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“TReTpurpose: of this phase of the project was todevalsp fastatgorithms for
computations of electromagnetic scattering (radar), and assist in the
implementation and development of fast engineering software using these algorithms
by the team at Hughes Research Laboratories.

Present methods for computing radar cross sections and other scattering
crossections are severely Timited by prohibitive processing and memory
requirements. New fundamental FAst Multipole Methods developed over the last few
years by Rokhlin (for2-d scattering) held the promise for breaking this
computational bottleneck, the goal set out in this project was to extend the work
to higher dimensions and to complete the computational infrastructure needed for
converting these algorithms to engineering tools.

The codes and algorithms obtained in this joint effort between HRL and FMAH have
already changed the state of the art in this area of electromagnetics simulations
and promise to revolutionize computational design technology. We have verified
that these algorithms provide the expected improvements and scaling.
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FINAL REPORT summary

The purpose of this phase of the project was to develop fast algorithms for compu-
tations of electromagnetic scattering (radar), and assist in the implementation and
development of fast engineering software using these algorithms by the team at Hughes
Research Laboratories.

Present methods for computing radar cross sections and other scattering crossections
are severely limited by prohibitive processing and memory requirements. New funda-
mental Fast Multipole Methods developed over the last few years by Rokhlin (for 2-d
scattering ) held the promise for breaking this computational bottleneck, the goal set
out in this project was to extend the work to higher dimensions and to complete the
computational infrastructure needed for converting these algorithms to engineering
tools .

The codes and algorithms obtained in this joint effort between HRL aand FMAH have
already changed the state of the art in this area of electromagnetic simulations and
promise to revolutionize computational design technology. We have verified that these
algorithms provide the expected improvements and scaling (see reports for detailed
technical presentation).

During the last three years, several technical developments took place. Following is
a summary discussion of such developments.

1. The most significant algorithmic development of the first phase has been the
construction of the complete three-dimensional version of the Fast Multipole Method
for the Helmholtz equation (see me, CRW). As expected, it required a certain amount
of serious analytical work. However, at a certain point, the complete theory was
constructed, and the whole project assumed a purely technical character, much like its
two-dimensional counterpart. This was the only algorithmic step that could actually
fail, and once we made it, the overall project became significantly simpler. (see report
1) _

2. As expected, we combined the two-dimensional FMM with a wavelet-style scheme, g
obtaining a version of the FMM that is almost entirely insensitive to the increase in the O
number of nodes on the sub-wavelength scale. The algorithm has been implemented ...coe..cc...
at FMAH, . The Hughes group is about to start incorporating the scheme into its '
codes, while the FMAH group is extending it to three dimensions. This development === ]
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permits us to perform calculations with extremely high accuracy (essentially, with
machine precision) at a very limited additional cost.

3. Somewhat unexpectedly, we discovered that the existing FMM for the Helmholtz
equation can be significantly improved (see report). More specifically, there exists a
single-stage FMM with the asymptotic CPU time estimate O(N*/3), as opposed to
the prior estimates of O(N%/?), with N the total number of nodes on the boundary
of the scatterer. When a multi-stage FMM is used, the result is a considerably faster
algorithm. The method has been implemented at FMAH in two dimensions, and the
resulting scheme has the break-even point with the direct method at N ~ 500, which
is beginning to approach the efficiency of the FMM for the Laplace equation. The
Hughes group is in the process of incorporating this improvement into their codes,
and a detailed report is in preparation.

4. A detailed investigation has been undertaken of the behaviour of the FMM when
the boundaries of the scatterers are reasonably smooth (see report 2). This resulted in
the discovery of the “Coifman-Meyer basis”, a remarkable basis in which the integral
operators of scattering theory (and many other operators of interest) are sparse. This
development is of significant general interest, since it can be viewed as a localized
version of the Fourier Transform - an object known to be very desirable in many
areas of applied mathematics.

5. Several algorithms have been constructed for the direct (non-iterative) solution
of integral equations with dense kernels (see [Jones, Ma, Rokhlin], [Starr, Rokhlin],
[Starr]). While none of these results is specifically applicable to the Helmholtz equa-
tion, together they develop an apparatus that can (and will) be applied to the scat-
tering problems.

6. An important technical step in the numerical solution of an integral equation is the
choice of the discretization. When the kernel of the integral equation is singular, the
latter involves the choice (or the construction) of an efficient quadrature formula for
functions with appropriate singularities. Somewhat surprisingly, the existing quadra-
tures leave much to be desired in the context of the integral equations of scattering
theory, both in two and three dimensions. As a part of our project, we have ex-
pended a significant amount of effort to improve the quadratures for functions with
singularities of relevant types. [see report].




Faster Single-Stage Multipole Method
for the Wave Equation *

Ronald Coifman
Vladimir Rokhlin
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Stephen Wandzura
Hughes Research Labs

Abstract

The fast multipole method (FMM) provides a sparse decomposi-
tion of the impedance matrix arising from a discretization of an inte-
gral equation equivalent to the wave equation with radiation boundary
condition. Mathematically, the sparse factorization is made possible
by a diagonal representation of translation operators for multipole ex-
pansions. Physically, this diagonal representation corresponds to the
complete determination of fields in the source-free region by the far
fields alone. »

Because the diagonal form of the translation operator is not a well
behaved function, it must be filtered in numerical practice. (This does
not constitute a practical limitation to the accuracy of the results ob-
tained with the method because of the superalgebraic convergence of
the multipole expansions.) In the originally published version of the
FMM, the filtering was accomplished by a simple truncation of the
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multipole expansion of the translation operator. This sharp cutoff
results in an oscillatory transfer function that is non-negligible over
the entire unit sphere (i.e., in all far-field directions). Physically, the
transfer function represents the effect a bounded source has on a well-
separated observation region, expressed in terms of the far field of the
source. This suggests that a suitable transfer function might be non-
negligible only in the direction of the separation vector. It turns out
that such a transfer function may be obtained by applying a smooth
cutoff to the multipole expansion. Although such a transfer func-
tion requires the tabulation of far fields in a denser set of directions,
the overall computational and storage requirements for a single-stage
FMM are reduced to O(N*/3) from O(N*/?).

1 Review of FMM

The fast multipole method (FMM) for the wave equation[l, 2} gives a pre-
scription for a sparse decomposition of the (impedance) matrix obtained by

discretization of the integral kernel

y eilclx—x’ |

Cx-¥X)=—m—-

(e =) 47 |x — x| ()
Mathemétically, this decomposition ensues from the diagonal form of the
translation operator in the far-field representation(3]. For brevity, this sum-
mary relies heavily on the exposition and notation of [2].

Briefly, the FMM works by decomposing the interactions into near-field
and_far-field parts. This is done by dividing the scatterer into groups and
elaésiﬁﬁeach pair of groups as near or far. The matrix representing the near-
field part is sparse by virtue of locality. The far-field part may be factored

by using ‘
e"k‘x+d|

X +d|
where the T is the diagonal representation of the translation operator:
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and X is the distance between the two members of a group pair. In the
previously published version of the FMM, the sharp cutoff at [ = L caused
the transfer function 7" to be non-negligible over a wide range of angle. As
we show below, examination of T reveals that it may be modified so that
it has support only in a narrow range of cosé near 1. The only cost of
this modification is a denser sampling of far-field radiation patterns from the
groups.

2 The Translation Operator

The transfer function 77,(«, cos 6) represents the interaction between bounded
source distributions separated by distance x/k (where k is the free-space
wavenumber) and @ is the angle between the displacement vector of the cen-
ters of the groups and a direction at which the far-field of the source dis-
tribution is computed. Since we expect the fields radiated from a bounded
region to a well separated observation region to be given only in terms of
the far-field in directions that point toward the observation region, we might
expect that 7.(«,cos@) would be strongly peaked for cos§ ~ 1. Further-
more, since convergence of the multipole expansions requires L = kD, where
D is the diameter of the regions, we might also expect that the peak have
a width 66 oc L/k. Numerical examination of 7 reveals that this is indeed
the case; however, there are rather large oscillatory tails outside the peck.
In Figure 1, 730(30, cos 8) is plotted. This is the transfer function that one
would use for rather small (compared to a wavelength) groups separated
by 4.8 wavelengths. The oscillatory tails are reminiscent of leakage in power
spectrum estimation using the FFT[4]. This suggests that by using a smooth
“window function” to compute 7 rather than a sharp cutoff, that leakage to
large angles may be reduced. In fact, this is the case; even a simple-minded
cosine window function, giving

T1.(k, cos ) =

X 4 2 (=L))o
Ti(k,cos8) + Y (A +1) [1 —sin ———] hi (k) Pi(cos 6), (4)
=L 2L

produces the localized transfer function plotted in Figure 2. Naturally, be-
cause we are taking more terms in the multipole expansion of 7", we must
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Figure 1: Real and imaginary parts of transfer function 7 of cos 6 for L = 10,

« = 30.
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Figure 2: Real and imaginary parts of the localized transfer function 7 of

cosf for L = 10, x = 30.




sample the far fields in a denser set of directions appropriate to a quadrature
rule for spherical integrations exact for a larger set of spherical harmonics.
The trigonometric window function in Eq. (4) is only for purposes of illus-
tration; more efficient windows should be used in practice.

3 Complexity Reduction

A detailed analysis, to be published elsewhere, reveals that the window func-
tion of | can be chosen to minimize the support in solid angle of 7. This
analysis confirms the intuition, implied above, that the solid angle of sup-
port of the resulting transfer function is about n(kD)?/(4x?), where D is
the diameter of the groups. In the O (N 3 2) FMM, the operation count of
the translation operator application is x KM 2 where M is the number of
groups and K is the number of far-field directions tabulated. It might now
seem that this count should be multiplied by a factor o« (kD)?/(4x?)  1/M,
giving a total count o< (K/M)M? « N, which is independent of M. This
is incorrect, however, because it implies that by decreasing the size of the
groups that the number of directions at which the far-field is used can be
reduced without limit. Actually, since we must know the far-field of each
group in at least one direction for each other group, the number of directions
must go to a constant for very small groups. The total operation count for
application of the translation operators is thus (bN/M? +c) M 2, where b and
¢ are implementation dependent constants. (Actually, a more careful analysis
gives a factor of In M in the b term, but it has no effect on the behavior for
large N.) Minimizing the sum of this with the operation count for the other
steps in the FMM (aN?/M, where a is another constant), one sees that, for
large problems, b is irrelevant, and the total operation count is minimized by

choosing U
M= (30) )

so that the total operation count is O (N¥/ 3). For smaller problems, where
the ¢ term does not dominate, the operation count varies roughly as Nln N.
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In [6), a far-reaching generalization of the classical Gaussian quadrature rules is in-
troduced, replacing the polynomials with a wide class of functions. While the rules
of [6] possess most of the desirable properties of the classical Gaussian integration
formulae (positivity of the weights, etc.), it is not clear from [6] how such quadrature
rules can be obtained numerically. In this paper, we present a numerical scheme for
the generation of such generalized Gaussian quadratures. The algorithm is applicable
to a variety of functions, including smooth functions as well as functions with end-
point singularities. The performance of the algorithm is demonstrated with several
numerical examples.
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1 Introduction

Classical Gaussian quadrature rules are extremely efficient when the functions to be
integrated are well approximated by polynomials. When the functions to be integrated
are very different from polynomials, Gaussian quadratures do not perform well; a par-
ticularly difficult problem involves the integration of functions of the form

fe)= Y e i (1)
=1

where each of the functions ¢; has its own singularity at one of the ends of the interval,
and the function f can only be evaluated in toto, the coefficients a; being unavailable.
This problem is encountered in the solution of integral equations with singular kernels,
in the numerical complex analysis, in the numerical solution of elliptic partial differential
equations on regions with corners, and in many other situations. While such problems
are normally dealt with by means of various ad hoc procedures (see, for example, (1],
[7]), these schemes lack the rapid convergence, stability, and elegance of the Gaussian
rules.

In fact, in [6], a far-reaching generalization of the classical Gaussian quadratures is
introduced, replacing the polynomials with functions from an extremely wide class. The
quadrature rules of [6] possess most of the desirable properties of the classical Gaussian
integration formulae, such as positivity of the weights, rapid convergence, mathematical
elegance, etc. Unfortunately, it is not clear from [6] how such quadrature rules can be
obtained numerically. :

In this paper, we present a numerical scheme for the construction of such generalized
Gaussian quadratures. The algorithm is applicable to a variety of functions, including
smooth functions (not necessarily polynomials), as well as functions with end-point
singularities.

The paper is organized as follows. In Section 2, we summarize the relevant results
from [6], and in Section 3, we restate some numerical methods to be used in this paper.
In Section 4, we develop analytical apparatus to be used in the numerical construction
of the generalized Gaussian quadrature rules, then we extend those analytical tools to
functions with end-point singularities in Section 5. The actual numerical algorithm
is presented in Section 6, and the performance of the algorithm is demonstrated with
numerical examples in Section 7.

2 Mathematical Preliminaries

In this section, we summarize several classical results from [6] to be used in Sections 4
and 5.

2.1 Chebychev Systems




Definition 2.1 (Chebyshev System)
A finite sequence of functions {p1,p2, - ,pm} will be referred to as a Chebyshev
system if and only if each of them is continuous on [a,b], and the determinants

e1(z1) i(z2) -0 pr(Tm)
det 902(:-'01) 902(.352) 902(:%) @)
om(21) Om(22) -+ PmlTm)

are non-zero for any set of m points 21,72, +-,Tn, € [a,b] such that z; # z; for any
1#7.
Following are several important cases of Chebyshev systems (for more examples, see

[6])-

Example 2.1 For any natural m, the functions 1,z,z2,---,z™ constitute a Chebyshev
system. Moreover, if oy, ag, -+, o is a sequence of distinct real numbers, then the
system {z*} is a Chebyshev system on any interval [a,b] C (0,00).

Example 2.2 For any n distinct real numbers a;, oz, -, 0n, the functions e*1%, xe™*,
€237, ze*?®, ..., €%, re® T constitute a Chebyshev system on any interval [a,b] C
(—00,00).

Definition 2.2 (Hermite System)

A finite sequence of functions {@1,¥2, -+, P2} will be referred to as an Hermite
system on the interval [a,b] if and only if p; € Ca,b] for all i =1,2,---,2n, and the
determinants

wi1(z1)  #i(z1) @i(z2) Pi(z2) o0 wi(za)  er(za)

wa(z1)  @o(z1)  p2(z2) Po(z2) o0 p2Aza)  P2(za)

det (3)

P2n(21) €2a(21) P20(T2) ¥3a(T2) -+ P2n(Tn) Pon(zn)
are non-zero for any set of 2n points z,,z2,---,Z2, € [a,b] such that z; # z; for any
i#£7.
Definition 2.3 (Eztended Hermite System)

A finite sequence of functions {¢1,¥2, - ,¢P2a} will be referred to as an extended
Hermite system if it is both Chebyshev and Hermite.

Remark 2.1 The Extended Hermite systems are a slight generalization of the extended
Chebychev systems of [6].

Following are several important cases of extended Hermite systems (for more exam-
ples, see [6]).




. . . . .

Example 2.3 For any natural n, the functions 1,z,2%,--+,z*" constitute an exztended

Hermite system. Moreover, if a;, as, --+, a2, is a sequence of distinct real numbers,
then the system

ay a2

L,z )""1:02" (4)

is an extended Hermite system on any interval [a,b] C (0, 00).

Example 2.4 An important special case of the proceeding ezample is the finite sequence

of functions

+ 24a n—1 n—14a

a 4o 2
1,z% z,z2' %%, 2%, 2%, - (2" 2 (5)

with a an arbitrary non-integer real number.

2.2 Gaussian Quadratures

We will be considering integrals of the form

[ wlzlel@)z, Q

where w : [a,b] — R! is a non-negative function to be referred to as the weight function,
and ¢ : [a,b] — R! is a function from a suitably chosen class. A quadrature rule is an
expression of the form
Talw) = D _wi - (), (7)
1=1
with z; € [a,8] and w; € R! for all 1 = 1,2,---,n. The points z; and coefficients w; are
referred to as the nodes and weights of the quadrature formula (7), respectively, while
the expression (7) itself is viewed as an approximation to the integral (6). Normally,
quadrature formulae are chosen to be exact on certain chosen sets of functions, most .
frequently, polynomials up to some fixed order m. An n—point quadrature formula is
referred to as a Gaussian quadrature if and only if it integrates exactly all polynomials
of orders up to 2n — 1.
We will generalize the notion of the classical Gaussian quadrature somewhat, by
introducing the following definition.

Definition 2.4 (Gaussian Quadrature)
Suppose that
{¢1)¢2a"'a¢2n} (8)

is a set of integrable functions [a,b] — R'. We will say that the n—point quadrature rule
(7) is Gaussian with respect to the system (8) if and only if it integrates ezactly all of the
functions (8). In other words, a Gaussian rule is an n—point rule that is ezact for 2n
pre-chosen functions. We will refer to the nodes and weights of a Gaussian quadrature
as the Gaussian nodes and weights, respectively.




Remark 2.2 Obviously, a classical Gaussian quadrature rule is a Gaussian quadrdture
rule for which

pi(z) = 1,
pa(z) = =,
- (9)
()0211,(2:) = :1:2"_1.

The principal result we use from [6] is the following theorem.

Theorem 2.1 (Karlin-Studden)

Suppose that the functions {1, @2, -, P2} constitute a Chebyshev system on the inter-
val [a,b]. Then there exists a unique n-point quadrature rule (7) that is Gaussian with
respect to the functions {@1, @2, -, P2, }. Furthermore, all the weights wy, w2, -+, w, of
the quadrature are positive.

As for smooth functions, Gaussian quadrature rules also exist for a variety of func-
tions with end-point singularities. The following theorem is an immediate consequence
of Theorem 2.1.

Theorem 2.2 Suppose that functions ; : (a,b] — R' are continuous, and integrable
on [a,b] for all i = 1,2,---,2n. Suppose also that the function w(z) > 0 is continuous
on (a,b] and integrable on [a,b]. Suppose further that functions i; are defined by the
formula ‘

wia) = 25, ' (10)
and that
li_r&gb,-(z) < 00 (11)

for all i = 1,2,--+,2n. Suppose finally that the functions {1,932, -, 2.} defined by
(10) constitute a Chebyshev system on the closed interval [a, b].

Then there ezists a unique n-point quadrature rule (7) that is Gaussian with respect
to the functions {1,902, , P2} Furthermore, all the weights wy, ws,---,w, of the
quadrature are positive.

Proof: The theorem is proved by applying Theorem 2.1 to the new weight function ‘
&(z) = w(z) - w(z), (12)
and the new set of functions {11,%2,---,%2.}. B

Example 2.5 For any natural n, and real number 0 < a < 1, the unique n-point
quadrature on the interval [0,1] with respect to the functions '

1,z7%,z,2' 7%, 2%, 227, ..., 2" g™, (13)
can be obtained via the following Chebyshev system (see Ezample 2.3)
za, 1’ :c”'°‘, z, $2+a, :1:2, e, 33"'_1+°', :En_l (14)

on the interval [0,1] with the weight function &(z) = w(z) - z°.




3 Numerical Preliminaries

In this section, we collect the relevant numerical tools to be used in Sections 4 and 5.
They can be found, for example, in [3], [4], [5].

3.1 Nested Chebyshev Approximation

For any non-negative integer n, the Chebyshev polynomial T;, of order n is defined by
the formula .

T(cos 8) = cos(nf). (15)
Clearly, |Tn(z)| < 1 for z € [-1,1].
The Chebyshev polynomials constitute an orthonormal basis for L?[—1,1] with re-
spect to the inner product

(1.9)= [, 7= - 1) sle)ie. (19)

Therefore, any function f € C°—1,1] can be represented by an expansion

fz) =3 e Ti(a), (17)

=0

with the coeflicients a; given by
ai = (f,T3)- | (18)

Lemma 3.1 states that the Chebyshev series (17) converges rapidly for sufficiently
smooth functions. Its proof can be found, for example, in [5].

Lemma 3.1 Suppose that n and k are natural numbers, and that f € C*[-1,1]. Sup-
pose further that the coefficients ao,a1,---,a, are defined the formula (18). Then for
any z € [-1,1],

=~ 1
f(@) =2 ai- Ti(z)| = O(—=)- (19)
i=0
In particular, if f € C*, then the expansion (17) converges to f superalgebraically.

Observation 3.1 For functions with end-point singularities, such as f(z) = Inz, we
can build a structure on the given interval, consisting of subintervals clustering near the
end points (see Figure 8.1), and then use the Chebyshev ezpansion (17) to approzimate
the functions on each subinterval. On each of the subintervals, the Chebyshev ezpansion
converges superalgebraiclly.




Figure 1: Subintervals clustering near the end-points

3.2 Nonlinear Equations
We will be considering systems of nonlinear equations of the form

F(x) =0, (20)
where x = (23, -+,z,)7 € R", and the mapping F : R* — R" is of the form

ﬁ}gxl"°',$n;
F(x) = ”’"E R (21)
f;(zly"',xn)

Definition 3.1 The Jacobian matriz of mapping F in (21) is deﬁﬁed by the formula

8a ... a4
oz Ozn
DF(x)=]| : . (22)
8fn ... Sfn
8zy 8zn

The following two lemmas about the solution of systems of nonlinear equations (20)
are well-known (see [3], [8], for example). '

Lemma 3.2 (Newton’s Method)
Suppose that F : R* — R"™ is continuously differentiable in an open conver set
D C R*, and the mapping G : R* — R" s defined by the formula

y =x— (DF(x))™ F(x). (23)
Suppose also that x* € R™ is the zero of F, and there exists f > 0 such that
IDF(x")7H| < 8. - (29)

Suppose further that there ezist two positive numbers r and « such that x € D for any x
such that ||x — x*|| < r, and

IDF(x) — DF(y)|| < ~llx —yl| (25)

for any x, y such that ||x—x*|| < r, ||y —x*|| < r. Suppose finally that xo is an arbitrary
point in R", and the sequence x;,Xz, -+, of points in R* is defined by the formula

Xes1 = G(X¢) (26)

6




- . ' l '

forallk=0,1,2,---.
Then there ezist € > 0 and a > 0 such that the sequence generated by (26) converges
to x*, and
lIicer — x| < elba = x| (27)

for any xo such that ||xo — x*|| < €.

Lemma 3.3 (Modified Newton’s Method)
Suppose that under the assumptions of Lemma 8.2, X" is the zero of the mapping
F: D — R"*. Suppose also that
AO) Al’ AZ’ T (28)
is a sequence of n X n nonsingular matrices, and the mapping G : R* — R" is defined
by the formula
y =x — A; ' F(x). (29)

Suppose further that there ezists a positive real number M such that
|Ax — DF(xi)ll < M- [F(xa)]l- (30)

Suppose finally that xo is an arbitrary point in R", and the sequence X1,%z,- "+, of points
in R™ is defined by the formula
Xk+1 = G(Xk) (31)

forallk=0,1,2,---.
Then there ezist € > 0 and a > 0 such that the sequence generated by (31) converges

to x*, and
[Ixes1 = X7 < e — x7|1° (32)

for any xo such that ||xo — x*|| <€,

3.3 Continuation Method

The Newton algorithm for the solution of systems of non-linear equations is an extremely
powerful technique, provided that a satisfactory initial point is available. In many cases,
a starting point is not available directly, but can be obtained by the process known as
the continuation method (otherwise referred to as the homotopy method). Following is
a brief description of the technique.

Suppose that we are trying to solve a system of non-linear equations

F(x) =0, (33)

with F : R* — R" satisfying the conditions of Lemma 3.3, except for the initial point
Xo, which is not available. Suppose further that we do have access to a mapping
G :[0,1] x R* — R!, satisfying the following conditions.




1. The mapping Fo : R* — R" defined by the formula
Fo(x) = G(0,x) (34)

has a simple structure, so that the solution of the equation

F(x)=0 (35)
is unique and known.
2. For all x € R",
G(1,x) = F(x). (36)
3. For all t € [0,1], the equation
G(t,x) =0 (37)
has a unique solution x(t) € R", and satisfies the conditions of Lemma 3.3 in the

neighborhood of x(t).

4. x is a continuous (or better, Lipschitz) function of t.

Under the above conditions, the following procedure yields the solution of the equa-
tion (33).

1. For a sufficiently large m, construct the points t; = (i —1)/(m —1) on the interval
[0,1], with i = 1,2,- - -, m, and consider the solutions of the equation (33) for t = ¢;

with:=1,2,---,m.
2. Clearly, we know the solution x(0) of the equation,
G(t:;,x) =0 (38)

when i = 1, and for all i = 2,3,---,m, we solve the equation (37) by means of
Lemma 3.3, using x(t;—1) as the initial approximation.

3. Since ¢, = 1, the result of the final step of this process is the solution of the
equation (33).

A detailed discussion of the continuation techniques can be found in [4], where the
convergence of the above scheme is proven (in a much more general environment) for all
sufficiently large m.

4 Analytical Apparatus

In this section, we develop analytical tools to be used in the numerical construction of
the Gaussian quadratures whose existence follows from Theorem 2.1.
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4.1 Construction of Gaussian Quadratures

The following lemma is an immediate consequence of Definition 2.3 of extended Hermite
systems.

Lemma 4.1 Suppose that the functions {¢1, P2, -, P2} constitute an Hermite system
on the interval [a,d], and zy,z3,---,z, are n points on the interval [a,b] such that
z; # z; for any i # j. Then there exist such unique coefficients o; ;, Bij, 1 = 1,2, ,n,
j=1,2,---,2n that

{7 2 a @
Lo = o @

foralli=1,2,---,n, k=1,2,---,n, with §;; denoting the Kronecker symbol, and the
functions o;,7; defined by the formulae

oi(z) = Zﬂ ;- (), (41)

i=1
and )
ni(z) =Y Bis - pi(z). (42)
i=1
Furthermore, there ezist unique coefficients a;j,b;; with 1 =1,2,---,2n, 3 =1,2,---,n,
such that n '
pi(z) = Y_aij- 05(z) + bij - nj(z) (43)
j=1
foralli=1,2,---,2n.
In other words, there ezist unique linear combinations 01,02, ,0n, M,yN2,"* "7
of the functions @y,ps,---,pan satisfying the conditions (89), (40), (43). Conversely,
the functions 1,¥2,+ - ,¢P2n are linear combinations of the functions 01,02,---,0n,

M,N2," " sn-

Theorem 4.1 below is the principal analytical tool of this paper. It establishes the
necessary and sufficient conditions under which a quadrature is Gaussian with respect
to a given Hermite system.

Theorem 4.1 Suppose that functions
P1,$2,°° "1 P2n (44)

constitute an Hermite system on the interval [a,b]. Then the nodes z1,Z3,-,Z5 on
[a,b] are Gaussian with respect to the functions ({4) if and only if

/: w(z)oi(z)dr =0 (45)
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for alli=1,2,--- ,n. In this case, the Gaussian weights wy,ws,- -, W, are given by the
formula

w; = /ab w(z)ni(z)dz, (46)

with functions o1,02,+,0n, M1, 72, 1N, 10 (45), (46) are defined by formulae (39) -
(42).

Proof: First, we show that for any Gaussian quadrature rule (7), the conditions (45),
(46) are satisfied. Indeed, since it integrates exactly all of the functions @1, 2, -+, ¥2n,
it also integrates exactly all their linear combinations 01,09, +,0n, 71,72, ", 7n. Now,
(45), (46) follow immediately from (39), (40).

Suppose now that the nodes zj,zs,---,z, are such that the conditions (45) are
satisfied, and the coefficients wy, wy,---,w, are defined by the formula (46). We will
show that the n-point quadrature (7) is Gaussian with respect to the system (44).

Due to Lemma 4.1, there exist coefficients a;;, fij, 1 =1,2,---,n,7 =1,2,---,2n
such that

@i = Y (aijo; + bijn;) (47)

=1

for any ¢ = 1,2,---,2n. Thus

b n b b
[e@eia)is = Yo [ w(@o@)z+b; [ w@m@)d.  (48)

i=1

Combing (48) with (45), (46), we have

/ab w(z)tp.-(:z:)d:z: = i b,'jwj. (49)

i=1

On the other hand, combining (39), (40), and (48), we obtain

zn:w,‘cp,-(:c,-) = iw,- i:(a;ktfk(zj)-{-bikﬂk(irj)

J=1 =1 =1

= i bijw;. ' (50)

j=1
Combining (49) and (50), we finally get
b n
[ wlalei(a)dz = 3 wiei(as). (51)
a ]‘=1

forall:=1,2,---,2n. ®

Theorem 4.2 below follows immediately from Theorem 4.1. It describes the Gaussian
nodes as the solution of a system of non-linear equations.
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Theorem 4.2 Suppose that the functions {p1,¢2, - ,Pn} constitute an Hermite sys-
tem, and functions {01,0z,--+,0,} and {91,792, -, 7.} are defined by the formulae (39),
(40), (41), and (42). Suppose further that S is a subset of R* consisting of all finite
sequences {z1,Za,+*+,Zn} such that z; # z; whenever ¢ # j . Suppose finally that the
mapping F : S — R is defined by the formula

oy [7 w(z)oi(z)dz
z2 | [ w(z)os(z)dz ) (52)
@)\ Fu@onEd

Then {z1,%2,---,Zn} are the Gaussian nodes with respect to the system of functions
{p1,92,- -, n} if and only if

F(:El, ey :z:n) = 0. (53)
4.2 Computation of Gaussian Quadratures

In this subsection, we observe that the modified Newton method in Subsection 3.2
assumes a particularly simple form when it is applied to the system of equations (53),
and establish Theorem 4.5, the principal numerical tool of this paper. Theorem 4.5
shows that an extremely simple iterative scheme converges quadratically for the system
of equations (53).

Theorem 4.4 below provides an analytical expression for the Jacobian matrix of the
mapping F defined by the formula (52). Theorem 4.3 is the consequence of Lemmas 4.2
and 4.3, and will be used in the proof of Theorem 4.4. Theorem 4.5 follows immediately
form Lemma 3.3, Corollary 4.2, and Theorem 4.4. '

Lemma 4.2 Suppose that functions {p1,p2," -+, 2} form an ezxtended Hermite system
with ¢; € C3a,b] for alli=1,2,---,2n. Suppose also that

Z1,Z2y° "y Tn (54)
are n distinct points on the interval [a,b], and functions

01,02,°°°y0nyM57M2,° 3y n (55)

are determined by the set of points (54) via formulae (39) and (40). Suppose further
that | is an integer such that 1 <1< n, and § is a real number such that

:L'],'°°,$1_1,$[+6,$[+1“',$n (56)
are n distinct points on interval [a,b]. Suppose finally that the functions
&la&%""&naﬁlaﬁ%'”?ﬁn (57)
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are determined by the set of points (56) via formulae (89) and (40).
Then there ezist coefficients oy and By with i = 1,2,---,n, such that

Gi(z) = oi(z) + e - ou(z) + Bur - m(z) (58)
forali#l,:=1,2,---,n, and
&1(z) = ay - orz) + Bu - m(=)- (59)

Proof: Due to Lemma 4.1, there exist unique coefficients a;;, 8;; with 1 =1,2,---,2n,
j=1,2,---,n, such that for all i = 1,2,---,2n,

51(2) = 3 (a5 - 05(2) + B - 15()) (60)

j=1

for any z € [a,b]. Differentiating (60), we have

3i(z) = > (a4 - 04(2) + B - mi(=) (61)

=1

For the functions (57), the conditions (39), (40) assume the form

{am+&

iz + 6) (62)

and (z2)
gi(zx) = 0,
{ Gi(z) = & (63)
foralli=1,2,---,n, k=1,2,---,n,and k # L
For any k # [, evaluating (60) at z and applying conditions (39), (40), (63), we
obtain ‘
Bix=0 (64)
forallz:=1,2,---,n.
Similarly, for any k # [, evaluating (61) at z; and applying conditions (39), (40),
(63), we have
aix = bix (65)
forall:=1,2,---,n. ‘
Now, (58), (59) immediately follow from (60), (64), (65). =

Lemma 4.3 Suppose that under the assumptions of Lemma 4.2, the coefficients c; and
B are defined via formulae (58) and (59) for alli=1,2,---,n, Then

ag = —6-0;(z)+0(8%), (66)
Ba = O) - (67)
12




foralli#1l,:=1,2,---,n, and

ap = 1-6- 0';1(3:1) + 0(62)), (68)
Bu = 6+ 0(52) (69)
Proof: Expanding the functions
STR/ 0':-, ﬂ;a
into the Taylor series at z;, we have
{ oi(zi+8) = oiz)+6- al,f(:rz) + 0(8?), (70)
n(zi+8) = ni(z)+8-n:(z) +O(8),
oi(zi+8) = olm)+8-0;(z)+0(&), (71)
ni(zi+8) = ni(zi)+ 69 () + O(&%),

forall:=1,2,---,n.
Evaluating (58) and (59) at z = (z; + §) and using the conditions (39), (40), (62),
(70), we obtain

Bu = —ay -6+ 0(8%) (72)
forall:=1,2,---,n.
Differentiating (58) at £ = (z; + 6) and using conditions (39), (40), (62), (71), we
have
" -1
o = (1 +6-0; (zz)) (1 + 0(62)) ,
= 1-4§-0/(z:) + O(62). (73)
Similarly, differentiating (59) at = = (z; + §) and applying the conditions (39), (40),

(62), and (71), we get
ay = —§-0;(z1) + O(8) (74)

foralli=1,2,d---,n,and ¢ #1
Finally, combining (72) with (73), (74), we have

Bu = §+0(8), | (75)
Bu = O(6) (76)

foralli:=1,2,---,n,and : #1 W
Combining Lemmas 4.2, 4.3, we now obtain the following theorem.

Theorem 4.3 Under the assumptions of Lemma 4.2,

5i(z) = az)=8-0i(z) - oe) = 6 m(z) + O (77)
5(z) = oilz)—6-0!(e)- az) + O(F) (78)

foranyi=1,2,---,n, and i # L.
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The following theorem is an immediate consequence of Theorem 4.3. It provides a
simple expression for the Jacobian of the mapping (52), showing that the latter is nearly
diagonal in the vicinity of the solution of the equation (53).

Theorem 4.4 Suppose that functions {¢1,p2,* - ,Pan} form an ertended Hermite sys-
tem, and @; € C%a,b] fori = 1,2,---,2n. Suppose further that z, 22, -+, Tn aTE T
distinct point on the interval [a,b], and functions

01,02, "y 0ny 1, 72,° " "5 7n

are determined by formulae (39) and ({0). Then the Jacobian DF(x) of the mapping F
defined by (52) is given by the formula

folemEd 00
A 0 Relanis 0 e ()
0 0 oo Slu(z)na(z)dz
where X = (Z1,%2,**,Za)?, and matriz E(x) is given by the formula
o) - ol(en) ) { Sw@o@)z 0 - 0
E(x) = : : : : : - (80)
ol(zr) - ol(za) 0 0 Pul@one)ds

Proof: Suppose that [ is an integer such that 1 <1 < n, and § is .a real number such
that
T1,c oy TU-1, L1+ 6, T141 0, T (81)

are n distinct points on the interval [a,b]. Suppose further that the functions
5’1)&2,'"a&mﬁlaﬁ%""ﬁﬂ (82)

are determined by the set of points (81) via formulae (39) and (40).
Combining (77), (78) with Definition 3.1 of Jacobian matrix, and the definition (52)
of the mapping F, we immediately obtain

(DFW)y = = [ wleole)is

b w(2)5)(z)dz — [} w(z)ou(z)dz

T
= lim 3

= —o(zi) /:w(z)a,(:c)dz—/abw(a:)m(x)dx (83)

14




foranyis#1,:=1,2,---,n,and

(DFO)y = 5 [ wl)o(e)ia

P w(z)s:(z)dz — [P w(z)oi(z)dz

a

= fim 5

_ol () / ' w(z)oi(s)d. (84)

Corollary 4.1 follows immediately from Theorem 2.1 and Theorem 4.4, and corollary
4.2 is the consequence of Corollary 4.1 and Theorem 4.4.

Corollary 4.1 Suppose that under the assumptions of Theorem 4.4, the function F :
R* — R" is defined by (52). Then there ezists a unique x* = (z},23,--+,2;)T € R
such that

F(x*) =0, (85)
and the Jacobian matriz
JE w(z)m(z)dz 0 “e 0
prwye—| O Re@m@ds o )
0 0 oo [ul@)n(a)da

is nonsingular, where the functions ny,72,---,7, are determined by the set of points
z},z5,- -+, 25 via the formula (40).

Corollary 4.2 Suppose that under the assumptions of Theorem 4.4, the function F :
R* — R® is defined by (52), and x* is the unique zero of F. Then F is continuously
differentiable, and there ezist three positive real numbers r, § and v such that

IDF(")7H| < B, (87)

and

IDF(x) — DF(y)II < ~llx = yl| (88)
for any x and y such that ||x —x*|| <1, [y —x"|| < r.

The following theorem is the principal numerical tool of this paper. It shows that an
extremely simple iterative scheme converges quadratically for the system of equations
(53), and is an immediate consequence of Lemma 3.3, Corollary 4.2, and Theorem 4.4.
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Theorem 4.5 Suppose that functions {¢1,¢2, -, ¢} form an extended Hermite sys-
tem, and the mapping G : R* — R" is defined by the formula

b
(z)d
i = g 4 2NN (59)
Je w(z)ni(z)dz
with 1 =1,2,---,n, and the functions
01,02,° "y 0n37M1572,° 5 7n

defined by the points z1,z2,- - -, z, via the formulae (39) and (40). Suppose further that
@; € C3a,b] for all i = 1,2,---,2n, and the function F : R* — R" is defined by (52).
Suppose finally that x* is the unique zero of F, that Xo is an arbitrary point in R*, and
the sequence x1,Xz,- -+, of points in R* is defined by the formula

Xk41 = G (Xk) (90)

foralk=0,1,2,---.
Then there ezxists € > 0 and a > 0 such that the sequence x1,Xa,- -, generated by
(90) converges to x*, and
I = x7|| < affxi = x7|? (91)
for any initial point xo such that ||xo — x*|| < e.
Remark 4.1 In Theorem 4.5, we impose the condition

¢i € C%a,b] | (92)

for all i = 1,2,---,2n. However, it can be easily observed that the condition (92) is
ezcessively restrictive, and a somewhat more involved proof shows that as long as ¢; are
continuously differentiable, and ! satisfy the Lipschitz condition for all : =1,2,---,2n,
the modified Newton method (90) will still converge quadratically.

5 Integration of Singular Functions

In this section, the theory of the generalized Gaussian quadrature rules established in
Section 4 will be generalized to a variety of functions with end-point singularities. We
will first introduce the concepts of Chebyshev and extended Hermite systems in the
case of singular functions. Then we will prove Theorems 5.1 and Theorem 5.2 for the
construction of Gaussian quadrature rules, providing effective numerical construction
for Gaussian quadratures for functions with end-point singularities.

Definition 5.1 (Chebyshev System)
Suppose that X C R! is either (a,b), or [a,)), or (a,b]. Then a finite sequence of
functions {¢1,¥2,---,pn} will be referred to as a Chebyshev system on X if and only if

it constitutes a Chebyshev system on every closed subinterval [c,d] C X (see Definition
2.1).
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Definition 5.2 (Fztended Hermite System) :

Suppose that X C R! is either (a,b), or [a,b), or (a,b]. Then a finite sequence of
functions {1, @2, ,Pn} will be referred to as an extended Hermite system on X if and
only if it constitutes an ertended Hermite system on every closed subinterval [c,d] C X

(see Definition 2.8).
The following is an important example of extended Hermite systems.
Example 5.1 For any natural n, the functions
1,z% z, '+ g2 g2t ... g7l gnmite (93)

constitute an eztended Hermite system on the interval (0,1} with a an arbitrary non-
integer real number. (see Ezample 2.8 and Definition 5.2)

Theorem 5.1 Suppose that functions {@1,92," -, P2} are all integrable on [a,b], and
constitute a Chebyshev system on (a,b]. Suppose further that on the interval [a + 6,],
the n-point Gaussian quadrature (7) is given by the nodes

xgs), xg)a Ty x’(f), (94)
and the weights
w§6)a wg&), Ty w,(f) (95)

for any § € (0,b— a).
Then for any € > 0, there ezists § > 0 such that for all § < b,

.[; b w(z)pi(z)dz — i w_s-s)go,-(xg-s)) <e. (96)

i=1

forall1=1,2,---,2n.

Proof: Due to the Definition 2.4 of the Gaussian Quadratures, we have

[ wl@etz)iz = 3 ufeal?) (97)

=1

for all: =1,2,---,n. Subtracting

[ l@)iz)de

from both sides of (97), we obtain

[ elere@ris = 3wl = [ wl@ete)iz- [ w@e@)ds

=1

a+§
= ./: w(z)pi(z)dz. (98)
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Due to the assumption that ¢; are integrable on the interval [a, b] for all = 1,2,---,2n,
for any € > 0, there exists §, > 0 such that for any é < do,

[ ezl

<€ (99)

forall=1,2,---,2n.
Now, (96) follows immediately from (98), (99). =

Theorem 5.2 Suppose that under the assumptions of Theorem 2.2 and Theorem 5.1,

Then there ezists a unique n-point Gaussian quadrature (7) with respect to the functions

$1:$2,° ", P2n (101)
such that all the nodes z,, 3, ,, lie in the open interval (a,b), and all the weights
wy, Wy, - - -, Wy, are positive. Furthermore, for alli =1,2,---,n,
limz® = z; (102)
§—0

and
lim w® = w, (103)

where the nodes z,(a) and the weights w,@ are defined in Theorem 6.1.

Proof: Due to Theorem 2.2, there exists a unique Gaussian quadrature (7) with respect
to the functions (101) on the interval [a, b] such that all the nodes z;,z3,---,z, lie in
the open interval (a,b), and all the weights wy,w,,---,w, are positive.

On the other hand, due to Theorem 2.1, for any é € (0,b — a), there exists a unique
Gaussian quadrature (7) with respect to the functions (101) on the interval [a + §,5]

such that the nodes z{*) € (a + §,b), and the weights
w® >0 ' (104)

forall: =1,2,---,n. Combining (100) with Definition 2.4 of the Gaussian quadratures,
we obtain

./4:-5 w(z)pr(z)dz = i w®. (105)

i=1

Now, for any § € (0,5 — a), we will define two vectors x5, ws € R* via the formulae

Xs = (x§6)’ IgS)v Y Isf))Ts (106)
Ws = (w§5), wgﬂs R wst))Ta (107)
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where z{¥) and w{® are the Gaussian nodes and weights with respect to functions (101)

on the interval [a + 6, B].
Clearly, for any & € (0,b— a), we have

lIxsl| < ¢ v/n (108)

with ¢ = max(|al, |3]).
Combining (105) and (104), we obtain

|lwsll < d-v/n (109)
for any 6 € (0,b — a), with d given by the formula
b
s d= / w(z)dz. (110)

We will show that for all § € (0,b — a), there exists only one limit point for the set
of vectors x5, and only one limit point for the set of vectors ws.
Suppose that there exists a sequence of positive real numbers 8,8z, - -, such that

limk_.oo 51: = 0,

kl.i_.II°1°X5k =y, (111)
kl_l_’n‘:}owlg,= = v, (112)

with y = (yl,yZa T yﬂ)T’ and v= (vla V2,°° vﬂ)T'
Due to Theorem 5.1, Definition 2.4 of the Gaussian Quadratures, and conditions

(111), (112), we have
) /bw(z)cp;(:v)d:c = lim /b w(z)pi(z)dz
a k—o0 Ja4-6;

i 3wl
i=1

]

= 3 vieilys) (113)

i=1

foralli=1,2,:--,2n. '
Due to (113) and the uniqueness of the Gaussian quadrature (7) with respect to the
functions (101) on the interval [a, b], we have

yi = Zj (114)
v,- = w_,' (115)

for all j = 1,2,---,n, where z1,%3,--*,Zs are the nodes and wy, ws,---,ws are the
weights of the Gaussian Quadrature (7) with respect to the functions (101) on [a,b]. In
other words, the set of vectors x; for all § € (0,5 — a) has a unique limit point

Xo = (xlam2a e )xn)T,
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and the set of vectors ws for all § € (0,b — a) has a unique limit point
wo = (wy, Wz, -+, wa)" -

Now, the formulae (102) and (103) follow from (108), (109), and the fact that each
of the two sets of the vectors x5 and ws possesses only one limit point in B*. H

Remark 5.1 Clearly, the condition 3 = 1 in Theorem 5.2 can be relazed. To insure
the boundedness of the Gaussian weights, we only need to impose the condition that there
ezists a real € > 0, and 2n real numbers oy, ay, - -, con such that

S i) 2 € (116)

=1

for all z € (a,b).

6 The Numerical Algorithm

We can now compute Gaussian quadratures for both smooth functions and functions
with end-point singularities using the numerical apparatus developed in Sections 4 and
5. The Gaussian quadrature rules for an extended Hermite system can be obtained by
solving a system of non-linear equations (53). Due to Theorems 4.5 and 5.2, the modified
Newton’s method defined by the formula (90) converges quadratically when it is applied
to the system of equations (53).

As is well-known, the Newton method is sensitive to the choice of the initial approx-
imation xp, and we use the continuation method (see Subsection 3.3 above) to obtain
the latter. More specifically, given an extended Hermite system

P19, "2 P2ns (117)
on the interval [a, b], we construct a family of extended Hermite systems
©1,P2" "1 Pons - (ny)
with ¢ € [0,1], and such that '
o(z) = =", (119)
¢}(z) = ¢i(2), | (120)

for all z € [a,b], and ¢ = 1,2,+--.2n. For each t € [0, 1], we construct the system of
equations (53) corresponding to the extended Hermite system (118) via the formulae
(39), (40). Clearly, for the extended Hermite system (119), the solution of the system
of equations (53) is known (see Remark 2.2), and we use the continuation method (see
Subsection 3.3) to obtain the solution of (53) for the Hermite system (117).

In the numerical examples of the following section, the one-parameter families of
Hermite systems are constructed as follows.
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1. For Hermite systems of the form
Jo, J1,° -+ 5 Jan-1, (121)
the one-parameter family of systems is
Pia) = (1 1) -2 +1-i(a) (122
for:=0,1,---,2n—1.

2. For Hermite systems of the form

l,lnz,z,zlnz,z%,z%lnz,---, 2" ,z" ' Inz, (123)

the one-parameter family of systems is given by (122).
3. For Hermite systems of the form
1,s(z),z, zs(z), 2%, 2%s(z), - - - , 2", 2™ s (), (124)
with
s(z) = z°, (125)
and a an arbitrary non-integer real number, the one-parameter family of systems
is
1,s(t,z),z,z - s(t,z), 2%, 2% - s(¢,z),- -+, 2", 2" 5(8, 2), (126)
with
s(t,z) = z*°. (127)
Remark 6.1 The necessary number m of steps in the continuation process (see Subsec-
tion 3.3) is significantly reduced if, prior to the application of the above procedure, the
original system (117) is orthonormalied (for ezample, via the Gram-Schmidt process).
To do that, we discretize the original functions ¢; at nested Chebyshev nodes (see Subsec-

tion 8.1), and perform the Gram-Schmidt procedure on the obtained finite-dimensional
representations.

The following is the formal description of the numerical algorithm (excluding the
continuation process).

Initialization
Comment [ Build the structure for integration and interpolation. ]

Step 1

do
Subdivide [a, ] into subintervals clustering near end-points (see Figure 3.1).
enddo
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Orthogonalization (optional)
Comment | Perform Gram-Schmidt orthogonalization on the given set of functions. |

Step 2

doi=1,2,---,2n
doj=1,2---,:-1
Orthogonalize the i-th function ¢; with respect to j-th function ¢;

endo
enddo

Nested Chebyshev Approximation (optional)

Comment [ Generate the nested Chebyshev expansions for the orthogonalized functions
(see Subsection 3.1). ]

Step 3

do:=1,2,---,2n
Construct the local Chebyshev expansion of the :-th function ¢; based on
Observation 3.1.

enddo

Newton’s Iteration
Comment [ Conduct Newton’s iteration to find Gaussian nodes and weights. |

Step 4
do
Construct functions o; and #; for ¢ = 1,2, -+, n via formulae (39) and (40).
enddo
Step 5
do
Adjust Gaussian nodes {z;} via formulae (90).
enddo ‘
Step 6
do
Compute error = ||xk41 — xi||-
If error > ¢, Go to Step 4.
enddo
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Remark 6.2 The procedure described above requires the construction of the functions oy,
7, 1=1,2,---,n, given the functions ;, i = 1,2,---,2n. The latter is possible for any
eztended Hermite systems, and is equivalent to inverting the matriz (8). Obviously, for
many choices of functions @1,¥s,+ -+, P2n, the matriz (8) will be ill-conditioned, including
the numerical ezamples given in the following section. Thus, in order to obtain the double
precision results presented in this paper, the authors have performed all computations in
extended precision (REAL %32).

7 Numerical Results

We have implemented the numerical algorithm described in Section 6 for the computa-
tion of Gaussian quadrature formulae, and tested it on various examples.

Example 7.1 Gaussian Quadratures with respect to the Bessel Functions
Jo,Jl,”' ,J2n—l (128)
on [0,10] are given in Table 1, and tested on selected functions in Table 12.

Example 7.2 Gaussian Quadratures with respect to the Bessel Functions (128) on

[0,10] with the weight function

w(z) = % (129)

are given in Table 2, and tested on selected functions in Table 13.

Example 7.3 Gaussian Quadratures with respect to the system of functions
,lnz,z,zlnz,z%z%lnz,---,z"" 1,z 'Inz (130)

on [0,1] are given in Table 3, and tested on selected functions in Table 1.

Example 7.4 Gaussian Quadratures with respect to the systems of functions

l+a, 2 _24a n—-1 _n-l4a (131)

o
1,z%z,z z, z7%, .. 2"z

on [0,1] are given respectively in Tables §-11 for

~2111 1. 1 1 2
T3'2'3'4 4 3 2 %
and tested on selected functions in Tables 15-22 respectively.

a

Remark 7.1 Systems of the form (128) are often encountered in physics. It turns out
that the system of functions (128) on the interval [0, B] is an eztended Hermite system
only for certain combinations of B and n. A somewhat subtle analysis shows that the
system (128) is an extended Hermite system on the interval [0, B] as long as 2 <n < B.
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8 Conclusions

A numerical algorithm has been presented for the construction of the generalized Gaus-
sian quadrature rules, introduced in [6]. The quadrature rules of this paper possess most
of the desirable properties of the classical Gaussian integration formulae, such as posi-
tivity of the weights, rapid convergence, mathematical elegance, etc. The algorithm is
applicable to a wide class of functions, including smooth functions (not necessarily poly-
nomials), as well as functions with end-point singularities, such as those encountered in
the solution of integral equations, complex analysis, potential theory, and several other
areas.
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Table 1: Gaussian Quadrature for Bessel Functions of the First Kind

10 N :
/0 Jea(z)dz =Y widia(zi) for k=1,2,---,2N

=1

(7]

Nodes z;

Weights w; |

5

0.469238675868960E+-00
0.223157952970870E+-01
0.473407702933183E+-01
0.735478272434508E+-01
0.940238197915203E+-01

0.117179089779279E+-01
0.224136849121358E+-01
0.266214797121592E+-01
0.247001516625585E+-01
0.145415103193520E+-01 |

10

0.130535696170244E+00
0.672886387019932E+-00
0.159143208236292E+01
0.280041847052746E+01
0.419499640127942E+01
0.566066246651666E+01
0.707810341253441E+-01
0.832621870954264E+-01
0.928767980905348E+01
0.986125239933237E+-01

0.333260223918652E+-00

0.742501752317741E+00
0.108005279782693E+-01
0.132028812483455E+-01
0.144971022336955E4-01
0.146169692583314E+-01
0.135292016838366E+-01
0.112355472887245E4-01
0.782143625547308E+-00
0.353871429096005E+00
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Table 2: Gaussian Quadrature for Bessel Functions with Weight Function

10 ] N
/0 7—;Jk-1($)d$ =Y wiJea(z:) for k=1,2,---,2N

=1

LV

Nodes z;

|

Weights w;

5

0.221525014168133E+00
0.181515943791217E+-01
0.434757211490782E+-01
0.710741692330460E+01
0.933190129335545E+01

0.185798994260858E+-01
0.162483079218151E+01
0.132302463248861E+-01
0.990971542854905E+-00
0.527439013034203E4-00

0.586135127137856E-01

0.517839232816169E+00
0.138739079186343E+-01
0.258047692418516E-+01
0.398718764645530E+01
0.548586592652336E+01
0.694907018937755E+01
0.824679794056492E+01
0.925206018774378E+01
0.985409749058602E+01

0.966145917958189E+-00
0.939662007448660E+-00
0.889891823703254E4-00
0.821395494863014E-+-00
0.737970249083253E+-00
0.641493179529387E+-00
0.531905946105306E-+-00
0.408087704961759E+-00
0.269503595251694E-+-00
0.118499400771494E+-00
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Table 3: Gaussian Quadrature for Products of Polynomials and Logarithmic function

1 N
[) ‘Pk(-’l?)d-‘l? = Zw;cpk(m;) for k=1,2,---,2N

=1

where {p;} = {1,lnz,z,zlnz,---,zN"1, 2" Inz}

L]

Nodes z;

Weights w;

5

0.565222820508010E-02
0.734303717426523E-01
0.284957404462558 E+-00
0.619482264084778E4-00
0.915758083004698E-+00

0.210469457918546E-01

0.130705540744447E+-00
0.289702301671314E+-00
0.350220370120399E+-00
0.208324841671986E+00

10

0.482961710689630E-03
0.698862921431577E-02
0.326113965946776E-01
0.928257573891660E-01
0.198327256895404E+00
0.348880142979353E-+00
0.530440555787956E-+00
0.716764648511655E+00
0.875234557506234E4-00
0.975245698684393E+00

0.183340007378985E-02
0.134531223459918E-01
0.404971943169583E-01
0.818223696589036E-01
0.129192342770138E+-00
0.169545319547259E4-00
0.189100216532996E+-00
0.177965753961471E4-00
0.133724770615462E-+00

1 0.628655101770325E-01

15

"0.105784548458629E-03
0.156624383616782E-02
0.759521890320709E-02
0.228310673939862E-01
0.523886301568200E-01
0.100758685201213E+-00
0.170740768849943E-+00
0.262591206118993E+00
0.373536505184558E+00
0.497746358414533E4-00
0.626789031392373E+-00
0.750516103461408E+00
0.858255335207861E+00
0.940141291212346E+00
0.988401595986342E-+00

0.403217724648460E-03

0.306297843478700E-02
0.978421211876615E-02
0.215587522255813E-01
0.383230673708892E-01
0.588981990263004E-01
0.811170299392595E-01
0.102122101972069E+-00
0.118789059030401 E+-00
0.128210316446694E+-00
0.128163327417093E+00
0.117489465888492E+-00
0.963230185695904E-01
0.661345398318934E-01
0.296207140035355E-01
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Table 3: Gaussian Quadrature for Products of Polynomials and Logarithmic function

=1

1 N
/ ee(z)dz = Y wipr(zi) for k=1,2,---,2N
4]

where {¢;} = {l,Inz,z,zlnz,---,zV"1, 2"V nz}

L]

Nodes z;

] Weights w;

20

0.352330453033401 E-04
0.526093982517410E-03
0.258751954058141E-02
0.793447194838041E-02
0.186828881374457E-01
0.370976733697505E-01
0.653124886740214E-01
0.105048504711551E+4-00
0.157359691819002E4-00
0.222430062767455E+00
0.299443765654100E+-00
0.386542446943882E+-00
0.480876453826790E+-00
0.578747932205507E+-00
0.675835475840038E+00
0.767482460872564E+-00
0.849025253970320E+-00
0.916133703241664E+-00
0.965135427900256E+-00
0.993303536456954E+-00

0.134499676467758E-03
0.103477692295062E-02
0.337726367723322E-02
0.767355619359468E-02
0.142054962855420E-01
0.229844384632086E-01
0.337363605577136E-01
0.459147630734522E-01
0.587404799428040E-01
0.712650131611020E-01
0.824518089775832E-01
0.912682015163873E-01
0.967797159091613E-01
0.982381433400897E-01
0.951553030540297E-01
0.873556504104574E-01
0.750027772122717E-01
0.585972958082337E-01
0.389472505496114E-01
0.171372052681059E-01
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Table 3: Gaussian Quadrature for Products of Polynomials and Logarithmic function

1 N
/(; or(z)dz = wipr(z:)

=1

for k=1,2,---,2N

where {p;} = {1,lnz,z,zlnz,---,z"¥" 1,z Inz}

[ N | Nodes z;

Weights w;

25 | 0.148805205646328E-04
0.223091159576411E-03
0.110464364905333E-02
0.341946946887918E-02
0.815052929502022E-02
0.164289374947747E-01
0.294459835598307E-01
0.483575697078870E-01
0.741870939196732E-01
0.107732955883456E4-00
0.149486638258006E4-00
0.199566730959199E--00
0.257673355831231E+00
0.323066266406625E+-00
0.394568512069093E+-00
0.470596049553319E+-00
0.549212146433099E+-00
0.628203942243359E+-00
0.705177201069257E+00
0.777664184415768E+-00
0.843238762138540E4-00
0.899632416106158E4-00
0.944844733405702E+00
0.977242575226688E+-00
| ] 0.995647215456440E+00

0.568460660250201 E-04
0.439997585768285E-03
0.145071890475698E-02
0.334401873816821E-02
0.630809954735095E-02
0.104488723103430E-01
0.157795036631243E-01
0.222157908473636E-01
0.295777024140889E-01
0.375970456071727E-01
0.459308515949728E-01
0.541797236656935E-01
0.619100915223039E-01
0.686790748928476E-01
0.740604961651057E-01
0.776705045127697E-01
0.791912877674640E-01
0.783914525088262E-01
0.751418416138657E-01
0.694258212157761E-01
0.613433919048328E-01
0.511088512980136E-01
0.390421895640177E-01
0.255554713626385E-01
0.111503547267104E-01
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Table 3: Gaussian Quadrature for Products of Polynomials and Logarithmic function

1 N
/0 SOk(JI)dZE = Zw;cpk(m;) for k= 1,2,--- ’2N

=1

where {¢;} = {l,Inz,z,zlnz,---,zV"1, 2N Inz}

[ N] Nodes z; ] Weights w; |

30

0.732379743551900E-05
0.110044700353982E-03
0.546918325703179E-03
0.170185751774368E-02
0.408386360682336E-02
0.830004117175941E-02
0.150229781480879E-01
0.249539236043865E-01
0.387833861559789E-01
0.571508984622219E-01
0.806057414498694E-01
0.109570394208134E+-00
0.144308372971936E+-00
0.184897949395368E--00
0.231213001514211E4-00
0.282911960162101E--00
0.339435481155556E4-00
0.400013113074849E+00
0.463678856906249E+00
0.529295142710295E4-00
0.595584395297873E+-00
0.661167040372616E+00
0.724604528155535E+-00
0.784445734718383E+-00
0.839274951465986E-+-00
0.887759597608297E+-00
0.928695795957382E4-00
0.961050059184175E-+00
0.983995703519948E4-00
0.996945958679506E+-00

0.279892154036191E-04
0.217365526303388E-03
0.720703585941237E-03
0.167446096386701 E-02
0.319128240452640E-02
0.535378831096153E-02
0.820962136493378E-02
0.117680292095091E-01
0.159981435010663E-01
0.208290410897408E-01
0.261515976575626 E-01
0.318220682660372E-01
0.376672559968915E-01
0.434910622609641E-01
0.490821532269183E-01
0.542224286606307E-01
0.586959442912318E-01
0.622979181160659E-01
0.648434457091797E-01
0.661755598539193E-01
0.661722952804487E-01
0.647524589265887TE-01
0.618798583538578E-01
0.575658036673855E-01
0.518697691962532E-01
0.448981784990110E-01
0.368013625032992E-01
0.277688703796847E-01
0.180238737856617E-01
0.782767019615502E-02
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Table 4: Gaussian Quadrature for Products of Polynomials and Fractional Powers

J

where {p:} = {1, s(z),z,z5(z),-- -,z 1,2V 1s(z)} with s(z) ==

=1

1 N
er(z)dz =Y wipr(z:)

for k=1,2,---,2N

2
3

LV

Nodes z;

| Weights w;

5

0.111388121461113E-01
0.989954782999841E-01
0.325462965706881E+00
0.650376177175503E+00
0.923830141383311E+-00

0.350341916241438E-01

0.152986023564027E-+00
0.293439234461264E+00
0.329423482895757E+-00
0.189117067454808E+-00

10

0.106075936690850E-02
0.105957835374351E-01

0.419569285287569E-01

0.109001951813403E+00
0.219861071532861E+00
0.372071233678686E-+00
0.550779272731362E+00
0.730779332479715E+00
0.881954366270197E+00
0.976639980362546E+00

0.342465634725548E-02
0.179697406786380E-01
0.471712377689652E-01
0.883592422887387E-01
0.132980363859702E+-00
0.168929398195588E+-00
0.184191248381816E4-00
0.170661619172872E+-00
0.126951038006216E+-00
0.593614553002092E-01

15

0.241818436310427E-03
0.247904422657297E-02
0.102231505109504E-01
0.280798632789153E-01
0.608339281242860E-01
0.112443594490995E+-00
0.185105777705090E+-00
0.278545764961840E+-00
0.389652905586201E+-00
0.512532528698514E+-00
0.638982003700951E-+00
0.759334800695944E+00
0.863560355211660E-+00
0.942468575671709E+00
0.988861955722520E+00

0.785216839155443E-03
0.428667428787457E-02
0.119847435540932E-01
0.245432960884266E-01
0.416404983681140E-01
0.619571219761760E-01
0.833277026033653E-01
0.103032984392016E+-00
0.118190780445325E+00
0.126187019062355E+00
0.125082141394901E-+00
0.113931212165169E+00
0.929687707138682E-01
0.636311469832558E-01
0.284506911259040E-01
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Table 4: Gaussian Quadrature for Products of Polynomials and Fractional Powers

=1

1 N
/ er(z)dz = Zw;gok(x,-) for k=1,2,---,2N
0

where {p;} = {1, s(z), z, zs(z), - - -, 21, 2N 1s(z)} with s(z) = 5

L]

Nodes z;

| Weights w; |

20

0.822258720897910E-04
0.851231173182477E-03
0.356411730804281E-02
0.999446520349904E-02
0.222308791404550E-01
0.424339835363049E-01
0.725741080670503E-01
0.114174415866984E+-00
0.168083972212092E+00
0.234302815001518E+-00
0.3118766632956 TTE+-00
0.398872872080255E+-00
0.492442140014574E4-00
0.588962927640006E+-00
0.684258212417279E4-00
0.773867742847468E+-00
0.853353935948184E+-00
0.918616478895035E+-00
0.966190178403627E4-00
0.993508545383756 E+00

0.267576170194858E-03
0.148254407742955E-02
0.424221866790033E-02
0.897068317712191 E-02
0.158666804741713E-01
0.248722570057384E-01
0.356656880963368E-01
0.476793965125403E-01
0.601415054233364E-01
0.721375449972604E-01
0.826870082942195E-01
0.908280936995649E-01
0.957031990037015E-01
0.96637615446878TE-01
0.932044202436777E-01
0.852697379326592E-01
0.730142442020013E-01
0.569289535722086E-01
0.377866171625958E-01
0.166140158404627E-01

32




Table 5: Gaussian Quadrature for Products of Polynomials and Fractional Powers

1 N
/ (Pk(z)dx = Z’w;g{)k(z;) for k=1,2,--- ,2N
4]

=1

where {¢:} = {1,s(z), z,zs(z),---,zV 1, zN"1s(z)} with s(z) = z2

| N | Nodes z; | Weights w; |

5

0.970916313338209E-02
0.927420088040289E-01
0.315872313916462E4-00
0.643182477910772E400
0.921965110615521 E4-00

0.314958290433846E-01

0.147817740145233E4-00
0.292773974169340E4-00
0.334349276188739E+-00
0.193563180453303E+-00

10

0.901742772555592E-03

0.966072992118868E-02

0.396093898716370E-01

0.105011991918026E+-00
0.214610971190650E+00
0.366460914978464E4-00
0.545885024355929E+-00
0.727418879329945E+-00
0.880346704943949E+00
0.976306802645093E4-00

0.299828120481279E-02
0.168386395659664E-01
0.455491829065261E-01
0.868038128143013E-01
0.132106151126701E+-00
0.169114219381655E+00
0.185393787355447E+-00
0.172422600578352E4-00
0.128574309018165E+00
0.601990160480740E-01

15

0.203617338486320E-03
0.223725122307619E-02
0.954788886412147E-02
0.267548306484035E-01
0.587263787087472E-01
0.109550941121055E+-00
0.181570447192808E+00
0.274636464058843E+-00
0.385717152459535E+-00
0.508930876164803E4-00
0.636017805747573E+-00
0.757194044089115E+00
0.862273903642310E+00
0.941904608637681E+00
0.988750439427061E+00

0.680684768275793E-03
0.397246938629008E-02
0.114344447894424E-01
0.238083807101952E-01
0.408326185452397E-01
0.612195391729371E-01
0.828014703688452E-01
0.102824724623773E+-00
0.118348384119426E+-00
0.126687910323023E+00
0.125836213297194E+00
0.114797651013883E+-00
0.937832798881199E-01
0.642380897499318E-01
0.287341392434250E-01
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Table 5: Gaussian Quadrature for Products of Polynomials and Fractional Powers

where {¢;} = {1, s(z), z,zs(z),- -,z 1, zV"1s(z)} with s(z) = z2

=1

1 N
/ er(z)dz =Y wipr(z:) for k=1,2,---,2N

0

LV

Nodes z;

Weights w;

]

20

0.688907338392845E-04
0.764138398652809E-03
0.331021381556300E-02
0.946809336603785E-02
0.213344721137020E-01
0.410964086262251E-01
0.707645876791935E-01
0.111910522350377E+-00
0.165432926252467TE+-00
0.231376114514019E+-00
0.308818842285795E+-00
0.395845853335002E+00
0.489607131209166E+-00
0.586462066987943E+00
0.682198172145692E+4-00
0.772307249294583E+-00
0.852296694398426 E+-00
0.918010354508321E+-00
0.965932757966444E+00
0.993458519536807E+-00

0.230763814351417E-03
0.136612455217214E-02
0.402291522792898E-02
0.864643822538178E-02
0.154553358601049E-01
0.244080922533623E-01
0.351941337584140E-01
0.4725059234 70994 E-01
0.598034836852591 E-01
0.719298383077259E-01
0.826354136333313E-01
0.909411778827062E-01
0.959709232198866E-01
0.970322101197066E-01
0.936833837251139E-01
0.857805916759546E-01
0.735004796732940E-01
0.573364747582598E-01
0.380699389274024E-01
0.167416883525447E-01
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Table 6: Gaussian Quadrature for Products of Polynomials and Fractional Powers

where {¢;} = {1,s(z), z,zs(z), -,z 1, zN"1s(z)} with s(z) = =z

1=1

1 N
/0 or(z)dz = Swipn(z:) for k=1,2,---,2N

[

Ed

Nodes z;

l Weights w;

|

5

0.831174531456776E-02
0.863966362795308E-01
0.305943516943443E+-00
0.635656558720652E+00
0.920004207024857E+-00

0.279778782123048E-01

0.142398935990482E+00
0.291943668689807E+-00
0.339447240627363E4-00
0.198232276480043E+-00

10

0.751897878625465E-03

0.874666094268371E-02

0.372684363855664E-01

0.100986759928202E+-00
0.209274931334610E+-00
0.360730157291068E+-00
0.540868549812902E4-00
0.723966527445448E+-00
0.878692655294032E+-00
0.975963746745065E+-00

0.259000938099737E-02
0.157085175605557E-01
0.438972012175236E-01
0.851979518885884 E-01
0.131185462315937E4-00
0.169279428891491 E+00
0.186612247123971E+-00
0.174225330076043E+00
0.130242598410538E+-00
0.610612531343552E-01

15

0.168121349224655E-03
0.200427399422478E-02
0.888445820257933E-02
0.254380748331252E-01
0.566163366479501E-01
0.106639742234206E+00
0.177998880856086E+00
0.270675783247184E+00
0.381720959785030E+00
0.505267785653412E+00
0.632999186646096 E+00
0.755011893747991E+00
0.860961671393287E+00
0.941329076190074E+00
0.988636608057791E+00

0.582014429388243E-03
0.366362217710688E-02
0.108842247988913E-01
0.230661756216959E-01
0.400108265603416E-01
0.604643908138577E-01
0.822581407444590E-01
0.102603879506980E+-00
0.118500791181315E+4-00
0.127191992481750E+-00
0.126600784497532E+00
0.115679059680403E+00
0.946133646757434E-01
0.648572778769515E-01
0.290234549535849E-01

35




Table 6: Gaussian Quadrature for Products of Polynomials and Fractional Powers

=1

1 N
/ er(z)dz = Zwi(Pk(l'i) for k=1,2,---,2N
0

where {¢;} = {1, s(z), z,zs(z),-- -, 2V, 2" 1s(z)} with s(z) = z3

L]

Nodes z;

Weights w; - |

20

0.565910606963981E-04
0.680854395380959E-03
0.306270110956997E-02
0.894917200513315E-02
0.204442383726108E-01
0.397611592475325E-01
0.689512869857525E-01
0.109635234283660E-+-00
0.162762389006638E+00
0.228422459407150E4-00
0.305728258549570E+00
0.392782689780531E+-00
0.486735430814252E+-00
0.583926798874029E+00
0.680108431067843E+00
0.770723438587922E+00
0.851223225892569E4-00
0.917394745239490E+-00
0.965671257181204E+00
0.993407695194012E+00

0.196275471368437E-03
0.125263851254803E-02
0.380561564887333E-02
0.832217213031223E-02
0.150414196754775E-01
0.239388575134562E-01
0.347155654274889E-01
0.468137478429227E-01
0.594574979240510E-01
0.717153419416687E-01
0.825791227715473E-01
0.910522631915573E-01
0.962395518442346E-01
0.974303994336976E-01
0.941680397096348E-01
0.862983560861100E-01
0.739938065555806 E-01
0.577502214287376E-01
0.383577114718547E-01
0.168713954188783E-01
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Table 7: Gaussian Quadrature for Products of Polynomials and Fractional Powers

} N
/0 er(z)dz =Y wipr(z:)

=1

for k=1,2,---,2N

where {¢;} = {1,s(z), z, zs(z), - -, 2V, 2NV 1s(z)} with s(z) = z+

LY

Nodes z;

] Weights w;

J

5

0.762794972812507E-02
0.831895488095584E-01
0.300844037453126E+-00
0.631759839813656E--00
0.918985115815450E+00

0.262298035906717E-01

0.139587984773339E+-00
0.291460348074849E4-00
0.342065172592006E+-00
0.200656690969134E--00

10

0.680661832514276E-03
0.829805126031941E-02
0.361008488950617E-01
0.989606158324035E-01
0.206573413000166E+4-00
0.357817634747240E+-00
0.538312396928998E+-00
0.722204307474990E4-00
0.877847435011894E+-00

| 0.975788344331792E4-00

0.239309679083200E-02
0.151439816123742E-01
0.430595363165574E-01
0.843751810440922E-01
0.130706769333825E+4-00
0.169354243901417E+4-00
0.187227677434183E4-00
0.175143061430482E+-00
0.131094401625182E+-00
0.615020505110549E-01

15

0.151429644289982E-03
0.189120816621145E-02
0.855735146816403E-02
0.247829453316383E-01
0.555603949382247E-01
0.105176990238943E4-00
0.176199068882164E+-00
0.268675523469233E+-00
0.379699417736514E4-00
0.503412401869408E+-00
0.631468760396525E4-00
0.753904757831583E4-00
0.860295553378594E+-00
0.941036823465374E+00
0.988578794355859E+4-00

0.534953080073061E-03
0.351128622129104E-02
0.106091654389163E-01
0.226922601463664E-01
0.395945355599134E-01
0.600799922753622E-01
0.819798274477196E-01
0.102488560198090E+00
0.118574970046103E+00
0.127445268951420E+00
0.126987144614300E+00
0.116125573735615E+00
0.950344508261170E-01
0.651716225755041E-01
0.291703888832093E-01
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Table 7: Gaussian Quadrature for Products of Polynomials and Fractional Powers

1 N
/ ‘Pk(z)dx = Zw;(pk(z,') for k=1,2,--- ,2N
0

i=1

where {¢;} = {1,5(z), z,zs(z),- -,z 1, zN"1s(z)} with s(z) = z+

[ N | Nodes z; | Weights w; B

20

0.508401144727475E-04
0.640671409304506E-03
0.294139627824379E-02
0.86925722936 7654 E-02
0.200014921598775E-01
0.390944230688757E-01
0.680431707412333E-01
0.108493186848796E+-00
0.161419592745879E+-00
0.226935224532033E+-00
0.304170319054039E+00
0.391237157031920E+-00
0.485285420936866E+-00
0.582645888835788E+-00
0.679052102488331E+00
0.769922539292854E+-00
0.850680233407198E+-00
0.917083282994612E+-00
0.965538933432666E-+-00
0.993381975142296E+00

0.179921229090492E-03
0.119702077067209E-02
0.369773784996860E-02
0.816003283674897E-02
0.148334720914000E-01
0.237022859923791E-01
0.344735758559312E-01
0.465922232807169E-01
0.592814319750155E-01
0.716054742949001 E-01
0.825491665123296E-01
0.911070366015320E-01
0.963742175415786E-01
0.976308832970205E-01
0.944125656226918E-01
0.865599052197165E-01
0.742432057258809E-01
0.579594958287601E-01
0.385033140388101E-01
0.169370334348568E-01
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Table 8: Gaussian Quadrature for Products of Polynomials and Fractional Powers

1 N
/' pr(z)dz = Zwiﬁpk(z;) for k=1,2,---,2N
0

=1

where {p;} = {1, 5(z), 2, zs(z), - .,z 2N=15(z)} with s(z) = z=i

Nodes z;

Weights w;

LY
5

0.382423605041850E-02
0.634597428923166E-01
0.268079430001204E4-00
0.606207314918122E400
0.912243119495094E+-00

0.159917283936684E-01

0.121052296479220E+-00
0.287406177837817E+-00
0.358886538601875E+-00
0.216663258687420E4-00

10

0.311664421263886E-03
0.573840166641843E-02
0.291436456086289E-01
0.865989640195454E-01
0.189850316327027E+00
0.339616983180453E+-00
0.522237733374721E+-00
0.711076275414628E+-00
0.872496278362019E+-00
0.974676373102776E+-00

0.132408316145357E-02
0.117668861542949E-01
0.378545434895510E-01
0.791317874471543E-01
0.127550269062920E--00
0.169682299097476E-+-00
0.191015829563274E+-00
0.180901690009248E-+00
0.136476978227289E+00
0.642956337873400E-01

15

0.671537172803988E-04
0.126348368805257E-02
0.666285677053233E-02
0.208996392447129E-01
0.492092869824728E-01
0.962910504069878E-01
0.165187187294757E+00
0.256372388322078E-+00
0.367215812312105E+00
0.491920272820932E+00
0.621967797979428E+00
0.747019986367819E+00
0.856148272384472E+00
0.939215799595110E+00
0.988218403767777E+00

0.286236608068052E-03
0.262818581079834E-02
0.895931713383214E-02
0.204062530697822E-01
0.370154044724167E-01
0.576707391266183E-01
0.802098718885372E-01
0.10172314201526 7E+00
0.118989956384134E+00
0.128983991417795E+00
0.129367050472822E+00
0.118892374347340E+00
0.976520449023468E-01
0.671291997815284E-01
0.300862325687140E-01
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Table 8: Gaussian Quadrature for Products of Polynomials and Fractional Powers

J

where {¢;} = {1, s(z), z, zs(z), - ., zN"1, zN"1s(z)} with s(z) = z=%

i=1

1 N
oe(z)dz =Y wip(z:) for k=1,2,---,2N

L

Nodes z;

|

Weights w; J

20

0.221820235538413E-04
0.420668156388107E-03
0.224897834059227E-02
0.719410590426075E-02
0.173785665899570E-01
0.351053065795165E-01
0.625706338467844E-01
0.101573342538239E+00
0.153248856878474E+00
0.217855193592975E-+00
0.294632990834409E+00
0.381755192469280E+00
0.476373817974157E+00
0.574762338493956E+00
0.672543338723645E+-00
0.764983189265488E+00
0.847329128952469E+-00
0.915160094733383E-+-00
0.964721591676480E-+00
0.993223076818039E+-00

0.946625535057872E-04
0.879580435485498E-03
0.306154371288216E-02
0.718677600572896 E-02
0.135708222783955E-01
0.222536266859334E-01
0.329813226328586E-01
0.452169532360338E-01
0.581794488048750E-01
0.709075209058289E-01
0.823427811731510E-01
0.914245608123939E-01
0.971877635212259E-01
0.988547376185605E-01
0.959126372029696 E-01
0.881690173465919E-01
0.757803722977461E-01
0.592508853437043E-01
0.394024605588481E-01
0.173425268732812E-01
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Table 9: Gaussian Quadrature for Products of Polynomials and Fractional Powers

=1

1 N
/0 or(z)dz = Zw;cpk(m;) for k=1,2,---,2N

where {¢;} = {1,s(z),z,zs(z),---, 2V 1,2V 1s(z)} with s(z) = z7%

LN

Nodes z;

l Weights w;

|

5

0.325694885051994E-02
0.600861836255002E-01
0.262200689766926 E-+-00
0.601527262010120E+-00
0.910998040648555E-+00

0.143436825038591E-01

0.117635462047981E4-00
0.286500581347155E4-00
0.361906424437754E+-00
0.219613849663250E-+-00

10

0.261010670878138E-03
0.533570406879994E-02
0.279923598777842E-01
0.845001067179312E-01
0.186967540598809E+-00
0.336449186747933E+-00
0.519422386872603E4-00
0.709119391752190E+-00
0.871552940481438E+00
0.974480099088773E+00

0.116634009622830E-02
0.112056554482295E-01
0.369538395786576E-01
0.782012224225048E-01
0.126971878207205E+00
0.169715037099809E-+00
0.191665171997203E+-00
0.181908136234217E+00
0.137424134774237E+00
0.647885841417101E-01

15

0.559212686135403E-04
0.116764741757783E-02
0.635876913141328E-02
0.202601345786029E-01
0.481469972090806E-01
0.947893055727041E-01
0.163312504831184E+-00
0.254266678317515E+-00
0.365070714120304E+00
0.489939651507906E+00
0.620326692664507E+00
0.745828824368843E+00
0.855429899278146E+00
0.938900129707038E+00
0.988155905432853E+-00

0.250636999997100E-03
0.248629682453753E-02
0.868418049215750E-02
0.200174031540757E-01
0.365707842279019E-01
0.572506624316614E-01
0.798969454587593E-01
0.101582504459800E4-00
0.119053915578673E+-00
0.129244090759107E+-00
0.129774994114533E+00
0.119369417740098E+00
0.981047682668204E-01
0.674683579975495E-01
0.302450414943277E-01
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Table 9: Gaussian Quadrature for Products of Polynomials and Fractional Powers

1 N
/ wr(z)dz = Zwi‘Pk(x{) for k=1,2,---,2N
0

where {¢;} = {1,5(z),z,zs(z),---, 2V, 2V 1s(z)} with s(z) = z7%

=1

L]

Nodes z;

Weights w;

20

0.184194907598179E-04
0.387587458269692E-03
0.213955259577947E-02
0.695120073310895E-02
0.169467664404234E-01
0.3444174520001 76 E-01
0.616535209242469E-01
0.100407215362434E+-00
0.151866019233245E+-00
0.216313281828314E+00
0.293009074582624E+-00
0.380137222473773E+00
0.474850532149502E4-00
0.573412898781505E+-00
0.671427980742799E+-00
0.764136026657879E+00
0.846753983774620E+-00
0.914829857705509E+-00
0.964581196697193E+-00
0.993195777887590E+00

0.826457102725699E-04
0.829421040741860E-03
0.295732155968210E-02
0.702434283841401E-02
0.133575962599994E-01
0.220068985356573E-01
0.327254003368527E-01
0.449795404557805E-01
0.579877214786053E-01
0.707843838119479E-01
0.823037488978054E-01
0.914756213036679E-01
0.973244581548574E-01
0.990625442531322E-01
0.961685890414821E-01
0.884443478050775E-01
0.760438602249420E-01
0.594724986507429E-01
0.395568714306716E-01
0.174121882096675E-01
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Table 10: Gaussian Quadrature for Products of Polynomials and Fractional Powers

where {¢;} = {1,5(z),z,zs(z), -+, 2V}, 2N 1s(z)} with s(z) =z~

J

=1

1 N
or(z)dz =Y wipe(z:) for k=1,2,---,2N

LY

Nodes z;

I

Weights w;

)

5

0.220055532702321E-02
0.532526444285811E-01
0.250000000000000E+00
0.591721954534264E+-00
0.908380401265687E+00

0.111142584286221E-01

0.110450910249386 E+-00
0.284444444444444E+00
0.368177760249980E4-00
0.22581262662756 TE4-00

10

0.170217313506295E-03
0.455197375232787E-02
0.256945562245545E-01
0.802601948484878E-01
0.181103722710989E+-00
0.329978061692620E--00
0.513655588977735E4-00
0.705104124523579E+-00
0.869615340441312E+00
0.974076745830678E+4-00

0.869843410720295E-03
0.100832309490842E-01
0.351184957693976E-01
0.762838816843756E-01
0.125764125553643E4-00
0.169760099161110E4-00
0.192982837625621 E+00
0.183967866746584E4-00
0.139368118201496E+00

0.658015008979678E-01

15

0.360449058720925E-04
0.983656825228959E-03
0.576031032998391E-02
0.189863966971689E-01
0.460162191690594E-01
0.917631475619828E-01
0.159522718866145E4-00
0.250000000000000E-+00
0.360716812863579E-++00
0.485914494639546E+00
0.616988391777598E+00
0.743404128057339E+00
0.853966893740411E+00
0.938257049225935E+00
0.988028562926358E-+00

0.184634499540016E-03

0.220691172454993E-02
0.813303209689366E-02
0.192316020292443E-01
0.356670580668843E-01
0.563926955430610E-01

0.792541212080791E-01 .

0.101289120962781E+-00

0.119177364119033E--00

0.129768304472501E+00
0.130602147750110E4-00
0.120339075896910E+-00
0.990261883702783E-01
0.681591357635582E-01
0.305686074965773E-01

43
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Table 10: Gaussian Quadrature for Products of Polynomials and Fractional Powers

i=1

1 N
/ er(z)dz =Y wipk(z:) for k=1,2,---,2N
0

where {¢;} = {1,s(z),z, zs(z), - -, 2V, 2N~ 1s(z)} with s(z) = z~2

L]

Nodes z;

|

Weights w; |

20

0.118040372897702E-04
0.324505506016988E-03
0.192569889609293E-02
0.647083718891321E-02
0.160868754200355E-01
0.331142308281794E-01
0.598127724451431E-01
0.980610158280346E-01
0.149078672924258E+-00
0.213200816542450E+-00
0.289727337675948E4-00
0.376864524065904E+-00
0.471767104543454E+-00
0.570679774395970E+-00
0.669167911554694E+00
0.762418781880186E+-00
0.845587809011132E4-00
0.914160127147419E4-00
0.964296432783931E+-00
0.993140403222385E+-00

0.605164515048587E-04
0.731395632734516 E-03
0.275022407735182E-02
0.669890718081941E-02
0.129282095841639E-01
0.215082324328235E-01
0.322066292668297E-01
0.444969640416654E-01
0.575967453908003E-01
0.705318509111265E-01
0.822215362195993E-01
0.915762410818034E-01
0.975991452767166E-01
0.994820091823469E-01
0.966862995286949E-01
0.890019102330765E-01
0.765778343958853E-01
0.599218242567572E-01
0.398700341676524E-01
0.175534906876473E-01
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Table 11: Gaussian Quadrature for Products of Polynomials and Fractional Powers

where {¢;} = {1,s(z),z,z5(z), -,z 1,2V 1s(z)} with s(z) = 2%

J

=1

1 N
or(z)dz = Zw;gak(a:,-) for k=1,2,---,2N

LN

Nodes z;

l

Weights w;

|

5

0.127054140407448E-02
0.462681413226638E-01
0.237083298080667E+00
0.581208702007414E+00
0.905561736397846E+00

0.798095300782248E-02

0.102702832369157E+00
0.282009089112635E+-00
0.374825379887486E+00
0.232481745622901E4-00

10

0.945849186124229E-04
0.379603281250484E-02
0.233952614888275E-01
0.759462672091217E-01
0.175082164491838E+00
0.323295565014521E+-00
0.507679537823808E4-00
0.700934090961697E+00
0.867600470065010E-+00
0.973657038209960E4-00

0.599207947722056E-03
0.895661938070323E-02
0.332290268550819E-01
0.742813877203913E-01
0.124481407759041E-+-00
0.169777375189087E-+00
0.194331900792034E4-00
0.186099994751647E+-00
0.141387747529539E+-00
0.668553320747537E-01

15

0.197855962731515E-04
0.809581023980278E-03
0.517321860359321E-02
0.177160194789544E-01
0.438708712542835E-01
0.886977166657579E-01
0.155667671624679E+00
0.245646859906903E+-00
0.356264972533447E+-00
0.481792161982642E+00
0.613565444840732E+-00
0.740915815910203E+-00
0.852464602157936E+-00
0.937596443363357E+00
0.987897722986291E+00

0.125556576654582E-03
0.193257660045135E-02
0.757902277249522E-02
0.184325783933937E-01
0.347412411366044E-01
0.555083582856597E-01
0.785867325255755E-01
0.100978745423403E4-00
0.119295279382622E+00
0.130299495385019E+-00
0.131446824433812E+-00
0.121332382739473E+00
0.999716176822775E-01
0.688685445138014E-01
0.309010441487584E-01
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Table 11: Gaussian Quadrature for Products of Polynomials and Fractional Powers

)

where {¢;} = {1, s(z), z, zs(z), - -,z 1,2V 1s(z)} with s(z) = =

=1

1 N
er(z)dz =Y wipr(z;) for k=1,2,---,2N

Ed

Nodes z;

I

Weights w; B

20

0.644080669471020E-05
0.265385497209493E-03
0.171795135681289E-02
0.599650565966228E-02
0.152297986688364E-01
0.317830016969808E-01
0.579590115876318E-01
0.956908382982334E-01
0.146256150019543E+-00
0.210043256963358E+00
0.286393214270049E+00
0.373535741616497E+-00
0.468627945387644E4-00
0.567895206083029E4-00
0.666863963449413E4-00
0.760667402163021 E+-00
0.844398042013510E+-00
0.913476675531666E--00
0.964005785910473E+-00
0.993083879404685E+-00

0.408973476604909E-04
0.636150271129477E-03
0.254437715881698E-02
0.637191713688041E-02
0.124939147170132E-01
0.210015095348042E-01
0.316775070055125E-01
0.440030511092655E-01
0.571949651553830E-01
0.702705143585106E-01
0.821337066503373E-01
0.916751595069523E-01
0.978762191044640E-01
0.999075512797006E-01
0.972128770925840E-01
0.895698602397595E-01
0.771222579836698E-01
0.603802128097188E-01
0.401896290968344E-01
0.176977224410030E-01
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Table 12: Integration by the Gaussian Quadrature of Bessel Functions
in TABLE 1

10 N
/o f(z)dz = Z‘wif(:r,-)

i=1

f(z) = sin(z)
o f(z)dz = 0.183907152907645E-+01
N Computed Integral Absolute Error | Relative Error

5 | 0.183911205770184E401 | 0.40529E-04 0.22038E-04
10 | 0.183907152907645E+-01 | 0.15543E-14 0.84516E-15

£(z) = — cos(z)

o f(z)dz = 0.544021110889370E+00 ,
N Computed Integral Absolute Error | Relative Error
5 | 0.544074430126847E+00 | 0.53319E-04 0.98010E-04
10 | 0.544021110889362E+00 | 0.77716E-14 0.14285E-13

flz)=-=z
5" f(z)dz = 0.500000000000000E+02
N Computed Integral Absolute Error | Relative Error
5 [ 0.499933635432992E+02 | 0.66365E-02 0.13273E-03
10 | 0.499999999999999E+02 | 0.14921E-12 0.29843E-14
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Table 13: Integration by the Gaussian Quadrature of Bessel Functions
in TABLE 2

10 ] N
/ @) = wif(@)

f(z) = sin(z)
T L f(z)dz = 0.152512353028332E+01

N Computed Integral Absolute Error | Relative Error
5 | 0.152515304377709E+01 | 0.29513E-04 0.19352E-04
10 | 0.152512353028335E+01 | 0.33307E-13 0.21839E-13

£(@) =1 cos(z)
o Zzf(z)dz = 0.522924912143076E+01
N Computed Integral Absolute Error | Relative Error

5 | 0.522898009347896E+4-01 | 0.26903E-03 0.51447E-04
10 | 0.522924912142827E+01 | 0.24931E-11 0.47676E-12

fl)==z
¥ L f(z)dz = 0.210818510677892E+02

N Computed Integral Absolute Error | Relative Error
51 0.210781199174431E+02 | 0.37312E-02 0.17698E-03
10 | 0.210818510677890E+02 | 0.19895E-12 0.94371E-14
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Table 14: Integration by the Gaussian Quadrature for the Products
of Polynomials and Logarithmic Functions
in TABLE 3

. N
/(; f(z)dz = Zw,-f(z,-)

=1

f(z) = sin(17x)

fo f(z)dz = 0.750096081206822E-01
N Computed Integral Absolute Error | Relative Error
5 | -0.445245704584552E+00 | 0.52026E+00 | 0.69358E4-01
10 | 0.759657791361190E-01 0.95617E-03 0.12747E-01
151 0.750095713818829E-01 0.36739E-07 0.48979E-06
20 | 0.750096081208711E-01 0.18893E-12 0.25188E-11
25 | 0.750096081206832E-01 0.10131E-14 0.13506E-13
30 | 0.750096081206823E-01 0.11102E-15 0.14801E-14
@) = 2*
fo f(z)dz = 0.217391304347826E-01
N Computed Integral Absolute Error | Relative Error
51 0.397077526634515E-02 | 0.17768E-01 | 0.81734E4-00
10 | 0.206816335417969E-01 | 0.10575E-02 0.48645E-01
15 ] 0.217347730977134E-01 | 0.43573E-05 0.20044E-03
20 | 0.217391290710919E-01 | 0.13637E-08 0.62730E-07
25 1 0.217391304347564E-01 | 0.26222E-13 0.12062E-11
30 | 0.217391304347826E-01 | 0.69389E-17 0.31919E-15
f(z)=-2z¥Inz
fy f(z)dz = 0.472589792060492E-03 .
N Computed Integral Absolute Error | Relative Error
5 | 0.349440397064675E-03 | 0.12315E-03 | 0.26058E+00
10 | 0.554396948210119E-03 | 0.81807E-04 | 0.17310E+00
15 | 0.473519740800504E-03 | 0.92995E-06 0.19678E-02
20 | 0.472590360153710E-03 | 0.56809E-09 0.12021E-05
25 | 0.472589792079166E-03 | 0.18675E-13 0.39515E-10
30 | 0.472589792060492E-03 | 0.37947E-18 0.80296E-15
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Table 15: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) = z3
in TABLE 4

1 N
[ f@)iz = Y wif(=)

=1

f(z) = sin(10z)

Jo f(z)dz = 0.183907152907645E+00
N Computed Integral Absolute Error | Relative Error
5 | 0.205829062722746E+00 | 0.21922E-01 | 0.11920E4-00
10 | 0.183906457937759E400 | 0.69497TE-06 0.37789E-05
15 | 0.183907152908513E+-00 | 0.86728E-12 0.47158E-11
20 | 0.183907152907645E400 | 0.19429E-15 0.10565E-14
fa) =2
Jo f(z)dz = 0.384615384615385E-01
N | Computed Integral Absolute Error | Relative Error
5 | 0.261006235736059E-01 | 0.12361E-01 | 0.32138E+00
10 { 0.384350080122515E-01 | 0.26530E-04 0.68979E-03
15 | 0.384615380725112E-01 | 0.38903E-09 0.10115E-07
20 | 0.384615384615385E-01 | 0.69389E-16 0.18041E-14
f(z) = 2%s(z)
Jo f(z)dz = 0.377358490566038E-01
N Computed Integral | Absolute Error | Relative Error
51 0.261006235736059E-01 | 0.12361E-01 | 0.32138E+-00
10 | 0.384350080122515E-01 | 0.26530E-04 0.68979E-03
15 | 0.384615380725112E-01 | 0.38903E-09 0.10115E-07
20 | 0.384615384615385E-01 | 0.69389E-16 0.18041E-14
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Table 16: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) = 7
in TABLE 5

1 N
/0 fz)dz = S wif (z:)

=1

f(z) = sin(10z)

fy f(z)dz = 0.183907152907645E400
N Computed Integral Absolute Error | Relative Error
5 | 0.205245178663791E+00 | 0.21338E-01 | 0.11603E+00
10 | 0.183906379065431E+00 | 0.77384E-06 0.42078E-05
15 | 0.183907152908629E+00 | 0.98405E-12 0.53508E-11
20 | 0.183907152907645E400 | 0.27756E-16 0.15092E-15
fa) ="
fo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.253967007271653E-01 | 0.13065E-01 | 0.33969E+-00
10 | 0.384311761588644E-01 | 0.30362E-04 0.78942E-03
15 | 0.384615379738251E-01 | 0.48771E-09 0.12681E-07
20 | 0.384615384615383E-01 | 0.20817E-15 0.54123E-14
f(z) = =%s(z)
fo f(z)dz = 0.377358490566038E-01
N Computed Integral | Absolute Error | Relative Error
5 [ 0.243848070841558E-01 | - 0.13351E-01 | 0.35380E+-00
10 | 0.377002264605833E-01 | 0.35623E-04 0.94400E-03
15 | 0.377358483110791E-01 | 0.74552E-09 0.19756E-07
20 | 0.377358490566035E-01 | 0.22898E-15 0.60681E-14
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Table 17: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) = z3
in TABLE 6

1 N
| @ = L wif(=)

i=1

f(z) = sin(10z)

fy f(z)dz = 0.183907152907645E+00
N Computed Integral Absolute Error | Relative Error
51 0.203627012649713E4+00 | 0.19720E-01 | 0.10723E4-00
10 | 0.183906319056362E+00 | 0.83385E-06 0.45341E-05
15 | 0.183907152908719E+00 { 0.10739E-11 0.58396E-11
20 | 0.183907152907644E+00 | 0.86042E-15 0.46786E-14
f(z) =2
Jo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.246599205561149E-01 | 0.13802E-01 | 0.35884E+-00
10 | 0.384268064253340E-01 | 0.34732E-04 0.90303E-03
15 | 0.384615378508424E-01 | 0.61070E-09 0.15878E-07
20 | 0.384615384615384E-01 | 0.11102E-15 0.28866E-14
f(z) = z%s(z)
Jo f(z)dz = 0.380228136882129E-01
N Computed Integral | Absolute Error | Relative Error
5 | 0.246599205561149E-01 | 0.13802E-01 | 0.35884E4-00
10 | 0.384268064253340E-01 | 0.34732E-04 0.90303E-03
15 | 0.384615378508424E-01 | 0.61070E-09 0.15878E-07
20 | 0.384615384615384E-01 | 0.11102E-15 0.28866E-14
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Table 18: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) = 1
in TABLE 7

1 N
| 1@z =3 wif(z)

=1

f(z) = sin(10z)

Jy f(z)dz = 0.183907152907645E+00
N Computed Integral Absolute Error | Relative Error
5 | 0.202354038388179E+00 { 0.18447E-01 | 0.10031E+00
10 | 0.183906300136278E+00 | 0.85277E-06 0.46370E-05
15 | 0.183907152908747E+00 | 0.11020E-11 0.59920E-11
20 | 0.183907152907645E+400 | 0.19429E-15 0.10565E-14
@) ="
fo f(z)dz = 0.384615384615385E-01
N Computed Integral | Absolute Error | Relative Error
5 | 0.242788857020719E-01 | 0.14183E-01 0.36875E+-00
10 | 0.384243967690490E-01 | 0.37142E-04 0.96568E-03
15 | 0.384615377784612E-01 | 0.68308E-09 0.17760E-07
20 | 0.384615384615385E-01 | 0.41633E-16 0.10825E-14
f(z) = 2%s(z)
Jo f(z)dz = 0.380228136882129E-01
N Computed Integral | Absolute Error | Relative Error
5| 0.242788857020719E-01 | 0.14183E-01 | 0.36875E+400
10 | 0.384243967690490E-01 | 0.37142E-04 0.96568E-03
15 | 0.384615377784612E-01 | 0.68308E-09 0.17760E-07
20 | 0.384615384615385E-01 | 0.41633E-16 0.10825E-14
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Table 19: Integration by the Gaussian Quadrature for the Products of
Polynomials and Fractional Power s(z) = z~

in TABLE 8

1 N
| f@)de =3 wif(z)

=1

f(z) = sin(10z)

1
4

fy f(z)dz = 0.183907152907645E+00
N Computed Integral Absolute Error | Relative Error
51 0.185981461566628E+00 | 0.20743E-02 0.11279E-01
10 | 0.183906491673941E+00 | 0.66123E-06 0.35955E-05
15 ] 0.183907152908381E+00 | 0.73541E-12 0.39988E-11
20 | 0.183907152907644E+00 | 0.80491E-15 0.43767E-14
f(z) = 2%
fo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.218060230285103E-01 | 0.16656E-01 | 0.43304E+00
10 | 0.384060797524605E-01 | 0.55459E-04 0.14419E-02
15 | 0.384615371307963E-01 | 0.13307E-08 0.34599E-07
20 | 0.384615384615383E-01 | 0.19429E-15 0.50515E-14
f(z) = 2%s(z)
fo f(z)dz = 0.380228136882129E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.218060230285103E-01 | 0.16656E-01 | 0.43304E4-00
10 | 0.384060797524605E-01 | 0.55459E-04 0.14419E-02
15 | 0.384615371307963E-01 | 0.13307E-08 0.34599E-07
20 | 0.384615384615383E-01 | 0.19429E-15 0.50515E-14
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Table 20: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) =z~
in TABLE 9

1
3

: N .
[) f(z)dz = wif(z:)

=1

f(z) = sin(10z)

fy f(z)dz = 0.183907152907645E4-00
N Computed Integral Absolute Error | Relative Error
5| 0.181420301850517E+00 | 0.24869E-02 0.13522E-01
10 | 0.183906605077266E-+00 | 0.54783E-06 0.29788E-05
15 | 0.183907152908166E+00 | 0.52114E-12 0.28337E-11
20 | 0.183907152907645E+00 | 0.30531E-15 0.16601E-14
f@) =
fo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
510.213608283352790E-01 { 0.17101E-01 | 0.44462E-+-00
10 | 0.384022552100793E-01 | 0.59283E-~04 0.15414E-02
15 | 0.384615369753817E-01 | 0.14862E-08 0.38640E-07
20 | 0.384615384615384E-01 | 0.69389E-16 0.18041E-14
f(z) = 2%s(z)
fo f(z)dz = 0.389105058365759E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.213608283352790E-01 | 0.17101E-01 | 0.44462E+00
10 | 0.384022552100793E-01 | 0.59283E-04 0.15414E-02
15 | 0.384615369753817E-01 | 0.14862E-08 0.38640E-07
20 | 0.384615384615384E-01 | 0.69389E-16 0.18041E-14
55




Table 21: Integration by the Gaussian Quadrature for the Products of
Polynomials and Fractional Power s(z) = z~

in TABLE 10

o=

1 N
/0 fl@)dz = 3 wif(z:)

i=1

f(z) = sin(10z)

Iy f(z)dz = 0.183907152907645E+00
N Computed Integral Absolute Error | Relative Error
51 0.170313857697349E+400 | 0.13593E-01 0.73914E-01
10 | 0.183906941803763E+00 | 0.21110E-06 0.11479E-05
15 | 0.183907152907514E+00 | 0.13078E-12 0.71114E-12
20 | 0.183907152907644E+00 | 0.14155E-14 0.76970E-14
flz) = 2%
fo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.204389144887852E-01 | 0.18023E-01 | 0.46859E+00
10 | 0.383937885473486E-01 | 0.67750E-04 0.17615E-02
15| 0.384615366085782E-01 [ 0.18530E-08 0.48177E-07
20 | 0.384615384615386E-01 | 0.11102E-15 0.28866E-14
f(z) = z*s(x)
fo f(z)dz = 0.392156862745098E-01
N Computed Integral | Absolute Error | Relative Error
5| 0.214450816964760E-01 | 0.17771E-01 | 0.45315E+400
10 | 0.391572846318390E-01 | 0.58402E-04 0.14892E-02
15 | 0.392156850446440E-01 | 0.12299E-08 0.31362E-07
20 | 0.392156862745100E-01 | 0.16653E-15 0.42466E-14
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Table 22: Integration by the Gaussian Quadrature for the Products of

Polynomials and Fractional Power s(z) = 2~
in TABLE 11

win

1 N
/0 flz)dz = Zw,-f(m,-)

i=1

f(z) = sin(10z)

[y f(z)dz = 0.183907152907645E1-00
N Computed Integral Absolute Error | Relative Error
5| 0.156179751994470E+00 | 0.27727E-01 0.15077E+-00
10 | 0.183907466630775E+00 | 0.31372E-06 0.17059E-05
15 | 0.183907152906471E+00 | 0.11742E-11 0.63847E-11
20 | 0.183907152907646E+00 | 0.10825E-14 0.58859E-14
flz) ==*
fo f(z)dz = 0.384615384615385E-01
N Computed Integral Absolute Error | Relative Error
5 1 0.194693376078146E-01 | 0.18992E-01 | 0.49380E-+00
10 | 0.383840696841997E-01 | 0.77469E-04 0.20142E-02
15 | 0.384615361512299E-01 | 0.23103E-08 0.60068E-07
20 | 0.384615384615379E-01 | 0.52042E-15 0.13531E-13 -
f(z) = 2*s(=)
T 7(z)dz = 0.395256916996047E-01
N Computed Integral Absolute Error | Relative Error
5 | 0.194693376078146E-01 | 0.18992E-01 0.49380E+-00
10 | 0.383840696841997E-01 | 0.77469E-04 0.20142E-02
15 | 0.384615361512299E-01 | 0.23103E-08 0.60068E-07
20 | 0.384615384615379E-01 | 0.52042E-15 0.13531E-13
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In the present paper we describe an algorithm for the evaluation of Bessel functions Ju(z),
Y.(z) and H @ (z) (4 = 1,2) of arbitrary positive orders and arguments at a constant CPU
time. The algorithm employs Taylor series, the Debye asymptotic expansions and numerical
evaluation of the Sommerfeld integral, and is based on the following two observations.

1) The Debye asymptotic expansions, contrary to what appears to be a popular belief,
are not expansions in inverse powers of (large) parameter v but turn out to be uniform
expansions in inverse powers of (large) parameter g; = (z — v)/z!/ for z > v and (large)
parameter g = (v — z)/v1/3 for z < v.

2) For z and v such that both Taylor and Debye expansions do not provide a specified accu-
racy Bessel functions can be computed at a constant CPU time via (numerical) evaluation
of the Sommerfeld integral along contours of steepest descents.

In addition, in Appendix B we obtain certain new estimates concerning decay of the func-
tions J,(z) and —1/Y,(z) of fixed z and large v, and in Appendix C we show that functions
Ju(z) of integer v provide the solution for a certain system of coupled harmonic oscillators.

On the Evaluation of Bessel Functions

Gregory Matviyenko




1. Introduction )

Bessel functions of argument z a&d order v of the first kind J,(z), second kind Y,(z) and
third kind H .gl)(x), H ,gz)(a:) (Hankel functions), play an important role in physics, mathematics
and engineering. Applications of Bessel functions usually require an algorithm for the rapid
evaluation of these functions with sufficiently high accuracy.

For arguments z ~ 1 and arbitrary v Bessel functions can be computed via their Taylor
expansions (see Subsection 2.2 below). If z > 1 and v < % these functions can be evaluated
by means of the Hankel asymptotic expansion (see Subsection 2.3 below). However, there exists
a wide region of values of z and v where both Taylor and Hankel expansions do not provide
any reasonable numerical approximation.

Most of the existing algorithms for the evaluation of Bessel functions in this region are

based on the recurrence relation (see, for example [1})

foa(2) + furr(@) = Z fi(2), ®

where f,(z) denotes one of the functions J,(z), Y, (z) or H.Sj)(z) (§=1,2). The asymptotic
estimate of the complexity of these algorithms is of order O(z) for functions of the first kind
and of order O(v) for functions of the second and third kind (see, for example, [1]).

In this paper we present an algorithm for the evaluation of an individual Bessel function of
an arbitrary nonnegative order and argument at a constant CPU time. The method is based
on the following two observations.

1) The Debye asymptotic expansions [3], proposed in 1909 and since that time considered
expansions for large orders (see, for example (1], [4], [5], [6]), are found to have a much wider
range of validity. Namely, we show that for z > v this expansion for function H, 2 (z)is a
uniform asymptotic expansion in inverse powers of (large) parameter g; = (z — u)/a:% (see
Theorem 3.1 and Observation 3.1 below). Moreover, it turns out that for » = 0 the Debye
asymptotic expansion coincides with the Hankel asymptotic expansion (see Theorem 3.2 below).
For z < v the Debye expansions for functions J,(z) and Y,(z) are proved to be uniform
asymptotic expansions in inverse powers of (large) parameter g, = (v — z)/ vE (see Theorem

3.3 and Observation 3.2 below).




2) For the values of = and v for which both Taylor and Debye expansions do not provide
a specified accuracy, Bessel functio'ns can be computed (at a constant CPU time) by means of
numerical evaluation of the Sommerfeld integral taken along Debye contours (the definitions of
the Sommerfeld integral and Debye contours are presented in Subsection 2.4 below). It is worth
noting that Debye contours were extensively investigated in connection with the derivations
of various asymptotic expansions for Bessel functions (see, for example, [3], Ch. 8 of [4],
[7]). However, the possibility of using them in numerical computations seems to have been
overlooked.

The plan of the paper is as follows. In Section 2 we summarize certain mathematical
facts to be used in the rest of the paper. In Section 3 we analyze the error terms of the Debye
asymptotic expansions. Numerical evaluation of the Sommerfeld integral is discussed in Section
4. In Section 5 we briefly discuss the implementation of our numerical scheme. In Section 6
we present a formal description of the algorithm. In Appendix A we discuss round-off errors.
In addition, in Appendix B we obtain asymptotic solutions (with respect to v) of equations
J,(z) = € and —1/Y,(z) = € for large fixed positive z < v and sufficiently small € > 0. Finally,
in Appendix C we show that functions J,(z) of integer v describe displacements of coupled

harmonic oscillators on a line.
2. Relevant mathematical facts
In this section we present a number of well known formulae to be used in the rest of the paper.

2.1 Connections between the three kinds of Bessel functions
All the formulae presented in this subsection can be found, for example, in [1].

Functions H,(,j)(z) (7 = 1,2) are expressed through J,(z) and Y,(z) as
H{)(z) = J(2) +i Y(a), 2)
HP(z) = J(z) - i YV, (). (3)
For nonnegative z and v, both J,(z) and Y, (z) are real. Thus

Ju(z) = Re H{)(z), (4)




Y,(z)=Im H,Sl)(x?? _ | (8)

HO(z) = AN (z) - 2iIm HY(z). (6)

2.2 Taylor ezpansions

For small arguments, function J,(z) is normally evaluated via the formula

k
2\ & z? 1
J(z) = (—) 3 (-——) : (7)
2) o\ 4 K'T(v+k+1)
If v is not an integer, function Y, (z) is computed as
_ Ju(z) cos(m v) = J_,(z)
Yo(z) = sin(rw v) ) ®

For integer v the formula (8) can not be used and is replaced by

s - L () B (5) S ein) s

T k=0

1 2\ & f 22\ 1
- (5) :/_:3 (—j[) GIRH ($(k+ 1)+ (v +k+1)), (9)
where 9(z) = £ In(I'(2)). Formulae (7)-(9) can be found, for example, in [1].

2.8 The Hankel asymptotic ezpansion
The Hankel asymptotic expansion has the form (see, for example, [1], Ch. 7 of [4] , Ch. 7 of

(51

X

>0 (-2) +oanatn)), )

B(z) = (—2—)% exp(ix(z,)) (mo

where

x(z,v) =z - % - %ru, (11)

and On41,(v, z) is the error term.

Coefficients b,(v) satisfy the recurrence relation

bo(ll) = l, (12)




(2n +1)? — 4 12
8(nt1)

bpta(v) = bu(v), (n= 0,1,--), (13)

whereas the error term On41,4(v, %) is bounded by (see, for example, Ch. 7 of [5)

b v y-1
sl ) <2 20 o (1————') . (14)

2.4 The Sommerfeld integral

All the formulae, presented in this subsection can be found, for example, in Ch. 8 of [4].

For the values of z and v for which both Taylor and Debye expansions do not provide a
specified accuracy we computed function H, Sl)(z) by means of numerical evaluation of the so

called Sommerfeld integral:

oo4iT
HW(z) = .7% / exp(z sinh(w) — vw) dw. (15)

-0
Following [4] we will write

w=1u+1v, (16)

where both u and v are real. Integration in (15) is performed along an arbitrary contour that

has the following asymptotes:

u_l_{x_goo v=0, (17)
Jm v =m. (18)

Observation 2.1

As paths of integration in (15) it is natural to choose the so called Debye contours on which the
integrand of (15) does not oscillate (see, for example, Ch. 8 of [4]). We note in passing that the
Debye contours are a particular example of contours of steepest descents that are widely used

for the evaluation of the asymptotic expansions of certain contour integrals (see, for example,

Ch. 8 of [4], [5], [6]).




The Debye contours 4 = u(v) are curves on the complex w-plane (16) that (generally

speaking) are implicitly defined via equations

p(u7 'U) =0.
For z > v,

p(u,v) = cosh(u) — sin(8) + f:n(—v)ﬁ) cos(ﬂ),
where

cos(B) = =.

It immediately follows from (21) that for nonnegative z and v,

x
<pB< —.
0<B< 3
Forz <v,
p(u,v)=v, fu<la,
and
v .
p(u,v) = cosh(u) — cosh(a) (o)’ ifu>a,
where
v
h(a) = —.
cosh(a) "
Forz = v,
p(u,0)=v, fug0,
and
v
,v) = cosh(u) = ——, if .
p(u,v) = cosh(u) o) >0

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)




Finally we note that all the Debye contours, associated with function H, l(,l)(:c) (of nonnega-

tive z and positive v) lie within the strip
0<v<. (28)
Graphs of Debye contours can be found, for example, in Ch. 8 of [4].

2.5 The Debye asymptotic expansions

In this subsection we present formulae for the Debye asymptotic expansions that can be found
(in 2 slightly different form) in Ch. 10 of {5].

For v < z,

V=

N .
AP = (2)" = ealim) (Z(—l)“%(;f”—)JréNﬂ,z(u,p)), (29)

T (2;2 — V2)'4' ne0

where
m = (2% - uz)% — v arccos (%) - -}, (30)

n112(v,p) is the error term, polynomials u,(t) are defined in (35), (36) below, and

p= -|$2_f:2|_% (31)
Forz < v,
_ 1 exp(—12) 2, ua(p)
J,,(:D) ] + 0N+1,1(V3 0) (27(')% (l/2 _ 32)% (n;o"y—n' + 0N+1.1(V’ P)) ’ (32)
1 N
v =-(2) 520y (g(-l)"i‘#) n oN+1,2(u,p)) , (33)
where

p=vh (% + ((%)2 - l)%) - (? —zz)%, (34)

and On41,1(v,p) and On41,2(v, p) are the error terms.

Polynomials u,(t) are defined by the formulae

wo(t) = 1, ui(t) = 2—14 (3t — 58, (35)
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du,(t)

t
— + % /(;-(1 - 572) un(7)dr,

(n=0,1,--). (36)

1
un+1(t) = § t2 (1 '-j.tz)

The error terms in the Debye expansions satisfy the inequalities

~ 2Vo p(u Vo.o(u
wN,z(u,p)lszexp( ol ‘)) aalbvs), (37
2V1 (1 Vio(un
ool < 2evp (o)) Hrlpasn) (39
and
2Vo o(u Vo.o(un
rvea v, )] < 2exp (Ho2lta)) Tosivn) (39)

In (37) - (39), symbols V4(f) and V,4(f) denote the so called total variations of functions
f(z) and f(iz), respectively (see, for example, Ch. 1 of [5]):

Vo) = [ | L2 ez, («0)
7t = [ |22 g (41)

3. Error terms of the Debye asymptotic expansions

In this section we obtain estimates of the error terms of the Debye asymptotic expansions (29),
(32) and (33). We start with a more detailed analysis of the polynomials u,(t) defined in (35),
(36).

3.1 The polynomials u,(t)
Lemma 3.1

Foranyn>1,

un () = t" @n(t), (42)
" where
iin(t) = i a} 1%, (43)
k=0
7




The coefficients a} are defined by the formulae

a8=1, (44)
at} =0 ifk<Oork>n, (n=0,1,--4), (45)
n+l n n+2k 1 )_
W= % ( 2 T8 @ktni D)

" (n+2k-2+ 5 )

k-1 2 8(2k+n+1))’

(n=0,1,--; k=0,1,---,n+1). (46)

Proof
We will prove the lemma by induction. For n = 1 the formulae (42)- (46) immediately follow
from (35). Suppose now that the formulae (42)-(46) are satisfied for certain n = m > 1. Then

dt
m+1

S ((m+ 2k)af — (m + 2k — 2)al,) - 2, (47)
k=0

and

/t(l —57) up(r)dr =
o V-

m+1 1

mHl k};o T rp—— l(aZ‘ — 5a,) - t%*. (48)
Now substituting (47) and (48) into (36) we observe that (42)-(46) hold for n = m + 1 which
concludes the proof of the lemma. O

The following corollary is an obvious consequence of the lemma and the formulae (12), (13).

Corollary 3.1

For alln > 0,

ad = b,(0), (49)
where the coefficients b,(v) are defined in (12), (13).
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Lemma 3.2

For anyt >t >0,

Proof

It immediately follows from (44)-(46) that for all n > 0 and k < n,

where

Gn(it) > n(its) > 0,

in(it) _ @n(ity)
’t‘zn < nt';'n , ift#0andt; #0,
diin(it)
= >
da = 0,

tin(it) 2 (1),

dii(it) > diin(t)

d =\ dt |’
du,(it) dun(t)
dt =1 dt

a;cl = (—l)kaz’

&k>0'

(50)

(51)

(52)
(53)

(54)

(85)

(56)

(57)

Substituting (56) and (57) into (43), we observe that for any real ¢ all the coefficients of

the polync;mjals fin(it) are positive and therefore the inequalities (50)-(54) are satisfied. The
inequality (55) follows from (42), (53) and (54).0

Remark 3.1

While many recurrence relations occurring in mathematical physics are numerically unstable,

the recursion (46) is numerically stable since according to (56) and (57), both terms in this

relation have the same sign.

The following lemma is an immediate consequence of (42), (52) and (55).
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Lemma 3.3

Foranyp>0andn2>1,

f/0,10('%) = /

0

P |dun(it)

dt

dt = p" - Uy (ip).

Furthermore,

ii-“d"—t(tl| dt < Vo (un).

Voslun) = [

3.2 Regionz > v

Theorem 3.1

For any
z>v20

the error term Oy 2(v, p) in the ezpansion (29) satisfies the inequality

- 2 an41(e
|0n+1,2(v; p)| < 2exp (3 g) g(?flz’
g2) g2

where

Proof

The inequality (60) and the definition (62) show that
91
2 S l'l
x3

and therefore

1 1

I T 2
(z2-v?)7 gz z3

Now combining (31) with (60) and (64) we observe that

v
p=——— <
(22 = v2)3

2

) IH
oote| e

10

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)




and substituting (65) into (50) we obtain

in(iP) < n (z’”—) . (66)

9t
Combining the inequalities (51), (63) and (66) we have

2\ 1
n(ip) < in(i) (——) . (67)
)
Substitution of (31), (64) and (67) into (58) yields
v_];I Vo,p(un) - tin(1p) < un3(1)° (68)

(22— = i

Observing that

S 1

ul(z) = 5’ (69)
and substituting (68) and (69) into (37) we immediately obtain the inequality (61). O

Observation 3.1

Obviously, function H 51)(2:) can be viewed not as a function of z and v, but as a function
of z and the parameter g; defined in (62). Then the estimate (61) shows that for g; > 0
(i.e. = > v) the Debye asymptotic expansion (29) is not an asymptotic expansion in inverse
powers of (large) parameter v but it turns out to be a uniform (with respect to z) asymptotic
expansion in inverse powers of (large) parameter g;. Moreover, as follows from (61), the error
term Oy412(v,p) may be small even if v is not large. The following theorem describes the

behavior of the Debye expansion (29) in the limit v — 0.

Theorem 3.2

For any z > 0 and v = 0 the Debye asymptotic expansion (29) and the Hankel asymptotic
ezpansion (10) are identical.

Proof

From the definitions (11) and (30) we have

lim (2>% 1 exp(im) = ‘I,J_I‘I}) ('7%) exp(ix(z,v)) =

v—0 \ T (z2 — 1/2):
(__.)
T

[T

N

exp(i(z - 7). (70)
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Next, combining (31) with (42) and (43) we obtain

n -\ n —u k i\"
‘lli_r% £:V1n—)un (¢p) = lim _ Za}: ( i ) = ag (-——) . (1)

v=0 (52 — vy g \2? -

Now substituting (70) and (71) into (29) and taking into account (49) we see that (for v = 0)
the expansions (10) and (29) are identical. O

3.3 Regionz < v

Theorem 3.3

For any
v>z2>0 (72)

the error terms On41,2(v, p) of the ezpansion (32) satisfies the inequality

2 U 1
1634220 P)] < 2exp ( g) 2210 (73)

3 2(N-i—l)

3-9; 2
where
V—2Z
g2 = 1 (74)
V3

Furthermore, the error term On41,1(v,p) of the expansion (33) is bounded by

2 L7 ]
[0n41,1(v, )| < 2exp ( 3) f“( ), (75)
3 $(N+1)
3-92/ 92
Proof
Substitution of (59) into (38) yields
2WVo.p(u Voo(un
|63 24, P)] < 2exp ( bl ") bollass) (76)

Now the proof of the inequality (73) becomes almost identical to that of the inequality (61)
(see Theorem 3.1) and we omit it.
To prove (75) we observe that for z < v,

p= —2 > 1. (77)

(v2—2?)7
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Therefore

dun(t)l dt < /p
0

dun(t)| ,,
2Ol <[22 at = Vayun), (78)

»
Vig(un) = [
1

Substitution of (78) into (38) produces

2%,2(111)) VO,p(un). (79)

Vﬂ.

(a0, )] < 239
Comparing (39) and (79) we see that the proof of (75) is reduced to the proof of (73). O

Observation 3.2

Parallel to Observation 3.1, we can view function H .Sl)(:z:) not as a function of z and v but as
a function of v and the parameter g, defined in (74). Then the estimates (73) and (75) mean
that the Debye asymptotic expansions (32) and (33) are not expansions in inverse powers of
(large) parameter v but turn out to be uniform (with respect to ) asymptotic expansions in

inverse powers of the (large) parameter g, (compare with Observation 3.1).

Observation 3.3
In Appendix B it is shown that for z > 1 and v > z + const - ¥ function J,(z) becomes small
whereas function |V, (z)] becomes large. Therefore, for sufficiently large z the most important

part (in terms of applications of Bessel functions) of the region z < » can be estimated as

1
3

z<v<z+const-z3, (80)

Combining (62), (74) and (80) we have

g2 =lal (140 (z73)). (81)

The estimate (81) and Observation 3.2 show that in the region (80) for z > 1 the Debye
asymptotic expansions (32) and (33) behave almost like uniform expansions in inverse powers
of (large) parameter

V—z
T = =9gi- (82)
3
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4. Certain properties of the Sommerfeld integral

In this section we discuss certain analytical properties of the Sommerfeld integral (15) relevant

to its numerical evaluation.

4.1 Regionz > v
It immediately follows from Ch. 8 of [4] that the explicit representation of the Sommerfeld
integral (15) on the Debye contours defined by (19) and (20) has the form

B = = exp(ilzsin(8) - vp) [ (G +i) explatn) dv, (83)
where
¢; = ¢1(v, u(v), 8) = cos(v) - sinh(u) — cos(B) - «, (84)
and
du 1 .
- (sin(v — B) — (v — B) - cos(B) - cos(v)). (85)

dv sinh(u) sin%(v)
In (83)-(85) function v = u(v) is evaluated via (19), (20) and the parameter § is defined in
(21).

Theorem 4.1(see §8.31 of [4])
Function ¢;(v, u(v), ), defined in (84), ts a nonpositive decreasing function of |[v — B|. It has

the only mazimum at v = f where

$1(8,u(B),B) = 0. (86)

The following corollary is an immediate consequence the theorem.

Corollary 4.1

The equation

z ¢1(B8, w(B), B) = In(e). (87)

with € € (0,1), v € (0,7) and = > 0 has two and only two solutions B, and P, such that
B < B < B (88)
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Theorem 4.2
For any B # 0,

¢$1 = —sin(B) (v - B)* + O((v - B)®). (89)

Proof
From (20) for any B # 0 we have

u=(v—p)+0((v-B))- (90)
Substituting (90) into (84) we immediately obtain (89). O

In the rest of the subsection we will estimate the domain on the r — v plane where the

integral (83) can be evaluated at a constant CPU time. We start with the following remark.

Remark 4.1
Forany0<v<1,

z,v
exp(z¢;) ~ exp (-—-’f—(-;)——)) , (91)
where function f(z,v) > 0. This formula is an immediate consequence of (19) and (20).

As follows from (19), (20), (84), (85) and Theorems 4.1 and 4.2 the integrand of (83) is a

nonoscillatory function of v. Moreover, for small |v — f|,

(5 +5) eatn =
(% s + i) exp (-—z sin(B)(v — ﬂ)z) (1+6:(v-B)), (92)

where 6;(v — ) = O(v — B) is the error term.

Next, suppose that
z -sin(f) > 1, (93)

and

C1

o 0
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where
Ci~1 (95)
is a (positive) constant.

Observation 4.1

The condition (93) means that the domain where the integrand of (83) is (numerically) not
zero is sufficiently small. The condition (94) shows that the distance between the maximum of
the integrand of (83) v = B and its singularity at v = 0 (see Remark 4.1) is larger than several
standard deviations of the Gaussian in (92). Therefore, if the inequalities (93) and (94) are
satisfied then the error term 6; (v — ) in (92) can be approximated (with high accuracy) by a
low-degree polynomial of (v — B) in the domain, where the integrand of (83) is (numerically)
not zero. Thus in this case the evaluation of the integral (83) by means of the trapezoidal rule
becomes a superalgebraically convergent procedure. Moreover, the number of nodes of this

quadrature formula is (asymptotically for large z sin(f) and C;) independent of v and z.

Theorem 4.3

For any
z>1 (96)
and
i
v<z— D z3, (97)

where Dy ~ 1 is a (positive) constant, the inequalities (93) and (94) are satisfied.
Proof
We will prove the inequality (93) first. From the definition (21) we have

z2

H
sin(f) = (1 - ,,_2) ) (98)
and thus |
zsin(f) = (a:2 - uz)% . (99)
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Combining (96), (97) and (99) we have
zsin(f) > (2D1) 2% (140 (s7)) > 1, (100)

which completes the proof of (93). Now we turn to the proof of the inequality (94).
Owing to (22) we have B > sin(B) and therefore we can replace the inequality (94) by a
stronger one

Gy

sin(8) > ———. (101)
%) (zsin(B)): -
Substituting (98) into (101) we have
2\ %
23 - (1 - 5;) > C1. (102)
T
Using (97) we can estimate the left-hand side of (102) as
2\ 1 s

% - (1 - %) >zt (2D 275 - D} -27$)* > (2Dy)5. (103)

Now it follows from (101)-(103) that the inequality (94) is satisfied if
%
D1>%—+€~1, (104)

where € > 0 is any (small) number. O

The inequalities (96), (97) and the estimate (104) define the domain on the z — v plain
where the conditions (93) and (94) are satisfied and therefore numerical integration of (83)
by means of the trapezoidal formula can be done at a CPU time‘independent of z and v (see

Observation 4.1).

4.2 Region z < v
It follows from Ch. 8 of [4] that the explicit representation of the Sommerfeld integral (15) on
the contours defined by (19), (23) is

1 a
h=— [ expp)s, (105)
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whereas on the contours (19), (24) we have

L= 7—:; /0 " exp(zds) (i+ -Z—:) dv. (106)
Obviously,

HO(z)= L + L. (107)
In (105) and (106),

2 = ¢o(u, o) = sinh(x) — cosh(a) u, (108)

$3 = ba(v, u(v), @) = sinh(u) cos(v) — cosh(a) v, (109)

and

(sin(v) — v cos(v))

sin?(v) sinh(u) (110)

du
= cosh(a)

Function v = u(v) in (106), (109) and (110) is evaluated via (19), (24) and the parameter o is
defined in (25).

Observation 4.2
Numerical evaluation of the integral (105) can be performed by means of the Gauss-Legendre
quadrature formula with the number of nodes independent of v and z because its integrand is

an analytic nonoscillatory function.

In Theorem 4.4 (see below) it is shown that for any a > 0 the integrand of (106) has
singularities in the complex v-plane. It turns out (see the estimate (111) below) that for o < 1
(i.e. v/z ~ 1) these singularities lie close to the domain of integration in (106) which impedes
numerical evaluation of this integral. Now we will establish a domain on the z — v plane
where numerical evaluation of (106) (for example, by means of the Gauss-Legendre quadrature
formula) can be performed at a CPU time independent of z and v; the estimate of this domain

is obtained in Theorem 4.7 below.
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Theorem 4.4
For any a > 0 the integrand of (106) has two imaginary complez conjugate branch points ay.
Moreover, for a € 1,

as = £(3)20i + 0(c®). (111)
Proof
For imaginary v = is (s is real) equations (19), (24) become

cosh(u(is)) = cosh(a) ;35131_(;‘)‘ (112)

Therefore, for any a > 0 there exists a parameter s = s such that

cosh(u(isg)) =1 (113)
and

0 < cosh(u(is)) <1, |s| > so. (114)

As follows from (113) and (114) the points s = Fso (or, equivalently, the points az = *iso)
are the branch points of the function sinh(u) = (coshz(u) - 1)% and therefore (see (106) and
(109)) of the integrand of (106).

To prove (111) we must solve equation (113). Combining (19), (24) and (113) we have

cosh(a) = ina%ﬂ. (115)

Expanding both parts of (115) in (small) parameters & and a+ we immediately obtain estimate

(111). ©

Theorem 4.5 (see §8.31 of [4]).
Function ¢3 from (109) on the contours defined by (19), (24) is a monotonically decreasing

function of v with the only mazimum at v = 0.

Theorem 4.6
For any a # 0,

@2 = sinh(a) — acosh(a) — %sinh(a) v 4 O(v*). (116)
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Proof _
For small v and o # 0 we have from (19), (24)

u= % coth(a)v? + O(v?). (117)
Substituting (117) into (109) we immediately obtain (116). O

As follows from (19), (24), (109), (110) and Theorems 4.5 and 4.6 the integrand of (106) is

a nonoscillatory function of v. Moreover, for small v,

(-3—3— + z) exp(z¢3) = exp(~z - (a cosh(a) — sinh(a))) X
du . 1 . 2
— + 1) exp (—=zsinh(a)v®) (1 + 62(v)), (118)
dv v=0 2

where 62(v) = O(v) is the error term.

Observation 4.3

The local behavior of the integrands of (106) and (83) is essentially the same (compare (118)
and (92)). Therefore the conditions under which the integral (106) can be numerically evaluated
at a CPU time, independent of z and v, are equivalent to the conditions (93) and (94) (see

Observation 4.1). These conditions are
zsinh(e) > 1, (119)

and

Cs
(z sinh(a))% ’

where the parameters o are estimated in (111) and

las| > 22 (120)

Cy~1 (121)

is a (positive) constant. The condition (119) means that the domain where the integrand of
(106) is (numerically) not zero is sufficiently small. The condition (120) shows that the distance
between the singularities of the integrand of (106) cx and the real axis is larger than several

standard deviations of the Gaussian in (118).
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Now the proof of the Theorem 4.3 can be repeated almost verbatim yielding the following

result:
Theorem 4.7
For any

z>1 (122)
and

v >+ Ds 23, (123)
where

Dy~ 1, (124)

is a (positive) constant, the inequalities (119) and (121) are satisfied.

4.8 Region z = v

In order to construct an algorithm whose complexity does not depend on z and v in the region
|z — v| < const oz%, const ~ 1, (125)

(i.e. when the conditions (97) and (123) are violated) we will consider numerical integration
of (15) along the Debye contours defined in (19), (26) and (27). We note in passing that these
contours were extensively used for the derivation of asymptotic expansions of function H ‘(,l)(::)
for z ~ v (see, for example, Ch.8 of [4], [7]).
Deﬁoting the integral along the contour (19), (26) by J; and the integral along the contour
(19), (27) by J; it can be shown that
1 [0

Ji = . exp(z sinh(u) — vu)du, (126)
1 [~ .. du
J2 = = /0 exp(zds) (1 + :i;)dv, (127)
and
HM(z) = Jy + Ja, (128)
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where
b4 = ¢a(v,u(v), ) = sinh(u) cos(v) — u+7 (v+1iv), (129)
v
r=1--, (130)

du _ (sin(v)—v cos(v))

dv ~ sin%(v) sinh(u) (131)

In (127), (129) and (131) function u = u(v) is evaluated via (19), (27).

Observation 4.4
The integral (126) is merely the integral (105) with o = 0 and therefore is can be evaluated at

a CPU time independent of z and v (see Observation 4.2).

Observation 4.5

Obviously, the integrand of (127) is an analytic and (for sufficiently small |7]) nonoscillatory
function of v. Therefore the integral (127) can be computed (for example by means of the
Gauss-Legendre quadrature formula) at a CPU time independent of » and z. We will show,
however, that for sufficiently large z and 7 > 0 the integral (127) can not be evaluated without
an unavoidable round-off error (see Observation 4.6 below). The inequalities (141) and (142)
below estimate the range of parameters z and v where this error is small (see also Remark 4.2

below).

Theorem 4.8

For any 0 < 7 € 1 function Redy has the mazimum at
1
Vmaz = 5(37)%(1 + O(7)). (132)
Moreover,

brae = Re $ultmar, Ulvmes), 7) = 5 TH(1+0(7)). (133)
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Proof

From equations (19), (27) for small v we have

1 2 3 5
u=— v+ v° 4+ O(v°). 134
37 45.33 ©) (134
Therefore
. 1 2 .3 5
sinh(v) cos(v) = — v - -v° + O(v°), (135)
32 5-32
and
sinh(u) cos(v) —u = “9 3 v3 4+ O(v®). (136)
92

Substitution of (134) and (136) into (129) produces

Re ¢4 = —11— TV 4 - 34 0(1 v3) + O(v°). (137)
32 9-32
The formulae (132) and (133) are a consequence of (137). O

Theorem 4.9 (see, for example, Ch.8 of [4]).
In the region (125) for z > 1,

|2)(2)| = 0(="%). (138)
Observation 4.6
It follows from the estimate (133) that for sufficiently large z the integrand of (127) may be
large whereas, according to Theorem 4.9, the integral itself is (asymptotically) small. Therefore

in this case there exist cancellations that account for the round-off errors.

We do not expect significant cancellations if
ZPmar < C3’ (139)
where

Cs~1 (140)
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is a (positive) constant and @mq is estimated in (133). The condition (139) means that in

order to avoid cancellations the maximum of the integrand (127) must be of order O(1).
Using (130) and (133) it is easy to show that for
2> 1 (141)
the condition (139) is equivalent to the condition
v <z - D3 23 +0(z7%), (142)
where
D3 = (3 C3)} ~ 1, (143)

In fact, owing to (138), there must be another condition of the absence of cancellations in
addition to (139). Namely, the domain in v where the integrand of (127) is not small must be
of order O(z™3). It can be shown, however, that this condition holds if (142) is satisfied.

We will briefly discuss the case of 7 < 0. Now the integrand of (127) does not have a
maximum for v # 0. However, in the vicinity of v = 0 this integrand is of order O(1). On the

other hand, function J,(z) becomes small if roughly speaking (see Appendix B)

1
3

v>z+constz (144)

Therefore function J, (z) (i.e. the real parts of H .(,1)(9:)) can not be evaluated by means of (127)
without an unavoidable round-off error if v satisfies (144) with const 3> 1. It can be shown,

however, that for

v < z+ Dyz3, (145)
where

Dy~1 | (146)

is a (positive) constant, both real and imaginary parts of function H,El)(a:) can be evaluated

without a significant round-off error.
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Remark 4.2 ' )

The numerical computation of the integrals (126) and (127) provide a method for the evaluation
of function HY (z) at a constant CPU time in the region (125) i.e. where the algorithms
discussed in Subsections 4.1 and 4.2 fail (compare the inequalities (97), (123) and (142), (145),
as well as the estimates (104), (124) and (143), (146)). Moreover, for z ~ 1 and = ~ v the
integral (127) can be evaluated without a significant round-off error even if (142) is violated
because in this case the maximum of its integrand is of order O(1) (see Theorem 4.8 and

inequality (139)).

5. Implementation of the algorithm

In this section we present certain details of the implementation of the algorithm for the evalu-
ation of function H ,(,1)(:1;) via the Debye asymptotic expansions (see Section 3) or the contour
integration (see Section 4). This scheme was tested to provide double precision accuracy (at

least thirteen digits) for

2 < z < 100000 (147)
and

0 < v < 100000 + 16 - 1000005 . (148)
For

z < 2

v >0 ' (149)

function H, 51)(2:) can be evaluated by means of Taylor expansions (see Subsection 2.2). Discus-
sion of the round-off errors for both Taylor expansions and the contour integration is presented

in Appendix A.

5.1 Implementation of the Debye asymptotic expansions
Formulae (42)-(46) make numerical evaluation of the Debye asymptotic expansions (29), (32)

and (33) fairly straightforward. However, we must estimate the values of parameters z and v
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for which these expansions provide a specified (in our case double precision) accuracy. It is
necessary to point out that the computation of a N-term Debye expansion involves evaluation of
n-order polynomials u,(t) for n = 0,1,---, N (see Lemma 3.1). In other words, the complexity
of this procedure is of order O(N?2) operations and therefore for given z and v it is desirable
to choose N as small as possible. The following considerations provide a simple recipe for the
optimal (for given z and v) truncation of the Debye expansions.

The estimates (61), (73), (75) and Observation 3.3 show that for any fixed z > 1 and given
N there exists a constant g 3> 1 such that the error terms of the expansions (29), (32) and

(33) (truncated after N terms) become small if z and v satisfy the inequality

v —z| > g =% (150)
Our numerical experiments showed that for

z>17 (151)

and v satisfying (150) the Debye expansions (29), (32) and (33) provide double precision ac-
curacy. The estimates of constants gy are presented in Table 1; these values were obtained by
means of both analyzing the inequalities (61), (73), (75), and comparing the estimates provided
by the Debye expansions with that by contour integration.

The optimal (for given z and v) truncation of the Debye expansions can be done by the
following procedure. First we compute the parameter g = |z —v|/ zi, then, using Table 1, find
gN < g closest to g and retain N terms corresponding to this gn. For example, if g = 8 then
gy = 7 and thus N = 13. As we see from Table 1 the Debye expansions fail to provide double

precision accuracy if g < 6.5.

Remark 5.1
In addition to the error term On41,1(v,p), estimated in (75), the expansion (32) contains the
error term Oy41,1(v,0). It can be shown, however, that if the inequalities (150) and (151) are

satisfied then (with double precision accuracy) this term can be neglected.
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5.2 Numerical integration for z > v

As follows from (92), for large zsin(ﬂ) the integrand of (83) is sharply peaked at v = f3, and
thus the interval in v where this integrand is not small may be much narrower than the actual
interval of integration v € (0,7). To estimate numerically meaningful domain of integration
in (83) we must find (unique) solutions of equation (87) B, and B, (see Corollary 4.1) with
€ approximately equal to the absolute value of the (specified) error of the evaluation of (83).
After that numerical integration in (83) is restricted to the interval v € (61, B2)-

In accordance with Observation 4.1 and Theorem 4.3 it was found that for

z>10 (152)
and

v<z—d o3 (153)
with

d; =5, (154)

the minimal number of nodes of the trapezoidal formula (see Observation 4.1) needed to eval-

uate (83) with double precision accuracy is
n=25 (155)

independent of z and v. If (152) or (153) are violated then to obtain the same accuracy we

have to increase n. Changing the variable of integration (see, for example, [8])
v=tt, (156)

it is possible to somewhat improve the estimate (154). It was found that after the change of

variable (156) we can evaluate (83) with double precision accuracy in the region (153) where
d; ~ 1.5, (157)
with the number of nodes (of the trapezoidal formula)
n=37 (158)
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independent of z and v.

5.3 Numerical integration for z < v

We will first consider the integral (105) (see Observation 4.2). Function ¢, defined in (108)
on the interval —co < u < a has the only maximum at « = —a. Moreover, for large z
this function is not small only for v & —a. Therefore, we must first estimate the interval
u € (a1,03) (01 < —a < @z < a) where the integrand of (105) is (with given accuracy) not
zero and restrict the numerical integration to this interval. We evaluated (105) by means of

the Gauss-Legendre quadrature formula. It was found that for
z>1 (159)

the minimal number of nodes required to evaluate this integral with double precision accuracy

is
n=45 (160)

independent of z and v.

Now we will discuss the computation of the integral (106). As follows from (118) for
sufficiently large zsinh(a) the integrand of (106) is sharply peaked at v = 0. Therefore we
must first estimate the interval v € (0,a3) (3 < ) where the integrand of (106) is (with
given precision) not zero and restrict the numerical integration to this interval (compare with
Subsection 5.1).

The integral (106) was evaluated by means of the Gauss-Legendre quadrature formula.
In accordance with Observation 4.3 and Theorem 4.7 it was found that this integral can be

evaluated with double precision accuracy with the number of nodes
n =45 (161)
independent of z and v, if = satisfies the inequality (159) and

v>z+dy 8, (162)
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where

dy = 1.5. (163)

5.4 Numerical integration for x =~ v
The problem of the numerical evaluation of the integrals (126) and (127) is essentially the same
as that of the integrals (105) and (106) (see Subsection 5.2) and here we will briefly discuss the
results of our numerical experiments.

The integrals (126) and (127) were evaluated by means of the Gauss-Legendre quadrature
formula. In accordance with Observation 4.6 and the estimates (142), (144) it was found
that both real and imaginary parts of these integrals can be computed with double precision

accuracy with the number of nodes
n =33 (164)

independent of z and v, if

z > 10, (165)
and

|z —v| < ds- 23, (166)
where

ds ~ 2. (167)

In addition (see Remark 4.2), this scheme provides double precision accuracy with n defined in

(164) for

1<z<10 (168)
and

z> . (169)
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6. Description of the algorithm

In this section we describe the algorithm for the evaluation of an individual function H. ,Sl)(:z:)
(and therefore, according to (4) - (6), all other Bessel functions) of nonnegative z and v. The
final algorithm consists of two parts: algorithm A that combines contour integration and Taylor

expansion, and algorithm B that is based on the Debye asymptotic expansions.
6.1 Algorithm A

if z < 2 then compute H ,Sl)(z) via Taylor expansions (see Subsection 2.2).
end if
ifz>2and v > z+1.5-z3 then compute H ,(,1)(:1:) by means of evaluation of the Sommerfeld

integral along contours (19), (23), (24) (see Subsections 4.2 and 5.3).

end if

ifz>9and v <z—1.5-z3 then compute H ,Sl)(:z:) by means of evaluation of the Sommerfeld
integral along contours (19), (20). (see Subsections 4.1 and 5.2).

end if

ifz<9or|v—z|<15 .z¥ then compute H 51)(2:) by means of evaluation of the Sommerfeld
integral along contours (19), (26), (27) (see Subsections 4.3 and 5.4).

end if

6.2 Algorithm B

ifz>17and v<z-6.5- z3 then compute H,(,l)(:z:) by means of evaluation of the Debye
expansion (29) (see Subsections 4.1 and 5.1). '

end if

ifz>17Tand v>z+6.5- z5 then compute H,Sl)(z) by means of evaluation of the Debye
expansions (32), (33) (see Subsections 4.1 and 5.1).

end if

6.3 The final algorithm

ifz>17and |z -v| 2 6.5- z% then compute H,(,l)(z) by means of the algorithm B
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else compute H, m (z) by means of the algorithm A
end if

6.4 Timing

A computer (FORTRAN) program using the algorithm described in the preceding sections was
implemented and tested on Sun SPARCstation 1. This program consists of approximately 2000
executable lines.

We compared the time for the evaluation of function H ,Sl)(:c) by our algorithm with the time
required to compute this function by means of recurrence relation (1) (for increasing orders)
in case of integer v. It was found that in the range of validity of the Debye expansions our
algorithm catches up with the recursion for v = 10; in the region where the contour integration
is used the same happens for v =~ 800. For arguments z < 17 the algorithm is approximately

20 times slower than the recursion.
8. Conclusions

In the present paper we have shown that the Debye asymptotic expansions, contrary to what
appears to be a popular belief, are not expansions in inverse powers of (large) parameter v
but turn out to be uniform expansions in inverse powers of (large) parameter g; = (z — v)/ 3
for z > v and (large) parameter g, = (v — a:)/u% for £ < v (see Theorems 3.1, 3.3 and
Observations 3.1 and 3.3). For z and v such that both Taylor and Debye expansions do not
provide a specified accuracy we have demonstrated that function H,(,l)(z) can be computed
at a constant CPU time via (numerical) evaluation of the Sommerfeld integral along contours
of steepest descents (the Debye contours). Obviously, numerical integration along contours of
steepest descents can be applied for the evaluation of other functions of mathematical physics.
In particular, it can be used for the computation of Bessel functions of complex arguments and
orders (the classification of the Debye contours in case of complex z and v can be found, for
example, in Ch. 8 of [4]).

In addition, we have obtained new estimates concerning decay of functions J,(z) and

—-1/Y,(z) of fixed z > 0 and large positive v (see Appendix B). Finally, we have shown that
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Bessel functions of the first kind and integer orders provide a solution to a system of differential
equations for a chain of coupled harmonic oscillators (see Appendix C).
The author would like to thank Professor Vladimir Rokhlin for useful discussions and for

his interest and support.
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Appendix A
Round-off errors

In this Appendix we briefly discuss round-off errors that appear (for certain values of z and v)

when function H, ‘(,1)(33) is evaluated via either Taylor expansions or contour integration.

A.1 Taylor ezpansions

It is well known (see, for example, Ch. 3 of [4]) that for

v=m+o, (170)
where m is an integer and |o| < 1,

J(z) cos(w v) = J_,(z), (171)

and thus in this case formula (8) produces significant round-off error. However, for any fixed
z > 0 function Y, (z) is a.n analytic function of » and therefore it can be evaluated by means
of interpolation with respect to the order.

Our experiments showed that that for o] > 5-107* no significant error occurred. For

smaller |o| we used Chebychev interpolation of function Y, (z) on the interval
veE[m—10"3,m+ 1073 (172)

with the number of nodes k=6; this number of nodes proves to be sufficient for the evaluation

of this function with at least thirteen digits for » from (172) and z < 2.

A.2 Numerical integration for ¢ > v

Our experiments showed that for z 3> 1 it is impossible to compute the integral (83) without
a round-off error unless function ¢, defined in (84), is carefully evaluated. This error occurs
because, as follows from (83), for z > 1 small errors of the evaluation of function ¢; produce

large errors of the integrand of (83).
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First of all we observe that for small |v — 3| there appears a loss of accuracy if we evaluate

sinh(u) by means of the formula
sinh(u) = ((cosh(u) — 1)(cosh(u) + 1))% (173)

with cosh(u) computed via (19), (20). Writing

cosh(u) — 1= f‘(”’ﬂs Zn’(vf;(”’ﬁ ) (174)
where

f1(v,B8) = (v = B) cos(B) (175)

fa(v, B) = sin(v) — sin(6) (176)

we see that for small [v — 8| each of the functions fi(v,B) and fa(v,B) are of order O(v — )
whereas the numerator of (174) is of order O((v — 8)?).

To avoid the round-off error, cased by the cancellation of the leading terms of the Taylor
expansions of functions (175) and (176), we can first evaluate the numerator of (174) using
its Taylor expansion in (small parameter) (v — §) and after that compute sinh(u) by means of

(173), and u via
u = In(sinh(x) + cosh(u)). (177)

In addition, a round-off error appears if we evaluate function ¢; itself via the formula (84)

Rewriting (84) in an equivalent form
#1 = (cos(v) — cos(B)) sinh(w) + (sinh(u) — u) cos(B), (178)

we see, that in order to avoid cancellations (and therefore the lost of significant digits in (178))
we can evaluate functions (cos(v) — cos(8)) and (sinh(u) — u) via their Taylor expansions in
(small parameters) (v — ) and u, consequently.

Our experiments showed that the integral (83) can be computed without significant round-

off error if we use Taylor expansions in (174) and (178) for v — 8| < 0.1.
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A.8 Numerical integration for z =~ v

It was found that the integral (126) can be computed without round-off error for any z and
v. However it turns out that we cannot evaluate of the integral (127) without a round-off
error which becomes large for z » 1. Like in case z > v, the main source of this error is
the sensitivity of the computation of the integrand of (127) (for large z) to small errors of the
evaluation of function ¢4 defined in (129). To analyze this effect we observe that as follows
from (134) and (135) for small v functions u and sinh(u) - cos(v) are of order O(v) whereas
their difference (136) is of order O(v®). Therefore the round-off error of the evaluation of (136)
(and thus of function ¢4 from (129)) appears (for sufficiently small v) due to cancellation of
the leading terms of the Taylor expansions of (134) and (135).

It follows from our numerical experiments that if the left-hand sides of (134)-(136) are
evaluated via their Tailor expansions for v < 1 then the integral (127) can be computed
without significant round-off error. These expansions are:

u = 0.57735026918962576 v + 0.025660011963983367 v° +
0.0014662863979419067 v° + 0.000097752426529460445 v” +
0.74525058224720925 - 10~ v° + 0.61544207267743328 - 107° '! +

0.52905118464628039- 1077 v¥3 4 .-, (179)

sinh(z) = 0.57735026918962576 v + 0.057735026918962576 v° +
0.0062775386411887830 v° + 0.00065524673408028954 v’ +
0.000066970892258993254 v° + 0.67971226373232793 - 107° v'! +
0.68878126140038453-107° v'3 + - - -, (180)

u — sinh(u) cos(v) = 0.25660011963983367 v° +
0.00097752426529460445 v +
0.000072409204836637368 v° +
0.74478039260541289 - 10~° v +
0.74130822294291681 - 107 v*3 4 - --. (181)

35




Appendix B
Decay of functions J,(z) and —1/Y,(z) for the large orders and fixed arguments

In this appendix we discuss the behavior of functions J,(z) and Y, (z) for fixed arguments and
large orders. Theorems Bl and B2 and formulae (219) and (222) contain the principal results

of this appendix.
B1. Statement of the problem

It is well known that for any fixed z > 0 and v — oo function J,(z) decays rapidly (see, for

example, Ch. 10 of [5]) and has an asymptotic behavior defined by the formula

J(z) = TUE:T) . (g)" (1+0(™)). (182)

However, this approximation is numerically meaningful only for v > z2/4 (see, for example,
Ch. 10 of [5]). On the other hand, often it is necessary to have an accurate estimate of an

order v; > x > 0 such that
Ju(z) < ¢, (183)

for all ¥ > v;. In (183) z is fixed and € > 0 is supposed to be sufficiently small. This problem
arises, for example, when one implements Miller’s algorithm ( see, for example, [1], [2]), or
sums a Neumann series

5u(@) = 3 tn Jutn(2). (184)

n=0
It is well known that the behavior of function J,(z) of fixed positive arguments and large
orders is close to that of function —1/Y,(z). For example, for any fixed £ > 0 and v — oo this

function decays rapidly (see, for example, [1]) and has the following asymptotic representation

1 1 2\" —1

In this appendix we prove that functions J,(z) and —1/Y,(z) of any fixed z > 0 are

monotonically decreasing functions of v > z (see Theorems Bl and B2 below). In addition,
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in case of large fixed z > 0 and sufficiently small ¢ > 0 we present approximate solutions of

equations
@) =¢, (186)
and
1
———— =, (187)
Y, (=)

with respect to v; and v, for v;, v, > z.
B2. Certain properties of function J,(z) for v > z.

It was proved in Ch. 10 of [4] that the forany 0 < 2 < 1,

J.(vz) >0, ' (188)
and

0J,(vz)

T < 0. (189)

Similarly, one can prove the following

Theorem B1

Foranyv 2>z >0,

aJ,(z)
7;— < 0. (190)

Proof

We start with Schlifli’s representation of function J,(z) (see, for example, Ch. 6 of [4]):

J(z) = 1 /oo+1_ri exp(z sinh(w) — vw)dw. (191)

27t Joo—ni
Differentiating (191) with respect to v we have
cotmt
8Jufz) _ 1 [ exp(asinh(w) - vw)du. (192)

v 271 Joo—ni
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Deforming the contour of integration in (192) into the contour (19), (24) with v € (—m,7) we
obtain

=) _ 1 [T ( ‘.’E) : _
=g _W(u+w) z+dv exp(z sinh(u) cos(v) — vu)dv,  (193)

where the derivative du/dv is defined in (110). On this contour,

z>0, (194)
du(v)  du(-v)
dv ~ dv (19)

Combination of (193), (194) and (195) yields
8J(z) 1 [ ( _@) ,
Y - x /0 ut o exp(z sinh(u) cos(v) — vu)dv. (196)

Finally, for v € (0, 7) we have from (110)

dusy. (197)

The conclusion of the theorem follows from (194), (196) and (197). O

Observation B1
It follows from formula (188) and Theorem B1 that for any v > z > 0 (z is fixed) equation
(186) has at most one real solution. Moreover, if such a solution exists, then the inequality

(183) is satisfied for all v > v;.
B3. Certain properties of function Y, (z) forv > z.

Turning to the discussion of the behavior of function Y, (z) for » > z > 0 we will first prove

the following

Lemma B1

Foranyv 2>z >0,

Y, (z) < 0. | (198)
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Proof _ ' )
Combining formulae (5), (105) (106) and (107) we have

Y, (z)= —% /c; exp(z¢s)du — _71F /or exp(z¢s) %dv, (199)

where the parameter o and functions ¢, and ¢ are defined in (25), (108) and (109), respectively,
and function u = u(v) is evaluated via (19), (23). Now the conclusion of the lemma follows

from (197) and (199). O
We will now prove the analogue of Theorem B1 for function Y, (z).

Theorem B2

Foranyv2>z>0,

Y, (z)
—5'1/—— <0. (200)

Proof
We start with Nicholson’s formula (see, for example, Ch. 9 of [5]):

(> o]
N(z)= = I Ko(2asinh(s)) - cosh(2ut)dt = J3(a) + Y2(2), (201)
0
where
(o]
Ko(z) = / exp(—2 cosh(?))dt (202)
0
is Macdonald’s function of zero order. It immediately follows from (201) and (202) that for
any z > 0,
ON,(z)
5, > 0. (203)
Next, formula (201) yields
Y, (z) 1 (('?N,,(:z:) 8Ju(x))
= : — 27, (z) 222 ) 4
w "W o T, (204)

The conclusion of the theorem is a consequence of (188), (190), (198), (203) and (204). O

The following observation is closely related to Observation Bl above.

39




Observation B2 )
Lemma B1 and Theorem B2 show that for any fixed positive z < v equation (187) has at most

one real solution. Moreover, if such a solution exists,

7 <€ (205)

for all v > v,,.

In the rest of the appendix we derive approximate (asymptotic) solutions of equations (186)

and (187).

B4. Asymptotic solution of equation (186).
We will first prove the following simple
Lemma B2

For any |2| < 1,

In(1+2)=3 o— -+ 51 - 2. (206)
n=1

o0 2n—1 1

Proof

Expanding left-hand side of (206) into Taylor series we have

oo ( +1) zn ©0 z2n—l 1 0 z2n
In(1 = -1t = - —_— 207
n(1+2) nz___:l( ) n nz=:12n—-1 2?;1 n’ (207)

which concludes the proof of the lemma. O
An approximation to v; from (186), hereafter denoted by v;, will be sought as a solution of the
equation

(%;%xlzl(;]?—?_?_z;)% = (208)

where the function on the left-hand side of (208) is the leading term of the Debye asymptotic

expansion (32) with the change of notation v — v;.
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Introducing the notation

D.
%= (209)

and substituting (209) into (34) we obtain

. 2,1 —2n1

f=z-y- [In(y)+n(1+(1-57)7) - Q-3 . (210)
Noticing that for z = (1 - y;'z)% equation (206) becomes

231 Ll e 1 _g\2n41
In (1'*‘(1"3/,' 2)’) =(1-y; %)z +,,2_:12n+1(1_yj 57 —In(y;),  (211)

and substituting (211) into (210) we obtain

(-57)" 1)

. ol
=zy (1-y72)7 ) 2n+1

n=1

Now, substituting (209) and (212) into (208), we have

o (11— =2\n 1
( 27221- 1) 4 %h(yjz ~1)=-In ((271':1;)5 e) . (213)

yi=2"% ¢ +1, (214)

and substituting (214) into (213) we have

27 4 1 _2 4 1 1 1 _
'(1-2—OI 3qj+0(z 3qf))+—2-lnq1+zln(1+-2—x

win

g} =

3 7
~In(2% 7% 25 ¢).  (215)

We seek the asymptotic solution of (215) under the condition
3 1 1
> —In(2¢« 72 25 €) > 1. (216)

Taking into account (216), equation (215) immediately yields the leading term of the asymptotic

expansion of ¢;:
g; ~ 6;, ’ (217)
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where _
6;=3% 274 (~m(2d x4 2 e))* . (218)

Corrections to (217) can be found by standard methods (see, for example, Ch. 1 of [5]). After
some algebra we obtain
v; 1

Bt e (et (1o e 67 5 (57

0 (In(5;) 67°) + 0 (73 51)). (219)

B5. Asymptotic solution of equation (187).

In this subsection we briefly discuss the derivation of the asymptotic solution of equation
(187); this approximate solution will be denoted by #,. Like in case of equation (186) we seek

an approximation to v, as a solution (for fixed positive z < v) of equation

(—2-) exp(~) (7 - 2)* = ¢, (220)

where the function on the left-hand side of (220) is the modulus of the inverse of the leading term
of the Debye asymptotic expansion (33) with the change of notation » — 17,. The technique
employed for solving equation (220) is the same as that for equation (208) and we omit the
computational details. It can be shown that the asymptotic solution of (220) derived under

the condition

z> —-ln(2% % 273 >1, (221)
has the form
Dot = (e ) (1o w0 5 55 (6 2Y) 4
0 (1n(5,) 6;%) + 0 (s73 §;7)), (222)
where
6,=3% 277 (~In(2¥ 777 273 e))%. (223)
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B6. Comparison of ezact and asymptotic solutions of equations (186) and (187).

Tables 2 and 3 contain approximations J; and vy, obtained via (219) and (222), as well as exact
numerical solutions of equations (186) and (187) for several values of z and ¢ (when solving
equations (186) and (187) their left-hand sides were computed via contour integration for z > 2
and Taylor expansion for z < 2). It is interesting to note, that the formulae (219) and (222)
provide reasonable approximations to v; and v, even for z = 1, i.e. when the conditions (216),

(221) are violated.

Remark B1
It is easy to see from (219) and (222), that up to logarithmic (in =) corrections the parameters

v; and U, can be estimated as
v; % 3+ ¢5(€) 73, (224)
Uy = T + cy(€) z3, (225)

where c;(€) = cy(€) > 0 are independent of z. In other words, the approximations (224), (225)
provide a (rough) estimate of a domain on the z — v plane where functions J,(z) and —1/Y,(z)

of any fixed z > 1 are small for all v > ¥; = iy.

Appendix C
Bessel functions and a chain of harmonic oscillators
In this appendix we show that functions J,(z) of integer v describe displacements of coupled
harmonic oscillators on a line.
Differentiating the formula (see, for example, (1])

df.(z)

) = 2(foa(@) ~ funa(2)) (226)

where f,(z) has the same meaning as in formula (1) we obtain

£, (z) - %(f,,_z(iv) -2 f,(2) + fu42(z)). - (227)

dz?
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Equation (227) can be compared with the differential equations for a system of equal point
masses on a line which interact with their nearest neighbors via the elastic force. The displace-
ment from the equilibrium u,(t) (as a function of time t) of an n-th such oscillator satisfies

equation (see, for example, [9])

d?u,(t)

M di?

=G (un-1(t) — 2 wa(?) + unsa (1)), (228)

where M is the mass and G is the elastic constant.
The analogy between (227) and (228) becomes especially transparent if we rewrite (227)
for Bessel functions of the first kind of integer order » = n. It follows from (227) that these

functions of even orders satisfy the system of differential equations

dz.;z:;(z) = %(Jzn—2(z) =2 Jon(z) + Jonsa(z)), (n=0,£1,£2,--);  (229)

with the initial conditions (see, for example, [1])

Jo(0) =1, J2n(0)=0, (n==%1,42,---);

ngn(:L')

| =0 (R=0ELE2 ). (230)

For odd orders we have the same system of equations
d?J. z) 1
—-——ifféi—)' = Z(Jg,,_l(:c) -2 J2n+1 (2:) + J2n+3(2)), (n =0,%1, +2,-- -); (231)

but the initial conditions in this case are different (see, for example, {1]):

Jon41(0) =0, (n=0,%1,£2,--7);

dh(z)] _1 dJa(=)] _ 1
dz =0 - 2’ - dz =0 - 2’
dJon+1(%) =0, (n=1,%2,--). (232)
dz z=0

Comparing (228) with (229) and (231) we see that function Jon(z) (or, equivalently, J2n11())
can be viewed as a displacement of an n-th oscillator at a ’time’ z in a chain (228) with
parameters

(233)
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It is interesting to observe, that as follows from (229) and (231) the chains of even and odd

Bessel function do not interact.

This analogy enables us to give a mechanical interpretation of certain properties of Bessel

functions.

1. A zero of a Bessel function can be interpreted as a ’time’ at which a corresponding
oscillator passes the equilibrium. Therefore, the well known result, that function J,(z) has
infinitely many zeros as z — oo reflects the obvious physical property that any oscillator (in a

chain with zero friction) passes the equilibrium infinitely many times (as time goes to infinity).

2. The identity (see, for example, [1])

i J(z) = J3(z) + 2 i J3(z) = 1 (234)

n=-—0co0 n=1
means that the oscillators in the chains (229) and (231) under the initial conditions (230) and

(232) oscillate in such a way that the sum of squares of the displacements in both of them does

not depend on ’time’ z.

3. In terms of the mechanical model the approximation (219) (or its simplified version

| (224)) estimates the range of propagation of the initial perturbation (230) (or (232)) at the

’time’ z.
4. Tt is easy to show that the well known relation (see, for example, [1])

i Jon(z) = Jo(z) +2 fj Jon(z) = 1 (235)

n=—00 n=1
is a consequence of the conservation of momentum in the even chain (229). To prove this we
observe that according to the initial conditions (230) the total initial momentum of the even

chain is zero. Because this system is isolated we can write

f‘; g%%(x_) =0 (236)

for any ’time’ z. Integrating (236) and observing that due to (230) the constant of integration

is equal to unity we immediately obtain (235).
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5. An interesting formula can be obtained from the law of conservation of energy in the odd
chain (231). Using (233) we find the kinetic K and the potential II energy of the odd chain
(231) (see, for example, [9]):

ol i (szn+1(x))2, (237)

2 = dz
. _i (Jams(2) = Joma (2)). (238)

Combining (226) and (238) we obtain

(o]

H:—;- > (‘-’%’?)2. (239)

n=—o0
As follows from (232) and (233) the total initial energy of the odd chain is equal to 1/4 and,

the system being isolated, it remains the same at any ’time’ z. Therefore from (237) and (239)

we have

> (%9~ | 0

n=--00
The formula (240) means that the sum of kinetic energies of the chains (229) and (231) is

independent of ’time’ z.

Remark C1
As follows from the preceding analysis Bessel functions are a (rare) example of a discrete
dynamic interacting system where the coordinate of any particle can be computed at a CPU

time independent of the physical time.
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Table 1: Numerical estimates of the parameter gn.

N

5

9

13

17

gN

23

10

7

6.5

Table 2: Comparison of the numerical solution of (186) with the approximation (219).
€ z=1|z=2]z=10]z=50| z=100| z = 1000 | z = 10000 | = = 100000
vo| 107> | 6.25 8.37 | 20.10 | 66.38 120.2 1040.8 10082.1 100163.9
7| 107% | 6.63 8.61 20.22 | 66.44 120.3 1040.8 10082.1 100164.0
vo | 1071%] 10.28 | 13.15 | 27.60 78.79 135.8 1074.5 10156.0 100326.7
7 110°19] 11.20 | 13.74 | 27.83 | 78.88 135.9 1074.6 10156.0 100326.7
ve | 10740 | 17.18 | 21.20 | 39.76 | 98.33 160.1 1126.2 10267.8 100569.4
7 | 10720 § 19.73 | 22.85 | 40.33 | 98.53 160.2 1126.2 10267.8 100569.4
v | 10730 | 23.37 | 28.34 | 50.25 114.8 180.5 1169.0 10359.7 100768.1
7110730 | 28.14 | 31.47 | 51.32 | 1152 | 180.7 | 1169.0 10359.7 100768.1
Table 3: Comparison of the numerical solution of (187) with the approximation (222).
€ z=1}z= z=10|z=50] z=100 | z = 1000 | z = 10000 | =z = 100000
vy 10~° | 7.42 9.89 23.02 72.26 128.2 1062.5 10139.0 100309.4
v, | 1075 | 7.53 | 9.88 | 22.96 | 72.20 128.1 1062.4 10139.0 100309.4
vy 10-10 | 11.43 | 14.59 | 30.18 | 83.76 142.5 1092.2 10202.1 100443.3
v, | 1071°] 12.06 | 14.91 | 30.19 | 83.70 142.4 1092.2 10202.1 100443.3
v, | 10770 | 18.31 | 22.57 | 42.07 | 102.6 | 165.7 | 1140.7 | 10305.2 | 100663.6
Uy 1020 | 20.59 | 23.96 | 42.40 102.6 165.8 1140.7 10305.2 100663.6
vy 10739 | 24.48 | 29.68 | 52.43 118.7 185.6 1181.9 10392.9 100851.4
v, | 10730 | 29.00 | 32.56 | 53.26 | 1189 | 185.6 | 1181.9 | 103929 | 100851.4
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A group of quadrature formulae is presented applicable to both non-singular functions and
functions with end-point singularities, generalizing the classical end-point corrected trape-
zoidal quadrature rules. We present an algorithm for the construction of very high-order
end-point corrected trapezoidal rules, taking advantage of functional information outside
the interval of integration. The scheme applies not only to non-singular functions, but also
for a wide class of functions with monotonic singularities. Numerical experiments are pre-
sented demonstrating the practical usefulness of the new class of quadratures. Tables of
quadrature weights are included for singularities of the form s(z) = log(]z]), s(z) = |z|* for
a variety of values of A.

High-Order Corrected Trapezoidal
Rules for Singular Functions

Sharad Kapur and Vladimir Rokhlin




1 Introduction

The trapezoidal rule is known to be an easy and numerically stable means for numerical in-
tegration. If a function is periodic and analytic on the interval of integration, the trapezoidal
rule converges exponentially fast (see, for example, [7]). However, for non-periodic functions
the trapezoidal rule is second order convergent, and end-point corrections are often used to
improve the convergence rate. A standard end-point corrected trapezoidal rule is fourth order
convergent, and is given by the formula

b n—-2
[ #ede = 3 say + LEVEIEmt B pans) 4 s21) + S(ann) = Sl
e =1

(1)
where, h = (b—a)/(n — 1) and z; = a+ th for i = 0,1,2,...,n — 1 (see, for example [1]).

More recently, the Euler-Maclaurin formula is used in [4] to obtain a high-order end-point
corrected trapezoidal rule of the form

n~2 m
T2() = ¥, fe) + LELEICoa) 457 i fan-) - 29 @
i=1 =1

where a = (a3, @2, ..., ) are coefficients such that

n b ¢
T30 - [ Sz l< o Q)
for some ¢ > 0.

The scheme of [4] provides satisfactory quadratures upto order 12; for higher orders, the coeffi-
cients a grow rapidly, rendering the scheme useless. In this paper we develop a different class of
end-point corrected trapezoidal rules, whereby the growth of correction weights is suppressed,
enabling the construction of end-point corrected trapezoidal rules of arbitrarily high order for
non-singular functions. .

In [5], end-point corrected quadrature formulae are developed to approximate definite inte-
grals of singular functions f : [a,b] — R! of the form

f(z) = ¢(z)s(z) + ¥(=), (4)
and
f(z) = ¢(z)s(z), (5)

where @ < 0 < b, ¢(z),%(z) € ¢*[a,b], and s(z) € c[e,d] is an integrable function with 2
singularity at 0. The procedure developed in [5] provides satisfactory quadratures only upto
order 4; for higher orders, the quadrature weights grow rapidly, also rendering the scheme
useless. In this paper we construct a different class of end-point corrected trapezoidal rules,
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whereby the growth of quadrature weights is partially suppressed for functions of the form
(4), obtaining useful quadratures of order upto 12; and completely suppressed for functions
of the form (5), providing quadratures of arbitrarily high order. Moreover, we obviate the
programming inconvenience associated with the procedure developed in [5], which requires that
functional information be tabulated on a grid finer than that required for the uncorrected
trapezoidal rule.

Remark 1.1 The approach of this paper is somewhat related to that of [9]. However, [9]
constructs quadratures in higher dimensions, and these quadratures are of relatively low order.
In this paper, we construct one-dimesjonal rules of very high order. Furthermore, most rules
of this paper are “standard” in the sense that the correction coefficients do not depend on the
number of nodes in the trapezoidal rule being corrected, or on the sampling interval.

2 Mathematical Preliminaries

In this section we summarize some well-known results to be used in the reminder of the paper.
Lemmas 2.1, 2.2 and 2.3 can be found, for example, in [1].

Definition 2.1 Suppose that a,b are a pair of real numbers such that a < b, and thatn > 2 is
an integer. For a function f : [a,b] = R!, we define the n-point trapezoidal rule To(f) by the
formula

n-1
7.(0) = (S fa+ in) - (L2ELED, )
=0
with

h=(b-a)/(n-1). (7)

The following lemma provides an error estimate for the approximation to the integral given by
the trapezoidal rule. Along with Lemma 2.2, it can be found, for example in (1].

Lemma 2.1 (Euler-Maclaurin formula) Suppose that a,b are a pair of real numbers such that
a < b, and that m > 1 is an integer. Further, let By denote the Bernoulli numbers

1 -1 1 '
== = — = =y ey 8
B2 63B4 301B6 42’ ) ( )

If f € ™ t2[a,b] (i.e., f has 2m+2 continuous derivatives on [a,b]), then there ezists a real
number £, with a < £ < b, such that

= h¥ By 2m+2 Bomt2

/ ’ fe)de = Tu() + 2Ty (F#=0@) - f#(a)) - ﬁ(—ﬁmf“”(e)-. (9)




The following well-known lemma provides an error estimate for Lagrange interpolation.

Lemma 2.2 (Lagrange interpolation formula) Suppose that a,b are a pair of real numbers such
that a < b, m > 3 be an odd integer, and f € c™[a,b]. Furthermore, let h be defined in (7), and
f be tabulated at equispaced points, Tj = é—%‘l + kh. Then for any real number p there ezists a
real number £, —mh < £ < mh, such that

fotph)= > AP(@f(zk) + R, (10)
with met 44 .
() = D = T+t -
and o
Rna=2 T (o= DR (12)
AL

Lemma 2.3 If f : [a,b] = R! is a function satisfying the conditions of Lemma 2.2, and the
coefficients DT} are given by the formula

m a(2i-—1) m -0
Di,k = ap(gi_l) (Ak (P)) lP— ’ (13)
then
m—1
(2i-1) e Dznk m
f (30) = Z h2i'—1 f(xk) + O(h )7 (14)
k=-— mz-l

for any m,i such that -2 <k <27l and 1<k < ml

Proof. The proof is as an immediate consequence of (10) and (13). a

Lemma 2.4 Suppose that m,l,k are integers, and the coefficients a}’; are defined by the recur-
rence relation

0:1,’,1 = 1, (15'3')

a'?.‘Z = 1, (15-b)

B = (k=T e 159
m+1

apt? = afia— () (15-d)
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with ) = 0, for allk <0, 0rl1 <0, orm < 1. Then

m=—1

(__1)-'-"T"l+k —z

m = a™ I’
RO) = s - & P

Jor any odd m > 3, 1 < k < 251 and AT(p) is defined by (11).
Proof. Due to (11),

m _- (—1)1"-2;1-*-,: m
where
1 m-1
CR(p) = H (p+ o — 1),
i—O

Thus it is sufficient to show that o
ww=im@
This will be shown by induction. Indeed, if m =-3 then, due to (18),
Cip) =7 +7,
which is equivalent to (15-a),(15-b).

Assume now that for some m, k such that _m__ <k< m—{—l,

m—1
2

CP(p) = Y app.
=1

Combining (18) and (21), we have

m=1

m m+1 m+1, G

et = (p+—5)p-— ) ey
=1

= -(-——-—) ) f{: af,

=1
= Z I+2—( )2201:117,

which is equivalent to (15-d).
Now, assume that for some k

C:k-}-l(p) Z a2k+1 ]

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)




Combining (23) and (18), we have

CH¥H(p) = (p—k)p-—(k +1))Z a2k+11

= (P +p- (k2+k)za2"“'

1=1
k
= E“ik“ H2 4 Zazkﬂ 1+1 (k2 + k)Za”‘“ I’
=1 I=1
(24)
which is equivalent to (15-c). o
Lemma 2.5 Suppose that m > 3 is odd. Then,
m-—1
(-1)57 +k .
Eﬁ‘ = (%ﬂ + k)!(_m_z—l _ k)!agﬁ—l(zz - 1)'7 (25)
for any k,i such that —m"—l <k< 1'1, and1<i< ﬂ;—l,
with the coefficients a}*, defined by the recurrence relation in Lemma 2.4.
Proof. Substituting (16) into (13), we immediately obtain
=224k (2i-1) m-1
D3y = m—l( 1)'2m_ ! a(zz -1) E agap L=
(25t + )5t - k)l dp
m=1
(=17 -
= (m—l + k)'(m- k)'ak,Zi—l(zz - 1)' (26)
(]
The following six lemmas provide identities which are used in the proof of Theorem 3.1.
Lemma 2.6 If k > 2 is an integer and af; is defined in Lemma 2.4.
|@-afit L < 1+ e ), (27)

foralll =1,2,...,2k - 3.

Proof.
Ifk=2,and = 1then |(1)!-a}, |=2, |(8)!-a5;]|= 12, and therefore (27) is obviously true.

Now, assume that
|- et < 1+ 2)tadils s (28)

for some k >2andalll =1,2,...,2k- 3.
Now, due to (15-a), (15-b), (15-c), and (15-d),

(0! @233 = (((k+1) ~ (k+ DPaps™ + afit) +afity) - (), (29)
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) f

and
(1+2)! - B3, = (k4 1) = (k + D))y + el +afi) -+ 2L
Finally, combining (28), (29), and (30) we easily obtain

L) -a**3 ) < | (1+2)-apit3, ),

foralll=1,2,...,2k - 1.

Lemma 2.7 If k > 2 is an integer, and aJ'; is defined in Lemma 2.4 then

[ -apy ] < 1U+2)! ekl

forallm>2k+1andl=1,2,..,2k-3.

Proof. Lemma (2.6) establishes the base case, i.e., that (32) is true when m = 2k + 1.

Now, assume that
[ (el < 1+2) a8,

for someodd m > 2k +1,and all l = 1,2,...,2k - 3.
Now, due to (15-2), (15-b), (15-c), and (15-d),

(! apt? = (af—2 - (—2'— 2agy) - (1Y),

and
m m + 1
(1+2)!- apl = (afy — (— =) alug) - (1 + 2)L

Finally, combining (33), (34), and (35) we easily obta.m
O 1ap? ] < 10+ apfs |,

foralll=1,2,..,2k-3.

Lemma 2.8 If m,k are integers such that m > 3 is odd, and —-”‘T’l <k <2 then

[ (1) afy <] (3)-afs <] (5)!-aks |< ... <[ (m — a2 |-

Proof. This Lemma follows directly from Lemma 2.6 and Lemma 2.7

Lemma 2.9 If m > 3 is odd, then

(m—-1)(m=-2) (2r)™!
(E=3) I I

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)




Proof. If m = 3 then obviously 1 < Q—:ﬁ.
Now, assume that for some odd m > 3,
(m-1)(m-2)! < (2x)™-?
2(=FH? 4

Obviously,
(m+1)(m) _ 4m
(=ly— (m+D)

and combining (39) and (40) we obtain

(m + 1)(m) (m - 1)(m - 2)! < (2r)™?
(e 2! 4

< (27)?,

(27")2’

which is equivalent to
(m + 1)(m)! < (2x)™H
2((=H))? 4

Now, the conclusion of the lemma is an immediate consequence of (39) and (42).

Lemma 2.10 If m > 3 is odd then
(2r)™-1
4 b

for any k,t such that —ﬂ;—l <k< 1‘—2'—1, and1 <1< —"'2;1

| D% | <

Proof. Combining Lemmas 2.5, 2.6, 2.7, and 2.8, it is easy to see that
I DT% | < | D3x ] <. < ID’_;F'kl.

Consequently, it is sufficient to show that

(2”)711—1
| Daa < =

m=1

First we observe that (obviously) for any k such that -—1"-.;—1 <k< 25,
. k(m - 2)! < (m-1)(m - 2)!
(B +RIEFE R 2
Then, we combine (15-a), (15-b), (15-c), (15-d), and (25) to obtain

k(m —2)!
T+ A= BY

| D2a 1=

Now, (45) follows immediately from the combination of (46), (47), and Lemma 2.9.

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)




Lemma 2.11 For any l > 1 the Bernoulli number By satisfies the inequality

By 4
. 4
Gyl < @ (48)
Proof. As is well known (see for examplé, [1]), for any I > 1
(-1)F202) X 1
By = o L (49)
and
= 1
> <2 (50)
k=1
Now, the conclusion of the lemma is an immediate consequence of (49) and (50). o

The proof of the following lemma can be found in [5].

Lemma 2.12 Suppose that m > 1, s € ¢™(0, 1] possesses a finite integral on the interval (0,1},
and that s(™)(z) is monotonic in some neighborhood of 0. Then the product z-s(z) is bounded on
[0,1). Suppose further that w € c™[0,1] is such that w(0) = w'(0) = w"(0) = ... = wl™(0) = 0.
Then the function ¥(z) = s(z)-w(z) is defined on the closed interval [0,1], and $(0) = ¥'(0) =
$"(0) = ... = v(™(0) = 0.

3 End-point Corrections for Non-singular Functions

3.1 End-point corrected trapezoidal rules

While the authors have failed to find the contents of this section in the literature, it is an
immediate consequence of well-known facts from classical analysis. We present it here for com-
pleteness, and because we found the resulting high-order quadrature rules quite useful (see
Section 7.1).

Suppose that n, m, are a pair of integers with m > 3 and odd, and n > 2. Further, suppose that
a, b are a pair of real numbers such that @ < b, h = (b—a)/(n—1), and f : [a—mh,b+mh] — R!
is an integrable function. We define the corrected trapezoidal rule T for non-singular func-
tions by the formula

m-—1

Thn(f) = Ta(f) + R ij (f(b+ kh) — f(a+ kh))BE. (51)

k=-m2zL

2

The real coefficients BT are given by the formula

B = i —(—’51—)!_’ - (52)
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where D are defined in (13) (also, see (25)) and By are the Bernoulli numbers.

We will say that the rule T3 is of order m if for any f € c™[a — mh,b + mh], there exists a
real number ¢ > 0 such that

|Tm(1) - [ )iz 1< 5 (59)

Theorem 3.1 If m > 3 is an odd integer then for any k such that — "‘"‘ <k< -"‘T'l-,
m-—1

| 87 1< (54)
where the coefficients B are defined in (52).
Proof. Combining Lemma 2.10 and Lemma 2.11 we immediately observe that
D7 By
| NN <1, (55)
and hence et
N D[ k 21 m-—1
= . 56
O

Remark 8.1 A somewhat more involved argument shows that in fact |87'] < 1 for all k,m;
empirically this can also be seen from the tables in Section 7.1 below. However, for the purposes
of this paper (56) is sufficient.

Theorem 3.2 Suppose that m,n are a pair of integers with m > 3 and odd, and n > 2.
Further, suppose that a,b are a pair of real numbers such that a < b. Then, the end-point
corrected trapezoidal rule Tgn is of order m, i.e., for any f : {a — mh,b+ mh] — R? such that
fla — mh,b+ mh] € c™[a — mh,b+ mh], there ezists a real number ¢ > 0 such that

|Tnl) - [ Sedee < . (57

Proof. Combining (52) and (51), we obtain

m—-l

To(f) = Ta()4h 3 (Jb+kh)- f(a+kh))}: ('2'})'21

bt
25 pm(f(b+ kh) — f(a+ kh
= T (f)+ Z h&ﬁ?l Z l,k(f( + hg,)__l f( + ))) (58)
k= _m-_l




Combining (14) and (58), we have

m=1
2

h¥ By (21-1) (21-1) (21-1) '
n =T, il - - - - - . 59
Tonl) = Tl )+ 3. "G (U0 = £0-0(6) = 2R750) (59)
Finally, combining (59) with Lemma 2.1, we observe that for some a < £ <b,
b -1) , h™Bp
Tgn(f) = [ fleddz +2B850 + =2 (6), (60)
and the theorem immediately follows from (60). o

Remark 3.2 It is easy to see that for m > 3 and odd, and any k such that —-'—"2;1- <k< 1"2;1-,
D!, = —D[, and Dy = 0 (due to (13)), and hence g™, = —ff* and fg* = 0 (due to 52).
Now, instead of (51) one could define the end-point corrected trapezoidal rule by the formula

m-1

() = Ta(f) + h 32 (f(b+ kh) - f(b— kh) - fla+kh)+ fa— KR)BE.  (61)

k=1

4 End-point Corrections for Singular Functions

In this section we construct a group of quadrature formulae for end-point singular functions,
generalizing the classical end-point corrected trapezoidal rules. The actual values of end-point
corrections are obtained for each singularity as a solution of a system of linear algebraic equa-
tions. All the rules developed in this section are simple extensions of the corrected trapezoidal
rule Tjm developed in the preceding section.

A right-end corrected trapezoidal rule Tpgm is defined by the formula

m-—1

. n-2 -2
Tam() = WS LS @) + B (KD - G- ERDEE,  (6)
i=1 . k=1

where f(0,b+ mh] — R! is an integrable function, n,m are a pair of natural numbers with
m > 3 and odd, the coefficients S* are given by (52), and

b
ho= n-1
z; = ih. (63)
We will say that the rule TRsm is of right-end order m > 3 if for any f € ¢™11[0,b+ mh] such
that f(0)[214z = f'(0) = ... = f(™)(0) = 0, there exists ¢ > 0 such that
. b )
| Thorm(N) - [ F(eddz 1< (64)
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It easily follows from Theorem 3.2 that Tfgm is of right-end order m.
Similarly, a left-end corrected trapezoidal rule T gm is defined by the formula

m—1

T n-2 2
Trgn(£) = W L 5 e ) 4 3 (-S(-b+ KR)+ S(-b— KA, (69)
k=1

i=1

where f[—b - mh,0) — R! is an integrable function, n,m are a pair of natural numbers with
m > 3 and odd, the coefficients S are given by (52), and h, z; are defined by (63). We will
say that the rule T7sm is of left-end order m > 3 if for any f € ¢™*t[-b — mh,0) such that

£(0) = f/(0) = ... = f(m)(0) = 0, there exists ¢ > 0 such that

0 c
| TEom(D) - [ Sl (66)
It also easily follows from Theorem 3.2 that Tfgm is of left-end order m. '

Suppose now that the function f(—kk,b+ mh] — R! is of the form
f(=) = é(z)s(z) + $(z), (67)

with ¢, % € c*(—kh,b+mh], and s € ¢(—kh, b+ mh] an integrable function with a singularity at
0. For a finite sequence & = (@, &—(k-1), ¥=1, @1, -+, @) and TRgm defined in (62), we define
the end-point corrected rule Tsm by the formula

k
Tiom(f) = Them(f)+h Y,  @;f(z5), (68)
j=—k.j#0

with h = b/(n — 1), z; = jh.
We will use the expression Tgsm with appropriately chosen a as quadrature formulae for
functions of the form (67), and the following construction provides a tool for finding a once
g™ = (B8P, B, ..., BT, is given, so that the rule is of order k, i.e., there exists a ¢ > 0 such
that :

b
| Togn(£) = [ @)z < 5. (69)

For a pair of natural numbers k,m, with k£ > 1 and m > 3 and odd, we will consider the following
system of linear algebraic equations with respect to the unknowns o, with j = 0,1, +2,...,tk:

j=—k,j#0 '
fort=1,2,...,k, and
k . 1 fb . :
> ais(a)e) = [ o5 s(e)e ~ Thon (74 s(e)), )

j=—k,j#0

11




fori=k+1,k+2,..,2k with h =b/(n—1), z; = jh and Tggm defined by (62). We denote

the matrix of the system (70), (71) by ATX, its right-hand side by Y™ and its solution by
ap = (a'_:k,a:(,‘_,), we@™y,aly ... af). The use of expressions T jngm as quadrature formulae

for functions of the form (67) is based on the following theorem.

Theorem 4.1 Suppose that a function s : (—kh,b+mh] — R! is such that s € c*(~kh,b+mh]
and s* is monotonic on either side of 0. Suppose further that the systems (70), (71) have
solutions (a’_‘_k,a'j(k_l),a’jl,a',‘, ...ya}) for all sufficiently large n, and that the sums

k
> (e3)? (72)

J==k,j#0

are bounded uniformly with respect to n. Finally, suppose that the function f : (—=kh,b+mh] —
R is defined by (67). Then, there ezists a real ¢ > 0 such that

| Toagm(1) - [ S@de < 5 (13)

for all sufficiently large n.

Proof. Applying the Taylor expansion to the function f at z =0 we obtain

f(z) = P(f)(z) + Rx($)(z)s(z) + Ri(¥), (74)
where
Ea0(0) . <K p(0)
PUE) = o) 3o Eilat + 3 s (75)
1=0 ' 1=0 ‘

and Ri(@), Rx(¥) are such functions [~kh,b+ mh] — R! that

Ry($)(0) = Ri($)(0) = ... = R (¢)(0) = 0, (76)
Ry($)(0) = Rp(¥)(0) = ... = RP($)(0) = 0. (77)

Substituting (74) into (73), we obtain

B - [ @) S | T (PO - [ P |+

o (Bal)-9)+ B9~ [ (Bd)s@)@)+ Re(b@dz|. (79)
Due to (70), (71)
1
Tooga(PUN = [ Pz =0, (79)
12




and we have

b
s (f) = /o f(z)dz |<
| RT3 4(s - Rx(#)) - Jo(s - Ri(¢))(z)dz |

+ | RT3 4 (Rx(¥)) — [o(Re(¥))(<)dz |
+ | T, (Ru(B)(h)s(h)a]) + (Re(®)GR)) | . (80)

Due to (77) and (64), there exists ¢; > 0 such that
| T (R0 - [ (R |< 5. (51)
Combining (76), (64), and Lemma 2.12 we conclude that for some ¢ > 0
| RTg, (s Ru(@) - [ (- Re(@)(o)dz |< 5. (82)

Finally, combining (76), (77) and Lemma 2.12 we conclude that for some ¢3 > 0,

k
| 3. (B@GRGReD + (R9ial) I< = (83)
I==RKJ

Now, the conclusion of the theorem follows from the combination of (81), (82), and (83). O

4.1 Convergence Rates for Singularites of the forms |z|* and log(|z|)

For the remainder of the paper, ¢1, $2, ..., $2x will denote functions (—kh,b+mh] — R?! defined
by the formulae

¢i(z) = 1, (84)

fori=1,2,...,k,and
$i(z) = 25 1s(z), ~(85)

fori=k+1,k+2,...,2k. The following lemma is a particular case of a well-known general fact
proven, for example, in [8].

Lemma 4.2 If s(z) = z* with A a real number such that 0 < |A| < 1, then the functions
1, P2, ..., Pok constitute a Chebyshev system on the interval (—=kh,b+mh] (i.e., the determinant
of the 2k x 2k matriz B;; defined by the formula B;; = $:(t;) is non-zero for any 2k distinct
points on the interval (—kh,b+ mh]).

Theorem 4.3 If s(z) = |z]> with 0 < |A| < 1, then the convergence rate of the quadrature rule
Ting,, is at least k.

a
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Proof. It immediately follows from Lemma 4.2 that the matrix of the system (70), (71) is
non-singular. We rescale the system (70), (71) by multiplying its ith equation by TF!-"" for
i=1,2,..,k,and by n=tey, fori=k+1,k+2,...,2k, obtaining the system of equations

ht—1
k . 1 b . .
S i ap = ([ 27 ds - Thgn(=)) (86)
j=—k.§#0 °
t=1,2,...,k,and
k ' 1 L ' i~k—14A
S kg = F"—_":'\_(/o Zi=F- 140 dp — TRom(z 47 1HYY), (87)

j==k,j#0

fori=k+1,k+2,..,2k
We will denote the matrix of the system (86), (87) by Bx, and its right hand side by Zf. Ob-

viously, By is independent of n, and using Theorem 3.2 we observe that if m > k then |Z}] is
bounded uniformly with respect to n. Now, due to Theorem 4.1, the convergence rate of Tgngm

is at least k. o

The proof of Theorem 4.3 can be repeated almost verbatim with s(z) = log(]z]), instead
of s(z) = |z|*, resulting in the following theorem.

Theorem 4.4 If s(z) = log(|z|) then the convergence rate of the quadrature rule Tjng  is at
least k.

4.2 Asymptotic behaviour of correction coefficients as n — oo

An obvious drawback of the expressions T zm as practical quadrature rules is the fact that
the weights a® = (a®,,...,a";,a},...,a}) have to be determined for each value of n by
solving a system of linear algebraic equations. For singularities of the form s(z) = log(|z|),
s(z) = |z|* we eliminate this problem by constructing a new set of quadrature weights v =
(Y=ks V= (k=1)s =+» V=15 V15 oo %), independent of n, and such that the quadrature rules T:",,ﬁ,,, are
still of order not less than k.

Lemma 4.5 Suppose that § = (BT,BT,...,Bm=1) is such that the right-hand order of the

quadrature formula Thgm is m: Further, let z >%) be some real number. Then for any integers
p,q such that p < g,

1 b 1 b me-z—
| = (Thm(2%) — f 2*dz) - —rp (Thom(z™) - / z*dz)|= O(R™*1),  (88)
h3 0 hg 0
where hy, = b/(p— 1), and hy = b/(g - 1).

Proof. Due to Theorem 3.2, there exist real ¢;,¢2 > 0 such that

' k
(Tﬁﬁm(z') - /Ob z*dz) = c1thy — hy Z (Fhp)%s (89)

j=—k
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and

(Thm(z?) - /obz’dz)=c2h"‘—h Z(]hq)‘ -~ (90)

j=-k
Now, combining (89), (90) we obtain

z b
| @ (Then(a?) = [o 27ds) = e (Thgm(a®) — fy =*de) |

1 m u . z z
= Gy~ 3 h)) (et = b Zk(th)
J== i=-

k k
= (ahp= = 3 ()) - (ehgT 7 = 30 (9))

=-k j=—k
= ¢ hm—z—l —c hm—z-—l
1% 2%

= O(hp~*1). (91)

Theorem 4.6 Suppose that k,m are two natural numbers such that k < m — 1 and that

= (BT, BT,. ,ﬂ,,,_,) is such that the right-hand order of the quadrature Tppm is m. Suppose
further that s(z) = |:v|’\ with 0 <| A |< 1, and that the coefficients (a2, aZ(;_,), a®;,al,...,af)
are the solutions of the system (70),(71). Then

1) There ezists a limit
l":Tnn—»ooa:'1 = Yis (92)

for eachi=1,2,...,2k.
2) For alli=1,2,...,2k,

| of =i |=0( (93)

nm—k *

3) 7; do not depend on m, as longasm > k+1.
4) The quadrature formulae T]gm are of order at least k.

Proof. Suppose that p, ¢ are two natural numbers, and p < g. Obviously,
of = (By)'ZE,
! = (Bk)"Z,‘:,
—a? = (B)NZL-Z)). (04)

Due to Lemma 4.5, there exists ¢ > 0 such that

2% - (95)

15
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and by combining (94), (95), we see that for some d > 0

llo? — &} < (96)

pm—k -

Since the weights a™ constitute a Cauchy sequence, they converge to some limit

Y = (Ymks Y= (k=1)5 -+ Y=15 11 ..e»Yk), Which proves 1, and 2, 3, 4 follow easily. O
The proof of the following theorem is a repetition, almost verbatim, of the proofs of the Lemma
4.5 and Theorem 4.6

Theorem 4.7 If under the conditions of Theorem 4.6 we replace s(z) = |z|* with s(z) =
log(|z]), conclusions 1-4 remain correct.

For singularities of the form |z|* and log(|z|), Theorem 4.6 and 4.7 reduce the quadratures

Tgﬁm to the more “conventional” form

b k
[ f@z ~ Tppnn) = TNtk 3 %l (o7)

j=_k|j¢0

Remark 4.1 The whole theory in sections 4.1-4.2 has been constructed for functions with a
singularity at the left end of the interval. Obviously, an identical theory holds for functions
with a singularity at the right end of the interval. However, in all formulae the expression Tggm
has to be replaced with T7sm (see (62), (65)).

4.3 Central Corrections for Singular Functions

In this section, we will be considering functions f{—b— mh,0)U (0,b+ mh] — R! of the form
f(z) = ¢(z)s(z) + ¥(2), (98)

with ¢, ¥ € c![~b— mh,b+ mh], and s € c[-b— mh,0)U(0,b+ mh] an integrable function with
a singularity at 0. We will define the central-point corrected trapezoidal rule

1
Tlngm(f) = Tham(f) + Tigm(f) + b Y w3 (f(z5) + f(2-)), (99)

i=1

with k, z; defined by(63), 87" defined by (52), Tggm, T gm defined by (62) and (65) respectively,
and p* = (uf, 48, ..., u}') an arbitrary sequence of length I.

We will use the expression Tjagm With appropriately chosen p" as quadrature formulae for
functions of the form (98), and the following construction provides a tool for finding p™ once
p™ is given, so that the rule is of order 21, i.e., there exists some ¢ > 0 such that

b
| Tion(N - [ 2Nz 1< (100)
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For a pair of natural numbers I,m, we will consider the following system of linear algebraic
equations with respect to the unknowns p:

l b . : i
Z z31—2 no_ /bz2|—2d$ _ Tﬁﬁm($2'_2) _ TEﬁm(zzt-z), (101)
fori=1,2,...,1,and

Lo, b, . :
DOE HE ER AR / b 222 Ug(z)dz — TRem(22 2" Us(z)) — Thsm(z2 2" %s(z)), (102)

i=1

fori=141,1+2,..,2l,with h =b/(n - 1), zj = jh.
The proofs of Theorem 4.8, 4.9, and 4.10 are almost identical to those of Theorems 4.1, 4.3,
and 4.6 respectively, and are thus stated below without proof.

Theorem 4.8 Suppose that a functzon s : [-b — mh,0)U (0,b+ mh] — R! is such that s €
c[-b— mh,0) U (0,b+ mh] and ' is monotonic on either side of 0. Suppose further that the
systems (101), (102) have solutions (u_,,u_(,_l),u 12 BTy ooy u}) for all sufficiently large n, and
that the sums

1
Y @y (103)
j=-1j#0
are bounded uniformly with respect to n. Finally, suppose that the function f : [—b— mh,0) U
(0,b+ mh) — R! is defined by (98). Then, there ezists such ¢ > 0 that

| Tiogm($)~ [ He)ez < 7 (10)
for all sufficiently large n.

Theorem 4.9 If s(z) = |z|* with 0 < || < 1, or s(z) = log(|z]), then the convergence rate of
the quadrature rule Tjng  is at least 21.

Theorem 4.10 Suppose that k,m are two natural numbers such that k < m — 1 and that
= (BT, BT,. ,ﬂ.,._, ) is such that the right-end order of the quadrature Tpgm is m, and the

left end order of the quadrature Tpgm is m. Suppose further that s(z) = [z}, 0 <[ A<, or

8(z) = log(]z|), and that the coefficients (p_k,p_(k_l),u_l,pl, s 1£}) are the solutions of the
system (70),(71). Then

1) There ezists a limit

hmn—oooy'? = Hiy (105)
Jor each i = 1,2,...,2k.
2) For alli=1,2,...,2k,

| i |= Oy (106)

3) u; do not depend on m, as longasm > 1+ 1.
4) The quadrature formulae T}sm are of order at least 21.
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For singularities of the form |z|* and log(|z|), the Theorem 4.10 reduces the quadrature to the
more “conventional” form

{
[ 1@ Togn(1) = Thgn(1) + Thgn()+ Lo s+ e (100

4.4 Central Corrections for Singular Functions f(z) = ¢(z)s(z)

In this section we construct a quadrature formula specifically for the purpose of approximating
definite integrals of functions of the form

f(z) = ¢(z)s(2), (108)

where ¢(z) : ¢?[~b — mh,b+ mh} — R', and s € c[-b— mh,0)U (0,5 + mh] an integrable
function with a singularity at 0. For a finite sequence p = (po, p1,02; -+ Pp), and Trpm, Trgm
defined in (62) and (65) respectively, we define the corrected trapezoidal rule T7:sm by the
formula

p
Tonpm(f) = Tham(f) + Thpm(f) + b Y _ T (#(5R) + $(=7h)))- (109)
i=0

For integers n,m,p where n > 2, p > 1, m > 3 and odd, we will consider the following system
of equations with respect to the unknowns p® = (3, p%, P35 ---» P3):

z,,: 232t = .’1; / bb(zz"-zs(x))dx - TRgm(z¥2s(z)) — Tfam (% ?s(2)), (110)
=0 -

where, h = b/(n—-1),z; = jh,and i = 1,2,...,p+ 1.
The proof of the following theorem is almost identical to the proof of Theorem 4.1.

Theorem 4.11 Suppose that n > 2 is an integer, and h,z; are defined by (68). Further,
suppose that f(z) = ¢(z)s(z) where ¢ : [~b — mh,b+ mh] — R!, and s € [-b— mh, 0)u
(0,b + mh) is an integrable function with a singularity at 0. Finally, suppose that the system
of equations (110) has a solution (pg, p, ..., pp) for any sufficiently large n and that the sums
?_o(p?)?) are bounded uniformly with respect to n. Then there ezists @ real ¢ > 0 such that

b c
|59 - [ f@)i 1< 5. (111)
The proof of the following theorem is almost identical to that of Theorem 4.6, and is omitted.

Theorem 4.12 Suppose that s(z) = log(|z]). Then for all n > 2p, the system (110) has a
solution p™ = (pg, T, P31 Pp), and

1 [t 2
po =17 [ toa(lel)dz — Thamlog(la]) = TEgmlog(lal) = 2 s (112)
-
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Furthermore, there ezist such real numbers py, p2, ..., pp and @ real d > 0 such that
limgcop] = Pjs (113)

and
|62 = ps < d - b™? (114)

forall j = 1,2, ...,p. Finally, there ezists a real ¢y such that

4
| p§ — (co + 0.5log(h) — Epj |< d-Am"P (115)
i=1

for all n > 2p.

Remark 4.2 Formulae (114), (115) indicate that for sufficiently large m, the convergence
of pT,p3, .. Py tO p1,pP2,...; pp is virtually instantaneous, and that (115) is a nearly perfect
approximation to p}. The numerical values of py, p2, ..., pp can be found for various values of p

in Section 7.4. Also, note that ¢o does not depend on p, and its numerical value (to 16 digits)
is —.9189385332046727.

The proof of the following theorem is similar to the proof of Theorem 4.6.

Theorem 4.13 Suppose that s(z) = |z]*, with X a real number such that 0 < |A| < 1, and
(110) has a solution p™ = (pg,pT,p%:.-1Pp)- Then for all n > 2p, the quadrature weights
23101 P3, -, P are independent of n.

4.5 Corrected trapezoidal rules for other singularities
In the preceding sections quadrature formulae are provided for singular functions of the form
f(z) = ¢(z)s(z) + ¥(2), (116)
and
f(z) = ¢(z)s(z), (117)

where the singularity s(z) is of the form log(|z|), or z* (0 < |A] < 1). Obviously the procedure
developed in the preceding sections can be applied to other singularities. As an example, we
construct a quadrature formula to approximate the definite integral,

_a f(z)dz, | (118)

where f is of the form (117),
» 1

s(z) = N/ ek
with @ > 0, and ¢(z) € c*[—a — kh,a + kh] and even (i.e., ¢(—2) = ¢(z)).

(119)
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Remark 4.3 The choice of the singularity (119) is dictated by the frequency with which it is
encountered in the numerical solution of partial differential equations, in signal processing, and
other areas. Otherwise, almost any integrable, monotone singularity could have been chosen.

We define the corrected trapezoidal rule T by the formula

n—-2 k
Th(f)= Y, f(z;)+h)_ v fw), (120)
j=—(n-2) =1

where h = af/(n=1), z; = jh,yi =a—-hifor 1 < i< k/2,and y; = a+ h(i — k/2) for
k/2 +1 < i < k. We will use the expression T, with appropriately chosen v™ as quadrature
formulae for functions of the form (117), and the following construction provides a tool for
finding v™, so that the rule is of order 2k —2, i.e., there exists a real ¢ > 0 such that

1T - [ $@) 1< (121)

For an even integer k > 2, we will consider the following system of linear algebraic equations
with respect to the unknowns v}, with j =1,2, . X

ko 20-1) o g2(i-1) n—2 2(i-1)

Y n |
—2——yl= | ————=dz - (—/—=)
2 Vva?z = z27 -c Va? — 12 l=-%;:—2) a? — z? ’

i=1

(122)

with b = %, zj = jh, yj = a— hj for all 1 < j < kf2,and y; = a+ h(j — k/2) for all
k/2+1 < j < k. It is easy to see that the linear system (122) is independent of the length
of the interval a, and the unknowns v}, v, ...,v} can be determined by solving the system of

equations
k 2(i-1) 1 .2(i-1) n—-2 2(i-1)
Y; z i |
=t = ——dzr - ) 123
;x/l—aﬁy’ -1vV1-—1z? ,=_%l:_2)(1"9512) (123)

with h = =5, z; = jh,yj = 1 —hjforall 1 < j < kf2, and y; = 1+ h(j — k/2) for all
kf2+1<j<Fk
The proof of the following theorem is quite similar to the proof of Theorem 4.1, and is omitted.

Theorem 4.14 Suppose that for some a > 0, f(z) = -\7.(:4(25_):2) with ¢ € c¥[—a — kh,a + kh].
Then there erists such ¢ > 0 that

1T - [ Fdr 1< e (124)

for all sufficiently large n.

The authors have been unable to construct a quadrature rule for singularities of the form
(119), which is independent of the number n of points used in the uncorrected trapezoidal rule.
However, this is a relatively minor deficiency since the weights in such cases can be precomputed

and stored.
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5 Numerical Results

Algorithms have been implemented for the construction of the quadratures T[',‘,,., T,’y‘k pm :,, gm
T gms and

The correction coefficients §™ are calculated using (25), and (52). In the tables in Section
7.1 the correction coefficients for orders of convergence upto 43 are tabulated. In Table 1,
convergence results are presented for some of the rules T3.. Column 1 of this table contains
the number of nodes discretizing the interval [0, 1] was discretized. In column 2 are the relative
errors of the standard 1-sided 4th order corrected trapezoidal rule, given here for comparison.
Columns 3-9 contain the relative errors for the rule T}, for various orders of convergence m.
In all cases the integrand was of the form

f(z) = sin(200z) + cos(201z). (125)

The quadrature weights for the rules T kg T ok gm T kg and T7. are all obtained as solutions
of linear systems, and it is easy to see that the hnear systems used for determining these weights
(see, for example (70), (71)) are very ill-conditioned. In order to combat the high condition
number, all systems were solved using the mathematical package MAPLE using 200 significant

digits.
In order to evaluate the coefficients - for singularities of the form s(z) = |z|* or s(z) = log(|z]),
we start with the right-end corrected trapezoidal rule T of order 40. Under these conditions,

[af —7l< O(W) (126)

for all —~k < i < k,k # 0 (see Theorem 4.6) and for reasonable k, the convergence of o7 to
7; is almost instantaneous. The construction of the quadrature weights p; is performed in 2
similar manner. In Section 7.2 the coefficients 7; are listed for the singularities log(|z}), |z|2
Izl'”, |z[a, |z|~ 3, |z|'3 and for the same singularities, the quadrature weights pu; are listed
in Section 7.3. In Table 2, convergence results are presented for some of the rules T ;m for
various singularities. Column 1 of this table contains the number of nodes in the discretization
of the interval [0,1]. In Table 3, convergence results are presented for some of quadrature rules
Tpm for various singularities. Column 1 of this table contains the number of nodes in the
discretization of the interval [—1,1]. In all cases the integrand was of the form

f(z) = (sin(20z) + cos(21z)) + (sin(23z) + cos(22z))s(x), (127)

and the order of convergence used was 10.
Finally, algorithms have been implemented for evaluating quadratures T}};, to integrate func-
tions of the form

f(z) = é(z)log(|z])- (128)
The quadrature weights are obtained by solving the linear system (110). Note that the quadra-
ture weights are independent of the discretization h, except for the first weight po which is
calculated using the formula (115). Presented in Table 4 are convergence results for integrating
functions of the form (128) where,

¢(z) = sin(200z) + cos(201z). (129)
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Column 1 shows the number of nodes in the discretization of the interval [—1,1]. Columns 3-6
show the relative errors for the various orders of convergence m as shown.
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Table 1: Convergence of quadrature rules 7§ for non-singular functions

N k=4 m=3 m=9 m=15 m=21 m=27 m=33 m=39
20 230E-01 .112E-01 .131E-01 .136E-01 .138E-01 .138E-01 .138E-01 .138E-01
40 .132E-01 .120E-01 .122E-01 .122E-01 .122E-01 .122E-01 J122E-01  .122E-01
80 457E-02 .108E-02 .654E-03 .430E-03 .292E-03 .202E-03 .142E-03 .100E-03
160 216E-03 .804E-04 .223E-05 .743E-07 .264E-08 .972E-10 365E-11  .139E-12
320 310E-05 .522E-05 .292E-08 .199E-11 .116E-14 .304E-15 .306E-15 .306E-15
640 191E-06 .328E-06 .304E-11 .105E-15 .703E-16 .703E-16 .703E-16 .703E-16
1280 .239E-07 .205E-07 .266E-14 .345E-15 .346E-15 .346E-15 .346E-15 .346E-15

Table 2: Convergence of quadrature rules T% ;.. for singular functions (10th order)

,Ykﬁm

N log(lz]) [=[* [=> =3 |=15

40 0.29128E-03 0.25056E-04 0.11650E-02 0.42510E-04 0.53715E-03
80  0.72599E-07 0.30493E-07 0.98819E-06 0.53217E-07  0.52449E-06
160 0.56928E-10 0.17499E-10 0.10903E-08 0.32715E-10  0.49582E-09
320 0.65586E-13 0.59119E-14 0.76827E-12  0.12962E-13  0.31491E-12
640 0.18596E-14 0.16376E-14 0.66613E-15 0.17208E-14 0.13878E-14

Table 3: Convergence of quadrature rules T s for singular functions (10th order)

N log(lz]) |z2 |z = EE =I5

40 0.57489E-03 0.49592E-04 0.23137E-02 0.84150E-04 0.10655E-02
80 0.14438E-06 0.60500E-07 0.19680E-05 0.10563E-06 0.10436E-05
160 0.11348E-09 0.34867E-10 0.21762E-08 0.65197E-10  0.98921E-09
320 0.13357E-12 0.13614E-13  0.15360E-11 0.28103E-13  0.62927E-12
640 0.61062E-15 0.16237E-14 0.16237E-14  0.50515E-14

0.42188E-14

Table 4: Convergence of the quadrature rule T gm

P

for functions f(z) = ¢(z)log(|z|)

N m=3 m=9 m=15 m=21 m=27 m=33 m=39
40 .546E-01 .536E-01 .536E-01 .536E-01 .536E-01 .536E-01 .536E-01
80 .291E-03 .764E-03 .265E-03 .129E-03 .640E-04 .300E-04 .107E-04
160 .282E-03 .241E-04 .209E-05 .255E-08 .482E-09 .125E-11 .143E-13
320 .437E-04 .190E-04 .912E-06 .392E-09 .162E-09 .294E-12 .147E-14
640 .573E-05 .315E-05 .468E-06 .166E-07 .108E-09 .S83E-13 .119E-14
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6 Generalizations and Conclusions.

A group of algorithms has been presented for the construction of high-order corrected trape-
zoidal rules for functions with various types of singularities, both end-point and in the middle of
the interval of integration. In many cases, the corrected rule can have effectively an arbitrarily
high order, without the attendent growths of correction weights. The drawback of the approach
is the need for the integrand to be available in a small area outside the interval of integration,
whenever the singularity being corrected is on one of the ends of that interval.

The algorithm of the present paper admits several straightforward generalizations.

1. There are classes of singularities not covered by this paper for which some versions of
Theorem 4.1 can be fairly easily proven. -
2. The quadratures can be easily modified to handle functions of the form

m
f(z) = ¥(z)+ ) ¢i(z) - silz), (130)

=1
where 1, ¢1,82,...,6m are smooth functions, and s;, S, .., Sm are several different singularities.
3. Quadrature rules developed of this paper have fairly obvious analogues in two and three
dimensions. However, the proofs of the multidimensional versions of the theorems in this paper
are somewhat more involved than those of their one dimesional counterparts. These results will
be reported at a later date.
4. High-order corrected trapezoidal rules can be used to approximate integrals

/ cos(a cos 8)dd (131)
0 )
by rewriting the integral as
¢ cos(z)
————dz 132
/—a Va? - z? (132)

and using the quadrature rule T, defined in (120). This rule proves to be of fundamental
importance in the development of the Fast Bessel Transform (see, for example [10]).
5. Integral equations of the form

L .
/ o(w)log(|z - w|)dsw = C (133)
0
are encountered in the study of partial differential equations (see, for example [11]). In order to

apply the Nystrom algorithm to the integral equation (133), the left-hand side is. decomposed
into a sum :

L
/ a(w)log(z — w|)dsy = I(2) + J(2), (134)
0
where the integral operators I and J are defined by the formulae
I(z) = /L o(w)log(| s [)ds (135)
o NG -y
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L
I = [ o(wliog1774() = 77 () dse - (130)

Now, the integral operator I can be discretized by the uncorrected trapezoidal rule and the
operator J can be discretized by the corrected trapezoidal rule T;‘h defined in (109) to a rapidly
convergent finite-dimesional approximation to (133).
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/ab f(z)dz =

mot
= Tu(f)+h Y (f(b+Fkh) = f(b—kh) = f(a+kh) + f(a — kh))BV".

Tg(f)

m—1

k=1

7 Correction weights for Non-singular and Singular functions

7.1 Quadrature Weights " for Non-singular Functions

m=3]

m=35§

m=7

0.4166666666666667D-01

0.5694444444444444D-01
-0.7638888888888889D-02

0.6483961640211640D-01
-0.1395502645502646D-01
0.1579034391534392D-02

m=9

m=11|

m =13

0.6965636022927690D-01
-0.1877177028218695D-01
0.3643353174603175D-02
-0.3440531305114638D-03

0.7289995064734647D-01
-0.2247873075998076D-01
0.5728518443362193D-02
-0.9618798768104324D-03
0.7722834328737106D-04

0.7523240913673701D-01
-0.2539430387171893D-01
0.7672233851187638D-02
-0.1739366039940610D-02
0.2539297439987751D-03
-0.1767014007114040D-04

m=15

m=17

m =19

0.7699017460749256D-01
-0.2773799116605967D-01
0.9429999321943197D-02
-0.2591615965155427D-02
0.5202578456284055D-03
-0.6683840498737985D-04
0.4097355409686621D-05

0.7836226334784643D-01
-0.2965891540255508D-01
0.1100166460634853D-01
-0.3464763345380610D-02
0.8560837610996297D-03
-0.1531936403942661D-03
0.1753039202853559D-04
-0.9595026156320693D-06

0.7946301859082432D-01
-0.3126001393779562D-01
0.1240262582468400D-01
-0.4326893325894750D-02
0.1240963216686299D-02
-0.2763550661820004D-03
0.4447195391960246D-04
-0.4581897491741901D-05
0.2263996797568645D-06

m=21

m = 23

m =25

0.8036566134581083D-01
-0.3261397807027540D-01
0.1365243887004996D-01
-0.5160102022805384D-02
0.1657567565141616D-02
-0.4325816968527443D-03
0.8735769567235570D-04
-0.1275061020655204D-04
0.1193747238089644D-05
-0.5374153101848776D-07

0.8111924751518991D-01
-0.3377334140778168D-01
0.1477039637407387D-01
-0.5955094025666833D-02
0.2092328816706471D-02
-0.6167158739860944D-03
0.1470308086322377D-03
-0.2710805091870410D-04
. 0.3616565358265304D-05
-0.3101244008783459D-06
0.1281914349299291D-07

0.8175787507251367D-01
-0.3477689899786187D-01
0.1577395396415406D-01
-0.6707762218226974D-02
0.2535074812330083D-02
-0.8233306719437802D-03
0.2231520499850693D-03
-0.4885697701951313D-04
0.8277049522724384D-05
-0.1016258365190328D-05
0.8036239225326941D-07
-0.3070147670921659D-08
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m = 27

m = 29

m = 31

0.8230598039728972D-01
-0.3565386751750355D-01
0.1667832775003454D-01
-0.7417074991466566D-02
0.2978395295604828D-02
-0.1047324179282599D-02
0.3146160654817536D-03
-0.7872277799802227D-04
0.1591319181836592D-04
-0.2491841417488210D-05
0.2832550619442283D-06
-0.2077714429849625D-07

0.8278153337505391D-01
-0.3642664110637037D-01
0.1749655860883470D-01
-0.8083781617155592D-02
0.3417018075663398D-02
-0.1284180480514226D-02
0.4198855326958103D-03
-0.1170025842576793D-03
0.2714748278587396D-04
-0.5092371734040995D-05
0.7409483976575184D-06
-0.7838889284981948D-07
0.5360956533353892D-08
-0.1778140387386520D-09

0.8319804338077547D-01
-0.3711265758638233D-01
0.1823974312884766D-01
-0.8709621212955971D-02
0.3847282797776159D-02
-0.1530046036007233D-02
0.5372304569083815D-03
-0.1636490137583287D-03
0.4245334246577455D-04
-0.9173934315347822D-05
0.1604355866780116D-05
-0.2179294939201383D-06
0.2155763344330162D-07
-0.1380750254862090D-08
0.4296200771869423D-10

m = 33

m=35| -

m = 37

0.8356586223906441D-01
-0.3772568901686392D-01
0.1891730418359046D-01
~0.9296840793733073D-02
0.4266725355474089D-02
-0.1781711570625991D-02
0.6648868875120992D-03
-0.2183589125884934D-03
0.6214890604463385D-04
-0.1506576957398094D-04
0.3044582263334879D-05
-0.4984930776645727D-06
0.6348092756603319D-07
-0.5895566545002414D-08
0.3550460830740161D-09
-0.1040280251184406D-10

0.8389305571446765D-01
-0.3827675171227989D-01
0.1953724971593344D-01
-0.9847903489149048D-02
0.4673760300951798D-02
-0.2036550840838121D-02
0.8011551083894191D-03
-0.2806529564181254D-03
0.8640764426675015D-04
-0.2305218544957479D-04
0.5240846629123186D-05
-0.9942016492531560D-06
0.1529838641028607D-06
-0.1833269916550451D-07
0.1604311636472664D-08
-0.9116340394367584D-10
0.2523768794744743D-11

0.8418600148964681D-01
-0.3877475953008444D-01
0.2010640150771007D-01
-0.1036531420894598D-01
0.5067442370362510D-02
-0.2292444185955085D-02
0.9444553816549185D-03
-0.3499410006344108D-03
0.1152776626902024D-03
-0.3336290631509345D-04
0.8369617098659884D-05
-0.1790615950589770D-05
0.3199739595444088D-06
-0.4643199407153423D-07
0.5253570715177823D-08
-0.4346230819394555D-09
0.2337667781591708D-10
-0.6133208535638922D-12
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m = 39

m = 41

m =43

0.8444980879146044D-01
-0.3922700061890783D-01
0.2063059004248263D-01
-0.1085151806728575D-01
0.5447289134690455D-02
-0.2547701211583463D-02
0.1093355313271473D-02
-0.4255727119317083D-03
0.1487041779510615D-03
-0.4617000028477128D-04
0.1259595810865357D-04
-0.2980436293579194D-05
0.6019365929030900D-06
-0.1016414607443390D-06
0.1395254130438025D-07
-0.1495069020432704D-08
0.1172703286200068D-09
-0.5987202298631028D-11
0.1492744845851982D-12

0.8468861878191560D-01
-0.3963949060242128D-01
0.2111481741443320D-01
-0.1130884391857241D-01
0.5813149815719777D-02
-0.2800989375372994D-02
0.1246579017292300D-02
-0.5068750854937796D-03
0.1865518346092672D-03
-0.6158941596033656D-04
0.1806736367095093D-04
-0.4659163000193157D-05
0.1042814313838009D-05
-0.1993926296380813D-06
0.3190683763180230D-07
-0.4154964772643378D-08
0.4227988947523140D-09
-0.3152674188244618D-10
0.1531756684278896D-11
-0.3638111051825521D-13

0.8490582345073519D-01
-0.4001723785254232D-01
0.2156339227395194D-01
-0.1173947578371039D-01
0.6165108551649863D-02
-0.3051271143145499D-02
0.1403005122150116D-02
-0.5931791433463679D-03
0.2286250628124040D-03
-0.7968542809071795D-04
0.2490991825775139D-04
-0.6921164516490830D-05
0.1691476513364548D-05
-0.3590633249061523D-06
0.6517156581265044D-07
-0.9908863701222516D-08
0.1227209106806963D-08
-0.1188835069924533D-09
0.8447500588821128D-11
-0.3914899117784468D-12
0.8877720031504791D-14

/o ' f(z)dz

T:kﬁm (f)

4

7.2 Quadrature Weights 4§ for Singular Functions

k

Taem(N) 4k Y, %(z))

j=~kJ#0
| s(z) = log(z) | s(z) = 27 | s(z) =23
k=2
-1 0.7518812338640025D+00 0.4911169802967502D+00 0.1635135941723353D+-01
-2 Il -0.6032109664493744D400 || -0.3176980828356269D+00 | -0.1533115151360971D+01
1 0.1073866830872157D+-01 0.7141080571189234D+00 0.2143719446940490D+-01
2 I -0.7225370982867850D+400 || -0.3875269545800468D+00 || -0.1745740237302873D+-01
k=4
-1 0.1420113571035790D+-01 0.8951854542876017D+-00 0.3192416400365587D+01
-2 || -0.3125287797178819D+4-01 -0.1631355661694529D+-01 -0.8349519005997507D+01
-3 0.2592853861401367D+4-01 0.1216528022899115D+01 0.7653118908743808D+-01
-4 || -0.7648698789584314D+400 || -0.3318968291168987D+00 || -0.2415721426013858D+01
1 0.2027726083620572D+-01 0.1323278097869649D+01 0.4127731944814846D+01
2 |l -0.3730238148796624D+01 || -0.1996997843341944D+01 || -0.9431538570036398D+01
3 0.2914105643150046D--01 0.1392513231112159D+01 0.8285519053356245D+4-01
4 || -0.8344033342739005D+400 || -0.3672544720151524D+00 | -0.2562007305232722D+01
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k=6

-1
-2
-3
-4

(=2 B B VLI ]

0.2051970990601252D 01
-0.7407035584542865D+-01
0.1219590847580216D+02
-0.1064623987147282D+02
0.4799117710681772D+01
-0.8837770983721025D+00
0.2915391987686506D 401
-0.8797979464048396D+01
0.1365562914252423D+-02
-0.1157975479644601D+4-02
0.5130987287355766D+01
-0.9342187797694916D+00

0.1265469280121926D+-01
-0.3802563634358600D+-01
0.5639024206133662D+-01
-0.4569107975444730D+-01
0.1943368974038607D+-01
-0.3411137981342110D+00
0.1878261417316043D+4-01
-0.4649333971499736D+-01
0.6444550155059975D+-01
-0.5048462684259424D+-01
0.2104363245869803D+01
-0.3644552148433214D+00

0.4710262208645700D--01
-0.2025763995934342D+4-02
0.3690977699143199D+-02
-0.3458675005305701D+4-02
0.1646218520818186D+-02
-0.3167334195084358D+-01
0.6026290938505443D+01
-0.2274216675280301D+-02
0.3978973181300623D+-02
-0.3656337403895339D+-02
0.1720419649716102D+02
-0.3285178657691059D+-01

k=8

-1
-2
-3
-4
-5
-6
-7

@-QG‘)U\-&WN'—!&

0.2661829001135098D+4-01
-0.1336900704886964D+-02
0.3292331764210170D+02
-0.4773939140223472D+402
0.4288580615706955D+4-02
-0.2359187584186291D+02
0.7312948709041004D+01
-0.9817367313018633D+-00
0.3760781014023317D+-01
-0.1580903864167977D-+02
0.3674321491528176D +02
-0.5179306469244793D+02
0.4575621781632506D+02
-0.2489478606121209D+-02
0.7656685336983747D+01
-0.1021900172352320D+-01

0.1616169645940613D+-01
-0.6771767050468779D+-01
0.1503196947284841D+02
-0.2024989176835058 D402
0.1717995995110646D 02
-0.9018058251167396D+01
0.2686335493243228D+-01
-0.3483500116200692D+00
0.2398992474897278D+-01
-0.8260181779465771D+-01
0.1714292235263991D4-02
-0.2233476105127601D+-02
0.1857536706216344D+-02
-0.9622728690582360D+01
0.2839683305088209D+-01

o

-0.3656611549965858D+-00

0.6202998068889192D+-01
-0.3714709770899691D4-02
0.1012860584122768D+03
-0.1577736812789053D+4-03
0.1497778690096803D+-03
-0.8617211496827355D+02
0.2773685303768452D4-02
-0.3846246456428401D+-01
0.7870429343373961D+-01
-0.4150717430533848D02
0.1088399244984859D+4-03
-0.1663887812447046D+03
0.1562272759566466 D403
-0.8923488368760573D+02
0.2857613653609836D+-02
-0.3947565212882627D+-01

= 10

[
[ =S D T N T R L
QWO 3D Ut N

O W00 I DU W

—

0.3256353919777872D+-01
-0.2096116396850468D+-02
0.6872858265408605D+-02
-0.1393153744796911D+03
0.1874446431742073D+-03
-0.1715855846429547D+03
0.1061953812152787D+03
-0.4269031893958787D+-02
0.1009036069527147D+-02
-0.1066655310499552D+-01
0.4576078100790908D+-01
-0.2469045273524281D+-02
0.7648830198138171D+02
-0.1508194558089468D+03
0.1996415730837827D+03
-0.1807965537141134D+-03
0.1110467735366555D+-03
-0.4438764193424203D+02
0.1044548196545488D+02
-0.1100328792904271D+-01

0.1953545360705999D+01
-0.1050311310076629D+02
0.3105516048922884D+02
-0.5850644296241638D+02
0.7437254291687940D+02
-0.6498918498319249D+02
0.3866979933460322D+02
-0.1502289586232686D+-02
0.3445119980743215D+01
-0.3544413204640886D+-00
0.2895451608911961D+01
-0.1277820188943208D +02
0.3534092272477722D 402
-0.6441908403427060D +02
0.8029833065236247D+02
-0.6926226351772149D+02
0.4083390088012690D+02
-0.1575467189373152D +02
0.3593677332216888D+01
-0.3681517162342983D +00

0.7677722423353747D+-01
-0.5894517227637276D+-02
0.2140398605114418D+03
-0.4662332548976578D+03
0.6631353162140867D+03
-0.6351002576675097D+03
0.4083227672169233D+-03
-0.1696285390723725D4-03
0.4126838241810020D+-02
-0.4476202232026015D+-01-
0.9675787330957780D-+-01
-0.6561769910673283D+-02
0.2294242274362024D+-03
-0.4907643918974356D+4-03
* 0.6906485447124722D+03
-0.6568499770824342D+-03
0.4202275815793937D+-03
-0.1739340651258045D--03
0.4219582451243715D+02
-0.4566454997023116D+-01
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s(z) = z3

I sz) =278

I s(z)=z"76

k=2

1
-2

0.5534091724301567D+4-00
-0.3866961728429464D+-00
0.8032238407479816D+4-00
-0.4699368403351921D+00

0.1181425202719417D+01
-0.1060178333186577D+01
0.1613104391254726D+01
-0.1234351260787565D-+01

0.9469239981678674D+-01
-0.9440762908621185D+01
0.1027199835611538D--02
-0.9800475429172870D+401

k=4

-1
-2
-3

[

0.1020832071388625D+01
-0.1983186102544885D+01
0.1533381243224831D+-01
-0.4298392181270347D+-00
0.1498331817034082D+01
-0.2412699293646369D+-01
0.1747071103625803D 401
-0.4738916209550530D+00

0.2282486199885223D+01
-0.5650813876770368D+01
0.5015176492677874D 401
-0.1549698701260824D+01
0.3083643341213459D+-01
-0.6532393248536034D+4-01
0.5514329562635926D+01
-0.1662729769845256D+01

0.1887299140127902D4-02
-0.5533585657332243D+-02
0.5446669568113802D+-02
-0.1798256931439028D+02
0.2031702799746152D4-02
-0.5722348457297536D+-02
0.5565641900092846 D402
-0.1827122362011895D4-02

k=6

-1
-2
-3
-4
-5

[ I < - N U X}

0.1453673785846622D+01
-0.4645097217879781D+-01
0.7134681085431341D+01
-0.5928340311544518D-+01
0.2571788299099303D+-01
-0.4588965281604129D+-00
-0.2135823382632839D+-01
-0.5636852769577275D+01
0.8109443112743051D+01
-0.6522597930471829D4-01
0.2775248991033700D+-01
-0.4888738991530396D+-00

0.3345150279872830D+01
-0.1359274618599862D+02
0.2395745376553084D+-02
-0.2193610831631847D+02
0.1025817941642386D402
-0.1946039989983884D-01
0.4476264293482232D+01
-0.1561643865091390D+402
0.2622632514046215D+02
-0.2345727234258157D+-02
0.1081909216811830D+-02
-0.2033859578093758D4-01

0.2823540877500425 D02
-0.1374572775395727D+4-03
0.2701409207262959D+03
-0.2668390934875709D-+03
0.1321842198719930D+-03
-0.2624585302793210D4-02
0.3025125337714398D+-02
-0.1418090842954654D+03
0.2756109143783281D+-03
-0.2708086499560764D+-03
0.1337381187138368D+4-03
-0.2650087753598454D+-02

s(z) =13

[ s(x) =273

| s(z) =21

k=8

-1
-2
-3
-4
-5
-6
-7

00 3N

0.1866196808675184D+-01
-0.8307135206229368D4-01
0.1909144688191794D 402
-0.2636153756127239D+4-02
0.2279974850816623D+02
-0.1215894117169713D+02
0.3671126621978929D+-01
-0.4816958588438264D+00
0.2736714477854559D 401
-0.1004886340865174D+02
0.2164374286136325D+02
-0.2894336017656429D 402
0.2456068654847544D+02
-0.1293400965739323D+02
0.3870327870200545D+01
-0.5044475379801205D+-00

0.4383819645513359D+4-01
-0.2478753951112947D+-02
0.6535630997043997D+02
-0.9943323854718145D02
0.9269762740745608D+-02
-0.5255448820422732D+02
0.1670932578919686D+4-02
-0.2292774564229746D401
0.5819143597164960D+01
-0.2833732911493431D+4-02
0.7130006863921132D+02
-0.1060508801269256D+03
0.9756101768474124D+02
-0.5482984235409941D+-02
0.1732510108672746D+-02
-0.2366321397723911D+-01

0.3756991225931813D+-02
-0.2556568200490798D 403
0.7531560640068682D+-03
-0.1239060653686887D 404
0.1226707735965091 D04
-0.7300983324043684D+-03
0.2417364444480294D+-03
-0.3433771074231191D+-02
0.4011575033483495D+-02
-0.2633133438634569D+-03
0.7675751360752552D+03
-0.1256487025699375D+-04
0.1240341295810031 D04
-0.7368055436813910D+-03
0.2436290214530279D+-03
-0.3457193022558553D+-02
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k= 10

R P
(= B I R

'
| R )
—_ O W 0w~

O W 00~ DL WN

—

0.2264788460960479D+01

0.4823072180507942D+01
-0.5007874588446741D+00
0.3311620888787288D--01
-0.1559126529305869D+-02
0.4475277794263923D+02
-0.8371954827689160D+02
0.1064593309138400D-+4-03
-0.9333016061951656 D02
0.5578209928784346D+02
-0.2177894078450347D+402
0.5020172381264958D+01
-0.5191450872697767D+-00

-0.1292939169279749D+02
0.3957101757244672D+02
-0.7639785056816069D+-02
0.9898237584503627D+02
-0.8785457780822613D+02
0.5297228202020211D+-02
-0.2081786990425939D+02

0.5405454633516052D+-01
-0.3917131575943378D+02
0.1375220761115852D 403
-0.2925218664728695D+-03
0.4085024389395215D 403
-0.3854463863750540D+-03
0.2447281804852179D 403
-0.1005754937354166D+-03
0.2423820803863685D-02
-0.2606987282704575D+-01
0.7126578020279918D+01
-0.4460041915515531D+02
0.1496138805763186D+4-03
-0.3113382992063869D-03
0.4292142311074982D+03
-0.4015725721227424D 03
0.2534431424358416D+-03
-0.1036930201058000D 403
0.2490333391795860D 402
-0.2671164050811178D+01

0.4688376828974556D+02
-0.4098330186123370D+-03
0.1609252630383255D+04
-0.3705300977598581D+4-04
0.5500852053333245D+04
-0.5454835999290140D+4-04
0.3611006247703252D+04
-0.1538237727142339D+04
0.3825346496620566D+-03
-0.4230611481851793D+-02
0.4993063308066224D--02
-0.4215785445878369D+03
0.1638730173971623D+4-04
-0.3755162938068600D4-04
0.5559352058138100D-04
-0.5502789929350287D--04
0.3638060903851112D+-04
-0.1548279140995316D--04
0.3847470160018897D-+03

-0.4252574395098780D102

7.3 Quadrature Weights u¥ for Singular Functions

b
flz)dz =

-b

:m"‘ (f)

i
Them (f) + Thon () + b Y #i(f(=) + f(z-5))

J=1
I s(z) = log(z) || - s(z) =27 | s(z) =273 |
k=1
1 0.1825748064736159D+4-01 0.1205225037415674D+-01 0.3778855388663843D+401
2 || -0.1325748064736159D+4-01 -0.7052250374156737D+00 -0.3278855388663843D+4-01
k=2
1 0.3447839654656362D+01 || 0.2218463552157251D+01 0.7320148345180434D+01
2 || -0.6855525945975443D+4-01 -0.3628353505036473D+-01 -0.1778105757603391D+02
3 0.5506959504551413D+401 0.2609041254011273D+4-01 0.1593863796210005D+02
4 -0.1599273213232332D+4-01 -0.6991513011320512D+4-00 -0.4977728731246580D+01
‘ k=3
1 0.4967362978287758D+-01 0.3143730697437969D+4-01 0.1073655314715114D4-02
2 -0.1620501504859126D-02 -0.8451897605858329D+01 -0.4299980671214643D+-02
3 0.2585153761832639D+02 0.1208357436119364D+402 0.7669950880443822D+4-02
4 -0.2222599466791883D+-02 -0.9617570659704153D+01 -0.7115012409201039D+02
5 0.9930104998037539D+4-01 0.4047732219908410D+01 0.3366638170534288D4-02
6 -0.1817995878141594D+01 -0.7055690129775324D+4-00 -0.6452512852775417D+01
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k= 4

0.1407342741226315D+02
-0.7865427201433540D+02
0.2101259829107628D+03
-0.3241624625236100D+4-03
0.3060051449663269D+-03
-0.1754069986558793D+03
0.5631298957378288D+-02
-0.7793811669311027D+4-01

0.1735350975431153D+02
-0.1245628713831056D+-03
.0.4434640879476441D+03
-0.9569976467950934D+03
0.1353783860926559D 404
-0.1291950234749944D+04
0.8285503487963169D+03
-0.3435626041981771D+-03
0.8346420693053734D+02
-0.9042657229049132D+-01

1 0.6422610015158415D+01 0.4015162120837891D+01
2 || -0.2917804569054941D-4-02 || -0.1503194882993455D+-02
3 0.6966653255738346D+-02 0.3217489182548832D+02
4 || -0.9953245609468264D+402 |i -0.4258465281962659D+-02
S 0.8864202397339461D+4-02 0.3575532701326990D+-02
6 || -0.4848666190307500D+02 || -0.1864078694174975D--02
7 0.1496963404602475D+02 0.5526018798331437D+01
8 || -0.2003636903654183D-4-01 || -0.7140111666166550D+-00
k=5 .
1 0.7832432020568779D+01 0.4848996969617959D 401
2 || -0.4565161670374749D+02 -0.2328131499019837D+02
3 0.1452168846354678D+03 0.6639608321400605D 402
4 || -0.2901348302886379D+03 -0.1229255269966870D4-03
5 0.3870862162579900D+03 0.1546708735692419D 403
6 || -0.3523821383570680D+03 -0.1342514485009140D+403
7 0.2172421547519342D+-03 0.7950370021473013D+02
8 || -0.8707796087382989D+402 || -0.3077756775605837D+02
9 0.2053584266072635D+02 0.7038797312960103D 401
10 || -0.2166984103403823D+01 -0.7225930366983869D-+00
| s(z)==z3 || s(z)=2"3 |
k=1

Pt

0.1356633013178138D+-01
-0.8566330131781384D+-00

0.2794529593974142D+01
-0.2294529593974142D+-01

k=2

W N e

0.2519163888422707D+-01
-0.4395885396191253D+4-01
0.3280452346850634D--01
-0.9037308390820877D+00

0.5366129541098682D4-01
-0.1218320712530640D4-02
0.1052950605531380D+-02
-0.3212428471106080D+-01

k=3

h Wb WD

0.3589497168479460D+4-01
-0.1028194998745706D+4-02
0.1524412419817439D+02
-0.1245093824201635D+-02
0.5347037290133003D+01
-0.9477704273134525D+4-00

0.7821414573355062D-01
-0.2920918483691252D+02
0.5018377890599299D+02
-0.4539338065890004D 02
0.2107727158454216D+-02
-0.3979899568077642D 401

k=4

00 =3 O Ot i 0 D =

0.4602911286529744D+01
-0.1835599861488110D+402
0.4073518974328119D+402
-0.5530489773783668D+02
0.4736043505664168D+-02
-0.2509295082909035D+-02
0.7541454492179474D+01
-0.9861433968239469D+-00

0.1020296324267832D+02
-0.5312486862606378D 402
0.1366563786096513D+4-03
-0.2054841186741071D+03
0.1902586450921973D+03
-0.1073843305583267D+03
0.3403442687592432D+-02

-0.4659095961953657D4-01

32




k=5

0.5576409349747767D+01
-0.2852065698585619D 402
0.8432379551508595D+-02
-0.1601173988450523D+-03
0.2054417067588763D+03
-0.1811847384277427D+03
0.1087543813080456D+-03
-0.4259681068876286D+-02
0.9843244561772901D+-01
-0.1019932546114451D+01

O W00 ~I O bW

Pt

0.1253203265379597D+-02
-0.8377173491458909D+-02
0.2871359566879038D+03
-0.6038601656792564D4-03
0.8377166700470196D+03
-0.7870189584977965D+03
0.4981713229210595D+03
-0.2042685138412166D+03
0.4914154195659545D 402
-0.5278151333515754D+-01

/_ 1f(z)dz

=~ :rﬂ'" (f)

7.4 Quadrature Weights p¥ for Singular Functions

!
= TRen(f) + Thon (f)+ 1Y 0i(8(z5) + 6(2-5))

t=0

Note: po is given for h = 0.01, For any other &, the following formula is used to calculate po.

P
po = (—.9189385332046727417803 + 0.5log(h)) = ) _ p;

j=1

l

m=1]

m=5]

m=7]

-0.3221523626198730D+01

-0.3191075169140337D+-01
-0.3044845705839327D-01

-0.3181467102013171D+-01
-0.4325921322794724D-01
0.3202689042388491D-02

m=9 |

m =11 “

m =13 ||

-0.3176811195217937D+-01
-0.5024307342079858D-01
0.5996233119529027D-02
-0.4655906795234226D-03

-0.3174071153542312D+-01
-0.5462714010179898D-01
0.8188266460029230D-02
- -0.1091885919666338D-02
0.7828690501786438D-04

-0.3172268092036274D+-01
-0.5763224261186158D-01
0.9905467894350714D-02
-0.1735836457536894D-02
0.2213870245446548D-03
-0.1431001195267904D-04

(

m =15 |

m=17 "

m=l9u

-0.3170992165916170D 401
-0.5981954453204053D-01
0.1127253159446256D-01
-0.2343420324253269D-02
0.4036621845595672D-03
-0.4745095013720858D-04
0.2761744848710794D-05

-0.3170041916020681D+01
-0.6148248184914681D-01
0.1238115647253341D-01
-0.2897732763288696D-02
0.6052303442088134D-03
-0.9784299004952013D-04
0.1051436637368180D-04
-0.5537586803550720D-06 .

-0.3169306861514305D+-01
-0.6278924541603596D-01
0.1329589096935583D-01
-0.3396678852464559D-02
0.8131245480320894D-03
-0.1618104373797589D-03
0.2422167651587582D-04
-0.2381400032647607D-05
0.1142275845182835D-06
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(

m = 21 |

m = 23 "

m=2ﬂ

-0.3168721384920306D+-01
-0.6384310328523506D-01
0.1406233305604607D-01
-0.3843770069700536D-02
0.1019474340602541D-02
-0.2355067918692057D-03
0.4387403771306165D-04
-0.6066217757119951D-05
0.5477355521032650D-06
-0.2408377597694342D-07

-0.3168244070581230D+-01
-0.6471094753809971D-01
0.1471321624569456D-01
-0.4244313571022683D-02
0.1219746091263614D-02
-0.3156154921336350D-03
0.6890800654569580D-04
-0.1195656336479857D-04
0.1529459820049702D-05
-0.1274231726028842D-06
0.5166969831297037D-08

-0.3167847493678468D+-01

" -0.6543800519316396D-01

0.1527249136497475D-01
-0.4603847576274231D-02
0.1411497560731106D-02
-0.3995067600256630D-03
0.9851668933111745D-04
-0.2018119747186014D-04
0.3260961737325821D-05
-0.3871484601943021D-06
0.2990271150667017D-07
-0.1124351894335142D-08

(

m = 27 "

m= 29 "

m = 31

-0.3167512774719844D+01
-0.6605594788600917D-01
0.1575801776649599D-01
-0.4927531843955059D-02
0.1593569961301572D-02
-0.4851878897058822D-03
0.1318371286512027D-03
-0.3070344146767653D-04
0.5891522736279919D-05
-0.8882076980903206D-06
0.9822897121976360D-07
-0.7065765782430224D-08
0.2475589120039617D-09

-0.3167226492889164D+-01
-0.6658761414298577D-01
0.1618335077207727D-01
-0.5219948285292188D-02
0.1765579632676354D-02
-0.5711927253932730D-03
0.1680496910458935D-03
-0.4337783830581833D-04
0.9512778975749005D-05
-0.1711220479787840D-05
0.2413616289062888D-06
-0.2495734799324587D-07
0.1678885488869214D-08
-0.5505102218712507D-10

-0.3166978846772530D+401
-0.6704988683403577D-01
0.1655894738230538D-01
-0.5485075304276741D-02
0.1927601699833581D-02
-0.6564674975812873D-03
0.2064233385304999D-03
-0.5799637068090648D-04
0.1416413018600433D-04
-0.2924616447680532D-05
0.4941524555505996D-06
-0.6540388025633560D-07
0.6345793057687260D-08
-0.4007478791366100D-09
0.1234631631962446D-10

|

m = 33 |

m= 35 II

m = 37

-0.3166762511619708D 01
-0.6745551530557688D-01
0.1689299430945688D-01
-0.5726331418330602D-02
0.2079973982393914D-02
-0.7402722529894703D-03
0.2463303649153491D-03
-0.7432197238379932D-04
0.1984260034353227D-04
-0.4580836910292848D-05
0.8916453665775555D-06
-0.1418448246845963D-06
0.1767037741742959D-07
-0.1614096203394717D-08
0.9602551109604562D-10
-0.2789306492547372D-11

-0.3166571903740287D+-01
-0.6781430660801560D-01
0.1719198706148916D-01
-0.5946641867196491D-02
0.2223175774156742D-02
-0.8221018482825148D-03
0.2872451625618713D-03
-0.9211101483880897D-04
0.2651349126416089D-04
-0.6715522004894009D-05
0.1466368276662483D-05
-0.2695610269256914D-06
0.4047684210333943D-07
-0.4759815470416764D-08
0.4105974377982503D-09
-0.2308426950559283D-10
0.6342175941576707D-12

-0.3166402692325675D-01
-0.6813392816895060D-01
0.1746114206017127D-01
-0.6148508116208072D-02
0.2357753273497796D-02
-0.9016249160749561D-03
0.3287354588014059D-03
-0.1111274006152623D-03
0.3412004557474223D-04
-0.9348560035479858D-05
0.2246527693132364D-05
-0.4646008810431617D-06
0.8082991536902293D-07
-0.1148532768136401D-07
0.1278405465017250D-08
-0.1044412720573741D-09
0.5564945021538352D-11
-0.1450213949229612D-12
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m = 39 ||

m = 41 ||

m=4]

-0.3166251466775081D+-01
-0.6842046079112800D-01
0.1770469478902206D-01
-0.6334072100094389D-02
0.2484274171602103D-02
-0.9786376366601862D-03
0.3704506824517389D-03
-0.1311507079674222D-03
0.4259144483911754D-04
-0.1248611531858182D-04
0.3255027605557997D-05
-0.7428077534364396D-06
0.1457448522607878D-06
-0.2404950901525398D-07
0.3241558798437558D-08
-0.3423992518658962D-09
0.2656123735758442D-10
-0.1344809528411308D-11
0.3332744815245408D-13

-0.3166115504658825D-01
-0.6867878881201404D-01
0.1792611880692437D-01
-0.6505172477564357D-02
0.2603300521146428D-02
-0.1053029105125390D-02
0.4121099047922528D-03
-0.1519803191376791D-03
0.5184904980367620D-04
-0.1612303155465844D-04
0.4509136652480968D-05
-0.1119040467513331D-05
0.2428371655709533D-06
-0.4528845255185268D-07
0.7103184896000958D-08
-0.9102854426840433D-09
0.9146251630822981D-10
-0.6753249440965090D-11
0.3256755515337396D-12
-0.7693371141612778D-14

-0.3166115504658825D+-01
-0.6867878881201404D-01
0.1792611880692437D-01
-0.6505172477564357D-02
0.2603300521146428D-02
-0.1053029105125390D-02
0.4121099047922528D-03
-0.1519803191376791D-03
0.5184904980367620D-04
-0.1612303155465844D-04
0.4509136652480968D-05
-0.1119040467513331D-05
0.2428371655709533D-06
-0.4528845255185268D-07
0.7103184896000958D-08
-0.9102854426840433D-09
0.9146251630822981D-10
-0.6753249440965090D-11
0.3256755515337396D-12
-0.7693371141612778D-14
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The Fast Multipole Method for the Wave Equation:

A Pedestrian Prescription

Ronald Coifman!, Vladimir Rokhlin!, and
Stephen Wandzura?

1Fast Mathematical Algorithms and Hardware Corporation
1020 Sherman Avenue
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1. Introduction

The purpose of this article is to give a practical and complete,
but not rigorous, exposition of the Fast Multipole Method
(FMM). The aim is to give the computational physicist or engineer
a sufficiently clear understanding of the method that he or she will
be able to implement it with a minimum of difficulty. For
mathematical background and rigor, we refer the reader to
Rokhlin’s papers [1, 2].

The FMM provides an efficient mechanism for the numerical
convolution of the Green’s function for the Helmholtz equation
with a source distribution. It can be used to radically accelerate the
iterative solution of boundary-integral equations. In the simple
single-stage form presented here, it reduces the computational
complexity of the convolution from O(NZ) to O(N 3 2), where N is
the dimensionality of the problem’s discretization. By implementing
a multistage FMM [1,2], the complexity can be further reduced to
O(N1log N). However, even for problems that have an order of
magnitude more variables than those currently tractable using
dense-matrix techniques (N = 10%), we estimate that the perform-
ance of the single-stage algorithm should be near optimal.

Our development is given in terms of the method of moments
(3,4] (MoM), rather than the Nystrom method [S]. We do this
because

« Electrical engineers are more familiar with the MoM,
and may therefore be more comfortable with the
development.

+ The prescription we present is sufficiently simple that
it can be easily retrofitted to existing MoM codes.

» When used in the MoM, detailed comparisons to verify
that results are identical to dense-matrix techniques
are immediately available.

» We avoid all questions of singularity subtraction, as it
is required only for matrix elements representing
nearby interactions, and the computation of these is
unchanged when the FMM is employed.

+ The presentation demonstrates the independence of the
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FMM from the choice of discretization method,
boundary-surface model, basis functions, etc.

The reader is cautioned not to interpret our choice of presentation
as representing a preference toward the MoM. On the contrary, we
think that the Nystrom method is the appropriate tool for efficient
and accurate boundary-integral-equation solvers.

For the purposes of demonstration, we first consider the
MoM for the scalar wave equation, with Dirichlet boundary condi-
tions on the surface of a scatterer. This is done for notational con-
venience only, the (naive) equivalent application to the electric-field
integral equation (EFIE) being straightforward. (One can simply
apply the scalar prescription to each Cartesian component of the
vector expansion functions, and to their divergences; a more effi-
cient method is described in Section 5.)

If the structure of this article seems somewhat confusing at an
initial reading, it is because some considerations are intentionally
delayed. We hope that the reasons for this become clear upon
subsequent readings. In Section 2, we define notation, introduce the
discretization of the scattering problem, relate the FMM to a more
familiar fast algorithm, and introduce the fundamental analytic
apparatus of the FMM. A detailed prescription for FMM
implementation, except for the choice of some important
parameters of the algorithm, is given in Section 3. After the
structure of the method is exhibited, these parameters (the number
of terms used in the multipole expansion, and the directions at
which far-field quantities are tabulated) are analyzed in Section 4.
The algorithm for the scalar problem then having been being com-
pletely defined, we exhibit the minor modifications necessary for
application to vector (electromagnetic) scattering in Section 5.
Before concluding, a physical interpretation of the analysis behind
the FMM is given in Section 6.

2. Basics
2.1 Notation

Vectors in three-dimensional space are represented by bold-
face type (x). The magnitude of a vector x is written as x =|x|, unit
vectors are written as ¥ = x/x, and integrals over the unit sphere
are written as J'dzi. The imaginary unit is denoted by 7.

1045-9243/93/$03.0001993 IEEE 7




2.2 Time-independent scattering and the Method of Moments

A scattering problem [6, 7] can be defined by the scalar wave equa-
tion

(v +B)y =0, )
a Dirichlet boundary condition
w(x)=0, xonS, )

on the surface, S, of a bounded scatterer, and a radiation boundary
condition. The method of moments [8] provides a discretization of
the first-kind integral equation associated with this problem, giving
a set of linear equations with a dense coefficient (impedance)
matrnx:

eik]x-x'[

= 5[ PO

47r|x - x"

We assume that the basis functions, f,,, are real, and supported on
local subdomains. The FMM provides a prescription for the rapid
computation of the matrix-vector product

N
B, = ZZIIII'IH' p )

n'=l

for an arbitrary vector /. This rapid computation can then be used in
an iterative (e.g., conjugate-gradient) solution of the discretized
integral equation Z+ I =V, where, for an incident wave with wave
vector K,

V() = [ dx/(x)e™ . ®

Note that we have chosen to use the same functions for expansion
and testing (the Galerkin method). Not only does this simplify the
development somewhat, but it also results in superconvergence of
the scattering amplitude [9, 10].

2.3 Comparison with the Fast Fourier Transform

A discrete Fourier transform consists of multiplication by a
dense N x N matrix F, with matrix elements

Fy = exp——. ©

The fast Fourier transform (FFT) works by using algebraic
properties of F to construct a sparse factorization,

F=FOpQ) plloeN) (7

and applying the sparse factors, F(a), one by one to the vector to
be transformed, in lieu of a single multiplication by the matrix F.
Because each of the factors has only O(N) non-zero elements, this
results in an algorithm that requires O{NlogN) operations. The

single-stage FMM works by a similar decomposition of the matrix
z

Z=2+vIvt, @®)

where Z', V, and T are all sparse. As described in dettail in this‘ arti-
cle, this allows computation of the product of .Z Wlth an arbitrary
vector (corresponding physically to the determination of the fields

radiated by a known source distribution), with O(N 3’2) operations.

The complexity can be further reduced to N 43 N34 by recur-
sive decomposition of Z* and V-

z=z"+vTV? ©)

V=Vs. (10)

This is entirely analogous to the FFT: if one factors F into only two
factors (independent of N), the result would be an O(N 3/2) algo-

rithm. We do not exhibit the details of the multi-stage FMM in this
article.

In contrast to the FFT, the FMM decomposition is made
possible by analytic rather than algebraic properties of the linear
operator. Thus, while the FFT factorization is exact, the FMM
decomposition is approximate. However, this does rof constitute a
practical limitation, as it is easy to control the FMM to achieve any
desired level of precision (all the way to machine precision).

2.4 Identities

The FMM, as presented here, rests on two elementary
identities. They, or formulas from which they may be easily derived,
are found in many texts and handbooks on mathematical methods,
such as Arfken [11] and Abramowitz and Stegun [12]. The first, an
expansion of the kernel in the integral, Equatior: (3), for the imped-
ance-matrix elements, is a form of Gegenbauer’s addition theorem,

ik|X+d| ® .
f|XTd| = kY (-1 @ +1) (kO (k)R- ), (1)
1=0

where j is a spherical Bessel function of the first kind, h,(') is a
spherical Hankel function of the first kind, F; is a Legendre poly-
nomial, and d < X. When using this expansion to compute the field
at x from a source at x’, X will be chosen to be close to x~x’, so
that d will be small. This relationship of the various vectors is
sketched in Figure 1. The special functions are as defined in [12].
The second is an expansion of the product j, B in propagating plane
waves:

4 j(kd)B(d- R) = [ d*ke™ Rk X). 12)

Substituting Equation (12) into Equation (11), we get

A a0 0R(E- 5), 03
[X+d 4z 1=0 l l |
X
/e
.l - @
x X

Figure 1. The basic geometry, illustrating the relationship
between the locations x,x’ and the displacements X,x.
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where we have performed the illegitimate but expedient interchange
of summation and integration. The key point is that we intend to
precompute the function

L
T, (x,cos6) = 3 i' (21 + D (ic) A(cos6), (14)
1=0

for various values of x. This is not a function in the L — oo, but
that need not concern us, as we obviously intend to truncate the
sum in numerical practice. The number of kept terms, L+1, will
depend on the maximum allowed value of d, as well as the desired
accuracy. The choice of L is discussed in Section 4. It suffices, for
the present, to note that, in order to obtain accuracy from Equa-
tion (11), it must be slightly greater than kD, where D is the maxi-
mum value of d for which the expansion will be used. Ignoring this
question for now (except for noting that the required number of
terms becomes small as D — 0), we have

X+

ik N | Y

s kT kX ke X 15

[X+d] 47J Ty ) (13)
Using this, the impedance-matrix element, Equation (3), is

given by

Ze @%2_ [P () d*x e (x')] d%he™ TN T kx k- R)
/4
(16)

In infinite-precision arithmetic, and in the limit of large L, this result
would be independent of the choice of X (for X >{x—x’=X]). In
practice, one chooses X to make x —x'— X relatively small, so that
excellent accuracy can be obtained with a modest value of L. (That
this can be done by the grouping scheme described below is a con-
sequence of the local support of the basis functions.) Notice that
Equation (16) gives the impedance-matrix element (for well-
separated interactions) in terms of the Fourier transforms with wave
number k of the basis functions, i.e. the basis functions’ far fields.
The acceleration provided by the FMM comes from the fact that
these far fields can be grouped together before the integral over k
is performed. '

3. Algorithmic prescription

3.1 Setup

ZI'HO?"'G' = u(m,a)n’(m',a’)’ (]7)

by direct numerical computation of the matrix elements,
Equation (3). For all other pairs, Z, .o+ = 0.

This part of the matrix computation is identical to
what is conventionally done. All matrix elements, the
computation of which requires subtraction of singulari-
ties, belong to Z'. If the large-N limit is taken with a
fixed discretization interval and nearness criterion, this
step would require O(N) computations. In Section 4,
we define nearby regions precisely, and it turns out that
their volume increases as v, so that this step requires

O(N 3’2) computations.

. For K directions £, compute the “excitation vectors”

(Fourier transforms of the basis functions)
P k{x-X
Vma(k) = Jsdzx e' (X M)f;l(m,a)(x)a (18)

where k is considered to be a parameter of the problem,
not a variable. Because K needs to be chosen to give
accurate numerical quadrature for all harmonics to some

order L ~kD, K oc? ~ (kD)z, and because (from
geometrical considerations) 4D oc JN/M, this step
requires O(N 2y M) computations.

. For each pair (m,m’) for which Z; o =0 (regions

that are not nearby), compute the matrix elements

Figure 2. The grouping for a simple surface. It is assumed, for
purposes of illustration only, that each patch supports only one
basis function. The correspondence n(im,a) is abbreviated in
Table 1.

1. Divide the N basis functions into M localized groups,
labeled by an index m, each supporting about N/M basis
functions. (For now, M is a free parameter. Later it will
be seen that the best choice will be M ~+/N.) Thus,
establish a correspondence between the basis-function
index, », and a pair of indices (m,c), where « labels the
particular basis function within the mth group. Denote
the center of the smallest sphere enclosing each group as

Table 1. The abbreviated correspondence n <> (m,a)for the
grouping shown in Figure 2.

X,,. The grouping and index correspondence is shown, m a n(m,)
for a simple case, in Figure 2. 1 1 1
1 2 2
2. For group pairs (m,m’) that contain “nearby” basis 1 3 3
functions [defined for now as those whose regions of 1 4 4
support are separated by a distance comparable to or 2 1 5
smaller than a wavelength, 27z / k, so that Equation (16) 2 2 6
is valid], construct the sparse matrix Z', with matrix 2 3 7
elements
IEEE Antennas and Propagation Magazine, Vol. 35, No. 3, June 1993 9




Ty (k) = ( k ? ii’ (2 + 1);7,(‘)(/(){,,,,,,.)1),(/2. Knt)

) 1=0
(19)

for the same X directions & as the previous step, where
L «cJK . If done in a naive manner, this computation
requires O(KIM 2 M2NY 2) operations. However, it

can be accomplished more rapidly in a number of ways,
the most elegant being the fast Legendre expansion

[13].

3.2 Fast Matrix-Vector Multiplication

Rapid computation of the vector elements

Bma = szam'a’lm’a' (20)

ma'

is accomplished by the following steps:

1. Compute the KM quantities
su(k) = 2 V(£ @n
a

which represent the far fields of each group m. This step
requires O(KN ~N?/ M) operations.

2. Compute the KM quantities
8nlF) = 3 oo {F)se (). 2
por

These represent the Fourier components of the field in
the neighborhood of group m, generated by the sources
in the groups that are not nearby. This step requires

O(KM2 ~ MN) operations.

3. Finally, compute

Buo = Y Znatalutar + [ W ua(k)ga(F).  (23)
ma'

The first term is the standard MoM computation of near
interactions, and the second term gives the far interac-
tions, in terms of the far fields generated by each group.

This step requires O(KN ~N?%/ M) operations.

Straightforward substitution of Equations (18), (19), (21),
and (22) into Equation (23), and of Equations (14)-(16) into
Equation (20), shows that the two expressions for the vector B,
Equations (23) and (20), give equal results. Thus, computation of
the vector B requires aNM +bN 2/ M operations, where a and b

4. Required number of multipoles and directions

In this section:

. We show how to choose the summation limit in the
transfer function 7;",,,.(k), Equation (19), to achieve the

desired accuracy (in the process, giving a precise defini-
tion of nearby regions).

+ We discuss how to choose the K directions I;, for the
tabulation of angular functions.

One must choose L large enough that the multipole expansion
of the Green's function, Equation (11), converges to the desired
accuracy. As a function of /, the Bessel functions j(z) and HY(z)
are of roughly constant magnitude for / <z. For I > z, Jji(z) decays
rapidly and h,(])(z) grows rapidly. While one must choose
L>kd = kx—-x"=X,,,| (so that the partial-wave expansion has
converged), L cannot be taken to be much larger than kX,
because the transfer function, Equation (14), will oscillate wildly,
causing inaccuracies in the numerical angular integrations of Equa-
tions (15) and (23). This condition is a consequence of the inter-
change of summation and integration in Equation (13). An excellent
semi-empirical fit to the number of multipoles required for single
precision (32-bit reals) is

L (kD)= kD +5In(kD + ), (29)

where D>1/k is the maximum d which will be required (the
“diameter” of the basis-function groups). For double precision (64-
bit reals), our estimate is

L;(kD) = kD +10In(kD + 7). (25)

If the L dictated by the appropriate formula exceeds kX,,,,, then
the groups are too close to use the FMM, and their interaction must
be represented in the sparse matrix Z'.

The X directions l;, at which the angular functions are tabu-
lated, must be sufficient to give a quadrature rule that is exact for
all spherical harmonics of order / <2L. A simple method [2] for
accomplishing this is to pick polar angles & such that they are zeros
of P,(cosé), and azimuthal angles ¢ to be 2L equally spaced

points. Thus, for this choice of I?:(sin OGcosg,sin fsin ¢,cos€).,

K =212 If more-efficient quadrature rules for the sphere (of the
type described by McLaren {14]) are used, then K ~(4/ 3)2. Since

kD oc [N/ M , this justifies the assertion made in Section 3.1 that
KceN/IM.

5. Application to electromagnetic fields

In the solution of the electric-field integral equation, the
impedance-matrix elements take the form [15]

3
Zyr =i Y, [dx[ xS, (x)G o (x =XV foye(x), (26)

J.j'=ls s

where

are machine and implementation dependent. The total operation L s itx—x|

count is minimized by choosing M =+bN /a; the result is an Gﬂ.,(x—x')=[5jj, __2__,Je____'_, @7
0(N3/2) algOﬁthm k ﬁxl 6’le 47[|X—X l
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and the indices j, j* label Cartesian components. As implied in
Section 1, one can integrate by parts, and simply use the scalar pre-
scription, given above, on the three components of f and the scalar
V+f. This is not, however, the most economical procedure. By
differentiating with respect to d under the integral in Equation (15),
we get

G(X +d) ~——~jd2k( ik AT (kX R X)) 28)

Now it can be easily seen that the scalar prescription presented in
Section 3 can be modified to an electromagnetic one, by promoting

the quantities V,,,,, , (k) and g,,,(l;) to three-dimensional vectors,

with

Via(K) = [ eth[ man% I;I;.f"(m’a)(x)], (29)

and using a dot product in the J‘dzk term of B,,,, Equation (23).

This method can be implemented using about half the storage of the
four-fold use of the scalar formula, because the vector V,,, has

only two independent components: [k V ]

6. Physical interpretation

The physics of the FMM rests on the following fact: given a
field, l//(x), which satisfies the wave equation

(V2 + Ky (x) =0, (30)

for all x outside a given sphere, the field can be reconstructed
everywhere outside that sphere from its far field [16, 17]. This
means that if the field is radiated by a source density, p(x), sup-

ported only within a sphere of radius R centered at the origin,

X)= J x’

x'<R

rl-{\ x|
31
prmry Gt Gh
then the contribution of the “off-shell” (q2 # kz) components in the
Fourier expansion of the Green’s function [11],

eik|x—x’| _ 43 q eiq(x-x')
ax-x| 7 (20 @)’ P - -ie’

(where ¢ is a infinitesimal positive number, prescribing the correct
treatment of the singularity at q2 =k?) are determined for x> R
(after integration over d’x") by the radiation condition and the “on-
shell” components. The on-shell components, coming from the
residue of the pole at q* = k%, give the imaginary part of the
Green’s function, and the off-shell components give the real part. It
is important that the off-shell part is rot determined by the on-shell
part for x' < R. This is related to the divergence of the series in
Equation (11) for d > X . This interpretation explains why the far
interactions can be computed [Equation (23)]from the radiation
pattern s,,,(l?) of the mth group. It also clarifies why one only need

(32)

keep two components in V, g, and s for the electromagnetic case:
the electromagnetic far field is transverse, and has only two inde-
pendent components.

7. Conclusion

Present methods for computing radar and other scattering
cross sections are limited by computer-processing and memory
requirements. The significance of the increase in problem size made
possible by the FMM can be illustrated by considering the calcula-
tion of RCS for X-band radar. With current methods, the size of the
largest body that can be accurately modeled is a few feet. With the
same computing resources, the techniques that we have described
will increase this by at least an order of magnitude. Such computa-
tional capabilities would significantly reduce the technological risk
of expensive projects employing stealth technology. They may
likewise revolutionize other applications of scattering computa-
tions, such as high-frequency circuit modeling, sonar, and geo-
physical applications.

Because the FMM accelerates computation of the matrix-
vector product Z+ /, and thus only indirectly solution of Z« /=1,
we are frequently asked about the relative merits of direct and
iterative solutions, and techniques to reduce the iterations required
in a conjugate-gradient type of solution. These are important ques-
tions, and are under study by us as well as many others. We con-
sider them to be mostly beyond the scope of this article, but note
that the FMM is compatible with “complexification,” and with
preconditioning by a sparse matrix.

Although we have only demonstrated the use of the FMM for
surface-scattering problems, its application to volume-integral
equations (necessary for the analysis of penetrable inhomogeneous
scatterers) is obvious. When comparison to other techniques for
computing the fields of volume source distributions is made, it
should be noted that in this case the matrix T in Equation (8) is a
strict convolution, and as such can be applied by FFT, resulting
immediately in an O(Nlog N) algorithm, without further decom-

position.
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FAST ELECTROMAGNETIC SCATTERING ALGORITHM DEVELOPMENT.

SUMMARY
The purpose of this project is to develop fast algorithms for com-

putations of electromagnetic scattering (radar), and assist in the im-
plementation in software of these algorithms by the team at Hughes
Research Laboratories, who are in charge of the software package de-
velopment. currently it is impossible to perform these computations in
a realistic time frame. It is expected that these methods will clear the
computational bottleneck. During the last year (9.92 - 9.93), several re-
la.teci efforts were undertaken in connection with the Hughes Scattering
Project.

1. We investigated the properties of the three-dimensional version' of
the FMM for the Helmholtz equation. While the scheme itself was con-
structed during the preceeding year, it is sufficiently different from its
two-dimensional counterpart that a separate investigation had to be per-
formed to determine the various parameters with which it should be
implemented.

2. A new version of the two-dimensional FMM has been implemented
to test several recent improvements (applicable both in two and three
dimensions). The code has been written, and is currently being experi-
mented with. Following is s brief description of these new developments.

3. A competitive Fast Algorithm based on Local Cosine Transform and
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The purpose of this project is to develop fast algorithms for com-
putations of electromagnetic scattering (radar), and assist in the im-
plementation in software of these algorithms by the team at Hughes
Research Laboratories, who are in charge of the software package de-
velopment. currently it is impossible to perform these computations in
a realistic time frame. It is expected that these methods will clear the
computational bottleneck. During the last year (9.92 - 9.93), several re-
lated efforts were undertaken in connection with the Hughes Scattering
Project.

1. We investigated the properties of the three-dimensional version of
the FMM for the Helmholtz equation. While the scheme itself was con-
structed during the preceeding year, it is sufficiently different from its
two-dimensional counterpart that a separate investigation had to be per-
formed to determine the various parameters with which it should be
implemented.

2. A new version of the two-dimensional FMM has been implemented
to test several recent improvements (applicable both in two and three
dimensions). The code has been written, and is currently being experi-
mented with. Following is s brief description of these new developments.
a. A scheme has been constructed implementing the “sub-wavelength”

FMM. As is well-known, on the sub-wavelength scale, the behavior of
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unmodified scheme.

c. The above two developments were incorporated into the two-dimensional
z;.lgorithm; the resulting scheme breaks even with the direct one at

n ~ 500, which is only a few times worse than the results for the FMM
for the Laplace equation in two dimensions. It appears that further im-
provements in the speed of the two-dimensional FMM for the Helmholtz
equation will be very hard to obtain; also the speed of the existing
method is quite satisfactory. The improvements easily generalize to the

three-dimensional case, and will be tested in that case shortly.

3. One of pervasive problems encountered in the design of boundary
integral schemes (both fast and classical ones) is that of quadratures.
The Nyquist Theorem demands that at least two points per wavelength
on the boundary be employed; for curved boundaries, a more subtle
analysis yields an estimate of 3 - 4 nodes per wavelength. In most
schemes, the number used is closer to 20 nodes per wavelength, though
sometimes 10 are sufficient. The actual number required is determined
by the quality of the quadrature formulae employed, and these pose a
number of difficulties. Indeed, the solution of the Helmholtz equation in

two dimensions requires the integration of functions of the form

f(z) = ¢(z) + ¥(z) - log(2),

with ¢, smooth functions.

The problem is that in most cases, the function f can only be eval-
uated as a whole, while the functions ¢, are not available separately.

Thus, quadratures are required that will integrate with reasonable accu-

racy functions of the form In [myquad, alperquad], end-point corrected
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trapezoidal quadrature rules are derived for functions of that form, but

the highest order of convergence they achieve is about 4; for higher or-
ders, the weights of the quadrature begin to grow. Recently, we discov-
ered that Gauss quadrature rules can be generalized to these functions .
In fact, a much more extensive generalization of Gauss quadratures has
been constructed. Namely, there exists a very wide class W of functions
[0,1] — R!, such that for any s € W, there exists an n-point quadrature

that integrates exactly all functions of the form

f(z) = P(z) + Q- s(z),
with P, Q arbitrary polynomials of order n-1.

All weights of this quadrature are positive, and all nodes lie on the
interval [0,1]. While the exact description of W is not available (and not
needed), it contains functions of the form z7 with all v € (-1,1), func-
tions (log(x))? with all v € (—00,00), all products of such functions, and
many others. Applications of such quadrature rules are obviously quite
wide, and a report describing a numerical scheme for their evaluation is
in preparation.

4. Finally, it appears that fast algorithms are possible for the solution of
Boundary Integral equations of scattering theory in the time domain (as
opposed to the existing schemes working for the frequency domain scat-
tering, i.e. Helmholtz equation). Such algorithms, if possible, promise to
be much faster than the frequency domain ones, whenever the solution
is required at many frequencies. They are also likely to be more ro-
bust, since in the time domain, scattering problems are hyperbolic, and

their numerical treatment does not involve solution of ill-conditioned
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systems of linear algebraic equations, which is a major problem with the
Helmholtz equation (the notorious “spurious r%on@c%”). This work
is very preliminary, and we can not guarantee its success. In a parallel
direction we have explored the efficacy of using Local Cosine transform
method as a simpler direct approach. While initially this approach did
not seem to be competitive it turns out that by further processing with
wavelets it could become a viable alternative in smooth geometries. The
following is a summary of this effort.
Fast Numerical Computations of Ocsillatory Integrals

Related to Acoustic Scattering I

We prove that certain oscillatory boundary integral operators occur-
ring in acoustic scattering computations become sparse when repre-
sented in the appropriate local cosine transform orthonormal basis. In a
subsequent papers with Yves Meyer, Thierry Paul and Vladimir Rokhlin
it is shown that most pseudo differential and Fourier Integral operators
are also sparse relative to these bases.

Iﬁ this paper we relate the location of large coefficients in the ma-
trix realization fo the geometry of the boundary on which the integral
operator is defined. The sparse matrices obtained here represent the
oscillatory (non geometric optic) interactions between regions on the
boundary.

The method presented here provides numerical algorithm of asymp-
totic order CN log N for the application of an operator to a vector on
boundaries with bounded curvature (these algorithms with further pro-

cessing are almost immediately competitive as demonstrated by Coifman-
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Rokhlin).

We refer to work by V. Rokhlin where faster algorithms are obtained
for solutions of the Helmholtz equation with no regularity assumptions.
His work is specific to solutions of Helmholtz equation and relies on spe-
cific properties of such solutions. While ours is simpler in nature viewing
the operators as “perturbations” of convolutions, and is essentially de-
pendent on the smoothness of underlying structures.

We also mention that computations for acoustic scattering based on

the LCT bases where carried out by F. Canning with good results.

§1. A Model Operator.

For simplicity we treat a model oscillatory operator in R?2. This treat-
ment will enable us to concentrate fully on the oscillatory nature of
the integral (the mild singularity occurring in the Green’s function of
the Helmholtz is a distraction). The extension to higher dimensions is
straightforward (and will be described).

Let T be a closed curve of length L and bounded curvature (say both
bounded by 2), and s be arc length parametrization, 2(s) €T 0 <

s < L. We consider

BN = [ O Olsga

where v is a large constant v > 100. In order to discretize this integral
we need to resolve the oscillation, i.e. to have N discretization points
with N > 2vL, in order to construct appropriate quadrature formulas to
convert H to a discrete sum. An equivalent method consists of finding a

finite orthonormal basis with N elements and with the same resolution
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and consider the operator Hy = Py HPy where Py is the orthogonal

projection on the span of the basis function.

§2. The Local Trigonometric Basis Functions on I'.

We pick a partition of I" into M intervals I; = (a;,aiy1),am+1 = Qo
and a collection of smooth window functions b;(s) supported in I;_; U
I; U I; 41 such that

10 fb,?(s) =1
20 ;):(ls) = b;_1(2a; — 3).
It is proved in [CM] that the functions
1/2
Ci(s) = bi(s) <;1_i—-|~—1_2t:1_i) / cos ((k + %)wﬁ)
form an orghonormal basis of L?(T',ds). It is also clear that the real
discrete version, where s form N equispaced discrete set of points and
0 < k < N —1 form an orthonormal basis of R¥ (provided the a; are
midpoints between adjacent s).
In our treatment we will discuss only the continuous version, having

in mind the discretization for which the oscillation range is limited. In

particular, we will pick the points a; to be equispaced with a; — a;41 =

VL_N' = 1) and on each I; we will consider only k < v'N. This corresponds
to a discrete basis for I' with N discrete equispace points and each I;
having VN points. In this case, if we let o; = 9‘—""-;—"—*-1 we can take the

basis to have the form

, 1/2 o —a
Ci(s) = (%) b(s na')cos ((lc+%)1r"3 ﬂa‘) 0<i,k<VN
L
VvN*

where 7 =




If we let Py be the orthogonal projection on the span of these func-
tions, it is obvious that Py — Identity ad N — oo. It is also clear that
the basis functions themselves do not converge to a basis as N — 0.

We would like to point out that we are forced to segment the curve
in at least VN windows if we want to restrict the frequencies to be less
than v/N.This restriction is necessary if we wish to have some freedom
in choosing a parametrization of a curve (or allow mildly non equispace
points). Such a constraint will be a requirement in surfaces where we
do not dispose of a natural arc length parametrization. These choices
guarantee that the transition matrix among the basis given in different,

smoothly related parametrizations, is sparce [CM].

§3. The Matrix Estimates.
We fix I;, I; i # j and consider the block of coefficients represent-

ing the interaction between these windows

;c'Je - (HNCI::':, Cg)

=N / / wlz(a)—z(tnb( ) (s-%)

cos [(k—E)‘lr ] ((£+—2-)
0<k<VvN 0<t<VN

% ) dsdt

Given a precision threshold &€ we would like to find all k, £ for which
|Ak'l"'j| <E.
We change variables s — a; = nu (t—a;))=nv
- iN{2(a;+nu) - 2(aitm0)|p(y— Lyp(y L ! 1
= et i b(v—=)b(u—=) cos | (k + =)mv| cos | (£ + = )mu| .
r Jr 2 2 2 | 2
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We represent cos as a combination of exponentials leading us to esti-

mate the integrals.
1 '
/ / ewlz(a,-+nu)——z(a..-+r]v)|ﬂ(v)ﬂ(u)em(:}=kv:{:€u)dudv
-1J-1
where f(u) = b(u — %)ei""%“ or

(%) // ﬁ(u)ﬁ(v)eiON(u,u,k,Z)dudv-

Thus
N —y Z'(aj +nu) - (2(aj + nu) — z(a; + nv) 4t
Fu |z(a; +nu) — 2(a; + 7o)
00y _ _ 2ei+nv)-(2(a+mu) —2(aitny)
o = T Tagtm)—sadm)
But
(ag +m) = () + () = #(a) + 0
"(a; + 1v) = 2'(a; L
ezt ) =(e) +0 ()
if we write
 o(a +mu) — 2o+ m0)
A0Y) = ey ) — oot o)l
then
o0 , /4
—3-;11 = \/;{z (aj) - A(u,v) :Ew—\[—ﬁ.} +0(1) o<1
0N _ "o v 1r-—k-
B = +\/17{—z (a;)A(u,v) £ \/]_V_} + 0(1).

We observe that, as u,v vary so as to parametrize IiI;, A(u,v) de-
scribes a unit vector on an arc of the unit circle whose length is of the

order ;—1—; where r; ; = 1+ distance between the windows in units of 7.
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Therefore the set of points (2/(a;) - A(u,v), —z(a;) - A(u,v)) describe
an arc of an ellipse of length < —=-.

Ti,j

If the distance of (:l:%\;, iVlﬁ) to this arc exceeds § + 1/v/N then
[VO(u,v)| > 6.

A simple integration by part argument proves that * is dominated by
%;— for all j and some constants c; depending only on the function b(u).
Fixing j, picking v so that (%}) < € we find that all grid points VI—-IV(k,Z)
in the square [—1,1] x [—1,1] whose distance from the arc of ellipse of
length ;f—’- exceeds §/\/N give rise to a matrix entry less than €.

The number of grid points not satisfying this condition is § -‘,—_/:—111

We observe that r;; = |i — j| + 1 (with possibly a few exceptions)

permitting us to estimate the total number of coefficients IA;CJeI > ¢ by

Aig]
Cé6vN-VvN E 3 < CéNlogN.
d=1

We remark also that if the curve has a corner or an irregular region of
size 7117 with N discretization points, we can take on such a window
basis of vV N step functions leading to an estimate a Iﬂgf] > § for all

windows £ outside an interval of length -1, giving the count of entries

(k,¢) for which |A;;’¢| > € as 6-}@’—-\/7\7 where iy denotes the index of a
bad window.

Summation over j leads to
C6Nlog N.

See enclosed figures where the matrix of interactions of two windows

is represented at different level of precision.
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§4. Higher Dimensions.

We observe that in R? we can take any collection of nonoverlapping
rectangles with sides parallel to the axis and with some care construct an
orthonormal basis of LCT where orthogonality is maintained by picking
the basis to be odd on the southern and western edges and even on the

northern and eastern edges, i.e. if

R; = (i) x (7, 6:)

then

i . 1, zy—o;f . 1, zo -
St o(z1,72) = Bi(z1,72) sin [(k + '2‘)’” ,Bl,- — ] sin [(2‘*‘ 5)” 63—- ’)’i]

where ©B? = 1 and B;B; are mirror images of each other around a
common edge of R; and R;.

For a closed surface I' on which a global parametrization does not
exist, in general, the simplest approach is to decompose I into patches
of roughly the same size on which an orthogonal basis can be taken.
This leads to a number of exceptional regions which can be handled
separately. We illustrate these issues for the sphere on which we take
the natural “geographic coordinates”. With the exception of the polar
caps it is easy to obtain a “rectangular” patching by patches of roughly
the same size on which a local cos basis exists. On the poles we can take
a basis of simple bump functions and count their contributions in the
same way we handled corners on curves.

The geometry of a cap of radius 7 and orthogonal bump function

bases on it can be obtained as follows: Let § = 277, consider radial
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* .

7
functions b;(r) such that ;bf = 1. b; is supported in (5?7’37, %l) and
bi(r) = b,‘+1 (2%’;— - 7‘).
Clearly the functions

. 1 r—0/2\1 i - .
i Z — = <P PP
b(r)sm[(k+2)7r( Yo )]e k<277 0<2

form an orthogonal set of functions resolving a discretization of resolu-
tion 7% with total number of functions 227 = n%. Moreover, they are
orthogonal to the basis function on the complement of the cap, provided
these are even in 7 around the cap’s circumference.

It is quite clear that, with the exception of a few cap-like exceptional
regions, each surface can be treated by a similar procedure by slicing it
into parallel “circular” slices whose boundaries are in turn windowed as

curves.

§5..

We now wish to describe the analysis for the Helmholtz opérator on
a surface S. :
) = [ )
= | —f(y)do(y
’ s lz—1l
where do(y) is surface measure on S. Since the sparcity of the matrix
of H, is due to oscillation where |z — y| is “large” we could, in this case,
only consider interactions between non-neighboring patches on which
|z — y| is smooth, and we can essentially ignore the “singularity” in this

analysis.

As before, the unit of discretization is ~ & resulting in roughly X =
N? points. The window size for a patchispxn withp =~ 4 52 =N,
2

each patch has -,17 X % = N points.
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Let Q;Q; be two non-neighboring patches at distance =~ r;;n from
each other. Assume that S is a parametrization of Q;, £ of Q;. As

before we need to estimate

nl/ f 1)~y (5)b, (£)e 41T+ dg (5)do (1)
1JQ;
By rescaling to the product of unit squares we get

// eiu[(:z:(a;-l—nu))—x(aj-}-f;v)Ib(u)b(v)ei(kuﬂzlv)dudv'

As before, let & = N|(a; + nu) — z(a; + qv)| + k- u £ £- v, and for

simplicity we write

z(a; + qu) = z(a;) + v - y(u; - .T—)l + uz?g) + O(n?u?)
31: . "‘) 2
1 90 vy T.. (z(a; + nu) — z(aj + 7o) +O(——1——-) :{:——k—i—
VNOu; N l|z(a; + qu) — z(a; +7v)| VN] VN’

As ujuy vary the first terms are the coordinates of points on an ellipse

of length ~ ;}—’ Therefore, the number of grid points k such that ﬁ
is at distance < —f—-ﬁ from the ellipse is 6 _;{_1’7 If we include the v co-
ordinates the number of pairs (7’%, TlNg) at distance < 7‘% from the
corresponding surface is 62;%. For all other pairs (k, Z)ﬁ, the gradient
of the phase function exceeds 6.

The number of matrix entries resulting from all non-neighbor interac-

tion kept is

N&® Y r£2 < c6°N%log N.
i 4

For the contribution of the interaction of the polar caps basis with the

more regular basis functions we only use the gradient of the phase in u
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. .

or v (as we did for corners on a curve) leading to a total matrix having
CN?log N entries.

We remark that we can, as in one dimensions, allow conical singulari-
ties around which we place caps. For corner singularities along a smooth
curve we can introduce a local basis, smooth in directions parallel to the
wedge and non smooth transversally, leading to small estimates in three
of the coordinates and again leading to N2 log N algorithms.

We now need to deal with the singularity effect on the interaction
of a window with its close neighbor, or with itself. Tlﬁs leads to a
computation of

iv|z(a+nu)—z(atnv)| .
lz(a + nu) — z(a + 7v)|

This integral can be easily estimated by parametrizing the surface in
terms of its tangent plane at the center of the box. This parametrization

permité us to write
|z(a + ) — z(a +nv)| = 1fu — v[{1 +70,(v,v)}

where the “remainder” @,(u,v) has bounded derivatives.
We are therefore led to compute

iVNlu—v| :
vN / / EW—_—;I—-ﬁN(u,v)e‘ik'“ﬂ”dudv

where By (u,v) is supported in |u| < 1 |u| < 1 has derivatives bounded
independently of N.
We can use the following lemma to prove that the matrix is concen-

trated near the entries k = +£.
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LEMMA. Let k(u) € L*(R?)B € L*(R*) then
O WG LA E
R4 . R2

where k is the Fourier transform in R? of k and B is the Fourier transform

in R* of B.

In our case |Bn(£,7)| < (—ITI'E—I%%TW“ for each M > 0 (since the

derivatives of By are bounded uniformly in N. Also
ei\/ﬁ |

ful

1 Jul<2
0 |ul>2

kN(u) = \/—N

i v

is such that |kx(€)] < CVN, leading us to estimate the k, £ entry by

C CuVvN
VN M de <
S CFE =g+ =P L S T k£ qm

Again counting the total number of terms in self window interactions
leads to N? terms.

Altogether, for N? discretisation points we obtain a matrix having or-
der CN?log N . These estimates are asymptotique in nature ,their use-
fullness depends on the desired precision ,as is obvious from the figures
. V Rokhlin and the authors have shown that with further processing
these algorithms are competetive for relatively small values of N starting

at about 1000.
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The diagonal forms are constructed for the translation operators for the Helmholtz equation
in three dimensions. While the operators themselves have a fairly complicated structure
(described somewhat incompletely by the classical addition theorems for the Bessel func-
tions), their diagonal forms turn out to be quite simple. These diagonal forms are realized
as generalized integrals, possess straightforward physical interpretations, and admit stable
numerical implementation. This paper uses the obtained analytical apparatus to construct
an algorithm for the rapid application to arbitrary vectors of matrices resulting from the
discretization of integral equations of the potential theory for the Helmholtz equation in
three dimensions. It is an extension to the three-dimensional case of the results of (13],
where a similar apparatus is developed in the two-dimensional case.
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Diagonal Forms of Translation Operators for the Helmholtz Equation

in Three Dimensions

1. Introduction

One of standard approaches to numerical treatment of boundary value problems for ellip-
tic partial differential equations (PDEs) calls for converting them into second kind integral
equations (SKIEs) with subsequent discretization of the latter via appropriate quadrature for-
mulae. Discretization of the resulting SKIEs usually leads to dense large-scale systems of
linear algebraic equations, which are in turn solved by means of some iterative technique, such
as Generalized Conjugate Residual algorithm. Most iterative schemes for the solution of linear
systems of this type require application of the matrix of the system to a sequence of recursively
generated vectors. Applying a dense matrix to a vector is an order n? procedure, where n is the
dimension of the matrix, which in this case is equal to the number of nodes in the discretization
of the domain of the integral equation. As a result, the whole process is at least of the order
n2, and for many large scale problems, this estimate is prohibitively large.

During the last several years, a group of algorithms has been introduced for the rapid ap-
plication to arbitrary vectors of matrices resulting from the discretization of integral equations
from several areas of applied mathematics. The schemes include the Fast Multipole Method for
the Laplace equation in two and three dimensions (see, for example, [6]), the fast Gauss trans-
form (see [8]), the Fast Laplace Transform (see (12, 15]), and several other schemes. In all cases,
the resulting algorithms have asymptotic CPU time estimates of either O(n) or O(n - log(n)),
and are a dramatic improvement over the classical ones for large-scale problems.

All such schemes are based on one of two approaches.

1. The first approach utilizes the fact that the kernel of the integral operator to be applied
is smooth (away from the diagonal or some other small part of the matrix), and decomposes it
into some appropriately chosen set of functions (Chebychev polynomials in {12] and [2], wavelets
in [4], wavelet-like objects in (3], etc.). This approach is extremely general and easy to use,

since a single scheme is applicable to a wide class of operators.
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2. The second approach is restricted to the cases when the integral operator has some special
analytical structure, and uses the corresponding special functions (multipole expansions for the
Laplace equation in [6], (7], Hermite polynomials in (8], Laguerre polynomials in [15], etc.

In this approach, a special-purpose algorithm has to be constructed for each narrow class of
kernels, and in each case the appropriate special functions and translation operators for them
(historically known as Addition Theorems) have to be available. However, once constructed,
such algorithms tend to be extremely efficient. In addition, there are several important sit-
vations where the first approach fails, but the second can be used (a typical example is the
n-body graviational problem with a highly non-uniform distribution of particles, as in [5]).

Both of the above approaches fail when the kernel is highly oscillatory, and simple counter-

examples show that it is impossible to construct a scheme that would work in the general

* oscillatory case (the Nyquist theorem being the basic obstacle). However, several oscillatory

problems are of sufficient importance that it is worth-while to construct special purpose meth-
ods for them. A typical example are kernels satisfying the Helmholtz equation in two and three
dimensions, since this is the equation controlling the propagation of acoustic and electromag-
netic waves, and many quantum-mechanical phenomena. Unlike the non-oscillatory case, the
oscillatory one requires a fairly subtle mathematical apparatus, and for the Helmholtz equation
in two dimensions, such an apparatus is constructed in [13].

The present paper presents an extension of the results of [13] to the three-dimensional case,
and a description of an algorithm for the rapid application to arbitrary vectors of matrices
resulting from the discretization of integral equations of the potential theory for the Helmholtz

equation in three dimensions. The principal purpose of this paper are Theorems 3.1 - 3.3, de-

"scribing the diagonal forms of the well-known translation operators for the Helmholtz equation

in three dimensions.
2. Analytical and Numerical Preliminaries

2.1. Notation. We will be denoting by (p, 8, ¢) the spherical coordinates in R3, with the
Euclidean coordinates denoted by (z,y, z). Given a point s on the two-dimensional sphere 2,
we will denote its spherical coordinates by (6(s),#(s)), and note that the north pole sy has

the coordinates (r, #), while the coordinates of the south pole ss are (0, *).
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We will denote by E the natural embedding §2 — R3, defined by the formula
E(s) = (cos(8(s)) - cos(#(s)), cos(6(s)) - sin((s)), sin(6(s)))- )
For 2 non-zero vector u € B3, we will denote by P(u) the point on S? defined by the formula
P(v) = ET'(=). )
(v) (" u“)

Sometimes, we will use a more invariant notation, saying that the pair (r € R',s € §?%) is the

spherical coordinates of the point u € R3, with r,s defined by the formulae
r = ||ul| 3)
s = P(u). (4)

For a pair of points sq,s € S2, we will denote by A,,(s) the angle between the vectors E(so),
E(s).
Finally, for any so,s € $2, we will denote by ¢(so, s) the cosine of the angle between the

vectors E(3g), E(s), so that

c(s0,8) = (E(s0), E(s)) = cos(As(s))- (5)

2.2. Charges and dipoles. For a Helmholtz equation
Vif+Ef=0 (6)

we will define the potential f£ : R3\ {z,} — C! of a unit charge located at the point zo € R3
by the formula

f2,(2) = ho(kllz - zol), (™)

where hg denotes the spherical Hankel function of order zero (see (16) below). For any h € R?
such that ||h|| = 1, we will define the potential f:’fo‘h of a unity dipole located at z¢ and oriented
in the direction h by the formula

3
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As is well known, both potentials f;‘o, f}:‘o,h (as well as most other physically meaningful
potentials for the equation (6)), satisfy the radiation condition at o, i.e., for any z € R,

there exists ¢ € C! such that when ¢ — oo,
tkt-|z|
t

€

P(t-z)=c-

1
+0(3). 9)
The following theorem is well-known, and is a direct consequence of the Gauss theorem.
Theorem 2.1

Suppose that D C D are two balls in R®, and that D is bounded by a sphere S. Suppose
further that f : R3\ D — C is a radiation field satisfying the equation (6))in R®\ D and the
radiation condition (9)) at co. Then there exist two analytical functions o,7: § — C, such

that for all z € R3\ D,

fe)= [ o()- fhiz)ds, (10)

and

1@)= [ (5) Fra(@is, (1)
where N(s) denotes the exterior normal to S at the point s.

2.3. Spherical Bessel and Hankel functions. In agreement with standard practice,
we will denote by j. the spherical Bessel function of the first kind of order m, and by h,,, the
spherical Hankel function of order m. As is well known (see, for example [17]), jm are analytic
on the whole complex plane for all values of m, while h,, have a branch cut along the negative
real axis, and become infinite at the origin. The asymptotic behaviour of the functions ji, Am

for large m is given by the formulae

o 2. (2n + 1)+
Pl S, M Y 2
o Iml(®) — R = b (12)
and
_— entd L pntl (13)
i R A |
i, i (2) Vv2-(2n+1)"
4
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(see [1], 9.3.1, 9.3.2, 9.1.3). For large z and fixed m, the asymptotic behavior of jm(2), Am(2) -
is given by the formulae

N ellm(z)'
z - Jm(2) — cos(z - 1_n2_x - g—) = O(W_), (14)
F hm(z) — e"(z—_Z-_—f = O(-eTz—P—) (15)

when 2z — o0, as long as I'm(z) > 0 (see [1}, 9.2.5, 9.2.7).

All spherical Bessel functions are ‘elementary functions’. In particular,

i) = 24,

ho(z) = -2,

) = singz)_cos(z)’

hi(2) = —(§+;i-2-)-e"’, (16)
Lin(z) = —i(a),

d
;i—;ho(z) = —hi(2).

The following theorem is known as the Addition Theorem for spherical Bessel functions, and

is one of principal analytical tools of this paper. It can be found, for example, in [1].

Theorem 2.2
Suppose that r, p, 8, A are arbitrary complex numbers, § = x — 6, and that R € C is defined
by the formula

R=(r*+p? —2-r-p-cos(0))’i = (r2+p2+2-r~p-cos(n))'21' (17)
(see Figure 1). Then

i(?n + 1) Ga(A-7) - Gn(A- p) - Pu(cos(8)) =
n=0

S (=1 @2+ 1)+ jn(A-r) - Gal - 0) - Pa(cos()) = (18)
ol -y = £80 ),
5




and

Y o(2n+ 1)« €5 - G (p) - Pa(cos(6)) =
n=0

o0

3 (204 1)+« jalp) - Palcos(8)) = e#=4). (19)

n=0

If, in addition, | r - e |<| p |, then

S 20+ 1)+ a(A+ 1) - ha(A- p) - Palcos(8)) =

i(—l)" (204 1) ja(A-1) - ha(A- p) - Pu(cos(n)) = (20)
"= —i.e" MR
ho(/\ . R) = "-—X——-E-—

2.4. Integrals of spherical harmonics.
A function w : §2 — C is referred to as a spherical harmonic of degree n if the function

f : R® — C defined by the formula

f(:l:, Y, z) = w(01 ¢) .pm (21)
satisfies the Laplace equation in R (see, for example, [9]).

Remark 2.1

As is well-known (see, for example, [10]), for any integer n > 0, there exist exactly 2n + 1
linearly independent spherical harmonics of order n, and a standard representation of a spherical
harmonic of order n is by an expression

WO, = 3 - Br(cos(0))- ™, (22)

m=—n
with PT* the associated Legendre function of degree n and order m (see, for example, {1]), and
Y, =0,£1,42, ... 4n a finite sequence of complex numbers. However, in this paper we will
not be using the representation (22), remembering only that the spherical harmonics of order

n constitute a complex linear space of dimension 2n + 1.




We will need the following three well-known lemmas involving the integration of spherical
harmonics over the surface of the sphere. Lemmas 2.1, 2.2 below can be found, for example, in

[9]), [1], respectively. Lemma 2.3 is a simple consequence of Lemma 2.2, and can be found in
[1}.
Lemma 2.1.

For any spherical harmonic Y of degree n > 0,

4.7

[ ¥ (5)- Pulcos(@(s)))ds = 5215 - ¥ (sm) (23)
Lemma 2.2.
Foranyn >0and 2z € C,

i@y = GL - [ ereeonten . pcos(ors)as. (24)

The following theorem is a simple consequence of the preceeding two lemmas, Theorem 2.2,

and the formulae (12), (13).
Theorem 2.3.

Suppose that p € R, n is a natural number, and k € C is such that Im(k) > 0. Suppose
further that u € R3 is such that [|u]] < p, and that the functions Tj, : §2 = C, F,, : R®* —» C
are defined by the formulae

n

Tu(s) = Tu(8,8) = 3 i™ - (2m+ 1) - hu(k - p) - Pr(co5(6)), (25)
m=0
F.(w) = ﬁ . /52 T(s) - (B g, (26)
Then
Jim Fo(u) = ho(k- (0 + lull® + 2-p - [lufl - cos(m))?), (27)

with 7 the angle between the vector u and the z axis. Furthermore, for large n,

| Faw) = ho(k - (¢ + [[ull* +2- p - [[ul] - cos(m))?) = 0(("%")")- (28)
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Proof.

Combining (25) with (26), we have
1 n
Fn = —— 'm-2m+l-l,, A g .
(v) 4.7 mZ=0z ( ) r) /,, Ta(s) - P (cos(9)) -e"”'(E(’)'“)ds, (29)
and, substituting (19) into (29), obtain

Fn(u) = 2-]7 . 2':: "

7 —{)

(2 4 1) - by (- p)- (30)
Jo oo+ S ) - Pe(P (), s))ds
For any m # 1,
/5’2 P, (cos(6(s))) 'F'I(C([’(u),z)}ds L0, (31)
since in this case Prn(cos(8(s))), Pi(c(P (u),

#)) w16 tpherical harmonics of different degrees,
and, therefore, orthogonal on §2. Combining () wity, (31) B
’ 31), we have

1 & P
BT RO gy (32)
Pn ) Frl et 1
/32 (cos(6(s))) Pl 1), a))ds.
Due to Lemma 2.1,

Pr(cos(8(s))) - P, Yepde AT
/SZ (c05(8(5)) - Pa(cl P(uj, 4 Gy PrleosO(P®),  (33)

and (32) assumes the form
n .
F(v)=" 2m+1)-h, (k.
n(w) mzzo< ) #3230k - full) - Pr(cos(6(P(w))). | (34)
Now (27) follows from the combination of (%, eas 4

kentem 2.2, and (28) follows from the
combination of (27) with (12), (13).

2.5. Partial wave expansions of fadazios ficldg, Suppose that the function ¢ :

, Y844 24 open ball D of radius R with the
center at the point ¢ € R3, and also satistier oy, ,. .
P ’ “ %e22m condition (9) at co. Then there

R® — C" satisfies the Helmholtz equatior £3

(R A




exists a unique sequence of spherical harmorics @ = {an,}, m = 0,1,2,---, such that for any
z € R3\ D,
00 :
#(z) = ) om(s) - hu(kp), (35)
m=0
with (p, s) the spherical coordinates of the vector z—z¢, and for each m € [0, 00), o, a spherical
harmonic of degree m.

If a function 9 satisfies the equation (6) inside D, then there exists a unique sequence
of spherical harmonics 8 = {fn},m = 0,1,2,---, such that for each m, f, is a harmonic of
degree m, and for any z € D,

¥(z) = D B(s) - dm(kp)- (36)
m=0
A derivation of the formulae (35), (36) can be found, for example, in [10}, and we will refer
to functions satisfying the Helmholtz equation as radiation fields, to expansions of forms (35),
(36) as h-expansions and j-expansions respectively, and to the point zo as the center of the
expansions (35) (36).
The following lemma is a direct consequence of the formulae (12), (13). It establishes the

convergence rates of the expansions (35), (36).
Lemma 2.4

If Dy C D is a ball of radius R; < R with the center at z¢ then there exists ¢ > 0 such that
for any z € Dy and N > |k|- Ry,

N R,
19(2) = 3. an(8, $)im(ke)] < (). @37

m=0
If D; O D is a ball of radius R; > R with the center at 2 then there exists ¢ > 0 such that
for any z € R\ Dz and N > k|- R,
N R
[9(z) — D" Bm(8, $)hm(kp)| < c(R—2)N- (38)

m=0

Remark 2.2




In numerical calculations, expansions (35), (36) are truncated after a finite number of
terms, and the resulting expressions are viewed as approximations to the fields ¢, ¢. If we
want to approximate ¢ by an expansion of the form (37) with an accuracy € then according

to the above lemma, we have to choose

—In(€) + In(c)

N> Ry, —————=%). 39
Since logarithm is a very slowly growing function, for medium and large scale problems,
max(R - [k, NIy g, (40)

In(R) — In(R,)
i.e. the number of terms in the approximation is almost independent of ¢, and must be roughly
equal to |k| R;. A similar calculation shows that for medium to large scale problems, the

expansion (36) can be truncated after approximately N > |k|R terms.
2.6. Numerical integration on $2.

In this subsection we formulate two lemmas describing the optimum quadrature formulas
for two situations: smooth functions on a circle, and smooth functions on an interval. Then,
we use these lemmas to construct a high-order quadrature formula on §? (Theorem 2.4 below).

Both Lemmas 2.5, 2.6 are well-known, and can be found, for example, in [14].
Lemma 2.5

For any integer m, n such that n > 2|m|, the n-point trapezoidal quadrature rule on the

interval [0, 2x] integrates the function e™ exactly.
Lemma 2.6

For any natural n, there exist a unique pair of finite sequences {x*}, {w}'},i=1,2,---,n,
such that for any integer k € [1,2n — 1],

Ssur-0a) = [t (a1)

=1

Furthermore, x? € [~1,1] and w? € [0,1]forall i = 1,2,---n.
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The points x? and the coefficients w? are known as the nodes and coefficients of the n-point
Gaussian quadrature rule, which is the unique n-point quadrature rule that integrates exactly
all polynomials of order up to 2n — 1.

For a natural n, we will define a finite sequence ¢;, ¢2,- -, ¢, by the formula

4= (- ), (42)

and the finite sequence 6;,0,,---,6, by the formula
8; = arccos(w?). (43)
Now, we define a discretization of S as a collection of n? points 57 on it defined by the formula
3k = (65, ¢x), (44)

and given a function f: §% — C, will be approximately representing it by a table of n? values

k= (05, bx)- (45)

Our choice of this discretization scheme is motivated by the following theorem, which is an

immediate consequence of Lemmas 2.5, 2.6.

Theorem 2.4.
Suppose that the function f: §% — C is a spherical harmonic of degree n. Then
n
[ f)ds= 3wl S (46)
s =
with the coefficients w; defined by the formula

2.x
Wik = —— vy (47)

Furthermore, the condition (46) defines the nodes s7) and the weights w} uniquely, except

for obvious transpositions and rotations.

3. Translation Operators For h and j Expansions.

11
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3.1. Sequences of spherical harmonics and functions on S§2. We will denote by Y
the set of all sequences @ = {am}, m =0,1,2,---, such that for each m, oy, is a spherical
harmonic of degree m. We will define a norm on Y via the formula

NEN S ) (48)

m=0
denote by X the subspace of Y consisting of such sequences a that ||af| < oo, and observe that
the norm (48) converts X into a Hilbert space. For a real number r > 0, we will denote by X,

the subspace of X consisting of all sequences @ = {an},m =0,1,2,---, such that
2m,.
llam |l '(—e?) Vm<e (49)

for all m > r. We will denote by Y; the subspace of Y consisting of all complex sequences

B ={fm},m=0,1,2,-- such that for some ¢ > 0,

IBall - )™ - Vi < e (50)

for all m > r. It is easy to see that X, C Y;, and that the condition (49) is a very restrictive
one, since in order to satisfy it, the elements of the sequence {ay,} must decay roughly as
(r/2)™/m!, while the condition (49) is a very mild one - it prohibits the elements of {8} from
growing faster than approximately (2/r)™ - m!. By applying formulae (9.3.1), (9.3.2) from [1],
it is easy to show that in (35) (36), @ € Yjyr and B € Y}y . Conversely, for any sequence
@ € Y} g, the expansion (35) converges inside D, and for any § € Yjy g, the expansion
(36), converges outside D. For a natural n, we will denote by T, a linear mapping Y, — Y
converting a sequence @ = {ap},m = 0,1,2,--- into a sequence & = {Gm},m = 0,1,2,--,

defined by the formulae
&n = an for Im|<n

@n = 0 for |m|>n+1. (51)
Clearly, T,(Y,) C X,, and for obvious reasons, we will refer to T;, as truncation.

We will define the mapping F : X — L%(S?) by the formula

Fla)e) = 3 an(s)- e =412, (52)

12
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with o = {@g,a1,---} € X, and the mapping F. : X — L%*(S5?) by the formula

F_(a)(s) = i an(s)- s (53)
m=0 .

It is easy to see that the mappings F, F_ are unitary in the norm on X defined by (48), since
the expansion into spherical harmonics is a unitary transformation, and any two spherical
harmonics of different degrees are orthogonal to each other ( see, for example, [9])).

The following lemma can be found (in a slightly different form) in [22??]. It connects the

speed of convergence of an expansion of the form (52) with the analyticity of its sum.

Lemma 3.1

Suppose that a € X, with some (arbitrarily large) r. Then F(a) : §2 — C is an analytic
function on §2.
While the definitions (52), (53) might seem arbitrary, they are motivated by the following

two lemmas, which are a direct consequence of the formulae (14), (15).
Lemma 3.2
If $ : R3\ D — C! is defined by (35), then

lim ¢(zo+ t- E(s)) - -+ = F(a)(s). (54)

Lemma 3.3

Suppose that ¢ : D — C! is defined by (36), and that, in addition, 8 € X, for some
(arbitrarily large) a. Then

lim 1+ (#(z0 + - E(s)) ~ (F(B)(s) - €**) + F-(B)(s) - **). (55)

Remark 3.1

The above two lemmas can be viewed as describing the far-field behavior of the potentials -

#, ¥ in terms of the mappings F(a), F(8) : §2 — C, and we will refer to F(a), F(8) as far-field

13
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representations of ¢, ¥, respectively. Alternatively, we will be calling F(a), F(f) far-field forms
of expansions (35), (36).

For a point so € $2, a natural n, and a complex 2, we will define the function A3" : § 2Lt
by the formula

At(s) = zn: i™-(2m + 1) - Pn(c(s0,8) * jm(2)- (56)

m=0

It immediately follows from (19) that

i i™ - (2m + 1) - Pj(c(s0,9)) - im(2) = et#elsons), (57)

m=0

and for n = 00, (56) assumes the form
A=(s) = eeleon), (58)
For a point sq € S2, a natural n, and a complex z, we will define the function p" : § 2,
by the formula

Kp(s) = 32 i (2m o+ 1) - Pr(e(s0,5)) - hun(2), (59)

m=0
and observe that no analogue of the formula (58) is possible in this case (at least in the proper
sense), since the series
oo
> ™ (2m+ 1) - Pi(c(s0,5)) - hm(2) (60)

m=0

does not converge.

Finally, we will define mappings AZ", MZ" : L*(§%) — L*(5?) via the formulae

AL (f)(8) = A5 (s) - £(3), (61)
ME™(£)(s) = 1 (s) - £(3) (62)

respectively, with f € L2?(5?).

3.3. Definition of translation operators. For the remainder of this section, D;, Da,

D5 will denote three balls in R® such that Dy C D; and Dy N D3 = @ (see Figure 3). The
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centers and radii of these disks will be denoted by ¢;, ¢z, c3 and Ry, Rz, R3 respectively. We
will denote the spherical coordinates of the vector c; —c; by (p12, $12), the spherical coordinates
of the vector ¢; — ¢ by (pa1,521), the spherical coordinates of the vector ¢3 — ¢1 by (p13,513),
and the spherical coordinates of the vector‘cl — ¢3 by (p31,531). For a point = € R3, we will
denote by (p1,31), (P2, 32), (p3, 33) its spherical coordinates with respect to the centers ¢1, ¢z,
c3 respectively.

Suppose now that ¥ : R3 — C! is a radiation field analytical in R®\ D, and satisfying the

radiation condition (9) at co. Suppose further that ) is represented by an expansion

P(z) = Y Bm(s2) - hm(kp2) (63)
m=0
valid in R3\ D;, and by an expansion
$(=) =Y Bu(s1) - hm(kp1) (64)
m=0

valid in R3\ D;. It is easy to see that Be Xk|-r, depends linearly on 8 € X|i.r,, and we will
denote by U the operator Xx.r, — Xj|.r, such that

B = Us,a(B)- (65)
Suppose that ¢ : R? — C! is a radiation field analytical in D; and represented by an expansion
o0
¢(z) = Y am(1) - jm(kp1) (66)
m=0

valid in Dy, and by an expansion

H)= 3 (o) - im(kp2), (67)

m=0

valid in D,. Again, it is easy to see that & € Yjx.p, depends linearly on a € Yji.g,, and we

will denote by Vi o the operator Yjx.r, — Yji}.r, such that
& = Vo). (68)

For any r > 0, we will denote by Vj ., the restriction of V2 on the subspace X, of Y.,

so that
Va2 = (Ver,e2)ix, - (69)

15
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Finally, suppose that ¢ : R3\ D; — C! is a radiation field analytical outside the ball D; and
satisfying the radiation condition (9) and that it is represented in R3\ D, by the expansion
(63). Then inside the ball D3, the function ¢ can be represented in the form

Y= 3 Tm(53) - (ko) (70)

m=0

with v € Yji|-r, @ linear function of @ € X|x|-Ry» 2nd we define the operator Wy c2 : X(k.p, —

Yjx|.r, via the formula

b= Wcl'c3(a). (71)

3.4. Diagonal Forms of Translation Operators. This subsection describes the diagonal
forms of the translation operators U, V, W for the Helmholtz equation. These diagonal forms

are provided by the Theorems 3.1 - 3.3 below, and are the principal purpose of this paper.
Theorem 3.1.
If the operator Ucg,c1 : Xjxy.R, — X{k|-R, is defined by the formula (65), then

Ugea = FloAkme,p (72)

512

Proof.
We will prove (72) by showing that

FoUgeqg = AkP2o F, (73)

812

Suppose that s € §2, and 8 € Xig,. Combining (61) with (58), we have

Ak21299(5) = F(B(s) - ek RarelPles—ca)ss), (74)

812

On the other hand, due to Lemma 3.1,

F(B)(s) = Jim ¢(cr+1t-E(s))-t-e "

= Jim ez + (1= ex) 1 E(s))-t- e (75)
ut+t-v

_— . u+t.v .t.e—i'k't
Tttt £ o) ,

= Agdet
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with u = ¢; — ¢3, and v = E(s). Denoting ||u +t - v]| by T, we obtain after simple analysis
1
t=1—(u,v)+ 0(;), (76)

and (75) assumes the form

u+(1‘—(u,v)+0(%))-v -
lle+ (7 = (u,0) + O(L)) - ||

(T - (u, v) + O(%)) . e—i-k-(r—(u,u).,.o(%)),

F()s) = lim ¢(c+ ) (77)

which, due to the radiation condition (9) can be reduced to

- L u+ (17— (u,v))-v . 78
O = Jm et el ™) )
T- el-k-(u,v) . e—t-k-r.
Finally, combining Lemma 3.1 with (78) yelds
F (ﬁ)(") = ,rlf_{f.}o ez + HZ—” “T)-T- e kT gk (u)
= Jlim (e + E(s)+7) -7+ e ciblaan) (79)

F(B)(s) - &#4(crmens B0,

Now, the conclusion of the theorem follows from the combination of (79) with (74).

The above theorem provides the diagonal form of the operator Ue, ., shifting the origin
of an h - expansion. Theorem 3.2 below is the analogue of of Theorem 3.1 for the case of
J-expansions. Since the proofs of the two theorems are virtually adentical, we omit the proof

of the following theorem.
Theorem 3.2.
If the operator V,; ; : Yiki-r, = Yji|.r, is defined by the formula (68), then for any r > 0,

Vae = F oAk, (80)

812

The following two lemmas are an immediate consequence of Theorems 3.1, 3.2. Lemma 3.4

provides the far-field representations of the potentials (7), (8) of charge and dipole. Given a
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far-field representation of a potential of the form (36), Lemma 3.5 provides an expression of

its value (and the value of its gradient) at any point within the region of its validity.
Lemma 3.4
Suppose that in (35),
¢ = ¢z, (81)
with z; an arbitrary point in R3. Then for any s € 52,
F(a)(s) = Appmemiiheo(s) = ek tzo=m1 B, (82)

If h € R3 is such that [[k]| = 1, and

¢ = ¢:, A (83)
then for any s € 52,
k ro—T) ||s00 To— 2 ,E ad
F(a)(s) = P"::—z:)" ()4 £_—olI—-"c_o—;l”x—n—l(lj
— cl k(zo—x -E(')) .t-k- C(P(Zo - xl), 8)' (84)
Lemma 3.5

Suppose that the potential ¢ is defined by (36), and that 8 € X, with some 0 < r < oo.
Then for any = € D and k € R3 such that ||h]| = 1,

¥(z) = /{)7 F(B)(s)- ,\’;4(!:;'_—:)11.00(3)43 = _/sz F(B)(s) - ek (=o—=E) gs, (85)
and :
d Azo—zil.00 o — 2, E(s
S+t Bl = [ FBY) Mol (s) ik (@2, Be)) 4,
= /y F(B)(s) - (=0==E() i . k. o(P(zo — 2),5)ds.  (86)
While the preceeding two theorems are fairly obvious, and appear to be known (though

in a somewhat different form) among certain groups of physicists, the following theorem is

considerably more technical, and appears to be quite new.
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Theorem 3.3.

Suppose that the operator Wey e : Xjgj.r, — Yjk|.r, is defined by the formula (71). Suppose

further that 1 : R®\ D; — C is a radiation field represented by the expansion (64) outside

Dy, and by the expansion (70) inside D3. For any n > 1, we will denote by ¥, the radiation

field D3 — C defined by the formula

¢n(x) = E 7;;(33) 'jm(kPB)a
m=0
with v* = {4},7%,75, - - -} defined by the formula
" =F1o Mfl';’“'" o F(a).
Then for any z € D3,

liy n(a) = $(z).

Furthermore,

Rl +Rs

max | $a(z) — $(2) |= O~ )" - lled))-

Proof.
Due to Theorem 2.1, it is sufficient to prove (90) in the special case of
Y= [
with Xy an arbitrary point in D;. Combining (91) with (82), we have
F(B)(s) = ¢+ o150
for all s € 52, and combining (92) with (62), (59), obtain

MEz™ o F(B)(z) =

a3

e* -k (zo—e1,E(s)) Z i™ - (2m + 1) - Pn(c(s13,8)) * b (K - p13).

m=0
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Now, combining (93) with (85), (87), we have

Ya(z) =
/ ik (zo—c1 E(3)) | girk(z—ca E(s)) . (95)
52

2": i™ - (2m + 1) - Pn(c(s13,5)) - ke (K - p13),

m=0
and (90) follows from the combination of (95) and Theorem 2.3.

3.5. Numerical evaluation of translation operators. For the rest of this paper,
we will view the asymptotic representations F(a), f(f) defined by (52 (as opposed to the
expansions of the forms (35, (36 ) as our principal tool for representing radiation fields.
Lemma 3.4 permits one to calculate asymptotic representations of fields of distributions of
charges and dipoles without evaluating the coefficients of their h-expansions, and Lemma 3.5
provides a tool for calculating the fields and derivatives of the fields with given asymptotic
representations without having to evaluate the coefficients of j-expansions of these fields.

For a radiation field 9 : B3 — C? analytical outside D; given by the expansion (35), and
an integer n > 2, we will denote by F}  the function F(a) tabulated at the n? nodes STk
defined by the formulae (42) - (44), so that

FO".cx (J’ k) = F(a)(s;",k)' (96)

Similarly, for a radiation field ¢ analytical inside D, and possessing an asymptotic representa-

tion F(3), we will denote by G3 . the table of n? complex numbers defined by the formula

Go.er(3,k) = F(B)(s55)- - (97)

and view F";

1?

radiation fields ¢, ¢.

G, as finite-dimensional projections of the asymptotic representations of the

Given a discretization G% . , we will consider a radiation field G, : R — C" defined by

c1?

the formula

T3 (2) = D0 WhhGh (6o k) - HEomm B, (98)
Jk=1
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Clearly, (98) is a quadrature formula approximating the integral (85) and we will look upon
(98) as an approximation to the field ¢. Differentiating (98) with respect to z, we obtain the

formula
d ~n
G Cha (e +th)=s =

kBl S whGh L, (G k) - e(P(zo — 7),8) - € EmHEET)), (99)

Jk=1

Finally, we will define mappings P™*, Q™" , S™* : C™ — C™ by the formulae

c201? “vcic2? Yeies

Pg;(zla 229°° % z‘n) = (Am(wl) =21, Am(‘w2) * 225000 Am(‘wﬂ.) N zn), (100)
ng (Zh 223"y Zn) = (Ilm(wl) . zhl‘m(w2) RS TR ,Ilm(wn) . Zn), (101)
SL’;;; (Zl, 223"y Zn) = (Vm(wl) 21, Vm(wz) *22y°" Vm(wn) - Zn), (102)

with the functions Apm, fim, defined by (56), (59). It is easy to see from the Theorems 3.1,
3.2, 3.3 that

PR (Fye,) = Feys (103)
Q5 (Gia) = Ges (104)
Seres(Fée1) = Gies (105)

with U =¢Z,,,V=4¢5,, W= qu;c, and we will look upon the operators Por, Qric,» Seyes

as discretizations of diagonal forms of the operators UZ? , VI, W(G.

Remark 3.5

By combining the above lemma with Remark 3.1, it is easy see that the number n of nodes
in the discretization G""c1 of the function G, : [0,27] — C! has to be approximately equal to
2|k|R;, and is almost independent of the accuracy € with which the field ¢ is being calculated.

Lemmas 3.5 - 3.7 provide a tool for shifting the origins of asymptotic expansions of radi-

ation fields, and for converting asymptotic representations of the form (3.32) into asymptotic

representations of the form (3.38) for a cost proportional to n, where n is the number of nodes
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in the discretization (3.48) of the interval [0, 2x]. In the following two sections, this apparatus

is used to construct an algorithm for rapid evaluation of integral operators of Section 2.
4. Rapid Evaluation of Radiation Fields of Charge Distributions

In this section, we describe an algorithm for rapid evaluation of the field and the normal
derivative of the field created on a surface I' C R3 by charge and dipole distributions on that
same curve. For definitiveness, we will be discussing the evaluation of the field created by a
charge distribution. The algorithms evaluating the normal derivative of the field created by
a charge distribution, and the field and the normal derivative of the field created by a dipole
distribution are quite similar.

4.1. Notation. We will consider the situation depicted in Figure 4. The surface I' C R3
is discretized into N equispaced nodes z1, z2, - -+, N, and we will assume that these nodes are
distributed on the surface in a roughly uniform manner. Suppose that for each ¢ = 1,2,---, N,
a charge q; of strength o; is located at the point z;. In this section, we describe an algorithm

for rapid calculation of approximations g; = 1,2,---, N to the sums

N
Go(zi)= Y, 0id;,(z:) (106)
j=1, i

for i = 1,2,---,N. Clearly, this is an order N2 process (evaluating N fields at n points).
However, if we are interested in evaluating (106) with a finite accuracy (which is always the
case in practical calculations), Theorem 3.1 and Lemmas 3.7, 3.8, 3.9 can be used to speed up
the process.

For aii integer m > 2, we will define the points t1,%3,+-+,fm¢1 on the interval [0, L] by
the formula ¢; = (i — 1)L/m, subdividing the interval [0, L] into m segments of equal length,
and denote the center of the i-th segment by z;, so that z; = t; + L/(2m). For each natural
j=1,2,---,m, we will denote by A; the set of all charges a; such that z; € 1([t;, tj4+1]), and
by Dj the circle of radius r = L/(2m) with the center at y(z;). We will denote by W; the
union of all A; such that ||z; — z|| > 3r, and by W; the union of all A; such that ||z; — z|| < 3r.
Obviously, 4; C D; for any j = 1,2,---,m. Also, it follows from the triangle inequality that

i —yll > 107
omin lle—gll 2+ (107)
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for any 1,5 such that A; C Wj. Finally, we will denote by ¢; the field of all charges a; such
that z; C A; and observe that if z, € A; then
Colzp)= 3 dilzp)+ Y oidh(z). (108)
AiCW; zieW;
4.2. Detailed description of an order N3/2 algorithm. In this subsection, M, N will
denote "sufficiently large” integer numbers. The actual choice of the numbers M, N is discussed
in the following subsection.
We will evaluate the fields (106) in five steps.
Step 1.
Using Lemma 3.4, obtain discretized asymptotic representations F

forall j=1,2,---,m

63.1(25) of the fields ¢;
Step 2
For every pair of natural numbers i, j € [1, m] such that A; C Wj, calculate the representa-

tion

N =
G‘p‘j "z) — S‘Y(zt )-’7(’1)( $in(z;) ) ( 109)

of the field v;; = q_S,I;'{zi)n(zj) and view it as a finite- dimensional approximation to the asymptotic

representation of the field ¢; on D;.

Step 3
For each natural j € [1,m)], calculate the sum
N = N
G\l’jﬁ(zj) - ; thl.'jn(zj)’ (110)
iCW;

and view the field ¥; = 3°; ¥i; as an approximation to the field 3 4;cw; ¢, and Gc’,j ) 282
finite-dimensional api)roximation to the asymptotic representation of ¥; on D;.

Step 4

For each natural j € [1,m], evaluate

$3(2:) = Gy a)(%0) (111)
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for all ¢ such that z; € v([t;,;41]) and look upon (111) as an approximation to $;(z:).
Step 5.
For each j = 1,2,---,m, evaluate the sum
bi(z)+ Y, 0p¢§p(ﬂ=i) (112)
zpeW;
for all i such that z; € 7([t;,t;41]), and view (112) as an approximation to Go(z:).

4.3. Choice of parameters and CPU time estimate. In the estimates below, a,b,¢,d, e
are coefficients determined by the computer system, language, particular implementation of the
algorithm, etc.

Step 1

Obviously, this step will require order n - N operations (tabulating Fég ) at N nodes

on the interval [0,2x] for each of the nodes zy,z2,++,zn ). According to :(h; Remark 3.5,
N ~ |k| - L/m, and the CPU time estimate for this step becomes a - n - [k| - L/m.

Step 2

For each of the pairs i, j such that A; C W;, evaluating (4.3) will require order N operations
(see (3.54) ), and the total number of such pairs is less than m?, which results in the CPU time
estimate of b-m?-n~b-m?2-|k|- L/m = b-m - k|- L for this step.

Step 3

Obviously, evaluating the sums (4.4) for all j = 1,2,---,mis an orderc-m-N ~ c-m-|k|-
L/m = c-|k| - L procedure.

Step 4

Evaluating (4.5) for each i = 1,2,---,n is an order N procedure, resulting in the total CPU
time estimate for this step of d-n-N ~d-n-|k|- L/m.

Step 5

Evaluating the sum (4.6) for each ¢ = 1,2,---,n is an order n/m procedure, with the
resulting CPU time estimate of e - n?/m for this step.

Summing up the time estimates for the steps 1-5, we obtain the following time estimate for

the whole process:

e-n?

—, (113)

m

T=A-n-lk|-L/m+b-m-|k|-L+c-|k|-L+
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with A = a+d, and we would like to choose m in such a manner that (4.7) would be minimized.

Differentiating (4.7) with respect to m, and setting the resulting derivative to zero, we obtain

A-n-lk|-L+e-n? '
. = 114
mnun \/ b'Ikl'L ( )

and the corresponding minimum of (4.7) is equal to

Tin=2\/A-n-|k|-L+e-n2-\/b-[k|-L+c-[k|- L. (115)

If the calculations are performed with a fixed number of nodes per wavelength (which is often

a reasonable assumption), n is proportional to |k]L, and (4.9) assumes the form

Tonia ~ (K- L)}, (116)
or

Tonin ~ 12, (117)

which for large n is considerably smaller than N2.

4.4. Further reduction of the CPU time estimate of the process. The approach
of the above subsection can be used recursively by subdividing each of the sets A; into subsets
{B;;},j =1,2,---,m with appropriately chosen i and representing the fields ¢; as sums ¢; =
Y"; #:; where ¢;; is the field created by all charges a, such that a, € B;;. A calculation similar
to the one in the preceeding section shows that such an algorithm will have an asymptotic CPU
time estimate of n4/3,

In [11], such subdivision process is used recursively to obtain an order n algorithm for
numerical evaluation of integral operators of classical potential theory (Laplace’s equation).
By reproducing the construction of Section VII of [11] almost literally, one can obtain an order
nlog(n) algorithm for evaluating (4.1). However, our estimates indicate that for problems

of practicable size (n < 1000,000), the improvement in actual computation times obtained by

replacing an order n*/3 algorithm with an order nlogn algorithm would not be very significant.
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