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Axisymmetric Analysis of the Cylindrically

Orthotropic Disk of Variable Fiber Orientation

Abstract

Injection molding of axisymmetric bodies with
fiber-reinforced molding compounds results in cylindrically
orthotropic components in which the fiber orientation varies
with radial position. Consequently, development of analysis
techniques for determining the effect of material property
variability on the response of these components is of
great importance. 1In the present study, a numerical
integration scheme for the analysis of cylindrically
orthotropic annular disks with variable elastic constants
is presented. The influence of material property variations,
temperature changes and centrifugal forces on the response
of an annular disk subjected to internal and external
pressure or displacement boundary condition is included in
the analysis. Correlation of numerical integration results

with analytical and finite-element solutions is excellent.




Axisymmetric Analysis of the Cylindrically

Orthotropic Disk of Variable Fiber Orientation

Introduction

injection molding of axisymmetric bodies with fiber-
reinforced molding compounds results in cylindrically
orthotropic components. 1In general, the fiber orientation
will not be constant throughout the body, but will be a
function of radial position. It has recently been shown
[1] that the flow field and moid geometry determine fiber
orientation. For example, the influence of converging
and diverging flow fields on fiber orientation are shown
clearly in Figure 1. Consequently, injection molding of
an axisymmetric mold uniformly on the inner or outer radius
(axisymmetric flow) will result in fiber orientation which
is dependent solely on the radial position. Material
properties are determined uniquely by fiber orientation,
constituent properties, fiber aspéct ratio and fiber volume
fraction. McCullough [1, 2] has introduced the following

parameters to quantify fiber orientation:

£f=1/2 [3 < cos?¢> - 1]

1/4 [5 < cos®¢> - 1]

m/2
<cos™p> = fo N(¢)cosm¢sin¢d¢

g

where ¢ is the angle which a fiber makes with the longitudinal



direction and N(¢) is the percentage of fibers with that
direction. 1In figure 2; the bounds on Young's modulus

as a function of the orientation parameter "f" are shown.
Clearly, the variation of fiber orientation with radial
position significantly influences the mechanical properties
of the component.

In the present study, a numerical integration scheme
is developed to determine the response of cylindrically
orthotropic disks with elastic constants which vary in the
radial difection. Uniform temperature variations and

centrifugal body forces, as well as, pressure on displacement

- boundary conditions prescribed on the inner and outer radii

are considered.

Formulation of the governing equation in terms of
displacements yields a second order linear ordinary differen-
tial equation with non-constant coefficients (See Appendix A).
In general, a closed form solution of this equation does not
exist. The integration scheme requires the reduction of
the governing equation to two simultaneous first order
differential equations which are solved using Hamming's
Predictor-Corrector Method [3]. Unfortunately, Hamming's
Method requires two initial value conditions (one for each
first order equation) whereas only one is known in the actual
boundary value problem. Consequently, a half-interval search
technique is incorporated into the program in which upper

and lower bounds for the unknown initial condition are




prescribed. The average value is employed in the integration
and correlation of the solution with the second known boundary
condition enables the interval of uncertainty to be halved.
Subsequent iterations converge quickly to the solution.

In fact, if Al is the length of the starting interval, thén
the number (N) of interval halving operations required to
reduce the interval of uncertainty to Ay is given by

ln(Al/An)

N = 1In 2

Closed-form solutions for two special variations
of elastic properties are presented in Appendices B and C
to verify numerical integration résults. The first solution
is for uniform properties and the second assumes that the

modulii vary along a radius according to a power law:

m

where m is an arbitrary real number, and the Poisson's
ratios are held constant. In addition, finite element
results for a linear variation of properties are compared

to the numerical integration results.




Correlation of Results

Agreement of numerical integration results with
analytical and finite element results was found to be
excellent. In Figures 3-6, typical results for temperature
variations, centrifugal body forces and internal and external

radial stress tractions are presented. The solid line in

all figures corresponds to the numerical integration prediction.

Superimposed are analytic and finite element results shown

as symbols. The excellent agreement is obtained using

an integration step-size of 0.001 inches (0.025 mm).

Approximately 15-20 iterations are required to determine the

unknown initial condition with sufficient accuracy to

satisfy the remaining boundary condition on the outer radius.

Although only the correlation of stress components are

presented in Figures 3-6, excellent agreement was

obtained for displacement and strain component values as well.
For reference, the material properties employed in

the various solutions are given below:

Constant Properties: Radial Fiber Orientation

4.5x107%/°F (8.1x107%/°¢)

Er = 2,6 Msi(1l7.9GPa) a,. =
Eq= 1.4 Msi(9.65GPa) o = 10.1x10"8/°F (18.2x107%/°c)
ver = 0.27

Constant Properties: Tangential Fiber Orientation

E, = 1.4 Msi(9.65GPa) a_ = 10.1x107%/°F (18.2x107%/°c)
E, = 2.6Msi(17.9GPa) oy = 4.5x10"%/°F (8.1x107%/°c)
Y = .501

6r




Power Law Variation (m specified)

_ m o m -
Er = 2.6 r Msi (17.9r GPa) vre = ,501
Eg = 1.4 r™ Msi (9.65r™GPa) a_ = (4.5%10~ %) r™/oF
(8.1x10" %™/ o¢)
- ' _ -6,_m,,
Vor = .27 ag = (10.1x10 ")xr /°F

(18.2x10 %™/ 0()

Linear Variation

B, = ({522, (r-a) + 2.6)Msi ((T{p2L, (r-a) + 17.9) GPa)
By = (Tp2gy (r-a) + L.oymsi (B2l (z-a) + 9.65) cpa)
lver = .27 |

Ve = Vor Ey/Eg

o, = R 4 45y x10700F (E2ESSR) 4+ 8.1)x1076/00)

ag = (2225 4 10.1)x1070 0k (REEIERR) 4 1g.2)x1078/50)

where
E. - Young's Modulus in radial direction
Eq - Young's Modulus in tangential direction

)

o, ver_— Polisson ratios

o, - Thermal coefficient of expansion in radial direction

ae’- Thermal coefficient of expansion in tangential direction




User's Guide

Fortran computer codes have beeh developed for two
analytical solutions and for the Hamming's Predictor-:
Corrector Method. Analysis details and program listings
may be found in Appendices A, B and C. The programs have
been written in an interactive format which necessitates
execution from a terminal or similar device. In Table 1,
program symbol definitions are defined. The following

examples will be illustrative.

Analytic Solution: Constant Properties (VARPROP/CFD)

Table 2 indicates the 1ine numbers in VARPROP/CFD
which describe the material properties. These are the
only lines that must be altered when another set of properties
are to be input. 1In Figure 7 a sample program execution is
presented where data input is requested by the program.

Note that displacement boundary conditions are not possible.

Analytic Solution: Power Law Variation (VARPROP/CF2)

The anlytic solution assumes the following material

property variation:

Er = Ermr Vre = Ver Erm/Eem
- m _ m
Ee = Eemr o, = armr
v = constant = q rm
Or %g = %gm




In Table 3, the line numbers in VARPROP/CF2 which describe
the material properties are shown. Execution is straight-
forward as indicated in Figure 8. Note that centrifugal
body forces and displacement boundary conditions are not

included.

Numerical Integration (VARPROP/NUMD)

The méterial property section of VARPROP/WUMD is
located in Subroutine PROP (See Appendix A for further
detail). All property dependence on radial position must
be input. Derivatives of these properties are also required;
In Table 4, for example, the material properties employed
in the correlation of numerical with analytical results
(constant properties) are presented. Material property
input for power law and linear variations are shown in
Tables 5 and 6, respectively. Note that derivatives are
input in a straightforward manner.

Execution of VARPROP/NUMD is also in an interactive
mode. The program versatility aliows displacément or
stress boundary conditions in the inner and outer surface.

As mentioned previously, upper and lower bounds on the

unknown inifial condition at the inner radius muét be

supplied. If a radial stress initial condition is specified,
bounds on the tangential stress components are input as

shown in Figures 9 and 10. For displacement initial conditions,

bounds on the radial strain component at the inner radius




are required (See Figures 11 and 12). Results from numerical
integration and the analytical solution for constant properties
(radial fiber orientation) are presented in Figures 7 and 9.
Comparison of solutions illustrates the excellent accuracy

obtained with the Hamming's Predictor -Corrector Method.
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Figure 2 Dependence of Young's modulus on
fiber orientation.




Figure 3. Correlations of Numerical Integration
With Analytical and Finite Element

Results for Temperatur% Variations
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FIGURE 4. Correlation of Numerical Integration Results
' With Analytical Solution For Centrifigal
- Body Forces
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Correlation of Numerical Integration Results
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Traction On Inner Surface
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Figure 6. Correlation of Numerical Integration Results
With Analytical Solution For Radial
Stress Traction On Outer Suyrface
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Table 1 Symbol Definitions

LEST OF SYMBE0LGS

X THITTaL STAaRTING UalUE FOR TRIEFEMTENT VaiTakLE

SRATION STEP-u1

EATERS COLIMEDT O TN

M MUMEER OF  IMIT AL CONDTT LOMHS

YoM OINITIAL CONDUTIONS AT X

yoODERIVATIVES  IM ORIGINAL SYSTEM OF DEFFEREETIAL

FQUATEOMNS

Teudy ¥ WalUk ¢
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ERRIAICNE

TECL TEUNCA

1
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Faltlal.
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I
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[ END MATERTAL FROFPERTY DESCRIPTION




Table 3 Material Property Section of VARPROP/CF 2

W FROFERTIES
Al FIRATTALD

1l

i

i FMDE MATERDSL FROPESTY

Table 4 Material Property Section of VARPROP/NUMD
(Constant Properties)

AT

FEOPERTY 1HPUT

o TRHPUT MATERTAL PROPERTY DEPERDENCE 08 Ralisl mosly

L

T




Table 5 Material Property Section of VARPROP/NUMD
(Power Law Variation)

O IRFUT MeTERIAL PROPERTY DEPENMDENCE 0N RaTial FOSLITIOM

e RAFRMAY
Slebal, PROPER DY TRFUY

Table 6 Material Property Section of VARPROP/NUMD
(Linear Variation)

THECET MaTERIAL FPROPERTY DEFPEHDEMCE ON RATCAL FORLT DO
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Conclusions

Development of a numerical integration scheme for

- the analysis of cylindrically orthotropic annular disks

With variable elastic constants has been accomplished.

The integration scheme utilizes Hamming's Predictor-Corrector
Method in conjunction with a half-interval search technique
which rapidly converges to the exact solutioh. Radial

stress and displacement boundary conditions may be specified.
Correlation of numerical integration results with analytical
and finite-element solutions was found to be excellent.

This analysis capability enables the determination of the
influence of prescribed material property variations,
temperature changes, and centrifugal forces on the response’
of an annular disk. The disk may be subjecﬁed to internal
and external pressure or displacement boundary conditions

as well. 1In addition, interference fit can be approximated
by specifying displacement boundary conditions on the

disk inner radius.
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Appendix A

Formulation of Governing

Equations: Variable Properties

For an axisymmétric body rotating at a constant
angular velocity w, the equilibrium equation in the radial

direction is given by:

do g.-0
r r 0 2 _
It = + pw'r =0 (1)

The stress - strain relations in polar coordinates for a

cylindrically orthotropic material are given as follows:

o Verce
€. = 5 - + OtrAT (2)
r 0
v .0
o s}
_ 0 r r
€y = 7~ - + ag AT (3)
0 r

Inverting (2) and (3) and solving in terms of the stress

components yields,

or = er(er—arAT) + Qre(ee-aeAT) (4)
Og = Qre(er—arAT) + Qee(ee—aeAT) (5)
where
Opr = ifv v Qg9 = 1-i6 v (6)
fr 'ro Or'ro
0 =0 Er\)er - EeVre (7)
ro Or l-vervre 1-v '




The strain - displacement relations for an axisymmetric

body are
e = du
r  dr
e. =4
8 r

(8)

(9)

Where u is the radial displacement., To obtain the governing

equation in terms of displacement equations (4),

and (9) are substituted into the equilibrium equation (1).

Simplifying one obtains,

2

Y L sr) 4 pir)u = F(r)
d 2 dr
r
where
0]
_ 1 rr 1
S(r) = (g—= —gg= *+ 3
rr
1 994 g2
T(r) = (rQ dr )
rr r
-pwr -, 1 err 1 Vor
F(r) = o + {Q i + =
rr ryr
dg k2(v -1)
+ 1 ro + ro 1 a
er dr r 6
da do,
v 8
2 _
k® = Ee/Er

and employing equations (6) and (7),

(10)

(11)
(12)

(13)




dv d\)r0

1l err 1 dEr Vro dr | VGr dr (145

= + +
er dr Er dr l—\)er\)re l—vervre
1 ere - Vor dEr + 1 [dver + Vg dvrel (15)
Qre dr Er dr (l-vrever) dr r dr
Reduction of equation (10) to a first order system follows:
Let ul = u
_ du
Y2 5 &
du
1 du
then E—- =3 " u2 (16)
du2 _ d2u
dr dr
Therefore (10) becomes
du, = u
1 2
= (17)
du2
ar = F -8 u, - T uq (18)
and the initial conditions required at the inner radius
"a" for Hamming's Method are,
ul(a) = u(a)
du (19)

uz(a) = dr (a)




For the original boundary value problem, one boundary
condition (displacement or radial stress component) will be
prescribed on the inner and outer radii. Consequently, the
unknown initial condition will be bounded and the half—interval
method will be employed to iterate to the solution. Note
that Hamming's Method always requires boundary conditions at
the inner radius in terms of displacement (see eq. (19)).
Therefore, if u(a) is prescribed, then bounds on g% (a) are
established and the solution is obtained in a straightforward
manner., However, if cr(a) is prescribed, bounds on oe(a)
are expected. In this case, the stress components ére
transformed into the displacement and radial strain boundary
conditions utilizing equations (2), (3), (8) and (9).

The listing of the program which performs the

numerical integration scheme is given below.




FFILE
1000
1100
1200
1300
1400

1500
1600

1700
1800
19200
2000
2100
2200
2300
2400
2500
2600
2700
2800
2900
3000
3100
3200
3300
3400
3500
3600
3700
3800
3900
4000
4100
4200
4300
4400
4500
4600
4700
4800
4900
G000
5100
H200
3300
%400
9900
S600
5700

LR LWL L

CL3AGIVARFROP/ZNUMI ON FACK
$RESET FREE
HCRIND=REMOTE y MAXRECS I ZE=22)

FILE
C
G
[
C
C
[
G
G
G
C
G
[
(W
G
C
C
¢
[
G
G
C
G
C
C
C
C
C
G
C
C
C
C
C
G
G
G

G

C
C

G
e

o~

HAMMING &

FREDICTOR-CORRECTOR METHOD

FROGRAM SOLVES A SYSTEM OF N FIRST ORDER ORDINARY DIFFERENTIAL

EQUATIONS

LIST OF SYMROLS?

X1

H
XMAX
N
YRCI)
FRCID

Y(Is D
FCLydd

TECD)
INT

NN
Y2LEFT
Y2RITE
NHIS
a6l
560

STGNL

0T

W
RHO

INITIAL STARTING VALUE FOR INDEFENDENT VARIARLE

INTEGRATION S$TEP-SIZE

UFFER LIMIT OF INTEGRATION

NUMBER OF INITIAL CONDITIONS

N INITIAL CONDITIONS AT X

DERIVATIVES IN ORIGINAL SYSTEM OF DIFFERENTIAL

EQUATITONS

Y VALUE AT ITH X VALUE FOR JTH DIFFERENTIAL EQUATION

DERIVATIVE AT ITH X VALUE FOR JTH DIFFERENTIAL

EQUATION

TRUNCATION ERROR FOR ITH CORRECTOR EQUATION

NUMEBER OF INTEGRATIONS BETWEEN OQUTFUT

UFFER LIMIT ON THE NUMEBER OF HALF-INTERVAL ITERATIONS

LOWER LIMIT ON UNKNOWN INITIAL VALUE

UFFER LIMIT ON UNKNOWN INITIAL VALUE

NUMBER OF HALF-INTERVAL ITERATIONS BETWEEN FRINTOUT

RADTAL STRESS R.Co ON INNER. RAIIUS

RADIAL STRESS R.C. ON OQUTER RADTUS

HAS THE VALUE —1y IF YL(XMAX)ESTGEO WHEN
Y2(XD)=Y2LEFTIOTHERWISE THE VaLUE 15 L

TEMFERATURE DIFFERENCE RELATIVE TO STRESS

FREE STATE :

ROTATIONAL SPEEDCRFM)

DENSITY CE/ZTNXX3)

SUBROQUTINES RUNGE AND HAMMING ARE BASED ON ALGORITHMZS

FOUND IN

"AFPLIED NUMERICAL METHORS® RBY CARNAHANy LUTHER

AND WILKES (FAGES 3467-402)

MAIN FROGRAM

DIMENS TON
Ly YFREDCLO)

HCOUNT » RUNGE »y HAMING
. PRED
TECLOY y YRCLOY s FRCLOY » Y (42 10X s F(Ep 10Xy FHI(10) y SAVEY (10)

COMMON DTyWyRHO» X1y XMAX

READ INFUT DATA




WIa191V)
5900
6000
6100
4200
H300
6400
6500
H600
6700
- 6800
6900
7000
7100
7200
7300
7400
7500
7600
7700
7800
7900
8000
8100
8200
8300
8400
8500
8600
8700
8800
8900
9000
2100
9200
9300
Q400
9500
94600
Y700
9800
P00
10000
10100
10200
10300
10400
10500
10600
10700
- 10800

C
[

R i

e

—tl LN RN e

WRITE (6510)
READ 5y /)X T o Hy XMAXy TNT 9 [T 3 Wy RHO

CURITE (420D

60

&5

R

READCS» Z2YR1»TICH
WRITE CHe 20D

READCEy ZYY2LEFT e YERETE
WRITECHy24)

REABCESy 2IYRIE TICS
WRITEC(H 2D
READCS s /INNy NHIS » STGNL.

FRINT HEADING AND INFUT DATA

WRITECAHr3OIHe XL o XMAXe Ny INTyYRL ¢ TICL e Y2LEFT s Y2RITE s NNy NHIS » STGNL
yOT s RHO s W

WRITE(SH»40)

Wald k2, %3, 141LG927/760.

RHO=RHO/32. 2712,

INITIALTIZE STEF COUNTER
SET FIRST ROW OF Y MATRIX EQUAL TO INITIAL VALUES
INITIALLZE TRUNCATION ERRORS TO ZERO

DO 90 Il=1yNN

XaXT

YROLY=YRL
YR2ZERQ=(YZLEFTHYZRITEY 72,

YR =YIEERD
WRITECSy3E) L1y YRLEFTeY2RITE » Y2ZERO

CONVERT STRESS RB.C. TO DISFLACEMENT B.C.

TECTICLEQ.2)60 T 58

Call. PROFIXyYRCLY s YR $FF e Py Qe YROZ) s EF T YRCLY 2 1D
COUNT=0,

N ETOIN

g 60 J=1s¢N

TE D) =0,

YCAy JY=YR(CI)

CALL FOURTH-ORDER RUNGE-KUTTA FUNCTION TO INTEGRATE
DVER FIRST THREE STEPS
SUBROUTINE DERTY CALUCULATES DERIVATIVES

TFCRUNGE My Ny YRy FRe Xy He FHI »SAVEY) S NEL 1) GOTO 70
CaLL TERIVINy Le TSUBy YRy Yy FRyF ¢ X)
GOTO &5

PUT APFROPRIATE INITIAL VALUES IN Y AND F. MATRICES

PNV INTW L NI )




RRVLAVIV N

11000
11100
11200
11300
11400
11500
11600
11700
11800
11900
12000
12100
12200

12300

12400
12500
12600
12700
12800
12900
13000
13100
13200
13300
13400
13500
134600
13700
13800
13900
14000
14100
14200
14300
14400
14500
14600
14700
14800
14900
LH0GO
13100
15200
15300
15400
15500
15600
15700
135800
15900

G
C

R AY

75

80

85

100G

100

106

102

LUUNTSLUUNT T L
TSUR=4-COUNT
no 7% J=leN
YCISURy JI=YROD)D
CALL MERIVINs 2y TSURs YR Yo FRsFyX)

FRINT SOLUTIONS AFTER INT STEFS

TFCCOUNTZINTRINT s NELCOUNTYGO TO 85

TFCoNOT  CTT/NHISKNHIS EQTTL,0RITLEQ.NNYIGO TO 85
TFCOOUNT  LE 3YERPT=Y (TSURy 1) /X

TECCOUNT s LE + 3)CALL FROF(XyFCISURy LY sEFTeFF Py Qe SIGRs STGET 2 Ur 3D
ITFCCOUNT s GT3IERT=Y(1Ly1)/X

TFCCOUNT s GT e ) CALL PROP(XyFCLy 1) s EFTyFFeFs Qe SIGR,SIGTyU» 3)
IFCCOUNT e LE3)WRITE (S50 X s YCISURy 1) o FCISURy 1) »EFT» SIGR SIGT
TFCCOUNT s GT e 3DUWRITECSHyHOIX» YLy 1) o FCLy ) yEPTyBIGR SIGT

IF X = XMAX TERMINATE INTEGRATION

CONTINUE
IF (XL GT « XMAX-H/72)G0TO 100

CALL RUNGE OR HAMMING TO INTEGRATE NEXT STEF

TFCCOUNT LT 3)GOTO &5

FRED = TRUE .
MM=HAMING N Y s F o XoHy TEs PRED y YFRET)
CALL DERIV(NZsISURy YRy Yo FReF 2 X)
TF{MM.EQ. 1260T0 103

INCREMEMT STEF COUNTER AND CONTINUE INTEGRATION
COUNT=COUNTHL
GO TO 80

COMPARE SOLUTION TO KNOWM QUTER k.C.
TFATICEEQ.2)G0 TO 102
CONVERT DISF. AND STRAIN TO STRESS

EFPT=Y(lyl)/X

EFR=FCLy 1) ’
CALL FROFCOXPEPRyEFTFF Py Qe SIGRySIGT vy Uy 3)
TFCCBIGR-YRZIKSIGNL GT. 0G0 TO 106
YRRITE=Y2ZERD

GO TO %0

YRLEFT=Y2ZERO

GO TO 20

TFCCY Ly D) ~YRIIKSIGNL 6T OGO TO 110
YR2RITE=Y2ZERQ

GO TO ¥0




16000
16100
16200
16300
16400
16500
144600
16700
14800
146900
17000
17100
17200
17300
17400
17500
17400
17700
17800
17900
18000
18100
18200
18300
18400
18500
18600
18700
18800
18900
192000
19100
12200
19300
19400
19500
194600
19700
12800
19900
20000
20100
20200
20300
20400
20500
20600
20700
20800
20900
21000

Y2LEFT=Y2ZERQ
CONTINUE

FORMAT STATEMENTS

FORMATC1Xy “ENTER XT;HyXMﬂXyINTrHTyH(RFM)vRHﬂ(LB/INW*W)’)
FORMATCLX s TENTER KNOWN I.C.y TYPE(STRESS=1,DI8FL=2)7)
FORMAT CLXy 7ENTER YRLEFTY2RITE )

FORMAT CLXy “ENTER SECOND BoCo s TYFE(STRESS=1yDISPL =2 7)
FORMAT CLXy “ENTER NN?NHlbymleL’)

FORMATC///1Xy 7 H w’vE15‘3/1Xv’XI m’vF15.4/
1Xy 7 XMAX =7 9F15.4/1Xy N wfy [1G/71Xe 7 INT Ty 118/
11Xy 7YRIL =L, 41Xy 7 TICL = vl|u¢4/IXv’Y£lLIT~ yFLG. 4/
1Xy’Y’PITEm’yF15'4/le’NN oy LISZLX NHIS =79 115/
1Xy 7SIGNL =" T15/71X 70T r1:.4/le'hHU =y F1EG. 471Xy
W w= 1S 4/7)

FORMAT CLXy  ITERATION? s 155Xy ‘LOWER=F 15,4y 5Xy ‘UPFER="sF 1545
5Xy CUNKNOWN T.0.="F13.4)
FORMATC7Xy “X 9y 30Xy Y v /30Xy U/ v 18Xy "EFR7y 16Xy "EFT ¢ 16X
y ‘STGER7 v 16Xy FGIGT /)
FORMATCIXyFL10. 5y SXyS5CEXyELS7))
caLL EXIT
- END

Cookiokok dokokok ******%**********Y*****$*$**#********$ﬁ****#************

110
90
C
[
C
10
20
25
SR
27
30
1
1
1
1
1
K]
1
40
1
50
C
e
1
C
2
20
¢
‘ 3
33
e
4

44

FUNCTION RUNGE(MsNs Yo F o XoHe PHI» SAVEY)

INTEGER RUNGE

DIMENSTON FHI(ND s SAVEY (ND s Y(ND s F(ND
ML

GO TO (Le2y3edyldy M

FRUNGE=1
RETURN

no 22 J=1lyN
SAVEY (=Y ()
IHT(J) F(l)

X“Xfo fHI
RUNGE:=1
RETURN

no 33 J=1sN

FHI () =FHT I +20kF OO
Y () =SAVEY (I 4 SRHEF (1)
FRUMGE =1

RETURN

0o 44 J=1lyN
FHT )Y =FHT D A2 0%F D)
Yy =SAVEY ()Y HHXF O




21100
21200
21300
21400
21500
21600
21700
21800
21900
22000
22100

Q2200

22500
22600
22700
22800

22900

23000
23100
23200
23300
23400
23500
23600
23700
23800
23900
24000
24100
24200
24300
24400
24500
2446400
24700
24800
24900
25000
25100
25200
25300
25400
25500
254600
25700
25800
25900
26000
26100

R L

X Ao U
RUMNGE =1
RETURN
G .
5RO H5E J=1eN
B YD =SAVEY (D H PRI CD AR (DD XM b
M=0 .
RUMNGE=0
RETURN
END
C*****************************************************************
(W
GUEROUTINE DERIVINs FCOUNT» TSURy YR Yy FRyF oy X)
C
OIMENSION YRONY »Y(AyN) s FRON) yF (39 ND
CALL PROF(XySTORySIGTyFFyFsQyEFRyEFTyUs )
GO TOCLs2y3) e FOOUNT
1 FROD=YRD) :
FRE2)=FF-FXYR(2)~QXYROL)
RETURN
2 FOISUBy L)=YR(D)
FOTSUR 2 s F-FRYRO2)-QAXYROL)
RETURN
3 OFCLyL)=Y Ly
FOly2)sPF-FRY (Le2)~QAY Ly 1)
RETURN
END
ﬁ*******$*********************************************************
(-
FUNCTION HAMING(NyYsFsXeHs TE»PREDy YFREX)
C
INTEGER HAMING
LOGICAL PRED
OIMENSTON YPREDGND » TE(N) ¢ Y (4N o F (32N
G 15 CaLl FOR FREDICTION OR CORRECTOR SECTION
TFCLNOTWFREDY GOTO 4

[ PREGICTOR SECTION OF HAMING
C COMPUTE PREDICTED VALUES AT NEXT FOINT
ug boJ=1leN
1 YERED (A=Y (A JY 44 KHX (R KF Ly DI -F(2y DH2eXF (39 J) )/ 30

C UFDATE THE Y AND F TABLES
noo2 J=1eN
Do 2 Kb=1s3

K5 K5
YK=Y (K1)
TF (KoL T+ 4)F (Kp ) sF (K-1y )
2 CONTINUE
C
C MODIFY FREDICTED Y(J) VALUES USING THE TRUNCATION ERROR

o P R kST RN PN R 2 praAa bar




2600
26300
26400
26500
26600
26700
26800
264900
27000
27100
27200
27300
27400
27500
27600
27700
27800
27900
28000
28100
28200
28300
20400
28500
28600
28700
28800
28900
29000
29100
29200
29300
29400
29500
29600
29700
29800
29900
30000
30100
30200
30300
30400
30500
30600
30700
30800
30900
31000
31100
31200

ntne A seae gu e

L ESTIMALES FRUM ITHE FREVIODS HTEF INUKEMENT X VALUE
ne 3 J=1eN
YLy D)EYPREDCHDHLIZ2KTECD 79,
' X=X 4 H

[ GET PRED AND REQUEST UPDATED DERIVATIVE VALUES
FRETE  FALSE .
HAMING=1
RETURN

C CORRECTOR SECTION OF HAMING
G COMPUTE CORRECTED AND IMFROVED VALUES OF THE Y(J) AND
(W SAVE TRUNCATION ERROR ESTIMATES FOR THE CURRENT STER
4 D0 % J=LsN
Y(lyJ)%(?o*Y(QvJ)MY(ﬂyJ)+34*H*(F(1yJ)+2.*F(2rJ)wF(3yJ)))/8.
TECH) =90 (Y Ly JI=YPREDCI) ) /121
5 Y (ly =YLy )-TECDH
(M
G SET PRED AND RETURN WITH SOLUTIONS FOR CURRENT STEF
FRED= . TRUE
HAMING=2
FETURN
o ENID
C*$*****$******$*K************************************************
C :
GUEROUTINE FROF(XyALrA2sFFsFyQyAZyA4, AT OFTL)

COINFUT MATERIAL FROFERTY DEFENIENCE ON RADIAL FOSITION X
L (T: TANGENTIALy RIRADIALD:

G ET = TANGENTIAL MODULT

G ETr  ~DERIVATIVE OF ET

G UTR  ~FOTSSON RATIO

G . UTRF ~DERIVATIVE OF VTR

G ER ~FAanIAL MODULT

(W ERF ~DERIVATIVE OF ER

C VTR ~PDISSON RATIO

L VTRE ~DERIVATIVE OF VTR

G AT ~TANGENTIAL COEFFICIENT OF THERMAL EXFANSTON
: ATF  ~DERIVATIVE OF AT

G AR wRADIAL COEFFICIENT OF THERMAL EXFANSION

C nr ~TEMPERATURE CHANGE (POSITIVE VALUE CORROSFONIG TO AN INCREASE

[ RELATIVE TO THE STRESS FREE STATE)
G EFRr ~RADIAL STRAIN COMFONENT

G ERT  ~TAMGENTIAL STRAIN COMFONENT

G L ~RADTAL DISFLACEMENT

REAL K
COMMON DT WeRHO» XTIy XMAX

¢ INFUT MATERIAL PROFERTY DEFENDENCE ON RADIAL FOSITION

-




3LS00 C

31400 O ETM=1.4E6

31500 VTR=, 27

31700 EFM=2. 616

31900 VRTF=0 .

32000 ATM=10. LE~6

32100 ARM=4 s SE-6&

32200 ET: ERMMETM)*X/(XMQXWXI)+ETMW(ERMWETM)*XI/(XMQX“XI)
32300 ER: ETNWERH)*X/(XMAXwXI)+ERMW(ETMWER”)*XI/(XMAXWXI)
32400 ﬁﬁﬂ(ﬁTHwﬁRM)*X/(XHﬁXwXI)+QRMW(QTHMQRH)*XI/(XMQXWXI)
32500 ﬁTm(ﬁRMwﬁTM)*X/(XMﬁXWXI)+ﬁTMM(GRMMATM)*XI/(XMﬂXwXI)
32600 ERFe= CETH-ERMY Z (XMAX-XT)

32700 TR CERM-ETH) 2 (CXMAX~X1)

32800 ATE:=(ARM-ATHM) /7 (XMAX~XT)

32900 ARFe= CATM-ARM)Y Z (XMAX-XT)

32950 RAVTRZET
32960 TRKERFZET~UTRKER/ETREIRETH
33000 C END
33100 Y=, ~VRTHVTR
33200 QRREER VI
33300 QTT=ET/VI

33400 QRT=ERFVTRAVI

33500 QARR TR ERFVRTRVTRE AV UTREVRTR VT

33600 QRT SUTREEREZERS CUTRFFVTREKRZRVRTF ) /VI

33700 C R=8SORT(ET/ER)

33800 IFCOFTLLER. 1XGO TO 1

33200 IFCOFTL.ER.3XG0 TO 3

34000 FF%WRHU*N*$2$X/GRR+((QRRP+(1wUTR)/X)$ﬁR
34100 1 +(@RTP+N**2*(VRTM1.)/X)*AT+ARP+UTR*QTP)$HT
34200 Fe=1 o /X HQARRF

34300 Q=QRTE /X (KK KK

34400 TFCOFTLLEQ.2)60 TO 2

34500 1 AZ=AL/ER-VTRRAZ/ETHARKDT

344600 Ad=-YRTXAL/ER+AR/ETHATRDT

34700 A= XA

34800 GO T 2

34900 3 A =ORREATHQRTRAZ-DT R CARRKARFARTRAT)

35000 A4=0RTRALEQTTRAZ-DTR CARTRARFQTTKAT)

35100 .2 RETURN

35200 ENTI

E .




Appendix B

Analytic Solution: Constant Properties

For the case of constant properties, equation (10)

can be rewritten as follows:

2.2
r g_% +r QU g2, o cyr - Cor’ (20)
dr

-~ - 2 —
where C, = AT { 2r(l ver) + k ae(vre 1) }

1
(21)
c = (1-vg V.g) pr
2 E
r
Noting that (20) is in the form of Euler's equations, the
general solution can be expressed as follows:
3
C.r C,r
u=ark + Br¥ ¢ 1 5 = 2 5 (k # 1 or 3) (22)
1-k 9-k

where A and B are constants to be determined from the boundary

conditions. The corresponding stress components are:

~k-1
E - -
B Byl ) kel B Bplvg k)
r 1-VorVeg I-Vorvre
(3+vg_)ow’r? AT Eg (23)
- 2 + 5, (e —ag)

9-k (1-k%)




k-1 -k-1
_ A E6(1+kvre) r B Ee(l—kvre) r
b= —T=v_ v P T v
rd 6r rd "6r

v (24)
(1+3vre)k2pw2r2 . ATE

2

9-k

If radial stress boundary conditions are prescribed

on the inner (a) and outer radius (b),

o.(a) P . (25)

o (b) = g

The unknown constants are,

(pak*l - @)

T Tk-1,.2k_
BT A1 @ (kv )

(26)

k-1 1

a Q)dk+
2k
[a**-11 o (vg, k)

(-P +

b—k—l
2.2

(3+ver)pw a AT Ee(ar—ae)

where P =p.+ 5 - 5
97k 1=k ' (27)

0 —ar (3+ ver)prbz ) AT Ee(ar—ae)
=q 2 2
9~k

1-k

Employing equation (26), we obtain the following relations

for the stress components:




o pa¥*t1_g (E)k—l (p-ak~1q) ak+1 (E)—k—l
r = T%k_; b 12%_; b
(28)
(3+vg yowlr?  ATE
r 6
- 2 + 2 (ar “e)
9-k (1-k%)
k2 (1+kv ) k+1 k-1
o = rb (Pd -Q) (L)
6 KFvg ) @?k_1, b
k2 (1-kv_.) k-1, k+1 -k-1
ro (P-4 Q) r ‘
T TT(vi=K) 5k d (E (29)
6 (a°"-1)
(1+3 v )kzpwz ATE
ro 0
- 3 + 7 (opmag)
9-k (1-k*)

A program listing for the analytical solution derived for

radial stress boundary conditions is given below.

Stress

components are determined directly from equations (28) and

(29) and strain components and radial displacement are calculated

from equations (2),

(3) and (9), respectively.




$FILE
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2300
2500
2600
2800
2900
3000
3100
3200
3300
3350
3360
3400
3500
34600
3700
3800
4000
4200
4250
4300
4500
A550
4600
4700
4800
4900
5000
5100
5200
5300
5400
5500
5400
5700
5900
5900

[ B AN AN

(W
[
[
e
C
-
G
(8
C
C
[

b
L2

oo o

G
C
C

Y

(L34S VARFROPZCFT ON FACK

REAL. K
LIST OF SYMBOLS:E

X1 INITIAL STARTING VALUE FOR INDEPENDENT VARIAELE
X X INCREMENT '

XHax UFFER LIMIT OF INTEGRATION

561 RADTIAL STRESS B.C. ON INNER RADIUS

560 RaDIal STRESS B.C. ON OUTER RADIUS

ET ~TANGENTIAL MODULT

VTR ~FOTSS0ON RATIO

ER ~RADIAL MOQULT

AT ~TANGENTIAL COEFFICIENT OF THERMAL EXFANSION
AR ~RANIAL COEFFICIENT OF THERMAL EXFANSTON

nr ~TEMPERATURE CHANGE (FOSITIVE VALUE CORROSFONDS TO AN INCREASE

RELATIVE TO THE STRESS FREE STATE)
EFR ~RADIAL STRAIN COMPONENT '
EFT ~TANGENTIAL STRAIN COMPONENT
U ~RANTAL DISFLACEMENT
W ~ROTATIONAL SPEEDCRFM)
RHO ~QENSITY (/7 INXX3)

INFUT MATERIAL FROFERTIES
(T: TANGENTIALy RIRADIAL)DZ

VTR=.501
ER=1 . 456
URT=VTRXER/ZET
AT=4, 56
AR=10 LE~&
FHO=, 1

END MATERIAL PROPERTY DESCRIFTION
READ INFUT DATA
WRITE (6 10)
READCS » 7 XT o XMAX» DX o DT v W
WRITECAH»20)
REALNCES 72661 v 8GO
FRINT HEADING ANI INFUT DATA

WRITECSHy30IXTL o XMAXsSGBOySCLyETyERy ATy ARy VTR y DTy Wy RHO
WRITEC(6y40) :




OUUV L

6010
6020
6100
6200
6400
6402
6404
6406
6408
6500

6505
6510
6515

6520
6525
6530
8000
8100
8200
8300
8400
8500
8600
8700
8800
8900
9000
9100
9200
9300
9400
9500
9505
94600
9700
P8O0
9900
10000
+

»
[
G

70

10
20
30

40

50

td

=t fed

CW=WR2X3 1415927760,
RHO=RHO/32.2/12.

DX T/ XMAX

K=SARTCET/ER)D

DEN=Tk C2XK )Y 1

FAL=0Tk (AR-AT) /(1 ~K¥¥L)
FHUTRO) HRHOKWAKD /(P ~ KX

Q=GH0HP2XXMAXKK2~F 1KY 2HER

X=X T

R=X/XMAX

STER= CFPRIORR CRE1 ) Q) KRk (K1) ZTEN~ (= T10ok (K- 1) Q) k Ik (K4 1)
Z NSRS R ) P 2RO LR R RER

SIGT=RKEK2K CLHRKVRT ) Z (RAVTR)Y X CFRDNOR R L) - Q) ZDENSRAKK (K~1)
~REK2KCL-KRVRT ) Z CUTR-K )Y P TRK (R 1) X Q) A DENSIRE (R4 1)
KFOKK ol L Y (L3 o RVRT ) KRHOK CWRKEX ) XKD/ (P Kkk2) HFLXET

EFR=STOR/ER-VTRYXSIGT/ZETHARXDT
FPT=-UTRESIGRAETHSIOTZETHATRDT

Us=XXEPT .

WRITECHsSOI Xy STGR e SIGTyEFREFT U

TF X GE . XMAX-DXIE0 TO 2

X=X 41X

GO TO 80

FORMAT STATEMENTS

FORMATCLXy ENTER XTyXMAXs DXy DT W)

FORMATCLXy TENTER SGLS5G07)

FORMATC(/ 771Xy 7 X1 wl 1N 371Xy CXMAX = pELG .4/
11Xy 7660 my E1ES, 471X 86T wmf g 15, 471Xy TET w1 G4/
11Xy 7ER =y 1S 471X TAT 5o 471X AR wmy 1G4/
X 7UTR =y LS. 371Xy 70T =y E1S. 471Xy W wm oy 1S .47
1Xy “RHO =E1%.4//)

FORMAT(L7%y X 214Xy *SIGR v 16Xy "BIGT » 16Xy "EFR7 217X
v CEPT 918Xy U/

FORMAT CLOX»FLO 4y G(EXyEL1S5.7))

RETURN

END




Appendix C

Analytical Solution: Power Law Variation of Properties

For the power law variation of modulii, the stress
function approach [4] is utilized to obtain a closed form
solution. Employing the strain-displacement relations in (8)
and (9) and eliminating u in (2) and (3), we obtain

rv o
br “r r
( - B y o+ (E oe) o+ (rueAT) (30)
r 6
o V
= .- Y _ _br o
= Ee oe + arAT

where prime denotes derivates with respect to radial position.
For an axisymmetric body, the relations between the stress
function and stress components which identically satisfy

Eg. (1), (in the absence of body forces) are
o_ = g/r, 0g = ' (31)

Substitution of (26) into (25) yields the governing differential

equation,

! vy Eq! %
woyp (k- o v (Or7e _ Ter 8 o (32)




Assuming the exponential form for the modulii equation (32)

may be ordered

= m _ m
B = Em T s Bg= By T
Ern (33)
ver = constant, Veo T Vor B
Om
2 " : ] 2
r'g" + r(l-m)g' + (mver—k )g
(34)
(ag=a )
- m+2 0 “r
—"' AT Eamr [ —-—r——-——+0!.9']
The general solution of equation (29) can be expressed as,
Ny Ny
g = Ar + Br + 9p (35)
m + m? + 4(k2—m\)e )
where N = — £
1,2 2
and é&)is the particular solution.
The particular solution is determined by a variation
of parameter's approach,
N N
_ 1 2
gp = Vqr + Vor (36)
where
1-§y
-r C
v,' = 3
1 (N2—Nl)
(37)
1-N
r 2C
v,' = 3

2 (N2—Nl)




and C, is defined as the right-hand side of equation (34)

(ae—a )

m+2 [ r 4+ oq vy (38)

C3 = ~ATEqyr —z  * %

3

The stress components defined in equation (31) are:

o_ = Ar + Br + r Vi + r v, (39)

1Y vy (40)
and A and B are unknown constants to be determined from the
boundary conditions. The components of displacement and
strain are calculated from equations (9), (2) and (3),
respectively.

If rédial stress bdundary conditions are prescribed

in equation (25), the unknown constants are given as follows:

b (d -1)
N,-1 1-N
_ - (a® ga
B = : (42)
N2-l Nl_NZ
b (d -1)

where

P=p-a’ V(a) - a 2 v, (a) | (43)




-1

Nl—l N
v, (b) (44)

Q=g-b"' v(b) -b?

and the vy (i=1,2) are obtained through integration of
equation (37) and evaluation at the boundaries.
For completeness, assume the coefficients of thermal

expansion also vary as a power law, i.e.,

ae = Ogn T (45)

o = o r (46)

_ 2m-1
Cy = Cyr | (47)
where
Cy = -ATEy lag (mt)-o ] (48)
and integrating equation (37) yields
2ner+l
-C4r
v, = . — 49
1 (Nz"'Nl) (2m—Nl+l) ( )
2n1—N2+1
C4r '
vV, = : 50
Employing equations (41), (42), (43) and (44) we

obtain the following expression for the stress components:




o = (B0 oz Ed 02 gt
e Nl—Nz b Nl—Nz B
(a -1) d -1
C4r2.
¥ TN FD) (2N 4 1) | (51)
1-N N;-1 N,-1 (1-N,) N
2 1 1 2 2
Pd 0 r _ r Pb-d Q r
o = [ N,K, 1 Ny () [ NN, 1 N,d (E)
d -1 d -1
2m
C,r (1+2m)
+ 4 52)

(2m-N;+1) (2m-N,+1)

Equations (43) and (44) simplify to the following:

2m
C4a
P=p- (ZmN, +1) (28N ,+1) (53)
C4b2m
Q=q (2ner+l)(2nrN2+l) (54)

Note that for m= 0 (Nl=k, N,=-k), equations (51) - (54)
reduce to the solution given in Appendix B for constant
material properties. The program listing for this solution

is given next.




FFILE (1345)VARFROF/ZCF2 ON PACK
FRESET FREE
FILE SKIND=REMOTE y MAXRECSIZE=22)

1000
1100
1200
1300
1400
1500
1600
1700
1800
1200
2000
2100
2200
2300
2400
2500
2600
2700
2800
2200
3000
3100
3200
3300

5100
HR200
5300

G

e NwNe i

REAL KyNLsN2yM
LIST OF SYMROLSG?

Xl INITIAL STARTING VALUE FOR INIEFPENDENT VARIABLE
X X INCREMENT
XMaX UPFER LIMIT OF INTEGRATION

5GY RADIAL STRESS B.C. ON INNER RaADIUS

5G0O RADIAL STRESS B.C. ON QUTER RADIUS

TM ~TANGENTIAL MODULT

UTR  =~FOISS0ON RATIO

ERM ~RANTAL MODULY

ATHM ~TANGENTIAL COEFFICIENT OF THERMAL EXFANSION

ARM =RALTAL COEFFICIENT OF THERMAL EXFANSITON

oY ~TEMPERATURE CHANGE (FOSITIVE VALUE CORROSFONDS TO AN INCREASE
RELATIVE TO THE STRESS FREE STATE)

EFR —~RADIAL STRAIN COMPONENT

EFT  —~TANGENTIAL STRAIN COMPONENT

U ~RANTAL DISPLACEMENT

-

INFUT MATERIAL PROPERTIES
(T3 TANGENTIALy RIRANIAL) G

ETM=1 . 4E6
UTR:=,27
ERM=2.6E6
ATM=10.1E~6é
ARM=4 4 HE-~6

ENIY MATERIAL FROFERTY DESCRIFTION
READ INFUT DATA
WRITE (A 10)
CREADCS s A3 XL o XMAX 2 DX 11T
WRITEC&H»20)
READCS» 7D8GT vy BGO v M
FRINT HEADIING AND INFUT DATA

WRITECHy 30IXT s XMAX» SGOySGT v ETMrERMyATMy ARMs VTR DT o M
WRITECSHyA0)




