the discussion below Fig. 10, all other things are not equal. Part of
the reason the stack can achieve such a temperature gradient profile is due to the stack
plate spacing. Figure 11 shows a composite df stack plate spacing and temperature
gradient. Common sense short stack approximations discussed in Refs. 2 and 3 imply
that the ideal plate spacing should be the value shown in Fig. 11, and that narrower
plate spacing should be avoided. Optimization results seem to imply that the dynamical
stack temperature gradient can be considerably increased by narrowing the stack, and
that this narrowing is traded off against lower stack effectiveness. The stack location is
in a region of low kinetic energy dissipation by gas viscosity, and the stack location also

affects the dynamical temperature distribution.
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Figure 12. Refrigerator stack and gas thermal conductivities.

The refrigerator stack will now be considered in detail. Figure 12 shows the
thermal conductivity of the stack solid and gas. The temperature span across the radial
refrig stack is less severe than the plane-wave prime-mover stack. The refrig stack is
also about 2/3 the length of the prime mover stack. The critical temperature separating
prime mover and refrigerator operation is considerably higher for the radial refrig than
the plane wave equivalent. This allows for use of a shorter radial stack for refrigeration
than would be used in a plane wave refrig. The actual coordinates in the radial
resonator are given for the refrig stack. Keep in mind that thermoacoustic refrigeration
is proportional to the resonator cross sectional area, which of course increases with
radius. The radial refrig stack location is a compromise between having the stack at a
small radius to prevent kinetic energy dissipation by gas viscosity, and the other

extreme of having the stack at a large radius to increase cooling capacity.
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Figure 13 shows the refrigeréior stack dynamical temperature distribution is

similar to the static value.
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Figure 14. Refrigerator stack temperature gradient distribution.

Figure 14 shows the radial stack temperature gradient. The short stack
approximation indicates that acoustic refrigeration is greatest with no temperature
gradient. The stack location and plate spacing somewhat diminish the dynamical

gradient, though the effect is not pronounced.
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Figure 15. Refrigerator stack normalized plate spacing compared with the optimal plate
spacing of ideal inviscid thermoacoustics.

Figure 15 shows that the normalized stack plate spacing for the refrig is
considerably greater than the ideal inviscid gas plate spacing suggested by the short
stack approximation. A similar result was observed in the refrig optimization based on
the short stack approximation.2 The radial refrig stack must be shoved out into the
resonator far enough that appreciable heat is pumped (the resonator cross sectional
area effect). Kinetic energy dissipation by gas viscosity increases as the stack is moved
out, though is partially reduced by increasing the stack plate spacing as is evident in
Fig. 15.

The biggest change in my intuition for thermoacoustics was the prime mover
tradeoffs of plate spacing, location in the standing wave, and dynamical temperature

gradient suggested by optimization.
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Figure 16. Heat-driven prime mover driving two radial wave acoustic refrigerators.

Steve Garrett commented that one should consider building a radial refrig with
two stacks. Figure 16 shows such an arrangement. The extra radial refrig stack can be
evaluated by adjusting the refrig heat load to match the cold end temperature boundary
condition. The total refrig cooling capacity will be the sum of the radial inner and outer
stacks. The refrig stack near the resonator wall is very similar to a plane wave refrig
because curvature effects are less important at large radius.2 The radial resonator is a
large heat load for the refrig in Fig. 1, but not for the refrig in Fig. 16.

The heat driven refrig in Fig. 16 is an appropriate size for solar power to provide
the heat input. The California and Nevada sun is most unbearable at the same time of
year refrigeration and air conditioning are most in demand. Perhaps this is a niche for

the acoustic refrig.
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3b. Experiment Jay Lightfoot, a Ph.D. student at the University of Mississippi, has
succeeded in getting a radial wave prime mover to operate! The goals of this
experiment are to validate the numerical model, and to investigate the structure of
harmonics that develop at high amplitude. Since resonator modes are not even close to
being the same frequency as most harmonics, it is expected that this geometry will
result in more energy in the fundamental than equivalent plane wave resonators. Our
contribution to this work was in design and construction of heat exchangers, and in code
development for system design. Jay is using silicon bonded mica paper stack material
which has a thermal conductivity of 0.17 W/(m K) at room temperature, compared to 0.2
W/(m K) for Kapton, another material frequently used in stack construction. Parallel
plates in the stack are concentric with the resonator axis. Heat exchangers are copper
strips that are parallel to the resonator axis and perpendicular to the stack plates. A key
finding of Jay's work is that the prime mover onset temperature was within 3 K of the
predicted value. Work is currently underway to evaluate the spectral response at high
amplitude.
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