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ABSTRACT

The theory of the sound pressure scattered from a fluid-filled spherical shell immersed
in a second fluid is developed. An arbitrary combination of fluids may be used to fill
the shell, and both the sound source and the receiver may be in the near field. The
theory is used to calculate the pressure field in both the interior and exterior fluids and
is extended to determine the time-dependence of the reflected signal and the target
strength. The dependence of these quantities as a function of frequency and pulse
type; shell material, diameter and wall thickness; fluid combination; temperature; and
distance of the receiver from the sphere is examined, and is shown to be sensitive to
most of these parameters. The performance of spheres filled with a Freon-113™ -
ethanol or Fluorinert FC-72™ - n-hexane mixture is considered.
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Calculations of the Sound Scattering from Fluid-
Filled Spherical Shell Sonar Targets

Executive Summary

The theory of the sound pressure scattered from a fluid-filled spherical shell
immersed in a second fluid is developed. The prime reason for developing the theory
is to aid in the design of fluid-filled spheres of known target strength, the target
strength being a measure of the reflected intensity. An arbitrary combination of
fluids may be used to fill the shell, and both the sound source and the receiver may
be placed near to or far from the sphere. The theory is used to calculate the pressure
field in both the interior and exterior fluids and is extended to determine the time-
dependence and intensity of the reflected signal.

Not only is the target strength found to be sensitive to a number of material
parameters, but with a given selection of materials, it is also sensitive to both the
form of the incoming sound waves and the environment. The target strength varies
greatly for small changes in the frequency if continuous waves are used.
Fortunately, these variations can be largely eliminated by the use of pulsed signals,
which effectively average over many frequencies.

A shell of aluminium or pyrex glass optimises the target strength, but as these are
soft or brittle materials, stainless steel might be preferable as it is more robust. As
might be expected, increasing the diameter of the sphere will give a larger target
strength. A thin shell wall will also lead to a large target strength, but may be too
difficult to manufacture and will be easily damaged. A thickness of 0.8 mm might be
classed as a reasonable compromise. The target strength is quite sensitive to the
thickness, so variations in the wall thickness need to be avoided in the
manufacturing.

Choice of the optimum combination of fluids with which to fill the shell depends
on the temperature. Variations of a few degrees will make only a modest change to
the target strength, but a combination chosen for warm waters will behave quite
differently in cool waters. For frequencies below 200 kHz a mixture of Freon-113™
and ethanol, or Fluorinert FC-72™ and n-hexane will work quite well if the ratio of
liquids is chosen to give a refractive index between 1.8 and 1.9. At frequencies above
250 kHz the same liquids mixed to give a refractive index between 1.6 and 1.7 will
produce high target strengths.
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1. Introduction

For the calibration of sonar systems, spherical targets are advantageous in that they are
aspect independent. That is, they scatter the same intensity of sound into a particular
direction, regardless of the target's orientation. However, a major limitation is that a
solid sphere or air-filled spherical shell is usually a weak scatterer in comparison to
non-aspect independent reflectors made up of multiple corner reflectors. An attractive
alternative, providing both aspect independence and strong scattering, is a fluid-filled
spherical shell in which the filling fluid is chosen so as to cause focusing of the
reflected sound in the backscatter direction. This direction is important experimentally.

This study considers such sonar targets and the effect the various parameters have on
their performance. The aim is to enable selection of appropriate materials and to show
how the performance of the target alters with small changes in the material or
environmental parameters.

The scattering of sound from spherical objects has been the subject of some
investigation in the past. Rayleigh (1945) considered the limiting case where the
scatterer was small compared to the wavelength. Morse (1936) derived a solution for
rigid immovable spheres, which were not necessarily small compared to the
wavelength. Faran (1951) allowed penetration of sound into solid spheres; Junger
(1952) considered the scattering by thin hollow elastic shells. Goodman and Stern
(1962) also considered elastic spherical shells, but with the internal and external fluids
the same. Hickling (1964) analysed evacuated metal spheres in water.

Apart from restrictions on the interior fluid, in each of these studies it was assumed
that the sphere was in the far field of the projector. However, the theory enabling the
scattered sound pressure to be calculated will be developed in the following section
without these limitations, by solving the wave equation for a fluid-filled spherical shell
immersed in another fluid. A point source of sound waves and a point isotropic
receiver are located in the external fluid. The former may be arbitrarily placed, but the
receiver must be no further away from the centre of the sphere than the projector.

2. Theory

2.1 Continuous Waves

Consider a fluid medium of infinite extent whose density is p, and which supports
longitudinal sound waves of speed c;. In the medium is a fluid-filled spherical shell,

with its centre located at the origin of the spherical coordinate system, as shown in
Fig. 1. The inner and outer radii of the shell are 2 and b, respectively. The shell has a
density p, and supports both longitudinal and transverse waves of velocity c,, and

Cr,, respectively. The interior fluid has a density p, and a longitudinal sound speed of
¢;. Located at r=r, and 6=0 with respect to the origin is a point source of
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continuous sinusoidal sound waves. The incident pressure a distance R away in the
external fluid is

oi@nft—k 1R)
Pi = P() —T—“‘ (1)

where P, is the amplitude of the pressure wave 1 m from the source, f is the frequency
of the wave and k, , is the wavenumber in the fluid. k,, is related to f by

kL,l = 2
1

The displacement component of the incident pressure can be written as

o kuk

p. =k 3)

R

Receiver

Medium 1

Med|ium 3
L0,

Projector

Medium

Figure 1: Geometry for projector, receiver and fluid-filled sphere.

When the sound waves strike the sphere, some of the sound will be transmitted into
the shell and the filling fluid, and some will be scattered back into the exterior
medium. The prime focus of this study will be to derive the scattered pressure at the
listening point of r = r, and 6 = 6. This can be found by satisfying the boundary
conditions at the surfaces of the shell. For a fluid and shell behaving in a linear
fashion, a shell of zero viscosity and with no cavitation occurring, these are:

i) the pressure in the fluid must be equal to the normal component of stress in the
shell at the interfaces,
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ii) the normal (radial) component of displacement of the fluid must be equal to the
normal component of displacement of the shell at the interfaces, and

iii) the tangential components of shearing stress must vanish at the surfaces of the
shell.

Symbolically,
b= —[rr] p; = —[rr]
U, =U,, atr=b u;=u, atr=a ()
[r6]=[r¢]=0 [r6]=[r¢]=0

where the p, and p; are the pressures in the external and internal fluids, with the
former being the sum of the incident and scattered pressures

b, =p:tp,. ®)

The u, are the radial components of the displacement in the various media and [ r],
[ 6] and [r ¢] are the radial and tangential components of the stress in the shell.
The pressures in the fluids can be found by solving

1 o°P

ViP=— 6
cy; ot ©

in which iis 1 or 3. This is done in Appendix A using the spherical coordinate system,
separating out the time and position variables and noting that P has no ¢ dependence,
to yield

P=p(r,6).7(1) (7)

where in the external and internal fluids p(r,0) is

oo

D= ZPI(COS er)Alhl(kL,lrr) 8)

1=0

and

oo

Ps= ZPI(COS er)Bljl(kL.Brr) )

1=0

respectively. h, and j, are the spherical Hankel and Bessel functions of order I; P, is
the Legendre function of order /.
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It will be more convenient to use different summations at a later stage. Using a series
expansion given by Morse and Feshbach (1953, p. 1574), the incident pressure in
equation (3) can be written as

b= _iPOkL,li (_1)1 (21+1)h;(kL,lrp )jl(kL,lrr)Pl (COS er) forO<r, <7, (10)
1=0

where the listening point is at r =7, and 6 =6, with respect to the origin, and R, 7,, 1,
and 0, are related by the cosine rule:

R*=r"+r}-2rr,cosH,. (11)

Using an expression of Morse and Ingard (1968, p. 419) it can be shown that at the
listening point of r = r, and 8 = 8,, the scattered pressure will be

p. = B 3 (1) )Gy (ki (ki By (c0s6,)  for0<r, <, (12)
1=0

where the C, are coefficients to be determined. Once these coefficients have been

obtained, the scattered pressure will be known, which is the main focus of this study.
The pressure in the external fluid, as given in equation (5), is found by summing
equations (10) and (12). The pressure in the internal fluid is of the same form as in
equation (10), namely

p, =—iPk,; Y. (-1) 1+1)Dh; (k7 )ik, ar P (cos®,)  forO<r, <r, (13)

1=0

where the D, are coefficients to be determined.

The radial displacements in the fluids are found by using

1 =

j=——V 14
to yield
1 ap,
= 15
ur.l 4Tt2f2p1 ar ( )
kilPo - ! . l: .0 . o0 .. :l

=—=2 % (1) (2I+1)P, 0 )hlk -i— +C,—h 16
4nzf2plg),( )( ) ,(COS r) 1( L,lrp) lale(x) ' 9x l('x) (16)

and
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- aP3
17
43 = i, or (17)
1k )
= f 2 (=1) (21+1)P,(cos®, )h; (k, 7. ) D, D3, 95, (18)

for the external and internal fluids respectively, where x =k, ;. and y =k, ,r,.

To find the displacements and stresses in the shell requires the solution of the wave
equation,

0%ii

ciﬁ(Vﬁ)—chanza—f. (19)
' t
The displacement is derived from a scalar and vector potential.
i=-V¥+VxA (20)
where
2
vp-_L o ¥ (1)
ci, F3
and
25
CxTxA=L2A . (22)
c; a

Equation (21) is of the same form as equation (6), and can be solved as in Appendix A
to give

Y=y(r,0).T(t) (23)

where

Y= ipl (cos8, [ 1J1(k )+Fn (kLZ r)] (24
1=0

n, is the spherical Neumann function of order I. Again using the spherical coordinate
system, separating out the time and position variables and noting that A = (0,0, A¢),
equation (22) can be solved (see Appendix B) to yield

A, =0,(r.0,0).T(2) (25)
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where
& 0
za— P,(cos, [ lJl(kTrr)+Hlnl(kTrr)]‘ (26)
1=0

Returning to equation (20), the displacements in the shell are

a\p 1 9
=— 27
Hr2 ar r*sin® ae(m sme) @

= i—P,(cos 0,) {l(l:l) [Giji(ker,)+ Hym,y (kpr, )]+ km[E, a% i2)+E 582 n,(z)]} (28)

=0

r

10y 1 0
=———+ o, sin6 29
Yoz r 00 rsin® ar(r o SIN ) @)

= om

r

=iap’(n)sin6{rl[E,jl(k )+, (k)] [G,J, ker, )+ Hpn, (k)]

* [Gaa (1)+H,aa ()]} (30)

and
=0 (31)
where N=co0s0,, z=k,,r,and T=k;r,.

The stresses in the shell are (Faran, 1951)

- ou
[rr]=2pzc;2|:1 g V.ii+ 8;2} (32)
ou u 1 ou
Ql=p| =22 282 L 272 33
[r]u|:8r r+r89} 33)
1 Ou,, Ouy, Uy,
= 27202 34
[r¢] l'L|:rsin6 209 * or r (34)

where o and [ are Poisson's ratio and the Lamé elastic constant of the shell material,
respectively. Using
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vi-Ll9(2 19
V.ii = e (r ur’2)+rsm 7 (Slneu62)+rsin9 ) (35)
= Pl(coser)klz.,z[Eljl(kL.er)+Enl(kL,2rr)] (36)

=0

these become

2

0z

2
[7’ 7‘] zpch ZZPI cos0 >{1 2% kL Z[El]l(kL 21, )+F11’1, kLzr ] kL ZI:EI aa 2 ]l(z)+Fl —a——z—-n
I(1+1 I(i+1 0 0
( )[Ggl(kTr )+H,n1(kTr )] (7‘ )k [Glgvjl( )+Hla—1nl(’l7)i|} (37)

= OP, . . 2k
[r 9]=HZ L) Smer{‘%[Ezlz(kL,zrr)+F;n1(k1,,2rr)]+"‘r££|: 'z J,(Z)+FZ z(z)]

i om
l(l+12) 2[G’J’(k )+Hlnl(kTrr)]+k2[ Lot? Jz(T)+H, (T)}} (38)
and
[ o]= ”12:; n { Jrrl)[szz(kTrr)+Hlnz(kTr,)]+kL,2{Elg—zj,(z)+p,aﬁz.n,(z)]},

(39)

Substitution of equations (5), (10), (12), (13), (16), (18), (28), (30), (37), (38) and (39) into
equation (4) and evaluation at r=a and r=»b yields eight simultaneous equations
from which the coefficients C, needed to evaluate the scattered pressure can be

determined. After some simplification these are given by

] (Z)}
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Y11 Y2 Y3 Yuu 8 O
Y21 Y2 Y23 Y22 O Y26
Y31 Ya Y3 Y 83 O
Yo Y4 Ya3 Yau O Y6
Ys1 Ys2 Ys3 Ysa 0 O
et Yoo Yes Yoo 0O O

Y11 Y1z Y13 Y Y5 0|
Y21 Y2 Y23 Y2a 0 Y26
Y31 Y3 Y Yae Yas O
Yo Ya2 Y3 Yaa 0 74
Ys1 Ys2 ¥Ys3 Yse O 0
Ye1 Yoo Ye3 Yo O O

(40)

The coefficients required to evaluate equation (40) are listed in Appendix C. The
coefficients D, needed to calculate the pressure in the filling fluid are given by

Yiu Y2 Y3 Yuu Y15 &1
Y21 Y22 Y23 Y« 0 O
Y31 Y32 Y33 Yaa V35 &3
Yo Yo Y43 Yaa O O
Ys1 Ys2 ¥Yss ¥Ysa 0 O
kL,lh;(kL,lrp) Yoo Yoo Ye3s Yo O O

kL,Sh;(kL,Srp) Yiu Y1z Y3 Yuiu Yis O
Yo Y22 Y3 Y 0 7o
Ys1 Y32 Y33 Y Yss O
Yo Yoo Y3 Yau 0 7Y
Ys1 Ys2 ¥Ys3 ¥Ysa O O
Ye1 Yoo Yes Yo O O

1=

(41)

where the elements of the determinants are again as listed in Appendix C.

Inserting the coefficients of equation (40) into equation (12) yields the scattered
pressure at the listening point of r=r, and 6=0,. A convenient way of presenting
this pressure is to relate it to that incident upon the sphere, in the form

20 log(

If §=180° and 7. is sufficiently large so that spherical spreading applies, i.e. in the far-
field, then this term equals the backscatter target strength, defined by

Sir=r,

Pl @)
|

0

rpr,
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] (43)

where the scattered pressure is evaluated 1 m from the centre of the sphere along the
axis to the source. In the comparisons reported below, the scattered pressure will be
given as the target strength via expression (42) with 8=180" and both r, and r,

Ps 08=180°,r=1

TS =20log
bi

generally set to 1000 m to ensure equivalence with equation (43).

2.2 Pulsed Signals

Until now the point source has been considered as producing continuous sinusoidal
waves. However, in an experiment tone bursts or chirped signals are more likely to be
used. The scattered pressure for these two cases will now be considered.

2.2.1 Tone Bursts

Consider first a tone burst of central frequency f; and duration Az. Defining

27f,

G

kp, = (44)

and

0 elsewhere

-1 |
rect(t) = {1 for /2 <t< /2 (45)

we have, from equation (1),

-ikpR
Plt)= POeTexznforrect(i(t_Bjj (46)
C

which has the Fourier transform

-0 R
P, (f) _ ‘[—A;/;z fgfi R_Ll_ pi2nfot g-i2nft 34 (47)
_ Ptk sinfr(f- £, )at]

R n(f-fo)

(48)

as the frequency components. As this is the product of a continuous wave mono-
frequency source and a weighting function, the scattered pressure frequency



DSTO-RR-0020

10

components may be represented by the continuous wave solution multiplied by the
same weighting function. Thus

sin[ﬂ:(f—fo)At]

PP =p (D

(49)

where p, is given by equation (12). Applying the inverse Fourier transform, we obtain,
as a function of time,

P =] Ps(f)sm[ ((f ]]:")) ]“"f'df. (50)

.2.2.2 Chirps

For a chirped signal of start frequency f;, stop frequency f;, central frequency f, and
duration Az, equation (46) is altered to

(fi-h) 2
-ik[;R i2n f1+l 0
P,~(t)=~P°e——~e [ 2 ]rect(—l—(t—ﬁ)) (51)
R \ At c
where
. 2T
K =2 (52)
cl

The incident signal frequency components are

(A1) -
Pe kR Ay i2m| (f, - o0 }
y ;

24t

P(f)= o (53)
The integral in equation (53) is evaluated in Appendix E to give
. (fi=fo) »
v i2n] (f - 202
JAA/?ez[f ey }dt
-
: 2 _ “
At —inaef - f) 1+ JVm o [24 ((f ) )
= exp —erf| —(1-i) t+f—f )
205~ 1) G-f) |2 |2 f-h\ & »
(54)
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The scattered pressure frequency components are

iZn[(j‘—f)H%—_Z{—ol

R(f) =p.(f )JAA/;Ze lz}dt (55)

where p, is again given by equation (12). As a function of time

(fi-f0) 2
2t ]a’t e df . (56)

iZn[(fc—f)H

Bt = [ p (1% e

In both equations (55) and (56) the integral over time can be replaced by the expression
on the right hand side of equation (54).

In both equations (50) and (56) the scattered pressure varies in amplitude as a
function of time. If the tone burst or chirp lasts for a time At, the backscatter target
strength can be considered as

JH‘At P (t') Zdt'
s =180° r=
TS =20log| | 8=180 =1 (57)
t+At 2
[ IRy ar
2
By (t") o
t+At - -
= 20log| |- [** 1% |°‘1,8° ra dr’ | (58)
At )t | P,(") | |
The right hand side of equation (58) is equivalent to
2
201 IJHN B, dr’ (59)
og| rr. |— -
8| Ipl: ALY P,

when 6 =180° and r, and r, are large.

It follows from equation (58) that the target strength can be calculated for any value
of t corresponding to different portions of the return signal. The most intense
reflections will be the specular reflection from the front of the sphere, and the first
focused return from the rear of the sphere. For 6 =180 these start when

_rn,tnL=2b A

t= 60
. > (60)

and

11
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12

+r.—2b -
= Tp T +2(b a)+ﬂ__A_t (61)
o) c, ¢, 2

t

respectively. In the results reported below, the target strength of the sphere will be
considered as the maximum of the two values calculated via expression (59) at these
two starting times.

2.3 Binary Fluids

In practical applications of the above theory it is common to use a mixture of two
liquids for the interior fluid. For a binary liquid solution the longitudinal sound speed
of the interior fluid becomes
3
' c3 = (-p_ava}j (62)

M,
where
ottt
Vorrs = Viza¥3a t Vs Nap (64)
M,=N; M, +N;,M,,. (65)

V,, and V,, are the volumes of the two liquids, p;, and p;, are their densities, v, ,,
and v,,,, are their molecular velocities, N, and N,, are the mole fractions, and M,,
and M,, are the molecular masses. In general, the densities and velocities are a

function of temperature, so the speed of sound of the interior fluid will likewise be
temperature dependent.

3. Physical Data

Consider a spherical shell filled with a fluid or mixture of two fluids and placed in the
sea. If a small sound projector directs a continuous sinusoidal, tone burst or chirped
signal at it, the reflected signal picked up by a hydrophone in the same or another
location will depend on a large number of factors. Parameters from the incident sound
include the distance from the source to the centre of the sphere, the frequency for a
continuous signal, the frequency and pulse length for a tone burst, and the start and
stop frequencies and pulse length for a chirped signal. The distance from the centre of
the sphere and angular position of the receiver are other factors, as are a number
associated with the reflecting sphere. These include the diameter, thickness, and
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material out of which the shell is made. The latter factor determines the density of the
shell, as well as Poisson's ratio for the material, and the velocity of longitudinal and
shear waves in it. The temperature, salinity and depth of the propagation path set the
density and sound velocity of the fluid surrounding the sphere. The temperature and
the filling fluid or mixture of fluids chosen affect the interior fluid's density and sound
velocity.

Clearly, when long projector-to-sphere ranges are used, sound absorption in the
water may be significant. As this will not affect a comparison of different
sphere/filling fluid/signal type parameters, it has not been included in the calculations
reported. Nor has absorption within the sphere or its filling fluid, as the ranges
considered are so small.

Table 1 lists the parameters for the shell materials studied. For the fluids the density
and sound velocity depend on a number of factors, as noted above, so equations are
needed to express these dependences. Millero and Poisson (1981) give the density of

sea water (in kgm™) as

p,=| 2 66)

where

p0 = 999.842594 + 6.793952 x 102t — 9.095290 x 102 £2 +1.001685 x 10~*#3
~1.120083 x 1076+ +6.536336 x 1072 #° + (8.24493 x1071 - 4.0899 x 1073¢

+7.6438 107542 — 8.2467 x 107 3 + 5.3875 x 10-9t4)s + (—5.72466 %1073

3
+1.0227x104t-1.6546x10-6t2)54 +48314x10%S2 67)

K = 19652.21 + 148.4206¢ — 2.327105¢2 +1.360477 x 1023 — 5155288 x 100 ¢4
3
+s(54.6746 —0.603459¢ +1.09987 x 10722 — 61670 x 1023 )+ s (7.944 %1072
+1.6483 x 1072¢ - 5.3009 x 1074 t2)+ P[3.239908 +1.43713 x 1073t + 1.16082 x 104 #2

~5.77905x 1077 t3 + 5(2.2838 %1073 —1.0981x 105t - 1.6078 x 10~° t2)

3
+572 (1.91075 x1074 )] + P2[8.50935 %1075 — 612293 x 1076 + 5.2787 x 108 +2

+5(—9.9348 %1077 +2.0816 x 1078+ +9.1697 x 1071042 )] (68)

and

13
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14

d
P=pigdy. (69)

P is the gauge pressure in bars, with P =0 at the water surface under 1 atm of air
pressure. A rough rule of thumb is that the pressure increases by 1 bar for every 10 m

of water depth. § is the salinity in %o, t is the temperature in “C, d is the depth in m
and g is the acceleration due to gravity. The speed of sound (in ms™') is given as

¢, =1412+3.21+1.195+0.0167d (70)

by Francois and Garrison (1982).

Table 1:

Material Density Poisson's ratio | Velocity of longitudinal | Velocity of shear waves

(kg m?) waves (ms’) (ms™)

Aluminium 2700 0.355 6420 3040

Brass 8600 0.374 4700 2110

Nickel 8900 0.336 6040 3000

Pyrex glass 2320 0.17 5640 3280

Steel 7910 0.29 5790 3100

The above data were obtained from Gray (1972).

To achieve a high target strength in the backscatter direction, a filling fluid with a
refractive index between 1.5 and 2.0 is needed to obtain the necessary thin lens
focusing. This is most easily accomplished by mixing two liquids of different sound
speeds, one above and the other below the required speed. Other considerations are
cost and safety of the liquids. Some of the potential liquids, such as CCly, are

hazardous. Initially Freon-113™ and ethanol, mixed in varying ratios, were studied as
the filling liquid, as they are cheap, relatively safe and readily available. However due
to expected difficulties in obtaining Freon-113™, Fluorinert FC-72™ and n-hexane
have also been studied. From Gray (1972) the density and speed of sound in ethanol
are

P,, = 78506 — 0.8591(1-25)~ 5.6 X107 (1=25)" —5x10°(:=25)’  for 10 <1 <40
(71)
and

¢,, =123213-3.57391 +2.39x1071* +2.65x107° ~2.4x107¢*  for 0 <t <58,
(72)

Fitting curves to the data of Leader et al. (1969), the density and speed of sound in
Freon-113™ are
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P,, =1614.5-2.04¢ for0<r<40 (73)
and
786.1-3.345¢ for 0<r<20
Cip = . (74)
778.71-2.975t for 20<t<40
Fitting a curve to the data of Timmermans (1950), the density of n-hexane is
P,, =676.891-0.8461 —1.1x107 . (75)

Kaye and Laby (1973) quote the speed of sound in it at 30°C as 1060 ms™', so using
the relation

(76)

o
I
ST

where B is the bulk modulus, the speed of sound in n-hexane can be given as

2
6, = ’650.5><1060 . 77)
p3.a

3M's Fluorinert™ Ligquids, Product Manual gives the density of Fluorinert FC-72™ as
p;, =1740-2.61t. (78)
From the data for the speed of sound,

c,, =582 -2.81. (79)

In the results reported below, comparison will be made with an air-filled sphere. At
sea level, Kaye and Laby (1973) give the density of air for 50% relative humidity as

_ 1.29307x101L.3-0.2443p ,

x1.000028 x (1+0.00367¢ 80
Ps 101.325 ( ) 0
where the saturated vapour pressure p  can be found by fitting a curve to their data to
yield

p, =0.6116+4.365x107¢+1.567x107¢* +1.74x107° 1’ +5.5x107¢*, (81)

15
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The speed of sound in air for sound waves of frequency f is (Kneser, 1931)

| (4]

where the zero-frequency speed can be found by substituting into the equation of
Miller (1937) to yield

Co = 33146 X (1+L)x[1—o'5”“x(1'324—18'01534ﬂ. (83)
273 1013 \1.403 28.9644

The infinite-frequency speed c_exceeds this by 0.12 ms~' at 20°C (Harris, 1971). The
relaxation frequency at 50% relative humidity is (Piercy, 1969)

G = (82)

13
£ =3.05x10" 0P, : (84)
0.5p,, +101.325

4. Computational Considerations

The summation in equation (12) is theoretically over an infinite number of terms,
although in practice the summation was halted when the relative difference of the
scattered pressure after summation to the Ith and I-1th terms was less than 0.01% and
after summation to the /-1th and [-2th terms was also less than 0.01%. To ensure
convergence care had to be taken in calculating the spherical Bessel functions and their
derivatives. Details of the techniques used are given in Appendix D.

As a check on the formulae, computational techniques and the computer programs
used to calculate the results presented in the next section, the magnitude of the form
function, defined by

2
k,.b

> (1) (21+1)G, (85)
1=0

[foo| =

was calculated for an iron shell of 20 cm diameter, 20 mm wall thickness, longitudinal
and shear wave sound speeds of 5950 and 3240 ms™, respectively, and Poisson ratio

of 0.292. This shell was immersed and filled with water of density 1000 kgm™ and

1

sound speed 1410 ms™. The results are displayed in Fig. 2 along with those of
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Hickling (1964) for a similar set of parameters. The agreement is generally good,
although there are some variations attributed to two sources. The magnitude and
position of some of the peaks and troughs do not align perfectly, due to a small
inconsistency in Hickling’s shear and Lamé elastic constants and longitudinal and
shear sound speeds for iron. In addition, the narrow spikes are sensitive to the
evaluation frequency, which was not identical for both data sets.

5. Results

Fig. 3 shows the calculated absolute value of the scattered pressure field in a 4 m by 4
m section centred about a stainless steel spherical shell of 20 cm diameter and 0.8 mm
wall thickness. The sphere is indicated by the white circle and is filled with a mixture
of 34% Fluorinert FC-72™ and 66% n-hexane by volume and deployed at shallow
depths in sea water of 20°C and 35%. salinity. The ratio of filling fluids was chosen to
give a refractive index of 1.8 at 20°C. The projector is located 1000 m to the left of the
origin and 1 m from it (the projector) the amplitude was unity. The scattered pressure
amplitudes are relative to this value. The projector emits continuous waves of 100
kHz frequency. The field shows strong focusing in the forward scattering direction, as
well as the presence of weak intensity regions and nodes. There is also some focusing
in the backscatter direction.

Fig. 4 shows the scattered pressure amplitude field with the same sphere and
environment parameters. The projector emits continuous waves of 200 kHz. Note the
narrower focusing in the backscatter direction.

Fig. 5 displays the total (incident plus scattered) pressure amplitude field in a section
through the centre of the sphere, in the vicinity of the sphere, whose inner and outer
walls are shown by the black circles. The parameters are as for Fig. 3. The waves to
the left show what may be spherical spreading but with a radius of curvature slightly
larger than that of the sphere. To the right of the sphere the nodes and antinodes form
a pattern radial from a point somewhat to the left of the centre of the sphere. The wave
pattern inside the sphere is complex. A set of nodes and antinodes occurs both radially
and circumferentially, with the greatest intensity along the axis from the projector.

Fig. 6 shows the total pressure amplitude field under the same conditions for
continuous waves of 200 kHz. The features are similar to that for Fig. 5, but on a
smaller scale commensurate with the higher frequency.

Fig. 7 overlays four sets of calculated backscattered target strength values for a
projector and receiver collocated 1000 m from a sphere. The sphere is of stainless steel
of 20 cm diameter and 0.8 mm wall thickness and is filled with a mixture of 68% Freon-
113™ and 32% ethanol by volume and deployed at shallow depths in sea water of 20°C
and 35%o salinity. The ratio of filling fluids was chosen to give a refractive index of 1.8
at 20°C.

17
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The wildly varying line is the target strength as a function of frequency for steady
state conditions. The target strength was calculated in 100 Hz steps from 100 Hz to
500 kHz. For very low frequencies the sphere is small compared to the wavelength of
sound in water, and very little sound is reflected. With increasing frequency the target
strength increases, but fluctuates wildly with small changes in the frequency. Beyond
450 kHz it takes on an oscillatory nature.

The target strength as a function of frequency in 1 kHz steps to 450 kHz is shown for
both 100 and 500 us tone bursts. The result for 500 ps chirps of 10 kHz bandwidth
centred on frequencies taken in 1 kHz steps to 450 kHz is also shown. Although there
are small variations between the last three curves, especially below 50 kHz and above
400 kHz, these are of a minor nature.

Fig. 8 shows the fine detail of the steady state data of Fig. 7 between 100 and 120 kHz,
calculated in 25 Hz steps. It is compared with data in 100 Hz steps. The overall result
is the same, although several narrow spikes are evident in the former set of data. The
curves indicate that most of the major target strength variations are somewhat
oscillatory, with a period of approximately 1.6 kHz. Overlaid on this is a fine structure
with a width of less than 25 Hz.

The target strength as a function of frequency in 1 kHz steps from 100 to 120 kHz is
also shown in Fig. 8 for 100 ps tone bursts. One curve shows the results based on
steady state data calculated in 25 Hz steps; the other shows the result when the steady
state data has been calculated in 100 Hz steps. The results are almost identical,
indicating that the fine structure has little effect for 100 ps tone bursts.

The complexity of the target strength as a function of frequency for both continuous
and pulsed waves is due to the existence of resonances of several types, which occur in
the fluid and the shell. At low frequencies "Franz" or "creeping" waves circumnavigate
the shell in the external fluid. The eigenfrequencies depend upon the shape and size of
the shell and correspond to constructive interference between the specularly reflected
waves and those circumnavigating the sphere. "Rayleigh" and "whispering gallery"
waves, which depend on the composition of an elastic target, occur at frequencies for
which multiple half-integral wavelengths correspond to the circumference, thereby
producing standing waves on the surface which radiate back into the fluid. These are
applicable to solid elastic targets. "Lamb" waves are the analogue for the elastic shell,
with extensional and flexural resonances occurring. They depend on the composition
of the shell. Other resonances occur when the multiple half-integral wavelength
associated with the compressional waves in the shell equals the shell thickness.

Figs 9 and 10 display the target strength as a function of frequency to 450 kHz for
refractive indices of 1.5, 1.6, 1.7, 1.8 and 1.9. In each diagram the projector and sphere
are deployed at shallow depths in sea water of 20°C and 35%. salinity. The projector
and receiver are located 1000 m away and the former emits 100 us tone bursts. The
spherical shell is made of stainless steel and is 20 cm in diameter and of 0.8 mm wall
thickness. In Fig. 9 the shell was filled with a mixture of Freon-113™ and ethanol; in
Fig. 10 the filling liquids were Fluorinert FC-72™ and n-hexane. The ratios of the two

29



DSTO-RR-0020

30

sets of liquids were chosen to give the same velocities of sound, but the densities were
not identical. In general, the target strengths with the Fluorinert FC-72™ and n-hexane
combination are less than for the Freon-113™ and ethanol combination, but the overall
shape of each pair of curves is similar.

Figs 11 and 12 show the effect of shell material composition on the target strength for
100 ps tone bursts of frequencies to 450 kHz. Again the projector and receiver were
located 1000 m from a 20 cm diameter shell of 0.8 mm wall thickness in shallow depths
of sea water of 20°C and 35%. salinity. In Fig. 11 the shell was filled with 68% Freon-
113™ and 32% ethanol by volume; in Fig. 12 the liquids were 34% Fluorinert FC-72™
and 66% n-hexane by volume. In each case the refractive index was 1.8. The structure
of the curves is similar for each pair of liquids, but again the target strengths with the
Fluorinert FC-72™ and n-hexane combination are less than for the Freon-113™ and
ethanol combination. Generally, glass and aluminium yield substantially larger target
strengths than for the other materials, although stainless steel and nickel are more
likely to be used as targets in practice because of their greater durability.

Concentrating on stainless steel as the shell material, Fig. 13 shows the effect of
varying the shell diameter. All other parameters are as for Fig. 12. As expected, the
target strength increases with diameter. The oscillatory behaviour evident in Fig. 7 is
very pronounced for the 10 cm diameter sphere.

Keeping to a stainless steel shell, Figs 14 and 15 display the effect of varying the wall
thickness. All other parameters are as for Figs 11 and 12, respectively. Again, the
Fluorinert FC-72™ - n-hexane combination results in lower target strengths than the
Freon-113™ - ethanol combination. For very thin walls, which are not physically
practical, the target strength increases relatively smoothly with frequency, and is less
than that for thicker walls at low frequencies. As the thickness increases, the target
strength rises to a maximum with frequency, then declines. The frequency and height
of the maximum decreases with increasing wall thickness. As the wall thickness
increases the oscillatory behaviour referred to above starts to appear, and begins at
progressively lower frequencies. The curve for 1.6 mm wall thickness indicates that
this oscillatory response does not continue for all higher frequencies, but only occurs
over a limited frequency range, before dying out and returning to a more regular
response.

Figs 16 and 17 show how the refractive index varies for changes in the percentage by
volume of Freon-113™ and ethanol, and Fluorinert FC-72™ and n-hexane, respectively.
The curves are plotted for waters of 35%. salinity and water (and filling liquid)
temperatures of 0, 5, 10, 15, 20, 25, 30 and 35°C. Both sets of curves show sensitivity of
the refractive index to temperature, and since Figs 9 and 10 in turn indicate sensitivity
of the target strength to refractive index, it can be expected that with all other
parameters constant, the target strength will change with temperature.
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Figs 18 and 19 show how the target strength alters for 100 ps tone bursts of
frequencies up to 450 kHz, for temperatures of 10, 20 and 30°C. Again the projector
and receiver were located 1000 m from a 20 cm diameter stainless steel shell of 0.8 mm
wall thickness in shallow depths of sea water of 35%. salinity. In Fig. 18 the shell was
filled with 68% Freon-113™ and 32% ethanol by volume; in Fig. 19 the liquids were
34% Fluorinert FC-72™ and 66% n-hexane by volume. Below 50 kHz temperature
changes produce only a small change in the target strength, but for higher frequencies
the changes get progressively larger, especially in going from 10 to 20%. Of course
smaller temperature variations will alter the target strength by correspondingly less.

Fig. 20 compares the target strengths for 100 ps tone bursts of frequencies to 450 kHz,
for a 20 cm diameter stainless steel spherical shell of 0.8 mm wall thickness deployed at
shallow depths in sea water of 20°C and 35%. salinity. The filling fluids were 68%
Freon-113™ and 32% ethanol by volume, 34% Fluorinert FC-72™ and 66% n-hexane by
volume, air of 50% relative humidity, and water of 35%. salinity. The target strength
for the air-filled sphere is fairly constant and in close agreement to the formula for
specular reflection from a sphere whose size is large compared to the wavelength, viz.

2

T8 = IOIOg%. (86)

Above 100 kHz the target strength of the water-filled sphere shows periodic changes of
about 10 dB, with a period in the frequency domain of approximately 90 kHz. In
general the values are higher than for the air-filled sphere. However, the Freon-113™ -
ethanol and Fluorinert FC-72™ - n-hexane filled spheres have even larger target
strengths, which vary relatively smoothly with frequency. In comparison to the air-
filled sphere, there is a gain in excess of 10 dB in target strength at all frequencies
studied. As noted previously, the performance of the two pairs of liquid combinations
is similar, but not identical.

Although the theory developed is not restricted to the far field, the results of Fig. 7 to
20 were based on the projector and receiver being 1000 m from the centre of the sphere.
Keeping the projector 1000 m from the centre of the sphere, but varying the distance of
the receiver out along the axis from the centre of the sphere towards the projector, Fig.
21 shows the variation in apparent target strength for a 20 cm diameter stainless steel
shell of 0.8 mm wall thickness deployed at shallow depths in sea water of 20°C and
35%o salinity when filled with 34% Fluorinert FC-72™ and 66% n-hexane by volume.
At 100, 200, 300 and 400 kHz the farfield condition

(2b)*
}\’L.l

(87)

is satisfied at approximately 2.7, 5.3, 8 and 10.7 m, respectively. Examination of the
curves in Fig. 21 shows constancy of the apparent target strength occurs at ranges
slightly beyond these at the respective frequencies. Below approximately 200 kHz, the
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apparent target strength increases with range; at higher frequencies it generally
decreases with range.

Figs 7 to 21 have shown intensities in the frequency domain. Figs 22 to 25 show the
reflected signal in the time domain, where 0 ms corresponds to the arrival of the first
portion of the reflected signal at the receiver. The pressure is relative to a value of 1 at
the projector. In each diagram the waves impinge upon a 20 cm diameter stainless
steel shell of 0.8 mm wall thickness deployed at shallow depths in sea water of 20°C
and 35%o salinity filled with 68% Freon-113™ and 32% ethanol by volume. In Fig. 22
the signal emitted by the projector was a 200 kHz tone burst of 100 us duration. The
most intense signal corresponds to the focused reflection from the rear of the sphere,
which arrives 0.44 ms after the front surface specular reflection. Subsequent reflections
are related to multiple internal reflections within the sphere. Fig. 23 shows the
equivalent signal for a tone burst lasting 500 ps. Due to the long duration of the tone
burst there is overlap of signals returning from different parts of the sphere, but that
from the rear surface still dominates.

In Figs 24 and 25 a chirped signal of 10 kHz bandwidth centred on 200 kHz was
used. In Fig. 24 the duration of the chirp was 100 us and although the signal from the
rear surface dominates, a later multiply-reflected signal is almost as large. Fig. 25
shows that a 500 ps chirp results in much interference of returns from different parts of
the sphere. The first rear surface reflection and a somewhat later multiply-reflected
signal are the most prominent returns.

6. Conclusions

Selection of the appropriate materials to make a fluid-filled spherical shell target of a
required target strength is no easy matter, for not only is the target strength sensitive to
a number of material parameters, but with a given selection of materials, the target
strength is sensitive to both the form of the incoming sound waves and the
environment.

Consider first the incoming sound waves. Fig. 7 shows that the target strength varies
greatly for small changes in the frequency if continuous waves are used.
Experimentally the implication is that drift in the frequency will lead to a large change
in the target strength. Fortunately, these variations can be largely eliminated by the
use of pulsed signals, which effectively average over many frequencies. However,
there are some target strength variations with pulse length below about 50 kHz, or in
the region of oscillatory target strength behaviour.
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Now consider the material parameters which will lead to a large target strength
above 100 kHz. A shell of aluminium or pyrex glass would optimise the target
strength, but as these are soft or brittle materials, stainless steel might be preferable as
it is more robust. As might be expected, increasing the diameter of the sphere will give
a larger target strength. A thin shell wall will also lead to a large target strength, but
may be too difficult to manufacture and will be easily damaged. A thickness of
0.8 mm might be classed as a reasonable compromise. Figs 14 and 15 indicate that the
target strength is quite sensitive to the thickness, so variations in the wall thickness
need to be avoided. In particular, a sphere made by welding together two spun
hemispheres is not appropriate, as the process of spinning leads to a variable wall
thickness.

Choice of the optimum combination of fluids with which to fill the shell depends on
the temperature. Variations of a few degrees will make only a modest change to the
target strength, but a combination chosen for warm waters, say off northern Australia,
will behave quite differently in cool waters off southern Australia. For frequencies
below 200 kHz a mixture of Freon-113™ and ethanol, or Fluorinert FC-72™ and n-
hexane will work quite well if the ratio of liquids is chosen to give a refractive index
between 1.8 and 1.9. At frequencies above 250 kHz the same liquids mixed to give a
refractive index between 1.6 and 1.7 will produce high target strengths.

In general, a well selected fluid-filled sphere can give a large target strength, but it
will be somewhat sensitive to temperature and hence refractive index of the filling
fluids. Consequently, the water temperature at the site at which it is to be used should
be measured so the target strength can be calculated. Better still, the target strength
should actually be measured at the site.

If it is difficult to manufacture a shell with a uniform wall thickness, consideration
could be given to spherical shells composed of rubber-coated metals or non-metallic
materials, such as plastics. It is possible that the target strengths may be less sensitive
to variations in their shell parameters. Because of their significant viscosity, the above
theory is not valid, so they were not compared in this study. The required theory is an
extension of that presented here.
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Appendix A

To solve for P in equation (6) the spherical coordinates

x=rsin0coso (A1)
y=rsin0sin¢ (A2)
z=rcosf (A3)

are used and it is noted that P has no ¢ dependence. Hence equation (16) can be

rewritten as
1 o0 ,0P 1 0 oP 1 9°P
—|sinb— |= ———. A4

r’ Br( Br)+r2sin689(sm 86) ¢ or’ (a9

Solution of equation (A4) proceeds by separating out the time and position
dependence of P as

P=p(r,0).7(z) (A5)

and substituting this into equation (A4). Hence

1 d ap) 1 a( op ) 1.9 T
— —_— 60— A6
r’p ar( or +pr sin© 06 AT cL,T Fa (46)

The left and right hand sides of equation (A6) are independent and can now be set
equal to a constant —kii, so the right hand side becomes

d’T ,
—+k 1, T=0 (A7)
for which the solution is
T=e "t =, (A8)

From the left hand side of equation (A6),

19(e0), 1 9 ap) N
r ar( 8r)+r smeae( meae tkip=0 (A9)

which can be solved by a separation of variables. Substituting

p(r.8)=R(r).Y(6) (A10)
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into equation (A9) yields

.Li(r@)+kz,.r2=_ ? i(sineﬂ). (A11)
Rdr\ dr ' Ysin© 46 do

Again the left and right hand sides of equation (A11) are independent and are set equal
to I(I+1). The right hand side becomes

2
- coseg—}:ﬂined—f +1(1+1)Y = 0. (A12)
sin© do dé

which can be solved by making the substitution 1} = cos6 and noting that

sin6 =(1_n2)}/2 (A13)
M __sino (Al14)
do
dzn
o2 (A15)
dYy _dY dn
ar _aram Al
do  dn do ( 6)
adY o oKy
_—smeE_-(l n ) o (A17)
d%Y _d(dYdn A1)
40?2 de\dnde
2 2 2
=d_12’[d_’1J LA dy (A19)
2 \de)  go2 dn
d*y _dy
=(1n?)—-n=— A20
(1-n )dn2 M (a20)
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Substitution into (A12) gives Legendre's equation

dy dY

1-10")—-2n—+I({+1)Y =0
( n)dn2 ng U+

(A21)

The only solutions which are finite across the range n=[-1,1] occur for /=0,1,2,....

These are the Legendre polynomials
Y = P(n) = B(cos0).
The left hand side of equation (A11) can be expressed as

dR d*R

2r= 4 . [k2,7* = 101+1)]R =0
r

r

which after substitution of { =k, ;7 and using

@G _x
dr
dR _dRdg _, 4R
dr dCdr M ag
d’R _ d (dRd(\dg
[dC?i?)dr

L,

a2 dg
d?R
—12

can be rewritten as

4R, 2dR,
dgt " L g

2 R _
Ie 1(z+1)]Cz 0

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

for which the possible outward going wave solutions are j (©), n,(¢), or h,(§)Morse

and Feshbach, 1953, p. 1465; Morse and Ingard, 1968, p. 337). These are the spherical
Bessel, Neumann and Hankel functions of order I, respectively. The spherical Hankel

function is related to the other two functions via

h, =j, +in,.

(A29)

In the internal fluid the range, and hence {, can fall to zero, at which stage n,(E;) and
h,(f;) are unbounded. Thus the only valid solution is j ,(€). On the other hand, in the
external fluid where the range, and hence {, can approach infinity, h () is a valid

solution. Consequently, in the two media
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b= ZPI(COSGr)AIhl(kLJ’?) (A30)
1=0
and
P = ZP,(COS er)Btjl(kL.srr) (A31)
1=0
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Appendix B

To solve for A in equation (22) it is first noted that

A. - (0,0,A¢ ). (Bl)
Hence,
&C 7 1 d ) 10 -
VxA= —{A F_| -2
* [rsinede( "Sme)]r [,ar(mw)]e - (B2)
and
O S A I 1 of 1 0
VXVXA=—— A ) IF = L9y
A Smeaq)[ar( °)}r+rsm98¢[rsm686( sme)}e
1/]d]| 0 of 1 9
4= —={ra
+"{a”[ Br( )} ae[rsmGBG(A sme)]}d) (B3)

where 7, 6 and § are the unit vectors in the spherical coordinate system. Substitution
of equation (B3) into equation (22) gives

10’4, 19 19[ 1 0
— A — ——=\A 0 B4
c; o T ror (r )+r ae[smeae( sin )} (B4)

Solution of equation (B4) is again achieved through a separation of variables,

A,=0t,(r,8,0).T(1) (B5)
which gives
1 4T 1 9? 1 a[ 1 o ]
— 4 2 (o) 4y o | (0, sin® B6
T di*  o,ror’ (r °) o,r° 08 smeae( sin ) (B6)

Both sides of equation (B6) are independent and are set equal to —k?. Thus the left
hand side becomes

—Zi—+k§c§T= 0 (B7)
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the solution of which is
T =e™rr, (B8)

The right hand side of equation (B6) becomes

_10( ,0a, 1a[1 P ] X
o ar(r or )+r 06 smeae(%s‘“e) + k0L, (B9)

which is solved by a further separation of variables into

o, = X(r). Z(6) (B10)
to give

10(20X) 12, 107 1 0.,

xar(r 8r)+k " zae[sineae(zsme)} (B11)

Again both sides of equation (B11) are independent and are set equal to I(/+1). From
the left hand side,

-d—(r ax ) +kirP X =1(1+1)X (B12)
dr dr

for which the solution is
X= Gljl(kTr)+ H[nl(kTr) (B13)

since A, applies to medium 2, which has bounds not equal to 0 or e. The right hand
side of equation (B11) gives, after some simplification,

2
0=d §+cot6d—z+[l(l+1)— - 12 JZ (B14)
do do sin“ 0
for which the solution is
Z= 9 P,(cos®). (B15)
00
Hence,
= 0
=Z—é—P, c0s0,)[G,j,(k;r, )+ Hn, (k,1,)] (B16)
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Appendix C

The coefficients required to calculate C; and D, from equations (40) and (41) are

c 2, 2.,
Y =1__“2—c;(k1,,2b) Jl(kL,zb)_(kL,zb) J/(kL.zb) (C1)
(8 ”
Y2 = m(kmb)z nl(kL,2b)—(kL,2b)2 n, (kL.zb) (C2)
Yis = 1(14+1)j (kyb) = I(1+1)k;bj; (k) (C3)
Yys = (D), (kyb) = (+1)k,bn (krb) (C4)
kb) .
Yis =(_T—)_h1(kL,1b) (C5)
2p,
k.b) .
& =(_T)“Jt(kL,1b) (C6)
2p,
G . 77
Yu = ﬁ(kua)z .]l(kL.2a) - (kL.2a)2.]l (kL,2a) (C7)
—20
Y = 1—(;‘ (kL.Za)2 n, (kL.Za) - (kL‘za)2 n;l(kL,Za) (C8)
—20
Yy = 1141, (kpa) = 11+ 1)k, aj) (k;a) (C9)
Y, = 1(l+1)n,(kya) = (1+1)k.an](ka) (C10)
kra 2 .
Y = (TT—)__.]I(kLJa) (C11)
P2
Y3 = kL.ij;(kL‘Zb) (C12)
Y = kL,2bn;(kL.2_b) (C13)
V3 = 1(1+1)j, (k;b) (C14)
Va0 = I(1+1)n, (k;b) (C15)
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Yas = k;jb by (k,.b) | (C16)
g = khib ji(keL.b) (C17)
Yoo = k20 (k, 00) (C18)
Yoo = kman;(kua) (C19)
Yo = 1(1+1)j,(k,a) (C20)
Yas = 1(+1)n,(k,a) (C21)
Yeo =%j{(kL,3a) (C22)
Yo = 2k, 7 (k, 1)~ 2j, (k, 1) (C23)
Y, = 2k, b0k, ,b)—2n,(k,,b) (C24)
Vs = (k)i (krb) +[1(1+1)~2]j, (k7 ) (C25)
Y5, = (ko)) k) +[1(1+1)-2]n, (k,b) (C26)
Yo = 2k, ,aiilka) - 2j,(k, ,a) (C27)
Yo = 2k, pan(k, ,a) - 2n,(k, ,a) (C28)
Yo = (kya)jylkra) + [1(1+1)-2]j, (ka) (C29)
Yei = (kya)n)(kpa) +[1(1+1)-2]n, (k,a) (C30)

The spherical Bessel, Neumann and Legendre functions and their derivatives needed
to evaluate the above equations are listed in Appendix D.
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Appendix D

The spherical Bessel, Neumann and Legendre functions and their derivatives are
commonly computed using the following recurrence relations:

Mz fori=0
z
jz(Z)=<SIZ¥-C—OZS-Z- for/=1 (D1)
21-1. .
2 312D =52 (@) for[>1
cme 2 for =0
z z
ilz)= %cosz + (1—%)sin Z forl=1 (D2)
z z 2
i (2) g2 .
L(y—l)[—l’;z(l_b—z]i(_)}_ i, (2) forl>1
(%—l) sin z—%— cosz for [=0
oz z
iz) =1 (—64———32—)sin z+(l——6;)cosz for =1 (D3)
oz z 2z
X4 2 7 2 .
L(zz-1)[”-‘z(1) f’;;(Z)Jr J’Z‘B‘(Z)}—j{fz(z) for I>1
_ %2 for/=0 -
z
n,(z)= _snz_conL for/=1 (D4)
4 z
201
n,_,(2)=n,,(2) for>1
iy coiz for/=0
z z
ny(z)= —278ir12+(—2g—1)cosz for/=1 (D5)
z 7z
(21—1)[ n(2) n,_lz(z)]_ n/_,(z) fori>1
L <
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(l—%)cosz—% sinz for [=0
Z z z
n)(z) =1 (1—%)Sin z+(§2~-—64~)cosz for I=1 (D6)
Z z ¥z
(21_1)[111_12&) 2n,z_;(z)+2n,z_3l(z)}_nl,:2(Z) for I51
1 for =0
P(z)=:z for I=1 (D7)
21-1 -1
TZP,_, (z)- i P_,(z) for [>1

For fixed z and varying | the behaviour of the spherical Bessel and Neumann
functions is different in the ranges 0 </<z and z<[/<o. The functions oscillate
with slowly varying amplitude in the first range. In the second range the spherical
Bessel function tends rapidly to zero, whereas the spherical Neumann function tends
rapidly to -eo. In this latter range the recursion relation of equation (D4) is stable, but
that of equation (D1) is unstable and leads to increasing errors with increasing order.
A further difficulty arises in calculating sin(z) or cos(z) when z approaches a zero of
either trigonometric function. The rounding error associated in representing T in
double precision is reflected in the result. The error may be amplified when z is both
near a zero and large, as an imprecise value for ® may be used in the argument
reduction method needed for the sine and cosine routines. The procedures used to
overcome these difficulties are outlined below.

The spherical Bessel function was calculated by one of three different methods,

depending upon argument z and order L. For z<10™, the ascending series
(Abramowitz and Stegun 1965, p. 437)

n -1 A
) Z 2
§1(2) 1-—2—+

T 1-3-5..(20+ 1)) 1(21+3) 2120+3)(21+5)

(D8)

was used.
For z>25 and ! < z+1, an asymptotic expansion (Abramowitz and Stegun 1965, p.

437) was used to obtain the first two terms. The forward recursion formula of equation
(D1) provided sufficient accuracy for higher order terms:
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}-{P(l+%,z)sin|:§ —%}—Q(H%,z)cos[c —I—ZTE]} for/=0,1

W@=1 (D9)
—Jt (D)= ] ,(2) forl>1
where

Dy N

P(l+—2—,z) =S (1) (z+ 2m)(zz) (D10)

m=0

1 B(H) m 1 “2m-l

Q(z+—,z) W E) (l+—,2m+l)(22) (D11)
2 - 2
1 \_  (+m)

(1+2’m)—m!f‘(l—k+l) (b12)

and { is a reduced sinusoidal argument related to z by

{=z- 201 X round(i-
32

> ) —-0.001935307179586476925286767 X round(—z—z—-) (D13)
7 T

For all other arguments and orders a method primarily attributed to J.C.P. Miller by
Abramowitz and Stegun (1965, p. 452) was used:

jl(z) =]Jl (Z) fOI lm s l < lmax (D14)

where 1 is a proportionality factor found by either

_ jlm (2)
Jlm (2)

(D15)

when j, (z)is known, such as when the recursion is continued down to [, =0, or from

1

1=
/i(zz +1)J7(2)

In practice the summation in equation (D16) is continued up to [,,,. The J,(z) terms

(D16)

are found for decreasing ! via the recurrence relation
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0 fori=1, +1
J(z)=41 fori=1_,, . (D17)
M ‘,l+l (Z)— JI+2(Z) for lm sIs< lmax —1
Z

l...x needs to be chosen with some care. By trial and error it was found that provided
[, satisfies

2.1769+0.17527log 2+2.7941x10 72 (log z)° +6.4446x1073 (log z)° +1.7055x10* (log 7)*
lmax <10 2 (logz) (log?) (logz) (D18)

the backward recursion is stable down to [, = 0. For larger values of [, the recursion
is unstable. [ . was usually obtained from equation (D18), which was always greater

than the maximum ! needed to evaluate equation (12). More computationally efficient
methods are outlined by Gautschi (1967) and Olver and Sookne (1972).

Although equations (D2) and (D3) for the first and second derivatives of the spherical
Bessel function do not diverge as quickly as equation (D1), inaccuracies in their
evaluation do nevertheless occur when they are used, especially as the order increases.
Better results were achieved by using

j;(1)=%|:jl—y(z)‘j1+|(z)_ JI(ZZ):‘ (D19)

and

+ j1+1(Z) —Jia (2) + Jia(2) = 2j,(Z) + iz (2)
27 4

o 3.
1] (z)= 4_1211(2) (D20)

The recursion formula of equation (D4) for the Neumann functions was used as it was
stable for the arguments and orders encountered. To speed computations

() = %{n,_,(z) () LZ)} ©21)

7
<~

and

47* 2z 4

n’(z) = 3 n,(2) + n,,(z)-n,,(z) + n,,(z)=2n,(z) + n,,,(2) (D22)

were used in place of equations (D5) and (D6).
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Appendix E
The integral over time in equation (53) can be evaluated as

e

J.AA/y ZK[(f -fl+ fle{O) Lit
2

% fi—h fo fimh o
j%cos[ 2 +2n(f, - f)]dtﬂJA/sml: v +2n(f. - f)]dt (E1)

Ar nal(f, - f)’ 28 ((fi-£)

207, - fo){ { G- 1) H (ﬁ—m[ A ”(f’f)ﬂ
[nar- 1] 28 (- 5) 7
”"’[ Gi-7) H (ﬁ—fa)( Ut )m/

At rar(f. - f) | 28r_((fi-5),
g ——“zu—fo){"“{ -7 _S{ e R f)ﬂ

_sin[%}C[ (flzf;o) s Asz) +(1 f)m// (2)
z(f—tme"p{—m(Aff(fcfbf)zHC{ e )ﬂ
1 <ﬁ2f\?o>((ﬁ§rm”(f"”ﬂ}i v
- z(flAff0>""“’{_m(A£(f”f;>f)2 ]{%f{%’ﬁ Vs ﬂ}//
(E4)
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where C and S are the Fresnel integrals
= [Fend T2
C(z)= jo cos( 5! )dt
and
= [Fain[ ®,2
S(z) = J.O sm( 2t )dt

and erf is the error function

_ 2 (2 o_p
erfz———\/:;_[oe dt
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(E5)

(E6)

(E7)
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