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INTRODUCTION

The problem we are concerned with in this report is developing a reliable and fast
algorithm for continuous smoothing of piecewise linear (or piecewise constant) data defined over
uniform or nonuniform meshes. The theory behind what we will do is covered in Reference 1.
Here, we are concerned with actual computation. Often, large amounts of empirical data are
obtained over uniform meshes and the smoothing is carried out over these same meshes. This
case is the simplest one to consider, because we need not do any interpolation; but even in this
simplest of cases, we must guard against algorithmic inefficiency when dealing with large amounts
of data consisting of perhaps tens of thousands of points. The linear time property of an
algorithm is therefore quite important in such cases and enables us to compute in seconds what
might take hours otherwise. The situation becomes somewhat more complicated when the data
is nonuniformly spaced and/or when we wish to evaluate the smoothed function over some other
mesh. We use continuous positive kernel smoothing here, because of its shape (monotonicity)
preserving properties and the ease with which we may interpolate functional and derivative
values.

SMOOTHING BY REPEATED AVERAGING

In this section, we derive the smoothing formulas which will subsequently be applied.
These formulas are discussed in Reference 1, but we include their derivation here for the sake of
convenience. Consider the following smoothing operator S:

N _L x+h
Sf) = o f Ro)dt

x-h

S operating on function f at point x is simply the average value of f over an interval of length 2k
with x as the center of the interval. The parameter 4 is called the window parameter. This
integral operator can also be written in kernel form as:

Sfx)= f foK(e-x)dt

1.

o i |t|<h
K()=1{2h

0 if |t]zh

Applying S a second time gives us

x-h

1 px+h
szﬂx)=ﬁ f Sfn)dt

_ 1 x+h ft+h
= o L W Ru)dudt




Changing the order of integration in this double integral gives us

1 x u+
Szﬂx): (2h)2'l;‘“2" L—h’ﬁu)dtdu

(211)2 f : * f:::ﬂu)dtdu

1
@hy*

+

L ’;h Ru)(u+2h-x)du

il e

Writing this integral in kernel form, we have
S%0)= [ " Ru)K-x)du

((2h+u)
@hy

if ~2h<u<0

Kw)=<{ Qh-u) if 0<u<2h
(2hy

0 if |u|22h

Note that the discontinuous kernel corresponding to S and the continuous kernel corresponding
to §? are both nonnegative or essentially positive everywhere. Although we will not prove it here,
successive applications of § result in a sequence of increasingly smoother and wider B-spline
kernels of unit area. The width of the kernel corresponding to S* is 2kh. We now leave the
subject of kernel form and proceed with the forms we actually use for computation.

Define the following set of integrals recursively:
L(®=£x)
L= [* 10t
where a is an arbitrary value in the domain of definition of f. Of course, the derivative of any

member of this sequence is simply the preceding member of the sequence. This will make taking
derivatives a trivial operation.



As before, applying S to f once, we have

_ 1 prx+h
)= e

- ([ roa- [

=2—1h(1,(x+h) “L(x-h)

Applying S a second time and noting that § is a linear operator, we have

Sflx)= 2—1}1(s11(x+h) ~SI(x-h))

- (2;)2( f x;hll(t+h)dt— L :"Il(t-h)dt)

=E_2_1’;)_5 ( [:+2h[l(t)dt— L T”Il(t)dt)

=(7}55(12(x+2h) —20,(0) +L(x-2h))

Applying S a third time, we have

1

S %)=
) oy

(SI(x+2h)-2SL,(x) +SL(x-2h))

X+

- a2 o [ e 2nl

=("2':I)'3<13(x+3h) ~L(e+h) =200 (e +h) - (e-h)) + L (x-h) ~L(x~3h))
1
=y (3 3Ly 31y h) -1y x-3h)

We can then derive the formula for the fourth smooth or, noting the appearance of the binomial
coefficients with alternating signs, we can simply write down the result of applying S a fourth
time:

SR = —— (1, (x+4h) ~4I, (x+2h) +61,(x) -4 (x-2h) +1 (x~4h))

2hy*




Also note that if we seek the derivative of this fourfold smoothed function, we simply reduce the
indices of the I's by unity and get

%S‘ff(x)= ;4(13(x+4h) ~41(x+2h)+6L,(x) -4L,(x-2h) +I,(x~4h))

(2h)

These ideas are elaborated upon in Reference 1.

COMPUTING THE INTEGRALS

We start with a continuous piecewise linear interpolation of the data.

fx)= y,*%—i—f(x—x,) (r<x<x,)
For I, we have |
1= fx:ﬂt)dt= fx:‘j(t)dn fx :‘ f(hdt
=Le)+ [ jyﬁ%—i—:(t—xi)dt

Ay.
=I(x) +<x—x,.)y,-+-;-(x—x,-)zz-y—'

1
I(x;.)=1i(x) +yiAxi+5AxiAyi

1
=11(xi)+§Axi(yi *Yi1)



For I,, we have

L= fx:II(t)dt= f: Lods+[ "1ods
3 Ay,
=5,x) +L‘ L (x) +(t-x)y, %(t_x‘)zi%:dt

L)) )+ Le-x )y + La-nyp 2
LR () (e x )y (o) ax

1 1
Lx,,.) = L(x)+1I (x‘)Ax,+2yiAx +3AyiAx

1.1
= Z(x() +Il (xg) Axi + Ax,z(gy‘ + gyi*l)

For I, we have

L(®)= f;lz(t)dt= fx:‘lz(t)dh fx :Iz(t)dt
x 1 1 A}’ i
=L(x)+ fx , Iz(x,.)+(t—x!.)11(xi)+5(t—xi)2y‘.+g(t-xi)3—A—xidt

1 1 1 Ay,
a +(x-x,.)12(x,.)+5(x_xi)2, o) rglx "‘i)syi+§(x—x.-)4A_&

2, 1 1

L(x,.)= Lx) +L(x)Ax+~ Il(x)Ax VA%, +24Ay,.Ax3

1
=I(x) +L(x)Ax,+— I (x; )Ax +Ax; (gy, 24ym]

This is as far in the sequence of I's as we will go in this report. The previous set of formulas
gives us two things. The first thing is the recursion relationships we must use to compute the
nodal values of the first three integrals. The second thing is the formulas for interpolating the
integrals at arbitrary points. The nodal integral values are essentially computed only once and
the amount of work involved is obviously proportional to the amount of data present. The
interpolations may obviously be done in constant time, once the intervals of the various
arguments have been located. Since, in the evaluation of the smoothed function, we march
through the data only once as we locate the intervals of points in the desired mesh, this
component of the algorithm will also be done in linear time. The amount of work done to
evaluate the smooth approximation will therefore be k,n+k,m arithmetic operations, where nis
the amount of data and m is the number of points at which we wish to evaluate the smoothed
function. It is also important to note that the amount of work involved in this computational
scheme is completely independent of the size of the window parameter A. '




This scheme does have a weakness, however. If the nodal values of the integrals are
computed for an entire very large set of data, roundoff error in the integral computation and in the
necessary interpolations (involving subtractions) will completely destroy the computation, especially
for relatively small window sizes. The results will be so contaminated with error they will
meaningless. For a small to intermediate amount of data, however, the results will be very good.
It is therefore wise to periodically compute the nodal values of the integrals in smaller clumps as we
march through the data. Remember that the lower limit of integration for the integrals is
analytically arbitrary. A good rule of thumb is to compute the integrals over some multiple of the
total window width. This modification naturally forces us to do a bit of extra computation. Each
clump of integral values must overlap the previous clump by at least the total window width.

Therefore, with a window multiplier of ten, we will do only about ten percent more
computational work. Sufficient accuracy can still be attained with window multipliers as large as one
hundred. In any case, the modified algorithm can handle any amount of data in linear time with
sufficient accuracy. An involved error analysis could perhaps be done for this algorithm, but it is
more practical to evaluate its accuracy by applying the algorithm to an artificial set of data obtained
from a straight line, since the smoothing operators leave such data undisturbed analytically but not
numerically. All we need do is to compare the original data with that produced by the algorithm
with its inherent roundoff error. Since the smoothing formulas require data on either side of x and
the domain of the data is finite, the smoothing operator cannot be used near the ends of the data.
For this case, we merely use the simple derivative estimating properties of the smoothing formulas
to expand the smoothed function in a Taylor series at a point sufficiently far from the ends and
compute the smoothed function near the ends via these Taylor series. Finally, if the data has been
taken over a uniform mesh (equally spaced values of the independent variable) and the smoothed
function is desired over this same mesh, only the nodal values of the integrals are necessary and no
interpolations need be done.

NONPARAMETRIC DENSITY ESTIMATION

The simplest and most common example of nonparametric density estimation is the
frequency histogram. Our goal in this section is to improve upon the discontinuous histogram by
replacing it with a density estimate that is smooth to the extent of being twice continuously
differentiable. Attainment of this goal will give us a density that is not only more aesthetically
pleasing to the eye, but one with which we can make more accurate probability statements and
calculate more accurate percentiles. This is of course done via positive kernel smoothing. Assuming
that a sequence of values of a random variable x has been sorted in ascending order, we can define
the discrete cumulative distribution function as



0 ifx<x,

Fo={ fx<a<x,

1 ifx>x

Note that this function is defined on the entire real line, so that we need not use Taylor series to
smooth near the ends of a finite domain. Also, it does not matter how the distribution function
is defined at the data points or whether any of the x values are repeated values. Our first
estimate of the density will be the derivative of the fourth smooth of F,. Hence, we need three
successive integrals of F,. Since the values of x are always nonuniformly spaced, interpolations
are mandatory.

For I,, we have

Ko 2 ] 21

= Il(xi)+~'il(x—x,)

I(x;,. )= I)(x)+ G0

For I,, we have

Lx)= L: L(Hdt= f:ll(t)dt+ [ xll(xi)+i—;1—(t—xi)dt

= L))+ e

(i+1)Ax}
L(x,, )= L(x)+I,(x)Ax;+ ——




For I,, we have
@)= [ Lo [ Lode [ L) e x)+ (t—x)Zdt
= L) +L(x)(x-x) + = I(x)(x—x,)z i 1(x %)

2, @i+ I)Ax,

L(x,,,)= L(x)+L(x)Ax, +—I L(x)Ax; on

Density f is given by

f0)= (2; v [L,(xc+4h) ~4L,(x+2h) +61,(x) ~4L,(x-2h) +L,(x~4h)]

Note that although we have derived the interpolation formulas for I; and J, in passing, only the
interpolation formula for I, is necessary since we have no need of Taylor series expansions. Also,

the formula for I;(x) can be used to extrapolate beyond the last point.

PRESERVING THE VARIANCE

The sample mean computed from the data will coincide with the mean computed from
the density estimate. The sample variance computed from the data will not coincide with the
variance computed from the density estimate. The density variance will always exceed the
sample variance by an ever larger amount as the window parameter is increased. The object of
this section is to derive a simple transformation which will keep the density variance the same as
the sample variance for all values of the window parameter #. We now return to the use of
kernel form momentarily. The continuous cumulative distribution function estimate is given by

F()= SF,0)= [ "F (0Kt

Integrating by parts, we have

F)= F () [ "K@-0dt-[" [ K@u-xdudF,0)
- 1--'11-2 [ K(u-x)du

Differentiating the cumulative distribution function gives us the kernel form of the density:

n-1 n-1
Fl@=f= 1% ["Klu-xdu=—Y Kx)
Rizp "~ ni-o




This is the common form for a nonparametric density estimator based on kernel K. However, it is
exactly the wrong form to use for computation. If it were used to evaluate a density at each of n
points, an amount of work proportional to the square of the amount of data would be necessary.
That is, instead of a linear time algorithm, we would have a quadratic time algorithm. We can,
however, use this formula to determine the relationship between the variance computed from the
density, the sample variance, and the window parameter 4. Consider the expected value (via f) of
an arbitrary function p.

n-1

Elp)]= [ ~peyidr=[ peo =¥ Kee-x)dx
- ™= P
~ ln-l -
" [ PR s

With p(x)=x, we have

n-1 n-1
B= by =13 [ m)Rode 13 0o
i=0 i=l

since xK(x) is an odd function.

We therefore see that the sample mean and the density computed mean are the same.
Computing the variance (again via f), we have

n-1
V= =Bl 1= 3 [ eonn Koo
i=0
n-1
=lE f " @7+ 2x(x,- ) + (5~ K ()dx
O

n-1
[ FK@d 3 i
i=0

=S*x%(0) +62
But S$%? is given by
Sy?= 2;)4(14(x+4h)—414(x+2h)+614(x)—414(x—2h)+14(x-4h))
6
4 (x):._._x__
7 3325




Hence

1
s‘x2(0)=(2—h)4-(214(4h)-814(2h))

1 {213,h6_29,h6
Ch 23325 23325

2
_’l_(26_22)=
325

e
3

We therefore finally have the relation between the density-computed variance, the sample
variance, and the window parameter:

2 _ a2 4h2
O =6"+—
7 3

Now let g be the density of a new random variable (x').
8(x)= aflu+a(x-p))

This transformation represents a simultaneous compression (about the mean) of f in the x
direction and a stretching of f in the y direction. Our objective now is to compute the
transformation parameter a in terms of the sample variance and the window parameter such that
the variance of the new random variable computed via g will be the sample variance.

Considering again the expected value (via g) of an arbitrary function p of the new random
variable, we have

Elp(x)]= [“p(x)g(ed
=["p@afin ale-p)dx

=["pGr+u)afuex)de

=["p| X+ +

‘f.f’(a u,)ﬂu, x)dx

=[P [x_p’ +uf)ﬂx)dx
s o

Letting p(x)=1, we see that g is indeed a legitimate density. Letting p(x)=x, we sce that the
means for f and g are the same. Computing the variance of x’, we have

10



Therefore,

Now, since

80)= aflpra(x-p))

or equivalently

g(x—u, +u,)=aﬂx)

o

we compute f over some x mesh and transform the density data according to

Y

x-fi
o

frof, xe—=+j

in order to obtain the g density data that preserves both the sample mean and the sample variance.

OPTIMAL WINDOW PARAMETER

In this section we develop some machinery for selecting the optimal window parameter 4 for
a nonparametric density estimator. As before, we call the density estimator g and we will call the
actual density y. The mean square error (MSE) for a given value of x is given by

MSE(x)= El(g(x)-y(9))*1= El(g(x)~E[g()] +Elg(x)]- y(®)]
=E[(g(x)-Eg@)])?
+2(2() - ElgD(ELg ()] - 7(x)
+HEE@}- Y0
=E[(g() - Elg®]1+(Eg®)] - y(x))?
=VIg()]+B(x)?

WVg(x)] is the variance of g and B(x) is the bias. The integral of the mean squafe error (IMSE) is
given by

11




IMSE = [ Vig@l+B@idx

Our goal is to approximately minimize IMSE with respect to the window parameter ». We seek a
formula that is asymptotically valid for large » and small . Recalling that

g(x)= af(u+a(x-u))
and

n-1
f= 12 K(x,~x)
ni-o

where K is the kernel resulting from four applications of the smoothing operator S, we have

n-1
8= ZY K(x-p-a(x-p)
nio

But
xm - a(x- )= XX +x-p-a(x- )= x-x+(1-a)(x-p)

2 2
= 1+_‘!fl_ - 1+3h_ (h-0)
36 34

x,~p-a(x-p)~ x,~x-h*p(x)

and

We therefore have

where

_2(x-p)
B) Tag

Hence

n-1
g®)=2Y K(x,~x-h*p)
ni-o

12




Since the x’s are identically distributed independent random variables, the expected value and
variance of g (via y) are given by

n-1
Elgm)]= ZY EK(x,~x-h*p)]
Ri-o
= E[K(x;-x-h*p)]

n-1
Vgl LY VIKG,-x-h*f)]
n-i=0

N

- £ VK, x-h*B)]

n

We now begin to obtain simple asymptotic expressions for the expectation and variance of these
kernel expressions. Now K is a kernel which becomes a Dirac delta as 4 approaches zero, so we
take note of the fact that

- 1 u
hK(hu)=Kw), K ;.’{ h)

where k is a standard kernel independent of . In our case, the support of k is (-4,4). First, we
have '

EK(;-x-h*p)]= [ "Ku—x-h*p)y(w)du
= f :K(u) yu+x+h*p)du = f :K(hu) y(x+hu+h?B)hdu
=[ "k yte+hu+h* )du

Expanding part of the integrand in a Taylor series, we have
y(x+hu+h?B)= y(x)+y (x)(hu+h*p)
2V B 2 v R B O Y
= y(x)+y/(x)(hu-+h*p)
+-;-y”(x)(h 2%242h%upB+h*p)
+%,y///(x)(hSuS+3h4u2p+3h5up2+h6p3)+O(h4)

Since k is an even function, the terms involving odd powers of u make no contribution to the
integral. The contributing terms of the series are therefore

13




y (e +hu+h2B)= y(3) +h2ﬂy’(x)+%h2u27”(x) +O(h*)

Hence,
FIK(-x-h* Pl f_:"k(u)(ﬂx)mzﬂy’(x)+§h2u2y”(x)+0(h‘))du
= 1)+ KBy @+ hy ) [ Tukudu+ Ok
But
f wuzk(u)du = f "(_'f)2k ﬁ)_l.du
- -=\h) \h)h
1 4

- [TwiK@du - 3

Therefore

2
FIKG,~x-h2B)]= r(x)+:—’;3(x-u) %(x)+§h2y”<x)+ o®*)

2
- Y(x)+%;((x-ﬂ) Y+ Py)+ Ot

The bias is therefore given approximately by

2
B~ | y(x +-23-’—;;(<x-y) Y@+ 7o) |- v

2
=(a-1)y(x)+23" -+ 1)

- &z(y(x)-l-(x—p)}/(x)'* 2y(x))
30

o
32"

In order to obtain the variance of g, we must first compute

14




ETKG,~x-h?Y1= [ “Ktu-x-h*py(w)du = K@ y(u+x+h®p)du
= f::K(hu)z)'(x +hu +h zﬂ)hdu = ';l;f__:-k(u)zr(X'*'hu +h Zﬁ)du

= YO (a2 + ogry= SYE .
[ kdu+ Oy <L2 -+ Ofh)

Now, since
VIK(x;-x-h*p)]= EIK(x,-x-h*B)*]- EIK(x,~x-h*B)I*

we have the desired variance of g

Vsl f("’T""-y(x)% O(h)J
LY@ _y&®?
rh n

The integral of the mean square error is therefore

. C _1 +o 2 4}14 +ee 2
IMSE E ;f_w y(x) dx+;f_“b(x)dx

Letting
J= f b(x)dx

and setting the derivative with respect to 4 of the integral of the mean square error equal to
zero, we have

3
c 16h°J_

nh? 90*

0

Solving for k, we have
1
b - 9o’ |5
% |\ 16nJ

We therefore see that as the sample size becomes large, the optimal window parameter becomes
small, albeit very slowly. We now simplify the integral J. First, we assume that

lim xy(x)=0= lim xy/x)

X~ ze X+ i

15



Now,

b)? = (@) +x-p)y @)+ oy @)
=y + (-l r )+ o*y(x)?
20~ r®)7®)
227X (%)
+20°(x- )Y (1) Y
Integrating by parts, we have
J=[ Ta-mr@yeds =T e-predre)
=~ [ “y@r@+-pyr s = - [ ylde-,

Ji= ‘% _::‘Y (x)dx

and

1=[ "v@y"@ds =[ Tywdy(e= - [ Tywids

and
e rtorio{ e it
- [ YO+ e =~ [ Ty,
B3 T

from which we get
IR e Tyt
+oo 1 pee
+20*(-f y(@id2d (-5 [ yf(x)2dx)
=[ Tle-p-3) oty 0P

We can get a clearer idea of the dependence of J on o by invoking the standardized version of y.
Let T be the standardized version with zero mean and unity variance. First, we have

1 p(x_i‘.) = y()
g g

16



A fx-p)_
ozp(") re)

A rufx-p)_ 4
afr(a)’/(x)

Hence,
= "lx-u-302)-L 2-pY, 3 2}
J f_“((x pP-30%) I"( . )+ I’( = )dx
2 1;.‘x2+l//»'¢2
f__(x 3a’)——1"(—a) —r (—a)dx

=2 [ "3 @
oY=

where the integral factor is completely independent of 0. We therefore have
9c 3
h, =0 3
ot (lGnJa)

We will now find an expression for optimal & for a particular I'. A candidate for this particular
case must naturally be twice differentiable. The function k naturally comes to mind as a good
unimodal candidate, having zero mean. It does not, however, have unity variance and must
therefore be properly scaled. Consider

ITx)= ak(ax) . )
f... x2x)dx=1 =f_mx2ak(ax)dx=;f_“x2k(x)dx=_3_;3

Hence,

8
]
wis

Also,
I'm=a%'(ax), I''(x)=a’k"(ax)

Computing the Jo integral, we have
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Jo= f :(xz—3)a *k/(ax)?+ak"(ax)*dx
=a 3[_:" (;xz_:_ __3] k’(x)2 +a2k//(x)2dx

2 +o0
=—2_[ 7 (9x%-36)k’(x)*+16k"(x)*dx
9¢§f -

Therefore, optimal 4 for this particular standardized density is given by

o 1
81,3 fo K(x)%dx 3
32n o"(9x2—36)k'(x)2+16k”(x)2dx

hop,=a

From Reference 1, we have

(4-x)°-42-x)°

if 0<x<2
% if

k()= ﬁ;—é—ci if 2<x<4

0 if x>4
k(-x) if x<0

from which the first and second derivatives of k can be obtained. Then, we can compute the
approximation

1
2233
hopt -~ 0(7)

This asymptotic approximation can be used as a nominal estimate of optimal 4 for a unimodal
density. For multimodal data, or in order to pick out more of the variations present in the data,
one can naturally use smaller values of 4, but we at least have a value to start with.

Since this report is mainly computation oriented, we include some relevant C routines in
the Appendix. The first part of the Appendix is devoted to the C preprocessor commands that
describe the syntax used in the routines. The second, third, and fourth parts of the Appendix are
devoted to uniform mesh smoothing, nonparametric density estimation, and nonuniform mesh
smoothing, respectively.
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#define If if(
#define Then ) {
#define Elsif } else if(
#define Else } else {
#define flI };
#define iF (
#define theN ) ?
#define elsE :
#define Fi ;
#define And &&
#define Or | |
#define Do for(;;) {
#define oD }
#define Un if(
#define nU ) break;
#define As if(!(
#define sA )) break;
#define NL printf("\n");
#define REAL(r) printf(#r "=%le ",1);
#define INT(i) printf(#i "=%Id ",i);
#define REALS(n,r) { long _i_=0;\

printf("\n"); \

Do As i_ < nsA\

printf(#r "[%1d]=%le ",_i_,r[_i_]); _i_++; oD\

printf("\n"); };
#define INTS(n,i) { long _j_=0;\

printf("\n"); \

Do As _j_ < nsA\

printf(#i "[%1d]=%Id ",_j_,i[_j_]); _ji_++; 0D\

printf("\n"); };

#define AVER(bool,fname) if(!(bool)) \
{ printf("\n" #bool " is false in " #fname); \
exit(0); };
#define DENY/(bool,fname) if(bool) \
{ printf("\n" #bool " in " #fname); \
exit(0); };

#include "syntax.h"
#define DIM 500
double I11[DIM]I2[DIM]I3[DIM];

void pkints(m,M,y)
long m,M;
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double *y;
{ long i,im1;
i=m+1; I1[m]=0.0; 12[m]=0.0; I3[m]=0.0;
DoUni > MnU
iml=i-1;
I1[i]=I1{im1]+(y[im1]+y[i])/2.0;
12[i]=12[im1]+(X1[im1]+(y[im1]/3.0+y[i]/6.0));

13[i]=13[im1]+(12[im1]+(11[im1}/2.0+(y[im1]/8.0+y[i}/24.0)))

i++; 0D }

void pksmooth(n,y,w,wm,s)
long n,w,wm;
double *y,*s;
{ void pkints(long,long,double*);
double H,f0,f1,f2,x;
long nint,m,M,i,imw,ipw,im3w,ip3w,j,ilast;
DENY(n > DIM,pksmooth)
DENY(6*w+1 > n,pksmooth)
DENY(wm < 2,pksmooth)
nint=(6*w+1)*wm;
m=0; M=m+nint; If M >= n Then M=n-1; fI
pkints(m,M,y);
H=2.0*(double)w; H=H*H*H;
i=3*w;
imw=i-w; ipw=i+w;
im3w=i-3*w; ip3w=i+3*w;
f0=(13[ip3w]-I3[im3w]-3.0*(13[ipw]-I3[imw]))/H;
f1=(12[ip3w]-12{im3w]-3.0* (12[ipw]-12[imw]))/H;
f2=(I1[ip3w}-11[im3w]-3.0*(I1[ipw]-I1[imw]))/H;
i=0;
DoUnj>inU

x=(double)(j-i);

s[j]=f0+x*(f1+x*2/2.0);

j++; 0D
i=j; ilast=n-1-3*w;
Do imw=i-w; ipw=i+w;

im3w=i-3*w; ip3w=i+3*w;

Ifip3w > M

. Then m=im3w; M=m+nint;
If M >= n Then M=n-1; fI
pkints(m,M,y); fI

f0=(I3[ip3w]-I3[im3w]-3.0*(I3[ipw]-I3[imw]))/H;

s[i]=10;

i++; Uni > ilast nU oD
f1=(12[ip3w}-12[im3w]-3.0*(12[ipw]-I2[imw]))/H;
f2=(11[ip3w}-11[im3w]-3.0*(11[ipw]-11[imw]))/H;
j=i; i=ilast;
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Do Asj<nsA
x=(double)(j-i);
s[j]=f0+x*(f1+x*£2/2.0);
j++;0D }

#include "syntax.h"
#include "math.h"

#define DIM 500
double 11[DIM],I2[DIM],I3[DIM];

void cdfints(n,x,m,M)
long n,m,M;
double *x;
{ long i,im1;
double dx,rn,ri;
DENY(n > DIM,cdfints)
If m < 0 Then m=0; fI
If M >= n Then M=n-1; fI
DENY(m >= M,cdfints)
i=m+1; I1[m]=0.0; 12[m]=0.0; 13[m]=0.0; rn=(double)n;
DoUni > MnU
im1=i-1; dx=x[i]-x[im1];
ri=(double)i;
I1[i}]=11{im1]+dx*ri/rn;
I2[i]=12[im1]+dx*(11[im1]}+dx*ri/(2.0*rn));
13[i]=I3[im1]+dx*(I12[im1]+dx*(I11[im1]/2.0+dx*1i/(6.0*In)));
i++; 0D}

double I3c(n,x,a,ila)
long n,ila;
double *x,a;
{ double dx,rn,rila;
If a < x[0] Then return (0.0); fI
DENY(a < xfila],I3c)
dx=a-x[ila]; rn=(double)n; rila=(double)ila;
return (I3[ila]+dx*(12[ila]+dx*(I1[ila)/2.0+dx*(rila+1.0)/(6.0*rn)))); }

void npden(n,x,h,wm,nd,xd,yd)
long n,wm,nd;
double *x,h,*xd,*yd;
{ void cdfints(long,double*,long,long);
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double I3c(long,double*,double,long);
void musig(long,double*,double*,double*);
double xm,xlxrxll,xrrxrrr,H,E1,E2,mu,sig,alpha;
long id,im,ilir,ill,irr,irrr,nm1,i;
DENY(n > DIM,npden)
id=0; im=0; i1=0; ir=0; ill=0; irr=0; nm1=n-1;
H=2.0*(double)h; H=H*H*H*H;
id=0; irrr=0;
Do As id < nd sA
xm =xd[id];
x1=xd[id]-2.0*h; xr=xd[id]+2.0*h;
xll=xd[id]-4.0*h; xrr=xd[id]+4.0*h;
Do Un im == nml nU Un x[im+1] > xm nU im++; oD
Do Un il == nm1 nU Un x[il+1] > xl nU il++; oD
Do Un ir == nml nU Un x[ir+1] > xr nU ir++; oD
Do Un ill == nml nU Un x[ill+1} > xIl nU ill++; oD
Do Un irr == nml nU Un x[irr+1] > xrr nU irr++; oD
If xrr > x[irrr] And irrr < nml
Then xrrr=x11+8.0*wm*h;
Do Un irrr == nm1 nU Un x[irrr] > xrrr nU irrr++; oD
cdfints(n,x,ill,irrr); fI
E1=I3c(nxxrr,irr)+6.0*I3c(n,x,xm,im) +13c(n,x,x1L,ill);
E2=13c(n,x,xr,ir) +13c(n,x,xl,il);
yd[id]=(E1-4.0*E2)/H;
If yd[id] < 0.0 Then yd[id]=0.0; I
id++; oD
musig(n,x,&mu,&sig);
alpha=h/sig; alpha=sqrt(1.0+4.0*alpha*alpha/3.0);
i=0;
Do Asi < nd sA
xd[i]=mu+(xd[i]-mu)/alpha;
yd[i]=alpha*yd[i];
i++; 0D }

void musig(n,x,mu,sig)
long n;
double *x,*mu,*sig;
{ long i;
double s,d;
i=0; s=0.0; Do As i < n sA s+=x[i]; i++; oD
*mu=s/(double)n;
i=0; s=0.0; Do As i < n sA d=x[i]-(*mu); s+=d*d; i++; oD
*sig=sqrt(s/(double)n); }

void sift(heap,root,last)
double *heap;
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long root,last;
{ long Lr;
double t;
Do 1=2*root+1;
If 1 > last Then return; fI
r=1+1;
If r > last
Then If heap[root] < heap[l]
Then t=heap[root]; heap[root]=heap[l}; heap[l]=t; fI
return; fI
If heap[root] >= heap[l] And heap[root] >= heap]r]
Then return; fI
If heap(l] > heap[r]
Then t=heap[l]; heap[l]=heap[root]; heap[root]=t; root=l;
Else t=heap[r]; heap[r]=heap[root]; heap[root]=t; root=r; fl 0D }

void makeheap(array,last)
double *array;
long last;
{ long i1,i2,i;
void sift(double*,long,long);
i1=0;
Do i1=2*i1+1; Un il > last nU oD
i1=(i1-1)/2;
Do i2=il-1; i1=i2/2;
If last/2 < i2 Then i2=last/2; fI
i=il;
DoUni>i2nU
sift(array,i,last); i++; oD
Unil ==0nUoD}

void heapsort(n,x)
long n;
double *x;
{ long last,i;
double t;
void makeheap(double*,long),sift(double* long,long);
last=n-1; makeheap(x,last);
Do Un last == 0 nU
t=x[0]; x[0]=x[last]; x[last]=t; last--;
sift(x,0,last); oD
i=1;
Do Asi < nsA
DENY(x[i-1] > x[i],heapsort) i+ +; oD }
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#include "syntax.h"
#define DIM 500
double I1[DIMLI2[DIM]I3[DIM];

void pkints(n,x,y,m,M)
long n,m,M;
double *x,*y;
{ long i,im1;
double dx;
DENY(n > DIM,pkints)
If m < 0 Then m=0; fI
If M >= n Then M=n-1; fI
DENY(m >= M,pkints)
i=m+1; I1[m]=0.0; I2[m}=0.0; I3[m]=0.0;
DoUni> MnU
im1=i-1; dx=x[i]-x[im1};
I[i]=I1[im1]+dx*(y[im1]+y[i])/2.0;
12[i]=12[im1]+dx*(I1[im1]+dx*(y[im1]}/3.0+y[i}/6.0));
I3[i]=13[im1]+dx*(12[im1]+dx*(I11[im1]}/2.0+dx*
(y[im1]/8.0+y[i]/24.0)));
i++; 0D }

double I1c(n,x,y,a,ila)
long n,ila;
double *x,*y,a;
{ double dx,r,E;
Ifila < 0 Then ila=0; fI
If ila > n-2 Then ila=n-2; fI
dx=a-x[ila]; r=dx/(x[ila+1]-x[ila]);
E=((2.0-r)*y[ila]+r*y[ila+1])/2.0;
return (I1[ila}+dx*E); }

double 12¢(n,x,y,a,ila)
long n,ila;
double *x,*y,a;
{ double dx,r,E;
Ifila < 0 Then ila=0; fI
Ifila > n-2 Then ila=n-2; fI
dx=a-x[ila]; r=dx/(x[ila+1]-x[ila]);
E=((3.0-r)*y[ila]+r*y[ila+1])/6.0;
return (I12[ila]+dx*(I1[ila]+dx*E)); }
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double I3c¢(n,x,y,a,ila)
long niila;
double *x,*y,a;
{ double dx,r,E;
Ifila < 0 Then ila=0; fI
If ila > n-2 Then ila=n-2; fI
dx=a-x[ila]; r=dx/(x[ila+1]-x[ila]);
E=((4.0-r)*y[ila]+r*y[ila+1])/24.0;
return (I3[ila]+dx*(12[ila]+dx*(I1[ila]/2.0+dx*E))); }

void nupks(n,x,y,w,wm,ns,xs,ys)
long n,wm,ns;
double *x,*y,w,*xs,*ys;
{ void pkints(long,double*,double*,long,long);
double Ilc(long,double*,double*,double,long);
double I2c(long,double*,double*,double,long);
double I3c(long,double*,double*,double,long);
double x1xr.xllxrr xrrr,H,E1,E2,f0,f1,£2,xx;
long is,iLir,ilLirr,irrr,j;
DENY(n > DIM,nupks)
is=0; il=0; ir=1; ill=0; irr=1;
Do Un xs[is}-3.0*w >= x[0] nU is++; oD
xl=xs[is]-w; xr=xs[is]+w; xll=xs[is]-3.0*w; xrr=xs[is]+3.0*w;
DENY(xrr > x|n-1],nupks)
Do Un x{il+1] > xl nU il++; oD
Do Un x[ir] >= xr nU ir++; oD
Do Un x[ill+1] > xll nU ill++; oD
Do Un x[irr] >= xrr nU irr++; oD
irrr=irr; xrrr=x114+6.0*wm*w;
If xrrr > x[n-1] Then xrrr=x[n-1]; fI
Do Un x[irrr] >= xrrr nU irrr++; oD
pkints(n,x,y,ill,irrr);
H=2.0*(double)w; H=H*H*H;
E1=I3c(n,x,y,xrr,irr-1)-I3c(n,x,yxll,ill);
E2=13c(n,x,y,xr,ir-1)-I3c(n,x,y,xl,il);
f0=(E1-3.0*E2)/H;
E1=I2c(n,x,y,xrr,irr-1)-12c(n,x,yxlLill);
E2=12c(n,x,y,xr,ir-1)-12c(n,x,y,xl,il);
f1=(E1-3.0*E2)/H;
El1=I1c(n,xyxrr,irr-1)-I1c(n,x,yxlLill);
E2=I1c(n,x,y,xr,ir-1)-I1c(n,x,y.xl,il);
f2=(E1-3.0*E2)/H;
i=0;
Do Asj <issA
xx=xs[j}-xs[is];
ys[j]=f0+xx*(f1 +xx*£2/2.0);
j++; 0D




Do xl=xs[is]-w; xr=xs[is]+w; xll=xs[is]-3.0*w; xrr=xs[is]+3.0*w;

DENY(xrr > x[n-1],nupks)

Do Unx|il+1] > xl nU il++; oD

Do Un x[ir] >= xr nU ir++; oD

Do Un x[ill+1] > xll nU ill++; oD

Do Un x[irr] >= xrr nU irr++; oD

If xrr > x[irrr]

Then xrrr=x114+6.0*wm*w; .

If xrrr > x[n-1] Then xrrr=x[n-1]}; fI
Do Un x[irrr] >= xrrr nU irrr++; oD
pkints(n,x,y,ill,irrr); fI

E1=I3c(n,x,y,xrr1,irr-1)-13c(n,x,y,xil,ill);

E2=I3c(n,x,y,xr,ir-1)-13c(n,x,y,xLil);

f0=(E1-3.0*E2)/H;

ys[is]=10;

Un xs[is+1}+3.0*w > x[n-1] nU is++; oD
El1=12c(nxy.xrr,irr-1)-12c(n,x,yxlL,ill);
E2=12c(n,x,y,xr,ir-1)-12c(n,xy,xl,il);
f1=(E1-3.0*E2)/H;
El=I1lc(nxy,xrr,irr-1)-I1c(n,x,y,x1Lill);
E2=I1c(n,xy,xr,ir-1)-I1c(n,x,y,xl,il);
f2=(E1-3.0*E2)/H;
j=is+1;

Do Asj < nssA

xx=xs[j]-xs[is];

ys[j]=104xx*(f1 +xx*£2/2.0);

j++; 0D }
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