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NOMENCLATURE

Aij - material constants for orthotropic materials

Ex.E; - elasticity moduli in x direction
Ey,E; : - elasticity moduli in y.diréction
E, S ) - elasticity modulus in z direction
G y,G* "~ - shear moduli in x-y plane -
G - shear modulus in x-z plane

6, . - shear modulus in y-z plane

- material‘constahts for orthotropic materia1s

a - half crack length for the crack in the L
first str1p

b o - half crack 1ength for the crack in the
second strip

c,d - crack tip coordinates in second strip
hy . - half width of the first strip
h, - half width of the second strip

L - half crack length for the case when the
' crack crosses the interface

_Pi1sP2 - crack surface tractions
" .- displacements in x- direction
'vi . - .displacements in y- direétion
w - displacements in z-'direction‘
Xs¥,2 - cartesian coordinate system‘
C XysY - coordinates for the first strip
>x2,y : - coordinates for thé second strip
Bi’B; ) - material constants defined oy equat1ons

(2.15), (3.5) and (3.8)
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The fracture problem of laminated plates which consist
of bonded orthotropic layers is studied. It is aséuméd
that the medium contains per1od1c cracks normal to the bi-
material interfaces and the external loads are app11ed away
from the crack region. The field equations for an elastic
orthotropic body are transformed to give the displacement
and stress expressions for each layer or‘strfh. The un-
-known funct1ons 1n these expressions are found by sat1sfy-
ing the remalning boundary and contlnuity cond1t10ns. A
system of singular integral equations is obtained from the

mixed boundary conditions. Three cases are considered:

"a) The case of internal cracks
b) The case of broken laminates

c) The case of a crack crossing the interface.

The sinpgular behavior around the crack tip and at ﬁhe bi-
material interface is studied. It is shown that the crack
surface‘displgcement‘dekivative has a pawer singularity foE
practical orthotropic materfals when the”crack touches the
-interface, i.e., for case (b). In studying the singu]ér"
.behavior at the bimaterial interfaces in case'(;), it is
found that for some orthotropic material combinations theré
'fs no singularity jn the crack sufféce displacement deriva-

tives and the stresses. In each case the stress intensity

-1-




factors are computed for various materia] combinations
and various crack geometries. The results for orthotropic

.materials are discussed and are compared with those for

isotropic materials.
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1. INTRODUCTION -

In structural design one of the most important'consid-
erations is the fracturé of individual components. Al-
,though, fracturg may not always mean téta] failure, it is
cdnsidered in modern engineering as an:important prob]em.
for safe and economi¢ design of structures. It would be
very attractive to develop special types of designs for
which the structural resistance to fatigue crack propagal
tion is improved. In the aerospace industry, the use of
composite sheet materials with buffer strips parallel to
the main load-carrying taminates seems io be such avdesigﬁ
praétice. The process of manufactufing composites give§
the opportunity to impfove the structural resistance to
fatigue crack propagation by strengthening‘fhe matefial in
certain directions. The increasing use of composites in ‘
structures generates new problems fo; the structdrél de-
signer. Among fhese problems, we Are'main1y interested in

the fracture of layered cOmposité materials.

There are two ﬁain‘prob1ems in sfudying the fracture
of composifes: the development of an app}opriate failure
criterion énd a mathematical model for the ca]cu]afion of
the related load factor; fhe failure criterion éffgéts
the course of the analytical work in'the sense that ft is
the failure 6riterion which generally determines the phys-
ical quantfties that one should compute (§uch,as the stress

-3-




. intensity factor, the straiﬁ energy feieasé rate, CO0D,
etc.). There are many fai]ure‘criteria or theories which
are ﬁsed io predict failure of structures. In Elastic
Fracturé Mechanics where only small scale yielding is al-
Towed, K < K;. is such a criterion. In this case failure
‘occurs when the calculated value of the stress intensity
factor reaches a critical value, K;., which can be deter-
mined experimentally as a méteria1 property. There are
also other one-paraméter failure criteria (such as critical
plastic stress intensity factor Kpc and J integral) which
_have been recently proposed to'ﬁredict failure from elas-

' tic<to.fu11y plastic range. K is a very highly effective
correlation ﬁérameter in studying thé fatigue crack prop-
agatiqn phenomena. In aerospace structures the basic
problem is the nucleation and propagation of fatigue crack
which may eventually reach a éritica] éize causing cata-
strophic failure. That is why, in this sﬁudy we focus our
interest to the computation of the stress intensity factors
and in the investigation of the singular‘behavior of thé

stress state around the crack tips.

In studying the fracture problem of composites, a
mathematical model, which will reflect the geometrical and
bhysical propertie§ of the medium andrthe real mechanism
of fracture, is needed. Because of matﬁematicaI diffi-

culties and the lengthy computation that the analysis

g




requires, in the recent studies the geometry and the ma-
terial properties have been considerably simplified. The
problem of a multi-léyered isotroﬁic medium, which consists
of many layers and where a crack normal to the interface
can appéar, has been treated by Hilton and Sih [1]. 1In
this problem the geometry is simplified to a single Tayer
between two dissimilar ha]f—p]anes where the elastic prop-
erties are averaged. The same'problem has been considered
by Bogy'[2]. The problem of a broken laminate between two
half planes has been investigated by Ashbaugh [3] and Gupta
[4]. The extension of the problem treated by Hilton and
Sih to orthotropic media has been solved by Arin [5]. The
fracture probiem of a composite plate which consists of
paraliel load-carrying laminates'and buffer strips has re-
cently been solved by Erdogan and Bakioglu [6]. In this
work the load carrying 1aminate§ and buffers are consid-

. ered to be isotropié and linearly elastic. The orthotropic
case of the problem treated in [3] and [4] has also been

solved by Arin [7].

The objective of this work is to investigate the
fréctufé problem of composite plates containing periodic
buffer strips. The laminates and buffer stripé are assumed
‘to be linearly elastic and orthotrdpic. In genefa], this
is the case in the actua]jp]ate and shell structures sucﬁ

as those, for example, which consist of boron-epoxy

-5-




composites. It js also assumed that the fatigue cracks

may'appeér and propagate in main laminates, in buffer

strips or in both normal to the interfaces. The external

load is applied to the plate parallel to the strips

and

away from the crack region. Three different problems are

studied: the internal crack problem, the case of broken

laminates and the case of a crack crossing the interface.

A general formulation of the problem is given for plane

strain and generalized plane stress cases by the use of

Fourier Integral Transform Technique. The singular

. havior around ends and at the bimaterial interfaces

studied. The resulting singular integral equations
solved numerically and the stress intensity factors
calculated for various crack geometries and various

terial combinations.’

be-
is

are
are

ma-




2. ELASTICITY OF AN ANISOTRO?IC‘ELASTIC BODY

For an anisotropic elastic body, in the absence of

body forces, the equations which_re]até the field quanti-

ties can be written as follows:

2.1 The Equilibrium Equations

v aox . th . arxz
ax 3y 3z

oW u - ou
x T3z 0 Yxy T oyt

Yxz




2.4 The Field Equations for an Orthotropic Body

For an orthotropic solid the matrix [Aij] is:

A Az Ay
Az R Apg
Rz Rz A3
0 0 0 Ay

0 0 0
0 0 0

0 0
0 0
0 0
0
0

Defining the inverse of [Aij] by
-l
[ag51 = [A45]

for orthotropic materials we have:




Substituting (2.2) into (2.3) and using (2.1) and (2.4),

the stresses and the equilibrium equations can be expressed

in terms of the displacements as follows:

av
ay
w
ay

A + A]2 + A

1

du
Rz 3 *

u § “av
A3 3x 3y
v
Agalsz
ow
Ass(a

3y
Res sy

3%u %
A5 * Res a7 * Ass 3 * (A12*Ag6) ar (A13*A55)

A v, A s SN ) U, (AygtAsy)
66 o * Aog 557 * Pag 5 ¥ m55My Aya

- w %w 3%w _
Rss 5%z + Ay 337 * g3 577 * (A13+A55) axaz * (Ay3thyy)

2.4.1 Case of Plane Strain
For the plane strain case we have:
u=ulx,y) , v=vixy) ,

“and from (2.2),




_Thus, thz2 stress-displacement

v .
y * Txy T ¥y
0 . 0

(2.9)

relations and the equilib-

- rium equations become:

oy = Ay 3%t A By

‘?y"lz%;‘?*“zz%

9, = A3 %%*"‘23 g_;

Txy © As6 (%g * %%)

Tyz =T, s 0 (2.10)
A —g;{# * Rss %;_g + (A, + Agg) 5% -
Assg_:;*“zz%‘};‘” (A1 + Agg) Foay = (2.11)

2.4.2 Case of Generalized Plane Stress

In this case since O, = Ty, = Tyy = 0 from (2.3), for

Xz yz
the average stresses and strains we can write:

-
ex UX
0 [al ay
Yxy Txy

-10-




where

1 vxx - F i Vyx
- 0 i % - 0
E; EY . Yy 4 Yy a
=1a [ Yxy ] i1 | Vxy 1
[a] Ex E—' 0 Y [A] E—-:YK 'E_.—K 0 '
Y ] X - . X
-0 0 -G-x; 0 0 » ny
. _ ] . .
and A = 'Ex—'E; (] - \:xyvyx). . (2.]2)

The equilibrium eqhafions reduce to:

7 3%u, ; 3% 2 = 3%y
Ay axz * A3z 557+ (R + Ag3) 555y = 0
2 - 2 . 2 .
3°v ‘v 3°u 0 (2.13)

A3z axz * Aoz ay7 * (A2 * R3g) 3y -

Considering the structure of equations (2.11) and (2.13),
the equilibrium equétion;Acan be written for plane strain

and generalized plane stress cases in the following form:

3%u |, 3%y 3%y
By axz * 3y7 * B3 gyax - O
2 2 ' 2
5xe * B2 SyF * B3 gy 7 O - (2aa)
where
- A A A
: 11 22 12 .
B8, = B, = s By =1+ for plane strain
1 Rgg * "2 Kgg * 73 Rss
and '
B, = ;ll B, = ;_3 B,y =1 ¢+ 512. for pléne stfess
Vo A3z 2 A3z 3. A33

(2.15)
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3. DISPLACEMENT AND STRESS FIELDS FOR STRIPS

The two-dimensfonal composite medium {s formed of two

sets of periodically arranged strips having widfhs 2hy and

th a§ shown in Figure 1. They are perfectly bonded along

their straight boundaries, and contain symmetrically To-

cated cracks normal to the interfaces, of length 2a and 2b

respectively. The load is applied away from the crack

region, such that the crack plane is a piane of symmetry.

Using the usual superposition technique, the so1utfon

of the actual traction-free crack‘problem may be obtained

by superposing the homogenedus uncracked strip solution to

the solution of a cracked strip loaded_with se]f-edui]ibra-

ting crack surface tractions (see Figure 2). Since we are

1nter§sted only in the computation of stress intensity

-factors and the singular behavior of the stresses around

crack ends, we will consider only the singular part of the

solution, where the self-equilibrating crack tractions are

the only external forces..

First we will find solutions to (2.14)‘satisfying :

certain boundary conditions of the strips. The cOmbinatfdn

of these solutions will be forced to satisfy the remaining

boundary and continuity conditions.




3.1 Solutibn§ u(a)(x,x), v(a)(x,y)

Assume:
(@) (x,y) = % f: fla,x)cos ay da
W) (x,y) = % f: g(a,x)sin ay da - (3.1)

Substituting (3.1) into (2.74) we obtain:
8, 41 -Aazf+s3 aqd-=o0
&8 a’g-83a g5 = 0 | (3.2)
The solution of (3.2) can be written as: |
fla,x) = A(a)e®'® + B(a)e™S1%* + c(a)e®2%" + D(a)e %2
. 5(a.x) = 87(A(a)es‘ax - B(a)e's‘ax] ; Bg[cta)eséax
- D(a)e'szax] : | - (3.3)

where s, and s; are the roots of

s* + B4sz,+ ?5 =0 '(3.4)
‘ and
B2 - 8.8, - 1 8
: 3" PP T — 2
g4=—————-§—]—————- ’ 8.5- ﬁ ’ 36'134'155 ’
1 ‘B]S% 1 '8]55
By = = - Bg = =
7 8351 8 8352

-13-




‘From {3.4) we can Qrite
Sy = Wy + iwz = - By +’85
Sp = wy + iw, = /1= B, - BcJ72
S3 = - si s S4.T < Sy (3.5)

$1 and s, are both real or complex conjugates.

3.2 Solutions u(b)(x,y), v(b)(x,yl

Assume:
b | 2 [® . '
u( )(x,y) =7 Io h(a,y)sin ax da
v(b)(x.y) = % : 2{a,y)cos ax da : ' (3.6)

Substituting (3.6) into (2.14) we have:

e.'n.
L3
nlr
[
™
w
=

- a2 =0 . (3.7)

-9
~
o
<5 &R

BZ +53a

g

Solving (3.7) we obtain:

Ah(asy) = E(a)eSIG_Y//B-; + F(u)e-siay//ﬁ

+ 6(a)eS2oY/Bs H(a)e-Szayllﬁ?

and

[E(a)esxay//EE ) F(a)e-saay//ﬁ?]

-14-




+ BIO[G(Q)eSzayIJE?‘_ H(a)e-szaylfﬁ?}

where
vBs Sy ]
59,_'_[- Bi/Bs 1]
Ba 5 YBs
8,78, S,
g, =L | 2Fs 2 :
10 B, [ SZ /Bs] (3.8) .

A superscript * will be used for the material constants and
unknown functions when the above expressions are used fo}

the second strip.

. If one examines the roots of equation {3.4), he will
realizé that there are two types of orthotropic materials.
We will dehote the material as type I when 5 and s, are
real, and és type I1 whén they are complex conjugates. We
will assume, in our anaiysis. that the matgrials of both
strips are of type I. Similar analysis can be done for

the remaining combinations.
3.3 The Disglacem;nts
For eacﬁ strip, we c;n wr%te:
_u(x,}) = uf@)(x,y) +-u(b)(X,y)
v(x,y) = v(a)(x.y)'f viI® () .

‘Noting that;
u(x,y) = - u(-x,y) and v(x,y) = - v(x,-y)

15~




“we will obtain:

‘-C‘(a), F(a) = -E(a), H{a) =-G(a)

B(a) = - A(a), D(a)

For material type I;

n o

s] =W 5 S, Wy and 86’87’88’$9’§]0 are real.-

Using the information given above, and keeping in mind that
" u and v vanish when y goes to ihfinity, for'y> 0, the dis-

placement expressions can be written as follows:
ulx,y) =2 r [A(a)sinh(wyax) + C(a)sinh(wgax)Icos oy du
0 -

+ %,f”[%(a,e;lwxlaylfﬁ? + G(a)fl"3|aY/¢§%1 sin ax do
0
vix.y) = %- [:{B7A(a)cosh(w}ax) + BgC(a)cosh(waax)Isin ay da

T
- %-I:lfign(w])ﬁgE(a)e'IW1IQYAﬂi; + 519"(W3)G(a)81d5'w’IGY//EI
| v *cos ax do - (3.9)
3.4 The stresses

For generalized plane stress case:

o =~A11;x + A




Different1at1ng (3.9) and using (2 12) and (3. 10),

the stress expressions can be written as:

1- )
EET;!L\')L" (X’Y) = r[ E{a)e” lwi|ay//Bs Y, _6(a)
X 0

'Iw’l“ylfrf]acos ax da + £FEY3A(a)cpsh(w]ax) + 2y4c(a)

-cosh(yaax)]acos ay’ da
R -
—A o) - [ Ess(a)e"“"’y,/“fs  ygila)
, .

-e'lw3lay,¢§é1ucos ax da + Lgéy}A(a)cosh(w]ax) + Zyac(a).

. cosh(waax)]acoé ay da

Ty 1y (003) = [:tZYQA(a)sihﬁ(w]dx) + 2y, (a)

. sinh(wsax)]usin ay do + I:[}]TE(a)e'lw‘lay//E;
+ ylzs(a)e‘|w3IGY//§§]asin4ax da : o (3.11)

These expressions are va]fd also for the plane strain case
with the following substitutions:

Vyx T Rrafhn s vy 2 Ryplhyp s (Eyt8) = 1/A

(E 'A) = 1/A22 T

The elastic mater1a1 constants Yj are defined in Appendix A.
-17-




4. FORMULATION THE PROBLEM

The soiution.of‘the problem may be obtained by de-
termining the unknown functions which appear in the dis-

placement and stress express1ons. under the fo]lou1ng

boundary and cont1nu1ty cond1t10ns
uy(hyay) = uy(-hyuy)
v](h];y) = vz(-hzsy)(O‘s‘y <°‘*=) (4.1a,b)
o1xlhyoy) =g (hyuy)

T]xy(h]:Y) s szy(‘hza.Y)‘(o < y<=) (4.2a,b)

A

0QO9) =0 1y (0y) = 0 (0 5 y <) (4.30,0)
uplouy) = 0, 1y, (0,) = 0 (0 < y<=)(d.4a,b)
ey (%100 = o. . Ixql<hy
rzxy(xz,o) . Ixyl<h, | (g.sa,b)
Coy(xp0) = -pylxg) s Xl
v](xl,oj =0 . a<|x]|<h] (4.6afb)
oyligs0) ==pylxg) o lxgleh B
vplx5,0) = 0, b<lxyl<h, (a.7a)

The conditions (4.3a,b) and (4.4a,b) are satisfied iden-

tically.
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Using (4.5a,b) we obtain:

: . *‘
G(a) = - AT E(a) , 6 (a) = - 1},—‘- £ (a)
12 ' Yiz

The mixed condition (4.6) gives:

Tim IQE(a) yse"wll“y/ngL-ys T o-IWslay//Bs) o6 ax;da
y-.0+ 0 ‘ "0 Y2 :

+ IQ[ZY7A(u)cosh(w]ax]) + ZYSC(d)cosh(w3ax])]acos ay da
° .

m(1-v, v, . ) .
a . XY o (x) {x, |<a (4.8a)
2Ey I A 1

y](xl,o) = - % y]3I°E(a)cos ax]dd =0 a<lx]|<h1
(4.8b)

Define,
3v](x];0)

3%, = ¢(x]) su;h that ¢(x]) -,0 for Ix]l>a..

(4.9)

Differentiating (4.8b) with respect to x; and taking the

inverse transform, we obtain:
a _ S
yl3aE(a) = I°¢(x])sin ax, dx] . (4.10)

If we now substitute (4.10) into (4.8a) and evaluate .
some of the integrals in closed form (see Appendix C) we

will end up with the following singular integral equation:

-19-




a ' :
"MNa [a-%§§% dt + I:[2Y7A(a)cosh(y]ax]) +2YBC(a)cosh(y3aK])]ada

m(l-v_ v x)

= . ___-Eéi—ll——— pilx;)  -a<x <a (4.17)

'._,where'beﬁause of>symmetry o(t) = - o(-t).

Similarly defining,

avz(xz,o)

* T v
o, = ¢ (xp) such that ¢ (x,) = 0 for |x,[>b

(4.12)
and using the mixed condition (4.7) by the same procedure

we obtain:

* b * ' * * * * * *
Yia I %:&il dt + I:[277A (a)cosh(w]axz) + 2Y8C (a)cosh(w3ax2)]ada
-b
w(]-v; v*x) ’
* - 7'}'!—— pZ(XZ) _ 'b<X2<b (4113)
y ' K

The next step is to determine the unknown functions A(a),
C{a), A*(a), C*(a). This can be;done'by using the contin-
uity conditions (4.1a,b) and (4.2a,b) And'taking the in-
verse transforms. Then we obtain_fhe following system_of

linear equations:
2A(a)sinh(wiahy) + 2C(a)sinh(wgah,)
+ ZA*(q)sinh(w;ahz) + 2§*(a)sinh(w§ah2) = Ri(a)
' 237A(a)cosh(w]ah]) + Zssc(a)cbsh(w3ah])

- 287 A"(a)cosh(wjah,) - 285" (a)cosh(wjah,) = R,(a)
7R o .




ZY3A(a)cbsh(w ah, )+ 2Y4C(d)cosh(w3ah )

- 2x Y3A (a)cosh(w ah ) - 211y4c (m)cosh(w3ah2) = R (a)
2ZygA(a)sinh(w ah;) + Zyloc(uv)sinh(w:*ah]) ,

* * * *
+ Zygsz (a)sinh(w;uhz) + ZYIOAZC*(a)sinh(w3ah2) = R4(a)
(4.14)

Ri(a) and Aj are defined in Appendices B and A respectively.

Solving (4.14) we obtain:

‘] R (a) Rz(a)
Ala) = Zcoshlw,ah; T iy 9249) + Fay hale)
R (a)
* Ay "l ¢ —(_T z‘“’]
C(a) = Eosh(w3ahﬁ f(a) () * Fry e
R3(“) R4(u)
e M)t T M)
. R (a)
A = + ——(~)— hy (@)
(a) 2cosh(w’{ah2) f(a) 9 a) a
 Ryla) (a)
¥ 73(5)_ mg(a) + f4a “o(“)]
Ry (a) R,(a)
* 1 1
c = : + ——(—7- h(a)
(G) ZC‘oSh(w;ahz) {f(u,) g(a) a
+ -f—(—&—)—- m(a) + —-("‘)" H(G) (4~15)
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’The‘functions f(a), g{a) etc., uéed above are given in

Appendix B.

Substituting (4.j5) into (4.11) and (4.13) we obtain

the following system of singular integral equations:

‘ a
% r %{%’ dt + [ak]](x] ,the(t)dt
-a -

. (1-v v, )
b il - Xy yx
+I kja(xpst)e (t)dt = - —Z—Y]%L Py(xy)
y
ip ‘
- a<x] <a
1P ¢"(e) e
L 88 6t v [ (xutiateice
b 2 “a
(1w, v.,)
-V, .V
o [giprtre™(erce = - ~ LI (1)
-b - Y12y
- b<x2<5 , . - (4.16a,b)
where ,
=] =(hy~t)a/B;/ Jwi]

+ kz(xl.u)e'(hl’t)“¢§;7|Wa{J da

1 ~(ha-t)a/gz/ W]
‘ ‘ klz(x]st) = ﬂ-.YE I:E(3(x] aa)e 2 Bg/ 1

+*
+ kg (xq ,a)e(hp-tlarpr ‘“a]} da

-22-




Koy (%) = ;};—4— El}(s(xz'.a)e'(h"t?affi.s‘/|wf|

+ ks(xz'a)e'(hl't)ajs_s-/]wiiﬂ’ d“

kyp(Xpst) = =i E E(7(x2,a)e'(h2't)d@/ W]
e SRR
+ k8(x2,a)e"(h2‘t)°‘"§/|"':[l do (4.17)

The expressions kj(j = 1,8) are given in Appendix B.

By letiing hz;vw (or h]-+w) one can recover the sbeg-
fal case studied in ts]. For a <h, and b <h2,‘the in-
tegrands of kernels kig(i,j = 1,2) vanish when a+« and are

bounded for all values of a, except when a = 0.

Around a = 0 the asymptotic behavior of the inte-

grands Iij of the kernels kij is of the following form:

Iy = Heom =12 (418)

where the c; 's are known constants. In order to obtain

J , .
a solution, one should show that the singularity due to

1/a is removable. Consider the following integra]f

a ; a € .
t)dt |1 »t,a)da = t)dt|| Iy7(xq,t,0)d
I @( ) f: ]'l(x] (!) o Ia ¢( ) Bo 1 X] [0 vd.

-3

+ E I”(x],t,a)da]
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where € is a positive small number. Using (4.18) for the

first part of the integral, we obtain:

a
f kyp(xy,t)e(t)dt = [a¢(t)dt IE E%l do
-a -a 0

€ @
+ LO('I)da. + Lln(x],t,u)daJ

4Haking use of the single-valuedness condition"

Ia¢(t)dt = 0, the unbounded intééra] Ie E%l da drops out,
igavingvonly bounded integrals which cgn be evaluated numer-
ically. Using Ib$ﬁt)dt = 0 for the second crack,'simiiarly
one can §how thsg the singularity due to 1/a cancels in

all the integrands Iii'
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5. CASE OF BROKEN LAMINATES

This is the case when one of the cracks touches the
interfaces (i.e., a= hy, or b= hz). The integral equa-
tions (4.16a,b) are still valid but some of the kernels

kij are no longer bounded. For example for a= hy kg
kZI' k22 are bounded but k]I becomes unbognded as xq and
t approach the ends th] simu]tqneously. In this case

the integrand I]] of k]] diverges as a -+,

In order_to obtain the proper singularity at the
crack tips and to compute k]] numerically, the singular
part, k]ls’ should be evaluated in closed form. In this

case, the kernel ki]‘can be written as:
kpp(xgot) = kypglxgat) + kyqelxg,t)

where klls fs the singulér part and k]1f is the podnded

“part of k1].

Following the procedure described in fa] k]]s(x],t)
is obtained as follows:

] A(h]'t)J§;7lwll'*lW1lh]
85| [Tyt 78s7 bl Tl TGy

\ (hy=t)VB/ w1l + [ws|hy
86 [(h]-t)/B—s/[wll + Iw;_lh] ]2'(_"3)(])2}

Cwkypglxgat) =

(hy-t)V/Bs/ lws | + [wilhy

+ A :
87{[(h]-t)/B_;/IW3| + lwllh]]z'(w]xl)z}
. -25-




(h]‘t)/B_:-,-/IW3| + lwalh]

+A
88 [(h]-t)/§;7lwa|_+ lw3]h]]2 - (w3x])z
= hysxpst <y (5.1)

The governing singu1af integral equations become:

h N h,[ - .
%_J Il}_l_x]_ + "k11s(xl’tjl¢(t)dt +Jh1[(n(x] »t) - kyp6(x ,t):l¢(t)dt

-h e

(T-v v x)

b N ’ '
= X i
+ Ib kya(xy,t)e (t)dt = - T—_LLYMEy Prlx))  -hy<x<hy

b * h : b * .
Hb %—_%)- dt + Ih:kz](xz,t)cb(t)dt + Ib kyp(Xpst)e" (t)dt =

* *‘
- —1;1—-.(]-:’( Oyx) P,(x,) ~b<xy<b (5..2,a,b)
2Y14Ey : ) . .

" Since in the integral equation (5.2b) the only singular
term is fg;E,’the power of.;ingu]arity at thé end of the
internal crack. in the seéond layer is still 1/2. But in
(5.2a) we have further singular contribution from the ker-

_ nel k]]s fesuiting in a power different than 1/2. To find

this singularity power v, we will again use fhe procedure

described in reference [14]:_ Throwing all the bounded’
tefms to the right hand side, the s%ngu]ar integrai'equa-'

tion (5.2a) can be written as follows:

%Ih][’-‘?—:h + nkns(xl,t)}b(t)dt = Plx;) -h<xpehy (5.3)
-y .

-26-




e e e

where P(x]) is a bounded function for all valﬁes of Xy -

The unknown function ¢(t) can be written as (see [14]):

o(t) = —E(t) (5.4)

(h-t*)Y
where F(t) is bounded and Hﬁldef—continuous in the inter-

val |t|<h;, and 0<Re(y) <1.

Define the sectionally holomorphic function:

» ¢h \ h : iny
¥(z) = %J elt) g - %I Lpp— F\(rt)e = dt
..h,l h (t'_h]) (t+h]) (t'_z)
Then,
: iny
ooy = mle 7 Fin) 14y (2)
(2ny)Ysinmy (2+h)Y  (2h))Vsinny (z-h))Y °
(5.5)
where
‘ € - '
v (2)]< » Y, <Re(y)
l ° I IZt,hIIYo ° .

€ and Yo 2re real constants.

Using (5.5), equation (5.3) takes the form:

F(-hy)cotmy F(h;)cotmy Ags w1 - F(h))

+ g ——

(zh])Y(h]"’x] )Y,_ (Zh] )Y(h]'x] )Y 2 s

w2 )Y
: VY e 5oy | L
(Zh] Ysinmy [v’B—]

5
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[ 1,1, g lwl F(hy) .

z
(h]ﬂ(])Y (h]-X])YJ Bs (Zh])ysimry IWIstT
: /Bs
s

[, ]
|y “‘r"ﬂYJ

tm (zh])Ysinn-y[———-—I"‘”“] Ty ) (hyxy)Y

Bs
}38 Iws] F(h])2 1 + ‘] —I=P(x)
. Y Y Y Al
7Bs (ZhI)YSinuyf-'—’— ) @.r"ﬂJ <
1%
(5.6)
wheré because of symmetry F(h]) = - F(-h]).

Multiplying both sides of (5.6) by (h1+x])Y and let-

ting X = sh] we obtain the following characteristic
equation:
2 + lel 1 | + ! 1
TEoosT * dgs TV 86 m [PRITWTTY
e
LBSJ | Bs J
w,] 1 LA 1
+ Ay A3 : + e =0
8 5z Tl wil]¥ "as‘,rg . (5.7)
) L /Bs » L/B_SJ '

where lj's are elastic constants defined in Appendix A.
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This is the same equation found in [7]. Choosing the or-

thotropic elastic constants close to isotropic constants

numerically we find the'same singularity power computed in

[6] and [9]. The characteristic equation (5.7) can be

solved numerically to find y. For practical orthotropic
materials equation {(5.7) has only one root between 0 and 1.

To establish the dependence of y on the material constants

more accurately, a separate study of equation (5.7) is

needed.
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6. CASE OF A CRACK CROSSING THE INTERFACE

To formulate this problem we will start by'using the
crack configuration shown in Figure 3. In this case we
have again an internal crack in the first layer, but two
éymmetr{callyflocated cracks in the second ﬁyerT Using

’ the symmetry property of ¢*(t), we can write:

b . b . '
Ibkiz(xi’t)¢ (F)dt = Io[kiz(xi’t) - kiz(xi,'t)]¢ (t)dt(i = ],2)

-and
bilt_)_ bl 1 ]v o )
[ tTox. 4t = I toxo * T (¢ (t)dt (6.1)
“b 2 0 2 2

Thereforé we can write the‘governing singular integral
equations, by simply changing the limits of the integrals

from (0,b) to (ﬁ,d) in equations (4.16a,b). Thus,we
obtaih: ' '

12 ot a

g v [k iatdeterat

-X
LR

d SR .
+ [ Tkptxg ) - (0t 107 (1)t

(V- vy) '
=72 XY VX po(xq) -ac<x;<a
Y14Ey 1" 1
d ‘2 ‘
% [ th *vfgi' o7 (t)dt + J kyq(x5,t)0(t)dt
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- . BT
[ Thagligrt) - kgl 16"(0)8t = - X2 ()

Tty

c<x,<d - .(6.2a,b)

By letting a = h1 and d = hz we obtain the case of a crack

crossing the interface. As in the previous case for a = h]

and d = h2 all the kernels kij become unbounded when x],t

approach the ends + h] and xz,t apbroach the end h2 simul-

taneously. Therefore to study the singular behavior at the

interface and to make the kernels numerically integrable,

the singular parts of the kernels kij'must be separated.

The kernels can be written as:

k.ij_(xi’t') = k (xi’t) + kijf(xi’t)

ijs

where kijs

bounded part. Following the same procedure used in the

(xi,t) is the'singular and kijf(xi,t) is the

brevious section the expressions of kij§ are found as

foliows:

(hy=t)/Bs/ [ | + [wa ]y
""115("1’” * X5 \[Th, =t /7 (Wil # Twa Thy 12 = (o iy 07

. (h]‘t)/§;7|W1|+ |w3|h1
By Ba/ Db sy 12 - g,

)

, (hy-t)VBs/|ws| + [wilhy
F Agy v
1)2}

[(h] -tVE?/IWaI + le lh]]z - ,(W]X]
\ (hy-t)/Bs/ lws | + lwslh,
+
BB L(hy~t) B/ [ws ] + ws|hy 12 - (wgx
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(hy-t) /%7 W3] + lwa |y }
™

wk (x ,t) =2
125'71
s 93{[(n2-t)/g:/|m|+1m|n,1 2« (wx
R 194{ (hy-t) /G lwi | + lwa
| [(hZ't)/Ef/IW:I + |w3|h]]2 - (w3 N 2
. : : (hy=t)/gx/ [W3| + |wi |hy
B L0155 13+ a1 = Gy )°

o6 [hy-t) g%/ I3 + |wslhy 12 - (wgx,)?

{  (hy=t)EF/ Wil + sy
marslxpot) = 101{

[(h]-t)/B—/lW),l + lelhz]z - (W]XZ)
(h]'t)fé?[lwd + IWalhz

102 L Ly €178/ lwa | + w3 1y - (i )2

)2

(hy~t)VB5/[ws| + [wi|h,

]03
[ -t)fé’s_/lwsl + lelhg] - (W) 2

{ (hrt)/t'%?/lwal + |W3|h2
[(h]-t)/ﬁ/lwﬂ*'l\ﬂglhz] "(W )2

os

22 (Xz,t) = A.I { (hz.‘t)@”wtl + IWTI_hZ
s 0¢ [Chy=t) g%/ W[ + [wi[hy12 - (wyx,)?
(hp=t) /5% /]wi] + |w3lh, .

"no Clhy-t) /557 1w + 31,12 - (u3x,)?

{ (hz‘t)r/lW31*lW1|h2 }
5)?

gl [(nz-t)/“/lwa|+|wlxh21 - (wyx

(h2~t)n/|wa| + |W3|h2 )
[(hg-) 7/ IWa1 + Il T - ()2

M1z
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Sépqrating the singular bdrts, equations (6.2a,b) take the

form:
1 hy L N | (x1,t) | o(t)dt
w h t-xy” T11si%y> ¢
=hy :

h -
+ Ih][k1](x]at) - k]1s(x];tﬂ¢(t)dt ’
~hy .

o
2, % *
+A[c kypg(xat)e™ (t)dt

h * *
+ Icz[k;z(x]at) - k]ZS(x]ft)]¢ (t)dt

'(l-vx v,.)

2 w x -
| —‘L‘L—zxmﬁy Prix)) -hy<xgehy

and

1 (2] 1 1 * *
x [ [E-xz Yot "kZZs(XZ’t{]¢ (t)dt

(h
+ [h‘[k21(x2,t) - kpis{xpst)le(t)dt
M

h
[
" =h

kpps(Xgt)e(t)dt
] < 1 . '
2 , o, o
* Ié[kZZ(XZ’t) - kzzs(xz,t)]tg’(t)dt

(‘_\’* \’*
- Xy yx’

(6.3a,b)
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where
* . .
kiz(xi’t) = kiz(xi’t) - kiz(xi:ft) (i =1,2) .

To find the proper singularity power g at ﬁhe inter-
face, we will first throw all the bounded terms to the
rigﬁt hand sides of the equations as it has been done in
the previous case. Then, we obtain the fo]iowing system

" of equations:

1M + omkyqo(xe.t)|o(t)dt

T t-x; T ™11s o R

Zh
'I »

) |
+ ]czk;zs(x],t)¢*(t)dt = Q;(x;)

E R B
1 "2 S —J—— + ks (x,,t) ¢*(t$dt
L0 PR 2 PR 25 TR22s 222 ¢ L

hy . o

* I l[kZIS(xz:t)¢(t)dt = QZ(XZ)
-h] .
€< xy< h2 . (6.4a,b)

where‘Q](xi) and Q,(x,) are bounded functions of Xq and x,.
Considering the behavior of ¢(t) and ¢*(t)‘at the end

points, we can write:

CEE) ey L ENE) 6.50.5)
s - L L e BN

Define the following sectionally ho]bmorphic functions:

 -34.




h \ . h, *
wa) =118 e | () - ch elt) 4 (6.6a,b)
-I‘I. )

From [14] and using (6.5a,b) and (6.6a,b) we have:

F(-hy)e’™ F(hy)
Moy e e 1 1,y
(Zhl) s inm8 (z+h]) (2h]) sinmg (z—h])
W*(Z) - F*(c)eims i _ F*(hz) 1 . w* (2)
(hyc)Bsims (z-c)®  (hy-c)Psinmg (z-h,)®
' (6.7a,b)

where wo(z) and w;(z) are bounded functions which around

ends behave as follows:

oyladls —2— » B <Rels)
o lzth]lso
and
. :
( . B <Re(B)

o
& ————
" lz-hy|%

v, (2)] <and |

o
—~—2 . 5.<Re(s
ST ¢

: * :
vco, Do’ Eo’ 50, Bq’ 60 are real constants.

Using (6.7a,b) and following the procedure used in

section 5, equations (6.4a,b) reduce to: -

cotns = 0 (6.8)
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and

F(hy) peosms + 1 ML ULy
——————ree - £COST ——— -
2(2h,)Psinmg 8 & WP % e [lwllw,l|®

S LJs_s' 7B
|'W3I 1 |W3' 1
+ A -~ X + A
87 oz [mlwI]f 788 vgp v |8
/Bs a
* * "
L P ) dwl s [l 1
2(h,-c)0sinmg | 23 /¥ |"‘x||"t-i_8 .94 3 CILNIL
2 By | A b ILI
‘ | e : /gt
[ ] 5
* &
+ Agg Iw,l 1 - + )\96--'—-1]-" - 1 T8 - 0
A LI i ILAILH
' H
F(hy) \ w1 1 o Iw,1 B
L B TN R = ITATCNT LS
' /Bs /Bs
1 J | J
+2 3hJ o 1&&“"1(34'"3I T
103 g Hwillwsl VB [Iw3liw,]
/Bs /Bs
l . L )
-* RS -
F (hy) E Wil 1 w,l
2 1 1
—_— (. 2cosnB + A Tt A *
2(hy-c)°sinma Rl il LR ITHTTA
, s /g*
& Bs
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(6.9a,b)

Equation (6;8) gives the gXpected § = 1/2 singularity power

at the crack tip.

(6.9a,b) is a sysfem of homogeneous linear equations
for F(h,) and F"(h,). Since F(h;) # 0, F*(h,) # 0,
B # 0,1 to solve the system one Shou]d.equate the determ-
inant of coefficients to zero. Thus,

A +[A LA

A(B) = 4cos?nB - 2cosmBR A L LIS Y
{]09 /‘i-‘ ,(r* )B 110 ',B—*-
’ B_s n s

|“*| 1 stl '1 ,
+ A BNk AA + A
N~ (|r'13)B Nz /T (r )

S
r Dal
Jé—s—(l‘”)

Iw, | fw, |
—t ) _L_ __._
llaﬁ VBs 87 (r]3)

rs 188 .I!.ll. 1
B (r3) ®

-37-




g 1 1
+ A ———— A —_—
| E Dy ey
) {rmg)

1 1
#hgge —le e —t
" Mis T 5 M6 T8
(ryprgg)” (ry3ryy)

1

) )
+ A ——— e\ + 2

173 *Ms T3 Mg B
(ryary3) (ry3r33) (r3srqy)

1 1
+ ) —_——— ) —_—— = ) (6.10)
1207 F Bt a5 0
(r33ry3)” 7% (rggrag)”™

2 2
r a —w—.l— r —--——--—le”w3| Fou = —W_z_
n /BT 13 /B 33 /Bs
*2 2

. :1_ . T IW’HIWZI * o ":

™ s T3t — - » T33°

i W /gF

Bs ; . Bs H

From the characteristic equation (6.10) we can determine

~the -singularity power 8. wéhoosing'thevorthotropic elastic

constants close to isotropic elastic constants, we recover

the singularity power found in [8] and [9]. Equation

(6.10) does not always have a root between 0 and 1. _For o

some orthotropic material combinations, there is no power

singularity at the interface. In this case one should in-

vestigate the possibility of pure imaginary or complex

roots. Numerical computation shows that there are no pure

iﬁaginary roots or éomp]ex roots for which the real part

-38-




is between 0 and 1. On the other hand F(h]) and Ff(hz)

are related through (6.9a) or (6.9b}. This is a condition
to be used while obtaining the solutioﬁ. The absence of
power singularity for some orthotropic material combfnaF
tions may be very important from the view point of design
applications. Therefore we will study in sbmg defail the
behavior of the crack surface displacémenf derivatives add
the stresses_at'thé.intefface.

Let's first investigate the possibi]ity of a weaker i
 1.e., Togarithmic singularity in the crack surface dfs-
placement derivatiiés at the fntgrfa;e. Supbose fhat the
power singularity B at the intérface is zero. Define:

Wz) =1 ["‘ 88 4¢ |, y(z) = L fhz £(8) g
T t-2z Smo e - t-z o
i . ) X
The behavior of y(z) aroqndrz = + hy, and of w*(z) around

z = hy can be expressed as:

h :
vi(z) = ¢("1) log(z-hy) + ¢,,(z) near z = h,

' ¢(-h;) C _
¥ (2) = - —5—— Tog(z+h) + ¢ ,(2) near z = -

-

w*(z) = .“2 1og(z-h2) + ¢°3(z) near z = +h,

(6.11a,b,c)

where ¢oﬁz), ¢oé(z), ¢°3(z) are‘boundgd functions.
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Using (6.11a,b,c), near x; =hy and x, =h, equations
(6.4a,b) take the following form:

#hy) [w, | W
Tog(hy-x)) — I}‘ 85 2/1— 86 szié-— )‘87 i’,’i‘ 88 i—/.‘_L
. s

* *
) AN S L B U

|2 Y93° 2/% Yo" 2/% Y95 ° 2/% 96

= Fy(x)

h
Tog(h,-x,) M [:Iw | lwll : Iwal Iwgl

— - A
*

* 1% *
S [l L _|w|_X AT | B
5 5 H H

(6.12a,b)

where F](xl) and Fz(xz) are bounded functions.
In order that equations (6.12 a,b)'be bounded for x,;=h;, Xx,=

hZ’ the coefficients of the Togarithmic terms must be zero.

Thus:
o) [l el el
T SZE' 862/-— 872/5—5 882/-6—5"
K2
o) | W1 lel |w3| Wl - o

and
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o) Tl bl el bl
Y Y Sy

* * * * *,
S [ W W W W
M = Nog o= Mot T M T M) <0
2/g% /gy g /8%

(6.13a,b)

(6.13a,b) is a system of linear equations for ¢(h]) and
¢*(h2). Since ¢(h]) and ¢*(h2) are different than zero,

in order to have a solution the ﬁeterminént of coefficients,
A, must be zero. Numerical computatidn shows that A = 0

and either from equation (6.13a) or (6.13b) we have:

oh)
6" (hy)

and using the symmetry condition ¢*(h2) = - ¢*(-h2), we
obtain: - '
o(h,) :
—1l . (6.14)
Relation (6.14) shows that the surface displacement deriv-
ative is continuous at the interface. Thié is an impbrtanf
result which makes the so]ution of the singular integra1

equations easier.

To study the behavior of the stresses, let's first

write their expréssions at the interface. By making use of

-41-




'“(3,11)'and (4.15) we obtain:

w(1-v_ v, ) - hl_ ’ hy *
oly) = TppE 6 (o) L‘]Kﬂn,yh(n)th [ Aytn.p26"(nden

t(y) = 5g— "Ixy
xy

C X N
Tt (h,.y)=[h‘x3(n,y)¢(n-)dn+jc2x4(n.y)¢ (n)dn
: 1

{6.15a,b)

where Kj(n,y) (j = 1,4) are given in Appendix B.

.'The kernéls Kj become unbounded as y-'o+ and n++h,
or n+h, respectively. When equation {6.10) has a root,
i.e. when the functions ¢(t) and ¢*(t) are singular, the
stresseS'haQe the'same singularity powe% as we will see‘in'
the derivation of the stress intensity factors. But it %s
necessary to know whether the strgsses have a'logarithmic_
singularity when the érack surface displacement darivatives
are boﬁnded. ‘To do that let's fir;t separate the singular

Following the usual procedure, we

parts of kernels Kj.
obtain:
Kl (n y) . 'l Y] (h]"’n) -y (h] 'n)
s 4Y]3 wfyz 2 1 w";yz 2
: - ! (hy#n) Bt (hy-n)
=Yy 7 - -
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(hy=n) VB lw |

(Yoo +v,2 '
2*13" 381 4782 [(h, -n)/Bs/ W |14y

. ( At ) (hrn)/f/lwl .
Ty 985" [hy-n)/Ba/ Wl 124 y?

(hz'n)',é:/lw 1

K, (n,y) = (v +Y, ‘)
K2 27]3 80 3 89 4730 [(hz"n) s/l"ﬁ” +.V
(hy-n)/g /]w |
+ —5— (y30g 1) 2
2riggy 20 VS Ly W1 Y
K () | Iwmly/Bs +Iw:ly//B?
s ny) = ZY—- - —rr Z 7 - z
| Bl - (hyen) Tt ()
. Iwsly//Bs lWSI.V/"E
;zyz ) } - zyz ;
S ) TP ()
+ g (1ghg 1 00g2) —Y o
"13%0 [(hy-n)/B5/ [ [T +y".
+ gr— (Yghg3*V10 s - Tz
Ti3hg0 * 9 82 [(hy-n)VBs/|wslT +y
s (My) = (YgraotY
2y ,3180 9850’50 [(h, -n)/—/iwd] +y
o (vghg110%g2)
2713"80 [(h, -n)f“/lw 11 +y°

' (6.16a,b, c,d)
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Keeping only the singular terms, equatioﬁs {6.15a,b) canJ
be written as follows:
oty) = [ K]s(n,y)d»(n)dn + [ 25 (nsy)8" (n)dn + Aly)
-h]
, hy hy . : _
. T(y) = I 'K3S(nsy)¢(n)dn + J KZS(H,Y)‘D (n)dn + B(.Y) (6.17a,b)
c : ‘

1

where A(y) and B(y) are bounded functions.

Define:

h : h, *
p(z) = f 1 Qigl-dt and w*(z) = I 2 Qfggl dt
-h . i ¢
1

Considering their behavior around ends, we can write:
¥(2) = o(h;YTog(z-h;) - o(-h;)Tog(z+hy) + 5(2)
and
¥'(2) = 6" (hy)Tog(z-hy) + v3(2) (6.18a,b)

"where wo(z) and w;(z) are bounded functions. 'Making use
of (6.18a,b) and (6.14), equations (6.17a,b) become:
1 m 1wl |
a(y) = log y ¢(h;) (Y1 -Yp =) - 55— (Yarg1tYaRg,)
1 2Y13 1 T2 Y12 2Y13x80 JBe 3781 '4782

] lwal

. _
(Yargatvaras) + — (YarqqtYargn)
" a0 aT laesialed 2Y]3)‘80 = 38977490
1 w3l
+ (Y i) + Cly)
ra— 3917 Ya’g2
23t BT
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énd\
t(y) = D(y) (6.19a,b)

where C(y) apd D(y) are bounded functions. Equation
(6.19b) indicates.that the sheér stress at‘the interface
is bounded. Since C(y) is bounded and.¢(h]) #£ 0, if a(y) ‘
is bounded the coefficient of logy in equation (6.19a) '
should be zero. Numerical computation shdus that the

above mentioned coefficient is identically zero. Therefore
the normal stress o, @t the interface is also bounded.
These are'impoftant resulfs_for orthotropié materia]§ and
~may have practical implications in designing wfth composite

materials.
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7. THE SOLUTION AND THE RESULTS

—— ————— . e s

Since we have mainly three different problems, the

solution will be discussed in three sections.

7.1 Case of Internal Cracks

In this case we have to solve the system of singqlar
equations (4.76a,b). Defining_x] = aK), t = at for
-a<xy, t <a and Xy T AKy, t = br for -b< Xp5 t<b after

normalization, equatibns {(4.16a,b) take the form:

1 ¢,(1) 1 " 1 .
1 0 o 0
E.I] e dt + a f]k]]0<],T)¢°(r)dr +b []k]Z(Kl,T)¢°(T)dT
(T-v_ . v, )
2 - _—LLZ p.l(K' ) -'|<|<]<]
'Y]4 y .

e o,
- I] = dr +a ]k2](K2,1)¢°(r)d1 + bJ]kzz(nz,r)¢o(r)dr

*

. (1 v, u )
*
14

pz(Kz) -1<k,<l (7.1a,b)

where the index "o" denotes the normalized quantjties. To
get the complete solution we need also the single-valued-

ness conditions:

1 1
[ ¢°(T)dr =0 and []¢;(T)df =0 (7.2a,b)
=1

Since ¢°(r) and ¢;(r) have a power singularity -1/2 at
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the ends, the solution will be sought in the form:
* .
Fo(t) * Fol1)

[+] =
$o(1) = and ¢ (1) =
-T -T

where Fo(t) and F:(r) are Holder continuous in the interval
-1 <t< 1. v

Using the method described in [11] we obtain:

Z F (-tj [ < + a1rk”(K ,r] + Z bnk]z(n P27 )F (1' )

U “VyV )
ZY]

p?(Ki) i=1,...N-1

N
jzlaﬂkg](ti,rj)Fo(Tj) + f F (15 )[: = + bﬂkzz(K STy i]

(‘ * W )
-V V.
" - Xy yx pg(Ki) i=1,...N1
Y14Ey
N - N * v ’ ‘
jid - w =
JZ] N- (1 }=0 | and jZ] N Fo(‘tj) 0 (7.3a,b,c,d)

where

‘The 2N unknowns Fo(rj) and F:(rj) can be found by solving
equations (7.3a,b,c,d). In this problem we are mostly in-

terested in the computation of the stress intensity factors.
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The siress intensity factors may be expressed in terms of

- the density functions Fo(r) and F:(r) as follows:

For ac< h]: k 1im /le]-ai c]y(xl,o)

a X]-+a .
‘and for b<hy: k, = #ETE /2{ -b) 9, (x2,0) | (7.4§,b)

Making use of equations (4.16a ,b) and def1n1t1ons (7.4a, b),

after lengthy a1gebra (see Appendlx D) we obtain:

2vy4E /a
k= - vy Fof )
and

L 2yy,E /B |
-2y
ky * = —Le— Fo(1) (7.5a,b)

b *
: (1- vxy“yx)

Thé computation is‘done for generalized plane stress case
only. ReSu1ts can easily be obtained for plane strain case
by redefining the elastic material constants. In the per-
turbation problem considered P1 and pé afe constant. As-
~suming that there is no constraint in x- direction, P and

P, satisfy the following condition:

where Ey and E; are the Young's moduli in y direction.

Two material combinations are formed among the follow-

ing three materials.
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1. E =55.16 10° Wl E, = 170.8x 10° Nl -,

6y = 4.82 x 10 N, vy = 0.03

(E, =8 x 10° psi) , (€, = 28.75 108 psi)

= L J =0
(ny = 0.7 x 10° psi) , (vxy = 0.036)

2. E =138.4x 10° N/m?

»

E, =31.0% 10° Nl

con 9., 2 .
By =28.32010° N/n® , v, = 0.650
(E, = 19.5 x 10° psi) , (E, = 4.5 x 10° psi)

cae 18 o) (o =0,
(ny = 3.5 x 10° psi) , (vxy 0.650)

3. E =154.7 x 10° N/me =155.8x 10° N/n®

Ey

= 9 2 c0.300 -
Gy =59.65x 10° N/m" , v, = 0.300

(Ex = 22.447 x 108 psi) (Ey'= 22.6 x 108 psi) , .

(6, = 8.655 x 108 psi) ., (v, = 0.300)

\)xy

As it_is seen from the values given above the first two
materials are orthotropic, while the third is isotropic.

The following pairs of materials are used:

Cdmbiﬁation I: The first layer is of material 1,
the second of material 2.
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Combination 1I: The first layer is of material
3, the second of materié] 2.

Choosing the same materials and letting a, b, h] or h2 go

vto proper 1imits we recover all the special cases done in

{51, [6], and [10].

Figures 4-12 show some of the calculated results. In
Figures 4 and 5 the stress intensity factors ké are plotted
versus hzlhl for b=0 (there is no crack in the secoﬁd ma -
ter1al) and for the two material combinations. For h2= 0,
we recover the solution of col1near cracks imbedded in a
homogeneous material (see [10]). It is important to'note
that in the colinear crack proﬁ]em the material doesn't

a
value which can be found in [5]. For a fixed h,/h; ratio,

have to be isotropic. As hz-»w, k rgaches an as&mptotfc

ka increases as a/h] becomes larger.

Figures 6 and 7 show the stréss'intensity factors kg
for the case a=0. In this case also, for hi= 0, we ob-
tain the solution of colinear cracks. There is a critical
value of (h]/hz) for which the stress intensity faqtor
starts to decrease as the ratio b/h, increases. For the
examples done this critical ratio is between 0 and 0 5
For’ h]‘>w the stress intensity ‘factor kb reaches an asymp-

totic value,wh1ch also can be found in [5].
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The stress intensity fa;tors ka and kb when both
layers contain cracks, are given in Figures 8-]1._,kb-*0
as (b/hz) +1, since the power singu1arfty vy is less than
0.5 when the crack in the second material touches the in-
tgrface. Another interesting result is obtained from the
comparison of isotropiq and orthotropic materials. As it
is seen in Figurevlz, for the same Ey and E; tﬁe stress in-
tensity factor ka for orthotropic materials can be larger
or smaller than the stress intensity factor k, for iso-
tropic matefia]s depending on the other elastic constgnts.
One can'significant1y reduce ka by'a coﬁvenient choice of
the elastic constants. The materials used in tﬁe compari-
son are giyen in Table 1. The:dependence of k§ on the '
materials constants is given in'TabIe 2. ny and G:y are

o *
the mos; important constants, yhije keeping Ey and Ey con-
stant. To reduce the stress intensity factor k,, it is
sufficient to incregse'E:, &, v;y or decrease Ex,~ny.

Xy

ny.
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7.2 Case gj Broken Laminates

The solution will be obta1ned by solv1ng equat1ons

(5.2a,b), with the single- valuedness conditions,

hy - by
I To(t)dt = 0 and ] o (t)dt = @ (7.6a,b)
*h b

1
Defining again,
t = h]T] > X3 = h]K] for -h] <x],t< h]
and
t=bt, , x,= bk, for “b < xp,t <b
the normalized form of equations (5.2a,b) and(7.6a,b) can

be written as follows:

1 | 1
1 1 0
7 L [T]-K] + a0y “1’]4’ 1y )dry + hlL“]]f(“le)%(ﬁ)dﬁ

1. ' {(1-v_ v .)
] * ) - xy yx’' o
b I]klz(K] ,T2)¢°(Tz)dT2 = - 2Y14Ey p](K-l) -1 <K]<]

1 ¢ (r ) T 1
1 Jor 27 =
T I de + hlflk21(K2’T1)¢ (T])dT] + bf]kzz(Kz,r2)¢ (rz)dr =

oY T
.(l-v v )
- .___§¥_¥5, pg(Kz) s ~leky<l
ZYMEy ;
1 _ 1, :
: _‘I ¢°(r])dr] =0 and I]¢°(12)dr2 =0 . (7.7a,b,c,d)
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To obtain the solution, we will use-the numerical method

described in [11]. Hence, we obtain:

+ :”—l

+

N
sh

where

N
1
Z lj){?"——']j-r” + "“1"ns"‘1i“1j)}o(f1j)
N . ) ’ '
) .
T 0
bR jEik20% 07250 Fo(T25)
(1'”x v x) ]
'3 - pr(%..) , 1= 1....0-1
Zy]4§y 1YV 14
N
1 0 *
jzl [T—-———zj_KZi + nbkzz(KZi,rzj)] _Fo(TZJ)
N 0 '
jZ] "j('tlj)kﬂ(“Zi’T]j)Fo(TH)
’ *
___;-Y__¥_2 pZ(KZ‘I s 1T = 1,...N-1
Y14 y
wj(f]j)Fo(r]j) =0 and % Z Fo(er = Q
(7.8a,b,c,d¥
*
¢ (-[ ) = _Fﬁ.)_: . ¢*(T = FO(TZ)
o'l (]_Ti)y 0''2 Tz
pN(‘YD'Y)(T]j) =z 0 , j =.],.._N
Pyl e )y =0, i =,




Ta5 * €OS g% (25-1) ', §=1,....N

xi -
Ko g = Cos ¢ i —]”..."-],
: (“Y:'Y‘) )
and wj(t]j) are the weights of-PN ‘ (le)'

Solving the 2N x 2N system of linear equations one

'y ) * . Y
can find the 2N annowns Fo(r]j) and Fo(rzj). But again
we are interested in the stress intensity factors, which

can be calculated in terms of FO(T]j) and F;(sz).
Define:
» LY Y
¥a ® xpulh, 2 (xa+hy) 05, (x5,0)
and
'kb = x]zl-ﬂ) JZ(xz-bi °2y(x2’°)

After some calculation shown in Appendix D, we have:

. * '
(h) Y € Fo (1) . balWBs - lmlEs
a (l-v:yv;x)sinny 101 lwy | lw, | 1Y 102 lW:||W,| A
, | /B, /Bs
\ lws /B85  |ws By
+ — .
103 | ]w | [w}]
/Bs

and
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*

2y EXF
Y
AL

b * o
(T-v, V94!

() (7.9a,b)

The results for the case of broken laminates are shown in
. Figures 13-16. Again the same material combinations are
uéed. In.Figure 13 thestress intensity factor ka is
plotted versus the ratio hy/h) for b = 0. When h,>= k,
has ah asymptotic value which can be recovered in [7].
Figure 14 shows the variation of kb with.h]/hz, for the
case a = 0. For b # 0, the variation of kq and'kb with

b/hZ are given in Figures 15 and 16.

7.3 Case of a Crack Crossing the Interface -

In this case the governing singular integral equa-
tions are (6.3a,b). As it was pointed out in Section 6,
the characteristic equation (6.10) does not quays‘give é_
singularity poweriatv;he bimaterial interface. ‘Ther;fore,
the numerical so]ut%oﬁ needs Caré, and we should solve
equétions (6;3a,b) considering the'singula} and ﬁbn;,

singular cases at the bimaterial ihterfaces._

7.3.1 Singular Behavior at the Interface

For the material combinatibn 11 (isotropic-ortho-
tropic) equation (6.10) has a root between 0 and 1. Using

Newton-Raphson method to solve equation (6.10), we have:

8 =.0.04248 .
-55-




We will make use of the following definitions to normalize
equations (6.3a,b), the single-valuedness condition, and

the relation (6.9a):
t = h]t] , for -h]<t, x1<h]

h,-C ho+c h,-¢ h,+
t= 22 T 4 = 22 |<2+ 22 for c<t, x2<h

Then, we obtain:

1 1
[+ h f K0, g (kp 270 (1 ey + by Lk”f(zl,t])zb (1, )dr,

1 . * h,-¢c (1 *
*0 4 *0
k ZS(K] s'tz)‘po(rz)d'[z + T IlkIZf(K] 9T2)¢°(T2)d’fz

{(1-v_.v_.)

R X X 0
= - 5 YE ) -l
Mgl 1 1

. 1 -
1 f 1, 1 ¢*(T )dr
T |, - AN, ¥C o' 272

272 12+Kz+ hz-c_

Coa 1
(+] | o
Lt L"ﬂs‘*g“]’“’o“l’#l * "1L"21f("2“1)4’o(?1)d?1

hz-c 1 h2 1
+ 5 [lkZZS(KZ,tz)¢ (tz)dtz f]kzzf(K2,12)¢ (Tz)dt

T-v
.(___—u_.). (KZ) -]<K2<]

* %

2714 y

1 _ ‘ * _ h] Ba

hy I ¢o(t])dr] =0 and _Fo(l) = - /Z h2 < F (])

-]

(7.10a,b,c,d)‘
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where
w!l 1 lw T
a, = - 2cosnB + A, ! 5t
&l =
J
jw, | 1 fwil 1
+ A + A 3 T
A NI A P
B vE]
‘*
N LA PN LN
38 (CHICA - N CNTEHIE
B B
L) L)
N TN TCAT R J_"i;LL"i:J.‘B
L [
p . P

Using the numerical method given in [11] equations (7.10 '

a,b,c,d) further reduce to:

0 . : 0 '
ujz‘ gy ¥ Mstang) ? mhykyy (k307150 [FolTy)
N * ﬁ'l -C ho-C
hp-¢  xo 2 *0 *
: jg] wiltas) 2 125("11-‘23) + =7 kapelkyiotyy) |Foltgy)
(1—vx v ) °
.l (k1) 4= 1,00N-1
2ig v




1 hy<C  x0
2 o) " Tz aaslar )
TastKa .+
2j "2 ﬁz-c

+ hz -C *0 . * N 0
T =7 ka2Kpi0T5) | Folrpg) * jZ1 IS TULILPAC TR

* *
| . W)
o = Xy yx' 0 .
* hykgygligaty ) IFg(ty5) = - ";“xg¥“"Pz‘Kzi’ iz T, N
Y14 'y .

N

and
8
* ' " .fl__ El F (1) (7.11a,b,c,d)
Fo(1) = - h,c| a5 "o . ‘
where
: F (1) . Fo(x)
= ] . ' = o "
% (=G 0 T e
PN(-B.-B)(T]j) =0 =l
Pu-1(1'8’l'é)fK1i’ =0 =l
PN(-B’-%)(£2j) = ( j = 1,...N
PN-](]-B’%)(KZi) =0 | i,= 1,...N-1

’ * . . 3 ’ -
wj(r]j) and wj(rzj) are the corrgspond1ng weights of
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PN(-B’-B)(r]j) and PN(-B’-%)(?Zj)'

Solving the 2N x 2N system of linear equations, we
. ' ‘ *, .
obtain the 2N unknowns Fp(r]j) and Eo(rzj). The stress in-
tensity factors can be defined as follows: ' - .
kb,’ x]ip /2(c-x2) ozy(xz.o)
2*C
and at the bimaterial interfaces
k.. = lim y8 o, (hy.y)
XX y+0+’y 1‘x(1")
k. . = l1m y8 t .(h y) (7.12a,b,c)
Xy y+0* Txy* 1’ . . .
By making use of definitions (7 12a b,c) and after lengthy

: ca1culat10n shown in Appendlx D we obtain:

-B* * .
2 E :
-——-‘:‘-l/ﬁ":ar(-n
“"’xy‘i'x
8
- 1 M m 1
(1 ny\’yx7 22*1sin %? Y3 {|w I |B 2 Y92 [w,]|B
' /Bs /E;}

w1 Oa1*Yatgn)  fwyl (Y3"83”Y4‘a4) «

- F (-1)

Bs  |Iwl]B 0
“—1 *s0
"Bs

4

(h-c)¥)| I." | by 89”4*90) W | (rp) 91”4‘92;],:*“')
Zya Ve () A TN

1380
7 | G
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™

cos
7Bs

( a xy flf B4 I |
Xy ZB+ Irz_s_ Y-|3 [lw I]B A{stl

_ Ugrgitngi) [w, | (Yghg3tvighgs) |w3;]

% [® /& L | 1wat|® VB Fol 1)
A s A Bs :
80 /§; 80 /B; |

(hz-C) l-(Yg 89”]0 90) IN l (YQ 9]+Y]0)‘92) _L_a_l_ F*(].)
”ﬁswLP_qB c {Lﬂ 04

H 78S

(7.13a,b,c)

Extrapolating the results found from eqhations (7.11a,b,¢,

d) the stress intensity factors kb,'k , k can be com-;

XX
puted in a straight-forward maﬁnef{ The results are shown
in Figures 17-19. Figure 17'shows the var1at1on of kb

with c/h,, for different values of (hj/h,) ratio. k, in-
creases as (h]/hz) increasesf Figures 18 and 19 show the

variation of kxx and kxy with respect to.c/hz.

7.3.2 'Non-Singular Behavior at the Interface

In thié.case, the charatteristic equation (6.10) ﬁas
no root énd'therefore the surface disp]acemént derivatives
are bounded. Since, -as it waé shown.in Section 6, the dis-
placement derivatives are continuous at the bimatérial.in-

terfaces, using the single-valuedness condition to write
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the integrals from 0 to %, equations (G.Za;b) take the form
(see [12]):

L )
1 I lzls‘ + *r%szls(r)dr + J k(r,s)6(r)dr = p(s) 0O<s<z (7.10)

LA o
where

#(t) (0<t<hy, O<r<hy)
6(r) = . ' .
9 (t) (-hy<t<-c, hy<r<n)

(1-v_.v )
-— XY YX©
2Y14Ey P](X]) (0<x]<h], 0<s<h‘)

- —2LP py(xy)  (hy<xp<ec, hy<s<a)

( o ' T
k]](x]at) (0<x]’ t<hi s O<r, th])
. . -

1 1

1]
t-x] t+xl

w

- 1 [ ! )

0<x,<h,, O<s<h
* 17N ]
kjp(xpst) - [

_ J -h2<t<-c? h]<r<1
k(r,s) = . 3 , :
* 1 1 ('"z“z" G, hy<s<t

1(%st) - 7 1355 * Ty :

2 ¥ o<t<h, O<r<h

J \ )

Lk;z‘xz;t) (-hé<x2. t<-c, hy<r, s<2)

<

with

pt) = kyyxgs-t) (3,3 = 1,2)

*
kij(xi’t) = kij(x1
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"Now we have the governing equations for a crack imbedded
in a non-homogeneous material, obviously with power siﬁgu-
larity -% at the crack tip. Normalizing equation (7.10)

by means of:
rs it and s = 2k

we obtain:

- +
oTK ™+K| 0

1 (1 1 o
e + ey (oer + zj ko(T:K)Gy(1)dr = p (k) Ockal (7.11)

Equation (7.11) reduces to a set of linear equations

by using the method of collocations (see [111):

N T, A
) [:1 + - 1K1 + kg (T oK i]ﬂ (t ) = ZNpo(K ) .i =1,...N.

=5 ,
(7.12)
wherg
Tj=cos|:-2-;];ﬁlﬂ s J=1,...N
K =‘cos[m w] s 1 =1,...8
6 (1) Ho(T)
o'’ T-7%

The N unknowns Ho(Tj) can be found from equation (7.12) in

a straight-forward manner.

Defining the stress in;enéity factor at the crack:
tip as:
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ky = il 720072 0p(x5.0)

we obtain:
* % . .
. 2y.,E/T ,

b:-.__l._li — B, (1) . (7.13)

(I-vxyvyx) : .

Using the same material for both strips, we recover again
the results of colinear cracks in homogeneous medium,- Fig;

ure 20 shows the variation of kb with c/hz. kb fncreases

as h,/h2 increases.
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8.

CONCLUSIONS

The fracture problem of 1ayered orthotropic composite

plates has been studied. The following results have been

obtaiqed:'

1) Dépending on the elastic constants, orthotropic
materials can be classified in two groups: materials of

type I'and materials of type Ii. (A different formulation
is needed for each combination.) .
2) The colinear crack solution is the same for homo-

geneous isotropic and orthotropic materials.

3) In the case of an internal crack in the first
layer, the stress intensity factor ka can be reduced 559-

nificantly by a propér selection of the elastic constants.

4) For the Case'of broken laminates there is a sing-
ularity power which can be found fromlequatioﬁ (5.7). The

. singularity power y varies between 0 and 1 for-different

-material combinations.

-~ 5) For a crack ;rdssing the interface, the singular
behavior at the interface disappears for some matéria] com-
'binatidns. In this case the crack surface displacement
derivatives are bounded and continuous, and all stresses

are bounded at the bimaterial interfaces.




9. RECOMMENDATIONS

Inlthe present work, a general formulation of the
fracture problem of lgyered ortthropic composites with
periodic cracks is given. The formulation is done only
for the case where both materials are of type I. Follow-
ing the same proceduré,_the problem can also be studied
for orthotropic materials of type II, or for the combina-
tion of type I and type II.‘ The dependence of the singular
behaQior at the interface on the elastic consfants can also

be investigated.

In our formu]étion the thickness of the adhesive
bonding the layers has been neglected. The study of the

effect of the adhesive also can be recommended.

A more realistic approach also would be to study the
problem of finite humber of strips. But this problem re-

quires lengthy algebra.

There are many other problems to be studied in the
fracture of composites. We hope that our work will have

a small contribution in the study of these prob]emé.
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Material k
constant a
Ex increases increases
EX increases decreases
Gxy increases increases
~ -
Gyy increases decreases
Vxy increases increases
v* .
xy increases decreases
Ey and E; are kept constant

Table 2. Dependence of ky on the
elastic constants




FIGURES
1-20
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Figure 2. The superposition.
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20H

¥ L auce
1 [ 2h 7 2h,

- RRENK]
1.5l}- L I Y

10F

0 1 hJh, 2
" Figure 6. The stress intensity factor ky for the
crack in buffer strip (Combination I).
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‘ ‘ L 1
O . 1 h/h, 2
Figure 7. The stress intensity factor kp for the crack
in buffer strip (Combination II).
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Figure 8. The stress intensity factor k; for the
case in which both strips contain cracks

(Combination I},
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5 [ 2n, T2n, |
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' a/h=0.9
a4l i
3. |
2{ 07 ~
1 06
05 -
1 03
G 02 06 bim 10

Figure 9. The stress intensity factor k, for the case '
in which both strips contain cracks
(Combination I).
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Figure 10.

) 1 o T |
0 02 06 bih, 10

The stress intensity factor ka for the case
in which both strips contain cracks
{Combination II).
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10+

6 02 06 bh, 10

Figure 11. The stress intensity factor kp for the '
. case in which both strips contain cracks
(Combination 1I).
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APPENDIX A

Definitions of the material constants:

A suberscript * will be used for the material in the second

strip. The constants Bi’ (i =

1,..,10) and w; (§ = 1,..,4)

are given by equations (2.15), (3.5), and (3.8).

-92-

{ws] .
Y2 % - e + s1gn(w3)810

. Yy .
N3 = s1gn(w])(59 - Y—:z's1gn(w3)8m

T _Ye Yug

Y]4 ) Z Yl! Yl! le
&
E.1 -V, Vv
1] = E&.....él.%&
X1 -v, v
* Xy yx
xz = Eﬂ
ny

A3 = BgY3-8;vy

* *

.14 = A]Y'337 - B7Y3

* *
A5 = MY4B7 - Bgry

A6 = Y9 - Mg
. *
A7 =Yg - Yok,

%*

Ag = Yg - Yioh2




A387

* .
Ag87

*
A38g * AgBg
AgB7
A3 - Y3fg

Y3f7

8785
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A2a = Moti6 - o6

25 = Mohy

A26 = M1216 MoMis

= AgA -)\3A]6

A2z = gl

A28 = AgM19

Aag = MaMg MMz

“A;5A

230 *M3Mg M2t ¢
A31 = AMydis - Ao

2
A2 * "1
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A35 * Aglp
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.*
g b
71
Y,

Ry(e) = ’ZEL

N3®

, Wil

(4.15):
a—;(h_ VB3, Y <(hy-n)a/B/ |w
. .. 1-n)avBs/ wi|_ 111 _-(hy-n)avB5/ |ws]
e e
b
- _ . 3
-1 [|e-than)avBE Wil 11 - (hp-n)ar/BT/ tull
Zy*a \ -2 '
13% =b]
L. J

APPENDIX B

- a
Rz(a) = Z-Y—::-3—a I [S‘ign(w])sge-(h] 'n)afB_S-/lwll
ta
.
1 sign(w3)Bice’ (b= “)“'/_/Iw Ho(n)an
Mz : ‘
b .
Sign(w’;)s?e _

i}
AL cign(u3)eree ("2'")“’5’5/""al}¢*<n)dn

[fare

_;_LL Y, 'e-(h1-n)uv’8_s'/|"‘a[| ¢(n)dn
AR .
_.'18—_;._ bly*x y -(hz-n)av’—*”"‘ I
2713“ =b|lw I

YL _:_1_ -(hz—n)a/_*/lw

- (hg-n)av/gE/ 1wl

"(h] -n)ov/Bs/ IWl |

[] 6" (n)dn

-101-

Expressions of the functions used in equations (4.14) and

¢(ﬁ)dn

¢”(n)dn




Sk 2
TR,

oy . Y B3l g -(h -n)QJE_/Iw 1
R4(“)‘"7$13—°‘S'LTWTE g v

1

’ . T_lT_e-(hl-n)a¢§§7lwai]¢(n)dn

W,

**‘ - .
- YIIJE:AZ b[j 1 e-(hz-ﬂ)a/gfylw:].

K *
27]3“ . =b wll

1 ~(hgm)o/gl/ 31| ¢*(n)n
w1

fla) = Appf (a) + Ap5fyla) + Apgfala) + Apyfyla)

- Agfs(a) + Aggfs(a)

) * " *
fl(a) = tanh(w]ahz)tanh(w3ah2)

‘fé(a) = tanh(w;ahz)tanh(w]ah])

*
f3(a) = tanh(wsahz)tanh(w3ah])

» ]
fa(a) = tanh(w]qhz)tanh(WSah])

- * ' .
fs(a) = tanh(wlahz)tanh(w]ah])

fé(u) = tanh(wlah])tanh(w3ah])

. ,
g{a) = A31tanh(w1ah2) + A3Ztanh(w]ah]) +AA33tanh(w3ah])

- M) = 2y fyla) + ‘35f5’(?) * Agefgla)

m(a) = A38f4(a) + Aagfs{a) + A40f6(a)

* ) '
n(a) = - A42tanh(w]ah2) - 143tanh(w]ah]) + 144tanh(w3ah1)
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g,(a)
h(a) =

m(a) =

nyla) =

gyla) =
hy(a) =
m (a) =
n(a) =
3,(a) =
hz(a) *
my(a) =

'nz(a) =

- Expressions of the functions k.(j =1,8) used in Egs.

Ag2

A0

* o A ) v
= A45tanh(w3ah2) f'A46tanh(w3ah]

).481’3((;) + ASO 2(ct) + AS'I 6(ot)

A&%h)+%4dﬂ+k 5T()

P 4
tanh(w3qh2) + Asstanh(w3ah]

)+ A47tanh(w]dh])

) + A57tanh(w]ah])

58tanh(w 2) + Asgtanh(w]uhz) + % tanh(w ah])

A61 ](a) + % fz(a) + Ag3f 5(a)
Aea ](a) + X fz(a) *+ Agg 5(a)
67tanh(w3ah2) + A tanh(w1

tanh‘w3ah2) + A71Fanh(w1ah2

Apafile) + Agpfala) + 2,56, a)

Agfy(a) + Ay 3(“) * Apgfale)

cosh(w1ax])

) + 2 tanh(w]ah])

) +'A72tanh(w3ah])

* . ’
143tanh(w3ah2) - A57tanh(w;ah2) + A79tanh(w3ah])

ky(x}.a) = 2Y13f(d)L§osh(w]ah]) Y7 -gz(a)'+s1gn(w])69h2(a)
cosh(wyax;)

s
+ /EE.T'“T myla) - I l npla)|+ osh(w o T'Yat gy(2)

e
¢ st agh e + 7B T M@ - R (a)J.
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(4.17):




1 cosh(w 12% ) Y, '
kalxs0) = =y 137(a) | coshlw,ahy ) ¥7 92(") S‘9"("'3)310"2("‘)

cosh(w3ax] ) Y,

-/B_Z_l_l. Y, m(a)i—Y”/B_- ‘ =11 g (a)’
s Y, lwal 2 lwal oshlw oh,] Yg Y., 9

Y, ., . Y, v, Y, /B
e sxgn(w3)8mh] {a) - 357 v, T—;r m](u) + —i—j—- ny {a)

12

R F:osh(w]ax )
ZY f( ) cosh(w ah )

k3(x1 a) = Y7 {-gz(a) - sign(w;)B;hz(a)
cosh(.w3ax])

‘ Yl 11 B: ‘
- AIIB_: luill '"2(“) - x2 Iw;li "2(°‘) + coshlw3ah]$ g

. S * Y v ‘/B_*
-g; (o) - sign(w])th](a) - A]/"*' lw*l my (o) - Az —l—l*l— n](q)
L i 1

1 F:osh(wlaxﬂ *

X _ Yo th s *y ¥ .
ky(xpsa) = — coshlw.ah.Y Y7 |92(@) =+ o sian(w;)85h,(a)
2y, 5f(a) 1™ R

Yoo . Y* A Vg* cosh(w3ax )
P 2 11 2 ’ 11°2 5
O Yl mpla) + I"‘;l np(a)| * Eoshlw T 8
3

12

N M cian(ret Y
. gy(a) + 7 sign(wz)8 ghy(a) + A /g¥ - ‘l';*'l— my ()
. 12 12 3

LRNCH
+ _l_L;Z__s_ n] (a)
3 .
lcosh(wiax,) ;
17720 *
Y (a) + sign{w )B h_(a)
Ty 5@ wsh(w]ah ) 7 % gniwy JBgNg

5(x ) =

%*
cosh(w3ax2) "

V8
N - Y7 ' -
+. s I"xl o(®) T no(a? ' cosh(w;ahz) vg |-9(e)

1




1

+ i ' Y[ ’ Y11’,5: X
s1gn(w])39h(a) + /B?Tw—]- m{a) - W] n{a)
1

cosh(wyox,) Yy, Y,
kg(xy,a) = {. L [g (o) - 24 lgn(w3)B]0h (a)

Y a) o
2vy5fla) cosh(w;ahz) T[Ty, Y

cosh(wy axz) ‘,, y

Eh%ww%$(ﬂ (o)
- m (a n (a —_— v Mg
: Yyp Wi 0 s »o cosh(w ah ) 8 Y12 ¢

/B'- .
- "Ll s*lgn(ws)swh(a) - T—'l- m(a) + T[i n(a)

12 3

k7( o) = 1 F:osh(w]ax_,_) *
2 2‘{13f(a) cosh(w]ahz) "7

(-g (@) - S'lgn(w])tho(a)

v Y* E cosh(w ax,)
- 2 BT (o) - Ay R (o) 4 2 ()
luxl w, cosh(w3ah2)

*
Y, 1*
- sign(w;)8gh(a) - A /EF —L- m(o) - 1, —LL /GF n(a)
hwi | 2 1w
1 F:osh(w;dgz) .

. a) L
ka(XZ’a) ZY* f(a) COSh(w;ahz)‘ Y?lgo(d) Y:z'

T oY
~ 519n(w3)6m hy(e) + B* N 2 m (a)
le ‘z l“al

g{a) + 1L T 51gn(w3)
Y

12

. YA zv’B_: | cosh(w3ux2) " y
—-——-n o e ————————
Iw:I 0 cosh(w‘ 5) 8 Y
= v * A /BF
Bigh(a) + A /é? L1 -2 75 (o)
o | q" 143
wa 3 .

The kernels Kj(j =1,4) used in Eqs. (6.15a,b):
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J"[Y]e-lyv,lay//é? -7, -}’— 'lwslay//s‘s]cosah cinanda
12

e-(hx-n)av’B_s'/ fwi ] [_ “_{392(0‘) *Y49 (u)] + sign(w] )89 {y3h2(a)

+ v,h +/"' b Yn'/B:' .
Y ](a)_ _ Bsm Y3m2(0.)+Y4m](C!) - W, | Y3n2(a)+74n](a)

L

J
-(hl'“)aJB_-/IWBl[ 11 [-Y gz(a) +Y4g] (a)] -Y__ s1gn(w )B]O[Y3h2(<l)
l

12
B
1 s

¢ : y
Y3m2(a) + 'Y4m] (U-)J + ‘m—

-

. Yll YZ
+ Yahy(a)] - /Bs 'Y—l: ™,T
[73"2(0) + n (a)l C°S°‘ do

. .
Kz(n,.Y) = ZL*- r[{e'(hz'")“@/lwﬂ, e"(hz"’ﬂ)av’BTs/lwl l}

{-[7392(u) *1a9 (a)] - ,si;;n(y:)sg[y3h2(a) by (a)]
‘ _ _ el

Y*X )
X b [Y:,mz(a)

S "1‘

k4

: : /g¥A ) .
+ m‘(a)] ) Ylllw’%i '2 lY3"z(°‘)*Y4“1(a)] }+{e'(hz-n)a@5—, v
| ; | o

-(hzﬂ])a/é;/lw I} { [y392(a) + Y4g'| (0.)]
U

+ T30 ign(wh)e, lva, (a)
w S1niW3)Bygl Y3Mpla
Y12




| Y* A | BRI
+ Y4h](°‘) “ ,l" | Y3'"2(°‘) Y4"‘1("‘) + Tl—l 3, (o)
3 3

+y4n](a)m £OSAY 4o

1 r’
K(n’.Y) = Y
3 23 le

+ 2_yl:_3_ E[e-(hx-n)m/ﬁllwl | [-{Ygtanh(w]ah])gz(a) .

[ -lwloy//Bs 'l"’lay/'/gz]smah sinande

+ vy gtanh(wyah, )9 (a)]
+ sign(w] )89 [ygtanh(w]uh] )hz(a) 1 otanh(w3ah] )h] (u)]

. B l_:il- [ygtanh(w]ah] my(a) + v, gtanh(wsah; Im, (a)]

1

Y“VE:
- —[m— Ygtanh(w]ahl )nz(a)

+ y]otanh(w3ah])n.]ga)] (hl-n)a/‘B"/Iwal [Yx [ygtanh(w ah )gz(a)
Y

+ Ymtanh(w ah])g] (a)]~ s1gn(w )810 Ygtanh(wluh])hz(a)

-0; y]otahh(wéah]) :

. Y, .Y o - '
h.l (a)]- . Ti—: Wﬁ[ygtanh_(w]ah])mz(a) +y]0tanh(w3ah])m] (a)]
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Y ' | o ' s ‘
+ I;ﬁ_s [\rgta"h(“’,l“h])"z(“)leota"h("‘3°‘h1)n]l(a)]] fna "

K4(ﬂ;.Y) = '— ﬁ[{e‘(hz‘“)“@/wrl_ e"(hz"’ﬂ)ufg-f/lw:l} .
- Yls . .

{-[ygtanh(w]ah] )gz(a) + ywtanh(w3uh] )g] (a)] - sign(w;)B;

) . :
. ™ ¢
[Ygtanh(w]ah])hz(a) +Y]0tanh(w3ah])h1 (u)] - .’g’s"l:‘—:i [Ygtanh(w]ah])

AR |
mz(u.) 1 otanh(w3ah] Jm (a)] IFI [ygtanh(w-‘uh] )nz(a)
l .

3 *.
+ ylotanh(w3uh])n] (a)J} + {e‘(hz'ﬂ)a',gf/lwal

( *
e-'(hzfﬂ)a"éf/lwzl} Y* [Ygtanh(w ah )92(3)

+ n otaNH(w3“h] )g] (a)
* A . .o

+ 1:—' sign(w;)B:O Ygtanh(w] ah] )hz(a) +y]0tanh(w3ah-] )h](a)]

Y12 _ )

N E
Y, A
'}B —Y—},—- -I—z-;l—[ygtanh(w]ah] )mz(oz) +Y, otanh(w3ah] )m] (a)}

vy, /8% A | N . N sm
+ —‘ﬁi——z- [ygtanh(w]ah])nz(a) +ywtanh(w3ah1)n](u)]} da
LN .
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APPENDIX C

Evaluation of some Integrals

. Al -at ) b
Ioe sinbtdt-m , a>0

-a

-3 ) i
t .
I°e cos bt dt = e , a>0

L

=

Bi+xZ cos ax dx

h.“

o 8
W™
—

"
Ve

- .
»!o Bzfyr sin ax dx .e-as

“pCO
[0 m’li-—xr)' sin ax dx = .2_%2_ (- e'aB)

o0
. a
Io e “cosh °¥ da 'AE?:y?
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APPENDIX D

Derivation of the Stress Intensity Factors

D.1 Case of Internal Cracks:

The stress intensity factors are defined as:

ka = lim inx]fas o]y(x],o)

X+
kb = xlﬂ“b &(xz-bi ozy(xz,O) {D.1a,b)
r3

 From Eq. (4.16a) we can write:

. 2v,4 E a .
= 1 164] 0
ﬁyuPO)'FU:;§;§Iatqldt+¢u“1ﬁ) (0.2)
where c?&(x],O) is a bounded function.
mi/2
¢(t)= F(t) = F(t)e

AT (t-a)%(tra)®
Define the sectionally holomorphic function,
1 (2 o(t) '
Vo= 2
¥(z} = - [a £ dt

“From [14] we obtain:

i/2 o
\IJ(Z) = F(-a)e“’ _ F(a) % + wo(z) (0.3)

(2a)%(z+a)®  (2a)%(z-a)
Using (D.3) to evaluate (D.2) and with the definitions

- given in (D.la,b) we have:
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‘x x . * %

S 2n,E 2¥; ,E .
K -ty —I-F*(b)=-———lj-—%—~f5F0(1)

b (T-v:yv;x) /b . T aytv)

“xy yx

. D:2 Case of Broken Lahinates

k, = X;“:hz 2(x, + ny)Y Opy(%2:0) ' (9.4) '
From Eq. (5.2b)
2,E,  h :
= 14 1 0 s
ooy = S [l lgttattdat + 1,00 (-9
xy yx :

where cgy(xz.o) is a bounded function.

o(t) = —E_ . _FOe™
(h3-t2)Y  (t-n))(t+n))Y
Define: , '
h
1 M
wz) =17 4 g
-h'l
then: _
' F(-hy)e'™ Flhy) -
O LR, : 14y (2) (0.6)

(Zh])ysimry (z+h])Y (ZhI)Ysimry '(z-h])Y

Using (D.4), (D.5) and (D.6) we obtain:

. * *
_(hl)*v,,,syron),l BAACTIN Wi/ VB,
= * * . Y T N
3 (evppdsiny [ 100 [t )Y 1O [l )Y
/Bs
\ L -
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i%:|/ /By [¥.l7 /B

'.;'

+ A
103 [wspwi]Y 104 [ws] |l
/By Br

\ J

kb has the same expre -ion as the one we derived in the

- previcus case.

D.3 Case of a Crack Crossing the Interf;ce

P.3.a Singular Behavior at the Interface:

In this case the definitions of the stress intensity

factors are:
k, = )zzilnc /2c-x;) czy(xz,o)
ky = limyPa (h,y)

.and
ky v

From Eq. (é.Zb) we can write:

1xy(h];y) ) .(D.7a,b,c)

* _*
2Y1 4E hz *( t) . 0 .
0, (x,,0) = — f ¢ dt + o, (x,,0) (D.8)
Zy x2 (I'V:y\’;x)“ c t-xz 2y'72 )

where agy(xé,o) is a bounded function.

R O
| (t-c)¥(n,-t)®
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h, .* * in/2
* 126 (t) ., _ F(cle 1
v (z) == dt =
" [c‘ t-z. (hé-c)Bsinn/Z (z-c);5
F*(hy) \ |

. . ' (D.9
(hz-c)&sinws (z-hz)B + ¢°(Z) ( )

Using (D.9) and (D.8), Eq. (D.7a) yields to:

* N
__Meby oz

. *
P vy, (hyc)®

or

- * :

. b = * % - F ('1)
(1-v  v..) °

XY yx

Separating the singular parts of Eqs. (6.15a,b) we have:

w(1-v_ v,.) h
Xy yx 1
0y, (hay)= | Ki.(nay)e(n)dn
2Ex 11 Ih] 1s

h . '
s jCZKZS(p,y)¢ (n)dn + o, (y)

| h |
o Tty = [ Ky nydetman
, ny Ixy''? h] ?s .
hz N * 0 . .
. [c Kgs (198" (n)en + 15, (5) (D.10a,b)

o 0 .
where olx(Y) and r]xy(y) are bounded.

F(t) _ __F(t)e'™

(h-t")8  (teny)B(e-n)P

Let: - #lt) =
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then -
o =1 o) 4, T F(hy)

+4,(2
-h e : (Zh )BS‘““B (z+h, B (Zh])ss1n78(z—h~)8

‘(9.11)

Using (D.11), (D.9), (D.10a,b) and the definitions (D.7b,c)

after lengthy algebra'we obtain:

.k EX 1 {Ei Y‘ -Ym 1
(]"“xyvy;y728+]sinﬂ8/2 N3 1w, | B~ 2, (W] B
I
_ %, Dratgrtgiey) - ﬂ¢%mhm’””
V- ILAICN A [nl)f
/5 ) 80 ]

(hz'cf [; | (73*89*Y4*9o) | (vg? 91*Y4A92)

* 18 F;(‘)
21 g0 |jE; A ’Ef l_;L
L/B_*S- 4 65
and
6 hf Yy Y
E o=—Xy 1 n_,__m
xy B"‘] 'NB Y B B
2 13 [w, ]} [Ws]
/Bs | /Bs
 aitote) v 9astoded) pwy| L,
Ago w18 B N G Nl B
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. . B N y

(hp-e)” | Uoreg*viotan) [w}| . (Yorar*vaglan) |w))
* w18 *3 8

vz Y]3>‘80 it ',-B_: u /B_f

G CI

J H

+

A

D.3.b Non-Singular Behavior at the Interfaqe

,kb 2 x;iT JZ(xz-zi °2y(x2’0)

The derivation is similar to the one done for the case of
internal cracks. Thus, we have:
* *
2v14E %
= ._ZliJL__.H )

b~ )
(l-vxyvyx)
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