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Axisymmetric Analysis of the Cylindrically 

Orthotropic Disk of Variable Fiber Orientation 

Abstract 

Injection molding of axisymmetric bodies with 

fiber-reinforced molding compounds results in cylindrically 

orthotropic components in which the fiber orientation varies 

with radial position.  Consequently, development of analysis 

techniques for determining the effect of material property 

variability on the response of these components is of 

great importance.  In the present study, a numerical 

integration scheme for the analysis of cylindrically 

orthotropic annular disks with variable elastic constants 

is presented.  The influence of material property variations, 

temperature changes and centrifugal forces on the response 

of an annular disk subjected to internal and external 

pressure or displacement boundary condition is included in 

the analysis.  Correlation of numerical integration results 

with analytical and finite-element solutions is excellent. 



Axisymmetric Analysis of the Cylindrically 

Orthotropic Disk of Variable Fiber Orientation 

Introduction 

Injection molding of axisymmetric bodies with fiber- 

reinforced molding compounds results in cylindrically 

orthotropic components.  In general, the fiber orientation 

will not be constant throughout the body, but will be a 

function of radial position.  It has recently been shown 

[1] that the flow field and mold geometry determine fiber 

orientation.  For example, the influence of converging 

and diverging flow fields on fiber orientation are shown 

clearly in Figure 1.  Consequently, injection molding of 

an axisymmetric mold uniformly on the inner or outer radius 

(axisymmetric flow) will result in fiber orientation which 

is dependent solely on the radial position.  Material 

properties are determined uniquely by fiber orientation, 

constituent properties, fiber aspect ratio and fiber volume 

fraction.  McCullough [1, 2] has introduced the following 

parameters to quantify fiber orientation: 

f = 1/2 [3 < cos2<f>> - 1] 

g = 1/4 [5 < cos4cf> > - 1] 

m u/2 

<cos <j)> = /o  N(<J>)cosmc|>sin(f)d<j) 

where Q  is the angle which a fiber makes with the longitudinal 



direction and N(<j>) is the percentage of fibers with that 

direction.  In figure 2, the bounds on Young's modulus 

as a function of the orientation parameter "f" are shown. 

Clearly, the variation of fiber orientation with radial 

position significantly influences the mechanical properties 

of the component. 

In the present study, a numerical integration scheme 

is developed to determine the response of cylindrically 

orthotropic disks with elastic constants which vary in the 

radial direction,  uniform temperature variations and 

centrifugal body forces, as well as, pressure on displacement 

boundary conditions prescribed on the inner and outer radii 

are considered. 

Formulation of the governing equation in terms of 

displacements yields a second order linear ordinary differen- 

tial equation with non-constant coefficients (See Appendix A). 

In general, a closed form solution of this equation does not 

exist.  The integration scheme requires the reduction of 

the governing equation to two simultaneous first order 

differential equations which are solved using Hamming's 

Predictor-Corrector  Method [3].  Unfortunately, Hamming's 

Method requires two initial value conditions (one for each 

first order equation) whereas only one is known in the actual 

boundary value problem.  Consequently, a half-interval search 

technique is incorporated into the program in which upper 

and lower bounds for the unknown initial condition are 



prescribed.  The average value is employed in the integration 

and correlation of the solution with the second known boundary 

condition enables the interval of uncertainty to be halved. 

Subsequent iterations converge quickly to the solution. 

In fact, if A1  is the length of the starting interval, then 

the number (N) of interval halving operations required to 

reduce the interval of uncertainty to A„ is given by 

ln(A1/An) 
N = T5TT" 

Closed-form solutions for two special variations 

of elastic properties are presented in Appendices B and C 

to verify numerical integration results.  The first solution 

is for uniform properties and the second assumes that the 

modulii vary along a radius according to a power law: 

Er " Erm r
1"' Ee = Eem r

m 

where m is an arbitrary real number, and the Poisson's 

ratios are held constant.  In addition, finite element 

results for a linear variation of properties are compared 

to the numerical integration results. 



Correlation of Results 

Agreement of numerical integration results with 

analytical and finite element results was found to be 

excellent.  In Figures 3-6, typical results for temperature 

variations, centrifugal body forces and internal and external 

radial stress  tractions are presented.  The solid line in 

all figures corresponds to the numerical integration prediction, 

Superimposed are analytic and finite element results shown 

as symbols.  The excellent agreement is obtained using 

an integration step-size of 0.001 inches (0.025 mm). 

Approximately 15-20 iterations are required to determine the 

unknown initial condition with sufficient accuracy to 

satisfy the remaining boundary condition on the outer radius. 

Although only the correlation of stress components are 

presented in Figures 3-6, excellent agreement was 

obtained for displacement and strain component values as well. 

For reference, the material properties employed in 

the various solutions are given below: 

Constant Properties:  Radial Fiber Orientation 

E = 2.6 Msi(17.9GPa)   a =  4.5xlO-6/°F (8.Ixl0"6/°C) r 

EQ =  1.4  Msi(9.65GPa)        afl=  10.1x10   6/°F   (18.2xlO-6/°C) 

vQr =  0.27 

Constant Properties:  Tangential Fiber Orientation 

3'r = 1.4 Msi(9.65GPa)   a E  = 1.4 Msi(9.65GPa)   a  = 10.1xl0~6/°F (18.2xlO_6/°C) 

Eg =  2.6Msi(17.9GPa) aQ=     4.5xlO_6/°F   (8.Ixl0~6/°C) 

ver=   .501 



Power Law Variation (m specified) 

Er = 2.6 r
m Msi (17.9rmGPa)  vr6 = .501 

E0  =  1.4  rm Msi   (9.65rmGPa)     a    =   (4.5xl0~6)rm/°F 
t) r 

(8.1xlO"6rm/°C) 

vflv. =   .27 aö  =   (10.1xlO"6)rm/°F 

(18.2xlO"6rm/°C) 

Linear Variation 

Er =   (lfet)    (r_a)   +  2'6)Msi   (("Cb-I)    (r*a)   +  17'9)   GPa) 

E9 =   (TB=iT  (r_a)   + i-4)^1   Uji£k)     (r"a>   + 9-65>   GPa> 

v6r = '27 

Vr6 = v6r VEe 

ar = {5\b-T)a)   +  4.5)xlO-6/°F ((10-(^
a) + 8.1)xl0-6/°C) 

a9 = {~5\b-T)a)   + 10-l)xlO"6/°F (("1°(b-ar) + 18.2)xlO"6/°C) 

where 

E - Young's Modulus in radial direction 

E„ - Young's Modulus in tangential direction 

v>-o  vn~ ~ Poisson ratios rö,  t)r 

a - Thermal coefficient of expansion in radial direction 

otg' - Thermal coefficient of expansion in tangential direction 



User's Guide 

Fortran computer codes have been developed for two 

analytical solutions and for the Hamming's Predictor- 

Corrector Method.  Analysis details and program listings 

may be found in Appendices A, B and C.  The programs have 

been written in an interactive format which necessitates 

execution from a terminal or similar device.  In Table 1, 

program symbol definitions are defined.  The following 

examples will be illustrative. 

Analytic Solution:  Constant Properties (VARPROP/CFD) 

Table 2 indicates the line numbers in VARPROP/CFD 

which describe the material properties.  These are the 

only lines that must be altered when another set of properties 

are to be input.  In Figure 7 a sample program execution is 

presented where data input is requested by the program. 

Note that displacement boundary conditions are not possible. 

Analytic Solution;  Power Law Variation (VARPR0P/CF2) 

The anlytic solution assumes the following material 

property variation: 

Er = Ermrin vr9 = v8r Errr/E0m 

Efl = Efl r
m a = a  rm 8   0m r   rm 

ver = constant     a0 = aemr
m 



In Table 3, the line numbers in VARPR0P/CF2 which describe 

the material properties are shown.  Execution is straight- 

forward as indicated in Figure 8.  Note that centrifugal 

body forces and displacement boundary conditions are not 

included. 

Numerical Integration (VARPROP/NUMD) 

The material property section of VARPROP/WUMD is 

located in Subroutine PROP (See Appendix A for further 

detail).  All property dependence on radial position must 

be input.  Derivatives of these properties are also required. 

In Table 4, for example, the material properties employed 

in the correlation of numerical with analytical results 

(constant properties) are presented.  Material property 

input for power law and linear variations are shown in 

Tables 5 and 6, respectively.  Note that derivatives are 

input in a straightforward manner. 

Execution of VARPROP/NUMD is also in an interactive 

mode.  The program versatility allows displacement or 

stress boundary conditions in the inner and outer surface. 

As mentioned previously, upper and lower bounds on the 

unknown initial condition at the inner radius must be 

supplied.  If a radial stress initial condition is specified, 

bounds on the tangential stress components are input as 

shown in Figures 9 and 10.  For displacement initial conditions, 

bounds on the radial strain component at the inner radius 



are required (See Figures 11 and 12).  Results from numerical 

integration and the analytical solution for constant properties 

(radial fiber orientation) are presented in Figures 7 and 9. 

Comparison of solutions illustrates the excellent accuracy 

obtained with the Hamming's Predictor -Corrector Method. 
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Figure 2   Dependence of Young's modulus on 
fiber orientation. 



Figure 3.  Correlations of Numerical Integration 
With Analytical and Finite Element 
Results for Temperature Variations 

is* 
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ANALYTICAL   SOLUTIONS 

•  Power Law Variation (M=0.5) 

■  Constant Properties (Radial Fiber Orientation) 

FINITE  ELEMENT 

A  Linear Variation (Radial Tangential Fiber Orientation) 

# Constant Properties (Radial Fiber Orientation) 

— NUMERICAL  INTEGRATION 



FIGURE 4. Correlation of Numerical Integration Results 
With Analytical Solution For Centrifigal 
Body Forces 

/>ou2a2 

16.0 - NUMERICAL INTEGRATION 

ANALYTICAL SOLUTION 
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FIGURE 5.   Correlation of Numerical Integration Results 
With Analytical Solution For Radial 
Traction On Inner Surface 

NUMERICAL INTEGRATION 

•   Constant Properties (Radial Fiber Orientation) 
■   Constant Properties (Tangential Fiber Orientation) 
A   Power Law Variation (M = 2.0) 
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Figure 6.   Correlation of Numerical Integration Results 
With Analytical Solution For Radial 
Stress Traction On Outer Surface 

-NUMERICAL INTEGRATION 

ANALYTICAL SOLUTIONS 

• Constant Properties (Radial Fiber Orientation) 
■ Constant Properties (Tangential Fiber Orientation) 
A   Power Law Variation (Ms 2.0) 



Table 1  Symbol Definitions 

I...:I:ST OF SYMBOL US 

Xj INITIAL. STARTING UALUE FOR INDEPENDENT VARIABLE 
i-i" INTEGRATION STEP-SIZE 
VMAx UPPER LIMIT OF INTEGRATION 
N NUMBER OF INITIAL CONDITIONS 
YR(I) N INITIAL CONDITIONS AT X ..'T............,,...MTT M 
F R ( I) D E EIV A TIV E S  IN 0 RIGIN A I... S Y S T E M U I- U .1. L h E h -" N I J. H I.. 

Yq, n  YUUAIUlf AT ITH X VALUE FOR JTH DIFFERENTIAL EQUATION 
F' ( I \ J )  DERIVATIVE AT ITH X MAI...UE F-0R JTH DIF I-1REN I .1.AL 

EQUATION 
TRUNOATTHN ERROR FOR ITH OORRECTOR EQUAIluN 
MliMBFR HE INTEGRATIONS BETWEEN OUTPUT 
IJ P P F R I.. IMIT 0 N TIIE NUMB E R 0 F H A i... F -1N T E R V AI... .1. I fc K P. I J. 0 N b 
fnWFR I IMIT ON UNKNOWN INITIAL VALUE 
UPPER | TMTT ON UNKNOWN INITIAL VALUE 
NUMB F R 0 F 1-1A I... F -IN T E R V A I... IT E R A T10 N S B E T W F E N P R .1. N I U U I 
RADIAL STRESS B,G♦ ON INNER RADIUS 
RADIAL STRESS B.C♦ ON OUTER RADIUS 
HAS THE VALUE --].v II" YI (XMAX XSIGU WHEN 

Y 9 (XI) = Y 21... E F" T i 0 T H E R WIS E   T H E V A I.. U E   J. a I 
TEMPERATURE DIFFERENCE RELATIVE I'D STRESS 
FREE STATE 
ROTATIONAL SPEED(RPM) 
DENSITY(*/IN#*3) 

TE( [) 
.1. N 1 
NN 
Y2L IF 
Y2R n 
NI-II ;•. 
v> 1.7 .1. 

S G 0 
SIG \'l. 

DT 

W 

Table 2  Material Property Section of VARPROP/CFD 

.j " 
'.< r. 
.} ... 

i"5 f)   (; 

0 0   0 
IN FIJI 

(Ti   Tr- 
MA 1 l;:.K.!.H 

iNGENTIAL 
3o . 0 0   (!) 

'00 E" -:U4E6 
3! 100 V ■R "••■■* 2 7 

V. 10 0 EF ;^2,6E6 

4( i 0 0 VI .:T::::UTEYER 
4: 0 0 A ■ ™:l.0»  IE --A 
41 •' 0'!!' Al .:  -'{v s i. ■■■• 6 

4: •i 00 Rl •10-, I 
4' 100   0 
4! JOO  c END MATERIAL 
4 c »00   G 

PROPERTY DESCRIPTION 



Table 3  Material Property Section of VARPROP/CF 2 

7 1 0 0   c 
■•00   c 
:>oo c: 

■■:•• 

K)0   c 
J 0 ■.■ 

f>00 
•."' 7 0 0 

■•' 0 () 

3 9 0 0 
■') .•") {}   |'■ 

/X 100   c 
■'V 200   C 

INPUT MAT I b. i 01... I- RUPi IHM.I: S 
OH TANGENTIAL? R J RADIAL ) J 

ETM:Hl. , 4E6 
VTE^>27 
EEn-2>6E6 
AR-RM. 0-> :i.E--. 
A R M - : .•;). 

END MATERIAL PROPERTY DESCRIPTION 

Table 4  Material Property Section of VARPROP/NUMD 
(Constant Properties) 

31 100 U 
31200 0  INPUT MATERIAL PROPERTY DEPENDENCE ON RADIAL PCS ITTOT 
31300 C 
31400        ET =■■•• :l. ,4E6 
31500        VTR--.27 
31600        ER-2.6E6 
31700       HvH'EP^O, 
31800        AT-:! 0 * IE-6 
31900        AR::::4 ■:■ 5E-6 
32000        ER'P:":0«. 
32100        ETP^O* 
32200        ATP-O. 
32300        ARP-O:- 
32400        VRTMIR*OTR/E'T' 
■.:),.-..'.'.HA,' i. .i |: 

■600   0      END   MATERIAL   PROPERTY   INPUT 



Table 5  Material Property Section of VARPROP/NUMD 
(Power Law Variation) 

27504 ,) 
27505 ::    INPUT MA' FERIAL   PI «OPE 
27506 ■> 

27600 ETM» 1. *4E6 
27800 
■! 7 9 0 0 VI K"l-" = :: f'\ ,. 

28000 ERM^; ..  *  \.t \...K.f 

2 8 0 0 6 
2 8 0 0 8 

VRT™I 
OK 1 I"': 

;:RM*OTRXI 
" 0   V 

;:TM 

28100 A "f M:::: .0*1 IE-6 
2 8 3 0 0 A R ii:::: ■ KSK-:-6 
28310 ET--E" "M*X>K*2 
28312 ER-El ;> ;-vi ■* v * •* "! \ I   1 '!'■ .■"■. -T- ■'!■ /.*.. 

28314 AR™ Al ;■ >■.••; * v •■.(•■ * ■■) 

28316 A T:::; A' ■• M •■.<.•• y * * '•) 1   1 -T- A -T- ■'!•■ A.. 

28318 FJRP™; i    * i:." i"i ,v; * v 

2831? ETP-"--: .>**ETiM#X 
28320 ATP™; >    '*';' A T M '•l' v 

28321 APR™; >., *ARM*X 
28322 ;:      END   MAT El a AL   PROI ■ER f 

RADIAL POSITION 

.1 NPUT 

Table 6  Material Property Section of VARPROP/NUMD 
(Linear Variation) 

7,-\ 
3:1 

1 
'"j 0 0    C 

3 :l 
3:1 

-.«' 00    C 
0 0 

3:1 5 0 0 
3:1 "••' 00 
3:1 Q 0 0 
31 0 0 0 
31 1 00 

00 
31 A 00 
31 5 00 
31 0) !') () 

31 
8 

00 
0 0 

■'.') * 19 00 
.... f * o 50 
■v ." .- .-* 
•..; v (.:■'-./ 

'7, '.'■ i O 00   c 

INPUT' MATERIAL PROPERTY DEPENDENCE ON RADIAL POSITION 

ETM"■■:!. *4E6 
UTE™.>27 
ERM::::2 <■ 6E6 
UTRP™0, 
ATM":::l.0»:I.E-6 

:ND 

ARM"--4,5E--6 
E "I" ■■■■ < E R M ■- E T' M ) t X / ( X n A X ■■■■ 
E R "•• ( E "f' M -• E R M ) * X X ( X M A X .••••'. 
AI" :■"•• (AIM ■- A R M ) >LX / ( X M A X ■••■'. 
AT-" ( ARM-■ A"f'M ) *XX ( XM AX•••■ 
E R P ■•■•" ( E T M •- E E M ) X ( X M A X ••■• X 
E T P -:: ( E R M •- E T M ) X ( X M A X •■•■ X 
A T P::-: ( A R M •- A T M ) X ( X M A X •••■ X 
A R P:::: ( A T M ■■■■ A R M ) X ( X M A X ■••• X 
OR'T^ER^MTRXET 
VI:XrP^OTR>l;ERPXET--OTR*E 
MATERIAL.   PROPERTY   INP 

i IT- 

•IE 
4Ä ,; r|.... 

" M •••• 

ERM 
ETM 
A T M - 
A R M ■•■• (:i l i" i; 

-ETM.)*X 
•ERM>*X 

■••ARM)#X 
':•, T M ) :* x 

IT 

l. All HA-A 

( XMAX■-X 
X X M A X ■■■' X 
( XMAX'-X 
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Conclusions 

Development of a numerical integration scheme for 

the analysis of cylindrically orthotropic annular disks 

with variable elastic constants has been accomplished. 

The integration scheme utilizes Hamming's Predictor-Corrector 

Method in conjunction with a half-interval search technique 

which rapidly converges to the exact solution.  Radial 

stress and displacement boundary conditions may be specified. 

Correlation of numerical integration results with analytical 

and finite-element solutions was found to be excellent. 

This analysis capability enables the determination of the 

influence of prescribed material property variations, 

temperature changes, and centrifugal forces on the response 

of an annular disk.  The disk may be subjected to internal 

and external pressure or displacement boundary conditions 

as well.  In addition, interference fit can be approximated 

by specifying displacement boundary conditions on the 

disk inner radius. 
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Appendix A 

Formulation of Governing 

Equations:  Variable Properties 

For an axisymmetric body rotating at a constant 

angular velocity w, the equilibrium equation in the radial 

direction is given by: 

-a! + -JVJ1 + PW r = ° (i) 

The stress - strain relations in polar coordinates for a 

cylindrically orthotropic material are given as follows: 

a      ve ae 
£r = W- ~  "ET- + arAT (2) r   e 

afl  
v ea 

ee = if " -^-L + aeAT (3) 
8     r 

Inverting (2) and (3) and solving in terms of the stress 

components yields, 

°r  = Qrr(er"arAT) + Qre(e9-aeAT) (4) 

ae = Qre(er-arAT) + Qee(e9-
aeAT) <5> 

where 

_ Er Ee 
°rr = ^er^re  Q" = ^-re (6) 

o  - o     Ver  Eevre Qre - Qer -  i-vervr9= i-v9rvre (7) 



The strain - displacement relations for an axisymmetric 

body are 

ee = r <9> 

Where u is the radial displacement, TO obtain the governing 

equation in terms of displacement equations (4), (5), (8) 

and (9) are substituted into the equilibrium equation (.1) . 

Simplifying one obtains, 

,2 
| +  S(r)   |£ +  T(r)u = F(r) (10) 

dr 

where 

1       dQrr       1 S(r)   =   (gi-    -gl^ + i) (11) 
rr 

1       dQr6       k2 

rr r 

-n/„2r 1       dQr-r- 1_Vflr- TP / v- \   _     pui r       i-   x         r r              or, ,, _. 
F(r)   ~ "Q^~ +   {Q^ dr— + ~E 1   ar <13> 

.   r i     dQre +   ^^re-1! 
+   [g^ -3JT- + ]   a0 

dar        v dafl + zsr +   er -ar* AT 

k2=EQ/Er 

and employing equations (6) and (7), 



1 dQrr ,  dE 
1    r ■ 

Qrr dr E  dr  ' r 

1 dQre V9r dEr + 

dv0r dvrG 
Vr9  ar~ v6r  dT~ 
l-vfl  v  0 l-vQ  v  n 

U  ' 6r r8 0r r6 

dv6r 2       dv
re 

E~ dF~ ^ (T^T7^7Z)    [ctr— +  V6r    dr~]        (15) 
'-rQ  — ~r ^   vx vr6v6rJ 

Reduction of equation (10) to a first order system follows: 

Let u, = u 

du u2 = ar 

then 
dul  du 
dr   dr 

du„   ,2 2   du 
dr    , 2 

dr 

= u2 (16) 

Therefore (10) becomes 

dul = u2 
dr~ (17) 

du2 
dF" = F " s u2 ~ 

T ul (18) 

and the initial conditions required at the inner radius 

"a" for Hamming's Method are, 

ux(a) = u(a) 

u2(a) = f£ (a) 
(19) 



For the original boundary value problem, one boundary 

condition (displacement or radial stress component) will be 

prescribed on the inner and outer radii.  Consequently, the 

unknown initial condition will be bounded and the half-interval 

method will be employed to iterate to the solution.  Note 

that Hamming's Method always requires boundary conditions at 

the inner radius in terms of displacement (see eq. (19)). 

Therefore, if u(a) is prescribed, then bounds on g^ (a) are 

established and the solution is obtained in a straightforward 

manner.  However, if a (a) is prescribed, bounds on aQ(a) 

are expected.  In this case, the stress components are 

transformed into the displacement and radial strain boundary 

conditions utilizing equations (2), (.3), (8) and (9). 

The listing of the program which performs the 

numerical integration scheme is given below. 



♦FILE : (i 345)VARPR0P/NUMD ON PACK 
1000 $RE SET FREE 
1100 FIL E  6(KIND=REMOTErMAXRECSIZE=22) 
1200 C 
13,00 C HAMMING'8 PREDICTOR-CORRECTOR METHOD 
1400 C 
1500 C PROGRAM SOL .VES A SYSTEM OF N FIRST ORDER ORDINARY DIFFERENTIAL 
1600 C EQUATIONS 
1700 C 
1800 C LIST OF SYMBOLS? 
1900 C 
2000 C XI INITIAL STARTING VALUE FOR INDEPENDENT VARIABLE 

2.1.00 C H INTEG RAT10N S TEP-SIZE 

2200 C XMAX UPPER LIMIT OF INTEGRATION 
2300 c N NUMBER OF INITIAL CONDITIONS 

2400 c YR (I) N INITIAL CONDITIONS AT X 

2500 c FR (I) DERIVATIVES  IN ORIGINAL SYSTEM OF DIFFERENTIAL 

2600 c EQUATIONS 
2700 c Y (11J ) Y VALUE AT ITH X VALUE FOR JTH DIFFERENTIAL EQUATION 

2800 c F < I f J) DERIVATIVE AT ITH X VALUE FOR JTH DIFFERENTIAL 

2900 c EQUATION 
3000 c TE(I) TRUNCATION ERROR FOR ITH CORRECTOR EQUATION 

3100 c INT NUMBER OF INTEGRATIONS BETWEEN OUTPUT 

3200 c NN UPPER LIMIT ON THE NUMBER OF HALF-INTERVAL ITERATIONS 

3300 c Y2I...EFT LOWER LIMIT ON UNKNOWN INITIAL VALUE 

3400 c Y2RITE UPPER LIMIT ON UNKNOWN INITIAL VALUE 
3500 c NHIS NUMBER OF HALF-INTERVAL ITERATIONS BETWEEN PRINTOUT 

3600 c SGI RADIAL STRESS B*C\ ON INNER- RADIUS 
3700 c SGO RADIAL STRESS B.C* ON OUTER RADIUS 
3800 c SIGNL HAS THE VALUE -lr   IF Yl (XMAXXSIGO WHEN 
3900 c Y 2 (XI) = Y 2 L E F T r 0 T H E R WIS E T H E V A1... U IE: IS 1 
4000 c DT TEMPERATURE DIFFERENCE RELATIVE TO STRESS 
4100 c FREE STATE 
4200 c l/l ROTA T10 NA L SP EE D(R P M) 
4300 c RHÜ DENSITY(#/IN**3) 

4400 c 
4500 c SUBROUTINES RUNGE AND HAMMING ARE BASED ON ALGORITHM'S 

4600 c FOUND IN "APPLIED NUMERICAL METHODS" BY CARNAHAN» LUTHER 

4700 c AND WILKi: IS (PAGES 367-402) 
4800 c 
4900 c MAIN PROGRAM 
5000 c 
5100 INTEGER COUNTvRUNGE»NAMING 
5200 LOGICAL PF CED 
5300 DIMENSION TE(10)rYR(10)rFR(10 > » Y (4 »10) »F(3r10)rPHI<10)rSAVEY(10) 
5400 l»YPREDCI.O) 
5500 COMMON DT» WrRHOfXI»XMAX 
5600 c 
5700 c READ INPUT DATA 
t?v.jsua.u\ - 



DUUU I, 
5900 
6000 
6100 
6200 
6300 
6400 
6500 
6600 
6700 
6800 
6900 
7000   C 
7100   C 
7200   C 
7300 
7400 
7500 
7600 
7700 
7800   C 
7900   C 
8000   C 
8100   C 
8200   C 
8300 
8400 
8500 
8600 
8700 
8800 
8900   C 
9000   C 
9100   C 
9200 
9300 
9400 
9500 
9600 
9700 
9800 
9900   C 
10000   C 
10.1.00   C 
.1.0200   C 
10300   C 
10400 
10500 
10600 
10700   C 
10800   C 

N=2 
WR.I. II::. (6 »10) 
READ(5 f/)XIv H»XMAX»INT»DT»W»RHO 
WRITE(6»20> 
READ(5»/)YR1»TIC1 
WRITE(6?25) 
READ < 5» /) Y2I...EFT» Y2RITE 
WRITER »26) 
READ<5»/)YR3»TIC3 
WRITE(6?27) 
R E A D (5 » / ) N N » N HIS r SIG N1... 

PRINT   HEADING   AND   INPUT   DATA 

WRITE (6 v 30 ) II »XI» XMAX » N » INT» YR1 » TIC1 r Y2LEFT r Y2R.1. 1 E t NN» NHIS rSIGNL 
1 fDT»RHO»U 

WRITE(6»40) 
W ■■■■■■■ W * 2 ♦ * 3 ♦ 1415 9 2 7 / 6 0 ♦ 
RH0=RH0/32,2/12» 

INITIALIZE   STEP   COUNTER 
SET   FIRST   ROW   OF   Y   MA IRIX   EQUAL   TO   INITIAL   VALUES 
INITIALIZE   TRUNCATION   ERRORS   TO   ZERO 

DO   90   11=1»NN 
X=XI 
YR(1)=YR1 
Y2ZER0=(Y2LEFT+Y2RITE)/2♦ 
YR<2)=Y?7FR0 
WRITE(6 935)11»Y2LEFT»Y2RITE»Y2ZER0 

CONVERT   STRESS   B.C«   TO   DISPLACEMENT   B*C. 

IF(TIC1.EG»2)60   TO   55 
CALL   PROP < X» YR < 1) » YR (2) »FF»P »Ct» YR (2) »EPT» YR (1) »1) 

55 COUNT=0. 

DO   60   J=1FN 

TE(J)=0» 
60 Y(4»J)==YR(J) 

CALL   FOURTH-ORDER   RUNGE-KUTTA   FUNCTION   TO   INTEGRATE 
OVER   FIRST   THREE   STEPS 
SUBROUTINE   DERIV   CALUCULATES   DERIVATIVES 

65 IF(RUN 6E(M»N» Y R»FR»X»H»PHI»SA VE Y)♦N E * 1)G0 T0   70 
CALL   DERIV(N»1»ISUB» YR» Y»FR»F»X) 

GOTO   65 

PUT   APPROPRIATE   INITIAL   VALUES   IN   Y   AND   F. MATRICES 
. "i JS nnnMT...nnn\iT i >t                                                      . 



IWVV /v LUUN i =i-uun i-n 
1:1.000 ISUB=4-C0UNT 
11100 DO 75 J=1FN 
1 1 POO 75 Y(ISUBrJ)=YR(J) 
11300 CA1... 1... DERIV<N»2»ISUB»YR»Y»FRtFrX) 
11400 C 
1 ifiOO C PRINT SOLUTIONS AFTER INT STEPS 
11600 C 
11700 80 IF (C 0 (J N T /1N T * IN T. N E . C 0 U N T) G 0 T 0 8 5 
11800 IF ( . N 0 T * ( 11 / N HIS * NIIIS.E Q ♦ 11.0 R. I1♦ E Q. N N > ) G 0 T 0 8 5 

11900 IF(COUNT.LE ♦ 3)EPT=Y<ISUB v1)/X 
12000 IF ( C 0 U N T. L E ♦ 3) C A1... 1... P R 0 P < X r F (IS U B v 1) r E P T r F F r P r Q t SIG R r SIG T r U t 3 > 
.1.2100 IF <COUNT.GT♦3)EPT=Y(111)/X 
12200 IF(COUNT♦GT.3)CALL PROP(XrF(1,1)rEPTrFFtP101SIGR?SIGT»U»3) 
12300 IF (C 0 U N T. 1... E. 3 > W RIT E (6 r 5 0) X t Y (IS U B»1) »F < IS U B r 1) »E P T r S16 R f SIG T 

12400 IF(COUNT,GT* 3)WRITE < 6 r50)X,Y(111)tF(111)rEPT »SIGRrSIGT 
12500 C 
12600 C IF X > XHAX TERMINATE INTEGRATION 
12700 C 
12800 85 CONTINUE 
12900 IF < X♦GT.XMAX-H/2)GOTO 100 
13000 C 
13100 C CALL RUNGE OR HAMMING TO INTEGRATE NEXT STEP 
13200 C 
13300 IF(COUNT.LT*3)G0T0 65 
13400 PRED=»TRUE. 
13500 105 MM = NAMING(N»Y»F»XrHiTEtPRED tYPRED) 
13600 C A1... 1... D E RIV ( N r3»ISUB»YRrYfF R »F r X) 
13700 IF<MM.ECM)GOTO 105 
13800 c; 
13900 c INCREMENT STEP COUNTER AND CONTINUE INTEGRATION 
14000 C0UNT=C0UNT+1 
.1.4100 GO TO 80 
14200 c 
14300 c COMPARE SOLUTION TO KNOWN OUTER B.C. 
14400 c: 
14500 100 IF(TIC3.EQ.2)G0 TO 102 
14600 c 
14700 c CONVERT DISP* AND STRAIN TO STRESS 
14800 c 
14900 EPT=Y<1»1)/X 
15000 EPR=F<1»1) 
15100 C A L L P R 0 P (X r E P R r E P T t F F r P t G , SIG R t SIG T r U t 3 ) 

15200 IF((SIGR-YR3)*SIGNL*GT*0>60 TO 106 
15300 Y2RITE=Y2ZER0 
15400 GO TO 90 
15500 106 Y2LEFT=Y2ZER0 
15600 GO TO 90 
15700 102 IF((Y(l»i)-YR3)*SIGNL .GT. 0)G0 TO 110 
15800 Y2RITE=Y2ZER0 
15900 GO TO 90 



16200 
16300 
16400 
16500 
16600 
16700 
16800 
16900 
17000 
171.00 
17200 
17300 
17400 
17500 
17600 
17700 
17800 
17900 
18000 
18100 
18200 
18300 
18400 
18500 
18600 
18700 
18800 
18900 
19000 
19100 
19200 
19300 
19400 
19500 
19600 
19700 
19800 
19900 
20000 
20100 
20200 
20300 
20400 
20500 
20600 
20700 
20800 
20900 
21000 

110 Y2LEFT=Y2ZER0 
90 CONTINUE 

FORMAT STATEMENTS 

10 FORMAT(IXr'ENTER XI»H»XMAX»INT»DT»U(RPM)»RHO<LB/IN**3)' ) 
2 0 F 0 R M A T (1X » ' E N T E R K N 0 W N I ♦ C . > T Y P E ( S T R E S S=1 » DIS P L . = 2) ' > 
25 FORMAT(IX»'ENTER Y2I...EFT » Y2RITE' ) 
26 FORMAT (IX r ' ENTER SECOND B ♦ C. t TYPE < STRESS«!1DISPL . «2) ' ) 
2 7 F 0 R M A T (1X » ' E N T E R N N » N HIS » SIG N I...' ) 
30 FORMAT(///1X »'H     ='»E15.3/1X»'X 

1 IX»'XMAX  «'»F15*4/1X»'N     = '»I 
1 1X»'YR1   «'»F15,4/1X»'TIC1  = '» 
1 IX»'Y2RITE='»F15»4/1X»'NN    »'»I 

«'»F15,4/ 
5/lX»'INT   ='»115/ 
15♦4/1X » 'Y2LEFT«'»F15*4/ 

15/1X'NHIS  ='»115/ 
='»F15.4/1X»'RH0 »F15.4/1X» 1  1X»'SIGNL ='I15/1X»'DT 

1  'W     ='F15»4//> 
35  FORMAT(1X»'ITERATION'»15»5X»'LOWER«'F15.4»5X»'UPPER»'»F1b.4» 

1 5X»'UNKNOWN I♦C♦ ='F15*4) 
40  FORMAT(7X»'X'»30X»'Y'»/30X»'U'»18X»'EPR'»16X»'EPT'»16X 

1  »'SIGR'»16X»'SIGT'/> 
50  FORMAT(IX »F10♦5 »5X »5(5X »E15♦7)) 

CALL EXIT- 
END 

C*****Jm****************************^^ 
FUNCT10N RUNGE<M»N»Y»F»X»II»PHI»SAVEY) 

C 
INTEGER RUNGE 
DIMENSION PHI(N > »SAVEY < N)»Y < N)»F< N) 
M«MH 
GO TO <1»2»3»4»5)» M 

C 
1 RUNGE«! 

RETURN 
C 

2 DO 22 J=1»N 
SAVEY(J)«Y<J> 
PHI(J)«I:'<J) 

22  Y(J)«SAVEY<J) + ♦ 5*H*F(J) 
X=X+*5*H 
RUNGE«1 
RETURN 

C 
3 DO 33 J«1»N 

PHI<J)=PHKJ)+2.*F<J) 
33  Y(J)=SAVEY(J)+«5*H*F(J) 

RUNGE«! 
RETURN 

C 
4 DO  44 J«1»N 

PHI<J)=PHKJ)+2»*F(J) 
44  Y(J>=SAVEY(JHH#F(J) 



21100 X~X+*5*H 
21200 RUNGE-1 
2:1.300 RETURN 
21400 C 
2 1500 5  DO 55 J=1>N 
21600 55  Y(J) «SAVEY < J) + < PHI (J) +F (J) ) W/6 ♦ 
21700 M=0. 
2*800 RUNGE-0 
21900 RETURN 
'.T^OOO FNP 
22100 C*********************************^ 

22300 SUBROUTINE DERIO(N rFCOUNT,ISUBFYR tY FFRFFv X) 
22400 C  ■ 
22500 DIMENSION YR < N)v Y(4 *N)FFR(N)FF <3 *N) 
22600 CALL PROP(X tSIOR »SIGTFFFFPFö y EPR rEPTF UF2) 
22700 00 T0(1F2F3)F FCOUNT 
22800 1  FRCI. )"YR<2) 
22900 FR(2)=FF-P*YR(2)-Q*YR<i) 
23000 RETURN 
23100 2  F(ISUB»1)=YR(2) 
23200 F(IBUB,2)=FF-P*YR(2)-Q* YR(1) 
23300 RETURN 
23400 3  F(l»l)=Y(ii-2) 
23500 F(1v 2)=FF--P*Y<1r2)-Q*Y<1r1) 
23600 RETURN 
':>3700 FNO 
23800 C*****************************************************^ 
'?3°00 C 
24000 FUNCTION HAMING(N ?Y rFrX rHFTEF PRED FYPRED) 
24100 C 
24200 INTEGER NAMING 
24300 LOGICAL PRED 
-:> 4 4 o 0 DIM E N S10 N Y P R E D (N) F T E < N ) F Y (4 F N > F F < 3 F N) 
24500 C       IS CALL FOR PREDICTION OR CORRECTOR SECTION 
2 4600 IF(♦N0 T♦P R E D) GOT0 4 
24700 C 
O4800 C       PREDICTOR SECTION OF HAMING 
24900 C       COMPUTE PREDICTED VALUES AT NEXT POINT 
25000 DO 1 J~

:
1FN 

25100 1  YPRED < J) = Y < 4»J) +4. *H* < 2♦*F <1» J)-F <21J) 12 .-*F < 3 F J) ) /3. 
25200 C 
25300 C       UPDATE THE Y AND F TABLES 
25400 DO 2 J=1»N 
25500 DO 2 K5=l»3 
25600 K=5-K5 
25700 Y(K»J)=Y<K-i»J> 
25800 IF ( K ♦I... T * 4 ) F < K r J > =:: F ( K -1 r J) 
25900 2  CONTINUE 

26100 C       MODIFY PREDICTED Y(J) VALUES USING THE TRUNCATION ERROR 



26200 
26300 
26400 
26500 
26600 
26700 
26800 
26900 
27000 
27100 
27200 
27300 
27400 
27500 
27600 
27700 
27800 
27900 
28000 
28100 
28200 
28300 
28400 
28500 
28600 
28700 
28800 
28900 
29000 
29100 
29200 
29300 
29400 
29500 
29600 
29700 
29800 
29900 
30000 
30100 
30200 
30300 
30400 
30500 
30600 
30700 
30800 
30900 
31000 
31100 
31200 

Lbl IflAlLS    I" KUfl     llll:-    1'KhV.I.UUb    b 1 t-1 •' >• .L N C K I::. II t:. N I     X    VHLUt 

DC)    3    J-l s-N 
Y(1y J)=YPRED(J) +112.*TE(J)/9♦ 
X=X+H 

SET PRED AND REQUEST UPDATED DERIVATIVE VALUES 

PRED=*FALSE. 
HAMING=i 
RETURN 

CORRECTOR SECTION OF NAMING 
COMPUTE CORRECTED AND IMPROVED VALUES OF THE Y(J) AND 
SAVE TRUNCATION ERROR ESTIMATES FOR THE CURRENT STEP 

DO 5 J-l y N 
YU.y J) = < 9 . *Y ( 2 r J) -Y ( 4, J) +3 . *H* < F (1 r J) +2 . *F < 2 r J) -F (3»J ) > > /8. 

TE< J)=9 4 * < Y <1fJ)-YPRED(J))/121♦ 
Y(1»J)=Y(1»J)-TE(J) 

C       SET PRED AND RETURN WITH SOLUTIONS FOR CURRENT STEP 
PRED=.TRUE» 
HA MING ===2 
RETURN 
END 

C****************************************** 
C 

SUBR 0U TIN E PR 0P <XiA1rA 2rFF »P»QrA3»A4rA5»0PID 
C 
C 
C 
C 
c: 
C 
C 
C 
C 
C 
C 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 

INPUT MATERIAL PROPERTY DEPENDENCE ON RADIAL POSITION X 

(T t TANG E N TIA I... r   R i R A DIA I...) t 

ET   -TANGENTIAL MODULI 
ETP  -DERIVATIVE OF ET 
VTR  -POISSON RATIO 
VTRP -DERIVATIVE OF VTR 
ER   -RADIAL MODULI 
ERP  -DERIVATIVE OF ER 
VTR  -POISSON RATIO 
VTRP -DERIVATIVE OF VTR 
AT   -TANGENTIAL COEFFICIENT OF THERMAL EXPANSION 

ATI" DERIVATIVE OF AT 
AR   -RADIAL COEFFICIENT OF THERMAL EXPANSION TVI„Pt.Af.t- 
DT   -TEMPERATURE CHANGE(POSITIVE VALUE CORROSPONDS TO AN 1NLKLASL 

RELATIVE TO THE STRESS FREE STATE) 

EPR  -RADIAL STRAIN COMPONENT 
FPT  -TANGENTIAL STRAIN COMPONENT 

U    -RADIAL DISPLACEMENT 

REAL K 
COMMON DT»W»RHO»XI»XMAX 

INPUT MATERIAL PROPERTY DEPENDENCE ON RADIAL POSITION 



31*500 
31400 
31500 
31700 
31700 
32000 
32100 
32200 
32300 
32400 
32500 
32600 
32700 
32800 
32900 
32950 
32960 
33000 
33100 
33200 
33300 
33400 
33500 
33600 
33700 
33800 
33900 
34000 
34100 
34200 
34300 
34400 
34500 
34600 
34700 
34800 
34900 
35000 

ETM>*XI/<XMAX-XI) 
■ERM')*XI/<XMAX-XI> 
•ARM>#XI/<XMAX-XI) 
-ATM) »XI/(XMAX-XI) 

T~VTR*ER/ET**2*ET: 
RTY INPUT 

ETM»1*4E6 
VTR».27 
ERM»2.6E6 
VRTP»0* 
ATM»10<>:I.E "6 
ARM»4.5E-6 
ET» < F.RM-ETM) *X/ < XMAX-XI) f ETM- (ERM- 
FR»< FTM-ERM)*X/(XMAX-XI)TERM-<ETM- 
AR»(ATM-ARM)*X/< XMAX-XI)TARM-<ATM- 
AT=(ARM-ATM)*X/(XMAX-XI)+ATM-<ARM- 
FRP» <ETM--ERM>/<XMAX-XI) 
FTP»(ERM-ETM)/(XMAX-XI) 
ATP» <ARM-ATM)/<XMAX-XI) 
ARP» < ATM-ARM)/< XMAX-XI) 
VRT=ER*VTR/ET 
URTP»VTR#ERP/ 

C  EN IT MATERIAL PROP 
VD=1.-VRT*VTR 
GRR»ER/VD 
QTT»ET/VD 
QRT=ER*VTR/VD 
Q R R P » F R P / E R10 R T * 0 T R P / V D + V T R * V R T P / V D 
QRTP=VTR*ERP/ER+(VTRP+VTR**2*VRTP)/VD 
K»SQRT(ET/ER) 
IF<0PT1*EQ*1)G0 TO 1 
IF<0PTi.EQ.3>G0 TO 3 
FF=-RH0*W**2*X/GIRR + ( (QRRP+ < 1-VTR) /X) *AR 

1  ■}• (QRTP+K**2* < ORT-1. ) /X) *AT+ARP+VTR*ATH) *DT 
p»:|. ,/XTQRRP 
Q=QRTP/X-<K/X>**2 
IF(0PT1*EQ*2>G0 TO 2 

1 A3 » A1 / E R •• V T R * A 2 / E T+A R * D T 
A4»-0RT*Al/ERiA2/ETfAT*DT 
A5»X*A4 
00 TO 2 

3  A3=PRR*A1+QRT*A2-DT*<QRR*AR+ORT*AT) 
A4=QRT*A1+QTT*A2-DT* (QRT*AR.+QTT*AT) 

2 RETURN 
END 



Appendix B 

Analytic Solution:  Constant Properties 

For the case of constant properties, equation (10) 

can be rewritten as follows: 

2 2 
r du    du  ,2 3 —2 ■+ r g^ - k^u = Cjr - C2r (20) 

where   C]_ = AT   { 2r(l-v8r) + k2ae(vrQ-l) } 

(21) 

r _  (1-v8rvre> pu)2 U2 "     E r 

Noting that (20) is in the form of Euler's equations, the 

general solution can be expressed as follows: 

u = Ar + Br K + -±-    - -£_=.  (k ^ 1 or 3)       (22) 
l-kz  9-k^ 

where A and B are constants to be determined from the boundary 

conditions.  The corresponding stress components are: 

A Er(k+Ver)rk_i   B Er(v0r-k)r~
k~1 

°r  =  ^e^re     + 1-v0rvr9 

(3+vn )pw2r2  AT Er 
(23) 

 2    +  ? (ar~a6) 

9-k^ (1-k2)  r 



o   _ A Ee(1+kvre) rk_1  B ^«^re1 r_k_1 
9 =  <1-vrever)    +  (1-vrever) 

(24) 
(l+3v„)k2pw2r2   ATE 

If radial stress boundary conditions are prescribed 

on the inner (a) and outer radius (b), 

ör(a) = p 

ar(b) = q 

The unknown constants are, 

A = (Pdk+1 -_Q) 
bk-l[d2k_1] Qrr(k+v0r) 

R        (-P  + dk-1Q)dk+1 

b-k-l[d2k_1]   Qrr(v0r-k) 

(25) 

(26) 

(3+v6r)pco2a2     AT  E0(ar-a0) 
where       P = p . +  *  ~ 0 

9-k^ 1-k (27) 

(3+  ver,p(02b2       AT  VVV 
Q =q+  ~  -  2 

9-k2 1-k2 

d = a/b, k2 = Ee/Er 

Employing equation (26) , we obtain the following relations 

for the stress components: 



(1+3  v   6)k
2pco2r2 ATEe 

+  ö—     (a  -aQ) 

(28) 

_  Pdk+1-Q   ,r  k_1   _   (P-dk"1Q)dk+1   ,r,   k  1 

ar ,2k   ,       V ,2k   , V a     -1 a     -1 

(3+v6r)pto2r2       ATEe 

9-k2 (1-k2)      r     9 

*2(1+k^r9>      (Pdk+1-Q)    .r*'1 

ae =    (k+v6r) (d2k_1}   V 

k2(l-kv_fl)      ,p_,k-l        k+1 -k-1 
_^ £9       (p-d      Q)   d (r} (29) 

(v6r-k) (d2k-l) b 

9-k2 (1-k2) r    6' 

A program listing for the analytical solution derived for 

radial stress boundary conditions is given below.  Stress 

components are determined directly from equations (28) and 

(29) and strain components and radial displacement are calculated 

from equations (2), (3) and (9), respectively. 



#FILE 
1.000 
:uoo 
1200 
1300 
1400 
1500 
1600 
1700 
1800 
1900 
2000 
2100 
2300 

00 '•>C! 

2600 
2800 
2900 
3000 
3100 
3200 
3300 
3350 
3360 
3400 
3500 
3600 
3700 
3800 
4000 
4200 
4250 
4300 
4500 
4550 
4600 
4700 
4800 
4900 
5000 
5100 
5200 
5300 
5400 
5500 
5600 
5700 
5800 
5900 

... v. f\ *\.J\ 

: ( 
*R 
FI 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

13 4 5) V A R P R 0 P / C F D 0 N P A C K 
ESET FREE 
L E  6 (KIN D =:: R E M 0 T E »MAX R E C SIZE=2 2) 

REAL K 
LIST OF SYMBOLS: 

C 
C 
C 
C 
C 

c 
c 

ET 
VTR 
ER 
AT 
AR 
DT 

EPR 
EPT 
U 
W 

RI-IO 

XI INITIAL STARTING VALUE FOR INDEPENDENT VARIABLE 
DX     X INCREMENT 

XMAX UPPER LIMIT OF INTEGRATION 
SGI RADIAL STRESS B.C. ON INNER RADIUS 
SCO RADIAL STRESS B.C. ON OUTER RADIUS 

-TANGENTIAL MODULI 
-POISSON RATIO 
-RADIAL MODULI 
-TANGENTIAL COEFFICIENT 
-RADIAL COEFFICIENT OF 

OF THERMAL EXPANSION 
THERMAL EXPANSION 

••■• T E M P E R A T U R E C H A N G E <P 0 SITIV E 
RELATIVE TO THE STRESS FREE 

•••■ R A DIAI... S T R AIN C 0 M P 0 N E N T 
-TANGENTIAL STRAIN COMPONENT 
- R A DIA L DIS P L A C E M E N T 
-ROTATIONAL SPEED(RPM) 
•-DENSITY (#/IN**3) 

VALUE CORROSPONDS 
STATE) 

TO AN INCREASE 

INPUT MATERIAL PROPERTIES 
<T: TANGENTIAL» RJRADIADJ 

ET-2.6E6 
VTR=*501 
ER=1.4E6 
VRT=VTR*ER/ET 
AT = 4.5E--6 
AR==10.1E-6 
RHO=.l 

END MATERIAL PROPERTY DESCRIPTION 

READ INPUT DATA 

WRITE<6»10) 
READ(5 r/)XIrXMAX rDX vDT rW 
WRITE(6»20) 
READ<5»/)SG:I:»SGO 

PRINT HEADING AND INPUT DATA 

WRITE < 6» 30)XI»XMAX»SGO»SGI»ET»ER »AT»AR»VTR»DT»W»RHO 

WRITE(6»40) 



ÖUUU u 
'6010 
6020 
6100 
|6200 
6400 
6402 
6404 
6406 
6408 
6500 
6505 80 
6510 
6515 1 
6520 
6525 1 
6530 1 
8000 70 
8100 
8200 
8300 
8400 
8500 
8600 
8700 C 
8800 C 
8900 C 
9000 10 
9100 20 
9200 30 
9300 1 
9400 1 
9500 1 
9505 1 
9600 40 
9700 1 
9800 50 
9900 2 
10000 

W=W*2*3.1415927/60♦ 
RHQrRHO/32.2/1.2* 
D=XI/XMAX 
K=SQRT(ET/ER) 
DEN=D**(2*K)-1. 
P1 = D T * (A R - A T) / (1. - K * * 2) 
P 2 =:= (3 }• V T R) * R l-l 0 * W * * 2 / (9 ♦ ••- K * * 2) 
P=SGI+P2*XI**2-Pi*K**2*ER 
Q=S G 0+P 2 * X M A X * * 2 •- P1 * K * * 2 * E R 
X=XI 
R=X/XMAX 
SIGR=<P*D**(K+1)-Q)*R** <K-1)/DEN-(F 
/ D E N * R * * (■- K ■•• 1) •••• P 2 * X * * 2+P1 * K * * 2 * E R 

SIG T = K * * 2 * (1 + K * V R T) / (K+V T R) * < P * D * * < K+1) - 0) / D E N * R * * < K 
-~K**2*(1-K*VRT)/(VTR-K)*(P~D**<K-1)*Q)/DEN*»**<K+1) 
* R * * < • - K •■•■ 1 > •"• < 1 + 3 ♦ * V R T) * R l-l 0 *(W*K*X>**2/<9 - K * * 2) + P1 * E T 

E P R=SIG R / E R - K> T R * SI (3 T / E T+AR*» T 
EPT=-VTR*SIGR/ET+SIGT/ET+AT*DT 
U=X*EPT 
WRITE(6 r50)X rSIGRrS16TvEPR tEPT rU 
IF (X . 6 E ♦ X M A X •» X) G 0 T 0 2 
X=X+DX 
GO TO 80 

FORMAT STATEMENTS 

D**<K-1)*Q)*D**(K+1) 

1) 

FORMAT <IX r'ENTER XItXMAXt»X rDTrU '.) 
FORMAT(IX?'ENTER SGIFSGO') 
FORMAT(///IX v'XI    ='tEIS.3/1X,'XMAX = '»-E15»4/ 

IXr'SGO 
='»Ei5«4/lX»'AT 
='»E15*3/1X»'»T 

'«RT   = 'tE15*A/lXr'ET 
= ' r E15 . 4/1X ' AR 
='rE15t4/lX»'W 

IXy'ER 
IXy'VTR 
IXy'RHO   ='E15 4 4//> 

FORMAT(17Xv'X't14Xr'SIGR'r16X>'SIGT't16X?'EPR'r17X 
f 'EPT'ylGX? 'UV) 

FORMAT(10X tF10♦ 4y5<5Xs>EIS♦ 7) ) 
RETURN 
EN» 

yE15.4/ 
■15*4/ 
E15,4/ 



Appendix C 

Analytical Solution:  Power Law Variation of Properties 

For the power law variation of modulii, the stress 

function approach [4] is utilized to obtain a closed form 

solution.  Employing the strain-displacement relations in (8) 

and (9) and eliminating u in (2) and (3), we obtain 

rvGr Gr     r ( - -^ r)  + (| aQ)  + (ra0AT) (30) 

r- - iff °e + ariT r   8 

where prime denotes derivates with respect to radial position. 

For an axisymmetric body, the relations between the stress 

function and stress components which identically satisfy 

Eq. (1), (in the absence of body forces) are 

ar = g/r, o0 = g' (31) 

Substitution of (26) into (25) yields the governing differential 

equation, 

g" + (| - V   + (^|V . !|rl . fe_)g ,32) 
Eg        rhQ     r    rzE^ 

E  (a -a ) 
= - AT [ -S § —    +  E a '] 



Assuming the exponential form for the modulii equation (32) 

may be ordered 

m E = F   -m 

r  _rm ~ '  0  n9 m 

E 
v0r = constant, vr9 = vQr ^ 

6m 

r2g" + r(l-m)g' + (mv0r-k
2)g 

An, „   m+2 , (ot6 V .   ,. 
= - AT EQm r    [  + ae'] 

(33) 

(34) 

The general solution of equation (29) can be expressed as, 

N      N 
g = Ar  + Br   + gp (35) 

m +  m2 + 4 (k2-mvQ ) 
where  N^ =  2 — 

and g is the particular solution. 

The particular solution is determined by a variation 

of parameter's approach, 

N       N 
gp = v±r  x + v2r 

z (36) 

where 
I-!!., 

Vl'   (N9-N,) 
(37) 

1-N- 
r   'c 

V2     (N2-N1) 



and Co is defined as the right-hand side of equation (34) 

m+o   (afl-a ) 
C3 = -ATEemr   [   r   + V1 <38) 

The stress components defined in equation (31) are: 

N,-l     N2-l    N,-l      N2-l 
o    = Ar    + Br    + r   v± +  r   v2 (.39) 

N,-l        N--1      N,-l        N„-l 
a9 = ^1 r    + BN2 r    + Nxr   vx + N2r ^  v2      (40) 

I 

and A and B are unknown constants to be determined from the 

boundary conditions.  The components of displacement and 

strain are calculated from equations (9), (2) and (3), 

respectively. 

If radial stress boundary conditions are prescribed 

in equation (25), the unknown constants are given as follows: 

1-N, 
A =  pd    - Q (4-M A     N,-l  N,-N, (41) 

b x  (d x   -1) 

N,-l   1-N- 
B =   - (p;d    Q>d  (42) 

b    (d X   -1) 

where 

N,-l        N--1 
P = p - a x V1(a) - a ^ V2(a) (43) 



N,-l N--1 
Q = q - b X  V,(b) - b ^  V,(b) (44) 

and the V. (i=l,2) are obtained through integration of 

equation (37) and evaluation at the boundaries. 

For completeness, assume the coefficients of thermal 

expansion also vary as a power law, i.e., 

ae = aem r
m (45) 

(46) 

Equation (38) reduces to 

C3 = C4r
2m"1 (47) 

where 

C- = -ATEQ [a0 (m+])-a  ] (48) 4      0m  6m      rm x 

and integrating equation (37) yields 

2m-N,+l 

Vl     (N2-N1) (2m-N1+l) 
(49) 

2m -N9+l 
C4r 

72     (N2-Nx) (2m^2TTj 
(50) 

Employing equations (41), (42), (43) and (44) we 

obtain the following expression for the stress components: 



1-N- N,-l        N,-l , .T     M  , 
I-.J2_ 1       _ , 1  ^ 1-N-    N„-l 

n   -  r pd   -Q i <r\          _ r p~d   Q i *      2  ir\  2 

(d ^ ^ -1) d ^  -1 

+ (2m-N1+l)(2m-N2+l) 
{51) 

1-N2 N,-l        N,-l        d-N2)   N2-l 
r pd    -Q  T XT  ^r,       r P-d   Q  , „ -      ,r. 

Ge = [ -N^N;  ] Ni (E>   " [ "N^N: ] N2d    {b> 
d x   -1 d x   -1 

2m 
+ C4r  (l+2m) 

(52) ^m-Nj+l) (2m-N2+l) 

Equations (43) and (44) simplify to the following: 

C4a
2m  

P  P   (2m-N1+l) (2m-N2+l) 
(53) 

C4b^  
Q   q    f^S-N^l) (2m-N2+l) 

(54) 

Note that for m= 0 (Nx=k, N2=-k) , equations (51) - (54) 

reduce to the solution given in Appendix B for constant 

material properties.  The program listing for this solution 

is given next. 



♦FILE <:l. 
1000 *RE 
1100 FIL 
1200 
1300 C 
1400 C 
1500 C 
1600 C 
1700 C 
1800 C 
1900 C 
2000 C 
2100 C 
2200 C 
2300 C 
2400 C 
2500 C 
2600 C 
2700 c 
2800 c 
2900 c 
3000 c 
3100 c 
3200 c 
3300 c 
3400 c 
3500 
3600 
3700 
3800 
3900 
4000 c 
4100 c 
4200 c 
4300 c 
4400 c 
4500 
4600 
4700 
4800 
4900 c 
5000 c 
5100 c 

345)VARPR0P/CF2 ON PACK- 
SET FREE 
E  6(KIND=REM0TE*MAXRECSIZE=22> 

REAL K»N1»N2»M 
LIST OF SYMBOLS: 

XI 
DX 

XMAX 
SGI 
SGO 

INITIAL STARTING VALUE FOR INDEPENDENT VARIABLE 
X INCREMENT 

UPPER LIMIT OF INTEGRATION 
RADIAL STRESS B.C. ON INNER 
RADIAL STRESS B.C. ON OUTER 

RADIUS 
RADIUS 

ETM 
VTR 
ERM 
ATM 
ARM 
DT 

EPR 
EPT 
U 

-TANGENTIAL MODULI 
•POISSON RATIO 

■••RADIAL MODULI 
-TANGENTIAL COEFFICIENT OF THERMAL EXPANSION 
-RADIAL COEFFICIENT OF THERMAL EXPANSION 
•TEMPERATURE CHANGE(POSITIVE VALUE CORROSPONDS TO AN 
RELATIVE TO THE STRESS FREE STATE) 

- R A DIA L S T R AIN C 0 M P 0 N E N T 
• T A N G E N TIA L S T R AIN C 0 M P 0 N E N T 

■RADIAL DISPLACEMENT- 

INCREASE 

200 

INPUT MATERIAL PROPERTIES 
Cr: TANGENTIAL)» R.* RADIAL): 

ETM=1.4E6 
VTR=*27 
ERM=2.6E6 
ATM=10.1E-6 
ARM-4.5E-6 

END MATERIAL PROPERTY DESCRIPTION 

READ INPUT DATA 

WRITE(6?10) 
.READ(5T/)X11XMAX rDX »DT 
WRITE(6v20) 
READ<5»/>SGI>SGO*M 

PRINT HEADING AND INPUT DATA 

W RIT E < 6 r 3 0 ) XI r X M A X r S G 0, S G11 E T M ? E R M > A r' M t A R M r V T R r D T * M 
WRITE(6f40) 


