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TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS.**

By STEFAN BERGMAN.

1. Introduction. The successful development of the mathematical
theory of two-dimensional steady flows of an ideal incompressible fluid is
largely due to the fact that the complex potentials of such flows are analytic
functions of a complex variable. Function-theoretical methods may therefore
be used in order to obtain and to investigate flow patterns possessing at given
points the assigned singular character and satisfying given boundary
conditions.? '

In investigating the flow of an incompressible fluid by theoretical methods,
two alternative treatments have been used. The behavior of the solutions has
been studied either in the so-called physical, i. e., the plane in which the motion
actually occurs, or in the hodograph plane, i.e., the plane whose cartesian
coordinates are the velocity components. In the incompressible case, both the
"potential and the streamfunction are harmonic functions, irrespective of
whether the motion is considered in the physical—or the hodograph plane.

In the compressible case, both the potential and the streamfunction
considered in the physical plane satisfy complicated non-linear equations. By
considering the motion in the hodograph plane, and making a few appropriate
transformations, it is possible to linearize these equations. (See [11] and 2
of the present paper.?)

The treatment of the problem in the physical plane has, of course, the
fundamental advantage of making the boundary conditions enter in an obvious
way. The gain in simplicity due to the linearization is, however, so consider-
able as to make the hodograph method vastly superior for various purposes.

In the present paper the theory of compressible fluid flow is developed

* Received August 2, 1947.

t Research paper done under Navy Contract NOrd 8555-Task F, at Harvard Uni-
versity. The ideas expressed in this paper represent the personal views of the author,
and are not necessarily those of the Bureau of Ordnance. '

2 Poles, logarithmic singularities, etc., of the complex potential represent doublets,
sinks, sources, vortices, ete., of the flow.

3The numbers in brackets refer to the bibliography at the end of the paper.
Acquaintance with the contents of these publications is not assumed in the present

paper.
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TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 857

by studying the linearized equation and applying to it the operator method
developed in [1-10]. Generalizing the procedure: « taking the real part,”
this method leads to the determination of certain linear operators which trans-
form functions of one variable into stream (or potential) functions of com-
pressible fluid flows preserving many fundamental properties of functions to
which the operator is applied. In the present paper, two operators of this
kind are considered: the so-called integral operator of the first kind (3) and
that of the second kind (4-6). For some fluid dynamical applications, and
in particular for the study of the behavior of the flow near the sonic line,
the second operator seems to be more appropriate. In this case, however, the
relations between the properties of functions to which the operator is applied
and those of generated functions is more hidden. This is why it is useful at
first to investigate the special case which is obtained by assuming a simplified
equation of state. This simplifying assumption results in the equation for
the stream function taking the form

11 — CH(9%¢/30) + (8%y/0H?) =0, >0

where 'H is a function of the Mach number, M, which is negative for M < 1
and positive for M > 1. (See (2.1) and (2.3)).

In an important investigation, Tricomi [16] studied the boundary value
problem of equation (1.1) and showed that if we consider a finite domain D,
bounded in the supersonic region by two characteristics, say BA and C4,
and by a curve Bm( in the subsonic region, and if the boundary values are
prescribed in Bm(' and on one of the characteristics, say B4, then the boundary
value problem has a unique solution. Frankl [13] considered questions allied
with Tricomi’s investigations in the case of the exact compressibility equation.

The questions arising in our approach are, however, of a somewhat
different nature than those considered by the above-mentioned authors.

In the first place, we seek to find conditions for a function, say f, of one ]
variable in order that the generated function P(f) will be defined in a pre-
seribed domain B, which in general lies partially in the subsonic and partially 0
in the supersonic region, 0

Secondly, and this is the most essential difference, we are considering
solutions of the compressibility equation which possess singularities (e. g.,
branchpoints) in the hodograph plane. In the applications of the theory,
the consideration of this type of solution cannot be dispensed with, since,
notwithstanding the singularities in the hodograph plane, the behavior of the "
solutions in the physical plane can be perfectly regular. Furthermore, certain
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858 STEFAN BERGMAN.

singularities in the physical plane have a hydrodynamical meaning and must
“be considered in investigating flow patterns.

The methods employed in the case of equation (1.1) are to some extent
capable of generalization to the case in which the coeflicient (— CH) is
replaced by an arbitrary function I(H). (See ). This includes, in particular,
the exact, i.e., non-simplified compressibility equation.

In 3, we introduce the so-called integral operator of the first kind, Py
This operator yields a streamfunction of a subsonic, compressible fluid flow
in terms of an arbitrary function of one complex variable. The representation
holds for* B[M < 1,— o < 6 < c0]. Here M is the Mach number and §
the angle which the velocity vector forms with the positive z-axis.

An analogous representation for the streamfunctions of supersonic flows
in terms of two differentiable functions of one real variable holds for
E[M >1,—w <0< o]. Using the integral operator of the second kind,
we obtain (4, 5) four analogous representations in terms of arbitrary functions
of one variable. These four representations are valid in four adjacent domains
of the M, 6-plane, namely

D, —E[M <1,6>3 [ AMM)|]1+E[M>1,0> ()],
' D,=E[M <1, |6] <3t|a()]],

D, —E[M<1,0<—38 | MM)|]+E[M>1,6 <—3A(M)],
Dy=E[M >1,—3A(M) <8< A(M)],

respectively. IHere 6= == 33\ (M) and 6= (—1=% 2)A(M) are certain
curves which pass through the point M —1, § =0 and which lie in the sub-
sonic and supersonic region respectively (see fig. 1).

In the simplified case these four representations can be combined into
one, yielding a representation which holds in the whole M, 6-plane. This
result is based on certain theorems of the Fuchs theory of ordinary differential
equations with singular coefficients. The question of combining the analogues
of the above four solutions in the exact case, and generally, the study of the
solutions leads to the investigation of partial differential equations with
singular coefficients, which, when solutions are continued to complex values
of the argiments, can be attacked by methods representing a generalization

4 The functions ¥ = P,(f) may be multi-valued functions which may possess singu-
larities. The statement that P,(f) is defined in E[M < 11 means that the projections
of the domain in which P,(f) is defined on the schlicht M, ¢-plane, lies in E[M <1}.

E[ 1 denotes the set of points whose coordinates satisfy .conditions indicated in
the brackets.

*
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of the Fuchs theory for ordinary differential equations. These questions, and
in particular the problem of combining the four above representations into
one, will be treated in a subsequent paper.

In 6, we determine the “associate ” function for P,(f) in terms of the
values of the stream function ¢ — Im[P,(f) ], and its derivative with respect
to M on the line M =1 (sonic line).

The author would like to take this opportunity to thank Bernard Epstein
and A. Zeichner for helpful advice and aid in connection with the present
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Fig. 1.

paper. He would also like to thank Z. Nehari and M. Schiffer for a number
of helpful suggestions. :

2. Equation for the streamfunction of a compressible fluid flow.
Exact and simplified equations. Assuming that the thermodynamical equa-
tion of state of the fluid has the form p — op*, where ¢ and % are constants,
and p and p the density and pressure respectively, and introducing as new
variables

¢ g "
@1 H= ey — [ P—3E—1§Ta,

@ v
and 0, where ¢ is the speed and ¢ the angle which the velocity vector makes
with some fixed direction (say the positive z-axis,), we obtain the following
linear equation for the streamfunction :
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T(2.2)  S(y)=I(H)(9%y/06%) 4 (9%y/08*) =0, I(H) = (1—M*)/p%
where

(2.9) M —g/[1— 3 (k—1)g"]}

is the Mach number. The denominator in (. 3), being the local velocity of
sound, M will be smaller or larger than 1 according as the flow is subsonic
or supersonic respectively. The differential equation (2.2) will therefore
be of ellipitic or hyperbolic type, corresponding to the subsonic or supersonic
character of the flow.

A formal computation 5 shows that the Taylor development of I(H) in
the neighborhood of H=—0 is

(2.4) U(H) — [2/(k—1)] =0/ [ (—2H)
— (2 5)/ (2 + 2)) (b -+ 1) /2) /6D (— 2H)?

LB (43/6)F 4 16 + (31/2)% + 31/6
(k+41)*

In considering a flow (or a portion of a flow) which is purely subsonic,
it has some advantages to replace H by the variable A defined by

(2.5) A= j[Z(—T)]%dT.

A can be expressed in a closed form as a function of M; a formal compu-
tation yields

1 (1—M2)* (14+h(1—M2)E\v
(2:6)  A—ilog [1+(1_M2)é (1—h(1-—M2)%) ]’

h=[(k—1)/(k+ 1)~
Now

— g = — il (E) T
(2.7) vaE — v+ (B g = ¥ — 3l g =1y + 30 ]
go that (2.2) becomes

(2. 8a) Y+ Yoo + 4Ny =0,
5 A detailed account of formal derivations of some expressions used in the present

paper can be found in the Appendix to Technical Report 10, of the series “ Operator
methods in the theory of compressible fluids,” Harvard University, 1948.

((k+1)/2)W/ 60 (—2H)® 4 + -].
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or, in complex notation,

(2. 8b) 4z + 4N (Y2 +-¢2) =0,
where
(2.9) N =3y —— [(k+1)/8] U_—MJ&W T At i, Z—r—if.

See [6, (46)]. It should be noted that the interval — co < A < 0 corresponds
to the interval — o < H < 0.

In the supersonic case (i.e., for M > 1) the right-hand side of (2.6)
becomes purely imaginary. If we introduce the new variable A defined by
(2.10) A==,
it is easily confirmed that .

(.11) A = h* arctan [h(M? — 1)¥] — arctan [ (M2 —1)3].

In this case, (2.8a) will take the form
k41 M
(2.12) YaA —¥po + 4Ny =0, N;= 8 (ME_—1)%"

Remark. Equations (2:8) and (2.12) can be simplified. Tf y is
replaced by

(2.138) v*=y/R

where (0R/0Z) — N, then y* satisfies the equations

(2-14)  y*aF ¥+ 4PYF =0 and g, —y¥y, —4Fy* —0,
where

(2.15) Fe—p,— FTDM —(376—1)M4—4(3—2k)M2+16].

64 =5

For subsequent use, we write down the expansions of N and F in the
neighborhood of A = 0

(2.16) N=(1/122) [1— (k4 1)3[(2+ 2k + 5-28—2] X
[2—1/632/3(k_|_1)—5/6(____A)2/3] + . .]’

(2.17) F = (5/144) (— ) 4 Ao (—A) 22 Ay + Ay (— 2) %3
4. ‘=5/36(—2A)2—|—' .

In the vicinity of H=0, i.e., the sonic line, 7(H) may be replaced by
the first term in its expansion (2.4). Using this value of I(H) in (2.2),
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we obtain the so-called “simplified” compressibility equation (1.1). In
considering transonic flows, the solutions of the simplified equation will
* therefore give a fair approximation—in a certain neighborhood of the sonic
line—of the exact streamfunction.

The expression for N, ¥, and H will, in this case, reduce to

(2.18) N=Nt=—(1/6) (1/(—2)),
F—Ft=(5/36) (1/(—2\)"),
H = HT —_ (32/3/2) (2/(7{:— 1)) (%-2)/(3%-3) (__ )\)2/3’
respectively.

ReMark. We are using the same variable A in both the exact and the
simplified case, as this facilitates the comparison of the respective flow patterns.

3. Application of integral operators to the compressibility equation.
Integral operator of the first kind. The use of integral operators in the
theory of the compressibility equation is based on the following theorem:

TaroreM 3.1. Let E(Z,Z,t) be a function of two real and one com-
plex variables, A, 8, t, which is defined for t along a curve connecting t = —1
and t =1, and for (), 0) € G. G denotes here a sufficiently small neighborhood
of the origin.

Let E satisfy the following conditions:

1. E possesses continuous partial derivatives with respect to all three
of its arguments, up to the second order.

2. The expression
(3.1) [(1—t)E(Z,Z,t)/7t]0/0Z

is continuous for Z =0, and approaches zero, uniformly with respect to
(A0 eGast—>—1ort—1.

3. E satisfies the partial differential equation

(3.2)  G(E)=(1—1)(Bz + NE:) — (1/t) Bz + 24ZL(E) = 0
where
(3.8)  L(E)=2Ez; + N(Ez+ Bz) = (1/49) Ex + (1/4) Epp + NEx.

If $(£/2) is an analytic function of { defined in a simply-connected domain P,
which includes the origin, then the expression u(Z,Z), given by

3
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(3.42)  w(z7) =P(),
(.9) P = [ EBZZOIGE0—)a/ (1)

18 defined in a simply-connected domain which lies in G () P, and satisfies
the equation L(u) = 0. :

The proof of this theorem is given in [1, § 1 and 6, pp. 34-39]. The
function f will be called the associate of P(f) with regard to the operator P.

Since (3.R2) has an infinity of solutions, there exist infinitely many
integral operators; a closer investigation of their properties will show which
type of operator is best suited for the purpose on hand. The following
property of the integral operator plays an important role in some of the
applications.

As is well-known, a harmonic function G,(XN,0') = G(Z’,Z’) may be
written in the form

G(Z,2") = (1/20)[9(Z") — g(Z)].
Here &

Z'=NXN+1, Z=N—i, N=r—x, 6 =0—0, r<O0.

If now the harmonic function G,(X, ") is continued to the complex values
of the arguments A" and ¢, i. e., if we assume that Z’ and Z’ are not necessarily
conjugate to each other, and if, in particular, we consider G and g in the
so-called characteristic planes Z” — 0 or Z’'= 0, then we see that the analytic
function of a complex variable and the continuation of the real harmonic
function differ only by constants;? indeed,

G(Z,0) = (1/20)[9(Z") —g(0)].

An integral operator generates complex solutions of L, and we may demand

.that these complex solutions possess an analogous property. We shall show

that there exists an integral operator p (which is connected by relations
(8.11), (3.12) with P) such that the complex solution of (3.8)

®TIn the discussions, it will be useful to consider a shift of origin to the point X, 8,
(point of reference of the operator).

In this section Z’ and %’ will be treated as independent variables.

" Analytic functions of a complex variable represent a very special subclass of
complex harmonie functions (i.e., the totality of functions & 4 iH, where G and H are
two arbitrary real harmonic functions). Operator (8.4a), (3.4b) generates also a
subelass of complex solutions of the equation L.
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w(2,2') =plg(Z)]
and the real solution )
Y(2',7') = Im[u(Z', Z') ]

are connected by the following relations
(3.5) 9(Z,0) — (1/20) [u(Z,0) —R(Z,0) const.], u(Z,0) — g(#)

where B(Z’,%’) is a given function defined in (3.7). This operator P will
be called “integral operator of the first kind ” and will be denoted by P,.

Defining the generating function E,(Z’,Z’,t) of the operator of the
first kind by the requirement that

-

(3. 62) B(Z,0,) —1

and

(3. 6b) E1(0, Z,t) —exp [ — I‘Z Naz,
Jo

we shall show that these relations imply the property (3.5).
Writing the generating function of the first kind E, in the form
(8.7) E,=R(Z,Z)E*(Z,Z,1);

R(Z,Z') — exp [— j 'OZ.'N(Z' + 7,)d7]
and assuming that E*, has the development
(3..8) | B —1 —|—§1Z’nt2"P<") z, 7,
it is foun(i that (8.7) satisfies the relation (3.6b). Substituting this into

equation (3.2) we find that the P satisfy the following recurrence relations:
(3.9) Pz® 4 2F =0, (2n-1)Pz ™0 4 2Pgzm 4 2F P —0,
n=1,2,8,---.
Finally, (8. 6a) is satisfied by imposing upon the P the initial conditions
(3.10) P (Z,0) =0, n=1,2,8,---.

By the above requirement, the P and hence the generating functions E,
(of the first kind) are uniquely determined. Applying the considerations
of [1, pp. 1173-76] it can be shown that the series (8.8) converges absolutely
and uniformly in a sufficiently small neighborhood of the origin 7’ =0,



TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS. 865

Z’—=0. The existence of an integral operator of the first kind thus is
assured. Assuming that the associate function f is regular in a sufficiently
large domain, we prove that by applying to it the integral operator of the
first kind, we obtain a solution u(Z,Z) (see (3.4a), (3.4b)) of (.8b)
defined in a sufficiently small neighborhood of the origin. We shall show in
the following that if f is regular for M < 1, this solution can be continued
throughout the whole subsonic region.

RemMARK. Integral operators of the first kind can also be written in a
somewhat different form which is useful for various purposes. Namely (as
can be shown by a straightforward computation, see [4, pp. 618-619])
we have 8 ‘

(3.-11)  P(f) =p(9)

= R(Z,2)[g(Z) + S 2+ TEEL pov 2, 2y gi (27

z g n-1
g[n](Z’) =f J e g(Z )dZ le
0

- S S e — om0
where

(3.12) 0@) = [ 37 (1—))at/ (1 — )k

(8.11), (3.7) and (8.10) imply (3.5).

We proceed now to the proof that every real solution of equation (2.8b)
can be represented in a sufficiently small neighborhood of the origin Z’ =0,
Z' =0 as the imaginary part of the right-hand side of (3.11) with suitably
chosen associate function f (or g).

Let y(Z’,Z") (Z being conjugate to Z’) be a real solution of equation
(R.8b) which is regular in a sufficiently small neighborhood of the origin.
Since this equation is of elliptic type and its coefficient N is an analytic
function of two variables, y(Z’, Z’) can be written in the form of a power
series

oo 0
Y(2,2) =3 X DyuaZ'™Z'"  Dyn = Dum,

m=0 n=0
which converges in a sufficiently small neighborhood of the origin.
#f and g are associates of the same solution of (2. 8b), the first with respect to the

operator P, the second with respect to p. In order to avoid any confusion we shall
speak about “ p-associate” and “ P-associate.”
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In the plane Z’' — 0, we have:

(3.13) Y(Z,0) = X, DuoZ’™ = G- (Z')
m=0
and in the plane Z’ =0,
- w - -
(3.14) $(0,7) = 3, DonZ'm— G»(Z') ;
m=0

G, and @, are two analytic functions of one complex variable Z’ and Z/,
respectively, which are regular in a sufficiently small neighborhood of the
origin. (We note that G,(0) = G2(0) and G»(Z") — G4 (2") since for Z'
conjugate to Z/, ¢ is real.) On the other hand, by classical results (the initial
value problem in the theory of partial differential equations), it is known
that if functions G1(Z’), G2(Z’), G.(0) = G2(0), are given, there exists one
and only one solution y(Z’,Z’) of equation (2.8b) such that (3.13) and
(3.14) hold. The integral operator (3.4) enables us to write down the
solution. Indeed, let us determine two functions say g1(2") and g.(Z'),
92:(Z") = ¢:(Z"), such that

(3.15) 6:(Z) + g:(O)E(0,7) = 6:(2)
and therefore:

9:(Z") + 9. (0)R(0,Z") = G (Z").
Now

(8.16) B(Z',2")[9:(%")

et I’(Zn—]—l) n , Z" . ™ Zn-1 o
T2 sartn 1) P2, Z') fo JO 93(Zn)dZy - - - dZ,]

+ B(Z,2) [9:(Z)

will represent a solution of (2.8b) which satisfies the conditions (3.13) and
(8.14) ; our assertion that every (real) solution can be represented as the
imaginary part of (3.13) is therefore proved.

As already mentioned, (3.18) is a priori only defined in a sufficiently
small neighborhood of the origin. We shall prove, however, that provided f
is regular for A’ < Ao, the solution y(Z’, Z’) obtained in this way can be
continued into the whole region E[Re(Z” + Z7) < 2Xo, | 2| < 0, | 2| < 0],
As shown in [6, pp. 56 ff.; 8, p. 48 ff.], the quantity F =F(}(Z'+ 7))
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introduced in (2.15) is a function of two complex variables Z’, Z’ which is
defined in the above region. Therefore the expression °

) 5 e ]
(3.17) R(Z,2)[g.(%) — f f “Pg.dz,dz,
0 0
V4 Z Z, ("% _ ) .
+ F f F[f j Fg1dZ2dZ2]dZ1dZ1 -—l—- .o ]
0 0 0 )
- - - Z’ Z-l _
+RZ, ) [(2) — [ bg.az.az,
0 0

z’ z" Z1 Z-1 _ )
- ﬁ f [F j; f Fg,dZ,dZ,)dZ,dZ, ++ - ]
0 0

satisfles the differential equation (2.8b) and the initial conditions (3.13),
(3.14). It is evident that the series (3.17) converges in any simply-
connected domain which includes the origin Z’ =10, Z’—0 and which is
common to the regularity domains of F, ¢,, g.. Since by the above require-
ments a solution of (2.8b) is uniquely determined, the expressions (3.16)
and (3.17) must coincide, so that they are two different representations of
the same function.

We proceed now to the discussion of the relations between the domains
of ‘regularity, a and k, of the p,-associate function g and the generated
solution p.(g) in the real plane, i.e., for Z’ conjugate to 2.

THEOREM 3.2. Let B be a bounded region of the (real) X, ¢-plane,
situated in E[X < Ao]. If g is regular in B, then p,(g) is also regular in B;
conversely, the regularity of p.(g) in B implies that ¢ is regular there.

Proof. In order to prove our statement we investigate the relations
which exist between the regularity domain of a solution y(Z’,Z") of (R.8b)
in the veal X, #-plane (i.e., for Z’ conjugate to Z’) and in the space of two
complex variables, A, § (i.e., when Z” and Z’ are two independent complex
variables). Let B be a domain in the A, f-plane. We denote as the hull2°

® The integral operator of the first kind may be regarded as a generalization of the
Riemann formula in the theory of linear hyperbolic equations wuyy + a(X, ¥)uy
+b(X,Y)uy 4+ c(X,Y) =0 to the elliptic case, where the real variables X,Y are
replaced by two independent complex variables, Z’ and Z’ respectively. If we consider
the solution in the real plane, i.e., for 2’, Z’ conjugate, we thus obtain solutions of
elliptic equations. See [5, pp. 317-318].

1°The superscript indicates the dimension of the manifold under consideration.
In the case where the manifolds are one- or two-dimensional and are situated in the
(real) A, 6-plane, these superscripts are omitted.
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H*(B) of B the intersection B,* [] B,* of two cylinders of (four-dimensional)
space, By*= E[Z’e B, Z’ arbitrary], B:;* = E[Z’ arbitrary, Z" ¢ B].
It is well-known that a solution y*(Z’, Z’) of the first equation of (2.14)

can be represented in the domain B of the real A, f-plane in the form %

' r gt a * 7— r 7’ = 3 a # Z”Z,; 7-— y
(3.18) w(@,7) = [ [Pl @, 2500 — @ D) BUEED | ag,

where b denotes the boundary of B, n; the interior normal to b, ds; the line
element of b. Mere ¢* is a fundamental solution of (2.14), and we have

(3.19) ¢*=3x(2,7';4,T) (2’ —0) +19(Z — D1 +v(Z,7;6 D)
where 11

(3.20) x(Z,Z'34,7)
Z’ Z-' -
—1— f f Fdz.dZ,
£ §
2’ z Zy Zn - _
+ £ f F[f f FdZ,d7,] dZ,dZ, - - -
{ $ f

(8.21) vw(Z,7;¢70)
‘ZI Z‘l -
= j Gdz,dz,

: .

§
(7 (5 (A )
_fr ffﬂf; fEGdzzdzz]dzldzl+.,,,
—— (1/(Z =) (W/02') — (1/(Z — 1)) (/02

Since F is defined for all values: Re((Z' + Z)/2) < ho, | Z | < 0, | Z| < o0,
it follows from (8. 17) that if g, is regular in B, B = E[X < A,], then pi(g:1)
is regular in H*(B), and therefore also in the domain B, which is the inter- K
section of H*(B) with the real A, 6-plane. This is the first assertion of
Theorem 3. 2.

From (38.18), (3.19), (8.20), (3.21) it follows that every solution
which is regular in the domain B of the real A, #-plane can be extended to
the complex values in H*(B). Since B represents the intersection of H*(B)
with the plane 2’ =0 as well as with Z7=0, ¢(Z’,0) and ¢(0,Z") are
regular in B. Since B(Z’, Z') is regular in E[Re((Z’ + Z')/2) < Ao, | 2" | < 0,
| Z| < o], it follows from (3.17) that G1(Z’), (as well as G»(Z") — G+ (Z")-
see (3.15)) is regular in B. See [1, §1 and 2, §2]. This completes the
proof of Theorem 3. 2.

1 We note that x (2, 2’; 0,0) = p,(1).
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As has been shown in [5, pp. 318-319], the function generated by integral
operators P(f) defined in (3.11), will have branchpoints of finite order,'?
at the same points as the function

3.2) R — [ f[Za—eaya—e)

As a consequence, the following holds.

TuroreM 8.3. Suppose that the function
(3.23) 9(Z) = Ps(f)

18 defined and regular in o region R situated on o Riemann surface, which
possesses in its interior a finite number of branchpoints, each of finite order.
Let further the projection of B on the schlicht A, 8-plane lie in E[— o < AN
< ol

Then the function

(.20) R = [ E@ 20020 —P)]dy/ (1— 1)}

(see (3.2), (8.7), (3. 8), (3.9), (38.10)), ts a solution of (2.8b) deﬁned
in R, possessing branchpoints at the same points and of the same orders as g.

=1Im [P:(f)] satisfies equation (R.8a) and can be interpreted as
streamfunction (in the A, 6-plane) of a (possible) flow pattern of a com-
pressible fluid.

Making an obvious modification, we can in a s1m11ar way extend the
definition of the operator P; so that it can be applied to functions of one
variable A 4 6§ and A — 6 respectively, thus generating solutions of equation
(R.12). The expression

(3.23) Pi(fi(A+0)) + Pi(f2(A—0))

where f; and f, are two linearly independent functions, will represent a
(possible) streamfunction of a supersonic flow pattern.

4, The integral operator of the second kind in the case of the sim-
plified compressibility equation. The integral operator of the first kind,
convenient though it is for many purposes, has the disadvantage that it does

12 At poles and logarithmic singularities, operators P(f) do not, in general, preserve
certain properties of Po(f) which are essential in aerodynamical applications; in these
cases, we have to use other means (see [3, 91), in order to produce the necessary
singularities of ¢.
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not represent solutions of the compressibility equation in the neighborhood
of the sonic line. Furthermore, it has the disadvantage from the practical
point of view that the P (Z’,Z’) are functions of two variables which
makes tabulation of the values of P very time-consuming. .

These two disadvantages can be removed by the use of another operator—
to be termed “ operator of the second kind ”——for which the P™ are functions
of one variable only and which yields a representation of the streamfunction
in the neighborhood of the sonic line. This operator has a number of -other
distinctive features which will best be elucidated by the detailed discussion
of the so-called “simplified ” compressibility equation, i.e., where N = Nt
= (121)-! in equation (R.8a) or alternatively, where F'= F{ = 15/144)\" in
equation (2.14).

According to Theorem 3.1, any function F of the form

(4.1) E = HE¥,
where E* is a solution of the equation
(4.2) Go(E*) = (1 —1*)Ez — (1/t)E%; + 2ZtE*53 + 2ZtFE* =0,
and H is defined by
(4.3)  H(2) —exp [— fzﬁv(f)drj
(1AL 4 1)ap]r0en

= So(—RA)op((—2r)**)
with :
PU(—RA)*?) =14 8 (—2R)*/* + Bo(—RA)*° - - -,
S, — 2(2k+1)/(6k—6)3—-1/6(k + 1) (2-k) /(6%+6)

(4.4) 8= (1/10) (8/4)%%(k + 1)7/% (2 -+ 5),
8y = — (1/1400) (8/4)¥*(k -+ 1)~/3(64k* + 70k + 75), - - -
may be used as a gemerating function of our operator. In the case of
the simplified equation, we have Nt—1/(121), p((—2A)*®) =1, H}(2))
— So(— 208, Ft — 5/144)2,
We now introduce a new variable
(4.5) w=12/(Z + 7),

and we shall show that in the simplified case there exist solutions of (4.2)
which are functions of u alone.
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Levma 4. 1.
(4.6) E*H(), 0,1) = A,F(1/6, 5/6, 1/2, — 12(A -+ i8) /— 24)
+ By (— (A -+ i0) /— 2A)3F(2/3, 4/8, 3/2, — 2(A + i) /— 21)
(where F(a, B8, y, X) denotes the hypergeometric function and 4, and B,
are arbitrary constants) is the most general solution of (4.2) which is a

function of u alone. Let us note that there exist other solutions of (4. %)
which are functions of one variable, see (4.20).)

Proof. We shall show that (4.2) can be reduced to an ordinary

differential equation whose solution is (4.6). A formal computation yields
ou/0t =2u/t, u/0l = (t*u—u?)/t*Z, 0u/dZ =—u?/t*Z,
E¥ty = — 2L By, E*fge = — 202 [uE ¥ fuy + E¥1u]
E*tgy = — w272 (ut? — u?) E*tuw + (12— 2u) E¥ 4],
Fi = (5/36)u*t*Z2=2

Substituting the above expressions into (4.2) we obtain
G, (E*t) = — 3 Z[u(1—u) E*tuw + (3 —Ru)E*ty — (5/36)E*1] = 0.
The equation ‘ :
(4.7) w(l—u)E*uu + (3 —2u)E¥y — (5/36)E*t =0

is a hypergeometric equation whose general solution can be represented in
the form

(4.8) E*f— A, F(1/6,5/6,1/2,u) -+ B,utF(2/3,4/3,3/2,u) |u| <1
(4.8 = A,u*F(1/6,2/3,1/3,1/u)

-+ B,u/F(5/6,4/3,5/8, 1/u), |u|>1.
Replacing u by the right-hand side of (4.5), we arrive at (4.6).

Thus, combining (4. 1) and (4. 6), we obtain for the generating function
in the simplified case ®

13 We note that in many instances we may omit the second term on the right-hand
gide of (4.9) since

fltF(2/3;4/3,3/2,—t2()\+ie)/—Q)\)f(%Z(l——tz))dt/(l—-t”)é=0
t=-1
if f is regular at Z =0,
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(4.9) Ef() 0,t) = A1So(— 2A) /K (1/6,5/6,1/2, — t2(x +i8) /— 21)
o ByiSo(— 2\)23[— 12 (A + i0) 1¥F(2/3, 4/8, 3/2, — 12(A + i6) /—2)),

| —t2(A4-10)/—2r | < 1
(4.9) = A8.[(— 12) (A 4 i6) ]-V/°F (1/6, 2/3, 1/3, — 2A/— (A + i6) ]
+ BoSo(— 2N)2/3[ (— 12) (A + 16) ]-%/°F (5/6,4/3, 5/3, —2\/— t2(A +1i6)),

| —2x/— (A i8) | < 1.

In Theorem 8.1 we proved the existence of a generating function by
means of which we can obtain solutions of the compressibility equation in a
sufficiently small neighborhood of the origin. We shall now show that in
the case of the simplified equation and the operator of the second type this
result in the small can be replaced by a result in the large. This result
enables us, from the behavior of the associate f, to make conclusions con-
cerning the behavior of the generated solution of the compressibility equation
in its entire domain of definition. An exact formulation of this statement,
at first for the subsonic region, is given in the following theorem:

TaroREM 4.1. Suppose that the function

(4.10) 9(2) = [ fHE—)ldy (1—r)

ts regular in a region B (situated on ¢ Riemann smface) which possesses in
its interior a finite number of branchpoints* each of finite order. Let
further the projection of B on the schlicht A, 6-plane lie in B[— o <A < 0].

The function
(4.11) y—Tm[PL()],
Pr(f) = f, Bt 6 00—/ — 1), Z—d4i8

(where C is a suitably chosen curve in the complex t-plane conmecting the
points t ——1 and t—=1) is a solution of (R.8) with N = Nt=1/12x;
this solution is defined in B and possesses branchpoints at the same poinis
and of the same order as (4.10). ¢ =Im[Pt.(f)] can be interpreted as a
streamfunction (in the A, 8-plane) of a (possible) flow pattern of a com-
pressible fluid (for the simplified compressibility equation).

14 We assume here that the only singularities of g in B are branchpoints. In
applying the integral operator method in the case where g has poles or logarithmie
_singularities, certain modifications, indicated in [9, p. 469, footnote 141, are needed.




TWO-DIMENSIONAL TRANSONIC FLOW PATTEENS. 873

Proof. In order to prove our statement, we have to show that by (4.6)
and (4.10) and slight modifications of these formulas, Eta(A, 6, 1) is defined
for all values A < 0, — 0 <6 < o and for values ¢ belonging to a suitable
simple, sufficiently smooth curve in the complex i-plane which connects
t=-—1 and ¢=1. Obviously, this curve has to avoid the points ¢ =10,
t === (A/(A +16) )% as these would give rise to singularities of the hyper-
geometric function. On the other hand, any such curve will be suitable for
our purposes. IHowever, with a view to the subsequent generalization of our
procedure to the “exact” case, we shall use two special paths of integration,
C, and O, the former apart from its terminals ¢ — =+ 1, inside E[t] <1],
and the latter outside B[] ¢ | <1]. ¢, will be used for values A, @ satisfying
[(A+10) /21| < 1 and C, for the case [ (A i6) /21 | > 1.

It should be noted that the two terminals of the integration path, viz.,
t==1, will never be singularities of Ets(X,0,¢) since, for t— - 1,
(A+18)/2A == 1 for real A and 4.

- The expressions thus obtained will not necessarily be analytical con-
tinuations of each other (qua functions of A, 8). Since, however, the hyper-
geometric equation has only two linearly independent solutions, the constants,
'Al, B, and 4., B, can always be so adjusted as to make these two solutions
analytical continuations of each other.

Remarx. It would, of course, also be possible to characterize the path
of integration in a manner which is topologically invariant with regard to
the way the singular points of E+.(, 6, 1) are by-passed ; using this definition
we would, for any value (,6), obtain one and the same function y (A, 6).
However, although this procedure has some theoretical advantages, its actual
carrying .out may give rise to certain difficulties; in practical applications
it is much easier to assure analytical continuation by the determination of
the constants A,, B, if A,, B, are given, or vice versa.

The integral representation (4.11) can be immediately generalized to
the supersonic case where it will produce, in an analogous manner, solutions
of (2.12) with N, =Nt (see (2.18)). Indeed, replacing A by the variable
o==A+iA and considering the solution y(w,§) of (2.8a) in the plane
A =0, it is seen that y(iA,6) satisfies equation (2.12) with N — 1/12A.
Repeating the procedure which led to the generating function (4. 9) in the
subsonic case, we now obtain the generating function

(4.12) Bt = (2:8/(20) /%) F(1/6, 5/6,1/2, 12(A -+ §) /2A)
+ (0uSo (A + 6)3/(2A)**)F(2/8,4/8,3/2, (A + 6)/2A),

| 12(A +6)/24 | < 1.
13
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If F(oy, By, v, X) denotes only the hypergeometric series and not the hyper- '
geometric function, (4.12) has to be replaced, for | £*(A 4 6)/RA | > 1, by

(4.13) Bt = (aS0/(£2(5 + 0)) /%) F(1/6,2/3,1/3, 2A/t*(A 4 6))
- (BoSo(28) %%/ (12(A - 0) ) /) F(5/6, 4/3, 5/3, 28/ (A +0)),

where the constants a,, b, are easily expressible in terms of ai, by.

If §— A and #2=1, there arise certain difficulties, since the hyper-
geometric functions in (4.12) will then become singular. By the trans-
formation formulas of the hypergeometric function, (4.12) may be written
“in the neighborhood of ((A + 8)/2A)t* =1, in the form

(4.14) Bt — (a,50/(2A) V) F(1/6,5/6,3/2, 1—1*(A 4 6)/24)
BySo(2A/ (2A — t2(A + 6)) )PP (1/3,—1/3,1/2,1 — t*(A 4 0) /24).

In order to avoid the complications which arise from the ’fact that the second
term of (4.14) has a singularity for A =9, ©*=1, we shall therefore take
b; — 0. The function Et will accordingly be of the form

(4.15)  Et= (as8,/(2A)*)F(1/6,5/6,3/2, 1—t*(A -+ 6)/2A).

We note further that all these considerations can be repeated with A
replaced by — A. Our operator will therefore yield two independent types
'of solutions, depending on whether the argument of the associate function
is taken as A -6 or A —40.

The exact conditions under which our operator can generate solutions
of the compressibility equation in the supersonic case -are given in the
following theorem:

TuEOREM 4.2. Suppose fs(¢), s=1,%, are real functions of the real
variable ¢ and everywhere differentiable with the possible exception of {=0;
suppose further that in a fived neighborhood of { =0, fs can be approzimated
to any prescribed degree of accuracy by the expressions of the form
N
> A, Nk K= 1. Then

n=1

(4.16) §(a,0) = Ris(f) + RE:(f),
REu () = [ (8 —(— D8 DAT(A—(—1)0) (01— ) 1d/ 0 —
s=1,2

represents a solution of the compressibility equation, which is defined for any
A > 0 and can be interpreted as a streamfunction of a (possible) supersonic
flow pattern.
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Proof. By (4.12) we have
(417)  Rf.(fi) = a/(2A)°

X | F(1/6,5/6,1/2,82((5 4 0) 20 (A + 0) (1 —82)/2) (1 — £2) At
+ o (A 0)3(24)20
X J E(2/3,4/8,3/2, £2(6+ 0) /2AVF((A 4 6) (1— 1) /2) (1 — )3,

In view of A > 0, the only values of (A, §) for which this expression may not be
differentiable are those for which A 4 6 — 0 or for which ¥ — tP(A+8)/2A
coincides with either of the values 0, 1,0 for —1 < ¢ < 1. The case 4 — oo
is ruled out because of A > 0; the case w= 1, although corresponding to a
singularity of the hypergeometric equation, does not give rise to a singularity
of R, by virtue of our particular choice (4.15) of E+. The case u — 0 need
only to be considered for A 4 6§ =0, as t — 0 obviously does not cause any

difficulties. '
Under our assumptions, it is sufficient to consider the special case
(4.18) fi(8) = Fun(8) =2, k=1,

in which (4.17) reduces to
(4.19) Rtz (fie) = ai/(RA)°

X 178,576,172, 128+ 0)/28) (5 + 0)5(1— 2y

+ ¢, (2A) %3 f iF(2/3,4/3,3/2, t2(A 4 6) /2A) (A = 6)53(1 — t2)i2dt.

For A+ 60— 0, this expression is obviously continuous. The same is also
true of the derivative R+t../0Ht. Indeed, R, /0H} (see (2.18)) behaves
in the neighborhood of A 4 8 = 0 like (A 4 6)%; in view of x = 1, it there-
fore remains continuous there.. This completes the proof of Theorem 4. 1.
Before we proceed to investigate the behavior of our solutions on the
- sonic line, we note that (4.6) is not the only solution which depends only
on one variable. If we write

(4. 20) p— 12X — X, - i6) /22

and try to solve (4.2) by a function of one variable p, a formal computation
shows that B*} as a function of y must satisfy the hypergeometric equation
(4.7) with w replaced by p.
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Accordingly, the generating function (4.6) for the operator of the second
kind may be replaced by

(4.21) Et(, 0,1) — Ay (— 20 YVSF (1/6,5/6,1/2, 2(A—ro +6)/24).

Besides its greater generality, the generating function (4.21 with Ao 540
has a number of additional features, which make it superior to (4. 6) in
many cases. In (4.6) the point A=0, =0 is a singularity since, by
approaching this point in a suitable manner, the argument of the hyper-
geometric function can be given an arbitrary value. In (4.21) such a
singularity does mot exist, since A and A— Ao 416 cannot vanish simul-
. taneously if A, =% 0.

Another singularity, which can be removed by using (4.21) with Ao 7= 0
instead of (4.6), occurs in the supersonic case. For ¢*—1 and A=19,
the second term of the right-hand side of (4. 14) becomes singular. In order
to allow for this case, we had to assume that by = 0, thus somewhat restricting
the generality of the solutions we could obtain. Setting A =1A, it is seen
that in the supersonic case the argumeht of the hypergeometric function in

- (4.21) becomes

(4.22) p—12(A + iAo + 60) /2A.

Tor ¢ — =+ 1, we have p % 1 for real values of A, 6; the singularity in question
is therefore removed and the constant b in (4.14) may now take any
arbitrary value. Moreover, (4.22) shows that p=%0 for A 4 §=0; as a
consequence, the line A 4 §=—0 loses its singular character and the dis-
cussion of the equivalent of (4.17) is considerably simplified.

Thus, by the use of integral operators of the second kind with the
generating functions (4.9) and (4.12) as well as (4. 21) we obtain solutions
¢ —Im[p.(g)] which are defined in the gubsonic and supersonic regions
respectively. If g is defined in a (not necessarily schlicht) domain G, in the
subsonic region and has, as its only singularities in G, branchpoints of finite
order (but not poles or logarithmic singularities), then the generated function
is again defined in G,. (In particular, it has branchpoints at the same points
and of the same order as g). )

If ¢ is a twice differentiable function of one real variable in a schlicht
domain G in the supersonic region, the generated function will be a solution
of (2.18).

“Thus by this procedure, we can generate solutions of (R.2) which are
defined in adjacent domains, one in the subsonic, the other in the supersonic
region. Our object is to show that these solutions can be continued across
the sonic line.

-
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This fact is immediately scen if we introduce a new variable,s

s§=(—A)¥® for A<0,

(4. 23) § — — A2/? for A > 0.

The variable s—s(Mt) considered as a function of Mach number M,
possesses the property that s(1) — 0, and that

(4. 24) ds(MT)/dMt = —2%°(3k + 3)-**M{ + 0(1 —MTZ)‘
is non-vanishing and bounded in a sufficiently small neighborhood of My =1.

If A 5% 0, and if g is regular for (— 6, <=6, s —A — A — 0) then
the generated function is an analytic function of 4 and s (and therefore of 4
and Mt) for (— 6, < 6= 6, —s© <5=50), 50 sufficiently small.
Tt =0, we have to assume that lim Z-5/¢f(Z) exists (or alternately
Z=0
that hm Z'°g'(Z) exists) in order to assume that the generated function

¥ (0, s) 1s regular also at the point § =0, s = 0.

5. Integral operator of the second kind in the case of the ‘¢ exact *’
compressibility equation. As we mentioned before, any solution E* of the
equation

(5.1) B — B — (1/4)B*; + 2248% 5, 4- 2Z{FE* — 0,

Z+Z
multiplied by exp [—f Ndr], (see (4.8)), is a generating function of
. -0
an integral operator P(f) (see (3.4b) which produces solutions of equation

(2.8b). The series T+ 3 (£22)"Q™ (21), where the Qs are solutions
n=1
of the system:

(5.2) (24 1)) 4 Q™ L 4FQ® —0, QO — 4 fﬂpdx

(see (87) of [6]), is a solution of (5.1). The above series converges for
| Z] < 2|r]| and reduces to the first summand of (4.6) for F — Fi.

It is therefore desirable to obtain solutions of (5. 1) which are defined
in [Z[>2]A]. In this section we shall determine two power series
E*® (k =1, 2), both converging in | Z | > 2 | A}, such that in the simplified
case, A RE*®™ 4 B,RE*® reduces to (4.9).

*® We note that in the simplified case we have
§=-—2.3-2/3(2/(k—1)) (2-%) /(sk-3) H{,
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TreoreM 5.1. Let
. (23
(5.8) g e Eg Oy (wF) (— NYnbe (2/3) (40) «=1,2,

be a set of functions which are connecled by the relations
(5. 4a) g% 4 4Fq(oR) =0
(5. 4b) 2<n + %K)q)\(n,x) + q)\)\(nn,,() 4 4Fg (w10 — 0,

n=1,2," -, k=12
Then each of the functions

. (5. 5) FFE® — 020 q(””‘)/ (_ tzZ)n—%Jf(z/a)n

n=0
is a solution of (5.1). Each of the series converges in B[R Ir <121
Proof. Substituting the series (5.5) into (5.1) and equating the
coefficients of ¢~ (en+#)/8(— Z)-(6n1)/6 p——1,0,1,- - -, to 0, we obtain the
following set of equations: ~

5.6 520%) L Fq@9 =0, (n 2,) gy %) 4 gzzntR) - . (m+1,8) — (),
q q 3x)q q q
n=20,1,-- -,

which, if we assume that the g% are functions of A alone, result in the
equations (5.4a) and (3.4b). .
According to (2.17), F can be written in the form

(5.7) F=s738(s), s = (—A)*3,

where S(8) = o + @8 + @8>+, G0 = 5/144, a, =0, - -, see (2.17),
considered as a function of s, is regular in a circle of radius s, say, with

center at the origin.
Tntroducing the variable s, we obtain

) = — (d5/(— X)) (dg(0 /ds) = — 3 (— )/ (dg /)
= — g5t (dg ™ /ds)
a0 = (4/9) [— 3524, + 87 gu 0],
Hence, the system (5.4a), (5.4b) assumes the form
(5. 9a) §2qss 00 — 3550 4 98 (s)q!" =0

(5 9b) . 3(n+ %K)Ss/zqs(nm) + szqss (n+1,8) _%qu(nﬂ,f:) + 9S(s)q(n+1,x) — 0,
n=20,1,2,3,-*".
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LeMmA 5.1. There exists a system of solutions g™, 5 — 0,1,2,- - -
of (5.9a), (5.9b) of the form

H

(8.10)  qm) — 56/ (b /DT, () (5) | Tl (s) = § Cymm) g7, (1, (k) o2 ()
) v=0

where each T« (s) is a power series which converges in the circle | s | < s,

Proof.  We shall first prove the above lemma for ¢ and then for
arbitrary » by induction on n, i. e., we shall show that if the lemma holds for

g™"), then it must hold for q‘™®,  Let us first consider the homogeneous
equation '

(5.11) §*Wes — Fsws ++ 95 (s)w = 0,

The indicial equation (see [15], p. R25) is

(5:12)  p(p—1) —3p--5/16 =0, or p,—5/4, pp—1/4.
By substituting w — st/4y, we obtain the equation -

(5.13) y” + 9s2[S(s) —5/144]y — 0.

Since s?[§(s) — 5/144] is a regular function of s for |'s] < so, (see 5.7))
we may choose the two particular solutions of (5.13) as
Yy = 00(0,1) _|__ 02(0’1)82 + 03 (0,1)83 _I__ N
Yo = 00(0,2)8 + 01(0’2)82 _I_ 02 (0,2) g8 + PR
which yield
g(0,1) — 00(0’1)81/4—}— C, (1) g9/4 4+ (', (01) g13/4 + =AW (8)
q(O,Z) —_— 00(0,2)85/4 + 01 (0,2)89/4 + 02(0,1)813/4 + e o= 85/4W(2) (S).

In the case of the simplified equation we have [see (4.9%), (4.1), (4.83)]

q 0,1) __ 0.’.0(0,1) (_A)I/G, 0.’.0 (0,1) 21/6} |
q-’-(o,z) i 0.‘.0(0,2) (__ )\) 5/6J 0‘.'.(0,2) — 25/6.

In order to obtain aﬁalogous series for the “exact” case we choose ‘

(5. 14) Co@1) — O, (01 — 21/6, O (02 — O, (02 — g5/6,

Let us now instead of (5.9a) consider the solution of the non-homo-
geneous equation (5.9b) and let us assume that for n = 0, we have already
proved that ¢* has the form (5.10) and Tx™ (s) converges for |s | < s,

In order to prove that there exists a solution of the equation (5. 9b)
of the form g1 — s(8/2) (mitr(2/8) ) P (n22) (s), we proceed as follows:
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Let
(5.15) g0 (s) = w(s)u(s),

where w(s) — s*¥/4W® (s) is a solution (see above) of the homogencous
equation (5.11). Then u will satisfy the equation

(5.16) Cwss + (Rwe— w/28) g = 3(n + Fx)sigs P,

The particular solution of this equation is easily verified to be

(5.17) w—3(n+ 2¢) fsw—ésé(fsquwdsj)ds
0 [1]

Expanding ¢™**, we obtain
(5.19) g 1) (8) = s(3/2 B (2RIN T ) (5),
T (1) (0) -
— [(6n—3 + 4x) (3n + 2«)/(3n 4 3) (3n 4 4« — 8) ] T (0) 7= 0

the series for Tk (s) converging for |s | < so.

This completes the proof of Lemma 5. 1. In order to prove Theorem 5. 1,
it remains to be shown that it is legitimate to interchange the order of
summation in the double series

(5. 20) § (— 22)~ (B 2/2%) oi Oy (k) (— N) w3 (2/3) (k)
n=0 v=0 .

for 2 [A| < |Z|. For this purpose, we shall prove*®

LeMMA 5. 2.
(5.21) { Cpmt1) | = 2mIM/s#

for n -+ %u = po, where Cp(™*D are the coefficients of the series (5.R2).
Here, p, and M are sufficiently large constants, and s; = So(1 4 €)™

Proof. We shall give a proof by induction. Consider at first the Co™"),
n=0,1,2,- - -. If we substitute the power series (5.3) into (5.4b), it
becomes evident that the Co(? depend only upon @, and are independent
of the remaining coefficients @, n >0, of the series expansion of S(s),
(see (5.7)). On the other hand, if we substitute ao=15/144, @, =0 for
n > 0, we obtain the simplified case considered in (4.9"), where we had a
representation for Et as a power series in (2A/-—t°Z). Using the fact that

16 We shall consider here only the case when x = L. Exactly the same proof holds
for k=2. ‘
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E*f = Ef/Ht = S¢7'(— 20)YeE} (see (4.1) f£.) we obtain two power series
for E*}; the first of which corresponds to the case x =1 and the second to
the case x = 2. Thus, setting 4, =1 in (4.9"), we have
(5.22) B = (— 20/—12Z)¥°F (1/6, /3, 1/3, — 2\/— 12Z)
— (— 2 )0
LGN G 3G VG
AT 3GF) GHmoal

1) gn e ey
whence )
(5.23) o0 = O,V = 2%/, 0 (w1 = O, w1V

_AGHD GEm@GHD - G

D GEmoel
N=1,%,9,""",

from which the inequality (5.21) for u=0 follows.

ReMARK. Since in this case v = p = 0, the number s, in (5.21) where

v is replaced by ) may be given any positive value. For n = — 1, and an arbi-
o0

trary p, the inequality (5. 21) follows from the fact that ¢(®% — 3 O (01 surt/t
=0
is a solution of (5.9a) and the fact that S(s) = §apsl‘ is r%gular in the
#=0

circles of the radius s, (see also (5.13)); accordingly,
(5. 24) | o | = T/se*
holds, if T is a sufficiently large constant.

We now proceed to the proof (by induction) of (5.21) for n > —1
and p> 0. Let us assume that this inequality holds for some n -1, and
p=v—1as well as for N = and p =v 4 1. We shall prove that (5.21)
then holds for N =n 4+ 1, p=r.

If we substitute the series (5.3). (with x=1) into (5.4b), we obtain
the relation

—a(n kD) (A B0 4 (o 3 (o o 3 00
+ 4:a00v("’+1’1) "l“ E 4:O}L("+1’1)<ZV—,LL = 0.

u=0

(5.25)

Hence,
(5.26) | Oyt [1 4 (dao/(n+F 4 30) (n+ 3+ 3v)) ]|

= 2 M /o[ (1 + 2/3n) / (1 + 7/6n -+ (2/3) (v/n)) ]
F 4T/ (- F+ ) ()
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If n 4+ %v > p,, then

(5.27) | OO [ dao/pe’] | = 27 M/s05 1 4- 6T/po],
or
| O’y("ﬂ:l) l = 2mIM(1 - €) /8087 = 27IM /s,”

This completes the proof of Lemma 5. 2.
In order to show that it is legitimate to interchange the order of simma-
tion in (5.20), we shall show that for

[A]22=s0—¢ | —2\/—12Z | <1 —¢, where ¢ > 0,

the series converges absolutely and uniformly. Indeed, by Lemma 5.2 we
obtain

(5.28) ] § (t2Z)-(1/6) -n § p{m1) (— A) n+(1/6) +(2/3)v |
n=0 v=0
é M § § gn(___ A)n+(1/6)+(2/3)v/sly I 27 I (1/6) +n
. n=0 p=0
=M | —2\/—Z | Vo[l — | —N/—t°Z |]7[1 — | A¥/3/s,| ]

which for |A[22<so—e |—R\/—#Z|<1—e 0<e<1, becomes
smaller than M(1—€)¥/¢/e%, which shows that the series converges absolutely
and uniformly.

In order to obtain a continuation of a given streamfunction to the
supersonic region, i.e., for imaginary values of A, it is convenient to replace
A by the variable s = (— X)*/® used before in a different context (see (4.23)).
Then the generating function in the subsonic case may be written as

(5.29)  EW®()6,t) — H()E*® (), 4, t)

- 15102'1/610 (S)SK'l § § Ov(n,x) 8(3/2)”8"81’/ (_ tzZ)n—é-)-(z/s)/c’

n=0 y=0
|s| <so,R]s|32<|Z]|,x=1,2,
(see (4.3) and (5.5)) where now :
(5.29a) Z = —s%2 4 1.

By replacing A by 1A, we see that (— A)%? ig changed to — A%3, Thus
we obtain as the generating function in the supersonic case
(5.30) E®(A,6,1)

— 2'1/“Sop(s)8"'1 by 002 ffov(n;n) (_ s) (3/2)n8v/(_ tzZ) n-3+(2/8) K

n=0 p=0
|8|<8012|s|3/2<|Z|?
where
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(5. 80a) Z =i (—$)%2 4 if.

Let us now restrict ourselves to a neighborhood of the point A =0, § = 6,
(605~ 0) lying entirely in the domain D =TE[|s| < s, |s| < 82| 6] 22].

For (s,0) e B[s* 4+ (0 —6,)% < 6,2/25], we have
(5.31a) Zv = (ibo)7[1— (s¥* —i(80—8,))/i0,]7

= 2 G (0 — ) ms B2 for M <1,
(5.81b)  Z¥= (i) "[1+ ((—)¥* 4 (8—6,))/6]"

because then both |(s%2 —i(0—6,))/ib, | and |((—s)*2 4 1(0—6,)) /8 |
are less than

(51724 |0—a])/] 6 |
<] 0]+ 10— ])/16] <@ 3+ 15 <1,

Here -amn and bm. are suitably chosen constants. Thus both the subsonic
generating function and the associate function, and therefore P[f(— s*/*
-+ 16) ], may be expanded in integral powers of (6§ —6,) and s¥/2. Similarly,
in the supersonic case, P[f(i(—s)%2 -+ i6)] may be expanded in integral
powers of (6 —#6,) and (—s)¥/2% Both functions are determined and equal
to each other for s =20.

We shall show that if f is regular in D, the coefficients of s/2, v odd,
vanish, and therefore P[f(—s¥2 - i6)] is an analytic function of s and
(6—6,) at (0,8,).

‘TuroREM 5.2. If f is regular in the domain D=E[|s| < s,
| s | < 83| 6|%2], then the solution P[f(— s*/* 4 i0) ] is a regular function
of s and (6 —8,) in D. :

Proof. We have shown that P(f) may be expresed as a power series
in §+/2 of the form

(5. 32) P(f) = 3 B (6 — ) s7/2,
n=0 :
Using the variable s, and noting the fact that N = (1/1%)s%2(1 - § AneaS™)
. n=0

(see (2.16)) equation (R.8a) becomes

(o]
(2. 8’) 4¢35 —I_ 931!/66 + 2!1[/3 2 an+18" = 0.

n=0

By substituting (5.32) in (2.8") we obtain the recursion formulae:

(5. 33a) By by =0 .
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(5.33b) P

(n-1)/2
= [/ (1 4) (0 VW s +2 S (3/2) + Dasmesfars)
i for n odd,
(5.33¢) s

[/ (0 4) (1 )T ns 2 5 (L4 Ptcnaycihars]
j=0

for n even.

Since hn, where n is odd, depends only on the previous s, for odd m,
we see from (5.33a) that h, = 0 for all odd n.
Thus (5.32) becomes

(5.32) P[f(— ¥ 4 i6)] — gof,,,(e— 6o)sm.

Since s is unchanged by the result of putting ‘A for A, we obtain

(5. 34) PIF(i(— )% + )] — 3 fu(0— )"

The expressions P[f(— s¥% -+ i0)] and P[f(i(-—s)*2 4 i) ], qua functions
of s and (8 — 6,), are analytic continuations of each other across the sonic line.

Thus, assuming that the associate function is regular in a sufficiently
large domain, and applying the integral operator of the second kind, we
obtain solutions of a compressibility equation defined in four adjacent domains,

Dy —=TE[M <1,0> 372 [ A(M)|]+ B[M >1,6>A(M)],
D.=E[M < 1,]16] <3 [r@D)]|],

Dy=FE[M< 1,6 <—3/2|NM)|]+E[M>1,0<—3A()],
D,=E[M>1,—3AM) <6< AM)].

(See fig. 1, p. 859.) The solutions defined in D, and D, were derived in the
present paper, while those defined in D, and D, were derived in [6, § 11].
In the simplified case, using the theory of hypergeometric equations, it
was possible to combine these representations into one, which yields solutions
of (2.2) defined in the whole }M-6-plane. In the exact compressibility equation
the problem remains of combining these four representations into one. This
problem can be attacked by using the integral operator of the first kind in
addition to that of the second kind, and, in analogy to the simplified case,
developing a theory of differential equations with singular eoefficients, which
would furnish us with information corrvesponding to that used in the simplified
case. As will be shown elsewhere, the methods of the Fuchs theory for ordinary
differential equations can be generalized to the case of partial differential
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equations of type (2.14) with ¥ being an analytic function of two complex
variables and possessing certain singularities. In particular, if the singularity
surfaces are linear, the following results which will be proved in a subsequent
paper, will be valid:

THEOREM 5.3. Let the coefficient I of ¢ in equation
(5.35) (0% 0Z,%) + (0% /0Z,%) 4- Fy =0, Z,=A-+1iA, Zy,=60-+18,
have the form
(5.36) F—3 3 ApynaWriZrs, Ay 520,

e W7, 4 iZs, 7 —1y—iZ,

where the coefficients Am a satisfy the inequalities
(5.37) | Amoana | < A/pi"pe" AZ=1, pi>0, p2>0,
being suitably chosen constants.

If =~ 0 is a complex constant which satisfies the inequalities

(5.88)  rot— (m/2)[1 = (14 4 /mn)t],
0=<<arg (14 As,/mn)t < =/2,

(5.38b) rse Ay /40,

(5. 38c) 7 —m

for m=20,1,- - . s m=0,1,- - - ; (m,n) 5=(0,0), then the expression
(5.39) W = WrZ-A-v-v/sr §0 BunWnZn,

will represent « solution of (5.85). ‘Here By, is an arbitrary éomple:c
constant, and the B have to be determined from the equalions

(5.40) 4[mn 4 rn— (A_i,-sm/4r) | Bun

m-1 n n-1
= 2 2 Am-u-1,n—v_1pr - A-1,n—v-1Bmv-
pu=0 p=0 v=0
(5. 38) converges in
E[| W | < pi/AB, | Z | < po/ABT where B=max [1, | Boo | , M/4],
and :
M = max { (mn -4 m 4 n) /| mn 4+ rn— & 'mA 4 |},
m=0,1,2,- -, n=0,1,2, - -, (mn)y=(0,0).
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THEOREM 5.4. Let the coefficient F of ¢ in (5.35) have the form

. 0
(5.41) F=2724,,+Z,*A1(Z;) + X Au(Z5) 2,
n=0
where :
(5.42) Ay~ (1—n?) /4, n=0,1,2," - -

and the An(Z:) are analytic functions of Z. which are dominated by
A/ (R —Z5)*2, (i.e., for which A.(Z;) <KA/(B —Z:)™* n=—1,0,1,
2, - - holds) A and R being suilably chosen positive constants. Then the
expression

e8]
(5. 43) § =727 S Bo(Z:) 24", s=1,2,
1n=0

represents a solution of (5.35) which is defined in

(5.44) E[|Z: | < (R—]Z:|)/(1+e),

[Z:] <1— ((—1)5(1—44,,0)2 + A) /(1 —A.5,0)1]
where
(5.45)  e=max [|(1— (—1)*(1—4d.0)E + A)/(1—44.5,0)F],

[A/ (14 (—1)3(1—4420)¥)|]
re=% + (— 1)8(3—A4.0)% 0=arg (13— A0t < /R, s=1,%.
Here Bo(Z,) is an arbitrary function for which
(5. 46) Bo(Z:) < B(1—RZ,)7, . B >0,
and Bu(Z;) are to be determined by the relations
(5.47) [14 (—1)5(1—44.50)]B,(Z:) — — A.1(%2) Bo(Z)
Cnln 4 (—1)*(1—44.40)t]Bu(Z:)
—— [B"2(Z:) + ZAra(Z) Bar(Z2)], =23, .
r=1
We should like to add here a remark regarding the general question of
analytic continuation of a solution y(Z,Z) of a linear partial differential
equation. If y is given in two different domains, say B, and B, by different

representations, say, in B; by the integral operator of the first kind in the
form

(5.48) ¥ =y =plg(2)] + pr(%)]
[see (3.11)] and in B, by another operator

(5.49)  y=ya= [ E(,Z,01GL(—) @/ (1 — 1))
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[see (8.4a)] (not necessarily of the first kind), and the origin lies in
B, (1 B,, then the problem of the analytic continuation of ¢, into the domain

B, is equivalent to the determination of g and & from a given f= § anZm,
n=0

Setting Z = 0, and Z = 0, respectively, in the relation

(5:50) Pl + D] = [ BE 2080 —))at/ (1 —p)
we obtain the identities .

(5.51)  S20 S rwWay = g(Z) 4+ E(0, Z)1(0),

n=0 »=0

o0 S, B ® = R(0, )9 (0) + h(2)

where
1
(5.52) 1 = f B, W (1 — )24,
t=—1
1
Tnn(2) = E”(g)(t) (1—t2)_§dt,

t=—1

B(2,0,¢) = S B, ()2, (0, 7,t) — S Ea® (£) 21,
n=0 n=0

[See 5, page 810.] It is thus seen that the analytic continuation of ¥, into
B, and 4ll the problems arising from it, such as the determination of the
singularities, etc., are reduced to similar problems in the theory of functions
of one complew variable which are given by their power series expansions.

6. The determination of the associate function in terms of the given
streamfunction. We now turn to the problem of determining the associate
function f in terms of the given streamfunction. In the case of the integral
operator of the first kind, the formulas (3.7), (3.10), (3.15), (3.16) yield
the associate g,(Z). Therefore, if the continuation of the streamfunction
(which a priori is given in the real plane) to complex values of the argu-
ments is known, then these formulas immediately yield the associate. In the
case of general integral operators (in particular, of that of the second kind),
if the streamfunction is given in the form of a power series, then it may be
shown (see [5], p. 810) that the associate can be expressed in the form of a
power series. On the other hand, the streamfunction y is, in many instances,
given in some different form, say the values of y and d8y/dM are given on a
line M =const. If these quantities are analytic functions of 6, then from
these data it will be possible to determine the coefficients of the series
development from which we may then determine the associate functions in
the way indicated above. However, this procedure gives. only the function
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element of f(Z), so that the function is in general determined only in a
sufficiently small neighborhood of the interval of M — const. along which the
values ¢ — 1 (6) and 8y/0M = x,(0) are given. We shall show in the present
section that, in the case of certain generating functions of the second kind,
a formula expressing f in terms of the values ¢ = x.(8) and dy/0M — x.(6)
on the sonic line, M — 1, can be derived. According to the consideration
of 5 an integral operator of the second kind can be written in the form *7

6.1) 00 =Tl | B(EZLHIGZA—1) (1—r)a]

= @i (B — B — 1)
. Jo, )
where
(6.2) E=MAE® + [J2(1—1)]/PA.ED, Ay complex comst.

Here E®, x —=1,2, are the generating functions introduced in (5.5) and
(4.1); C, is a simple curve in the complex ¢-plane which connects # ——1
with ¢ — 1 and, except for the endpoints, lies outside E[| ¢ | = 1]. Moreover,
(', has to be chosen in such a manner that [$Z (1 — £2)] lies in the regularity
domain of f for the values of Z under consideration.

We assume the associate function to be of the form

(6.3) ()= § evfe, ¢v complex const.
y=0 f

which is suggested by previous considerations. Under the assumption that
the (complex) constants A,, A, satisfy the inequality ‘

(6.4) Im[4,4,] =0,

the desired inverse formula for f in terms of x;(#) and x.(f) is given in
TrrorEM 6.1. Let ¢()0) be a (real) solution of the compressi-

bility equation (R.8a) which is defined in a domain, say B, situated n

“[Btia]| < |6],A<0] and such that its boundary includes an interval
[6p= 6= 6.,] of the transonic line X =0 not containing the origin. Lel

. o0
(6. 5a) lim y(), 0) =x:(8) = 2 a6, av) real const.
A0~ v=0

(6.56)  lim gar(h, 0) = xa(8) = 3 (1— )28 S a0, gar — 0/0M,
A—0- . . v=0

(see (2.6)) then the P, associale f of the inlegral operator (6.1) with
generating function (6.2) and A, A, satisfying (6. 4) is given by

17Tp the remainder of this section we shall omit the subscript “2” in H, and
shall write simply E.




TWO-DIMENSIONAL TRANSONIC FLOW PATTERNS, 889

(6.6) £(0) =— ((—2i0)*/5 S ALY~ [ £/ (o)
+ 3 (04 [ o))

where _
6.7) ‘ o= —21f(1— %),
the constants dv, v=10,1,2, are |
(6.8) do==— (R/8)1%28,As, dy=—(2%3/3)i1%%8,8:141, ds=—1"58,44,
the Sy are defined in (4. 4).
Remarx 6.1. Developing the‘right-hand side of (2.6) into an infinite

series and inverting it, we obtain the following series for (9A/0M)
(6.9) 0A/OM = [3V3(1—h?)*/®](—A)¥?

X [1 4 85 (1 — R2)4/5((3/10) 4 302 — (4/5)14) (— W) 4+ - -]
Therefore it is legitimate to consider lim (— A)¥/2(8y/8A), instead of
lim (8y/0M). A0
A=>0~

Proof. A formal computation yields (see (5.3), (5.5), (5.14), (6.8))
(6.10) lim E(Z,Z,t) — — dyt-2/2¢-2/¢ ‘

A—0-
and

(6.11)  lim (—A)YV3E\(Z, Z,t) = [d,t7/3 + dot5/3 (1 — t2) /3] 6-1/e,

We now d;t—e);_mine the limit values as A — 0~ for the right-hand side of (6.1)
and the derivative of this expression multiplied by (—A)*2.  Since by
assumption these limit values are equal to expressions § ay®¢”  and
§ 3Y/3(1 — h?)¥3a, 29" respectively, we obtain (by equating 1;’1=1(<)a coefficients
o}:othe 6) the following system of equations _

(6. 12a) ay® = Im | (— 21)- 04/ 4,1, ¢,],

(6.12b) @@ =TIm[(—2¢)-*(d, D + dI, P )ey], v=1,2,- -+

where

(6.132) LW — f FU8 (1 — g2y 1123

C.

r(1/3)r /3 :
= o W8T - (4f3) Ti 1) ( /I‘zv—(li/i; / ), n=0,1

(6.13b) ]v(2)=f t—5/3(i_t2)p+1/3dt
S e

T(—1/3)T(v 4 4/3)
T(v+1) :

= 12.6—(2/3)n1ri (e-(z/s) [ - 1)
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We note that the last term on the right hand side of (6.13b) is obtained
as follows:

I, — (3/2)f02 (1 — 82)71/3d (£-2/%)
— ('3/2)[15—2/3(1 —_ tz)m/sﬁ:_l_ 3 (v + 1/3) f t1/3(1 . tz)”‘z/sdt.
F=—1 0,

The first term in the last expression vanishes and in the second term, as in
I,™, we replace the integration curve C, by the segments (—1,07) and
(0+,1) and a half-circle around the origin.

ReEMark. Since the curve €, need only satisfy the inequality
[t]> |2/ (A+i6)| % (see 4.11), it is valid to replace it by a curve con-
sisting of the segments (—1,0-) and (0% 1) and a half-circle around the
origin provided the radius of the latter is greater than | 21/ (A 4 i6) | # which
approaches zero as A—> 0. The right hand sides of (6.13a) and (6.13b)
are obtained by making the substitution {2 =r and considering the integrals
in the three-sheeted r-plane. In the following, we choose the sheet for
which n=1.

We introduce the integrals

(6.14a) Jy® =f £5/3(1 — t2)vdi
Ce
—_ %e-(z/s)nﬂ(e—(z/s)n i 1) F(_ 1/3)F(V + 1)

T'(v 4 2/3)
(6.14b) Jo? = fct-1/3(1 —t2)rdt

and note' that
(6.15) I, J,0) =T,@)J (2 — __33/29-1y

The determinant of the system (6.12) does not vanish for any » since
it equals
(6.16) —(1/2)Tm [dodo] DTD]

which would vanish only if Im[d,d,] = 0. Since, by (6.8), Im[dod.]
= (2/8)8,2 Tm[4,4,], the determinant does not vanish, because of condition
(6.4).
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Solving (6. 2), we obtain

-— (_ 21) v+1/6
(3t28,2) Im[ 4,4

from which (6.6) follows.

(6 17) Cy =

- 2 —-
7[00 4+ 3 (—1)k,04,7,®]
1 k=1

Harvarp UNIVERSITY.
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APPERDIX I.

The derivation of formulse (2.4). In this section

we shall at first determine the series development

2 v
- M
of £(1) = i—iik— introduced in (2.2) in the neigh-

b
borhood of the point H = 0. According to (42) of

[6] B is defined by

(4.1) %f—‘é* = i‘i , H(q<l)) =0
1
Pl

'q(1)= [2/(k+1)] being the speed which corresponds

to the Mach number 1,

~According to p. 7 of [6] it holds for

2_ 1- 1/2(1:+1,,q2
1- 1/2(-1)¢

2
(he2) TOz1-M

’

, Y (e-1)
- (1-1/2(x=-1)")

Eliminating v between both equations (A.2) we get

1 1
: -1 k-1 .,.2, "
(a.3) ©= (E)k-l (1o (Z—=2) k-1,
j; k+l k+1
1
2 4
= ( 2 1(“1 (1+ T + }.‘C T ? +...)
k+l k+1 2(k+1)"
T 17 . £ 8
Now, from (h.1l) we have M . '(iq =2 83 -
1. aT ¢q dr  cq AT

) = 2
-5 15(Bg )

. From the first formula of (4.2)
& ar




]
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2 1l - T2

we obtain %’ q = = + Therefore
.(k+1)- (k~1) T

s @1, [ 2o, 20 ]=_
( )dT 2 § [1 2 (1) (ke )12

) 2071 .2 T 7)(
(1-T§(k+1)-(1c-1) 7? k+ 1 (1—T§(1--hzr TZL] |
1

2 k~1 2 4 )
( "') 1+ I + kT e
k+1  k+1 2(k+1)

-.(_-?‘—.) k"' (2]/"" 1 3 cj.( + 2 Qk““ 1 T5+‘ .J
k + 1 (ke1)”

Therefore (since H‘() for T O)

4.5) 1= -(_2 ) o |1, (e 5l sk’ ]
k+1 2 4(1’E+1) 6(k+l)2 e

Now from (A.3) fol'Lows-

: 2
(tL.B) ? ( 2 )k- T 1 N 2 . 1‘5k2+2k+1T2"‘

S 7 k1 (kel)
For simplicity, let

2 31{ _'i'
4.7) A= ~ |2H
(4.7 k+ 1
2 -2
, - Tc'—"l' k-1
1 2
B- S
T* T 7 D

Then 5
2k+ 1 T4+ 3k™ + 2,5k +1 ¢

2
(8.8) £= T + ( T+ ...
2k + 2 3(k+ 1)
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1 2 1.5k2+2k+1 2
= + T
T (k+1)

Now (A.8) can be inverted to yield 72 a5 a
function of A and (A.9) csn be "turned upside
down" to giveA% as a Taslor series in Tzs
There are thus obtained the following series:

2 2x-1 .2 _ 6k+l 3

(A.lO) T" =4 = -2-1'&-:2-:). +mA * o esey
"
172, 2 4 2,5k"#6k+3 .6
(A.,ll):g- - T *mT + T T% o460 &
(k+1)

2
Replacing T~ in (4.11) by (4.10) we obtain

(4.12) £ (1) 1

= ¢

[2/ (1)) 27(&1) " B

2

Bk+5
- (

Pl

N k4+(43/6)k3+16k2+15.5k+(51.6) AS
(x+1)%

from which (2.4) follows.,

The derivation of formulae (2,16) and (2.17).
We denote in the foliowing by u the

quantity

oof

-

x = (1) (2 :
(4.13) u=q' /- q==6E$T) -

It follows from (4.2) that in the neighborhood

of u=20, TdEzl - Mz has the series development
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1 3 - 3 1 1 1

, 2 T ¥ 473 5.3 ¥ |
(A.14) %= 2 (x+1)* ujl-12 2(k+1)2+2 2(1+1) aﬁk2~lﬁ
- =~

u + ...

o

Therefcre T ;o3cessss the series expansion
=
. 1 3 1 -

1. -
s (3 5 5 5
(4,25) T = 2 *(x+1) u2?1+!2 2 (er1) a2 2 (ke1) 2.,1.{"_1))

- ke o
u+ c'o}
Furtherirore;

1 1 - .
B b 3— ;r-_‘:r;)‘. ? ) o . --..". ‘ w
Jolet D=0t el

£

45) of [¢1 5/ﬁ1 = T/q and there~

3 N
- R o
T c e . .
\ooadt 1‘ \K+lj { ) ' ,2 (.’.\.+l/ *
bl .Jo- ~
- 0 i
C

3 51a po @ 1 6 1
B N T T D I S 7]
= .2 (1)<l Tk (et o’k+3)2}u+... =
ot | )

1~ 9 7 3 7
o & R T A 4
-2 (k1) e -2 T kel)teHl) e 3(k+1)41

PXQI.S
in)
; o2 7
- A ; 4
(A.18) 45 07 2 e Treay ) ® 4
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A8 iy
w2 ® 5(k+1)4Ju + e

Rdising each side to 2/3 power, we get
1 2 5 2

(.19) 2 %5%(en) 5(-2)°
X . X 3
udl-2 2 570 (1+1) 2 (k5 /2)u + 3
L,.'
Inverting (4.19) we obtain
| 12 5 2
(£.20) uE'q(l)-q =2 636(1<"1) 5(- ?\)3 *

—

1 1 1z 2
+2 25“1(k+1) (k-gaz)ré 3°(k+1) (-%);]2+..

According to (47) of [6],

1 o 1, .2 _5/“
1\J=—~8-(1:+1)q l,l-?(kﬂ)q] L— -(k—l)q‘!

Expanding this expression in a power series of

w = 271yl

-y, We pget
-2 5.3 L
(A.21) W=-2 *(k+1)~zﬁ 2{}—[%(k—1)(k+1)2 +
A
2%(13/3) (kkr1)* e

Reising lwth sides to the (-2/3) power, we

obtain ° 3 5 . r 1
3 i N
(h.22) ¥ %= 2 (k+1)6€¢ 15(1) (101)°
1 19,
5 =2
}_—_é 24}(1{_'_1)2!1,1 + oclré
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Replacing u by the expansion (4.20), we have
3 5 2 "'2 1 5\ 2 1
Z(k41) On =8 32 B(ke1) O(- A° I* 15 2 (k.2,5)

2 1 5 !- 1
\/ ""-‘ —— ——
X352 (1) O } 1(k 1) (k+1)° +

T _
L(252)+52“ f{g_ 5 ZJ

Rl By’
6
Raising noth sides to the (~34?) power, we obtain

(h.24) Nu

According to (A.24) and-(70) of [6], we obtain
’ 4
R 5 k2. ., my B
(4.25) Fz- +-2_N‘2= m') + O\:‘%) +
2
3 3
A (N T+ A ¥ Az(—?\) + tae

Wl Do

Remark, In particular, for k = 1.401 we have
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o

(A.252) =S A, Szn, ¢

n=-3
where Ada = ,45, A_4= 0, A“2= L1073 AO= 32792,
AZ = .., 11576, A4= 05392, AG= 2. OLTRE. ABV;OQEZS,

A10= -,00149, etc.

3. The derivation of formula (4.3, (%.4)

Expanding the right hand side of (2.6, in a power

series, w2 obtain

(A.?Vﬁ)-}‘:-':;-.1~-h2)T3+-]5;(1—1:1:)T5-‘- ;;.(1~116;s',1’7 + oase
Let
(£.27) {_5 .7,\;’//.(1,,}12):} -
Then:
(8.28) }wlg =7+ %’-(1+h2)?5'7-r. ‘O Cgelintarsst T +
Inverting thii series we o?taiun 1
(h.29) T = :/413- %(1+h2? Wf)sﬁ: re (a1 n’ /~i\5f
s 1
(£.30) T = /4.1 3{1'+ %-(1+h2)(l)~&13)2 +
2 3 2

1, : 4 B4 g
*-i-7-5-(¢,-17h +4h )(/xl) + goe

LN

or finallyl

1 1
B —.2

(A.31) T 2:'/“‘1 {j.+ *1—(1)—(1+h2)(//13) +
1

1 2 4. 4 %
- —— - Q’ { N 5 - .
1%00(9821’1 + Un ):/Q.‘,l ) gowe
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Now

1
(A.32) |1+ %‘-(k-l)Mz] 2(k-1)

1 1
_ [Z/(Mﬁ ZTE-T) [MszJ T(R=1
={2/(k+1)-l ( {1«» 2e-1)"n%0%4 1(k-l) (2k—1)h4‘1’4
1 -3 6 6
.h?l:.é-(k-l) (2k~l)(4k~5)h T ot!}

Replacing T in (4.32) by its power series expansion

(Ae29) we obtain
1 1
(A.33) {1 + %_(k_]i)mﬂ Z(k"l)= 2/(k+lﬂ 2(k-1)
] K
G R G P
{

6

-~

| o

(L+1)-l T 1

-

If we multiply series (4,31) and (A.35) together,

we get the foliowing expansion for H(2Q) as a function

of oy = -3A /(1-h%) = - ~( K+1)A

-

1
(A.38) H(ZQA) = 2(k+1) (k" ) jfl +
2 L

I ~1 Nk
-1—6—(k+1) (2k+b)/u-13 - MOO(L 1)

ﬁ

<

(64Kk°+ 70Kk + 75)/»1 + .5

] >
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Derivation of formula (6,9 ). Differentiating
(A.26) with respect to T, we have

(A.35) -(d,?;/dT)=(1-h2)Tz-'*(l-hA‘)T‘*»f.(l—hE;)Ts
Since T2 = 1-—Mz and therefore

-1, =1 12 L4 - QD
(A.36)-(dT/AM)=T " M=T 1--2-37 -5l j

we obtain by multiplying (A4.35) by (A.36)
(4.37) (ap/au)= (1-h )'I‘+(—— + 1 n? . h4)T5

3 .12 16 .65
-+ (_8_+-8-h +-2—h ~h )T +t Les
Replacing in (A.37) T by its series development

(A.29) we find

I 1
3 EN
(£.38) (dp/au)=(1-h ),1 + (55 +gh - )(;wl Y tens
+
5. Formula for %:“J;\- and 22 +« A straightforward
J

derivation of (4.15) with respect to Aend 0, res-

pectively, yields

(A.oQ)rBE .2 =3
N -é— 1‘
(-2N)° (% (A% 10))°
1
(2N _fizi -2
(M- 22N L2l 2R N,
[ At 19 ' »O : -tz(?\+ g))
1

. 3,
+ _2.%.(:2?‘) QZ F:Q_’_.&% )
7 (A+ 19) -t (‘,\+ i9)
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. B [ oy~ § )
. (t (A+i e)) -t (/\+19)
. 45 <27 21( 27\)9
PG He )

-t (?\+19)/ t° ()+19)
F'(g) %‘:?n "—“'_""‘"'"“.2 ’)\ )
633 -t2(7\+ig)

p, (M= 8,42 5,(- ZA) ‘ J/§+s1< 2A)+ :]

3 1
pé(;~\.>=-[§ v 9 <-z/\> oo Lml(-z/\) ]

-

121 —z}"

6 5 5 —t (/\ 9>/

. F(ﬁ 4,8, T—/——_)
g (/\+19)§ 6'3"3’ -t7(\+18)

H 3, =
o a5 =2 \](

- ———. F 2,_ Qo
2.8\ . g <6 375" 2, }]>




ERRATA

1" oun

pg. 860, 1. 4 from bot.: i should be deleted.

pgs 862, formula (3.2) should read
1t

’a[(l-t VE(Z,2,t)/2t1/ R Z
pg. 872, formula (4.9 Ve the exponent —2/3

"
should be changed to 2/3 .

1 1

pg. 872, formula (4,11)s ( should be added
after dt/

pg. 882, formula (5.,29): the symbol before SO
1" 1 i

is = ; an Sq,should be deleted.
®»g. 892, line 5 from bot. should read

7"

Eliminating q between both . . .
pg. 892, line 2 from bot. should read

" dH_ d ‘& q
Now, from (A.l) we have == = aq dT T T =
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