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Chapter 1

INTRODUCTION

1.1 Introduction

The primary concern in the analysis of dynamical systems is the determination and prediction of
steady-state motions and their corresponding stability. A steady-state (or fized point in state space)
is defined to be stable if the solution returns to this state after being perturbed from it. This point
is locally stable if it is stable with respect to small perturbations and globally stable if robust to
large perturbations. Consider the motion of a general dynamical system described by the following

ordinary differential equation: ( .
¢=f(z,n), zeR? (1.1)

where z is the state vector and u represents a collection of parameters on which the motion depends.
These parameters may or may not depend on time. The vector function f(z,u) may contain both
linear and nonlinear terms. Lyapunov showed that the local stability of a fixed point of Eq. (1.1),
denoted by Z, can be completely categorized by the equations of motion linearized about this point
provided none of the eigenvalues have zero real part.

The stability analysis of the system in Eq. (1.1) becomes more difficult when the parameter p
depends on a random process. Since most practical dynamical systems are subject to some form of
noise, this situation cannot be ignored. The determination of conditions under which the resulting
stochastic system is stable (in some sense) is of great interest to both researchers and practitioners
in the area of machine and. component vibration as well as system reliability.

There are several ways of defining the stability of a fixed point Z in a stochastic system. The
two most prevalent definitions are almost-sure stability and moment stability. If the fixed point is
almost-surely stable, or stable with probability 1 (w.p.1), then as time tends to infinity, the state
of the system approaches this equilibrium from all starting values except for those contained in a
set of measure zero. This can be expressed in terms of probabilities as

P{tl_igo | 2(t;30) — 2 ||< e} -1 (1.2)

where € < 1. If Eq. (1.2) is linear, it is always possible to translate this fixed point to the origin,
i.e. Z =0. Thus, for an almost-surely stable fixed point, as time progresses, the system response
decays to zero. However, from the applications viewpoint, one may not be satisfied with such
guarantees since such a process may still exceed some threshold values or may possess a slow rate
of decay. Although sample solutions may be stable w.p.1, the mean square response of the system '




for the same parameter values may grow exponentially. For this reason, it is wise to also consider
the behavior of the moments (of certain order) of the response over time. A fixed point is said to

be stable in the p** moment if
lim E{] 2(t;20) ~ 2 ] = 0

The first portion of this research deals with the determination of the effect of adding parametric
noise to linear mechanical systems for which the corresponding deterministic system is stable.
Specifically, the almost-sure and moment stability for the resulting linear stochastic systems will be
examined. Both two- and four-dimensional systems, parametrically excited by noise, are considered.
The analysis in two dimensions considers general single-degree-of-freedom systems perturbed by
noise. The results of this analysis can be applied to study the stability of any two-dimensional
linear system in which the corresponding deterministic system is exponentially stable. In the
four-dimensional case addressed here, the corresponding deterministic system is gyroscopic. The
results obtained have a wide range of applications including rotating shafts (drive shafts, helicopter
rotor shafts, etc.), pipes conveying fluid, moving belts (such as band saws) and cylinders in a
cross flow. In the most realistic cases, these gyroscopic systems are subject to some type of noise.
The methods developed through this research provide a means of determining the almost-sure and
moment stability of these four-dimensional system as a function of the system parameters. In all
cases, the amplitude of the noise is assumed to be small.

While current research efforts are continuously providing a greater understanding of the be-
havior of autonomous nonlinear dynamical systems, much work remains to be done in the area of
deterministic nonautonomous nonlinear dynamics. In particular, the study of global bifurcations
and the analytical prediction of chaotic dynamics in such systems is an area which is still evolving.
Most realistic models of physical systems contain nonlinear terms in the ordinary (or partial) differ-
ential equations governing the evolution of the states. In the study of the response and stability of
nonlinear dynamical systems, the location and characterization of bifurcation points is of primary
importance. A bifurcation refers to a qualitative change in the response of a dynamical system as a
parameter passes some critical value. The parameter value at which this qualitative change takes
place is the bifurcation point.

The focus of the deterministic portion of this research is the study of the bifurcation behavior of
nonlinear gyroscopic systems. In the absence of dissipation and nonconservative forces, a gyroscopic
system is Hamiltonian. Throughout this work, it is assumed that the dissipation, imperfections
and amplitudes of parametric excitations are small. Thus, one can treat these problems as weakly
Hamiltonian systems. Most of the analysis is based on the recent work of perturbed Hamiltonian
systems. Since in the Hamiltonian treatment, the momenta p and coordinates g constitute 2n
independent variables, Hamilton’s equations allow a much wider range of transformations than the
point transformations. This enlargement of the class of possible transformations, which includes all
2d independent variables p and g, is one of the important advantages of the Hamiltonian treatment.

The study of the bifurcation behavior in a small region of state space surrounding the fixed point
(or limit cycle) or in a small neighborhood of the bifurcation point is referred to as local analysis.
In a local bifurcation, the stability of one fixed point or limit cycle is lost and a branching, or
bifurcating, solution emerges. These local bifurcation scenarios arise in the dynamics governed by
the variational equations.

There are many phenomena which cannot be explained by local analysis alone. These solutions
are, for the most part, global in the sense that they do not lie in the small neighborhood of state
space or in a small neighborhood of the parameter at which the fixed point or the limit cycle
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goes through a local bifurcation. Recent results on persistence of quasiperiodic motions facilitate
the development of global techniques to detect such complicated dynamics. It is imperative to
understand the response, stability and both local and global bifurcation behavior of such nonlinear
dynamical systems prior to their use as integral and reliable elements of mechanical systems.

The analytical techniques developed in this research are used to predict the local and global
bifurcation behavior of the dynamical system and estimate the nontrivial response in the post-
critical regions. While these techniques seem to provide researchers with the ability to predict
the behavior of many practical dynamical systems without the expense and delay of complicated
experiments, the accuracy of the approximations (as well as that of the mechanical models) .is
not fully known. Before relying on the results of such modeling and reduction techniques in the

. analysis of complex systems, it is imperative to verify the local and global behavior of simple

(lower dimensional) dynamical systems through direct experimentation. Thus, the final phase of
this research involves the design and construction of an experimental rig. This rig will serve as
a test bed for direct experimental verification of results obtained from the various approximation
techniques employed in the analysis of nonlinear differential equations. The theoretical results
will serve as a guideline for locating stability boundaries and predicting post-critical behavior.
The extent to which the theoretical and experimental results match will provide an insight into
the accuracy of the mathematical models and theoretical approximations. The experiments will,
in turn, guide the development and refinement of the theories developed to incorporate any new
phenomena observed.

1.2 Objectives

The current research addresses both the stability and dynamics of mechanical systems in the pres-
ence of deterministic as well as stochastic parametric excitations. The overall goal of this research
is two-fold:

e In the case of deterministic excitations, the primary objective is the development of techniques
to detect the nonlinear behavior of a class of gyroscopic systems including experimental
verification of theoretical results.

e The second part of this investigation involves the formulation and development of methods -
to analyze the complex interactions between noise, stability, and nonlinearities inherent in
mechanical systems.

1.3 Impact of This Research

The work performed under this grant will have direct impact on the design of advanced mechani-
cal/structural components and system reliability. The following points highlight the primary con-
tributions of the completed work: ‘

e analytical prediction of stability limits (or limits of “safe” operation),
e analytical prediction of regions of parameter space in which chaotic motions may exist,

e experimental verification of the accuracy of these predictions and



e understanding of instability mechanisms necessary for development of techniques to control
unwanted dynamics.

The techniques developed throughout this research should provide a deeper insight into the dy-
namics of more complicated systems and will, ultimately, lead to the design of more efficient and
reliable components.
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1.8 Outline of the Report

In Chapter 2, conditions on the almost-sure stability of a general four-dimensional gyroscopic system
subjected to parametric real noise excitation is examined. In the absence of noise, the system
under consideration in Chapter 2 is critical and possesses two pairs of purely imaginary eigenvalues
with non-commensurable frequencies. In this chapter, a perturbative technique is developed which
involves solving a series of forward Kolmogorov equations to obtain higher and higher orders in
the formal expansion for the invariant density. In this case, no restrictions on the structure of the
stochastic terms are imposed and all possible singularities of the invariant density are examined.
The results of the perturbative method developed in this chapter are applied to the prediction of
lateral vibration instability in rotating shafts subject to stochastic axial loads and stationary shafts
in cross flow with randomly varying flow velocity.

Throughout this research, the dynamics and stability of a rotating shaft, one of the most funda-
mental components of mechanical and power generating systems, will be the motivating problem.
In Chapter 3, the partial differential equations of motion of the rotating shaft are derived. The
dynamics and stability of this structure may be affected by a time-dependent force imparted by the
action of nearby components. These inputs are included as time-dependent parameters in the equa-
tions of motion of the component under investigation and may lead to large amplitude vibrations
or chaotic motion. The partial differential equations are reduced to ordinary differential equations
via a Galerkin approximation assuming only the first mode to be excited. These equations are then
checked using the Rayleigh-Ritz technique.

An investigation of the stability and local bifurcation behavior of the rotating shaft is carried
out in Chapter 4. The method of averaging is applied to the Hamiltonian. This yields a set of
autonomous differential equations governing the transverse motion of the shaft. The stability of the
trivial (non-vibratory) solution is examined and the stability boundaries under various parametric
resonance conditions are presented. These boundaries are given in terms of the amplitude and
frequency of the parametric excitation. The post-critical nontrivial solution branches and their
corresponding stability are also calculated. '



In one of the parametric resonance cases of Chapter 4, the system at criticality (and in the
absence of dissipation) possesses two coincident pairs of purely imaginary eigenvalues. The linear

_system is in non-semisimple 1:1 internal resonance and the trivial solution loses stability through

a Hamiltonian Hopf bifurcation.

Chapter 5 describes The global dynamics of a shallow arch structure subjected to a spatially and
temporally varying force is investigated under the conditions of principal subharmonic resonance
and various conditions of internal resonance near single mode periodic motions. We describe two
different mechanisms leading to chaotic behavior in the class of systems under consideration. The
method of averaging is used to obtain the first order approximation of the system response for
one-to-two internal resonance and a second order averaging procedure is used to study the system
response under one-to-one resonance conditions. In the first part, a higher dimensional Melnikov
type perturbation method is used to analytically show that the arch structure, in the absence of any

~ dissipation mechanism, may exhibit chaotic dynamics in the sense of Smale horseshoe for one-to-

two internal resonance case. These chaotic motions result from the existence of orbits heteroclinic
to a normally hyperbolic invariant torus which corresponds to the hyperbolic periodic orbit in
the averaged system. In this case, the presence of small dissipation causes the the phase flow to
get attracted to the trivial solution. In the second part, the effect of dissipation is also included
to study the global dynamics associated with one-to-one internal resonance case, where using a
new perturbation technique (due to [48]) we show the existence of Silnikov type homoclinic orbit
to a fixed point in the perturbed system, and consequently the chaotic behavior. The numerical
simulations are also performed to confirm the theoretical predictions and hence the existence of
complicated dynamics in the shallow arch system.

Chapter 6 describes the set-up of the rotating shaft experiment. Finally, in Chapter 7, the results
and contributions of this work are summarized. Suggestions for future research in deterministic as
well as stochastic dynamics are also included.




Chapter 2

ALMOST-SURE ASYMPTOTIC
STABILITY OF SYSTEMS
DRIVEN BY REAL NOISE

2.1 Introduction

One of the primary concerns in the analysis of dynamical systems is the determination of the
stability of the steady state solutions. This analysis becomes more difficult when these systems
are excited by a stochastic process. The stability of a linear stochastic system can be defined in
several ways. The weakest, or least conservative, definition is that of stability in distribution. A
more conservative estimate of the stability boundary is described by stability in probability. Thus,
if a system is stable in probability, it is also stable in distribution. The last two definitions of
stability in the stochastic sense are stability in the r** mean and almost-sure stability, or stability
with probability one. If a dynamical system excited by noise is stable according to either of these
definitions, it is stable in distribution and in probability, as well. However, r** mean and almost-
sure stability do not imply each other, i.e. a system can be almost surely stable while its 274
moments grow exponentially. Kozin and Sugimoto [50], with extensions by Arnold (5], established
a characterization between moment stability and almost-sure stability for linear Ité6 stochastic
differential equations when the process is ergodic on the entire surface of the n-sphere. It was
shown that the region of sample stability is the limit of the regions of r** moment stability for »
approaching zero.

Stability in the almost-sure sense is determined by the sign of the maximal Lyapunov exponent.
It was shown by Arnold and Kliemann [6] that, for a linear system with stochastic parametric exci-
tation, the Lyapunov exponents are analogous to the real part of the eigenvalue of the corresponding
deterministic system. Thus, the maximal Lyapunov exponent yields the almost-sure asymptotic
stability of the linear system. One can also define the stochastic analog of the imaginary part of the
eigenvalue; the rotation number determines the asymptotic rate of rotation for the stochastically
perturbed system.

In this chapter, the maximal Lyapunov exponent and rotation number for a general four-
dimensional linear system excited by noise are approximated. For the case when the noise is
‘white, Khas'minskii [46] presented necessary and sufficient conditions under which the system is
stable with probability one without explicit mention of the Lyapunov exponent. The studies by -




Kozin and Prodromou [49] and Mitchell and Kozin [59] yielded results for second order systems
and a complete examination by Nishioka [67] considered the effects of all possible singularities that
may be present in a one-dimensional diffusion process.

In the case of ergodic but non-white noise excitation, few results are available. The existing
results are due to Arnold et al. [7] and Pardoux and Wihstutz [70]. A survey paper of 1991 by
Pinsky and Wihstutz [71] summarizes the previous work on this topic. A more recent investigation
was performed by Sri Namachchivaya [79] in which the almost-sure stability of dynamical systems
under the combined influence of stochastic and harmonic excitation was examined.

As in most of the studies involving multidegree-of-freedom systems reported to date, the an-
alytical results in [79] were derived under the condition that only one mode is critical while the

remaining modes are strongly stable. This, however, is not necessarily true in all physical systems.

For this reason, it is imperative to determine the almost-sure asymptotic stability of multidegree-
of-freedom dynamical systems with more than one critical mode. The maximal Lyapunov exponent
and rotation number for stochastically perturbed codimension two bifurcations have been calcu-
lated via the method of averaging by Sri Namachchivaya and Talwar [82]. In [82], averaging was
applied to obtain a set of approximate It equations for amplitudes and phases. However, in order
to completely decouple the amplitude and phase equations, certain restrictive conditions on the
manner in which the noise entered the equations were imposed.

The focus of this chapter is to approximate the maximal Lyapunov exponents for a four-
dimensional system with two critical modes perturbed by a small intensity multiplicative real noise
process. The approach adopted here is the perturbation method developed by Sri Namachchivaya
and Van Roessel [83]. Using this approach, no restrictions on the structure of the stochastic terms
in the equations of motion are necessary to decouple the amplitude and phase equations. Thus,
the results presented here are for a general four-dimensional system parametrically perturbed by
a real noise process. The frequencies are assumed to be non-commensurable in order to obtain a
unique invariant measure. Furthermore, to make the problem tractable, the infinitesimal generator
associated with the noise process is assumed to have an isolated simple zero eigenvalue.

Section 2.2 describes the formulation of the mathematical problem. General results for the
probability density for all possible singular cases are presented in section 2.3 and the maximal
Lyapunov exponent is evaluated in section 2.4 and the rotation number for each case in section 2.5.
Section 2.7 summarizes the contributions of this research.

2.2 Statement of the Problem

The problem under investigation is a general two-degree-of-freedom mechanical system with two
critical modes in the absence of damping. Physically, this represents a deterministic system at
the point of a Hopf bifurcation. The addition of small dissipation shifts the eigenvalues of the
deterministic system slightly into the left half plane. In the most realistic cases, all mechanical
systems are acted on by noise. Depending on the mechanical parameters, the effects of this noise
on a system near a deterministic bifurcation point may be catastrophic. The goal of this chapter
is to determine the effects of small amplitude multiplicative noise on the almost-sure stability of a
dynamical system near criticality. To this end, consider a linear stochastic system governed by the
following equations of motion:

& =Az+ef(E(t))Bz, z € R (2.1)
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Appropriate scaling of the matrix A yields

A=A0—€2A1
where ’
0 w 0 0 & 0 0 O
| =w1 O 0 0 10 46 0 O
=19 0 0 w| ™M=y 4 o
0 0 —w3 0 0 0 0 52

The matrix B is described by B = [b;;] and the quantities §; and , are damping parameters. The
matrix A; describes the versal deformation of the deterministic linear system. In this analysis, it is
assumed that the frequencies w; and w; are non-commensurable. The term &(t) is a small intensity
real noise process defined on a smooth connected one-dimensional Riemannian manifold M (with
or without boundary). The smooth function f : M — R is assumed to have zero mean.

Before proceeding, a brief description of some of the results of Oseledec’s Multiplicative Ergodic
Theorem [68], as related to four-dimensional systems, is necessary. Consider the linear stochastic
system in Eq. (2.1) under the assumption that £(¢) is ergodic. According to the Multiplicative
Ergodic Theorem, the Lyapunov exponent of the solution of Eq. (2.1), z(¢; zo), for the the initial
condition zg (zo # 0) is

L1
Ao) = Jim 7 1og || 2(t; 20) | (2:2)

where A(zg) takes on one of r fixed or non-random values A\; < :-- < A.. Which J; is realized
depends on the initial condition zo. The multiplicities of the Lyapunov exponents sum to the
dimension of the system, n (in this case, n = 4). Associated with each A; there exists a random
linear invariant subspace E;, known as an Oseledec space, such that E;® FE;&---® E, = R™, with

Jdim_ 3108 [ 2(t20) l|= X iff 2(t520) € B2\ {0)
The dimension of each Oseledec space E; is given by the multiplicity of the associated Lyapunov
exponent, A;.

The effects of deterministic detuning and noise on the Lyapunov exponents of the system under
consideration are depicted in Figure 2.1. In the absence of noise and detuning, all eigenvalues
lie on the imaginary axis. The addition of negative detuning stabilizes the system. In this case,
as shown, all Lyapunov exponents are negative. In the presence of both deterministic detuning
and noise, generically one expects four distinct Lyapunov exponents. The maximum of these, A,
determines the almost-sure stability of the stochastic system.

The stability of the system described by Eq. (2.1) was studied by Sri Namachchivaya and Talwar
[82] using the method of stochastic averaging to derive a set of approximate Ité6 equations for the
amplitudes and phases. Using that method, it is necessary to impose certain restrictive conditions
on the matrix B in order to completely decouple the amplitude and phase equations which was
essential for the calculations. Employing the following notation

£ _p.. . o + _
Hij =byi—1,2 £ baigj—1  and  J = baipj & byiq,2-1
these restrictions are given as

HRJh +HiJh =0 and HApJ;, - HiJ; =0 (2.3)
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Figure 2.1: Effect of detuning and noise on system stability: (a) zero noise and detuning, (b)
detuning only, (c) noise and detuning. (R.N.= Rotation number, L.E.= Lyapunov exponent)

and either
Hj=H;=0 or Jh=JL=0 (2.4)

Examples of systems in which these conditions are satisfied include the double oscillator described by
Sri Namachchivaya and Ariaratnam [80] and Ariaratnam and Xie [4] and problems with a symmetric
B matrix. These conditions are also satisfied by the system considered by Sri Namachchivaya and
Van Roessel [83]. In the present analysis, no restrictions on the structure of the B matrix are
required to decouple the amplitude and phase equations. Thus, the results obtained here are for
the most general case of Eq. (2.1). The analysis presented in this chapter is based heavily on the -
work completed by Sri Namachchivaya and Van Roessel in [83].
Let G denote the infinitesimal generator of £(t) in%Stratonovich form, i.e.

2
GO) = 1(E) g + 3070 o5

The generator may be rewritten as
1 r
G(€) = Xol€) + 5 Y X2(6)
=1

This is known as the Hérmander form for the differential generator. As in [83], assume that G has
an isolated simple zero eigenvalue. This implies that u = constant is the only solution of Gu = 0.
“Consequently, the adjoint operator G* must also have an isolated simple zero eigenvalue. The
results obtained from this analysis are applicable when the manifold M is of arbitrary dimension.
For the case in which M is one-dimensional, the normalized invariant measure v(€) d¢ satisfying
the Fokker-Planck equation G*v(£) = 0 can be written in terms of scale measure and speed density
as

i -
v() = m(€) [1S(E) + c2]
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where

s©)= [ stdn, m(e) = [ (©s(e)]"

¢ 2u(n)
o) = o { - [ 21,
{ o?(n)
The constants ¢; and ¢; are determined using boundary and normality conditions, respectively.
The usual transformation, i.e.
Tai-1 = 1iC08¢; , Ty =rising; and p; = log(r;) , i=1,2
yields amplitude and phase equations of the form

pi =@ +¢ [pi (79, 9)] £ (€(1) (2.5)
b = [wi+hi(9)] +e [hi (5=, 8)] £ (£() (@28

In this form, the amplitude and phase equations are coupled by the presence of terms of the

form e(?5=%i) for 1 # j. Since elri=ri) is always positive, one can introduce a one-to-one mapping
elPi=#i) = tan 6,6 € (0,7/2). Thus, applying the following transformations to the original system

Ty =e’cosgycosf, z5= —e’sin¢;cosh
T3 = e’ cosPysinf, 4= —e’sing,sind

yields the following set of equations for the amplitude p, phase variables (¢;, ¢3, 6) and noise process

&:

p = ef(€)qi(dr, d2,8) + €261 (6) (2.7)
b = witef(E)hi(d1, 2,0) +2hi(¢1, b2, 6) (2.8)
0 = cf(€)q(d1,2,0) + €2 (6) ' (2.9)
d¢ = p(&)dt+o(§)odW, (2.10)

The explicit expressions for g;, §; and h;, (¢=1,2) used in Egs. (2.7)-(2.10) are
q1(¢1,92,0) = %(Jl“”1 — Ji; cos2¢; — H sin 2¢;) cos? 6
+ %(J;‘Z — Joy €08 2¢; — H, sin 26;) sin?
5 [T+ I3 cos(n - 6a) = (U5 + J53) cos(s + )

+(Hiy — Hy1)sin(¢y — ¢2) — (H{, + Hy) sin(¢y + ¢2)] cos @sin

G(0) = —8;cos?f — 8,sin?@
1

hi(#1,¢2,0) = E(Hl_l — H{ cos2¢; + J7; sin 26,)

+ 3 [Hizcos(6y ~ ¢2) — H cos(r + )
—J{sin(¢1 — ¢3) + J sin(¢y + ¢2)] tan ¢




| Jp— - .
ha(é1,¢2,0) = §(H22—H;'2cos2¢z+J225m 2¢5)

+ % [Hz cos(¢1 ~ ¢2) ~ H; cos(éy + 65)
-}-J2+1 sin(¢1 — ¢2) + J5; sin(é; + ¢2)] cotd

[Jé*z — J{ + Jij cos 2¢; + Hi, sin 26,

N[ =

g2(¢1,62,8) =
—J5; €052 — Hy, sin 26| cos Osin 8

[~ cos(¢1 ~ ¢2) + I3 cos(d1 + ¢2)
—Hi;sin(¢1 — ¢a) + Hysin(¢1 + ¢2)] cos? 8
+ o [T cos(ér = ¢) = T cos(ds + )

'—HZ_I Sin(¢1 - ¢2) - H;i sin(¢1 + ¢2)] Sil’l2 0
§2(0) = (61— 62)sinfcosh

N =

Given the structure of the A; matrix, it can be shown that A; = 0 for i = 1,2.
The processes (41, ¢2,0,€) are independent of the amplitude p and form a diffusive Markov
process with associated generator

LE=L0 4L + 212

where, in general

2
0
0o _ .
L° = nga¢i+G(§),
3 . 9
¢ - sofnde k]
06 1=1 8(]51
& < 0
2 _ -9 9

For this particular 4; matrix, L? = q"z%. Next, define the function Q®(¢, #2, 6, €) to be the right
hand side of Eq. (2.7) such that

Qe - QO + EQI + 82Q2

In the present analysis, Q° can be written in terms of f(£), q; and ¢ as follows:

Q%(¢1,62,8,€) = f(E)q1 (b1, 62,0) + €241 (0)

Then, according to Oseledec’s multiplicative ergodic theorem [68], assuming the operator L¢ to be
ergodic, the maximal Lyapunov exponent is given by

=@ = [ [ [ [ 0t g dendeas
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where p® is the unique ergodic invariant measure associated with the generator L¢, i.e. p° solves
the Fokker-Planck equation given by
Le‘ ps —_ 0
provided the process £ is strongly elliptic. The strong ellipticity condition guarantees that there
exists a smooth and everywhere positive invariant measure p* on M. The condition for strong
ellipticity is given by
_ dimLA(Xy,--, X, )(§) =dimM VYée M
where LA denotes the Lie algebra associated with the vector fields.
Construct a formal expansion of the invariant measure, i.e.

p5=p0+€p1+...+ngN+...

Substituting this expansion and the expansion for L¢ into the Fokker-Planck equation yields the
following sequence of Poisson equations to be solved for p°, p!, p?, ..

LO'pO = 0
LO'pl = _Ll'pO
Lo'p2 = —thpl - Lz'p0 (2.11)

This yields the following expression for the maximal Lyapunov exponent:
X o= Q%) +e (@) +(@% Y] +
& [(@% 1) + (@1, p") + (Q% #H)] + -
A proof that this expansion is, in fact, asymptotic begins with the construction of the adjoint
problem L*F® = Q° with F* = FO+¢F'+...4+eNVFN asin [7]. In this expression, F?, F!, ... FN
are such that
(2% +eL? +¢212) (F° +eF?! +-- 4 eNEN)
= Q- (qo teqt 4+ ,“+€NqN) +eN+1 {LIFN + L2FN-1} 4+ eN+2 {LZFN}
The functions ¢°, ¢*,---,¢" are independent of 6, ¢; and ¢, and satisfy the equations
LOFO — QO _ qO
LOFI — Ql __ql _LIFO
L0F2 - Q2_q2_L1F1 __L2F0

LOFN - _qN_ LIFN—I __LZFN—Z

Next, define the truncated density 5° = p® +ep! + .- -+ eV pV and assume v(€) is the marginal of
both p® and p° on M. Employing Egs. (2.11), the error introduced by truncating A° at an arbitrary
order N > 0 is given by

<Q€:p£> - <Q€a ~€> =
E'N+l [(LIFN-*- LZFN—I’pe _ ﬁs) + <L1tpN + L2~pN—1’ Fe)
_<Ql7pN> - (QzapN”l>]
M (LPFN 57— )+ (L7 PN, F) - Q2 pM)]
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Suppose that the functions p°,p,---,p" and FO F!,... FN are such that all inner products
above are well defined. Since p° is unknown, one can assume that p°,p!,---, p"V are constructed

such that
sup LIFN 4 [2pN-1 <Ki<oo and sup 'LzFN' <K;<
¢191€ ) ¢7015

Applying the above estimate, it is clear that the expansion for a fixed N > 0 is a valid asymptotic
expansion. These results are summarized in the following theorem.

Theorem 1 Assume the operator L* to be hypoelliptic and p® to be the unique ergodic invariant
measure associated with the generator L, i.e. p° solves the Fokker-Planck equation given by

L€p€=0

Then, by constructing a formal ezpansion for p* and the function F* such that the adjoint problem
becomes L°F* = Q)°, the ezpansion for the mazimal Lyapunov exponent can be written as

X = (@) = (@) +e [(QLp%) +(Q%pY)] +
e [(@% ) + (@1, p) + (Q° %)) + - -
Moreover, this expansion is asymptotic provided

sup LFN 4 L2FN_11 <Kj<oco and sup

L2FN | < K, < oo
6,8, $,6,¢

Since Q° = 0, the expression for the maximal Lyapunov exponent reduces to
X =@+ [(Q% %) + (@) + -
where p° and p! satisfy the Poisson equations above with the periodic boundary conditions
P°($1, 62, 6,€) = P°(¢1 + 27, 62,6, €) = p°(¢1, 6o + 27, 6, €)

pl(¢1a¢21 95&) = P1(¢1 + 271',(}52,0,6) = P?(¢1,¢2 + 2m, 0;6)

Solving the O(1) Poisson equation with appropriate boundary conditions and considering the non-
commensurability condition on the natural frequencies yields

P60 = 20

where v(£) is the invariant measure satisfying G*v = 0. Note that for arbitrary F'(#), the inner
product (Q',p°) = 0 due to the periodic boundary conditions on ¢; and ¢, and the zero mean
assumption on f(£). The maximal Lyapunov exponent, up to O(e?), reduces to

X =2 Q%1% +(Q\, "] (212)
The O(e) Poisson equation and its adjoint are

L%p' = —L° and Lu=0
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and the associated solvability condition is
(LYp°u) =0 Vu € ker(L°) (2.13)
Due to the assumption on G and the boundary conditions on ¢; and ¢,
ker(L°) = {C(6) : C is an arbitrary function of 4}

The solvability condition of Eq. (2.13) reduces to

/0 " Beyc(8)do =0
where
£(6) = / /21r /27r [30 (g2F) '*‘FZ Bqﬁ, dp1dgadf
which must hold for arbitrary C(6). This implies
F@®) =0

This condition is automatically satisfied due to the periodicity of ¢; and ¢;. Thus, it is not possible
to determine F(f) using the O(¢) solvability condition. One can, however, find an expression for
p! in terms of F(#). To do so, rewrite the O(g) Poisson equation as

2
(G* —w; ; ?9%) o= _I—(%R(QSI,@, 9) (2.14)

where

R(¢17 ¢2a 0) =
1 1 OF
- §(J2§_']i*-1) [( —SZ)F+ 52980]
1 1 OF -
[(1 + 5620) F + 829 ao] (J1102¢1 + Hl-"i82¢l)
1 oF -
- [(1 - 5629) F- Szo 80] ( 22€2¢, H2+232¢2)
1 oF
+ 5 |@easo+t0) P 350 (3507 — IO + His™ - His*)
1 1 3F _ _ -

In the above expression, ¢(,) = cos("), 5() = sin(:), t() = tan(-), C% = cos(wy &+ wy) and S* =
sin{w; £ wo).
Introduce an auxiliary time ¢ such that Eq. (2.14) becomes

(2. —G* +w; z a¢1) 1 __ f(E)’U(E R(¢1,¢2, ) (2'15)‘
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The density p' is the stationary solution of Eq. (2.15) and solves Eq. (2.14), i.e.

P'(61,62,6,6) = lim [pl(d1,62,0,€,1)]

Employing the transformation

AfehEe ) b b2 )

and T = wy¢2 — we¢; in Eq. (2.15) yields

(68—7_ — G*) p} = I:S)R (#1(7,5,T), ¢a(7,5,71),6) (216)

where H(§) = f(£)v(€). Equation (2.16) is an inhomogeneous boundary value problem. This
problem can be transformed into a homogeneous initial value problem using Duhamel’s principle
with zero initial conditions (see, for example, [92]). The solution to Eq. (2.16) can then be written
as .

P 0,0 = 15 [ R - T,5,T), a0~ T,5,7), 0) K (€, T) aT

where g(§,T;7,0) is the transient density which solves

17
6_5 =G"g, 9(£,0;7,0)=6(£—1n)

and

K(ET)= [ Hng(€,T;7,0)dn
The final form of p!(¢1, ¢2,6,&) is found by taking the limit as 7 — oc:
1 [oe]
p'(61,82,6,€) = Zﬁ/o R(inT — ¢1,woT — ¢9,0,T) K(€,T)dT (2.17)
In Eq. (2.17), R(w1T — ¢1,wT — ¢2,0,T) contains F(0) and its derivatives which have yet to

be determined. This can be accomplished with the aid of the O(£?) solvability condition. Recall
the O(e?) Poisson equation '

L
(G* — Wi Z 'a_g_) p2 = X0(¢1; ¢27 6, f) + X1 (¢11 ¢27 o) E) (218)
i=1 d
where R
a /. 0
Xo = 55 (#2°) and x1 = £(6) [ﬁ (2:0*) + ,g; (—% (h;pl)]
This yields

Lp? = xo+ x1

and the corresponding solvability condition
(xo+x1,v(§)C(6)) =0 V C(0) € ker(L°)
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Evaluating the solvability condition for arbitrary C(6) yields the following ordinary differential
equation for F(6):

1 42 A

- 5 ROFO)+3 [w*0)F(®)] =0 (2.19)

where
U2(0) = A cos?26 + Bcos20 + C
1 - -
®(6) = —-5(/\1 — Ag) sin 26 + ¥2(8) cot 26

This is indeed the diffusion equation in #. This describes the stochastic coupling between p; and

p2 in Eq. (2.5). .
Throughout the remainder of this chapter, the following notation will be used:

1
oy = 3 |(H +J5)SQ)+ (HE +I7)5@)]
B = gHE +J7)5(2w)
1 I S -
po= g [(HEHS +IR00)S@) - (HRHE - JH74)S(@0)]
1

n o= J(HpJh+ HpJf)r@)
1 - -

Y2 = Z(Hﬁle‘Hfszl)F(Q+)

_ 1

TE 16

The sine and cosine spectrums are defined, respectively, as

(T = TH)S(0) + 3 (81 + Ba) ~ F(ena + o) = 3p

M) = 2/0°° R(T)sinwT dT and S(w) = 2/°° R(T) coswT dT
(]
where R(T) is the autocorrelation of f(£), i.e.
R(T)= | fOKET)d

and QF = w; &+ wy. Employing this notation, one can write

A = -«
1 1
B = —'5(012—0’21)=—'2—a_

1 1
C = 7+°2-(012+0121)=‘)’+§a+

Ni=-86+p6 and X=X+

where A; and ); are the Lyapunov exponents for the case when the modes in Eq. (2.1) are decoupled.
Equation (2.19) can be rewritten as

4
d6

{-cp(o)p(e) + -;- a% [\I’z(O)F(G)]} =0 (2.20)
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Let Ay (f) be the term in the brackets. Then, A, (f) must be constant with respect to 6, i.e.
Ast(f) = Ag. By examining Eq. (2.20), one can see that there may be singularities in the open

. interval (0,7/2). All possible singular cases must be considered when attempting to solve this

expression for F(§). The location of the singular points and the behavior of the diffusion process
in the presence of these singularities will be examined in the next section.

2.3 Evaluation of Solutions
The solution to the Fokker-Planck equation can be written as

F(8) = m(6)[2 Aw S(8) + ] (2.21)

~ where the scale and speed measures are defined in terms of ® and V¥ as

r

m(6) = [¥*(6) s(8)] "

s(6) ::exp{— 9—2@?—((77—))d17} and S(4) = /9 s(n) dn

and F(#) satisfies boundary and normality conditions. The boundary conditions for F(0), as well
as the evolution of the process when singularities exist, will be discussed in this section. One can

rewrite s(6) as
s(0) = €9

where
$28(n)
2 (n)

In terms of the parameters A, B and C,

b(6) = dn =In|sin 28] 4+ (A; — A;)8(6)

1 cos 20 dt
) == ___“
IB( ) 2 At? + Bt+4+C

The last integral can be broken down into the following 6 cases:

. A, B, C+#0

B=0and (i) A, C#0, (i) A=0,C+#0, (ii)) A#0,C=0
.C=0and A, B#0

.A=0and B, C#0

.A=C=0and B#0

A=B=C=0

SOt N

Singularities in the F'(§) process are 6 values satisfying either
V30 =0 or &(f) = oo

These singularities can be classified according to Feller’s scheme as entrance, exit, natural or regular
boundaries of a region of state space [25]. The following definitions, summarized by Karlin and




Taylor in [45], are needed in order to classify the behavior of a stochastic process at a singular point
s and to determine the type of boundary present:

5u0)= [ stm)dn, M(o,,0]= 9 m(n)d
£(6,) /sas,ng /o {/ m(y dy} (m) dn
@)= [ M, 1isie) = [ { [ st dy} m(n) dn

In the above definitions, S(0;,6] and M (6;, 6] are the scale and speed measures, respectively. The
explicit dependence on 0; is dropped. In this case, the notation S(#) and M (6) is used. The last two
quantities defined above measure the time it takes to reach the boundary of the state space starting
from the interior (X(f;)) and the time required to reach the interior beginning at the boundary
(N(6;)). In the above definitions, 6, is a left boundary. Analogous definitions are employed when

05 is a right boundary.
An entrance boundary cannot be reached from the interior of the state space but it is possible
for the process to begin at such a point. The singular point is an entrance boundary if and only if

S(0s,6] =00 and N(6;) < o0

Once the process reaches an ezit boundary, it is impossible to re-enter the interior. The necessary
and sufficient conditions for a singular point to be an exit are

M(0,,0] <o and X(4,) < oo

An exit boundary within the state space implies that the process eventually exits a portion of the
space and enters another region. The direction in which this boundary is traversed depends upon
the sign of the drift term ®(6) as follows:

< 0 left (backward) shunt
®(0) =< >0 right (forward) shunt
=0 trap

A diffusion process can neither reach in finite mean time nor be started from a natural (Feller)
boundary. A singular point is a natural boundary if and only if

N(fs) =co and X(f,) =00

Finally, a regular boundary allows the diffusion process to both enter and leave. The criteria for a

regular boundary are
5(0,,6] <o and M(8,,6] <
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Figure 2.2: Boundary behavior for singular cases 1, 2i (AC > 0), 2ii and 4.

In this investigation, all possible singular cases will be examined. The function F(6) will be com-
puted and the behavior of the process at the singular points will be determined.

Employing the above criteria, it can be shown that for all 6 cases, the boundary points § = 0,7 /2
are entrance boundaries. Since $(0) = —oo and S(7/2) = oo, in order for F(#) to remain positive
throughout the interval, it must be that A;; = 0 in Eq. (2.21), i.e. the zero-flux property. This

. leaves

F(0) = cm(0) ' (2.22)

where c is the normalizing parameter. The expressions for m(6) and the normalizing constant ¢ for
each case are given below.

Case 1: A, B, C#0
1 1
U?(6) = —ycos? 26 — 3 (012 — a91) cos 20 + v + 2 (a12 + a21)

The only singularities for this case are the entrance boundaries § =0 and 6 = 7/2 as shown in
Figure 2.2.  Define the discriminant A = 4AC — B? and consider the cases: A >0, A =0 and
A <O0.

For A > 0: - - .
sin 26 —(A2—- A1), (2Ac0320+B>
m(0) = exp { ———————=1tan —_—
) = J2(5) p{ VA VA
and . -
1 —(/\2 — Al) _ 2A COS20 + B
M(8) = < — ex tan 1(——-——)
O=%-% p{ N/ VA
For A = 0:

sin 26 (5\2 - 5\1)
8) =
m(6) gz(g) P { 2Acos20 + B



and

1 (A2 — Ay)
0) = = -
MO =353, exP{2Acos20+B

For A< 0: - -
_ sin26 (A2 — A1) 1 [2Acos20+ B
m(f) = 72(9) exp{ oA tanh ( A )
and ‘

M(8) = % i T exp { (X:/%l) tanh‘l. (2A CS/S_Q_Z+ B)}
In all of the above cases for A, the normalizing constant ¢ is
e = [M(r/2) - M(0)]™*
where the appropriate M (f) must be used.
Case 2i: B=0 and A, C#0
U2(0) = —ycos? 20+ v+ o

B = 0 implies o3 = ag; = a. As in Case 1, the singularities at § = 0, 7 /2 are entrance boundaries.
There is, however, an additional singularity in this case at

-C !
cos™

1
b=6.=3 Y

which is valid only when AC < 0. The function m(f) is given by

sin 2 200) exp{:(z’\\/LZ—é,—‘lta, -1 (@cos%)} AC >0

m(0) =

‘slf;‘(";g) exp { sz—_ilc’ tanh™! (@ cos 20)} AC <0

In order to determine the normalizing constant ¢, it is necessary to consider the two cases
AC > 0 and AC < 0 separately. For AC' > 0, since no singularity exists in the open interval

(0,m/2), c is simply ~ ~
. %()\2 - Al)csch{%ﬁ(\;—)tan_l (_\/g_—C')}

When AC < 0, it can be shown that the point § = 6, is a left or right shunt, depending on the sign

of ®(#;) where
1: . [ C
®(6,) = 5()\2—/\1) 1+Z
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Figure 2.3: Boundary behavior for singular case 2i (AC < 0) and case 2iii: (a) A; > Az, (b) A; < As.

For 5\1 > 5\2:
cm(6) 6 € (0,6;)
F(0) =
0 6 € (65,7/2)

In this case, the point § = 6, is a left shunt. A process starting from a point in the region
0 € (05,7/2) will eventually leave this region and be shunted over to the portion of state space
bounded by 6 € (0,6,). This leads to a build up of probability in the region 8 € (0,6,).

For A1 < Ag:
0 6 € (0,6,)
F(8) =
cm(f) 0¢€ (6,,7/2)

Here, 6 = 6, is a right shunt. A process starting from a point in the region 8 € (0, 65) will eventually
be shunted over to the region bounded by 6 € (6;,7/2) and the probability accumulates in this

region. In both cases,
L X2 - A
Cc = IAZ _— A1Iexp Iil—zéA_ll:l

The singular behavior for this case is summarized in Figure 2.3.

Case 2ii: B=0 and A=0,C#0
¥2(0) = o

As in Case 1, the only singularities are at § = 0,7 /2 (see Figure 2.2) and m(f) and c are given by:

m(f) = 311;20 exp {:-&22—;—)‘12 €os 20}
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and

Case 2iii: B=0 and A#0,C=0
¥2(8) = acos? 260

In addition to the singularities at the boundaries § = 0,7/2, there is also a singular point at
§ = m/4. As in Case 2i, the sign of ®(6;,) determines the behavior of the process at this point. In
this case . v

8(6,) = 3 (%2 ~ )

For /\.1 > /\~2:
cm(f) 6 € (0,7/4)
F(6) =
0 0 € (n/4,7/2)
Thus, the point § = m/4 is a left shunt. This leads to a build up of probability in the region
6 € (0,7/4).

For A\; < Ayt
e 0 6e(n/1
F(6) =
cm(8) 6 € (n/4,7/2)

Here, § = 7/4 is a right shunt and the probability accumulates in the region 8 € (r/4,7/2). In

both of the above cases, )
. 0 - 3
m(f) = sin 20 exp {()‘2—)\1—)- sec 26}

w2 (6) 2a
and . -
e =% = %] exp [}%ﬂ}

Figure 2.3 summarizes the behavior of the diffusion process for this case.
Case 3: C=0 and 4, B#0
U2(6) = Acos®20 + Bcos26

In this case, the singular points are located at
1 _,/-B 1 -
and =6, = ECOS 1 (7—> = §cos'l (9—-)

as well as at the boundaries § = 0, /2.

@
[
N
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For Ay > Ap and B < 0: A
m(6) 6 € (0,6,)
F(g) =
6(0—m/4) 0€ (85,7/2)

By Feller’s scheme, the point 6 = 0 is an entrance and § = 7/4 is an exit boundary.

For Ay > A2 and B > 0:
m(6) 6 € (0,7/4)
F(G) =
0(0-0,) 0¢€ (r/4,7/2)

The singularity at § = 6, is an exit and § = 7/4 is an entrance boundary.

For :\1 < :\2 and B < 0:

566, 0 (0,n/4)
F(G) =2
m(6) 0e€(r/4,7/2)

The point § = 8, is an exit and § = 7 /4 is an entrance.

For A\; < Az and B > 0:
6(6—m/4) 0€(0,6,)
F(0) = C2
m(6) 0 € (65,7/2)

The singular point # = 6, is an entrance boundary and # = 7 /4 is an exit. The boundary behavior
for this case is depicted in Figure 2.4. In all cases,

sin 26 + - M=%
m(f) = ) |-at + o~ sec 26| =
and - - - -
~ S = Ay -y
G =" ok ' 2T T A—xg
A2 — A1 = (2a31) "™ A2 — A1+ (2ay2) "am

Case4: A=0 and B, C#0
1 1
200y = —at — o
v(6) 5% — 3« cos 26

The only singular points for this case are at the boundaries § = 0,7/2 (see Figure 2.2) since the

singular point defined by
8, = -l—cos"1 o
) a~

can be shown to coincide with either § = 0 or § = 7/2 due to the condition

at

0<
—

<1

| 26
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Figure 2.4: Boundary behavior for singular case 3: (a) M >N, B< 0, (b) A > A, B>0,

(C)5\1<5\2,B<0,(d)5\1<:\2,3>0
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In this case,
sin 26 Ag=dy
= —|_at - a—
m(f) = 0 |[-a® + a~ cos 26|

and

o= Ay — Ay
= iy i

(2e12) "a= = (2091) o™
Case 5: A=C =0 and B#0
Satisfying A = C = 0 requires the following conditions:
y=0 and at =0

Since ot = oy + ag;, where oy, and Q21 are non-negative quantities, the second requirement
implies 12 = a1 = 0. For B # 0, the following condition must hold

a” #0
These cannot be satisfied simultaneously. Thus, the case 5 singularity is not possible.
Case 6: A=B=C=0
V2(6) =0 Ve (0,n/2)

This corresponds to the case of two uncoupled oscillators. In this case, the diffusion process is
singular for all values of # and a function F(6) satisfying the normality condition over the interval
(0,m/2) cannot be found. However, as stated previously, the Lyapunov exponents for this situation
are A; and A2. The maximal Lyapunov exponent is simply the greater of the two.

2.4 Maximal Lyapunov Exponents

The maximal Lyapunov exponent given by Eq. (2.12) can now be calculated. Letting
1 - .
J(O) = ¥? (0) + 5(/\1 - A2) cos 26

and
¢ =

N | =

o1
(A1 + A2) - 5(71+72)+#

and considering terms up to O(e?) only yields the following for the expansion in A®:

2 = g2 { /0 @) F(6) db 4 /0 * ) do} (2.23)

Integration by parts and substitution of the appropriate F(6) yields the maximal Lyapunov expo-
nent for each of the singular cases.




Case 1: A, B, C # 0 For all cases (A > 0, A =0, A < 0), using the appropriate M (6):

[M(7/2) + M(0)] }
[M(7/2) - M(0)]

)\‘:52 {1(5\2—-:\1)
2
Case 2i: B=0 and A, C#0

Af=¢? {‘1'(5\2 — A1) coth [M tan™! (——\/—éz)] + E}

For AC > 0:

For AC <0, recall, there is an additional singularity at § = 6,. The maximal Lyapunov exponent

is given by
/\s 2 :\2—5\1 l:\2—:\1' 1 1
= ¢ ex -
p 2 =IC

=)

tanh™! [————

Case 2i1ii: B=0 and A#0,C=0

wo=et {3 - a4}

Case 3: C =0 and 4, B#0

For A; > A, and B < 0:

A =1,
1 /- ~ 2 a—
/\5=€2{§()\2—/\1 ( a21) = +c
A2 = A1 = (2091) "=




For )\; < 5\2 and B < 0:

i kY kY a ~
2\ = g2 -2-'(/\2— 1 . - F +c
A2 — A1+ (20q3) e
For;\1<:\2 and B > 0:
=3
/\ezsz %(X2—:\1) - E2012) b o +é
A2 = A1+ (20q9) T
Case 4: A=0 and B, C#0
1 (2a1z) 5 + Qo) 5
e_ 2 3 3 ay3) o= 4+ (2w91) <~ -
AN=¢ 5(/\2—/\) 5= | +¢

Case6: A=B=C=0
A* = e?max (A1, A;)

It is important to note that when the conditions of Eq. (2.3) are imposed, y; = v, = 0, the maximal
Lyapunov exponent given by Eq. (2.23) is identical to that obtained via the method of averaging
(refer to [82]). ’

2.5 Rotation Numbers

The Multiplicative Ergodic Theorem for rotation numbers is given in a recent paper by Arnold
and San Martin (8] in which a general method for calculating the rotation numbers, p;;, of the
canonical planes p;; = span(E;, E;) is given. The spaces E; and E; are the Oseledec spaces
described earlier. The rotation number of any other plane will pick the value p;; whenever this
plane has p;; as the strongest component. In the current calculations, three angles have been
introduced. Thus, by definition, there would be a rotation number associated with each angle
giving the exponential rotation rate. Since these angles are not defined with respect to canonical
bases, the rotation numbers cannot be readily related to those given in [8]. However, it is clear
that if the plane of z;-z; corresponds to any of the p;;’s, then one can relate oy to pij, where o is
the rotation number corresponding to the first degree-of-freedom. A similar relation exists for as.
The relationship between the results of Arnold and San Martin and those presented here must be
further investigated.
In terms of the invariant measure p°, the rotation numbers are given as

of = (HE, p°) (2.24)
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where i
Hf(¢11 ¢27 07 E) =Wy +€f(€)ht(¢1’ ¢29 0) +€2hi(¢1, ¢2) 0)

Again, for A, as given, h; = 0. The rotation number given by Eq. (2.24) can be rewritten as
of = (Wi, ") +¢ [(wi, P+ (F(€) hiy 2] + €% [(wi, 2%) + (F(6) by ") + (i, 2°)] (2.25)

where w; is a constant and p® is scaled such that p! and p? have mean zero. The last term is zero
due to the structure of the A; matrix. Due to the periodic boundary conditions on ¢; and $2, as
well as the zero mean assumption on f(£), one has

(£(€) hiy p°) = 0

Hence, Eq. (2.25) reduces to :
‘ of = w; + eX(f(€) hiy p1) (2.26)
Making use of the following definitions:

R 1 _2 2 — -

62 = 3 |(Hp +J5)0@) + (H +J5)T(Q))]

. 1 _2 - —

dn = 3 |(Hy +JH)0Q) - (H +75)1(Q))]
B = S(HY + 7))

. 1 R -
1 = g [(—H12H21 +Ji*'2J';i)F(Q )]
1

fn = g [(HBHS +J5J5)0@)]

. 1. - -

o= Z(H21J5+H12J2+i)5(9)
1

B = (TG - BHIR)S@)

the rotation numbers may be written as

. 1. N . N 1.
a = w —é&? {ﬂl + 5(72 — %)+ (A + fi2) + 3012 ell*rx}r [sec(O)F(&)]} (2.27)
2
' -1, . . . 1, .
ay = Wwg~— 52 {,32 - 5(’)’2 + ‘)’1) - (/J] - #2) + 50121 g%[CSC(G)F(g)]} (2.28)

By substituting the appropriate F(f) into the above expressions, the rotation numbers can be
explicitly determined for each of the possible singular cases.

2.6 Applications

The focus of this section is to apply the results of the perturbation method described in the
preceding sections to investigate the almost-sure stability of general four-dimensional mechanical
systems. The applications presented here include a gyroscopic system and a nonconservative system
involving fluid-structure interaction. Specifically, the examples considered are: a rotating shaft
subjected to a small amplitude stochastic axial load and a stationary cylinder under the influence
of a stochastically fluctuating lift force. It will be shown in the first of these that A4; need not be
strictly diagonal. ' '
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Figure 2.5: Pinned-pinned rotating shaft subjected to time-dependent axial load.

2.6.1 Rotating Shaft Subject to Random Axial Load

Rotating systems are an integral part of modern machinery. Much work has been done to examine
. the stability and response of such systems subjected to periodic excitations. The dynamics and

response of rotating systems have been studied extensively. Sri Namachchivaya and Ariaratnam (2,
3] examined the general conservative linear and nonlinear gyroscopic systems. Yazici [91] analyzed
the general problem of such stability in the presence of damping. In most practical situations,
the system is subjected to excitations which are not purely deterministic. The combined effects of
harmonic and stochastic excitations on the mean square stability of rotating systems was examined
by Sri Namachchivaya [78]. The almost-sure stability of rotating systems under the influence of
white or real noise excitation has been studied by Sri Namachchivaya and Talwar [82] using the
method of averaging. In this system, the amplitude and phase equations decouple. Thus, no
restrictions on the stochastic terms are necessary.

In this first application, consider a shaft pinned at each end and rotating at constant rate Q and
study the almost-sure stability of the trivial solution of Eq. (2.1). The system is shown in Figure
2.5. The shaft is subjected to a compressive axial load P(t) which is composed of a mean load P,
plus a small amplitude, zero mean real noise excitation f(t). The linear equations of motion are
2]

M+ (2G+€D) + Kq=ef(t)g (2.29)

where ¢ = (ql,qz)T, the vector of generalized coordinates representing the displacement of the shaft
center-line in the two principal directions. M,G, K and D are 2 x 2 constant matrices: M contains
mass-like terms, G represents the gyroscopic terms (G = —GT), K contains stiffness terms and D
arises from internal damping. These matrices have the following forms:

w=lob] o-[as”]

~2 2
_[er-02 0 koo [dy 0
K‘[ 0 wg—QzJ‘[o kg} and D‘[o d

2 2
o?:%lj(m(%) —Po), i=1,2

Letting y2i—1 = ¢; and yz; = ¢; yields the state space representation

where

:l] = (A() - 624‘11) Yy +€f(t)§y
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where

0 1 0 0
= | -k 0O 0 2Q
Ao 0 0 0 1
0 -2Q -k, 0
00 0 O 0 00O
~ 0 d 0 O ~ 1000
A=1g0 o0 of 2 B=17 990
00 0 d, 0 010
Transforming to real Jordan form yields the following equations:
3= (Ao — A1) 2 +ef(t)Be
with
0 w1 0 0
—w; 0 0 0
il B S wy |’
0 0 —-w 0
d1 (wf - kz) 0 dlg%(wf - k2) 0
- 0 da(w? - ky) 0 dz (w3 — k1)
Tl | —d S (wi ko) 0 —dy (W} - k) 0
0 —d2(w¥ - kl) 0 —dz(w% - kl)
and
0 — o (Wi — ko) 0 — (Wi = ks)
B— 1 u}-—l(wf—kl) 0 —ﬁ;(w%—kz) 0
| T 0 k) 0 Lt~ k)
—w_(wlz _kl) 0 —;lz“(wg —kl) 0

The eigenvalues of Ag, +iw,(r = 1,2), are given by

W = \/:21- (alz + @2 4202 & \/(c::f —2)? +8Q2(w? + wg))
where “+” corresponds to w; and “~” to w,. Note that if the matrix A, = [ai;] is full, 6; is then

1 .
0; = 3 (@2i-1,2i-1 + @2i2) , i=1,2

The off-diagonal terms in A; introduce additional damping terms in the equations of motion for
p, #1,¢2 and 6. However, in the calculation of the maximal Lyapunov exponent, the coefficients of
these new terms are periodic in ¢; and ¢, and drop out in the course of the analysis. Thus, the

presence of these off-diagonal terms does not alter the expressions for the top Lyapunov exponent
obtained in [23]. In this example,

&:—(——-l)i;l{(dl+d2)(w~2+92)—d1u_)2—d5.-)2} 1=1,2
) 2((&% _w%) ) 2 2% 1] ]
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For the general case,

" 1 —m (Wl -k (Wi k) —L(wi-ko)t L(wI-ky)
H® =570 L2 k)T Ll — k) L? — ko) L (o2 — &
(wa = ko) F o (Wi — k1) Z-(wF ~ ko) F (w5 — ki)

£ _ |00
Consider the case of band limited, or band-pass, noise. In this situation, S(w) has significant
values only for w in the range 0 < wp — b/2 < w < wo + b/2 where b is the bandwidth and wy is
.the central frequency. The correlation time of a band limited stochastic process is O(1/b). The
relaxation time of the amplitude process is O(1/€%). If b >> ¢, the Markov approximation remains

valid.
For wg = 2w;:

and

~2 _ ~2 2
A = (“:l 20-12) - 25(2&),)
32w? (w? — wi)
B =0
-2 _ ~2)2
c = B9 04,
3207 (o )
: @ - o3y
;= A== :
A 0 + 8P (w7 w%)25(2w)

- with 2 =1,2. For wg = wy w,:

4 = SO {G(wﬂ:w)2+ (Wi + wi)(k? + K2)
32(w? — wi)? ! wiw?2 1 2/\M 2
o (2 KD = 3 F )+ k)]
- 5(Q%) (k3 — kD)
B = 16w1w2(wf—w§){ wyws q:(klsz)
-S(Q%)

It L I 2 _1 2 2 (12 1 1.2
¢ = 32(w? — wl)? {2(“-’2 + wy) w—fwg (Wi +w3)(ky + k3)

F = [2(k} + k) = (1 Fw2) (k1 + kz)]}

wiw?
and \; = X; = —6;. The stability boundaries for the above cases are plotted in Figure 2.6 for
the following parameter values: @; = 1.0, @, = v/2, ¢ = 0.1 and S(wo) = 0.02. The damping
parameters d; and dz can be defined in terms of a single parameter ¢ as ¢ = d;/(2;).
Next, consider the case of broadband excitation, i.e. S(2w;) = S(2wg) = S(QF) = S. This
yields

S (wf +w3)
A 32(‘0% — w%)z { wl2w% (k1 + k2)2 + 12(0.1? + w%) — 12(ky + k)
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Figure 2.6: Stability boundaries for the rotating shaft for wy = wy, wy and wy + ws.

B _S(kz kZ)
8wiwi (Wi - wj)
— S 3(0.)1 +w2) 9 5
¢ = 32(w? — w2)? { wie? (K} + k2) — 6(wi +wl) + 4(ky + k2) ¢

_ -2 _ ~2\2
/\,‘ = kiz—(s,'-i-—g-a;l—;-u%s—z,
8w? (wf — wj)

=1,2
When the shaft is symmetric, &, = ©; = @, dy = d; = d and the eigenvalues reduce to
w1=cD+Q and wg-_—‘(:)—Q

The matrices A; and B become

&1 0 46 O 0 -1 0 -1
0 & 0 -4 1 1 0 -1 0
Ay = -
=15 0 6 0 and B=5-1 o 1 0 -1
0 -6 0 & -1 0 1 0
where 6; = dw;/(2@). This yields
S(Qh)
A = = =
~8¢D2 , B=C=0
A= M=-6, i=1,2
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Figure 2.7: Stability boundary for the rotating shaft under broadband excitation

Since w; > ws, one can easily show A, > A; and the top Lyapunov exponent reduces to

A =€2{—d(cﬁ— Q) + 8225(94-)}

20

The resulting stability boundaries for the symmetric (with © = 1.0) and unsymmetric cases are
depicted in Figure 2.7 in the Q-( space. This system was examined by Sri Namachchivaya and
Talwar [82] using the method of stochastic averaging. The results obtained by the two methods
are identical.

By setting the noise spectrum to zero in the maximal Lyapunov exponent, the eigenvalues of the
deterministic system can be recovered. In each of the above cases, the coefficients of the spectra are
positive. Thus, the maximal Lyapunov exponents are greater than the deterministic eigenvalues.
Therefore, the effect of noise is always destabilizing in this system.

2.6.2 Flow-induced Oscillations

As a final example, consider the wake-oscillator model of Hartlen and Currie [35] which describes
the influence of a stochastically fluctuating lift force on a stationary circular cylinder normal to
the flow. Unlike the first example, this system does not satisfy the decoupling conditions necessary
for the implementation of averaging. The method of averaging, therefore, cannot be applied to
determine the almost-sure stability of this system. The linear system is described by the following
second order differential equations :

&+ fi+z=a(Wo+e*n+ef(€)Cy
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Figure 2.8: Stability boundary for the case of broadband excitation in the flow-induced oscillation
problem

CL — a(Wo + €%+ c£(£))Cy
+ Wo +en+ef(€)*CrL = bi

where Wy is the dimensionless mean flow velocity, 3 represents a mechanical damping parameter, a
is a mass factor, b an interaction parameter and « is a Van der Pol parameter. The quantity 7 is the
deterministic detuning term describing the variation of the mean flow velocity from some critical
value and f(£) represents a stochastic variation in the flow velocity. The variable z describes the
dimensionless displacement of the cylinder transverse to both the flow direction and cylinder axis
and Cy, represents the instantaneous lift coefficient. Letting y; = CpL, y2 = dL, y3 =z and y4 = ¢,
the first order equations of motion become




and W = Wy + e2n + e f(€). Putting this in the form of Eq. (2.1) yields

0 1 0 0 0 0 00
A=—-0201W00 b A = 2Wonp —an 0 0
0 0 0 o0 1] ! 0 0 00
aW¢ 0 -1 -8 —-2aWonp 0 0 O
and
0 0 00
| =2Wo a 0 0
B= 0 0 0O
2a4Wy 0 0 0

" The characteristic equation for the matrix A is given by
P Xt e X —e3 A+ A=0

where ¢; = aWy — 8, c; = 1+ W2 — oWy, ¢3 = Wo(abWo + o — W) and ¢4 = WE. In order
to insure that Ao possesses two pairs of purely imaginary eigenvalues, the following restrictions are
placed on the parameter ranges of interest:

cg=c3=0, ¢c3>0 and c§—4C4>O

The conditions ¢; = 0 and C3 = 0 implies the following parameter relations:

o= abWo
CWE -1

and B =aW

The eigenvalues are then given by

2
+iw, = :ti\ e, (0—2> —

and

. . Co Ca 2
:t’th = :{:2\ -5- - (E) — C4
Letting b = 0.4 (as in [35]) and Wy = v/2, the above restrictions yield the following range for the
mass parameter 0.001 < a < .5177.

In the deterministic system, when the above conditions are satisfied, the trivial solution || z ||= 0
is unstable for all flow velocities near Wy (except at W = Wp) and for all values of the mass
parameter a within the specified range. The point W = W, represents a bifurcation. For W < W,
no stable solution exists. However, for W > Wy, one stable and one unstable periodic orbit exist.
Hence, the only point at which the trivial solution is stable is W = W, i.e. n=0.

In the current analysis, the almost-sure asymptotic stability of the trivial solution alone is
considered. Using the parameter values given above, it can be shown that, under broadband
excitation, the system falls into the case 1 singularity category with A < 0. The almost-sure
stability boundary for the trivial solution in 7 — a parameter space is depicted in Figure 2.8. The
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solid line at 7 = 0 represents the locus of parameter values for which the trivial solution of the
deterministic system is stable. ‘

For the stochastic case, the parameter regions for which the non-oscillatory state is stable
or unstable are labeled in Figure 2.8. Note that for small values of the mass parameter a, the
addition of broadband noise destabilizes the point 7 = 0. As a increases, 7 = 0 becomes stable.
Furthermore, the addition of noise creates entire regions of parameter space for which the cylinder
exhibits no transverse oscillations in the steady state. For higher values of the mass parameter, e.g.
0.2 < a < 0.5, the stability of the trivial steady state is more robust to variations in the mean flow
velocity. '

2.7 Conclusions

In this chapter, an asymptotic expansion for the maximal Lyapunov exponent, the exponential
growth rate of solutions to a linear stochastic system, and the rotation numbers for a general
four-dimensional dynamical system driven by a small intensity real noise process were constructed.
Stability boundaries, defined as the point at which the maximal Lyapunov exponent becomes zero
can be obtained provided the natural frequencies are non-commensurable and the infinitesimal gen-
erator associated with the noise process has an isolated simple zero eigenvalue. This last assumption
was made to make the solution tractable.

The asymptotic expansion for the maximal Lyapunov exponent was calculated for two practical
dynamical systems. The advantage of this method over the method of stochastic averaging is the
applicability of the perturbation approach to problems in the form of Eq. (2.1) without imposing
any conditions on the form of the B matrix. For systems in which these conditions hold, the
expressions for the maximal Lyapunov exponent and the rotation numbers calculated here reduce
to those presented by Sri Namachchivaya and Talwar in [82]. When these conditions are violated,
as in the example involving flow-induced vibrations of a cylinder, the method of averaging cannot
be employed. In such cases, the perturbation method described in [23] provides the top Lyapunov
exponents and, thus, the almost-sure stability boundaries.

It is worth pointing out that there are some other quantities that may be obtained asymptotically
employing the current technique. One can use Liouville’s theorem to calculate the sum of the
Lyapunov exponents as the expected value of the trace of the complete linear coefficient matrix,
i.e. E(Trace[Ao+ A1 + Bf(€)]) = 4o \i. Considering the definition of the matrices Ap and A;
and the zero mean assumption on the noise process, the sum of the Lyapunov exponents is simply
2(6; + 63). In two-dimensional systems, the trace and the top Lyapunov exponent completely
describe the spectrum. However, the author is not aware of methods of describing the complete
spectrum for systems with dimension greater than two. It should also be noted that the smallest
Lyapunov exponent can be obtained by following the same procedure given here with time reversed.
In this case, attention must be paid to the various generators describing the noise process.

The ability to predict the almost-sure stability boundaries of a stationary solution of a random
dynamical system is of great importance in practical engineering problems. For a system operating
within the almost-sure stability limits, all sample solutions except for a set of measure zero tend
to the stationary solution as time goes to infinity. However, one may not be satisfied with such
guarantees since a sample stable process may still exceed some threshold values or may possess a
slow rate of decay.
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Chapter 3

EQUATIONS OF MOTION OF A
ROTATING SHAFT

3.1 Introduction

Any motion of a rigid body which has a dominant component of its angular velocity about an axis
of symmetry is called a gyroscopic motion. Gyroscopic systems are integral components in many
power generating systems. The dynamics and stability of a component modeled as a gyroscopic
system may be affected by a time-dependent force imparted by the action of nearby components.
These inputs appear as time-dependent parameters in the equations of motion of the component
under investigation and may lead to large amplitude vibrations or complicated dynamics.

One of the most fundamental components of mechanical systems such as turbines, pumps,
generators, etc., is a rotor. It is, therefore, not surprising that through the years considerable effort
has been directed toward obtaining a better understanding of rotordynamics. Although for some
purposes, it is sufficient to model the rotor as a rigid body, it is more appropriate in most situations
to incorporate deformable rotor models. This investigation deals primarily with shaft-like rotors in
which the longitudinal axis of the shaft coincides with the axis of rotation. There are two distinct
motions a rotating shaft may exhibit: rotation and whirling. When a non-whirling shaft rotates,
the axis of the rotor is stationary but each section of the rotor at right angles to the axis rotates
about the axis. When a non-rotating shaft whirls, every point in the section executes the identical
orbital motion without any change in the orientation of the section. Rotation is a necessary function
of a shaft, while whirling is always an undesirable motion which introduces vibration, noise and
additional loading on the rotor and its bearings. Whirling, in extreme cases, can cause failure. A
recent paper by Crandall [17] gives an excellent physical insight into these problems. When the axis
of the rotating shaft bends, gyroscopic torques are generally created which couple the transverse
bending vibrations in the orthogonal planes, and thereby promote whirling forms of motion. In
addition, bending can give rise to mid-plane stretching. Thus, it may be essential to consider
nonlinear strain-displacement relations in obtaining the equations of motion.

In the study of the response and stability of dynamical systems, the location and characterization
of bifurcations points is of primary importance. Consider the system

&= f(z,p), z€R (3.1)

with solution z(t;zo) where f(z,u) is a d-dimensional (possibly nonlinear) vector function which |
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depends on a parameter u. A bifurcation refers to a qualitative change in the response z(t; o) as
the parameter p passes some value po. p is called the bifurcation parameter and the value of p at
which this qualitative change takes place is the bifurcation point.

The study of the bifurcation behavior in a small region of state space surrounding the fixed point
(or limit cycle) or in a small neighborhood of the bifurcation point is referred to as local analysis.
In a local bifurcation, the stability of one fixed point or limit cycle is lost and a branching, or
bifurcating, solution emerges. These local bifurcation scenarios are described by the dynamics in
the variational equations. The results must be interpreted according to the physics of the problem.
For example, constant amplitude standing or traveling waves correspond to the case of fixed points,
amplitude modulated standing or traveling waves to the case of limit cycles. In addition to these,
there are many phenomena which cannot be explained by local analysis alone. These solutions
are, for the most part, global in the sense that they do not lie in the small neighborhood of state
space or in a small neighborhood of the parameter at which the fixed point or the limit cycle goes
through a local bifurcation.

It is imperative to understand the response, stability and both local and global bifurcation
behavior of such nonlinear dynamical systems prior to their use as integral and reliable elements
of mechanical systems. Recently, considerable effort has been directed toward obtaining a better
understanding of the nonlinear behavior and instability mechanisms of rotating shafts. When
viewed in a rotating reference frame, the rotating shaft may be classified as a gyroscopic system.
The dynamics and response of rotating and gyroscopic systems have been studied extensively in
the literature {2, 3, 43, 76, 77, 91].

In this chapter, the dynamics and stability of a rotating shaft subjected to a dynamic axial load
will be investigated. The Lagrangian equations of motion for simply supported and fixed-end shafts
are derived in Section 3.2. In Section 3.3, the Hamiltonian equations of motion are obtained from
the Lagrangian equations via a Legendre transformation. In addition to the rotating shaft, there
are many examples of engineering systems which are modeled by gyroscopic systems. Problems of
practical interest include the lateral vibrations of a pipe conveying fluid, the transverse vibrations
of moving belts (such as band saws), etc. The dynamics of these systems are governed by equations
very similar to those derived in this chapter. While the motivation for this chapter is the study of
the dynamics of the rotating shaft, the analysis presented in the two subsequent chapters may be
applied to any of these problems.

3.2 Derivation of the Lagrangian Equations of Motion

In this section, the equations governing the transverse vibrations of a rotating shaft subjected to
a time-dependent axial load are derived. The geometry of the shaft of length L and constant
cross-sectional area A is depicted in Figure 3.1. In the subsequent analysis, the time-dependent
component of the axial load is assumed to be periodic and the shaft is assumed to be free from
torque. This models a perturbation to the compressive axial load imparted by adjacent components.
If these components are rotating or reciprocating at a constant rate, the additional excitation they
impart consists of a small amplitude oscillating force with fixed period. The resulting axial load
may be written as P(t) = Py 4 pcos(vt)H (t) where H(t) is the Heaviside function. Thus the
periodic perturbation is turned on at time ¢ = 0. This corresponds to a step discontinuity in the
axial load at ¢ = 0. Since the goal of this investigation is to study the steady state behavior of
the shaft, the transient effects of this discontinuity may be ignored. This model also assumes that’
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Figure 3.1: Geometry of simply supported and fixed-end shafts showing undeformed (solid line)
and deformed (dashed line) configurations.

the shaft is rotating in torque-free bearings (e.g. ideal superconducting or magnetic bearings). The
latter restriction may be relaxed by considering additional terms describing the torque and resulting
twist in the shaft. For clarity in presenting the method of analysis, the effect of torque has been
omitted. Two types of end conditions are examined: simply supported ends (pinned-pinned) and
fixed ends (clamped-clamped).

The nonlinearities in the final equations of motion stem from the geometry of the mechanical
problem. The longitudinal displacement of each section of the shaft is a result of axial compression,
which generates linear terms, as well as the overall shortening effect of lateral displacements, which
generates cubic terms in the final equations of motion describing the lateral displacement of the
shaft center line. This shortening effect is due to the fact that the end of the shaft at z = L is free
to move axially. '

The equations of motion are derived here using the energy method. The potential energy, in-
cluding the combined effects of bending and compression, and the kinetic energy are calculated and
combined to form the Lagrangian. Hamilton’s Principle of Least Action yields the partial differ-
ential equations describing the transverse motion of the shaft. Applying a modal approximation
reduces these to ordinary differential equations governing the amplitude of vibration in each of the
two principal directions.

The total strain energy contains contributions from the effects of axial compression and bending
strain. The strain due to axial compression is simply €.omp = uz(z,t). The bending strain can be
calculated from the geometry of the deformed center-line with the aid of Figure 3.2. Consider the
arc length ds of a differential element of the shaft center line. This length is determined by

2 2
ds = \/d$2 + dv? 4+ dw? = da;\/]_ + <21.).) + (.QE)
oz Oz

where dz is the projection of ds onto the z-axis. Let v be the displacement of the shaft centerline
along the y axis and w the displacement along the z axis. Then dv and dw represent differential
changes in the coordinates v and w, respectively. Writing the partial derivatives as v, and wy, where
the subscript indicates differentiation with respect to the longitudinal variable z, and expanding
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Figure 3.2: Differential element of the deformed centerline showing longitudinal displacements due
to bending alone.

the square root in a binomial series yields
1
ds = [1 + v2 +wg]2 dz = [1 + % (vfJ +wg)] dz + h.o.t.

The effect of bending on this differential element is to shift the points on the center line by an
amount ds — dz in the direction of z = 0. The overall axial displacement of a point on the shaft
center line is the sum of the effects of all displacements up to that point. Thus, one can superimpose
the effects of bending and compression on the axial displacement of a point. For an incompressible
material, the axial displacement of a point on the shaft originally at z is given (to second order)

by the integral J
T8 _ =L P2 h 2
(G -1)ae=g [ (e +ut)as

Including the effects of axial compression u(z,t), the total displacement h(z, t) of a point originally
at z is

1 z
h(z,t) = u(, t) + 5/0 (02 + w) de

Note that this displacement is defined to be positive in the negative z-direction.

The curvature vector of the deformed center-line is
o~ ,U:L'Ié‘u + w:m:éw
- 3

1+ 02 + w2]}
where é, and é,, are unit vectors in the v and w directions, respectively. Expanding the denominator
in a binomial series yields the following second order approximation for the curvature vector:

K

" . . 3
R = (Vzz€y + Wygéy) [1 -3 (vg + wz)]
The radius of curvature of the center-line is defined to be

ol
%]
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Figure 3.3: Geometry of the deformed center-line.

where || is the magnitude of the vector &. With the aid of Figure 3.3, the bending strain can be
written as

_ds'—dz  (p—r)df—dz dé
‘T T dz =lp-rg !

But the term = is simply 1/p. The strain due to axial bending is given by

3
€bend = — (ToVzz + TwWzs) [1 ~3 (vg + wZ)] = —(ryRy + Tyky)

Assuming constant cross-sectional area A along the length of the shaft, and combining the effects
of axial and bending strain, the total strain energy is then

U=— 2d + — E [(r k4 r2 K2 rvrw&vnw> — 2ug (ryky + rwnw)] dVol

2 0 2 volume
The area moments of inertia are defined as
I, = / Cr2dA I, = / r2dA and I, = / rorodA
area area area

Assuming é, and é, deﬁne principal axes, I,,, = 0. Furthermore, since the center-line of the shaft
is the centroid of the cross-sections,

/ redA= [ r,dd=0

Finally, the total strain energy in the shaft is given by

EA EI

El,
U==2=
2 Jo 0

Toee [1-8 (62 + 2)] ao 4 ZL (e [1 -3 (62 + u)]

An additional contribution to the total potential energy comes from the work done on the
system by the external force P(t) applied at z = L. This work is defined as follows:

W(t) = P(t) - h(L,t) = P()h(L, 1)
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Figure 3.4: Stationary, rotating and body-fixed reference frames.

As defined, the work done by P(t) is positive since P(t) acts in the direction of positive displacement
h(z,t). The potential energy generated by this force is

V=-W(t)
and the total potential energy is
=U+V

The total kinetic energy of the system is the sum of the translational kinetic energy of the center
of mass T¢.m. and the kinetic energy due to the rotation of the body about its center of mass T};.
Consider Figure 3.4 depicting the stationary (X, Y, Z), rotating (z,y, z) and body-fixed (z',v/, ')
coordinate systems. The vector 7 locates the center-line p’ at a particular cross-section. In the
rotating reference frame, the vector 7is

7= (z — h)é; + vé, + wé,

where, again, € represents a unit vector in the specified direction. By definition,

(@) xrs= (@), +37
dt XYZ_ dt a:yz+wxr

where & = ¢é, = Qé, is the angular velocity vector. Taking the appropriate derivative and cross
product yields

dr
(_-) = heéy + (v — Qu)é, + (wr + Qv)é,
dt/xyz
The kinetic energy of the center of mass is

|(%)
dt) xyz

2
dz

1

2 Juvolume

Tc.m.

2
1 L dr
dVl=—/ [/ ”(_)
° 2 0 area PdA dt XYz

45




In the above expression, p is the density of the shaft material and is assumed constant along the
length of the shaft. Define m to be the mass per unit length. This yields

m (L] /dF 2
Tc.m. b '2_‘/0 (EZ‘)XYZ d.’l:
or : .
Tom. =5 /0 (B2 + (v — Qu)? + (w; + Q)?] da (32)

Consider a volume element dVol = dA dz with mass density p. The distance from the shaft
center-line to the element is given by the vector

F=y'éy+2'é,

Note that the unit vectors é, and é,: in the body-fixed frame are identical to &, and &, respectively,
used in the derivation of the potential energy. For consistency with Figure 3.4, é, and é, will be
used in this section to describe the (z',3/,2') coordinate system. The rotational kinetic energy is
described by the expression
Trot = ! pr2dVol
2 Jyolume

where 7 = w’ x 7 and ' describes the angular velocity of the element about the displaced center-
line. In determining this angular velocity, Choi et al. [16] include the effects of tilting cross-sections.
The resulting angular velocity vector has nonzero components in all three coordinate directions of
the body-fixed frame. In this analysis, only small deflections in the first mode (in both v and
w directions) will be considered. In this situation, the contribution to the kinetic energy from
these additional tilting terms is extremely small. Furthermore, the inclusion of these terms adds
considerable complexity to the equations of motion. Therefore, in this analysis, the effects of
tilting will not be considered. Thus, the angular speed of the element about the deformed center-
line is identical to the angular speed of the deformed center-line about its undeformed position. The
angular velocity of the element, however, is along é,/ and is given by W' = ¢é,r = Qé,. Substituting
these expressions into T}, yields

1= - -

Trot = zw' P [7‘2&)’ - (F- w')r‘i dVol

2 volume
Define the polar mass moment of inertia as
Jp=Jy+J,y where J, = p2%dA, J, = py'dA
area area
and note that since é,» and €, are principal axes
pZ'ydA=0
area

Finally, the kinetic energy of rotation is given by

L
Trot = '5«’;)92 (33)

46



Combining Egs. (3.2) and (3.3), the total kinetic energy can be written as
L
T=" / (2 + (0 - Qu)? + (i + Qw)?] da + ST (3.4)

Hamilton’s Principle of Least Action states that the motion of a system from time to to #; is
such that the integral of the Lagrangian L over this interval has a stationary value for the correct
path of the motion [30]. That is, the most desirable (lowest energy) path is the one which makes
the variation of this integral zero.

The Lagrangian is

L=T-11

Let " ;
1
6J =6 Ldt=19¢ (T-M)ydt=0

to to

Making the appropriate substitutions and integrating by parts yields an integral containing éu,
dv and éw. Since these variations are independent, the corresponding coefficients must all be
identically 0 in order to insure the stationarity of J. The partial differential equations of motion

are
- mhtt + EA’U,xx =0 (3-5)

- m (Utt - 2Qw; — Q2'U) - (Nvl')x

—FI, (vmu - -g— [(vg)uvz]z -3 [vxxwg]zav) -3FEI, [wwvz] =0 (3.6)

- m (wtt + 2Qu; — sz) - (Nwg),

_EIw (wz:vxx - g [(wz)xzwx]x - 3 [w"vg]u) - 3EI [U wz]z =0 (37)

with boundary conditions

o

u(0,t) =0, —FEAu (L,t) + P(t) =
v(0,t) =v(L,t) =0 and w(0,t) = w(L,t)

At this point, no assumption is made on the moment or slope at the boundaries. These will be
determined by the bearing conditions. In Eqgs. (3.6) and (3.7), N(z,t) represents the total axial
force, i.e.

N(z t m/ hgt(f,

where N (z,t) is defined to be positive in the negative z-direction. With the aid of Eq. (3.5), N(=z,t)
may be expressed as a function of u(z,t) instead of h(z,t) as follows:

L
N(z,t) = P(t) — EA /z wee (€, £)de
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The equations describing the transverse motion of the shaft depend on the axial displacement
u(z,t). Equation (3.5) can be written explicitly in terms of u(z,t) as

Ugt — 0P Ugy = -f(z,¢) (3.8)
where

82
at?

FA
2 e d =
a and  f(z,t)

N =

xz
/0 (vE(e, 1) + wi(e, 1)) de
The boundary and initial conditions are '

P(t)  Po+ H(t)pcosvt

u(0,t) = 0 , ug(L,t)= T2 Ta = fo(t)
u(z,0) = % and u(z,0) =0 (3.9)

The solution of Eq. (3.8) presents severe difficulties due to the presence of f(z,t). This term arises
from the motion of the end point where the axial load is applied. As stated above, the longitudinal
motion of a point on the shaft is the combined effect of compression as well as longitudinal motion
induced by lateral displacements. The effect of bending is to shift points on the center line toward
z = 0. The term f(z,t) describes the effect of this lateral motion on the acceleration (in the z
direction) of a point on the center-line. It is easy to see that this contribution to the longitudinal
acceleration is on the order of the acceleration in the lateral direction. Since only small center-
line deflections are being considered here, the velocities and accelerations in the lateral directions
are extremely small when compared to the velocity u; or acceleration u;; of a compression wave
traveling along the axis of the shaft. Thus, the major contribution to the dynamics in the axial
direction results from axial compression and not lateral motion. For this reason, the effects of
lateral displacements in Eq. (3.8) governing the dynamics in the longitudinal direction may be
neglected. The solution of Eq. (3.8) with f(z,t) = 0, given by Bolotin [14], is

_ Poz o . VT
u(z,t) = A (WTE) H (t) cosvt sin — (3.10)

In order to simplify the analysis, it is desirable to reduce Egs. (3.6) and (3.7) from partial
differential equations to a set of ordinary differential equations using some a priori knowledge of
the response. This reduction can be accomplished via several techniques. Two of these techniques,
the Galerkin method and the Rayleigh-Ritz method, will be employed and the resulting ordinary
differential equations of motion will be compared. For details of each of these methods, see, for
example, Forray [29], Stakgold [84] and Zauderer [92].

First consider the Galerkin approach in which the following system of (possibly nonlinear)
partial differential equations of motion are given:

Fi(v(z,t),w(z,t))=0, i=1,2 (3.11)
with some specified boundary conditions. Suppose v(z,t) and w(z,t) can be approximated by

vn(2,1) = q1(t)$(z) and wu(z,t) = go(t)¢(z) (3.12)




where ¢(z) is chosen such that v,(z,t) and wy(z,t) satisfy the given boundary conditions. While
these approximations satisfy the boundary conditions, they do not necessarily satisfy Eq. (3.11).
Thus

Fi(vn(z,t), wn(z,t)) = Rp,(z), i=1,2

where R, (z) represents the residual, or error. In the vibratory response of a mechanical system,
all modes of vibration are present. Thus, if instead the functions v(z,t) and w(z,t) are represented
by infinite series, i.e.

vzt = 3 ae(e) and w(e,t) =S q(t)és(a)
k=1 k=1 )

where @r(z) describes the shape of the k' mode, then the residual term vanishes. However,
consideration of an infinite number of modes is not feasible. Hence, attention here is focused on
the loss of stability of the trivial solution of Eq. (3.11) and the subsequent emergence of first mode
(k = 1) oscillations which dominate the response near subharmonic and combination resonances.
For this analysis, the approximations given in Eq. (3.12) are sufficient with ¢; and ¢, representing
the time-dependent amplitudes of vibration of the center-line in the v and w directions, respectively.

The Galerkin method requires that the residual R,,(z) be orthogonal to the coordinate function
&(z) over the entire coordinate domain. This implies

[ Ru@i@az=0, i=1,2

or equivalently .
/ Fi(vn(z,t), wn(z,t)) p(z)dz =0, i=1,2
0

Application of this method to Egs. (3.6) and (3.7) yields
. 2 L 2
m (i 206 - 9] [ #ds
‘ L 3 . (L L
+EI, [ql || beomatde = 58 [ [(80)ae]_sdz — 300 [ [6e42] ¢dz]
0 0 z 0 zT
2 L 2 L
+3E L0143 /0 [42.6.]_sdz + /0 [Neg] pdz = 0
9 L
m [i2+ 204 - @) [ ¢z
L 3 3 L 2 L
4Bl (g3 [ Gurectds = 503 [ [(82)226.] oo~ 3630, [ [bend?]_ o
0 0 z 0 Tz

+3BLat [ [420.] ode+ e [ o0z =0

Using the following identities
L L L
/ (6ec8?]  dz = — / CEARTE / $242 dz
0 T 1) x . 0
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/ ’ [(62)2s6:] gz =4 | C St de

L L
/ PrzzcPdr = / ¢3::c dz
0 . 0

and

[ e iz = -y I I { [ Uetdf} $dz

the above equations of motion may be rewritten as
. 2 Loy
m (6 - 204 - 0 ql]/o Fdz

L L L
0

L L L
—-Pq, /0 ¢2dz + 1 EA /0 { / u&dg}d;gdx:o (3.13)
2 L 2
m [ia+200 - ) [ 6
~3EI,q? L22d EI de—g 2 1 942 L22d
vq1G2 o ¢a: [ z + w |42 b ¢xz T q2 q1+ 92 o ¢:c z2 AT

L L L
—Pg, /0 $2dz + 2 EA /0 { L u&dg} $2dz = 0 (3.14)

Next consider the Rayleigh-Ritz approach. Again, assume that only the first mode (in each of
the principal directions) is excited by the parametric forcing P(t). The above system of partial
differential Egs. (3.6) and (3.7) may be reduced to a set of ordinary differential equations by
employing the approximations

a(2,t) = 1(t)$(2) and wn(z,t) = ga2(t)¢(2)

where ¢(z) describes the mode shape of the first mode and g¢; and g, represent the time-dependent
amplitudes of vibration of the center-line in the v and w directions, respectively. The function
#(z) is identical to that used in the Galerkin approach. Unlike the Galerkin approach, however,
application of the Rayleigh-Ritz method requires the existence of a functional in the form of a
definite integral which is to be made stationary. This is the basis of Hamilton’s Principle which
was employed above in deriving Eqs. (3.6) and (3.7). Therefore, the functional for this problem is
J, the time integral of the Lagrangian.

The approximations vy (z,t) and wn(z,t) are then substituted into the Lagrangian for v(z,1)
and w(z,t). Note that in solving Eq. (3.8) for the axial displacement, the term

62 x
[t = 3o /0 (v3(6,t) +wi(e, 1) de

was neglected since the longitudinal inertia associated with lateral vibrations is small. This term
appears in the translational kinetic energy and in the Lagrangian through the square of the axial
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velocity, i.e.
T x 2
h? = u? + 2us (11 + théz)/(; GFdE + (141 + g22)? (/0 d%df)

In this expression, u; represents the velocity of the axial compression wave which is, in general,
very large. The second term is the product of a large quantity (the velocity of the compression
wave) and a very small quantity resulting from longitudinal motion induced by lateral vibrations.
For consistency in the derivation, this term will be retained. The last term is small and will be
neglected in the Lagrangian. The resulting Lagrangian is

L
b= /o {%[“? +(‘}1_992)2¢2($)+(42+Qq1)2¢2(a:)+%§22Jp]

_ . . )
+% [QUt (141 + ‘hdz)/o GFdE + (qrdr + 112§2)2 (/0 ¢gd§) J

“ZR2 2 (Lgf 4 Lgd) 6.(0) [1 - 3 (¢ + ) 62(0)
+ 50 (¢ + &) 640 } e + PO Y (3.15)

In the above expression, the (') represents the total derivative with respect to time, (), represents
the total derivative with respect to the longitudinal coordinate and, as before, (); denotes the
partial derivative with respect to time.

The Lagrangian equations of motion are obtained using

d (0L oL .

- (a(}i)——_Q,, i=1,2 | (3.16)
where g; are the generalized coordinates and (); represent the generalized forces which are not
derivable from a potential function. This term includes the effects of internal and external damping.

At this point, only forces derivable from a potential have been considered. In the absence of
dissipation, the equations of motion become

m [0~ 206 - 0%) [ s

L L L
ot o [ huto 30 (2t +f) [ Giotete] -3t [ 26ts0e
0
L L T
—Pg /0 #2de + EAgy /0 ( /0 ugfdg) $2ds = O (3.17)
) L
m (i + 204 - Q)] /0 $2dz
_3E12 L22d EIL L2d_ 2 2 L22
vq192 0 ¢z¢zx T+ w {42 0 d)a:z z 3Q2 QI+2q2 ¢:v: :czdz
0

—Pg, /0 ¥ $2do + EAg, /0 - ( /0 : u&df) $2de = Q, (3.18)

In the above equations, the following substitution (found by integrating by parts) was used

m/oL (/quﬁgdf) uttdszA/OL (/Ox¢§d§) uudzzEA/oL </Oxu55d§> $do
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The Lagrangian equations of motion are identical to those obtained using the Galerkin approach.
This is to be expected due to the presence of a functional which is to be minimized in order to
obtain the governing equations. In such cases, the equations of motion derived via one of these
methods may be obtained by performing integration by parts on the equations obtained using the
alternate procedure.

Letting

L L L L
= [ddr, = [ o, @= [ dldr, &= gt
0 0 0 0

and dividing through by m®; yields

M§+2Gi+ Kq+ F(q,t) = Q (3.19)

where ¢ is the vector of generalized coordinates (g,¢2)7, @ is the vector of generalized forces
(Q1,Q2)T, M is the 2 x 2 identity matrix, G represents terms arising from gyroscopic effects and
K contains stiffness terms, i.e.

10 -Q |k O
G—[Q 0] and K—[O kz}

The stiffness coefficients may be written as k; = &; ~ Q2 where

- El,®; ®,

— — 2 _ p*
“ro= m®, m<I>1PO_w1 P
- ElL,®; &

Gy = —w 3 _ . 2 Py=a? - P*

m(I>1 m<I>1

The term &; corresponds to the natural frequency in the i** direction in the absence of a static
axial load, i.e. when Py = 0.

The function F(g,t) consists of nonlinearities and forces which are derivable from a time-
dependent potential U(q,t), i.e.

9U(q,t)
F(q,t) =
(9,t) 9
The potential U(g,?) is given by
3EdD,
U(q, t) = -m {qui1 + (Iv + Iw)qlzqg + qug}
2, 2 2
o, YuH (t) cosvt [‘h + q2]
with L ve
_ (0] o 42
v= »/o cos ¥L bzdz

[ 1

In the following section, the effects of internal and external damping on the equations of motion
will be examined.
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3.2.1 Dissipation

In addition to the conservative forces and time-dependent forces which are derivable from a po-
tential, virtually all mechanical systems contain some mechanism by which energy is dissipated
during vibration. These mechanisms are not fully understood and, as a result, the mathematical
models describing the dissipation vary. Ultimately, the problem reduces to the addition of suitable
terms to the governing equations such that the behavior observed analytically or through numerical
simulation closely approximates that observed experimentally.

In the current analysis, the effects of dissipation are decomposed into external and internal
damping. External damping may refer to the influence of friction, aerodynamic drag or other outside
forces absorbing energy from the moving body, while internal damping describes the conversion of
kinetic and strain energy in a vibratory mechanical system into heat. Both effects are included in
Q; on the right hand side of the Lagrangian equations of motion, Eq. (3.16). Note from Eq. (3.16)
that @; corresponds to generalized dissipation forces in the v direction and Q5 to the w direction.
Furthermore, let Q;_..: describe external damping forces in the i** direction and Qi—int describe
internal damping forces in the i** direction.

First consider the effects of external damping. Recall Figure 3.4 and let Fy and Fz be the Y and
Z components of the external damping. The generalized force Q; associated with the generalized
coordinate g; is given by

-~ r96

Q;:;F}-a%

where 7 is the number of generalized coordinates and £; represents the original coordinate system.

Employ the transformation
Y | _ | cosQt —sinQt v
Z [ | sinQt cosf w

Assuming the external damping to be proportional to the velocity of the shaft center-line in the
stationary frame, Fy and FZz can be expressed as

Fy = -md.Y and Fz=-md.Z, d.>0

where d. is the coefficient of external damping and Y and Z represent the components of the
center-line velocity in the stationary frame. The negative sign indicates that the force is opposing
the motion. Note that since m is mass per unit length, Fy and Fz are in units of force per unit
length. Therefore, in order to determine the overall effect of external damping, the expressions
for Fy and Fz must be integrated over the entire length of the shaft. The resulting generalized
external damping forces are

L
Ql—ea:t = _mde/ (1')—Qw) dz
0

L .
Qoeext = —mde/0 (b + Qu) dz (3.20)

Assume a linear internal damping model in which the generalized forces associated with this
dissipation are proportional to the velocities in the rotating frame, i.e.

L L
Qi-int = —mCl/O vdz  and Qg iy = -—m@/ wdz
0
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In the above expressions, {; and (; are the coefficients of viscous damping in the two principal
directions. Finally, the equations of motion including the effects of internal and external dissipation
are given by Egs. (3.17) and (3.18) with Q; = Qi_ext + Qi_ins, i.e.

L
Q1 = —m((de+C)ir — d.Qgs) /0 ddo

Q2

) L
—m [(de + (2)d2 + deﬂlh]/o odz

In the following subsections, ordinary differential equations for simply supported and fixed-end
shafts are derived using appropriate expressions for the shape function ¢(z).

The choice of a linear internal damping model is justifiable in this situation since only small
lateral displacements are considered. Thus, the contributions of the nonlinearities in a nonlinear
model would be negligible. This choice is also convenient from the experimental system identifica-
tion perspective since the identification techniques generally yield the coefficients of linear damping
models.

3.2.2 Simply Supported And Fixed-End Shafts

The Rayleigh-Ritz or Galerkin approach yields the following general equation for the amplitudes

¢1(t) and g¢2(t):
MG+2Gq+ Kq+ F(g,t) =Q (3.21)

where @ is the vector of generalized forces (Q,Q2)7,

|10 10 -Q _ |k O
M—[O 1},G’—[Q 0] and K—[O kz]

The stiffness coefficients may be written as k; = &; — Q2 where

EI, 4
o = E(z)'_ 8y,

m L m(I>1
N El, /7m\* &,
o = 2(7) - ™, 0

The vector of nonlinear and periodic terms is

_ 6E®, | I, 0O ? 3Ed, qlq%

The dissipation terms are given by

Q1 = -m[(de+ (1)1 — dQg3] D
Q2 = -m[(d.+(2)g2 + d.0q1] Do
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where
L
By = / ddo
()

The boundary conditions on the lateral motion determine the shape functions for each mode of
vibration. The shape functions, in turn, provide the values for the coefficients in the equations
governing g1 (t) and g2(t). In the current analysis, the equations of motion for both simply supported
(or pinned-pinned) and fixed-end (clamped-clamped) rotating shafts are presented. In subsequent
chapters, the local and global stability of the shaft under both end conditions will be presented.

Pinned-Pinned Shaft

The simply supported shaft is one for which the ends are allowed to pivot in all directions. Hence,
no moment is applied to the ends of the shaft by the support. A physical representation of such a
system can be seen in shafts (or pipes) held in universal joints or bearing systems that are allowed

to rotate with the shaft.
For this type of end condition, the shape function for the first mode must satisfy the following

boundary conditions:
v(0,t) =v(L,t) =0 and v;(0,t) = vy (L,t) =0
w(0,t) = w(L,t) =0 and wy(0,t) = wyr(L,t) =0

This leads to the mode shape approximation

é(z) = sin Z—rLi

The equations of motion for this system are given by Eq. (3.21) with

2L L 72 7\ 7 \5
) . f1=5, ®a=o7, @3 (L) ®,, P4 47‘”(2L)

Clamped-clamped Shaft

The clamped-clamped, or fixed-end, support represents a shaft operating in a rigid bearing which
prohibits any angular motion at the boundary. For the case in which the ends are clamped, the
boundary conditions to be satisfied are

v(0,t) =v(L,t) =0 and v, (0,t) = v (L,t) =0
w(0,¢) = w(L,t) =0 and w,(0,t) = w,(L,t)=0

Thus, the shape function for the first mode can be expressed as [65]

#(z) = cn (cos 17L_a: — cosh Z]LE) (sinn — sinh 7)
- (sin 77L_-'E — sinh _77L_$) (cosn — cosh n)

where 7 satisfies
cosnpcoshnp=1
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and ¢, is a normalizing constant, i.e. c,¢(L/2) = 1. It can easily be shown that 7? = w I’é—}"

For the first mode of vibration of a clamped shaft, 7 = 22.37 corresponds to a first mode natural

* frequency of w = 22.37,/£L where the appropriate moment of inertia must be used to obtain the
q y Lim

natural frequency of vibration in the desired direction. The equations of motion for this system are
given by Eq. (3.21) with

4.8777

0=05322L, & =03965L, @=-—

7\* 7\°
B3 = <E> &, &, =6.0497 (ﬁ) and ¢, = 0.010923

- 3.3 Hamiltonian Equations of Motion

In deriving the Lagrangian equations of motion, it was not necessary to make any assumptions
on the magnitude of the excitation or dissipation terms. However, if these quantities are assumed
to be small, i.e. O(e),[e] < 1, then the system is nearly conservative and its dynamic response
may be investigated via a Hamiltonian approach. The advantage of this approach lies in the
fact that, under this formulation, the canonical structure of the undamped equations of motion is
preserved. This structure is desirable since, in many cases, it significantly reduces the amount of
algebraic manipulation required. Furthermore, the integrable structure of the Hamiltonian system
of equations lends itself to the application of certain perturbation techniques used in predicting the
global behavior of the system.

Throughout this work it is assumed that the dissipation, imperfections and amplitudes of para-
metric excitations are small. Thus, one can treat the proposed problems as weakly Hamiltonian
systems. Most of the analysis is based on the recent work of perturbed Hamiltonian systems.
Since, in the Hamiltonian treatment, the momenta p and the coordinates ¢ constitute 2n inde-
pendent variables, Hamilton’s equations allow a much wider range of transformations than the
point transformations. This enlargement of the class of possible transformations, which includes
all 2n independent variables p and g, is one of the important advantages of the Hamiltonian treat-
ment. Recent results on persistence of quasiperiodic motions will also enable us to develop global
techniques to detect complicated dynamics.

Employing a Legendre transformation yields a set of 2n first order equations for the generalized
coordinates ¢ and conjugate momenta p. These equations are given by

._0H(q,p,?) .__0H(g,p,1)

1= and p= 9q +Q
where () consists of all generalized forces which are not derivable from a potential. The Hamilto-
nian H(q,p,t) represents the total energy of the system when all the forces are derivable from a
conservative potential. The function H(g,p,t) is determined by first calculating the Lagrangian.
Let the kinetic and potential energies of the system be given by

1. . 1
T= -2-qTMq+qTGq and V = -2-qTKq+ Ufg,t)

where M, G, K and U(g,t) are given above. In terms of these quantities, the Lagrangian of
Eq. (3.15) becomes

1, .. 1
L=T-V= quMq+qTGq-5qT~Kq—U(q,t)

56




The momenta may then be obtained from the Lagrangian as

_0L(g,4,t) _, .
=6 - Mq+Gq
Rearranging yields
§=M""(p~Gyg)

Substituting this expression for the generalized coordinate back into the Lagrangian and noting the
relationship

H(q,p,t)=pT¢ - L(q,4(q,p),1t)

the Hamiltonian, a scalar function of ¢ and p, is

1 1 '
H(g,pt) = 5p"M~'p - p"Gq + 59 Ca+U(g,1) (3.22)
where C = GTM~'G + K. The equation for the momenta can be obtained from the Hamiltonian

as
. Ty g oU(q,t
p=GT (M )p-Cq- —T(’——)+Q
q
Let z = (g1, 2, p1,P2)T. The time dependent Hamiltonian can be decomposed into a quadratic
autonomous component and a component consisting of quadratic nonautonomous as well as higher

order autonomous terms, i.e.
H(z,t) = Ho(2) + Hi(z,1)

where
w 0 0 -9
1l o @9 o
Ho(z) = 5% Sz, S= 0 O 1 o
-Q 0 0 1

and H(z,t) = U(q(2),t). The equations of motion in the z coordinates are

2=JSz +.J6—H(19-(;’—t) — Bz (3.23)

0 I
I is the 2 x 2 identity matrix and 0 is a 2 X 2 zero matrix. The matrix B represents the forces not
derivable from a potential, i.e.
0 o
B=- [ b, D, }

3 s [ d.+¢ 0 _ &0 0 -G
Dy =-=2 ===
! (Pl [ 0 de + CZ } and D2 Ql Cg 0

where J is the symplectic matrix

where
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3.4 Conclusions

In this chapter, the equations governing the longitudinal and transverse vibrations of a rotating shaft
subject to a time dependent axial load were derived. Although similar equations have been obtained
previously by various authors, as indicated by the references cited in Section 3.1, this derivation
is presented here for completeness. These equations were derived with the specific example of the
rotating shaft in mind, yet the results are fairly general in the scope of gyroscopic systems. For
example, these equations may also describe the transverse vibrations of a pipe conveying fluid with
non-steady flow velocity. Hence, a wide variety of mechanical systems may be modeled by these
equations with only slight modifications.

The primary motivation for deriving mathematical models of dynamical systems is the hope that
these will provide valuable insight into the behavior, reliability and failure mechanisms of practical
devices. Since the functionality of a component is the over-riding concern of designers, these
models play an important role in predicting system behavior as well as outlining the limits of safe,
or stable, operation. To this end, the derivation outlined in this chapter is only a starting point for
the stability analysis to be presented in Chapters 4. In Chapter 4, the stability of the system in the
neighborhood of a fixed point or limit cycle (local stability) will be examined. Parametric excitation
terms are known to induce instabilities at certain resonant frequencies. Thus, in Chapter 4, the
stability of the system developed in this chapter will be analyzed when the frequency of parametric
excitation is near a system resonance. The results obtained are valid only in a small neighborhood
of state space surrounding the fixed point, or in a small neighborhood of the parameter at which a
fixed point or limit cycle undergoes a bifurcation.
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Chapter 4

LOCAL NONLINEAR ANALYSIS
OF GYROSCOPIC SYSTEMS

4.1 Introduction

In dynamical systems theory, it is often possible to bring a set of time-dependent equations to an
equivalent set of autonomous equations via an asymptotic approximation. The theory of averaging,
originally due to Krylov and Bogoliubov [52], provides such a method. The resulting set of averaged
equations are equivalent to the original equations in the sense that the essential dynamics of the
original system are preserved. Intuitively, this implies that the response of a given system to
external excitation is determined more by the average influence than the fluctuations about the
average. The aim of the averaging method is to establish the fact that the exact solution and the
first approximation remain within O(e) of each other over time intervals of length O(1/¢) where
€ < 1. It is important to note that the results obtained from the method of averaging are valid only
in a small region surrounding the fixed point. For detailed discussions of the method of averaging,
see Hale [34], Sanders and Verhulst [75], Guckenheimer and Holmes [32] and Murdock [64].

The method of averaging, as described in Chapter 1, applies to T-periodic systems of the form

i =ef(z,t) (4.1)

This is known as the standard form for this method. In such systems, the time evolution of solutions
is “slow” in comparison to the T-periodic excitation due to the O(g) vector field. Averaging brings
the above equations to the following set of autonomous differential equations:

g=cfo¥), folv)= M{f(y.t)} (4.2)

where ZM {-} is the averaging operator defined as
Miy=gim L[ T
M=z [ e

The study of the bifurcation behavior in a small region of state space surrounding the fixed point
(or limit cycle) or in a small neighborhood of the bifurcation point is referred to as local analysis.
In a local bifurcation, the stability of one fixed point or limit cycle is lost and a branching, or
bifurcating, solution emerges. These local bifurcation scenarios are described by the dynamics in
the variational equations.
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In this chapter, the local stability and bifurcation behavior of a gyroscopic system subjected
to periodic parametric excitation will be analyzed. Although the results obtained are valid for
general parametrically excited gyroscopic systems, the motivating engineering problem is the lateral
vibration of a rotating shaft. This example will be employed to interpret the general resuits. The
method of averaging will be applied to obtain a set of autonomous ordinary differential equations.
The stability of the trivial (non-vibratory) solution will be examined and the stability boundaries
under various parametric resonance conditions will be determined. These boundaries are given in
terms of the amplitude and frequency of the parametric excitation P(t). The post-critical nontrivial
solution branches will also be calculated.

4.2 Stability of the Linear System

The Hartman-Grobman Theorem (see, for example, Guckenheimer and Holmes [32]) states that
if the Jacobian of the linear part of a set of nonlinear ordinary differential equations has no zero
or purely imaginary eigenvalues, i.e. if the fixed points are hyperbolic, then the eigenvalues of this
Jacobian are sufficient to determine the stability of the full nonlinear system.- Hence in computing
the stability boundaries, it is only necessary to consider the linear terms in the averaged equations

of motion. v .
In the absence of a time dependent parameter, the stability of the linear system is determined
simply by the location of the eigenvalues. Consider the linear system given by

z'=Az, zeR4

The only steady state associated with this system is the trivial solution. If the eigenvalues of the
matrix A are A;, 2 =1, .-, d, the characteristic equation can be written as

A4 i(—l)ici/\d'i =0
i=1
For the four-dimensional system under consideration, this reduces to
Mo X3+ epN? - c;,\ +cy=0
where |
o = ZA,-, czzz:)\i/\j
i 7

C3 = Z/\,A]Ak y Cq = A1A2A3/\4

43,k

(see, for example, Abramowitz and Stegun [1]). The manner in which the system loses stability de-
pends on how the eigenvalues cross into the right half plane. The various scenarios are summarized
in Table 4.1. In Table 4.1, the spectrum of the critical eigenvalues is given along with necessary
and sufficient conditions on the coefficients such that this eigenvalue configuration is attained. It is
assumed that the rest of the eigenvalues have negative real parts where the notation R(A) denotes
the real part of A.




| Critical Eigenvalue Spectrum | Condition (necessary & sufficient) |

/\1:0 C4=0
/\1=/\2= 63=C4=0
%()\,‘)‘—:0,?:21,2 01750,63;&0
¢1/c3 > 0 and
c1coc3 —cleg—c2 =0
RAN)=0,71=1,---,4 cg=c3=0,
c2 > 0 and
ci—4dcy >0

Table 4.1: Critical Eigenvalue Conditions

In Hamiltonian systems, the stability conditions are somewhat different. The characteristic
polynomial of a Hamiltonian system is an even polynomial. Thus, if ) is an eigenvalue of the
system, then so is —A, A and —J\, where X denotes the complex conjugate of A. The eigenvalue
spectrum is symmetric with respect to both real and imaginary axes. Thus, the existence of a
single zero eigenvalue is not possible. The necessary condition for stability is that the spectrum
lies entirely on the imaginary axis. This type of stability is referred to as orbital stability. In
this situation, it is impossible for all solutions to decay since all eigenvalues cannot be in the left
half plane. Therefore, the origin cannot be an asymptotically stable fixed point of a Hamiltonian
system.

The work of Krein [51] is the first to describe how the eigenvalues move in a generic non-
symmetric Hamiltonian system as the system parameters are varied. In such generic nonsymmetric
situations, simple eigenvalues remain on the imaginary axis under Hamiltonian perturbations. How-
ever, the multiple (coincident) eigenvalues split and leave the imaginary axis. The generic families
of symmetric Hamiltonian systems are affected by their symmetry type as shown by Dellnitz et al.
[22]. The instability that takes place in a flexible rotating shaft is shown in F igure 4.1 where S
denotes a stable region, D a divergence region (one eigenvalue has passed to the right half plane
along the real axis) and F a region of flutter instability (a pair of eigenvalues has passed into the
right half plane away from the real axis). Due to the symmetry of Hamiltonian systems, the
divergence boundary represents two zero eigenvalues at every point.

In Figure 4.1(a), the system possesses S! (rotational) symmetry and the eigenvalues simply pass
at the origin. As two pairs of eigenvalues meet on the imaginary axis, they may either pass or split
according to Krein’s analysis. The case of splitting is known as a Hamiltonian Hopf bifurcation.
Figure 4.1(b) depicts the case in which the S! symmetry has been broken. The eigenvalues no longer
pass at the origin inducing a saddle-center type fixed point configuration for that parameter value.
The system loses then regains stability as the parameters are varied. The subsequent occurrence of
coincident eigenvalues in the nonsymmetric case necessarily implies a Hamiltonian Hopf bifurcation.
In the study of gyroscopic systems, the properties of symmetric systems will be used to examine
these two bifurcation scenarios in more detail.

When the effect of damping is added, the system becomes quasi- Hamiltonian. The eigenvalue
spectrum is then symmetric with respect to the real axis only. The stability boundaries for the
dissipative system are depicted in Figure 4.2. Figures 4.2 (a-i) and (b-i) represent the divergence
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(a) symmetric shaft: eigenvalues pass at origin
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(b) unsymmetric shaft: eigenvalues split at origin

Figure 4.1: Stability boundaries of a rotating flexible shaft without dissipation.
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Figure 4.2: Stability boundaries of a rotating flexible shaft with dissipation.

62




and flutter boundaries in the presence of internal dissipation only. Compare these to the boundaries
drawn in Figure 4.1 and note that the divergence boundary is unaffected by the addition of internal
damping. The reason for this is simple. The internal dissipation as it is modeled here (linear
proportional damping) enters the equations of motion multiplying a velocity term, not in the
stiffness matrix. Hence, it cannot affect the static (divergent) bifurcations. Also note that since
internal damping is complete, i.e. affects all modes, the restabilization region present in Figure 4.1
(above the divergent region) no longer exists. This is to be expected due to the results of Chetaev
[15).

Figures 4.2 (a-ii) and (b-ii) show the effects of both internal and external dissipation. The
addition of external damping affects both divergence and flutter boundaries since these terms
enter into the stiffness matrix as well as. the velocity terms. The divergent region of the damped
system is bounded above and below by the boundaries of the system without damping. One
important observation is that increasing the amount of external damping drives down the peak of
the divergence region. The implication is that for the unsymmetric shaft, the initial loss of stability
is not necessarily through divergence as it is in the conservative case. For the symmetric case,
however, the initial loss of stability is always through flutter. Up to this point, the effects of the
time dependent parametric excitation have not been considered. These effects will be examined in
the following sections.

4.3 Stability of the Nonlinear System

In order to apply the method of averaging to the equations of motion of Chapter 3, it is first
necessary to transform these equations to the standard form. To this end, three separate symplectic
transformations will be performed. The first diagonalizes the conservative linear part. This will
greatly simplify the algebra involved in the averaging operations. The second transformation scales
the state variables and excitation amplitude such that all terms, except for the diagonalized linear
part, are O(¢). The final transformation employs a type-1 (or F;) generating function to eliminate
the remaining O(1) terms. The resulting equations are then in the standard form of Eq. (4.1).

Although the method of averaging may be applied to the equations of motion of a dynamical
system beyond the systems critical divergence point, the canonical transformations outlined above
are no longer valid in this region, i.e. when the eigenvalues of the Hamiltonian system are no
longer purely imaginary. Therefore, in this study, the P,-Q2 parameter range is restricted such that
the eigenvalues remain purely imaginary. For the parameters defined in Chapter 3, this condition
reduces to

k=a?-Q -P* >0, i=1,2

This implies a positive stiffness. These regions of positive stiffness are indicated by S;, the primary
stable region, in Figure 4.2. When the time dependent axial load is added to Py, the peak value of
P(t) must also remain in the S; parameter region.

Recall the Hamiltonian equations of motion given in Chapter 3,

- _§H, (2,1)
0z

where the matrix B represents the forces not derivable from a potential, i.e.
0 O
B=-| - =
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and ®
N, — _ x5 de + Cl 0 ~ w 0 "'Cl
Dl = @1 [ 0 de+<2 J and D2 - [ Cz 0

=%,
A symplectic transformation which diagonalizes the linear conservative terms is given by
z=Ty (4.4)

where
TTST = S = diag{w;,ws,wy,ws} and TTJT =J

J is the symplectic matrix, w; and w; are the eigenvalues of the conservative system and are given

.by

1(. - ~ - - -
wi= 5 {w1 + @2 +20% £ \/(wl — @)% + 8Q2(& +w2)}
where “+” corresponds to w; and “~” to w;. The transformation matrix T is given by

a11Br onf1 o11f1 01262
T =[t] = a1 @b 02f1 0220,
03181 a3fy 03B 0326
anby agpfy 0af 0420

with
a;; = 1, o= —1
= ._w?—kl
Qi = 28 = DXY)
w, _kl
a3 = 033 =W —
2w;
w~2—k1
;. = - :Q— 2
Q4 O4; 20
1
2k1 (wiz—kl)z 2 .
Bi = {w; + e , | i=1,2

The new Hamiltonian is simply
1
K(y,t) = H(z(y),t) = 54" Sy + Ki(y, 1)

The Hamiltonian equations of motion are

. 0K ~
y=JSy+J— - By (4.5)
dy
where B = T-!BT.
The second transformation rescales the state variables and the excitation amplitude. To this
end, introduce the nondimensional time 7 = vt and the detuning parameter A such that

V= wo(l - EA)
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Next, note that the Hamiltonian K(y,7) can be decomposed as follows: Ky(y), generating the
linear conservative terms in the equations of motion; K, (y), generating nonlinearities of order M
in y; and Kji,, containing the parametric terms of order N in y. This yields

K(y,7)= K(gz) + Kfim'l) + Kfjf""l),u,cosr

Note that K? is quadratic and Kﬁvﬂ) is a homogeneous term of degree N + 1.
The state variables and excitation amplitude are scaled as follows:

y=¢ez and p=¢ch

Substituting the scaled quantities into Eq. (4.5) and solving for  and s such that the nonlinearities
and parametric terms are O(e) yields r = 1/2, s = 1. The equations of motion in terms of z are

¢’ = JSz +€{/\J§m+i[Ja—M—5*l§x]} (4.6)
. wo oz
where €6* = 1 and
5=i8=diag{al,02,al,ag}, a,-:ﬂ, 1=1,2
Wo Wo

and z = (£1,&,m1,72)T or, more concisely, z = (¢,1)T. Differentiation with respect to the new

time 7 is denoted by ().
In order to eliminate the O(1) terms in the Hamiltonian K (z,t), one additional transformation
is needed. The new Hamiltonian (with € = 0) can be written as

N ad
K0=K0+6—S
-

where S(a,§, 7) is an F;-type generating function and
Ko=1oTdp = L N

The function S(a,§, 7) relates the old variables z to the new amplitude and phase variables (a,$)T
through

oS S
ni = 7% and ¢; = e
and S(a,&, 7) is chosen such that Ko = 0. Thus, S(a, &, 7) must solve the Hamilton-Jacobi equation
13 . [(0S\*\ 8S
Solving yields .
& =+2a;cos(oir — ¢;) and 7 = —v/2a; sin(o;T — ¢;) , 1=1,2
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The transformation is described by

{§}=RH2}+{fLH (48)

where, for ®; = 0,7 — ¢; (i = 1,2),

( 9 3¢

L a; 9¢;.

[ ﬁ COS((pl) 0 2a) sin (@1) 0
_ -\7;?2 cos(®P,) 0 2az sin(®Py)
- —\/-;le- sin(®,) 0 2a; cos(®;) 0

| 0 —7-21;; sin(®3) 0 v2a; cos(®;)

Using Eq. 4.7, it can be easily verified that Ko = 0 and the symplectic condltlon RTJR = J holds.
The new Hamiltonian is

k=m+m=ikﬁw@mm@ﬂ

The equations of motion in standard form are

a; %.L € e :
8 [T _nge_ 2Ky [~ o (9"B2(a,9)) (4.9)

da;

-

where B = R™!B. It is also possible to obtain Eq. (4.9) directly from Eq. (4.6) via the transfor-
mation (4.8). .

Since the equations of motion are obtained from the Hamiltonian through a linear operation,
the system may be averaged in one of two ways: the equations of motion may be averaged directly
or one can apply averaging to the Hamiltonian and obtain the averaged equations from the resulting
autonomous Hamiltonian. The latter approach is generally simpler since it implies performing the
averaging calculations only once.

Application of the method of averaging yields a set of equations of the form

(-l (A

where v; = (a;, ¢;)7. In the above equations, the notation () indicates an averaged quantity and

—gi wo

Ky =M {K} and { ! }z_l‘fw{fS*Bz(a,qS)}

where t]\/[ is the averaging operator defined above.

The system described by Eq. (4.10) represents a first approximation of an asymptotic method.
In some situations, the first approximation does not contain all the essential information that was.
present in the original set of equations. The influence of quadratic nonlinearities, for example, is
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not retained in this first approximation. In such cases, in order for the resulting averaged equations
to be equivalent to the original system, it is necessary to proceed to a second order approximation.
Details of this procedure may be found in the book by Bogoliubov and Mitropolsky [13]. For the
system under consideration, a first order approximation is sufficient to capture all the essential
dynamics.

It can be shown (see, for example, Murdock [64]) that averaging to the first order is equivalent
to removing terms from the Fourier series expansion of an equation. Complete averaging removes
all but the constant term, i.e. the average, from the right hand side. In the presence of certain
degeneracies, or resonances, however, additional terms will remain in the averaged system. A
dynamical system is said to be in internal resonance if the parameter values are such that the
following relation between the natural frequencies holds:

n
Z miw; = 0

=1
for some set of integers m = (my, my,---,m,). The system is said to be in parametric resonance if
n
Z miw; = Wy
i=1
for some set of integers m = (my, my, - -, m,) and some excitation frequency wg. In the local anal-

ysis presented here, the effects of the parametric excitation are to be examined. Thus, to simplify
the analysis, only the case of parametric resonance in the original equations will be considered. It
will be shown in Section 4.4.3 that the averaged system of equations may exhibit internal resonance
under certain conditions on the parameter values.

In the subsequent local analysis of Eqs. (4.10), the stability of the fixed point and the emergence
of limit cycles will be examined. As discussed in Section 4.1, one of the frequencies of the system
has been removed. Hence, a fixed point in the averaged system corresponds to a periodic orbit in
the original nonautonomous system. Similarly, a limit cycle in the averaged equations, corresponds
to a 2-torus in the response of the original system.

4.4 Local Analysis of the Averaged Equations

In this section, the stability of the averaged equations will be examined under various parametric
resonance condmons As the frequency v of the parametric excitation approaches some multiple
of the natural frequency of one of the modes of vibration, the amplitude of vibration of that
mode will dominate the dynamics of the response. If the excitation frequency approaches some
algebraic combination of two or more modes, the response is more complicated and couples the
modes involved. As stated above, the parametric resonance condition is

n n
E m;Ww; = wg OT E m;o; = 1
=1 =1

where 0; = w;/wo and wy is the resonance frequency.
Under first order averaging, it can be shown that the only possible parametric resonance con- .
ditions are those for which 37, m; = 2, i.e. resonances of order 2. If the averaging procedure was
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carried out to second order, one would see resonances of order 3 as well. The resonance conditions
possible in the present analysis are: subharmonic resonance (wp = 2w; for ¢ = 1,2) and combination
resonance (wp = w; +w;). The stability of the equilibrium in the absence of parametric resonance
" will also be examined.
The following quantities are used in the analysis:

Vi = 2[Ivtfi(:”tfr"t%i)+th§i(3t§i+ti’)]

Nz = 2 [L, (tfl (3t15 + t35) + t1, (3¢}, + t%l)) + L (t§2(3t§1 + 1) + 13, (3t3, + t%z))]
1

Yis = 5('5?5 ~ t3:)
1
Yia = §(t11t12 + t21t22)
1
Yis = _(tlltIZ — tataz)
@ .
i = <I>: {(t2itai — tritai)de + t13t2:Q(C1 + G2) + taitaiCe — tritaiCy} , i=1,2
a, = 3ES, and b, = &
v 2m<I>1 u 2m(I>1

where ¢;; are terms in the transformation matrix T' defined for Eq. (4.4).

4.4.1 Nonresonant Case

First consider the case in which the resonance condition is not satisfied for any set of integers m,.
The averaged equations of motion in polar coordinates are given by

. = ¢ { (gi(f') a,-}_ | (4.11)

- 2a,
(ﬁ: = € {--/\U,' + E (711a1 + ’)/12(12)} (4.12)

for ¢ = 1,2. The fixed points of the system are found by setting & = 0 and (15' = ¢;. The constant
¢; can be included in the detuning parameter A. Thus, the latter equilibrium equation may be
replaced by ¢' = 0. Since the amplitude equations are linear, the only possible fixed point is the
trivial solution, i.e. (@o1,@o2) = (0,0). It is important to note that in deriving Eq. (4.12), a factor
of a; was d1v1ded out. Thus, in analyzing the resulting expressions, care must be taken not to
omit the origin as a possible solution. In order to examine the stability of the trivial solution, it is
necessary to transform Eqs. (4.11) and (4.12) to rectangular coordinates via

z; = \/a;cos¢; and y; =+ /a;sing;, i=1,2

In rectangular coordinates, Eqs. (4.11) and (4.12) become

_1'6*
z:. = E{(L> z; + (/\0'1') Y — yzj:z(zvy)}

&Wo

e
v = ¢ { (Zl_.) ¥i — (Aoi) z; + 2, Fi(=, y)}

Wo
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The function F;(z,y) contains the nonlinear terms and is given by
2a,
Fi(z,y) = o (r1ia1 + 7Yiza2)

The stability of the trivial solution can be completely determined by the location of the eigen-
values of the system linearized about the origin. To this end, the linear system is given in matrix

form by

T Y11 0 dgwn T3
zy | _ €0 0 Y12 0 Aoz 3
yi [ wo | —2ge 0 1 0 %
Y 0. 2w Y12 Y2

The eigenvalues of this system are
6" (_ .AC~wg €6* [_ ,/\‘a wo
Ar = o <7lr+z 5:( ) and App2 = -w—0<71r—z 5:‘ ) , r=12
Since 6*/wp > 0, the sign of ¥4y, determines the stability of the linear, and therefore, the nonlinear
system. It can be shown that ¥;, < 0 for 7 = 1,2. Thus, in the absence of parametric resonance,

the trivial solution remains stable for all values of the excitation amplitude and frequency in the
parameter range of interest.

4.4.2 Subharmonic Resonance: wy = 2w;

The subharmonic resonance case corresponds to a parametric excitation with frequency near twice
the frequency of one of the modes of the shaft. The averaged equations of motion for this situation

are
2hb, p; *Y1i
&:. = ¢ { (—-—1-'4)-1--"i cos 2¢,‘) a; + (26 N ) ai} (4.13)
wo Wo
. &1 ) }
- J .
i = { (2 1i) o (4.14)
- 2a, wPYi3 .
¢ = ¢ {-—/\U,' + v (miar + vi2az) — (————hb ¥is sin 2¢i>} (4.15)
wo Wo
- 2a, '
¢ = ¢ {—-/\Gj + w;lo (mje1 + ‘)’12‘12)} (4.16)

From the amplitude equations, it is easy to see that one equilibrium solution is the trivial one,
i.e. (@oi, do;) = (0,0). As in the nonresonant case, it is necessary to transform Eqgs. (4.13) through
(4.16) to rectangular coordinates. This yields

5*—«;' hbu 1.
g = 5{( n + 1MS):z:,~-}—(/\tf,')yi--il/ifi(z,y)}

Wo Wo
&1
:c; = E{( w013>.’Bj+(>\0j)yj—yj-7:i(m;y)}
Y1 hbyby;
yi = e{(—Am’)z;-i-( L ¢73)y¢+weﬁ($7y)}

wWo wWo

(5*,711.) v — (o) z; + zjfi(z,y)}

!
Yy, = €
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For wg = 2wy, the eigenvalues of the system linearized about the origin are

e6* [ LACWo
@0 (’)’lriz———é* ), r#s

£ .
A= S (5 V000 - Guhe)?)

The first set of two eigenvalues, A; (s # r), correspond to the mode that is not in resonance and
possess negative real parts. This implies that @, — 0 as 7 — oo. Since the dynamics of the
stable mode are only of interest in the manner in which they affect the mode in resonance, one can
apply the Center Manifold Theorem outlined in Chapter 1. One can approximate the stable mode
- variables z, and y, as series expansions in z, and y,, each starting with a quadratic term. Since
the resulting function F;(z,y) is fourth order, to a first approximation, it is reasonable to take
z, = ys = 0 in the analysis of the stability of the mode in resonance. This decouples the modes. In
order to determine the steady state nontrivial solution, one only needs to examine the equations
for z, and y,.

The second set of eigenvalues, A, correspond to the mode that isin resonance. These eigenvalues
can be complex, real or zero but not purely imaginary. Thus, the trivial solution loses stability
through divergence. The condition for stability of the trivial solution, after dividing through by ¢,

can be expressed as
) LN\ 2 EL
< —=3(1- —) Wy + 7
# bur3 W)I { ( Wo " 717'}

As stated above, if the stability condition is violated for some value of excitation amplitude p
or frequency v, the system loses stability through divergence. Beyond the bifurcation point, the
averaged set of equations exhibits a nonzero fixed point for each v (or u). Since fixed points of the
averaged equations correspond to periodic orbits in the original system, this indicates that once
the trivial solution loses stability, the shaft will begin to oscillate in the r** mode (with period w,).
The amplitude of this oscillation may be determined by examining Eqgs. (4.13) and (4.15) for the
case in which @, # 0. Setting @, = 0 yields two possible solutions for the steady state angle o,

: 6*:er 2
2bor = Sy i .
o ¢0 :t\/l (bu7r3h¢)

Substituting this into q~5; = 0 yields an expression for the nontrivial steady state amplitude ao,,

dor = g {207k - (67707
QyYrr

It can be shown that the solution branch corresponding to the “+” in the expression for sin 2¢o,
is stable for all values of h and X and, therefore, for all values of y and v. The solution branch
corresponding to the “—” is unstable for all values of p and v beyond the primary bifurcation
point. Figures 4.3 and 4.4 depict the stability boundaries (in p-v parameter space) and subsequent
nontrivial solutions for a rotating shaft which is pinned at each end. Figures 4.5 and 4.6 depict the
stability boundaries and nontrivial solutions for a rotating shaft which is clamped at each end.
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Figure 4.3: First subharmonic (wp = 2w;) stability boundaries and nontrivial response of pinned-
pinned rotating shaft (@ = a1o).
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Figure 4.4: Second subharmonic (wp = 2w;) stability boundaries and nontrivial response of pinned-
pinned rotating shaft (a = ag).
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Figure 4.5: First subharmonic (wp = 2w,) stability boundaries and nontrivial response of clamped-
clamped rotating shaft (a = ay0).
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Figure 4.6: Second subharmonic (wy = 2w;) stability boundaries and nontrivial response of
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4.4.3 Additive Combination Resonance: wy = w; + wj

The next resonance case to be considered is that of additive combination resonance. In contrast
to the subharmonic case discussed in the previous section, this resonance condition involves both
modes instead of a single mode. As a result, the bifurcation behavior is more complicated than in
the previous case. In this case, the averaged equations of motion in polar coordinates are

= () s (2]

Wo

¢ = ¢ {"/\Uz' + %%:i (mia1 + vi2a2) — ( u¢%4 sin(¢; + ¢J)) \/z} (4.18)

(¢ = 1,2) for which the trivial solution (&g, ao;) = (0,0) is an equilibrium. Transformation to
rectangular coordinates yields

o+ : hbu 0
q;i = 6’{<i> z; + (%) T; + (AO’,’) Yi — .%-7:1(5'3,31)}

Wo
6*_ T hbu 7
y = ¢ {(-,\a,-) i + (i) yi — (~—¢7—“) y;i + ziFi(z, y)}
. wo Wo

The eigenvalues of the system linearized about the origin are complicated. However, it is possible
to simplify the expressions for these eigenvalues via an additional coordinate transformation. To
this end, let

X1 = n1itw, X1=2 -
X2 = ZT2+1y2, X2 =Ty—iy
Note that this transformation is not symplectic. However, this is not detrimental to the analysis

at this point since this new coordinate system is only used to calculate the eigenvalues, which are
independent of the coordinates. The linear system in the new coordinates is

X1 | T —tdwr Abyyig 0 0 X1
X2 _ £ hbythy2a  6*F12 + iAwy 0 0 X2
)2:1 wo g 8 5*;‘3}1 1.;)_ 1Awy - hbu'(/)'yl; X1
X2 u P24 Y12 — tAW? X2
This can be expressed as
' X1 X1
)?2 — A )22
X1 X1
X2 X2

The characteristic equation is obtained from

ﬁlc

det[A — pI] = det [ 7; ] = det(R) det(R) =0



where the roots of det(R) = 0 are denoted by p and the roots of det(R) = 0 are p. Evaluating the
determinant yields

2
2 * — . *— .
det(R) = F_[(‘S i1 = 1Awy = p) (612 + 1wz — p) — (hbu¢)2714724]
0
2
= (ri—is1—p)(ra+isy —p) ~ fﬁﬁ
0

where, for convenience, r¢ = €6"¥1¢/wo, 8¢ = €dwg/wo (£ = 1,2) and h = (hby,¥)?y14724. The
characteristic equation is given explicitly by

2 _ e6* _ 8_)\_ B
| p p[wo (711+’)’12)+1w0 (w2 wl)]

2
3 x2 P _
Tt = [(5 11712 + Mwrws ~ (hbu¢’)2714724) + 07X (Fuiwz — 712w1)] =0 (4.19)
0

The characteristic equation (4.19) contains coefficients which are complex. In determining the sign
of the real part of the eigenvalues, a complex version of the Routh-Hurwitz stability criterion will
greatly simplify the analysis.

The condition for stability of the trivial solution is ®(p) < 0. Let p = ix. The stability condition

becomes
R(p)<0 =S(k)>0

where $(k) denotes the imaginary part of . In terms of &, the characteristic equation is

*

EA .
i (w2 et wl) -1
wWo Wo

-k + K [ (M +’712)]
2
€ *2 . _ Cox _ _
t72 [(5 Tz + Nwiws — (hbu¢)2714724) + 167X (w2 — 712w1)] =0
0

This is the characteristic equation of the following matrix:

-1 S92 — 81 7‘17’2+$182—h 0
=10 =(ritra))  risg—siry 0

0 -1 S — 8 r1re + 8182 -h

0 0 —(r1+r2) T182 — $1T2

The condition (k) > 0 is satisfied if and only if

Ay = ri+7r3<0 and
Ay = (ri+r2)[(s2— s1)(r1s2 — s17m2) + (11 + r9) (rire + s155 — B)]
+(7‘182 - S17‘2)2 >0
Since 711 < 0 and 712 < 0, Az < 0 is automatically satisfied. Thus, the stability condition for the

trivial solution comes from satisfying A4 < 0. The final stability condition for the trivial solution
is

v
1— —
wo

> \/‘(‘711 + 712)2(T11712 — p2(bu714)?)
1171203
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Alternatively, this condition can be expressed as

L [(m) : + (21-2) %J \/(,ubuib‘ym)z = Y72 (4.20)

wo | \ 712 1

1——|>

v
wo

In the absence of damping, this condition becomes

ll_ v | 26buprd)
Wo Wo

In the presence of damping, the characteristic equation along the stability boundary is

1 _ I
P - ;;P[(711+712)+25/\(w2——w1)]
242 = — \2 2- =
— 5 [€°A (ww + -
w3(711+’)’12)2[ ( 1w2 (Y11 + Y12) wo‘m’hz)
+ieA (Fuwz — F12w1) (711 + ’712)2] = 0 (4.21)
Thus )
p1tp2= w0 [(711 + T12) + i€A (we — wy)]
and
1 2
£2\? 11+ F12)? — w2117
P1p2 WE(11 + 712)? [ (“’le(‘Yu + Y12) wo’m’m)

+ied (F1iwe — F12w1) (Y1 + ’712)2]

At A =0, one (and only one) of these eigenvalues is identically 0. The other root is given by
1 _ _
p=—M1+7M2) <0
Wo

This implies that two of the four system eigenvalues are zero. The other two have negative real

parts.
For A # 0, none of the eigenvalues may possess a zero real part. Along the stability boundary,
the characteristic equation can be written in the form

pt—c1p’ +cp? —captes =0

where
2 _
a = ——(u+ne)
Wo
262/\2 _ _ 2 9. 1 _ B ) 2\2 \
G = (w——g(?n +,712_)2) [wlwz(’)’u + Y12) —wo’)’u‘)’lz] + w_g [('m + Y12)° + €°A%(wg — wy) ]

2 EzAz (‘ w =~ )2
G = Y Y — 0w
’ wg (711 + 712) Tz = Y12t
L 4)\4 5 = \2 o
= 3 |&°A 2
“ wg (711 + Y12)4 [ (w1w2(711 + 712) ‘*’0711‘)’12)

+e2)\? (F1ws — ‘7120)1)2 (T + 712)4]

2
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It can be shown that ¢; #0, c3 # 0, ¢;/c3 > 0 and
- €1CaC3 — cfc4 - c% =0

Thus, according to Table 4.1, this system possesses a single pair of purely imaginary eigenvalues.
Therefore, the loss of stability in this case is through a Hopf bifurcation, i.e. a pair of eigenvalues
passes into the right half plane after crossing the imaginary axis away from the origin. The nontrivial
solution resulting from a Hopf bifurcation is periodic. Thus, the averaged equations possess periodic
solutions beyond the bifurcation point. This motion in the averaged system corresponds to motion
on a 2-torus in the original system. One of the frequencies involved in the oscillations of the original
system is the response frequency w; + w;. The second frequency relates the coupling between the

- modes.
In the undamped case, the system is purely Hamiltonian and the four eigenvalues are given by

p= izz% {/\(wz —wl) + \/Azwg —4ﬁ}
0

When the stability condition is satisfied, i.e. when A\2w? > 4h, there are two conjugate pairs of
purely imaginary eigenvalues. For A2w? = 4A, these pairs coalesce at

p= ii%(wz - wy)
When Mw3 > 4, the eigenvalue spectrum is symmetric with respect to both real and imaginary
axes and two of the eigenvalues possess positive real parts. This loss of stability is known as a
Hamiltonian Hopf bifurcation.

For certain parameter values, either two or four eigenvalues of the nondissipative system will
be located at the origin. Although the behavior of the system near all of these points will not
be studied in detail here, certain characteristics of the system may be noted. Consider Figure
4.7. At the point (A, ) = (0,0) on the stability boundary, all four eigenvalues are located at the
origin. As p is increased while A remains constant at 0 (along the dotted line), the quantity 44
becomes positive, two equal eigenvalues move into the right half plane along the real axis (point
F). Similarly, an equal pair moves into the left half plane at the same rate along the real axis.

For A # 0, as p is increased from zero, all four imaginary eigenvalues begin to move toward the
origin (point A). Along the dashed line corresponding to 2k = A%w;ws, or, equivalently,

£2(-2)

2b,Yy14 wo

Wo

two eigenvalues are located at the origin (point B). The other two are purely imaginary. No splitting
occurs in this region. As p is increased further, the first pair of eigenvalues is moving away from
the origin and the second pair is approaching the origin (point C). These two pairs meet at the
stability boundary (point D). The unfolding and global dynamics of this internal resonance will be
the focus of the next chapter.

The nontrivial solution may be determined by examining Eqs. (4.17) and (4.18) for the case
in which @; # 0 (i = 1,2). Setting @ = 0 yields two possible solutions for the steady state angle

(bg = ¢01 + ¢02. Letting M= ihb,ﬂ/)")’ml = Ihbu'l/J’)/24| (since Y14 = ‘)’24) y1€ldS

pa =

. 1 — P
sin ¢p = :EM\/M2 - 831912 = :EM

76




K

Figure 4.7: Eigenvalue location in v-y parameter space for the nondissipative case.
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Figure 4.8: Combination resonance (wp = w; + ws) stability boundaries and nontrivial response of
pinned-pinned rotating shaft (a = ao).

Substituting this into ¢~5£ + d;; = 0 yields the following relation between the nontrivial steady state
amplitudes and the excitation frequency (and amplitude):

v € o 3
l-—=— {2% [(v11 + 112)a01 + (712 + Y22) a02] F wp}
Wo  Wo Y1712

The stability and bifurcation behavior of these nontrivial periodic solutions can also be determined.
It can be shown that the periodic solution corresponding to “4” in the expression for sin ¢ is
unstable for all values of y and v beyond the primary bifurcation point. The periodic solution
corresponding to “~” is shown to be a stable nontrivial solution. Furthermore, it can be shown
that the steady state amplitudes are related through

Goi _ Ty

a; i
The stability boundaries for the trivial solution, along with the nontrivial response amplitude aiéz,
are presented in Figures 4.8 and 4.9 for the rotating shaft. Figure 4.8 shows the boundaries and
response amplitude for a shaft which is pinned at each end; Figure 4.9 depicts this information for
a clamped shaft.

4.4.4 Difference Combination Resonance: wy = w; — w;

Now consider the final resonance case. Assuming the excitation frequency is near w; — wj, the
averaged equations of motion are

i = ¢ { (:2’1’:_*;’#?_5 sin (g — ¢j)) V@i + (2 52"') a,-} (4.22)
& € {—/\a,- + ‘2;:—” (r1ia1 + Yizag) - (@%’Yé cos(¢; — ¢j)) \/g} (4.23)

7
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Figure 4.9: Combination resonance (wp = w; + w;) stability boundaries and nontrivial response of
clamped-clamped rotating shaft (a = ayo).

Again, one equilibrium solution is the trivial one, i.e. (do;, @o;) = (0,0). Transforming Eqs. (4.22)
to (4.23) to rectangular coordinates yields

0*y : hbu 1.
z; = E{(i) z; + (Aos) yi + (ﬂ> Yj — y,-}',-(a:,y)}
wo Wo

hb,Yy; * Y1z
y; e{(—/\a,-) T; — (—d)ﬁ) z;+ ( 1 )yi+$i-7'-i($;y)}
Wo W

0

1

As in the case of additive combination resonance, the expressions for the eigenvalues are compli-
cated. Introducing the transformation

X1 = Zi+w, X1=21—1iy
X2 = Zatwyz, Xo=ITz— 1y

and proceeding as in the previous analysis, it can be shown that the conditions for stability of the
trivial solution are always satisfied. Thus, in the difference combination resonance case, the trivial
solution remains stable for all parameter values in the range of interest.

4.5 Conclusions

The method of averaging provides a powerful tool in the analysis of nonlinear systems with time-
dependent parameters. In this chapter, the method of averaging was applied to the equations of
motion derived in Chapter 3. The resulting set of autonomous ordinary differential equations were
then examined to determine the limits of stability in the excitation amplitude/frequency parameter
space. Depending on the excitation frequency, it was shown that the trivial (non-oscillatory)
solution may lose stability through divergence or flutter. The subsequent nontrivial response for
each case is also described. :
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In the case of combination resonance in the absence of dissipation, the system at criticality pos-
sesses two coincident pairs of purely imaginary eigenvalues. The linear system is in nonsemisimple
.1:1 internal resonance and the trivial solution loses stability through a Hamiltonian Hopf bifurca-
tion. The unfolding of this resonance and the global behavior near the stability boundary for this
case is the subject of the next chapter.




Chapter 5

GLOBAL DYNAMICS OF _
SHALLOW ARCH STRUCTURES

5.1 Introduction

Shallow arch structures subjected to various load conditions have been investigated by many authors
in the past. A large amount of literature exists on the stability behavior of shallow arch structures
subjected to conservative static loads. It is well-known that such structures may go through snap
through instability when the statically applied load exceeds a certain critical value. This instability
behavior involves a sudden transition of the structural response from one stable equilibrium state
to another non-adjoining stable equilibrium state. For a detailed review of snap through buckling
and postbuckling behavior of thin-shell structures one is referred to Koiter [47] and Hutchinson and
Koiter [39]. Under dynamic load conditions, the stability investigation requires the determination
of the dynamic response as described by its nonlinear equations of motion. Mettler [56, 57, 58]
investigated the dynamical behavior of a beam structure with small initial curvature under periodic
loading, and demonstrated the occurrence of dynamic snap through, which is analogous to the
jump phenomenon in the theory of nonlinear vibrations. Hsu [36], Humphreys [38], and Lock [53]
examined the dynamic responses of shallow arches and spherical shells under step and impulsive
loading. Huang [37] investigated the dynamic response of elastic shallow structures subjected to
high frequency periodic loading. Plaut and Hsieh [72] numerically examined the nonlinear response
associated with 1-DOF shallow arch system under two-frequency excitation. They studied the
effects of arch rise and the excitation frequencies on the critical load, and observed various types
of limit cycle behavior including the chaotic response. ‘
Recently Sri Namachchivaya and Doyle [81] and Tien et al. [86, 87] studied the bifurcation
behavior and the chaotic dynamics of a shallow arch subjected to small amplitude periodic exci-
tation. Tien et al. [86, 87] examined the dynamic response of an initially deformed shallow arch,
which is subjected to a spatially and temporally varying force, using analytical as well as numeri-
cal techniques. They considered a two-degree-of-freedom (2-DOF) nonlinear model governing the
two fundamental modes of the transverse motion of the shallow arch. In the presence of initial
deformations and nonlinear strain-displacement relationships, this model contains both quadratic
and cubic nonlinearities. Assuming a very small forcing amplitude (u = O(e?)), they obtained
nonlinear variational equations corresponding to the forced system in the small neighborhood of
single mode equilibrium solutions (10,0). Next they investigated the global bifurcation behavior .
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associated with the averaged variational equations in the presence of 1:2 and 1:1 internal resonances
near the harmonic frequency (v = wy).

In this study we examine the dynamics associated with the 2-DOF shallow arch system near the
principal subharmonic frequency (v = 2w,), in addition to the presence of internal resonances. Here
we take a more realistic approach owing to the observation that the forced system (3) allows single
mode time dependent (periodic) solutions (7(t),0) in the presence of external excitation. Assuming
the forcing amplitude to be of O(e), the single mode periodic solutions for the forced case are
obtained using a power series expansion. We obtain the nonlinear variational equations governing
the small perturbations in the neighborhood of the single mode periodic solutions. The external
forcing appears as a parametric term in these perturbation equations. This approach allows one to
.use higher values of excitation amplitude, and is more consistent for solving this class of problems
as opposed to obtaining variational equations near the single mode equilibrium solutions. .

By using the method of averaging [13], the first order approximation of the response of the
perturbation equations is obtained in the presence of 1:2 internal resonance. We use the second
order averaging to study the system response for the 1:1 internal resonance case. If one uses the
approach used by Tien et al. [86, 87] to examine the response of the system near v = 2wy, one finds
that the forcing amplitude appears at a higher order than the lowest order nonlinear terms in the
averaged equations. This suggests that the scaling used by [86, 87] is not appropriate to investigate
the dynamics near v = 2w;.

We use standard Melnikov type perturbation methods [89] to analytically show that the shallow
arch structure, in the absence of any dissipation mechanism, may exhibit chaotic dynamics in
the sense of Smale horseshoe for 1:2 internal resonance case. In this case it is shown that no
attracting sets persists on the invariant manifold even in the presence of very small dissipation
effects. However, the effect of dissipation can be examined in 1:1 internal resonance case where,
using a perturbation technique due to [48], we show the existence of Silnikov type homoclinic orbit
to a fixed point in the perturbed system, and consequently the chaotic behavior.

The organization of this chapter is as follows: A brief outline of the derivation of the 2-DOF
model governing the two fundamental modes of the transverse motion of the shallow arch is given in
section 2. The global bifurcation behavior associated with this model is investigated for 1:2 internal
resonance case in section 3. In this section, first the perturbation equations are obtained in the
neighborhood of single mode periodic solutions, and next we examine the averaged perturbation
equations for the existence of complex behavior using analytical as well as numerical tools. In
section 4, the 2-DOF shallow arch model is reconsidered for 1:1 internal resonance case and the
perturbation equations are similarly obtained using a different scaling of variables and parameters.
In this case, the effect of dissipation is examined on the global dynamics associated with the
averaged perturbation equations, and the restrictions on the system parameters are obtained for
the occurrence of Silnikov type homoclinic chaos. The physical interpretation of the results is given
for the shallow arch dynamics in section 5. Finally the results are summarized in section 6.

5.2 Equations of Motion

The shallow arch is assumed to be subjected to a lateral loading p(z,t), as shown in Figure 5.1.
The equation of motion governing the lateral deflection w(z,t) of a shallow arch, subjected to a
lateral loading p(z,t) as shown in Figure 5.1, can be derived by using the energy method, and is
given as: '
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Figure 5.1: Geométry of the shallow arch structure subjected to lateral loading p(z, t).

mwy + Pwi + Elwgzee — E A h(w, t) ('u_’a::c + Wez) = p(z, t) (51)
where '
1 b1,
h(w,t) = T[H(l’ t)+ /0 (5“’:5 + WezWyz) dz |
. Tz
w(z) = —gqosin T

p(e,t) = (po + f(t))sin ==

l
Here w(z) represents the initial deflection of the unloaded arch, go is the initial rise parameter, pg
is the static loading, and f(t) is time dependent part of the lateral loading. Here it is assumed that
the external forcing is periodic, i.e., f(¢) = pcoswvt, where p and v represent the amplitude and
frequency of the harmonic excitation, respectively. The arch is subjected to the following boundary

conditions:
w=0, Wy=0 at z=20,1

The Galerkin method is used to reduce the equation of motion to the ordinary differential equations
by selecting appropriate shape functions. The transverse motion w(z, t) of the arch is approximated
by the following expression:

nr

T+ al) sin 27% (5.2)

w(z,t) = ¢ (t) sin ;

The non-dimensional equations of motion describing the evolution of the amplitudes of two funda-
mental modes can be written in (Q1 = ¢1 — ¢o, Q2 = ¢3) coordinates as:

C?l + ﬂlQ:l + Q1+ Q1(Q} - ¢ +4Q%) + (g0 — Ao) = pcosvt
Q2 + PaQ2+16Q2+4Q2(QF — 2 +4Q2) =0 (5.3)
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where §; and f; are the viscous damping parameters for the first and second mode respectively,
and Ag represents the non-dimensional loading parameter. The details of this derivation and the
definitions of non-dimensional variables and parameters can be found in [85]. The linearized fre-
quencies corresponding to the first and second modes are represented by w; and ws, respectively
(see next section).

5.3 One-to-Two Internal Resonance

This study deals with the dynamics, stability and bifurcation behavior of system described by Egs.
(5.3) in the presence of internal resonances. Resonances have long been known to cause complex or
chaotic behavior in both dissipative and Hamiltonian dynamical systems. Since these resonances
provide near-integrable structure in the governing equations, one can use certain analytical methods
to study their global behavior. To this end, in this section, we consider Egs. (5.3) in the presence
of parametric subharmonic and 1:2 internal resonance.

5.3.1 Scaling and Averaged Equations

In order to investigate the dynamics of arch for 1:2 internal resonance, we assume the damping and
the external forcing amplitude to be small as compared with the other terms. i.e.,

p=€v, Pr1=e¢d, B2 =€ 8y (5.4)

where € is a small parameter, i.e., 0 < € << 1. As mentioned previously that the equations of
motion (5.3) permit (Q1() = 7(t), Q2(t) = 0) as one of the solutions. The following form of 7(t) in
the powers of ¢ is assumed,

n(t) = no+ € mu(t) + € m(t) + O(%) (5.5)

Next consider the small perturbations z; and z; in the neighborhood of single mode periodic
solutions (7(t),0): _
Qi=n(t)+ez, Qy=0+€z, (5.6)

The nonlinear variational equations governing the perturbations can be written as:

i1 +wizy 4+ €[6121 + 6nomzy + n0(3z% 4 422)]
+€ [3z1(n? + 2m0m2) + 71 (322 + 4z2) + 23 + 42,22 + O(&) = 0
Ey+wizy + € [82¢; + 8nomzs + 8noz12)
+€? [4z5(n} + 2n07m2) + 8mz174 + 4(2220 + 4z2)]+0() =0 (5.7)
where w} = 375+ (1-¢3) and w? = 4[n2+ (4 - ¢2)]. Here ng is governed by a third order algebraic

equation and the particular solutions for 7;, 7, etc. are obtained in terms of known parameters
and time as follows:

m +(1=g5)m0+ (90— o) =0
m = by cos(vt) (5.8)
72 = ao + ay cos(vt) + ap cos(2vt) '
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where b; = (—wf—}iﬁ and ag,a;,ay can be similarly expressed in terms of known quantities. We

notice that the complementary solution (in #;, 7; etc.) is set to zero since we are only interested
in periodic orbits with period 2. The Hamiltonian corresponding to (5.7) can be expressed as:

H(XP, Xq) = Hy+eH; + 0(62)
1
= 3 [a:f;1 + :1:12,2 + w? :zrg1 + w? “’22] (5.9)
+€ [qozg’l + 4770:1321 Tq, + Mo (3:!:21 + 4:1:22 )]+ O(€?)

where z¢, = 71, 2¢, = 73, 2, = #; and z,, = &;. The steady state behavior and bifurca-
tion analysis of the system is best described when the following canonical change of variables is
introduced:
o L9 . , o5 .
T4, = v/2a; cos(w;t + ;), &p, = —wi V2a;sin(wit + =), Vi=1,2 (5.10)

1 ' Wy

The following detuning parameters are introduced in order to examine the dynamics of the system
in the presence of principal subharmonic resonance and 1:2 internal resonance.

WI = i( 2 ), wi= %(,ﬂ — cay) . (5.11)
where o) is the measure of deviation of the forcing frequency from twice the natural frequency of
the first mode, and (0, — 1) is proportional to the deviation from the 1:2 internal resonance. At
this stage, the method of averaging [13] is applied to simplify the system. The averaged equations,
giving the first order response of the system, can be expressed in terms of canonical variables
(@1,01, az,8;) as following:

a = e€e[-ba+ -f—j—alblno sin(26,) + gﬂagno sin(6; — 26,)] + 0(62)
@b, = ¢ [—(—417)01 ay + %albmo cos(26,) + l%\/iadgno cos(6; — 283)] + O(€?)
iy = ¢[~6a5— lf-\/leazno sin(6; — 26,)] + O(€?) | (5.12)
aby = « [—’(‘217)7202 + %\/2_502170 cos(f; — 26;)] + O(€?)
where 6; = % In order to analyze the trivial equilibrium solutions, the averaged equations can
be transformed to the rectangular coordinates. One finds that the trivial solution (21 =0,a,=0)

may lose its stability only through a simple bifurcation and may give rise to one or two coupled
mode nontrivial equilibrium branches or one single and one coupled solution branch.

5.3.2 Analytical Investigation of Chaotic Dynamics

In order to examine the possibility of the chaotic dynamics in the system, the higher dimensional
Melnikov analysis is employed. The details of the framework of this method can be found in (89].
Originally this method is due to [55] who considered a two-dimensional non-autonomous system
with a completely integrable unperturbed part and small (O(e€)) time periodic terms. The non- .
resonant higher dimensional Melnikov method assumes the homoclinic structure of the unperturbed
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system, along with arbitrary perturbations. Generically, certain invariant sets may persist under
perturbations and thus, the knowledge of the global dynamics of the unperturbed integrable system
can be used to develop a measure of the distance between the stable and unstable manifolds of

"that invariant set in the perturbed system. This measure is called the Melnikov Function, which

provides crucial information on the possibility of the presence of chaotic behavior in certain class
of nonlinear systems.

Reduction to the standard form

Consider the following canonical transformation in order to reduce the averaged system of equations
to the form appropriate for applying the higher dimensional Melnikov theory as described in [89):

o _ 2_45_2) ¢2

1 _
= =2-—= = - — .
a1 = ( o 2o ©=22  pEaw, p=j (az + 4ay)wy (5.13)

This transformation leads to the following set of equations in (py, ¢1, p2, ¢2) coordinates:

p18in2(q1 + q2) ] + O(€?)

6b
\/_ (P2—P1)Sln¢h + 77

. o1 02 16m0 (p2 —3p)
o= el 4v * v * % \/P—l ‘
P2 = € [—szz - (61— &2)p 48 ™ py sin 2(g1 + g2) ]+ O(e?) (5.14)

2P Jricosay ]+0( 2)

o= €[~
V

3b
0s(q1) + =2 cos2(gs + g2) ] + O(e?)

G2 =

In these equations the effect of excitation is present through the terms involving the coefficient by,
as one recalls b; = WZVT) This system (5.14) attains the desired form if the time is rescaled in
addition to assuming the forcing terms to be smaller compared with the nonlinear terms. For this
purpose, rescaling the variables and parameters in the following manner: '

’ 7 tl ! A
T=e,  ba=d,  t=-, p=i 5=l (5.15)

where A = (16 7o V_%) and t’ denotes the slow time. For the sake of less cumbersome notation
the prime (') is dropped from the rescaled variables and parameters. The rescaled equations up-to
O(€) can now be written as:

1= 2p 12 (P2 = p1)sin g1 + € [ —61p1 + 2ppy sin 2(q; + ¢2) ]
G = p1+ps+pt? (P2 —3p1)cosqr+ €[ p cos2(q + g2) ]
P2 = €[ —62p2 — (81 — 63)p1 + 2upy sin 2(q1 + ¢2) ] (5.16)
. 1/2
g2 = —p2+2p;'“cosq
where
__9 _ 22 _3 b
p1 = s #2—V, M—V 170
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In these equations (5.16) the dot indicates differentiation with respect to t’. The objective is to
study the global dynamics associated with this system (5.16). As a first step, the structure of the
unperturbed system (obtained by setting ¢ = 0) is examined, which can be expressed as:

1/2

1 = 2p)/" (p2—p1)sing

@ = p+pa+p7? (p2 - 3p1) cosq
P = 0 (5.17)
G2 = —ﬂ'2+2pi/2008<h

It is clear that the first two equations are completely independent of go, and py = pyg = constant,
and thus it is sufficient to study the phase flow in (p;, ¢1) coordinates only. The canonical transfor-
mations (5.13) and the periodicity of ¢, suggests that the range of interest in (p;,q;) coordinates
is: 0 < p1 < pzo and 0 < ¢; < 27. The Hamiltonian corresponding to the two-dimensional (p;, ;)
vector field is given as:

1/2

H(pi,q1) = (1 + Mz) p1+2 P1 (p2 — p1) cosq (5.18)

It is obvious that the orbits in (p1, ¢1) phase space depend only on the three parameters (p2o, p1, H2)-
The fixed points of the reduced vector field in the range of interest are:

(pZO;‘jl): (pZO, 27"‘@1)) (pil-’o)) (p1-v27r)a (p'f,?r)

where

g

2,/P20

1
pf: = 18[0 +6 pao £ 0y/0? 4+ 12 pyo)

o = (p1+p2)

~ —

1 = cos

The linear stability analysis indicates that the phase flow has the qualitatively different behavior
in region 111 as compared with regions [ and I I (Figure 5.2). These three regions are defined in
the following manner:

I : {(o,p20)]| 0 >0, (62 — 4py) < 0}
Ir {(U,pzo) I o <4, (0’2 - 4p20) < 0} (519)
T : {(0,p20) | (0% —4py) > 0}

One can easily check that the equilibrium points (p0,§1) and (pgo, 27 — ;) exist as saddle type
fixed points in regions I and I1, and the equilibrium points (pt,0), (pf,27) and (p], 7) exist as
center type fixed points everywhere in (o, p2g) parameter space. One also notices that there are
no saddle points in region /I, thus there do not exist any homoclinic/heteroclinic connections in
region I11. The phase portraits corresponding to these global bifurcation sets (1 and IT) are shown
in Figure 5.3 These phase portraits indicate the existence of a heteroclinic cycle (A-A’) connecting

the two saddle points (p20, §1) and (pgo, 27 — ql) The condition for the existence of this heteroclinic

cycle is given as:
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Figure 5.3: (a). Unperturbed phase-flow in (p;,q;) phase-space in region I (i.e

: . a > 0), (b).
Unperturbed phase-flow in (py,q) phase-space in region II (ie., 0 <0) '
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o?

Pr 2 (5.20)

Hence it can be claimed that the Smale horseshoe type chaotic behavior is not possible for this
system when the system parameters lie outside of region I and II. In the subsequent part of this
section we assume that the above mentioned condition is satisfied for 1:2 internal resonance case.

The Invariant Manifolds and Associated Dynamics

As noted previously, the equilibrium points (p29,¢1) and (pgo, 27 — §;) exist as hyperbolic fixed
points in (p1,q1) phase space. However, in the four dimensional phase space these fixed points
represent a two-dimensional invariant manifold which is normally hyperbolic:

2
~ N g
- Mo = {(p1,q1,P2,92) | Pr = P20, ¢1 = G or (27 — §;),00 > py = pyo > T @€ T'}

It is obvious that the unperturbed manifold M, has a lower boundary at p, = ? and no upper

boundary. In general My consists of periodic orbits for all values of py > 143 as long as ¢ # 0. We
assume the non-resonant condition (i.e., g, # 0) to be valid in this case.
Under small perturbations (e # 0), the manifold M, persists as M, due to its normal hyperbol-
icity property,
2
o
M. = {(p1,q1,P2:¢2) | P§ = pao + O(e), ¢f = qio+ O(€), 00 > p2 > pa > pi > ks €T}
where g10 = §1 or (2 — §1). The flow restricted to M, is described by the following equations
(assuming d; = &, = 4 for the sake of simplicity):

P2 = €[ —=0p2+ 2upssin2(G; + ¢2) ]
G2 = —pa+2p cos i +0(e) = p1 +O(e)

M. is a locally invariant manifold with boundaries. Under small perturbations the periodic orbits
on My get destroyed, and in the absence of any attracting invariant sets on M, the trajectories may
escape from the manifold by crossing the upper or lower boundary. It is easy to see that there are
no invariant sets present on M, for yu; # 0. On averaging the p; equation with respect to ¢o, we
calculate the average rate of change of p; as —ed. Thus for positive dissipation p; — 0 as t — oo,
and hence all the trajectories with initial conditions on M, leave the manifold by crossing the lower
boundary, and eventually get attracted to the trivial solution.

The Melnikov Function for Non-Dissipative Case

It is well known that in the absence of dissipation the nonlinear system (5.16) is non-integrable even
for very small values of the forcing amplitude p. It is also clear that in the presence of dissipation
the Melnikov method can not be applied to obtain restrictions for the transversal intersection of the
stable and unstable manifolds of M.. However, if we assume the dissipation to be zero (i.e., 6, 3 —
0), then all the periodic orbits on M, persist for the perturbed system and the Melnikov Functwn
(for the non-integrable Hamiltonian system) gives the distance between the stable and unstable
manifolds of M, for some p, corresponding to the attracting set in the domain. In this case the
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Melnikov Function M provides a measure to ascertain whether the heteroclinic connections (A
and A’) break under small perturbations, and is given as follows [89)]:

o 9H 0H 0H 0H oo
M=/ — gl e gU P2 | — —— / P2 dt 5.21
—oo[apl on Op2 ] 9p2 (p20,41) _°°g ‘ ( )

where, the integrand has been evaluated at any arbitrary point on the heteroclinic cycle. In the
above expression, g**, g%, g7?, and g% are the O(¢) terms in four-dimensional perturbed system of
equations (5.16),

9" = 2up;sin2(qr + ¢2)

9" = p cos2(q + q2)
97 = 2up;sin2(q + g2) (5.22)
g2 = 0

and H, the Hamiltonian corresponding to the four-dimensional unperturbed phase space, is given
as: .
H(p1,q1,92,0) =0 p1+2 p/* (p2 — p1) cosqy — iz p2 (5.23)

On substituting (5.22) and (5.23) in (5.21), the Melnikov Function for our system can be expressed
as following,

M= /_ [ {o+p7""? (p2 ~ 3p1) cos g, }{2ups sin 2(q1 + g2)}
- {2 Pi/z (P2 — p1) singi }{p cos2(q1 + ¢2)}
+ {-m2+20," cosq H{2uprsin 2(gqs + g2)} Jdt (5.24)
- m / [2up1sin 2(q1 + ¢2)] dt

Time parameterized expressions for heteroclinic orbits

In order to evaluate the Melnikov Function the explicit expressions for the heteroclinic orbits are
required. The heteroclinic orbit A’ is the horizontal line connecting the two saddle points as shown
in Figure 5.3. This orbit is described by the following set of equations:

n() = pxo

) = 0 —2y/p,ycosq(t)

p2(t) = pao (5.25)
) = —p2+2/p,5cosq(t)

To evaluate the Melnikov Function for the heteroclinic orbit A’ one does not require the explicit
expressions for ¢1(¢) and gz(¢). On substituting p;(t) = pyo in (5.24), and further simplifying the
integrand one gets

[oo]
M= [T 1 {o- 2ymcosaH{2upaosin 2ar + )

+ {—p = p2 + 2530 cos g1 }{2upaosin 2(qs + g2)} | dt (5.26)
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using o = (u1 + p2) in (5.26), it is trivial to show M5 = 0, which means the O(e) distance
between the stable and unstable manifolds of A’ is always zero and hence, it can be concluded that
the heteroclinic orbit A’ does not break under order O(€) perturbation.

The parameterized expression describing the heteroclinic orbit A can be obtained as:

H(p1,q1) = H(p20,41)

which implies,

0.2
n(t) = Tl (5.27)

substituting this in the unperturbed equations of ¢; and ¢, one can get the explicit expressions for
q1(t) and g(t), hence the heteroclinic orbit A can be described by

o? o? 2 | o2
n(t) = T + (p20 - -4-) tanh®4/(poo — T) t

1,2 o? o?
q(t) = tan™! [; (P20 — T) tanh{/(p20 ~ "4—) t ]+ qi0

p2(t) = p2o - (5.28)
a2(t) = mt+q0
where g0 is the initial value of ¢;(t). For region I (0 < ¢ < 2,/p20), ¢i0 = 0 and for region
IT (=2,/p20 < 0 < 0), qio = m. g0 is the initial value of g;(t) and is used as another parame-

ter. Using these expressions in (5.24), and after some algebraic manipulation one can obtain the
Melnikov Function for the heteroclinic orbit A as following,

00
Mi’” = 2pusin2gy / \/P1(t) {P2o — p1(t)} cos(g1(t) + 2u1t) dt .
+ 2ucos2gq / vV P1(t) {p20 — p1(t)} sin (g1 (t) + 2u1t) dt (5.29)
One observes that the integrand associated with the second integral in this expression is an odd

function of ¢, and thus the contribution due to this part is zero. The first integral can be computed
easily using (5.27) and (5.28) to give

LI .
My = C(p, p2, 4, p20) sin 2gz (5.30)
where -
Clp1, 2y 1y P20) =2 piy (2 — ) p 7 csc {——e — —} (5.31)
(P20 — %)

C depends upon the system parameters ), p2, & and pyo, and it is in general non-zero. Hence
under the circumstances when C' is non-zero, the Melnikov Function (Mi’”) will have a simple
zero with respect to gz0 at gao = . In this case, the heteroclinic orbit A may break under small
perturbation with transversal intersection and the system may exhibit chaotic dynamics in the
sense of Smale Horseshoe.
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Figure 5.4: (a). The phase trajectories for the unperturbed system (e = 0) in (p1,q1) plane with
o = —1.0,4; = 0.5, and p; = 1.0, (b). The Poincare map for the perturbed system in (p1,¢1) plane
with ¢ = —1.0, g2 = 0.5, and € = 0.01, (c). Same as part (b) except the parameter ¢ is increased
to 0.1.

Numerical Results

In order to examine the effect of small perturbations on the dynamics of unperturbed system in more
detail one often resorts to the numerical simulations. As noted previously, in the absence of any
perturbations the system dynamics can be studied completely in (p1,91) phase space (Figure 5.4).
The introduction of small perturbation couples the dynamics of all the variables (p1,q1,1,6) and
in four-dimensional phase space this dynamics can be very complicated. Although the analysis
considered earlier provides some insight on the global dynamics of the perturbed system but in
general it does not yield the complete picture. However, the trajectories in the four-dimensional
phase space can be numerically computed on a two-torus. Using the fact that g, € T! is a phase
variable with period =, three-dimensional Poincare maps can be constructed in (p1,q1,p2) phase
space, with g, = g0 mod w, where g59 can be set to zero without loss of generality. Futhermore,
the variable p, varies very slowly for small perturbations, hence the Poincare map can be easily
represented in (p1, ¢1) space.

Figure 5.4 (b) shows a Poincare map in (p,, ;) space for o = —~1.0, g2 = 0.5, and € x = 0.01.
In this diagram one finds that most of the periodic orbits of the unperturbed system survive as
quasi-periodic orbits with non-commensurable frequencies on a 2-tori, while the initial conditions
taken very close to the unperturbed heteroclinic orbit lead to chaotic dynamics in the perturbed
system. As the perturbation strength (¢ ) is increased to 0.1, the extent of the chaotic attractor .

92

O




increases and various small secondary regions appear in a symmetric fashion about ¢; = 0 axis
(Figure 5.4 (c)). These secondary regions are small islands of quasi-periodic motion embedded in
the layer of stochastic motion. The global dynamics of this system was studied for various values
of the system parameters. It was observed that for a given perturbation strength the extent of
chaotic layer is rather small for the non-zero values of the detuning parameter o as compared with
the case where 0 = 0. The number, location and appearance of the secondary regions are also
sensitive to the values of the detuning parameters. The influence of small perturbations arising
from dissipation effects were also examined. It was found that even a very small damping causes
the secondary regions to disappear, and the quasi-periodic orbits and the chaotic attractor shrink
towards the trivial solution. .

In this section the conditions on system parameters are examined for which the shallow arch
system can exhibit chaotic dynamics under small harmonic excitations and in the absence of any
dissipation mechanism. Under these circumstances it is shown that the equations governing shallow
arch system can have heteroclinic connections for certain values of system parameters. Higher
dimensional Melnikov’s Method is used to show that one of the heteroclinic orbits may break under
small time periodic excitations and thus leading to Smale Horseshoe type chaos. The drawback of
this method is that one can not examine the effect of perturbations arising from the dissipation
effects. In real life systems where the such effects are omnipresent, the application of Melnikov type
perturbation methods may not provide strong enough restriction on the system parameters.

We next consider an alternative approach [48] that would allow us to consider the dissipation
effects on the global dynamics of arch structures and thus provide more restrictive criterion for the
existence of complicated dynamics in the class of system under consideration.

5.4 One-to-One Internal Resohance

In this case, it is possible to find orbits homoclinic to the fixed points that are created in resonance
as a result of small perturbations arising from dissipation and excitation. We shall show that
a resonance structure exists for some range of parameter values in the shallow arch system. The
standard Melnikov type perturbation methods can not be used in these resonance problems without
further refining the scaling of various dynamics that co-exist. An alternative technique which uses
such scaling has been provided by Kovaci¢ and Wiggins [48]. Their method gives conditions for the
existence of a Silnikov type homoclinic orbit to a saddle-focus type fixed point that may be created
near resonance structure under small perturbations. The existence of such a homoclinic orbit
implies chaotic dynamics. A countably infinite number of unstable periodic orbits and aperiodic
orbits exist in every neighborhood of this homoclinic orbit by a theorem of Silnikov [88].

5.4.1 Second order response of the shallow arch system

In order to examine the dynamics of shallow arch system in the presence of 1:1 internal and principal
subharmonic resonance, we use a different scaling (as compared with 1:2 case) of parameters and
obtain variational equations in the neighborhood of single mode time dependent solutions, and
then these equations are averaged using the second order averaging. We proceed in a similar way
as before, and introduce the following scaling in the system parameters.

p=cvy, Pr=¢€d, and Py=¢cd,
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Also, assuming the following expansion of 7(t) in the powers of ¢,
n(t) = o+ € m +O(?)

where 79 and 7, are same as given previously. Now consider the perturbations z; and z, in the
neighborhood of the state (Q1(t) = n(t), Q2(t) = 0) of (5.3) in the following fashion:

Qi=nt)+Vvez, Q=0+ ez, (5-32)

In this case, the nonlinear perturbation equations governing z, and z, are given as:

g1 4w o1+ Ve [3no 22 +4 7 2} ]
+e[ 1 +6nmmaer+al+daz;22]+0(E?) =0 (5.33)
g+ wiza + /e [8 1m0 21 25 ]
+e[d2d24+8momz2+42?z,4+1623]+0(?) =0

where w; and w; are same as before. For the corresponding undamped system of (5.33), the
Hamiltonian function can be expressed as:

H(xp,xq) = Ho++eHy+e¢ Hy+O0(/?)
1
=3 [«2, + o2, + wi o2 +wi zgz ] (5.34)
+ Ve [no 23+ 4mo 24, z2, ]
1

+e€ [Zzgi + 42:;2 +2z31 m?z + 7o 771(3:”:1 +4:z:§2) 1+ 0(63/2)
where z¢, = 1, &4, = %2, Tp, = &1 and z,, = #,. Introducing the following canonical change of
variables given by (5.10), the following detuning parameters in order to examine the dynamics of
the system in the vicinity of principal sub-harmonic resonance and 1:1 internal resonance.

1 1
w?= Z(UZ — €0y), wl = Z(I/2 — €03)

where o} and o3 are the deviations of excitation frequency from twice the natural frequency of first
and second mode, respectively. In other words, o; represents the measure of deviation from principal
subharmonic resonance with respect to the first natural frequency, while (o — ;) represents the
deviation from 1:1 internal resonance. At this stage, we apply the second order averaging to obtain
the following system of equations in canonical variables (a;, #;) using the transformation given by

(5.10):

@) = e[—d1a; — 2kza,azsin 2(8; — ;) + galblno sin 26; ] 4 O(€?)
91
4v

3
+;a1b1no c0s26; ]+ O(e?)

alél = 6[—' ay — 2]01(1% - (k‘2 + k4)a1a2 - k3d1(12 cos 2(01 - 62)

. . 8

a9 = 6[—5202 + 2]03(11(12 sin 2(01 - 92) -+ ;azblﬂo sin 292 ] + 0(62) (535)
(1292 = 6[—-2—30,2 - 2]050,% - (k2 + k4)a1a2 - k3(11 as COs 2(01 - 62)

4
+-l-/-a2b1170 cos 26, ]+ O(é?)
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where
1578 3 13n8 1 1478 2
=7 k=33 k=—3-3
5 2 3 ' 2 2 12 T .
k4=§‘i30"—’ ks = 017;?‘—, and 0i=¢; Vi=1,2.
3 wy v 3 wy v w;

5.4.2 Canonical change of variables

Consider the following canonical transformation to bring the averaged system to the appropriate
form in order to apply the perturbation method given by Kovati¢ and Wiggins [48]:

G_dy b

i wy g’ D1 = aywy, P2 = (a1 + az)w, (5.36)

q =

In addition to this transformation, we re-scale the variables and parameters in the following manner
to further simplify the system,

‘6172 = 626;,2 ) 01,2 = 541/0';,2 y b= €2b’1 ,
2p) 2 T, t
P12 =€ Iks| q2=(1+ sgn(k;;))z +q1,2, t= =

As we recall, b; is like the amplitude of the forcing. On dropping the prime (') from the rescaled
variables and parameters, the rescaled equations up-to O(e) can be expressed as:

P1=4p1 (pz — p1)sin2q1 + € [-&1p; + 6 fipy sin 2(q; + 2) ]
g1 = =20 +2(2p1 — p2) (@ — cos 2q1) — 27;p,
+€ [3f1 cos2(g1 + g2) — 4f; cos 2¢, ] (5.37)
Py = € [=62p2 + (82 — 61)p1 + 6 fip1 5in 2(q1 + g2) + 8f2(p2 — p1) sin 2¢, ]
g2 = =03 — 2(71 + & — c0s2q1)p1 — 272p2 + € [4f, cos 2, ]

Whereb
ko + kg —ky — ks ky — ks 2ks
= 20 = (01 — o , = , = —
lkal ) 1 ( 1 2) 71 |k3| 72 |k3|
b b
h= 177]0, fo= —ITHOSHR(’CS)

This system depends upon various parameters. The parameters ¢, v; and v, are expressed in terms
of nonlinear terms and other physical characteristics of the original system, and hence these can be
fixed. The parameters o, and S denote detuning terms, d; and &, are the dissipation coefficients
and f1 and f; are proportional to the amplitude of the external excitation. Systems similar to (5.37)
have been studied by Feng and Sethna [26] and for the nonresonant case and Feng and Sethna [27]
and Feng and Wiggins [28] for the resonant case. The presence of the parameter v; makes the
averaged equations of motion governing the shallow arch dynamics different than those considered
by [28] in connection with investigation of global dynamics of parametrically excited almost square
plates. The results obtained here are same as those obtained by [27] except a correction introduced’
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by parameter 7, in the results. In the absence of any damping, the equations of motion given by
(5.37) represent a four-dimensional Hamiltonian system with the Hamiltonian function H expressed
in (p1, 41, P2, g2) coordinates as following:
H(p1,91,P2,92) = Ho(p1, 41, P2, 92) + €H1 (p1, q1, P2, 42) (5.38)
where
Ho(p1,q1,p2,92) = —[28 p1+ 02p2 + 2v1p1p2 + 72P5 + 2p1 (P2 — 1) (e — cos 2g1)]
Hi(p1,q1,p2:92) = 3 fip1 cos(q1+ ) +4 f2 (p2 — p1) cos2qg,

We observe that the coordinate system (pi, g1, p3, g2) is singular at p; = 0. Thus we introduce the
following canonical transformation in order to avoid such singular behavior as we will soon see that
the fixed points at p; = 0 play an important part in defining the dynamics of this system in our.
domain of interest.

z=+2psing, y=+2picosqy, I=p;, O=gq (5.39)

The integrable and non-integrable components of the Hamiltonian H assume the following form in
the new coordinate system.

Ho(z,y,1,0) = —[B(z®+ ) + ool + y11(z? + y?) + 712
1
+ 5(21 -2? —y?) [(@+ 1)2? + (a — 1)y ]

3
Hy(z,y,1,0) = 5 fi [(¥? —2?) cos20— 2 z y sin 20]

+ 2 f (21 — 2% — y?) cos 26 (5.40)
and thus the corresponding equations of motion are expressed as,
. 0Hp z
r = ay + €g
_ 0H, v
Y= T teyg
. 0H,
I = _—BTO + eg! (5.41)
6 57 T €
where
) 0H &
g = ——21-9; + —éy_l = —El.'z: + 3 f1(ycos 20 — z sin 26) — 4 foy cos 20
] 0H ]
gy = -—Ely - 6_2:1 = ——2-1-y+3f1(xcos20+ysin 20) + 4 faz cos 26
1 OH
= I+ (8- 6) (=2 +¢?) - =5
g 2l + 5 (82 = 1) (2 + %) 50

1
= =61+ 5(52 - 6)(z* + %) +3f1 [(v* — 2?)sin 260 + 22y cos 26]
+ 4f2(2I — 22 — y?)sin 20
0H,
g = -6—1 = 4f2 cos 2.
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In the subsequent analysis, we will use the system of equations in the above mentioned two coor-
dinate systems alternately.

5.4.3 The unperturbed system

First, we examine the dynamics of the unperturbed system. Setting ¢ = 0 in (5.41) yields the
following set of completely integrable equations describing the unperturbed system:

= =2+ (m+a-1)Iy+2az’y+2(a- 1)y

= 28+ (m+a+ 1)z -2(a+1)z3 - 2azy®

= 0 . (5,42)
= -0y =270 —[(mi+ a+1)z% + (71 + a — 1)y?]

D 2 K

We observe that the first two equations are completely independent of 6, and I = constant, and
thus we need to study the phase flow in (z,y) phase space only. We recall that p; < p; and thus
we are interested in the behavior of our system inside the paraboloid described by the following

equation:
2+y? <21 (5.43)

Also, the periodicity in ¢ implies that we need to consider the system dynamics in the interval
0 < 6 < m. All possible fixed points of the unperturbed vector field in (x,y) phase space, in the
desired range of interest, can be classified as following:

1. (0,0)
2. (£z,0)= (£y/(I-NL)(1+ a),0) (5.44)
3. (0,£7) = (0,£y/(I - I2)(1 + b))
where
I = __;ﬂ__ a=—N
(a+1)(1+a)’ (e +1)
—p 7

SRR ey

In the following analysis we restrict ourselves to the cases where & > 1,8 < 0 and |y1] < (@ —1), in
order to ensure that 0 < I; < I. It is obvious that all the fixed points given in (5.44) may not exist
for every value of I. In fact, there are three distinct ranges of I where dynamics of the unperturbed
system is qualitatively different. In the first case where 0 < I < Iy, only trivial solution exists and
it is of center type stability. At I = I, this trivial solution goes through a pitch fork bifurcation
and gives rise to two branches of center type stability, while the trivia] solution assumes the saddle
type stability for I; < I < I;. The two center type solution branches are described by type 2 fixed
points (5.44). The saddle type zero solution goes through another pitchfork bifurcation at I = I,
and this time it gives rise to two branches of saddle type stability. These nontrivial branches are
given by type 3 fixed points (5.44). The zero solution itself adopts the center type stability behavior
for I > I. The global bifurcation diagram for the unperturbed system in (z,y,I) space is shown
in Figure 5.5. The phase portraits for three different ranges of I are shown in Figure 5.6 in (z,y)
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Figure 5.6: Phase portraits in (z,y) space corresponding to the unperturbed bifurcation diagram
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phase space. We notice that for 0 < / < I, the flow consists of periodic orbits about the origin.
For I} < I < I we have two centers at (£Z,0) and a saddle at the origin. In this range, the origin

~ is connected to itself by a pair of symmetric homoclinic orbits, each of which is described by:

(541D + ) + 520 ~2? = y?) [(a+ 1o+ (a = Dy?] = 0 (5.45)

For I > I, all five fixed points (5.44) exist. The two saddles at (0,+%) are connected to each
other by heteroclinic connections in a complicated way as shown in Figure 5.6 (c). In this study
we examine the conditions under which a Silnikov type homoclinic orbit may exist for I € (I}, I5).

5.4.4 Structure of the invariant manifolds

In the previous section we notice that for the unperturbed system the origin is a hyperbolic fixed
point of saddle type stability for any I € (I}, I3). Thus in full four-dimensional phase space this
fixed point is a two-dimensional invariant manifold M, and is given as follows:

M={(z,y,1,6) |2=0, y=0, I € (I, I), § € T"} (5.46)

This invariant manifold M is normally hyperbolic i.e., the rate of expansion and contraction normal
to M is dominant as compared to the rate tangent to M. M has a three-dimensional stable W*(M)
and a three-dimensional unstable manifold W*(M). These manifolds intersect nontransversely
along a three-dimensional homoclinic manifold I', which is given as:

I'= {(x)yal,g) I r = mh(t; I)) Yy =yh(t)I), Ie (11112);
t
= [ DiHo(eh (6, 1), 52, 1), 1) ds+ o) (5.47)
0

where (z"(t, I), y*(t, I)) is the time parameterized expression for the homoclinic orbit. Any trajec-
tory on I' approaches M as t — +o00. 6y € T! is a constant, which is determined from the initial
conditions. Due to normal hyperbolicity property, M persists under small perturbations along with
its stable and unstable manifolds. The dynamics restricted to the invariant manifold M is described

by:
i=o0
0 = —op~2v,1 , (5.48)

We can see that § = DyH(0,0,1) = 0 for I = I, where

()

I, = —«—
272
This represents the resonant value of I, and it corresponds to a circle of fixed points in I — 8 plane.
If DyH(0,0,1) # 0 then I = constant represents a periodic orbit. Since we require a positive
value, thus if we assume 7; > 0 then we must have o0y < 0 for I, > 0. In addition, we must ensure
that . lies within the domain (/1, I3). This gives the following restriction on the system parameters
as shown in Figure 5.7.

27, o2 2,
—— < || <« 49)
71+0’+1 Iﬂ' 71+a,._]_ (5 9)
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Figure 5.7: Region of existence of the resonant I value I, € [I}, I,].

Following [48], we define a phase shift A such that,
Af = f(+o00,I.) — (-0, 1)

At the resonant value of I, by using the unperturbed equations in (py, g1, p2, g2) coordinates we can
show that, ]

0 =go=—q —2m1p
Hence the phase shift can be obtained by integrating this equation with respect to the time variable
from —oo to +oo.

oo 1)
Af = / 6 dt = —[ g1(+00, I) — q1 (=00, I,) ] = 271/ p1 dt (5.50)
—00 —o0

In order to calculate A@ we need to obtain the explicit expressions for the homoclinic orbit. The
system of equations describing the unperturbed phase flow is integrable, and thus it is possible to
obtain the time explicit expressions for the homoclinic manifold I'. For this purpose, we write the
unperturbed system in (pi, q;) phase space:

pl = 4 j 2 (I—pl)sin 2Q1
G = —28+2(2p1—I)(a—cos2q) — 2y (5.51)

The phase portraits for for different I values (as shown in Figure 5.6) are reconstructed in (p1,q1)
space and are shown in Figure 5.8. In this space we are interested in the dynamics associated
with the heteroclinic connections B and B for I € (I3, I). The two saddle points in this space are
located at (0, ¢1) and (0,7 — 41) and the center is located at (1, %). This implies g;(c0) = (7 — dy)
and ¢;(—o0) = §;, where

g

. 1
G = 5 cos "M +a+ 7). (5.52)

Figure 5.9 shows the variation of ¢, as the detuning parameters o, is varied. It is easy to see that
the hyperbolic fixed point at the origin in (z,y) phase space is same as the heteroclinic connection
B in (p1,q1) space. While the homoclinic orbits A and A’ in (z,y) phase space (as shown in"
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Figure 5.8: Phase portraits in (p, q;) space corresponding to the global bifurcation diagram
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6.2

Figure 5.9: Variation of §; as the detuning parameter o3 is varied while @, 1,72, and 8 are fixed
at 1.75, 0.25, 0.5, and -1.0, respectively.

Figure 5.6 (b)) coincide with the heteroclinic connection B in (p;, ¢;) phase space. The heteroclinic
orbit B is characterized by Ho(p1,q1) = Ho(0, §1), which gives:

Btml (5.53)

ty=1
P(?) +a—cos2q1

This leads to the following differential equation in ¢,
g1 = 21 (cos2§; — cos 2q;) (5.54)
which can be integrated to give,
tang;(t) = — tang; coth(ct) (5.55)

= I

where ¢ = 2 I sin2§;, and we assume ¢;(0) = Z. On substituting (5.55) in (5.53) and after some
algebraic manipulation we obtain the time explicit expression for p (t).

E

t) = .
Pi(t) cos f + cosh 2ct (5.56)
where g
E= I sin 2q16 , cos f = 1- acos2~¢jl
o — €cos 2¢; a — cos 2¢;
Hence the phase shift (5.50) can be easily calculated using (5.56) as:
. 2nE
Al = (2¢; ~ ) — by : (5.57)

¢ sin f

Figure 5.10 shows the phase shift (Af) as a function of the system parameters o,. This quantity
(phase shift) has a special significance. In fact the homoclinic orbit in (z,y) space is in general a
heteroclinic connection in full four dimensional phase space (z,y,I,8), and the phase shift gives
the difference in @ value as a trajectory leaves and returns to the invariant manifold M.
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Figure 5.10: The phase shift (Af) as a function of the detuning parameter o.

5.4.5 Effect of Small Perturbations

Next we examine the effect of small perturbations on the normally hyperbolic manifold M and
the associated dynamics. The normal hyperbolicity property of the manifold M implies that it
persists along with its stable and unstable manifolds under sufficiently small perturbations. But
in general, the dynamics within these manifolds changes dramatically. In this problem we notice
that the hyperbolic fixed point at (z = 0,y = 0) remains invariant for the perturbed system and
thus the manifold M persists as M, for € # 0. The dynamics on M, is described by the following
equations in I — @ plane.

I = ¢ [8f2sin20 — ;) I
0 = —0y— 27,1 + ¢ [4f; cos 26] (5.58)

The fixed péints of this system (5.58) are given as:

2
L (In6)= (-2 422 i, L o 5)
272 72 2
2 1
2 (In6) = (-2 —e[22 175, L (r i1 4 (5.59)
272 72 2
where § = gsfz__ The Jacobian matrix corresponding to (5.58) at the fixed points is given as follows:
V1=e2
oo = 0 ke (16f2 I.s V1 —62) (5.60)
—2')/2 —€ 52

The trace of the Jacobian matrix is given by —ed,, and for v¥2 > 0 it is trivial to show that
Det(J;) > 0 and Det(J,) < 0. Using this information, the eigenvalues of the Jacobian matrix J -
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corresponding to each of these fixed points is shown to be:
¢y = € [+iy/Det(J.) + e%(_%gz) +0E)]
2 1,1
i,z = eé [ + IDet(Js)I + eé(_.i(gz) +O(e%) ]

Thus we conclude that (I;, 6.) is an asymptotically stable fixed point in J — 6 subspace while (Is,0s)
is a hyperbolic saddle. A more refined study of the dynamics on M, in the vicinity of the resonant
I value is performed in [48], which not only provides a more detailed description of the phase flow
but also suggests a reasonable estimate for the domain of attraction of stable focus (I, 8.). This is
achieved by introducing the following localized coordinates in the neighborhood of I,.

r

I=IL++eh, 6=6, t=$ (5.61)
where 7 is the slow time. We can obtain the following equations describing the slow dynamics on
M, near I =1,,

I3

h' = [8f,8in20 — &) I + €2[8f,sin 20 — 6,] h

0 = —2vh+ 6%[4f2 cos 26) (5.62)
The prime (/) in (5.62) indicates differentiation with respect to the slow time variable 7. We notice
that the unperturbed system (¢ — 0) in h — 8 phase space is integrable, and the corresponding
Hamilton’s function is expressed as:

K (h,0) = v2h* — (4f2cos 20 + 6, 6) I, (5.63)

The integrable Hamiltonian structure at leading order near resonances is a very typical scenario.
The unperturbed slow system restricted to h — 6 space has two fixed points at py = (0,6.) and
go = (0,6;) respectively. The equilibrium point at (0,6.) has elliptic type stability while (0, ;)
has saddle type stability behavior. In addition, the fixed point at (0,6,) is connected to itself by
a homoclinic orbit, which encloses infinitely many periodic orbits within. On introducing small
perturbations, these periodic orbits are destroyed but the saddle type fixed point ¢o persists as
a hyperbolic saddle g.. Using Bendizon’s Negative Criterion, we find Dyph + Dyb = Ve by <0
everywhere inside the area enclosed by the homoclinic orbit in unperturbed (h,6) space, and thus
we can conclude that the elliptic fixed point at (0,6.) persists as a stable focus p,. It should be
mentioned that the fixed points p, and g, of the perturbed system (5.62) are same as (I.,6.) and
(I,,6,) respectively. A reasonable estimate of the domain of attraction of p. is provided by the
area enclosed by the homoclinic orbit given by K(h,6) = K(0,6,). This domain of attraction is
enclosed with § € [0, 0,], where 6., is determined by solving K (0,6,,) = K(0,6,), which leads to
the following transcendental equation.

cos20, +26 0, =cos26,+26 6, (5.64)

Defining an annulus A, of width O(e%) near | = I,
Ac=[(z,y,1,0)| 2 =0,y =0, (I, - VeC) < I < (I, + /eC),0 € T"]

where C' > 0 is a constant, which is chosen sufficiently large such that A, encloses the unperturbed

homoclinic orbit. This annulus A, is a small segment of the perturbed invariant manifold M,

and the stable and unstable manifolds of A, denoted as W*(A,) and W*(A,), are the subsets of
W*(M,) and W*(M,), respectively.
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5.4.6 Existence of Silnikov type homoclinic orbit

We are interested in the existence of an orbit that leaves p, while coming out of the annulus A, in
four-dimensional phase space, and under certain circumstances it may return to the annulus and
eventually completing a Silnikov type homoclinic orbit. The existence of such an orbit connecting
the saddle focus p, is examined in two steps. First using higher dimensional Melnikov theory, one
obtains conditions for which W*(p.) N W*(A,) # 0, i.e. when a trajectory leaving p. comes back
in the neighborhood of A.. Secondly, whether this orbit (in W*(p,)) comes back in the domain of
attraction of p.. If it does not, then the trajectory may leave the annulus (A,) by crossing one of
the boundaries of the annulus. But if it does, then the trajectory asymptotes to p. and a Silnikov
type homoclinic loop, connecting pe to itself is completed. Here W*(p,) and W*(A,) are one and
three dimensional manifolds respectively.

In order to ensure the first condition (W*(p.) N W*(A) # 0) we evaluate the Melnikov Function
M, which gives a measure of O(e) distance between W*(p.) and W‘(A ), and is computed in the
followmg manner:

MI" :/ [aHo gz+ 3H0 gy+ aHogI ]dt _ 8H0

—oo O Oy oI oI

/ - gl dt (5.65)
(0,0,1)

where, both the integrand have been evaluated at any arbitrary point on the homoclinic manifold
['at I = I, and ¢%,¢¥ and g/ the O(e) terms in &,y and I equations, respectively. For the sake of
simplicity, let’s assume 6; = d;. It is obvious that the second integral has no contribution to the
Melnikov function. After some trivial calculations we can express the Melnikov Function as:

0H .
/ [—"——l + —(a:y zy) — 621,60 1dt (5.66)
which can be further simplified to give,
1 o2 [ '
M" = -AHy -6, I, A0+ 2 / (¢ dy — y da) (5.67)

We can show that,
AHy = Hy(o0) — Hi(-00) = 4f,I[cos2(6, + Af) — cos 26,]
T—q1

o0
/ (zdy—ydz) = -2  pdg
—co 91

m—q1
[hda = LA+l S
41
where
Aql = (71’ - 261),

S =

™ — 2tan”!(

/W—QI 1 d 1 [ a+1t .
i a—coszg L —— o1 tand]

Using these expressions, the Melnikov Function can be obtained as:

M = —4f,1, [cos2(6. + Af) — cos 26 + 26(A0 + Aqy) + 26(y1 + Iﬁ) S] (5.68)

105



0.8}
0.6}
0.4}
0.2}
. 0.8 .7 s - ’ - c2

Figure 5.11: The curve representing the simple zeroes of the Melnikov Function in the § — o5
parameter space.

In order to show the existence of an orbit homoclinic to p,, we first need to examine the parameter
values for which the Melnikov function has a simple zero. Substituting for 6, in (5.68) we notice
that M’ has a zero for:

P 1 - cos2A¥ (5.69)

V(1= cos20)2 + [2(A8 + Agy) + 28 (7, + £) — sin246)?

It can be verified that the above condition gives a simple zero of M. The curve representing the
simple zeroes of the Melnikov Function (Mr) is shown in Figure 5.11 in 6 — o, parameters space.
In addition, The following condition must be satisfied for the orbit in W*(p,) to return to the basin

of attraction of p:
Om < 0.+ A0+ mn < 4, (5.70)

where m is any integer, and 0., 0, 6, and A8 are given by (5.59), (5.64) and (5.57), respectively.
The two step calculation effectively determines the restrictions on the systems parameters for the
existence of.a homoclinic saddle focus.

If we fix , 71,72, 8 and o3 at 1.75, 0.25, 0.5, -1.0, and -0.61, respectively, then it is easily seen
from Figure 5.12 that the phase condition (given by Eq. 70) is satisfied for § < 0.585. The
corresponding critical value of § which leads to a simple zero of the Melnikov function is 0.5224,
and thus 6 = 0.5224 leads to the existence of a saddle focus or Silnikov type homoclinic orbit in
the perturbed system. It is interesting to note that a slightly smaller value of o, (= - 0.6) does not
lead to the Silnikov type phenomenon (Figure 5.13). In this case, the phase condition is satisfied
for § < 0.545, but the critical value of delta (= 0.5498) leading to a simple zero of M is outside
the domain.

This mechanism is fundamentally different from homoclinic tangency of a Poincare map (as
observed in the previous section) as a source of chaotic dynamics. The mere existence of Silnikov
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Figure 5.12: Graphical representation of the phase condition as given by Eq. 70. Various angle
coordinates 6;,6,, and (0. 4+ Af + ) are plotted as the parameter é is varied from 0.0 to 1.0. In
this figure, @, 1,72, 8 and o3 are fixed at 1.75, 0.25, 0.5, -1.0, and -0.61, respectively. The phase
condition is satisfied for § < 0.585.

:]

|

1.5'95\\ /
1

‘ 6. +AB+T

0.5

Figure 5.13: Same as figure before with the exception that the detuning parameter o, is set at -0.6.
In this case the phase condition is satisfied for § < 0.545.
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type of homoclinic orbit provides a very robust mechanism for the existence of global chaos in the
class of systems examined in this chapter. The chaotic behavior exists before, during, and after the
creation of a Silnikov orbit.

5.5 Interpretation of Results

In this section we make an attempt to interpret the results corresponding to the perturbation
variables z; and z; in terms of the response of the original system. We shall only discuss the
one-to-two resonance case, as the interpretations for the one-to-one resonance case are similar.
The amplitudes of the two fundamental modes (Q;(t) and Q;(t), respectively) of vibration of the
shallow arch structure are expressed as:

Qi(t) = 7(t) + € v2arcos (St +61) + O)
Q2(t) = € 2a2cos(%t+92) + O(e?)

where 7)(t) = 1o+ € (by cosvt) +O(e?). It is well known that the solutions of the averaged equations
(12) are related to the solutions of the original system (3), for sufficiently small values of . We
make the following comments in regard to the dynamics in a; and ay variables with the response
of the original system.

o The trivial solutions of (12) correspond to the single mode periodic motions (with base period
of 2Z) of the original system.

e The non-trivial equilibrium solutions of (12) correspond to the periodic response of the original
amplitudes. These additional non-trivial equilibrium solutions are the subharmonic periodic
solutions with period %}'— (which is twice the base period) for the first mode and periodic
solutions with period -8;,3 for the second mode.

e Similarly the periodic and quasi-periodic solutions of the averaged equations (12) correspond
to the almost-periodic motions of the original system. One recalls that the periodic solutions
of the averaged equations are over a slow time scale, thus the almost-periodic solutions of
the original nonautonomous system shall be in-the form of amplitude and phase modulated
motions. The resulting motions of the shallow arch are slowly modulated periodic motions
of frequency % which are superimposed on the basic periodic response of frequency v in the
first mode of vibration.

e Whenever the system parameters are such that the averaged system has chaotic motions,
it is expected that the original nonautonomous system will also undergo chaotic amplitude
modulated motions.

e The present approach though more realistic can not be applied to study the response of the
system near the harmonic excitation frequency because the coefficient b; becomes singular at
vV =uw. '

We have already described how the results corresponding to the averaged system relate to the
original system (3). Now we comment on the nature of motions that may appear in the shallow
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arch oscillations. In the remaining part of this section we consider the single mode periodic motions
(with period of 2—;5) to be the base state and solutions of the averaged system are superimposed
over this state. For one-to-two internal resonance case the physical interpretation of the possible
solutions is as follows:

o In the unperturbed phase space (see Figure 5.3 ), the elliptic type fixed points represent
coupled mode constant amplitude motions over the base state, and the phase variable corre-
sponding to both the modes varies slowly. The two types of elliptic fixed points, at (py,7)
and (p},0 or 27) respectively, have different amplitude and phase structure. In this phase
space the periodic orbits represent two types of coupled mode amplitude and phase modulated
motions, which are separated by a different class of dynamics associated with the separatrix
A (described next). '

e If the initial conditions are chosen on the heteroclinic orbit A, the motion starts off as am-
plitude and phase modulated coupled mode vibration, and remains in such state for a long
time (the initial conditions on heteroclinic connection A’ start as constant single mode con-
stant amplitude phase modulated periodic motions). But as the orbits (A or A’) approach
the saddle point, the motion becomes single mode constant amplitude vibration (in the first
mode). '

e When we introduce small perturbations (due to excitation and dissipation effects) in the
unperturbed system, first the amplitude and phase modulated motions appear and then
amplitudes of both modes diminish slowly due to the presence of dissipation effects (no
matter how small), and finally the motion settles down to the zero solution. This occurs for
all the initial conditions in the phase space in the absence of any resonant structure on the
invariant manifold M,.

e On introducing small forcing (with no dissipation) in the system, and if the initial point
is chosen near the unperturbed heteroclinic connection A (i.e., the separatrix), the motion
remains in the amplitude phase modulated coupled mode forever and never repeats itself.
The amplitude and the phase of both the modes vary chaotically due to random exchange of
energy between them. This occurs due to the presence of KAM tori in the perturbed system.

For one-to-one internal resonance case, a qualitatively different physical phenomena are observed
for the damped and forced system:

e For the corresponding unperturbed system (¢ = 0), if the trajectory is on the invariant
manifold M (given by Eq. 46) the motion occurs in the second mode only. In this motion
the amplitude is constant (since a; = 0 and ay = i = const.) and the phase variable # varies

slowly.

o When the flow is outside the invariant manifold M and z?+y? < 21 is satisfied, the trajectory
is either on the elliptic fixed points, periodic manifolds or the homoclinic manifold T. In such
a case the motions are similar to as described previously for the one-to-two resonance.

® In one-to-one case there exists a certain initial condition'(I,) on the hyperbolic manifold M
for which the motion occurring in the second mode has constant amplitude and constant
phase. The associated dynamics of the perturbed system has a very interesting structure on
M. in the presence of small perturbations arising from dissipative effects and excitation.
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e For the perturbed system (e # 0) we concentrate on the dynamics associated with trajectories
coming out of hyperbolic sink p. In this case (z = 0,y = 0) remains an invariant sub-space
even for the perturbed system. The initial conditions on M, which lie outside the domain of
attraction of p, lead the phase flow towards the stable trivial solution (which is an attracting
invariant set in the presence of positive dissipation), and the motion settles down to the base
state.

e But if the initial conditions lie within the domain of attraction of p., the motion starts off
as amplitude and phase modulated single mode vibration with slowly decreasing amplitude,
and eventually the resulting motion becomes a constant amplitude constant phase vibration
of the second mode.

e In the full four-dimensional phase space if the initial conditions are chosen near P, and close to
W*(p), and if the Melnikov Condition and the Phase Criterion are simultaneously satisfied,
the motion starts as a mixed mode amplitude and phase modulated vibrations, but soon the
trajectory approaches the annulus disc A, and the motions appear to be in almost one mode
(the second one) for a long time, and as it approaches p, the trajectory takes off again and
repeats the similar motion in the four-dimensional phase space, and it goes on forever.

e On the other hand if the Phase Criterion is not satisfied, all the motions die out slowly as
the trajectories move towards the trivial (zero) attracting set in M,.

It is easy to check that one-to-two internal resonance occurs for g = Ao = 5, and one-to-one
resonance takes place for go = Ao = /7. In both the cases the constant part of the response
(m0) has two nontrivial solutions under resonant conditions (obtained by solving Eq. 8), which
are 7y = +21/6 for 1:2 resonance, and 7y = 4++/6 for 1:1 resonance. One can show that in both
the cases the value of the loading parameter A\ is far from the critical values, and thus the arch
oscillates in only one position (either top or bottom), and the motions described in this chapter are
in the neighborhood of the non-trivial 7o values. The snap through buckling does not take place
as a result global bifurcations described in this chapter.

110




Chapter 6

DESIGN AND CONSTRUCTION
OF LABORATORY FACILITIES

6.1 Introduction

Analytical techniques, such as the method of averaging and the theory of normal forms discussed
in the previous chapters, provide a means of approximating the solutions of nonlinear and nonau-
tonomous dynamical systems. These approximate solutions are then used to predict the local
bifurcation behavior of the original system and estimate the nontrivial response in the post-critical
regions. Furthermore, as in Chapter 5, the reduced equations form the basis for studying more
complicated global bifurcations. While these techniques seem to provide engineers and scientists
with the ability to predict the behavior of many practical dynamical systems without the expense
and delay of complicated experiments, the accuracy of the approximations (as well as that of the
mechanical models) is not fully known. Before relying on the results of such modeling and reduc-
tion techniques in the analysis of complex systems, it is imperative to verify the local and global
predictions of simple (lower dimensional) dynamical systems through direct experimentation.

Experimental studies in nonlinear dynamics and chaotic motion of mechanical systems have been
performed by several researchers [18, 61, 62]. Moon and co-workers considered various experimental
methods to analyze elastic buckling dynamics [18], dry friction oscillators [61], superconducting
levitation dynamics and fluid-elastic vibrations in an elastic tube [69]. Planar nonlinear motions of
structural models with 2:1 internal resonance subjected to a harmonic base excitation were studied
experimentally by Haddow et al. [33] and, recently, by Nayfeh and co-workers [66, 9].

In the case of stochastic systems, however, nonlinear experimental studies are scarce. Most of
the investigations deal with linear stochastic models. Under this modeling restriction, the limits of
stability (in some sense) of the trivial solution can be determined. However, in order to predict the
post-critical (nontrivial) behavior, one needs to consider the full nonlinear problem. Some of the
earliest nonlinear random vibration tests were conducted by Lyon et al. [54] and Bogdanoff and
Citron [12]. Experimental results of Bogdanoff and Citron were used to substantiate the theoretical
results that an inverted pendulum can be stabilized in mean square by applying a stationary random
vertical base excitation with discrete power spectrum. Exploratory studies of liquid behavior in
randomly excited tanks were reported by Dalzell [19, 20]. However, due to the complex nature
of the model, no realistic comparisons with theory were possible. The work of Baxter and Evan-
Iwanowski [10] is another early experimental investigation in which a series of experiments were-
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conducted to measure the stochastic response of an elastic column excited by a random parametric
loading. In the early eighties, experimental studies on coupled nonlinear oscillators sub jected to a
random excitation were reported by Roberts [74]. |

Recently, some of these experiments on two-degree-of-freedom models with internal resonances
have been repeated by Ibrahim and co-workers [41, 42]. A survey article by Ibrahim [40] presents an
up-to-date literature review of experimental work in stochastic dynamics. Most of these experimen-
tal results were compared to those obtained analytically via the non-Gaussian closure technique.
This technique, however, was found to predict erroneous behavior for the system near bifurcation
points which are of primary interest in the determination of stability boundaries for dynamical
systems [40].

The goal of the final portion of this research is the design and construction of an experimental
rig. This rig will serve as a test bed for direct experimental verification of the validity of the results
obtained from the various approximation techniques employed in the analysis of nonlinear differ-
ential equations. The theoretical results will serve as a guideline for locating stability boundaries
and predicting post-critical behavior. The extent to which the theoretical and experimental results
match will provide an insight into the accuracy of the mathematical models and theoretical approx-
imations. The experiments will, in turn, guide the development and refinement of the analytical
techniques to incorporate any new phenomena observed.

6.2 Design of Shaft Test Rig

In Chapter 3, the partial differential equations of motion governing the longitudinal and transverse
vibrations (in the two principal directions) of a rotating shaft were derived. In the derivation,
it is assumed that the shaft is rotating at a constant rate Q and subjected to a time-dependent
compressive load given by P(t) = Py + pcosvt. In practical mechanical systems which rely on the
transmission of power via a rotating shaft, transverse vibrations are unwanted and may even prove
catastrophic. It is generally desired to operate in a parameter region in which the nonvibratory
state is stable. The lowest order vibratory modes are the most frequently encountered and exhibit
the largest amplitude oscillations. For this reason, it is imperative to be able to predict the onset
of these vibrations in terms of the pertinent system parameters.

Using a Galerkin approximation and assuming only the first mode (in each lateral direction) of
the rotating shaft to be excited, the partial differential equations of motion are reduced, in Chapter
3, to a set of ordinary differential equations. The stability of the trivial solution (the nonvibratory,
or rest, state) and local bifurcation behavior of the averaged equations are examined in Chapter
4. The stability boundaries for the trivial solution are mapped out in the p-v parameter space.
When the stability conditions for the trivial solution are violated, a stable nontrivial solution of
the averaged equations emerges.

The focus of this chapter is to describe the experimental set-up designed to verify the local
results obtained in Chapter 4. The test model is a brass shaft, rotating at a constant rate and
parametrically excited by a time-dependent axial load. The model and the experimental subsystems
are described in detail in this section. The goal of the investigations to be performed using this
rig is the experimental determination of the local stability boundaries, in terms of the excitation
amplitude p and frequency v, and a quantitative description of the post-critical nontrivial solutions.

- The test shaft is machined from hard naval brass (#464). The published material properties of
hard naval brass are shown in Table 6.1 along with the shaft characteristics of interest. A schematic '

112




Shaft property Characteristic value
Material 464 hard naval brass
Young’s modulus, F 15.9 x 10° psi
mass/unit length, u 7.92 x 10~ 1bs-s?/in*
yield strength, S, 60 ksi
length, L 25.1in.
diameter, d 0.25 in.

1** mode natural frequency, f, _ 50 Hz
buckling load, P, - 191 lby

max. allowable strain, &4, 2500 pin/in
max. allowable deflection, a,,q4 0.3 in

max. endpoint displacement, (Az)qz 0.018 in

" Table 6.1: Physical Characteristics of the Shaft

of the shaft assembly is shown in Figure 6.1. The shaft has a clamped length of L = 25.1 in. and
a diameter of d = 0.25 in.

As shown in Table 6.1, the critical static buckling load of the shaft is P, = 191 by and the
angular natural frequency is f, = 50 Hz. Assuming a safety factor of 1.5 (0nez = Oyieid/1.5), the
maximum allowable strain is €mq; = 2500p in./in. corresponding to a centerline deflection of 0.3
in.

The bearing assemblies are designed to closely approximate clamped-clamped boundary condi-
tions. With the use of super-precision bearings, the maximum angular deflection of the shaft at
the bearings is calculated to be 0.013 degrees. In practice, perfectly clamped or pinned boundary
conditions are difficult to achieve. To this end, the boundary conditions for a shaft rotating in a

bearing may be described by \
0 0
EI—a;% + c,,gg =0

where the factor cf, is included to describe a condition between a pinned boundary condition and a
clamped boundary condition. The coefficient cy, ranges from zero to infinity. If the shaft is perfectly
clamped, ¢ = oo. To satisfy the above condition, the slope 8y/8z must be identically zero. For
a pinned end, ¢z, = 0. Thus, as one would expect, the above condition requires 82y/0z2 = 0. The
value of ¢y, can be determined in such a way that an experimentally measured first mode natural
frequency is equal to the theoretical value for such boundary conditions. This implies an altered
mode shape which must be obtained theoretically using the above boundary condition with the
appropriate value of c. However, the form of the temporal equations which describe the motion
of the rotating shaft remain unchanged.

The detail of the motor-end bearing assembly is shown in Figure 6.2. The brass shaft is held
in the motor-end bearing hub using a slit clamp, two bolts and four set screws. The large steel
bearing blocks and large thrust bearing take the full load transmitted by the shaft. the bearing
hub has eight port holes tapped through to allow for passage of strain gage leads from the shaft
to the slip ring which is mounted on the bearing hub. The bearing hub is then passed through a
radial bearing and coupled to the fiywheel and motor. '
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Figure 6.1: Schematic of shaft assembly
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Figure 6.2: Detail of the motor-end bearing assembly

The detail of the shaker-end bearing assembly is shown in Figure 6.3.  The bearing hub
is mounted in two bearings, one of which is a thrust bearing used to provide increased axial
rigidity. Three 0.375 in. linear-rotary bearings are mounted inside the bearing hub to allow for axial
movement of the shaft. The hardened stainless steel sleeves on which the linear-rotary bearings act
are attached to the shaft using a shrink fit. The sleeves act as inner races for the ball bearings and
also increase the stiffness of the shaft through the bearings. The major subsystems are described
in detail below. Photographs of the existing setup and the excitation system are displayed in
Figures 6.9 and 6.10 at the end of this chapter.

Loading/Excitation System

The axial load (static plus dynamic) is monitored by a Cooper Instruments LFS-230-200 shear
beam load cell mounted to the lower end of the shaft as shown in Figure 6.3. This device has a
200 Ibs capacity (for tension or compression) and is connected to a Cooper Instruments model 460
Bridgesensor signal conditioning module with a cutoff frequency of 2000 Hz. The gain range for
the 460 signal conditioner is 40-250. The bridge excitation is set to 9.5 Vdc and the amplifier gain
to approximately 221. These values are chosen to obtain a high resolution signal from the analyzer.
The raw output (“Load cell output”) for a bridge excitation of 9.50 Vdc is 0.095 mV/lbs. The load
cell was mounted as close to the test shaft as possible to obtain the most accurate measurement of
the actual static load. The calibration curve obtained for this load cell is shown in Figure 6.4. This
data was obtained for both increasing and decreasing loads. No hysteresis effects were observed.
The static load is supplied by a double-acting Bimba air cylinder pressurized from a 125 psig
capacity air tank. The cylinder has a power factor of 2.4, i.e. the maximum force exerted is 2.4
times the air line pressure. Thus, to achieve a 200 Ibs axial load, the line must be pressurized to
83.33 psig. The stroke length (7 in.) and bore diameter (1.75 in.) were selected using the ideal gas
law to maintain pressure (i.e. applied static load) within acceptable limits as the end point of the
shaft and, correspondingly, the piston head are displaced. The cylinder acts directly on the load.
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Figure 6.4: Load cell calibration curve for a bridge excitation of 9.5 Vdc
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cell which transmits this load to the shaft through a small thrust bearing.

The time-dependent component of the axial load is provided by a Briiel & Kjeer model # 4801T
Exciter Body with a Briiel & Kjar model # 4812 Exciter Head. This shaker acts directly on the
shaft of the air cylinder. Originally, it was desired to use the shaker to generate both static and
dynamic forces simultaneously. The Briiel & Kjer 4801T /4812 is capable of generating a 30 lby
static load as well as a superimposed oscillating load. However, the DC current required to generate
such an offset may, over a short period of time, cause the shaker to overheat. For this reason, the
air cylinder described above was chosen to supply the static load.

The shaker is powered from a Briiel & Kjar # 2707 low distortion power amplifier. The
frequency range of the amplifier is 40 Hz to 10 kHz at full capacity (220 VA) and DC to 100 kHz at
reduced capacity. This shaker/amplifier system is capable of a 100 1b 7 peak sine excitation. The
excitation amplitude required for the current tests, however, is well below this limit. _

The 2707 amplifier may be set for High or Low output impedance, corresponding to constant
drive current or constant drive voltage, respectively. The Highimpedance mode keeps the generated
force unchanged when changes occur in the test object. This mode is particularly useful when
monitoring force input rather than displacement. The Low impedance mode keeps the voltage
applied to the exciter independent of changes in the test object, i.e. this regulates displacement of
the exciter head. In the present investigation, the shaker operates in the High impedance mode
since the force generated by this system is of primary importance.

Motor/Drive/Controller

The test shaft, auxiliary shaft, bearing system and flywheel are rotated by a Toshiba SMR-1-200
DC brushless servo motor/drive. The rated operating speed of this motor/drive system is 3000
rpm, the maximum is 4000 rpm. Quoted speed regulation of this system is “0.2% or better”. The
drive is controlled by a Motion Plus EDC 100 Encoder Digital Controller. The EDC 100 is a
servo controller which allows full programming or direct operator control. The controller display
screen also provides instantaneous position/velocity monitoring as well as error measurements. The
rotation rate is also monitored by a tachometer consisting of a Pepperl+Fuchs inductive proximity
probe sensing a 5-tooth gear mounted on the auxiliary shaft.

The motor shaft is connected to the motor-end bearing hub through a Gerwah #DK45/47
miniature metal bellows coupler. This coupler allows for both angular (+ 1.2 degrees) and axial
(0.2 mm) misalignment. Directly below this coupler is a 6 in. diameter (1 in. thick) carbon steel
flywheel used to regulate the rotation speed in the presence of any perturbations.

In order to eliminate torque in the test shaft, a timing belt/pulley system is employed. This
system is depicted in Figure 6.1. The upper timing belt connects the motor-end hub to a 3/4
in. diameter steel shaft mounted parallel to the test shaft. The lower timing belt connects this
auxiliary shaft to the shaker-end hub. The auxiliary shaft and timing belts are used to synchronize
the rotation rate of the shaker end bearing hub with that of the motor-end hub in order to minimize
torque in the experimental model. Therefore, the shaft will experience only axial movement with
respect to the linear-rotary bearings, insuring that they do not bind. To include the effects of
torque (due to bearing friction), the timing belts may be removed.
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Figure 6.5: Axial view of the brass shaft showing strain gage configuration and the Wheatstone
bridge corresponding to one pair of gages. B

"Lateral Displacement Measurements

The goal of the experiments is to measure the lateral displacement of the centerline of the brass
test shaft. This quantity is measured indirectly through the strain. This is accomplished using
four strain gages mounted directly on the test shaft. The gages are arranged in two half-bridge
configurations as shown in Figure 6.5. Each pair (A or B) of gages constitutes two arms of the
Wheatstone bridge. In this situation, there are two active gages with equal and opposite strains.
Since the magnitudes of these signals are summed, this configuration provides a higher signal-to-
noise ratio than the quarter bridge configuration.

The gages used are Measurements Group constantan foil gages with a gage factor of F = 2.05.
The gage factor of a piezoelectric material is defined as

_ AR/Rq
~ AL/Lo

where AR/Ro is the change in resistance divided by the initial resistance of the gage (Ro = 350
Q, in this case), AL/ Ly is the change in length divided by the initial length, i.e. strain, in the test
object. In Figure 6.5, V' represents the bridge excitation voltage, V;, the output voltage and ¢, the
strain. These quantities are related through the gage factor by
Vo _ Fe -3
_VT = ? X 10
where Vp is measured in milliVolts, V in Volts and € in microstrain (uin./in.).

Each pair of gages (A or B) is connected to a Measurements Group 2311 Signal Conditioning
Amplifier. The signals are passed from the rotating to the stationary frame through a Fabricast
8-ring slip ring assembly. As stated, two gages make up two arms of the Wheatstone bridge. The
remaining two arms are internal to the amplifier. The amplifier provides the bridge excitation V
and filters and amplifies the incoming signal Vj.

Signal Analysis and Data Reduction

The signals obtained from the load cell, the tachometer proximity probe and the two strain gage
amplifiers are fed into the four input channels of a Tektronix 2630 Fourier Analyzer run from a
Gateway 486 PC. The analyzer implements the following standard data analysis functions:

e time domain waveform and orbit (x-y) plots
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Channel Signal
1 strain gage: bridge A
strain gage: bridge B
load cell
tachometer

oW N

Table 6.2: Data acquisition channel designation

e averaged and instantaneous power spectrum

e averaged and instantaneoizs auto- and cross-correlation

e impulse response function, transfer (frequency response) function and FFT
e real, imaginary, magnitude, phase and Nyquist displays

The analyzer also contains a signal generator which is used to give the Briiel & Kjeer shaker/amplifier
system the oscillatory signal which is translated into the time-dependent portion of the axial load.
Both input and output channels process data at frequency ranges from DC to 5 Hz up to DC to
20 kHz.

The data assigned to each of the four input channels is given in Table 6.2. For reference, the
strain gages are labeled (A or B) on the shaft according to the Wheatstone bridge, i.e. the 2311
amplifier, to which they are connected. Channels 1, 2 and 4 are AC coupled to filter out any DC
offset since only dynamic signals are of interest in these measurements. Channel 3 monitors the
axial load which contains both static and dynamic components. Hence, channel 3 is DC coupled
to allow the DC component of the signal (the static load) to pass through the analog-to-digital
converters.

Experimental Procedure

For the first set of experiments, the cross section of the test shaft used is symmetric (to within
machining tolerances). An additional unsymmetric shaft has been machined for use in future
tests. The first step in the experimental procedure is to determine an appropriate rotation rate
Q and static load Fy. Figure 6.6 shows the primary stable and restabilized regions described in
Chapter 4 for a symmetric shaft in the absence of parametric excitation (and dissipation). The
parameter region in which the experiments are to be conducted is the primary stable region since
the mathematical model is no longer valid outside this region, i.e. beyond the buckling limit which
separates the regions. Moreover, the static load and rotation rate are chosen such that the shaft
is near the buckling limit. By choosing Q and Py near this boundary, the stiffness of the shaft is
effectively reduced.

Figure 6.7 shows a typical stability boundary for the case of additive combination resonance
taken from Chapter 4. In this figure, @ = 132.22 rad/sec and P, = 162.35 Ibs. The predicted
boundary provides a guide for locating the actual (experimental) stability boundary. For a given
amplitude of parametric excitation p, the frequency of excitation is gradually increased from some
initial value v4 until a change (a nonzero RMS value) is noticed in the steady state measurement
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Figure 6.8: Hysteresis loop in the lateral vibration response.

of the strain. A qualitative description of the expected response amplitude a is given in Figure
6.8. The inferred shape of this curve is derived from experimental results on models described by
similar equations of motion. As v is increased, the frequency vg at which this nontrivial solution
first exists marks the lower (frequency) bound of the stability boundary for that value of y. As v is
increased beyond this point, the RMS amplitude will continue to grow. At some point, denoted by
vp, the amplitude drops back down to zero. This occurs at a value of v which is greater than that
corresponding to the higher (frequency) bound of the stability boundary for that particular value of
p. If the frequency is increased beyond this point, the trivial solution remains stable until another
such resonance band is encountered. The next resonance for the symmetric shaft corresponds to
excitation of the second mode. The dynamics of this mode will not be considered in the current
investigation. If this process is started from the point vz a nontrivial solution first begins to appear
near the higher (frequency) bound of the stability boundary for the same p. This point is denoted
by vc. This increase, however, is not a smooth transition as is seen when the path is traversed in
the original direction. In this case, a jump occurs at vs. The resulting RMS amplitude at point C
is the same as when the path is traversed with increasing frequency. As the frequency is decreased
further, the amplitude of oscillation dies down smoothly to zero.

The average and RMS value of any channel may be obtained at any time during the experiments.
However, in the actual data analysis, frames of instantaneous temporal and spectral data are saved
to a data file and reduced via post processing in Matlab. The RMS values of the time series obtained
from channels 1 and 2 (the strain gage measurements) will be used to determine the stability of
the trivial solution, approximate the location of the stability boundaries and record the growth of
the nontrivial solutions. Any effects of hysteresis will also be noted.

6.3 Nonstandard Analysis of Experimental Data

Fourier and spectral analysis is indeed the most frequently applied technique for understanding
experimental data. Such analysis is useful for obtaining the frequency components and power
distribution as a function of frequency. For a given periodic or nonperiodic signal f(¢), one can
define a frequency spectrum F(w) as the Fourier transform of f(t). Most modern spectral analysis:
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utilizes the discrete version of the above equation with an efficient algorithm called the Fast Fourier
Transform (FFT). The book by Bendat and Piersol [11] on random data analysis and measurement

procedures gives a detailed discussion on these and various other data processing techniques.

While such standard techniques provide useful information regarding frequency content and
power distribution, some information is generally lost or averaged out. As the system response
becomes more complicated, more information is lost. Thus, in order to gain a more detailed
description of the nonlinear dynamics, it is imperative to utilize nonstandard time series analysis.
Wavelet transforms, Lyapunov exponents, fractal dimensions and probability density functions are
important examples of such techniques.

Wavelet Transforms

The ability to extract useful information from a time series often depends on the representation used
to examine this data. Wavelet transformation provides an easily interpretable visual representation.
The most often used methods of power spectral densities and Fourier transforms are essential tools
for data analysis in many fields. However, these are poor choices when knowledge of spectral
change over time is desired. The coefficients produced via the Fourier transform reflect the aggregate
frequency content over the entire signal but say nothing about how the spectrum evolves with time.
One way around this difficulty is to split the signal into segments to be analyzed separately. This
is the basis for the procedure known as the windowed Fourier transform (WFT) which computes,

for a given function f(z),
[o o]

G(w,u) =/ e f(2)g(z — u)dz

00

where G(w, u) measures the frequency w around the time point « and g(z — ) is a fixed window
function. A common choice for g is a Gaussian window but many other window functions may be
used. In this method, one simply takes a Fourier transform of small pieces of the signal obtaining
a set of spectra corresponding to different regions of time. However, as these windows of data grow
smaller and smaller (yielding better resolution in time), the uncertainty principle dictates a loss of
information about the frequency content in each region. Therefore, based on the type of information
desired, a choice must be made to either transform short segments in order to understand time
behavior at the expense of spectral resolution or deal with long segments of data to resolve the
spectrum well, but lose the ability to pinpoint events in time. Thus, in the WFT method, the
trade-off between time and frequency resolution is unavoidable.

For many applications, information is needed on a variety of scales. There may not be a single
transform length which suitably illustrates small scale characteristics while yielding meaningful
large scale data. In such cases, computationally expensive multiple transforms using different
lengths may be performed. However, an inexpensive transformation which changes its resolution
on different intervals, perhaps using large sections of data to clearly understand certain frequency
ranges and small segments to nail down the time behavior where spectral accuracy is not that
important, is needed. This is the basic idea behind wavelet transforms.

A wavelet is a function h which decays rapidly outside an interval in both time and frequency
domains. This can be considered as the admissibility condition and is given explicitly by Morlet et

al. [63] as A
cp = / ——'h(w)ldw < 00
0 w
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where £ is the Fourier transform of h. This condition forces the frequency response to decay to zero
at both zero and infinity, restricting the wavelet function to a class of band-pass filters. A detailed
discussion on the type of functions satisfying this and other conditions is given by Daubechies [21].
The wavelet transform is thus a projection of a signal onto a set of functions which are translations
and dilations of a given wavelet h. This transform was proposed by Morlet as a transformation of
a function f(z) at scale a and location b as

z-—b

w(a,b)z_%/::h( : )f(x)dx

It is clear from these definitions that both the WFT and wavelet transforms are scalar products of
f(z) with '

Junu(z) = e'i‘”’”g(m —u) and hgp(z) - |a|‘1/-2h (z ; b)

respectively. These scalar products analyze the function f in a neighborhood of a time-frequency
point. However, the frequency analysis performed by the wavelet transform is quite different from
the WFT. The wavelet transform has a selected analyzing waveform modified by a given envelope
and defined to have a fixed number of oscillations inside this envelope. The width of the envelope
and the frequency scale work together as the frequency is increased to hold the number of oscillations
constant. This property gives good resolution in the frequency domain and good localization in the
time domain. Furthermore, the nonstationarity of the signal becomes less significant in the wavelet
analysis since it does not depend on the long time behavior of the signal. This method also proves
to be an important tool for analyzing the transient behavior of any dynamical system.

Lyapunov Exponent and Fractal Dimension

The Lyapunov exponent for a stochastic system is the analog of the real part of the eigenvalue in the
deterministic case. It is a measure of the exponential divergence of nearby orbits in phase space and
is, therefore, a characterization of the stability of the system. Lyapunov exponents thus provide a
qualitative, as well as quantitative,description of the behavior of dynamical systems. In the context
of deterministic systems, the Lyapunov exponent provides a measure of the system’s sensitivity to
variations in the initial conditions. Thus, any system possessing at least one positive Lyapunov
exponent is defined to be chaotic. The computation of the spectrum of Lyapunov exponents when
only a time series is available is difficult. Wolf et al. [90] present general algorithms which yield
approximate values of the non-negative Lyapunov exponents for a time series.

There are several measures of the dimension of a set of points. The four most useful definitions
for time series analysis will be discussed in this section. For detailed discussions on these measures,
refer to Farmer [24] and the recent books by Moon [60] and Rasband [73].

Let A be the set of points of interest and assume that A is a bounded subset of R™. Let N (e)
denote the minimum number of n-dimensional cubes of side € needed to cover A. Then one can
define the Hausdorff or capacity dimension of the set A as

which depends on the metric properties of space only.
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The information dimension depends on the frequency at which each cell is visited by the map or,
for the continuous flows, the fraction of time spent in each cell. In order to calculate the information
dimension one counts the number of points N; in each of the N cells and the probability P; of finding
a point in the i** cell where P; = N;/Np with 3" P; = 1 where Ny is the total number of points in
set A. The information dimension is defined by the expression

( N(e)
where I(e) = )_ PIn(1/P)
k=1

dr = l% Inf1/e]

The correlation dimension is defined as

N
orr = iy S9N where ()= Jim & S H(e ;- )
Jk=1(i#k)

and represents the number of pairwise correlations in an & neighborhood about points on an at-
tracting set A. In the above definition, H(-) is the Heaviside function, H(a) = 1if o > 0, H(a) =0
if @ <0 and || z; — z || denotes some convenient norm for the distance between z; and zj.

For an n-dimensional phase space, the Lyapunov exponents can be ordered as )p, - - -, An. Note
that the sum of Lyapunov exponents is the average convergence which, for a dissipative system,
must always be negative. The Lyapunov dimension is then

Z_Iic= 1 A.7

[Aks]

where k labels the last A; for which A\; +---+ A > 0. If A\; < 0, then define d;, = 0 and if k = m,
define dy, = m. This definition is suggested by Kaplan and Yorke [44].

For dissipative dynamical systems exhibiting strange attractors, the fractal dimension defined
through the various definitions above provides a good measure of the strangeness of the attractor.
It is important to note that the fractal dimension D is always smaller than the dimension of the
dynamical system F'. One can choose the type of measure used to characterize the chaotic time series
depending on the nature of the dynamical system. For example, it has been shown by Grassberger
and Procaccia [31] that the calculation of the capacity dimension is exceedingly hard and, in fact,
impractical for systems of dimension greater than 2. The correlation dimension appears to be the
easiest and most useful measure of the fractal dimension. In addition, the correlation dimension
allows one to distinguish between deterministic chaos and random noise.

dp =k+

Probability Distribution

Calculation of the probability distribution and density functions are important in both stochastic
and chaotic dynamic experiments. In these experiments, the distribution of a signal is obtained
by determining the length of the time intervals (At;) the signal record z(t) spent above a specified
level, say a. The cumulative probability distribution is estimated by using the relation

P{z(t) > o} = %Em

where T is the whole sample interval. In a two dimensional phase-space, one can determine the
same by partitioning the phase-space into cells and counting the number of time-sampled points
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Figure 6.10: Close-up of excitation system.
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Chapter 7

CONCLUSIONS

The motivation for this research was the determination and prediction of steady-state motions of
practical dynamical systems and their corresponding stability. Of primary interest was the stability
and bifurcation behavior of gyroscopic mechanical systems. The specific objectives for this research
were as follows:

e develop analytical techniques to yield the almost-sure and moment stability of two- and four-
dimensional linear systems parametrically excited by noise;

e investigate the local and global bifurcation behavior of deterministic nonlinear gyroscopic
systems subject to periodic parametric excitation with application to rotordynamics;

e develop laboratory facilities in order to verify the local stability results through direct exper-
imentation.

The results obtained from this research provide valuable insight into the mechanisms which cause in-
stability and give rise to more complicated behavior. Moreover, it is hoped that the analytical tech-
niques developed will have an important impact on the design of advanced mechanical/structural
components and system reliability.

The first portion of this research dealt with the determination of the effect of adding para-
metric noise to linear mechanical systems for which the corresponding deterministic system is
stable. In Chapter 2, an asymptotic expansion for the maximal Lyapunov exponent, the exponen-
tial growth rate of solutions to a linear stochastic system, and the rotation numbers for a general
four-dimensional dynamical system driven by a small intensity real noise process were constructed.
The almost-sure asymptotic stability boundaries, defined as the point at which the maximal Lya-
punov exponent becomes zero can be obtained provided the infinitesimal generator associated with
the noise process has an isolated simple zero eigenvalue. This assumption was made to make the
solution tractable. In the absence of noise and dissipation, the system under consideration in Chap-
ter 2 is critical and possesses two pairs of purely imaginary eigenvalues with non-commensurable
frequencies. By imposing certain restrictive conditions on the manner in which the stochastic terms
enter the system, the method of stochastic averaging may be applied to determine the top Lyapunov
exponent. However, in certain important physical examples (such as the problem of flow-induced
oscillations discussed in Chapter 2), these conditions are unrealistic. The advantage of the current
method over the method of stochastic averaging is the applicability of the perturbation approach
to problems without imposing any conditions on the form of the stochastic terms. The results ob-
tained have a wide range of applications. Specifically, the perturbative technique developed in this
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chapter was applied to study the lateral vibration instability in rotating shafts subject to stochastic
axial loads and stationary shafts in cross flow with randomly varying flow velocity.

Sample or almost-sure stability of a stationary solution of a random dynamical system is of
importance in the context of dynamical systems theory since it guarantees all samples except for
a set of measure zero tend to the stationary solution as time goes to infinity. However, from the
applications viewpoint, one may not be satisfied with such guarantees since a sample stable process
may still exceed some threshold values or may possess a slow rate of decay. Although sample
solutions may be stable with probability one, the mean square response of the system for the same
parameter values may grow exponentially. For this reason, it is wise to also consider the behavior
of the moments of the response over time. To this end, an asymptotic expansion for the moment
Lyapunov exponent is being derived by the Nonlinear Systems Group at the University of Illinois.
In the process of calculating the moment Lyapunov exponent, the maximal Lyapunov exponent,
and thus the almost-sure stability, will also be computed. The moment Lyapunov exponent, based
solely on the linear operator, provides insight into the response of the full nonlinear equations of
motion. [t provides the parameter value necessary to attain a normalizable density function for
the nonlinear response and parameter values at which this density function undergoes qualitative
changes.

The second portion of this research studies the bifurcation behavior of nonlinear gyroscopic
systems. Throughout this work, it is assumed that the dissipation, imperfections and amplitudes
of parametric excitations are small. In this way, it is possible to treat these problems as weakly
Hamiltonian systems. Most of the analysis presented here was based on the recent work of perturbed
Hamiltonian systems.

Although the local and global results presented in Chapters 4 and 5 have a wide range of appli-
cations, the motivating problems throughout this phase of the research have been the investigation
of the dynamics and stability of the rotating shaft and structural arch subject to a periodic para-
metric excitation. Shaft is a fundamental component in many mechanical and power generating
systems. The parametric excitations in this system arise due to the action of adjacent components
on the rotating shaft. These inputs are included as time-dependent parameters in the equations of
motion of the component under investigation and may lead to large amplitude vibrations or chaotic
motion. In the second problem we examine the dynamics associated with the 2-DOF shallow arch
system near the principal subharmonic frequency (v = 2w;), in addition to the presence of inter-
nal resonances. Here we take a more realistic approach owing to the observation that the forced
system (3) allows single mode time dependent (periodic) solutions (7(t),0) in the presence of ex-
ternal excitation. In Chapter 3, the partial differential equations of motion of a rotating shaft were
derived. These equations describe the longitudinal as well as lateral motions (in the two principal
directions) of the shaft. The equation governing the longitudinal motion decouples from the rest.
Assuming only the first mode of vibration to be excited in each of the lateral directions, the partial
differential equations were reduced to ordinary differential equations via a Galerkin approximation.
The parameter range under consideration must be restricted such that the shaft is not allowed to
buckle. Once the shaft buckles, the governing equations are no longer valid.

In Chapter 4, the method of averaging was applied to yield a set of autonomous differential
equations of motion governing the transverse vibrations of the shaft. These equations were then
employed to examine the local bifurcation behavior of the shaft in the presence of all possible
parametric resonance conditions that can exist in the first order averaged equations. The limits of
stability for the trivial (non-oscillatory) solution of the averaged equations were determined in terms
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of the excitation amplitude y and frequency v. The natural frequency of vibration in each direction
is denoted by w,, r = 1,2. In the nonresonant case, as well as the difference combination resonance
case (i.e. for v near |w; —ws|), the nontrivial solution remains stable for all values of x and v in the
parameter range of interest. It was shown that in the case of subharmonic parametric resonance (v
near 2w, ), the trivial solution loses stability through divergence. Beyond the bifurcation point, the
averaged set of equations exhibits a nonzero fixed point for each v (or p). Since fixed points of the
averaged equations correspond to periodic orbits in the original system, this indicates that once
the trivial solution loses stability, the shaft will begin to oscillate in the r** mode (with period w,.).
In the presence of additive combination resonance (v near w; + wy), depending on the excitation
frequency, it was shown that the trivial solution may lose stability through divergence or flutter.
.The subsequent nontrivial response for each case was also described. In the case of combination
resonance in the absence of dissipation, the system at criticality possesses two coincident pairs of
purely imaginary eigenvalues. The linear system is in nonsemisimple 1:1 internal resonance and
the trivial solution loses stability through a Hamiltonian Hopf bifurcation.

The specific goal of Chapter 5 was to determine the effects of non-Hamiltonian perturbations on
the global behavior of otherwise Hamiltonian dynamical systems. The non-Hamiltonian terms in
this analysis appear at the linear level only. In Chapter 5, the conditions on system parameters are
explored for which the shallow arch system can exhibit chaotic dynamics under small perturbations
arising due to dissipation and external excitation effects. In the first case it is shown that the aver-
aged system corresponding to the nonlinear variational equations can have heteroclinic connections
for certain values of system parameters in the absence of any perturbations. For one-to-two reso-
nant case higher dimensional Melnikov’s Method is used to show that one of the heteroclinic orbits
may break under small time periodic excitations. Under these conditions the averaged system may
have Smale Horseshoe type chaos whenever the system parameters o and pyq lie inside the domain
I and I1. Using a standard theorem these results can be extended for the original system. It must
be noted that the existence of a simple zero of the Melnikov Function only provides the necessary
condition for the chaotic conditions to occur. The applicability of this method is restricted in this
class of problems in the sense that one can not examine the effect of perturbations arising from the
dissipation effects. In this case, the presence of even very small dissipation leads to destroy any
attracting invariant sets on the perturbed manifold M, and the phase flow escapes by crossing the
lower boundary, and the shallow arch system finally settles down to the periodic behavior as t — oco.
The numerical simulations were also performed to confirm the predictions made in the analysis and
to further explore the effect of small perturbations on the periodic and heteroclinic orbits. These
simulations reveal very exciting details of the underlying structure of the quasi-periodic orbits and
chaotic regions in the perturbed system.

In the second part of this Chapter 5, we have used a perturbation technique due to [48] to study
the shallow arch dynamics near one-to-one internal resonance. Using this technique the effect of
small perturbations arising from periodic excitations and dissipative forces are examined on the
averaged system, and the explicit restrictions on system parameters are obtained which may lead to
the existence of a Silnikov type homoclinic orbit to a saddle-focus type fixed point in the perturbed
system, and consequently the complex dynamics is resulted. This mechanism provides a more
restrictive criterion for the existence of chaotic dynamics in the presence of small dissipation and
small periodic excitation effects. The results of this analysis are also interpreted in terms of the
oscillations of the shallow arch system.




The final phase of this research was the design and construction of a test rig dedicated to the
verification of the analytical techniques developed in this research through direct experimentation.
Chapter 6 describes the laboratory facilities that have been developed. The theoretical results
will serve as a guideline for locating stability boundaries and predicting post-critical behavior.
The extent to which the theoretical and experimental results match will provide an insight into
the accuracy of the mathematical models and theoretical approximations. The experiments will,
in turn, guide the development and refinement of the theories developed to incorporate any new
phenomena observed.
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