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ABSTRACT

Fundamental results developed by Wiener in the 1950’s are combined with new
work in the area of higher-order statistics to develop and explore a general model for
nonlinear stochastic processes. The Wiener model is developed for discrete nonlin-
ear systems and its orthogonality properties are analyzed to characterize its output
statistics. An efficient structured procedure for computing the k*-order statistics of
the model output is formulated in both the time and frequency domains. Explicit
formulas that exploit the structure of the Wiener model are given for computing the
cumulants and polyspectra. A necessary condition for a discrete random process to
be representable by the Wiener model is discussed. A computationally efficient pro-
cedure is given for matching the model output cumulants to estimated cumulants
for a given process by minimizing the squared magnitude of the error. Examples of

applying this procedure to given sets of data are presented.
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I. INTRODUCTION

In the field of signals and systems, as in other scientific areas, we often have
measured data that we wish to explain. This data is considered to be explained
when we are able to develop an appropriate mathematical model which can produce
data “statistically similar” to the data that has been originally measured. Another
criterion for “goodness of modeling” could be prediction. When the detailed variation
of the data is sufficiently complicated, or when we want to to model an entire class of
data with different detailed characteristics, a stochastic model is often appropriate.
The work in this dissertation develops and explores a general stochastic model for
data which combines fundamental results developed by Wiener in the 1950’s with
new work in the area of higher order statistics. The latter work was brought about
by a desire on the part of researchers to move beyond linear Gaussian models and has
been bolstered by new developments in high speed computation and digital signal
processing.

Although a significant amount of work has already been done, there are still
many areas where researchers continue to work on building models to characterize
stochastic processes. It is appropriate to cite some of this work (as well as some of
the limitations) here.

The stationary linear Gaussian model has dominated work on time series anal-
ysis for a large number of years. In this model a time series (or discrete time random
process) is represented as the output of a linear time-invariant system driven by
zero-mean white Gaussian noise. The two basic assumptions of this model, namely
the Gaussianity of the input process and the linearity of the system. has enabled

researchers to develop a large number of procedures to identify the system param-




eters such that the model output dependably represents the data. When the linear
system is represented by a difference equation of finite order, the model is called a
linear Gaussian ARMA (AutoRegressive Moving Average) model of the stochastic
processes.

Among engineers, some of the most recognizable contributions to linear Gaussian
modeling are due to Wiener [1]. While Wiener concentrated primarily on continuous
time processes because of the need to process signals with analog electronic devices,
others, such as Wold [2] and Kolmogorov [3] had similar results for discrete time
processes. Wiener showed how the second-order statistics of the modeled process
can be used to identify the linear system to within a complex scale factor. He
showed conditions for which the complex power spectral function of the process can
be factored to determine the transfer function of the linear system. In this case,
if the modeled process is assumed Gaussian. the model is called the innovations
representation of the linear Gaussian process.

The class of linear Gaussian ARMA models has considerable limitations in rep-

resenting stochastic processes. Among these limitations are the following [4, 5]:

1. Linear difference equations do not allow stable periodic solutions independent

of the initial state.

2. The models are not suited for modeling data exhibiting sudden bursts of very

large amplitude at irregular time epochs.

3. The models are not suitable for data exhibiting a strong asymmetry (about the

mean).

4. The models may not be best for data exhibiting strong cyclicity. Nonlinear

approximation for the regression functions may be more appropriate in these

o




cases, while the regression functions for linear Gaussian models are inherently

linear.

5. Since linear Gaussian models are inherently time-reversible, these models are

not suitable if the data exhibits time irreversibility.

It can therefore be seen that the linear Gaussian model is incapable of represent-
ing a significantly wide class of processes. Since only Gaussian processes are com-
pletely characterized by their second-order statistics, the higher-order statistics of
non-Gaussian processes provide information that can be used to build an adequately
dependable model. Recently the problem of modeling non-Gaussian processes has
been closely associated with the higher-order statistical analysis of random processes.
If the modeled process is far from Gaussian a number of approaches have been fol-
lowed in attempting to build a reliable model. Among these approaches are "local
linear”. Multi Variate Adaptive Regression Splines (MARS) and neural nets. In one
general approach the model consists of a white non-Gaussian process driving a linear
system, while in another approach the model is comprised of a white Gaussian or
non-Gaussian process driving a nonlinear system. In addition, there are a whole host
a methods that focus on non-Gaussian and or nonlinear processes of one form or
another but are specific in the types of processes that they seek to represent. It is
safe to say that none of the “general” and none of the specific methods overcomes all
of the limitations enumerated above. We can however review some of these methods
briefly.

A considerable amount of work has been done in building linear non-Gaussian
models for stochastic processes, mainly due to the availability of both analytical and
computational tools for higher-order statistics and the relative simplicity of results
that arise from the linear model. In such models the process is assumed to be rep-

resentable as the output of a linear system driven by a k**-order stationary white




non-Gaussian process with known statistics. For such a process the mean is constant
and the other moments up to k*i-order exist and are functions of only the lag differ-
ences. Cumulants and polyspectra of the modeled process are fairly easy to compute
and can be used to identify the transfer function of the linear system to within a gain
and phase ambiguity. The methods that have been proposed to identify the linear
system in this type of models include both parametric and non-parametric methods.
In the parametric methods the system is characterized by its ARMA parameters and
the transfer function is expressed in terms of these parameters. Then matching a
set of the model output statistics to those of the modeled processs enables one to
construct a set of equations solvable for the system parameters. In {6, 7] Tugnait
uses both the second- and fourth-order statistics to recover the poles and zeros of the
linear system transfer functions. Giannakis and Mendel use the output cumulants
to determine the AR and the MA orders of the system [8]. Fonollosa and Vidal use
a linear combination of the output cumulants to identify the linear system in such

models [9]. Several others have also made significant contributions.

Non-parametric methods for identifying the transfer function of the linear sys-
tem are also used. Lii and Rosenblatt [10] provide a method to estimate the amplitude
of the transfer function from the power spectral density function of the process and
then show how to estimate the phase from a k**-order polyspectrum. Nikias [11]
shows how to estimate both maximum-phase and minimum-phase transfer functions

by applyving a convolution between the third-order cumulant of the modeled process

and the same order complex cepstrum.

Although linear models for non-Gaussian processes have a significant analytical
support, they are incapable of representing a large class of non-Gaussian processes.
In fact, recent analyses have shown that at least from a theoretical point of view, the

set of linear non-Gaussian processes is vanishingly small [12]. From a practical point




of view however it is advisable before modeling a process to test for its linearity.
Tong [4] presents linearity tests of stochastic processes in both time and frequency
domains. Tekalp [13, 12] establishes the necessary and sufficient conditions for a

non-Gaussian process to be representable by a linear non-Gaussian model.

A class of linear and nonlinear stochastic processes can be specified by the dy-
namics of a system the output of which represents the modeled process. A significant
amount of work has been done to specify such dynamic systems. For nonlinear pro-
cesses the system dynamic representation (e.g., the difference equation) has a kind of
nonlinearity according to which different classes of the stochastic outputs can be dis-
criminated. In his book [4], Tong presents some examples of threshold models based
on piecewise linearity. He also presents different types of autoregressive models with
nonlinear autoregression and other types of specific models. Recent work by Stevens
[14], Lewis and Stevens [15] and Lewis , Ray and Stevens [16] has applied Friedman'’s

MARS methodology to give a practical way of applying threshold models.

Another broad class of nonlinear random processes can be represented as the
output of a nonlinear svstem driven by a white random process. The input-output
relations of the nonlinear system are described in the Taylor series-like representation
with memory known as the Volterra series [17. 18]. The model is completely known
when the kernels of this representation are identified. Powers et al. present appli-
cations of using a finite-order Volterra representation to identify nonlinear systems
[19, 20]. In these applications both the input and the output sequences are accessi-
ble; therefore different order cross-moments between the input and the output can
be estimated and used to obtain the kernels of the representation. In this application
the Volterra representation must be finite. Other similar work can be found in [21]

and references therein.

The Volterra series representation is limited in its application because a rather




severe condition is imposed on the magnitude of the input process to guarantee
convergence of the series. Further the individual kernels cannot be identified sep-
arately unless the representation is assumed finite. To overcome these limitations
Wiener proposed a model of nonlinear systems which is associated with an orthog-
onal functional representation of random processes. He called this the G-functional
representation because the functionals are orthogonal when the input process is white
Gaussian [22, 17]. In the literature the structure and analysis of this model is based
upon second-order statistics of the model output. The model kernels are identified
via different order cross-correlations between the input and the output. So far, no
one has proposed a method for determining the model parameters from output mea-
surements alone as is the case when we try to fit a stochastic model to measured data.
However, the use of higher-order statistics of the output suggests the possibility of a

new approach where this could be done.

In this dissertation we introduce the Wiener model for nonlinear systems as a
general model for a class of nonlinear processes that are necessarily neither periodic
nor bandlimited. We also develop the complete details of the representation in dis-
crete time. Wiener’s original development of nonlinear systems was for continuous
time and there are a few significant differences. Following this we provide a complete
statistical analysis of the model. In particular. we develop expressions for the higher-
order statistics of the model output in the time and frequency domains as functions
of the model parameters. Finally we use these developments in an algorithm to iden-

tify the model parameters such that the model output statistics match those of a

measured data sequence.

The remainder of the thesis is organized as follows. In Chapter II we summa-
rize the properties of higher-order statistics of discrete random processes that are

useful to our application. New methods for finding cumulants and polyspectra of



linear and nonlinear functionals of Gaussian random processes are also formulated
in this chapter. In Chapter III we describe the Wiener model of discrete nonlinear
systems. The orthogonality of the discrete G-functionals is used to specify the model
structure and an analysis of this structure is performed. In Chapter IV we formulate
the model output cumulants and polyspectra and develop an efficient procedure to
compute them. This comprises the main body of the work. The Wiener model has
unique structure that simplifies the computation and which has not heretofore been
exploited. In Chapter V we consider the problem of modeling a discrete random
process using the Wiener model. We present the test of linearity and provide a def-
inition of the class of discrete random processes that can be represented using the
nonlinear model. We then give two examples of nonlinear processes resulting from
the discrete Wiener model that match estimated cumulants of some measured data.
The nonlinear equations resulting from this modeling problem are solved using the
Extended Kalman filter technique. Finally, in Chapter VI. we present conclusions

and recommendations for future continuation of this research.
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II. HIGHER-ORDER MOMENTS,
CUMULANTS AND POLYSPECTRA

Higher-order statistics and polyspectra can be applied in a wide variety of prob-
lems in signal processing and system theory. By “higher-order” we mean the statistics
of orders more than the second. Among higher-order statistics applications are the
problems where either non-Gaussianity, nonminimum phase, colored noise, or non-
linearity are of substantial interest {23]. In the theory of nonlinear systems, a system
output can be modeled by defining the input-output relation using a Taylor series-like
representation. Thus, computing an output statistic of any order involves the com-
putation of higher order statistics of the input. Moreover, the output of a nonlinear

system is in general non-Gaussian even if the input is Gaussian.

A. HIGHER-ORDER MOMENTS AND CUMULANTS

This section begins with a general set of definitions for moments and cumulants

and then proceeds to discuss properties of special interest in this thesis.

1. Definitions of Moments and Cumulants

The k-dimensional vector x = [z1,Z3.---,2)7 is used here to denote a
collection of real-valued random variables z; for which the joint moments up to a
sufficient order exist. Let u = [uj.us.--+,u;)T denote a set of real variables (i.e.,

u € R*¥); then the moment generating function is defined by

67 (u) = £{c"} (2.1)




where £ denotes statistical expectation. The k** order moment
M®) = £ {2125+ 22} (2.2)

is the coefficient of the term j*uyuy - - - ug in the Taylor series expansion of ¢7(u). In

general the moment of order m = vy + v, + - -+ 4+ 14, namely
Mprntobn) = £ {apay -t} (23

is the coefficient of the term

jrtiateta

v,
——————u;’l ulzq LRI ukk
ZHZIERRI 7Y

in the same expansion.

The cumulant generating function is defined by
ox(u) = In ¢%'(u) (2.4)
and the k* order cumulant denoted by
Cg‘) = cum{r122- - 74} (2.5)

is the coefficient of the term j*ujuy---ug in the Taylor series expansion of ¢%(u).
Likewise

C(xV1+l'J+"'+Vh) = cum {I‘l’l 1'2’1 e 1-:"} (26)

is the coefficient of the term

in the same expansion. The k*»-order cumulant can be expressed in terms of the

moments up to the k** order by the moment-cumulant relation

(- k! (P ;
O @) H1 MEE™) (2.7)
p:

k) _
Cp =
) 4 k(2) ot k(D) =k q

10



l
t

where the summation is over all the possible values of g. Similarly the cumulant-

moment relation is

1 k! LI
M) = Y ~ I c&#™ (2.8)
* k(1) 4 5(3) 4o Rl ) =k g! K- k(! p=1 *

In particular, if the exponents are such that vy = vz = -+ = 1 = 1 then from (2.7)

we have

C® = Y (-1)le7)(g - 1)! 5{11 z;}---S{H x.-} (2.9)

q 1€xy 1€ERxg

where k1, K2, - -- and K, are partitions of the set of integers {1,2,-++,k} and g is the

number of partitions. Further, from (2.8) it follows that
8{11,12,---,x;¢}:ZDMDK,---D,‘, (2.10)
q

where

Dy, = cum(Tj,,Zj5." " ", Tjm) p=123,--,q (2.11)

where the j; are the elements in the partition x, and the summation in (2.10) is over
all the possible partitions. Tables (2.1-2.3) show the moment-cumulant relations for
orders 2. 3 and 4. The moment is the sum of all cumulant terms in the same column.
Likewise the cumulant is the sum of all moment terms in its same column. The value

of ¢ and the corresponding partitions are also shown.

partitions moment cumulant
q]| k1 | K | ME) c)

1 1,2 C(z)(zll‘z) 8{2122}

2] 1 2 C(l)(zl)C(l)(zz) —&{z,}&{z2}

TABLE 2.1: Cumulants and moments for order k = 2.

Let us denote a discrete random process defined on the integers —oo < n < 00

as {z(n)} or simply as z(n) when thereis no possibility of confusion. Unless otherwise

11




partitions moment cumulant
q| K1 | K2 | K3 My c{
11,23 CB)(zyz223) E{z12,23}
2 1 2,3 C(l)(zl)C(z)(z;zg) —8{21}5{2223}
2 2 1,3 C(l)(zz)C(’)(zlza) —8{22}8{2123}
2| 3 12| | CW(z5)CP(zm22) “E{zs}e{z122}
3 1 2 3 C(l)(z;)C(l)(zz)C(l)(za) 8{21}5{22}8{23}

TABLE 2.2: Cumulants and moments for order k = 3.

partitions moment cumulant
qQ| kK1 Ky | K3 | Kg M) c{
1 1,2,3,4 C(4)(212213I4) 8{21222324}
2 1,2 3,4 C(z)(zlzz)C(z)(zam) —5{2122}8{12324}
2 1,3 2,4 C(2)(1123)C(2)(2224) —8{2123}8{1224}
2 1,4 2,3 C(z)(2124)c(2)(2223) *8{2124}8{2223}
2| 1 1234 Cl(z,)CB)(z22324) —E{z1}€{z2z324}
2| 2 11,34 C)(2,)C)(z12524) —E{z2}E{z12324}
2 3 1,2,4 CO(z3)CB)(z1z224) —E{z3}{z12224}
2 4 1,2,3 C(z4)C®)(z12523) —E{z4}E{z12223}
3| 1,2 3 | 4 C(z,2,)C)(23)CY)(z4) —E{z122}E{z3}E {24}
3] 1,3 2 4 C(z,23)CH(z,)C(z4) 28 {z123}E{z3}E{z4}
3| 14 2 | 3 C®(z,24)C(2,)C)(z3) 28 {z124}E{z2}E{z4}
3 2,3 1 4 C(z)(22z3)c(1)(21)C(l)(z;;) 28{2223}8{21}8{24}
3| 24 1 3 C®(z224)C(2,)C1)(z5) 28 {z224}E{z1}E{z3}
3 3,4 1 2 C(z)(2324)C(1)(21)C(l)(zz) 25{231:4}5{21}5{22}
4 1 2 3 | 4 | C(z1)C)(2,)CH)(23)C)(zq) | —6E{z1}E{2}E{23}E{z4}

TABLE 2.3: Cumulants and moments for order k = 4.




specified, the random process will be assumed to take on real values, i.e., z(n) € R.
A random process {z(n)} is defined to be m**-order stationary if for each k < m the
cumulant of order k for samples of the random process z(ng), z(ny), -+, 2(nk-1) is a
function of only the lag differences l; = ny — ng,ly = ng — ng,+++, liey = Ng—1 — no.
For an m'-order stationary random process, its k*»-order moment and cumulant

functions are denoted by

P‘(xk)(llv 127' Y lk—l) = 8{(1‘(71),1‘(72 + 11),1‘(1’! + 12)3 e ,x(n + lk—l))}

k<m

(2.12)

and

,((k)(ll,lz, vy lemy) = cum(z(n),z(n+ L) z(n+ ). -+ 2(n + L_y)) 2.13)
k<m .

For brevity, we will also use the notation y&")(l) and ngk)(l) where 1 is the vector
argument

l = [117 lZa Y lk—l]T

The size of the vector I is implicit with the order of the moment or the cumulant.
When there is no ambiguity it is common to refer to the moment and cumu-
lant functions as simply “moments” or “cumulants” of the process. For a zero-mean

random process the second. third and fourth-order cumulants are given by




Pl = E{z(n)z(n+1)} = pd) (a)
CO, 1) = E{z(n)z(n+ h)z(n+ 1)} = p&(l, 1) (b)
C¥)(h, 1o, 15) = E{z(n)z(n + h)z(n+ L)z(n + 1)} = CAL)CO(I; - 1)

—CP(1)CP(ls — 1) = CEN 1) CA (1 - 1)
= {0l b, 1) — u@(W) P — 1) — uP (L) (13 — )
— PV (I3)p @ (h — 1) (c)

(2.14)

These formulas follow directly from the corresponding formulas in Tables 2.1-2.3 for

random variables.

2. Properties of the Cumulant

Cumulants have properties that follow from the cumulant definition and
are important for their application in digital signal processing and system theory.

Among these properties are the following [24]:

1. If #(n)is a Gaussian random process its cumulants of orders higher than second
are zero. Since the moment generating function of jointly Gaussian random

variables with mean vector g and covariance matrix C is given by
¢ (u) = efuTH-zuTCu (2.15)

the natural logarithm of this function (the cumulant generating function) can
be considered as a power series with zero coefficients for terms corresponding
to powers greater than 2. Thus the cumulants of all orders greater than second

are zero. This is a property of any Gaussian process. white or colored.
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2. For a zero-mean random process. the third and fourth-order cumulants can be

defined as

C®(ly, 1, -+, iy
= M;(gk)(ll, Ly, ley) —E{g(n+ L)g(n + 1) -+~ g(n + le—1)}
for k=3 or4 (2.16)

where g(n) is a Gaussian process with the same second-order statistics as z(n)
[23]. (This does not apply to cumulants of orders higher than fourth). There-
fore, the cumulant can provide a measure of the process “difference from Gaus-
sianity.” In general, if z(n) is a stationary random process with variance o2,
the coefficient of Kurtosis is given by:

£{(z(n) - £{a(n)})*}

4
cum(r(n(.;;, z(n),z(n).z(n))+ 3 - cum(z(n),z(n)) - cum(z(n), z(n))

-3

o4

(4) 2212
_ Cx7(0,0.0) +3(Cx(0)) _3 (2.17)

ot

which equals zero for Gaussian processes because in this case C,(:)(0,0,0) =0

and C,(Kz)(O) = o2,

3. If a random process consisting of independent identically-distributed (i.i.d) ran-
dom variables has a symmetric distribution (such as Laplace. Uniform. Gaus-
sian and Bernoulli-Gaussian) its third-order cumulant is zero. This is not true
for non-symmetrically distributed processes (such as exponential, Rayleigh and

K-distributions). The coeflicient of skewness is

5{(5‘"(”) - 5{1(77)})3} _ cum(z(n).z(n), z(n)) _ r,((a)(O.,O) (2.18)

o3 o3 o3

which is zero for symmetrically distributed processes.
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_If each of the random variables z;, i = 1,2,---, k is scaled by a constant ¢; the

cumulant becomes

k
cum(a1Z1, 42T, , Gk Tk) = (H a;) cum(zy, Tz, , Tk) (2.19)

=1

. Cumulants are symmetric with respect to their arguments, i.e.,

cum(zy, Tz, Tk) = CUM(Ts,, Tigy ** * zi,) (2.20)

where (i1, %3, + + -, 14 is any permutation of the indices {1,2,--,k}. Thisimplies
for example that the third order cumulant of a stationary real random process

has six regions of symmetry in the l;,l; plane such that

C,(gs)(ll,lz) = C,(gs)(lz-h) = C;(ts)(—lhlz -hL)=
COl, — Iy, =) = CO(=lp. Iy = ) = CENh = . =1)  (2.21)

The principal region for which l; > I, > 0 is called the non-redundant region
of support of C,((a)(ll.lz). If the value of the cumulant at any point (/;,/3) in
this region is known, the values of the cumulant at corresponding points in the
five other regions of support defined by (2.21) are also known (see Fig.2.1).
The number of regions of symmetry increases rapidly with the order of the
cumulant. The fourth order cumulant of a real random process has 24 regions

of symmetry in the space of l1.l5, 13 .

. Cumulants are additive with respect to their arguments, i.e.,

cum(zg + T1, 2.7 ", Tk) = cum(zo, Ta. -+, Tx) + cum(zy, T2, -, 7k) (2.22)

Therefore the cumulants of sums of random variables are equal to the sums of

their cumulants.
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O (=ly. 1y — 1)

By, 1)

B0y, 1)

Non-redundant region
0<l,<h <o

Bty — b

C®(ly - . —1)

C¥(l - 1. 1)

h

Figure 2.1: Regions of symmetry of C,(ga)(ll. ly).
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7. If constants are added to the values of the random variables the cumulant does

not change its value, i.e.,
cum(a; + 21,03 + Za,+++,ak + Tk) = cum(Ty, Tz, , Tk) (2.23)

where a,,a,, -+, a, are constants.

8. If the sets of random variables {z;} and {y;} are statistically independent then

cum(zy + y1, T2 + Y2, , Tk + Yi) = cum(zy, I3, - ©,Tk) + cum(y, ¥z, ) Yk)

(2.24)

9. If a subset of the random variables {z;} for ¢ = 1,2,-- -,k is independent of the

rest, then

cum(zy, 9.+, 2%) =0 (2.25)

This implies that for a sequence w(n) of independent identically-distributed
(i.i.d.) random variables, the cumulant of any order is the multi-dimensional

delta function, 1.e.,
CNIy, 1y, leeq) = A06(1)68(15) -+ 6(lk-1); for w(n) iid.  (2.26)

where (¥ is a real-valued constant and é(l) is the unit sample function, 1.e.,

1 forl=0 -
6(1):{ 0 forl#0 (2.27)

Such a process is referred to as higher-order white noise process.

3. Advantages of the Application of Higher-Order
Cumulants

Cumulants and their Fourier transforms (the polyspectra) have recently

gained increasing interest in many diverse fields of application. However for decades.
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due to the lack of analytical and computational tools for the higher-order statistics

applications, only the statistics up to the second order (correlation and power spec-
trum) were used to any significant extent in signal and system analysis. Although
the application of higher-order statistics involves an extensive amount of computation
and requires a much larger set of data compared to the second-order approach, there
exist applications for which the second-order methods cannot serve appropriately
[23).

The second-order statistics are “blind” to the phase of a random process
while the higher-order statistics reveal both amplitude and phase information. In the
fields of linear system identification and process modeling, the solution of a problem
is not unique if only second-order statistics are applied. The system that results
from this approach can be either minimum-phase or one of many possible associated
nonminimum-phase systems, because in any of these solutions the underlying second-
order statistics are the same. When higher-order statistics are applied to the same
problem the phase information that is revealed from the data can serve to determine

which of these systems is the required solution.

Cumulants, on the other hand, are “blind” to Gaussian processes. There-
fore, cumulant applications are insensitive to any additive independent measurement
noise if it is Gaussian. Thus cumulant-based methods can boost the signal-to-noise

ratio when signals are (at least partially) corrupted with Gaussian noise.

When the processes are non-Gaussian or nonlinear (i.e., generated from a
nonlinear mechanism) higher-order statistics are essential in most cases. In real-
world applications, processes which are truly non-Gaussian have traditionally been
dealt with as though they were Gaussian due to the lack of appropriate mathematical
tools. Similarly, nonlinear systems and models are frequently analvzed after being

linearized in the vicinity of an operating point. In this case the solution is reliable only
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within a range that ensures its stability (i.e., the region of convergence of the linear
representation). The development of higher-order statistics tools, both analytical and
computational, can and has provided solutions that are free from both Gaussianity

and linearity limitations.

When higher-order statistics are applied to problems in signal and system
analysis, cumulants, instead of moments, are used for many mathematical and prac-

tical reasons. Among these reasons are:

1. For higher-order (non-Gaussian) white noise cumulants of any order (not mo-
ments) are multi-dimensional delta functions (see (2.26)) and their Fourier
transforms are multi-dimensional constant functions in the frequency domain.
This has an enormous effect on the simplicity of the computation of system
output statistics when the input is white noise. Moments do not share this

property, in general.

2. The cumulant of a sum of independent random processes is the sum of their

cumulants (see (2.24)). The same is not true for moments. This enables working

with cumulants as operators.

Although the above applies to all higher-order cumulants, in many cases the
third-order cumulant may not serve the purpose of the application and one may need
to work with fourth-order cumulants. This is clear in the case of white symmetrically-
distributed processes, for which the third-order cumulant is identically zero. The
fourth-order cumulant is also used in cases of processes that have a relatively small

third-order cumulant and a much larger fourth-order cumulant.
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4. Moments of Jointly Gaussian Random Variables

Let y = [y1,¥2," "> yk)7 be a vector of real-valued zero-mean jointly Gaus-

sian random variables. Their joint probability density function is thus given by

1 _1yTC
f’(y)————(zw)ﬂcﬁe y ey (2.28)

where C is the covariance matrix with entries
Cij = Cs = € {ywws} = € {yiyi} (2.29)
From the definition of the moment generating function (2.1) it is easy to show that

d™(u) = ¢~ CV (2.30)

Yy

Expanding this in a power series yields

o = 3 o

m!

m

l

-——uTCu]

-

m
Jl]2u1u2]

m
5 {Yi i} uluz}

n.M *" n.M H'.

'2m k ™
- 7771—7 {Z Z {yjlyjz}uluz] (2.31)

s1=1732=1
To find the value of the moment € {y1y2 - - yx}. the expansion (2.31) is compared to
the Taylor series expansion of the moment generating function and the required value

of the moment is found as the coefficient of the term j*uqug + « - ug. This comparison

reveals the following properties [24]:

1. The sum of the exponents of the u;’s in (2.31) is always even and equals 2m,
for m = 0.1,2,--- . Therefore, in the Taylor series expansion. the coeflicients

are equal to zero if the sum of the exponents in u¥u¥? - up* is odd or if the
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number of variables k in ujus---ux is odd. Thus the moments of the product

of jointly Gaussian random variables is zero if their number is odd.

2. If the number of random variables is even and equals 2p, where p is a positive

integer, the required average of their product is the coefficient of ujug - ugp in

the term
1 k k P
~ion E{yiyi}uwiu 2.32
plop ,;,-; {y.v yn} 1U2 ( )
The required coefficient thus takes the form
1
£ {y.'ix Yjr =" yzp} = P—'Q—; Z H £ {ij yiz} (233)

where the sum of products is such that such that none of the subscripts appears
more than once in the product of the p pairs of the form € {y;,y;,} and the

summation is done over all the possible pairing permutations.

To simplify the expression (2.33) we first notice that € {y; v} = €{v;¥5}. This
means that every 2° of the terms under the summation are equal and can be replaced
by just one term multiplied by the factor 2P. Also. since the order of the terms
in the product has no significance, there are p! identical terms for the same pairing
configuration. As a result of these considerations. the required expectation of product

of Gaussian variables in its simplest form is

E{yati - vt = 2 1 E{vivin} (2.34)

where the summation here is over all the possible distinct pairing permutations. The

number of these distinct permutations equals

(2p)!
p'2p

(2.35)

AN perm —

As discussed in Chapter II1. the output of a “well-behaved” nonlinear system

can be described by a series-like representation with or without memory. This series

o
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can be considered as a multinomial of functionals of the input. When a moment

(cumulant) of the output is computed, the average of the product of these functionals
raised to some powers is encountered. As shown in Chapter IV, the output cumulant
computation involves the expectation of the product of Gaussian variables raised to

some powers in the form

u(yh+m+"-+vh) =E{yryL -y} (2.36)

k .

The value of this moment is zero if the sum of the exponents Zu; is odd. As
=1

explained in Appendix A, when the sum of the exponents in (A.1) is even the value

of the moment can be computed by first constructing the k x k correlation matrix

C(1,1) C(1,2) C(1,3) -+ C(1,k)]
C(2,1) C(2,2) C(2.3) --- C(2,k)
c=|C@B1) C@32) C33) C(3.k) (2.37)
| C(k,1) C(k.2) C(k.3) -+ C(kk) |
where
C(i.5) = E{yiys} (2.38)
and the same size matrix M of non-negative integer entries such that
24 i i3 cee i ]
k41 20t Tk4s  ccc L2k
M= l2k+1 12k+2 2igksa v L3k (2.39)
| Q(e-1)ks1 Lk-Lk+2 Uk-1k+3 0 20k ]

The matrix will be called the multiplicity matriz. Note that for clarity it is prefered
to use k? linearly indexed variables i; to represent the entries of M rather than
variables with dual (column.row) index. We also force the diagonal entries to assume
even values for reasons that are explained in Appendix A. The value of the moment

is then given by




#g;« +ugteetun) —

1 k
1/1!1/2!---1/;,!2 D II
3 5=1

(Cjs, jr)) 3™ i (Clin, ja) Ml
(Mg (M(j1,72))!

(2.40)

j1=1
h#n

where the summation is over all the possible configurations of the matrix M such

that the sum of its entries along the rows and the columns satisfy the condition

k
Y M)+ Y M(i,5) - M(i,i) = v (2.41)

=1 i=1

This means that the sum of the matrix entries in the :** row and column equals
the exponent of y; in (A.1). The first product corresponds to the product of the
diagonal entries of the correlation matrix C (the autocorrelation) while the second

corresponds to that of the off-diagonal ones (the cross-correlation).

B. POLYSPECTRA OF RANDOM PROCESS

Moment and cumulant functions provide information about the different order
correlations among the components of random processes. They demonstrate the de-
pendence of these correlations on the values of the time lag differences among these
components. In many applications information about the frequency content of the
process, the power distribution over the frequency components, and the coupling
between the different frequency components are of significant interest. This infor-
mation can be obtained from the frequency functions known as the polyspectra. In
this section we introduce the definitions of the polyspectra, their properties, and the
spectral representation of a random process that leads to the procedure of computing

the polvspectra.



1. Definitions and Properties of Polyspectra

The multi-dimensional z-transform of the k**-order cumulant of a random

process z(n) is defined as the k*h-order complez cross-polyspectrum

o0 - <] _ _ —l _
SB(z1, 20,y zkmr) = Y oo 3 CEhy oo hon)z 2y 5 Y (242)
li=—o0 ly_y=—0c0
where z;, 2, - and 2z;_; are complex-valued variables in the region of convergence

of S,(gk). The Fourier transform of the cumulant will be called the k**-order cross-

polyspectrum and is obtained by letting z; = €/, namely !

S wriwa, o ywraa) = Y e 3 Ol D )emHen i)
li=-00 lp_1=—o0
(2.43)
A sufficient condition for the existence of this quantity is
> oo X 1P )l < o0 (2.44)
lj=—o0 lg_1=—00

The polyspectra are defined for all real values of the frequency variables w; but are
periodic in each variable with a period 2x. For the third-order case this quantity is
called the bispectrum and for the fourth-order case it is called the trispectrum. As in
the case of moments and cumulants we shall sometimes use the notation S’,(‘k)(z) to

denote S;k)(:l. Zg.+++, Zp—1) and S&k)(w) to denote Sik)(\.dl.,q)z. -+, Wk-1) Where

z=[z1.29.0 ,zk_l]T

and
w = [w‘l.u)z, T .a)k_l]T

The properties of cumulants discussed in Section A.2. lead to corresponding

properties of the polyspectra, namely:

1The notation Sg')(wl,wz,-n,w;._l) rather than Sg‘)(ej“",ej“”,---,ej“"‘-‘) is slightly abusive
but will be used for notational simplicity. The meaning will be clear from the context.
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w2

.(w17w2) S‘(wlaub) S(wla“JZ)

S(wr,w2) Non-redundant region
S(wy,ws) S{wy,wa)
W
S. (wl s W2 )
S' (w1 , W )
S‘ (u)l x5

S*(wy.w) S{wr.w2\ S(wi,w2)

Figure 2.2: Regions of symmetry of the Bispectrum of a real random process.

1. The bispectrum, trispectrum and all higher-order polyspectra are zero for Gaus-

slan processes.

(o)

The bispectrum is zero for symmetrically-distributed processes which are i.i.d.

3. When the random variables are scaled, their cross-polyspectrum is scaled by a

factor that equals the product of the individual scaling factors.

4. Polyspectra have symmetry properties similar to those of cumulants. For exam-
ple, the bispectrum of a real random process has the twelve regions of symmetry

shown in Fig. 2.2.




5. Polyspectra are additive with respect to their arguments

SE e ey (@) = S (w) + S (w) (2.45)

(zo+=1 (20'22. “&k) (=1 122, Tk)

6. Polyspectra are insensitive to the addition of constants to the random variables.

7. The polyspectra of the sum of independent random variables equals the sum of

their individual polyspectra.

8. If a subset of a collection of the random variables is independent of the rest,

their joint polyspectra are zero.

9. For processes consisting of i.i.d. samples, the polyspectra are constant, i.e.,

independent of frequency.

Similar properties also apply to the complex cross-polyspectrum Sk )( )

2. Spectral Representation of a Stationary Random
Process

The second-order statistics of a random process are fully described by the
covariance function and its Fourier transform. the power spectral density function.

These two quantities. are related by the Fourier transform pair

cO) / S@(w)erl du
S (w Z Cc(1ye ! (2.46)
l=—00

The power spectral distribution function Wx(w) is a nondecreasing function of w
that equals zero at w = —= and is obtained by integrating the power spectral density

function

Uy (w) = / SO(w)du (2.47)




The covariance function can then be described as the Stieltjes integral

1 L]
A= — [ e
cO) = 5 /_ K d¥x(w) (2.48)
since
d¥g(w) = SP(w)dw (2.49)

The representation is embodied in the “Wiener-Khintchine” theorem [18]. The in-

version of (2.48) gives

Uy(w) = 0% (w+7)+ }: Z C(z) (2.50)

Similar to this representation there exists a spectral representation of the
zero-mean random process z(n). The development of this representation starts with

defining the complex-valued random process Zx(w) with orthogonal increments such

that
E{dZx(w)} =0 (a)
E{dZx(w1)dZ(w2)} = buw, d¥x (1) () (2.51)
where
buren = { g) oi?}lre:;i'i:ewz (2:52)

Then the zero-mean random process can be represented as

z(n) = ;—/w U d 7y (w) (2.53)

g

The interpretation of (2.53) is that the process z(n) is represented as a sum of com-
plex exponentials in the continuous range [-7.7) with random amplitude |dZx(w)|
and random phase /dZx(w). In this case, d¥x(w) represents the mean-square am-
plitude of the component of z(n) at frequency w. The value of Wx(7) is the average

total process power and Sx(jw)dw is the contribution to the total process power from

[ ]
(0]



the components in the frequency range between w and w + dw. The spectral repre-
sentation of the random process is therefore related to the spectral representation of
its covariance function (the power spectral density function).

By inverting (2.43), the k**-order cumulant is given by

C¥ (Lo -y lma) =

: [ ST wy,wa, -+ y Wiy eIt 1) o dup + - duogy
(27!‘)”_1 - -x x

(2.54)

As an example, the third-order cumulant for the zero-mean process is given by

(2.14.b); so substituting (2.53) we have

CO(ly, 1) = £ {z(n)z(n + L)z(n + 1)}

1 LI x LA
— g{({)r)a‘/ erlﬂde(hdl)‘/ er:(n-&-h)de(wz)/ 6’“3(ﬂ+l’)d2x(w3)}

1
(2m)?

/ /1r /"r ej"(wl+w2+“’3)€j(“’211+w312)£{de(wl)de(w‘z)de(w:;)}

(2.55)

Since the process is assumed stationary, the cumulant value must be independent of
n. Since this can only be true if w; + ws + w3 = 0, it follows that

1

CO, 1) = P

[ [ ettt (a7 ()2 (0)dZ( 0 = wn)} (236)
Comparing this result with (2.54) we find that

S (wr,wy)dwidwy = € {dZx(w1)dZx(w2)dZx(—w1 — w2)} (2.57)
By a similar analysis it can be shown that the cross-bispectrum satisfies

<(3)
Sy

(.«.‘1.(—9’2)dhﬁ1dw'2 = g {de(w‘l)dZy(u}z)dZw(—w‘l - w‘g)} (

o
Ut
@ o]
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For the fourth-order cumulant we can write

0;4)(117 IZ, l3)

= M®(ly, 1z, 13) - MP(L)MP (1> — 1)
— M@ (1) MP(Is = b) = MP(I5)MEN1 — 1)
1 L w L g x .
n(ws +wa+ws +we) J(wily +wzlz+wsls)
(27()4 -/—w ‘/—w -[-w -[-r ¢ €
X E {dZx (w1 )dZx(w2)dZx(wa)dZx(ws )}

/ i / T einlrton) i) g {47, (wr)dZx (ws)}

1
(2m)?

y 1 ./'x /‘K ejﬂ(“’z‘{"""l)ejm(h-h)g {de(w2)de(Lu‘3)}
G Jon e

1 L3 x ,

(27r)2/_ ./_ einlerteled g {47y (wa)dZx(w4))}
1
(27)
1
(27)2

x———({)l E [ [ ettt =g (a7 () dZx ()} (2.59)
LT -xJ-x

xe— [ [ T ginlorten)cis(a=h) g £47, (wy)dZx(ws)}

[ [ ettt {aze(wa)dze ()}

In this case also to satisfy the stationarity condition (2.59) becomes

COln. b 1) =

1 ‘/"r /7r ‘/"r ‘/1r ej(wxl1+w212+w313)
(27!")3 At A e

E{dZx(w1)dZx(w2)dZx(w3)dZx(—w1 — w2 — w3)}

1 /’r /’r /1 e.‘i(u’111+wzlz+w:ls)
¢ 3
(277) —xJ-wJ—n

£ {de(“‘)l)de(“wl)} £ {de(w’z)de(—w‘z)} 6(wz + wa)

x pxpE
1 / / / 6.7(‘«’111 twalz+wsls)
(27&')3 — -7

£ {dZx(w7)dZx(—w2)} € {dZx(ws)dZx(—wa)} 6(wr + ws)

_1_._ [ F{wily+wala+wsls)
(273')3 »/:r ‘[—1 /—‘l‘ ¢
£ {dZx(w3)dZx(—w3)} € {dZx(w1)dZx(—w1)} (w1 + w2)

(2.60)

Comparing this result with the definition of the trispectrum by letting k = 1 in (2.54)
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yields the relation

S8 (w1, w2, ws)dwr dwadws = € {dZx(w1)dZx(w2)dZx (ws)dZx(—wr — wp — ws)}
— € {dZx(w1)dZx(—w1)} € {dZx(w2)dZx(—ws)} 6(w2 + ws)

—& {dZx(w2)dZx(—w2)} € {dZx(ws)dZx(—ws)} 6(wr + ws)

—& {dZx(ws)dZx(~ws)} € {dZx(w1)dZx(—wr)} (w1 + w2) (2.61)

Similarly we can show that the cross-trispectrum of the processes x,y,w and v is

given by

S (w1, w2, ws)duwy dwadig =
E {dZx(w1)dZy(w2)dZuy(w3)dZy(—wr — wy — w3)}

— € {dZx(w1)dZy(—wn)} 8(wr + wp)E {dZu(w3)dZ,(~ws)}
—E{dZx(w1)dZy(—wn)} 8(wr + w3)€ {dZy(w2)dZ,(—w2)}

—E{dZx(w1)dZy(—w1)} € {dZy(w2)dZy(—w2)} 6(ws + w3) (2.62)

Now let us specialize these relations to the case of a zero-mean Gaussian
process g(n). Since for this process the cumulants of orders higher than the second
are identically zero, the left hand sides of (2.57) and (2.61) are identically zero. Thus
for this process

€ {dZ,(w1)dZ, (w2 )dZg(—wy — wp)} = 0 (2.63)

for all w; and w,, and

g {ng(u)l)ng(w‘z)ng(w‘;g)ng('—wl — Wy — u}3)} =
£ {dZQ(..cl)ng(—uul)} 5(\4}1 + u)z)g {ng(w's)ng(—u}a)}
+E {dZy(w1)dZy(—w1)} 6(wr + w3)€ {dZg(wq)dZy(—w2)}

+£ {ng(u.‘l )ng(—u.l)} 8 {ng(w‘z)ng(—w‘z)} (264)
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This means that for the Gaussian process the value of
€ {dZ,(wn)dZ4(w2)dZy(ws)dZg(wa) }

is nonzero on the manifold defined by w1 + wz + w3 +ws = 0. Moreover on this

manifold it is nonzero only on the three proper submanifolds defined by
o (w1 +ws=0)N(ws+ws=0)
o (wy +ws=0)N(wz+ws=0)
o (W +ws=0)N(w2+ws=0)
The value is given by
£ {dZy(wn)dZy(w2)dZg(ws)dZg(wa)} =
Sy(w1) Sy (ws)6(wr + we)8(ws + wy)dwr dwrdwgdws
+S,(w1)Sg(wa)é(wr + w3)8(wg + wa)dwy dwydwsdws
+Sg(w1)Sg(wa)é(wr + we)é(wa + w3 )dw) dwodwsduwy (2.65)

which has a three-dimensional region of support defined by wi, wa and wj; we use

four frequency arguments for clarity however and the condition
wytwrtwstwy=0

to make the notation correct.

Now assume we have a Gaussian process that is also white. Denote this

process by w(n). In this case the right hand side of (2.65) becomes

£ {dZy(w1)dZ (w2 )dZy (w3)dZu(wa)} =
04[6%(wn + wa )6 (wa + wa) + 65 (w1 + wa)8(wr + wa) + 6°(wr +wa )8 (w2 + ws)]
dundurydusadicy
(2.66)




where 6¢(w) is the continuous time unit impulse function, not to be confused with
the dirac delta 8,,., defined in (2.52) or the (discrete time) unit sample function §(1)
defined in (2.27). In general since the process w(n) is zero-mean white Gaussian, all
the cumulants ezcept the second-order cumulant (the covariance) and the associated
power spectral density function are equal to zero. Therefore when we apply this char-
acteristic to any order polyspectra expressions similar to (2.57) and (2.61), equations

(2.63) and (2.65) can be generalized as follows:

bizsoniaion-raont = Sy T 08D
where we use the notation
dw = dwidwy -+ dwr
6% = Y T oloi + ) (2.68)
i,

and where the product is over the %‘ pairs of w; and w; and the summation is over all

possible pairing permutations.

C. MOMENTS AND SPECTRA OF FUNCTIONALS OF
A WHITE GAUSSIAN PROCESS

1. Moments and Spectra of Linear Functionals

For a zero-mean white Gaussian process w(n). the power spectral density
function S®)(«) has the same value o2 for all frequencies: this is the average process

power. Therefore the spectral representation of w is given by

x

w(n) = i-l— €“"dZ,(w) (2.69)

—
i -

where

E{dZy(«)} =0
E{dZy,(«1)dZ5(wn)} = dVx (w1)bw;wp (2.

o
-1
]
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and

d¥,(w) = Sp(w)dw = oldw (2.71)
If this process drives a linear system with transfer function H(w) then the output
y(n) is another zero-mean Gaussian process that also has a spectral representation

in the continuous region [—x, ) in the form of

y(n) = 2% /_ : 47, (w) (2.72)

The components of the input random process that comprise its spectral represen-
tation are modified by the magnitude and phase of the transfer function to give
the components of the output process with random magnitude |H(jw)||dZ, ()| and

random phase /H(w) + (dZ,(w). In general
dZ,(w) = H(w)dZy(v) (2.73)
Which satisfies conditions similar to (2.51) because
E{dZ,(«w)} = H(w)€{dZ,(w)} =0
E{dZ,(w1)dZ}(wa)} = H(wn)H* (o) E{dZ0lw1)dZ5(w2)}
= buyag|H (1) Polduy (2.74)
The output power spectral density function has the value
SP(w) = 2| H(w)? (2.75)

If the system impulse response is denoted by k(n) then the output autocorrelation
function is given by

Ry(1) = E{y(n)y(n + D} = a?ry(l) (2.76)

where rj (1) is the system correlation sequence given by

ra(l) = i h(n + 1)h(n) (2.77)

n--—-oo
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which is the Fourier inverse of |H (w)2.

If a set of linear systems with transfer functions Hy(w), Ha(w),"*+> Hi(wr)
and corresponding impulse responses hi(n), ha(n), -+, he(n) are driven by the same
zero-mean white Gaussian process w(n) with variance o2, the outputs y1,Y2,"* " Yk

are zero-mean Gaussian and have the spectral representations
1 [~ :
) = o= [ iz, 5 G=h2ek (2.78)
27 J-x ?

for which

dZ,;(w) = H;{jw)dZu(w) (2.79)

In this case the cross-correlation function is then given by

Ry, (1) = E{yi(n)y;(n + N} = olri() (2-80)
where
rii(l) = i hi(n + Dhj(n) (2.81)

The quantity 7i;(!) will be called the system cross-correlation sequence. The cross-

spectral density function is then given by

Syiy,'(“"‘)d""' = E{dzy.’(“’)dzz,j(“;)}
= o2Hy(w)Hj(w)dw
= 02sij{w)dw (2.82)
where
sij(w) = s(w) = Hi(w)Hj*(w) (2.83)

We refer to the last quantity as the system cross-spectral function.
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2. Moments for Nonlinear Functionals of a White
Gaussian Process

A set of nonlinear processes u;j(n) can be formed by multiplying the outputs

of the linear systems raised to some integer powers v;; to give

Vi1

uj(n) = y;7 (n)ys" (n) -+ 4" (n) (2.84)

The wu; are functionals of the white Gaussian process w(n) because each of the y; is

given by
yi(n) = Y wj(n —1)h;() (2.85)

The value of the m*®-order cross-moment function
p™) = E{ua(n)ua(n + ) -+ - tm(n + lm-1)}
= E{yP (n)ys2(n) -yt (n)yi® (n + L)ys? (n 4+ L) - g (n+ ) - - -

XYL (1 + b )Y5™ (4 ) = ye™ (0 4 L )} (2.86)

is zero if the sum of the exponents is odd. For an even sum of exponents the procedure

explained in the Subsection A.4. is followed: the mk x mk matrix C{™) is constructed

as
[ R(0) R(l:) R(l) +++ R(lm-1)
R7(L)  R(0) R(b-h) - R(ni—h)
cm — | RT(l,) RT(l, - 1)) R(0) cor R(lpo1 = 1p) (2.87)

u

R7(lns) RT(ms—1) RT(lms—~0) --- R(0)

-

where the k x k matrix R(n) is given by

[ ri(n) ria(n) ra(n) -+ r(n) ]
ra1(n) raa(n) ra3(n) o0 Tar(n)
R(n) = rai(n) raa(n) ra(n) -0 rar(n) (2.88)
i rkl.(rz) rk2(n) Ta(n) v Tee(n) |
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and r;j(n) are the system cross-correlation sequences (see (2.81)). A multiplicity

matrix M of size corresponding to C{(™ is defined as

[ M(0) M(h) M(l2) - M(lm-1) ]
MT(L)  M(0) M(h—1k) - M{m—h)
M= | MT()  MT(L-h) M) oo Rllm-1—h) | (2.89)

| M7(l1) MT(lmor = h) M7 (I —h) -+ M(0)
where each block M({) represents the multiplicities of the ri(n) in the block R(l). Al-
though equation (A.15) is still applicable, we can benefit from the fact that C(7,5) =
C(j,1) to save computations in this case and in similar cases where the matrix cim
is symmetric. The multiplicity matrix M can be modified because the two entries
M(i,j) and M(j,1) result in pairing M(i,j) + M(j.1) elements from both y; and y;
to give C(i,j)(M("j)‘“M(""'))/z. Therefore we let both entries of M be equal such that
each of them equals the value that their sum would have if the notation in (A.15)
is used. The diagonal elements are not changed because they still have the same
meaning. Subsequently the off-diagonal elements need to be examined in the upper
triangle only, and the condition on the sum of the elements along the columns and
{he rows becomes that the sum of the elements of the jt row equals the sum of the
elements of the j** column and each equals vj.

Before proceeding, let us define some notation that will be useful in the
remainder of this discussion. For a k-dimensional vector v with elements vy, vg, -+
and v, we dfine the additive reduction or simply the reduction of v as the sum of its

components. If we denote this by S[v] we have the definition

k
S =) vk (2.90)

=1
For a k x | matrix M, with elements M (¢, j) we define the reduction as a vector with

elements equal to the sum of the rows of M. Thus

CM]=m where my =Y M(i.j) (2.91)
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Now since each of the cross-correlation functions equals the corresponding
system cross-correlation sequence multiplied by the input variance 02, and since the
total number of the cross-correlation functions is always equal to half the total sum
of exponents, then each term in the expression of the moment has the value ((7?,)213!ﬂ
multiplied by the product of the system cross-correlation sequences r; that result from

each pairing permutation. Therefore the moment in this case is given by substituting

in (A.15)
pm() £{u1 n)ua(n +h)-- Um(" + lm-1)}

v T (CIm)(j, ]1))M}"’
HV(I Z nM H M.n,:u !
i=1 sM)=v 2 i 2 )
mk v(rm) M(1,d2)

o (Cy (]1»1]2)‘) "7 72 (2.92)

2= +1 AI(.}]]?)

The condition £[M] = v in the subscript of the summation means that the summa-

tion is done over all the possible values of the matrix M that satisfy the condition.

3. Spectra of Nonlinear Functionals of a White Gaussian
Process

In the frequency domain the (m — 1)-dimensional moment cross-spectral

function is defined as

L‘(‘"‘)(wl.wg.---,wm_l)
_ Z E ;ls‘m)(ll.lz....’lm_l)e_j(wl11+w212+-.-+Wm—11m—1) (2.93)
I;:-oo l,,,_1=—oo

with inverse transform relation

(m

(L. )
1 (m i(wil lgtee l

dw‘]dw‘z e dw‘m_l (2()—1)




Equating the right hand side of this equation and (2.86) yields

(-1—)"‘—1 /r .../' S("‘)(wl Wa, e, W, 1)eJ'(th+wzl:+'"+w1u-1lu—x)
27r — . u I bl s m—

m~1

dwydwy + -+ dwpm 4
= E{ul(n)uz(n + 11) e u,,,(n + l ..1)}
= E{yi" (n)yg?(n) - -y (n)y¥ (n + L)y (n+ L) -+ g™ (n + 1) - -

XY1™ (4 lno1)y3™ (0 4 Imo1) - yg™ (0 + lmoa )} (2.95)
Now substituting each y(n) with its spectral representation in (2.78) we obtain

y(n) = [51; I ej“"‘dZy(w)]v

-

] v ™ * in(w) +wy 44wy
= (2—7;) /_1.../_761( +wy et )dZy(wl)dZy(wz)---dZy(w,,)

1 " g '
(:é:)"/ ..-/ H(“‘I)H(Wb) oo H(w‘y)ejn(“’1+“’l+"'+wy)
T - —

dZw(wl)dZw(wZ)"'dZw(wv) (296)

Let us define w,,,,, as new variables of integration that are necessary when we sub-

stitute (2.96) into (2.95). Then the right hand side of (2.95) takes the form

t1=1e3=143=1

1 x x m ok Ve
£ (E;)P./—w-/—r (H H H H"-'(“)thm)dZw(‘*’uLm))
N e’
P

in (E:=1 Z:,:l ZT;L‘E wq.gu;) 6] (Ezgz E:2=1 z:‘;l_;‘f Iq"lwulzil) (2 97)

Xe

where P equals the sum of all the exponents in (2.95). i.e..
P = Y[y (2.98)

39




and must be even so that the expression is not equal to zero. The stationarity

condition implies that
m k Vi

E Z Z Wigigey =0 (2.99)

u=1e=14y=1

Now interchanging the order of the integration and expectation in (2.97) produces

[ (I Pt BB )

L4283 414343
(2.100)
where the integration is taken over the manifold defined by (2.99) and the product
notation used here is equivalent to the triple product expression in (2.97). By substi-
tuting the expectation in the integrand with its value given by (2.67). the expression

becomes

% / / (H Hbz(j“"uut:)) ej(z::’::zz‘: t;l‘l“”‘l"”)&f H dw’rlbzts

t1i283 tit2ts

(2.101)
Since 6P makes this expression equal to zero outside the manifolds defined by the
P!/(( )‘22 permutations of the product of delta-dirac functions é(w; +wj); the ex-
pression (2.101) is a sum of terms represented by £ % multiple integrations. Each term
corresponds to a certain submanifold of that defined by (2.99) and it is multiplied by
the number of permutations that result in the same integrand. The product of the P
transfer functions H(w) is replaced by the product of = system spectral density func-
tions Sij(w) and the sum of lag-frequency products lw, in the complex exponential

is reduced correspondingly because

1 x " ) i .
(Q—r)z '/_’r ‘/_,t Hiy(juwr ) Ha(fwn )6(wy + wy)edherthaen) gy, dusy

1 /= .
= 2—7"‘/:-1 s1a(wy)e?1 ) duy (2.102)

When this result is applied to (2.101) we can develop a procedure to calculate the

value of 5'1("")(“:1. Wo. '+ .wm—1) given the linear system transfer functions (or the sys-

10




tem cross-spectral density functions) and the input variance ol.

4. Second-Order Cross-Spectral Function of Functionals
of a White Gaussian Process

Let us continue to consider the functionals u;[{w(n)] of the zero-mean white
Gaussian process w(n) defined by (2.84) and (2.85). Note that in general these func-
tionals do not have zero mean. The cross-correlation for any two of these functionals

is given by

2 (1) = E{wa(n)uz(n + 1)}
= E{y (n)yr (n) - -y (g (n+ Dyg™ (n + D) -yt (n + 1)} (2.103)
and its frequency transform (the cross-power spectral density function) is defined as
SPw) = Y pP(ne (2.104)

l=-o00

If the sum of exponents in (2.103) has an even value P then the expectation is not
identically zero and we can compute the value of the moment as described in (2.92).
The right hand side of (2.95) is obtained as a sum of terms each corresponding to a
possible permutation pairs of frequencies resulting in the expression (2.101). We start

the procedure by constructing the 2k x 2k matrix of system cross-spectral functions

&

§°(w) S°(w) (2.105)

Sq(az)(""") = (S“’)'T(u..‘) So(u})

where each term S°(w) or S¥(w) is of the form

[ 511(’*‘) 312(4-»‘) s1a(w) - S1k{w) -\
821(&0) Spz(w) Saa(w) --- Sok(w)
S(w) = | sa(w) sa;(w) sas(w) - sar(w) (2.106)

ska(w) ska(w) sea(w) +or Skr(w) |




with the system cross-spectral function s;; defined in (2.83). The significance of the
superscript (0 or w) is explained below. A 2k x 2k multiplicity matrix M is also
constructed in the same way as for the moment computation procedure.

Let us now assume that the i*? frequency pairing permutation in (2.101) re-
sults in a component S(¥(w) of 8{*)(w) which is obtained by summing all the possible
components. In this component the frequency pairing is over all transfer functions
that comprise the functionals u; and u,. Those transfer functions of u; do not have
their frequency argument appearing in the lag-frequency product of the complex ex-
ponential. Therefore if the frequency arguments of two such transfer functions are
paired together they do not affect the lag-frequency exponent and do not have their
system cross-spectral function multiplied by a complex exponential of its frequency
argument. This spectral function is an entry of the upper left diagonal block S° of
S(?). If the frequency arguments of two transfer functions that come from u, are
paired together then the sum of these two arguments is zero and they therefore dis-
appear from the lag-frequency complex exponential. The resulting spectral function
is an entry of the lower right diagonal block 8% On the other hand if a frequency
argument of a transfer function of u; is paired with one of u, , this frequency argu-
ment appears in the lag-frequency product in the complex exponential. This spectral
function is located in S¥.

For a specific configuration of the frequency pairing let us assume that p,
system cross-spectral functions lie in the upper triangles of the two diagonal blocks
denoted S°, and p, are entries of S¥ such that p; + p; = %. Then from (2.104) and

(2.101)




x

50¥w) = 3 A [ [ salentsslon) - snlen)

{=—-00 \——\f-——‘—*

P 4

2
it +uwp,y 43+
xsm+1(wm+1)3m+2(wm+z)"'5.;1(‘-‘) )eJ Contin s w§)dcu1duh ---dw§

L]

(2.107)

(Here we used a single digit in the subscript of the spectral functions for simplicity;
they are actually indexed with two digits according to the indices of the correlated
system outputs). Since each of the first p; spectral functions can be integrated
separately, the result of this integration is a constant multiplying the rest of the

integrals. The value of this constant is given by

1 x
/ sij(w)dw = 1i;(0) (2.108)

o J s

where 7;; is the system cross-correlation sequence defined in (2.81). Therefore (2.107)

reduces to
~(2)i P x —dw 1 n L
SEHw) = (02 Ers(0)ra(0) -+ (0) 30 ey [T f
lz—w el - -
P2
jl{w. +wp, 42+ Fw
SP1+1(“"P1 +1)5P1+2(°"‘P1+2) T 5%("‘"% )6:’ (orsrem 2 §)d‘dm+1 U d"‘):;
(2.109)
Now interchanging the order of the summation and integration we obtain
. 1 0 L
S = (af)%'rl(O)rz(O)-.-r,1(0)(2—_)"=/ /
N - -
P2
. ko —jl(w—wp, 41~w ce—w
Spr41(wpy+1)Sp42(wp42) - - sE(we) 3 € IR T ‘})dme ~-dwp
l=-o00
(2.110)

where we have used the fact that formally the Fourier transform of e=#! results in

an impulse 276¢(«) in frequency. The summation in the integrand equals 27 6(w —
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Wp 41 — Wpr42° 7 — WE ) which reduces the number of integrations to ps — 1 over the
manifold defined by

Wp, +1 +w,,+2+---+w§ =W (2111)

In other words we can conclude this development by the expression
S (w) = (02)7 $%Dconv(S¥(w)) (2.112)

where S°0) represents the product of the system cross-correlation sequences 7j ;(0)
that are located in the diagonal blocks and included in the i*% permutation. The
value of conv(¥(S5¥(w)) is obtained by performing multiple convolution on the system
cross-spectral functions located in the off-diagonal block S¥ and included in the i**
permutation. Specifically, for p spectral functions 1. 2.+ -+, 8p of S¥ included in the

permutation this operation is defined as

convi)(§¥(w)) =

1 x x
(o [T [ sl = Bu)salty = Ba) - poalBpma = s (B

27 - -

6:d0, - - db,_, (2.113)

Finally. we obtain an expression similar to the expression of the value of the moment
S () 2k 1 2k ]

2k I
51(‘2)(/“;)—_—1:]1:1/(1')! Z TLMI_H M(j1,51) H M(j1.72)!

!
ser 2°50 as () ashn

(2.114)

where v is the vector of exponents appearing in (2.103).

5. Higher-Order Cross-Spectral Density Functions of
Functionals of a White Gaussian Process

By generalizing the procedure developed above. a procedure can be de-

veloped to find an expression for the value of third. fourth and other higher-order
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cross-spectral density functions. The third order cross-spectral density function is

defined as
5(3)(w1,w2 }: Z p(s) Iy, 1, 'j(“"l‘+“"") (2.115)

‘1-——& lz:—&
We start the procedure by constructing the 3k x 3k matrix of system cross-spectral
functions
Ss° S« Sz
S@ =] (§)T 8° Su1-w2 (2.116)
(Swg )-T (Swl—wz)OT So

where each of the k x k matrices is defined as in (2.106). The associated 3k x 3k
multiplicity matrix M is also constructed. We assume that for a specific frequency
argument permutation (specific configuration of the matrix M) in the expression
(2.101) some system cross-spectral functions are entries of the diagonal blocks de-
noted S°. The result of these functions is a constant value taken out of the inte-
grations. The rest of the functions are divided into three groups. The first group
consists of p; functions that are entries of the block $“1. The second group consists
of p, functions that are entries of the block S¥2. while the third group consists of ps
functions in the block S“1~¥2. Each of the associated frequency arguments appear
in the lag-frequency product of the complex exponential. If the sum of the expo-
nents of the Gaussian functions y; in the moment expression has an even value p, the

corresponding component S3) takes the form




SC¥(wr,w,) = (o-:)§ (H 50(5)) f: i 6-5(w111+w212)(‘)_17r_)m+m+m

H lj=—00 lg=~00

x w
/ .. / su(wn) <+ S1p, (wlp, )321(w21) tee Szp,(wzm)sm(wal) o 53pa(w3ps)
- -
P1+patps
% eﬂx (w11 4--+wip, )eﬂz(wzx +etwzp, )ej(" ~l3)(war 4+ Fwspy )dwlldwlz ...... d‘-’-’sm
— (A2\F (1) 1 P1+p2+ps3
= (c%)2 S S
% (T5) (55)

x x
X / X / 311((-011) *** Sipy (Wlpl )521(“)21) *r e S2pg (U-’zp,)sal (“)31) " S3py (w3P:)
- -
.
P1+p2+P3

o0
X Z e—ﬂx (w1 —wi1 = =w1p, —ws1 —*—Wpy)

lj=—00
w .
% Z 6_112(“,2 —~wgy — e —Wapy +wsi +-..+WJp3 )d‘-‘)lldu”‘lz ...... dw3p3
l,:—co

(2.117)

where wy; are the new variables of integration that are needed when we substitute
(2.102) into (2.101). After substituting the two summations with the values 6°(Z[w]).

this expression equals zero outside the manifold defined by the two relations

wh :w11+"'+w1p1+(“/'31+"'+“"3p3)

wl=w’21+"'+u-‘2p2—(w'31+"'+u.)3m) (2118)

If we now define the argument

0=w31+..-+wap3 (2.119)
we have
w11+...+“}1p1 :_‘,‘1—0 (2120)
and
war et wap, = wy + 0 (2.121)
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and the number of integrations is reduced to p; + pz + ps — 2. This can be repeated
successively as follows. The first group of functions is integrated p; — 1 times over

the manifold defined by (2.120) to give
Seoman (w1 = 0) =

1 g L
(2—71')?1-1 / "'/ su(w1 - 0 - 01)812(01 - 02)---31,1(0,1_1)d01d02---d0,1_1
- -

p1-1

(2.122)
The second group is then integrated p, —1 times over the manifold defined by (2.121)
to give
Soma(wz +60) =

1 L3 x
(o0 [ [ snan + 0= Br)snalOr = 0a) - (B )by - s

p2-1

(2.123)

and the third group is integrated on the manifold defined by (2.119) to give

1 * L4
()—;)ps ! / ok / s31(0 — 01)s32(0) — 02) « - - S3py (Opy—1)d01dO3 - - - dfpy
-% —-%
p3—1
(2.124)
The last integral gives us the value of the required component
q( )'(wl u)z (II qO(z )
1 ; i
x(52) S‘ G (wr — 0)SE) o (ws + 0)S53(0)d0 (2.125)

and the total value of the third-order cross-spectral density function is therefore

o S 1%
q Wl u)z HV Z (M) H (Mg.‘ih.'il!)l H M(y
2

, Y
z[M]:v 277 qi=1 =g+l (J1.72)"

(2.126)
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Finally an analogous procedure can be explained to compute the fourth-
order cross-spectral density function

SO (wr,wp,ws)= 3 Y D (1)~ tualstusls) (2.127)

li=—00 l3=—00 l3=~-00

The 4k x 4k matrix of system cross-spectral functions is defined as

s° S Sv gvs
Sw1 T SO Sui—wz2 Suwi1—ws
51(44) = Esw; ;:T (Sw; —w3 )tT SO Quz—wy (2128)

(S“” ).T (wa—m)‘T (S“’"“”)'T SO
and the same size multiplicity matrix is constructed to compute all the distinct
permutations of frequency pairing and the number of their occurances. In this case
we get six groups of the product of the system cross-spectral functions located in
the upper off-diagonal blocks. Let us assume that the number of spectral functions
in the j*® group is p; and their sum is P. The frequency arguments are denoted
by wj1,wja,**+,wjp,. In this case three intermediate frequency arguments 6;,6,,6;
corresponding to the fourth, fifth and sixth groups located in $**7%2 ,§“173 and

Swz-ws respectively are defined such that

91 =wq twaz + 0+ “ap, (2129)
02 =wp +wye+ 0 + “5pg (2130)
03 = we1 + wez2 + -+ + wep (2.131)

By procedures similar to those described for the third order polyspectrum the compo-

nent S{*%(wy,wy.w3) is obtained by performing the following multiple convolutions:




Shr(wr — 61— 0;) =
1 p1—1 x x
(2_7;) ' / ot / 511(‘01 - 01 - 92 - 191)-‘512(191 - 192) tee Slpl(ﬂm-l)dﬂld02 © 'dﬂpl-—l
- -

Siomra (w2 + 01 — 05) =
1 x x
(o™ o [ samlwn + 00— 6 = 92)s2a(0 = 92) -+ 523 (99 2) 0105+
- -x

p2-1

Sconv3(w3 + 0, + 03) =
(o [ [ snlios + 0 4+ 05 = 92Jssa = i)+ sap (g ca )il -y
9 - -

py—1

Sionea(61) =

~‘convé4

1 L3 L3

(_)p,-1/ e /_ 841(91 - 191)342(191 - 192) t '34p.(19p.—1)d191d192 i 'dﬂpg—l
1 L4 n

(=) ! / X / s51(02 — U1)s52(Vy — Vg) - -+ 85p, (Vpy—1)d01dV3 -+ - dVp, 4

1 L3 T
(520 [ [ senlBs = 0n)sealis = 2) - sopy (Ppgos )0l - dBpyy (2.132)

Finally the spectral function component S,(“‘)"(wl,wz.,wg,) is obtained by performing

the triple integration

S () = (02)F ([ 8°9) (Or)/ [ sGhter =00 -6

X S8 a(ws + 01 — 03)SEL (s + 65 + 63)SE) (0,19 (8,)88) _(05)d6,d0,dbs

(2.133)
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and the expression for the fourth-order cross-spectral function becomes

S(wy, ws,ws) ﬁu(i)’ ) S (w) ﬁ ! ﬁ ! (2.134)
u 1,W2,W3} = . o i T o .
i=1 M=V Q‘IzM2 s1=1 (E(Jz_:!_))t Fa=d+1 M(]17]2)!

In the same way cross-spectral density functions of any order for the functionals of a
white Gaussian process can be obtained through a procedure of successive convolu-

tions.




III. THE WIENER MODEL FOR A
DISCRETE NONLINEAR PROCESS

A discrete time random process can be modeled as the output of a discrete
system driven by another discrete time random process whose statistics are known
up to a sufficient order. This system is generally specified by a set of parameters that
can be of either finite or infinite size. The model is successfully constructed when the
system parameters are chosen such that the statistics of the system output match the
statistics of the modeled process up to a required order. Here the underlying system,
although nonlinear, is assumed to be stable and causal (non-anticipative). This
assumption satisfies the realizability requirement of the model and (as shown later)
generates a structured system architecture. In this chapter we present the Volterra
series representation of discrete nonlinear systems and then develop the Wiener model
of discrete nonlinear systems and their associated random processes. Although most
of the published work on the Wiener model is formulated for continuous time. we
adapt the theory in this dissertation to the discrete time case. Consequently. there
are several extensions and new results that are developed in this chapter prior to the

main results of this dissertation which are presented in the later chapters.

A. THE VOLTERRA SERIES REPRESENTATION OF
NONLINEAR SYSTEMS

The output {z(n)} of certain “well-behaved™ nonlinear systems can be related
to the input sequence {w(n)} by a Taylor series-like representation developed by the

mathematician Vito Volterra and first applied to the study of nonlinear systems by
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Norbert Wiener [22]. The details of this series representation of nonlinear systems

can be found in several places [18, 22, 17]. We give a brief outline of the theory here.

1. Higher-Order Volterra Kernels and Operators

The Volterra series representation for a causal nonlinear system with input

w(n) and output z(n) can be written as

:v(n) = ho + i hl(k)w(n - k) + i i hz(kl,kz)w(n - kl)w(n - kz)
k=0 k=0 k2=0

N Z Z ho(ky, ... kp)w(n —ky)- o w(n —ky) + - (3.1)
k=0

k; =0
where hy(ky,. .., kp) is called the pt*-order Volterra kernel which is identically zero
for any of the k; < 0. An equivalent way of representing the system is by a series of

operators
2(n) = Holw(n)] + Hafw(n)] + Haluwe(n)] + -+ + Hplw(n)] + -+ (3.2)

where

Ho[w(n)] & S oo S hplhye . kphw(n = ki)« w(n — ky) (3.3)

kl =0 k,:O

is the pth-order Volterra operator or functional. In this respect the following is worth

noting:

e The Volterra series is a power series with memory. If the input is scaled by a

factor a the new output is given by
z(n) = Holw(n)] + aHs[w(n)] + a*Hafw(n)] + -+ + aPHplw(n)] + -+ (3.4)
Thus it is inherently nonlinear.

e There is no loss of generality if the Volterra kernels are considered to be sym-

metric with respect to their arguments because. if they are not. there exists a

Ut
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procedure by which any asymmetric kernel can be made symmetric. In par-
ticular, for any asymmetric kernel h;(kl,...,k,) the symmetric one is given

by
1
ho(kyy- .o k) = E SR (ki Ky (3.5)

where the summation is taken over all the p! possible arrangements of the k;’s .
Any system constructed using asymmetric kernels can also be constructed with

the symmetric one [17].

e The individual Volterra functionals are homogeneous since

Hplaw(n)] = aPHp[w(n)] (3.6)

That is, a change in the input magnitude results in a change of the output

magnitude but not a change of the output waveform.

To discuss the Volterra system in the frequency domain let X (w) and W (w)
be the Fourier transforms of z(n) and w(n) respectively.! Thus X(w) and x(n) are

related by the Fourier transform pair

X(w) = Z z(n)e ™

n=--oco

1 = .
(n) = 27/_, X (@)™ deo

and W (w) and w(n) are related similarly. Further. let the generalized transfer func-

tions be defined as the multidimensional Fourier transforms of the kernels

Hy(wi, ... .wp) = Z Z ho(kye. ... kp)e—:‘(klw1+...+k,w,) (3.7)
k; =0 kp=0

1For the present discussion w(n) and 2(n) are assumed to be deterministic and the corresponding
Fourier transforms are assumed to exist.




which are symmetric functions of the frequency arguments w; if the kernels h, are

symmetric. The response of the p* order Volterra operator

zp(n) = Hp[w(n)] (3-8)

can be obtained by first defining the associated (artificial) functional

Z(P)(nlanz,' * ',np) 4—9‘ Z te E hp(kla * "’kp)w(nl - kl)' * 'w(np - kP) (39)

ky =0 ky=0

and its p-dimensional Fourier transform given by
Xpy(wr,wz, - wp) = Hy(wi,ws, - - wp) W (w1 )W (wa) -+ W(wp) (3.10)

Then the response of the p**-order Volterra operator is given in the frequency domain
by [17, 18]

, 1 x x .
Xple) = G /_”---'/_rx(p)(w—al.el—02,-..,ap_l)doldaz---de,,_l (3.11)

which is a (p — 1)-dimensional convolution, generally not simple to evaluate. The

system output in the frequency domain is then given as the sum of the terms
X(w) = Xo(w) + Xa(w) + -+ + Xp(w) + -+ (3.12)

2. Limitations of the Volterra Representation of
Nonlinear Systems

The practical application of Volterra series in nonlinear system theory has
two main difficulties. One concerns the measurements of the Volterra kernels and
the second concerns the convergence of the Volterra series.

The measurement of a general system’s Volterra kernel is possible only if
the contribution of each of the Volterra operators can be separated from the total

svstem response. For the work done in this direction. the nonlinear system to be
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identified is assumed to be representable by a finite order Volterra series and each
kernel is obtained by isolating the higher order operators. There is no exact method
to isolate an individual Volterra operator for a system that is not of finite order unless

approximations are assumed possible.

The problem of convergence of the Volterra series representation of a non-
linear system is similar to that encountered in the Taylor series representation of a
function. This is evident from equation (3.4). This representation is expected to
converge only for a limited range of the magnitude of the system input. Moreover,
nonlinear memoryless systems that include saturating elements cannot be character-

ized by a Volterra series that converges for all magnitudes of the input [17].

The limitations of the power series representation of functions are circum-
vented by using orthogonal functions. In power series representation of functions the
value of the series expansion of the function is strictly convergent for the values of
the argument; therefore a region of convergence must be defined. In orthogonal func-
tion representation, the functions are required to converge in the mean square sense;
therefore the convergence requirement is not imposed on the argument value but on
the average of a product of functions. Wiener extended the notion of orthogonality
to functionals and built a canonical model for nonlinear systems. This extension,

known as the Wiener model. is discussed next.

B. THE WIENER MODEL FOR A DISCRETE TIME
NONLINEAR SYSTEM

Weiner defined a class of systems suitable for his representation which has been
called the Wiener class. A system that is a member of the Wiener class has the

following properties:

Ot
Ut




1. The system is not “explosive.” For a finite variance random input the system

output also has finite variance.

2. The system does not have infinite memory. The present value of the system

output must become asymptotically independent of the past values of the input.
1. G-Functional Representation of Nonlinear Systems

From the Volterra functionals, Wiener formed a set of orthogonal function-
als which he called the G-functionals, since they are orthogonal if the input is a
white Gaussian time function [22, 17]. The type of coﬁvergence of the orthogonal
series is convergence in the mean. As a result, the class of nonlinear systems that
can be represented by the Wiener G-functionals is larger than the class of systems
describable by a Volterra series. Although Wiener developed and reported his results
for continuous time, we shall state the results in discrete time as is more suitable to

our purpose. Let us define the functional

Tplhp hp-1(p)s hp—2(p)-* * * » ho(p): w(n)] =
P oo oo
ko) + Z Z Z hipy(k1, kg -+ ki)w(n — ki )w(n — ky) -+ w(n — k)

i=1 |ky=0 k=0

(3.13)

as the pt* degree non-homogeneous Volterra functional. Observe that T'p is a sum of
homogeneous Volterra functionals of the type defined by (3.3). The p in parenthesis in
the subscript of a kernel indicates that it is a member of a p** degree non-homogeneous
functional, and we define hyp) = hy. Wiener developed the set of the orthogonal G-

functionals by requiring that?

€ { Hon[1(0)|Tp g Bpr(py: hp-2(p)- -+ hogey: ()]} = 0 for m<p (3.14)

1 Although the original results were formulated using temporal averages we will restate the results
in terms of ensemble averages.




when the input w(n) is white Gaussian noise with variance o3. In other words, I'p is
orthogonal to any functional Hy, of lower degree. The particular functionals I’ sat-
isfying these conditions are called G-functionals and are denoted by Gp[gp: w(n)]. The
quantity g, is the leading kernel of the functional from which the kernels g_1(p); 9p-2(p)-
.-+, go(p) are derived. The symmetry properties of both the Volterra and the Wiener
kernels and the average of the product of Gaussian processes result in the following

properties:

1. For the even order G-functionals, the derived kernels of odd order are zero and
the functional expression in the form of (3.13) has only even order kernels.
An analogous statement applies to the odd order G-functionals for which the
even order derived kernels are zero. The general expression for the Wiener

G-functional is then given by

2]
Gplgp: w(n)] = Y Gp_zm[w(n)] (3.15)
m=0

where | 2] represents the greatest integer less than or equal to £ and Gp_am[w(n)]
is the (p — 2m)* degree homogeneous functional given by
Gp-amluo(n)] =
o0 [= <}

S oo Y gprmpybrka e hpoam)w(n = ki)w(n = ko) - w(n = kp_om)

ky =0 kp_z2m=0

(3.16)
2. The kernels g,—am(p) for m = 0.1,2,..., 2] are derived from the leading kernel
gp by the relation
Ip-2mp) (k1. Kz o+ kpoom) =
(}f:l{g:f;iif;gm 20 : ..Viogp(,,l. Viee oo Uy, Koy oo Kpoam)

(3.17)
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The coefficients of the integrals of the derived kernels of G, are similar to the

coefficients in the expression of the Hermite polynomial

L] 2\m
_ 2 (_1)mp!(0.°) p-2m
H,(z)_mzzo o= 2m)i(m) z(P?m) (3.18)

Both of these properties are shown in Appendix B.

In general, the Volterra functionals H, and the Wiener functionals G, of the
same system are different. The Volterra representation of a general nonlinear system
is

r(n) = 3 Halu(n)] (3.19)

1=0

while the Wiener representation of the same system 1s
z(n) = Y_ Gilgis w(n)] (3.20)
1=0

(In both cases the sum is possibly finite.) Since the Volterra functionals are homo-
geneous, the Volterra functional of some degree p in (3.19) is obtained by combining
all the pt* degree kernels in (3.20). For a finite order system the Volterra functional
is obtained by summing the leading and the derived functionals of the same degree
along the columns of Table 1.1 while the G-functionals are formed by summing along
the rows in the same table. The G-functional expansion of H, is therefore

Hplw(n)] = Z Gp(p+2m)[9p(p+2m)lu‘(”)] (3.21)

m=0

and the kernels hy and gy(p+2m) are related in an analogous way.

From the above considerations it is important to observe the following:

1. The Wiener functionals and kernels are functions of the power level of the input
o2 while the Volterra functionals and kernels are invariant with the power level

of the system input. Further, the Wiener G-functionals are not orthogonal

2

unless the input is white Gaussian with variance og.

(S]]
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G functional homogeneous functionals
Go Go
G, G,
G2 Go(2) G;
Gs Gi(s) Gs
Gs Go) Gy Gy
Os G(s) Gas) Gs

Volterra fuctionals: Heg H,y H, Ha Hs Hs

TABLE 3.1: The relation between the Wiener and Volterra functionals

2. The class of systems describable by the Volterra representation is a proper
subset of the class of systems describable by the Wiener G-functionals. Since
the Wiener G-functional series is an orthogonal series for the white Gaussian
input, it does not require the restriction on the magnitude of the input to
avoid the strict convergence problem as in the case of Volterra series. This
means that a system may have a G-functional representation and not a Volterra
series representation. Any system that can be represented by a Volterra series,

however, can also have a G-functional representation.’

Before continuing the development of the Wiener theory. it is necessary to
point out two important additional properties of the G-functionals. First, it follows
from the general form of the functional and (3.14)-(3.17) that the G-functional is

linear with respect to its kernel. i.e..
Gplc19p + c2 fpi w(n)] = c1Gypl9p: w(n)] + 2G| fpi w(n)] (3.22)

where ¢, and ¢, are any real or complex constants. Secondly. the expectation of the

product of any two G-functionals (say for two different nonlinear systems) is given

1See [17] for further discussion.




by

£{GP1 [ng; w(n)]gm[fmaw(n)]} = { :m(ao) izi 2 f_:: (3.23)

where
7p1 Uo = |a.2px Z Z gm kl,k% : 9kP1)fP1(k1’k2$"' vkm) (3°24)
ky =0 h’l =0
The latter is equivalent to taking the expectation of the product of the two leading

kernels only. The proof of these statements is also given in Appendix B.
2. Orthogonal Development of the G-Functional

It is shown (in Section C of this chapter) that the Wiener kernel g, can be
expanded in the p-dimensional discrete Laguerre series
gp(kh k27 Tty kp) = z ot Z Cm;mz-‘m,)‘ml(kl)Amg(kZ) v /\m,(kp) (325)
m;=0 mp=0
where A (k) is the m** degree discrete Laguerre function and that the G-functional

of ,\ﬁ’)(k) can be correspondingly expanded in the form

( ) |.§.J 1 | (P_zm)

p

GolNi 27 ,7‘ LZA (n — A)] (3.26)
for white noise with variance 2. It is thus seen that Gp[gy: w(n)] can be represented

by sums of products of terms
o0
yi(n) = Y M(k)w(n — k) (3.27)
k=0
where y;(n) is the output of a system whose impulse response is the ** degree La-
guerre function Ai(n) and whose input is w(n). This output is also a zero-mean
Gaussian process with variance o2, Thus from (3.26) it is seen that G, can be rep-

resented by a set of linear systems that provide all of the “memory” followed by a

nonlinear syvstem without memory that acts to form sums of products of the y;(n).
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section 1 section 2 section 3

w(n) Linear . Nonlinear . Multiply z(n)
— with . with no . and —
memory ° memory : sum
N[0, 0%

Figure 3.1: The Wiener mode] of nonlinear processes.

Further, the coefficients in (3.26) can be identified as those of the Hermite polynomi-
als. Therefore (using the linearity propertv (3.22)) the G-functional is simply given

| by the equation

oo oo N
Gplgpire(n)] = 32+ X Cmymy [] Hp,(ym; (7)) (3.28)

in which mj # mj, for j; # j, and Elepj = p. The Hermite polynomials are

orthogonal and the expectation of the product of two polynomials is given by

g {le(ym1(n))sz(ymz(n))} = 6p1p26m1m2p1!002m (329)

Since the Wiener representation of a nonlinear system is the sum of G-functionals,
it follows that the system has the same form of representation as the individual
Gplgp: w(n)]. If the nonlinear system model is driven by the required white Gaus-
sian noise, we have a rich representation for a large class of random processes. Fig.
3.1 thus represents what will be referred to as Wiener model of nonlinear processes.

This model consists of three sections. Section 1 is a single-input multi-output linear
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system with memory that can be represented as a bank of linear filters driven by
the same input w(n). The input w(n) is a zero-mean white Gaussian process with
variance o2. The impulse responses of the filters in section 1 are the discrete Laguerre
functions;

Fig. 3.2 shows the structure of this section which, in general, has infinite length.

Section 2 is a multi-input multi-output system with no memory, which can be repre-

yo(n)‘

| y1(n)

y2(n)
w(n) Az(n) —2—
yn(n)

An(n)

Figure 3.2: Section 1 of the Wiener model

sented by an infinite bank of identical memoryless nonlinear single-input multi-output
blocks, each driven by one of the outputs of section 1. Each block of this section con-

sists of parallel nonlinear functions described by the Hermite polvnomials. Although
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in the general model this section may also be infinite, processes with a finite degree
of nonlinearity will require sections only up to some finite order Ny. The structure

of one of the nonlinear blocks is shown in Fig. 3.3. Section 3 is a multi-input

Ho(yi(n)) —

Hy(yi(n)) —

Hy(yi(n))

Hyy(yi(n)) —

Figure 3.3: Section 2 of the general Wiener model.

single-output memoryless system whose inputs are the outputs of section 2. The
model output is the weighted sum of certain products of the inputs. The products
are formed by taking one and only one output from each block in section 2. Sec-
tions 1 and 2 are the same for all systems and therefore all processes in the Wiener
class. The parameters. which are the weighting coeflicients of section 3, characterize

a particular process. In this case a stationary finite-moment random process can be
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approximated by a finite size Wiener model [17]. The model size is given by :

1. The highest order, Ni, of the Laguerre functions in section 1. This section con-

sists of the Nz +1 systems with impulse responses given by Ao(n), A1(n), -+, AN, (1)

It will be seen shortly that the order N roughly corresponds to the “length of

memory” of the nonlinear system.

9. The highest order, Ny, of the Hermite polynomials in each of the nonlinear
blocks of section 2. Therefore, each block consists of Ny + 1 parallel nonlinear
memoryless systems described by the Hermite polynomials Ho(yi(t)), H,(v:i(1)),
oo Hpy(ui(t)). As mentioned earlier, this corresponds to the degree of non-

linearity present in the process (quadratic, cubic, etc. ).
Let us now consider a particular vector of indices a; of size Np +1 defined as
a; = [ iy QiN (3.30)

with
a,-_,-E{O.,l,---,]\"N} for j=0,1,---.,]\'L (331)

Then the model output is given by
N~ Ny

zin)= Y ca; ] Hay(ys(n)) (3.32)

S[a{]zo j=0

in which the summation is over all vectors e such that the sum of the components

is less than or equal to Nn. For a particular a; the term

Np
Qa.‘(n) = HHai,‘(yj(n)) (333)

is a multidimensional Hermite polynomial in the outputs of the linear section. We
can refer to this multidimensional Hermite polynomial as the Q-polynomial. Thus

the model output can be written more concisely as
NN

r(n) = Z CCX.‘QC!,‘(”) (3.34)

T[o;i=0
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The quantity X[a] is the order of the functional represented by the Q-polynomial
Qq;(n). The Q-polynomials are zero mean except for the one with index ap = 0

where the mean equals one. Then
£ {:c(n)} = Cp (335)

C. DEVELOPMENT OF THE LINEAR SECTION OF THE
DISCRETE WIENER MODEL

A discrete nonlinear system that is a member of the Wiener class of nonlinear
sytems can be represented using the G-functional representation. The kernels of the
G-functional have the property

k1

oo [ <]

o Y GEky kg e kp) <00 (3.36)
k2 =0 kp=0
Therefore these kernels can be expanded in terms of a complete set of orthonor-
mal functions. In this section we derive the expression for these functions which
were shown to be the transfer functions of the bank of the linear systems that rep-

resent section 1 of the model. We also develop the orthogonal expansion of the

G-functionals.

1. The Transfer Functions of the Linear Bank, the
Discrete Laguerre Functions

The single-sided discrete time function v (n) of order m 1s defined as

]
n! nem

Um(n) = oo ey 1 14 u(n —m) lpl <1 (3.37)

where u(n) is the unit step function. The z-transform of vm(n) is easily shown to be

Vl2) = ——mi1 for |z| > |p| (3.38)




Since the functions vm(n) can be thought of as individual terms of a polynomial, it is
resonable to expect that an arbitrary time function, say ¢(n), could be represented
in some way by a weighted sum of the vm(n). The problem is more tractable however
if we instead use a set of orthonormal functions, derived from the vm(n), in the
representation. These functions denoted by A(n) can be derived as follows.

The functions A;(n) are formed by a linear combination

Ai(n) = Z Cmitm(7) (3.39)
m=0
with z-transform
:) = z CmiVm(2) (3.40)
m=0
The coefficients cpg for m = 0,1,---,7 and 7 = 0,1,2,3.--- need to be determined
such that
2 /\;l(n)/\,-,(n) = 6,’1.'2 (3.41)
n=0
which is equivalent to
1
Py =7 AL (2) Ay (27 = by, (3.42)
2rj Jer

where the contour C'1 is the unit circle in the complex z-plane.

To satisfy the conditions, we proceed as follows. Substituting (3.38) in

(3.40) we obtain

(2) Zcm .—p)m+1

Toirle — )+ sz — P et

(z = p)*?
- CO_:_P'(_:)_ (3 43)
(2 )t -
where Pi(z) is an ** degree polynomial in = that can be factored as
Piz)=(z—a)lz—z2) (2 — =) (3.44)




Then

2(z=zn)(z—22)- (2= %)

Ai(2) = co; P (3.45)

is a rational polynomial function which has one zero at the origin, ¢ zeros at z;, z3, - -, 2;,

and (z + 1) poles at p. Now since

Ai(z™Y) = —coip=G+D) fI zm) (z — 21 )((2122:1))-“ (z—27) (3.46)

=1

it follows that

1 -1 - -1 — —(i2+1) ’ .

2”}4;1 27 A, (2) A, (271)dz = —coi,coiyp }':[1;,,,
L 4 Goa)zzz)(Emm)E-a) -l (-5
271-]' C1 (z——p)‘“’l z_p—l)iz-H ~

(3.47)

which in general is not zero. If the coefficients cg;.c15.+--. ¢ in (3.43) are chosen

however such that the zeros

then (3.45) becomes
1> Il (3.48)
and (3.47) becomes

Lf 27 Ay (2) A (7Y )ds = —cop,cop, pm 2 — f o p M (349)
275 Jer ! P 2rjJer (z — p)a-ie*l

If 7, < 45 the integrand does not have any poles inside the unit circle, which means
that the integral equals to zero. If i; > i, then it has ¢; — iy + 1 poles at p but the
integral is also equal to zero since

1 ghh

(2'1 - 12)’ dzr—12

(: _ p—l)l‘l—ig—l - O
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Therefore the functions A;(n) whose transform is given by (3.48) satisfy the orthog-

onality condition.
To normalize this set of orthogonal functions, set 23 = ip = ¢ in (3.49) and

equate to 1:

1 “1A (VA (5] 2 2l 1
27j f;n AT = —qip 2rj f}n (z—=p )z~ p)dz
2
BTV
= 1 (3.50)

Thus it follows that
coi = py/1 = p? (3.51)

and

z(z—pt)
M) = I >l (3.52)

To obtain an expression for ¢mi in (3.39). equation (3.52) is put in the form

2z = p7)
(z = p)*!

-~

1 - p’p‘(—z—_—‘ﬁn [(z=p)+(p~ p‘l)]i

&
5
[

1 - p?p’

:

= \/l—pzp‘(—z—_—;),-:;[(s—p)—p'l(l—p’)]'
- 1_21’ 2. t__m—m a2 \m J s — i—m
pp————(z_p)mg;o( ™™™ (1 = p%) (m)( p)
— : —1)™ i—m 1 — 2 2"‘21 z z
> (0) o=
- z_<—1)'"p‘-'"u—p’)’"‘=’(jn)vm(s) (3.53)

Equating the coefficients of Vim(z) in (3.40) and (3.33) we obtain

m

emi = (1) (1 = g7 5 ( i ) (3.54)

(@)
(08}




Then substituting (3.37) and (3.54) in (3.39) we arrive at the explicit expression

M) = S (1) o e

fayar m } m!(n —m)!

- il )(;‘n)(l-p*)w**‘"“"“u(n—m) (3.55)

m=0

This is the discrete Laguerre function A;(n) which describes the impulse response of
the 7t* system in the bank of linear filters in the discrete Wiener model. The bank
of linear filters comprising section 1 of the model is then represented by the impulse
responses described by the discrete Laguerre functions.

Basic results on the discrete Laguerre functions can be found in [25, 26, 27].
This complete set of orthonormal functions has recently gained considerable interest
in linear system applications. Among these applications are the problem of iden-
tification of causal stable systems [28. 29, 30], the design of adaptive filters [31]
and the analysis and computation of local and running cross-correlation functions
using Lagurre cross-correlation sequences [32, 31]. The expression (3.55), although
formidable in the time domain, will be shown to have an exceptionally convenient
interpretation in the transform domain which not only provides insight about prop-
erties of the discrete Laguerre functions, but also leads to simple procedures for their
computation. However. we first show that the Wiener G-functionals can indeed be
expanded in terms of the discrete Laguerre functions and therefore that the structure

shown in Fig. 3.1 is an appropriate one.

2. Orthogonal Expansion of the G-Functionals

Given a set of orthogonal functions in one variable, a function of several
variables can be expanded as a sum of products of these functions. Thus the Wiener

kernel g, can be expanded in the p-dimensional series

gplbr koo ikp) = Y o0 Y Cmymyemp Amy (K1) Amy (k2) <o+ A, (Kp) (3.56)

m;=0 mp=0
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where A (k) is the m*? degree discrete Laguerre function and the coefficients cm;m;...m,

are given by

Cmymymy = i f: gp(klakza“'akr))‘mx(kl))‘rnz(k2)""\M,(kp) (3.57)
k; =0 ky=0

In this expansion the kernels remain symmetric with respect to the time arguments
since the indices m; through m, assume the same set of values from the the integers
in the set [0,00). By Applying the linearity property (3.22) and the expansion in

(3.56), it can be seen that the p** degree G-functional has an expansion of the form
gP[gP; w(n)] = z ot Z lemz'“mpg;[Amx )‘mz tte /\mp; w(n)] (358)
m;=0 mp=0

where g}, is a nonhomogeneous functional with leading kernel g;‘, = AmyAm; *** Amp-
The kernels of each term in this functional expansion may have the Laguerre functions

repeated; therefore we write an individual kernel in the form
g; = APL AP L PN (3.59)

such that
N
Y opi=p N=12...or p (3.60)
j=1

It is important to point out that this kernel g;f, is not symmetric with respect to its
arguments; but the sum (3.56) or (3.58) produces a kernel g, which is symmetric.
This happens because other kernels in the sum have time arguments that permute
in the functions )\Sp‘). To give an example, for N = 2 and p; + p; = p the leading

homogeneous functional Gp[gp: w(n)] can be written as




G\‘[)‘(P:))‘(m) w(n)] =

Z Z /\u kl)Au(kZ

ix(km))‘iz(km+1)>‘iz(km+2) EEPF (k

ks =0
xw(n — ky)w(n — k) - w(n — kp)
=S e 3 kNl (ko = Rl = )l = )
k=0 ky, =0
S 3 dala) k) - g = Rl = ) - = )
k= ky, =0
= G}, DI w(n)|GhL N w(n)] (3.61)

To keep the symmetry property we could repeat the expansion terms (p1+ p2)! times

(p1 + p2)t- In this case

permuting the time arguments and divide their sum by

however, each term would give us the same value, namely

Gy [N

11 ’

w(m)] G M ()]

Then we would multiply again by (py + p2)! which leads to the same result if we
assume that the kernels of the homogeneous functional are symmetric. In general,
for any value of N

[)\(PN)

‘IN’

(n)]
(3.62)

G;[Aﬁf‘),\ﬁfz)---ASI’;"):' ):u'(n)]-

w(n)] = G;l[,\sf’); u;('n)]G;{,ﬁ[)\S:’2

The derived kernels of the G-functional are related to the leading kernel by (3.14)-

(3.17) and the functions ); are orthogonal 1.e.

Z MR (k) = &; (3.63)
k=0
In the above example. the derived homogeneous functionals are obtained by reducing

the order of the kernel using

over their value in the range [0.00).

(3.17). letting two time arguments be equal and summing

Since the symmetry of the kernel includes terms

of all possible permutations of the time arguments. we have three cases
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¢ Summing the product A;, (k)A;, (k) which equals one; therefore the exponent p;

is reduced to p; — 2 while p; remains the same.

e Summing the product ), (k));, (k) which equals one; therefore the exponent p,

is reduced to p; — 2 while p; remains the same.

o Summing the product A; (k)X (k) which equals zero from the orthogonality

property.

Thus the required functionals are obtained by just reducing the exponents two at a
time and permuting all of these reductions among the X’s. In this way we arrive at the
results mentioned in (3.26) for the G-functional in which Gplg,; w(n)] is represented

by sums of products of terms y;(n) as given by (3.27).
3. Realization of Section 1 of the Wiener Model

Having shown that the Wiener G-functionals can indeed be expanded in
terms of the discrete Laguerre functions. let us return to the form of these functions
and the corresponding realization of section 1 in Fig. 3.1. Equation (3.52) can be

put in the form

Ailz) =1 - i [p(:_”_l)] (3.64)

z=p) | (=)
or .
— —1 :
Ai(z) = Ao(=) [ﬁ((z—_pT)] (3.65)
for which
Ao(z) = _ .66
o(=) iy (3.66)

Since for |p| < 1 the term in brackets is the transfer function of an allpass causal

stable linear filter
plz=p7") _ p==7" -
Hg. (=)= = 3.
p(<) = 1o (3.67)

~4
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w(n) )E p—z-1 . p—z!

1—pz—1 1-pz—? 1-p2z-?

Yo(n) y1(n) yi(n)

Figure 3.4: Realization of section 1 of the model.
it follows that A;(z) can be written as
Ailz) = Aica(=) Hapl2) (3.68)
or
Ai(z) = Aolz)Hp(2) (3.69)

Since section 1 of the model required a bank of the \;(n) this means that section 1
can be realized by a linear stable causal system with a single pole at p followed by a
train of cascaded allpass filters each with a transfer function Hgp(z) as shown in Fig.
3.4. The frequency response of the leading Laguerre system Ag(e?) is shown in Fig.
3.5 for p = 0.5. while the frequency response of the allpass filter Hyp(€e?) is shown

in Fig. 3.6. The impulse response of the allpass filter is given by
hap(n) = p(r) = (1 = p)pDu(n — 1) (3.70)

Beginning with
Ao(k) =4/1— p2p*u(k) (3.71)

the remaining functions can be computed by the convolution form

Ai(n) = Aic1(n) * hgp(n) (3.

~1
o
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Figure 3.5: The leading Laguerre function Ap(e?*) for p = 0.5.
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Figure 3.6: The allpass filter transfer function Hap(e?) for p = 0.5.
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Figure 3.7: Example of the discrete Laguerre functions for p = 0.5.

or by the recurrence relation
Ai(n) = phi(n — 1) + pAic1(n) — Aica(n — 1) (3.73)

An example of four discrete Laguerre functions for p = 0.5 is shown in Fig. 3.7. Note
how the energy in the sequence tends to move away further from the origin as the
order increases. Thus when these functions are convolved with an input waveform
the higher order Laguerre filters tend to bring in more of the “past history” of the

waveform.

D. CROSS-CORRELATION FUNCTIONS AND CROSS-

SPECTRA OF THE OUTPUTS OF THE LAGUERRE
SYSTEMS

An important part of this dissertation is to derive expressions for the higher
order statistics (moments, cumulants, polyspectra) of the output z(n) of the Wiener
model. Given the structure of the model, these higher order statistics will involve

cross-moments between the outputs of the linear systems comprising section 1. Since

-1
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these outputs are Gaussian and have zero mean, it is sufficient to describe their
cross-correlation. It will be seen that because of the considerable structure brought
to the problem by the use of the discrete Laguerre functions, these cross-correlation
functions inherit a number of interesting properties. This in turn provides a basis for

the organized computation of the Wiener model’s higher-order statistics.

1. The Laguerre Cross-Correlation Sequences and Their
Transforms

The cross-correlation function between the outputs y;, and y;, of the linear
section is given by
Ryi, 'y.',(l) = E{yi,(n)yi(n + 0}
= E{Z/\gl(kl w(n — k) Zx\,,kz n+l—L)}

k; =0 k2=0
= Z Z A, (K k)€ {w(n — kp)w(n +1— ky)} (3.74)
ky =0 k=0

since w(n) is white Gaussian with variance ol
E{win — k)wln+1—ky)} = o26(1 4 ky = kp) (3.75)

and (3.74) becomes

Ry iy (1) = f: Ay (14 F)
- 0'07;,-2([) (3.76)
where
riig (1) = Z i (K)Ag, (1 + k) (3.77)

The quantity r;, 4, (1) will be called the Laguerre cross-correlation sequence. From

well-known properties of the z-transform it can also be expressed as
1

Tiyia () = 57 I AL ()AL (271 (3.78)
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The complex cross-spectral density function Sy, 4, (2) is the z-transform of the cross-

correlation function Ry, 4. (1) and is then given by
Svil Wig (Z) = U:Sil'i,(Z) (3'79)

where s;, 4,(2) is the z-transform of the Laguerre cross-correlation sequence

siniz(z) = Z rini'z(l)z_l (380)
l=-00
with
1 -
r‘11i2(l) = —2—;‘?—.}.‘%(:1 Zl 1si1,iz(z)dz (3.81)

The quantity s;, ;,(z) will be referred to as the Laguerre cross-spectral density func-

tion. Then by comparing (3.78) and(3.80) and substituting (3.65) we have

Sivia(2) = An(2)Ay(z7h)

R N I G p“)r = [p(z" - p_l)]il

= (I-p )(z—p) [ (z —p) 1—p) | (z1=p)

— __(] - pZ) z [p(z - p-l)]iz—il )
- p (z=p)z=p71) | (2—0p) (3.82)

This function has the interesting property that it depends only on the difference
between the orders of the two Laguerre linear system outputs and not on the actual

values of the orders. If the order difference is denoted by

d == iz - il (383)

the Laguerre cross-spectral density function is

(1-% z [p(2~p'1)]d
p(z—p)z—p7")

sd(z) = — (3.84)
and the complex cross-spectral density function of the two outputs is given by

Sy.“.y;,(z) = oé’s.-,_;l(z) (3.85)

-1

-1




By the same considerations, the Laguerre cross-correlation sequence is a
function only of the difference d = ¢2 — 1 and can be denoted by
rl'n'a(l) = Tig—iy (l) = rd(l) (386)
Therefore (3.76) can also be written as
Ry, iy (1) = 0aTiz—ir (1) (3.87)
Since the Laguerre cross-correlation sequences and their transforms depend only on
the order difference d, it is interesting to examine their behavior for different values
of this parameter. The leading cross-spectral density function for which d = 0 is the
complex power spectral density function of the output of any of the Laguerre systems
and is given by
od(1 = p%)

S,(z) = o2so(z) = I (3.88)

The corresponding autocorrelation function is

Ry(1) = olro(l) = o2p" (3.89)
Further (3.84) indicates that
sa(z) = $a-1(z)Hap(z)
= so(z)Hgy(2) (3.90)

Fig. 3.8 shows a plot of the sequence ro(l) for p = 0.5 and the corresponding power
spectral density function So(€™), which is So(z) evaluated on the unit circle. Starting

with ro(!) the Laguerre cross-correlation sequence can be derived by the convolution

form

Td(l) =rd—1(1)*hap(I) (391)
or by the recurrence relation

ra(l) = pra(l = 1) + pra_1(l) — a2 (1 = 1) (3.92)
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Figure 3.8: The Laguerre autocorrelation sequence ro(l) and power spectral function
so(e7v) for p = 0.5.
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ro(1) ra(l) ra(l)

Figure 3.9: The generation of the Laguerre cross-correlation function.

Both of these relations follow from considerations similar to those in section C. Fur-
ther, the sequence can be thought of as the “impulse response” of the “system™ shown
in Fig. 3.9. This picture does not represent a real system, but only a convenient way
to show the relation between the Laguerre cross-correlstion sequences.

By substituting (3.84) in (3.81). r4(!) has the representation

1 -
ra(l) = E A I 1sd(z)dz
1 :l(: _ p—l)d—l
= —(1=p%)p*? f dz .9
== 8, T (3.93)




with the following characteristics:

1. Ford>0and =0
1
_ 2y d-11 & \d-1_
ra(0) = —(1 = p")p* " 575z —p) =0 (3.94)
(This is a restatement of the fact that the y;(n) are orthogonal.)

9. For d > 0 and | < 0 a change of variables z = v™! can be made in (3.93). Then

_ 1 v — p)?
rll) = —(1 = PV f (_ ,,_I)LI =0  (3.9)

since the integrand has no poles inside the unit circle. In other words, for d > 0

the rq(l) are strictly right-sided.

3. For d > 0 and [ > 0 (3.93) can be evaluated as

2 d—ll dd 1 —-1yd-1
ra(l) = —(1-p%)p a—!gz—d[z(s—/’ )]

B el Vi CE Ak
- P (m = 1)(d = m){([ - m)!

p~¥™  (3.96)

m=1

which provides an explicit expression for ra(l).

We also note here that negative values of d need not be considered explicitly since

from the definition (3.77) with d = ¢; — 22
r-a(l) = ra(=1)

Characteristics 1 and 2 above imply that the cross-correlation function (not the auto-
correlation) of the outputs of the Laguerre systems is zero if the output of a higher
Laguerre order system is averaged with the output of a lower Laguerre order system
at an equal or greater time lag. In other words. the output of a Laguerre system is
orthogonal to (uncorrelated with) the future values of the output of the lower order

Laguerre system. An example of the first four Laguerre cross-correlation sequences

is shown in Fig. 3.10.




1 4 1
os .......... ] ...... ......... ¥ 05 ..................
o i lis o ' ~
- ik |
_0_5. B AR ....... .0.5 PR REREEEN .
o ars ¢l> 5 10 “1s [} slio 15
1 : 1 -
05t - - RV I A . 0.5 e N
Nl e
o] I Ll ] | o 1 lll““]l!
~0.5f - . . . -0.5} e
-1s o 5 0 15 -Is [+ 3 10 15

Figure 3.10: Laguerre cross-correlation functions for p = 0.5.

2. The Effect of the Parameter p on the System
Characteristic

The above derivations of the transfer functions and cross-spectrum (impulse
responses and cross-correlation) were carried out for real values of the system pole
location p. The impulse response of any stable causal system can be expanded in
terms of the complete orthonormal set of discrete Laguerre functions. The expansion
generally requires an infinite number of these functions. When an impulse response
is approximated as a finite weighted sum of Laguerre functions however, the error
in this expansion is affected by the choice of the parameter p (pole location in the
complex z-plane). Stated another way, for a given mean square approximation error,
the minimum number of terms in the expansion is reduced when p is appropriately
chosen. For positive real p the linear system has a lowpass characteristic. If the
system is required to have a highpass characteristic the best choice of p is on the
real negative axis. For a system with a bandpass characteristic the pole is best

chosen as a complex value. This leads to a system with a complex output. However.
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combining the response of two systems with parameters p and p* (p conjugate) as

shown in Fig. 3.11 produces a real output process with essentially the same statistical

characteristics. This follows because conjugating p merely results in conjugation of

the functionals G, in the Wiener representation (see (3.20)). To obtain the real-

Wiener model

with parameter
p

w(n) G,

Wiener model

with parameter
*

p

Figure 3.11: The nonlinear model for bandpass processes

valued output shown in Fig. 3.11 we can equivalently work with the top system and

take the real part of its output. When a complex value of p is used, (3.66),(3.67) and

(3.84) need to be modified slightly.

1. The leading Laguerre function becomes:

Ao(z) = /1 = |p2—

(z—»p)

2. The allpass filter transfer function becomes:

priz=pY) _p =2zt

e P

3. The leading Laguerre cross-spectrum becomes:

(1-=1pl?)
(z=p)="1 = p%)

50(3)2
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These have the frequency characteristics similar to those for real positive p except

for a shift on the frequency axis equal to Lp.







IV. CUMULANTS AND POLYSPECTRA OF
THE WIENER MODEL OUTPUT

As has been mentioned earlier, our interest in the Wiener model is to represent
a class of discrete random processes. The output of the Wiener model has been
shown to be represented as the weighted sum of multinomials (3.34) known as the Q-
polynomials. These multinomials are denoted by Qe; and each was shown in (3.33)
to be formed as a specific product of the outputs of the memoryless nonlinear blocks
of section 3 of the model. Since each of these outputs is represented by a Hermite
polynomial formed from the output of a linear system driven by a zero-mean white
Gaussian process, the Q-polynomial is a sum of functionals of a white Gaussian
process similar to those discussed in Chapter II. Thus the procedures developed
in that chapter to calculate the cross-moments and the cross-spectral functions for
this type of functionals can be applied here to develop cumulants and polyspectra of
processes represented by the Wiener model. Moreover, since the impulse responses of
the linear filters in section 1 are the discrete Laguerre functions, the cross-correlation
functions and cross-spectral functions of the outputs of the linear filters were shown
to have special properties which result in a structured method of representing the
required cumulants and polyspectra of the modeled process.

In the following section we present a detailed view of the Wiener model and
define the Q-polynomials for a model of specific dimensions. In the next sections we
formulate the process cumulants and develop an organized procedure for their eval-
uation. In the last section that we formulate expressions for the process polyspectra

and develop a procedure for their evaluation.
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A. THE DETAILED WIENER MODEL

We consider here a finite version of the Wiener model for discrete nonlinear
systems presented in Chapter III defined by the two model dimensions Ny and Ny.
The integer Ny, is the highest order of discrete Laguerre functions representing the
impulse responses of the linear filters comprising section 1 of the model; that is,
section 1 consists of Np + 1 filters with impulse responses given by the discrete
Laguerre functions Ag(n), A1(n),-- -, An,(n). The integer Ny is the highest degree of
nonlinearity in each memoryless nonlinear block comprising section 2 of the model.
Ny is therefore the order of the highest order Hermite polynomial in these blocks,
which is the highest degree of nonlinearity in this representation. The complete
structure of this model is shown in Fig. 4.1 for Ny = Ny = 2. In general if a
system is used to model a process with nonlinearity degree p, the lower degrees of
nonlinearity are also included in the representation. This follows since the system is
represented using the Wiener G-functionals Go.G1.+++.Gp_1.G,. The following rules

are therefore necessary to define the Q-polynomials.

1. The kernels of the G-functionals are symmetric with respect to their time ar-
guments. Therefore the expansion of the leading kernel in terms of a product
of discrete Laguerre functions must include all the possible permutations of
products of these functions with total sum of exponents equal to the order of
the kernel. This means that the G-functional is a sum of terms each formed
by one of the possible permutations of products of Hermite polynomials whose
sum of orders is equal to the functional order. Therefore in the model represen-
tation the pth degree nonlinearity is represented by all the possible permutations

of products of the outputs of section 2 that result in multinomials of degree p.
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Figure 4.1: The detailed Wiener model for Np = 2 and Ny = 2.

2. The relation between the derived kernels and the leading kernel of the G-
functional implies that when a Hermite polynomial of one of the linear section
outputs is included in the product. no other polynomials of the same output
are included. Therefore in each permutation of the products of the outputs of

section 2, one and only one output is taken from each nonlinear block at a time.

3. If the nonlinearity of the process is required to be of degree Nn. the expression
for the nonlinear system output does not include functionals of order greater
than Ny. This means that the sum of the orders of Hermite polynomials in

each term does not exrceed Ny.
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Recall from Chapter III that the Q-polynomials, which replace the G-functional

representation of the output of the model, are formed as follows:

1. Each polynomial is assigned a vector of indices
x; = [aiOa Q51,0 aiNL]

The value of each component o;; € [0,1,2,---, Nx] indicates the order of the
Hermite polynomial of the corresponding output y;(n) that is included in the

product, i.e.,

Qai(n) = Qa-’oau'"a.'NL(n)
= Hay(yo(n))Ha, (41(n)) - Hayy, (yn, (n)) (4.1)

2. The set of Q-polynomials are weighted and summed over all the possible values
of the vectors a;. To keep the symmetry property of the functional kernels,
each a;; assumes the values 0.1,2,---, Ny for same vector e; in the set. The
maximum degree of nonlinearity is maintained by keeping the sum of the com-
ponents of @; less than or equal to Nn. Hence the Q-polynomial representation

of the output for specific dimensions N and Ny is

N~

I(TI) = Z CaiQai(n) (42)

I[a;]=0

The quantity I[ey] (see (2.90)) is the order of the functional represented by the
Q-polynomial Qq;(n). When X[e;] = 0 we have the multinomial Qo which is the
product of all Ho(y;(n)). Since all Ho(yi(n)) are equal to 1 it follows that Qg is also
1. This term represents the zero-order homogeneous functional, which is a constant
value. The weighted sum of Q-polynomials for which E]a;] = 1 represents the linear
portion of the representation and is equal to the non-homogeneous functional of

first order Gi[w(n)]. Similarly the Q-polynomials for which Z[a;] = 2 represent

88




the quadratic part Gs[w(n)], and so on. In our development of the cumulant and
polyspectra expressions we will need to define a procedure for ordering the indices
of the polynomials. We choose the following rules of ordering because they result in
an organized structure of the arrays of the values of cross-moments and cross-spectra
of the Q-polynomials required in our formulation. The indices are ordered using the

vector notation

a; > a; (4.3)

with the following interpretation:

l. a; > a; if £[a;] > E[a;]. In other words, the former is greater than the latter

if it represents a functional of order greater than that represented by the latter.

2. If Y]ay] = E[a;]. then a; > a; if the partial sums (below) satisfy

N N,
> am> ) s Im € [0.1,2,-+, Ny (4.4)
k=m k=m

In fact (4.4) defines the entire ordering since it includes the case m = 0. This

means that if the Laguerre systems are divided into two groups, one vector of indices
is considered greater than the other one if the group of the higher order Laguerre
systems is represented by Hermite polvnomials that have a greater sum of orders.
For example if N = 2 and Ny = 2 the output z(n) is comprised of the weighted

sum of ten Q-polynomials that have indices a; with the following descending order:

002 > 011 > 020 > 101 > 110 > 200 second order (quadratic) terms
001 > 010 > 100 first order (linear) terms

000 zeroth order (constant) term

oD
e




Ny/Nw |1] 2] 3] 4
1 3] 6(10] 15
2 |4]10[20] 35
3 |5|15|35] 70
4 [6]21]56]126
5 | 72884210

TABLE 4.1: Number of section 3 parameters ¢, for a set of model dimensions.

In this example z(n) can be represented as

002

17(72): Z CQ;QC!;

=000

(4.6)

where the coefficients cqy; are the parameters that define section 3 of the model. The

number of coefficients N depends only on the value of the model dimensions N and

Ny and increases with both dimensions, as shown in Table 4.1.

B. CUMULANTS OF THE OUTPUT OF THE WIENER

MODEL

If the output of the Wiener model is represented as a sum of Q-polynomials (see

(3.34)) then the k** order output cumulant can be written as

Cik)(llle,-.-7lk—1) = ZZ...ZCQICQB'.‘cak
Qa,

a, O;

XCllm(Qa1(n)7 Qa,(n + 11), e ,Qak(n + lk—l))

(4.7)

To be notationally correct we should denote the a’s by a;,. -+, a;, but this nota-

tion gets extremely cumbersome in the development that follows. Therefore e, for

example should be interpreted as a generic index vector not simply the first one in
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the set, and the sum over e, is the sum over all such index vectors. We can write

(4.7) more simply as

CH) =Y caCR ) (4.8)
(o4

where
c& (1) = cum (Qa, (n), Qa, (n + k), -+, Qag (n + lh-1))
and a is a concatination of the vectors a;, that is

a = [alT’a’T, b 9akT]T (49)

while cq 1s the product of the coefficients

Ca = Cca,Ca, " Cay, (4.10)

and the sum in (4.8) is over all the possible permutation of the indices.

The number of terms in (4.7) would seem to be equal to the number of the
coefficients cqy raised to the power k. which is a huge number even for low dimen-
sional models, and increases exponentially as the order of the cumulant increases.
Fortunately this is not the case because the cumulant Cg)(l) of Q-polynomials has
properties that make its value identically zero for many well-defined combinations
of the indices. In the following. we define the combinations of indices for which the
terms in (4.7) are not equal to zero. Moreover from the combination of indices we
develop a formula to compute the value of the cumulant.

kt.order output cumulant of C(*)(1) we need to

To obtain an expression for the
develop an expression for the k*f-order cross-cumulant of the Q-polynomials ng)(l).
For these cumulants we need to compute the expectation of the product of the Q-
polynomials (moments) and substitute in the moment-cumulant relations described

in Chapter II. To develop the expression for these expectations we expand the Q-

polvnomials as the product of Hermite polvnomials. These are in turn functions of

91




the Gaussian outputs y; of the linear filters. The values of the components of the
vectors of indices a together with the time lag arguments of the Q-polynomials can
be used to determine if in a product of Laguerre cross-correlation sequences there
exists at least one which is zero. This principle is used to construct a set of sufficient
conditions on the vectors of indices such that the cumulant of the Q-polynomials
is not identically zero. Then we can apply the procedure developed in Chapter III
to find the desired expression. The analysis is presented in three subsections. First
we form a general expression for the moments of Q-polynomials. Next we show by
example how we simplify the general expression and eliminate most of the terms.

Finally we present the general efficient procedure for computation of the cumulants.
1. General Expression for Moments of Q-Polynomials

For a model of dimensions Nz and Ny the cross-moment of the Q-polynomials

can be expressed as

dB) = £{Qa,(n)Qa,(n+ 1) Qay(n + lk-1)}

(s
U (et (9_:)”“‘” *

=y mi(e—2m)!\ 2 er-2m(l)

(4.11)

where nﬁ,’?_m(l) is defined as the moment

1 (1) = £ {Y O ()Y (g 4 ) YRR ()} (412)

and where the following vector notation is used




m = [m{’mgv *e '1m£]T
m; = [mi07 mMi1,°°*y m?NL]T

LI YR N o

2 _ 3

me0 meo=0moi=0  man;=0
YO () = oI )y I () () (43)
We seek here to simplify this general expression, to outline its specific structure, and
to show. which terms need to be computed and which do not. The cross-moment of
the Q-polynomials has been expanded as a weighted sum of expectations of prod-
ucts of Gaussian variables ng). The weights in this summation are products of the
coefficients of the Hermite polynomials. Since the sum of the exponents in each

cross-moment a—2m 18
Yla - 2m] = Zla] - 2% [m)]

then the sum of exponents is even if T[a] is even. Thus a necessary condition for the
cross-moments of the Q-polynomials to be non-zero is that the total sum of indices
of the polynomials [a] is even. The value of the cumulant in (4.8) is therefore the
sumn of the terms with indices a for which each S]] is even. In this case the value
of the cross-moment ng) is obtained by following the procedure described in Chapter
I1. The symmetry properties of the cumulant functions of real stationary random
processes are utilized in this respect to calculate the cumulants in the non-redundant
region defined by

0>h 2l 2l (4.14)

This choice ensures that the time lag arguments of the submatrices of Cg’") defined
as R(n) in (2.88) are non-negative. The entries of these matrices are the cross-

correlation functions of the outputs of the Laguerre filters comprising section 1 of
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the model and this gives the matrices specific important structure. Recall that the

Laguerre cross-correlation functions have the following properties:

1. The index d of each cross-corelation function is a single integer representing

the difference between the Laguerre orders i and j of the correlated outputs
(d=j—1).
2. The cross-correlation functions (not the autocorrelation functions) are strictly

single sided; for positive values of d the function r4(!) is non-zero only for

strictly positive values of the time lag /.

It follows from the above that the diagonal (Ng +1) x (N + 1) blocks denoted R(0)

in (2.87) are the identity matrices because for [ =0

1 ford=0

For cumulant values in the non-redundant region, the off-diagonal blocks above the
main diagonal are upper triangular and Toeplitz because for d > 0 and [ > 0 rg(—!)

is identically zero and r4(1) in general is not zero. The blocks have the form

[ ro(l) ri(l) ro(l) -+ ra (1)
0 ro(l) m(l) -+ rp-a(l)

R()=(0 0 roll) -+ rp2() |1 1>0 (4.16)
0 0 0 e il

Since the overall matrix Cz(j‘)(l) is symmetric the off diagonal blocks below the main
diagonal are lower triangular. Then for the case of the kth-order cumulant of the

output of the Wiener model the matrix of cross-correlation sequences becomes

C,(l)=
R(0) R(L) R(l,) <o R(le-1)
RT(L,) R(0) Ri,— ) - R(lhs—1)
RT(ls— 1)) R7(les—1) RT(ly—l5) -+~ R(0)

(4.17)
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where the R(0) blocks, as previously noted, are the identity matrix.

The corresponding k(Ng + 1) x k(N + 1) multiplicity matrix M is con-
structed such that no permutation resulting in a zero-valued term is allowed. Since
the moment expression is a sum of the products of system cross-correlation sequences,
the value of any term including a zero-valued entry of C, is zero. In any permutation
we must keep the multiplicity of a zero-valued entry of C, equal to zero. Then an
entry of M is zero if the corresponding entry of Cy 1s zero. This means that the

multiplicity matrix M has the same structure as C,,ie.,

1. The matrix M is partitioned into k X k square blocks each of size (Np +1) X

(Np +1).

2. The diagonal blocks are also diagonal containing non-negative even-valued en-

tries along the diagonal.

3. The upper non-diagonal blocks are upper triangular and the matrix is symmet-

ric.

4. The values of the entries of M in the last column and in the last row or along the
diagonal of the lower right block are dependent on the values of the preceding
entries in the columns or rows. This dependence is required to maintain the
condition that the sum along any row or column Is equal to the corresponding
exponent a;j — 2my;. We write this more simply using the reduction notation

as

tM]=a-2m

As an example, consider computing the second order cumulant of a model

with dimension Nz = 2. The matrix of the Laguerre cross-correlation sequences has
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the form

[ 1 0 0 ro(l) (1) r2(l)
0 1 0 0 ro(l) m()
Y R I 1 I
ri(l) ro(l) 0 0 1 0
[ (1) (1) ro(l) O 0 1 ]

where the above mentioned properties are evident. The associated multiplicity matrix

M has a similar form and must satisfy the condition

[ 211 0 0 iz i3 i4 1717 [ Q10 — 2m10 ]
0 225 0 0 ig i7 1 a1 — 2m11
0 0 223 0 0 ig 1 _ Q19 — 2m12
iz 0 0 2i10 0 0 1 - Qa0 — 277’120 (419)
i3 is 0 0 2111 0 1 Q21 — 27712]
i i4 i7 ig 0 0 2i12 JL 1 J | Q22 — 2m22 ]
M

Note that the vector on the right hand side represents the exponents of y; in a
specific term in the expression (4.11), and that the moment ng)_z,m(l) 1s expressed

using (2.92) as

ng)—Zm(l) =

9 L[(QX]-23(m)]
= (of) 7 (a; — 2m; ) (a, — 2m,)!
> LM Culi ) "3 5 (G, ) M6
tri M '1"1 N N
SMlar — am 2550 4o (MR LS M)

(4.20)

In this example the entries of M are divided into two groups; the first is that of
the independent entries {71.72.73.75.76. 28} and the second is that of the dependent

entries {4, 77,179, 210, 711, 112}. The summation
EM]=a -2m

is actually a multiple summation over the non-negative integer values of the inde-

pendent entries while the dependent ones are determined from condition (4.19). In
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general, for a system of any size Ny, the value of the kt*-order cross-moment is given

by

) s (l) = ()25

-
1 HNi+1) (C, (11,11))'1'1"&”"’ k(Ny+1) ( y(]la]2))M(h'”)

x 3 o I 11 2
SM]=Cx-2m 21}4—1 =1 (_"L;il'))' Ja=ir14+1 M(]l,]z)'

(a, —2m,)(a, — 2m,)! - - - (o — 2my)!

(4.21)

Now we are ready to consider the cross-moment of the Q-polynomials which
we denote by pg). A necessary condition for this statistic to be non-zero is that X[a]
is an even value and the permutations are arranged so that the specific structure of
the multiplicity matrix M is kept as described above. In this case the value of the

cros-moment is calculated by substituting (4.21) in (4.11) to obtain

k
p& )

LQZ_L I.%hJ (_l)z[m]al!az!...ak! 3 £[m)]
=2 A it (o = 2l — 2Zma)l (e — 2mell \ 2

T{QX;-2m,]
2) 2 (al - {)ml)'(a - r)m2)' (ak - ka)'

M(51 3 . . I
] (Np+1) (Cy(n. Jl))—i—;—ﬂ k(Np+1) (Cy(h.]z))M(Jl.Jz)

x E (M) H 1 1__[ —
£M]=x-2m 272 a=1 (MJZ_J))! Fa=g1+1 M (j1, j2)!

(4.22)

Notice that since the first summations are over the terms mj. the dependent entries
of the multiplicity matrix change to maintain the condition ¥[M] = @ — 2m. The

last equation can be simplified to

u@)
1%y %2 |G
nEX '
=1{0 2 .05 Qx
( o) k- mgl;o m%: 2—0 m;! m2 mk'(Q)E[m]
L MmGa) . .
1 k(NL+1) (Cy(]13]1)>_——m’l k(Np+1) (Cy(]l-.h))M(th)

L M]=ax-2m 2 EVI a=1 (Mjgml )! j2=1;!+1 M(j1.52)!

(=1)Ft=)

(4.23)




It appears that the general expression (4.23) for the cross-moment of Q-
polynomials is extremely complex. However it will be shown that considerable sim-
plifications are possible and that when moments are combined to produce cumulants,
even further simplifications arise. These combine to make the overall computation

quite managable.
2. Rules for Computation of Moments of Q-polynomials

The key to reducing (4.23) to a simple form is the following. Although we
have specified some necessary conditions for the terms in (4.23) to be non-zero, these
conditions are not sufficient. In fact, if we proceed in calculating the cumulant of
the Q-polynomial according to the arrangement in (4.23) many computations are not

necessary due to the following:

1. For a large number of configurations of the values of the first summation pa-
rameters m; there is no multiplicity matrix M with non-negative integer entries
that satisfies the the condition £[M] = & — 2m. In these cases the correspond-

ing term is equal to zero.

v

In many other configurations there exsits a matrix M satisfying the above
condition but the resulting terms sum to zero. Therefore the value of the

moment is also zero.

This results in a tremendous simplification of the resulting moment expressions and
a corresponding savings in computation. For instance, in the case of the second-order
moment of Q-polynomials of our example, (4.23) reduces to the considerably simpler

expression

lug)([) _ (Jz)zl,gla o !Gxo—azo T(i)z+io+i9(l)ri3+i7(l)7,;4([)

o

—n 4
= FRENENERTR (4.24)
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where the quantities i3, 44,%g,77 and ig depend upon the value of i3 as described in
Appendix C.

In Appendix C we examine the conditions for which we can avoid computing
the terms in the Q-polynomial given by (4.11) which are identically zero. This leads

to the following principles:

1. The non-zero terms in the expression for the cross-moment of Q-polynomials
come only from the expectation of the product of the first terms in the Hermite
polynomials corresponding to m = 0. This means that the Q-polynomial cross-
moment expression (4.11) reduces to a single term and that the computational

effort is correspondingly reduced by a large factor.

o

This expectation is taken in a special way such that the pairing permutations
do not include any permutation that would result in the term ro(0) as a factor.
This corresponds to setting the values of the diagonal entries of the multiplicity

matrix M equal to zero.

Although the Q-polynomial expression (4.23) is reduced to one term only, this term
is also investigated to determine the relations between the components of the index
vectors a; such that this term itself is not identically zero. The relations between
the index vector components depend upon the order of the moment: therefore we

develop these relations for each moment order below.

a. The First Order Moment (Mean) of the Q-polynomials

The procedure described above can be applied to compute the value of
the first order moment. In this case, according to the principles just cited, we take
the moment of the product of only the first terms of the Hermite polynomials without

allowing the pairing that results in having ro(0) as one of the quantities within the
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product. In this case however, the matrix of cross-correlation sequences C, in (4.17)
is the upper-left block denoted by R(0) for which all of the off-diagonal entries are
zero and the diagonal entries are ro(0) = 1. Also the M matrix is diagonal with
even valued diagonal elements. If the sum of the components of the vector a is odd
then it is clear that the mean is zero. For any a with even sum of components, the

diagonal elements of M must satisfy
IM]=a

This means that if & # O the diagonal elements are not equal to zero and each
of the individual components a;; of the vector @ must be even. In other words,
when expanding the Q-polynomial using the Hermite polynomials and taking the

expectation, the sum of the resulting terms has the form

1-DFa-n%F...q-13" (4.25)
which equals zero except for & = 0. In that case

i) = £{Qo(n)} =1

Let us now apply this result to compute the mean of the process z(n) which is given

by

)

E{z(n)} = & {;Ca;Qa;(”)}
= Z; 60:,-5 {Qe;(n)} (4.26)
All the terms under summation are zero except the first one for which
£ {z(n)} = co€{Qo} = co (4.27)

Therefore cg is equal to the mean of the process. Since the cumulants of a random

process do not change when a constant is added to or subtracted from the process
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we will henceforth assume that cg is equal to zero and thus that z(n) has mean zero.
If cg is not zero, this affects only the mean of the process and not the higher order

cumulants.

b. Second-Order Moment

Let us now examine the moment

1 = £{Qa, (n)Qa, (n + )} for 120
with
Q; = (0o, @1, Qg +* + Qi(Ny 2): Qi Ny -1)> CiN ] (4.28)
and
a=[a,”,a, ) (4.29)

From the principles stated above (see section IV.2) this moment is calculated as the
expectation of the product of only the first term of each Hermite polynomial of order
corresponding to the individual components of the two index vectors. Thus this

moment becomes

£{Qa, (n)Qax, (n + )} =
Er{ug™ (Y2 (Y27 (n) -y (n)yg® (n + Dyg™ (n + 1)+ g * (n + D)}

(4.30)

where the operator £y denotes the expectation obtained by summing up all the
possible pairing permutations ercluding those that result in one or more instances
ro(0). Since

o2ro(0) = E{yi(n)yi(n)} = E{yi(n + Dyi(n + 1)}
this means that all of the y;(n) or y;(n +I) of the first term of a Hermite polynomial

must be paired with those from other polynomials. Note also that the pairing with
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other y; that have the same time argument is equal to zero because of the property
r4(0) = 0 for d # 0. Finally, note that if is [ is positive the variable y;(n) of some
Laguerre order can only be paired with another variable y;(n) with Laguerre order
j > i. This follows because rq(l) = rj_;(I) = 0 for j < i. Therefore, let us arrange
the components of the index vectors according to the Laguerre order and the time

index as follows

Yo Y1 Y2 -+ YNp-2 YNp-1 YN,
n+l: 0 @ a2 +r QyNy-2) Qa(Np-1) Q2N
no: Qg Q11 Q12+ Qi(Np-2) Qi(Np,-1) QINg

To obtain a non-zero result yn,(n) can be paired with yn, (n+1) only. Therefore the
exponent of the latter must be greater than or equal to the exponent of the former,
i.e.,

Q2N 2 Q1N (431)
Also since yn,-1(n) can be paired only with yn,_1(n + ) or yn,(n + () to obtain a

nonzero result, the sum of the exponents of the two outputs with highest Laguerre

orders must satisfy

QaN, + Qa(N,-1) = Q1N + Qy(Np-1) (4.32)
Continuing this argument leads to the set of conditions

QaNy + Q(Ny-1) T Q2(Np-2) 2 1N, T CY(Np-1) T Q1N -2)

QaNy, + Qa(Ny-1) T C(Np-2) + Qz(Np-3) 2 Q1N + QN -1) T QN -2) T Q1N -3)

aaNy + Qy(Ny-1) F 0+ @2+ an 2 0N, T ayN,-1) + o+ ozt an
Q3N + Qy(Ny-1) + 00+ @22+ a2+ @20 2 Q1N + QyN-1) o0 F @iz + e + e

(4.33)




Now let the vector B be defined as the vector composed of the rightmost m compo-

nents of the vector a;.

B = lou(y-g+2), > Qg Qi 1) (4:34)

This means that B represents the exponents of the outputs of the ¢q systems with

highest Laguerre orders. With this definition, (4.31)-(4.33) can be summarized as:
B2 > B for g=1,2,---, N + 1 (4.35)

where the last relation for ¢ = N + 1, implies that the total sum of the components
in a, is greater than the total sum of the components in a,.

Now. let us consider the relation of the index components starting with
the outputs of the lowest Laguerre orders. The output yo(n + [) can be paired with

yo(n) only. Therefore

Q10 2 Qg (4.36)
The output y;(n + ) can be paired with yg(n) or y;(n) only. which implies that
a0+ @ 2 @z + aa (4.37)

By similar consideration the following relations must hold:

a10 + Q11 + C12) 2 Q20 + @21 + Q2

ajo + 011 + 012 + a1z 2 Qo + Q21 + Q22 + Q23

ajo +an + ot ey -2 + QN -1y 2 020 + Qo1 + 0+ QN -2) + QN -1)
aio+ a1 + -+ ayny-1) + 01Ny 2 @20+ Q21 + -0+ Qv -1) + Q2w

(4.38)
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If the vector 47 is defined to be composed of the leftmost ¢ components of a; (repre-

senting the exponents of the outputs of the g systems with lowest Laguerre orders),
¢ = [0, @1y * * s @ig-1)] (4.39)

then the relations (4.36)-(4.38) can be summarized as
7 <Y forg=1,2,---,Np +1 (4.40)

The last relation in (4.40) (for ¢ = N + 1) means that Za,] is greater than Tla,).
This and the last relation in (4.35) (for m = Np+1) are not true unless Z{a,] = Za,]

. This implies that:
T,

1. £[a] is even where a = [e,7, @,

9. Since a; = [v; *T*7?  Bf] for any ¢ the relations (4.40) are true if and only if

the relations (4.33) are true.

From this condition we also observe that if the Q-polynomials in the expression (4.2)
are divided into groups according to the degree of nonlinearity they represent (i.e.
linear, quadratic, cubic, etc.), the necessary and sufficient conditions for the second-

order cross-cumulant of two Q-polynomials to be not identically zero are:
1. The two polynomials belong to the same group of nonlinearity.

2. The relations (4.33) or (4.35) hold.

c. Third-Order Moment
The relations between the vectors of indices a,, &, and a, such that
1D (1. 1) = €{Qa, (") Qa, (n + 1)Qa,(n + 12)} # 0 for I, > 1, >0 (4.41)
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are developed as follows. The components of each vector are arranged according to
descending time argument value and increasing Laguerre order of the corresponding

output:
Yo Y1 Y2 YNL-2 YNp-1 YNy
n+ly: asx 03 Q32 *cc Q3(Np-2) O3(Np-1) @3Ny
n+l: agp Q1 Q2 *c OGNy -2) Q3Np-1) 2N
LON a0 011 @12t Qi(Np-2) Q1N -1) N
We have two conditions on these variables. The first condition follows from the

condition on the expectation of the product of Gaussian variables; namely Zla] is
even. The second condition is obtained if we examine the conditions on the values

of the individual components in each vector. We find the relations

B2 + P12 B forg=1,2,--- Np+1 (4.42)
13+7227§ forq:1727.'.7Al’L+l (443)
Sle] + B2 2 B3 for g=1,2,--,Np +1 (4.44)

where the vectors 87 and 4f have the same definition as before. For ¢ = N + 1
equations (4.42), (4.43) and (4.44) yield the following relations:

Slan] < Slas) + ey

Slay) € Elau] + Ele)

Slaa] € Slay) + Ze] (4.45)
If these three relations are true one of the relations in (4.42), (4.43) and (4.44)
becomes redundant. Therefore necessary and sufficient conditions for the values of

the components in the three vectors of exponents to ensure that the value of the

moment is not identically zero are :

1. The sum of all the components of the three vectors Yla] is even.

2. The sum of the components of any two vectors is greater than or equal to the

sum of the components in the third.
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3. The relations (4.42) and (4.43) are satisfied.

Similar relations can be developed between the vectors of indices of the Q-polynomials
for computing the cross-moment of any order. The set of indices in the expression of
the cumulant of the output of the model is generated then examined to exclude the
terms that do not satisfy these relations. The value of the cumulant is then obtained
by calculating the rest of the terms because their values are not identically zero. In

general, the non-zero valued Q-polynomial cross-moment in (4.11) is then given by

ke ()
= () ol Y T (4.46)

: z.!
IMl=x J I:

where the first summation is over the possible multiplicity matrix permutations. The
product is over all the nonzero-valued entries ¢; of the multiplicity matrix and r; is

the corresponding Laguerre cross-correlation with time argument ;.

3. Computation of Cumulants of Q-Polynomials and
Model Output

To obtain an expression for the k*h-order cumulant of the output z(n) as
described by (4.7) we need to develop an expression for the k**-order cross-cumulant
of the Q-polynomials

CE b 1)

Since the Q-polynomials are all zero-mean except Qg (which has a mean equal to one)
the mean of the model output was shown to be given by the value of the coefficient cg
(see (4.27)). In our development of the model output cumulants we assume that this
coefficient equals zero so the model output henceforth has zero mean. Consequently
the Q-polynomial representation of the model output does not include Qagq. The

expressions of the model output cumulants and the Q-polynomial cumulants are
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given by (2.14). In this case the Q-polynomial cumulants of orders 2 to 4 have the

expression

C&() = £{Qa,(n)Qa,(n+1)}
c&M) = £{Qa,(n)Qa,(n+1)Qa,(n + 1)}
c&W) = £{Qa,(n)Qa,(n+1)Qa,(n +1)Qay(n + &)}
—£{Qa, ()Qa, (n + 1)} £ {Qay(n + 5)Qa,(n + )}
~£{Qa, (n)Qay(n + )} £ {Qa,(n + h)Qa,(n + 1)}
~£{Qa,(")Qa,(n +15)} £{Qa,(n + 1)Qay(n + )}
(4.47)

It can be seen that the second- and third-order cumulants of the Q-polynomials
are given directly by their respective moments. As for the fourth-order cumulant,
we still can compute it directly using the same procedure we have developed to
compute the moment. Since the last three terms cancel with similar terms that arise
in the computation of the first term, we need only to compute the moment using
the procedure developed above and set a condition so that the common terms which
cancel are not computed. This condition is imposed on the permutations simply by
setting terms of the multiplicity matrix M to zero. For the fourth-order moment this
matrix has 4 x 4 blocks and we do our computations on the upper trianglar parts
of the six off-diagonal blocks. The entries of this matrix take on values as described
before such that at least three of the six blocks have entries which are not all equal
to zero.

The computation of the model output cumulant can be summarized as fol-

lows:

1. From the model dimensions N and Ny construct a vector of indices e the

partitions of which are the Q-polvnomial indices «;.
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2. For computation of a cumulant of order k, test all the possible combinations
of k indices @ = [e;,T ;T ---@;T]7 to determine those that satisfy the

conditions for a nonzero-valued cross-moment.

3. For each of the combinations that give nonzero-valued moments use (4.46)
to obtain the value of the cumulant by applying the proper condition on the

permutations of the matrix of multiplicity.

4. From the values of the coefficients cq; the output cumulant is given by (4.7).

C. POLYSPECTRA OF THE OUTPUT OF WIENER
MODEL

The polyspectra of the output of the Wiener model are the Fourier transforms
of the corresponding cumulants of this output. Due to the linearity of the Fourier
transform these polyspectra are the weighted sum of the polyspectra of the individ-
ual Q-polynomials in the expression (4.2) with the same coefficients co. Although
it might at first seem that the procedures developed in the previous section could
be adopted directly to compute the polyspectra. the regions of symmetry of these
quantities and other considerations make the problem sufficiently complicated that it
is better to develop the spectral procedures on their own. The resulting expressions
and procedures for computation are analogous to those for the cumulants but differ
1n important details.

Since the Q-polynomials are functionals of Gaussian random variables y;(n), the
expressions derived in Chapter II Section C.2 can be applied to the compute cross-
polyspectra of the Q-polynomials. The second-order system cross-spectral functions.
which are the entries of the matrix § defined in Chapter II. are shown in Chapter II1

to be the Laguerre cross-spectral functions s4(«). In the following development we
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make use of the functions

oo

sa(z) = Y, ra(l)z~! (4.48)

=00
which are used in Chapter III to derive the Laguerre cross-correlation sequences.
These functions, when evaluated on the unit circle, are the Laguerre cross-spectral
functions'. We also make use of the orthogonality of Q-polynomials, which can be
detected from the vectors of indices a, to represent the polyspectra as a sum of only
the terms that are not guaranteed to be identically zero.

Since the Q-polynomial moments of orders higher than third are not equal to
their cumulants (see (4.47)), their Fourier transform is different than the polyspectra.
We shall call the Fourier tranforms of these moments the @-spectral functions and
denote the kt*-order Q-spectral function as Sg(w). The Q-spectral function has the

form

(s 4 [0 S9N o FNREIN 4 J
SQ (‘Iv’)-'ZS'Q:l 3 k(w‘1.u)2."',(&'k-1)

. R el

)ttt Y Y

m;=0m,=0 m,=0

k(NL+1) k(Np+1)

(M

s o (L ) seme)
(Mlaady M(ji.g2)t) =™

H=1 © J2=i+1

(-1)*!

m;'m,! - - m,!(2)Em

(4.49)

where M is the multiplicity matrix, which depends on the summation parameters
m through the relation £[M] = a — 2m. As described in Chapter II, the quantity

S&-2m is formed as the product of the two quantities :

1. The product of values of each quantity in the block matrix R(0) that is included

in the pairing permutation.

1We note as before, that the use of the term s4(w) rather than s4(e’*) is slightly abusive but
results in some simplification of notation.
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2. The multiple convolution of the system cross-spectral functions s4(z) that are
included in the pairing permutation. These were defined in Chapter II as the

entries of the off-diagonal blocks S of the matrix S given by (2.106).

Since the matrix M determines the multiplicity of each of the above quantities, the
entries of this matrix need to be set to zero whenever the inclusion of the correspond-
ing spectral functions results in a term S&2®(w) which is identically zero.

We have noted earlier (see Section B.1) that the diagonal blocks of the multiplic-
ity matrix are diagonal. Since each of the off-diagonal blocks §“ of S is Hermi-
tian symmetric, if the upper triangle has entries that are expressed as sg(w) for
d = 0,1,---, N, then the lower triangle entries are given by s4(—w). The corre-
sponding z-transforms are s4(z) and sq(z7!). For purpose of this discussion let us
denote a block of the multiplicity matrix corresponding to a block S in the spectral
matrix as M. Now if the pairing permutation results in a combination of entries

from the both the upper triangle and the lower triangle then at least one of the

convolutions takes the form

- 1 _ g
Say(2) *x sgy(271) = 727 I v lsg, (;) S, (v)dv (4.50)

If we substitue the value of s4(z) from (3.84) we get

dy-1 dy—-1

1 — p?)2 1 v — zf ) —
T i R }( (v —z2p) W= P (451
C1

pz ~27rj (l, _ Zp—l)d1+1 (-v _ /J_l)d"H
which is identically zero because there are no poles inside the unit circle. Therefore

if the values of the polyspectra are computed in the non-redundant regions for which
0<w Swrrr S Wi (4-52)

the off-diagonal blocks M“ of the multiplicity matrix M must be upper triangular to

exclude the permutations for which sg4(z7!) is included. Then the multiplicity matrix
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in this procedure is exactly the same as that used for computing the moments. Since
the terms in the lower trianglular portion are never used, the block S“ can be replaced

by one which is upper triangular and Toeplitz:

[ so(w) s1(w) sa(w) +ov swy(w) ]
0 so(w) s1(w) -+ SNy -a(w)

Sv=10 0 so(w) «+ swy-2(w) (4.53)
0 0 0 )

Notice that a single subscript d = j — ¢ is used for the system cross-spectral functions
rather than the double index used in Chapter II because the Laguerre cross-spectral
functions depend only on the difference between the two Laguerre system orders ¢
and j.

In the development in Appendix C of the relations between the vectors of indices
for which the value of the moment is not identically zero the results were based upon
excluding permutations that contain the terms ro(0). These are the diagonal entries
of the matrix C, in (4.17) and result in a common factor that equals zero. Since
these functions also appear in the polyspectra expressions under similar conditions.
the same factorization exists with the same zero values. This means that terms of
the Q-spectral functions are identically zero in exactly the same cases for which the
moments of the Q-polynomials are identically zero. The relations between the vectors
of indices developed in the previous section are therefore the same for the Q-spectral
functions. Thus the expressions (4.49) simplifies in the same way as the expression
(4.23) did for the time domain computation.

Let us now consider the remaining part of the problem. namely computing the

Sa -2m

conv (w). It will be seen that. like in other calculations involving the

quantities
Wiener model. there is abundant structure present so that the form of the result
can be predicted from an analysis presented here and the actual computation can be

implemented by a table lookup scheme.
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1. Multiple Convolutions of the Laguerre System Cross-
Spectral Functions

The Q-spectral functions given by (4.49) are obtained by performing multi-
ple convolutions on the system cross-spectral functions s4(z) with given multiplicity
to compute the frequency-dependent quantities So,,(w). Convolving the spectral
functions by directly applying the convolution formula (4.50) is a tedious operation
especially when this needs to be repeated many times. Fortunately however, we can
use the characteristic of the Laguerre cross-spectral functions to develop a procedure
to obtain the value of a multiple convolution algebraically. If a system cross-spectral
function has a multiplicity m, this quantity equals the sum of the entries along the
corresponding diagonals, principal and non-principal, in the block M* of the mul-
tiplicity matrix M. This means that the contribution of this function s4(z) to the
quantity S, is the result of convolution with itself (m — 1) times. The result is
then convolved with the contributions of the other functions. Let us use the notation
s4a(z: p) to denote the a complex cross-spectral density function with parameter p and
define sJ'(z; p) as

s§™(z10) = salz:p) * sa(z:p) * salz1p) % -+ - x saz5p)

~

~

m — 1 convolutions

= sg(z:p) % sfim_l)(z: p) (4.54)
Using this notation we can also define

s(zp) = 6(2)

sf,l)(z;p) = sq(z:p) (4.55)

We consider various special cases below.
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a. Multiple Self-Convolution of the Complex Spectral Density
Function so(z; p)

When the sum of the entries along the principal diagonal of the block
M?¥ is non-zero then the system complex spectral density function so(z;p) has a

contribution to the required spectral function S&,,. This contribution is obtained
by performing a number of successive convoutions. The Laguerre system complex

spectral density function has the form

VTR ¢ ) z
o) p o (z—p)z—p7") (4.56)

The first convolution is given by

s$(zip) = solz:p) % so(z: p)
(1-p*)?2 1 }{ v .
Z = dv (4.57
pr 2mjlor (v —zp)(v—zp7)(v — p)(v—p7Y) (%50

Since |z| < |p7] it follows that |zp| < 1|. Therefore the integrand has two poles
inside the unit circle, at locations p and zp, and by evaluating residues the result of

this convolution is found to be

(1-p*
382)(2#’) = - p’p)(z—pz)fz—p‘z)
_ =0 2
p? (z—p*)z—p7?)
= so(z:p?) (4.58)

It is seen that the two poles of the complex power spectral density function are moved
from the locations p and p~! to p? and p~2 respectively as a result of one convolution.

One more convolution can be similarly shown to result in the quantity

s§$Uzip) = solzip) x 5§(z:p) = sol=: p) % so(z: p?)

_ =0 2
PP (a=p)(e=p7?)
= so(z:p°%) (4.59)
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Continuing in this way we can find that
s§™(2;p) = so(z; p™) (4.60)

Thus the result of m — 1 convolutions on m functions so(z; p) is equal to the same
function with the parameter p raised to the m power; its poles are moved from p and

p~! to p™ and p™™

b. Convolutions of up to Three Laguerre Cross-Spectral Density

Functions sq,(2;p), S4;(2:p), sa5(2;p)

For the other Laguerre spectral functions sq,(z; p) for which d; > 0 the

sum of the elements along the corresponding non-principal diagonal of M“ determines
the number of convolutions to be performed. Let us first consider the convolution of

sq, (=3 p) with itself:

sD(z5p) = sa(zp) *5a,(25p)
1 _ z
= 9 _ Vsa, (v)sg, (:) dv
1 oele = p )& - )
(1 22 '
= ~(1 ,0 ) 277_‘] -¢Cl ('L‘ . p)(d1+1)(l' _ :p_l)(d1+1) dl (461)

Since the integrand has (d; + 1) poles inside the unit circle at location p the value of

this convolution is given by

D(zp) = 21— P - [l(t p~ )@ — zp)@Y
! dy! dv (v — zp~1)(di+1) vmp
1 (di-1)(dy—my-m3) 1 1
= ] —_— 1-my
o) m;O mgo mazo  Malmalmalmg! (1 - ml)!p
my=d, —"::ﬂ: ~Tm3
(d1—1 —mg) (di — 1 — m3)!
X(-—l)m‘ (d1+m4)! 1

dl! (P _ p-l)(d1+1+m4)
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- )2 zl: (4121) dl -1 (l—m;)( _ —1)(dx—1—mz)
= —p N p—p

m3=0 my=0

("_Em’) ( dy—1 ) ( dy + m4 ) (=1)™(p - zp)lhi—1-ms)

ms dy (p - zp'l)(dx+1+m4)

my=0

my=n-m; —mj—my

(4.62)

Since m; can take on values of only 0 and 1, the double summation over m; and m,

can be simplified. In particular, the term
1
ny
is equal to 1, and with a change of variables
my + mq = k' (463)

k' assumes values either in the range [1,d;] (for my = 1) or the range [0,d; — 1] (for

my = 0). Therefore (4.62) becomes

dy minfk',d; 1] di— 1
G ) 'y (—1)"*-"”( )p-’“*-m)(l—p’)*m
=0 wmo=k'— 2
(d k) di—1Y\[2d—-k-
_1\ms 1 1 msa 2(2d; +1—k'~m3)
< Zem () ()
N e’
m;e[o,d;—]]

z(z — 1){d-1-ms)
(z — pZ)(2d1+1—-k’—m;)

(4.64)
‘Now let us define
minlk’,d; —1]
'(1) d-ms [ A1= 1\ _adi-my) 2\d; —m3 -
Wa'(K)= > (=1) ( - )P (1—p%) (4.65)
ma=k'-1

Since my = 0 for k' = 0. this quantity has the value

W(0) = (=1)%p7 (1 - p?)® (4.66)
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Similarly since m; = d; — 1, for k' = d; we have

W ld) = —p72(1 - p?) (4.67)
and for k' € [1,d; — 1]

Wi(k) = (-1)a++ ( hol ) pHBRAN (] _ gk

k-1
+(__1)d1—k' ( dlk_’-l )p—z(d:l—k’)(l _ pZ)dl-k'
. d - ! k’ _
=(4ﬁ*(§)@2—wﬂu—apﬂ (4.68)

Notice that if we let &' = 0 and k' = d; in (4.68) we obtain the relations (4.66) and
(4.67) respectively. Therefore (4.68) is the required expression for W‘;fl)(k’) for all
k' € [0,d;]. We then substitute k = d; — k' and define H'}ll)(k) as

Wi(k) = (—1)* ( “ ) (p72 = 1) [1 I kp'zJ (4.69)

k )

Hence (4.64) becomes

d min[k,d; —1]
. i di=1\ [ dy+ k-
sidzp) = (=X 0Pk Y (-1 °( e )( g m;;)
k=0

my=0
sz(d1+1+k_m3) S(: — 1)(‘11—1—";3)
(z — p?)(dri+1+k-—ms)

(4.70)

The expression (4.70) reveals important characteristics of the convolu-
tion of the two Laguerre cross-spectral functions of the same order. This convolution
can be obtained algebraically as a sum of spectral functions that have one zero at
the origin and multiple other zeros at z = 1. The poles of these functions are at
z = p?. The number of these functions depends on the orders n of the cross-spectral
functions being convolved and they differ only in the multiplicities of their poles and
zeros. We will see presently that similar properties hold for multiple convolutions of
the Laguerre cross-spectral functions of the same order and convolutions of Laguerre

cross-specrtal functions of different orders.
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Now let us define the spectral functions embeded in (4.70) that result

from the first convolution as

(1)(,. = 2p_z_(_z__191 4.71
X9 0) = P70 g (4.71)
Then (4.70) can be written as
dy minfk,d;~1)
Dz =Y Y bk, ma) XDz pM (k,ms), ¢MN(ma)) (4.72)
k=0 my=0

where

dy—1 di+k— ) .
b(1)(k,m3) = (—])m3+1 ( 1 ) ( 1t 4, ms ) (1- Pz)u/d(,l)(k)

m3

pM(k,m3) = dy + 2 + k + ¢)(ma)

g (m3g) = dy —1—ms (4.73)

withmg = 0,1,-+-,kand k = 0,1.2---,d;. Therefore the pole and zero multiplicities

have a range of values given by

p(l)=d1+1_d1+2_..._d1+2_q(1)

¢ =0,1,2,---.d; - 1 (4.74)

The procedure we have employed so far is useful for the other cases to
be considered in this section and the results will be analogous. In particular, suppose
it is desired to form the spectral term 3.(11:),4,(5) = 5q,(2) *54,(z). We can assume with
no loss of generality that d; < d,. In this case we obtain the same results except that

the limits on m3 in (4.72) change from m3 € [0,d; —1] to 0 < m3 < min[d; — 1,d, — k]

and the ranges of the pole and zero multiplicities in (4.74) change to

PV =dy +1,dy +2.-.dy + 2+ ¢V

¢M e ldy~dy—1.dy = 1] (4.75)
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di-1 - — —e e o o o o

max [O,dl - dz == 1] —9— I .
dy +1 dy+dy +1 pt)

Figure 4.2: The multiplicities of the poles and zeros in sq, (2;p) * 84,(; p)-

Fig. 4.2 shows the values assumed by p) and ¢(*) in (4.72) when con-

volving sq, (z: p) and sq,(z) for d2 < di. From this plot we note that the minimum

value of the difference p() — ¢(1) is given by

min(p = ¢@) = min(p") — max(¢")

= (i +1)—(d-1)=2 (4.76)

(2)

Now let us consider what happens when the spectral term sg a4, (2) = say(2) * 5d,(2)
is convolved with yet another cross-spectral function sg,(z). We will show that the
general structure of the problem observed so far is maintained. The convolution of

these cross-spectral functions can be written as

d; mm[kd; 1
Sdy(z) * “dx 4 (2 Z 3 bW (k, ms)sq, (z; p) *x X)(z; ), 1)) (4.77)
my=0

where each term under the summation involves a convolution given by




1 -
say(z:0) # Xz, g) = o £ 07 sa(z )X, g
o (1) g (1 ;Pz)
P g1, _1vds=1(, _ V)
xl.fv (v—p1)B (v 1)z) do
2nj Jo (v—p)"“(v——zp"’)f'(

(4.78)

Since (4.76) establishes that pM — ¢ > 1, the integrand has at least one zero at the
origin and ds + 1 poles inside the unit circle at p. Thus we can find an expression for

the convolution (4.78) similar to that of (4.72), namely

dy min[g(1),ds —k)
WERR UECCIED Sl S S L e )

=0 my=0
(4.79)

where the function X is defined as

X@)(z:p.q) = ( (4.80)

(=P
and where the remaining quantities in (4.79) are given by
p® = pM 4 dg — k —mg

¢ = ¢ g

(1) (1) _ k-
b(z)(k,’l’n3) — (_l)ms ( q ) ( Y4 1+ d3 k mg ) U',Sf)(k.p(l) _ q(l))

mg d3 —k - ma

m.in[k,d;—l] 3

(2)(A t) = Z p(d;—l) ( ‘i: ) (p~2 — 1)(.1,_,"2) <d3 mmz)

my=k—-t+1 g

F [ ds—k
AL BT 481
t—14+my—k (4.81)
t—1 .

The function X2 has one zero at the origin. ¢® zeros at p. and p(® poles at p®. The

limits of summations in (4.79) determine the ranges of p(*) and ¢® or equivalently
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*
p(l) p(l) + d2 p(z)
Figure 4.3: The range of the functions X(?) as a result of sg,(z; p) * X1,

the set of spectral functions X(®). For each value of p(*) and ¢(*) we have

p(z) — p(l)_, p(l) + 1’ cee .p(l) + d3 .+. q(z) —_ q(l)

¢ =0,1.2,---.4 (4.82)

Fig. 4.3 shows the region of pole and zero multiplicities of the functions X that
result from convolving sq,(z) with a single function X() in (4.77). To define all the
functions X(?) that result from the convolution we combine (4.74) and (4.82). Then
the entire set of spectral functions X(?) has pole and zero multiplicities in the region

defined by

p(z):d1+1d1+2'd1+d3+2+q(2)

¢®=01.2-..d -1 (4.83)

This region is shown in Fig. 4.4.




1
g

0 ——0—0—0—& |
dy +1 dy + d3 +2 2dy +ds+1  p?

Figure 4.4: The range of the functions X2 as a result of sq(z) * sf,zl)(z).

c. Convolution of Any Number of Laguerre Cross-Spectral

Functions

To generalize the results of the previous subsections. let us assume that
we need to perform convolutions of the Laguerre cross-spectral functions of orders

dy,dy.-++,deqy such that

G2 = 50y (2) % 5 (2) * 30 (2) 2 * sdat) (4.84)

K convolutions

According to the above discussions we could convolve sg,(z) with sq,(z) then con-
volve the resulting spectral function with sq4,(z) and so on until all the required «
convolutions are performed. In so doing we can benefit from the above relations to

establish an efficient procedure to obtain the result. We proceed by induction.
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Let us define the spectral function X )(z;p,q) as one of the spectral

functions that results from performing v convolutions. This spectral function has

the general form

P 2(z = pr)
P (2 = prIp

_ z(zpTtm 1)
= T Ty (4.85)

X% (z;p,q)

It is seen in the previous subsections that when a function of this form 1s con-
volved with one of the Laguerre cross-spectral density functions, a weighted sum
of spectral functions of the same form results. Thus the convolution of s4(z;p) with

X(")(z;p("),q(")) produces an expression that can be written as

sa(z;p) * XM (z;p™), ¢))
d min[g(*),d—k]

= Z Z b(V-H)(];’m3)x(V+l)(:;p(V+1)(k_n73)_q(v+1)(m3)) (4.86)
k=0 m3=0

where

p(u+1) — p(") +d—Fk—ms

41 = g0 _ my

(v) (v) _ — k=
b("“)(k.mg) - (_l)mg ( q ) ( Y4 14+d k ms ) I'{/'§y+1)(k,]7(u) _ q(u))

ma d—Fk—mgz
mminfk,d—1] i
Wkt = Y (7t -1 ( dmZ)
m;:k—t+1

k d—k
my d — my .
X .
f—1+m2-—l\‘ ( 87)
t—1

where the difference between the pole and zero multiplicities in X ™) satisfies

P — g > 2




The set of spectral functions X (»+1) that result in the convolution (4.86) differ only in
the multiplicities p®*1) and ¢®*) which are determined by the limits of summation
in (4.86). The ranges of p®+?) and ¢*+") or equivalently the spectral functions X (1)
are obtained from the order d of the Laguerre cross-spectral function s4(z) and the

pole and zero multiplicities of X ) as follows

PO = o) g0 41 g 4 d 4 g+ = )

d =0,1,2,-++ g (4.88)

Now let us consider in detail the entire convolution (4.84). This can be
obtained by following a set of successive steps that give the value of this convolution
in an organized algebraic procedure. The value of this convolution is a sum of spectral
functions X(®) of the form

3&”1)(5) =y cEK)X(")(z: Dis Gi) (4.89)

where

pp.'(n+l) 2(: _ pn.—l )qg

(RY ~e py. ) =
X&) zipy. qi) pui(r=1) (z — prtl)pi

(4.90)

It is clear that the set of zero and pole locations are determined simply from the
number of convolutions. The value of the convolution is obtained by determining
the values of p;, ¢; and ¢ based on the orders of the Laguerre spectral functions

dy.dy. -+ ,dey1. We can make the following observations:

1. If this convolution were performed successively then as a result of the first con-
volutions, sg,(z) * $4,(z) we would have pole and zero multiplicities determined
by a plot similar to that of Fig. 4.2. Each of the resulting functions XM(z) is
then convolved with sg,(z). The pole zero multiplicities in the resulting spec-
tral function X(?)(z) are obtained by extending those in Fig. 4.2 using the

extension map described by Fig. 4.3 for the Laguerre spectral function order
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Figure 4.5: The zero and pole multiplicities in sgt(2).

ma. This results in a range of the pole and zero multiplicities described by a
new plot similar to that of Fig. 4.4. This procedure is continued until the last
extension map corresponding to the Laguerre spectral function order m.4,. We
can obtain the same result directly however by taking the region of p; and ¢;

in (4.89) to be as follows:

¢ The maximum value of zero multiplicity is dy — 1.
e The minimum value of zero multiplicity is max[0.d; — d3 — - -+ — dx41]-
e The maximum value of pole multiplicity is dy + da + +++ + dey1 + 1.

¢ the minimum value of pole multiplicity is d; + 1.
We can also use a plot similar to that in Fig. 4.5.

2. The coefficients cg") in (4.89) can also be obtained by following a recursive
operation. Let us assume that after the first v convolutions a set of coeflicients
cE") were computed and associated with the corresponding p; and ¢;. For the

v + 1* convolution, involving sg,,,, the extension map in Fig. 4.3 for d,4,

is used to determine the multiplicity pairs [p®*1), ¢*+1)] that result from the

pairs [p®), ¢™)]. Then if from the extension map the » +1* convolution results

in generating [p§v+1), q§V+1)] from [pf"), q,(V)] then the coefficient csu) is modified
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to cg"“) using the multiplier *#*!) defined in (4.87). This multiplier is now
written as by b®*1)(7, j) to indicate that it corresponds to the j** multiplicity
pair generated from the i** pair after v + 1 convolutions. Thus the coefficient

c§"+1) is updated according to

c§v+1) — C.(iy) + b("“)(z',j)c?') (4.91)

Finally, for each value of the vectors of indices a, the Q-spectral function

can be obtained as follows:

1.

o

The multiple convolution of the Laguerre spectral functions which are the en-
tries of one block S of the matrix S given in (2.106) is obtained as a weighted
sum of the spectral functions X(®)(z;p;, ¢;) in the form of (4.89). The poles of
these spectral functions are located at p**1) while the zeros are located at pr=1)
where v equals the sum of the entries of the block M“ of M that corresponds

to the block S¥ of S.

The range of the pole multiplicities p;, the zero multiplicity ¢;. and the coef-
ficients ¢; in (4.89) are determined as described above from the orders of the
Laguerre cross-spectral functions in §“ for which the corresponding entries in

M* have non-zero values.

d. Convolution of sgm)(z;p) with sg‘H)(:;p)

To obtain the value of the multiple convolution of the Laguerre cross-

spectral functions in the block 8 we first convolve the Laguerre cross-spectral func-

tion so(z;p) a number of times mg corresponding to the sum of the entries on the

principal diagonal of the block M“ of the multiplicity matrix M. The result of this

self convolution is given by (4.60). We also perform the convolution on the rest
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of the Laguerre cross-spectral functions (residing on the non-principal diagonals of

S¥ the value of this convolution is given by (4.89). Thus the value of the required

convolution is then given by

§e = s (zp) ¢ s§(2)

= Z c;‘sgm)(z; p) * X(")(z;p.-, i) (4.92)

The terms under summation in this expression are obtained by convolving sf,"‘")( z;p)

with each of the spectral functions X (®)(z; pi, ¢;). This convolution has the form

m . 1 e NZ
5 )z p) x XNz ping) = ——fc v 18 ) (v; p)X ) (;;p.-,q;) dv

27
_ 0= 0m)) 1 }{ .
g 2mj Joy (v—pmo)(v— pmm)(v — zpm ()
(4.93)

(_1)Pi—9iv(Pi"Qi—1)(v — zp—(n—l))qa

Since the integrand has only one pole inside the unit circle at location p™@, the value

of the convolution in (4.93) is easily obtained as

q(mo) i(m°+n+l) z(z — pmo+n-—1)q‘-

s§™ (21 p) x X (= pi ) = Slmera 1) ( (4.94)

~

— p”‘o +r+1 )Pi

Notice that this convolution results in one term only. Moreover the pole and zero

multiplicities of X do not change and the value of this convolution can be easily

1 mo+x+1 and

obtained by just moving the pole and the zero from p*** and p*~~! to p

p™ %=1 respectively. More precisely from (4.94) and the definition (4.85) we have

(25 p) % Xz pi, i) = Xz pi i) (4.95)




V. MODELING A NON-GAUSSIAN RANDOM
PROCESS USING THE WIENER MODEL

In Chapter IV we develop the procedure for computing the cumulant and polyspec-
trum (of any order) of the output of the Wiener model. These higher-order statistics
are shown to be functions of the model parameters defined in Chapter III. The first
such model parameter is o2 the variance of the zero-mean white Gaussian process
w(n) that drives the system. This parameter specifies the set of Hermite polynomials
that describe the memoryless nonlinearities represented by section 2 of the model.
The second parameter, p, defines the pole and zero locations of the transfer functions
of the linear filters comprising section 1 of the model. The impulse responses of these
filters are the discrete Laguerre functions and the outputs are zero-mean Gaussian
processes each with variance o2. Thus. the auto- and cross-correlation functions of
the outputs of these filters (and in fact all of the higher-order statistics) are com-
pletely specified by ¢% and p. The remaining parameters are the coefficients cq in
the Q-polynomial representation of the output of the model (3.34). According to our
definition of the indices represented by the vector a, these parameters are uniquely
determined once the model dimensions N and Ny are specified. Thus for a given set
of model dimensions the number of the model parameters is finite and the expressions
of the model output statistics can be obtained.

In this chapter we demonstrate the application of the Wiener model in repre-
senting some non-Gaussian discrete random processes that fail to meet the conditions
of linearity. The parameters of the discrete Wiener model are determined such that
the model output statistics match the modeled process statistics up to some given

order over a specific region of support.




A. NONLINEARITY DETECTION IN RANDOM
PROCESSES

The statistics of a linear random process either in the time domain (cumulants)
or in the frequency domain (polyspectra) have characteristics that nonlinear processes
do not share. A significant body of work has been reported to detect and characterize
the nonlinearities in time series [4, 33, 5].

In [34] Lawrance and Lewis (1987) present a class of stationary random processes
z(n) for which the autocovariance function, C(3)(1), has an autoregression structure,

i.e., this function satisfies the p** order Yule-Walker autoregression
CO(l) = a;CA( — 1) + a2CO(L = 2) + -+ + a,CO(1 - p) (5.1)

where a; are appropriate real-valued constants. This class of processes includes
(among others) two subclasses of stationary random processses with mean y that
have an autoregerssive representation. The first is the class of processes for which

the linear conditional expectation has the form
Elz(n) — plz(n = 1).z(n = 2),---,x(n —p)] =
ay(z(n — 1) — p) + az(x(n = 2) = p) + -+ + ap(x(n — p) — pr) (5.2)
Processes in this class may be nonlinear. The second class. which is a subset of the

class satisfying (5.2), is that of linear stationary random processes with mean p which

satisfy
2(n) — p = ax(a(n = 1) = )+ aglz(n — 2) = ) + -+ -+ agla(n — p) — ) + w(n) (5.3)

where w(n) are independent and identically-distributed (i.i.d.) and the coefficients
a; are real-valued constants satisfving the condition that the linear autoregressive

model represented by (3.3) is stable.



The order p linear autoregressive residual €(P)(n) is given by the process z(n)
after subtracting its best linear least-square predictor in terms of z(n — 1),

z(n—2),-+-,z(n —p), le.,

e€P(n) = z(n) — p— ar(z(n—1) = p) = aa(z(n = 2) = p) = -+ — ap(a(n—p) = ) (5:4)

Lawrance and Lewis [34] based the principle of detecting the nonlinearity in processes

with autoregressive correlation structure (5.1) on the following:

1. For processes satisfying (5.1) the linear autoregressive residuals, ), are un-

correlated.

2. For linear processes satisfying (5.3) the linear AR residuals €(?) are not only

uncorrelated but they are also independent.

According to this distinction, the higher-order dependency of the residuals is inves-

tigated by considering the two cross-correlation quantities :

Corr[(z(n) — p)%. €P(n 4 1)]

Corr|(z(n) = ). (€@ (n + 1)) (5.5)

for I = 0.4+1.42.---. If a process satisfying (5.1) is linear (i.e satisfying (5.3)) then
the two cross-correlation functions in (5.5) are zero for all I # 0. This test is a useful
one, but it is based on a particular class of processes defined by (5.1).

A more general test for nonlinearity was formulated by Rao and Gabr (1980)
[35] and later extended by Hinich (1982) [36]. This test is based on the fact that if a
process z(n) is linear (in mean square), then there exists a sequence k(n) such that

z(n) is represented by

r(n) = i h(k)w(n — k) (5.6)

k=0
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where w(n) are i.i.d. and the sequence h(n) is square summable . In this case, given
the process bispectrum S{®)(w;,w;) and power spectrum S3)(w), it is easily shown

that the ratio
|S£3)(w1,w2)|2
S (00,) S (w,) S (wr + w)

is a constant independent of w; and w,. In practical applications estimates of the

(5.7)

process bispectrum and power spectrum functions are used to test for its linearity.
The linearity test of Hinich actually follows from the fact that the kt*-order

polyspectrum of a process represented by (5.6) is has the form
S (wy,wg, -+ ywi—1) = BiH (w1)H (w2) oo Hwier ) H(—wy —wp — ++» — wi—1) (5.8)

where [ is a nonzero constant and H(w) is the Fourier transform of h(n). In other
words, linear processes have the characteristic that their polyspectra are factorable:
this is a generalization of the correlation-based innovations representation of random
processes. The representation (2.43) is possible if the process power spectral density
function is factorable. i.e., if it satisfies the Paley-Wiener condition. For a rational
power spectral density, the procedure developed by Wiener [1] can be used to deter-
mine the poles and zeros of the linear system transfer function. The factorization of
polyspectra however is not as simple.

Tekalp and Erdem (1989) [13] established necessary and sufficient conditions for
the existence of a stable linear time-invariant system driven by a non-Gaussian kth-
order stationary white process such that the system output kth-order polyspectrum
matches a given one. The procedure is outlined briefly below.

The kth-order complez cepstrum of a k*P-order stationary random process z(n)is
defined as the multidimensional inverse z-transform of the logarithm of the complex

polyspectrum S{¥)(zq, 23, +++ . zk-1)

BNl e lpmy) = 271 {1og[s§’*>(21.22. o -.z,,_l)]} (5.9)
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The region of convergence is assumed to contain the k-dimensional unit circle
|z1] = |z2] = --- = || = 1, and the integration is performed over that contour.
For a discrete random process that has the representation (5.6) its k**-order complex

cepstrum is given by

k-1 k-1 k-1
By, Igy -+, lmy) = B, by, ) + g(=1) TT 6015 = 1)+ X 9(8) TT 6(15)
i TR
for ;ny 1
(5.10)
where (1) is the unit sample function and
g(l) = 27 {log[H(2)]} (5.11)
From (2.43) the complex cepstrum of z(n) is also given by
k-1 k-1 k-1 k-1
Bl -+, lemy) = log[84] [T () + o(=1) TT 615 — 1)+ 3_ 9(%) T 6(15) (5.12)
= G PR~
for ;n} 2

Equation (5.12) implies that the region of support of the complex cepstrum of z(n)

is the union of the regions R; defined as

Ri={(li,lp,- -+ lg1) i —0 < ;< o00.lj=0 for j=1.2..-+,k—1and j # 1,
and 1=1,2,---, k-1 (5.13)

R}, = {(11,12,' ",lk_1) =00 < ll = 12 E RN lk—l < oo} (514)

Tekalp and Erdem proved that a necessary and sufficient condition for the process
z(n) to have the linear representation (5.6) is that its complex cepstrum is zero

outside the region of support




If this condition is not satisfied the polyspectrum is not factorable and there does not
exist a linear time-invariant system which when driven by a white process gives the
required output polyspectrum. In this case a nonlinear model needs to be considered.

The likelihood of encountering a factorable polyspectrum has also been studied
by Tekalp and Erdem [12]. They proved that the subset of factorable polyspectra has
measure zero in the set of polynomial polyspectra that correspond to finite-support
cumulants. Thus from a practical point of view the linear non-Gaussian model can

be used only as an approximation when this is justified.

B. THE DISCRETE STOCHASTIC PROCESSES
REPRESENTABLE BY THE WIENER MODEL

The structure of the discrete Wiener model (in Chapter III) together with the
analysis of the model’s cumulants and polyspectra (Chapter IV) provide the following

characterization:

1. The linear stage of the model, section 1. is represented by a bank of causal,
stable linear filters whose impulse responses are the discrete Laguerre functions.
The transfer functions of these filters. A;(z), are analytical functions with no
zeros on the unit circle. The outputs of this stage are zero-mean Gaussian
random variables and their cross-correlation functions are given by the Laguerre
cross-correlation sequences rq¢({). Thus, the complex cross-spectral functions of
these outputs are given by the Laguerre cross-spectral functions sq(2) which

are also analytical functions with no zeros on the unit circle.

o

The nonlinearities in the model are represented by the Q-polynomials which
are a wieghted sum of multinomials of the outputs of section 1. Since the model
output is a sum of products of correlated Gaussian variables. the output cu-

mulant is computable as a specific sum of products of the Laguerre correlation
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sequences r4(!). The output polyspectrum is given by a sum of multiple convolu-
tions of the Laguerre complex cross-spectral functions sq(z). This convolution
was shown to be representable as a sum of spectral functions X ("‘)(z,-;p,-,q,-)

which are also analytical on the multidimensional unit circle.

While sufficient conditions that a random process must satisfy to be representable

by the Wiener model are not known, certain necessary conditions are evident from

the above characterization:

1.

o

The cumulants of any order of a processes to be representable by the Wiener
model must asymptotically approach zero as any of the time lag arguments
increases. This follows because output cumulants of any order of the model are
obtained as products of the Laguerre cross-correlation sequences ra(l) and all

these sequences asymptotically approach zero as their lag arguments increase.

Unless the polyspectrum is zero everywhere, as in the case of a Gaussian pro-
cess. a process to be represented by the Wiener model must not be bandlimited.
a bandlimited process is here defined as one for which at least one polyspec-
trum of order k is zero over a nonzero-volume in the k-dimensional subspace

that defines its region of support.

The process to be represented by the Wiener model must not be periodic or
almost periodic [37]. Since the model polyspectrum is represented with spec-
tral functions that have the same form and all have multiple poles at the same
location, these spectral functions do not have any singularities on the mul-
tidimensional unit circle. Therefore these functions cannot produce any line

spectral components.
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C. DISCRETE PROCESS MODELING BY CUMULANT
MATCHING

For a given model dimensions Np and Ny the output of the Wiener model is

given by
2(n) = ¥ Qe (5.15)
o;
and the kt*-order output cumulant is given by
cBl) =Y caCall) (5.16)
a

where each a vector is a concatenation of the k a; vectors and the summation
is only over those combinations for which the C(*) are non-zero. Let us define the
vector ¢ as the vector of N coefficients appearing in (5.15) and ordered with indices

in ascending order, where order for the indices a; is defined by (4.3). Thus
— T -
C—[CQI.CQZ."',CQN] (51()

where here the variables ;. a,.- -+ and ay represent specific vector of indices of the

N terms that appear in (5.15). Further define the vector of cumulants

c®(l) = [ (1) o) -+ Catom@]T (5.18)
where the variables ), a(®, ... a**Ne) represent the paritcular larger vectors of

indices a that appear in (5.16). Then (5.16) can be written using matrix notation

as
CE(l) = (cB(1))T (5.19)
where
*=c@c®---®c (5.20)
k times

and ® denotes the direct (kronecker) product of vectors.
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If a set of specific lag values I*,1%,- - - ,I™ are now chosen, then a vector of these

values can be formed as

Xm = C*)c8* (5.21)
where
C(:)T(ll
(k)T (12
cw—| % .( ) (5.22)
c(zk)T.(lM)

The entries in each row of the matrix C(*) are the Q-polynomial cross-cumulants
which are functions of the parameter p and the input variance 2. The rows differ in
their time lag vector.

Let us observe that although the quantities 62 and p are parameters of the
system, the theory provides a model using any finite positive real value for o2 and
any p satisfying |p] < 1. Although the variance o2 is essential for ensuring the
orthogonality of the Hermite polynomials. once its value is chosen. the scale of the
output can be adjusted by appropriate scaling of the car; parameters. Therefore in
our modeling. we fix the value of ¢? at 1 and do not attempt to adjust it.

Although in theory the model could be applied with any fixed value of p with
magnitude less than 1, in practice, because the model dimension Ng is finite, the
value of p has a significant effect on the error involved in matching a given set of
higher-order statistics. Therefore. when developing the Wiener model for a random
process, we include both the parameter p and the coefficients cq; in spite of the fact

that there could be some redundancy.

1. Model Parameter Identification Using the Extended
Kalman Filter Algorithm

Given an appropriate stochastic process represented by a set of measurement

data. we seek to model it as the output of a Wiener discrete nonlinear system. In this
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case we estimate the process cumulants over defined regions of support and arrange
these estimates in a vector X,. The vector X,, in (5.21) is then defined over the

same region of support. Let us define the modeling error E as
E=X,-Xn (5.23)

We seek to determine the values of the model parameters that minimize the squared
magnitude E*TE. Since the components of the vector X, are nonlinear functions of
the model parameters, a technique for solving a nonlinear optimization problem is
required. The extended Kalman filter algorithm was used because it was found to
converge to a solution faster than other techniques tested (e.g., the steepest descend
method). During the optimization we need to know the cumulant vector X,, and its
gradient with respect to the model parameters; therefore it is necessary to have an
efficient method to compute these arrays. In Appendix D we describe a procedure
that enables one to compute both the cumulant vector and its gradient in a type of
look-up table that saves signficant computation and storage. The extended Kalman

filter algorithm, which is used in the optimization. is also described in Appendix D.
2. Simulation Results

In this section we present the results of two experimental examples. In
the first example the procedure developed in this research is applied to model a
svnthetically generated set of data. In the second example the procedure is applied
to a data set obtained from a biological measurement record. We refer to these
data sets as the “original data.” In both examples the vector X, that represents
the original data cumulant values consists of the estimates made from the data of
both the second- and third-order cumulants in the nonredundant regions of support.
The vector X,, representing the model output cumulants is constructed for the same

regions of support. Note that cumulant values used in this vector are computed using
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the expressions developed in the dissertation, i.e., they are not estimated from the
model output. The extended Kalman filter algorithm is then applied to identify the
model parameters minimizing the squared magnitude of the modeling error. After
the model parameters are obtained, they are used to generate a data sequence from
the Wiener model using these parameters, i.e., the model is driven by a computer
generated white Gaussian sequence to produce data. The cumulants of the generated
output are then estimated and compared to the cumulants estimated from the original
data.

In this section we also compare the generated sequence to the original data

record. This is repeated for some different model sizes, i.e., some different values of

Ng and Ny.

a. Synthetically Generated Data

In this example a discrete Wiener model was constructed with dimen-
sions N = Ny = 2. The poles and zeros of the corresponding transfer functions are
defined by the parameter p which is chosen to be 0.65 in this simulation. Section 3
in this example is defined by the values of nine coeflicients cer not including cg. A
zero-mean unit-variance Gaussian sequence of 1024 time points was applied to the
model to generate the random process. The second- and third-order cumulants of
the random process were estimated as shown in Fig. 5.1. In the following experi-
ments models of different size were used to model the generated data sequence. The
Laguerre dimension Ny, was given values in the range {1.2,3.4,5} while the nonlin-
earity dimension Ny was given the values {2.3.4} for each value of Ny. From the

results of these experiments we could form the following conclusions:

1. For all the model dimensions. the estimated value of the parameter p was very

close to the original value namely in the region [.633..671].
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2. None of the trials resulted in values of the components of the vector c relatively

close to the original values although in all cases the cumulant matching error

was acceptably small (< 5%).

3. Although the cumulant matching was acceptable, the plots of the model out-
put sequence showed temporal variations judged to be similar to those of the
original sequence for the case of quadratic models only. For higher degrees of

nonlinearity the sequence had temporal variations that appeared to be different

from the original data.

The results for {Np = 1,Ny = 2} and {N; = 2, Ny = 2} are shown here to
demonstrate the efficiency of the Wiener model in modeling nonlinear data sequences.
The resulting vectors of cumulants are compared with that of the original data in Fig.
5.2. The output sequences of the different size models is compared to the original

data sequence in Fig. 5.3.

b. Biological Measurement Data

In this example we attempted to model a data set obtained from a
record of biological measurements. This data set is one that has been made available
to researchers in the field of time series analysis by the Santa Fe Institute [38]. The
complete data record contains 34.000 points of the heart beat rate, chest volume,
and blood oxygen concentration together with the EEG state of a sleeping patient in
the sleep laboratory of the Beth Israel Hospital in Boston. One segment of the blood
oxygen concentration data was chosen while the patient was in the same EEG state
for a sufficiently long period of time (around 2500 points). A plot of the selected
data segment is shown in Fig. 5.4, while estimates of its second- and third-order
cumulants are shown in Fig. 5.5. This data set was modeled with the same range

of dimensions as in the first example. The model parameters were determined such
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that samples of the second- and third-order cumulants of both the model output and
the data set match in the least square sense. The results of these trials showed the

following:

1. The estimated values of the parameter p were very close together in all the
trials and approximately equal to 0.95. This indicates that the linear part of

the model has a low-pass frequency response.

2. The vector of coefficients ¢ was considerably diverse among all the trials al-

though the cumulant matching was acceptable.

3. The resulting data plots were comparable to the original data plot for quadratic

models but unlike the original data for higher degrees of nonlinearity.

The cumulant vectors of the data set and the model output are compared in Fig. 5.6.
The details of the data and the model outputs for different model sizes are shown in

Fig. 5.7.

c. Analysis of Results

The results of the above examples indicate some characteristics of the
procedure used for discrete random process modeling. These characteristics can be

summarized as follows:

1. The linear part of the model adjusts rapidly to the frequency content of the
modeled process. The filter bandwidth is properly adapted to the input process

bandwidth as shown by the estimated value of the parameter p.

2. The solution obtained for the coefficients of section 3 of the model is not unique.
This can be explained by the sparseness of the matrices constructed from the

theoretical output cumulants. The resulting nonlinear equations to be solved for
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these coefficients can be partitioned into a group of uncoupled sets of nonlinear
equations, each with a separate subset of these coefficients. Each of these sets
of equations has more than one solution. One solution from each set provides
a problem solution that exactly gives the same result as any other combination

of the different solutions of the different sets.

3. Over estimation of the model nonlinearity order may give an acceptable cumu-
lant matching result while the time variations of the data sets may appear to
be far different. This seems to be illustrative of the fact that for a highly non-

linear model second- and third-order cumulants are insufficient to characterize

the process.

The method employed here to match cumulants of a given time series are not the
only possible methods and the results summarized above are as much dependent on
the method as they are dependent on the model. We hope that other experiments

and methods will later be investigated.
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Figure 5.1: Plots of the estimated cumulants

generated data.
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Figure 5.2: The results of cumulant matching for the first example; “o
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Figure 5.3: Example 1 data (a): Original data sequence (b): Model output for
Np=1,Ny =2 (c): Model output for Np =1, Ny = 2.
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“x"=model output:(a): Np = 1.Ny = 2. (b): Np =2 Ny =2. (c): Np =
3.;'\YN = 2
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Figure 5.7: Example 2 results; (a) Original data set. (a):Model output for Ny =
1, Ny = 2. (b):model output for Ny =2, Ny = 2.
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VII. CONCLUSION

The canonical representation of nonlinear systems developed by Norbert Wiener
to circumvent the problems of their series-like representation has been used for many
years in parameter identification and characterization for such nonlinear systems.
The applications that have been reported in this regard have been primarily for
continuous time systems and are based on second-order statistics. The kernels rep-
resenting the system are obtained by computing the cross-correlation between the
model output and its driving input.

The research presented in this dissertation is focused on the use of the Wiener
nonlinear system model to represent a general class of discrete stochastic processes

and, in particular on:

1. Development of the model for discrete nonlinear systems and discrete random

processes.

2. Analysis of the higher-order statistics of the model output, which can represent

a broad class of discrete random processes.
3. Application of the theory and the results to model empirical data.

The Wiener model is comprised of three cascaded stages. The first stage is a
bank of orthogonal linear filters driven by the the same white Gaussian process. The
second stage consists of sets of identical memoryless nonlinear modules which form
orthogonal multinomials of the outputs of the linear stage. The model output is then
represented as a weighted sum of such multinomials. This output is characterized by

the summation weights which are the constant parameters of the model final stage.

145




The higher-order statistics are generally very demanding in computation and in
data size especially if they are involved in nonlinear system applications. The Wiener
model is shown in this dissertation to be tractible in such applications because of its
inherent orthogonality properties. Since the model input is white Gaussian, the or-
thogonality of its components results in expressing the auto- and cross-correlation
functions of the outputs of the linear stage and generally all the model output cumu-
lants in terms of the cross-correlation sequences between the different order Laguerre
functions. These cross-correlation sequences depend only on the difference between
the orders of the correlated Laguerre functions. As a result of this property, a very
small number of these sequences is needed to formulate the model output statistics
of any order. Another important characteristic of these functions is that (except for
the autocorrelation sequence) they are single-sided, which makes most of the terms
in the general expression of the output statistics identically zero.

We have exploited the model characteristics in developing a procedure that
minimizes the computation and storage required to obtain the value of the higher-
order cumulants of the model output. We have also developed the computation of
these cumulants such that most of the effort is done off-line only once and stored
in look-up tables. These tables can be used in any application of this model that
requires computing the higher order cumulants of its output.

In the frequency domain we introduced a method that reduces the cost of com-
puting the model output polyspectra. The computation of such multidimensional
spectral functions involves a large number of integral convolutions. We first proved
that, similar to the camulant functions, the size of this computation is greatly reduced
due to the model structure. Moreover, we showed that such convolution computations

can be performed algebraically in a structured recursive procedure.
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In the last chapter of this dissertation we discuss the representability of random
processes using the Wiener model. The polyspectra of such processes are necessarily
analytic and not bandlimited. Two examples of modeling processes satisfying these
conditions are presented. These examples demonstrate the viability of our approach.
We hope that further experiments of this type, possibly using other methods of

matching will be conducted in the future.

The development of this structured model still has areas to be covered and ques-
tions to be answered. In analyzing the characteristic of discrete random processes
that can be represented using the Wiener model we provided some necessary con-
ditions. Sufficient conditions are yet to be found and the class of those processes

representable by the Wiener model needs to be defined.

The development of a procedure to compute the model output polyspectra can
be done following the results of the time domain development. The algebraic formu-
lation of computing the multiple convolution of Laguerre cross-spectral functions can
be directly applied to obtain the power spectral density and higher-order polyspectra
of the model output. The use of these results to predict model behavior and for
synthesis of processes with given polyspectral characteristics has yet to be explored

however.

The spectral functions denoted by X(®)(z: p;, q;) have multiple poles and zeros
at locations p®*! and p*! respectively. These poles and zeros move towards the
origin as a increases. This means that as the number of convolutions required to
represent the polyspectra increases. these spectral functions approach the form =k,
Since the number of convolutions is proportional to the degree of nonlinearity, in
highly nonlinear terms the spectral functions can be approximated by z~* which

greatly simplifies the representation. In effect, these terms can be approximated

by a weighted sum of functions of magnitude one with linear phase. Even if the
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nonlinearity is not high we can extend the number of Laguerre filters to compensate
for a reduction in the magnitude of p to justify this approximation. These alternatives
need to be analyzed and the effect of each on the the model output representation
needs to be evaluated.

In summary, the work reported in this dissertation may be just the introduction
to a whole new body of work yet to be explored. We have demonstrated the feasibilty
of the Wiener model as a generic representation for a large class of random processes.
This model expands in a natural way the much more restricted class of linear Gaussian
processes that are currently so well understood. The utility and practicality of the
model result from important structure foreseen by Wiener in its development and
the recent new interest in higher-order statistics that has undergone development in
only the last decade. Although our initial exploration of this new area leaves many
questions unanswered, we hope that the problems posed here will continue to be
addressed and lead to a significant improvement in our ability to understand and

model the signals and other data that are encountered in the real world.
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APPENDIX A

EXPECTATION OF THE PRODUCT OF
JOINTLY GAUSSIAN RANDOM VARIABLES

Let y = [y1,¥2, -,y be a vector of real zero-mean jointly Gaussian random
variables. The expectation of the product of these variables raised to some powers

has the form

E{vyvs -y} (A.1)

k
The value of this moment is zero if the sum of the exponents Z v; 1s odd. Let us
=1

outline a method here for computing this moment when the sum of the exponents is

even. The value of the moment can be computed by generalizing equation (2.34) to

M{prtiatetn) = gLy .y}

= E{yry1-- yiyayz- Y2 o YkYk Yk}

Vi

= ZH [g{y.‘ix yiz}]qixiz (A.2)

where the exponent g; ;, means that y; and y;, are paired g;,;, times and the sum-
mation is over all the possible permutations. Since more than one permutation can

result in the same value of the term under summation (A.2) can be put in the form

M{rtatera) = 37 TT [y yn (A.3)
P

where in this case the summation is over all the distinct permutations and the coef-
ficient ¢, is the number of non-distinct permutations that have the same value. The

multiplication is over all the distinct pairing of the y;’s with each pair raised to a
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power that equals the number of its repetitions in the pairing configuration. In all

cases the relation

k
Y Gia=2u (A4)

Jud2 i=1

must hold for each term under the summation. The procedure to find the value of

this moment begins by constructing the k x k correlation matrix C

[ C(1,1) C(1,2) C(1,3) C(1,k) |
Cc(2,1) C(2,2) C(2,3) C(2,k)
c=|C@31) €32 CG3) C(3.k) (A.5)

| C(k1) C(h2) Ck3) - ClkiE) |

where

C(i,5) = E{vivs} (A.6)

and the same size matrix M of non-negative integer entries such that

r

21, 19 i3 T
lkt1 242 lktd 0 Lok
M= 12k+1 12k+2 k43 0 13k (A.7)

| ik-1)ke1 Uk-1)k+2 k-1)k+3 ctc 2l
Note that for clarity in the following discussion it is prefered to use k? linearly indexed
variables 7; to represent the entries of M rather than variables with dual (row,column)
indices. We also force the diagonal entries to assume even values for reasons that are
explained in a moment.

The entries of the multiplicity matrix M are used to determine the exponents
gj,7 in (A.3). Since, in general, some of the exponents of the random variables y;
in (A.2) are greater than one, there are some permutations that result in pairing
a random varaible y; with y; more than once. This results in having the quantity
C(i,j) appearing in the product in (A.3) a number of times equal to the number of

the resulting identical pairs of y; and y;. The value of the off-diagonal entry M(z. ;)
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is the number of y; paired with the same number of y; to give C(z, §)MGA). The
diagonal entry M(j, j) in row and column j is the number of the elements taken from
y; that are paired together and the result gives C(j, ] )5(;_-31 Therefore the values of
the diagonal entries must be even.

At this point it is required to compute the number of permutations to perform
the pairing for a specific configuration of the entries of the matrix M. We start from
the first row and examine all the possible values that the entries of this row can
assume. Then we examine the other rows moving downwards in order. When a row
is examined its entries are examined in order from left to right. Therefore starting
with the upper left entry M(1,1) = 2¢; for 73 = 0,1,2,---, (4] the number of
permutations is obtained by computing the number of ways of choosing 2z, elements
out of »; multiplied by the number of pairing permutations of 2i; elements. This
yields
! 21,

: ; X
211!(1/1 —221)! 21!2’1

= ! (A.8)

il!(Vl - 2?1)‘2‘1

1
N;(ml)

Since the sum of the elements in the first row of M equals »; then for each value of
71 the value of M(1,2) = i, < vy — 2i;. Also the sum of the elements in the second
column must equal v, which means that i, < v;. Therefore the multiplicity matrix
entry M(1,2) equals i, such that 7, = 0.1,2,-+,min{; — 2i1,1}. The number of
permutations in this case is given by the number of ways of choosing 2, elements out
of v; — 2i; multiplied by the number of taking the same number 73 of the y, out of v,

then multiplied by the value 7,! corresponding to the number of pairing permutations.

That is,

vy — 217)! va! ,
NU2 = .,(1 Al). X — 2 X iy
pe 22.(1/1 — 211 — ?2)! 22;(1/2 - 22)!
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v, — 2i3)1w! '
= ol —(21i1 = i,))!(u, Y (A-9)
Similarly the other entries of the first row of M follow as
(m-EAMOL,B)Y v
isl(n — Thoy M(LE))! T 45102 — 5)!
(s — TIA M(L, k)1
i1(n = Thay M(1, k) (w5 — 5)!

and the total number of permutations of a specific configuration of the elements of

N;(’g) X ZJ'

(A.10)

the first row equals the product of the numbers of the above permutations,i.e.,

!

10!
Vi.Vg. - Vg.
N = — : . : A.11
Per = i i, i (1 — 26y — g e e — k) (v2 — d2)! e (v — 1) ( )
For the second row we start with M(2,1) = 74 and
fee1 = 0,1,2,+-- ,min{(n — 20y — ip+ - — i), (v2 = 72)}
The number of possible permutations is
. vy — 204 —lgeer — 1) vy — i3)! ,
NED = - ,(‘ ot ) ,(’ ) X !
t1l(rn — 200 — g0 - — e — Tht1)! Zlc+1-(1/2 — lg = k1)’
_ (1/1—22'1—'2'2"'—2‘},)!(1/2-—6)! (A 12)

ik+1!(V1 — 20—t =l — ik+1)!(V2 — 13— ik+1)!

For the entry M(2,2) = 2{kip with fgqe = 0.1,2,--, [5;"2—-'&*—’] the number of

permutations 1s

(vg —12 — tht1)! 2ik+2!

2ik+2!(1/2 - iz - ik+1 — 2ik+2)! ik+2!2"‘+7

r(22
NG

= (v2 = i3 — ih41) (A.13)

2ikt2ip 0l (vg — 13 — lhy1 — 2lk42)!

Proceeding with the rest of the entries of the matrix M. we can examine all the
possible values of the entries and compute the number of permutations of each con-
figuration noting that in all cases the sum of the entries of both the j* row and the

7t column must equal v;. The coeficient ¢, in (A.3) is given by

k k
o = ] II Noer(27) (A.14)

i=1j=1

152




Due to the cancellation of of terms that appear in both the denominator and the

nominator, the value of the moment is given by

C(1 jz))M(J'nJ'z)
M(Vt+l*z+ ) = plyleeew : .71 .71)) ( 1J2))
y R 22—"” H M,,,,) ,,I} (M1, 2))!

2 =1
(A.15)

where the summation is over all possible configurations of the matrix M that satisfy
the above mentioned condition on the sum of the entries along the rows and the

columns. We can write this condition as

Y M(4,4) = w
J
DM, j) = v; (A.16)
The first product corresponds to the product of the diagonal entries of the correlation

matrix C (the autocorrelation) while the second corresponds to the off-diagonal ones

(the cross-correlation).







APPENDIX B

THE WIENER G-FUNCTIONALS FOR
DISCRETE NONLINEAR SYSTEMS

A. THE RELATION BETWEEN THE DERIVED WIENER
KERNELS AND THE LEADING KERNEL

Since the Wiener Functional Gp[gp, gp-1(p)-" " * » Go(p); w(n)] is required to be or-
thogonal to any Volterra kernel of order less than p when the input is Gaussian,(3.14),

the set of p equations

£ {Hi[hi§ w(n)]Gplgp- Gp—1(p)s* * * » J0(p); w(n)]} =0 for 1 =0,1,2,---,p—1 (B.1)

are used to determine the relation between the derived kernels and the leading kernel.

Equation (B.1) can be put in the form

£ {’H,-[h,-; w(n)]Gp(9p: Gp-1(p) * -  o(p): u'(n)]} =£ {H,-[h,-; w(n)]Y_ Gjlg;i(p); w(n)]}

3=0

= Y {(Hilhiw(m)|Gslgi(phiw(n)} =0 for i=0.1,2,,p—1  (B2)

J=0
where G;[g;(p); w(n)] is the j** homogeneous functional corresponding to the leading
kernel g, for j = p or one of the derived kernels otherwise. Each of the terms under

the summation has the form

£ { Z E Z hi(ky, koo« ki) gip) (Rige oo Rigj)w(n — ky) - ow(n — ki+j)}
ky =0 k=0 kiyj=0

o« 00 [~ <}

= Z Z e E h,’(kl,kz,"'-k;’)gj(p)(ki+l-,ki+2t"'3kl'+j)

k; =0 k=0 kiy;=0

xE{w(n — k)w(n — ky) -+ w(n — kiyj)} (B.3)




in which the expectation of the product of Gaussian variables is involved. The result
is that the value of this term is zero if the number of the Gaussian variables ¢ + j is
odd. This means that if the Volterra kernel h; has even order 7, then (B.2) will have
terms that correspond to g-kernels with even orders only. Likewise, if k; is odd (B.2)
will contain only odd order g-kernels. Since p may be even or odd, g, may appear in
either collection of terms. Therefore, for simplicity in the following development p is
assumed to be odd but the result also applies to the case of p even.

Starting with the expectation of the product of the G-functional with the zeroth
order Volterra kernel we have

o o
£ {hogo(p) + k‘z_:o g_:o hoga(p)( k1, k)w(n — ky)w(n — k)

+ Z Z Z Z hog4(p)(k1, kz, k3, k.;)w(n - kl)w(n - kz)w(n - ks)’lﬂ(n - k4)
k3 =0 k2=0 k3=0ks=0

oo

-+ Z Z hogp—l(?) ky,-ee kp1)w(n — ki)e--w(n— kp—l)} =0
k3 =0 k,_1_0

(B.4)

Then applying the properties of the expectation of the product of Gaussian variables

and the symmetry properties of the Volterra and Wiener kernels with respect to their

arguments produces

ho Jo(p) T 0o Zgz(p) (k, A +30 Z Z 94(p) (k1. k1, ks, k2) +

ke =0 k=0
(p=1)! o -1) _
+ TiaEE) 0 Z Z gp-l(p)(}mkhkz,kzw",kz%l_-kr;l) =0
( ) 2 k; =0 r;;_l. ?
(B.5)

Since this is required to be true for any ho, the zeroth order kernel relation is
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go(p)+0' Egz(P) k k +30 Z E g4(p) khkl’kZakZ)

kl—ﬂkg—o
(p— ) _
+(P—%_7)72(,_?) ol l)hz_:o Zl:ogp—l(p)(khkl,kzakb WISHISIES!
kes1=

(B.6)

Now we proceed through the Volterra kernels of even order. Letting ¢ = 2 in (B.2)

we have

£ { 33 halka, k2)gogyo(n — Ky Juo(n — k)

kg =0 ky =0
+ Z Z Z ha(k1, k2)ga(p)(ka. ka)w(n — ky)w(n — ky)w(n — k3)w(n — ks)
fey =0 ky =0 ky=0 k4=0
+ Z Z Z hz kl,kz g4(p)(lx3 l\4, l»s ks) (Tl - kl)w(n - lx‘z) . -w(n - ks)
k1 =0 k2=0 ke =0

+ Z Z ha(k1, k2)gp-1(p)(ks. k.- “ kpyr)w(n — ky) - w(n — kp+1)} =0

ky =0 k,+1-—0
(B.7)

Now, let us divide the pairing permutations into two sets the first of which is such

that w(n — k) and w(n — k) are paired together and the second such that they are

not. We have




U: Z ha(k, k) Jo(p) + ‘7: Z 92(p)(k17 ki) + 3”: 2 Z 94(p)(k1, ky, kg, ks)
=0 Ry =0 ky =0 k3 =0

(=1 (o
oot (L..)!Q(!i) (p l)k,z.:o Z gp-l(p)(klaklakz,kz, . ,k;_;_x_,k,.z._x)

kp1 =0
+ 2083 Y ho(ki,k2) | ga(p)(ka, ko) + 6 Y ga)(ka, k2, ka, ks) +
ke; =0 k=0 ky=0

s (P S 3
+ of 3_ M Gp-1(p) (K1, ko, ka ks, o+ kpra kprs )| =0
2(%§),Q(L)k§0 qul::() p-1(p)\ "1, %2, 435 N3 B LT)

(B.8)

From (B.6) the first term (in brackets) is identically zero. Therefore, the second
term must equal zero for all values of hy(k1, k2); this provides the second even-kernel

relation

92(p) (K1, k2 +6§:g4 (oK1 ko ko k) +
k=0

PR CED RS
o 3—,‘%—,—«:) Y X gpatpbnkaks ks kep k) =0
2( 2 2 k3 =0 kL‘;‘_‘. =0

(B.9)

Let us take this one step further by letting 7 = 4 in (B.3) and dividing the
pairing permutation into three sets. In the first set all of the time arguments in
ha(ky, ky. ka, ks) are paired together and are not paired with any of the g-kernel
arguments. In the second set only two of the arguments are paired together and each
one of the other two is paired with one argument of the g-kernels, if possible. In the

third set each of the arguments is paired with one of the arguments of the g-kernels,
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if possible. By doing this, the value of the expectation we obtain is

ky =0 k3 =0 k=0

3003 2 h4(klak1,kz,kz)[ goip) + 05 2 92K, k)

+ 302 Y gugp)(ks, ks, ka k) + -+
k3 =0 ky=0

R S SN
ky=0 kl}_—o

o0 ©O00 OO

+120: Z E z: h4(k17k2sk33k3) { gz(klﬁkz’)

ky =0 k3=0 k3=0

* ngig (ky, ko, kg kg) + -2+ + 0872 (p—1)! (p—1)!
ok4=o 4(p) X1, K2, K4, ° 2!(2%%)!2(1‘;'3)2!(2_?)!20%’.)

X Z z 9p- l(p) l‘l kz 1\4 k4 ,k,;_a.kp_ﬂ)
ks =0 L.;g:O

+ 2403 E Z Z h4(k1~k2-k3,k4)[ g4(p)(k11k2tk3-k4)+

Ll

,,_5__&‘_’_1__)'__ S - (ky. kg kg, kg ks k kg, k
+ o, 4!(?:_5_)!2(%-) kbzz:o \ +Z;,=ng l(p) 1. K2. K3, K4. N5. K5, " u;z» a;:i)
2 2y
=0 (B.10)

This is similar to the previous case; the first and the second terms (in brackets) are
identically zero from (B.6) and (B.9). which implies that the third term must be

equal to zero for all hy(ky, ko, k3. kq). This leads to the third even-kernel relation

g4(p)(k13 ks, ks, k4) + 1503 Z gG(p)(kls ko. k3. k. ks, ks) +

kg =0

s (=D 3
4 o 54,(b5),.)(r;;_2) kz-:o. . .k Z_ng—-l(p)(kl' kg, ks . kq. kg, k.-, k#-, k‘z;_ﬂ) =0
. 2 .- 5= %3‘—

(B.11)




By proceeding in the same manner up to ¢ = p — 1 we obtain

[p ; 3 terms equal to zero from above equations] +

U.':—l(P— 1)' Z .. E hp—l(klakh'"skp—l)gp—l(p)(kl,kz’""kp—l) =0

by =0 ky_1=0

(B.12)
which implies that
E hp—l(kh k23 "ty kP—l)gp—l(p)(kl, kz, ) kP-l) =0 (813)
k,_1=0
for all hp_1(k1,ks,- -+, kp-1). This relation is satisfied only if
gp—l(p)(klek27"'akp—l) =0 (B14)

which is the last even-kernel relation we need. If we substitute (B.14) in the relation

just preceding it we obtain
Gp-3(p)( k1. ko, kp-3) =0 (B.15)

By continuing this backward substitution in all the above even-kernel relations (B.6)-
(B.14) we find that all the even-order derived kernels are equal to zero .

To obtain the relation between the odd-order kernels we perform the expectation
of the product of the G-functional and odd-order Volterra functionals. Making use of
the properties of the average of the product of Gaussian variables and the symmetry
properties of both the Volterra and the Wiener kernels, we can derive the following

relations. Starting with the first order Volterra kernel we obtain
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0: Z hl(kl) gl(p)(kl) + 30: E gs(p)(klakz,kz)
ky =0 k2=0

+ 1502 Y Y gsp)(ka, ko, Koy ks, ks) +

ky=0 ky=0
(p 1) (p—l) _
p( )12("—‘) Z Z gp(k1, ka, ka, k3, ka, - ,kq_x_,kq_l) =0

k=0 l?_—o
(B.16)

Since this must hold for all h;(k) then the first odd-kernel relation is

gip)(k1) + 302 Y gapy(k1, k2, k) + 1505 3" S gsp)(k1, k2, ko, ks, ks) +

k2=0 k3 =0 k3 =0
(p—1)! oP-1) Y
P 75=1,% Z Z gp(ky, ko, ko, ks, ka, -+« kps1,kpsa) =0
(ﬂ)vo( ) = 0 z z
2 2= kpp1 =
(B.17)
Using the the third-order Volterra kernel we have
302 E Z ha(ky, k. ko) [ gl(p)(’\'z) +303 Z g3(p)(k23k33k3)
ky =0 k3 =0 k3=0
+ 150, Z Z gs(p) (k2. k3. k3. kg, k) +
k;=0k4=0
P-1 61§ 5" gy (k. ko, ka. kg, koo kpss, b
+p—;——(7:_1—)- E ng23344,~22_°ar;r_=)
( 2 ) k;"'o ka;i—o
+ 3! SZ Z Z ha(ky, ko, k [ ga(p) (k1. ka2, k3)
1=0 k=0 k3=0
+ 6003 Z gS(p)(kl‘kZ-,k:‘l% k4~,k4) + Lot
k4=0
(p)! (p-3 e e
+ = o P Y e N gelkiika kaika ke oo kass Ress)
(B52)120%) G20 kpmeo | s
=0 (B.13)
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Since from (B.17) the first term (in brackets) is identically zero, the second term is

required to be equal to zero for all As. This implies that

ga(,)(k1, ka, ka) + 600: Z gs(p)(kl, ko, ks, ks, ks) +

k4=0

(p)' _ o0 oo
+(t3.)l2(l:!) P ?) }‘42—:0 . Z ogP klvk23k37k43k4a kz_-;i,kg;;j) =0
2 L‘;’l_

(B.19)

This operation is continued until the expectation of the product of the G-functional
and the last two Volterra kernels A,_4 and hy,_ is performed to yield the last two

odd-kernel relations:

(p—2)! s
gp—4(p)(k1a ky,«e-, kp-—‘i) + 5,‘(—__—2)‘,03 Z gP-2(P)(klv kay--, kp—a, kp—3)
p D S0

+ 2 (p 4 '22 Z Z gp(kl‘sz“'7kﬁ—3’kp—37k -2 kP—Z) = 0 (B-QO)
"r 3=0kp_2=0
and
p o2 &
stk by o hpa) 4 g B gplbdas by p) =0 (B21)
P— ) = kp_1=0
This relation is equivalent to
p' 0.2 1 oo
p-a(p) (k1. koo e kpe2) = — 15 (T) Y gplkiikaseee kpor k1) (B22)
'(p_ ) el k,,-;:o

Now substituting this in (B.20) and rearranging terms we find

gp—4(p)(kla k2s tt kp-4) -

-2 ,_ P (az)l &
LT 52— —° golky k. v koo, kp_3, kp_2, kp-
2(p - 4)' 1(p-2) ,,,Z,,,Z e s bp-a oo By

5—,;)-_4—)'2—2 Z Z gP Ll'kz""’kp—37kp—3vkp—2~,k -2)

—3= okp 2= =0
(_70> Z ]\'1 AZW kp._4-, kp—a‘, k‘p—s‘ kp—2~ kP—z)
- k’_3=0 kp—2=

(B.23)




Finally substituting this in the preceding relations we obtain

gp—G(p)(kla k!v tty kp-ﬁ) =
P! ("3)3 Y )°fj f: (ky ko, gy K kp-3, kp_s3)
- - vt g 1,82,y Rp-pyRp—5,°°° 3 Rp—-3, Ap-3
3!(p - 6)! 2 k,_,:o k,_‘zo k,_;:o ? ? ? ?

g3(p)(k17 kZa k3) =

=2 p! AR ad
(—1) 2 (2;_3)'(3)' (?) k‘X:O“'kZogp(k17k2ak3’k4sk4"“’klia-7kl.;_i)
= l;iz

{ 2 t‘;‘l oo =)
nNE P [Z by kg, k2.« kpr, kpa) (B.24
=V (*;-*)!(1)!(2) 7 2 ol ke k) (B2)

Similar results can be obtained if p is assumed to have an even value. The relation
between the even-order derived kernels and the leading kernel is identical to those

obtained for odd p.

B. AVERAGE OF THE PRODUCT OF TWO DISCRETE
G-FUNCTIONALS

In this section we present the proof of the orthogonality of the discrete G-

functionals, i.e., we show that

£ {Gs, [9p1§w(n)]gpz [fpasw(n)]} (B.25)

is zero for p; # p;. We show how to develop an expression for the value of the average
for p; = p, = p and give that expression.
From the definition of the G-functional. Gp[g,: w(n)] is orthogonal to any ho-

mogeneous functional of degree less than p. When p; # p, (assuming p; > p;) we
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expand Gp,|fpy; w(n)] using (3.14) and substitute its value in the product to obtain

£ {0 (91 w(n)|Gp, [fm? w(n)]}

m=0

L2
€ Z Gp, [gpx; w(n)]Gm-zm[fp,_zm; w(n)]
13
= 2_:05 {Gp: 915 W(n)|Gipym2m | fz-2m; w(n)]}
(B.26)

Each term in the summation is the expectation of the product of the G-functional
and a homogeneous functional with degree less than p;. Thus from the definition of
the G-functional, each term in the summation is equal to zero. This proves the first
part of the property.

When p; = p; = p all the terms under summation in (B.26) except the first (for

m = 0) are equal to zero. In this case (B.26) reduces to
£ {Gp|9p: w(n)]Gp[fpsw(n)]} = € {Gslgp: w(n)]Gpl fp: w(n)]} (B.27)

Now for the sake of clarity let us assume that p is odd and develop the value of the
expectation. In this case
€ {Gplgp: w(n)]Gp[fps w(n)]}

oo

_ 5{ S 3 ok kpu(n = ) oo uln = k)
kp=0

k; =0

X Z gl(p)(kp+1)u‘(n — kpt1)
kpi1=0

+ Z Z z gs(p)(kp+1ekp+2- kp+3)u‘(n - kp+1)w(n — kpy2)w(n — kps3)
kp+1=0 kpy2=0 kps3=0

+ -t z T Z gp(kpt1, -+ s kap)w(n — kpya) - w(n — kap) B.28)
kpi1=0  k2p=0

Since the next steps are algebraically tedious but otherwise straightforward let

us just give an outline of those steps. By switching the order of the expectation and
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summation we involve the expectation of the product of Gaussian variables. Then
the development is continued in the same way as we derived the relation between the
kernels. The pairing permutation is divided into sets. In the first set only one time
argument of the f, kernel is set equal to one argument in each of the g kernels and
the rest are paired together. In the second set each of three time arguments of the fp
kernel is set equal to one of the arguments of the g kernels, if possible, and the rest
are paired together. This continues until in the last set each of the arguments of the
fp kernel is set equal to one argument of the g kernels. Since for the last set there is

not enough arguments except in the leading kernel g, we have




g{gp[9p§ (n)]G [fp; w(n)]} =

- 1! oo
p_(__l_,____%_ Oo z 2 p(kl, k2’k27 ’k 1,k&)
A= =

X gl(?)(kl) + 30: Z g3(P)(k1, k%‘.,.p kP_;_’.H)
k

) L& 2
+ "'+p_£-€l_—r)_-_TU§ ! Z "'Egp(khk&’l+13klﬂ+1a"',k}”kp)
(52" o

hepr,, ko
! 00 )

T A0 YLD Y ACY N ORI N
(85°)1273 k=0 "L;}_

X g3(p)(k17k25k3)+6003 z gs(p)(klek27k3akl‘;_3+1-,kﬁ2’_3+1)

k
43,

p
+ ————=0%
-3 p—3 "0
31(252)12%

- Nt - 3
D DT SPRT W NS p+ + 1 kess gy Koo k)
e

+ 2p 2 E Z fp l‘l» * p—2 }"p—l l‘p 1)

2' 7 ky =0
X gp—Z(p)(k17'°',kp—2) + 577 (p |r)| O, Z gp . p Zakp—lakp—l)
+ pUZP Z pr kl’l‘2" )gp(kla]Wv' -.kp) (B29)
ky =0

All the sum of terms between brackets were shown to be equal to zero in (B.6)-(B.22).

Therefore

g{gp[gp:w(n)]gp[fﬁw } Pazp Z pr (ki kaoroe kp)gp(hy ko, - kp)
k=0
(B.30)

An identical result is obtained for even values of p.
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APPENDIX C

COMPUTATION OF THE NON-ZERO
VALUED Q-POLYNOMIAL CROSS-MOMENT

The general expression for Q-polynomial cross-moment is given by (4.23), which
is repeated here for convenience:

a, o a
1S 152 15 £(m]

(k) _ 2, ZIX] (_1)

s = ()T alenlal 33 - > 'm,! - - - my!(2)%0m]

m;=0m,=0 m,=0 my
1M (G qa)) e M (G (G, )M OR)

$[M]=x —2m 2 ?I ji=1 (Mi%-’—‘))‘ ir=h 1 M(j1,72)!
(C.1)

The goal here is to develop conditions for those terms in the expression which are zero
or sum to zero since those terms will not need to be calculated. The development of
sufficient conditions for the general case is very lengthy and requires more space than
is feasible in this exposition. Instead, let us demonstrate these cases to derive the
sufficient conditions for the example given in Chapter IV and show that the result

can be generalized.

We begin by specializing (C.1) to the case of k = 2 and rearranging the terms

for our example to write
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(» 4
u@(1) = (635 a,la,!

b (—ym N gt e B )b (1)) S (<D™

z Z m4!2"‘4 7:10!2‘.10

21'12!23'24'2‘1

m; =0 13 =0 12=0 13=0 my=0 .
l'4=a10 —Zml :2‘1 —iz -—l'g 20 C
a —,m - . .

b (-pm BE e o) & -y

my=0 "2 i5=0 is=0 5-16:67:47 mg—p '1*5* 1

4

tr=ay) —2my—2i5—ig >0
ajz-3my

YN JO TR NGO V.

P> X — (C2)
my=0 m3!2m3 13=0 23!29!2“ m§o ms!Qme 212!2"12
N, e’ ~ ~ .,
i9=011—2m;—2i520 A

In this arrangement the values of the m; and the z; are interdependent due to the
condition (4.19). Therefore when we rearrange the summation the upper limits des-
ignated by #1,%3,13,%4,15 and ¢ must be determined so that none of the i; assumes
a negative value and results in a rejected configuration of the matrix M. When we
consider these modified summations in detail there are many well defined cases in
which terms clearly sum to zero. As we show later, eliminating these cases avoids

the unnecessary computations which represent most of the terms in the expression.

Starting with the innermost summation in (C.2) marked A, let us proceed to
determine the upper limit. From the condition specified by the last row of M in
(4.19) we have

, Qgy — 14 — 17 — 1 ‘
112 = 22 42 i ‘o — Mg (CB)

The following restrictions need to be imposed on the relations between the summation

parameters:
1. The quantity ags — 74 — 17 — 29 must have an even value so that ¢y, 1s an integer.
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2. Since i4,i7 and ig are non-negative integers and sum to a value less than o

then

022—i4—i7—i9 Q22
< =2 C4
2 - 2 (C4)

3. Since i1, must be non-negative

022—i4—i7—i9
C5
5 (C5)

me >

This means that we must set the upper limit of the summation tg to the value

on the right of (C.5) to prevent 71, from assuming negative values, i.e.,

Q2 — U4 — i1 — 19 (C6)

te = :

With these conditions the term A in the expression becomes

Z metg!  (1—1)%
2‘613' ms ts - ms)' - 2t6t5!

(C.7)

which is zero for all non-zero values of t¢. This means that for some permutations the
corresponding terms in the cumulant expression are summations of quantities that
have a common factor of zero. Then to save the wasted effort of computing these
terms we set the relation between the summation parameters to avoid these cases.

This means that we let tg = 0, 1.e..
022—i4—i7—i9:0 (CS)

which implies (using C.3) that
12 = —g (C.9)

Since both i1, and me must be non-negative integers the result is

(10

and the term A in (C.2) equals one. This important relation means that because mg

equals zero we consider only the first term of the Hermite polynomial Hy(ya(n +1)).
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Because iy, equals zero, the pairing of the y; does not contain the value

E{yz(n + Dya(n + 1)} = ro(0) as a multiplier.

Now, from (C.8) and the relation between is and ig given in the third row of

(4.19) we have

a1 — 27’713 - ig
2
Qiz — Qg2 + 14 + 27

2

g =

ms (C.11)

and the summation over ig disappears because ig is forced to have a specific value.
In addition, the upper limit of summation over ms must be restricted to the cases
that have non-negative integer values of ts. Therefore, letting

Q12 — Qap + 14 + 17
9

<

t3=

the last line in (C.2) starting with the summation over i3 is

f: (_])ma rgzz—h—i-r(l)
oty Ma!2™ (13 — m3)!(@zy — 14 — 17)!207
iy 8 (L)

_ 0
T (agy — 1g —17)M3!28 ng::o ma'(tz — m3)!
g (1-1)8

(022 - i4 — 27)‘ t3!2!3

(C.12)

Similar to the above discussion this term equals zero for all non-zero values of 3.

Hence the computational effort is avoided if we let t3 = 0. which results in

19

and

Qiz = Qg3 — 14 — i1 (C.14)

The entire term starting with the summation on mjs (last line of (C.2)) then equals

g (1)

012!

(C.15)
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The term marked B in the expression (C.2) is treated in the same way to obtain

L g (i (C.16)

2t5t5! ms!(t5 - m5)'

mg=0
where

1y = 0_21_‘__;3_:13 (C.17)

This has a non-zero value for t5 = 0, resulting in

c18)

and

is = Q21 — ig (Clg)

which implies that ¢ has a specific value for each value of 73, and the summation

over ig disappears. From (C.14) 77 has a specific value given by
i7 = Qa3 — Q13 — 14 (C.20)
and the condition given in the second row of (4.19) implies that
7 =01 — 2my — 215 — 1g (C.21)
Therefore from the above
Q11+ Q12 — Q1 — 0+ 13+ 14

is = > —my (C.22)

and the double summation over 5 and ¢¢ disappears. The term starting with the

summation over my (second to last line in (C.2)) reduces to

e =i ([ eztan-—auz—iy (g t2 —1)m2¢,!
0 _ (O)ry (ﬁ)' 3 (l )2 | (C.23)
(021 — 13).(012 + Q93 — Qy2 — 24).12.2 2 ma=0 mz.(iz - m.g).
where
tzzan + Q12— Qy —Qxp +13+ 14 (C.24)

2
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As in the previous cases (C.23) sums to the binomial term (1 — 1) which requires

that ¢, = 0 and results in the relations

(©25)

and

7:4 + i3 = Qg1 + 023 — Q11 — Q12 (026)

Consequently the term represented by the second line of (C.2) becomes

7'3‘“ —i3 (l)r‘f”_“”*'"‘ (1)

. : C.27
(az1 — 13)!(22 — 012 + 14)! ( )
In a similar manner the term marked C in (C.2) is put in the form
1 & (—1)™ty!
2t t4' mg'—:‘o m4!(t4 - m4)' (C28)
where
fa= 22012 (C.29)

2
and summed to the binomial (1 — 1)%. Then it is required that ¢4 = 0 which yields

ca0
Then from (C.26) and the relation
i4 = Q10 — 27771 - 221 - ig — i3 (C31)

we obtain

a0 + 011 + Q12 — Q20 — Q21 — Q22

11 = — 1y
2
13 = Qg0
4= Q1+ Q23 — 012 — Q1 — 13 (C.32)

To guarantee that ¢; is a non-negative integer, we must have

= ajo + an -’r012;0120"021"02’2 > my (C.33)
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The total term then becomes

b (-1)m™ ra® (I)r (Dry (1
E( 1) > (Ore(Dr2' (1)

‘I'T?.1!2ml (tl - ml)!azo!i3!i4!2‘1""1

m)=0 iy +Hs=a taz—ajz—an

e (D ()3 () & _ (=)™t

2

azo!i3!’i4!t1!2t’ m;=0 ml!(tl - ml)'

- ¥

iatig=on+azz—aiz—aa

(C.34)
which is only non-zero if ¢; = 0 . This means that

(C.35)
and

ajp + Q11 + Q12 = Q20 + Q21 + Q22 (C.36)

i3 + 14 = @10 — Q20 (C.37)

By combining all of these results, the value of the Q-polynomial cumulant in this

example becomes

Q) ajo—az0 ,.12+1i6+19 I 13417 l 14 l
;t.g)(l) = (a;“:)!> 7T a,'a, Z i : '(. ),7?1'. ‘.( ‘)rz () (C.38)
i3=0 19.13.14.17.19.

where the quantities ¢, 4.7¢. 77 and ¢ depend upon the value of i3 as follows

12 = Q20
g = Q10 — Q20 — 13

g = (31 — 13

1

7 = Qg0 + Q22 — Q10 — 012 + 13

19 = 012 (C.39)

In general to compute only the non-zero terms in the Q-polynomial cross-

moment we need to maintain the following:
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44444

1. The Q-polynomial cross-moment is computed by computing the expectation of
the product of only the first terms in the Hermite polynomials in the expansion.

This corresponds to setting m = 0 in (4.23).

2. This expectation is taken in a special way such that the pairing permutations
do not include those that result in one or more autocorrelation functions of any
of the outputs at zero lag, ro(0). This corresponds to setting the values of the

diagonal entries of the multiplicity matrix M equal to zero.
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APPENDIX D

COMPUTATIONAL METHODS AND
OPTIMIZATION USING THE EXTENDED
KALMAN FILTER

In Chapter V we are concerned with finding a model, through an optimization
procedure, that matches the a set of cumulant values computed from data. Since
the optimization is an iterative procedure, it is necessary to have an efficient way
of to compute the cumulants in (5.21). Also, since the optimization uses gradient
information, it is necessary to have an efficient way to compute the derivatives of the
cumulants with respect to the model parameters. The analysis presented in Chapter

IV provides the means for this efficient computation.

A. PROCEDURE FOR COMPUTING THE CUMULANT
VECTOR X,

Since the Q-polynomial cumulants are computed directly from the vectors of
indices. the structure of the arrays in (5.21) are the same for all the models that have
the same dimensions Nz and Nx. Therefore for every pair of dimensions [NL,Nn] a
table-like array of numerical values can be computed and stored in a library. This ar-

ray contains all the information needed in (4.21). Each row in this array corresponds

to one term in (4.21) and has 3 + k(k — 1)/2 fields defined as follows:

1. The first field has the index 7 of the k coefficients cax. i.e., it specifies one

element in c®*.




2. The second field is the power of o2, which equals half the sum of all the com-

ponents of the vectors of indices ex.

3. The third field is a numerical value that results from dividing the product of
the factorials of the components of the vectors of indices by the factorials of

the nonzero entries of the multiplicity matrix M.

4. Each of the last k(k — 1)/2 fields has size Ni, + 1 and corresponds to one block
R(/) in the matrix C,(l) in (4.17) with [ either one of the components of 1 or
a difference between two of them. The entries of each of these fields are the

multiplicity of the corresponding Laguerre cross-correlation sequence rq(1).

According to (5.21) this array would be N* long where the number of model coef-
ficients, N, increases rapidly with the model dimensions Nz and Nx. This means that
a slight change in the model dimensions or in the cumulant order would increase the
computational cost dramatically. Also to compute the value of the cross-correlation

sequence r4(l) every time it is needed using (3.96) is very costly, especially when

the parameter p is changed as it is in every iteration of the optimization procedure.
Fortunately, as we have seen, the model has structure which dramatically reduces

the computational cost. Recall that:

1. The cumulants of the Q-polynomials are identically zero for most of the com-
binations of the vectors of indices a. This can be detected by running a simple
test on @ to determine whether the corresponding term is identically zero or
not. Using this test, presented in Chapter IV, greatly reduces the length of the
stored array. This results in a significant saving of both storage and computa-
tion. Tables D.1 and D.2 show the actual length of this array compared to the

quantity N'* for the cases of second and third-order cumulants respectively.
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Np/Nn | 1 2 3 4
AR
4 25 81 196
R R
9 81 | 361 | 1156
N R PR R
16 | 196 | 1156 | 4761
TR
25 | 400
R i
36 | 729

TABLE D.1: The ratio of the non-zero terms in the second-order cumulant function

Np/Nn |1 2 3 4
A 42 225 824
125 | 729 | 2774
) 213 1731 | 10060
- 729 6859 | 39304
] 759 8746 | 8746
| 2744 | 39304 | 328509
2171
4
8000
5327
5
19683

TABLE D.2: The ratio of the non-zero terms in the third-order cumulant function
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2. Both p and I are needed to compute the cross-correlation sequences ra(l;).
Since the maximum value of d equals Ng and the maximum value of I; is the
maximum component in I, another array of the cross-correlation sequences
can be formed such that its (i,7)* entry is ri(j) for ¢ = 0,1,2,---, Ny and
j =0,1,2,--- ,max{l}. The i** row corresoponds to the sequence of order i
while the j** column corresponds to the value of the sequences at lag value
j. Instead of using (3.96) to compute each r;(j) we use the recursion relation
(3.92)

ri(j) = pri(j = 1) + prisa(y) = riaaG = 1)
In this case we need to compute the values of r;(j) along the first row and
the first column only and then compute the rest of the values recursively. The

values in the first row are simply
rolj) = ¢ (D.1)
while the entries of the first column are given by

re(0) = { 1 fori=0 (D.2)

0 otherwise

B. PROCEDURE FOR COMPUTING THE GRADIENT
MATRIX H

In the optimization algorithm to be discussed shortly, it is necessary to compute
the gradients of the vector X, with respect to the model parameters. The gradient

matrix H is thus defined as
H=[VXn Vo, Xm V,Xm) (D.3)

Although this matrix can be formed from (5.21) it is preferable to avoid the unnec-

essary computations by utilizing the same information stored and used to compute
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the vector X,,. Therefore each of the three partitions of H is obtained by modifying
specific fields in the cumulant data array and using this modified array to compute
the gradients.

From (5.21) the gradient with respect to the vector ¢ can be obtained by
VeXpm = CRVc8* (D.4)

Then the matrix C®) does not need to be recomputed; only the information obtained
from the first field of the array of cumulant data is used to form another table with the
same length. Each row of this table has N elements specifying the value of gradient
of this term with respect to each of the model coefficients cex. If a coefficient cey is
not included in the product of coefficients then the corresponding entry in the table

is zero. If the coefficient is included then the corresponding value in the table is
-1

Thus we need only to multiply the corresponding term by a value equal to the coef-
ficient multiplicity in the first field then reduce the multiplicity by one.
Since a change in p changes terms in the cumulant expression that have the

form
r (L) (L) - g (lp)
the gradient of this quantity with respect to p is given by

TQI(11)+V ray(l2) y T:l,(lp)}
ra,(b) | ray(l2) Pra,(lp)

Notice that the derivative of each term is obtained by multiplying this term by
rh (1 b (1 rg (1
[m alb) | ra(l) L Tel ,)]
rd1(11)

sz(lz) prd,(lp)
where the y; are obtained from the original data array and the cross-correlation

o (L 1) 12 (1) [

sequence values have already been computed and stored for a given range of orders
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and time lags. Hence it remains to compute the values of () for the same range. We

can use (3.92) to obtain a recursion for the derivatives of the correlation sequences:

T,'(j) + ri-—l(j - 1) (DG)
p

ri(7) = pri(f = 1)+ pri_y () — i G- 1) +

then precompute these values and store them in a separate array. In this array the

entries of the first column, r}(0) are all zeros and the first row is given by
ro(i) =307
C. EXTENDED KALMAN FILTER ALGORITHM

For the extended Kalman filter optimization procedure the model parameters

are arranged in a vector form
¢=[c" o (D.7)
Then the recursive estimation of the value of the vector ¢ that minimizes the quantity
ETE is proceeds according to the structure of the Kalman Filter technique [39].
Assuming that at the i*h recursion we have the value ¢; and the predection of &i+1

is linear function of &,- we can build our algorithm as follows

&i/i = éi/i—l + KX, — Xm(&-/.-_l)]

&i-{—l/i = é.‘/.'

K;=P;; \HW !

W;=H]P,;; ,H; +1

Piyi =Py, — Pi/a'—lHiu':‘—lH?Pi/i—l

Pii1/i =Py (D.8)
Where in this notation the matrix H; is the gradient matrix in (D.3) computed for

the model parameters vector &,-/,-. We start the algorithm with proper initialization

of ( and P.
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