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Abstract

Periodic surfaces are the microwave analogs of optical diffraction gratings. While
diffraction gratings serve as spectrum analyzers, periodic surfaces have found many
practical applications as frequency selective surfaces which transmit or reflect a
preselected band of frequencies. In examining the electromagnetic scattering from a
periodic surface, one generally assumes the surface is planar and is truly periodic which
implies the surface is infinite in extent. Practical considerations make deviations from the
ideal unavoidable. For example, infinite surfaces are impossible and true periodicity may
not be achieved due to manufacturing tolerances and imperfections. The effects of such
deviations on the performance of a given periodic surface thus are matters of practical as
well as theoretical interest.

The purpose of this work is to characterize the degradation due to deviations from
strict periodicity, on electromagnetic scattering for plane wave incidence upon a periodic
surface. To render the problem tractable and still yield useful results, the two-dimensional
case of a strip grating consisting of infinitely thin conducting metallic strips with parallel
edges, separated by gaps or slits, was chosen to initiate investigations into the effects of
the variations. The variations are assumed to be small random perturbations in the widths
of the strips and slits as compared to an ideal periodic strip grating.

Prior works in random linear antenna arrays treat the element location as a random
point with distributions such as Poisson or uniform. This treatment is not suitable for use
as a basis for this study because a distribution specifying the distance between successive
points is more appropriate in specifying the random errors in the width of each strip and
slit. Using this specification, the average power factor of a linear array of point sources is
calculated and is equal to the power spectral density of the random process specifying the
inter element spacing. The variance and standard deviation of the average power factor

xi




are also calculated and as the number of points approaches infinity, the standard deviation
approaches the mean.

Random variations in geometry preclude exact analytical solutions using
techniques such as the Wiener-Hopf method. Hence, formulations for the far-field
statistical average power pattern of a strip grating with errors in the widths of the strips
and the slits are presented using two approximate methods. The first formulation utilizes
the Born approximation in which the unknown aperture fields are replaced by the incident
fields. The second formulation utilizes an approximation for the unknown fields which
satisfies the edge condition, i.e. has singularities at the edges of the slits/ strips.
Approximations for the scattered fields are first derived using perfect electrical conducting
(PEC) surface equivalence for a TEz polarized plane wave incident upon a strip grating
consisting of an infinite PEC screen cut by a number of infinitely long slits (infinite in the
z-direction). Babinet's principle is then used to obtain approximations for the fields
obtained when a TMz polarized plane wave is incident upon the complementary grating
formed by interchanging the slits and strips of the original grating, i.e. a number of
infinitely long strips in free space. Expressions for the average power pattern are
developed in terms of the following variables: number of slits or strips, desired width- and
spacing-to-wavelength ratios, and the characteristic functions of the probability density
functions of the width and spacing errors. Examples are presented showing the effects of
the above variables for both uniform distributed errors and errors with a density function
based upon a cosine function. The variance and standard deviation for both
approximations are examined, and , like the power factor of the array of point sources, as
the number of points approaches infinity, the standard deviation approaches the mean.
The results are compared to and agree with the average of a number of patterns computed
for realizations of gratings containing actual randomly generated errors in the width of

each strip and slit.
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TOLERANCE THEORY OF PERIODIC SURFACES

1. Introduction

Purpose

The purpose of this research effort was to develop analytical methods to
characterize the degradation in electromagnetic scattering when a plane wave is incident
upon a periodic surface having small but random variations in geometry. The
characteristics of interest were the reflection and transmission properties as functions of
angle of incidence, frequency, and polarization. To render the problem tractable and yet
yield useful results, the analysis considered a two-dimensional periodic surface composed
of perfect electrical conducting (PEC) strips separated by gaps or slits, i.e. a strip grating.
In the ideal case, all strips have equal widths and all slits have equal widths. This research
investigated the effects of small changes in the widths of the strips and slits from the ideal

case.

Background

Periodic surfaces are the microwave analogs of optical diffraction gratings. While
diffraction gratings serve as spectrum analyzers, periodic surfaces have found many
practical applications as frequency selective surfaces which transmit or reflect a
preselected band of frequencies. In formulating the problem of reflection and transmission
of a periodic surface within the framework of Maxwell's equations, one generally assumes
the surface is planar and is truly periodic which implies the surface is infinite in extent.
Practical considerations make deviations from the ideal unavoidable. For example, infinite

surfaces are impossible and true periodicity may not be achieved due to manufacturing
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tolerances and imperfections. The effects of such deviations on the performance of a
given periodic surface thus become matters of practical as well as theoretical interest.

Similar problems arise in antenna array theory and have been investigated by
several authors, notably Lo (14) , Ruze (23), Skolnik (25), and Steinberg (26). In
antenna array analysis, the location of each element is treated as random and the problem
can be solved using well established time series formulations if one replaces distance by
time.

A number of authors have investigated different mode matching, variational, and
Wiener-Hopf solutions to the problem of the exact periodic strip grating. Several of these
include Agronovich, Marchenko, and Shestopalov (1), Baldwin and Heins (5), Chen (8),
Daniele, Gilli and Viterbo (9), Ishimaru (11:189-194), Kieburtz and Ishimaru (13),
Luk'yanov (16), Luneberg and Westpfahl (17), Miles (18), Vanblaricum and Mittra (28),
Weinstein (29:267-281), and Wu (30). No work has been done, however, on gratings

with random variations in geometry.

Overview

The purpose of this work was to conduct a thorough and detailed investigation of
the effects of deviations from strict periodicity on the scattering from periodic surfaces.
To make the problem tractable and at the same time reflect prevailing manufacturing
standards, the deviations were assumed to be small random perturbations in an otherwise
periodic system. The two-dimensional case of a strip grating consisting of an infinitely
thin, planar PEC screen cut by an infinite number of periodically spaced, infinitely long
slits with parallel edges formed the basis for this research. The effects were characterized
in terms of the expected value of the far-field power pattern of the scattered fields.

Before starting on the strip grating problem, two chapters are included to provide

important background information and theory. First, the average power pattern of a linear
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array of point sources with random spacing between points is determined in Chapter IL
Associated with this chapter is an appendix which presents the calculation of the variance
of an array with an infinite number of point sources. The methods developed in this
chapter and the associated appendix for dealing with random spacings in the array serve as
the basis for analyzing the random errors introduced into the strip grating in later chapters.
Second, basic electromagnetics theory used in the formulation of the scattered fields is
presented in Chapter III. Here, PEC surface equivalence is used to derive a general
expression, in terms of the unknown equivalent magnetic surface current, for the fields
produced when a TEz polarized field is incident upon a strip grating with the slits and
strips infinite in the z-direction. Babinet's principle is then used to derive an expression for
the fields, in terms of the unknown equivalent electric surface current, produced with TMz
incidence upon the complementary grating. The complementary grating is obtained by
interchanging the slits and strips in the original grating. As a result of Babinet's principle,
the equivalent magnetic surface current for TEz incidence upon a strip grating is the same
as the equivalent electric surface current for TMz incidence upon the complementary
grating. Consequently, the same integral equation is used to represent the scattered fields
for both cases.

The next two chapters utilize two different approximations for the unknown
equivalent surface currents. Chapter IV presents the results of utilizing the Born
approximation in which the unknown fields are replaced by the incident fields while
Chapter V presents the results of utilizing an approximation which satisfies the edge
condition. For both methods, expressions for the far-field average power pattern are
derived for both gratings with no errors and gratings with independent, identically
distributed errors in width (i.e. the length of each slit for the TEz mode or the length of

each strip for the TMz mode) and spacing (i.e. the length of each strip for the TEz mode
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or the length of each slit for the TMz mode). The probability density functions (PDF) of
the errors in width may or may not be equal to the PDF of the errors in spacing.

The far-field average power pattern is computed and presented in graph format
using uniformly distributed PDFs with zero mean for the following conditions:

1) Width errors alone, spacing errors alone, and both width and spacing errors

2) Width equal to spacing, width less than spacing, width greater than spacing

3) Maximum error values (expressed as a percentage of desired width or spacing)

of: 0 (i.e. no error), 5, 10, 15 and 20%
Graphs are presented for gratings with a finite number of slits/strips to allow comparison
between the patterns of gratings with errors to gratings with no errors. In addition, graphs
are presented for gratings with an infinite number of slits/ strips. Finally, to provide a
more realistic picture of the average power pattern, patterns are provided for PDFs based
on a cosine function which distributes most of the errors around the mean value of zero.
Associated with these two chapters are appendices which present the calculation of the
variance of a strip grating with an infinite number of slits/ strips for both the Born
approximation and the edge condition approximation.

To validate the expressions for the average power pattern derived in Chapters IV
and V, the results of a number of trial realizations are presented in Chapter VI. Here,
errors in a number of gratings are randomly generated using the uniform or cosine density
functions. The average power pattern is computed for each grating and the results
averaged together. This average of the realizations is then compared to the statistical
average computed using the expressions derived in Chapters IV and V. Plots showing the
standard deviation of the realizations are also provided.

Finally, the results of this research are summarized in Chapter VII which outlines
the major accomplishments and provides observations and conclusions arising as a result

of this effort
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II. Linear Array of Point Sources

Overview

Before looking at the problem of the strip grating, it is insightful to calculate the
average power pattern of a linear aperiodic array of point sources. This is equivalent to
the average power pattern of a linear aperiodic antenna array. As stated previously,
several authors have investigated the problem of random errors in antenna arrays. In the
works referenced in Chapter I, the authors calculate the average power pattern of a linear
aperiodic array where the location of each element is treated as random. The distribution
of the element locations is typically specified by normal or Poisson PDFs. These
calculations, however, are not useful in this investigation because they consider the

location of each element as the random quantity, not the spacing between elements.

Average Power Pattern of a Linear Array of Point Sources
Let N+1 point sources be arranged on a line with the location of the nth source
denoted by X;, as shown in Figure 2.1. Define the distance between the point sources to

be given by:
L .=X,-X,, ,n=L2,...N 2-1)

The array factor is given by (15:11-9):

N
f(u)= Y el (2-2)
=0
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o7 —Li——L—— Li— —Ly—
oo e- o ---0- @- -0 oo ° -
X, X, X, X, Xna XN
Figure 2.1 Linear Array of Point Sources
where
u=sin0

6 = angle measured with respect to the normal to the array
k= 2m/A, A = wavelength

The average power factor will be defined as:

Tl =—— i

N .
eJkan
N+1 z

n=0

For the case where the spacing is periodic with period T, then:

L,=T foralln

and the average power factor becomes:

2-2

(2-3)
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2

2 1
|fexact(u)| S —

N .
eJkunT
N+1 z

n=0

2 2-6
1 sin [(N+1)k7Tu 0

N+1 sin (%FE)

In the limit as the number of point sources approaches infinity, the average power factor

becomes:

a2 N A
Isljgr}o |fexact(u)l =¥ z S(U‘nfr_) (2'7)

n=—

Now let the array have random errors in spacing such that the L, are
independent, identically distributed random variables with a PDF denoted by p(L). The

average power factor is now given by:

1 2
f(w)| =——E{|f 2-8
|f(w)| N+l {I (w)] } (2-8)
where E{]f (u)|2} denotes the expected value of |f(u)|*given by (21:138):

B{[fwf } = [ lefpidL= j;w |f (W p(L)dL (2-9)

The last equality arises from the fact that p(L)=0 for L < 0, i.e. the distance between

sources is always a positive number. Thus
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1 N N | .
= —'E{ zejkuxne—_]kuxm } (2_10)
n=0 m=0
1 NN (X, X,
=——EBJ{(N+1)+2Re gl Foem ™
N+1 {( : nz=1 mz=:O

Where '"Re" denotes the real part. But,

X X. =L, +Ln.+ -+ +L,,, (nterms) (2-11)

n+m ~

and

|f(“)|2 -—E (N+1)+2Re§N: Ele"“““w%mﬁ SRS .
" N+1 s ot
2 N N-n
=1+E{ Rez ZCJku(Lm+1+Lm+2+ +Lm+n)} (2-12)
N+1 n=1 m=0
2 SN jk (L L e 4L )
=1+ Re Eje™™ m+1thme2 F +Llm+n
e 2E }

Where the last equality arises from the fact that the expected value of a sum of
independent random variables is the sum of the expected value of each separate random

variable. Since all the L, are independent but identically distributed,

E{ RN e +Lm+n)} _ E{ - }E{ e Jkilms } . E{ eHuLmn }

(2-13)
—E" {ejkuL}

and
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Ff =10 2red, SE{e]

n=l m=0

Rei(N +1-n)E el }

n=1

=1+

N+1

Now define the characteristic function ®(u) as:

®(u) = jj:p(L) el gr, = J:wp(L)ejk”L dL

The characteristic function has the following general properties (21:153-154):

1. ®(0)= pr(L)dL =1

<|[Tpwrd=1 = |e)]<1

3. |<I>(u)| <1 for u#0 unless L takes on values forming an
arithmetic progression(i.e. periodic)

2. |@o(w)|= ‘ f:eik“Lp(L)dL

Substituting for the characteristic function, the average power factor becomes:

|_f(—u)—|2 = 1+2Reid>“(u)— N2 lRezN: n®"(u)

n=] n=]

Now use the relations:

iq)n _ d - (I)N+l
o 1-@
and
N @ + NON*2 — (N +1)oN!

2" = oy

2-5

(2-14)

(2-15)

(2-16)

(2-17)

(2-18)

(2-19)




to obtain:

Wz =l+2Re{q)

Application of L'Hopital's rule yields:

fO) =N+1 (2-21)

For the case of an infinite number of point sources, i.e. N— oo, use the following

relations for |<D| <1:

il @

lim>. %" =15 (2:22)

N-yeo p=| -
and

al @
: nd" = ——— (2-23)
1115921’ (1- @)

to obtain:

2 CI)(u) 2 <I>(u)
o) =1N1-£2{1+2Re{1— (U)}_N+1Re{[1_q)(u)]2H

¢>(u)

1-®(u) (2-24)

=1+ 2Rc{
_1- |@(u)f
1- ()’




For the case where u =0, application of a Taylor series expansion around u = 0 can be

used as follows:

Let
u— u+ jo (2-25)

then retaining only the first order terms of a Taylor series expansion for small p and ©,

et 5 1+ jk(pu+ jo)L =1-wkL+ jkuL (2-26)
and
B+ j0) - _[Op(L)[l — @KL + jkpL]dL 027
=1-kL + jkuL
where
L=E{L}= _[OE(L) LdL (2-28)
Substituting Equation (2-27) into Equation (2-24) yields:
mz 1-|i-okL+ jkpL|’ 1—[(1—wki)2 +(kuf)2]
p+jo)| = — —5 = — —
i-(-okT+ jouD)|  [(0kD)" +(kD)’] 299)

_ 20— KL(0? +p2)
")

or retaining only the first order terms:
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2 20

f j = 2-30
[£(u+ J(D)l m (2-30)

Using the following relation (27:166):

20
———2n8(n) as 00 (2-31)
(AR T)
Equation (2-24) becomes:
[Fu) = znft(” ) ki—fu ) for =0 (2-32)

which is the same as for an array with exact periodic spacing.
The variance and standard deviation (G) of the average power pattern of an array
with an infinite number of point sources is calculated in Appendix A with the following

results:

—
oo |£(u)) for uz0 (2-33)
0 for u=0

Comparing Equation (2-6) to Equation (2-20), we see that the average power
pattern for the array with random spacing errors is related to the average power pattern
with no spacing errors via terms involving the characteristic function of the spacing

errors. Similar expressions will be developed for the strip grating.
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III. Electromagnetic Theory

Overview

This chapter presents basic electromagnetics theory required to develop the
expressions for the fields scattered by a strip grating. Expressions for the scattered fields
are derived in terms of integral equations involving unknown equivalent magnetic or

electric scattering currents.

Integral Equations for an Aperture in a Conducting Screen
The following forms of the free space Maxwell's equations expressed in Gaussian

units with e/ time convention will be used in all derivations:

VxH= kE
- — 3-1)
VXE =-jkH

Consider a plane wave incident upon a planar PEC screen containing one or more
apertures as shown in Figure 3.1. Let A denote the aperture(s) and M denote the PEC
surface. An equivalent problem can be obtained by wrapping a Huygen surface around the
screen and using PEC surface equivalence with the appropriate equivalent electric and
magnetic surface currents (4:329-334). The equivalent surface currents are given by

(4:330):

(3-2)

3-1




Y=

Figure 3.1 Plane Wave Incident upon PEC Screen with Aperture

where fi is the outward normal from the Huygen surface and E and H are the total fields

on the surface of the screen. Since the screen has been replaced with a PEC plane, the

Jseq lectric currents do not radiate. Also, Mg,, =0 on the original PEC surface, leaving

a non-zero —MSeq magnetic current only in the location of the former aperture as shown in

Figure 3.2. Mg, and Mg, , are given by (4:330):

where

Mgeq1 =—1; X E,=-yxE,

Mg =Ny xE, =y x Ej = Mg

E, = total E in the aperture

3-2
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Ei,ﬁi
X

M Seql MSqu

n =Y & | n,=y

Y=0

Figure 3.2 Equivalent Problem

The vector potential F is given by (4:279):

F(R)= [, Ms(R")G,(R,R") da’

where

is the free space Green's Function and

R-R|=yx—x) +(y-y) +(@z-2)

The scattered fields due to the vector potential are given by (4:259):

3-3
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E*=-VxF
S R T B (3-7)
H =-—(VxE)==Vx(-VxF)=-j]kF-=V(V-F)
ik k k
The total fields are given by, using image theory (7:97):
_ Ei+E’+ES(2M_Seq1) ,y>0
E={_ _ (3-8)
E*(2Mgeq2) ,y <0
_ [A+H +B'(2M,,,) .y>0
H={_ _ (3-9)
H (ZMSqu) ¥y < 0

where E°*(2Mg,,) and H*(2M,) are the scattered fields due to 2Mg,,; and
E*(2Mg,,,) and H* (2Mg,,,) are the scattered fields due to 2Mg.q,. The factor of two is
due to the image of the magnetic current in the presence of the PEC plane. E' and H' are
the incident fields while E™ and H® are the fields reflected from the PEC plane. From

image theory, the components of the reflected fields are given by (3:158):

E; (X’ Y, Z) = —E;(X, =Yy, Z) H; (X, Y, Z) = H;( (X, -y, Z)
E!(x,y,2) =E,(x,-Y,2) H!(x,y,2)=-H}(x,-y,z)  (3-10)
E;(x’ Yy, Z) = "Eiz(x9 _y’z) H; (X>Y)Z) = le (xa -y, Z)

Boundary Conditions for an Aperture in a Conducting Screen

Due to the symmetry of the problem and the vector potential, the following

relations apply to the scattered fields (12:436), (7:97), (6:559):




E:(x,y,2) =E;(x,~y,2) H; (x,y,2) = -H; (x,-y,2)
E}(x,y,2)= —E{(x,-y,2) H; (x,y,2) = Hy (x,-y,2) (3-11)
E: (x,y,2) = E;(x,-y,2) H (x,y,2z) = -H}(x,-y,2)

On the PEC surface, the tangential E-field components must be zero. Thus, on the PEC

surface M,
E,=E =0 (3-12)

X z

In the aperture A, continuity of the fields requires that

E:, =E. +E, +E}, s, =H, +H; +H}
E!, =E} +E} +E}, H}, =H} +H] +H;, (3-13)
E:, =E,+E,+E} HS, = H‘Z +H! +H,

Using Equation (3-10) and the fact that x=0 in the aperture, Equation (3-13) becomes

E;,=E} HiZ = ZH; +Hi1
E}, =2E| +E}, Hj, = Hj, (3-14)
E;, =E} H, =2H, + H},

Using Equation (3-11) at x=0, we see that in the aperture,

;s(z = H;
s, =H, (3-15)
E}, = E}
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Equations for TEz Mode Incident on Screen with Infinite Slits
Now consider a TEz polarized wave incident upon a conducting screen in which
the aperture or apertures are infinite in the z-direction. For the geometry shown in Figure

3.3, the TEz incident wave is given by:

ﬁi - le 2 — ejk(xsin6+ ycos0) 2 (3'16)

Since the incident magnetic field has only a z-directed component which is
independent of z and the screen has no variations in z, the scattered and total magnetic

fields also have only a z-directed component which is independent of z.

Figure 3.3 Plane Wave Incident upon PEC Screen with Slit, TEz Mode

The scattered magnetic fields can be found using Equations (3-4) through (3-7) assuming
M has only a z-directed component which is independent of z (4:698-699). Thus

F R M e-jk\/(x—x')2 +y2+(z-z')2 d d 317
x’ — z ’ [} ! _1
( Y) J.A Sz (X ) 47[\/(x—x')2+y2+(z—z')2 X az ( )
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Use the following integral:

+00 e—jkv a2+z2

—m—dz=-jm HP (ka) (3-18)
to obtain
F(x,y)= -2-‘1{ [ Mg, 0 P (ke (x—x')” +y* )dx’ (3-19)

where L1 is the set of lines on the x-axis where the apertures cut the z = O plane.

Substituting Equation (3-19) into Equations (3-7) and (3-9) yields

H=H,3 (3-20)
where
Hi +H ~§ [ Ms)HP (kyfx—x)P+y2)dx’  ,y>0
H,={ (3-21)
Eju Mg(x") HO (ky/(x - x') +y? ) dx’ ,y<0
and

M = MSeqlz = ‘MSeqzz =Eax

e (3-22)
= the x component of the E field in the aperture

The E-field components are found by substituting Equation (3-20) into Equation (3-1) to

obtain;
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g o L13H,

* ik oy

E =——-1—aHZ (3-23)
¥ ik ox

E,=0

The unknown quantity Mg can be found by solving the following integral equation

obtained by substituting Equation (3-21) into the boundary condition for the tangential

component of the H-field in the aperture (Equation (3-15)) :

ju M, (x") HP (k|x - x'|) dx’ = %H;(X,O) (3-24)

which is valid for points in the slit regions.

Equations for TMz Mode Incident on Screen with Infinite Slits
Now consider a TMz polarized wave incident upon a conducting screen in which
the aperture or apertures are infinite in the z-direction. For the geometry shown in Figure

3.4, the TMz incident wave is given by:
Ei — Elz 5= ejk(xsin€)+ycose) 3 (3_25)

Since the incident electric field has only a z-directed component which is
independent of z and the screen has no variations in z, the scattered and total electric fields
also have only a z-directed component which is independent of z. The scattered electric
fields can be found using Equations (3-4) through (3-7) assuming M, has only a x-
directed component which is independent of z. This leads to a solution for the scattered

electric field in the form of:
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Figure 3.4 Plane Wave Incident upon PEC Screen with Slit, TMz Mode

OFy (3-26)

An alternative solution can be found directly from the TEz mode solution using Babinet's
principle. Babinet's principle is as follows (3:166) and (6:560):
1) Let Ei =Fand Hi =G be incident on the screen from the +y side and E; and H, be
the resulting fields on the -y side.

2) Let EL =-Gand H, =F be incident on the complementary screen from the +y side

and E, and H, be the resulting fields on the -y side. The complementary screen is formed

by interchanging the PEC surfaces and the apertures.

Then: L
(3-27)
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Babinet's principle can be used as follows:

Let E,,E!,H,,H be the TMz fields and E,,E},H,,Hj be the TEz fields. Then,

El = Ezli
— ) (3-28)
H, =H,z
and
E'=H,=F;2 (3-29)
From Equation (3-27),
_ i k N 132 2 2 ’
E, —EZI_E LzMs(x YHy (ky/(x=x’)" +y* )dx (3-30)

where 1.2 is the set of lines on the x-axis where the PEC surfaces cut the z=0 plane.
Although M is numerically equal to the magnetic scattering current found in the TEz
case, it now can be considered to represent the electric current density inducéd on the
surface of the strips. This leads to introducing an electric scattering current Jg by the

following substitution:
Mg — Jg (3-31)
With this notation, Equation (3-30) becomes

.k
E, =Ei, ~EJ'L2JS(x') HY (ky(x-x")? +y? )dx’ (3-32)

Thus, for the TMz mode,
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fes]]
Il
o]
N>

(3-33)

where

i _k (2) 2 2
E, =B ——| Js(x)Hg (ky(x—x')"+y")dx" for <0
L350 HE Gyl =x)7 ) y .

i s,tot
=E,+E,

The ES* notation is used to differentiate the field scattered by the complementary grating

for the TMz case from the field scattered by the original grating for the TEz case as given
in Equation (3-8). To solve for the electric field for y>0, superimpose the image problem
of —E!(x,~y,z) incident on the negative side of the screen which yields —E, (x,~y,z)
(3:163-164). Now

E,(x,9,2)~E, (x,-y,2) = EL(%,y,2) + ES* (x,y,2) - EL (%, -y,2) - B}* (x,~y.2) (3.35)

= Elz (X, Y, Z) - Elz (x7 -y Z)

since ES* is an even function in y. Thus for y>0,

E,(x,y,z) = E, (x,~y,2) +EL(x,y,2) - E}(x,~Y,2)
i k i i

= B, (x,~3,2)~ 7 L Js HP (ky/(x—x')* +y?)dx’ +EL(x,y,2)- B} (X,—Y,2)

- Eiz(x,y,z)—zcz—jmJS H{® (k (x-x') +y*)dx’, y>0
(3-36)

Equations (3-34) and (3-36) have the same form , thus
E, =E. —EI To(x") HY (ky/(x - x’)? +y?)dx’ for ally
29 (3-37)

=E, +E;*
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Note the similarity in the form of the integrals for the TMz case, Equation (3-37) and the
TEz case Equation (3-21). The H-field components are found by substituting Equation

(3-33) into Equation (3-1) to obtain:

__180E,
* jk oy
1 0E
H =——=* 3-38
¥k ox (3-38)
H =0

z

The unknown quantity J can be found by solving the following integral equation obtained

by substituting Equation (3-37) into the boundary condition for the tangential component

of the E-field on the (PEC) surface (Equation (3-12) ) :

2.
[, Is Y HP (kfx -] dx’ = ~E,(x,0) (3-39)

which is valid for points on the original PEC surfaces. Note that Equation (3-39) has the

same form has Equation (3-24) obtained for the TEz case. In fact, since

E‘z for the original grating= H: for complementary grating

3-40
L, for the original grating= L, for the complementary grating ( )
then as expected from Babinet's principle,
J for the original grating= My for complementary grating (3-41)

and in the region behind the grating, i.e. y<0,
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—E3*! for the original grating = Hj, for complementary grating (3-42)

Equations for TEz and TMz Modes Incident on Strip Grating
The integrals for the TEz mode in Equation (3-21) and the TMz mode in Equation
(3-37) both are of the form:

S :% L HP (ky/(x—x")? +y? )dx’ (3-43)

where § is the scattered field, Iy = Mg or Jg, and L =L or L, as appropriate. Thus both
can be evaluated in the same manner. Now consider the screen to contain a number of

strips and slits infinite in the z-direction as shown in Figure 3.5.

-— Wy a, w; a; : Wy ' a, w,'—g

Figure 3.5 Infinite Strip Grating
For the TMz case, the wy, represent the width of the strips and the aj, represent the

width of the slits. For the TEz case, the a,, represent the width of the strips and the wy

represent the width of the slits. For future discussion, the term width will refer to the wy

3-13




while the term spacing will refer to the ap. Using these specifications for the grating,

Equation (3-43) becomes:

K ft
S‘-‘ZEJ;“IS(X’)HE,”(k (x—x")% +y*)dx’ (3-44)

where n ranges from O to +c. The integral equations incorporating the boundary

conditions, Equation (3-24) and Equation (3-39), become:
zgf“ls(x') HP (k|x — x/dx’ = e (3-45)
n n
Equation (3-45) is valid for X < x < Tp.

Referring to Figure 3.5, the following relations hold for a grating with no errors:

a, =A
w, =W (3-46)
A+W=T

where T is the period of the grating. Setting the origin at X, i.e. Xo = 0, Equation (3-44) .

becomes:

S= 2%]“” I (x") HY (ky/(x—x’)? + y? )dx’ (3-47)

nT

Using the change of variables
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x”=x"-nT (3-48)

Equation (3-47) becomes:

S= 2-125 j;” I, (x”+0T) H? (ky/(x— x” = nT)” +y* )dx” (3-49)
n

Since the grating is periodic, the current in the slits or strips is related according to

Floquet's theorem by (24:14):

I (x” +nT) = I (x"")e*T*"® (3-50)

This leads to

S= Zg“'ow Is (X") ejnkTsin() HE)Z) (k\/(x —x/’ - nT)2 + y2 )dX” (3-51)

The equation for the boundary conditions, Equation (3-45) becomes:

W . . P
zlz‘-jo I, (x’) T8 g (k|x —x”’ - nT|)dx’” = e (3-52)

For the purposes of this analysis, errors in geometry of an ideal grating will be introduced
as perturbations from the desired values of each strip and slit width. This can be

expressed as:

a, =A+g,

w,=W+E (3-53)

subject to the conditions:
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E{e} =E{g}=0 (3-54)

where the g, are independent, identically distributed random variables with a PDF denoted

by pe(€). Similarly, the Ep are independent, identically distributed random variables

with a PDF denoted by pg(g). The PDFs pg(€) and pg(g) may or may not be equal to each

other.
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IV. Born Approach

Overview

This chapter presents results obtained when the unknown fields in the integral field
equations are replaced by the incident fields. This is an application of the Born
approximation (20:1073) and is equivalent to a physical optics approximation. It is valid
in the high frequency region where the wavelength of the incident wave is much smaller
than the widths of all the slits and strips. Consequently, it is especially useful in problems

of optical diffraction.

Far Field Pattern for Grating with No Errors

For a grating with no errors, the scattered fields are given by (Equation (3-47)):

s=3 5[0 Lo yflx-x) v @1

Using the relation

HP (x) ~ J %txe—j(x—"/ Y asx— oo 4-2)

the scattered fields in the far zone become:

nT+W J(km -n/ 4)

s~ 35 [ 1) [T o

Next, use the Fraunhofer approximation:

dx’ (4-3)
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a5 |R for amplitude purposes
() 4y z{R-kx’sine 44

for phase purposes

where
x’+y? =R (4-5)

and 0 is the observation angle as defined in Figure 4.1 to obtain:

T —jkR o
S~ S ’ J/ ¢ Zj T+W ka smedx (4-6)

where the superscript "f" refers to the far-field approximation for the scattered fields.

_———— e L —— e e e — —— - e 2 2 X

Observation Point

Figure 4.1 Incidence and Observation Angles

Consider TEz incidence with the incident electric field defined by:

sz - ejk(xsinei + ycos0;) (4_7)

then,
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y=0
— OoH O0H
oy ‘|y=0="9’<-‘11; oy ax”]
j o
_1 0N, % =cosB, e 3
Jk 0y | '

and
I,(x’) = cos®; e

for both the TMz and TEz cases. Inserting this into Equation (4-6) yields:

, jn/ g kR nT+W
Sf - COSG / ZJ‘ _|kx sinb; e -jkx’ smedx

e IR ﬂT"'W jkx'(sin®; ~sind)
= cosH, e dx’
\/ e
AR e'JkR sin(—k‘;’“) -
=cosO..[—e 74 2 - s Jrniu
VR Le

u
n

where

u=sinb; —sin®

Let n range from O to N, then Equation (4-10) becomes:

: - —j inf kWu ) o kTu
, 7 in/ kWe/ g~IR sin )sm[(N+1)__]
St = cos, —eAe 2 2
nk

JR u sin(kIu)

_ _k_ j% jkWu e kR sin ) sm[(Nﬂ)m]
_Wcosé)”/mt e/t e = (kW )

K sm( kT“)

4-3

(4-8)

(4-9)

(4-10)

(4-11)
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The average power pattern for the grating with no errors is given by:

S W] = =[5

2
k(W e sin (N+1)—
_ 1 K(Weos (4-13)
N+1 27R s]n kT“
2
1 k(WcosG sm (N+l) 5 ]
N+1 27R ( sm(kTu)
where
k NS
IO:M (4-14)
2nR

is the power intensity for a single slit or strip with u=0. With the exception of the 1/(N+1)
factor, Equation (4-13) is the familiar Fraunhofer diffraction pattern of an array of N+1
slits found in optics textbooks (10:410).

To find the average power pattern for the infinite strip grating, use Equation (2-7):

(4-15)

Grating with Errors
Now let the width of the strips and slits be defined as in Equation (3-53). The far

zone scattered fields in Equation (4-10) become:
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k i e'ij Tn o
Sf = cosei /._.__ e /4 ZJ’ e_]kux dx’
2n ‘\/ o Xn

- df/(;s:k \/— Z (e_]ku‘tn e]kuxn)

(4-16)

Again let n range from 0 to N. The average power pattern is given by:

|Sf(u)l cos’ 6, {i i (e_,kutn e KU%n )(e-jkutm — g tkuxg )} (4-17)

N+1 2nkR wardwr!

Let

M=

N
D= Z (ejku‘tn _ e_|kuxn )(e-jkutm _ e-jkuxm )
n=0 m=0
N N (4-18)
= Z Z [ejku(’cn—tm) + ejku(xn—xm) _ ejk“(‘n'xm) _ ejk“(xn"“m)]
n=0 m=0
Separating the terms for which n=m, this becomes:
N N ]
D=(N+1)+(N+1)-), eike(nxa) _ > o kulta=xy)
n=0 n=0
N N-n (4-19)
+ ZRG{Z Z [ejk“ Tnem=Tm) +e iku(Xpem=%m) _ ejku(tn,,m—xm) _ ejku(xmm—-:m)]}
n=l m=0

or
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M=

D=2(N+1)——2Rc[

¥ 2Re{i

n=

]
o

n

ejku(1:n —xn))
(4-20)

N n - a
[elku Tnem _Tm e.]ku(xmm _Xm) — eJku(tm-m _xm) _ e.]ku(xn+m_":m) ]
1 m

=0

Now the following relations are true:

T —X =W (4-21)

—Tp=an+ Wy +ang tWeot o Fanm + Wi
n+m-1 (4—22)

= Z(ak + W)
k=m

Tn+m

X —Xp =Wy tan Wi tanat Wi +tanim-

n+m-1 ( 4_23)

n+m

—Xp =WptaptetWon g Tagima +Woim
n+m-1 (4_24)

mT Z(ak +w,)

k=m

tn+m

X “Tp =8 +Wopat+ag g+ +tWoimg +an.m

n+m-1 4.25
=a,+ Y (8 +w) (425)

k=m+1

n+m

Also define the following characteristic functions:

o) =Bl (4-26)
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For the types of errors given by Equation (3-53), these become:

@( u) = E{ejkuw } — E{ejku(w+§)} — ejkuWE{ejkug}
(4-27)
(I)(u) = E{ejkua} — E{ejku(A+e)} — ejkuAE{ejkue}

Then

N N-n
E{D}=2(N+1) 2Re( ®)+2Re{zz [@“@“ +®"Q" - 0™ —d)n@)““]}
n= n=1 m=0

=2(N+1)-2(N+1)Re{0®}

+2Re{i(N+1—n)[(Dn®n +O"O" _q)n®n+1 _(Dn®n—l]}
n=l

(4-28)
E{D}=2(N+ 1)[1 ~Re{0} + Re{i(d>®)“[2 -0- %]H
) n=1 | (4-29)
_ 2Re{z n(®6)"[2-8- y@]}
Use Equations (2-18) and (2-19) to obtain:
(20)-(®0)""
E{D}=2(N+ 1)[1 ~Re{0}+ Re{[ 1 (00) ][2 ©- @]H
(4-30)

(00) +N(@0)V*? - (N +1)(@e)™"
_2Re{|: @] }[2 e- @]}

Substituting Equation (4-30) into Equation (4-17), the average power pattern becomes:
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T - 2 -netne (290 -0 )

1 Re“(@@)m(m)w (N+l)(®®)N+l}[2 o- ¥ ]H

N+1 [1-(00)]

(4-31)

or using Equation (4-14),

T -1 sl (29509 oo

(kuw)

1 (©0)+N(@0)™ —(N+1)(00)""
_N+1Re{|i [1-(®6)] }[2 ©- @]H

(4-32)

Note the similarity of Equation (4-32) to Equation (2-20). Substituting u=0 into the first

equation in Equation (4-16) yields:

k cos’ 6,
S0 = Nl o {ZZWW}

n=0 m=0

- Y\I_L—lv"z[(NJF DE{w? }+(N? + N)E? {w}] (4-33)

= \—1195- [E{w2 } +N E? {w}]

or

SO = [ov+nwe s fe’]] (434)
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For the case of an infinite number of slits or strips, i.e. N—o, Equations (2-22) and

(2-23) can be utilized to obtain:

|Sf(u)r -1, (kuiV)z [I—Re{(a}+Re{l;1£(?§()_))j|[2—®—%a]ﬂ (4-35)

To examine the behavior at u = 0, again let u — p+ jo and use the first order terms of

the following Taylor series expansions:

O(pu+jo)~ J(:;)a (a)[1- oka + jkpa]da

=1-wka+ jkya
T (4-36)
i +jo)~ jopw (w)[1 - okw + jkpw Jdw
=1-okw + jkpyw
With the types of errors given by Equations (3-53) and (3-54),
a=A+E{e}=A
(4-37)
w=W+E{¢}=W
and Equation (4-36) becomes:
D +jo) ~ 1- 0kA + jkpA ~ elbrio)s
(h+jo) Jkp (4-38)

O +jo) ~ 1 - okW + jkuW = eibiolV

for small p and ©. Substitution into Equation (4-35) yields:
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le(u +jo )|2 =l 2 >(1- Re{ejk(‘”j"’)w}
[k(u+ jco)ZW]

(e_ik(u+j0) )A ejk(p+ju))W) (4'3 9)
+Re [2 _ eiklurio)w _ e—jk(u+jco)w]
! )

—— AT
- (eJk(uﬂw)A eJk(uﬂm)

or

le(u+jm)'|2 =1, [k(u 2 )2W]2 [l—cos[k(p,+jm)W]
+jo

( ejk(u+jm)(A+W))
Re ]— Ktio)(A+W) [2 ~2cogk(p +jo )W]]

(4-40)

which becomes:

S . 2
|Sf(u+jm)|2 :IO[ ( 2 - . 2{Sln[w]}
k(p+jo) W
(4-41)

(ejk(u+jm)(A+w)) }

x| 1 Re El_ejk(ij)(MW)

or

2

(4-42)

YR sin k(utjo)W 2 l_ejk(p+jm)r
[S*(u+jo) =Io{ i(_w;_é)g ]] ‘Jejk(ww

Using Equation (2-31), this becomes as @ — 0:
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oty LA
S7 ) ==228(w)  for n=0 (4-43)

which is the same as for the case of the grating with no errors.

Grating with Uniformly Distributed Errors

Suppose € is uniformly distributed over the range: —cA <e <cA where c is the
maximum spacing error expressed as a percentage of the desired spacing A. The PDF of e
is given by:

—1— —cA<g<cA
Ps(e) =<42cA (4-44)

0 otherwise

The characteristic function ® is given by:

®(u) = ejkuAE{ejkus}

gkua

[ ehed 4-45
" 2cA da & S

4 sin(kucA)
kucA

— ejku

Now let € be uniformly distributed over: —bW <& <bW where b is the maximum width

error expressed as a percentage of the desired width W. The PDF of £ is given by:

1
Pé(g): _Z—i_)—\—;v— —bWSaﬁbW (4-46)

0 otherwise

The characteristic function @ is given by:
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O(u) = ™ VE{e™*}
ejkuW
T 2bW
_ oW sin(kubW)
- kubW

j"w e de (4-47)

-bw

Graphs comparing the average power patterns, normalized by dividing by I,
(denoted by I/1,), for exact gratings and gratings with errors are shown below. To allow
a clearer picture of the effects of the random errors, a finite number of slits/ strips is used
for most of the graphs. Plots for an infinite number of slits/ strips are included to show the
degradation to the impulse functions of the ideal grating. The following notation is used

in the graphs to indicate the values of the appropriate variables:

u: sinQ;-sin6

N+1: Number of Slits or Strips.

W/A: Desired Width (Ratio of desired slit (TEz) or strip (TMz) width (W) to
Wavelength)

A/A: Desired Spacing (Ratio of desired strip (TEz) or slit (TMz) width (A) to
Wavelength)

Uniform Dist: Values for grating with errors computed using uniform distributions for
the errors

%W Tol: The maximum value allowed of the error in width (£) expressed as a
percentage of width W. This corresponds to the variable "b" in Equation (4-46)

%A Tol: The maximum value allowed of the error in width (€) expressed as a percentage

of width A. This corresponds to the variable "c" in Equation (4-44)
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Figure 4.2 shows the average power pattern for an exact grating (i.e. a grating
with no errors) with a finite number of slits or strips. The plots consist of a series of large
spikes located arcsin (A/T) apart in angle. The plot clearly shows the sinc envelope of the
average power pattern which is governed by the w/T ratio. On an expanded scale, Figure
4.3 shows the effects of increasing the total number of slits or strips. As the number of
slits/ strips increases, the amplitudes of the spikes increase and while the widths of the
spikes decrease and the pattern begins to resemble a series of impulse functions as given in
Equation (4-15). Figure 4.4 presents the same pattern with the values normalized so that

the maximum value (at u = 0) equals one, again showing the sinc envelope to the ratios of

the main spikes.

w H

N

Average Power (I/Io)

om ,AA¢,,4AAAAA¢.
0 01 02 03 04 05 06 07 08 09 1

u

N+l=5 W/A=2 A/A=18

Figure 4.2 Far Field Born Approximation - Grating with no Errors
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Figure 4.3 Far Field Born Approximation - Effects of Total Number of Slits/
Strips on Grating with no Errors
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Figure 4.4 Normalized Far Field Born Approximation - Effects of Total
Number of Slits/ Strips on Grating with no Errors
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Figures 4.5 through 4.8 show the effects of errors in spacing alone, width alone,
and both spacing and width respectively for a finite grating with desired width equal to
desired spacing, i.e. W = A. The plots show the overall effect is to lower the amplitude
of the main peaks and broaden the width of the spikes. The values between the main
spikes also increase slightly. The effects become more pronounced as the parameter u is
increased. A comparison of Figure 4.5 to Figure 4.6 shows that the effects of error in
width alone are on the order of the errors in spacing alone for a given tolerance level.
Figures 4.7 and 4.8 show the combined effects of errors in both spacing and width.

Figures 4.9 through 4.12 show the effects of errors in spacing alone, width alone,
and both spacing and width respectively for a finite grating with desired width less than
the desired spacing, i.e. W < A. The plots again show the overall effect is to lower the
amplitude of the main peaks and broaden the width of the spikes. A comparison of Figure
4.9 to Figure 4.10 shows that, for this case, the effects of error in spacing alone are
greater than the effects due to errors in width alone for a given percent tolerance level. In
terms of absolute tolerance in wavelengths, however, the errors are similar, i.e. the %A
Tol = 5 errors in Figure 4.9 are similar to the %W Tol = 15 errors in Figure 4.10. Figures
4.11 and 4.12 show the combined effects of errors in both spacing and width.

Figures 4.13 through Figure 4.16 show the effects of errors in spacing alone,
width alone, and both spacing and width respectively for a finite grating with desired
width greater than the desired spacing, i.e. W > A. A comparison of Figure 4.13 to Figure
4.14 shows that, opposite to the previous case, the effects of error in width alone are
greater than the effects due to errors in spacing alone for a given percent tolerance level.
In terms of absolute tolerance in wavelengths, however, the errors are similar, i.e. the %A
Tol = 15 errors in Figure 4.13 are similar to the %W Tol = 5 errors in Figure 4.14.

Figures 4.15 and 4.16 show the combined effects of errors in both spacing and width.
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Figure 4.5 Far Field Born Approximation - Effects of Spacing Errors on
Grating with Desired Width Equal to Desired Spacing
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Figure 4.6 Far Field Born Approximation - Effects of Width Errors on
Grating with Desired Width Equal to Desired Spacing
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Figure 4.7 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Equal to Desired Spacing
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Figure 4.8 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Equal to Desired Spacing
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Figure 4.9 Far Field Born Approximation - Effects of Spacing Errors on
Grating with Desired Width Less Than Desired Spacing
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Figure 4.10 Far Field Born Approximation - Effects of Width Errors on
Grating with Desired Width Less Than Desired Spacing
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Figure 4.11 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Less Than Desired Spacing
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Figure 4.12 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Less Than Desired Spacing
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Figure 4.13 Far Field Born Approximation - Effects of Spacing Errors on
Grating with Desired Width Greater Than Desired Spacing
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Figure 4.14 Far Field Born Approximation - Effects of Width Errors on
Grating with Desired Width Greater Than Desired Spacing
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Figure 4.15 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Greater Than Desired Spacing
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Figure 4.16 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Desired Width Greater Than Desired Spacing




Figure 4.17 shows the average power pattern for a grating with an infinite number
of slits/ strips for varying amounts of equal width and spacing tolerances. The effects due
to increasing the amount of errors follow the same trends as for the finite cases. Although
not shown on the graph, the patterns still contain an impulse at the origin (u = 0) which is
not plotted due to its infinite amplitude. Using a ray analysis approach, the presence of
the impulse can be regarded as being due to the fact that all rays travel equal optical path
lengths for u = 0.  The graph also shows significant reduction in amplitude and an
increase in beam widths as compared to a grating with no errors. The figure also shows
non-zero values at locations between the main spikes. These effects increase as the
parameter u is increased, essentially washing out the grating lobe pattern of the grating
with no errors.

Figure 4.18 shows the progression of increasing the number of slits or strips from a
small finite value up to an infinite number. Here the build up to the impulse at the origin is
seen as well as the to the finite values at the other main spike locations.

For completeness and later reference, Figures 4.19 and 4.20 show the average
power pattern for low frequency scattering, i.e. T/A <1. Figure 4.19 presents the results
for a grating with a finite number of slits or strips. The main effect of the errors is to raise
the value of the nulls in the floor of the pattern while the main lobe is not significantly
affected. Figure 4.20 presents the results for a grating with an infinite number of slits or

strips.
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Figure 4.17 Far Field Born Approximation - Effects of Width and Spacing
Errors on Grating with Infinite Number of Slits or Strips
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Figure 4.18 Far Field Born Approximation - Effects of Total Number of
Slits/ Strips on Grating with Errors
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Figure 4.19 Far Field Born Approximation - Effects of Errors on Grating
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Figure 4.20 Far Field Born Approximation - Effects of Errors on Grating
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Grating with Cosine Function Distributed Errors

The uniformly distributed errors can be regarded as representing a worst case
distribution of the errors and may not be representative of typical manufacturing errors. A
PDF based upon a cosine function is more representative of actual errors. Let the PDF of

€ be given by:

ool zE)]
— |1+ cos{ == —cA<e<cA
P.(g)={2cA (CA)

0 otherwise

(4-48)

This PDF distributes most of the errors around zero while the density tapers off to zero at

€ = xcA. The characteristic function ® is given by:

D(u)=¢ jkuAE{ e jkus}

= ijl: Jj; ejk“e[l +cos(§£—)]d£ o)
Using the integral :
I e cosbx dx = eaX(a CO:Zb : ;:) sin bx) (4-50)
the characteristic function becomes:
®(u) = e sin(kucA) (451)

1_(3%4&_)2 kucA

Use of L'Hopital's rule yields:
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d(u) = Lefe for n=—"_ (4-52)
2 kcA
Similarly, let the PDF of € be given by:
L 1+cos(—7§) -bW<ESHW
P.(E) =1 2bW cA (4-53)
0 otherwise

The characteristic function @ is given by:

O()= ejk“WE{ejk“g}
_ ™V sin(kubW) (4-54)
- (lew)? kubW
T

and

T

4-55
kbW (4-53)

3
O(n) = -é—ejg for u=

Graphs showing the average power pattern of gratings with errors using the cosine PDF
are shown below. Figures 4.21 and 4.22 show the pattern for a grating with a finite
number of slits/ strips while Figure 4.23 shows the pattern for a grating with an infinite
number of slits/ strips. The overall effects are similar to the gratings with the uniformly
distributed PDFs. As expected, for a given maximum error (i.e. % Tol), the errors in
spacing and width have less of an effect upon the average power pattern of a grating with

cosine distributed errors than to a grating with uniformly distributed errors.
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V. Edge Condition Approach

Overview
This chapter presents results obtained when the unknown current in the integral

field equation is replaced by an approximation which satisfies the edge condition, i.e. the

current behaves as p> where p is the distance from the edge (11:577-579). The
approximation is first obtained for the case of a grating with no errors and an infinite
number of slits/strips and then modified for the case of a grating with width and spacing
errors. This approach is especially valid in the low frequency region where the wavelength

is much larger than the widths of all the slits and strips.

Far Field Pattern for Grating with No Errors
Setting the origin at the mid point of the first slit or strip, i.e. 1/2 (Xg + Tp) = 0,

the scattered fields for a grating with no errors are given by (Equation (3-44)):

k nT+W/2
5= 22 b LGV HE (ki x)? y? yax -1)

which becomes in the far field:

, jr/ g kR T+W/2
/ ZJ-nT v s ka smedx (5_2)

The unknown current Ig can be approximated by the following expression (11:192):

()= — S (5-3)
[(%)" - (x = nT)?]
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where the subscript "n" refers to the current in the nth it or strip and "C" is a constant.
The value for the constant "C" can be obtained using a modal expansion for the scattered

field as provided in Appendix B. This results in:

c~fa3 Lol | 4

m=0pm

where

Prm = [kz ~(ksin@; + 2'%"‘)2] ? (5-5)

Figure 5.1 compares the reflection and transmission coefficients as a function of the T/A
ratio computed using this approximation to the coefficients obtained from an exact
solution using the Wiener-Hopf method (29:267-281). The coefficients are calculated for
a grating with no errors, an infinite number of slits/strips, normal incidence TEz mode, and
the width equal to the spacing, i.e. W = A = T/2. For the range of T/A ratios shown,
corresponding to only one propagating scattered mode, the approximation agrees very

well with the exact solution.

Substituting Equation (5-3) into Equation (5-2) results in:

. ’k i/ e jkR nT+W/2 Y -jkx'sin® q.»
S = Ee 4 JR ZJnT-W/Z ]% e’ dx (5-6)

%) ~x-nTy?
Using the change of variables:

x"=x"-nT (5-7)
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Figure 5.1 Comparison of Approximation Using the Edge Condition to
Exact Solution Obtained via the Wiener-Hopf Method

Equation (5-6) becomes:

-jkR w/2 jk sm9 —sm9)(x *+nT)
Sf = e 2 :J’ Ce dx'!
V -W/2

(W/)()]

Jn e —jkR unT w/2 oJkux” "
- C\/;n_ Z : J.W/2 [(v%)z_(x,,)z]% dx

The integral is simplified in Appendix C with the following results:

w2 jkux’’
Lan Ty & = o (5)
W (%) -]
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Which leads to:

’ i -jkR .
Sf :C _l%t_ e-’% e‘/ﬁ Jo(liZW)ZejkunT (5_10)

The average power pattern for the grating with no errors is given by:

S g o Yl Gk d
e (0] T N+1 2R o) sin | X2
: (5-11)
I, 5 (kuW) , | sin [(N+l)$]
- N+1[ o] sin (XI2
where
2
I, = C;;fm (5-12)
To find the average power pattern for the infinite strip grating, use Equation (2-7):
LI PY R 2 A
Shaaa(w)] =22 3 [5o(25)] 6(u—-’3T—) (5-13)

n=-o0

Grating with Errors

Now let the width of the strips and slits be defined as in Equation (3-53). Using

. =%n +T, + W,

n 2
5-14
Xn +‘tn —Wn ( )
X =—-——2———
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The far zone scattered field becomes:

/ 78500 <l i e -
S 1 ’ -kasmed ’ 5.15
2% JR_ ZJ}_L;—W_,\_ s(x )e X ( )

n

The approximation for the unknown scattering current given in Equation (5-3) is modified

to retain the appropriate edge condition behavior as follows:

Cejkx' sin ei

(g -]

Lo (x') = (5-16)

Substituting this into Equation (5-15), the scattered field becomes:

LR [ com i -l T o s

Using the change of variables:

n (5-18)

The scattered field becomes:

gf \/; J’y e kR ZJ, ! Co jku(x+Xa2tn n)[( %)2 —(x”)z] /zdx"
J’; JV ejik Z J— Xp+t, J‘WTW; ejkux”[(w%)z—(X”)z]—yzdx"

(5-19)
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Using Equation (5-9), this becomes:

Sf:"\/;zk- 7 rZ (e (5-20)

Letting n range from 0 to N, the average power pattern is given by:

|sf(u)| - C “k {Zie’““‘ (Eiw_)e‘jkz—"("m”m)Jo(l‘“—;"—m-)} (5-21)

n=0 m=0

Separating terms for which n=m,

(5-22)

a3 ey fm fo)

or

Let
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From Equations (4-22) and (4-23), the following is true:

n+m-1 n+m-1

Xpem " Xm T lopm = Tm = E(ak +Wk)+ Z(ak +Wk+1)
k=m k=m
n+m-1
=2a,+wW,+W, . +2 Z(ak +wk)
k=m+l

Using the characteristic functions:

0(u) = E{ejkuw } - E{ejku(W+E)} —e jkuWE{ R jkug}

o(u) = E{ejkua} _ E{ R jku(A+e)} —e jkuWE{ e jkue}

Then

Jo(kg‘v)} Ij (N+1-n)(@0)"®

1

{
- EZ{ej“Tw Jo(lﬂgx)}@“l[(N +1)i(@q>)" —EN:n(@CD)"]

n=] n=1

Use Equations (2-18) and (2-19) to obtain:

N+1)

kuw _ (
N

_+N(©2)™? —(N+1)(00) ™"
[1-e0T]
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Inserting Equation (5-28) into Equation (5-23), the average power pattern becomes:

P Crk [Ty (P gaw ) | OD- (00)™* ]
s"(u)| = 2R_[E{JJKTQ]}+2Rﬁ%y{C 2JJ379}®1{ o0

[, e N(09)™ -(N+1)(@2)"* 7

~2Re Ez{e’TJo(k—g‘X)}Q'l s
(N+1)[1-09]
Substituting u=0 into Equation (5-21) yields:
2 2
|sf(o)| = ngk (N+1)=1,(N+1) (5-30)

For the case of an infinite number of slits or strips, i.e. N — o, Equations (2-22) and

(2-23) can be utilized to obtain:

R S R | e S e D

To examine the behavior at u = 0, again let u > p + jo and use the first order terms of

the following Taylor series expansions for u+ jo ~0:

JO["(—“";L)‘X] ~1 (5-32)

Kfp+jo)w
ej 2 ~1- okw +j kuW
2 2

(5-33)

which leads to:

5-8




k{u+jo)w )
eJ 3 Jo[k(pﬂm)w] ~]— okw +j kHW (5_34)

2 2 2

and

k(p+jolw .
E{e’ : Jo[i“ﬁ%“’—)ﬁ]} I P 1 2
(5-35)
okw . kuw

Al

2 72
E{[Jg[k_(&i;‘ﬂ]r} ~1 (5-36)

With the types of errors given by Equations (3-53) and (3-54),

a=A+E{e}=A
_ (5-37)
=W+E{£}=W
Equation (5-35) becomes:
_k(p+jw)w . .k(p,+j(x))W
Ele 2 Moty OkW kW ™2 (5-38)
2 2
for small p and ®. Using Equation (4-38),
ik(ptjo)W  jk(p+jo)A
O +jo)p(n+jo)~e e (5-39)

~ elk(ptio)T

Substitution into Equation (5-31) yields:
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. 2 . .
———2 2 K(p+jo)W iklu+io)a
f : — = -
S*(u+jo) | 1+2Re (e . per (5-40)
or
—_— CZ ik ejk(}l+jﬁ))T
£ ) = S —
IS (u+1m)‘ = {HZRe{l_ejk(ww)T
T 5-41
_ Cnk 1“ejk(“+w)rz N
2R ‘1_ ejk(p+jco)T2
Using Equation (2-31), as ® — 0 this becomes:
i Clmk A Ioh
fly4ie) = Ms(y) = 20 - -
8w+ jo)| === 28w ="2=8(w)  for w=0 (5-42)

Grating with Uniformly Distributed Errors

Let € and & have uniform PDFs as given in Equation (4-44) and Equation (4-46).

The corresponding characteristic functions ® and © are given by Equation (4-45) and

Equation (4-47). Graphs comparing the average power patterns (normalized by dividing

by Iy) for exact gratings and gratings with errors are shown below. The majority of the

graphs present results for low frequency scattering i.e.

A>T since the edge condition

approach is more accurate in this regime. The expected values for terms involving the

Bessel function (J,) were computed numerically. To allow comparison of gratings with

no errors to gratings with errors, a number of graphs were computed using a finite number

of slits or strips. This permits the graphs to show the progressive changes in the average

power pattern of a grating with errors to a grating with no

5-10
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Figure 5.2 shows the effects of increasing the total number of slits or strips for a
grating with no errors and T=0.8A. As expected, as the number of slits or strips
increases, the pattern begins to resemble an impulse function at the origin. This is

consistent with only one propagating mode being scattered from a grating with no errors

and an infinite number of slits or strips when A > T.

40 1
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2 :
= 30 135 B T N+1= 10
p— .
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= e 40
W
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&
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£
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03 04 05 06 07 08 09 1

u

W/A=0.4  A/A=0.4

Figure 5.2 Far Field Edge Condition Approximation - Effects of Total
Number of Slits/ Strips on Grating with no Errors

Figures 5.3 to 5.11 show the effects of errors in spacing alone, width alone, and
both spacing and width for finite gratings with various ratios of desired width to desired

spacing. The desired period for the graphs is T=0.8L. The plots show the overall
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effects are similar to the effects seen using the zero order approximation. Most
significantly, the main lobe is not significantly degraded and the nulls in the floor are
raised.

Figures 5.3 to 5.5 show the effects of errors in spacing alone, width alone, and
both spacing and width for a finite grating with desired width equal to desired spacing, i.e.
W =A. A comparison of Figure 5.3 to Figure 5.4 shows that, as in the results obtained
using the zero order approximation, the effects of error in width alone are on the order of
the errors in spacing alone for a given tolerance level. Figure 5.5 shows the combined
effects of errors in both spacing and width. Note the simularity of this graph to Figure
4.19, obtained using the zero order approach.

Figures 5.6 through 5.8 show the effects of errors in spacing alone, width alone,
and both spacing and width respectively for a finite grating with desired width less than
the desired spacing, i.e. W < A. A comparison of Figure 5.6 to Figure 5.7 shows that, for
this case, the effects of error in spacing alone are again greater than the effects due to
errors in width alone for a given percent tolerance level. Figure 5.8 shows the combined
effects of errors in both spacing and width.

Figures 5.9 through 5.11 show the effects of errors in spacing alone, width alone,
and both spacing and width respectively for a finite grating with desired width greater than
the desired spacing, i.e. W > A. A comparison of Figure 5.9 to Figure 5.10 shows that,
6pposite to the previous case, the effects of error in width alone are again greater than the
effects due to errors in spacing alone for a given percent tolerance level. Figure 5.11

shows the combined effects of errors in both spacing and width.
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Figure 5.4 Far Field Edge Condition Approximation - Effects of Width
Errors on Grating with Desired Width Equal to Desired Spacing
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Figure 5.5 Far Field Edge Condition Approximation - Effects of Width and
Spacing Errors on Grating with Desired Width Equal to Desired Spacing
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Figure 5.6 Far Field Edge Condition Approximation - Effects of Spacing
Errors on Grating with Desired Width Less Than Desired Spacing
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Figure 5.7 Far Field Edge Condition Approximation - Effects of Width
Errors on Grating with Desired Width Less Than Desired Spacing
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Figure 5.8 Far Field Edge Condition Approximation - Effects of Width and
Spacing Errors on Grating with Desired Width Less Than Desired Spacing
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Figure 5.9 Far Field Edge Condition Approximation - Effects of Spacing
Errors on Grating with Desired Width Greater Than Desired Spacing
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Figure 5.10 Far Field Edge Condition Approximation - Effects of Width
Errors on Grating with Desired Width Greater Than Desired Spacing

5-16




100
Exact Grating
° 10 1 % W Tol= 5, % A Tol= §
[s}
= N % W Tol= 10, % A Tol= 10
Pt
g 14 N % W Tol= 15, % A Tol=15
a — === % W Tol= 20, % A Tol= 20
%)
80 .1
o 0.1
)
> q
< 0.01 { X
0.001 .

0 01 02 03 04 05 06 07 08 09 1

u

N+1=10 W/A=0.6 A/A=02 Uniform Dist

Figure 5.11 Far Field Edge Condition Approximation - Effects of Width and
Spacing Errors on Grating with Desired Width Greater Than Desired Spacing

Figure 5.12 shows the average power pattern for a grating with an infinite number
of slits/ strips for varying amounts of equal width and spacing tolerances and a desired
period T =0.8A. Although not shown on the graph, the patterns still contain an impulse
at the origin (u = 0) which is not plotted due to its infinite amplitude. Whereas a grating
with no errors would have a power pattern equal to zero for u # 0, the graph shows small
but non-zero values for u# 0. Note the simularity of this graph to Figure 4.20.

Figure 5.13 shows the average power pattern for a grating with an infinite number
of slits/ strips for varying amounts of equal width and spacing tolerances and a desired
period T =20A. Although not shown on the graph, the patterns still contain an impulse at
the origin (u = 0) which is not plotted due to its infinite amplitude. The graph is very

similar to Figure 4.17 which has the same width and spacing values.
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Figure 5.12 Far Field Edge Condition Approximation - Effects of Width and
Spacing Errors on Grating with Infinite Number of Slits or Strips
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Figure 5.13 Far Field Edge Condition Approximation - Effects of Width and
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Grating with Cosine Function Distributed Errors

Let € and & have cosine function PDFs as given in Equation (4-48) and Equation
(4-53). The corresponding characteristic functions ® and © are given in Equation (4-51)
and Equation (4-54). Graphs showing the average power pattern of gratings with errors
using the cosine PDF are shown below. Figure 5.14 shows the pattern for a grating with
a finite number of slits/ strips while Figure 5.15 shows the pattern for a grating with an
infinite number of slits/ strips. The overall effects are similar to the gratings with the
uniformly distributed PDFs. As expected, for a given maximum error (i.e. % Tol), the
errors in spacing and width have less of an effect upon the average power pattern of a

grating with cosine distributed errors than to a grating with uniformly distributed errors.
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Figure 5.14 Far Field Edge Condition Approximation - Cosine PDF, Finite
Number of Slits/ Strips
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VI. Realizations and Validation

Overview

This chapter compares the statistical average power pattern computed using the
expressions developed in the previous chapters to the average of a number of trial
realizations. To compute the average power pattern for a realization, the errors in a
grating are randomly generated using the uniform or cosine function PDFs. For all cases,
a total of twenty realizations are computed for each grating. The average power pattern is
then computed for each grating and the results averaged together. Plots showing the

standard deviation of the realizations are also provided.

Realizations Using the Born Approximation

Figures 6.1 through 6.12 present the results of trial realizations using the Born
approximation. Figure 6.1 shows a typical realization of the average power pattern for a
grating with N+1= 10 slits/ strips and uniformly distributed errors with maximum width
and spacing errors equal to five percent. The graph also shows the statistical average
power pattern computed using the formulas developed in Chapter IV. As shown, the
realization tends to follow the statistical average. Figure 6.2 shows the results of
averaging the power pattern for twenty trial realizations. Even for only twenty
realizations, the statistical average and the average of the realizations show excellent
agreement. The standard deviation and the standard deviation/ mean ratio of the twenty
realizations are shown in Figure 6.3. The standard deviation at the origin (u = 0) is small
(~0.14). For values of u greater than zero, the standard deviation resembles the average
power pattern. In fact, the ratio of the standard deviation to the mean shows this as the

curve starts out at a small value at u = 0 and then oscillates about a ratio equal to one.
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Figures 6.4 through 6.6 present results for the same gratings with maximum width
and spacing errors equal to ten percent. The same trends are apparent and the statistical
average power pattern again agrees with the average of the realizations. The number of
slits/ strips is increased to N+1= 100 for Figures 6.7 through 6.9. Again the statistical
average power pattern agrees with the average of the realizations and the ratio of the
standard deviation to the mean starts out at a small value at the origin and then oscillates
about a ratio equal to one. This behavior of the standard deviation is consistant with the
expression developed in Appendix D for the standard deviation of a grating with an
infinite number of slits/ strips.

Finally, Figures 6.10 through 6.12 present the results for a grating with N+1= 10
slits/ strips with errors generated using the cosine function PDF. Again, the same trends

appear as for the gratings with the uniformly distributed errors.
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Figure 6.1 Realization of Far Field Average Power Pattern - Born
Approximation with Uniformly Distributed Errors-
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Figure 6.12 Far Field Average Power Pattern - Standard Deviation of
Realizations - Born Approximation with Cosine Distributed Errors

Realizations Using the Edge Condition Approximation

Figures 6.13 through 6.15 present the results of trial realizations using the Edge
Condition approximation. Figure 6.13 shows a typical realization of the average power
pattern for a grating with N+1= 10 slits/ strips and uniformly distributed errors with
maximum width and spacing errors equal to ten percent. The graph also shows the
statistical average power pattern computed using the formulas developed in Chapter V.
As shown, the realization tends to follow the statistical average. Figure 6.14 shows the
results of averaging the power pattern for twenty trial realizations. The statistical average
and the average of the realizations show excellent agreement. The standard deviation and
the standard deviation/ mean ratio are shown in Figure 6.15. As a consequence of using

the edge condition approximation, the standard deviation at the origin is zero. For values

of u greater than zero, the standard deviation resembles the average power pattern. The
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ratio of the standard deviation to the mean follows the same trend has for the previous
cases although the ratio does not quite reach a value of one about which to oscillate. The
number of slits/ strips is increased to N+1= 100 for Figures 6.16 through 6.18. Again the
statistical average power pattern agrees with the average of the realizations. As shown in
Figure 6.18, the ratio of the standard deviation to the mean does reach a value of one
about which to oscillate. Again, the behavior of the standard deviation is consistant with
the expression developed in Appendix E for the standard deviation of a grating with an

infinite number of slits/ strips.
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Figure 6.13 Realization of Far Field Power Pattern - Edge Condition
Approximation with Uniformly Distributed Errors
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VII. Conclusions

Overview
This chapter summarizes the accomplishments of this research effort, provides
observations and conclusions regarding the results, and suggests several areas for possible

follow on investigation.

Accomplishments

The first accomplishment of this effort is the formulation for the statistical average
power pattern of a linear array of point sources with errors in spacing. This is equivalent
to the average power pattern of a linear antenna array. Other authors have investigated
the problem of the random array by treating the location of each element as random. The
formulation developed in this work treats the spacing between the elements as random or
as a desired spacing plus or minus a random error. This approach is more practical from a
manufacturing standpoint than the random location approach. Although the development
of the average power pattern of a linear array of point sources is presented to provide a
basis for the formulation of the grating problem, its applicability to antenna array analysis
makes it a noteworthy accomplishment in its own right. This is especially true when one
considers the ease with which random amplitude and phase errors could be added to the
formulation.

The major accomplishment of this effort is the development of two formulations
for the far-field statistical average power pattern of a strip grating with errors in the widths
of the strips and the slits as compared to an ideal, exact periodic grating. The first
formulation utilizes the Born approximation in which the unknown aperture fields are
replaced by the incident fields. The second formulation utilizes an approximation for the

unknown fields which satisfies the edge condition. Approximations for the scattered fields

7-1




are first derived using PEC surface equivalence for a TEz polarized plane wave incident
upon a strip grating consisting of an infinite PEC screen cut by a number of infinitely long
slits (infinite in the z-direction). Babinet's principle is then used to obtain approximations
for the fields obtained when a TMz polarized plane wave is incident upon the
complementary grating formed by interchanging the slits and strips of the original grating,
i.e. a number of infinitely long strips in free space. Expressions for the average power
pattern are developed in terms of the following variables: number of slits or strips, desired
width- and spacing-to-wavelength ratios, and the characteristic functions of the PDFs of
the width and spacing errors.

The formulation of the far-field statistical average power pattern is unique in that it
is based upon independent but identically distributed errors in the widths of each slit/ strip
and independent but identically distributed errors in the spacings between them. The use
of the independent errors leads to expressions incorporating geometric series involving the
characteristic functions of the width and spacing PDFs which can be evaluated in closed
form even for an infinite number of terms. This allows the average power pattern of a
grating with errors to be calculated for gratings with an infinite as well as a finite number

of strips and slits.

Observations and Conclusions

A number of observations and conclusions can be drawn from the graphs in
Chapters IV and V which show the far-field average power patterns of gratings with
different geometries. Three observations are immediately apparent when looking at the
patterns of gratings with a finite number of slits/ strips. First and possibly the most
significant, the main lobe of a grating with errors is not significantly different from that of
a grating with no errors. Second, the grating lobes are reduced in magnitude and

broadened slightly. Third, the level of the sidelobes between the grating lobes and the
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nulls between the sidelobes are raised. Furthermore, the effects increase as the
observation angle moves away from the main lobe.

The graphs also show the relative effects of the errors are consistent with the ratio
of the desired width to desired spacing. For the same amount of maximum percent error,
the effects of spacing errors are more pronounced on a grating with desired spacing
greater than desired width than the effects of width errors. Similarly, for the same amount
of maximum percent error, the effects of width errors are more pronounced on a grating
with desired width greater than desired spacing than the effects of spacing errors. For a
grating with desired width equal to desired spacing, the effects of errors in width are on
the order of the effects due to errors in spacing. |

The same observations can be made regarding gratings with an infinite number of
slits/ strips. For a periodic grating with no errors and an infinite number of slits and strips,
the power pattern consists of a number of impulse functions located arcsin(A/T) apart in
angle. These impulse functions correspond to plane waves. As shown in Chapters IV and
V, the impulse function at the origin (i.e. the main lobe) for an infinite strip grating with
errors is unchanged from that of a grating with no errors. The remaining grating lobes are
significantly reduced in amplitude and broadened in width as evidenced by the fact they are
no longer impulse functions. This means that, except for the main lobe, the scattered
waves are no longer discrete plane waves. The power patterns of the infinite strip gratings
also show non-zero values between the grating lobes.

It is interesting to note that the average power pattern for a grating computed
using the Born approximation is similar to the average power pattern for a grating
computed using the edge condition approximation. This leads to the conclusion that the
effects would be similar if an exact expression for the unknown fields could be obtained

and utilized.
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The power patterns of a number of strip gratings containing random errors in
spacing and width were computed and the results averaged together. As shown in
Chapter VI, the average of these realizations agrees with the computed statistical average
for both the Born approximation and the edge condition approximation. This result
validates the formulations developed in Chapters IV and V for the statistical average
power pattern. The standard deviation of the realizations was also computed and the
results agree with the formulations developed in Appendices A, D, and E for the case of a
grating with an infinite number of slits/ strips.

The behavior of the standard deviation approaching the average power pattern as
the number of slits/ strips goes to infinity is quite interesting. As a possible explanation,
consider the case of the array of point sources. By invoking the central limit theorem for
probability, the PDF of the array factor approaches gaussian. As a result, the PDF of the
square of the magnitude of the array factor, i.e. the power factor, approaches a negative
exponential. One property of a process with a negative exponential PDF is that the
standard deviation is equal to the mean.

It is obvious that the formulations developed in this work can be used to determine
the average power pattern for a strip grating for a given distribution of errors in width and
spacing. Conversely, they can be used to determine allowed tolerance limits to meet
specific design criteria. Additionally, the formulation developed for the two-dimensional
case of a strip grating can be expanded to the three-dimensional case of square or

rectangular apertures in a PEC plane or its complement.

Recommendations
Several areas exist where follow on work relating to this research effort can be
investigated. The first area involves an extension of the analysis of the linear array of

point sources. The applicability of this analysis to antenna array theory makes the addition
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of random phase and amplitude errors a worthy effort. The additional effort in this area
could be strengthened by extending the analysis to two-dimensional arrays.

Second, as mentioned above, the formulations presented for the average power
pattern of a strip grating using the Born and edge condition approximations can be
expanded to include square or rectangular apertures on a PEC plane (or its complement)
as opposed to infinitely long slits and strips. The examinations of the quadruple
summations found in the Appendices A, D, and E will be helpful in these areas.

A third area of possible additional effort involves the investigation into a purely
analytical formulation. Diffraction from a strip grating with no errors has been
investigated by many authors. Most of the analytical solutions have involved use of the
Wiener-Hopf method. As outlined in Appendix F, several problems exist which make the
use of the Wiener-Hopf method inapplicable to the problem of a grating with errors in slit
and strip widths. Nevertheless, a concentrated effort to develop an analytical formulation,
whether based upon the Wiener-Hopf method or some other method would be

worthwhile.
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Appendix A. Variance of Linear Array of Point Sources

This appendix derives an analytical expression for the variance of the average
power pattern of a linear array of point sources. To keep the number of terms at a
manageable level and simplify the expressions, the variance is calculated for an array with
an infinite number of point sources.

As given in Equation (2-2), the array factor for the array of point sources is given

by:

N
f(u)= Zei“""n (A-1)
=0

The variance of the average power pattern is given by:

o e )
__1 E{If(u)l4}-[m]2

(N+1)

(A-2)

The second term is the square of the average power pattern, which for an infinite number

of slits/ strips, is given in Equation (2-24):

W2=1+2Re{ ®(u) }

1- (ID(u)
_1-Jeu)f (A=3)
1—a(u)f

where @ is the characteristic function and
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The first term in Equation (A-2) is given by:

1 b uhy JuX, - ikuX, o jkuX g o jkuX,
——-—ZE{|f(u)l} N+1 2222&: e Ntigtne]

(N + l) p=0 1=0 m=0n=0 (A—S)
__ 1 E iiiiem(x X+ X -X,)
(N + 1)2 p=0 1=0 m=0 n=l

The quadruple summation can be expressed as:

N N N N
{zzzzemux Xy +Xp, X)}=SI+SZ+---+SIS (A-6)

p=0 1=0 m=0n=0

where
S;=N+1 [forindicesp =1=m=n] (A-T7)
S, =N(N+1) [for indices (p=1)# (m=n)] (A-8)

The notation (p =1) # (m = n) refers to indices such that p=1 and m=n but p # morn

and 1 # mor n. Continuing with the summations:

S;=N(N+1) [forindices (p=n)# (1=m)] (A-9)




0 1=0 m=0n=

N N N N
S,= {ZZZZeJkUX Xt Ko X)} p#l#m=n [forindices p #1# m#n] (A-10)
p=

N N
- )E{Z zejku(xm—xn)} ,n#m [forindices (p=1)zm=#n] (A-11)

n=0 m=0

The notation (p =1) # m # n refers to indices such that p=1, m # n, and p # mor n.

N N
- )E{ZZeJ"“(Xm‘XI)} ,m=1 [forindices (p=n)#m=1]  (A-12)

m=0 1=0

N N
S, = {Zzeﬂmx i } , p#1 [forindices (m=n)#p=#l] (A-13)
p=0 1=0

N N
sg=(N—1)E{zzeJ""(XP'X")},p;:n [forindices 1=m)#p#n]  (A-14)

p=0 n=0

,m#n [forindices (p=m)# (1=n)] (A-15)

N N
=E{zzcjku2 n=Xn)

N N N
slo_E{zzze"‘“"X X },p;tl;tn [for indices (p=m)#1#n]  (A-16)

N N N
SU=E{ZZZe"‘”“X )| alem  [forindices 1=n)#p#m]  (A-17)

p=0 1=0 m=0

N N
Slz-E{ZZeJk"X X)L nsm  [forindices (p=1=m)#n] (A-18)

n=0 m=0




N N
Si3= E{z Zejk"(x“‘"x“)} ,n#m [forindices (p=1=n)#m]

n=0 m=0

N N |
Sia= E{ZZe}ku(X"_xl)} ,p#l [forindices (p=m=n)=I]

N N
Sis= E{ZZeJku(XP_X‘)} ,p#l [forindices (1=m=n)# p]

Examining the above equations, the following are true:
Ss=S¢=S,=54

Sll =ST0

and

S12=S13=S14 =S5

The double summations can be expressed as:

N N N N
S, = E{Z Ze’k“(x"‘"x“)} , N m= [E{ZZCJ (

n=0 m=0

=2(N+1)Re{q)(u)_q)(u)N+l}—ZRe ®(u) + N©(u)

1 (D(u)

For the case of N — oo, the following is true:

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)




and thus there are no contributions from S,,, S;3, S;4, and S;s.

shows that:

and

i —Ss — tim (N—l)s212
Now (N+1)* Now= (N+1)

= lim

A similar argument

(A-27)

Now  (N+1)
ZR{.}%}

Thus,

m ss+sé+s72+s8=8Re @(u)
Now  (N+1)

Also for the infinite case:

and

|

lim = =1
Now (N+1)°  (N+1)°

Now consider S,. It can be broken into 24 cases as follows:

1-®(u)

2A(N=-1)(N+1) Re{ ®(u)

} (A-28)

(A-29)

(A-30)

(A-31)

Case l:p>1>m>n Case 13:1>p>n>m




Case
Case
Case
Case
Case
Case
Case

Case

Case 10:
Case 11:

~] N BN W

8:
9:

Case 12

:p>1>n>m

:p>m>1>n

:p>m>n>1

:p>n>1>m
:p>n>m>1
:m>1>p>n
m>1>n>p
m>p>1>n
m>p>n>l
m>n>1>p

:m>n>p>1

Case 14:1>p>m>n
Case 15:1>n>p>m
Case 16:1>n>m>p
Case 17:1>m>p>n
Case 18:1>m>n>p
Case 19:n>p>1>m
Case 20:n>p>m>1
Case2l:n>1>p>m
Case22:n>1>m>p
Case23:n>m>p>1

Case24:n>m>1>p

First, consider case 1, p>1>m > n. The following relations are true:

and

XP =X0+L1 +L2+"'+Ln+Ln+1+"‘Lm+Lm+1+"'+Ll+Ll+1+"'Lp

Xn =X0+L] +L2+"'+Ln

Xm =X0 +L1 +L2+"'+Ln +Ln+1+'"Lm

X] =X0 +Ll +L2+"'+Ln +Ln+l+"'Lm+Lm+l+"'+Ll

Xp_Xl+Xm_Xn =L1+1+"'+Lp+Ln+l+"'+Lm
) ———

p-1! terms

A-6

m-—n terms

(A-32)

(A-33)

(A-34)

(A-35)

(A-36)




The summation becomes:

(I)(U)(p_l)+(m_n) (A-37)

The notation S, signifies case 1 of summation 4. Next consider case 2, p>1>n>m.

For this case, the following are true:

Xn=X,+L,+L,+--+L (A-38)
X,=X,+L,+L,+--+L_ +L_+--L; (A-39)
Xl B XO +L1 +L2+"'+Lm +Lm+1+"°Ln +Ln+1+"'+Ll (A'40)

Xp = XO +L1 +L2+"'+Lm +Lm+1+"'Ln +Ln+1+"'+L1 +L1+1+"'Lp (A'41)

and

X, — X+ X~ X, =Ly e+l (Lo +--+L,) (A-42)
————— —
p-1terms n—m terms

The summation becomes:

N p-11-1 n-l (p1)f muy_y7(n-) N p-l -1l mo (0l wxs \](m-1)
Sa2=, o) o ()] =YY Y Y () e ()] (a-43)
p=3 1=2 n=1 m=0 p=3 I=2 m=1n=




Now consider case 3, p>m > 1> n. For this case, the following are true:

X,=Xo+L, +L,+--+L (A-44)
X,=Xo+L;+L,+--+L, +L ,,+--L; (A-45)
X, =Xy+L,+L,+--+L +L + L +L++L, (A-46)

XP =X0+L1 +L2+"'+Ln+Ln+1+"'Ll +L]+1+"‘+Lm+Lm+1+”'Lp (A"47)

and

X, = X, + X = Xy = 2L+ +L) (Lo 4L +H (L +--4L,)  (A-48)

Q m—?gnm - l—r?tgnns — p-m terms
The summation becomes:
N p-Im-11-1
Sia=). (20)™ (u)*" @(u)"™
p=3 m=2 l=1 n=0 (A-49)
N p-11-1 m-1 (1-m) (o-temon)
=> ®(2u)" " @(u) P
p=3 1=2 m=l n=0
For case 4, p > m > n > |, the following are true:
X, =Xy+L;+L,+--+L, (A-50)
X,=Xy+L;+Ly+--+L; +L ,+--L, (A-51)
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Xn=Xo+L,+L,+--+L,+L,,;+-- L, +L +--+L_ (A-52)
X, =Xp+L+Ly+-+L+ Ly + Ly + L+ 4Ly + Ly +-Ly,  (A-53)

X, =X, + X = X, = 2Lyt +Lo )+ (L e 4Ly )+ (L +-+L,) (A-54)

—— S— L N— — J
m-n terms n-I terms p—m terms

The summation becomes:

p=3 m=2 n=1 =0 (A-55)
N p-l 1-1 m-1 (1m) (o—tmen)
=2 ©(2u) " @(u)”
p=3 1=2 m=1n=0
which is the same as case 3, i.e.
S4'4 = S4,3 (A'56)
For case 5, p > n > 1> m, the following relations are true:
X,=Xo+L,+L,+--+L_ (A-57)
X, =X,+L;+L,+--+L_ +L_ . ,+L (A-58)
X, =Xy+L;+L,+--+L_ +L_.,+--L,+L +--+L, (A-59)

X, =Xo+L+Ly+-+Ly+ Ly, + L+ Ly +--+L, + Ly +--L,  (A-60)

A-9




X, =X+ X = X, = (Lot 4L ) = (Lopyy - +Ly) (A-61)
_
k—n terms n-1 terms

The summation becomes:

LR oo (™ & R () ()]
Sas=9,0., 22w e W] =3 (u)" [ @"(u)] (A-62)
p=3 n=2 I=1 m=0 p=3 1=2 m=1n=0

which is the same as case 2, i.e.
S4’5 = S4,2 (A'63)

For case 6, p>n>m > 1. The following relations are true:

X, =Xy+L,+L,+--+L, (A-64)
X, ,=Xo+L,+Ly+--+L; +L; ;+--L (A-65)
X, =X,+L,+L,+--+L,+L,,;+--L +L_, +-+L, (A-66)

XP = XO +Ll +L2+"'+L1 +LI+1+'"Lm +Lm+1+"'+Ln +Ln+1+"'Lp (A'67)

and

X, =X+ Xp—X, =Ly ++Ly + Ly ++Ly (A-68)
—_— ——————
p-—n terms m-1 terms

A-10




The summation becomes:

N p-1 n-1m-l1 ( ) N p-11-1 m-1 )
1= 3 5 220 35S Sl s
p=3 n=2 m=1 1=0 p=3 1=2 m=1n=0

which is the same as case 1, i.e.
S4,6 = S4'1 (A'70)

By symmetry, the cases when "m" is the highest index, i.e. cases 7 - 12, give identical
results. Similarly, the cases when "l" and "n" are the highest indices, i.e. cases 13 - 24,

result in the complex conjugates of the above cases. The final result is:

_ N p-1 -1 m-1~ J+(m—n) (=D e # (m—n) (1-m) (p-1+m-n)
S¢=8Re{ > ®(u +@(u)"[@ ()] +@(20)" " ®(u)
p=3 1=2 m=1 n=0
(A-71)
Let
S, =8 Re{S,, +S4 +S4 (A-72)
where
S N p-11-1 m—lq) p-Lmen AT
0=, (A73)
p=3 1=2 m=! n=0
S N p-11-1 m-1 p-1 (men)
0= 2, o) [ (u)] (A74)
p=3 l=2 m=1n=0
and

A-11




®(2u)"™ @ () (A-75)

n- n— 1-1
th_m = zl-t-l—=———/ﬂ=-t—(r“ -1) (A-76)

_ _ N
EN:tm =t§tm = t(l t ) (A-T7)
m=1 m=0 1-t
N t(l - tN) t2 N-1
%t"‘: — —t=l_t(1—t ) (A-78)
Let
(I>(u) =A
(A-79)
®(2u)=B
Returning to S,, S,, can be written as:
N p-1 1-1 m-1 N p-1 1-1
Su=2APY AT AT AT =Y APY AT AT
p=3 1=2 m=1 n=0 p=3 1=2 m=1
N pl N (A-80)
=) APY ATs2=) APs3
p=3 1=2 p=3
where
sl= an‘“ A (A1) (A-81)
o 1-A

A-12




2= ZTA'K(I A™)= = Al:il EA“‘}

=1 =0 m=0
Al A A1+l
- +
1-A (1-A) (1-A)

(A-82)

1

AL ,a
=1—AZIA (1- A)22 (1- A)22

1=2
p

A B A J& L 1, Alp-2) )
= A{,= 1A~ } i A)2{ZA 1 A}+(1_A)2 (A-83)

1

(- ;) (_zli)er(lfi)z +(12_A1:)3 _(1-2A)3 (%)H

and
N

2A%
Si = (1 A)Zzp (1 A)Zzp (1 A)3Z (1 A)32

p=3

A2 [& A )
e o

2A% | .| 2A%(N-3)
AT {ZAP—I—A }—_————(I—A)3

or

2 (N+2) _ (N+1)
5, =2 [N(N+1)_3] A [A+NA (N+DA —A—2A2]

(1-A)? 2 (1-A)? (1-A)?

2 _ AN+ 2(N
287 [A-A™D | a] 24 (N-3)
(1-AP| 1-A (1-A)

(A-85)

For the infinite case,

A-13




S A?

T 2(1-A)?

lim
N-w (N +1)?

Next, S,, can be expressed as:

(A-86)

N p-1 1-1 o m-1 o N p-1 1-1 m
s4b=ZAPZA‘IZA* ZA* =Y APy AT AT

p=3

p-1

—-ZAPZA“ §2 = ZAP s3

1=2 m=

1

&

where
m-1 *
1= AT (a™-1)
n=0
1-1 * * 1-1 1-1
2=%-A_[(1-a™)= A*[ - A*“‘}
m=1"_ 1-A m=0 m=0
_ Atl A* A*(l+1)
1-A" (1-A%)" (1-A%)
A* pz—l | 2 ] * p-1
$3=—— lA‘— -
1-A" 13 - 212 ) 1=2
N =T A {Pl ) 1} A*(p——2)
: AT - IV AT — b ———
1o {12 } (1-a%)° % Al (1-at)
_ AAp Hg A'p . 2AA° _AA*(z—A—A*)(l
-AF\A) N-AP |1-AP(1-A) 1-Al* A
and
A-14

(A-87)

(A-88)

(A-89)

A*A(AT-A)

L-Al*
(A-90)




A & 2AA* A*A~ (A -A) |&
Se0 = |1 A2 Z I1- A|2Zp LI—AIZ(I—A)-}- -Al* Lz;

=3
(A91)
AA*(2-A-A")

T

p=3

which becomes:

p
JAA® A*AT(A-A) iAp A AA*(2-A-A")(N-3)
NMAPG-a) [-AF )

or

* * (N+2) _ (N+1)
, =-AA 2[N(N+1)_3]+ AT A+NA (N+DATT ) 4
-afl 2 - Al (1-A)
oant AAT(AT-A)TA_a® ,1 AA"(2-A-A")(N-3)
+ 5 + 7 -1-A% |- 4
1-AP(1-A) 1- A 1-A 1A
(A-93)
For the infinite case,
Se____AA (A-94)

lim =
Now (N+1)2 ZJI-A]

A-15




Referring to Equations (A-84) and (A-91), the only contribution as N — e is from terms

involving z p. Next, S, can be expressed as:
P

BRSO TS
—EN;AP :(—A-) s2=gAps3
where
sl= ijA-“ =I—_AiX(A”“ -1) (A-96)
SO eSS BT
(=R A
S -y lonr -]
ul s B (A-98)
A -0 )04
ss=:AfB{%;[ A o0
o (/) ) (A-99)
e
which becomes:

A-16




A[(%)z—(%)"}[ B, ]

(1—A)(1—%) 1-B4 1-B (A-100)
v (p-2)
Ta-a- B)( A )[%) -0 ]—(1—13%)13(1—2%)
and
B o N
4=(1—A)8—%)[1—/‘9 IBBH(%) pzAp ;—;‘Bp}
A B)( 77 {(A)ZPZ;AP p21} v %{szp 2ZAP}
(A-101)

While these summations can be calculated, the above expression does not contain a term
of the form Zp and:

lim ==0 (A-102)
N-w= (N +1)
Thus,
2 *
f _Sa 2=1im8ReS4a+S4b*;S4c 4A 4AA (A-103)
Now (N+1)2  Now (N+1) (1-A)? 4|1 Al

Now consider S,,. It can be broken into six cases as follows:

Case l:p>1>m Case 4: p>m >l
Case 2: 1>p>m Case 5:m>p>1
Case 3:1>m>p Case 6: m>1>p




First, consider case 1, p > 1 > m. The following relations are true:

2X, =2(Xo + Lyt +Ly) + 2L+ +L) + 2L+ +L,)  (A-104)

Xl =X0 +L1+""+Lm+Lm+1+"'Ll (A"lOS)
X =X, +L, +Ly++L,, (A-106)
and
2X, — X, - Xy = 2Ly o +Ly )+ (L +++1y) (A-107)
S N ———
p-1terms I-m terms

The summation becomes:

N p-1 11 N plra bt
) N D
p;Z 1=1 :1:0 . p=2  I=l BJ =0 (A-108)
=2Bp (é)sl—ZBpSZ
p=2  I=l B p=2
where
1-1 m A _
s1=n§)A —-1-_—A'(A '-1) (A-109)
=B A (. A ["‘1 4 "'I(BT]
2= |—| —A"'-1))=——| Y B -) |—
i 1=1( ) I_A( ) I- 121 ; A (A-110)
NS NP/ (Y4
1-A|1-B 1-B/ /A
and

A-18




or

which becomes

s - AB(N- ABY(1-BY) B A
101 “(1—A)(1—B)+ (1-A)(1-B) (A—B—I—A)

A®B(1-AN)
(1-A)(A-B)

and

Now, consider case 2, 1> p > m. The following relations are true:

2X, =2(Xo+L;+++L,) +2(L,.,+ --+Lp)
X, =X +Ly++Lg + Ly 4Ly + Lo+ Ly

Xn=Xo+L, +Ly+-+L

A-19

(A-111)

(A-112)

(A-113)

(A-114)

(A-115)

(A-116)

(A-117)




and

2X, =X, =X = L+ Ly = (Lpuy+--+L)) (A-118)

The summation becomes:

N 1-1 p-1 om —p N ="111 A p p-l o
Si2=Y > S AT YA S (£ ] T
1=2 p=1 m=0 1=2 p=l m=0 (A—119)
N ,ll_l A p N J
=) A (A*) sl=) A"s2
1=2 p=1 1=2
where E A( p ) y
1=YA™=—""[AP-1 (A-120)
T4 -A
AV A (L N ALY . &(AY
2=3 () 5lar-) m[;(r) (7:)]
. (A-121)
A AT (i) AVn Trar/Y'
A1) -—La (A7)
1-A |1-A 1_AA
and
A N A* _ * . -1
S102—1 AEAI I—A*(A 1 l)-l_Aé [(A/A) _1]}
. ) A (A-122)
__A EN: A’ [1 A*l]——é—/ﬁ—[A‘ A"
1-A%1-A" l_AZA
or

A-20




2
A A A" «N-1
=————_I(N-1)- 1-A
I_AI_A*[< )2 )}
(A-123)
A 2
/A A2 N—-l)_ A (I—A*N—l)
1- Al A / 1- A 1-A"
which becomes
.3 N-1
S AA*(N=1) +AA (1-4 )( 1 1 )
102 = ;
’ 1-A A-A" 1-A
(-A0-A7 " G-AT-A) o
3A (1 AN- 1)
and
lim —102_ ~=0 (A-125)
Now (N +1)
Next consider case 3, 1 > m > k. The following relations are true:
2X, =2(X, + L+ +L,) (A-126)
X, =Xp+Ly++Ly + L+ Ly + L+ Ly (A-127)
Xpn=Xo+L;+L+-+L,+Ly, +-+Ly (A-128)
and
2X, - X, - Xy == AL+ L)~ (L +--+Ly) (A-129)
— — —

—_

m-—p terms I-m terms

A-21




The summation becomes:

N 1-1 m-1 N 1-1
%) Y A WS

Mm-1
S

1=2 m=1p=0 =2  m=l p=0 (A-130)
N 1-1
=2A*‘Z[ ) s1= ZA*‘ s2
1=2 m=1
where
m-1 p * ( m )
1 B "= -1 A-131
s g — (A-131)
1-1 B* m B* -m B* 1—1(1 m m-1 B* m
2 B -1l = _
a3 %) Bl -)- 25 S5 -2
5 [ (g e Tons 3
= * *(A*_ _1)__—_*B-—_ (A *) '—1
1-B" |1-A 1-A B
B*
and
B* & .| A* . B* ( « 7\
Sios = A AT —1)- A/*) -1
10,3 l*B*g I—A*( ) 1_A* *|: B :|
P (A-133)
* N * «
-2yl A *[I—A*l —a: [B*I—A*l]
1-B" = |1-A 1- ,
B
or
* * *2
B A A «N-1
N-1)- 1-A
10,3 1 B* I—A* I:( ) l—A*( )]
« (A-134)
B* A B* B’k2 N-1 165:.‘2 *xN~1
- * * *( )— *(1 A )
1-B 1_16%3* 1-B -A

A-22




which becomes

A*B*(N—l) B*A*Z(I—A*N_l)[ A A

Si03 =G—A*)(1—B*)+ (1—A*)(1—-B*) B_A" 1-A" .
B A*(1-AN)
(1-3) (B -2")
and
: SIO3
lim —%3-=0 A-136
NN (4130
Thus
S
lim —12—=0 A-137
N—e (N +1)° (A3

and there are no contributions from S,,. Since S, is the complex conjugate of S,

im Sy >=0 (A-138)
N—= (N +1)
Collecting the non-zero terms,
1 4 o’ LoTol @
E f(u) =2+4Re +4Re +8Re (A-139)
(N+1) {| | } (1- ) (1-@)(1- @ 1-®

The variance is given by:
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2
o <gesgpelror]-{for]
@*? P )
(l_d))z+4Re(l_(b)(l_®*)+8Re1_q) (A-140)

freanefe2 ol 25

=2+4Re

or

2 * 2
o? =1+4Re——q)-—+4R oD +4Re ® -4 Re{i} (A-141)
(0] 1 O] 1-0®

Simplifying,
ol = 1+4Rec1>2 — 020" + 0D - D’P* + D - D% - DD + D2 D”
(1-@)*(1-2)
o 2
—4[Re{1_q)}] (A-142)
o(1- 00*) o T
= 1+4Re(1_®)2(1_®*) —4|:Re{1—_——q—)}]
Now,
o(1- 0d*) o(1-00*)(1-0*) o(1-00*)- 00" + 0™
4Re ) —~ =4Re > s—=4Re 5
(1-2)*(1-o°) (1-0)*(1- ) (1-0)*(1- @)
1 N1 o) D 2 b
=4Rez(<1>+<p )1-00*)- 00" + 0 143

(1-o)*(1-o°)’
_20+20° - 20°D" —200* — 400" + 407D
(1-@)*(1-2°)"

A-24




and

@ o o(1-0") {o+e’)-00°

-o  (-o)1-0°) (-o)(i-o°) (A-140

which leads to:

. 2
2 LHD+0")- 00"
4[Re @ ] =4 2( )
I-@ (1-o)(1-0°)
) _(a149)
B2 + B +20D" — 4D2D* - 4DD* + 4D D"

(1-9)(1-9")’

Substituting Equations (A-143) and (A-145) into Equation (A-142) yields:

L 20+20" +2070° +200" —60D* — B - "
(1-@)*(1-0*)°

(1-0)2(1-0*) +20 +20" +20°0" + 200" — 600" -~

(1-0)*(1-0*)’

o’ =1

L (A-146)

or

52 o 1200 +0%9” _ (1-00°)’
(1-0f(-27)  [-0)i1-27)]

[T

(A-147)

A-25




Thus the variance is equal to the square of the average power pattern and the standard

deviation is equal to the average power pattern, i.e.

N

o= f(u)

Equations (A-147) and (A-148) are valid for u# 0. For the case of u =0,

and

o = s{ito)}-[frof |

(N+1)7?
=(N+1)?-(N+1)?
=0 , foru=0

A-26

(A-148)

(A-149)

(A-150)

(A-151)




Appendix B. Modal Formulation for Infinite Grating with No

Errors

Conversion of Integral Equation to Modal Equation

Setting the origin at the mid point of the first slit or strip, i.e. 1/2 (Xg + Tg) =0

the scattered fields for a grating with no errors are given by (Equation (3-51)):

n=0 2

=E N % ' __..:.l__ jox jnkTsin 6; (2) e 2 2 }} dx’’
2;_"_%18()( )[2nJ‘e g{e H, (k\/(x x”’—nT)" +y*); |dwdx

(B-1)
where .
J{E(x)} = [f(x)e ™ dx (B-2)
and . | _
£(x) = 14 [T} doo (B-3)

are the Fourier and inverse Fourier transform relationships. Using the Fourier Transform

(2:58):

n e iyNK -o?
k B-4
{ oy ’} o= B4

the scattered fields become:

B-1




S—.l.(_ N %I ’ _1__ jox | o jnkTsin6; 2e‘j|3'|\/k2—_m_ze_jm(x”+nT)
_22,[1 (X013 Jere *-o’
) n k-w (B-5)
_](1) X— x’) J|Y|m— Z inkTsin®; _ —jonT

n=0

dodx’”’

or
_ x—x"") -—] v
S=2— I( Il)j J"‘)( sz B gz _z 6( (ksm9 +2%n))d0)dx”
= -6
¥ Jm(x x’) —JIyN -0? (B-6)
=— I (x ”)J' N ZS(m—Bn)dmdx”
where

, 2mn
B, =ks1n9i+T

(B-7)
Using the sifting property of the delta function, the scatterred fields become
o W iBn(x—x") =] \f 28,2
s=2 Y [21en* P IN
T w \/kz 2
n=-—co 2 ( ) - lBIn (B-S)
k% o 1B (x=x") g ~islon
—_— ’” dx’’
T n;ooj %.L (x ) pn *
where
pn =K’ -B; (B-9)

Equation (B-8) can be rewritten as:

B-2




anej(an'pnY) fOI'y >0
n

S= .
z BneJ(an+pnY) for y < 0
n
where
w . .
B, = k IZW I(x”) e " dx””
pnT 2

(B-10)

(B-11)

Equations (B-10) and (B-11) are equivalent to modal formulations found in many

references ((11:189-194) for example). For the TEz mode, coefficients of reflection (R)

and transmission (I") are given by:

R=1-B,
F - BO
and for the TMz mode:
R = _BO
I'=1-B,
Born Approximation

Using the Born approximation as given in Equation (4-9):

I(x”") = cos, e 5"

s

then,

B-3

(B-12)

(B-13)

(B-14)




(B-15)

Il
g
=
(e]
o}
7]
L
[22]
5
—
=
5
:
~—

pnT nn

with

(B-16)

Edge Condition Approximation

Using the edge condition approximation as given in Equation (5-3):

jkx'sin 6;
I (x)=—

[(‘%)2 (x— nT)z]% (B-17)
then

(B-18)

B-4




To determine the value for the constant "C", use the integral equation relating the
boundary conditions:

2 ,
1(_ejkxsmf)l — SI o= EBne_]an
n

(B-19)
Multiply both sides by IS* and integrate over -w/2 to w/2 to obtain
CJ‘T dx y _ Ckn JO mtw J' Cekx'sinb; e dBnx” dx”
w 2 2172 wl(w u
2| \W4) =X “ -5 |(W9) ‘(
5wyl - (x] :| 520
Ckn

TT ZJO(TW)VEJ (ng)

n pn

or

-3 [Jo(a@—w)r}_l -
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Appendix C. Simplification of Integral Used in Edge Condition

Approximation

This appendix simplifies the following integral used in the edge condition approximation:

I___J" e**dx
-+ -]

Let
x =4
2x 2
==
Vo lax=Zaqu
2
Then
J‘ e ¥du ‘r ejézﬂ%du
i
[ -Omr ] dal1-w)”
Now, let
u=cosv
v=cos'u={du=-sinvdv
(1—u2)%=sinv
then

C-1

(C-1)

(C-2)

(C-3)

(C-4)




sAwcosv

sinv dv

L
J. : :
0

—

nJo(%ﬂ)

sinv

T
:Awcosv
J‘e 2 dv
0

C-2

(C-5)




Appendix D. Variance of the Average Power Pattern of a Strip

Grating - Born Approximation

This appendix derives an analytical expression for the variance of the average
power pattern of a strip grating computed using the Born approximation. As in the case
of the array of point sources, the variance is calculated for a grating with an infinite
number of slits/ strips to keep the number of terms at a manageable level and simplify the
expressions.

The variance of the average power pattern is given by:

ol —E {( G\II_HﬂS(u)f)Z}—E"'{(m%ﬁIS(u)r)}

- sl - [swP]

(D-1)

The second term is the square of the average power pattern, which for an infinite number

of slits/ strips and using the Born approximation , is given in Equation (4-35):

212 | Re ol (28) Iy _g_
Is(u)|” =1, o |! Re{@®}+R {[1_ (@@)][2 ® %9]}]
- (D-2)

=1, Zku_é-V)_f -E{sinz(k—‘;‘i)} +2ReE? {ekuTw sin(k—;"!)}l—_—%éjji

The first term in Equation (D-1) is given by:

D-1




(N+1)2

{| S(u I } 1 {'\/K 2( oty _ o jeuXy )

4

(N+1)* | kW & ]
D-3

1 16l Ny e e

T (N+1)? (ku\?sf)4 e Sm(ku:)
n=0

4}
Following the same procedure used in Appendix A for the array of point sources, this

becomes for the case of N — o

im st} = 2o (se )

N—eo (N +1) (kuw)*
kuw <I)2
+4ReE*qe” 2 Sin|¥ D-4
e {e [t )}(1_@@2 (D-4)
kuw kuw *
+4ReE2{e 2 Sm(kuw)}Ez{ "2 sin ( )} i (D;)‘DI

+8ReE? {e k;wsm(kuw )}E{SmZ(mTw)} (1 _Zq;)i\

Substituting Equations (D-2) and (D-4) into Equation (D-1), the variance becomes:

2 _ 161, |: 2 kuw o P (aw __}_)_2__
el {sin?(5)} 4 4ReE {e 2 Sin( )}(1—@@)2
+4ReE2{ejkuTw sm('“‘%)}#{e_j%w Sin(‘—“;—w\)} l:’gc;lz (D-5)

+4Re Ez{ejhlgv_nsm(m—;v“)}li{smz(ku; n)} ( -qC:xD)

—4[ReE2{e 2 s1n(““—‘”)}1 f:b@)} }

D-2




To simplify, let:
kuw
a= Ez{er? Sin(l‘ﬂ)} (D-6)

The second and third terms of Equation (D-5) become:

oo @0 aceer]_, @*0%(1-0"0" ) +aa' 00" (1-00) (1-0'0*)
) (1—@c1>)2+|1—(»3<:[>|2 B (1-00)*(1-0*0") (1-0*0*)
a®(1-0°0*)+0'®*(1-00)

=4 Re{a® - 00* DD
|1_@(I)|4 e((l (04 )
00w 000N ) (e +are)onr]
|1- 00| 7
) ]
2[a<1>(1—®*q>*)+a*q>*(1-®q>)]
B 1-0a|*
The fifth term of Equation (D-5) can be expressed as:
Jre_o® 1-0'0" 2 . (a®+a'0*)-(c0" +a'0)o0* |
1-90 1-90* | | 21-o6[ 0

[a®(1—®*¢*)+a*q>*(1—®q>)]2
B -0

Substituting Equations (D-7) and (D-8) into Equation (D-5), the variance becomes:
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[ad)(l-@*cb*)+a*d>*(l—®®)]2 =

i-eo|*

+

or after substituting Equation (D-8) for the last term:

o2 =160 1610 [EZ{Sm ( )}+4ReE2{e k“;v“sm(kuw )}E{SinZ(ku:/n)}(l_q;)q))

(kuW)

+ 4[ReE2 {e%vi sin(%)} 1_—(%(9_) Jz } _ [|s(u)|2 ]2

(D-10)

and the standard deviation is equal to the mean, i.e.

o= |s(u)|2 (D-11)

The above equations are valid for u # 0. Substituting u = 0 into Equation (D-3) yields:

efls(o)} =

[(N+DE{w*}+ aN(N +1)E{w? }E{w)

(N+ 1)2 w* (N 1)2
+6N(N +1)(N-1)E*{w}E{w? } +3N(N+1E2{w?2} (D-12)
+N(N+1)(N-1)(N-2)E*{w}]

and from Equation (4-33):

s’ =—VI;—2[E{WZ}+N B2 {w}] (D-13)




Sustitution of the last two equations into Equation (D-1) yields:

0(0)* = \554 [ZN_ 4N E*{w}+ 2N-1po {w2}+LE{w4}

T N+1 N+1

Ij : " (D-14)

4N? —8N _, 1 4N [ s
+ 2 " B2 w}B{w? | +——E{w*|E
N © v v’} N+1 v B}
which goes to infinity as N — co. On the other hand:
2

lim —‘-’-(-0)2—2 =0= lim o0 _, (D-15)

K [|s(o)| ] ~[s(0)]
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Appendix E. Variance of the Average Power Pattern of a Strip
Grating - Edge Condition Approximation

This appendix derives an analytical expression for the variance of the average
power pattern of a strip grating computed using the Edge condition approximation. As in
the cases of the array of point sources and the grating using the Born approximation, the
variance is calculated for a grating with an infinite number of slits/ strips to keep the
number of terms at a manageable level and simplify the expressions.

As given in Equation (D-1)The variance of the average power pattern is given by:

ol = {(Tﬁli—ﬁls(u)'z)z} - EZ{(mIS(u)F)}

- g Eliscor}-sor|

(E-1)

The second term is the square of the average power pattern, which for an infinite number

of slits/ strips and using the edge condition approximation , is given in Equation (5-32):

IsCu)[ = IolE{[JO(%X)]z } +2ReE? {ek%w'Jo(‘“’T‘")} — f; @)] E-2)

The first term in Equation (E-1) is given by:

(N+1)

Jku
L gfls(f} = L Bl S i)
n=0

. E-3
1.2 N . kuw,, ) 4 E-3)
gyl Tt
n=f




Following the same procedures used in Appendix A for the array of point sources and

Appendix D for the grating using the Born approximation, this becomes for the case of

N >

fim ! E{|s(u)|4}=102[2E2{[Jo(““%)]2}

N-= (N +1)*
kuw 2
i o
+4ReEHe 2 J kv )t ———— (E-4)
{ 0( 2 )} (l_®¢)2
kuw kuw *
¥ uw - uw OO
+4RCE2{C 2 JO(RT)}EZ{C 2 Jo(k—z——)}ﬁ——g—él—z

PR o

Substituting Equations (E-2) and (E-4) into Equation (E-1), the variance becomes:

sl il 2
e ] R e

et el

1-O®d)
'4[RCE2{6%J°(“TW)}1—5D@>]

To simplify, let:
Jkuw
2 2 kuw
@ =E {e JO(T)} (E-6)
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The second and third terms of Equation (E-5) become, using Equation (D-7):

E-7)

2
L0 aa DD [a¢(1—®*<1>*)+a*c1>*(1—®<1>)]
4Re 5+ y
(1-80)° |1-60f I-09|

The fifth term of Equation (E-5) can be expressed as, using Equation (D-8):

4[1{ . q,®H [acp(l ®q>)+a*c1>*(1—@c1>)] w9

1-P0 1-*®* 1-ea*

Substituting Equations (E-7) and (E-8) into Equation (E-5), the variance becomes:

Y S e R e

[0@1 0'®*)+a ®*(1- @cp)]
1-ea|*

kuwn

(E-9)

or after substituting Equation (E-8) for the last term:

02=102[E2{[J (“‘;w)] }+4ReE2{ 2 o) e } {[J () r}(l—q(:)ob)
el Tt ForT

(E-10)

and the standard deviation is equal to the mean, i.e.
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o =|S(u)| (E-11)

The above equations are valid for u # 0. Substituting u = 0 into Equation (E-3) yields:

1

40 2 2 -
e E{|s(0)| }_10 (N+1) (E-12)

and from Equation (5-30):

[SO) =1,(N+1) (E-13)

Substituting the last two equations into Equation (E-1) yields:

o(0)> =0 (E-14)




Appendix F. Problems with Finding an Analytical Solution

As stated in Chapter I, the problem of diffraction by a strip grating has been
investigated by many authors. The pioneering works in solving this problem analytically
was accomplished by Baldwin and Heins (5) and Weinstein (29) using the Wiener-Hopf
method.  Several problems exist which make use of the Wiener-Hopf approach
inapplicable to the problem of a strip grating with random errors in strip width and
spacing. First, the mathematical formulation of the problem of diffraction by a grating
containing an infinite number of strips and slits results in an infinite set of integral
equations. The periodic property of the solution allows the infinite set to be replaced by a
single integral equation valid over one period. Once the solution over one period is
obtained, the solution to other periods is obtained through phase adjustment (Floquet's
theorem). Second, an analytical solution using the Wiener-Hopf method is possible only
when the width of the strips is equal to the width of the apertures. As a result, use of the
Wiener-Hopf approach is inapplicable to the problem of finding an analytical solution to

the problem of diffraction from a grating with random strip and slit widths.
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