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Abstract

In this report, we summarize the major results obtained under grant AFOSR-91-
0368.
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1 Introduction

In the past decade, a powerful theory for designing robust control systems has emerged.

Starting with a model, and a description of the uncertainty (structured, parametric etc.),

a controller can be designed to meet a variety of performance specifications. This develop-

ment, however, has not been accompanied by a parallel development in system identification

methods by which a plant model and a description of uncertainty is provided. In an attempt

to bridge this gap, a new area of research in robust identification has emerged in the last

few years. This research is motivated (in part) by the following:

1.

It is evident that a “good” controller cannot be designed based entirely on a model
without a description of plant uncertainty [15, 16, 8]. Current identification schemes
do not provide information about plant uncertainty that is usable by current robust

control techniques [36].

The failure of most adaptive systems is a consequence of the failure of the identification
scheme within the adaptive controller. This failure can be described either in terms
of parameter convergence (a traditional and possibly inappropriate description), or in

terms of plant uncertainty [2, 44].

Much of the research done up to now on system identification has assumed that the
noise process is stochastic, e.g., filtered white noise, with stationarity being an impor-
tant side assumption. A lot of attention has been paid to showing convergence, as well
as to deriving bounds on confidence intervals, all asymptotically. Not much effort was

put into problems with finite data and possibly nonstationary noise.

The status of spectral estimation remains as in Jenkins and Watts [27]. For nonsta-

tionary noise, much of that theory does not yield satisfactory results.

There was very little understanding of the fundamental limitations of system identifi-
cation in the presence of different classes of noise, and when the objective is to reduce

the plant uncertainty given only finite data.

The limitations of controller design when only finite corrupted data is available are
not well understood. In that sense, the available tools from robust control are not well
connected with experiments, and the assumptions underlying the existing paradigms

may be somewhat unrealistic.




As a result, there has been increasing interest. among the control and identification
communities. in the problem of identifying plants for control purposes. This generally means
that the identified model should approximate the plant as it operates on a rich class of signals,
namely signals with bounded norm, since this allows for the immediate use of robust control
tools for designing controllers. This problem is of special importance when the data are
corrupted with bounded noise. The case where the objective is to optimize prediction for
a fixed input was analyzed by many researchers [18, 34, 37, 38, 39, 42]. The problem is
more interesting when the objective is to approximate the original system as an operator, a
problem extensively discussed in [55]; For linear time invariant plants, such approximation
can be achieved by uniformly approximating the frequency response (in the H.-norm) or
the impulse response (in the ¢; norm). In H., identification, it was shown that robustly
convergent algorithms can be furnished, when the available data is in the form of a corrupted
frequency response, at a set of points dense on the unit circle [22, 23, 24, 20, 21]. When the
topology is induced by the ¢; norm, a complete study of asymptotic identification was given
in our past work [52, 53, 54] for arbitrary inputs, and the question of optimal input design
was addressed as well. Related work on this problem was also reported in [19, 26, 31, 35,
40, 41, 48].

Another issue of importance in the context of worst-case identification is complezity. It
turns out that it is generally much harder to devise experiments that can guarantee small
worst-case errors in the presence of bounded noise. This problem has been extensively
analyzed in our work [11] and elsewhere [43, 33].

It is important to caution at this point regarding the meaning of “worst-case” errors.
that the terminology “worst-case” does not mean that one can furnish guarantees on the
worst-case error with respect to the actual plant. Clearly, any result we obtain is a function
of prior assumptions (which are not verifiable in general), and thus the results hold only when
these assumptions are valid. This is no different from the traditional stochastic approach for
system identification. One cannot derive guarantees about the actual plant, from only finite
data, without additional assumptions about the set of possible plants, and any methodology
will be subject to this limitation.

Even with this recent development, system identification and robust control remain sep-
arate fields. The estimates of uncertainty obtained from the above methods tend to be quite

conservative, which renders them useless for robust control methods. A framework unify-




ing the controller design problem has to be iterative in nature, and robust control methods
should play a role in the selection of experiments for the next iteration. In this sense, the
hypothesized model structures should include a description of the uncertainty (that will not
be identified). Once such a model is described, a controller can be designed based on this
description. The signals used to test this controller should provide further useful data to
tune this model further and obtain better performance at the next iteration. Needless to say,
a computable theory of this kind is still not available. Iterative identification /control meth-
ods have already been discussed in the literature (see [1, 30, 46, 56] for example). However
current approaches are based on simply attempting to identify the system in closed loop,
refining the control design and the identified model as the iterations proceed. As such these
methods merely aim towards a particular closed loop model (for a specific controller). Even
though these methods depart from the traditional system identification approach, they still
do not provide a framework in which information from a previous iteration reduce the plant
uncertainty for the next iteration. What is lacking is a general and systematic means to ex-
ploit powerful robust control design and set membership identification techniques, and hence
provide an identification and control design methodology with firm performance guarantees.

Our research addresses the general controller design problem starting from finite cor-
rupted data and some prior information. On one hand, we will study the identification
problem in the presence of deterministic/stochastic noise, and study the fundamental lim-
itations and capabilities of identification in such a setup. In particular, we will study the
problem of translating this coarse description of the experimental setup, into a precise de-
scription of a plant and uncertainty. On the other hand, we will develop robust control
techniques to handle the most general robust performance problem. We will show how these
can be integrated into one framework in which identification and control are done in an
iterative fashion. While this will provide a procedure for a systematic design, it is still far
from feasible with current methods, and our research will concentrate on providing the tools

for implementing it.

1.1 Summary of Past Accomplishments

Our past research has concentrated on developing a theoretical foundation for system iden-
tification in the presence of deterministic noise. In particular, the work of Tse et al 10, 52,

53, 54] allows for the analysis of large classes of systems, including nonlinear fading memory




svstems. The study is done in two steps. The first step is concerned with obtaining tight
upper and lower bounds on the optimal achievable error, for a given fixed experiment. The
second step is to study these bounds and characterize the inputs that will minimize them.
The upper and lower bounds are obtained under some mild topological assumptions on the
model set, and for any fixed experiment. through the diameter of the worst-case uncertainty
set. a concept borrowed from Information Based Complexity [49, 50].

Using this formulation. we have studied in detail several model sets containing linear time
invariant stable systems. We also analyzed the sample complexity in the case of unknown
bounded noise.

Our research in robust control has concentrated on developing computational methods
for solving the ¢, robust control problem. These methods can be extended to incorporate
additional frequency-domain and time-domain constraints that are not directly captured by
standard theory. The methods provide bounds on the optimal achievable performance and
give information about the structure of the optimal controller. This work has formed the
basis of some software tools that we have developed for designing control systems in the
presence of mixed objectives. Finally, in a related effort, some major open problems in
robust control have been addressed using the theory of computational complexity.

A last area of research has dealt with the foundations of learning theory, as developed by
computer scientists and statisticians, with the objective of linking it to the basic problems
of learning that arise in control theory.

Part of our effort has been channelled towards education. In that regard, we have written
a textbook explaining the current robust control paradigm emphasizing computations. The
book is titled: Control of Uncertain Systems: A Linear Programming approach (by Dahleh
and Diaz-Bobillo). In the book, we present a unifying theory for robust control that is quite
accessible to engineers at all levels. This will help in bridging the existing gap between

theory and applications.

2 Details of Past Research

2.1 Robust Identification

We consider a framework for system identification which is meant to provide not only a

nominal model for an unknown plant, but also some hard guarantees on the distance of the



true model from the nominal. For clarity of exposition, the discussion that follows is based
on a concrete set of assumptions. However, the framework is more general and we discuss
alternative settings as we proceed.

We start with a model set M which is meant to capture any prior information we might
have on the unknown system to be identified. For example, M could be the set of all stable
linear time invariant systems, or the set of all LTI systems with a finite impulse response of
length N. Let U be the set of all inputs u(-) such that |u(t)| < 1 for all . Finally, let D
be the set of all output disturbances d(-) that satisfy |d(t)| < ¢ for all ¢, where § is a given
constant. We then consider the following sequence of events. We choose some input function
u € U and apply it to the unknown system h € M. We observe a noise—corrupted output of
the system, of the form

y=ux*xh+d, (1)

where d € D. Based on the observation y and our knowledge of u, M, and D, we can form
the uncertainty set Q(y) which is the set of all models that are possible, given the information

that we have:
Q(y) = {h € M | 3d € D such that y = u* h + d}. (2)

We might choose an element h of Q(y) and call it the estimate of h. The worst case error is
E(y) = sup{[lh — &l| | h € (y)},
where || - || is a norm on the set of all plants. In fact, no matter how we choose h, we have

%diam(Q(y)) < B(u) < diam(2(y)).

Thus, instead of focusing on any particular estimate, we might concentrate on the diameter
of the uncertainty set Q(y) and view it as a measure of the identification accuracy we have
achieved.

In earlier research [52, 53|, we have provided a conceptual foundation for the above
outlined approach. We have proved that in the limit of very long experiments, the best
achievable diameter inf,cy E(u) is either equal to 26 or it is infinite. Which of the two will
be the case depends on the underlying model set, that is, on the amount of prior available
information. This allows us to say that some model sets are learnable and some are not,

depending on the value of inf,ey E(u). We have also shown that a model set is learnable if




and only if, under our experimental setup, we can distinguish between stable and unstable
plants.

In another study [11. 51}, we focused on worst—case identification, under the ¢; norm
error criterion. of plants with a finite impulse response. Although, this is a learnable model
set (the worst—case error can be made as small as 26), we have proved that the experiment
length must be an exponential function of the length of the impulse response, even if we are
willing to settle for an error which is within a constant factor of 4. This results suggests
that the standard assumptions used in worst—case identification are too conservative to be
practical, and that some probabilistic aspects should be introduced.

Our most recent work in this area [5], has used an alternative and possibly more realistic
model of the noise sequence d, commonly referred to as “deterministic white noise.” With this
model, the set D of admissible disturbances is constrained further by requiring the sample
autocorrelation of the disturbance sequence d to be low, which provides a deterministic
counterpart of white noise. Our work has provided upper and lower bounds on the worst—
case diamater of the uncertainty set, as well as exponential lower bounds on the length of

the experiments required to obtain a small enough diameter.

2.2 Robust Control

We summarize below our research accomplishments in the area of robust control.
1. Computation of ¢; Optimal Solutions:

The contributions in this regard are marked by the introduction of the Delay Augmenta-
tion Algorithm for solving nonsquare problems (e.g., problems with more regulated variables
than actuators) [13, 14]. This algorithm is based on squaring the system by introducing ficti-
tious delayed inputs and outputs. The problem is solved iteratively as the number of delays
increase. At each iteration, a square ¢; problem is solved (the solution of which is known
exactly). The main features of this algorithm are that: (1) at each iteration it gives upper
and lower bounds of the optimal objective function which are convergent; (2) it provides
information about the structure of the controller; (3) it does not cause order inflation (it is
not based on FIR approximations); (4) it involves solving one linear program iteratively. In
many cases, the exact solution for nonsquare problems is provided.

For implementation purposes, all computations are performed using matrix algebra, of-

ten exploiting the structure of Toeplitz matrices resulting from convolution operators. An



example of that is the development of methods for computing directions of zeros with mul-
tiplicity using Toeplitz matrix manipulation, without ever computing the Smith-McMillan
Decomposition.

A major part of this research that parallels our research in computation has been the
development of software. Using this software, we have studied a variety of benchmark prob-
lems (e.g., the X29 Aircraft, an earth-observing system (EOS-AM), a flexible beam, a high
purity distillation column). The following are the main new features of the software.

1. Using Delay Augmentation as the main core for nonsquare problems.

2. Characterizing feasible subspaces by zeros. The computations involve lower triangular

block-Toeplitz matrices.
3. All necessary computations are in state-space.
4. Optimization involves solving linear programs.

2. Robustness Analysis and Synthesis

This is concerned with the development of a computational theory to address directly
uncertain plants. The uncertainty is structured in nature, possibly time varying, but non-
parametric. In this regard, we have built on the results in [9, 7} to come up with simple
conditions for £, robust analysis in the presence of structured uncertainty [8]. This can be
readily generalized to MIMO perturbation blocks. The conditions are stated in terms of the
spectral radius of a matrix constructed from computing the £; norms of certain closed loop
maps. We have also analyzed the case of time-invariant perturbations when /., stability is
required and have shown that the natural conditions are in the frequency domain (coincide
with the standard p results).

Since the spectral radius of a positive matrix can be computed by minimizing a scaled ¢;
norm, synthesis for structured uncertainty problems involves iterations between solving an
¢, problem and finding optimal scales for the uncertainty. We have analyzed this algorithm
in detail, and have shown its limitations. We have also proposed an alternative algorithm
based on sensitivity analysis of the linear programming solution of the ¢; problem [45].

Finally, we have looked at some of the basic problems of robust control, using the tools
of the theory of computational complexity. For example, suppose that we are given interval
matrices A, B, and C (that is, matrices with each entry being a range of possible values).

A most basic problem in robust control is to find a feedback gain matrix K such that

9




A+ BKC is stable for all possible matrices A, B, C' whose entries are within the allowed
ranges. We have shown that a version of this problem, as well as some related problems
in decentralized control and simultaneous stabilization, are NP-hard [4]. This means that
under the prevailing conjectures in computational complexity theory, these problems are not
efficiently solvable. Results of this tvpe are useful in determining the fundamental limits
of what types of solutions to such problems are possible, and also determine what kind of
research can be meaningfully pursued.
3. Writing a Book on Robust Control

The book titled: Control of Uncertain Systems: A Linear Programming Approach written
bv Dahleh and Diaz-Bobillo presents a unified treatment of the theory of robust control design
with emphasis on computational methods. It can serve as a starting point for researchers in
the field as well as a textbook for a graduate class in control. In our opinion, this is the only
book available that gives a comprehensive treatment of H,, Ho and ¢, methods integrated

in a robust performance framework, with emphasis on computations.

2.3 Identification for Controller Design

The traditional route to controller design has been to first perform some system identi-
fication, so as to abstract a mathematical model from the physical process. This model is
then used as the basis for the design of the controller. In some instances the controller may
not have the desired properties when implemented on the actual system. In these cases, one
has to go back and alter the design in some fashion. However it is often not clear whether
the fault lies in the controller design process, the system identification procedure, or stems
from the fact that one has not taken enough data to properly identify the plant, or has set
performance specifications that are simply too stringent to be met.

The problems arise from the fact that this traditional route is rather ad-hoc, so that when
it fails one does not know where to lay the blame. We would like to develop a framework for
addressing these issues in a systematic and quantifiable fashion. In order to do so, we first
note that our ultimate goal is to design a controller which meets the required performance
specifications on the actual plant. With this observation we see that there is no necessity
to artificially split this design process into an identification procedure, and a control law
design. Moreover we believe that by so doing one throws away a lot of potentially useful

information.
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1. Problem Definition

The basic control problem we consider may be stated as follows: Given some prior
information about the process and a set of finite data, design a feedback controller that meets
the given performance specifications. We propose to develop a framework for addressing
this problem by considering an integrated system identification and design process. The
resulting procedure should allow us to incorporate an array of system identification and
controller design methodologies, so that we may adapt our methods to make use of the
Jatest tools. We will require that the design procedure be systematic, so that at each stage
the next course of action is clear, and the procedure terminates with a successful controller
design or the conclusion that the performance specifications cannot be met (subject to our
prejudice).

3. An Iterative Formulation

Rather than assuming that the prior information is true, it is more natural to think of
it as a parametrization of model structures from which we desire to explain the data, i.e., a
description of our prejudice. In this sense, prior information can itself be invalidated by the
data. This distinction is crucial since such information is generally derived from simplified
models of the process, and hence is not verifiable. Once a set of finite data is acquired, a
set of models that are consistent with the data and the model structure parametrization
(prior information) is defined. This set contains all models that are not falsified by the data.
Roughly speaking, system identification picks a most powerful unfalsified model where most
powerful is defined depending on the objective in mind. In this case it is finding a controller
that delivers a given performance level. We also note that the process of finding such a
model, and a controller, is iterative in nature as more sets of data are acquired.

It is evident that any iterative scheme will generally be based on reducing the set of unfal-
sified plants until a controller based on the remaining elements can deliver the performance
when connected with the actual process, or a decision is made to enlarge the parametrized
set of models and/or change the performance requirement. We propose a general scheme
that is based on efficiently eliminating models from the set of unfalsified models. Of course,
the acquisition of more data systematically reduces this set, although the efficiency of this
depends on the data set itself. On the other hand, an unfalsified model is invalidated if
there exists a controller that delivers the required performance for this model and the same

controller does not meet the performance with the actual process. Given our prejudice, this




model is unacceptable. Finally, an unfalsified model to which no controller can be designed
to meet the performance specifications is discarded. In this way, if all models are eliminated,
we conclude that the performance cannot be met. given our prejudice. Below, an iterative
scheme based on this idea is proposed [7]. This scheme is well defined only if we assume that
the required performance of any controller connected with the real process can be tested by
using a finite number of experiments. Of course in practice these are the only performance
requirements that we can ever verify.

1. Pick a model structure parametrization.
2. Collect a set of data, and define the set of unfalsified plants.

3. Find a “large” subset of models for which the design procedure yields a controller that
delivers the required performance for all models in this set. If no such set exists, go

back to (1) and adjust the model structure and/or the performance objective.

4. Test the controller on the real system. If the controller meets the performance, then

stop. If not, then the above subset is invalidated.

5. Use the data acquired from testing the performance, as well as other sets of data, in

order to invalidate additional plants.
6. Go to (3).

This scheme defines both an inner and outer loop. Within the inner loop, the performance
requirement and the model structure parametrization are fixed, and the acquisition of data,
as well as the design of controllers for subsets of the set of unfalsified models, continue to
reduce this set until a controller is found, or a decision that the performance cannot be met
is made. We then iterate the outer loop. By eliminating large subsets in step (3), the inner
loop converges to a decision much faster.

The process of elimination requires the availability of methods for designing robust con-
trollers for subsets of the set of unfalsified models. It is assumed that for a given subset, a
decision can be made as to whether or not a controller that meets the performance exists. If
the parametrization of models and the performaice objective are such that no exact methods
exist, one may use tests based on the existing design methods, as conservative as they may
be. The lesser the conservatism of the methods in robust control, the lesser the bias of the

above iterative scheme will be.
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The step of testing a given controller on the real system generates more sets of data that
can be used to invalidate more models, within the inner loop of the above scheme [32]. We
may have the ability to conduct more experiments, in which case they have to be devised in
such a way that they have sufficient information to invalidate more unfalsified models. The
design of such experiments is one of the research directions to be addressed.

Note that the system identification and control design procedures are not distinct in
this framework, but intimately connected. The process of refining both the model and the
control design takes place concurrently. This allows us to exploit the full power of new set
membership identification procedures, and robust control design techniques, to work with
sets of plants for both modeling and design. The potential of this scheme for improving over

existing techniques arises largely from exploiting the connections between these two fields.

2.4 Learning Theory

Starting with the seminal work of Vapnik and Valiant, there has been a surge of activity
in computational learning theory, whose objective is to characterize what can be learned,
and how much information is required for effective learning to take place. Although this
theory had not been linked to system identification and control theory, the basic questions
raised are similar in both areas.

An important factor in system identification is that the experimenter can choose what
inputs to apply. In an abstract setting, this amounts to “active learning” whereby the
experimenter has latitude as to the type of information to be obtained. Our results [28]
have established that whatever is learnable by active learning is also also learnable under
“passive” learning, but active learning reduces the amount of experimentation required. In
addition, our work has highlighted the fundamental role of metric entropy, which leads to
some intriguing possibilities of establishing a connection with the control-theoretic work of
Zames [55].

Finally, in other work [29], we have extended the traditional model of computational
learning theory (“PAC learning”) by introducing and studying the notion of “generalized
samples.” Besides the applications in image analysis that were discussed in [29], such ex-
tensions of the traditional model may prove useful in bridging the gap with the discipline of

system identification.




3 Industrial Interactions

3.1 Professor Dahleh’s Industrial Interactions

Professor Dahleh has been involved in the development of a design methodology based on
the ¢; theory (an effort supported in part by AFOSR), which has been fully explained in the
recent book [6]. To make this methodology accessible to industry, he has been involved in
developing software based on matlab for synthesis of controllers for plants with uncertainty.
This software has interactive features by which a design can be altered by graphically chang-
ing the various responses or frequency plots of the system. Version of this software are
currently available through ftp.

Professor Dahleh has been working very closely with C.S. Draper Laboratory in the areas
of robust control and system identification. In the area of robust control, he has educated
several groups about the various robust control tools, as well as the ¢; software. The latter is
now a standard tool used by all the engineers working in the control division. Most recently,
Professor Dahleh and his students have been involved in the attitude control problem of the
Earth-Observing Satellite. (The ¢; methodology is the right formulation for this problem
for a variety of reasons: The first has to do with the specifications being in the time domain
in terms of limits of allowable deviation of attitude angles. Secondly, the constraints are
in terms of saturating gyros (due to accumulated momentum). And finally, the class of
plant uncertainty includes nonlinearities as well as time variation.) Professor Dahleh and his
students have done designs using both H,, and ¢, and shown that ¢; can exhibit the limits
and tradeoffs of the design in a much more systematic fashion. In fact, the H,, designs had
responses that are quite inferior to the design they exhibited.

In the system identification area, Professor Dahleh has been supervising the implemen-
tation of the recently developed iterative control and identification scheme (which is also
developed under our AFOSR grant). The objective is to develop a CAD environment by
which controllers can be designed directly from Data. The controllers are then changed as
more testing Data is acquired. C.S. Draper Laboratoy plans to have such an environment
available as a tool for designing control systems.

Professor Dahleh has also been working very closely with FIAT research center, and
recently with Ford (a starting effort), on the design of active suspensions. The suitability of
the ¢, problem is also clear for this application.Professor Dahleh has educated engineers to

help them use the software to design such systems. Also, he has recently done a complete
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case study on this problem exhibiting the exact tradeoffs between the specifications and
the constraints. Ford is also interested in developing capabilities for iterative identification
and control for direct use in their test environment (they have a complete computational
facility inside the test cars, to update the controller design from the testing data). The setup
Professor Dahleh has proposed as a result of his research in the system identification area
appears to be quite attractive.

Recently, Professor Dahleh in collaboration with other faculty at MIT has acquired a
contract from Siemens to develop capabilities for identification of nonlinear systems and to
develop an iterative identifcation/control environment. Developing software is a major part
of that effort.

Professor Dahleh has also been in close contact with government Labs. In particular, he
has very close ties with Dr. Ridgley at Wright Patterson. Dr. Ridgely has been involved in
studying mixed optimization problems and recently has been studying the £; design method-
ology. Professor Dahleh has provided him with draft copies of the book [1] as well as access
to the software. Dr. Ridgely taught a course from [6], and many of his students are now
well versed with the current robust control theory, including ¢;. It is intended to push this
collaboration further and educate several engineers at WPAFB to use the ¢; software, which
will be available very soon. This will be accomplished by giving short courses, and demon-
strations of the software on site. In addition, Professor Dahleh has developed very close ties
with Dr. Coleman in one of the Army Labs (ARDEC).

Finally, Several Engineers have already started using Professor Dahleh’s software at
Hughes. Also, several engineers are investigating using the software for noise cancellation
application (vibration suppression) at BBN. Professor Dahleh has also made initial contacts
with several companies interested in control and identification (e.g. Speyer which is inter-
ested in semiconductor devices, elgin Bailey and Bailey controls which are interested in the
problem of integration of several control systems). In addition, Professor Dahleh’s work in
system identification has had a large impact on the space lab at MIT. The objective of the
experiments is to study the modeling problem for the purpose of control. Professor Dahleh
has served on several thesis committees and was quite influential in guiding the research in

that discipline.




3.2 Professor Tsitsiklis Industrial Interactions

Although Prof. Tsitsiklis’ industrial interactions are not directly linked to the core subjects
of the research performed under this grant, there have been extensive such interactions that
fall within the broader themes of systems and control theory.

For example, Prof. Tsitsiklis has been working together with the C. S. Draper Laboratory,
towards the development of hierarchical control architectures for the planning and operation
of advanced train control systems. This work involves the application of the decomposition
methods described in (3], to the large scale planning and scheduling problems faced by
railroad companies.

One of the directions towards which Prof. Tsitsiklis’ research is moving is the application
of function approximation methods in the computation of the optimal cost-to-go function of
dynamic programming in order to bypass the curse of dimensionality that plagues nonlinear
control problems. His research in this area is already being transferred to the commercial
sector, by a number of companies dealing with scheduling, resource allocation, and logistices
problems. This line of research should be of interest to the Air Force on several counts.
First, because the Air Force is faced with several challenging logistics problems; second,
because with the accumulation of experience, we expect to be able to solve in the near
future, nontrivial problems involving the control of complex dynamical systems.

In another effort, Prof. Tsitsiklis and two more M.L.T. faculty have launched a research
program with the Groupe Schneider and Square D whose goal is to “reengineer” the basic
architectures used in industrial automation and to envision the technology that will take the
place of Programmable Logic Controllers (PLCs). This research taking place in the context
of frequent site visits and close technical interaction with Groupe Schneider engineers.

Finally, Prof. Tsitsiklis has initiated a collaboration with faculty in the M.I.T. depart-
ment of chemical engineering whose goal is to apply neural network techniques for the analysis
of pharmaceutical process data, with the aim of identifying “signatures” that can be used
for early prediction of the performance of a batch as well as of identifying control variables

that can be manipulated so as to enhance performance.

In conclusion, the work of Professors Dahleh and Tsitsiklis has been coupled directly with
several industrial activities. These activities have been quite extensive and have shaped the

direction of our present research directions. In addition, both are working closely with Dr.
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Gunter Stein who has been instrumental in shaping the research effort in the control area at

MIT.

4 Educational Impact

This research has supported three excellent Masters theses and one Ph.D thesis in the area of
system identification. The first S.M. thesis was by David Tse, in which the problem of worst-
case identification in the presence of bounded noise was completely covered. The second
S.M. thesis was by Theodore Theodosopoulos in which the problem of sample complexity of
worst-case identification was formulated and solved. The third S.M. thesis was by Ian Chen,
which generalized Tse’s results for bounded noise with low correlations. The Ph.D thesis
was partially supported by this grant in which the problem of iterative identification and
control was formulated and discussed.

In the area of robust control, this grant supported in part one major Ph.D thesis by
Ignacio Diaz-Bobillo, which contained a major development of the ¢, theory. The software
development was also a result of this work. Also, this research supported in part a S.M.
thesis that applied the software to the earth-observing system (EOS-AM). The latter thesis
demonstrated the power of this £; theory in achieving high precision in pointing applications.

This grant also supported in part the work on the book [6]. This book is now used in

several universities and industrial laboratories.
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Optimal Asymptotic Identification Under
Bounded Disturbances
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Abstraci—This paper investigates the intrinsic limitation of
worst-case identification of LTI systems using data corrupted by
bounded disturbances, when the unknown piant is known to
belong to a given model ser. This is done by analyzing the
optimal worst-case asymptotic error achievable by performing
experiments using any bounded inputs and estimating the plant
using any identification algorithm. First. it is shown that under
some topologicai conditions on the model set. there is an identi-
fication algorithm which is asymptotically optimal for any input.
Characterization of the optimal asymptotic error as a function
of the inputs is also obtained. These resuits hold for any error
metric and disturbance norm. Second. these generai resuits are
applied to three specific identification problems: identification
of stable systems in the {, norm. identification of stable rationai
systems in the A, norm. and identification of unstable rationai
systems in the gap metric. For each of these problems. the
generai characterization of optimai asymptotic error is used to
find near-optimai inputs to minimize the error.

1. INTRODUCTION

ECENTLY. there has been a growing line of work

with the common theme that system identification
should be performed so that the worst-case error of the
resulting model is smail in a metric compatible with
robust controi {8]-{10}, [26], [37]. This paper addresses the
questions of asymptotically optimal identification algo-
rithms and experiment designs from this point of view.
Our empbhasis is less on finding efficient algorithms and
more on finding the fundamentai limitations in identifica-
tion accuracy achievable by any identification algorithm in
the limit of observing more and more data corrupted by
nonstochastic noise. Thus. this work is in the flavor of the
questions posed by Zames [41].

We will deal exclusively with discrete-time. single—input
single-output linear time-invariant systems. In this formu-
lation. the unknown plant is a priori known to be in a
certain subset YN of the space of all LTI systems: this
subset will be called a model ser “R. The model set is
endowed with a general metric p which can be any
uncertainty measure suitable for designing robust con-
trollers. To identify the plant. one is allowed to perform
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one or more finite but arbitrarily long experiments using
input sequences chosen from a given input set . (Typi-
caily. U is some norm-bounded set.) The measured out-
puts are corrupted with additive disturbance sequences
which are bounded in an /, norm {|-!{, but can otherwise
be arbitrary. The problem is to analyze the smailest
worst-case error. over all plants in M and all admissible
disturbances. achievable by using any inputs from I and
anv identification algorithm to estimate the plant from
arbitrarily long but finite data records (i.e.. asymptotic
error). Our goal is to investigate the key properties of
model sets which can be idenufied with a small optimai
error. and in particular how large the model set can be to
still vield a rnite optimal error. Furthermore. we are
interested in robustness issues: does the optimal error
vanish as the bound on the output disturbance decreases
to zero? Answers 10 these questions give a characteriza-
tion of the difficulty of identification using a given model
set.

A natural framework to study worst-case identification
is provided by information-based complexity theory {21],
(35], [36]. This theory provides a general mathematical
framework for analyzing the optimal error achievable in
solving a problem using a given amount of possibly inac-
curate and partial information. /nformation plays the cen-
tral role in this theory: the results depend only on the
information used by an algorithm but are independent of
its structure. Our work. like manv others in worst-case
identification. has emploved some of the basic concepts of
this theory, but the key results we derived are completely
new.

Although mainstream system identification research
adopts stochastic models for the noise. there is a line of
work which deals with worst-case identification under
bounded disturbances [3], [16), [22]-{24], [28], (32}, [15].
More recently. specific identification algorithms are pro-
posed in [8]-[10]. [26} for worst-case identification in the
H. metric from noisy frequency response data and in {12},
[25] for identification in the /, metric from time series
data. In contrast to these works. we deal with general
aspects of optimal worst-case asymptotic identification in
a general error metric. Moreover. the issue of optimal
experiment design, although considered in stochastic sys-
tem identification (e.g.. [7], [20]. [43]), has not been satis-
factorily addressed in the worst-case setting. Issues of
complexity and tradeoffs between the length of experi-
ments and accuracy has been recently reported in [3], [13],
(18}, (311
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TSE e 2. OPTIMAL ASYMPTOTIC DISTURBANCES

The contributions of this paper are two-folded. At a
more general level. it introduces a framework for the
anaiysis of optimai worst-case asvmptotic error under
hounded disturpances. The central resuit here is that.
under some topological conditions on the model set.
:nfinite-horizon experiments. where the entire infinite data
record is available to compute esumates. can be viewed as
a limit of finite-horizon experiments. where only finite
data records are available. Analysis of optimal asymptotic
error is then reduced to finding optimal inputs 10 mini-
mize the worst-case error for the infinite-honzon problem.
At a more specific level. concrete resuits are obtained by
appiying the general framework to three specific identifi-
cation problems: identification of stable systems in the /[,
and H. metrics. and identification of unstable systems in
the gap metric. In all these problems. the required topo-
logical conditions for consistency are verified and the
infinite-horizon problem is anaivzed to find good input
Jesigns.

The organization of the paper is as follows. In Section
I the identification problem is formuiated and the opu-
mai worst-case asymptotic error achievable by anv identi-
4cation algorithm is defined. In Section [1I. we present
consistency results establishing infinite-horizon experi-
ments as limits of finite-horizon ones. In Section IV, the
general results developed are applied to analyze three
specific identification problems. Section V contains our
conclusion.

IL. PROBLEM FORMULATION

Let ¥ be the class of all causal. single-input
single-output. linear time-invariant. discrete-time sys-
rems. We identify X with the space of all one-sided
real-valued sequences. R*. Let M C X be the model set
which is assumed to contain the unknown plant h to be
.dentified. The set I captures the experimenter’s a priori
xnowledge about h. Some examples of MM are the set of
all stable systems. the set of stable systems with a bound
on the decay rate. the set of all finite-dimensional systems
with a bound on the order. etc. Also given is an input set
11 which contains all the input sequences that can be used
in the identification experiments. Typicaily. Il is a norm-
bounded set. to reflect physical limitations. power restric-
tions. safety. or to maintain the validity of the linear
model of the plant.

An experiment is conducted by choosing an input se-
quence u € !l and measuring the output sequence V.
related to u by

y=heu+d 2.1

where = denotes the convolution operator and d is the
disturbance sequence which corrupts the measurements.
(Note that h.u,y.d are all one-sided real-valued se-
quences: h = (ho, by, hauees etc). The disturbance d is
assumed to be bounded in a given norm. {ldll, < & for
some known 8. but can otherwise be arbitrary. The distur-
bance may arise from actual measurement noise. such as
quantization. Or it may refiect nonlinearities and time-
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variation of the piant. In the latter case. the true piant is
sctually noniinear and time varving but is assumed to be
approximated weil at the operating range by an LTI
component. which is the object of identification.

One point to note is that we assume that the system is
initially at rest before an experiment is started. Having an
unknown nonzero initial condition is equivalent to having.
an additional. unknown. additive disturbance u-xh,
where 1~ is the (unknown) input before time ¢ = 0. If the
modei set M is bounded in the operator norm from the
input space to the disturbance space. then u~=h is
bounded if «~ is. and this additional uncertainty can be
accounted for by grouping into the original additive dis-
turbance term. If this is not the case. however, then the
problem cannot be treated in the present framework.

Now suppose N such independent experiments are
performed. The question whether more than one input is
needed to identify plants in a given model set will be
addressed. We then have:

v o=y h wd? i= L2 N (2.2)
where v and 4"’ are the output and disturbance se-
quences in the ith experiment. This can be written in 2
more compact notation:

y=uxh+d idll, = max id, <6 (23)

t
where y = [y yV, u = (Y, and d =
[dD,---, d*V] are vectors of sequences: convolution of &
with a vector of inputs is just element-wise convolution
with every input. Also note that the vector of inputs u is
in 0V,

An identification algorithm is a mapping ¢ which gener-
ates. at each time instant n. an estimate ™ =
&(P,u, P,y) € X of the unknown plant h, given the input
and output sequences in the experiments. Here. P, is the
truncation operator. defined by F,x = (xg, Xy, X,) for
cach infinite sequence x. Its use signifies that the algo-
rithm o generates at each time instant an estimate based
only on the input-output data it has seen so far. Gener-
ally, we will assume that the algorithm has access to what
the model set IR is and also the value of 8, the bound on
the disturbance. In the terminology of Helmicki et al. (12},
the algorithm is wuned. However. in some cases, we will be
able to give stronger results using algorithms which are
untuned to the value of &.

Also given is an extended metric p(-,-)on X, p: X X X
— R U (=), which evaluates the accuracy of A™ as an
estimate of A.

Given an identification algorithm and a chosen set of
input sequences for the experiments. we would like to
consider the limiting situation when longer and longer of
the output sequences are observed. To this end, the
worst-case asvmptotic error is defined as follows.

Definition 2.1: Fix the inputs u. The worst-case asymp-
totic error. e, M, u. 8), of an algorithm o is the small-
est number r such that for all plants & € IR and for all
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disturbances 4 with fidll, =< .

limsupptd(Pu. P luxn-d)) h) <r.

n-—ex
Equivaientiv.
eld. M. u.é)

= sup sup limsupptol(P.u.Pu=h+d)).h).
neM: d .6

n—x

According to this definition. no marter what the true
plant and the disturbances are. the plant can be eventu-
ally approximated to within e &. IR. 4. 3). using the esti-
mates generated by the identificaton algorithm. This 1s
quite analogous to the notion of convergence of estimates
to the true plant in the classicai probabilistic framework
of identification. However. since the disturbances here are
assumed to be arbitrary and not necessarily stationary.
such convergence is not possible in general. Instead. we
only require the estimates to enter and stav within a ball
around the true plant rather than to converge to the exact
plant.

In the above definition of the worst-case asvmptotic
error. although convergence of the estimates to within
e, M. u. §) is guaranteed for ail admissible plants and
disturbance sequences. the rare of convergence may be
arbitrarily slow for some plants and some disturbances.
The worst-case asymptotic error is said to be uniform if
the rate of convergence is uniform over all admissible
plants and disturbance sequences. If the convergerce is
uniform. the worst-case asvmptotic error defined above is
the same as the limit of the worst-case error taken at each
finite time n. ie..

sup sup limsupp(d(Pu.Plu=h+d)). h)
heMdi.gcb n—x
= limsup sup sup ptotPu.Pluxh ~dN.h)
n-x neMidi.<é

This ailows one to a priori determine the experiment
length required to guarantee that anv plant in the model
set can be identified to a prescribed accuracy. It is the
notion of convergence considered by Helmicki er al. in
their framework [11).

Demanding uniform convergence is t00 restrictive a
formulation for a general theorv of fundamental limira-
tions of worst-case identification. Although such uniform
convergence is certainly desirable. it is impossible to
achieve for many interesting model sets. In fact, for many
inherently infinite-dimensional model sets. the worst-case
error at each finite time is alwayvs infinite. while the
worst-case asymptotic error can be made small using an
appropriate identification algorithm and inputs. Our for-
muiation thus allows us to discuss optimal worst-case
identification and optimal inputs for a much broader class
of model sets. Besides. in some applications of identifica-
tion. such as adaptive control. uniform convergence of
estimates is not necessary to fulfill the desired objectives.
However. because of the special importance of uniform
convergence, we will give additional conditions on the
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model set for this to take piace. It wiil be seen that these
conditions are guite strong and essentially require the
model set to be finite-dimensional. It is worthwhile to
note that the model set considered in (8], [9] satisfies these
conditions.

The optimai worst-case asvmptotic error £ (u, IR. §) is
defined as the smailest error achievable by any algorithm:

Efu.IN.8) =infe. (¢, M. u,s).
®

Any algorithm for which the infimum is attained is said to
be asymptoically opnmal. We will obtain a general charac-
terization of the asymptotically optimal algorithms and
the resulting optimal worst-case asymptotic error, for given
inputs u. For specific problems. we will find conditions on
the inputs u to make this optimal worst-case asymptotic
error small.

It should be noted that the asymptotically optimal algo-
rithms to be derived are valid for arbitrary inputs u. This
allows the complete separation of the problem of devising
optimal algorithms and the problem of designing optimal
inputs. This is particularly important when there is no
complete control over the choice of the inputs into the
plants. such as in closed-loop experiments or in adaptive
control. In these problem. this “separation principle” fa-
cilitates the derivation of necessarv conditions on the
input signals for accurate identification to take place.

We would also like to point out that there are some
recent asymptotic optimality results in the general
information-based complexitv framework [14]. However,
their notion of optimality is that of the rate of convergence
of the worst-case error for any fived problem element,
and their results only make sense if the error converges to
zero. In contrast. in the worst-case identification problem
we are dealing with. the error does not typically converge
to zero. and our notion of optimality is that of the
nonzero limit supremum of the error.

III. AsYMPTOTICALLY OPTIMAL IDENTIFICATION

In this section. the inputs will be assumed to be fixed.
The characterization of asymptotically optimal algorithms
and optimal worst-case asymptotic error is in terms of the
important notion of the uncerrainzv set, an important
notion in information-based complexity theory.

Definition 3.1: Let u and y be the input and measured
output sequences. and & be the bound on the distur-

bances. The finite-horizon uncertainty set at time n is
defined to be

Si(M.u.y,8)={ge: P (uxg -y, < 5}
and the infinite-horizon uncertainty set is
SAM.u.y,8) ={geM:lluxg —yll, < 5}

The set §, contains all the plants in the model set
consistent with the output data. seen until time n. It
characterizes the uncertainty at time »n: any plant in §,
can be the actual plant from the experimenter’s point of
view. Similarly, S, contains all the plants that are consis-
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.2nr with the entire output sequences. [t measures the
uncertainty that the experimenter wouid stiil have even if
ne could perform infinitely long experiments and couid
ses the entire output record. It is easy 1o see that the
Snite-horizon uncertainty sets become smailer with in-
creasing 7.

For any set . C X. define the diameter and radius of
the set A4 as

diam(A) = sup plg.h).
g.A€A
rad(A) = inf sup p(g,h).

g€X ney

\ote that diam(A)/2 < rad(A4) < diam(A4). We shall
now define two important guantities.

Definirion 3.2: Given a choice of the inputs u, define
‘he infinite-horizon diameter of information D(u, I, 8)
ind radius of information R(u.MR.8) to be respectively
-ne diameter and radius of the largest possible uncertainty
set:

D(u.M.8) = sup sup diamtS(M.u.u=h +d. 8))

hedR Ydias s

sup sup rad(S.(M.u.uxh +d.8)).
hedl Ydlilass

R(u.IN.8)

1]

In information-based complexity terminology, these
quantities correspond to the diameter and radius of infor-
mation for the infinite-horizon problem where the infor-
mation available is the entire infinite output sequence.
The quantity D(u, 22, §) is the largest distance between
wo plants for which there are admissible disturbances
such that the plants give exactly the same outputs. It turns
out that it is precisely this quantity that characterizes the
optimal worst-case asymptotic errors. First we show that
1aif the infinite-horizon diameter of information is a
‘ower bound to the optimal asvmptotic error.

Proposition 3.3: Let I be any model set. u be any
vector of inputs and & = 0. Then

eld, M.u.8) 2D .M. 8)/2

‘or any algorithm &.

Proof- Let ¢ be an algorithm for the infinite-horizon
oroblem. i.e.. given the entire input and output sequences.
i generates an estimate for the plant. The worst-case
error achieved by this algorithm is:

sup sup p(W(u.u=h +d)h)
heil dle< 3

and the infinite-horizon optimal worst-case error achiev-
able by any algorithm is

inf sup sup p(&(u,u=h +d)h).
¥ heM ldles

(3.4)

One should note that while the algorithms allowed in
this infinite-horizon problem have access to the entire
infinite input-output sequences. the algorithms for the
asvmptotic problem have access t0 only finite but arbitrar-
ily long portions. Consequently. the infinite-horizon opti-
mal worst-case error lower bounds the optimal asymptotic
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arror E{u. . 8). On the other hand. by a central result
n information-based complexity theory (35}, this
infinite-horizon optimal error is given by the infinite-
horizon radius of information R(u.IN. §), which in turn is
lower bounded by half the diameter of information
D(u. 7. §). Hence. the result follows. o.

The keyv question now is whether there exists an opti-
mal algorithm which can always generate estimates with
error converging to this lower bound. By the definition of
the infinite-horizon uncertainty set. there exist two plants
at a separation of D(u, ¥, 8) which can give rise to
exactly the same output measurements. Thus in the worst
case. there is no way for any finite-duration experiments
to distinguish between them. and this gives rise t0 the
lower bound proved above. Conversely. any two plants
with a separation greater than D(u, IR, §) can be distin-
guished if we perform experiments of sufficiently long
length. That is. if / is the true plant. and k' is another
plant which is far away from A (separation greater that
D(u.i%. 8)). there exists a time T(h") for which one
needs to observe the output to eliminate 4’ from consid-
eration as a possible candidate. However. to guarantee
that an accurate estimate at time n can be obtained. one
needs T(h") < n for all plants 4’ that are far away from
h. Otherwise. although the identification algorithm always
picks estimates which are consistent with the output seen
so far. the estimates may nevertheless diverge from the
true plant.

The issue discussed above is really one of consistency
between finite-horizon experiments. where only a finite
data record is available for computing estimates, and
infinite-horizon experiments, where the entire infinite data
record is available. The question is when the latter can be
viewed as a limit of the former. In {17), such a consistency
result is established by placing a stationarity assumption
on the noise and then appealing to the law of large
numbers. As far as we know. this issue has not been
considered in an unknown-but-bounded noise setting. In
fact. it will now be shown that a compactness condition on
the mode! set will guarantee consistency.

The following theorem shows that. under a o-compact-
ness assumption on I, D(u.N. §) is an upper bound for
the optimal asymptotic error. Combining with Proposition
3.3, we have upper and lower bounds that agree. within a
factor of 2. Thus, the study of the optimal asymptotic
error is reduced to the study of D(u. R, 8), if we ignore
this factor of 2.

Theorem 3.4: Suppose that the model set I is o-
compact in the p-topology, I = U, M, M, CM;., v,
R, compact and on each I, convergence in the p-topol-
ogy implies component-wise convergence of the impulse
response. Then there is an identification algorithm &*
such that e(¢* MM, u. 8) < D(u, M. 5) forall u and & >
0.

It should be noted that by an elementary resuit in
information-based complexity theory, the optimal worst-
case error achievable when the algorithm has full access
to the entire infinite input—output Sequences is also
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bounaed between the infinite-horizon diameter of infor-
mation and haif the diameter of informauon. Our two
results «Proposition 3.3 and Theorem 3.4) are of an en-
urely c:fferent nature: they assert that the opumai worst-
case asvmptotic zrTor achievabie when the aigorithm has
access 10 finire but arbitrariiv fong data records aiso
satisfies the same bounds. The assumed topoiogical condi-
tions are crucial for the validity o1 Theorem 3.4.

Before proving Theorem 3.4. we need one more defini-
tion and a few iemmas.

Definition 3.5: For given inputs u and bound & on
disturbances. and g.h € X. define T, ,(g.h) to be the
smallest integer & such that 1P (uxig — A, > 25, If
no such k exsts. then T, ,(g.h) is infinite.

Lemma 3.6: For any two plants g. 1 € Y. T, (g, h)is
the smallest & such that there is no output y with ¢ and
h in the same uncertainty set § (XN u. y, §).

Proof: If n =T, ;(g,h). then 'Pluxtg — i}, >
28. so for every output sequence y. either : Plux*g —
yhlp, > é or iiPlu=h ~ yll, > 6. by the triangle inequai-
itv. Hence. g and h cannot be in the same uncertainty set
S,(M.u.y.8) for any y. Converseiv. if n < T, ,(g.i
then Pflustg ~ A, < 26. so picking v = u*(g -
h)/2 vields (iP{uxg —ylli, < & and P fu~h -y},
8.Hence. g, h € S,,(tUl.u. ¥ 8). :

Thus. given two plants g and A. T, ;(g, k) is the mini-
mum duration for which one has to observe the output to
ensure that at least one of the two plants can be elimi-
nated from consideration as the true plant.

Lemma 3.7: Let g,h € M. If p(g,h) > D(u. AN, 8).
then 7, ,(g,h) < =

Proof: Suppose T, ,(g.h) ==
Il < 25 for every k.o flu=(g — ml, < 28. Now con-
sider the disturbance d = u=th - g)/2. and the
infinite-horizon uncertainty set S(WM.u.uxg ~ d.5).
arising wnen g s the true piant. (Note that :dll, < §.)
But uxh —tusg+dll, =-uxth -g1/2", <. so
the plant 4 is also in the set (M. u.u =g + d. §). Hence.
by definition of the infinite-horizon diameter of informa-
tion. ptg. h) < D(u. 2N, 8). -

The desired topological condition involves the topology
of component-wise convergence of sequences. or the so-
called product topology [27).

Lemma 3.8: Fix the inputs u € B and §> 0. Let
A4 cM XM be compact in the product topology. and
suppose T, ;(g.h) is finite for every (g, h) € 4. Then
SUP(g.n )< 4 T ;g h) is also finite.

Proof: Suppose SUP(; aye 4 1u. 5(8.A) = <. Then there
exists a sequence of plants (¢ A"') in 4 such that
fim, .. T, s(g"". h'") = =; furthermore. the sequence can
be assumed to converge (in the product topology) to a
pair of plant (g*.h*) € A since .4 is compact. Let n* =
T, s(g". h*) <= By definition. {P,.(ux(g* — h*)l, >
28. Since the norm of a sequence is a continuous function
of finitelv many of its components. it follows that
IP,.(u=ig — AW, is a continuous function of (g, k) in
the product topology. Hence. there exists a ball B (in the
product topology) around (g*, /i*) such that for every

Then (P lus=(g -
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tgohye Bo Puluxtg =M, > 28 qe. T, ;g A"
< n* for every tg' h") € B. But this contradicts the fact
that lim. ., 7, (g A" = = since g, ') — (g*, h*).
Hence. 1t can be conciuded that sup,, ,,. , T, ;(g, A)is in
fact finite. 3

Basicaily. this femma savs that if each plant in the
compact set .4 can be eventually ruled out as the true
plant. there is a finite time after which all of them can be
simultaneousiv ruied out,

Now we are in a position to prove Theorem 3.4.

Proof: Define the idenufication algorithm &* as fol-
lows: at each ume n. the algorithm generates as an
estimate bv picking any arbitrary plam A™ in the set
S, N MM, where S, is the uncertainty set after observing
the output data until time n. and k is the least integer i
such that S, ~ ‘M, is nonempry. We claim that this algo-
rithm will have an asymptotic error of at most D(u. M. §)
for all inputs & and 6 > 0.

Fix the unknown plant £ = % and let € > 0. Also let
R, be the smallest of the compact subsets N ’s which
contains /1. Define the set

Alh.e)={ge M, plg.h) 2Du.M.8) + €} (3.5)
and the number
T(h.e)= sup T, ;(g.h). 3.6)
§E€EAh. €)

Since A(h. €) is a closed subset of IR, (with respect to
the p-topology). it is also compact in the p-topology. Since
the p-topology is finer than the product topology in MM,,
A(h. €) is also compact in the product topology. By Lemma
3.7.T, ;{g.h) is finite for all (g, h) € A(h, €). Hence. by
Lemma 3.8. T(h. €) is also finite.

Now consider the estimates /1'"' generated by the algo-
rithm &~ Since /' is picked from the least k such that
5, N M, is nonempty. 2" is guaranteed to be in M, for
all n. (This is because S, ~ M, is nonempty: it contains
the true plant 4.) Also h“” is in the uncertainty set §,
and by Lemma 3.6. T, (h“" h) > n. If we now take any
n > T(h.€). we have T (h"” h) > T(h.€)so A" is not
in A(h. €). But 2™ is in N, so it follows that p(A'™, k)
< D(u.M.8) + e

Since ¢ is arbitrary, it can now be concluded that

limsup p(A'"". 1) < D(u.R.6§)
ne-—.x

completing the proof. (]

The above construction of the asymptotically near-
optimal algorithm &* can be viewed as an application of
Occam’s Razor—that one should always use the “simplest”
theory to explain the given data. Here. as is true in
general. there is no absolute measure of simplicity. Rather
it is defined by the choice of the nested partitioning of the
model set. M = {J, IM,. Given this nested structure. plants
in the smaller M ’s are considered to be simpler than
those in larger .. Convergence of the estimates is guar-
anteed by always choosing the simplest plant that is con-
sistent with the data seen so far. This avoids overfitting of
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data. a problem which crops up ail the time in statistics
and pattern recognition. It is interesting to note that this
same principle of Occam's Razor has also been appiied to
guarantee convergence in distribution-free propabilistic
learning problems (1), (301

[n contrast to the g-COMPACINEss condition that guaran-
tees convergence. 1 stronger compactness condition guar-
antees uniform convergence.

Proposution 3.9: Suppose convergence in the p-topology
on I implies component-wise COMVErgence of the im-
pulse response. If the model set N is compact in the
>-topology. then there is an algorithm @ the estimates of
which will converge uniformiy to within D(u.IR. 8) of the
true piant: i.c.. for all € > 0. there exists a time T(¢) such
that for all k € M. lidll, < 6.

p(d)(P..u.P,.(u¥h +d).h) <D(u.IN.8) + €
Yan > T(e).

\i{oreover. the aigorithm does not require the knowledge
5i 5. the bound on the disturpances. 1O compute its
2stimates.

Proof: An algorithm & is defined as follows: for each
n.

&(P,u.P,y) = argmin iP(uxg -y, (3.7

geM .

The minimum must exist since MM is compact and
{Pluxg —yi, is a continuous function of g in the
product topoiogy and hence in the p-topology. Also note
that computing this estimate does not require the knowi-
edge of 8.

Now y = u=h +d for some true plant h and distur-
bance d satisiving idll, < 5. By definition. the estimate at
cach time n satisfies

1PAuxolPu.Py) =¥ i, <lPluxh - (218
=i|P,dll, <6
and hence &(P,u, P,y) € S (M.u.y.5)for each n.where
S, is the finite-horizon uncertainty set at time n. We shall
use only this property of the estimates of & to show that

they uniformly converge.
Let € > 0. For each plant /1 € IR, define

Alh.e)={ge M p(g.h) = D(u.MM.8) + €}. (3.8)
Also. consider the number

T(e) = sup sup (3.9)

hedl ¢sdth. €)

Tu.é(g'h)

where the function T, ; has been defined earlier. T(€)
can be rewritten as SUpP, . < ace Lu. s(h"). where

B(e) = {(g, h) € M2 pLg, h) = D(u.IN.8) + €}.

It is clear that B(e) is a closed set and hence compact
in the p-topology, being a subset of IR?. Hence. B(e) is
also compact in the product topology. Now. T, ;(g, h) is
finite for ail (g, A) in Ble). by Lemma 3.7. Hence. by
Lemma 3.8. T(e) is finite.
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Now if n > T(e). then for any plant 7 € i and iidll,
< §, the estimate nt™ generated by the aigorithm must lie
n the uncertainty set S.(M.u.uxh +d. 8). Hence. by
Lemma 3.6. T, ;(it™.h) > n > T(e). This implies

p(A™ 1) < D(u. M. 8) = e.

Since this holds for all 4 and d. the convergence is indeed
uniform. o

[V. APPLICATION OF GENERAL FRAMEWORK TO
SPECIFIC PROBLEMS

The above results state that under some compactness
conditions on the model set. the optimal worst-case
asymptotic error achievable by any identification algo-
rithm is characterized by the function D(u, IN. 8), mea-
suring the worst-case uncertainty from infinite-horizon
experiments. It describes the intrinsic difficuity of identify-
ing plants in a given model set. independent of the spe-
cific identification algorithm used. This result enables us
to move from the analysis of the error of specific algo-
rithms to the analysis of the function D(u, M. 8). In
specific problems. we would like to find inputs & such that
D(u, I, §) is small or. at the very least. vary continuously
with the noise bound & at & = 0. This would imply that
identification accuracy is robust t0 measurement noise.

The value of the diameter of information D(u,M, 8)is
in general difficult to evaluate because it is the supremum
over the diameter of all possible infinite-horizon uncer-
tainty sets. However. if the p metric comes from a norm.
it turns out that for an important class of model sets. D(u,
R, §) has a simple characterization. These are the model
sets which are convex and balanced. (A set A is said to be
balanced if for every h in A. —h is also in A.) The
following proposition gives the characterization. and it
follows from a basic resuit in information-based complex-
ity theory (21].

Proposition 4.1: Suppose p(g, h) = ilg = hilg for some
nom - lg. If 9T is a balanced convex subset of X, then
the worst-case diameter is attained when the true plant
and the disturbance are both 0. That is.

D(u,M.35)

sup sup diam(S(M.u,uxh +d,8))
heR |dlasd

diam (5.(M, u.0.68)).

Now we will apply the general results proved above to
analyze specific identification problems. We take our in-
put set Il to be Bl = {u: llulle < 1}, where llullo =
sup; lu,. (The 1 is taken for normalization purpose.) The
disturbance is assumed to be an /. signal d. with lidll. < 6.

A. Identification of Stable Plants in the I, Norm

Here the metric considered is p(g,h) =llg — All, and
we restrict ourselves to stable plants with impuise re-
sponses of finite /, norm. We shall first prove a general
lower bound for D(u. . §) which holds for all inputs u
and for a wide class of model sets.
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Proposiion 4.2: Assume the model set I contains two
plants at an /, distance of 2§ apart. Then tor any number
of experiments .\ and any set of inputs u € B[

D(u.MM.85) > 15

Proor: Let g, i € MM satisty g — #ily = 28. Suppose
that u are the inputs used in the identification experi-
ments and A is the actual plant. Lzt the disturbance be
d =uxtg—n)/2. Note that 1.d:. < jull=l(g —n)/2l, =
8.

The observed output is ¥y =u=h +~d =u=(g + h)/2.
Now., u*g — vile = l(1/duxtg = Ml < (1/2Mullx
g — aily < 8. Theretore. g € S{M.u.y,8). Since h is
also in S(IN. u. v, 6). it follows that

diam (S (M. u,y,8)) = .g - All, = 26.
Since D(u.M. §) is the diameter of the largest possible
uncertaingy set. the desired lower bound follows. a
We now demonstrate that in ract. for all balanced and
convex model sets of stable plants. this lower bound can
be reached using just one input. provided that it satisfies a
persistent excitation property.
Definition 4.3: Let ¥ be the set of all finite sequences
of I'sand ~1's:
Y = {(ay,a,. -1}, Vi}.

~a.): k>21l.a €1, (4.10)

The sequence v € BI, is said to contain all finite se-
quences of 1's and —1's if for every finite sequence
a € Y. there exist m.n such that (v, v, .\, " Up.,) = a.

Theorem 4.4: Assume N is ba]anced and convex and
contains only stable plants. If u* contains all finite se-
quences of 1's and —1's. then

D(u*."M.8) < 28.

Proof: By Proposition 4.1. the diameter of informa-
tion is given by the diameter of the uncertainty set cen-
tered at O:

D(u*."M.§) = diam(S (M. u".0,8)).

Consider any g € S("M. u*.0.5) and let € > 0. Since g is
stable. there exists I such that

x

L lsi<e

k=M+1

(4.11)

Now consider the finite sequence

(sgn(gy),sgn(gy_,)..sgn(g,)) € A

where sgn is the signum function such that sgn(x) = 1 if
x20andsgn(x)= ~1if x <0.

By definition of the sequence u*
that

. there exists m such

uhy = sgn(gy ) Un.y = sgn(gy_ ).

sgn(g,).

um*M

We then nave

ime+M i
(u* *O)m-»w —l S‘ UL —ar-x &k
{ k=0
1‘4 meM
o] DIV A : Un s -k 8k
k=0 M
M meM
= Z sgn(g,)g, + : U o M-k 8k
k=0 cmMa4+]
M m+M
> Ylgd- L gl
k=M+1
> liglly —e. (4.12)

But g = S(IM.u7.0.8).50 (u*=* a),,,-w. < 8. Hence. it
follows from inequality (4.12) that igi, < 6 + €. Since
this is true for everv € > 0. it follows that {igll; < & for
any g € S(M.u*.0.6). Thus.

D(u.IN.5)

diam (S (M. u*.0.8))

sup
gESLM u*.0.5)

An input satisfving the above condition has been pro-
posed independently by Makila (25] for /, identification. It
is aiso of interest to note that the random binary se-
quence. 2 commonly used identification input generated
by randomly and independently picking each value to be 1
or —1, has the desired property of containing all finite
sequences of 1's and —1's. with probability 1.

Using the above result on the infinite-horizon diameter
of information. we shall analvze the optimal asymptotic /,
error for stable model sets.

The consistency result proved earlier applies to o-
compact model sets. The following technical lemma con-
cerning the asymptotic /, error enables us to extend the
result to model sets which are closure of o-compact
model sets as well.

Lemma 4.5: For any model set M. inputs u EF[:,
algorithm ¢ and & > 0,

e, u, M, 8) < limel(p.u. M. x)

xl6

where % is the closure of T with respect to the /-
topology on X. (The superscript **1” emphasizes that the
metric used is the /, norm.)

Proof: By deﬁnmon for all x 2 0, and VA € M and
d with {|dll < x, we have

limsupll ¢(Pu, P(uxh +d)) — ill, < ex(d,u, M, x).

n = o

(4.13)
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Let € > 0. Take anv # € It and ildll. < 8. There exists
a ' € WM such that |k — A7, < e. Therefore
iimsup il (P,u, P(u=h —d)) = 4l

1=z

< limsupi 6(P,u, P(uxn" +ux(h —#') +d))

nesx

(4.14)

-h'lly + €. (4.15)

Now. ju*(h — 4) + dll. < 8 + €. so applying inequality
(4.13)with x = 8 + €,

limsup il 6(P,u. P(uxh' +us(h —h') +d))

LELX ]

~h'lli <ei(d.M.u,s+¢€) (416)
It follows that

limsup il 6(P,u, P(uxh +d)) — Al

n—-®

<ed,Mu, s+ € +e (417

Letting € go to 0 gives the desired resuit. a

We now show that we can get very good asymptotic
srror even if there is no additional prior knowledge about
the plant other than the fact that it is stable.

Proposition 4.6: Take the model set to be {,, the space
of all stable piants. There is a single experiment, using any
input u* € BI, containing all sequences of I'sand —1,
such that for every & = 0, the optimal asymptotic /, error
satisfies

EMu*,!1,,8) < 26.

Proof: The space [, is separable, i.e., it is a closure of
a countable set Y. Since a countable set is clearly
a-compact. by Theorem 3.4, there is an algorithm ¢* such

that for every & = 0 and inputs 4,
el(o*. M., u.8) < Dw. M, 8). (4.18)

Now. using any input u* containing all sequences of 1’s
and —1’s, we have

el( ", Wyay, 4°. 8)
< limei(¢*, Mo u™,x) by Proposition 4.5
x{d
< limD(u*, M, 2)
x4é
< 28, by Theorem 4.4. O

Hence. to identify a plant accurately in the limit, it is
enough to know a priori that it is stable; no additional
information. such as bounds on decay rate and gain, is
necessary. The achievable accuracy varies continuously
with the noise bound & for small §; thus, identification
can be performed robust to measurement noise. One
should also note that there are many other choices of
decomposing the model set into compact sets. The decom-
position should be done to facilitate a more efficient
implementation of the identification algorithm. We will
discuss this at the end of this section.

Next. we look at the issue of uniform convergence. For
the model set I,, it can at once be seen that aithough
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convergence to a smail asymptotic error is possible. such
convergence cannot be uniform.

Proposition 4.7: Let ¢ be any algorithm and u be any
input. Then for every n and for every M, there exists an
h € M,,,, such that

l&(P,u, P(uxh)) — hll, > M.

Proof: This is clear because making n measurements
gives no information on the part of the impulse response
after time n, which can have arbitrarily large uncertainty
in the {, norm. o

To guarantee uniform convergence. we need to look at
compact model sets.

Proposition 4.8: Let M <M, be a compact set (in
the /,-topology) or a subset of a compact set in M. For
the single input »* which contains all finite sequences of
1’s and — 1’s, there is an algorithm the estimates of which
converge, uniformly for all # € M and all l|dll. < §,to an
I, ball of radius 25 around the true piant. Moreover, the
algorithm does not require the knowiedge of the value of
5 to compute its estimates.

Common examples of such compact model sets are the
uniformly stable ones, of the form M,(g) = (h: Ik} < lg.}
for all i} where g is any stable plant. The specific model
sets considered in (8] and (9] belong to this class.

Identification Algorithms for Stable Plants: For certain
parameterizations of the space of stable piants, it is possi-
ble to device algorithms based on the Occam’s Razor
Principle that involve linear programming problems. De-
fine the compact sets:

M, = (h €L]:1h} < kM, h, = 0Vi 2 k}

and M is any positive real number. It can be immediately
seen that

I, = closure of |J T,.
k=1

Fix some tolerance level e. The estimator can be de-
scribed as picking a feasible element in the set

M, NS (M,u,y, 8+ ¢€)

for any input—output pair. Of course, this set is character-
ized by linear constraints and finding a feasible plant is
equivalent to solving a linear programming problem. The
estimate is picked from the smallest IR, for which the
above set is not empty.

Suppose that the model set is equal to MM (g) where
g€l and g =0 Vil This set contains only FIR
plants of length /, with a bound on the impuise response.
For this model set the near-optimal algorithm ¢* is given
by '

¢‘(Pnu1Pny) = “Pn(y —u*h)“,

arg min
Ihdsigi, i=0,1,1

which is computable by linear programming. We finally
note that work on algorithms is still an active area of
research {34).
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B. H, Identificanion of Stable Rationai Plants

We now analvze optimal identuincation using the model
set RH., space of all stable piants with rational transfer
functions. The error metric used is the AH. norm. The
model set RH, is o-compact in the H,-topology. (For
example. it can be decomposed as a countable union of
compact sets of the form {A: ih,i < Aa"} with A tending
to infinity and o tending to 1) Convergence in H,
implies component-wise convergence of the impulse re-
sponse in each of these sets. Hence. the consistency resuit
applies and we are reduced to the analysis of the
infinite-horizon diameter of information.

Since the H,-norm of a plant 1s always upper bounded
by its /, norm, Theorem 4.4 implies that. measured in the
H, norm. the infinite horizon diameter of information
D(u*, RH,, 6) using an input u* containing all finite
sequences of 1’s and —1’s is also bounded by 28. Hence.
the worst-case asymptotic error using this input is also
bounded by 2. The following result shows that this input
is optimal to within a factor of two.

Proposition 4.9: For any number of experiments N and
any choice of inputs u € B[ , the H_ infinite-horizon
diameter of information satisfies:

D(u,RH,,6) 2 26.

Proof: The proof is trivial. Take g = (5,0,0,---), A
=(-6,0,0,-), d= —6u, d' = 6u. Then uxg+d=
ush+d so D(u.RH,, 8) 2 llg = hlly, = 28. m}

A similar result on frequency response experiments is
given by [9].

C. Identfication of Unstable Plants in the Gap Metric

Our general framework of optimal asvmptotic identifi-
cation applies. to a large extent. to unstable as well as
stable svstems. In particular. the consistency and uniform
convergence resuits. for arbitrary inputs. hold regardless
of whether the model set contains stable or unstable
systems. There is. however. an important issue in the

identification of unstable systems which is not dealt with’

in this framework. While stable systems can be identified
in the open-loop, identification experiments for unstable
systems are almost always performed in the closed-loop to
avoid unbounded outputs. As opposed to open-loop iden-
tification, there is no complete freedom in choosing the
inputs u for closed-loop identification experiments, as
there is a coupling between the input and the output. This
makes the experiment design problem much more diffi-
cuit. In this section. we shall ignore the coupling and
confine ourselves to deriving necessary and sufficient con-
ditions on the inputs for accurate asymptotic identifica-
tion of unstable systems. The question of whether one can
design closed-loop experiments to achieve such conditions
is left open.

An appropriate error metric to use for unstable plants
is the gap merric [6], [33], [42]. The important property of
the gap metric is that it generates the graph topology (40},
which is the weakest topology in which closed-loop stabil-
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ity is a robust property. or in which the closed-loop system
varies continuousiv as a function of the open-loop system.
Intuitively. this means that identifying plants accuratelv in
the gap metric is the least that one must do to be able to
design controilers to guarantee that the closed-loop per-
formance wiil be ciose to the desired.

The gap between two possibly unstable plants is given
in terms of their graphs. so we will first define this notion.
The graph G, of a plant 4 is a subset of the space /, X I,
defined by

G, = ((x,h*x):xEI-:,hthQ}.

Thus. the graph of a plant describes its behavior on
bounded-energy inputs which vield bounded-energy out-
puts. The directed gap between two graphs G, and G, is
defined as

E(G,,.Gg) = sup inf llx - ylls.
1€G,. izl:51 Y€O
The gap between two plants is given by the maximum of
the two directed gaps between the two graphs:

G,.G). 8(G,,G,).

It can be verified that the gap is indeed a metric, and that
its value is alwavs bounded between 0 and 1.

In the analysis below, we shall restrict ourselves to the
space of finite-dimensional systems, M, with rational

s-transform.’ In this space. convergence in the graph
topology can be expressed in terms of the coprime factors:
P, — P in the graph topology iff there exist co-prime
factorizations P, = N,/D;, P = N/D such that N, = N
and D, = D in the H,.-topology. Results obtained for
finite-dimensional plants are also valid for infinite-
dimensional systems that can be approximated by finite-
dimensional systems in the gap metric.

To apply the consistency results we proved earlier, we
have to investigate the topological properties of M.

Proposition 4.10: Let p, g be nonnegative integers, k, a
be positive real numbers and M ,(p, g, K, a) be the class
of all finite-dimensional systems having z-transforms

6(g,hn) = max(g(

byz? + b, 277! + e by

-l 4.,
297+ - g,

2 +a,_,

with bounded parameters: la,| < K and |b,{ < k for all §,
and with the distance between any pole-zero pair > a.
M, (p,q. K, a) is compact in the graph topology, and on
this set the graph topology is finer than the product
topology.

Proof: Let {P(z)} be a sequence of plants in
M,,(p,q, K, ), and suppose P, = N,/D,, with deg N, <
p,deg D, = q, D, monic, and the coefficients of N, and D,
bounded by K. Clearly, N, and D, lie in sets which are
compact in the H_ -topology. Hence. there exist a subse-
quence N, — N* and D, — D*. We now verify that
P* = N*/D*isin M (P> 4. K, a). We first note that H,

' In this paper, the z-transform of a system with impuise response his
h;z'.
—'-o
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convergence of polynomials of bounded degree is equiva-
lent to convergence of their ccefficients. Hence. deg N*
< p.deg D* = g, D* is monic. and their coefficients are
bounded by K. Moreover. since the location of the zeros
of a polynomial is continuous of its coefficients. the zeros
of N,,D, must converge to those of N* D, respec-
tivel. and the separation between poles and zeros is
maintained at a distance of at least «. Hence. P* €
M.,(p.q.K.a) and P, — P" in the graph topology.
This shows that M ,,(p, q. K. a) is compact in the graph
topoiogy. Also. in ':UZfd( p.q. K. a). convergence in the
graph implies convergence in the coefficients of the ratio-
nal transfer function. which in tumn implies the conver-
gence in each component of the impuise response. This
latter fact follows by inspection of the inversion formuia
for z-transforms. a

It is clear that the space of all finite-dimensional sys-
tems M, is a countable union of sets of the form
M, ,(p.q. K. a). It then follows that Theorem 3.4 can be
appiied on M., equipped with the gap metric. and the
infinite-horizon diameter of information D, (u, M4, 8)
characterizes the optimal asymptotic error £u, My, 5).

We shall first derive necessary conditions on the inputs
u for the robustness of the asvmptotic error to measure-
ment noise. i.e.. when D, (u. M., 8) approaches Qas &
approaches 0. This is in terms of the notion of stability
testing: inputs u = [u'®, 1%+, u'¥)] are said to be able to
test the stabilitv of plants if for every unstable 4 € M, at
least one of the inputs u'’ vields an unbounded output.
We have the following resuit on the loss of robustness
when the inputs are not rich enough to test stability.

Proposition 4.11: If the inputs 4 cannot test stability,
then Dy, (s, My, 8) = 1 forall 5> 0.

Proof: Let & > 0. Consider the infinite-horizon un-

certainty set centered at the ongin:

S,(mltd.“.o.a) = {g (S ‘.U?‘,d: ”u*g!ix < 6}.

Since u cannot test the stability of plants in M, there
must be an unstable plant & € M, such that us*h is
bounded: by appropriate scaling, we can assume that
h € S(M,,, u,0.8). Since the zero plant is also in this
uncertainty set and the gap distance between the zero
plant and any unstable piant is 1 (6], the diameter of this
uncertainty set must be 1. Hence. the diameter of infor-
mation, which is the diameter of the largest uncertainty
set. is also 1. a

We now give explicit necessary and sufficient conditions
for inputs to be able to test stability. We begin with two
definitions.

Definition 4.12: For a sequence u € [, let Z(u) denote
the set of all zeros of its z-transform U(z) inside the
open-unit disk. (Note that ({(z) is analytic inside the
open-unit disk.) :

Definition 4.13: A sequence u is said to excite at fre-
quency w € {0,27} if

n
lim sup

=
e ot

uke—/ku
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i e.. the Fourier series of u at w is unbounded. Let Q(u)
denote the set of all frequences at which u excites.

We shall now give the following result, the proof of
which can be found in the Appendix.

Theorem 4.14: M, is testable for stability by bounded
inputs «'",+, 4 if and only if the inputs have the
following properties: -

N
i} U Q(u™) = (0,271

im}

N .
2) N Zw) =a.

i=l

Hence, the inputs can test the stability of finite-dimen-
sional plants if and only if they excite at all frequences
and have no common zeros in the unit disk.

We have the following coroilary.

Corollarv 4.15: M, is testable for stability by a single
input u € BI, if and only if u excites at all frequencies
and its z-transform has no zeros inside the open-unit disk.

Neither the existence nor the nonexistence of a bounded
input having both the properties required by Corollary
4.15 has been established. However, bounded inputs which
excite at all frequencies do exist. In fact, Lusin (19] has
constructed a sequence which excites at all frequencies
despite the fact that the sequence actuaily tends to 0.

Stability testing is a necessary property the inputs must
satisfy in order to have robustness in the asymptotic error.
It will now be shown that stability testing combined with
the property of containing all finite sequences of 1’s and
—1’s are in fact sufficient to guarantee robustness.

Theorem 4.16: If the inputs u can test stability and at
least one of them contains all finite sequences of 1's and
- 1’s then for all 6 > 0,

Dzap(u, mt'd, 5) < 28.

Proof: Consider now the infinite-horizon uncertainty
set SAM,, 4,0, 8) centered at the origin. Since all the
plants in this set give zero output on the inputs and the
inputs test stability, all the plants in this set must be
stable. Moreover, one of the inputs contains all finite
sequences of 1's and —1's. We are now in a similar
situation as in Theorem 4.4, which applies to the stable
plant case. Exact arguments as in the proof of that theo-
rem show that the diameter of this uncertainty set mea-
sured in the |, norm is bounded by 28. Since M, is
balanced and convex, the diameter of information equals
diameter of this set (measured in the /, norm). Finaily, by
a result proved in the Appendix, the gap distance between
two plants is always bounded by the F, distance, and
therefore also by the /, distance. Hence, the diameter of
information D,,,(u, My, 8) measured in the gap metric
is bounded by the diameter of information measured in
the {, norm, and hence also bounded by 26. a -

We will now exhibit two inputs which have the above
desired properties. First, it will be demonstrated that any
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1

input that contains all finite sequences of 1's and —1!'s
excites at all frequencies.
Proposition 4.17: Let u be any sequence which contains
all finite sequences of 1’s and —i's. Then Q(u) = (0,27}
Proof: Let w, be an arbitrary frequency in {0,2x ]
Take any M > 0. The sum ¥, cos kw.i is divergent. so we
can find an integer L such that TI_ icos kw, | > M. By
the definition of the sequence u. there exists an integer n.
such that

(un.}un:-rl"”‘unl-rL)

= (1,sgn (cos w,),sgn (cos 2w,),**.sgn(cos Lwy)).
(4.19)

Now.

e+l
—jkenl —
Z uke ke -
k=ny

n+L

Y sgntcos(k — nx)wo)e""“"‘

k=n,

L
={ Y sgn(cos kw,)e ke
k=0

L
2| ¥ sgn(cos kw,y) cos kw,y| > M.

k=0

This is true for every M, so limsup, _, (L7_, u,e % =
x, a

Using two inputs, one of which contains all finite se-
quences of 1's and —1’s and the another the unit impulse.
will suffice to test stability, since the former excites at all
frequencies and the latter’s z-transform has no zeros in
the unit disk. It follows immediately from the Theorem
4.16 that an optimal worst-case gap error of 28 can be
achieved with these two inputs.

This resuit shows that for finite-dimensional plants.
identification in the gap metric can be performed robust
to the noise level §, i.e., as & goes to zero, the identifica-
tion error also goes to zero. However, we have not yet
shown that the two experiments are optimal or near
optimal. A lower bound to the optimal asymptotic gap
error using any bounded inputs will now be derived. This
will show that for small §, the above experiment design is
no more than a factor of two from optimality.

Proposition 4.18: For any N and inputs u € ETZ, the
optimal worst-case asymptotic gap error for finite-dimen-
sional plants satisfies

5
E¥(u, M, 8) 2 ——.
e V1 + 62

Proof: To prove this result, it suffices to show that
the infinite-horizon gap diameter of information satisfies

8

Dm,(ll, Em[d’ d) = 2\/7——62-.
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We make use of the following lower bound for the gap
metric (44):
Al
5(h.0) 2 —,———é——
V1 +thlly,
Now,

D, (u. M., 5)

= sup sup diam_ S(M.,u,h*u +d,8)
heM,, idlles i '

> diam_,, S(M.;, 4.0, 8)

= sup 26(g,0)

geM,, igeuilasd
since 6(g,0) = 6(~g,0)
s helly.
sup l—
gEM oy g ruiess Y1+ (48

using the lower bound to the gap
28
a3
V1 +6°
choosing g to be an impulse with magnitude §.
Q

v

v

Finally, we note that this theorem has interesting impli-
cations to identification in the closed loop. To accurately
estimate the plant. it is necessary that the input satisfies
the conditions in Theorem 4.14. In general it is not known
whether there exists one input with that property. If not,
then more information about the model set should be
known. An example of such information is the knowledge
of a stabilizing controller of the plant to be identified.
Details on this can be found in {29], [39].

V. CONCLUSIONS

In this paper. we have approached the problem of
analyzing the intrinsic limitations of identification by con-
sidering the optimal worst-case asymptotic error achiev-
able using any input and any identification algorithm. This
gives an intrinsic measure of the difficulty of identifica-
tion, given the a priori knowledge (model set and distur-
bance class) and the constraints on the allowable experi-
ments (input class).

The analysis is performed in two steps. First, for fixed
inputs, a lower bound on the error of any identification
algorithm is expressed in terms of the diameter of the
worst-case infinite-horizon uncertainty set, and it was
shown that under some compactness conditions on the
model set, there exist algorithms which achieve to within a
factor of two of this bound asymptotically. These resuits
hold for any error metric and disturbance norm. Second,
for specific identification problems, characterization of
inputs which makes this infinite-horizon diameter of infor-
mation small is given. In particular, we considered identi-
fication in both the /, and the H, norms for stable plants,
and in the gap metric for unstable finite-dimensional
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piants of arbitrary order. The significance of these error
metrics is that if the worst-case error is smail in these
metrics. methods exist for synthesizing controilers to
achieve robust performance {2}, [4]

The resuits show that accurate identification is possible
in the worst case for a specific choice of inputs depending
on the model set. For identification in the /, norm.
algorithms for computing estimates are based on linear
programming and are easily implementable. For the iden-
tification in the gap metric. robust identification was shown
to be more or less equivalent to stability testing. This has
important implications on closed-loop identification in
which one does not have direct access to the input.

There are many issues in worst-case identification that
need to be resolved. The issue of computational complex-
ity and implementation of the algorithm is a central issue.
In particular. it is beneficial to relate the complexity of
the model set to the complexity of the required experi-
ments and the algorithms. Another issue is the relation-
ship between the identification in the frequency domain
and the time domain. particularly as it relates to algo-
rithms and complexity. Deeper study of identification of
unstable plants in a closed-loop setting is needed. The
relations of all of this to adaptive control is of course one
of the prime motivations for this work and will be the
subject of future research.
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APPENDIX
A. PROOF OF THEOREM 4.14

To prove this resuit, we need the following lemma, the
proof of which is elementary but tedious, and can be
found in {38]. _

Lemma A.l: Let u € Bl and let h be a complex-
valued impuise response (i.e., the sequence values can be
complex) with a strictly proper rational transfer function
TM oz
(z - e)”

(It has a single pole repeated M times at e’*) Then:

1) If u excites at frequency w, the output u*h is
unbounded.

2) If u does not excite at w and M = 1 (the poie is
simple), the output u * h is bounded.

Armed with this lemma, we can now prove Theorem
114,

Proof:

(if part) .

Let u®™ u®.- u¥ Bl be N inputs satisfying
properties (1) and (2). Let h € M, with 2 rational z-
wransform H(z), and assume that the outputs u®xh,
i =1, N, are all bounded. We shall show that A must
be stable.

Suppose that H(z) has a pole z =z, inside the open-
unit disk. Since the inputs have no common zeros, then

H(z) =
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one of the inputs. say &), has no zero at z = 2. Hence.
the output v must have a pole at z = z,, and therefore
cannot be bounded. o

Thus. H can only have poles on or outside of the unit
circle. Write

H(z) = H,(z) + H(2) (A.20)

where H(z) contains the stable poles (outside the unit
circle) and the finite impuise response (FIR) part of H(z),
and H,(z) is strictly proper with all poles on the unit
circle. Let h, and h, be the inverse transforms of H, and
H,, respectively. Since the output u * h, corresponding to
the stable part must be bounded. one needs only to verify
that the boundedness of u'?xh, for every i implies
h, = 0.

Suppose that H, is not identically 0 and has L >0
poles (counting muitiplicities) on the unit circle at distinct
frequencies w,, w,,"", wy. Then H,(z) can be decom-
posed as

M
H(z) = Y H(2)

i=1

(A21)

where

ZLL_lai zk
e (A22)

H(z) = .
(z —el*)™

and L, is the order of the pole at z = el

Consider a minimal state space realization of the sys-
tem with transfer function H,(z), where the states x
consist of the modes corresponding to each pole of the
system. The dimension of the realization is L and some of
the states are complex but they occur in conjugate pairs.
(These correspond to conjugate poles.) Since U N Q@
= [0,27] the frequency w, lies in Q(v) for some input
ve {uh, - uM). By Proposition A.1,

YO = yeh® & L, (A23)

where A" is the impulse response whose z-transform is
H(2).

If xV are the modal states (of dimension L,) corre-
sponding to this pole at w,, the system A" can be
realized minimaily as

-‘92-1 = A,xf,” + By, y'('l) = C,xf,“ (A24)
for some matrices A4y, B,,C,.

Since y™ is unbounded but v is bounded, it follows
from (A.24) that the modal states x"’ must be unbounded
given input v. But the overall state x for the entire system
H/(z) is an aggregation of the modal states and hence
must become unbounded too when input v is applied. The
last step is to show that this implies that the output of the
overall system must be unbounded also.

Let the minimal state space realization of H, be

(A.25)

X, =Ax, + By,

Y = Cx,.
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From 1A.25). a sequence of equarnions is obtained as
Yo =0,

.\‘n—l = CA‘rn - CBU-.

L-2
Yoy =CA "'z, = ¥ CA'Bu,.
(=0
Let
Ya C
.vnvl CA
y’l = . 'Y Qo(A.C) = : 'Y
yn+L-l (:4L_l
0
CB
E= :
YL CAB

The sequence of output equations can then be written
as

Yo = 0o(A4.C)x, + Ev,. (A.26)

Note that Qy(A4,C) is the observability matrix of the
system by the minimality of the realization. Q(4,C) is
invertible. Since x, becomes unbounded and v, is
bounded. the output y, must be also unbounded. This
contradicts our original assumption and hence H,6 =0.
The original system h must be stable and the inputs
uV - u™ can test stability in M.

(only-if part) '

We now show that the two conditions for the inputs are
also necessary 1o test the stability in IR ,.

Suppose the first condition is not satisfied: consider an
wy €10,.27]) but wy € U X, Qu'"). Consider the unsta-
ble system h, = cos(nw,). Lemma A.1(b) implies that
u'? « ei"wo is bounded for all i. Since u'”+ h is the real
part of u'? = e/"*, it is also bounded for all i. Thus, the
inputs cannot test stability in R ,. This shows that the
first condition is necessary.

Now suppose that the second condition is not satisfied.
so that there exists some 2z, = rye/® (0 < ry < 1) which is
a common zero in the open-unit disk of the z-transforms
of all the inputs: that is,

=
Y uldrkeiee =0, Vi
k=0

(A.27)

Since the inputs are real, their zeros occur as conjugate
pairs. i.e.,
n
Y ufrfe ikwe =0 Vi.
k=0

(A.28)
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Now consider the unstabie finite-dimensional system
h, = ry" costnw,). Foreacn 1. n.

| n

(i x el =0 L ulirgn T cos n = k) w,
k=0
!1 n
- - LA n= A - -Klwn
=13r0" Y uirh (el Teen 4 gmitn=hiun)
[t k=0
n
—_ -l ynws (t)pk 5=k
=Zr|e ( Z uy'rge ""')
- “k=0

n .
+e"'“"°( Y ui"’ré‘e”“")
k=0

1 -
.—ro

2

n

ejnwn{ —

=
T upreie)

k=n«|

+e—jnmn( -

=
T et

k=n+1

-]
Y o=

k=n«+]

<r”

Thus the output for each of the inputs is bounded. Hence,
the inputs 4”’s cannot test the stability in M. a

B. AN INEQUALITY BETWEEN THE GAP AND H,
DISTANCES
Proposition B.1: Let h and g be two plants. Then
5(g,h) <llh —gilu..
Proof: We assume that [|h —gily, < = otherwise
there is nothing to prove. Now,
8(g, b) = max(5(G,.G,). §G,, G,))
where
G,={(u,hrw) el xel. hxxe€ly}

and

g(G,,,Gg) = sup inf llx = yliz.

1€G,. sl sl Y€1
Now. since flg — Ally, < =
(u,h*u) € G, = (u,g~u) € G,.

We have
5‘(G,,,G:) < sup inf f(u.hsu)—yl,

heuely, lull;<1 Y€Cs

< sup ICu.hsu) = (u, g=wl,

houely, lullzg]

sup
hsuely. llullz<1

<ih - glu..
Hence, the resuit follows. a

ICh - g)»ully
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Minimization of the Maximum Peak-to-Peak
Gain: The General Multiblock Problem

Ignacio J. Diaz-Bobillo and Munther A. Dahleh

Abstract—This paper presents a comprehensive study of the
general /,-optimal muitiblock problem, as well as a new linear
programming algorithm for computing suboptimal controllers.
By formulating the interpolation conditions in a concise and
natural way, the general theory is developed in simpler terms
and with a minimum number of assumptions. In addition,
further insight is gained on the structure of the optimal solu-
tion, and different classes of muitiblock problems are distin-
guished. This leads to conceptually attractive, iterative method
for finding approximate solutions with the following properties:
1) approximates muitiblock problems with one-block problems
by delay augmentation, 2) unifies the treatment of zero and rank
interpolation conditions through robust computations, 3) pro-
vides upper and lower bounds of the optimal objective function
by solving one finite dimensional linear program at each itera-
tion, 4) for a class of problems, it generates suboptimal con-
trollers that achieve the upper bound without order inflation, 5)
both bounds as well as the solution converge to the optimal, 6) it
does not require the existence of polynomial feasible solutions,
and 7) gives information about the support structure of the
optimal solution.

Notation

Let X be a real normed vector space, then X* denotes
the dual space of X containing all bounded linear func-
tionals on X.

L Space of absolutely summable sequences sup-

ported on the nonnegative integers. If x €1,

then |lxll; = Tp-olx(k)l < =.

Space of p X q matrices with entries in /. If

M = (m,]) € lxpqu then ||M||x =

max, ;< p oi- 1l

L, Space of all bounded sequences of real numbers

supported on the nonnegative integers. If x € [*

then [Ixlle = supglx(k)l < .

Space of p X q matrices with entries in L. If

M = (m;) € 12%9, then [[Mll. = X[,

maxlsl-sq(Im,-me. Note that 124 = (I{*9)*.

Subspace of [2*? consisting of all elements

whose entries decay to zero, i.e., lim k_,wm,-j(k)

= 0 for all {ij}. Note that (cf*?)* = I{*4.

A Complex variable representing the unit delay.
Given M € If*9, define M(}) = T2 oo MK,
as the A-transform of M.

12%9

cf™?
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9 The open unit disk.

P, The truncation operator on sequences. Hence, if
x = {x()f~., is any sequence, then P x =
{x(0), x(1),++, x(k), 0, .

S Right shift by k positions. If x = {x(D)., is any

sequence z}cnd k is a nonnegative integer, then

Sex = {0,++,0, x(0), x(1), -+ }.

Given a matrix M, (M), will denote its ith row and (MY
its jth column.

1. INTRODUCTION

D ESIGN specifications for practical control problems
are often most naturally expressed in terms of
time-domain bounds on the amplitude of signals (exoge-
nous disturbances and regulated outputs). This observa-
tion has led to the introduction of a new optimization
problem in the context of control system design. In [37]
Vidyasagar formulated the / ,-optimal control problem. In
contrast with the % problem, the /,-optimal design has as
objective the minimization of the maximum peak-to-peak
gain of a closed-loop system that is driven by bounded
amplitude disturbances.

From 1987-1988, Dahleh and Pearson introduced some
basic results on the theory of I, optimization. In {9] the
solution to the I;-optimal control problem was presented
for the special case of square (i.e., one-block) systems.
Then, in [11] Dahleh ez al. presented the central ideas for
the solution of nonsquare (i.e., multiblock) problems, in-
cluding a method to compute approximate suboptimal
solutions iteratively. Such method is based on the solution
of a linear program representing a truncated version of
the original problem. Similar results extending these ideas
to the continuous-time domain were introduced by the
same authors in [10], as well as a solution to the fixed
input optimization problem [12].

These results brought considerable attention to the
problem of /, optimization. In [29] a general treatment of
the multiblock case was presented, where the optimal
solution is shown to exits under some assumptions. Inde-
pendently in (6] and [33] a method was introduced to
compute lower bounds on the optimal norm, by solving 2
complementary linear program. A direct linear program-
ming formulation (in the primal space) was presented in
[30]. Also, [34] introduced 2 nice account of some conver-
gence properties and pointed to interesting deficiencies in

0018-9286,/93$03.00 © 1993 IEEE
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the theory. In [17], [18] the full state-feedback problem
was addressed.

On the area of robustness, considerable advancement
was made too. In [13], the necessity of the small gain
theorem in the /, context was analyzed. Also, [24] pre-
sented necessary and sufficient conditions for robust per-
formance and robust stability under structured time-vary-
ing perturbations. It turns out that such conditions are
relatively easy to compute making the theory more attrac-
tive from the point of view of applications. Other related
work can be found in [8], [6], [3], [19], [14], [32].

The present investigation is motivated by the lack of a
solid understanding of the general /; multiblock problem.
While various aspects of the theory are well understood,
the structure of the optimal solution in the general multi-
block case is not. As a result, solution methods which are
based on a straightforward truncation of the full problem,
suffer from significant deficiencies. Most important, they
generate a sequence of suboptimal controllers of increas-
ing order, and miss the structure of the (possibly low
order) optimal controller. This issue was pointed out quite
nicely in {33] where exact solutions of low order were
computed for some example. From a practical point of
view, such truncation method translates into high order
controllers even for the simplest multiblock problems. At
the same time, it requires the existence of feasible
closed-loop maps with finite pulse response, a condition
that many control problems lack.

In this paper we present a comprehensive treatment of
the general /;-optimal multiblock problem. Contributions
are made in the general theory as well as in the approxi-
mate methods of solution. With regard to the problem
formulation, a more compact and natural way of charac-
terizing the interpolation conditions of the general multi-
block problem is presented. It has the advantage of sim-
plifying many of the proofs and avoiding unnecessary
assumptions (compared to previous work [29], [34]). We
also present a new solution method for the general multi-
block problem with the following characteristics:

1) Approximates multiblock problems with one-block
problems by delay augmentation, thus exploiting the char-
acteristics of the optimal solutions of such problems.

2) Applies results from matrix theory [21] in the com-
putation of interpolation conditions.

3) With each approximation (requiring the solution of
only one linear program), the method provides upper and
lower bounds of the optimal norm.

4) Under mild assumptions, both bounds converge to
the optimal value of the norm.

5) With each approximation the method generates a
feasible (i.e., stabilizing) controller that achieves the up-
per bound.

6) For a special class of multiblock problems the solu-
tions are exact.

7) For a larger class of multiblock problems the se-
quence of suboptimal controllers does not suffer from
order infiation.

Also, a result is presented relating the support charac-
teristics of the optimal and approximate solution of multi-
block problems, followed by a stronger conjecture. These
results are complemented by a broad range of numerical
examples, including a case study where the I/, and %
solution to the pitch axis control of the X29 aircraft are
compared.

The paper is organized as follows: in Section II the
general /;-optimal control problem is defined. The new
interpolation conditions are presented in Section III as
well as computational procedures. This is followed by an
existence result with minimum assumptions in Section IV.
Next, we establish the equivalence between [, optimiza-
tion and infinite dimensional linear programming in Sec-
tion V. Section VI contains the solution to one-block
problems. The results in this section are an extension of
those in [29]. Section VII presents (approximate) methods
of solution to multiblock problems. In particular, the
delay augmentation method is introduced along with its
convergence properties. Illustrations and examples are
contained in Section VIII. In Sections IX and X, we
present a few results and observations (including a conjec-
ture) on the support characteristics of these approximate
solutions. Finally, we treat the X29 synthesis problem in
Section XI followed by the conclusions in Section XII.

II. PROBLEM FORMULATION

The setup corresponds to the standard disturbance re-
jection problem formulated as a linear fractional transfor-
mation from the disturbance input to the regulated out-
put, with the controller in the lower loop (see Fig. 1). In
particular, we consider the discrete time case, with the
inputs and outputs being sequences of vectors. The prob-
lem is represented via an LTT finite-dimensional operator,
G, that maps the disturbance vector w of dimension n,,,
and the control vector u of dimension n,, to the regu-
lated output vector z of dimension n_, and the measure-
ment vector y of dimension n,. Thus, with the appropri-

ate partitioning,
G, G
zy _ Y 2| {w
(y) (Gm Gzz)(u)~ (1)

The controller action is represented by the operator K
that maps the measurement sequence to the control se-
quence, i.e., u = Ky. The closed-loop map from the distur-
bance to the regulated output, denoted &, is given by:

® =G, + GL,K(I - G,K) 'G,,. ()
The /,-optimal control problem can be stated as follows:
among all internally stabilizing controllers, find the one
that minimizes the maximum peak-to-peak gain of &

operating on the space of bounded disturbances with unit
norm. That is,

0 = .nf (D u:)
wom ot (| max KW
K stab
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K

Fig. 1. The standard problem.

In the above we have used the fact that the induced norm
of an operator mapping bounded sequences in R™ to
bounded sequences in R": is given by the /="~ norm.

It is well known that a simpler description of the set of .

all (internally) stable closed-loop maps is obtained via a
parameterization of all stabilizing controllers [38]. Such
parameterization provides an affine expression, mapping
an operator space to the set of all internally stable
closed-loop maps:

&=H-UQV 4)

where H € [}*"=, U €lf~*" and V € [7»"~ are func-
tions of the problem data (i.e., the operator G), and Q is
a free parameter in I7+*"~ (i.e., stable). Furthermore, if G
is LTI and finite dimensional, so are H, U, and V. Then,
for any Q € I}+*"», a controller can be computed that
achieves the corresponding closed-loop map, D.
Consequently, the /, problem can be redefined as a
minimum distance problem in /{:*"~:
inf |H — Rlly =
Re¥

[

pe = li®lh

inf
b-He¥

&)

where
&= (R € I}-*"~|R = UQV for some Q € I7*mY. (6)

The subspace % contains the set of feasible R’s. Also,
from duality theory [26], problem (5) can be posed in the
dual space of I[:*"», that is, I7*"w as the following
maximization problem:

0 —

pe = maxL(H,G) @)

Ges¥
IGles1
where (H,G) is the value of the bounded linear func-
tional G at the point H:

n, n,

(H,GY=YX L X g;(kh;(k)

im1j=1k=0
and &+ is the right annihilator of &
Ft={Gel”*"*(R,G)=0 VR € .9}.

Furthermore, if a solution to (5) exists, say ®°, then it is
aligned with every solution G° to (7), that is ($°,G°) =
ld°1l,JlG° . This implies that &° and G° must satisfy the

1461

following alignment conditions:

D if 1g5(D] < max, ¢ <, lghll, then o2(1) =0,

ii) ¢i‘}(t)gi"j(t) >0,

i) let I = {i € [1,2,+,n.(G*); = 0}, then (D)l
= p° for all i not in I,

i) for all i €I, (#°); can be anything such that
1B2)l < p.

The next section studies the solvability of the equation

R = UQV for Q in [{«*"s.,

III. INTERPOLATION CONDITIONS

Here we take some of the ideas in {11] and [29)], and
present a natural and compact description of the interpo-
lation conditions for the most general MIMO case.

The notion of interpolation conditions can be viewed in
at least two ways: as algebraic conditions on_the matrix
R(A) so that it belongs to the range of UQV, or as
conditions on the nullspace of the operator R. Here we
are going to exploit the algebraic notion although, for the
purpose of computations, we view the interpolation condi-
tions as a nullspace matching problem. .

In the sequel it will be assumed, without loss of general-
ity, that U(A) has full column rank (i.e., rank of n, for
almost all A) and ¥(A) has full row rank (i.e., rank of n,
for almost all A). Violation of these assumptions implies
that there are redundancies in the controls and/or the
measurements which can be easily removed.

First, a simple but useful result from complex variable
theory is presented, where (-)Y%)(A,) denotes the kth order
derivative with respect to A, evaluated at Aq.

Lemma 3.1: Given a function f(*) of the complex vari-
able A analytic in &, then (f)®(1g) = 0 for k = 0,1,
(o — 1) for Ay € if and only if f(A)= (A = Ap)%8(A)
where g(-) is analytic in 2.

Next, consider Spith—McMiHan decompositions of the
rational matrices U and V. (Note: to simplify notation, the
complex variable argument will be omitted in most ex-
pressions)

(8)
9

where Ly, Ry, f,,and R, are (polynomial) unimodular
matrices. Under the rank assumptions on U and V, the
rational matrices My and M, have the following diago-
nal structure:

0 = LM, Ry

V=L,M,R,

€
¥
A e’l
My = - (10)
0 0
0 0
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My, = Co L an

v

Let A, be a zero of U(A). Let oy (Ay) denote the
multiplicity of A, as a root of ¢(A), then {oy (A
defines a nondecreasmg sequence of nonnegatlve mtegers
For a given i €{1,2,-,n,}, o,(A)) is known as the
algebraic multiplicity of A,. The total number of indexes i
for which oy, (Ag) is strictly positive is known as the
geometric mult1phc1ty of A,. Similarly, define {U,,(,\ N2,y
for V().

Let Ay, denote the set of zeros of U and V in . In
order to prove the interpolation theorem (i.e., apply the
results of Lemma 3.1) we need the following assumption.

Assumption 1: Ay, C 9.

Consider the unimodular matrices in (8). Since their
inverses are polynomials, one can define the following
polynomial row and column vectors:

&) = (Lg"),
B = (R;"Y

Now we are ready to present the main interpolation
theorem. These conditions are different from those in [29]
and do not require coprime factorizations.

Theorem 3.1: Given R € I{+*"~, there exists Q € I]+*"s
such that R = UQV if and only 1f for all A, € AUV co
the following conditions are satisfied:

i) (&RB, )""(A(,) = 0 for
[= 1
j= 1,...’ n'
k = 0,“', U'U‘(Ao) + O-V/(AO) - 1
(&R)(N) =0
(RE) D =0 n,.
Proof: Consider the following factorlzatlon of MU

and M, (where 0 denotes a block of zeros of appropriate
dimensions):

i=1,2,n

z

j=12,-,n,. (12)

fori=n,+ 1,,n,

ii)
forj=n, +1,

n 2 -1 - A A
MU = (gU\PU )’ MV=: (\P;lgy 0)
0

where c’U and ZV retain the zeros in Ay, while \I'U and
\I’V capture the stable (i.e., minimum-phase) zeros of U
and V along with their (stable) poles. Thus, both ¥, and
W, are invertible in /. Then,
£,08, 0

0 0

where 0 = V7R, 0L, ¥; 1. Clearly, 0 € 17<*" if and
only if Q € I7«*"». Next, define the following partitions of

A A

R=1,

a

Ry

l:U and IQV:

~

RI
A’") (13)

V.2

t~o
<
]
[~
&
~
<
(8]
>
I

Ry

where LU1 has n, columns and RV has n, rows. Then,
given R € [[-X"~

3Q € I1+*"» such that R = UQV
g
3Q € Ij«*™ such that R = L, ,&,0&, R, ,.

Necessity of condition i) follows immediately. Take any
i€{l,--,n}andj€(l,,n} then

(&RB)WD = TI (A=), (n)

Ao€Ayy
IT (A-

A€ ALy

Ao)ay'(AO)

which implies condition /) by Lemma 3.1 and the fact that
g;; isin /.

Necessity of condition ii) results from the following:
take any i € {n, + 1, n}andje{n)+1 ,n,}, then
(& R)(/\) 0 and (RB )(/\) 0 since (&, L, 1)(/\) = 0 and
(R,, 1 B XA =0.

To show that conditions i) and ii) are sufficient we
proceed by backwards construction: by Lemma 3.1,

for some W € [[«*"~ since R € I]:*"~, Moreover,

A

a

n,+1
i)=| ! |[R=0 and R(4,., 4. )=0.
&,
Therefore, combining these equations into one,
[-1pp-t = | EWE, 0)
i - (B 0
which implies that W = Q is the solution. [ |

In words, Theorem 3.1 provides a set of algebraic
conditions which are necessary and sufficient for R to be
feasible (i.e., equivalent to UQV for some stable Q). The
conditions in i) make sure that the left and right unstable
zero structure of the composition UQV is preserved while
the conditions in ii) impose the correct (normal) rank
conditions on R. In fact, it is possible to view the collec-
tion of &’s and B s for i>n, and j>n, as two
polynomxal basis (not necessarily of minimal degree) for
the left and right nullspaces of R(A) (see [23]). By virtue
of the Smith-McMillan decomposition these sets of poly-
nomial vectors are linearly independent (over the field of
rational functions) so they generate a minimal set of
constraints on R (Note: the four-block case has some

!.'8"1'-‘-“
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redundancy which can be eliminated a priori, see [18] for
a detailed discussion).

In the sequel, we refer to the conditions in i) as the zero
interpolation conditions, and to the conditions in ii) as the
rank interpolation conditions. Rank interpolation condi-
tions are also known by the names of relations {11] and
convolution conditions {33}, {34].

Problems of the form (4) have been traditionally classi-
fied in the % and /% literature according to the dimen-
sions of the different signal spaces involved. Here we
adopt the same classification:

e One-Block Problems: When n, =n, and n, =n,.
These are also known as good rank or square prob-
lems.

o Two-Block Column Problems: When n,, =n, and n_
> n,.

e Two-Block Row Problems: When n,, > n, and n, =

n,.
e Four-Block Problems: When n,, > n, and n. > n,.

A problem is labeled multiblock when it is not one-block.
Multiblock problems are also known as bad rank prob-
lems {11}, [29].

Clearly, one-block problems only require zero interpo-
lation conditions and have no rank interpolation condi-
tions, while two-block row (column) problems require
right (left) rank interpolation conditions, and four-block
problems require both left and right rank interpolation
conditions. :

A. Computation of Interpolation Conditions

The problem of finding the Smith-McMillan decom-
position of rational matrices is at the heart of the inter-
polation problem. This decomposition has been studied
thoroughly due to its strong connections with several
important notions in system theory (e.g., multivariable
zeros and poles), although mostly from an algebraic point
of view [23]). The standard algebraic algorithm to compute
such objects is based on the Euclidean division algorithm,
known to be numerically sensitive. Nevertheless, there has
been some effort in this direction, for example, by using
symbolic methods from computer algebra on polynomial
matrices [4]. However, it is generally desirable to have
algorithms based on the state-space representation of
systems, that are more easily implemented on digital
computers.

Here we present an alternative approach to the prob-
lem of finding the zero interpolation conditions of a
square rational matrix. Such approach avoids the explicit
computation of the Smith-McMillan decomposition. Fur-
thermore, it is computationally attractive since it is based
on finding the nullspaces of certain Toeplitz-like matrices
which are formed directly from the state-space represen-
tation of the system.

Although muitiblock problems require rank interpola-
tion conditions, we will show that those problem can be
posed in such a way that only zero interpolations need to
be considered.
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In Theorem 3.1 we have shown how the internal stabil-
ity of the closed-loop system is assured if the zero struc-
ture of the left unstable zeros of U and the right unstable
zero of V is preserved in R. Such structure is character-
ized by the zero frequency, its algebraic and geometric
multiplicity, and its directional properties as given by the
corresponding polynomial vector &; or B;. Despite its
numerical problems, the Smith-McMillan decomposition
provides the most natural way of characterizing the zero
and pole structure of a rational matrix. To circumvent the
formal Smith-McMillan decomposition of U(A) and V(A),
it is necessary to find an alternative set of conditions that
unequivocally defines the zero structure of a rational
matrix. Such a set is presented in this section.

The theory of zeros of MIMO systems has been studied
extensively, both from an algebraic and state-space per-
spective [28], (16}, [31]. It is well known that a zero of a
square system given in state-space form [A, B,C, D}, is
characterized by the solution of a generalized eigenvalue
problem of the form [28]:

(A - z,1 B)(xo) ~o

C D)\ %o
where z, = Aj', X, is known as the state zero direction
and u, is known as the zero input direction. However, the
numerical stability of such eigenvalue problem deterio-
rates quickly when there are zeros with algebraic multi-
plicity greater than one. Indeed, such difficulty is equiva-
lent to finding the Jordan decomposition of a defective
matrix (i.e., a nondiagonalizable matrix) which is known to
be a hard numerical problem [22]. :

Although it is diffcult to obtain the full zero structure
directly from the state-space description of a system, the
location or frequency of the zeros can be reliably com-
puted [20]. In the sequel, we will assume that the locations
of the unstable zeros of the rational (square) matrices
U(A) and V(A) are available.

Following, we introduce 2 useful definition along with
some notation. .

Definition 3.1: Given a rational matrix H(A) analytic at
A, and a positive integer o; define the following block-
lower-triangular Toeplitz matrix:

H 0 0 = 0

H H 0

T, .(H) = (14)

H,

H,_, H,_,

H

o-2

where the H,’s are given by the Taylor expansion of HW)
at Ay, that is,

+(A - A0)3H3 + -

and H, = (1/iDCHP(Xo). :
A numerically stable method was proposed in [36] to
find the structural indices associated with poles and zeros
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of a stable rational matrix H, by looking at the rank of
T,,.,(H) as o increases. Such approach, however, does
not provide the directional information necessary to con-
struct the interpolation conditions. Here we present an
extension of the ideas in [36] by looking at the structure of
the nullspace of TAM(I? ) for increasing values of o. Such
approach has strong connections with the general interpo-
lation theory of rational matrix functions [1], [2], In partic-
ular, it exploits the analyticity of the matrices U and V' in
the disk.
The following definition establishes some terminology

(1l

_Definition 3.2: Given an m X n (real) rational matrix
H()) analytic at A, a right null chain of order o at A, is
an ordered set of column vectors in R”, {x,, x,,", x,},
such that x, # 0 and

Xy

NEA
B0 (HD|

I
e

xd
Similarly, a left null chain of order o at A, is an ordered
set of column vectors in R™, {y,y,,"*", ¥, }, such that
y; # 0 and

N
Ary| Y2
Lo (HD)| 0} = 0.
Yo
The next Theorem shows that, if H is square, the exis-
tence of a right (left) null chain of order o at A is
equivalent to the existence of a zero at A, of algebraic
multiplicity o. It is an extension of [21, theorem 1.12].
Later, we will establish a complete equivalence between
the structure of a zero and the null chains associated with
that zero. A
Theorem 3.2: A full rank, n X n, rational matrix H(A),
analytic at A, has a zero at A, of geometric multiplicity /
and a sequence of structural indexes equal to, at least,
O _1e1 0, (oy =+ =0,_,=0)if and only if the
following conditions hold

1) There exist / polynomial vectors, i, -, 4,, such
that

PPN (3)
(Ha,) (A) =0 for k=00, ~1
Vj=1,"',l.

2) The set of vectors {f,(Ay),"-, 1 (A,)} is linearly
independent and

span{a,(Ao),, 2,(A)} =A#{ H())].

where .# (-] denotes the null space of a matrix.
Proof: Necessity follows directly from the Smith-Mc-
Millan decomposition of H(A):

H) = LMMWRW).

e
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Say that the jth entry (j = n — ! + 1) on the diagonal of
M has a factor (A — A,). Then. pick &;_,., tobe the jth
column of R™!. With this choice ,

i, = AR

=()\—,\O)a’1:‘z3}»_n,, Vi=n—1+1,n

where p;_, . (A) is a rational vector analytic at A,. Clearly,
this implies that (Hi;_, . )*(X,) = 0for k = 0,-+,0; — 1,
and further the set (ﬁl()\o),“', i,(Ay)} is linearly indepen-
dent since R is unimodular and spans the null space of
H(Ay).

The proof of sufficiency is not as straightforward. Let
£ =Ha; j=1:1 and define the following auxiliary
rational vectors:

Fi(A) = (f,-lfj)()\), £,(A) = (éaj)(,\) j=1, 0

Then, we have that §,(A) = M(/\)éj( A). Note that
f,(Ag) -+ f,(Ay) are linearly independent if and only if
£,(Ay) -+ £,(A,) are linearly independent since R is uni-
modular. Further, since multiplication by a unimodular
matrix preserves the zero structure, this direction of the
proof can be restated as follows: let j = 1,...,1, then

30,(A) such that £,(Ag) -+ £,(Xp) are linearly
independent and §'(Ay) = 0, k = 0,-, G _y4 /1
U
3(A = A))7"* inthe n — I + j diagonal entry of M(A).
Now, it follows from above that
(0 = - AT BN,

Let &(A), j = 1,7+, n be the diagonal entries of the matrix
M. It immediately follows that:

A

€

(GRONERNAON)

m>

(A= AT
= (p,(D) - p (X))
(A= 2™
(15)

First, we show that the matrix (£,(A,) - £,(A,)) has the

structure
0
Vir) )

The top zero block results from the fact that the matrix
M(A,) has a null space of dimension ! (otherwise there
will be more linearly independent vectors than /), hence,
&,,-*, €,_, do not have zeros at A,. From (15), it follows

(16)

"
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that for all A

n—{+1

V

€,

(A _ /\O)U’n—lﬂ
=P . an
(A - /\0)0',.

-

where the matrices ¥ and P are obtained from the
decompositions

(5,0 0,(N) = (‘7)
Vv

and
(B0 -+ p(N) = (’i).
P
Let
én—l-ﬁ-l
EA = )
&,
(/\ _ ,\O)Va—ln

D=
(A - l\o)o‘n

Then, from (16), it is clear that V(A,) has full rank. Let
R,, R, be unimodular matrices such that

Vﬁ, = [ where L is lower triangular

and
Iizﬁ = U where U is upper triangular.

From this (17) can be factored as follows:
EL = R;'UDR,.

Clearly, the matrix EL has the same zero structure as the
matrix UD. By direct computation of the Smith matrix of
UD, it follows that (A — Ag)®-*+i is a factor of jth diago-
nal element. Since L has full rank at Ay, it follows that
(A = Ag)7s-1+i is a factor of &,_;.;. This completes the
proof. n

Note that a similar result holds for left zeros simply by
replacing H and H T The following corollary restates the
result of Theorem 3.2 in terms of null chains. A

Corollary 3.1: A full rank, square, rational matrix H(A)
analytic at Ao, has a right (left) zero at A, of (at least)
algebraic multiplicity o if and only if there exits a right
(left) null chain of order o at Ao.

Proof: Both directions of the proof follow immedi-
ately by equating

l‘z(A) = X, + (/\. - /\O)x: ERETY +(/\ - Ao)a_lxa.

n

Note that if H has a right zero of geometric multiplicity
greater than one, say /, then there are ! different right
null chains (not necessarily of the same order), such that
the span of the x,’s equals the nullspace of H(Ay). Let
xi(y') denote the ith right (left) null chain of order o;,
then the following definition applies [1].

_Definition 3.3: A canonical set of right null chains of
H()) at A, is an ordered set of right null chains, ie.,
xi=(xi - xl)fori=1,"1 such that

i) {x}, x},--+, x!} are linearly independent,
i) span {x}, x},+, x1} =/ H(A,)), and
i) oy 20,2 - 200

A canonical set of left null chains is defined similarly.

Next, we show that the zero interpolation conditions of
Theorem 3.1 can be stated in terms of the canonical set of
right null chains of V" and the canonical set of left null
chains of U at each A, € Ayy,. For that we need to
introduce an extension of the above definition.

Definition 3.4: An extended set of right null chains of a
full rank n X n rational matrix H(A) at Ay, is a canonical
set of right null chains augmented with n — [ vectors in
R", i.e., {x:*1,-+-, x7}, such that the span of {x], xie xt}
is equal to R". The order associated with these added
chains is zero.

From the above definition, if a square rational matrix
has no zeros at A, then the corresponding canonical set
of null chains is empty and the extended set is a basis for
R", e.g., the columns of an n X n identity matrix.

Next, we apply the above resuits and definitions to the
zero interpolation conditions of a one-block problem. In
the context of Theorem 3.1 we have the following equiva-
lence: for j = 1,---,n, and k = 0, oy, = 1,

55 Y6 —_ 2 n,=j+1 —
(78) (4) =0 = T, (D)x7"1 =0

where x is an extended set of right null chains for V at
Ao The sequence of x¥’s has to be reversed in the above
equation due to the fact that oy is a nondecreasing
sequence of algebraic multiplicities while an extended set
of null chains is defined with the opposite ordering. Note
that if o, = 0 then both conditions are satisfied trivially
(ie., there are no conditions). Similarly, for i = 1+, n,
and k = 0,105 — 1.

(ai(})(k)()\o) =0 ]:\o‘”u.([jT)yn.—Hl = 0.

In other words, the extended set of left and right null
chains are locally (i.e., for each Ag) equivalent to the
polynomial vectors &s and B;'s. Having made this obser-
vation, we are ready to present an alternative set of zero
interpolation conditions.

Given an element of an extended set of right nuil
chains at A, x/, of order o, define the following polyno-
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mial vector:
(A= A7

1f o; > 0. and # W) =x{ if o= 0. Similarly, deﬁne
(/\) for an element of an extended set of left null chains.
y of order ;. With this notation we have the following

corollary.

Corollary 3.2: Given a one-block problem, the zero in-
terpolation conditions of Theorem 3.1 are equivalent to
the following: for all A; € Ay,

(D) =x] + (A = Adxi +

(51,85,) “a) = 0
i=1,n
for {J =1rny
k = 0,"', UU,(AO) + O-V/(AO) - 1

where y' and x/ are elements of the extended sets of left
and right null chains of Uand V respectively, and o, and
oy, are the corresponding orders (i.e., algebraic multlphc-
ities).

Proof: Follows directly from Theorems 3.1 and 3.2,
and from the above definitions. n

B. Computation of Null Chains

This subsection discusses a simple algorithm to com-
pute the extended set of null chains at A, of a full rank
square rational matrix analytic at A,. Let H() denote an
n X n rational matrix and assume that A, is given, then
the algorithm is based on the computatlon of a basis for
the nulispace of 7, ,(H) for increasing values of o.

Consider the constructton of an extended set of right
null chains. By Definition 3.2, given some positive integer
o, any vector in the kernel of T, ,(H) such that x, # 0
is a potential member of the set. Tet B, denote a matrix
whose columns form a basis for the right nullspace of
T,,.o(H). then the following algorithm generates an ex-
tended set of right null chains.

Step 1) Compute B, for o = 1,2,--- until the top n
rows are filled with zeros (no more null chains can be
extracted at this point). Then the maximum order of any
chain, oy, is given by the current value of the counter (o)
minus one. Note that, by Corollary 3.1, this iteration
process is guaranteed to stop since the rational matrix H
is finite dimensional (i.e., its zeros have finite algebraic
multiplicity).

Step 2) Let b, for i = 1,--,r denote each column of
B,. Reduce the d1mensxon of the b’s by removing all sets
of n contiguous zeros at the top of each vector. The result
is a collection of r vectors (possibly of different dimen-
sions) such that the top n entries of each one define a
nonzero vector in R”. (Note that at least one will have
dimension no.)

Step 3) Sort the resulting vectors in decreasing order
of dimension. Let / be the rank of the n X r matrix that
results from collecting the first n rows of each vector.
Then, select the first [ vectors such that the reduced
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matrix that results from collecting the first n rows of each
vector has rank /. Such collection forms a canonical set of
right null chains.

Step 4) Extend the set by augmenting the collection
with n — I vectors such that the set of n vectors formed
with the first n rows define a basis in R".

If the system H(A) is given in state-space form, say
[A4, B.C, D], then the Toeplitz matrices T, ,(H) can be
easily computed using the following equation (see Defini-
tion 3.1):

AC(I — A4) 'B+D
C(I - A, A) 14 B

fork=20

kT fork =1,2,-.

Note that (/ — AOA) ! always exists since A, is in the
unit disk and H is stable (i.e., analytic in the closed unit
disk). A word of warning is necessary, however, when Ag
is close to the unit circle and A4 has a stable eigenvalue
that is also close to the unit circle and next to A,. Such
cases may give rise to numerical difficulties. Besides this
fact, the rest of the algorithm only involves the computa-
tion of nullspaces that can be done efficiently through the
well known QR or singular value decompositions [22].

C. A Simple Example

In order to illustrate the workings of the algorithm
introduced in the previous section, a simple example is
presented. Let H(A) be a 3 X 3 polynomial matrix given
by:

. (A-05° MA+2D(A—-05 0
HX) = | (A - 05)° A = 0.5) 0
0 0 A?

We have chosen a polynomial matrix just to make the
example tractable without the aid of a computer. Let us
construct an extended set of right null chains for the zero
at A, = 0.5. According to step one, we compute the
nullspace of T, ,(H) for ¢ =1,2,--. In particular, for
o = 3 we have:

0o 0 0 00 0 00 O
0o 0 0 00 O 00 0
0 0 25 00 0 00 O

o 5 0o 0o o0 0 00 O
Toso)=10 5 0 0 0 0 00 0};
0 0 1 0 0 2500 0
115 0 0 5 0 00 0
0o 1L 0 0 5 0 00 0
0o 0 1 00 1 00 25

00 0

0 0 0

000

0 0 1

B,= {0 0 0.

0 0 0

1 00

010

0 0 0

M
. ) _ i




DIAZ-BOBILLO AND DAHLEH: MINIMIZATION OF THE MAXIMUM PEAK-TO-PEAK GAIN 1467

Clearly, the first three rows of B, are zero so we stop
increasing o. Then, the maximum algebraic multiplicity of
Ay = 0.5 is two, ie., o, = 2. Next, (Step 2), reduce each
column of B, by eliminating the leading blocks of zeros to

get:
1 0
bl =10}; b2 =1i{11; b3 =
0 0

Then (Step 3), reorder the set of vectors in decreasing
dimension, i.e., {5, b}, b,}, and compute the rank of the
matrix formed with the first three rows:

1 1 0
I=rank{{0 0 1|]=2
0 0 O

Then, the canonical set of right null chains is given by

{x!,x*} where
0
and x*=|1
0

with their corresponding order (i.e., algebraic multiplicity)
being o, = 2 and o, = L. This indicates that the geomet-
ric multiplicity of A, is two. Finally (Step 4), to get an
extended set of right nuil chains we augment the collec-
tion with x> = (0 0 17 having order o3 = 0 (by defini-
tion).

OO OO -

OO O~

IV. DUALITY AND EXISTENCE

With Theorem 3.1 we have established a compact alge-
braic characterization of the set . Next, we need to
interpret these results in the context of (7), which calls for
the identification of the subspace of [7-*"~ which annihi-
lates . ,

Following the approach in {11] and [29], we write the
zero interpolation conditions as functionals acting on R.
Indeed, for all (i, j, k) in the ranges established in Theo-
rem 3.1, for [ = 0,1,+, and all A, € Ayy, define RF;;,,
and IF;,, in l2:"~ such that

[RFijkAo(l)]qp = Z E aiq(s -1

t=0 s=0

B,,(t — nR[O® (18)

A=ag

and

[IF,.,,MO(I)]“, =

t

s

Y oa(s =D
s=0

0

(k)]

Bt — HT[(X) (19)

A=Ag
where R(A) and T()) denote the real and imaginary part
of A respectively, and a;, denotes the gth column of «;
while 8,; denotes the pth row of B;. By straightforward
algebra it can be shown that (R, RF;,,» =0 and
(R, IF Ac,) = 0 if and only if R satisfies the zero interpo-
lation conditions of Theorem 3.1. Note that only a finite
number of sequences are required, thus the subspace
spanned by the sequences associated with the zero inter-
polations is finite dimensional. In fact, the number of
functionals is given by:

y Bu
= L X Y oy (X) + oyi()\o). (20)

A€ Ayyi=1j=1
A note should be made on the way c, is computed. If a
given Ay € Ayy i complex then A € Ayy too, since U
and U are real-rational. However, for the purpose of
constructing functionals, only one of each pair of com-
plex-conjugate z€ros should be considered since the other
one would generate redundant functionals. But, for the
purpose of counting the number of independent function-
als (i.e., computing c), both zeros should be included in
Ayy, since a complex-conjugate pair of zeros generate

twice as many functionals as a real zero.

Next, we look at the rank interpolation conditions fie.,
conditions in i)]. Again, these algebraic conditions can be
viewed as convolution of sequences. For i =n, + 1,,m,
and ¢ = 1,7+, n,,, define the following sequence of n, X
n, matrices:

qth column

X, (D = |0 0 fGG-D 0 = 0
‘@

where ¢, | € Z,. Similarly, for j = n, + 1,,n, and p =
1,---, n,, define

Xpip,(l) = }pth row. (22)

0 v )
Then, (R,Xaiq\,) =0 and (R,X,,jp,) =0 fort=01,"
if and only if R satisfies the rank interpolation conditions
of Theorem 3.1. Note that, in contrast with the zero
interpolation sequences, the linear span of the X, ,’s and
Xﬁip,’s is infinite dimensional since for every G,q,ph t
can take infinite values (ie., ¢ € Z,).
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The next theorem gives a sufficient condition for the
existence of an optimal solution to (3). The proof is
omitted since the arguments involved are essentially the
same as those in [11], [29].

Theorem 4.1: If every Ay € Ay, is strictly inside the
unit disk, then there exists R° €.% such that

M°=”H"RW1= meH-Rm.

Note. however, that the above result is more general
than that in [29], where it is assumed that U and V' have
square partitions with no zeros on the unit circle. Such
extra assumption was avoided by determining the full set
of interpolation conditions directly from the Smith-Mc-
Millan decomposition of U and V.

V.1, OPTIMIZATION AND LINEAR PROGRAMMING

This section will establish the equivalence between the
primal-dual pair of optimization problems (5)—(7) and a
primal-dual pair of infinite dimensional linear programs.

By definition, %* C IZ:*"~ is the linear span of the
sequences (18)-(22), and G is any element in that sub-
space with infinity norm not greater than one. That is,

G € span {R-Fijk/\o’ IF;jas Xa oo Xa,pr} (23)

with the appropriate index ranges.

In order to bring (5) and (7) into a standard linear
programming form, it is convenient to redefine the nota-
tion, the purpose being to express both the objective and
the feasible subspace in (infinite) matrix form. This is
possible since the constraints that specify the feasible
subspace % are no more and no less than an infinite
collection of linear functionals annihilating the sequence
R, which can be expressed as an infinite collection of
equality constraints on the elements of the sequence .

To bring the primal objective function ||®[l; into linear
form and avoid the nonlinearity built into the one norm,
we use a standard change of variables from linear pro-
gramming: let ® = &*— &, where ®* and o~ are
sequences of n, X n, matrices with nonnegative entries.
That is, with a slight abuse of notation, ®*> 0 and
®~> 0. Then, the /|, norm of & takes the form
max; L7z Z7.o(#;(8) + ¢;;(¢+)) which is linear in
(*,®7). This expression holds only if, for any (i, j, 1),
either &;;(t) or ¢;(1) is zero, which is a guaranteed
property of the optlmal solution. Indeed, if a feasible
solution is such that ¢;;(¢) and &;;(¢) are strictly positive,
then reducing both variables by min(¢;;(1), ¢;(¢)) re-
duces the value of the cost and does not violate feasibility
since the difference remains the same, and further, one of
the two variables becomes zero. Therefore, the optimal
solution will always be such that either (¢;;(¢) or ¢;;(+)) is
zero. Note that this transformation doubles the number of
variables representing the closed-loop response.

Consequently, the primal problem (5) can be restated
as follows:

o _

p’ = inf

I iy
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subject to

3

s

w

fori=1,-,n, (24)

(65(0) + &7(0)) <

—

t=0

j=
b -He

Next, we shift attention to the linear constraints repre-
senting the feasible set. From the previous discussion it is
clear that a given @ is feasible (.., there exists a stable Q
such that & = H — UQV) if and only if

<d) Rij,\0> = <H RijkAo>

(@, IF, ) = CH IF, )
A€ Ayy
i= 1’...,nu
for j= 1’...,'1" (25)
k=0, UL',(/\O) + UVI(’\O) -1
and
i =n, + 17'“)":
<¢) Xaq,> <H Xaql> j=ny+1,-.-,nw
for =1,-,n,
(B, Xy ) = CH. Xy ) !
p = ,-oo,nz
t = 0’1’2’...
(26)

Each of these equations can be viewed as a linear equality
constraint on the sequence .

At this point it is convenient to drop the tensor nota-
tion used so far and introduce a more compact,
computer-ready matrix notation. Let M;; denote an infi-
nite matrix mapping /, to R, formed by collecting those
coefficients of the zero interpolation functionals that act
on the sequence ¢,;. Similarly, define M, ;j to be an infinite
matrix mapping /, to 1,, formed by collecting those coef-
ficients of the rank interpolation functionals that act on
¢;;. With this notation, the set of feasible closed-loop
maps is characterized by the following set of equality
constraints:

Z Z Z Z ki = b €R% (2D
i=1j=1 i=1 j=1
ZZM( ZZ l] if :bZEII' (28)

i=1j=1 i=]1j=1

Therefore, the primal optimization problem (5) is
equivalent to the following infinite dimensional linear
program:

[y

u° = min

poE .85
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subject 10

fori=1,,n;

(@) + Y Y o5 + (1) = p

j=11t=0

3

w

2 Mij(¢i7 - d’,-;) =b,
i=1j=1
2 ) Mij((bi-; —-¢;) =b,
i=1j=1
§,¢$, JZO (29)

where £ € R™ is a positive vector of slack variables. Note
that the above linear program is infinite dimensional in
the number of variables (i.e., dimension of any ¢, ;) and
the number of constraints (i.e., dimension of b,).

In order to complete this discussion, it remains to show
that problem (7) is also equivalent to a linear program-
ming problem. In fact, it can be shown that such problem
corresponds to the standard dual formulation of problem
(29). To illustrate this fact, we will simply write the dual
form of (29) and compate it to (7). Let v € L. denote the
sequence of dual variables. To get more insight into the
dual problem, let us partition ¥ according to the natural
partitioning of the set of equality constraints. That is, let
y=(=v " y,)T, where v, € R™, v, € R¢ and v, €
I, (it is convenient to have the sign of ¥, changed). Then,
the standard dual linear program of (29) is given by:

max (b, 7 + (b, 72)
Yo: Y1 Y2

[ a—

lL =
subject to

"z
1220, Ly =1

i=1

"'Yo(i) < (Mizj-'YI + A—'iiz"')'z)(k) < Vo(i)

i=1,"n,
for {j=1,+,n,. (30)
k=0,1,

If one compares the above linear program with problem
(7), the following relationships become apparent: D7
and y, are nothing but the coefficients that combine the
linear functionals associated with the zero interpolation
conditions and the rank interpolation conditions, respec-
tively, to obtain G; 2) the objective function results from
expanding ( H,G) when G is expressed as a linear combi-
nation of the elements in the generator of &% 1 with
coefficients (y,,7,); and 3) the set of inequality con-
straints is equivalent to [|Glle < 1, while the second line of
inequalities bounds G componentwise, the first line
bounds the matrix -norm of G by one.

VL. ONE-BLOCK PROBLEMS

One-block problems have a very specific interpolation
structure, namely no rank interpolation conditions. From
a primal formulation point of view [see (29)], this simpli-
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fies the problem significantly by bringing the number of
equality constraints down to a finite value, namely ¢. + 7..
There remains, however, an infinite number of variables
represented by the ¢;s in /;. Nevertheless, it has been
shown by looking at the structure of the dual problem,
that the underlying problem is finite dimensional [9].
Indeed, the dual formulation has an infinite number of
inequality constraints but retains a finite number of vari-

ables:

0 —

B = max<b1, 71>

Yo 71

subject to

7020 Ly <l

i=1

i = 1’“"”2
_'Yo(i) < (MIT‘YI)(k) < Yo(i) fOr J = 1’“”"»"
k=01,
(31)

Recall that M, J is the matrix representation of an opera-
tor mapping R°: to .. However, with Assumption 1 hold-
ing, the actual range of MJ is in ¢, since each of the
columns of Mif is in ¢, and there are only finitely many
of them. This is exploited in the following lemma from
(341

Lemma 6.1: Let M be a full column rank infinite
matrix mapping R” to c,. Then there exists a positive
integer N such that

”(I - PN)m"r < "PNmuz

for all nonzero x € R".

Note, in particular, that N is independent of x and is only
a function of M.

In other words, given a matrix mapping a finite dimen-
sional space to ¢y, it is always possible to bound the index
at which the infinity norm of any sequence in the range is
achieved.

The following theorem extends a result from [9] by
exploiting this structure.

Theorem 6.1: The exact solution of a one-block 1,-opti-
mal control problem is given by the following finite di-
mensional (dual) linear program,

p = max (b, ;)

Yor 71
subject to
nZ
vo20, L=l
i=1
—y(i) < (ngl)(k) < ()
i= 1’-. N,
for{j =1, (32)
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Proof: Form matrices M;} as defined before. Assume
they have full column rank (if not reduce the number of
columns). Apply Lemma 6.1 to each M] and let N
denote the corresponding index bound. Then, we claim
that for every feasible solution of problem (31) all in-
equalities of the form KMy, Xk)| < y,(i) for k > N;; are
inactive constraints (i.e., the inequality is strict) and they
can be ignored in the solution. Indeed, by Lemma 6.1, if
there is an active constraint for k > N, then there must
have been a violation of a constraint for some k <N,
since the /, norm of the sequence M,-?-y1 is attained
before N; and is always bounded by v,(i). n

This fact has an immediate and important implication
on the primal linear programming formulation of one-
block problems. Due to the alignment conditions, if a dual
optimal solution is such that all inequality constraints are
inactive for k > N, then the primal optimal solution is
such that it vanishes for k > N.

Corollary 6.1: For any one-block problem, the /,-opti-
mal closed-loop response, ®°, has finite support (ie.,
finite pulse response). Furthermore, each entry ¢,; has
support no greater than N;.

Note that the N,;’s provide apriori bounds on the lengths
of the optimal ¢,;’s. Moreover, these bounds are indepen-
dent of H and only depend on the zero interpolation
structure of the problem.

We conclude this section with an interesting property of
most one-block problems, regarding the /;-norm of each
row of the optimal solution.

Corollary 6.2: Given a one-block problem, if for some
i€{l,,n}and j€(l,,n,} the matrix M has full
column rank, then [{®°)1l; = p°.

Proof- Assume |[(®°);ll, < u° then £(i) > 0. By the
alignment conditions, this implies that y,(i) = 0, and in
view of (32) and the rank condition on M/, y, must be
zero. But this implies that p° = 0 which is a contradic-
tiom |

It should be noted that there are some pathological
cases where the rank condition of MUT- is violated. For
instance, if the given one-block problem is in fact a
combination of two or more totally decoupled subprob-
lems, then some Milr’s will have entire columns of zeros.
In most cases, however, the solution is such that the norm
of each row of ®° is equal to p°. It is interesting to point
out the analogy between this aspect of the [ -optimal
solution of one-block problems, and the equivalent in
optimization. In the first one, the same “gain” is achieved
at all outputs while in the second one the same “gain” is
achieved at all frequencies (i.e., inner solution). These are
direct consequences of the corresponding norm defini-
tions. Furthermore, the analogy extends to the multiblock
case in the sense that this property does not hold in
general.

VIL. MULTIBLOCK PROBLEMS

The exact solution of the one-block problem rests on
the fact that the primal linear programming formulation
has only finitely many equality constraints (or, equiva-
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lently, the dual formation has finitely many variables). The
multiblock problem. however, is characterized by a primal
and dual formulation with an infinite number of variables
and constraints. So, in principle. one can attempt to get
approximate solutions by an appropriate truncation of the
original problem.

There are basically two approximation methods re-
ported in the literature. The first one, known as the
finitely many variables (FMV) approximation, was origi-
nally introduced in [11] and further developed in [29], {34].
It results from constraining the support of the closed-loop
response &, thus providing a suboptimal finitely sup-
ported feasible solution to the problem. In the second
approach, known as the finitely many equations (FME)
approximation [6], [33], only finitely many equality con-
straints are retained in the primal formulation of the
problem, the solution of which is superoptimal but infeasi-
ble. Its value is complementary to the first approach in the
sense that it generates lower bounds of the optimal norm,
K.

The next two subsections give a more detailed descrip-
tion of these methods along with their main characteris-
tics. They do not contain new results.

A. The FMV Approximation Method

Let N be the order of approximation or support of ®,
then the FMV primal formulation is given by the follow-
ing linear program:

y= mn p

o€ BT

subject to

n, N
(D + Y Yok + (k) =p  fori=1,n,
j=1 k=0

L Y M(¢]

- (b‘;) =b1
i=1j=1
Y LM - ;) =b,
i=1j=1
(k) =¢;(k)=0 fork>N
£, ¢5,6; 20. (33)

Note that without the constraints ¢;j(k) = ¢;:(k) =0
for k > N, (33) is equivalent to the full (untruncated)
optimization problem. Clearly, the added constraints will
make Py > p° in general. It is yet unclear, however, if the
resulting problem is finite dimensional or not, since we
still carry an infinite number of constraints. A closer look
at the matrices 1\7[,-!- will answer this question.

Recall that these matrices represent the rank interpola-
tion conditions (albeit some specific reordering) of the
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form (see Theorem 3.1):

Xy, +1 Xy -1
. * P = : * H
a, @,
and
(D*(Bny+1 an)=H*(Bny+l Bn,,)

where the results from the right-hand side convolutions
are collected in the infinite vector b,. The matrix repre-
sentation of the convolution of the a;’s and B;’s on the
different entries of ®, say ¢, is precisely given by M;;.
Therefore, such infinite matrices will have a band struc-
ture inherited from the fact that the &,(A)s and éj( A)s
are polynomials. '

In view of this particular structure, forcing ¢;;(k) =0
for k > N will make the product (M;;¢;;Xk) eventually
vanish for kK > N + constant, where the constant depends
on the order of the polynomials &(A)s and BAY's. I,
however, the infinite vector b, is not zero at that point,
then the equality constraints will be violated for any &,
implying that the added constraints have transformed the
feasible set into an empty set and that the linear program
has no solution. Furthermore, this will always be the case
if b, has infinite support, no matter how large N is
chosen to be. This leads to the following theorem and
corollary (equivalent results can be found in {29].

Theorem 7.1: Given a multiblock problem, there exists
a finitely supported feasible solution, @, if and only if
a;* H and H* B; are finitely supported for i =n, +
1,-,n,and j =n, + 1, n,.

Corollary 7.1: Given a positive integer N, the FMV
problem (33) has a nonempty feasible set and therefore a
solution, if and only if (a; * HXk) = 0 and (H * B;}k) =
0 for k > N + constant, i =n, + 1,---,n, and j=n, +
1,-+,n,, where the constant depends on the order of &
and B;.

It is clear from the above results that there is a class of
multiblock problems for which the FMV method fails
regardless of the order of approximation N. Also, given
any multiblock problem, there is in general a lower bound
for N under which the FMV method also fails. A way to
avoid this difficulty is to approximate H arbitrarily close
with a finitely supported sequence (e.g., P, H). Such ap-
proach, however, has the effect of increasing the order of
the suboptimal solution and therefore the order of the
controller that achieves it.

Without overlooking these limitations, we are going to
assume for the rest of this subsection that the problems at
hand allow polynomial feasible solutions and that N is
large enough to capture at least one of such solutions.

Under these assumptions, it is clear that all but finitely
many constraints in (33) are satisfied trivially, so that the
problem is in effect a finite dimensional linear program.
The next theorem shows that it has nice convergence
properties [11].
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Theorem 7.2: In the FMV method, vy — p® as N = *.

Besides the necessary assumptions regarding the exis-
tence of polynomial feasible solutions, the FMV approxi-
mation method suffers from two other signigicant draw-
backs: 1) Although it provices an upper bound for u° and
a feasible solution that achieves it, it gives no information
about how far away from optimal the solution is, and 2)
the compensators obtained with this method suffer from
order inflation (i.e., the order of the controller increases
with N). These aspects of the solutions will be illustrated
through an example at the end of this section.

B. The FME Approximation Method

The first drawback was solved independently in [6] and
[33] by introducing a second optimization problem, the
FME approximation method. Such method further ex-
ploits the structure of the matrices M;; to get lower
bounds on w°. The name stems from the fact that only
finitely many equality constraints associated with the rank
interpolation conditions are included in the optimization
problem. The rest are simply ignored. Therefore, the
solution obtained will in general fail to satisfy those
constraints that were left out, rendering it infeasible to
the un-truncated problem. A formal statement of the
FME approximation problem (in its primal form) is as
follows:

Yy =
N e%?' ¢.~7p'
subject to

(i + Y T 50+ 500 = fori=1len,

j=1k=0
E E Mx,(¢; - ¢,7) = bl
i=1j=1
Y Y M (65 - 7)|(0) = by(K)
imlj=1

fork=0,,N-1

£ ¢.¢; 20 (34)

This truncation scheme transforms the original problem
into one with a finite number of constraints but still an
infinite number of variables. An argument similar to the
one used for the one-block problem shows that the above
infinite dimensional linear program is indeed equivalent
to a finite dimensional one. Let M;; y denote the trun-
cated M;; (i.e., the first N rows of it). Since M;; y has
only a finite number of rows, then the combined matrix

(ME ME )

maps a finite dimensional space to 1. Moreover, due to
the band structure of M;;, all the columns of the com-
bined matrix are in ¢, and thus the range is in c,.
Therefore, by Lemma 6.1 and Theorem 6.1, the FME
problem is equivalent to a finite dimensional linear pro-
gram whose solution has finite support.
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The sequence of linear programs in (34) are such that
the number of constrints increases with N. Therefore, v
forms a nondecreasing sequence bounded from above by
w°. The next theorem shows that it actually converges to
u® [34).

Theorem 7.3: In the FME method, vy = p° as N — .

Based on these convergence properties, a multiblock
problem can be solved iteratively to any degree of approx-
imation by solving two finite dimensional linear programs,
corresponding to the FMV and FME truncation schemes,
at each iteration. The stopping criterion is based on the
upper and lower bounds provided in each iteration. This
holds only if there exits finitely supported feasible solu-
tions to the problem.

C. Delay Augmentation Method

Following, a new method is presented by the name of
delay augmentation (DA). This method provides a con-
ceptually attractive and computationally efficient way of
solving general multiblock problems, with the added bene-
fit of not requiring assumptions on the existence of poly-
nomial feasible solutions and with the capacity of generat-
ing suboptimal controllers without order inflation.

The main idea is very simple.

1) augment U and V with pure delays (i.e., right
shifts) such that the augmented problem is one-block,

2) apply all the machinery developed for one-block
problems to the augmented system,

3) reduce it back to the original system and compute
the controller.

In more precise terms, partition the original system as

follows:
Py P H, Hj, U,
(‘b:l ¢, ) \Hy Hn| \U o, V1) (35)

where U, € []<*"« and V| € [{»*"~. Then, augment U and
V' with N'th order shifts and augment the free parameter

Q accordingly:
Ppuy Prw — H, Hy, _ u, o
Hy, U, Sy
Qll QIZ Vl V2
’ (36)
(Q21 Qnf\ 0 Sy
or, equivalently,

Pyn P Hy
Sy =H - UyQOyVy = H - Ry

37

where Uy, Qp, and ¥, have the obvious definitions.
Clearly, problem (37) is of the one-block class since U, €
[7:*": and V), € I7~*"~. By expanding (36) we have

and

(0 U0,
OaV1 OuV2 + U0y, + Sy0n

IEEE TRANSACTIONS ON AUTOMATIC CONTROL. VOL- 38. NO. 10. OCTOBER 1993

where the fact that these are all time invariant operators
has been used. With this notation we are ready to define
the delay augmentation problem of order N as the follow-
ing optimization problem:

inf  H - UyQxVell. (39)

QnE I

L’LN =

It follows from the above definition that wy is a lower
bound for u° since

By < inf “H - UNQNVNHI
- QO el
Q=09 =0xn=0
= inf |H-UQyVl=p
Q‘l I’l x’l

In other words, the extra degree of freedom in the free
parameter Q,, (as compated to Q) makes the construction
of superoptimal solutions possible. Such solutions, how-
ever, are clearly infeasible to the unaugmented problem.
Also, it is interesting to note that the extra parameters
(namely Q,,, Q,;, and Q,,) have no effect on the solution
&, (k) for k < N due to the presence of the shift operator
in (38). And even more interesting, the term &,; is not
affected at all by the added parameters (note the block of
zeros in R,). This observation will let us construct a
suboptimal feasible solution directly from the solution of
(39).
Given some positive integer N, let

v = 1081l = IlH — UQYV — SyR§ Il

then, clearly

pn® = inf
Qelpxn

IH - UQVI, <lIH — UQsV Il = Ry
(40)

Or, equivalently, the solution obtained by making the
extra free parameters zero after solving (39) is feasible
and suboptimal to the unaugmented problem. The follow-
ing lemma summarizes these results.

Lemma 7.1: Given a positive integer N and definitions
(39) and (40), then

My S p° <y

where 1, is achieved with Q7).

Before addressing the convergence properties of this
method, a word on existence is in order. Recall that
existence is assured if there are no zero interpolations on
the boundary of the unit disk. Now, it may happen that a
multiblock problem that satisfies this condition augments
into a one-block problem that does not. Indeed, notice
that the left zeros of Uy, are glven by the left zeros of U,
plus a multiple zero at the origin (due to the block of
delays, AMI, resulting from the A-transform of Sy). Clearly,
the left zeros of U are also left zeros of U1 However, U,
may have more zeros, possibly on the boundary of the
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disk. For example, let

A=((A—1) 0
NTl=08 av)

At A =1 the above matrix looses rank, indicating the
existence of a zero at the boundary of the unit disk.
However, reordering the outputs before augmenting with
delays avoids this difficulty:

~ _[(A=05) 0
U"_((A—l) ,\N)'

Note that the original U has no left zeros since the rows
are coprime.

The same applies to the right zeros of V. In many
instances this situation may be reversed by a proper
reordering of inputs and outputs, such that the resulting
U, and V; have no zeros on the boundary respectively. In
any case, this limitation has little practical implications
since it is always possible to find rational solutions to (39)
that are arbitrarily close to uy. In view of this, we will
make the following simplifying assumption.

Assumption 2: U(A) and V() have no zeros on the
unit circle.

Note that under this assumption the results of Theorem
3.1 are applicable. Furthermore, in the analysis that fol-
lows we will be able to exploit the existence of optimal
solutions for any N and thus avoid the epsilon-delta
arguments that would result from rational approxima-
tions.

By definition, problem (39) is equivalent to the follow-
ing primal-dual pair:

py = min [H - Ryl =

H,Gy).
v = T sup (H,Gy). (41)

GNE‘?A;-
"GN"wS 1

It is easy to see that, as N increases, the subspace Sy
gets smaller and such that

y[v QyN+1 2 2F (42)
since the only change in the interpolation structure is due
to a higher multiplicity of the zero at the origin. There-
fore, uy forms a nondecreasing sequence, bounded from
above by p°. ‘

The next theorem states
result. _

Theorem 7.4: Given the sequence @y, there exists a
subsequence that converges weak* to some ®°. If the
optimal solution is unique then the whole sequence con-
verges weak™ to it. .

Proof: Clearly ®§ forms a bounded sequence in
[n:=xn then there exists a weak*-convergent subsequence
@9, by the Banach—-Alaoglu theorem. Let ®** denote
such limit point. As mentioned before, @} is infeasible to
the original (unaugmented) problem. However, we will
show that ®*" is in fact feasible. From (38), after taking

an interesting convergence
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the weak* limit, we have:

*

wh = H(UQ‘ﬁV)W - (SN,R?\G) =H- U(Qfl)w‘V

where the superscript w* denotes weak* limit. The last
term drops since R%, is uniformly bounded in N. For if
{Ii,”v} were unbounded, then {Q?} would necessarily be
unbounded to keep wy bounded. But this contradicts the
fact that py I larger than {Hy, — U0 yVilli. There-
fore, ®*" is feasible. To show that ®* is actually an
optimal solution, we need to view @ as a bounded linear
operator from cg=" to R (i.e., bounded linear functional
on ¢f}~*"~) with strong operator limit ®**. In such context
we have the following inequality (see [25], p. 269):

19*" |l < liminflidf Il < (1$°Hh.
Fo®

Therefore, since ®*" is feasible, all inequalities above are
in fact equalities and o = P°,

Finally, if the solution is unique then the whole se-
quence converges to ®° weak™. |

The last claim in the above lemma simply reflects the
fact that if there are several optimal solutions, ®°, then a
sequence of DA problems can be such that ®§ (in the
limit) “jumps” from one optimal solution to the other
therefore not converging as a whole. Then, a subsequence
that “keeps track” of a single optimal solution will con-
verge weak* to it. This technicality is unnecessary when
the optimal solution in unique.

An immediate corollary to Theorem 7.4 is the following.

Corollary 7.2: The sequence of lower bounds, wy, con-
verge to p° as N — . -

Next, we focus on the convergence properties of the
dual sequence Gy. In the context of (41) we state the
following Theorem. (Note that Gy, as well as G° may not
be unique).

Theorem 7.5: Given the sequence G, there exists a
subsequence that converges weak™ in {2:X"v to an opti-
mal solution G°. Furthermore, if the solution G° is unique,
then the whole sequence converges weak™* to it.

Proof: Clearly the sequence Gy is bounded by one.
Then, by the Banach-Alaoglu theorem, there exists a
subsequence that converges weak® in 2% Also, from
(42) we have that

S CH E ST

Or, equivalently, G§, is feasible to the original (dual)
problem for all N. Further, it can be shown that the
feasible subspace &+ is weak*-closed (11}, [29], then G},
converges weak* to a feasible limit point, say G"". There-
fore,

py, = (H,G) = (H,G™").

But, by Corollary 7.2, puy — p°, thus, p° = (H,G"").
This implies that G** i$ in fact an optimal dual solution,
G, since it achieves the optimal value and is feasible.
If the solution, G°, is unique then the whole sequence
converges weak* to it.’ | B
Next, we focus our attention on the sequence of subop-
timal solutions that attain the upper bound Zy. Let
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P, = H — UQpV, then Ty = ., by definition. It is
easy to see that ®, forms a bounded sequence in [}=X"
(if not ®¢% y and thus uy would be unbounded). There-
fore, there exists a subsequence that converges weak™ in
1:Xnv_ Also, ®y is clearly feasible to the original problem
for any N, and since is weak*-closed [11], then all
weak* limit points are feasible. The question is whether
or not the subsequence fy = fidy |l converges to n® in
general.

In order to give a proper cuswer to this question, it is
useful to make the following observation first made in
[33]. In Corollary 6.2 we have shown that most one-block
problems have optimal solutions with all row norms equal
to p°. To illustrate why this is not the case with multi-
block problems, consider the following SISO example:

& =hy —ug

where all operators are in /, and #,(A) has no zeros on
the unit circle. Let ¢ denote an /,-optimal solution to
such (one-block) problem, that is achieved with g°. Next,
add a new row to the problem,

¢l _ hl _ uy
®, ~ Ay U 1

such that |k, — u,g°lli < p° (this is always possible sim-
ply by choosing a scalar weight on the second row of small
enough value). Then, it is clear that an optimal solution to
the new two-block column problem is still given by g° and
that l¢gll; < léflly = u°. In other words, the new row
does not affect the optimal solution which is given by the
first row alone. In contrast with a one-block problem with
two outputs, a two-block problem with two outputs has to
minimize both outputs with just one scalar free parameter
sequence, g. The “shortage” of degrees of freedom is
what makes this situation more common in multiblock
problems.

Having noted this behavior, we can present the main
theorem concerning convergence of the upper bound, Zy.

Theorem 7.6: Given a general multiblock problem, let
®y, converge weak* to an optimal solution ®° =H —
UQ°V such that [(®*)ll, = pn° for i € {1,---,n,}. Then,
5N’ converges strongly (i.e., in the norm) to ®° as N — o,
and further, @y — #°.

Proof: 1t is a well-known fact that if a sequence

x, €I, converges to x** weak*, and if llx,ll; - "1\,
then x, converges to x** strongly. However, such result is
valid only for scalar and row-vector sequences in /; @it is
easy to think of a counter-example in the general matrix
case). Therefore, we apply it to each individual row of ®y
to conclude the following: (&% ); converges strongly Ge.
in the norm) to (®°), for all i € {1,--,n,} such that
K&l = pe. .

At the same time, from Assumption 2, U, and V; have
full normal rank, so the map from Q,, to @, y is
continuous with continuous inverse, that is

éll = 01—1(ﬁ11 - ct’11.N)I}1"1~
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Then, using the fact that (@)l = u® for i € {1+, n } 8
we conclude that d_, converges strongly to &7, which 3
in turn implies that Qf, converges strongly to Q° and the g
result follows. E

The above theorem suggests that the construction of
the feasible solution that attains the upper bound, o, B
can be viewed as an attempt to compute the weak* limit %
of the sequence &y by “throwing away the tail” con-
tained in the term Sy RY. ,

It should be stressed at this point, that nonpathological
multiblock problems have optimal solutions where at least
n, of the n, rows achieve the optimal norm (a natural
extension of how optimal solutions of one-block problems
behave). Furthermore, those rows that do not achieve the
optimal norm can be left out of the optimization problem
without affecting the overall solution, so eventually, the
problem can be reduced. In general, however, a well
posed control problem will tend to have none of its rows
“redundant”, so m, usually converges to un° without
further considerations. In this context we have the follow-
ing corollary valid for two-block column problems of the

form:
o, H, U,
RS
Corollary 7.3: Given a two-block column problem, if
fidsll; < n° then @y is the exact optimal solution for any
N.
Proof: Follows immediately from the fact that the

first block-row H, — U,Q,V is independent of the extra
free parameter. That is,

®¢ y =H - UV
¢ n=H, - U0V — SyO3V.

- — 0

Then. for any N we have
D Wl = p® 2 py = max (|d¢ 1, P35 yll)
> 162 1.

Thus, equality is attained throughout and the resuit fol-
lows, i.e., @7 = Q°. | B

Theorem 7.6 and Corollary 7.3 dictate that a reordering
of outputs needs to be done so that the first n, rows of ®
achieve the optimal norm u°. The question is, then, how
to find a priori which rows of the problem are not going to
achieve the optimal norm. A brute force answer to this
question is simply to solve all possible one-block problems
formed by taking n, rows out of the given n_ rows. If any
solution is such that all the rows that were left out have
smaller norm than the corresponding u°, then those rows
are the inactive ones and should be ordered in Uj. (In fact
these rows can be removed altogether.) However, this
approach may require a considerable amount of work. We
will return to this difficulty later.

Two-block row problems, show a similar behavior. In-
deed, such problems may have columns that are inactive
in the optimization process in the sense that they can be
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removed without affecting the solution. Note that in the

previous case, the phenomenon of inactive rows was inti- -

mately related to the fact that the /; norm on matrices
takes the maximum row norm, which allowed us to easily
construct an example.

If the DA method is applied to a two-block row prob-
lem such that the columns associated with V, are inactive,
then again the solution @y is exact for any N. However,
py will not give the exact optimal norm (although it will
‘tend to it) since the extra parameter contributes in reduc-
ing the norm of @7, y.

Finally, let us point out that both forms of redundancy
(row and column) can occur in a multiblock problem
simultaneously. This discussion motivates the following
definitions.

Definition 7.1: Given a general multiblock problem, a
one-block partition is defined by taking n, inputs and n,
outputs of the full problem, such that the reduced prob-
lem corresponds to a one-block problem with full normal
rank U and V.

Definition 7.2: In a multiblock problem, a one-block
partition is totally dominant (TD) if the optimal free
parameter Q° obtained from its solution also solves the
original multiblock optimization problem.

It follows from these definitions that, if there is a TD
one-block partition corresponding to the partitions U and
V,, then the DA method provides the exact answer for any
N. The next section illustrates some of these properties.

In summary, in the DA method, u, always converges to
p’, and Ty converges to u° if the first n, rows are active.

VIII. A COMPARISON OF METHODS

This section provides a general comparison of the ap-
proximation methods presented, based on a few simple
multiblock examples. To facilitate further study, the first
two selected problems are the same as those treated in
other references [11], [33]. Particular attention will be
paid to two aspects of the solutions: first, the support
characteristics of the sequence of solutions, and second,
the order of the suboptimal controller they generate.

Example I: Consider the following two-block column
problem: given the SISO plant P, minimize the /, norm of
the weighted sensitivity and complementary sensitivity,

- (¢,) _| wa- PK)”!
2 W,PK(1 — PK)™"
where
50 = AA—-0.5)
(A —0.D(1 - 0.51)
and
W) = —E—; W,(A) = 000
1-02A 1-0.6A

Note that a variable scalar weight on ¢,, denoted p, has
been included. By adjusting p, we will be able to generate
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two interesting cases: case a) where ¢, is TD (for “small”
p) and case b) where both rows are active in the optimiza-
tion (for “intermediate” p). The workings of Theorem 7.6
will be illustrated by reordering the outputs and forcing
the TD row to be in the “wrong” place.

The results are presented in tables showing, for each N,
the DA lower bound ( uy), the DA upper bound (Zy)
and the FMV upper bound (¥y). The FME lower bound
is omitted since it is equal to w, in this particular case. In
general, however, py converges faster than v, since the
delay augmentation method generates more constraints
than the FME method for any given N. These extra
constraints are the ones that ensure feasibility of ®y; y.
To illustrate this point, consider the following case:

(o) - (h) - 2)e

where #,(A) and #,()) are coprime. Further, assume that
#,(A) has an unstable zero at Ay. Consequently, the FME
method generates the following rank constraints (note
there are no left zeros of U):

(pyxuy — dyxu)(k) = (hy*u; — hyx u)(k);
k=0,,N-1.
Now consider the DA method of order N:

0 4, 0
N , )‘N .
Let us construct the left zero interpolations for this Uy
Multiplying Uy on the left by (&, —i,) we get (0 —i,AY)
This implies that the left zeros of Uy are given by the
zeros of i, and a zero at the origin of multiplicity N.
Further, the directional properties of such zero are cap-

tured by the vector (2, —i,). Therefore, the zero interpo-
lation conditions are given by (43) plus the following:

J’l()‘o) = f’x( Ag).

Note that this last constraint becomes redundant as N -
mo

In this particular numerical example, however, both
lower bounds are equal due to the fact that the unstable
zeros of @,(A) are also zeros of @,(A).

Also included are the support characteristics of ®3 and
of the FMV solution along with the order of the subopti-
mal controllers that achieve the corresponding upper
bounds.

To describe the support characteristics we define a
function, len (-), mapping /7™ to Z7*™ in the following
way: given ® € [2™, then [len(®)]; is a nonnegative
integer equal to the maximum k for which ¢, j(k) is not
zero, plus one. Also, we denote the order of a controller X
by ord (K).

Case a): In this case let p =1 and keep the same
ordering of outputs as above (i.e., sensitivity first). The
results are shown in Table I. Clearly, the solution given by
the delay augmentation method is exact since the upper

(43)

1 3]




TABLE 1
COMPARISON OF METHODS: EXAMPLE 1. CASE a) WHERE
THE FIRST Row 1s TD

et s am T Ee et AR RN A RVIVAAV L AN A A arETemro

TABLE 11
COMPARISON OF METHODS: EXAMPLE I, CASE a) WHERE
THE SEco~D Row 1s TD

DA FMV
N oy Ay len(®2)T ord(X) 7, len(®2) ord(K)
1 0.78222 0.78222 (3 2) 2 - - —
2 0.78222 0.78222 (3 3) 2 - — —
3 078222 078222 (3 4) 2 131912 (4 4) 4
4 078222 078222 (3 5) 2 097459 (3 5) 5
5 0.78222 0.78222 (3 6) 2 0.87547 (6 6) 6
6 0.78222 0.78222 (3 7) 2 083292 (77 7

and lower bounds are equal for any N. Then, in the
context of Corollary 7.3, the first row corresponding to the
weighted sensitivity is TD. Indeed, a simple computation
shows that ||¢$ll; = 0.2040 < |[¢7|l = 0.7822. Note how
the support of the second row of the augmented optimal
solution increases with N while the first row remains
constant and equal to the optimal of the un-augmented
problem. Since the controller is computed from the first
row only, it is also exact and constant as N increases. In
contrast, the FMV solution has increasing support on
both rows, thus generating a suboptimal controller of
increasing order that approximates the second order opti-
mal controller. Note that for some N’s, the FMV problem
has no solution (indicated with a dash) since the feasible
set is empty.

Next, consider the same problem but with the outputs
reordered (i.e., the complementary sensitivity in the first
row). Table II shows how violating the conditions of
Theorem 7.6 affects the convergence of the upper bound
(note that the lower bound does converge as shown in
Theorem 7.4). Although the upper bound does not con-
verge, it is interesting to note that for N > 2 the length of

¢ v (ie., the weighted sensitivity) locks at a value of 3,
which coincides with the length of the optimal solution.
This seems to be a general characteristic of the DA
method as we shall see later. At the same time. there is a
clear order inflation on the suboptimal controller due to
the constant increase in the length of &{ ,. (Note: FMV
results are not included in Table II since such method is
not affected by reordering.)

Case b: Let p = 6 and place the sensitivity back in the
first row. For this weighting, both rows are active in the
optimization as shown by the gradual convergence of the
upper and lower bound (see Table III). Note that, even
though the controller order growth is comparable in both
methods, the support characteristics are quite different.
Most interesting, the length of ¢y remains equal to 4
for N > 2 suggesting the possibility that, by changing the
order of the outputs, a low order suboptimal controller
can be computed. This is in fact the case, as shown in
Table IV. (This procedure does not apply to the FMV
method since the suboptimal solutions obtained by this
method are such that all entries of ®(k) are supported at
k = N.) It is interesting how in both cases a) and b), a
proper ordering of the outputs results in a much better
approximation of the solution (exact if one row is TD) in
the sense that, after some N, the sequence of suboptimal

N Ly e len (®5)7 ord (K)
1 0.22000 1.1602 32 2
2 0.29195 1.9939 4 3) 4
3 0.42826 3.1464 (53) 5
4 0.55995 3.9859 (6 3) 6
5 0.65664 45189 73 7
6 0.71550 4.8077 @8 3 8
7 0.74789 4.9504 9 3) 9
8 0.76483 5.0171 (10 3) 10
15 0.78159 5.1878 153 15
TABLE III
COMPARISON OF METHODS: EXAMPLE I, CASE b) WHERE
No Row s TD
DA FMV
N uy Ty len(®g) ord(K) Ty len(®R)T ord(K)
1 0.78222 1.2243 32 2 — - -
2 0.79333 1.2547 43 3 - - -
3 090230 15255 (4 4) 5 13191 (4 4) 3
4 0.99522 10389 (5 4) 5 1.0564 (5 5) 4
5 1.0015 1.0105 6 4) 6 1.0121 6 6) 6
6 1.0024 1.0043 7 4 7 1.0044 an 7
7 1.0026 1.0030 @8 4 8 1.0030 (8 8) 8
8§ 1.0026 1.0027 9 4) 9 1.0027 9 9) 9
TABLE IV
COoMPARISON OF METHODS: EXAMPLE I, CASE b) WITH
THE OUTPUTS REORDERED
N . e len (@) ord(K)
1 0.95745 1.1602 (32 2
2 0.95745 1.1602 3 3) 2
3 0.98658 1.0586 4 4) 3
4 0.99889 1.0157 4 5) 3
5 1.0019 1.0053 4 6) 3
6 1.0022 1.0031 “n 3
7 1.0026 1.0027 4 8) 3
8 1.0026 1.0026 49 3

controllers are of fixed order and asymptotically ap-
proaching the optimal one. This is not an isolated case.
Many other multiblock problems for which reliable nu-
merical approximations were computed behave in this way
when solved by the DA method. In other words, given a
general multiblock problem, there seems to be a one-block
partition that preserves a polynomial optimal solution,
and further, such support structure is eventually captured
by the delay augmentation method for a large enough N.
Then, a proper ordering of inputs and outputs that places
the one-block partition in the first n,, rows and n, columns
of @ (corresponding to U, and V) will generate a se-
quence of suboptimal controllers without order inflation.

These observations suggest that an efficient algorithm
for computing low order suboptimal controllers can be as
follows: given a general multiblock problem,

Step 1) Pick a positive integer N.

Step 2) Solve the corresponding delay augmentation
problem.




Step 3) Compute len(dg) and reorder inputs such that
the set of n, X n, input-output pairs of minimum length
correspond to @ ;.

Step 4) If reordering was necessary in Step 3), solve the
reordered system for the same N. Then, check the differ-
ence between the upper and lower bounds, i.e., pN My
If such difference is small enough stop, otherwise increase
N by one (or more) and go to Step 2).

In order to illustrate the workings of such algorithm we
include a four-block example.

Example II: Consider the following 2-input-2- output
four-block problem where the regulated signals are the
output of the plant and the control sequence (weighted
with the scalar p), and the input disturbances are a
disturbance at the plant output with frequency weighting

1(/\) and measurement noise with frequency weighting
W,(A). That is,

(1-PK)™'w, PK(U-PK)"'W,
pK(1 - PK)™'Ww, pK(Q - PK)"'W,
where
P ) PN 1 -0.751
B 1 —06a7 TP T 1-025A

p = 0.1 and P()) is the same as in Example 1. Then, the
results in Table V are obtained by applying the above
algorithm starting with N = 3. For N = 10, the subopti-
mal controller is of order five and achieves a norm that is
within half a percent of the optimal. (The jump in order is
most likely due to convergence to another optimal solu-
tion.) In contrast, it can be shown that the FMV method
has no polynomial feasible solution for any N (due to the
way W1 and W2 enter the problem). This example shows
how the delay augmentation algorithm can generate low
order suboptimal controllers even when the FMV method
has no solution.

IX. SUPPORT STRUCTURE OF OPTIMAL SOLUTIONS

Here we explore the support characteristics of the
optimal solution in more general terms. The numerical
examples in the previous section suggest that it may be
possible to infer the support of the optimal solution by
observing how the superoptimal solutions, @5, evolve as
N increases. Here we make an important step in this
direction by showing that such support structure is “hinted
to” by the support of the sequence of superoptimal solu-
tions.

We have already shown that, given a multiblock prob-
lem, there exists a subsequence of super-optimal dual
solutions, GN, whose weak® limit point, G?, is feasible
and optimal (Theorem 7.5). By exploiting this result in
combination with the alignment conditions, we will show
that the finitely supported partition of the optimal solu-
tion is eventually “captured” by the sequence of superop-
timal solutions. For that purpose we need the following
well known lemma.
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TABLE V
ExaMPpLE II: DELAY AUGMENTATION ALGORITHM

' DA FMV
N uy By len(®%) ord(K) Comments ¥y ord(K)

5 3 .
3 60.453 102.34 ( 5 3) 4 Reorder inputs —  —
3 60.400 81161 (g g) 2 Keeporder — —

3 6 " — =
4 64.702 8l1.161 (3 7) 2

3 7 " .
5 68.284 81.161 (5 9) 2

6 7 . .
6 70.721 72.850 ( 6 11) 5

6 8 " - =
7 70.754 71.874 (8 13) 5

6 9 < ” .
8 70.888 71.500 (10 15) 5

6 11 ,, o
9 71.040 71.615 (10 17) 5

6 12 " -
10 71.089 71.408 (12 19) 5

12 13 . e
11 71.110 71.146 (13 21) 12

13 14 . -
12 71.113 71122 (19 23) 14

Lemma 9.1: If a sequence Gy € I2*™ converges weak*
to G, then for any positive integer L < =, |[P(Gy — G-
—»0as N— =

Note that the above lemma implies that each individual
entry of G, also enjoys this convergence property, i.e.,
1P(gijn — &ll- = 0 as N — o, for all i =1,-+,n and
j=1-m

Next, let us review the alignment properties of the
optimal solutions. Optimality implies that each optimal
solution to the primal problem must be aligned with every
optimal solution to the dual problem. In particular, if an
optimal dual solution, G, is such that

lgi(h < max ligill. forallt>T
1gjsn,

then all optimal primal solutions are such that ¢3(¢) =0
for t > T. Note that, according to the notation developed
in Section V, max, . ;. , llgjll is nothing but g §(i). The
next theorem puts all these pieces together.

Theorem 9.1: Given a multiblock problem, if all optimal
dual solutions are such that |g(T)l = y5(i) for some
TeZ, and Igf](t)l < y8(i) for all t> T then for every
L> T there exists a positive integer N* such that

G n(#) =0for T <t <L and for any N > N*.
Proof: (Note: to 51mp11fy notation we drop subindexes
i, j and superindex ‘o’.) Given some L > T, pick € > 0
such that

min (y, —lg()) = €. (44)
T<t<L
By Lemma 9.1, for every L > T there exists N* such that

ol < = 5)

“PL(gN 2
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for all N > N*. First we prove (by contradiction) that
lgy()I < v, v for T <t <L and for any N > N*. The
result then follows from the alignment conditions.

Given N > N*, assume that {g, (1)l = v, y for T <1,
< L. Then. by (44) and (45),

€
Yon — Yo < lgndl —lglepl — e < 5- €.

Therefore,
€

- r>—.
Yo — Yo.N 2

Next, consider the point ¢ = T. From (45) and the fact
that |g.(1)| < y, » in general, we have

(46)

Yo = Yon < 18(TH = lgp(DI < g

which contradicts (46). This implies that ¢,(t) =0 for
T <t < L and N > N* which is the desired resuit. a

In other words, given the conditions of the theorem
above. and for N large enough, there is a “gap” of zeros
(between T and L) in ¢ y(¢) which gets wider as N
increases. i.e., as L increases. However, T does not change
for N large enough, giving a clue on the length of the
finitely supported entries of ®°. The difficulty is that we
do not have an a priori estimate of how large N has to be
to capture T.

It is worth pointing out that Theorem 9.1 can be ap-
plied to the FMV sequence of suboptimal solutions too,
since the corresponding duals also have a weak* conver-
gent subsequence [34]. However, there is an important
difference in the way the DA and FMV sequence of
solutions behave, which was pointed out in the previous
section. Indeed, while the FMV solutions are consistently
supported for ¢ > L, the DA solutions are not. This
observation was crucial in constructing low order subopti-
mal controller. We expand these ideas in the following
section.

X. OBSERVATIONS

This section includes a few observations based on a fair
amount of computational experience using the delay aug-
mentation method and on some intuitive ideas on the
problem of /, optimization in general. It is by no means a
formal or precise presentation. It is simply intended to
give some lead into new ideas that might open the way to
finding the exact solution of multiblock problems in gen-
eral. In particular, a conjecture is stated, establishing a
stronger connection between the support structure of the
optimal solution and the DA method.

Observe the way the DA method works. It transforms a
general multiblock problem into a square one, therefore
generating polynomial superoptimal solutions, ®f. With-
out changing the order of inputs and outputs, the se-
quence &g will increase its length as N increases. How-
ever, it was noted in previous examples that not every
entry of ® increases its length in the same way. In fact,
a closer look at the sequence ®f suggests that the sup-
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port of some of its entries StOps changing after some N.
This is exactly what happened in Example 1. cases a) and
b), where the support of one of the entries of @ re-
mained the same after some N regardless of the ordering.
In Example II. the pattern also occurs but for N> 12
(not shown in Table V). Next, note that @9, y = ®yy y
since that block of the problem is not affected by the
extra free parameters. Therefore, for each N, @y y is
polynomial. Then, if those entries of &% that have con-
stant support after some N are collected (by reordering)
in ®7, y, ®,, y will have constant support. Interestingly,
those entries of constant support seem to be always enough
to define a one-block partition and therefore fill the
necessary entries of ®;; y. Furthermore, many multiblock
problems seem to have this property.

A multiblock problem in this class can be viewed as
dominated by a one-block partition. In other words, there
is an embedded one-block problem that is further con-
strained by the rank interpolation conditions. Such con-
straints, however, are not enough to change the polyno-
mial nature of the optimal solution corresponding to that
partition. although, in general. they have the effect of
increasing its order. With this we extend the notion of TD
one-block partitions where the added constraints due to
the rank interpolation conditions were totally inactive.

Definition 10.1: Given a multiblock problem, a one-
block partition is partially dominant (PD) if all I, optimal
solutions are polynomial in the entries corresponding to
such partition.

Clearly, a TD one-block partition is also PD but not
vice versa. Based on this definition we state the following
conjecture.

Conjecture 10.1: Given a multiblock problem with a PD
one-block partition, there exists a positive integer N*
such that the DA solution, ®, for N > N* captures the
exact support of the sequences corresponding to the PD
one-block partition. Furthermore, since the actual linear
program splits @3 into the difference of two positive
sequences (®g* and ®F7), the sign of the nonzero en-
tries of the exact solution corresponding to the PD parti-
tion is also captured. That is, for any pair of indexes i, ]
in the PD partition, and N > N*,

’o](k) =0e it;‘,N(k) =0
d’,‘;(k) >0« ¢i¢;',N(k) >0
$2(k) < 0 = ¢ y(k) <0.

This conjecture is supported by a fair amount of numer-
ical experiments covering the most obvious combinations
(i.e., two-block row and column problems and four-block
problems with different input-output dimensions). At the
same time, it is consistent with Theorem 9.1 but stronger.
Indeed, the conjecture claims that the superoptimal solu-
tion will not be supported for ¢ > L. This conjecture, if
proven correct, has interesting consequences. To illustrate
some of the ideas involved. consider the following simple




two-block column problem:

3)-[2)- 1

6,)  \ha B u:)q

and assume, without loss of generality, that &, and 4, are
polynomials (this can always be obtained by polynomial
factorization of U). Further, assume that (h, h,)T is a
polynomial feasible solution and that the outputs are

ordered such that ¢, is PD. Then we have the following
equality due to the rank interpolation conditions:

=

2,7 — 4¢3 = dhy — arh,. “n
Assume that all zeros common to &, and &, have been
canceled out from the above equation. Clearly, the right-
hand side of (47) is polynomial, and furthermore, the first
term on the left-hand side is polynomial since we assumed
that ¢, is PD. Therefore, the second term on the left-hand
side must be polynomial. This implies that two situations
are possible: either ¢3 is polynomial or it has stable poles
that are canceled by stable zeros of ;.

This observation has interesting implications. On one
hand, there is a class of muitiblock problems with polyno-
mial optimal solutions that is characterized by the ab-
sence of stable zeros in #,. Such solutions can then be
computed exactly by either the FMV or the DA method.
On the other hand, if &, has stable zeros and ¢3 is
infinitely supported, the rate at which ¢} decays is given
by a subset of the stable zeros of #,. This information
could be used to transform the original problem into a
finite dimensional one for which exact solutions are com-
putable. This approach is currently under investigation. It
should be noted that the above ideas can be easily ex-
tended to the general multiblock problem.

Finally, note that if the above conjecture is correct, the
DA algorithm would automatically reorder any TD parti-
tion in ®,, and provide the exact answer, without the
need to solve all possible combinations of one-block prob-
lems (see discussion after Corollary 7.3).

X1. A SYNTHESIS EXAMPLE

In this section, we apply the DA method to a specific
control problem, namely, the pitch axis control of the X29
aircraft. The motivation for doing so is two-fold: first, to
illustrate the use of the delay augmentation method in a
more realistic problem, and second, to have a first look at
the frequency domain features of an l,-optimal design
(albeit for one particular example). In order to give some
perspective to this presentation, we will compare the
characteristics of the I, design with those of an # opti-
mal design.

It should be stressed, however, that this particular con-
trol problem was not chosen for the purpose of demon-
strating extreme behaviors of the /; and /% optimal solu-
tions. Rather, it was candidly selected as an interesting
control problem in general.
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The X29 aircraft poses an interesting control problem
due to its revolutionary forward-swept wing design. With
such configuration, the center of gravity lies behind the
aerodynamic center of pressure, rendering the aircraft
statically unstable. Thus, a control system has to actively
stabilize the aircraft during flight.

We are interested in designing a digital controller fora
simple model of the pitch dynamics of the aircraft. The
airplane has three types of control surfaces: canard wings,
flaperons on the main wings and strakes on the tail. In
order to simplify the model, the action of these control
surfaces are lumped into one equivalent actuator with
first order dynamics. Similarly, the gyroscopes and ac-
celerometers are modeled by an equivalent sensor with
neglectable dynamics. Thus, the system can be approxi-
mately represented by the following continuous time SISO
plant [35})

B(s) s+3 20 (s —26)
77 G 1 10(s - 6) (s +20) (s +26)
airframe equiv. actuator overhead

(48)

where s is the Laplace variable. The airframe factor
corresponds to a simplified model of the pitch dynamics of
the airplane flying at a low altitude and with an air speed
of approximately 0.9 Mach. The overhead factor lumps
the equivalent low frequency phase lag introduced by the
dynamics that were neglected in deriving the reduced
model (48). In particular, this all-pass factor is an approxi-
mate representation of the collected phase lag of the
gyroscopic sensor dynamics, the actuator servo dynamics,
the airframe flexible modes, and the digital implementa-
tion (i.e., pre-filter, zero order hold and computing delay)
corresponding to a sampling period At =1/30 seconds.
Consider the following formal synthesis problem:

Wle|
1

w,S

where S is the sensitivity function. Such problem requires
the discrete time version of (48) and two weighting trans-
fer functions. The A-domain model of the plant, P()), is
obtained by discretizing (48) assuming a zero order hold
at the plant input and a synchronized sampling of the
(pre-filtered) plant output. The weights are chosen as
follows: let W, be a scalar equal to 0.01 and let W,(A) be
the discrete time version of the continuous time transfer
function (s + 1)/(s + 0.001) for a sampling period At =
1,/30. This choice of weights reflects a trade-off between
low frequency performance and the control effort.

Note that a controller designed for the discrete-time
model of a continuous-time plant completely ignores the
inter-sampling behavior of the system. An optimal con-
troller designed in this:way is actually suboptimal for the
original hybrid system. This notwithstanding, we will carry
out the design and comparison entirely in the discrete

1
K stab
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domain (both for /, and % designs), taking the discrete
time plant model and weights as the starting point.

A. Computing an l,-Suboptimal Controller

With this problem set-up we are ready to apply the
delay augmentation algorithm as described in Section IX.
Table VI shows the sequence of results obtained in this
case. starting with N = 4. Note how the length of the
response corresponding to the weighted sensitivity stops
increasing after N = 7, suggesting that such row is PD.
For N = 80 the achieved /, norm is within one percent of
the optimal so we stop the iteration process. It is interest-
ing to note how slowly the upper bound converges to the
optimal. This behavior is consistent with the observations
made in Section X regarding the rate of decay of ® when
one row is PD. Indeed, if the first row corresponding to
the weighted sensitivity is PD, then the rate of decay of
the second row is dictated by the stable zeros of &,(A). It
is easy to check that such transfer function contains two
stable zeros that are close to the unit circle. Then, if the
optimal second row decays slowly, the extra free parame-
ter (g,) corresponding to the DA solution will be signifi-
cant even for large values of N.

Next, we will compare the time and frequency domain
characteristics of the /, suboptimal design corresponding
to N = 80 with an % design. The comparison will be
based on three different aspects of the solutions: 1) oper-
ator norms, 2) frequency response characteristics, and 3)
time response characteristics.

Table VII shows how the I, and / norms of the two
solutions compare. As expected. the Z design achieves
better % norms while the [/, design achieves better /,
norms. A cross examination shows that both solutions are
fairly good in terms of both measures. In fact, this does
not come as a surprise in view of the following norm
inequality [5] valid for any stable finite dimensional system
H e lp*e

\Hly. < VPIHI < Vp Qn + DyqliHx,

where 1 is its McMillan degree. Thus, minimizing any of
the two norms will also “push down” the other one,
particularly in a low order problem as the one under
consideration.

Next, let us examine the frequency domain features.
Both designs have failry similar frequency domain charac-
teristics as shown in Figs. 2 and 3. While the /, design has
better disturbance rejection at low and medium frequen-
cies, it overshoots at high frequencies where the Z norm
is achieved. In fact. Fig. 3 shows that both controllers
have very similar response, the only significant difference
being at frequencies close to w/At. An interesting differ-
ence, though, is that the /; design results in an unstable
controller while the % design does not. Finally, we com-
pare the weighted and unweighted sensitivity step re-
sponse of both designs (Figs. 4 and 5). Note how the
output of the plant, y, converges to zero faster in the /,
design than in the /% design (Fig. 5). This is a direct result
of the smaller weighted steady state error in the /, design
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Fig. 2. Frequency response of $ for I, design (full line) and % design
(dashed line).
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Fig. 3. Frequency response of K for I, design (full line) and % design

(dashed line).
TABLE VI
X29 SYNTHESIS PROBLEM: DELAY AUGMENTATION ALGORITHM
N py Ty len(®2)  ord(K) Comments
4 3254 12564 (10 5) 1 Reorder outputs
5 4024 7619 (5 5) 6 Keep order
6 4.045 5.059 (56 6 "
7 4.048 5.052 67 6 "
8 4.051 4.652 6 8 6 "
9 4.051 4319 69 6 "
10 4.052 4.224 6 10 6 "
20 4053 419 (6 20) 6 "
40 4053 4158 (6 36) 6 "
g0 4054 4091 (6 69) 6 .

(see Fig. 4) and the pole of W, at 0.9999 (almost a pure
integrator).
XII. CONCLUSIONS

A complete and comprehensive study of the general
1,-optimal multiblock problem has been presented. It ad-
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Fig. 4. Weighted sensitivity step response for I, design (full line) and
%, design (dashed line).
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Fig.5. Sensitivity step response from w to y for I, design (full line) and
&, design (dashed line).

TABLE VII '
OPERATOR NORM COMPARISON (At = 1/30)
Il - ord(K)

Z, design ¢ 24 52 5
W,KS 20 33
W,S 24 52

1, design @ 38 41 6
W,KS 28 4.1
W,8 36 4.1

vances the understanding of these problems both from a
theoretical and a practical point of view.
The paper makes the following contributions:

1) The interpolation conditions are stated in a con-
cise and natural way. As a result the general theory is
developed in simpler terms and with a minimum number
of assumptions.

2) Methods for computing the interpolation condi-
tions were tied directly to matrix theory.
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3) Further insight was gained on the structure of the
optimal solution which allowed us to distinguish between
different classes of multiblock problems (i.e., problems
with TD or PD one-block partitions).

4) A new method for computing suboptimal (or opti-
mal in some special cases) solutions was proposed that
exploits such structure. With this method, a sequence of
suboptimal controllers can be computed iteratively avoid-
ing (for a class of problems) the problem of order infla-
tion. Each iteration requires the solution of one finite
dimensional linear program, and generates upper and
lower bounds of the optimal norm with the proper conver-
gence properties. In contrast, previously known approx-
imation schemes required the solution of two linear
programs at each iteration, and generated suboptimal
controllers with increasing order. In addition, the DA
method unifies the treatment of zero and rank interpola-
tions and avoids the coprime factorization of U and V'
(this was required in previous work {29]D. Further, this
approach generates a minimal set of constraints describ-
ing the feasible subspace {18). :

5) A result was presented relating the support char-
acteristics of the optimal and superoptimal solutions, fol-
lowed by a stronger conjecture.

Several examples were worked out to illustrate the
properties of the DA method. In particular, a mulitiblock
problem corresponding to the X29 pitch axis control was
solved. The operator norms and frequency domain prop-
erties of the solutions were compared with those of a
standard /% design. Although the designs turned out to be
quite similar, some differences were found at high fre-
quencies.

As a final note, let us point out that there are still
important open questions to be answered in connection
with [, optimization. From a theoretical point of view,
stronger results regarding the support structure of the
optimal solution are needed. In particular, a proof or a
counter example for the conjecture presented. As pointed
out before, proving such conjecture could provide the
insight to uncover the underlying finite dimensional struc-
ture that the general multiblock problem may have. Also,
the existence in general of optimal rational solutions isan
interesting open question connected to the above.

Finally, a model reduction theory in the context of [,
optimization would be of significant practical value. Recall
that multiblock as well as one-block problems may have
high order optimal controllers (depending on the interpo-
lation data). A straightforward approach to computing
Jower order suboptimal controllers results from restricting
the appropriate entries of ® to have fixed finite support.
But such approach may be far from optimal. Therefore,
optimal model reduction techniques would be useful in
practical design.
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Abstract: We consider the problem of identification of linear systems in the presence of measurement noise which is unknown but
bounded in magnitude by some 5 > 0. We focus on the case of linear systems with a finite impuise response. 1t is known that the
optimal identification error is related (within a factor of 2) to the diameter of a so-called uncertainty set and that the latter
diameter is upper-bounded by 28, if a sufficiently long identification experiment is performed. We establish that, for any K > 1, the
minimal length of an identification experiment that is guaranteed to lead to a diameter bounded by 2K5 behaves like 27/ %),
when N is large, where N is the length of the impulse response and f is a positive function known in closed form. While the
framework is entirely deterministic. our results are proved using probabilistic tools.

Keywords: Worst-case identification; sample complexity; bounded but unknown disturbance.

1. Introduction

Recently, there has been increasing interest in the problem of worst-case identification in the
presence of bounded noise. In such a formulation, a plant is known to belong to a model set .#, and its
measured output is subject to an unknown but bounded disturbance. The objective is to use input / output
information to derive a plant estimate that approximates the true plant as closely as possible, in some
induced norm. For frequency domain experiments, algorithms that guarantee accurate identification in
the .#, setting were furnished in {4,5,6,7]. For general experiments, algorithms that guarantee accurate
identification in the ¢, sense were suggested in [17,18). These algorithms are based on the Occam’s
Razor principle by which the simplest model is always used to explain the given data. The optimal
asymptotic worst-case error is characterized in terms of the diameter of the ‘uncertainty set’: the set of
all plants consistent with all the data and the noise model. Other related work on the worst-case
identification problem can be found in [8,10,11,19]. In particular, [10] presents a specific experiment that
uses a Galois sequence as an input, and shows that the standard Chebyshev algorithm results in an
asymptotic error bounded by the worst-case diameter of the uncertainty set. A Galois sequence is
constructed by concatenating a countable number of finite sequences, such that the k-th sequence
contains all possible combinations of {—1, + 1} of length k, and so it is rich enough to accurately identify
exactly k parameters of the impulse response. The length of each sequence is clearly exponential in k.
Finally, identification problems with bounded but unknown noise were studied in the context of
prediction (not worst-case) in [12,13]. Other related work, for nonlinear systems, can be found in {3].

An important result from the work of [17,18] states that for the model set of all stable plants, accurate
identification in the ¢, sense is possible if and only if the input excites all possible frequencies on the
unit circle. This is due to two reasons: the first is that bounded noise is quite rich and the second is that
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minimizing an induced norm such as the ¢, norm implies that the estimate has a very good predictive
power. Inputs with such properties tend to be quite long, and this suggests that the sample complexity of
this kind of identification problems tends to be quite high, as a function of the numbers of estimated
parameters of the impulse response.

In this paper, we will study the sample complexity (required length) of the inputs for worst-case
identification of FIR plants. under the /;, norm, in the presence of arbitrary bounded measurement
noise. It will be shown that in order to guarantee that the diameter of the uncertainty set is bounded by
2K8, where 8 is the bound on the noise and K is a constant (larger than 1), the length of the input must
increase like 2470/K) where N is the length of the impulse response and f is a positive function. Since
the worst-case error is at least half of the diameter, these results show that the sample complexity is
exponential in N even if the allowable accuracy is far from optimal, and capture the limitations of
accurate identification in the worst-case set-up. We also show that our sample complexity estimate is
tight, in the sense that there exist inputs of length approximately equal to 2NVA/K) that lead to a 2K6
bound on the diameter. An interesting technical aspect of this paper is that the existence of such inputs
is established by means of a probabilistic argument reminiscent of the methods commonly employed in
information theory.

Other researchers have also recently addressed the sample complexity of worst-case identification. In
a personal discussion with Poolla (January 1992), he pointed out to us (specifically to Dahleh) that the
optimal identification case had exponential complexity, as in the lower bound of our Theorem 2.1. We
have recently received a preprint by Poolla and Tikku [14] which, among other results, contains
exponential lower bounds for the sample complexity of suboptimal identification of FIR systems. These
lower bounds are similar to. although somewhat weaker than. the lower bound in our Theorem 2.2.
Chronologically, the results of [14] precede ours, although we didn’t have knowledge of their results
when writing our paper. Finaily, [14] contains some upper bounds but, unlike our Theorem 2.2, they are
far from being tight. Also, while writing our paper, we learned that Milanese [9] had arrived to results
similar to the exponential lower bound in our Theorem 2.1. His report does not contain any discussion of
the case where the error is within a factor of the optimal.

2. Problem definition

Let .#, be the set of all linear systems with a finite impulse response of length N. Any element h of
Ay will be identified with a finite sequence (A,,...,Ax) € RV. Let U, be the set of all infinite real
sequences {u,)., such that |u,| <1 forall i, and u;=0 for i >n. Any element of U, will be called an
input of length n. Finally, for any positive number 8, let Ds, called the disturbance set, be the set of all
infinite sequences d = {d,J., such that |d,| < for all i.

We are interested in experiments of the following type: an input u € U, is applied to an (unknown)
system h E.#, and we observe the noisy measurement

y=h*u+d, (2.1)

where * denotes convolution, and where d € D; plays the role of an output disturbance or measurement
noise. It is clear that, for i>N+n, we have y,=d,, and y; carries no useful information on the
unknown system h.

The set that contains all plants in the mode! set that are consistent with the input/output data and
the noise model is called the uncertainty set and is given by

Sunlysu)={petyllly—¢ * ulls <8}
The diameter diam(S) of a subset S of ¢, is defined by

diam(S) = sup llx—ylh.
x,yES
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We then define the worst case diameter for a given input u € U, by

Dy ,(u) = sup sup diam(Sy,(u * ¢ +d, u)).
deD; oAy

Any identification algorithm that lets its plant estimate be an element of the uncertainty set has an error
upper-bounded by the diameter of the uncertainty set. Besides, it is shown in [15,16,17] that the error of
any identification algorithm is lower-bounded by half the diameter of the uncertainty set. Define

Dj, = inf Dy (u).
uel,

It is shown in [17] that

lim Dy , = 26. (2.2)
n-»wo
Thus, as the length of the experiments increases, and with a suitable identification algorithm, the
worst-case error can be made as small as twice the disturbance bound 8. but no smaller than 8. A
question that immediately arises is how long should n be for the error to approach 25. We address this
question by focusing on the behavior of the diameter of the uncertainty set, as the inputs are allowed to
become longer.
Let us define

n*(N) =min{n| D}, =28}. (2.3)

It is far from a priori clear whether n*(N) is finite. This is answered by the following theorem which also
serves as motivation for the main theorem (Theorem 2.2) of this paper.

Theorem 2.1. } For any >0 and N, we have 2V~! +N-1<n*(N)<2V+N-1

Proof. We start by proving the lower bound on n*(N). Fix N and let us denote n*(N) by m. Suppose
that m <, and let &, u € U,,, be such that Dy (u)=26.Let vE {-1, 1}™ be defined by v;=1if
u; >0, and v;= —1 if u; <0. For notational convenience, we define u; =0 for i <0. We distinguish two
cases:

(a) Suppose that for every ¢ € {—1, 1}", there eixsts some i(¢)€(1,...,m = N + 1} such that either
¢ or —¢ is equal t0 (Vi) 4 w15 UiigysN—21+ - -+ Uigey)- It i clear that i($) can be the same for at most two
different values of ¢. Since the number of different choices for ¢ is 2N it follows that m—=N+12> 281
which proves that m > 28~ 1+ N —1.

(b) Suppose now that the assumption of case (a) fails to hold. Let ¢ € {—1, 1}V be such that both ¢
and —¢ are different from (v, N5 Visn—2s--+» U, for all ie{l,...,m—N+1). Suppose that h=
8¢ /(N —1). Then

I(h* u)l = : (2.4)

L P
hou_p|=——T bl
L ik N—1|&, Ptk

Since |, | =1and |u;_,| <1, we see that |Z}_ ¢,u;_,| <N. Let i be such that N <i<m. By our

assumption on &, the signs of u;_, cannot be the same as the signs of of ¢, for all k, neither the same
as the signs of —¢, for all k, and this leads to the stronger inequality

N
Z Drldi

k=1

<N-1 2.35)

1 We acknowledge Professor Poolla for pointing out an error in the previous version of this theorem.
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We finally note that for i & (N, m], at least one of the summands &, u,_ is equal to zero, which implies
that (2.5) is valid for all i. Combining (2.4) and (2.5), we conclude that |(h * w),| < for all i. Therefore.
there exists a choice for the disturbance sequence d under which the observed output A * u + d is equal
to zero at all times. Using the same argument. we see that if h = -3¢ /(N — 1), there also exists another
choice of the disturbance sequence for which the observed output is zero at all times.

We have thus shown that it is possible to observe an output sequence which is identically equal to zero
while the true system can be either 86 /(N —1) or -84 /(N —1). This implies that the worst case
diameter satisfies

Dy () 22118 /(N —1)ll;>28. (2.6)

But this contradicts the definition of m = n*(N) and shows that case (b) is not possible. Thus, case (a) is
the only possible one, and the lower bound has already been established for that case. The upper bound
follows easily by using the input sequence proposed in {10,17]. Let u be a finite sequence whose entries
belong to {—1,1} and such that for every ¢ &€ (-1, 1}V there exists some i(¢) such that ¢ =
(Uyepy Hicgyrtr e U;csy+n—1)- Such a sequence. called a Galois sequence, can be chosen so that its length
is equal to 2" + N — 1 [10]. With this input, the worst case diameter is equal to 26. O

Theorem 2.1 has the disappointing conclusion that the worst-case error is guaranteed to become at
most 28 only if a very long experiment is performed. In practice, values of N of the order of 20 or 30
often arise. For such cases, the required length of an identification experiment is prohibitively long if an
error guarantee as small as 28 is desired. This motivates the problem studied in this paper: if the
objective is to obtain an identification error within a factor K of the optimal value, can this be
accomplished with substantially smaller experiments? Theorem 2.2 below is equally disappointing with
Theorem 2.1: it shows that experiments of length exponential in N are required to obtain such an error
guarantee. The exponent depends of course on K and we are able to compute its asymptotic value (as N
increases) exactly.

Theorem 2.2. Fix some K> 1 and let
n*(N, K) =min{n!D‘$',,s2K6}. 2.7

Then:
(@) n*(N, K)>2MW/EO-1_N+2IN/K1- 1.
(b) lim, _.(1/N)log n*(N, K)=f(1/K).
Here, f:(0, 1) — R is the function defined by 2

f(a)=1+(1;a)log(l;a)+(1;a)log(1;a). (2.8)

Notice that the function f defined by (2.8) satisfies f(a)=1- H((1 - @), where H is the binary
entropy function. In particular, f is positive and continuous for a € (0, 1). Before going ahead with the
main part of the proof, we need to develop some lemmas that will be our main tools.

Lemma 2.1. Let X, X,,..., Xy be independent binomial random variables with Pr(X,= 1) =Pr(X;= —1)
=1 for every i.
(@) Letu;€[-1,1}, i=1,...,N. Then, for every a € (0, 1), we have

1 N
Pr(ﬁ YuX> a) < 27N, (2.9)

i=1

2 |n the definition of f, and throughout the rest of the paper, all logarithms are taken with base 2.
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®)

1 1 X
A}iinmxl—log Pr NE,IXiza’ = —f(a). . (2.10)
Proof. Part (b) is obtained from the classical Chernoff bound [1] or from counting arguments [2). Part (a)
also follows from the Chernoff bound, if u, = 1 for all i. It remains to prove part (a) for the general case
of u;e[-1, 1.

We first note that because of the symmetry in the distribution of X;, we can assume, without any loss
of generality that u; €0, 1] for all i. We then have

1 N N N
Pr('ﬁ Z uiXiZG) < inf E[es(uiX,-—a)] < inf nE[es(X,-—a)] = 9-Nf(a),
1

i=1 s>0 ;= 5>0i=1

The first inequality is obtained by following the steps in the standard proof of the Chernoff bound; the
second inequality is obtained by verifying that e™ +e™™ < e’ + e~ for all u 0, 1]; finally, the final
equality is a simple calculation which is also part of the classical proof of the Chernoff bound. O

One consequence of Lemma 2.1 is that for any & > 0, there exists some Ny(a, €) such that

1 N
Pr(-j-v— Y X, Za) > 2-Nf@*a) YN > Ny(a, €). (2.11)

i=1
The following lemma strengthens (2.11) and will be needed later in the proof.

Lemma 2.2. Let X,,..., Xy be as in Lemma 2.1. Let Oy={(8,,...,0y) € RN |ZN.,16;| = N}. Then, for
any &, > 0, there exists some N(ae,) such that

1 N

Pr(-ﬁ Y. 6.X,> a) > 2"Nf@*e) YN > Ni(as,), VO €6Oy. (2.12)
i=1

Proof. Note that the random variables L. 6, X; and /., |§;| X; have the same probability distribution.

Therefore, without loss of generality, we can and will assume that 6, > 0 for all i. We have

g:X,-ZaN)-Pr(‘EX,-ZaN)

i=1 i=1

N N
Pr( Y 6,X,> aN) = Pr( Y 0.X,2aN
i=]1

i=1

i=1 im1

N N
> 2~ NU@re/D Pr( YoX zaN| L X, = aN) , (2.13)

where the last inequality holds for all N large enough, as a consequence of (2.11).
Given any sequence X =(X,,...,Xy), let X k be its cyclic shift by k positions; that is, X*=

(Xiop Xeszseeer Xns Xpp-.or Xp). Let X[ be the i-th component of X*. By symmetry, the conditional
distribution of X and X*, conditioned on the event LV, X, > N, is the same. Therefore,

N
2:.X;2:aﬁ])

i=1

N
Pr( Y. 8,X;,2aN

i=1

N 1 N N
Y X, 2aN =7V-2Pr(26,.X,-"zaN
, k=1

i=1 i=1

=

N
Pr(Bk such that ) 6, Xf>aN

i=]

N
ZXIZaN)

i=1

:;lrd ::Irﬂ

(2.14)
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The last equality follows because if £, X; = aN, then

N N

N N
T LoXt=16YXz2aN,
k=1i=1 i=1 Q=1

which immediately implies that there exists some k for which Y 10iX,-" >aN.
We conclude that (2.13) becomes

N
Pr( Z 8.X.> aN) > __1_2—N(f(a)+51/2) > 2~ N(flay+ey)
1= = [J = H

i=1

where the last inequality follows if N is large enough so that 1/N > 2~Ne/2 O

Having finished with the probabilistic preliminaries, we can now continue with the main part of the
proof of Theorem 2.2. We will start with the proof of part (a).

Lemma 2.3. Suppose that the length n of an input sequence u €U, is smaller than 2NfA/K0-1 N+
2AN/K1—- 1. Then, there exists some h € (—K8/N, K& /NN such that llu * hlls <8.

Proof. Let n be as in the statement of the lemma. We will show the existence of such an A by showing
that a random element of {—K8/N, K8/N}" satisfies [lu * hll. <3 with positive probability. Indeed.
let h be such a random element, under the uniform distribution on {—~K8/N, K§/N}". Then

N+n N+n—=[N/K1+1
Pr(llu * hil.298) < Y Pr(l(u*h)l28)= ) Pr(|(u * h);1 2 )
j=1 j=IN/K1+1
s(N+n——2[N/K’|+1) max Pr(l(u*h),-|_>_8). (2.15)
1<jsN+n

where the equality on the first line holds because for j <[N/K], we have
j-1

d Kb N K5
Yo = L b s(j—l)-j—v-s”—l—l)——ﬁﬁ
i=1 im=1

K N
and for j>N+n—[N/K1+ 2, we have

|(u* h);1 =

lN N , Kb [Nl . Ko
I(“*h)i|=|i¥1hi”1‘—i =\ L hu;, <(N—J+n+1)1—v—s( rdl )—- .

£ - N
i=f—n
Furthermore,
N
Pr(|(u * h);l 26)=Pr( Y hu 28)
i=1

N
Z (Nh;/K8)u;_;

i=1

K

P1
_rN

The last inequality follows from Lemma 2.1 (a), because the random variables Nh,/K$ are independent,
take values in {—1, 1}, and each value is equally likely. Combining (2.15) and (2.16), we conclude that

1
> —) <2 27N/, (2.16)

Pr(flu * hlla,za)sz(N+n—2

%l + 1)2—Nf(l/K)_ (2.17)

If 2N +n—2AN/K1+ 1) <2M0/K) then the right-hand side of (2.17) is smaller than 1. This implies
that there exists some h € {—K8/N, K&/N}¥ for which [[h * ull. <8. O
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Suppose now that the length n of the input sequence u is as in Lemma 2.3, and let the unknown
system h have the properties described in that lemma. Since [(h * u);| <8 for all i, there is a choice of
the disturbance sequence d that leads to zero output. Consider next the case where the unknown system
is actually equal to —h. We also have [(—h = u)| <8, for all i, and a zero output sequence is still
possible. Thus, if the output sequence is equal to zero, both 4 and —h could be the true system. For any
identification algorithm, the worst-case error will be at least equal to one half of the distance of these
two systems, which is [k ll; = K8. In fact, the same argument can be carried out if 4 is replaced by
(1 + €)h, where ¢ >0 is small enough so that the property (1+¢)|(h * u);] <8 holds. We can then
conclude that the worst-case diameter will be at least 2(1 + £)K5. We have therefore shown that if
n <2NA/K-1_ N+ 2AN/K1—-1, then Dy, (u)>2Ké. Equivalently, n*(N, K)> NFA/EO=1 N+
2 N/K1- 1, which completes the proof of part (a).

We now turn to the proof of part (b) of the theorem. Part (a) implies that lim
inf,_(1/N) log n*(N, K) = f(1/K). The proof will be completed by showing that

lim sup(1/N) log n*(N, K) <f(1/K).
N-o»
To show this, we have to show the existence of an input sequence u of length close to 2V/X) that
results in an uncertainty set of diameter bounded by 2K8. Although we are not able to provide an
explicit construction of such an input sequence, we will prove its existence using a probabilistic argument.

We now provide the details of the construction of the input sequence u. Let us fix some ¢ > 0. Let

M(N) be the smallest integer larger than

M(N) 2 2NSeex1/K0+20), (2.18)

For every ke€{l,..., M(N)}, we choose a vector uk =(k,...,uk) e (-1, 1}". The input u is then
defined by

u=(ul, u?,..., uM™), (2.19)

. and has length NM(N).

Lemma 2.4. Let the input u be constructed as in the preceding paragraph. Furthermore suppose that the
entries of the vectors uk are independent random variables, with each value in the set {—1, 1} being equally
likely. Then, there exists some N,(¢) such that

Pr(3h €4y such that |kl 2 K8, llu * hllo<8) <1, VN2Ny(e). (2.20)

Proof. Let QO be the left-hand side of (2.20). Notice that if i is an integer multiple of N, with i =mN,
we have

N
(u=h);= L ulhy_j, i=mN. (2.21)
j=1
We then have
Qn = Pr(3h €4 such that || 2 l; = X3, Nu* hlle<d)
= Pr(3h €4), such that [ All; =K3, llu * hil. <8)
=Pr(3h €4y, such that [All, =N, llu * hlls'<N/K)

<N/K,m=1,...,M(N)|, (2.22)

N

m
L ulhyj
j=1

< Pr|3h €4, such that |All; =N,

where the last inequality follows from (2.21).
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Let us choose a finite subset .25 of .#, such that for every h €4 with | A 1l; = N, there exists some
h' €45 satisfying [[h'll, =N and ||h = h’|l< <e. In particular. . can be chosen as a subset of the set
of all elements of .#,, for which each component is bounded by N and is an integer multiple of £/N. It is
then clear that .#% can be assumed to have cardinality bounded by (2N + 1)/¢)". We then have

N
Pr{3h €4, such that Al =N, | 2 ulhy_j|<N/K.m= 1,...,M(N)

j=1

N

m [4
Z Ujiny_;
j=1

N
>z uihy_;

j=1

sPr(Bh'e/(f, such that <N(s+1/K),m=1,...,M(N)

IN+1\V
s( ) max Pr

£ h'eday

<N(e+1/K), m=1,...,M(N)|. (2.23)

We provide an upper bound to the probability in the right-hand side of (2.23) by applying Lemma 2.2.
(Here. u and k) _; correspond to X; and 6, in the notation of that lemma.) Indeed, Lemma 2.2 is
applicable because || A’ |l; = N and the components of the input are i.i.d random variables, with the same
distribution as the variables X, of Lemma 2.1. A minor difference is that the components of A’ could be
negative, while in Lemma 2.2 we assumed that the components of 6 are nonnegative. Nevertheless, if we
replace each component of A’ with its absolute value. the distribution of the random variables

LM \ul'h’y_; remains the same. We therefore conclude that there exists some N,(K, €) such that
N
Pr{| Y ulhy_,

j=1
By combining (2.22), (2.23), (2.24), and using the statistical independence of the vectors u™, we obtain

<N(e+1/K)| 1 =27NE+ R+ ¥m YN 2 Ny(K, ¢). (2.24)

Ov<((2N+ /6N (1 - 2—N(f(s+l/K)+,))M(N)
< (@N+1)/6)" expl-M(N)2- NI /0] < (N + 1)/e) e =2, (229)

where the second inequality follows from the fact (1-1 /x)‘_<_e", for every x>0, and the last
inequality follows from the definition of M(N) [cf. (2.18)]. It is then easily seen that Qy converges to
zero as N increases, which establishes the desired result. O

Lemma 2.4 establishes that, if the input u is constructed randomly as in the discussion preceding the
lemma, then, with positive probability, u will have property P below:

P: if he#, and |lu * hll. <8, then Al <K83. (2.26)

In particular, there exists at least one u, of length n = M(N)N that has property P.*
Lemma 2.5. If an input u has property P of (2.26), then Dy (w) <2K6.

Proof. We apply the input u and measure the output y = h * u+d, where h is the unknown plant and d
is the disturbance sequence. Given the observed output y, we can infer that h belongs to the set of
uncertainty

SN',,(Y,M)={¢€/(N| “)'—4) * u"m55}.

Let y and ¢ be two elements of Sy (v, u). Then, ly—x *ule<d and [ly—o * ulle < 8. Using
the triangle inequality, we obtain |lu * (x —¢)/2ll. <é. Since u has property P, we conclude that

3 In fact, it is easily seen that Q, converges to zero very rapidly, which implies that most u’s will have property P.
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I(x —¢)/21ly <K& or l| x — il < 2K8. Since this is true for all elements of Sy (v, u), the diameter of
Sy.(y,u)is at most 2K5. O

As discussed earlier, if N is large enough, there exists an input of length n=M(N)N that has
property P and, by Lemma 2.5, leads to uncertainty sets whose diameter is bounded above by 2K8. It
follows that n*(N, K) < M(N)N. Using the definition of M(N) [cf. (2.18)], we see that

1
lim sup (1/N) log n*(N, K) < lim sup (1/N) log M(N)st(s+ E) +2e. (2.27)
N—-ox N-owx

Since Eq. (2.27) is valid for all ¢ > 0, and since f is continuous, we conclude that

lim sup (1/N) log n*(N, K) <f(1/K),

N-»

which concludes the proof of Theorem 2.2. O

3. Conclusions

This paper addresses issues in the sample complexity of worst-case identification in the presence of
unknown but bounded noise. Two main results are furnished: the first is a lower bound on the length of
inputs necessary to approximate N steps of an impulse response to an accuracy within a factor K of the
best possible achievable error. This bound has the form 2NfA/K) and hence is exponential in N. The
second result shows that this lower bound in asymptotically tight, i.e. for large enough N, there exists an
input of length close to the lower bound that allows the identification of N steps of the impulse
response.
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A Framework for Iterative Modeling and
Control
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Abstract

In this paper we present a new framework for iterative modeling
and control. e begin by describing the unknown process with an
uncertain model whose parametrization depends on prior information,
available control design tools and other modeling preferences. This is
formally presented as a model set transformation problem. The sec-
ond step is an iterative procedure for refining the uncertainty set via
robust control based model invalidation and can be viewed as a sys-
tematic way of efficiently searching for a controller delivering a certain
desired level of performance to the unknown process. As a result. ei-
ther the performance goal will be met or the entire uncertainty set will
be invalidated in accordance with our modeling and control method
prejudice. An iterative scheme based on a special model structure and
rank one mixed p synthesis will be described in detail and a specific
example will be used to illustrate the ideas.

1 Introduction

Over the past decade. there has been much research activity in the area of
worst—case. or control-oriented system identification. The motivation can be
attributed to new advances in robust control theory which did not interface
well with existing theory of classical system identification. The main focus
of this research has been the design of algorithms that yield nominal models
along with measures of uncertainty which are well suited for robust control
design (11, 10. 28. 20. 14]. Unfortunately, these worst-case algorithms tend
to provide error bounds which are very conservative in practice [13] and are
therefore of limited utility. This is one motivation for the area of iterative
identification and control which has recently gained attention in the control




community. Several researchers have been working on the “connections”
between identification and control [1. 30. 31. 9. 17. 24. 25. 16. 15]. This
work has tyvpicallv been in the spirit of adaptive control. In other words. a
sequence of nominal models is being identified. while a sequence of corre-
sponding robust controllers is being designed for these models. The hope is
that the models are. in some sense. getting closer to the unknown process
and the performance is improving.

The more recent formulation of Dahleh and Dovle [4] uses an entirely
different philosophy. Here. the goal is to observe some experimentally gen-
erated finite set of data and find a controller that meets a given performance
specification for the unknown process. The model is thought of as a tool
which is chosen based on the designer’s preferences of control design tech-
niques and ways of explaining the observed data. In this sense. the chosen
model parameterization is good only if a controller designed for this model
can also achieve good performance with the unknown process. On the other
hand. if a controller delivers good performance with the model. vet fails to
meet the performance specifications with the unknown process. this model
is considered to be a poor description of the process and should be invali-
~dated. In this way. a conservative model set can be effectively shrunk until
the remaining elements can deliver a controller which will achieve the de-
sired performance specifications on the actual process, or the whole set is
invalidated.

In this paper we develop this philosophy further and give a concrete
example of an iterative scheme based on such model invalidation through
robust control design. The next section considers the modeling step at a gen-
eral level. Section 3 describes the general philosophy of an iterative scheme
and comments on the computation issues in the general case. This is fol-
lowed by the development of an iterative scheme based on a fixed pole model
(FPM) and the rank one mixed p synthesis (ROS) robust control technique.
Section 4 discusses the modeling step in more detail and presents some new
results in this direction. This is followed by a detailed descripion of an itera-
tive scheme based on the FPM and ROS. The computations associated with
the ROS scheme are outlined in Section 5.1 and some worst-case complexity
results are also collected there. Finally, a specific example of the ROS based
iterative scheme is considered in Section 7.
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Step One: Selection of Model Parameteriza-
tion

In general. the selection of the model parameterization is a process that
requires engineering insight as well as careful consideration of available ro-
bust control techniques and available information about the process to be
controlled. Currently there are few robust control methods available and
the existing methods incorporate only special types of performance ob jec-
tives and uncertainty structures (6. 5. 29. 23. 7. 12]. All of these design
methods can accommodate unmodeled dvnamics as uncertainty and norms
of weighted transfer functions as design specifications. The mixed—p (rank
one) synthesis method of Rantzer and Megretskii (23] can also nonconser-
vatively accommodate parametric uncertainty models (having some struc-
rural restrictions). Once the desired model structure. or parameterization
is chosen. the problem is to efficiently map the prior information about the
unknown process into a model set having the desired structure. This step
can be extremely difficult and so the structure of the prior information can
significantly influence the choice of model parameterization.

This model set transformation step can be made more rigorous by defin-
ing the original prior information set to be the set of models consistent with
the priors

Moprior = {P(a):a € A, CR"} (1)

where the prior information is imbedded in A, and the functional depen-
dence of P(a) on a. Note that any unmodeled dynamics are also contained
in .Mprior- Given the desired model structure parameterization. G(8. A), the
goal is to find the smallest ¢ > 0 and ©, C R™ such that

Moprior € Mdes = {G(8.2): 0 € O,, [|Allo < €}

This is generally a very difficult problem to solve and an approximate solu-
tion for the special FPM case will be developed later in Section 4.

3 Step Two: Inner Loop

The main objective of an iterative scheme in our framework is to efficiently
search over the auxilliary (model) space for a controller which meets the
given performance objective with the actual unknown process. The idea is to
partition the model set and then efficiently invalidate subsets in the partition




while searching for a subset which vields a controller that meets the desired
performance objective for the actual process. A subset is invalidated if there
exists a controller which achieves a certain level of robust performance for
this set but fails to achieve the same level of performance for the actual
process. The kev issues are choosing the model structure/parameterization
and deciding how to partition the model set. Clearlv. the termination of
such an iterative scheme can occur only if performance can be tested using
a finite duration signal. We now make these ideas more rigorous before
stating the iterative procedure.

3.1 Preliminaries

We first establish some useful notation. The model set (Mg, D) is assumed
to describe the unknown process P.. The input/output relations for P.
and some plant/noise pair ih.d) € (.M. D) are written as y = Pu and
y = th.d)u. respectively. The reason for using this notation is that the
development remains general. and we are not forced to write y = h*u+dor
y = h x(u+ d). for example. Let the process augmented by the exogenous
inputs w and measured outputs z be denoted by P. Now, assume that
some controller A" is used to close the loop around the augmented process.
The performance objective is to minimize (in some appropriate sense) the
measured output z for some exogenous input w.

We assume that w and z lie in some spaces of sequences of p and g dimen-
sional vectors. The relation for w and z is now some LFT of the process and
controller and will be represented as Fi( P, ). With a slight abuse of nota-
tion we will similarly represent the closed loop relation with (%, d) in place of
P as Fi((h.d). i') and the set of relations with (Mg, D) as Fi((Mo, D), V).
Finally. given an exogenous signal wg, assuming uniqueness of solutions in
the closed loop system, we can define a map G which takes (wo, P, K) into
up. the input to the plant. which we write as ug = G(wp, P, K'). We next
establish the way in which we view performance.

When an engineer designs a control system to achieve certain perfor-
mance objectives. the design is tested and will seldom give satisfactory per-
formance on the first try. The main point is that during the testing phase,
only a finite time experiment is available. This means that the engineer can
increase his/her confidence by observing the closed loop system for some
finite set of exogenous inputs thought to represent the typical signals which
the system will have to face in the future. Following this philosophy, we
view performance in relationship to some finite collection of finite duration



exogenous signais aund the metrics used on the input and output spaces.

One can think of the standard model validation problem in the following
way. Given {(Mg.Dl.uand y = Pou. if (Mo. D) is inconsistent with (u.y),
then we say that (.M, D) does not adequately describe P with respect to the
input u. The computations associated with this consistency test is the main
focus of the recent work on model validation (26, 27. 22]. We now show that
performing model invalidation based on observed performance {i.e.. control
based model invalidation) is related to standard model invalidation using a
special input. «”. which is weil defined.

Assume that a set of exogenous inputs. W = {wg € RV*? L iell. M,U]}.
is given and the goal is to achieve {|Fy( P. K )wi]| < yllwill Vi€ [1.M,]. The
choice of norms here dictates which control design methodology one will
have to utilize i5. 19]. We propose the following alternative way of thinking
about model validation. which is similar to the idea in [4].

Definition 3.1 Given a model set (Mg, D) and a K which achieves
IF1((Mo, D). K)uill < ylhwill Vi € [1, M),

if 35 ¢ [1,.’\:[,_U] s.t. H]‘-I(P. K)ij > 7||wj||,

then we say that (Mg, D) does not adequately describe P in view of the
objectives.

In other words. if we can find a controller K which achieves the desired
performance for (.M, D), yet does not achieve it for the process P,, we
invalidate (.Mg.D). The following result establishes a connection between

this viewpoint and the standard model validation problem.

Lemma 3.2 Given (Mo.D) and W, let K be a controller which achieves
UF((Mo. D). K)will < vljwil] Vi€ 1, My)

Furthermore. for each i € (1, My, let uf = G(w;, P, K) and y = Puj.

If 3 {(hi.d)}}1* C (Mo, D) s.t. yf = (hi,di)u} Vi € [1, M,,]
then |[Fi(P.K)wiji < yllwil] Vi € (1, My)].

Proof. Given W. take any i € [1, M,,]. During the experiment, the closed
loop system generates unique u},y’ and 2} = Fi(P, K)w;. By assumption.
yr = (hi,di)uT (i.e.. (h;,d;) can interpolate u] to y’). Because of uniqueness
of solutions. if we consider (h;,d;) in the loop instead of P, the resulting z
must be the same as 2} from the experiment. This means exactly that

Fi(P, K)w; = Fi((hi, di), K)w; (2)




and since I was designed to achieve || Fi{(.Mo, D). hhwi|| < ~]jwiil. it cer-
tainly achieves | Fi((h;. d:). Kwyjl < ~|lwi|l. In view of equation 2. it is clear
that this implies #1F:( P. K)w:it < ~flwqf]. O

A picture showing how these variables are related in the closed loop is shown
in Figure 1.

u P

K

J

Figure 1: Closed-Loop System Variables Depending on w

This lemma says that if we cannot invalidate the set (Mg, D) w.r.t.
(uf.yr) for any 7 € {1, M,,], then we will not be able to invalidate it based
on observing the performance w.r.t. W. Notice that the reverse implication
is not necessarily true because A is not designed to achieve performance
only for (Mo.D). Even if (Mg, D) is not consistent with (u},y’), K may
inadvertently achieve the desired performance for some (h,d) ¢ (Mo, D)
which is consistent with (u}.y7).

The above lemma can be easilv extended to performance objectives such
as {|WoFi(P. K wyd] < v||w;l|. where W, is some weighting function. In fact,
it is easy to see that the result holds for any performance objective that is
implied by the robust control design method. In the iterative scheme, the
converse of this lemma is actually used and is stated here as a corollary.

Corollary 3.3 Given the assumptions of Lemma 3.2, if 3j € {1.M,)] s.t.
|Fi(P, K)w;|| > vl|lw;l|, then there does not exist any (h,d) € (Mo, D)
s.t. yy = (h,d)y;.

This says that if we invalidate the set (Mg, D) based on performance, then
we would have also invalidated it by using the resulting (uv*, y*). It is impor-
tant to reiterate the significance of the unidirectional implication in Lemma
3.2 and Corollary 3.3. This means that even though the observed perfor-
mance is satisfied. (u”, y*) still may not be consistent with (Mg, D). [n this



way. the performance test is only sufficient for invalidation of (Mg, D) w.r.t.
.a*.y). This is not a deficiency in the procedure. but merely reflects the
fact that model invalidation in the sense of Definition 3.1 is only sufficient
for model invalidation in the traditional sense. In other words. as long as
the controller we have designed for (.M. D) is delivering the desired perfor-
mance for the process P. we have no reason to invalidate the set (.Mg. D).

3.2 Inner Loop and Computations

The following two additional assumption are needed since a nomnconserva-
tive robust control technique does not exist for every type of performance
objective.

Assumption 1 There exists a robust control technique which implies the
performance objective above (possibly conservative).

Assumption 2 We accept this robust control technique in the sense that
if it cannot come up with a controller satisfving a given performance ob jec-
tive. we assume that no controller can satisfy it. We are now in a position
to describe the inner loop of the iterative scheme which we show in the flow
chart in Figure 2.

The computational difficulty is imbedded in the robust control design
step while the efficiency is controlled by the partition of the model set and
selection of the candidate subsets. Given the desired performance objective,
it may be difficult to determine how small a subset of the partition should
be for the robust control problem to have a feasible solution. This means
that a practical scheme may be based on further refining the subsets until
the robust control problem is solved and only then trying these controllers
on the actual process. This is exactly what is done in the iterative scheme
described in Section 6.

This general description allows for any model structure and correspond-
ing partition of the model set to be used. In accordance with the above
additional assumptions. we only require a robust control technique which
implies the given performance specification type. If the robust control de-
sign method is conservative, this will be reflected in the conservatism of the
iterative scheme in which it is used. Finally, it is important that a finite
partition is used to insure termination in finite time. If, for example, the
performance objective is too difficult and cannot be met for any plant in
the model set, one does not want to refine the partition ad infinitum. There
should be some chosen partition level at which a subset giving no feasible
robust control solution will be invalidated.

-3
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Figure 2: Iterative Procedure




4 Fixed Pole Model for Rank One Synthesis
The ROS design method was developed by Rantzer and Megretskii in {23].
The method is limited to special model structures (i.e.. SISO. MISO and
SIMO with real and complex coprime factor perturbations). however. the
solution is a convex optimization problem. If we also require robust perfor-
mance such as minimizing a weighted sensitivity (i.e.. [W,S|}). the uncer-
taintv can only be in the numerator of the model if the rank one structure
is to be maintained. This will be described in more detail in Section 5.1.
The correspouding model will be referred to as the fixed pole model (FPM)
and is given by
v Bpz* + WA
A(z)

where [[All < 1.8 € © C 2™ W is a stable and invertible weighting
function. and A(z) is a stable polynomial.

When the prior information is given in terms of uncertain pole locations
or other structures which are not compatible with fixed poles, the mapping
of these priors into the appropriate parameter set © and a weighting function
W can be difficult. In particular. when W = ¢W,, one would like to compute
the smallest ¢ > 0 and the corresponding set © such that the FPM set
contains all the plants given by the prior information. It can easily be
shown that computing e is equivalent to computing the n-width of the prior
model set [18]. and finding the corresponding parameter uncertainty set C)
is also a difficuit task. For this model and the iterative scheme described in
Section 6. it is important to choose W with very little conservatism (i.e., try
to lump as much of the pole mismatch into the parametric uncertainty as
possible). This is true because the iterative scheme will reduce uncertainty
in the parametric part. while the WA part will remain fixed. e next
discuss the modeling step for the FPM in more detail.

G8.A) == (3)

4.1 Approximate Solution to Model Set Transformation: FPM
Case

We assume that the prior model set is stable and of the form
Morior = {P(a) + WA 1 a € Ay, ||A]lec £ 1}

where P(a) = B(2)/(z" + 12" +--- 4+ @,), but it is sufficient to consider
just the parametric part P(a) since any additive unmodeled dynamics can




be added to the FPM model set. Since we do not know how to solve the
exact n -width problem bv findine the optimal fixed pole locations for A(z).
we use the following approach. Let A.(z) be the denominator polynomial of
Pla.) where «. is the center of the set 4,. We now use

Z’/’cnz—Ol ekzk
(Ac(2))tm/™

to represent the actual plant. This means that we are using basis functions of

the form {:":(?) }. We now define A(z) = (Ac(2))™/™ and Hi(z) = z*/A(2).

This means that the new model parameterization is given by the subspace
{6TH : 9 € =m}. This results in the simplified problem

€ = sup inf {|Pla) —f)THHoo (4)
2€4, JERT
This problem is equivalent to finding the maximum deviation from the set
Morior to a fixed finite dimensional subspace given by HTH. We will need
the following result for a simplification of the above problem.
Let the state space representation for 87 H be

Ag | Bs
0TH2~—T—0
(=) [CuDe}

We can assume WLOG that Dy = 0 since the constant term can always be
matched exactly. Furthermore. in this case we can write

Yo Oez

0TH = m-—1 :
2™+ Zk:o h’kzk
and then simply take
[ 0 1 0 1] [0 ]
0 0 1 0
Ag = : : 0 1 By =
0 0 0 1
| —ho -M —hm—2 —hm-y |

and Cg = 67. Similarly. for a given a € A,, let the plant P(a) (modulo the
DC value) in the prior model set have a representation

[ Ap(
Cp(

a

10

a) | Bp(
)|

a)]




This means that the system P(a) — 67 H has the state space representation

AiB [ 4 0 |
[C{O} ‘4={0 Ap(a)j

I

1

B:[ Be o c=l 2T Cplar ]

Bp(a) J
Lemma 4.1 (iven the definitions above. for any a € Ay,

inf ||P(a) = H'6lloo = inf{7.6. X : (=)}

where the condition (x) is equivalent to

[oATxA-X ATXB+CTD cT
ZX > 0s.t. l_ BTXA+DTC BTXB+DTD -+ 0 >0
[c o] I

Proof. The system P(a) — 6T H has a state space representation with C
affine in 6. It follows almost directly from a theorem in Zhou, et.al. [32] that

|P(a) — 6T H|joo < v if. and only if

ATXA+CTC-X ATXB+CTD

BTXA+ DTC  BTXB+DTD—-~2r | <0

3X > 0s.t.
This is an LMI in X and 72, but not in @ since this matrix inequality is
quadratic in C. and C is an affine function of §. The result follows after
performing a similar trick to the one used in Boyd, et.al. [3]. O

Note that this is now an LMI in the variables 7,0 and X. and can be readily
solved using various efficient interior point algorithms given in [21].

We can now present an algorithm for computing €” and the corresponding
set ©g such that

/Mprior C Mges = {GTH + e A:0 € 0y, “AHOO < 1}

The main idea is to relax the problem to one of finding ¢* within a
small constant 0 < 5 which is chosen a priori. Because of certain continuity
properties. this 7 determines an e-net for the set A. An LMI is then solved

11




for each lattice point and vields a finite set of optimal #’s and €s. In the
end. ¢* is bounded by n + the maximum over the computed €’s. and the set
O can be taken as anv set which contains the finite set of all the optimal
#’s. \We now make this more rigorous.

Assume that ., is compact. P(a) is stable for all @ € A,, and there
exists a finite constant. 3. such that

sup jjPla)i~ < M < x .
u€Ap

Let « enter affinelv into the denominator of P(a). We will show a bit later
that the function mapping a@ — || P(a)]|« is uniformly continuous on A. This
statement is equivalent to saving that for any n > 0 there exists a 6* such
that for all a;.ay € 4,

P, — Payllc < 1 whenever {la; — ao]] < 67
This suggests the following algorithm for computing €* and ©q.

1. Choose some 0 < n € | and compute the corresponding ¢~ (the com-
putation will be discussed shortly).

2. Set up a lattice {aj}ff_., such that the union of the é*—neighborhoods
centered at the lattice points is a finite cover for the set A.

N
AC | Be(aj)

j=1
3. For each j € [1. N], solve (via an LMI)
€ = _ienzf |Pla,) — 8T Hl|s and 6, = argmin | P(a;) — 87 H||o
v mm

and record the pairs {(¢,.6;)}.

1. Take €* = n + max;{¢;} and Oq as the smallest hypercube containing
{91' } ;V=|-
This has the following properties.

Theorem 4.2 Given the above algorithm define € = max; ¢;. Then

€ < sup inf ||P(a)- 0TH||Oo <e+7
a€Ap ferm™

and
{Pla):a€4,} C{8TH +2:0€{8;},]|Aw < E+n)

12



Proof. The lower bound in the first part is immediate. The upper bound is
proven by defining a. to be the maximizing point in A,. But then there exists
a k € [1. V] such that |lag - a.|| < 6~ which means that | P(akx)— Plas)ijos <
n. It is easy to see that f r any § € K8 we have

|P(a.) - 8T Hls. = |IP(a.)—6TH + P(ax) = Pla.)llec
Plak) - 87 H)loo + || P(ar) — Plaxjix

€+ < E+DN

IN A

The second part of the theorem is immediate from the above argument. O

We now show that the function a — || P(a)}|o is indeed uniformiy con-
tinuous on A, and in the process. show the steps necessary to compute 6.
We state the main result in the following theorem.

Theorem 4.3 Let 4, C R" be compact and the set {P(a) : a € A;} is a
stable subset of H.. Assume that P(a )= i) , where D, is affine ina. Then
the map a — || P(a)||es is uniformly continuous on Ap, meaning

Vn > 0,p € [1.x]. 36" s.t. Ya'.a" € Ap, ||’ =a"|lp < 8" = ||[Por—Farllo <7
Furthermore. 6™ satisfies

- n _1

1

+

and the computation of M1 requires either 2 mized p analyses or. with a bit
more conservatism. 1 mized yu analysis and 1 LMI solution.

Proof. We first define
D.(e") =1+ aT€(w) where £(w) = [ .. e™]

and collect a few results. First, because of stability of the set {P(a):a €
A,}, we can compute an upper bound

1
sup sup ——=—— < Mp < (5)
2€Ap wefo2n] 11+ aT¢(w)|
and use this to get
inf inf |1+ aT&w)| = L > ! >0
a€A we(0,2n] SUPge A SUPeo,2q] 1 +aT€(W)™t © Mp

13




As shown in /1%]. the computation in Equation 5 requires the solution of one
mixed u analvsis problem. Next. using the same argument. we can compute
sup,e 4, il Plari via another mixed u analysis or byv an additional LMI as
follows.

1
sup |[|Pla)|l« <IN &“———”
sup IP(@) < 1N | 5o}

The second quantity was computed in Equation 5 while || V||, can be com-
puted via a simple LMI problem. Whichever solution is used. let the com-
puted upper bound for sup,e 4, || P(a)]|cc be denoted by Mp. We next define
the function

1 1
(@) = = 8
gla.=1=7 +aT€(H? 7 1 +2aT Rel{f(w)) + al€(w)E=(~ia (6)
which we can now differentiate w.r.t. a; for all & € {1.n] to get
dgla.w) _ 2cos(kw) + 2Re{e*valg(w)} (1)
Oax  (1+2aT Re{§(w)} + aT€(w)E*(w)a)?

We can use implicit differentiation to show that

a|1+afs w)l 11+ aT€(w)] 0g(a.«)
dai 2 dax

and combine evervthing above to get

O|P(aj(e=)] _  [N(e™)||1 +aT&(w)] |Og(a.<|
azk - 2 8ak i
N(e*) ||cos(kw) + Re{e~*aTl€(w)}]
1+ aTg(w) 11+ aT§(w)l?

< MpM}(1 + ||aflpn'/9)

<
< MpMA(1+nYIMy) < My

where M4 = sup,¢ 4 ||al|, is bounded since A is compact.
We can use this bound as follows. First. recall the multivariable mean

value theorem. If a function f : B" — R has bounded derivatives. then for
any r.y € R™ we have

fW) - f(z)=V:zf-(y- %)

14



for some # = tz + (1 —t)y, t € [0.1] (ie.. jly — &|| < |ly — z||). This means
that if |0f/0zrl < L for all k € [1.n] .

|f(y) = fla)l < a9 Lijz = yll, -
We can use this fact to show that for any « € [0.27] and any a’.a” € 4,.
we have
Pale~y = Poie=M < ot Mrlla’ - a’ll,
which obviously implies that
| Par = Panllos < n'9Mrla’ = a"|,

This means that one can choose 6* < n/(n}/?M7) and this completes the
proof. O

5 Rank One Mixed p Synthesis

In this section we briefly review the rank one synthesis (ROS) result of
Rantzer and Megretski [23] and specialize it to the fixed—pole model (FPM).

5.1 Fixed-Pole Model as Perturbed Coprime Factors

We first show that the fixed-pole model (FPM) having a hypercube for the
parameter uncertainty set is a special case of the perturbed coprime model
{PCM). The PCM is the model used in the rank one synthesis theory and
is of the form (SISO case)

N +6TN - ANy

T M4+ 6T M+ AMA

with ¥, M € RHu, (N.M) coprime. § € R™, [|§]lo < 1, A € RHo,
Ao < 1. Ns. Mg € RHZ, Na, Ma € RH.,, Ms = 0, and Ma = 0. The
fixed-pole model we want is given by

Goa = B—%Q + WA

where B(#) = 3, 8k2*, 0 € © C R™, O is a hypercube which is centered at
8. and has side lengths {n:}, and ||Al| < 1. This corresponds to the PCM
model above with M = 1. N = B(0.)/A, Na =W, Ma =0, Ms = 0. and

Gs.a

m-—l]T

Ns = [770 Mmz2-:NMm-12
A(z)

15




\We now incorporate the robust performance objective which is given bv
111,51> < ~. This can be transformed into a robust stability problem as
follows. Define GG, = Gsa{l — A,W,)! which can also be expressed in
terms of the uncertain coprime model as

N+ (5T1\75 + ANA + APA’VAP

G, =
M4+ 6TMs + AMa + ApMa,

(8)

with Na, = 0. Ma, = W, and the rest of the quantities defined as above.
The goal is to find the largest v~! such that G, can be stabilized for all
|All < L and {1, < ~~!. Figure 3 shows the model and makes the rank
one structure apparent.

o Ny &
> G +
u y

Figure 3: Rank One Structure of the Model

5.2 Solution of the Rank One Synthesis Problem

The general rank one synthesis result was solved by Rantzer and Megret-
ski [23] who derived a convex parameterization of all robustly stabilizing
controllers for rank one uncertainty lying in a convex set. We will state this
result in the form specialized for the FPM. Let the nominal model. B(6.)/A.
be denoted by G and define

ola.3) = sup : Wy ([0 + 3]G + a) (e
welo.27] Re{a(e™)} — || Re{Ns[a + B} (erw)lla = INa(a + 3)(es)

where o« is a positive real transfer function and 8 is any stable transfer func-
tion. The robust control performance problem described in the preceding
section is equivalent to minimizing the functional ¢(a + §) over o and 8.
Although it is a tedious exercise. one can show that the above functional
is indeed quasiconvex in (a, 3). The denominator being nonnegative is also

16



a convex constraint and so we get a quasiconvex optimization subject to a
convex constraint. An e-optimal solution can be found in finite time using
standard methods for convex optimization 12}.

6 FPM Step Two: Inner Loop

Having mapped the priors into a FPM set and having a solution to the
scheme robust control problem. one can try using an iterative based on the
FPM and ROS with a performance objective which is implied by keeping
the weighted sensitivity transfer function small. We now describe such a
scheme in detail.

The partitioning will be performed with respect to © while WA is as-
sumed to represent the inherent nonparametric uncertainty and will remain
fixed in size. Thus. we will refer to © as the model set and suppress the
WA part which is fixed for each parameter value in 0.

The iterative procedure based on ROS consists of the following steps.

1. Label the initial model set ©g and set k = 0.

2. Can the desired performance be achieved for O by some K7 If yes,
go to (4).

3. Refine Oy in the following way (to achieve better performance):

(a) Find j such that the performance is most sensitive with respect
to the j*I parameter. g;.

(b) Split O along the jth dimension. resulting in the two sets Xp
and X. with O = Xo U X;.

(c) (Skip if k = 0) If Xo is smaller than the smallest allowable par-
tition size we invalidate Oy by decrementing k by 1, and go to
(2).

(d) Find ¢ € {0,1} such that the best performance which can be
achieved for X, is better than the one for X;_,. Let K41 be the
controller which delivers this performance to Xj.

(e) Set Oy = X;_,, Ok4q1 = X,, increment k by 1, and go to (2).
4. Connect K to the plant and test for performance

5. If the performance is satisfied, stop.

17
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(9]

Figure 4: 2D Iteration Example

6. If k > Oinvalidate ©; by decrementing & by 1 and go to (2). Otherwise.
choose a new model parameterization and go to (1).

This procedure has several nice properties. As discussed in Section 3.2.
choosing the smnallest allowable partition size to be nonzero, we are guar-
anteed termination in finite time. Every time a set is split, the memory
requirement is only increased by one unit (containing the center and side
lengths information. for example) so there is no geometric or exponential
explosion in required memory. The search is optimistic, always seeking the
best set in the partition. At first thought it seems that this may poten-
tially exhibit very bad worst—case behavior. For if the only controller which
achieves the performance for the actual process is one that is designed for
a “bad” set. the “good” sets will have to be invalidated first. However, the
“good” sets will be invalidated quickly because they will typically be larger
and will not need to be split as many times as the “bad” sets. The following
figure illustrates how the iterations might proceed in the case when © has
dimension 2. In this example. the shaded box 4 is invalidated, the counter
is decremented from 4 to 3. and the procedure resumes by focusing on box
3.

The computationally difficult steps are steps 2, 3d, and possibly 3a. Note
that in steps 2 and 3d, we are trying to synthesize controllers meeting either
the desired or the best possible performance levels, with step 3d having
to solve two such problems. Step 3a which computes the sensitivity of
performance with respect to each parameter is fairly easy to compute in
the special case of ROS and FPM. The solution is given by the following
result.

18



Lemma 6.1 Assume that the ROS solution gives a feasible pair (a(z). ()
as well as the worst frequency, <o which mazimizes the functional. Then the
parameter which has the greatest impact on performance is given by Ok,

where , _ .
I . [ 3(e™0) + afe™?)
l’”ma:r: - R twok _
are ker[%ix 1] i ¢ {6 ( A(ewo)

(9)

Proof. Given the feasible pair (a(z).3(z)) and the worst frequency. wo, @
can be viewed as a function depending only on the 7;’s. Thus. we can write

ao

a1 — ||Re (N5[3 + of) ()]

o(n) =

where ag and a; are two real constants. Recall that

. am=1 T
lV&(Z) — [770 7712 r’m—l ]

A(z)

Using simple calculus, one can show that

3||R€(N6[ﬂ + o)) (e“)x
ony '

317k

Writing out || Re (V5[8 + a]) (€™ )], explicitly and using the fact that 7x > 0
gives

d twp —
%;HRC(N&W + o) (*°)]lx Z e

ko=
“,o,;ﬁ(e“"0 ) + a(e“0)
A(ewo)

{ Sk BE) + alet )}l

and the result follows. O

6.1 Worst Case Complexity

In this section we consider some issues related to complexity of the iterative
scheme and derive some worst—case bounds on the number of experiments
and ROS designs. The types of complexity results we are after address the
worst case behavior of the scheme with respect to the number of computa-
tions and required time for the scheme to terminate. The behavior really
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depends on the desired performance level. 4. and the initial model set. We
begin with the following notation.

Assume that the initial set ©5 C R™ is a hypercube with side lengths
sh. Let the desired smallest partition size be ry.,. Next define the number
of resolution levels

q= I—logz

Sh
‘rdes

and so the actual smallest partition size is given by r, = s,27%. At each
level k& € {0, q] we have a partition I of ©g consisting of 2Fm subsets.

We now define # D as the total number of ROS designs and #£ as the
total number of experiments performed. As before. we assume that the
existence of a controller means that such a controller can result from a ROS
design. \We can now state the main results.

Theorem 6.2 The total number of experiments is bounded as
#E <2™

with equality only if v* cannot be achieved for any partition i, k < (¢—1),
but can be achieved for every subset in ¥,.

Proof. The equality is easy to see. If ¥* can be achieved for some subset
U; ¢ £,, then we perform an experiment for U; and so #E is incremented
by 1. However. at the end. we either quit. or invalidate U;, but in either
case we will not perform experiments on at least two more sets from £, that
are contained in [';. Thus. we see that at any level & < ¢. we subtract from
the worst case # F£ if we perform an experiment and therefore the worst case
#F occurs if we perform experiments on all. and only. the subsets of X,. O

Theorem 6.3 Given the definitions above,
#D < omtl _ |

Moreover, there erists a (difficult enough) performance objective. v* > 0 s.t.
equality holds.

Proof. Clearly. the worst-case occurs when the performance is so difficult

that it cannot be achieved for any subset in £,. This means that eventually,
for every subset of every partition. a ROS design will have to be performed.
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But these are not the only sets that will have to be operated on. Going from
partition Ti to Yy requires m2km splits (m for each set), and each split
causes the number of designs to increase by two. Since we are considering
the case where the entire set will be invalidated. we can reorder the whole
procedure and assume that the splits are done in such a way that the re-
sulting sets are in the o-Algebra generated by Zi4i. This means that the
total number of designs is given by

m
#D < S 2 =2mt ]
k=0

o

This number is larger than if we had simply considered all the sets in each
T.. This is given by (2™e+1 — 1)/(2™ — 1).

7 Illustrative Example

In this section we present an example which illustrates the iterative scheme
described in the previous sections. It is assumed that the plant is known to
consist of a second order lightly damped mode with two flexible modes at
higher frequencies. The lightly damped mode is known to be of the following

form.
1

T 8+ 2fwns + W2

P(s)

where w < wp, < 0. £ <€ < £, and it is known that w = 0.7, @ =
0.8. £ = 0.2, and € = 0.3. It is known that the two other modes occur at
frequencies of approximately 8 and 12 rad/s. We can discard these modes
and represent them with unmodeled dynamics of the form WA. The next
two figures show the full and simplified plant. After converting everything
to discrete time {Tsqm = 0.15s) we model the simplified plant by the fixed
pole approximation. The simplified plant is given by the following.

P(as) < QOI21E+00119 @ € [-19456,-19122]
) 22+ a1z + ap ap € [0.9274,0.9570]

This means that the fixed pole model is of the form

TPl g2% + (e + DW)A
(22 — 1.92897 + 0.9422)Lm/2]

G(8,A) =
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Figure 5: Full Order and Simplified Plant
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where ¢ is obtained from Section 4.1 and D(z) is the denominator polyno-
mial (22 — 1.9289z + 0.9422)L™/2]. The €* represents the error between the
FPM and simplified plant. while the DW term is the error between the full
order and simplified plant.

We now assume that the actual plant is given by

0.00181:% — 0.0026=* + 0.0055:% + 0.0087z2 + 0.0005z + 0.0053

Plzi= — — :
(=) 25— 9101555 + 2.55682% — 1.8369z3 + 0.962022 — 0.4987= + 0.2362

For visual presentation purposes we consider a fixed pole model of order
m = 2. The corresponding €* is 0.0084. The ideal performance objective is
assumed to be good tracking of certain duration step inputs. however, for
the robust control design we will use small [, gain of the weighted sensitivity
transfer function as the design objective. We consider a weighting function
which will allow designs of fairly demanding bandwidth (i.e., beyond the
first lightly damped mode). This weighting function is given by

z —.2152

W, = ——— .
P72~ .9984

7.1 Iterative Scheme Simulation Results

We now demonstrate a few examples of the iterative scheme. We take the
two dimensional parametric uncertainty set to be the smallest hypercube
bounding the set which is asymptotically given by the robust set membership
identification algorithm given in [18]. This also serves to show the potential
improvement in performance which can be achieved by the iterative scheme.
To get an idea of how the scheme might proceed. we compute a number of
ROS controllers for various grid refinements and test all of these controllers
on the plant. This only gives a rough idea of what the scheme might do
because we only consider squares. not rectangles, which will arise due to
the sets being split in one dimension at a time. This, however gives a
global picture which shows how the predicted robust performance base on
the models compares with the actual performance achieved with the plant.
These grids are shown in the following figures. The numbers inside the
model boxes correspond to the minimum ~ achieved for those boxes, while
the numbers inside the corresponding plant boxes show the actual 7 (i.e.,
|W S|l ) that those controllers achieve for the actual plant. Note that if one
asks for performance level v > 1.66, the predicted and actual performance
are fairly well correlated and the optimistic search is extremely efficient.
However. one can see that as desired performance improves. we must go to
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finer erids where tive performance is not as well correlated with the predicted
robust performance aund some invalidation will occur.

Grid 1 Actual Performance
3.71 1.66 1.24 1.16
294 311 294 1.26
Grid 2 Actual Performance
228 11671140 ] 123 1161 1.16 | 1.24 |1.301
343 215 | 1.56 | 1.31 1201 1.13] 1.09] 1.16
692 131311951143 12711201 1.1111.05
294 [ 6191287 | 1.80 210 1 1371126 | 1.14

Figure 6: Grids Showing Predicted and Achieved Performance

We now show the evolution of the iterative scheme for various desired
performance levels. 74e5. This is shown in Figures 8 through 11. The smallest
partition size is chosen such that the space is split at most three times
(Grid 3 of Figure 7 is the finest allowed partition). The lightly shaded boxes
are the ones under current consideration and the dark shaded boxes are the
ones that have been invalidated. The values v correspond to the achievable
robust performance for the lightly shaded box, while v, corresponds for
the performance level achieved when this controller is applied to the actual
process. The first execution of the scheme uses yges = 2.5 and the results
are shown in Figure 8.

The evolution agrees with the data from Grid 1 in Figure 6 and one can
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1.05

1.07

2.16

1.35

1.28

1.20

1.16

1.11

1.06

1.06
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1.92
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1.34

1.26

1.16

111

1.06

Figure 7: Grids Showing Predicted and Achieved Performance
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¥=1.66 Y,=1.16

Figure 8: Iterative Scheme (7y4es = 2.5)
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¥=294 1=3.66

¥=1.337 ¥=1.66

Figure 9: Iterative Scheme: steps 1-4 (Yges = 1.25)

¥=1.229 7v,=1.301 invalidated
-
¥=1.286 ¥=1.307
N Y
—

Figure 10: Iterative Scheme: steps 5-8 (Yaes = 1.25)




=1.189 Y,=1.263
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¥=1.249 Y,=1.218
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Figure 12: Actual Sensitivity Plot for Final Controller
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see that the algorithm marches towards the box which predicts v = 1.66 and
the actual performance is satisfied (y, = 1.16). The next example considers
the case when ~4; = 1.25. In this case. shown in Figures 9 through 11.
the optimistic search leads to the upper right corner of Grid 2 and we see
that the actual performance will miss the desired value of 1.25 so the upper
right corner is invalidated. In addition. the box (two boxes down from upper
right box) having # = 1.189 is invalidated because the actual performance
misses 1.25. Finally. we come to the box which has y = 1.249. and the
actual performance is met (7, = 1.22). The sensitivity plot of the actual
performance and the one guaranteed by the controller for the final box is
shown in Figure 12. When the desired performance is v = 1.2, the entire
model set is invalidated. To achieve better performance than this one can
use the 4th order model. Running the iterative scheme with this model and
a desired ~ of 1.0. the scheme terminates after 11 iterations with a predicted
~ = 0.989 and the achieved 7, = 0.987.

8 Discussion

The framework proposed in this paper very general in the sense that it is
valid for any mutually consistent model parameterization, robust control de-
sign and performance objective. The model set transformation problem for
the FPM and a special prior model set (i.e., stable and uncertain poles) was
considered. This problem may also be formulated using the gap metric (8]
which would allow unstable prior model sets. At this time a scheme based
on ROS may be the least conservative because of the lack of conservatism
in the rank one synthesis solution. There is. however. a price to be paid for
using a simple model such as the FPM. First, the ROS with performance ob-
jective given in Section 5.1 is limited to multi-input single—output (MISO)
systems. Second. forcing the prior information to be mapped into a FPM
can introduce conservatism in the form of large unmodeled dynamics. which
will limit achievable peformance. This conservatism can be reduced if one is
willing to partition the unmodeled dynamics as well. In other words. one can
try to extend the scheme based on ROS and FPM by considering the model
{6TH + eA} where ¢ is not fixed but can also be invalidated. One must be
careful in this case since the sets {¢A : ¢, € [0,7)} and {eA : 1 € (n,€)}
are not disjoint even though the values of € are disjoint. Finally, if the entire
model set is invalidated one can either change the performance objective
or the model. The examples illustrate that increasing the complexity of
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the model allows one to achieve better performance through the iterative
scheme.

9 Conclusion

This paper presented a new framework for iterative modeling and control.
The philosophy of this framework is a very different way of viewing models
and their role in designing controllers for uncertain systems. The model is
viewed as a tool used to describe the unknown process and really depends on
prior information. available control design tools and other modeling prefer-
ences. The approach described in this paper was an iterative procedure for
refining the uncertainty set via robust control based model invalidation and
can be viewed as a systematic way of efficiently searching for a controller
delivering a certain desired level of performance to the unknown process. In
this wav it is possible to invalidate the model if it does not facilitate design
of a controller which also provides good performance for the actual process.
The result of an iterative scheme in this framework is that either the perfor-
mance goal will be met or the entire uncertainty set will be invalidated in
accordance with our modeling and control method prejudice. An iterative
scheme based on a special fixed pole model structure and rank one mixed p
synthesis control design was described in detail and a specific example was
used to illustrate the proposed scheme.
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A Framework for Robust Parametric Set
Membership Identification

Mitchell M. Livstone* and Munther A. Dahleh!

Abstract

This paper proposes a new framework for studying robust paramet-
ric set membership identification. We derive some new results on the
fundamental limitations of algorithms in this framework. given a par-
ticular model structure. The new idea is to quantify uncertainty only
with respect to the (finite dimensional) parametric part of the model
and not the (fixed size) unmodeled dynamics. Thus. the measure of
uncertainty is different from the measures used in previous robust iden-
tification work where system norms are used to quantify uncertainty.
As an example. the results are used to assess the fidelity of a certain ap-
proximate robust parametric set membership identification algorithm.

1 Introduction

In the past half decade there has been much research activity in the area
of robust system identification, otherwise known as control-oriented and
control-relevant svstem identification. The motivation can be attributed
to new advances in robust control theory which did not interface well with
the existing theory of classical system identification. In particular, robust
control requires the plant to be described by a nominal model perturbed
by some bounded uncertainty which may or may not have structure. This
uncertain set of systems is assumed to contain the true plant and the robust
control theory provides methods for synthesizing controllers which achieve
certain performance. robustly, for the entire uncertainty set. This model set
requirement is not satisfied by the classical identification algorithms which
typically fix a parametric model structure and then perform some kind of
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regression to get a value for the parameters. This vields a single. finite
dimensional. identified svstem. Thus. the main focus of current research
in robust identification has been the formulation of algorithms that yield
nominal plants along with measures of uncertainty which are well suited
for existing robust control methodologies: hence, the terms control-oriented
and control-relevant. Since these algorithms vield uncertain sets of plants.
all of these robust identification algorithms can be classified as some kind of
set membership identification (SMID) algorithms.

The formulations and algorithms essentially differ in the types of a prior:
information assumed about the model set and disturbances. The model set
assumption is partially driven by the description of modeling uncertainty
required by the robust control design. The frequency domain algorithms
in [7, 6] provide nominal models along with unstructured uncertainty which
is bounded in H.. and thus provides the correct description for H., control
theory 5. 3]. The time domain algorithms in {11, 13] provide nominal models
with uncertainty bounds in the /; norm and are well suited for the {; control
theory [2]. Of course. the /; norm provides a (potentially conservative)
bound for the H., norm so the time domain algorithms can also be used in
H,, robust control, however conservative the bounds may be.

The algorithms mentioned above are formulated in a worst—case asymp-
totic setting. The formulation is worst—-case with respect to the plant and
noise. In other words. given the worst allowable noise and the worst plant in
the original model set. the identified set must contain the true plant. Fur-
thermore. the algorithm should be asymptotically convergent in the sense
that in the limit as the noise— 0. cardinality of data and the nominal plant
order both — . the worst—case identification error (i.e.. distance between
nominal and true plants) goes to zero.

More recently. some robust extensions of the parametric set membership
identification setup have appeared in the literature {15, 9, 8]. The roots of
parametric set membership identification (PSMID) can be traced back to
the late 1960’s in the work of Schweppe [12] and Bertsekas [1] who studied
state estimation under unknown but bounded disturbances. These ideas
were later applied to system identification (parameter estimation) by Fo-
gel [4] and a steady flow of papers on SMID has persisted ever since. The
models used in these papers were simple ARMA models with some output
additive (unknown but bounded) noise. Since these models are of fixed fi-
nite dimension. they are not very useful for robust control. This motivated
Younce, Krause and others [13, 9. 8] to consider a model with unstructured
uncertainty. Algorithms which use this model set will be referred to as ro-




bust parametric SMID (RPSMID) and an example of a prior model set is
the following set with additive unstructured uncertainty.

Mo = {GG +WA:0e0yC 2™, ”AHOO < 1} (1)

where Gy(z) is a SISO, rational transfer function whose polynomial coeffi-
cients are elements of the parameter vector §, and W is a known (assumed)
weighting function for the uncertainty.

Surprisingly, essentially all of the work in PSMID over the last 15 years
has focused on the construction of algorithme and computations, with very

little mention of convergence issues. A formal framework which can address
issues such as fundamental limitations. uncertainty and optimal inputs seems
to be missing. In the special case of FIR models, the work of Tse [13] can
be applied. although it yields conservative results.

In this paper we introduce a new. robust parametric set membership
identification (RPSMID) framework and derive some results on the funda-
mental limitations of algorithms in this framework. The development is
similar to the work of Tse, et.al. [13], and the results can be viewed as gen-
eralizations of some of the results therein. This paper is organized as follows.
The RPSMID problem is formulated in the following section. The reset of
the paper is concerned with the diameter of the uncertainty set and optimal
inputs which can shrink the uncertainty set to its theoretical minimum. In
Sections 3-5 we present some results on the size of the worst—case uncer-
tainty sets and optimal inputs for two special cases: noise—free (6 = 0) and
purely parametric (A = 0). Section 6 contains the corresponding results for
the general case. Section 7 illustrates how these results can be used to assess
the fidelity of an approximate RPSMID algorithm.

2 Problem Formulation
Let the linear time invariant plant model set be given by:

Mo ={G(6,2): 0 € @ CRB™[|A]| <1} (2)

where A is defined on some Banach space (H or /1). Given an input u € [,
and ||ul], < 1, the experiment is defined by

y=hyrutd b€ A|d] <8 (3)

We assume that the parameters to be identified are given by 8, while the
inherent unstructured uncertainty in the model is captured by A. The exact




model structure is embedded in the functional form of G. For example. an
additive uncertainty structure can be expressed by

B
G.A) = =2 LA .
15

A set identification algorithm. o. maps the experiment data up to time n
and the priors to an identified set M,:

o(Py(u.y). N.6.0p) = M,

The plant membership set. &, is given by all plants consistent with the
observed data (up to time n) and the priors.

S, = {G(0.A): Ply-G(0.M)xu—-d)=0
for some 8 € Oq. ||| < 1.1]dl] < ¢} (4)

The parametric membership set. ©%, is the set of all parameter values con-
sistent with the data and priors, and is given by

O = (€ F™: G(8.A) € Sp) (5)

Note that S, C {G(8,A) : 6 € O, ||A|| < 1} = S,. which is actually the
uncertainty set of plants generated by ©¢ and all possible A in the unit ball.
An algorithm is said to be RPSMID when it satisfies

S, C M, .

This simply means that the identified set contains the consistent set. The
fidelity of the algorithm can then be judged based on how tight an overbound
it provides for the consistent set.

In the RPSMID framework. the identification error for any RPSMID
algorithm is bounded from below by the diameter of S,.. However, since the
size of A is fixed. it only makes sense to study the convergence of the size
of the parametric set OF.

We now define uncertainty in this framework and examine its asymptotic
worst—case behavior. Uncertainty will be measured only with respect to the
parametric part of the model. Thus. the uncertainty associated with the set
S, will be the same as the uncertainty in S,. This uncertainty is defined
as the diameter of ©F with respect to the metric p on B™ defined in the
following way.

diam (©) = sup sup p(6y,6;) (6)
61€0 6,€0




It will be understood that (with slight abuse of notation) diam(S.,) means
diam(©¢,) as defined above. Using this definition we define the worst-case
diameter of uncertainty in the standard way.

D(u. My A.é)= sup sup diam(Sx(Mo.u.uxh+d,AJ))
heMy ||d||<§

At this level of generality it is difficult to say anvthing about the diam-
eter of uncertainty. We will impose more structure and try to derive more
specialized resuits. In particular. we will consider the additive uncertainty
structure

G(0.A) = G(O) + WA

where G(8) is affine in 6 and O = 6. + ©o, where Qg is a balanced and
convex set in =7, Furthermore, we require that W is stable and has a stable
inverse in the space where it will be defined. These assumptions will hold
for the remainder of this chapter.

1

3 Purely Parametric Case

We first consider the case where A = 0 so the uncertainty enters only
through the disturbance, d. We derive lower bounds for the diameter of
uncertainty and a few special cases. Later we consider the existence of in-
puts which can asvmptotically shrink the uncertainty to these lower bounds.
The main result is given by the following theorem which provides a lower
bound for the diameter of the uncertainty set.

Theorem 3.1 [f 26,0, € Qg (closed and bounded) s.t. ||G(8,)—G(02)]|1 >
28. then for any input u € [,

D(u..Mq.0,8) > 2sup {||0 — 6.]| : ||G(8) — G(8.)||; < 6}
where 8. is the analytic center of Qg

inf sup ||@ —6¢]] = sup || — 0
olem,,,gegoll 1l gegoll Al

Remark 3.2 The norms in the theorem are not specified because any norm
defined on E™ can be used to measure 6 and the diameter is defined with
respect to the metric induced by this norm. The norm used to measure the
operators is the sume as the norm used for A.




Before proving the theorem we need a lemma and a fact. We can assume.
without loss of generality. that (7(8) is linear (not affine) in 6.

Lemma 3.3

sup sup diam (O (Mo.u.uxh + d.6)) = diam (O (Mo, u.uxG(6.),6))
KEMo ||d||< S

Proof. The above means that given any 6, € O, ||d|| < & and € > 0.
if 301,60, € O (Mo, u.uxG(6,) + (1.5) and p(0;.6;) = ¢, then 26],6) €
O, (Mo, u.uxG(6,),0) and p(6].6,) > €. We will now show that one can
always choose #] = 9 + —J;"Z and 65 = 6. — _1%22 We first show that 6,6 €
0o by showing that 5% E Q. Because O is a balanced set, 6; and —#6, are
both in it. Combmmg it with the fact that Oy is also convex gives the result
61.0, € Og. We now show that ¢] and 8, are also in O (Mo, u. uxG(8.).6).
Define § = 6; — 6,. Since 6,.6, € 0% (Mop. u.ux h +d.8) implies

—(7’3

hxu+d=G0))*xu+d; =G(0)*u+dsy
for some ||d;|| < 6 and ||d2|] < 6. this means that
Gl)xu=d,—d, .

Now, if the plant is given by h = G(6.) and d = 0 we have

'3 6
y=G0:)*u=G(8. + §}+*’lt+(1,1 =G(6, — §)+ *u +

which implies that G(%) *u = —dj and G(—g) * 1« = d%. This shows that one
can take df = 3(dy — d3) and d} = —d}. Since ||d}|| = ||d4]| < é. this shows

that 8}, 8} € O% (Mo, u, u+G(8.),6). Furthermore, p(6},8;) = p(~5.9) = ¢.
(m]
Fact 3.4 If O is ¢ balanced and convex set, then

sup [|6; — 6, = 2sup 161]
91192€®

Proof. (Thm) Lemma 3.3 above shows that the worst case uncertainty
occurs when the plant is G(6;) and d = 0. Then given any [Ju|| < 1, for



each § € O°_(Mo. u.ux G(6,.).6) we have ||(G(8:) — G(8)) * uf| < 6 which is
implied by ||G(8.) — G(0)||; < 6. This means that

{0:]|G(8.) — G(O)|l; < &} C O (Mo, u.uxG(8.),6)
for any [jufl < L. This implies that for any jjuj = 1
D(u..M0.0.6) = diam (0%, (.M. u. u x G(6,),)) > diam (6°)

and since {0 : ||G(6.) — G(8)|]1 < 6} is a (6.) translation of a balanced and
convex set, dianl((:)c) = 2-sup {HG -8.:0¢€ @c} (by Fact 3.4). O

-k
Corollary 3.5 I[fG(0) = Z(‘z(‘% and diam is measured w.r.t. the 1-norm.
then
D(u, Mo.0.6) > 26/5

where 3 = ||1/A|h

Note that this bound may not be tight, but as A — 1 it becomes tight and
agrees with a result by Tse, et.al. [14]. It is also interesting to compare
this approximation to the one which would be obtained by applying Tse’s
result directly to this case. Tse’s result can be applied here when G is FIR
so it is necessary to multiply through by A(z). After defining § = Ay, the
experiment becomes

J=gxu+dxd ||dlleo < 6.
Now one can get an inner approximation to the uncertainty set:

{g:llg*u—lloo < ||All18} € {g: 3dllne S & 5.8 flg U= Flloo < || Ad]|oo}

and so D(u,.Mg,0,6) > 2||A]j16. Comparing this result to the corollary, one
can see that this result is at least as conservative as the approximation in
the corollary. This is due to the fact that given any invertible operator, A,
and an induced norm || - ||, the inequality

1
4] > ﬂrlﬂ

always holds.




4 Noise Free Case

We now consider the case where & = 0 so the inherent uncertainty enters
only through A. The main result gives a lower bound for the diameter of
the uncertainty set.

Theorem 4.1 If 36,.6, € Oy s.i. H&?ﬂﬁﬂ
u€l,

. then for any input

D(u. . Mg.N.0) > 'ZSup{HO—OCH : W

< 1} (7)
where 6. is the analytic center of Og.

Before proving the theorem we need one lemma. We again assume.
without loss of generality. that G(6) is linear (not affine) in 6.

Lemma 4.2

sup diam (O, (Mo, u,ux h,A)) = diam (05, (Mo, u,u* G(8.),A))
heMy

Proof. The proof is similar to the proof of Lemma 3.3 and is therefore
omitted. O

Proof. (Thm) Lemma 4.2 above shows that the worst case plant is given
by A = 0 and ., = .. Once this is shown. assume that the plant is G(6.).
Then given any input. if G(6.) = G(6;) + 1WA for some ||A|| < 1. it follows
that 8, € ©¢.. This shows that

< 1} c o,

(8) — G(8.
{9 : H G(8) - G(8.)
but since this set is convex and balanced (with translation), Fact 3.4 shows

w
that
1) = 2o {100 |FRGE] <

. | G(8) - G(b.
diam ({9 : II W

This completes the proof. O

We now consider a special case.




—k
Corollary 4.3 If G = 20t , the diameter and A are measured w.r.t.

A(z)
the l; norm on =™ and ly. respectively.

2
D(u. Mg, A.0) > 3
where 3 = ||1/A1||;.

Proof. We simply note that

Ussigoo-bll w oo oy

s, = w12 Z 00 = |57, b

This means that
o+ el o < 1} < o2 H ), <

and the result follows after applying Theorem 4.1. O

1
AW

5 Optimal Inputs

In this section we show that there exist inputs which can decrease the di-
ameter of the uncertainty set to the theoretical lower bounds derived in the
previous sections. We use Galois sequences and arguments similar to those
of Tse, et.al [14] and Makild [11]. A Galois sequence of order n is a minimum
length binary sequence which contains every possible subsequence of length
< n. We consider the parametric case first.

5.1 Optimal Inputs — Parametric Case

In the purely parametric case (W = 0) the theoretical lower bound is given
by
2sup {[|0 — bc|| : |G(8) — G(8)lx < &}

We can assume WLOG that 8. = 0 and define

a = 2sup {||d]} : [|G(6)]]1 < 6}

The main result shows that this lower bound is in fact tight when a Galois
sequence input, u* is used.




Theorem 5.1 Let all definitions of Section 3 hold. Then

Diu". My, 0.6)< a

Proof. The theorem will be proved for G linear (not affine) in 4 but the
extension to the affine case is trivial. Choose any 6 € ©¢_(M.u~.0.6). This
implies that ||G(8) * u™||~. < é. and since G(#) is linear in 6

N
G(0) =) gut#)z™"  gi(6) linear in 6 Vk
A=0

Since the input v~ is a Galois sequence. 3m > 0 s.t.

(um umyr - Uy n] = [sgn(gn(0)) sgn(gn_1())...sgn(go(8))]

This means that

| m+N
'(G'(e) * “'),n.*.,\'l - Z g/\'—m(e)um-r;\—k

k=m

m+N

> 1gk-m(0)] = [IG(9)Ix

k=m

Putting this together gives
62 [1G(8) + wlloc > [(G(8) # w) | = GO

This means that ||f]] < /2 and thus D(u". Mg,0,6) < a O

5.2 Optimal Inputs — Noise Free Case
Recall that in this case the experiment is given by
y=(GOY+ WA)xu

and assume without loss in generality that the set @y is centered at zero
(6. = 0). Define the theoretical lower bound in Theorem 4.1 (with 8, = 0)
G(9)

a= ‘2sup{|]9” : ” 7 < 1}

The main result shows that this lower bound is in fact tight when a Galois
sequence input. u™ is used.

10




Theorem 5.2 Let all definitions of Section 4 hold. Then
D(u", Mp. A 0) <L a

Proof. The proof considers the linear case, but it is easy to see that the
result holds for affine G as well. Choose any 6 € 0% (M, u*,A,0). This
implies that

||G 6 < 1IA * u oo

) * U
W

Furthermore. define G(8) = % which belongs to [y and is also linear in 6.
This gives ,

G(8) = §u(6)z™"  §k(6) linear in 8 Yk
k=0

and for any € > 0. 3N > 0 s.t. S 7=n41 1Gk] < €/2. Since the input u” is a
Galois sequence. 3m > 0 s.t.

*

[ur, Wt -+ - U] = [580(GN(8)) sgn(gn-1(0)) . . .sgn(go(6))]
This means that for every € > 0, 3m. M > 0 s.t.

m+N
I(G(O)*'lt*)m+N‘ g 96(0)UmeN—k
N N+m
= GO Umin—rt + Y Gx(O)tmin_k
k=0 A=N+1 |
N . N+m
= > sgn(gr(0)k(0) + D Gr(0)umen-k
k=0 k=N+1
N N+m
> > g6 = > 13x(6)]
k=0 k=N+1
> GO —€
Putting this together gives
G(9) (G((’) ) G©) . .
I‘W“ - w " m+NS”W*uoo

IN

1A w7l < A"l < 1AL < 1
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This means that [|0]] < a/2 and thus D(uv*. . M(.0.6) < a O

6 General Model

We are now ready to consider the general case with uncertainty as well
as a disturbance. This case is more difficult and we cannot get an exact
expression which is not a function of A or d. One can again show that the
worst case situation is # = .. A = 0. and ¢ = 0. We will assume WLOG
that 6. = 0. This gives the following expression.

D(u, Mo. A.8) > 2sup {||6]] : [|G(8) + WA < & for some [|A]] < 1}

We can use an argument entirely similar to the one used in the two previous
Sections on optimal inputs. and show that using a Galois input we can
match the sign of any N consecutive elements of the impulse response of
G(60) + WA. This will show that for this optimal input. the set

O7(A.6) ={6:]|G(8) — WA|| < é for some ||A]|l < 1}

is equivalent to the consistent parameter set @5 . We can similarly define
the corresponding sets for the two special cases

0*(A,0) = {onG—V(f—)”g 1}
and

©7(0.6) = {6 : [|G(O)]}; < &)

We can now show the following result.

Lemma 6.1

O™(A,0)& 07(0,6) C O(A.4) (8)
where @ is the Minkowski set addition.
Proof. Choose any 6, € ©*(A,0) and 8, € ©*(0.6). This means that
for any |[[u|| < 1, there is some [[A[| < 1 and some ||d|| < 6 such that

[G(61) + WA+ u =0 and G(8;) * u — d = 0. But this implies that [G(6; +
2) + WA] + u — d = 0 which means that 6, + 6, ¢ 07(A,6). O
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Unfortunately. the diameter of this set sum cannot be tightly bounded from
below. In fact. it is easy to derive the following bounds.

max (diam (©7(A.0)).diam (©*(0,6))) < diam (0*(A,0)H 07(0.6))
and
diam (O7(A.0) = 07(0.¢)) < diam (O*(A.0)) + diam (O7(0. 4))
We can also show that
07(A.8) C{0:IG(O) < 6+ Wiy} (9)

This gives the following bounds for diam (0*(A, §)).
Theorem 6.2

max (diam(07(A,0)), diam(07(0,6))) < diam(©*(A,§))

and

diam (07(A,6)) < diam ({0 : ||G(0)|l1 £ 6+ {|{W]1})

These bounds are not tight except when W — 0. In fact, when 6 <
|[W]||1 the upper bound can be very poor since the set {6 : ||G(6)|1 < ||Wll1}

can be much larger than {0 : ngﬁnl < 1}.

7 Assessing Fidelity of Approximate Algorithms

In this section we show an application of the results developed in the previous
sections. In particular we use these results to study the conservatism of a
particular approximate ellipsoid RPSMID algorithm presented in [10]. The
analysis in [10] presents worst—case asymptotic uncertainty results under
optimal inputs. The algorithm itself is not important and we only state the
relevant result. Given the model structure

G(8,A) = G(8) + WA

where G(6) is affine in 6 and the experiment is given by

y=G(6,A)u+d ,||d||lec <6




the asymptotic worst-case diameter of the approximate parametric mem-
bership set (an ellipse) measured in the oc norm on 2™ is given by

diam(Ellipse) < 2||A|[;(}1¥], + é)

We will use this in conjunction with the exact asymptotic results developed
in this paper as follows. The worst-case exact and approximate results can
be stated roughly as

diam{exacti > ¢ and diam{approx) < w

and this implies that diam(approx)< % diam(exact). This gives an upper

v

bound for the diameter of the approximate solution as a function of the
exact diameter of uncertainty. The main result is as follows.

Theorem 7.1 For the model gicen by

0
y= B—(AlquAWu-{—d

the worst-case diameter of uncertainty under Galois inputs is given by

diam(ellipse) < (1+ WL IW = )AL IAT 1) diam (©7(A. 8))

Proof. From [10] we know that the diameter (under optimal inputs) mea-
sured in the oc—norm satisfies

diam(Ellipse) < 2||All1(||W]|1 + 6) (10)

We now derive an explicit lower bound for the diameter of the exact
uncertainty set using Lemma 6.1. Notice that the proof of Lemma 6.1 is
valid whether A is measured in /; or H,,. We make the distinction between
these two norms more explicit by defining the two sets

o= {5:[92] <1}

=
1

07(0,0) = {8: 1G9, < 6}

and

0)(.0) = {o , “%

while the definition
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holds as in Lemma 6.1. It is easv to see that G)’(’l)(A.O) C @’(“90)(;’&.,0).

The above observation and definitions can easily be used to show that when
0*(A,§) is defined with ||A]jc < 1 we have

(A.0)& 07(0.8) € 07,,(A.0)2 07(0.6) C O7(A.6)  (11)

We also have

2 2 2
di 07.,(A.0)) > > >
am (07300 2 [y 2 [T, 2 T
and 55
diam (©*(0,6)) > ————
A=l
which we can combine to get
diam (O*(A.4)) > Lmax <—1— 6> (12)
T AR W=/

We now combine Equations 12 and 10 to get
§+{Wlls
1
max (e ¢)

The result follows from the fact that

diam(Ellipse) < Al A7l diam (©%(A, 6))

WL & wi
1 1 1
max (i 6) max ([t 6) - max (ks 6)
< 141w

There will typically not be a problem with the W term since it can
usually be picked as a fairly well conditioned system. The A terms cannot
be controlled as easily. If the poles are close to the unit circle, the quantity
|All1]]A~}}; may be large and the approximate solution may be somewhat
conservative in this case.




8 Conclusion

In this paper we have presented a new framework for studying robust para-
metric set membership identification. Some concrete results concerning the
diameter of the worst-case uncertainty set were derived for an affine in the
parameters model structure. It was also shown that Galois inputs are op-
timal for asvmptotically shrinking the worst—case diameter of uncertainty.
These results were then applied to the assessment of fidelity of a certain ap-
proximate robust parametric set membership identification algorithm. It is
not known whether similar results can be developed for more sophisticated
model structures and this is a direction for future research.

References

(1] D.P. Bertsekas and I.B. Rhodes. ~Recursive State Estimation for a
Set—Membership Description of Uncertainty System Inputs”. I[EEE
Transactions on Automatic Control, 16:117-128. 1971.

(2] M.A. Dahleh and M. Khammash. ~Controller Design for Plants with
Structured Uncertainty”. Automatica, 21, January 1993.

[3] J. Doyle. K. Glover, P. Khargonekar, and B. Francis. “State-Space So-
lutions to Standard H, and H,, Control Problems”. IEEE Transactions
on Automatic Control, 34(8):831-847. August 1989.

[4] E. Fogel. ‘System Identification via Membership Set Constraints with
Energy Bounded Noise™. [EEFE Transactions on Automatic Control.
24(5):752-758, October 1979.

[5] B. Francis. 4 Course in Ho, Control Theory. Lecture Notes in Control
and Information Systems. Vol. 88. Spring-Verlag, 1987.

6] G. Gu and P. Khargonekar. “Linear and Nonlinear Algorithms for
Identification in H* With Error Bounds”. IEEE Transactions on Au-
tomatic Control, 37(7):953-964, July 1992.

(7] A.J. Helmicki. K. Jacobson, and C. Nett. “Control Oriented Sys-
tem Identification in H,,”. IEEE Transactions on Automatic Control,
36(10):1163-1176, October 1991.

16




[8]

(9]

[10]

(11]

[12]

(13]

[14]

[15]

R. Kosut. M. Lau. and S. Boyd. “Set-Membership Identification of Sys-
tems with Parametric and Nonparametric Uncertainty”. IEEE Trans.
on Auto. Control, 37(7):929-941, July 1992.

J. Krause and P.P. Khargonekar. ‘Parameter Identification in the Pres-
ence of Nonparametric Dynamic Uncertainty”. Automatica, 26(1):113~
123, 1990.

M. Livstone. Identification. Robust Adaptation and Iterative Schemes.
PhD thesis. MIT, Cambridge, Massachusetts, September 1994.

P.M. M3kild . “Robust Identification and Galois Sequences”. Technical
Report Rep. 91-1, Abo Akademi (Swedish University of Abo), Abo,
Finland. January 1991.

F.C. Schweppe. “Recursive State Estimation: Unknown but Bounded
Errors and System Inputs”. IEEE Transactions on Automatic Control,
13:22-28, 1968.

D. Tse, M.A. Dahleh, and J. Tsisiklis. “Optimal Asymptotic Identi-
fication Under Bounded Disturbances”. Proc. 1992 American Control
Conference. Chicago, IL, pages 679-685, July 1992.

D.N.C. Tse, M.A. Dahleh, and J.N. Tsisiklis. “Optimal Asymptotic
Identification Under Bounded Disturbances”. IEFE Transactions on
Automatic Control, 38(8):1176-1190, August 1993.

R. Younce and C. Rohrs. “Identification with Non-Parametric Uncer-
tainty”. Proc. 1990 Conference on Decision and Control, Honolulu,
Hawaii, pages 3154-3161, December 1990.




Set Membership Identification Algorithms and
Asymptotic Properties

Mitchell M. Livstone™ and Munther A. Dahleh!

Abstract

This paper addresses the asymptotic worst—case properties of set
membership identification {SMID) algorithms. We first present a set
membership identification algorithm which can be used with a model
structure consisting of parametric and nonparametric uncertainty. as
well as output additive disturbances that are deterministic and magni-
tude bounded. This algorithm is then studied in the context of asymp-
totic worst—case behavior. We derive a lower bound on the worst—case
achievable identification error. which is measured by the volume of the
identified ellipsoidal uncertainty sets. We then show that there exist
inputs which can shrink the uncertainty sets to this lower bound.

1 Introduction

The roots of set membership identification can be traced back to the late
1960’s in the work of Schweppe [15] and Bertsekas [2] who studied state
estimation under unknown but bounded disturbances. These ideas were
later applied to identification (parameter estimation) by Fogel [6] and a
steadv flow of papers on SMID has persisted ever since (7, 13. 14. 1. 16,
9, 5]. Most of the work in SMID over the last 15 years has focused on
the construction of algorithms and computations, with very little mention
of convergence issues. especially optimal input design. The work on SMID
algorithms can be subdivided mainly into two categories: ellipsoids and
polytopes. This work aims at constructing algorithms which tightly bound
the parametric uncertainty set with ellipsoids and polytopes, respectively.
Given the disturbance assumptions ||d||co < 8, ellipsoid algorithms are more

*Graduate Student. EECS Dept., Massachusetts Institute of Technology
t Associate Professor. EECS Dept., Massachusetts Institute of Technology




conservative than their polvtope counterparts since the poivtopes give the
exact characterization of uncertainty in this case. However. what is lost in
conservatism is gained in computational simplicity. The recursive ellipsoid
algorithms require oniy matrix multiplication. while the poiytope algorithms
typically require solutions to linear programs.

There are essentially two types of model structures considered in the
SMID literature. The first is a purely parametric (ARMA) mouel with ad-
ditive. unknown but bounded disturbances {6, 7, 13, 14, 1. 3]. This includes
a large portion of the SMID work in the literature. The more recent ap-
proach uses a model structure which is parametric along with nonparametric
uncertainty (either additive or multiplicative), but no disturbance [16. 10].
One exception is the work of Kosut. et.al. [9] which discusses nonparametric
uncertainty and disturbances which are either stochastic or satisfy a spectral
energy bound. The presence of nonparametric uncertainty does not allow
polytope-tvpe algorithms to be used and one is left with either ellipsoid
algorithms for approximate characterizations or infinite dimensional convex
programs for exact characterizations of uncertainty. In this paper we develop
an algorithm for parametric and nonparametric uncertainty with additive,
magnitude bounded noise and study its asymprotic properties in detail.

The paper is organized as follows. First we derive a recursive ellipsoid
algorithm which can be used for the general model described above. This
is very similar to recursive least squares and is a simple extension of some
of the ellipsoid algorithms in the literature. In Section 3.2 we study the
worst—case asymptotic properties of this algorithm. A lower bound on the
worst-case volume is derived for a model structure whose parametric part
is linear in the parameters. We next show that using a random binary
sequence input will shrink the worst—case volume to this lower bound. with
probability one. and using a Galois sequence input will surely shrink the
volume asymptotically to this value.

2 Background

Various models have been used in the formulation of the SMID problem.
The model used in Fogel [6] is

yk = 078y + dj with ||d]|eo < 6 (1)

where 8T = [0, 6,---6,,] is the vector of unknown parameters and ¢ =
[Yk—=1" " Yk—p Uk - -Ukq) is the usual regressor vector.



The set of parameters consistent with the single observation at time k
is defined by
SkE{OE?.mllgyk—OTékiﬁé} (2)

and the set consistent with all observations up to, and including time k. is
defined as

k
0r=(15 (3)
I=1

The identification goal is to find a set. O, at each time k. which satisfies
O3 C O and the inclusion is as tight as possible. in some appropriate sense.
It is interesting to note that only the set O is updated so the identified
and the original model sets have identical structure. Furthermore. the size
of the uncertainty set is a function of the experiment. This means that dis-
turbances which are not “worst—case” actually affect the size of parametric
uncertainty. This can be seen from the simple example where only one pa-
rameter has to be identified (i.e.. yr = fur+di). In this case. the parametric
uncertainty set is an interval in K. The worst-case disturbance is obviously
zero and one can see that a disturbance sequence which takes on values —é
and +4& will shrink the uncertainty set to a single point.

Clearly, the exact solution at time k£ is an intersection of k sets, and
each set is defined by two supporting hyperplanes. Much of the research has
focused on these exact algorithms [13, 14]. On the other hand, the pointwise
inequality in Equation 2 implies

Chpe {9 S Melye — 0T ) < 6% /\k} (4)

k=1 k=1

where Ax > 0 are free parameters to be picked judiciously. This set defines
an ellipsoid and much of the work over the last 15 years has focused on
efficient computation and reduction in conservatism of the above bound (6.
7, 4]. In particular. Fogel and Huang [7] derive equations for choosing
the parameters Ax to achieve minimum volume (determinant) or minimum
trace ellipsoids. This model structure is not very useful for robust control
because it assumes perfect knowledge of the plant order and relative degree.
This motivated Younce, Krause and others [16, 10, 9] to consider a model
with unstructured uncertainty. The following is a model set with additive
unstructured uncertainty.

Mo = {Gg+WA:§€ 0 CR™,||Alle <1} (5)




where 5:(z) is a SISO. rational transfer function whose polynomial coeffi-
cients are elements of the parameter vector 4. and ¥ is a known {assumed)
weigiting function for the uncertainty. The process set is simply given by

y=hxu and h € My

In this case there is no exact characterization of the parametric uncertainty
set in terms of polvtopes since the pointwise bound |(Au)g| < |ug| does
not necessarily hold. and a more complicated exact characterization can be
derived {12]. The approximate characterization can be expressed in terms
of ellipsoids.

3 Approximate Set Membership ID

In this section we set up the approrimate set membership identification
problem for a particular model structure. We state the recursive equations
for the noise—free case and then extend these to the noisy case.

Let the process model be given by:

y=Goau+ gd where (6)
By + AW
Goa = ——. il <6, |1AllH, <1, )
A(z) = 1+(112~l +a2z_2 +...+am_lz—m+l
BO(Z) = 90+912_1 -}—022—2 .;_...+0m_l:—m+1

W(Z) = wg+ wlz_l + w23_2 4+t wm—lz—m+l
F(z) fot izl + foz b oot fuo 2T

We aiso define f = {fo fi---fa]¥ and 0 = (6 6, ---On—1]7. We next show
that the consistent parameter set can be efficiently bounded by an ellipsoid.
Let Jx = Yk + 1¥k—1 + ** + G 1 Ykems1 = (AY)k,

ik = Wolk + Wilk—1 + - * + Wy Uk-m41 = {Wu)r and

Gk = iUk Up—y -+ - Uk—ms1)T. Assuming that the data was generated by such
a model. at each time k£ we have

k — 0T b = (AWu)i + (Fd)i (8)



In this case. weighting the significance of the data at each time step by

AV = 8T 6y = A2 (Al + (Fd)i), As 20 (9)

-

as is done in Fogel and Huang [7] is not possible since the inequality
N
Z (A < Z ik
k=1 k=1

does not hold pointwise. By writing down the running sums we get

N 1/2 N 1/2
{Z(gk - o%k)z} {Z[(Amk + <Fd>k)12}

k=1 k=1

N 1/2 N 1/2
{ uZ} + {Z<Fd)i}
k=1 k=1

Noting that (Fd)? = { fodk + fidkmy + -+ + fadk-n)* < 82| fl|? we get the
following.

IN

Z(yk—o ¢x)? < U} where (10)
k=1
N N 1/2
W= 5@+ RSN +‘25Hf|hN"2{Z }
k=1 k=1

3.1 Recursive Equations

In this section we derive recursive equations for the ellipsoid matrix as well
as the nominal parameter estimate. We begin by setting 6 = 0 and thus
g = 5, @}. Equation 10 now simplifies to

N N

Y- 6Ta) < Y ak

k=1 k=1
For the sake of the derivation we assume that Th; ¢xof is invertible, how-
ever, this assumption is not necessary for the recursive algorithm to work
if approprlate initializations are made. Expandmg, and defining T'Y v =
TN L okdt, By = = TN ko and oy = Zk_l(yk — i}), we get the follow-
ing.

0TTN'0 - 20T By + an <0




Defining By = Dyvdv. Ty = .351":\'3_,\/ —ay and Py = [yVy we get the
form for an ellipsoid. The eilipsoidal parameter set at time .V is then given
by

Oy = {OeR"‘ (8- 6x)TPFH6 - by) < 1} (11)

We next derive recursions for . I' and V. which requires some algebraic
manipulation and the matrix inversion lemma (MIL):

(A+BCDV ' = A - A7 B(DAT' B+ CTH I DAT!

The recursion for Iy is just a simple application of MIL with 4 = 1.
B=o.C=1and D=0o".

-1
N+1

T3 + onNt19K 41
_ FN¢N+1¢{Y+1F1\'
1+ o4 Tvonvn

Ivppr = Ty

The equation for @41 is simply

On+1 = Tvadve = Tva(BN + Invonv 1)
The recursion is obtained using a few more steps.
Onvsr = Tna(By + iN+10N+1)
= Tna(TF0N + iva1dn+1)
= Tvn([T3hy — onv+108 410N + Gvsron+1)
= Ov+Tvpr(iner — 050N )dNH

The recursion for Vv requires a bit more work and turns out to be

(N1 = 05 dN+1)?
1+ ¢ﬁ+1rN¢N+l

The computations for the noise-free case are then as follows.

Vs =Vy+ a?\l+1 -

INON4108 TN
I'n = T'w- +1 12
* 1+ ¢4 1 INON+1 (12)
One1 = On+Tnpi(in+r — Ol 0n)ON+1 (13)
) ~ 4T 2
Vwr = Vil - (IN+1 — O PN +1) (14)

1+ ¢%+1I\N¢N+l




The equations for the noisy case can now be derived as a simple extension
of the above.
In the general case we still get an ellipsoid given by

6TTH'9 - 2678y +an <0

with T and 8 unchanged. however. o is now given by

N ‘
an = Y G - %%
k=1
A N 1/2
= (g - @) - PSRN - 261N {Z k}
k=1 Pt

Noticing that the recursions for I' and fn do not depend on a. the recursions
for the noise—free case hold here as well. The recursion for Vy can be
obtained easily from the noise—free case by simply noting that

Vs - Vv = (BRraln+aBne - BETNON = §hraa) + Gl + s A1IE
N4l o\ /2 N 1/2
+ 26||f||1{\/N+1(Z az) -\/N(Zaz) }
k=1 k=1

The part in the parentheses is equivalent to the noise—free case and we end
up with the following. Setting ko = 0, at time N + 1 we have
KN+1 = BN+ ik (15)

(Ins1 — 0% oN+1)? | 2
: + i ; (16)
1 + ¢%+1FN¢N+1 N+ T

S| F112 + 260l { VI + Lay3; - VNKY'}

VNngr = VN —

3.2 Worst Case Behavior of Ellipsoidal Algorithms

In this section we consider the worst case asymptotic behavior of the el-
lipsoid algorithm derived in the previous section. We first derive a lower
bound on the worst case achievable volume and then show that by using
a random binary sequence as an input, this lower bound can be achieved
asymptotically in time.

Let the process be modeled by

Gk = 0T b + (eAu)p + (Fd)i , |ldlleo <6, |Alleo £1 (17)
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The rext result shows that given any input Hul|, < 1.thereisa fundamental
worst-case lower bound on the volume of the identified ellipsoids. e derive
a lower bound on the determinant of the ellipsoid matrix. which is propor-
tionai to the square of the volume of the ellipsoid. The exact relationship is

given oy
Tm/2 "
Vol( Ex) = TVt
(mj2+ 1)
where [ is the Gamma function and for any integer n. I'(n + 1) = n! and

(12 = Jr.

Theorem 3.1 Assuming that the true plant. g, is in M. and the ellipsoids
are computed according to Equations 12 through 16.

(18)

inf sup sup det(Pyv) > te+6l|f]l1)""
Hulleo €1 e M Id)] 50 <8 '

Proof. Assuming that the original ellipsoid is centered at zero (no loss
in generality) and is large enough. one can easily show that the worst case
situation occurs when fpan: = 0. A = 0. and d = 0, which implies that
§ = 0. Subsequent ellipsoids are then given by

ov={0ecR" : 6TPFO <1} (19)

where Py = VNT'w, rﬁl = Y, ¢xof and

1/2

N N
V= NEUSIE 4 @S u + 268 SV (z )
k

=0 k=0
We wiil actually show that
i L
([det(Py)]™ = Vi [det(Tx )] > (e + 8]l fll)%.

Since FK,I =5 ¢k¢>{ and ¢k = [uk--- uk_mH]T, it is true that

N-j+1
(F;,l)j'j = Z u'ﬁ forall1<j<m.

k=1
It is also true that I'y! is positive semidefinite since for any z € R™

N N N
2T (Z okcbf) z = Z a:Tékq&{r = Z ci >0
k=1 k=1

k=1



We can now apply Hadamard’s Inequality (8] to [~! to show that

()< 05, =0 (8 ) < (5 )

=1 k=1 k=1

Using the above facts we now have the following sequence of inequalities.

NI + 2V Esel fll (T d)”” - @ T

inf [det(Py)]™ =

oo lufleo <1 [det ( Y owof)|”
vz, 5
o VB2V Noelflh (Thoiu) = € il o
1
= ullest he U
V&2 fli2 2
- YOS nt zfaenflbz Lo
llu“°°_ Zk=1 U.k ”U”oo (ZIV i)
> (e+ 8| fllh)?

a

We now show that this volume can be achieved if a special input is used.
Let {ux} be a random binary sequence obtained by a series of independent
Bernoulli trials where

Prob{u; = —1} = Prob{ux = +1} = 1/2
The main result is captured in the following theorem.
Theorem 3.2 If u is random binary sequence. then

Jim sup  sup det(Py) = (e + 6l fll)*™
=% 3 Mo |dljoo <6

Proof. We now consider I' more carefully. In particular, recalling that
Or = {Uk Uk—1 " te_m)T , we explicitly write I in terms of the input sequence

as
(FN ) i Z Uk—i41Uk—j41
' k=1

It is apparent that foralli < m

N
(I",‘Vl)‘_'i = Z Uiy =N —i
k=1




since ux = 0 for &£ < 0. Now we show that [ ~! becomes diagonally dominant.
First. notice that taking expectations we get

N N
E {Z Uk—t+1 Uk~—1+1} = Z E {Uk-z+1uk—j+1}
k=1 k=1

N
S binj = (N = max(i. )b,

k=max(1.7)

I

which means that the ezpectation of I! is diagonal. We must now show
that the sequence of random variables {Uk_,‘+lllk_j+1}k are independent.
To see this. we first note that for a r.v. u;u;, fixing u; does not change the
pdf and we get

pluiusiuy; = 1) = plususjuy = —1) = puluiuy)
where p, is the pdf for each of the u;’s. Assuming that : < J (symmetry)
and defining q = j — i, we rewrite the above sum in the simpler form

N-j3+1
-1

(FN). = Z UkpqUk

1=9. k=1

Now it is clear that for k < g + 1 the elements are all independent. When
k = g+ 1, we are summing the two r.v.’s Uzq41Ug+1 and ug 4 u;. But
since ugq41 and u; are independent, one can see that ugg41q41 and ugrrty
are also independent. We can use the same argument throughout the sum
and show that {ur4qux}k is a sequence of independent Bernoulli random
variables taking on values in {—1.+1}, each with probability 1/2. Each has
a mean of zero and ¢ = 1. The variance for the sum is then given by

o=VN—-j+1<VN

Now we can use Chebyshev’s Inequality to show that for ¢ # j, any a > 0

and € >0
(rf-"l)i,j N 1

N+e) €S IN(+20) | N2

Pr

which shows that for each i # j, the sequence of random variables

{(F;‘).-,,-}
n%+a
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converges to zero in probability (i.p.). and some subsequence also converges
with probability 1 {w.p.1) (3].
This means that for any 0 < a < 1/2.

1
v (i+al Iy — diag(NF7) ..., NGy p.

and so

1 . 1
- _ ylEmom
det (N(%‘l-a)r‘v > .V 2 l.p-
This establishes that
det(Py) = Vi det(Iy) — (e+ 811 f11)*™ i.p-
a

We now derive a deterministic asymptotic optimal input result. Consider a
periodic Galois sequence having period r = 2" — 1. This can be generated
with n shift registers and s < n (modulo two) adders, for example [11]. A
periodic Galois sequence “looks” like a random binary sequence in the sense
that the autocorrelation functions are very similar. Thus, one would expect
a similar asymptotic result to hold in this case.

Theorem 3.3 Let the input be a Galois sequence of period r. Defining
N=gr+puwith0<p<r,

lim sup sup det(Py) = (e+6||fll1)™"
g—+c0 9EMo |{dljec <6

Proof. We first note that (I'y!);; is simply (N — j) times the autocorre-
lation function of the input from 1 to N — j, evaluated at j — . Now use
the fact from [11] that for u, a Galois sequence of period r, and any integer

g>0

i s =4 I [=0

k=1"’°+‘ - 1<i<r-1
Note that when [ # 0, we have Zi‘:;,)r uptger = —1. Thus, for any 0 <
p < r — 1, we have an immediate bound |EZ'=':’,’ urursi] € ¢+ 14 5. The

result follows after using the above facts and an arguments similar to the
proof of the previous theorem which shows that the diagonal entries of 'y
are O(gr), while the off-diagonal entries are at most O(r) + O(g). O
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The above results hold for the special model structure given by Equa-
tion 17 {i.e.. I = ¢). For the more general structure we can only get an
upper bound for the uncertainty given optimal inputs. This is given by the
following result.

Corollary 3.4 For the model given by

B(_f)u + AWu+d

y:

inf sup sup det(Py) < (lAIL (W + 60" (20)
[[llee €T geM 1))l 00 <§

4 Some Examples

We now consider two simple examples which illustrate the convergence of
the algorithm when optimal inputs are used. The model is FIR with two
parameters and is given by

where [|Alloe < 0.05. |ld}|le <

 =0. A =0.and d = 0. This corresponds to the worst—case situation.
The input is taken as a random binary sequence in {—1.41}. The ellipsoid
is initialized to 10001. but shrinks significantly after the first iteration. A
plot of the volume of the identified ellipsoids (for iterations 2-100) is shown
in Figure 1.

In the second example, the truc plant is 67 = {1.0 0.2] and A = 0. The
disturbance d is chosen as a sequence of i.i.d. uniform random variables (
in {—0.1.0.1]) and the input is the random binary sequence. The parameter
estimate is initialized to zero and the ellipsoid is initialized to 1000/. I'ig-
ure 2 shows the second. fifth. and tenth ellipsoids. The error between the
estimate (ellipsoid center) and the true plant is plotted in Figure 3 while
the volume is shown in Figure 4. Finally, the algorithm is run with an input
which is taken from a uniform density and the convergence rate is compared
in Figure 5. For iterations < 15. the volumes are drastically different and
cannot be compared at one scale without complete loss of detail.

vk = Bouk + Oruk—y + {(Du)e + di
< 0.1, and ||ullee < 1. In the first example

5 Conclusion

In this paper we have presented a simple recursive approximate set mem-
bership identification algorithm. The model used was parametric. linear
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in parameters, and combined with nonparametric uncertainty and output
additive magnitude bounded noise. The worst—case asymptotic behavior of
this algorithm was studied in terms of the volume of uncertainty sets. Fur-
thermore, it was shown that there exist inputs which can guarantee that
the volume of uncertainty sets shrink to this theoretical lower bound despite
worst—case conditions. A direction for future research is to extend this type
of analysis to more complex model structures.
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1 Introduction

Recently, there has been an increasing interest among the control community in the problem of
identifving plants for control purposes. This generally means that the identified model should
approximate the plant in the operator topology. since this allows the immediate use of robust
control tools for designing controllers i2. 5. This problem is of special importance when the data
are corrupted with bounded noise. The case where the objective is to optimize prediction for a
fixed input was analyzed by many researchers (see [10] and the references therein). The problem
is more interesting when the objective is to approximate the original system as an operator. a
problem extensively discussed in {20], especially when the plant’s order is not known a priori. For
linear time invariant plants. such approximation can be achieved by uniformly approximating the
frequency response (Ho,-norm) or the impulse response ({; norm). In H identification, it was
shown that robustly convergent algorithms can be furnished. when the available data is in the form
of a corrupted frequency response. at a set of points dense on the unit circle ({8, 6. 7]). When the
topology is induced by the £, norm. a complete study of asymptotic identification was furnished in
(18] for arbitrary inputs, and the question of optimal input design was addressed. Input design has
been addressed in stochastic settings (e.g. [11, 21] ), but not in worst-case settings. Related work
on the worst-case identification problem was also reported in {13. 14. 12, 15. 3. 9].

In this paper, the work of Tse et al [18] is extended to analyse the worst-case asymptotic
identification of nonlinear fading memory systems. As in {18], the study is done in two steps. The
first step is concerned with obtaining tight upper and lower bounds on the optimal achievable error
by any identification algorithm. The bounds are functions of the input used for the experiments.
and this can be arbitrary. The second step is then to study these bounds and characterize the
inputs that will minimize them. In particular, simple topological conditions are furnished that
guarantee the existence of an algorithm with a worst-case error within a factor of two from the
lower bound. An near optimal input is characterized so that the worst-case error is within a factor
of two of the bound on the noise.

It is noted that for the results on arbitrary experiments, the suggested optimal algorithms are
tuned to the knowledge of the bound on the noise. If however, the near optimal input is used, then
an untuned algorithm can be provided that results in a worst-case error equal to the noise bound,
6. Such an algorithm is based on interpolating data by spline functions of several variables.

The rest of the paper is organized as follows. Section 2 gives a formal definition of nonlinear
fading memory systems. Section 3 describes the identification set-up. Section 4 characterizes the
asymptotically optimal algorithms and the associated optimal worst-case errors for a given input.
The problem of optimal inputs is addressed in Section 5. An optimal untuned algorithm is developed
in Section 6. Section 7 contains our conclusions.

2 Fading Memory Systems

Let U be the set of one-sided infinite sequences whose £, norm is bounded by 1. This can he
viewed as the input set which contains the possible inputs that can be used for performing the
identification experiments. We consider the set of models A" as discrete-time, causal functions from
U to R®; a plant h € A takes as input a sequence u = (ug,ui,...) to give an output sequence
(ho(w), h1(u),...). We assume that h € X further satisfies the following properties:

1. h,(u) depends continuously on ug,...,Un_1.



2. h has equjlibrium-initial behavior:
Rns1(0u) = hq(u) for all n .,

where Ou is the input 0, uo, U1, .. - (In general. we will use the notation vw for concatenation,
i.e. first apply the finite sequence v, then w. Since we are dealing with causal systems. we
shall slightly abuse the notation and write h,(w) to mean hn(u), where w is any infinite
sequence the first n elements of which are given by the finite sequence w.)

3. h has fading memory (FM): for each ¢ > 0 there is some T = T'(¢) such that for every k,
every t > T and every finite sequences v e [-1,1]k, we [-1, 1]¢,

|ht+k(vw)— ht(w)l < €

To measure the identification error. we shall consider the metric p to be the one corresponding
to the operator gain:
[[Bllx = sup [iA()lico -
ueU

It can be seen that systems in & satisfying the above property necessarily must have bounded
operator gain. This is a good norm to consider for robust control applications. However. it should
be noted that this norm is different from the standard definition of the gain of a nonlinear operator.
which is readily suitable for robust control applications. For the above induced norm to be useful,
an upper bound on the amplitudes of input signals has to be known apriori. In the above definition,
this bound is normalized to one.

Examples of FM Systems:

Stable LTI systems.

For each h € {; consider the input /output map u > u* h. Tt is clear that these systems satisfy the
above conditions. The operator-induced norm in this case is just the £; norm.

Hammerstein systems.

These are systems which are formed by composition of a stable LTI system followed by a memoryless

nonlinear element:
Yn = g((ux* h)n)

for some h € {; and some continuous function g : ® — R. It is easily to verify that these systems
satisfy the first two conditions above. If we assume further that g is uniformly continuous. then it
can be seen that the system also has fading memory.

For further details on fading memory operators, see (1, 16).

3 Identification Setup

The plant to be identified is known to be in a model set M C X. An input u is selected from the
set . We assume that the observed output y is corrupted by some additive disturbance d which
is unknown but magnitude-bounded. ||d{je < 8, i.e. if b is the system, then :

y=h(u)+d.




An identification algorithm is a sequence of mappings o = {#.} generating at each time
an estimate on(Pnu, Phy) € & of the unknown plant. Here. Pp(ug,uy,... Unslnsrs..n) =
(uos- ..+ Un,0.0....) is the truncation operator.

Given an identification algorithm and a chosen input. we would like to consider the limiting
situation when longer and longer of the output sequences are observed. To this end. the worst case
asymptotic error, ex (¢, u.6), of an algorithm o is defined as the smallest number r such that for
all plants h € M and for all disturbances d with fjdllee < 6

limsup||¢(Pnu, Po(uxh +d)) - hilx <7
n—oo
Equivalently,
oo(@u.8)= sup sup limsup (|¢(Pru. Pr{ux* h+d)) - hlix
heM ||d|lo<s n—o0
"The interpretation of this definition is that no matter what the true plant and the disturbances
are. the plant can be eventually approximated to within e (¢, u. ), using the estimates generated
by the identification algorithm. The convergence rate may depend on the plant and noise. i.e. for
a given ¢ there exists some N(d, h,c) so that

lon(y) — hllx < exlo,u.é)+:

whenever n > N. We say that the convergence is uniform if N(y,h.¢) depends onlv on . For more
motivations and discussions on these definitions. see {18].

The optimal worst-case asymptotic error Eo(u,6) is defined as the smallest error achievable by
any algorithm:
Ep(u,d) = i%few(q&,u,ti)

Any algorithm for which the infimum is attained is said to be asymptotically optimal. We will obtain
a general characterization of the asympotically optimal algorithms and the resulting optimal error,
for any given input u. We will then find conditions on the input u to make this optimal worst-case
asymptotic error small.

4 Asymptotically Optimal Identification

The characterization of asymptotically optimal algorithms and optimal asymptotic errors is in
terms of the uncertainty set, an important notion in information-based complexity theory. The
uncertainty set Sn(u,y,6) at time n is the set of all systems in the given model set M which are
consistent with the observed data up until time n:

Sn(2,y,6) = {h € M1 ||Pa(y — h(u))llo < 8}

These are the plants which can give rise to the observed output for some valid disturbance sequence.
The infinite-horizon uncertainty set is

Sco(us y,6) = {h € M: |ly - h(u)llw < 6}

For a given set A C X, define the diameter of the set as:
diam(4) = sup [lg - hllx
g:h€A




and let D(u, &) be the diameter of the worst-case infinite-horizon uncertainty set:

D(u,8) = sup sup diam( Soo(u, u * h + d,8))
heM j|d|leo <8

Under appropriate topological conditions on the model set. this quantity characterizes rhe
optimal asymptotic worst-case error. The following result is a generalization of Proposition *.3.
Theorem 3.4 and Proposition 3.9 in the LTI case ([18]) to our present setting.

Theorem 4.1 If the model set M C X is o-compact (i.e. M is a countable union of compact

sets), then
D(u, d)
2
Furthermore. if M is compact, then the convergence can be made uniform.

< Eeo(u,6) < D(w,6)

In the o-compact case, an algorithm achieving an asymptotic error within the above hounds can
be realized using the principle of Occam’s razor. Let M = U; M, where the M,’s are compact and
increasing. This decomposition gives a complexity index to each plant in M. as the index of the
smallest M; containing the plant. At each time n, the algorithm simply returns as an estimate any
plant in the uncertainty set S, with the smallest complexity index. Note that since the disturbance
hound & is required to compute the uncertainty set, this algorithm is tuned to this informatijon. On
the other hand, if M is compact, one can use an algorithm which simply returns the plant in M
which fits best the input/output data observed so far. This algorithm attains an asymptotic error
within the above bounds with a uniform rate of convergence. It is also untuned to the disturbance

bound 4.

A slight extension of the above result yields essentially the same bounds for the case when M
is separable. The proof is along the same lines as the proofs of Lemma 4.5 and Proposition 4.6 in
[18]. The optimal algorithm has roughly the same structure as that for the o-compact case.

Theorem 4.2 If M is separable, then

D(u,9) _
5— <

E(u,8) < HiI«SID(u’ z)

To apply the above resuits, we now look at the topological structure of some classes of fading
memory systems under the operator-induced norm.

Consider first the class of stable LTI systems. Since this corresponds to the space £;, which is
separable, Theorem 4.2 is applicable in this case. More generally, we can in fact prove:

Theorem 4.3 The class of all fading memory systems is separable.

Proof. Define the class of pth-order memory systems, M, to be the set of all f such that for
every k and for every t > p and every finite sequences v € -1,1}Fw € [-1,1), firr{vw) = fe(w).
It is clear that any fading memory system can be approximated (in the operator-induced norm)
arbitrarily closely by a pth-order memory system for sufficiently large p. Hence it suffices to prove
that M,, is separable for all p.

Now given any f € M, we can find some continuous function g : [—1,1]? — R such that for all
time n, and all input u,

fn(u) = g(un-—pa ooy Un_1)




We call g the memory function for f. Hence we have that I f|| = #1gllec, Where the infinity norm is
taken over [—1,1]P. But the space of continuous functions with the uniform topology induced by
the £ -norm. denoted by C'({—1,1JP), is separable. and hence so is M. n

This means that when we look at fading memory system. we can apply Theorem 4.2. and
reduce the analysis of the asymptotic optimal error to the analvsis of the worst-case infinite-horizon
diameter.

5 Optimal Inputs

We now turn to the question of optimal inputs. i.e. inputs u that minimize the worst-case infinire-
horizon diameter D(u,d). First we state a simple lower bound. Let

p(M) := sup{rl0< 6 <r = Ig,he€ M withllg —hll =r}.

Note that if M is path connected. then p(M) = diam(M).
Lemma 5.1 If 26 < p(M), then D(u.68) > 26 for al u € U.

Proof. See [18] |

Since p(M) > 26 for most of the reasonable model sets, the above result gives a general lower
bound. We now investigate how to choose an input which achieves this bound.

Recall that M is balanced if h € M implies —h € M. For balanced and convex model sets. it
is well known from information-based complexity theory [17] that the worst case diameter is equal
to the diameter of the uncertainty set when the output is identically equal to zero. The following
lemma summarizes this.

Lemma 5.2 Assume that M is balanced and convex. Then, for all w € U,é > 0,

D(u,é) = diam(Sx(u,0.6))

Call an input u € U persistently ezciting for M if the following property holds:
|A(v)lle = [Rllx Y heM.

The following result says that persistently exciting inputs are optimal.

Theorem 5.1 Assume M is balanced and convez.

1. If the input u is persistently ezciting, then D(u,§) < 26 for all§ > 0.

2. If u is persistently ezciting then D(u,6) = 26 for each 0 < § < dim;(Ms'

Proof. (1): By Lemma 5.2, for all § > 0,

D(u,6) = 2 sup{|lhl||h € M,]|lh(u)]le < 6} .




Pick any h € M such that 1A(1)|loo < 6. If uis persistently exciting, this means that also {[Al|x < §.
so D(u,8) < 26.
(2) From Lemma 5.1, D(u,6) > 26 for such é. The result follows from (1) above. "

It follows from Theorem 4.2, Theorem 4.3, Lemma 5.1 and the above theorem that one can
achieve nearly optimal asymptotic identification for the entire class of fading memory systems if
we use a persistently exciting input.

Corollary 5.3 Let M = X, the class of all fading memory systems. Then for any identification
algorithm ¢ and any input u, the worst-case asymptotic error e (¢, u,6) is lower bounded by é. If

u is persistently exciting, then there is an algorithm which can achieve an asymptotic error of less
than 24.

A natural question which arises at this point is whether persistently exciting inputs exist. In
the stable LTI case, this was shown to be the case [18]. The next theorem shows that they also

exist when the model set consists of nonlinear fading memory systems.

Theorem 5.2 Let the model set M be some subset of the set of fading memory systems. Let w
be any countable dense subset of [—1,1) and consider any input wo € [—1,1]® which contains all
possible finite sequences of elements of W. Then, wo is persistently ezciting.

Proof. Assume that h € M, ||kl = K < co. Pick any € > 0. Let T = T'(¢) as in the definition of
FM. By definition of the sup norm, there is some w and some T so that

sup |h(w)l > K —€.
o<t<Ty
Using the equilibrium-initial assumption and replacing w by 07w and T by T + T3, we may assume

that
sup |h(w)] > K —¢.
T_<_t<T1

By density of W and continuity of hy(w) on past values of w, we may further assume that
w(0),...,w(T1 - 1) take values in W. From the construction of wg, there is some k so that
wo(k) = w(0), wo(k +1) =w(l), ..., wolk +Th — 1) =w(Th - 1).
Let v be the finite sequence wo(0),wo(1), .. .,wo(k — 1) and w be the finite sequence
w(0),w(1),...w(T1 - 1),

which is equal to wo(k),wo(k + 1),...,wo(k + T — 1). So vw is the same as the first T, + k&~ 1
elements of wo.
By the FM property applied to these inputs, we have that

|hesr(vw) — he(w)] < € foreacht>T

(using the notational convention mentioned above for h,(w) if the length of w is larger than s).
Then for such ¢,

hetr(wo)l = [hesr(vw)] 2 |he(w)[ - ¢,
s0

Wh(wo)ll =  sup  |he(wo)l 2 K —2¢.
T4+k<r<Ti+k

Thus, we conclude that K = ||h]| 2 l|R(wo)]| = K — 2¢ for all € > 0, so ||h(wo)|| = K as wanted. R




6 An Untuned Algorithm

As remarked earlier, the asymptotically optimal algorithms for ¢-compact and separable model
sets are tuned to the knowledge of é. the bound on the disturbance. It will be shown that for
fading memory systems, one can achieve asymptotically optimal identification without knowing é,
provided that we use a persistently exciting input. This is in fact a generalization of a result by
Makila [13], which was proved in the context of stable LTI systems.

We shall make use of multivariate piecewise linear spline functions to interpolate hetween the
measured data to form an approximation to the unknown plant. This is a generalization of the
univariate linear spline. but because in higher dimension there is no natural ordering of the data
points. the description of the interpolant is more complicated.

Consider the cube I = [-1,1]P C RP. Let z,,22,....Zm,m > P be m points in the interior
of the cube. We wish to construct a continuous, piecewise linear function f : I — R such that
f(zi)=vi,1=12,...,m, where the y;’s are given data values to interpolate.

To facilitate the discussion. we need to first define several basic geometric concepts. A p-
dimensional simplez § in RP is the convex hull of p + 1 affinely independent points. Each of these
points is a vertez of §. The convex hull F of any subset of these p + 1 points form a face of £ if
there exists a hyperplane H such that § lies entirely on one side of H and SN H = F. If F is the
convex hull of p points, it is called a facet. A point v outside S is said to be separated from 5 by
a face F if v and § lie on the opposite sides of the p — 1 dimensional hyperplane containing F.

The first step is to find a set of simplices {§;} such that (1) their combined vertex set is
{z1,.-.,Zm}, (2) the simplices only intersect at common faces (3) their union gives the convex hull
of the vertex set. This can be done inductively as follows: for m = p + 1, the set simply consists of
one simplex which is the convex hull of the p + 1 points. Suppose now we obtain a set of simplices
$1,52,...,54 to cover m > p points, and consider one additional point zm4y. If Z,myy € Sk for
some k, then we can simply replace Sj with the p + 1 simplices formed by z,,4; with each of the
faces of Sk. It is easy to see that these p + 1 simplices only intersect at common faces and their
union is Sk, so that the updated set of simplices now covers the m + 1 points. On the other hand. if
T4 lies outside P = UL, S;, then for each facet F of some S, which separates z,,41 from P, we
add a simplex formed by zm41 with F to the set. It can also be proved that these added simplices
together with the original ones satisfy the three conditions.

Given these simplices. we can now define our interpolating linear spline f as follows. First
define f(z;) = y:i at the given data points. For other z € [-1,1]p, if z € §; for some j, let
f(z) = T;aif(u;), where u;’s are the vertices of §; and £ = ¥; o;u;. It is easy to check that
because of the above three conditions on the simplices, f is well-defined and continuous. To extend
f continuously outside P = U;5;, define f(z) to be equal to the value of f at the nearest point in
P to z. Since P is convex, this nearest point is unique, and this guarantees the continuity of this
extension.

If we view this interpolating process as an operator I, mapping the data vector y =
(¥1,¥2,- -+ Ym) to the piecewise linear interpolating function (Tm(y))(z), then we can see that
this operator is linear and its gain defined as:

ITmll = sup ||Tm(¥ )l (1)
ll¥Heo=1

is equal to one. This simple fact ensures that no matter how many data are obtained, noise in the
data will not be amplified in the interpolating process. This property of linear splines, which is not
shared by methods such as global polynomial interpolation, turns out to be the key to guarantee
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the consistency of the estimates. A similar situation is encountered in linear system identification
from frequency response data i8], where 1 dimensional splines are used instead of polynomials to
interpolate the noisy data to guarantee robustness of the identification procedure.

With the above basic discussions on multivariate linear splines, we may now state the main
result of this section.

Theorem 6.1 Let the model set M = X, the set of all fading memory systems. If the input v is
persistently ezciting, then there is an algorithm which can achieve an optimal worst-case asymptotic
error e (@ u,8) = 8. This algorithm does not require the knowledge of § in computing the estimates.

Proof. The structure of the algorithm is as follows. We view the model set M as the closure of the
finite-memory systems M, p = 0.1,2,.... We start by assuming that the true system is in Mo.
Data is observed until time n(0), after which the algorithm comes up with an estimate h(®) € M.
Then it moves onto the next model set M;, and waits until time n(1) before coming up with an
estimate h(1) € My. The algorithm continues to move onto the model set of one higher order, to
produce a new estimate. It will be shown below how the time n{p) is specified and the estimate
h(P) is computed for each p.
Let k be the true system. Let {6,} be any sequence which monotonically goes to zero.

Fix p, and let the time n € [n(p - 1),n(p)]. (This is when the algorithm is collecting data to
compute an estimate in M,.) Consider all the blocks

(uﬂ—p+1" vy Un_1yUn), Vn = n(p— 1),.. .,n(p)

in the input as data points in the cube [~1,1]. We maintain a simplex structure in [-1,1]P with
these data points as vertex set, and the structure is incrementally modified more or less according
to the procedure discussed earlier, with a slight twist. Let C,, = U;S; be the union of the simplices
at time 7, and d, be the distance between C,, and the corner of [—1,1]P farthest away from C,.
At time n + 1, one more data point is obtained. If d, < 6, and the new data point lies outside C'p,
then discard the new point. Otherwise update the simplex structure as described earlier.

Let n(p) be the earliest time such that dnp) < & and the diameter of the largest simplex in
Ch is less than §,. At this time. the algorithm returns an estimate hP) = ¢p(p)(h(w) + d) to be the
p-th order system with memory function as the piecewise linear spline interpolant of the current
simplex structure.

We now claim that n(p) < oo for every p. First we see that because the input is persistently
exciting, the p-blocks in u are dense in [—1,1]? (Otherwise, there is a ball in [—1,1]P which does
not contain any blocks in u, and we can construct a p-step finite memory system with a continuous
memory function f : P — R to be positive at the centre of the ball and zero outside. Then
applying the input u to the system will give a zero output while the gain of the system is non-
zero, thus contradicting the persistent excitedness of u.) Hence there exists a time m(p) such that
dn(p) < bp. After this time, the convex hull C,, no longer expands. All the changes consist of
further partitioning of the simplices inside C,, due to the new data points. Because the data points
are dense, it can seen that the diameter of the largest simplex must go to zero. Hence, n(p) is
finite.

We now claim that:

tim sup | g (1) + ) = Hi| < &
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for all d. ||d|lc < é. Note also that the algorithm defined above does not use the value of 6 in
computing the estimate.

Take any ¢ > 0. There exists some ¢ such that M, contains a system h® with

fh = kel < e '2)

Let g¢ be the {g-step) memory function for he. For p > q, ¢n(p)(R{w)+d) is the spline interpolant
that approximates the unknown memory function. and y = h(u) + d is the output. We can also
extend ¢¢ to a function on (-1, 1)P which depends only on the last ¢ coordinates. Now.

| @n(p)(R(u) + d) = g°llo

l“ﬁn(p)(h(u)) + On(p)(d) - 7o by linearity of the interpolation operator
< N bnp) (A1) = ¢l + liBn(p)(d)lleo
< || @ngpy(R(u)) - ¢llc 76 by eq. 1.

The first term is the interpolation error when the data is noiseless, whereas the second term is
the error due to the noise. We now show that the first term can be made arbitrarily small for large

p-
Since g¢ is continuous. g is a uniformly continuous function on [-1,1]9. Choose €; such that

|21 — z2ll2 < &1 = {lg(z1) — g*(z2)]l2 S €. (3)

Now pick p sufficiently large such that é, < € and p > q. Let gP(z) = dn(p)(h(2w)).

Now for any z € Cp(p), the convex hull, let z = ¥°; a;z;, where z; are the vertices of the simpiex
containing z. Since gP agreees with the noiseless output data at the vertices, by Eqn. 2. for each ¢,

lgP(z:) — g°(z:)| < €. (4)
We have:

lgP(z) — g°(z)I
IZa,-g"(r;) - g(z)|

It

< 1D aigf(zi) —gf(z)l+€ by Eqn. 4
< S ailgt(es) - g(2)l + €
< 2

by Eqn. 2, since ||z; — z|| is less than the diameter of the simplex. s hich is smaller than e;.

Now for z outside Cy(,), let 2’ be the point in Cn(p) Which is closest to z. By definition of n(p),
the distance of ' from z is at most §, < €;. Hence:

lg7(=) - ¢*(2)|
lg?(2") - ¢¢(z)] by definition of the interpolant
lgP(z') — ¢(z')l +€¢ by Eqn. 2

3e from above.

IN A
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Therefore. if kP is the finite-memory system with memory function ¢>n(p)(h(u) + d), then

||h? — All
< Ilgp—gelloo+€
< b+ 4e.

Since this is true for all €, it follows that

limsup [[h? — hi| <6

p—sco
as desired. n

We would like to make a comment about the time complexity of this identification problem. It
can be easily seen that in general, the time needed to identify a system to a prescribed accuracy
grows exponentially as the order of the system, even when there is no noise. For example, if we
assume a certain Lipschitz condition on the order p memory function g, such as lg(z) — g(y)l <
Ml|z - yl|, then to identify the function up to accuracy € (in the || - ||o norm), the number of data
points needed is at least the minimum number of e-balls to cover (-1, 1JP. Since the volume of an
e-ball is proportional to €?, it is clear that this minimum number is at least proportional to (1),
and hence so is the experiment length. This means that if p is large, the experiment length will be
very long if we make no further assumption on the unknown plant.

It is interesting to compare this situation with the problem of identifying linear finite impulse
response systems. For nonlinear systems the time complexity is exponential of the order, whether
or not there is noise. For the linear case, while it takes only linear time to identify a FIR system
ezactly when there is no noise, it has been shown (3, 15] that the time complexity immediately
becomes exponential once we introduce any worst-case noise. Moreover, it has been demonstrated
that if we are willing to put a probability distribution on the noise, polynomial time complexity
can often be obtained [19]. These facts show that while in the nonlinear case, the plant uncertainty
determines the time complexity of the identification, in the linear case, the complexity is sensitive
to how the noise is modelled.

7 Conclusions

A framework for the analysis of asymptotic worst-case identification of LTI systems has been
extended to the setting of nonlinear fading memory systems. For model sets that are either o-
compact or separable, and for any experiment, the optimal worst-case error is always bounded by
twice the lower bound, which is the diameter of a certain uncertainty set. Optimal inputs which
minimize this diameter are characterized. It is also shown that accurate asymptotic identification
can be achieved by an optimal input, using an untuned algorithm based on spline interpolation.
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Fig. 1. Hvbrid discrete /continuous-time system.

inter-sample dynamics of the hybrid system, and that
the inter-sample dynamics are governed only by the plant
and not the controiler dynamics. We use the latter fact
to derive explicit bounds on the approximation [main
inequality (5)] which can be computed a priori and depend
only on the plant. We also show that the rate of conver-
gence of the approximation is (1/n).

As already mentioned, sampled-data systems are peri-
odic, the main theoretical tool we use for dealing with
periodic systems is a lfting technique for continuous-time
systems developed in {1}, [2].! The technique establishes a
strong correspondence between periodic systems and time
invariant infinite-dimensional systems. In the next section,
we briefly describe the lifting and it’s application to the
sampled-data problem. We then set up an equivalent
infinite-dimensional problem whose solution is obtained
using an approximation procedure. Formulas for the
(almost) equivalent discrete-time problem are given in
Section IIL. In the later sections, the issue of the conver-
gence of the approximation procedure is investigated, this
is done by decomposing the equivalent infinite-dimen-
sional problem and analyzing the decomposition. In the
last section, a geometric interpretation is given for the
reduction of the infinite-dimensional problem, and it is
compared with the 7~ sampled-data problem from [1].
We also discuss possible reasons behind the fact that in
the /' sampled-data problem (in contrast to the Z~ sam-
pled-data problem), the solutions are given by approxima-
tion, rather than exact procedures.

Finally, we note that although the closed loop, sampled-
data system is periodically time varying, and thus one
cannot refer to the /! norm of its impulse response, it is
shown in [3] that the L"-induced norm of a periodic
system can be interpreted as a type of an / ! norm of the
operator-valued “impulse response” of the lifted system.
This justifies calling this problem the /' sampled-data
problem.

1L. THE LIFTING TECHNIQUE IN SAMPLED-DATA
SYSTEMS

In this section, we briefly summarize the lifting tech-
nique for continuous-time periodic systems developed
in [1], [2], and apply it to the sampled-data problem.
The idea of the lifting technique is to put a periodic

!Essentially the same technique was arrived at independently in {22
and [23].

continuous-time system in a strong correspondence with a
shift invariant (i.e., discrete-time time-invariant) system,
which amounts to rearranging the original system so that
its periodicity can be viewed as shift invariance. To
accomplish this, we first define the lifting for signals, for
which the appropriate signal spaces need to be established.

For continuous-time signals, we consider the usual
L[0, ) space of essentially bounded functions [8], and it’s
extended version L3[0,). We will also need to consider
discrete-time signals that take values in a function space,
for this, we define [, to be the space of all X-valued
sequences, where X is some Banach space. We define Iy
as the subspace of !, with bounded norm sequences, ie.,
where for {f} € Iy, the norm [{fMls = sup; Ifillx <
Given any f € L7[0,), we define its lifing fel 10,7 35
follows: f is an L0, 7}-valued sequence, we denote it by
{f}, and for each i

f)y=ft+7i) O0<t=<m.

The lifting can be visualized as taking a continuous-time
signal and breaking it up into a sequence of “pieces” each
corresponding to the function over an interval of length 7
(see Fig. 2). Let us denote this lifting by W,: LZ[O0, ®) —
limo,,; W is a linear isomorphism, furthermore, if
restricted to L°(0,), then W,: L*[0,®) = [fm, ,; is an
isometry, i.e., it preserves norms. _

Using the lifting of signals, one can define 2 lifting on
systems. Let G be a linear continuous-time system -‘on
L30,), then its lifting G is the discrete-time system
G = W,GW.", this is illustrated in the commutative
diagram below:

G
Lo, e — 0.0
W] W,
Lo, = —— L0, =)

Thus, G is a system that operates on Banach space
(1710, 7]) valued signals, we will call such systems infinite
dimensional. Note that since W, is an isometry, if G is
stable, i.e., a bounded linear map on L~ then G is also
stable, and furthermore, their respective induced norms
are equal, |Gl = |iGll. The correspondence between
a system and its lifting also preserves algebraic system
properties such as addition, cascade decomposition and
feedback (see [1] for details).

The usefulness of the lifting in the sampled-data prob-
lem is the fact that if G is a r-periodic system, then G
commutes with the shift on I;=g ., that is, G is shift
invariant. This basic fact allows us to treat continuous-time
periodic systems as discrete-time time-invariant systems,
albeit infinite-dimensional systems.

State space models can be found for the lifted systems.
To illustrate, let G be a continuous-time time-invariant

system given by a state space realization G = [-:—i—:?]. In
[1] it was shown that the lifting G has a state space
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where the operators C, B, D are given in terms of their
kernel functions, and 1., is the unit step function.
Notation: 1t simplifies the notation greatly to use the
same symbol for an operator and its kernel, for example,
D(z, 5) [or B(s)] refer to the kernel functions representing
the operator D (or B). For operators that map a function
space to R", such as B above, we generally use s (or ) to
denote the variable of the kernel function, and for opera-
tors that map R" to a function space such as C above, we
use the variable ¢ (or 7). The kernel representation for the
operators B, C, D means that their action is given by

Bu = j’é(&»(f)df (C)(F) = C(Dx, iel0,7]
0
(B = [ DG, Huld) ds.
0

Note that the state space of G is finite dimensional (the
n, in R" refers to the dimension of the state space of G),
while its input and output spaces are infinite dimensional.
This fact is significant in that, although lifted systems have
infinite-dimensional input and output spaces, they can be
realized with a state space of dimension no larger than
the dimension of the original continuous-time state space
model.

To apply the lifting to the sampled-data problem, con-
sider again the standard problem of Fig. 1, and denote the
closed-loop operator by #(G,#C%,). Since the lifting
is an isometry, we have that ||F(G,ZCZ) =W
(G,#CZ )W !, this is shown in Fig. 3(a). In Fig. 3(b),
we lump the lifting operators W, and W ' and the
sample and hold operators and consider a new gener-
alized plant G. G is a discrete-time system with one
infinite-dimensional input and output (corresponding to
w and %) and one finite-dimensional input and out-

Fig.3. Equivalent problem.

put (corresponding to # and j). Thus, #(G,C) =
W.9(G,ZC% W, !, which means that the closed-loop
operator (G, C) is in fact the lifting of the closed-
loop operator F(G,#CS%,). Since the lifting W, is an
isometry, we have then characterized the L™-induced norm
of the hybrid system as the [7«, ,-induced norm of the
time-invariant system #(G, C). The conclusion is that the
problem of minimizing the L° induced morm of the
sampled-data system, is equivalent to that of minimizing
the induced norm of the infinite dimensional but time-in-
variant system (G, C). The previous discussion together
with the characterization of internal stability for hybrid
systems in [12] (conditions for nonpathological sampling)
yields the following theorem.

Theorem I: Let G and G be as in Fig. 3, then for any
finite dimensional C.

i) #(G,#C%,) is internally stable if and only if
#(G,0) is. - |
i) (G, ZCEN = IF(G, Ol

This reformulation of the sampled-data problem to the
problem with G has several advantages, first, the con-
troller has no “structural constraints” on it, in contrast to
the previous formulation where the controfler is con-
strained to be a sampled-data controller, i.e., of the form
#,CS,, second, both the controller C and the generalized
plant G are shift invariant, thus, the periodicity of the
original system is “removed,” and third. all parts of
the system are operating over the same time set (discrete
time). The price paid for these advantages is the infinite
dimensionality of the input and output spaces. In this
paper, we will show how one can reduce the problem to a
finite-dimensional one by “approximating” the input and
output spaces by finite-dimensional spaces, thus, reducing
the problem to a standard finite-dimensional /' problem.

We now present (from [1]) a state space realization for
the new generalized plant G which will be useful in study-
ing the problem further. Let the original continuous-time
plant G be given by the following realization

It is assumed that the sampler is preceded with a presam-
pling filter which is a strictly causal linear system, this is a
realistic assumption since an ideal sampler is not a physi-
cal device, a real sampler can be modeled as an integrator
with a fast time constant followed by an ideal sampler.
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The system shown above represents a generalized plant
with the presampling filter absorbed in it, the fact that
D,, = D., = O is due to the strict causality of the presam-
pling filter, this also guarantees that the ideal sampler
only operates on continuous signals. It can be shown ([1])
that a realization for the generalized plant G (Fig. 3) is

We also note that because of Theorem 1, suboptimal
solutions to the above problem will also be suboptimal
(with the same norm) for the hybrid system.

The above infinite-dimensional problem is solved by an
approximation procedure through solving a standard
MIMO [' problem. The idea we use is similar to that in

given by
PR 4|8 5 e | e40-9p, ¥(r)B,
3 n 12 Py A - -
= i = Cl DI] D]z CleAl CleA(‘_s)l(t - S)Bl + Dlls(t - S) Cl‘\p(t)BZ + Dlz
GZ! GZZ ~
G| 0 0 G, 0 0

where ¥(¢) == [{ e** ds. The system G has the following
input and output spaces

éu: 0,7y = lim0,m)
G-lz: Igni = Lo, 11
G-21: 11."[0,71 - 1,:,-,
Gp:  lgny = g,

The main theme of this paper is to approximate the
infinite-dimensional input and output spaces L*[0, ] by
finite-dimensional spaces. Bounds on the approximation
of the closed-loop system (i.e., with controller) will be
obtained that are characterized only in terms of the
operators BI,CI,D,-,,DU, which in turn are charac-
terized by the original continuous-time plant and
independent of the controller.

The mterpretauan that can be given to the operators
B,,Cl, D,,, Du is that they characterize the inter-sample
behavior of the overall system. In the lifted formulation
of the sampled-data problem, the state of the system
is the state of the plant G and the state of the con-
troller C, both of which evolve in discrete time. The
controller thus has an effect on the state of the system
only at the sampling instants, and the inter-sample
behavior is governed only by the plant dynamics. This fact
is made intuitive by the observation that in between the
samples, the system is essentially operating in open loop
since there is no feedback (u is constant in between
samples).

The lifting of the sampled-data problem makes clear
that the inter-sample dynamics are characterized by the
operators B,,C,, Dy,, Dy, and thus the issue of approxi-
mating these dynamics essentially amounts to approximat-
ing the operators, which are independent of the controller.
The foregoing ideas are pursued in the next sections.

III. SOLUTION PROCEDURE

Using the lifting we are able to convert the problem of
finding a controller to minimize the L* induced norm of
the hybrid system (Fig. 1) into the following standard
problem with an infinite-dimensional generalized piant G:

= |#(G,.zC)||
C stablhzmg

= I|#(G, C)l.

C stabxhzmg

Yopt

2

[10] and [14] where multirate sampling is used to obtain
discrete-time systems that approximate the continuous-
time behavior of hybrid systems. This approximation pro-
cedure was used in [10] to address the !' sampled-data
problem. The approximation procedure we use is essen-
tially equivalent to that in [10], however, since we intro-
duce it directly as an approximation to the lifted problem
(2), the nature of the approximation is more transparent
and we are able to explicitly isolate the parts of the system
that need to be approximated independently of the con-
troller. The consequence is that we are able to obtain
explicit bounds on the degree of approximation in terms
of constants that can be computed a priori, and that are
dependent only on the plant.

We now describe the approximation procedure. Let %,
and %, be the following operators defined between
L3[0, 7] and I;(nXI3(n) is R"*? with the maximum norm

Zi L0, = B (G0 = uf 2i);
u € L7[0,7]

2 L(n) - L300, 7] (Z/;,u)(t)=u([;n;

u()} € I(n)

(strictly speaking, .%, is not an operator on L7 but on the
subspace of left and right continuous functions, this dis-
tinction is irrelevant here since in our setting, assumptions
are made to guarantee that .%, operates only on continu-
ous signals), the above operators can be thought of as
“fast” sample and hold operators (see Fig. 5). For simplic-
ity of notation we will suppress the dimension g in the
sequel. '

Now to approximate the infinite-dimensional problem,
we use the approximate closed-loop system (G, C)%,
(see Fig. 4), and for each n we define

Yo = %56, Oz|.

C stablhzmg

(3

This new problem now invoives the induced norm over
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Fig.5. The operators &, and %Z,.

[ ny 1€ it is a standard MIMO / ! problem.
Let_us denote the generalized plant associated with
FHG,CV%, by G, that is, G, is such that (see Fig. 4)

SF6, 0%, = (G,,C).
A realization for é,, is given by,

A l Bz, B, A| B B
G, = |#C, | D% FDy ¢
C.Z 0 0 C-z 0 0

The new operators, which are now matrices, are computed
to be

&
) C‘eAr/n
Cl -
Cl(eA-r/n)"‘l
- Dn | -
C\¥(7/n)B, + Dy,
D’lz - : 3

(n—-1)
cy| ——|B,+ Dy,
L n i

. e/ | ¥(r/n)B,
G | Dy, .

B, = ‘I’('r/n)[Bl e4"/"B,

RS
]

(eAr/my" ™! Bl]

where {-}, means the first n X n blocks of the impuise
response matrix of the discrete-time system given by the
realization in {-}.

The solution to the original infinite-dimensional prob-
lem (and thus to the sampled-data problem) is as follows:
n can be chosen large enough such that if the designed
controller C, is almost optimal for the approximate prob-
lem (3), then it is almost optimal for the original problem
(2). In essence, this approximation scheme “converges,”
i.e., one can obtain almost optimal controllers by choosing
n large enough and solving a MIMO / ! problem. Exactly
what convergence means here is described next.

TV. DESIGN BOUNDS

In this section we investigate the nature of the approxi-
mation of (G, Ol by IF(G,, C)ll. In order to show that
the synthesis procedure outlined in the previous section
yields controllers with performance arbitrarily close to the
optimal, one needs to obtain explicit bounds on the degree
of approximation of (G, C)ll by I#(G,, Ol

Let us begin with analysis. Note that since |¥1G,C Nis
an infinite-dimensional system, its /7w, ,-induced norm is
not readily computable. A method of computing # (G, Ol
comes from the limit

I1#(6,0)]| = lim [|%516. O] = lim 1#(G. Ol
)

for a fixed C. This formula can be proved using arguments
about the approximation of continuous functions by sim-
ple functions in L” ({19), and also follows ix.pmediately
from the main inequality below. Since #(G,,C) is a
time-invariant MIMO system and I1#(G,, O)ll is its I'
norm, it can be computed to any desin_:d accuracy, conse-
quently, by (4) the actual norm, II¥(G, C)ll can be com-
puted to any desired accuracy. However, (4) is by far not
sufficient to show the convergence of the synthesis proce-
dure, since given only (4), the rate of convergence may
depend on the choice of C. _

Our objective is to obtain explicit bounds on A G, O
that do not depend on the controller in the following form

Main Inequality: There are constants K, and K, which
depend only on G, such that for n > 2n,, and 7/n non-
pathological

I#(6,.c)ll < 6, Ol

<Tly (1 + %)u;(é",c)n. (s)

Remarks:

a) The significance of the bound (5) is that it is exactly
what is needed for synthesis. When one performs an / !
design on the approximate discretization G,, the result is
a controller that keeps [I#(G,, C)ll small, but the objective
is to keep the L*-induced norm of the hybrid system (or
equivalently |#(G, C)I) small, and the inequality (5) guar-
antees this. It is thus essential that we bound the hybrid
norm from above by a function of I#(G,, C)ll
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b) The above inequality shows that the approximation
converges at a rate of (1/n).

The first inequality in (5) is easy to obtain, first note
that

I(6...C)ll < 516,00 vn,

since
|#(G...C)| = |56 Crz |
< IZIFG. Ozl < |G, O

because 1Z]l < 1 on ™(n) and [.%,!! < 1 on the subspace
of L~ for which it is defined.

One way to utilize the main inequality for getting
a priori guarantees on the hybrid norm in terms of the
discrete-time /' problem is guided by the following; for a
fixed 7, if one performs a MIMO ! ! design (as in [9], [17]D
on G, and obtains a v, + € optimal controller (given by
C,), ie., IFKG,,C N < v, + ¢, then inequality (5) pro-
vides that if C, is implemented in the hybrid system, then

. K K, ,
Yo < 191G, Gl < = + |1 = == |I#(G., Ol
n n

Kl ( Ko
s—+(1+—)(7,,+e)
n n

X,

KO
< + (1 +T)(7°P'+ €)

(6)

where the last inequality follows from ¥, < 7y, Which is a
consequence of the first inequality in (5).

The above inequality can be simplified by using an
upper bound on 7,,, such a bound can be obtained by
finding any stabilizing controller C, and computing an
upper bound on the hybrid norm of #(G,C,) (by using
the main inequality with a large n). Call that upper bound
M. Then by using ¥,,, < M, inequality (6) can be rewritten
as

- K, + KM+ €)
Yopt = ”‘?(G’Cn)” = 1 n

Thus, in order that C, guarantees |F(G,ZC, )l <
Yope + & for amy 8> 0, we choose ¢ and n a priori to
satisfy

+ €+ Yop-

K+ K,(M+¢€)
< - + €.

It is worthwhile noting that the problem of minimizing
|F(G,, Ol is immediately a standard /' problem with
time-invariant plant. Also, we note that even though the
approximation problem is essentially equivalent to a mul-
tirate sampled-data problem, it reflects no structural con-
straints on the controller. General multirate sampled
problems do not share this property (see [7)).

The next section is devoted to the derivation of the
main inequality (5). Several interesting issues come up,
and we get bounds on the approximation by characterizing

the approximation of the infinite-dimensional parts of G,
namely the operators By,C,, D,,, Dy;.

V. DECOMPOSITION AND APPROXIMATION OF G

It will be very helpful in the derivation of (5) to intro-
duce a decomposition of the infinite-dimensional system
G by “extracting” the infinite-dimensional parts of the
system. The basic idea is roughly that the behavior of the
hybrid system between samples is essentially governed by
the infinite-dimensional parts of G, namely the operators
B,, C,, D,,, and D,;. These operators are independent of
the controller, and thus it should be possible to approxi-
mate the behavior in between the samples independently
of the controller by “approximating” the aforementioned
operators. To illustrate this point further, we first
decompose G as

G=G,+

Dy, 1 I
0 0 °

and we note that G, can be further decomposed as

éoe[[é‘ 013’2] ‘I’] [é] 2] [92] [i 2]'

¢)

This decomposition is illustrated in Fig. 6. The closed-loop
mapping F(G, C) is correspondingly decomposed as

#G,C) =Dy, +5(G,.C)
=DA11 + [él D-IZ]‘?(éoo’C)él' (8)

We will use the notation & =[C, D,,}, and call & the
output operator and B, the input operator.

_ With this decomposition, G,,, is finite dimensional, and
&, B, are finite rank operators

G:R™*" - [°[0,7],  B: L°[0,7] » R™.

As (8) shows, only a finite-dimensional part of the system
lie., $IG(G,,,C)] is dependent on the controller, while
the infinite-dimensional parts are independent of C.
Roughly speaking, the controller (being discrete time)
only effects the hybrid system at the sampling instants,
while in between the samples, the systems evolution
is governed by the operators ﬁll,é, ﬁl, which are in
turn dependent only on the dynamics of the original
generalized plant G.

The remainder of this section and the appendixes are
devoted to deriving the main inequality, and can be
skipped without loss of continuity.

We now consider the issue of “approximating” the
infinite-dimensional plant G by a finite-dimensional plant
G,. First we note that the two norms to be compared are
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Fig. 6. Decomposition of G.

of (G, C), which has L7[0, 7] as an input—output space,
and of &, F(G, C)%,, which has ["(n) as an input-output
space. Therefore, it is not strictly true that G, C
approximates #(G, C) since comparisons like (G, C) -
ZHAG,CW%|l < € do not make sense. We will replace
(G, C)%, by another system which has the same norm,
but truly approximates #(G, C).

Define the following operator (the normalized integra-
tion operator) 7,: L0, 7] — I"(n) by

G = = [ un s
-

ir/n

The following properties of 7, can be easily checked: 7,
is a linear operator, |7/l = 1, and &, is a left inverse
to %, i.e. I%, = identity. If 7, is regarded as an oper-
ator on LY0,7) ie, I LY0,7] = *(n), then it is
easily shown that %, is the adjoint of (r/n)7,, that is
(v/m)F,)* =X, Similarly, if %, is regarded as an oper-
ator on I}(n), ie.,.Z: I'(n) —» L0, 7], then 2 = (7/n)7,,
which also implies that (Z,.7,)* = #.7,.

Let us denote by T = (G, C), and by T, = #G,,0).
As already mentioned, T and T,, cannot be compared
directly since they do not have the same input and output
space. The operator 7, will allow us to form a system T,
with norm equal to that of 7,, but with the same input
and output spaces as 7. _

Lemma 2: Define the system T, = (Z5)T(Z,F,), then

WT, 0 = 7,0
Proof: Tt is true that |, TZ7ll = %17, || since

1%, Tz < IS T7IIT < 17 T7,

and
&zl < W T2 < % TZ7

Also, since #Z: I*(n) = L0, 7] is an isometry, we con-
clude that

IT, = VA T75) = 1% T35 = 17T = 17,0,
]

Remark: The above lemma is of general interest since it
provides a systematic way of addressing the question of
how a discretized system %% FL%, “approximates” the origi-
nal system H, by comparing the systems H and H:=

(#.5)H(%.5;). This comparison is typically easier since
H and H are both continuous-time systems with the same
input and output spaces.

Let G, be the generalized plant corresponding to the
closed-loop operator T,, i.e., T, = #(G,, C). G, is defined
by .

" 0 I 0 I

The consequence of Lemma 2 is that one only needs to
show inequality (5) with #(G,, C) instead of #(G,,C ). As
already mentioned, the advantage is that #(G,,C) has the
same input and output spaces as #(G, C), namely L0, 7].

Next, we will show that #(G,, C) actually approximates
(G, C), and this will yield the main inequality (5).

Approximation of G: The approximation of G will be
done in two parts corresponding to_the decomposition
#G,C) =Dy, +#G,,C) =Dy, + &#(G,,, C)B,. It will
be useful in this section to use a short hand notation for
(see Fig. 7)

T, = 6%(G,,.C)B,
T, = (ZI)T,(%T,)

o[ )

T,, = %(G,.,C) 9

n = (Z’,’.Z)ﬁu(%ﬁ
(10)

and corresponding to the decomposition T = ]3“ + Tons
we have

T, = (55)(Dy + L)% = D, + Ton.

We will first show that T,, approximates T,, then we show
that D, approximates D;,.

Proposition 3: Let n = 2n,, such that 7/n is not a
pathological sampling period, there exists a constant K,
which depends only on G, such that

_ K, .
T, — T, < —IT,,ll
n

Remark: 1t is important that the above bound is in
terms of ||T,,|l which corresponds to part of F(G,,C)-
The reason being that in the main inequality, we must
bound the norm of the hybrid system from above by the
nomm of the discretized system F(G,,C). In fact, it is
much easier to produce an inequality as above but with
IT, |l on the right-hand side, but this would not be useful
for bounding the norm of the hybrid system.

Proof: The proof makes use of the decomposition
of T,=¢6T,B, and of its approximation T,, =
(7.5)8T,,B(%.7,). The basic idea of the proof (on the
output side) is that (%.5) operates on functions in
4 < L0, 7], and functions in %4, are continuous and
there are bounds on their rate of change (depending on
the dynamics of the plant), so on %, the operator
(#.%,) approximates the identity, and it also has a left
inverse which approximates the identity as n - «.

We now approximate from the output side. Lemma
4 below states that (%.%,) has a left inverse on %),
i.e., there exists ZL) " Ry os) = R c L70, 7]
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Fig. 7. Decomposition of the approximate system #(G,, C).
such that (%.%,)"1(%,%) = identity on %, We now
establish

%), - Tl
= |%5)ET, B, — ((#5) " (%S)ET,, B )|
e
<7 - %5 aws ol BT

where the operator / is the identity, or the embedding I:
Rrs L°°[0 7] Also from Lemma 4, we have that
K[ (ﬂ’f”) D)\ a4l < (Kz/n), this implies

T - Tl < SHemsr) av

Now, to approximate on the input side, we need to take
preadjoints (see Appendix B):

[EAAIRICAD L2 ]l
= ()T, B, — (#5)ET,, B(%T)|
— | Z)ET, (B, - Bz
= (B, - 2B, ) ((2.5)8T,,)|
= [(*B, - #F)*B)) (%26, )|

From Lemma 4 below, (Z9,) has a left inverse
when restricted to ez, ie., (%J,)7" is such that

(2.9,)""(%.9;) = identity on Z.;, < L'[0, 7], therefore
(70T, - EIIT,EZT
= ()~ (5B,
-(ZI)B,) (#5)T,,)||
=l ™ - Dlavgsy®
()T, Bz
<™ - Dlawsal IEHITES)|

Kz _
< fnr,,nu (12)

where the last step is again from Lemma 4.
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Combining inequalities (11) and (12), we get
T, = 7,1l = ||T, - (ZZ)T, (2|
= ||T, - ()T, + (BT,
CANIRCL ]|
<|IT, - BT + [T,
- (ZST (2T

K; Ks _
< |z + T,

n n
but (12) also implies that [(Z5)T,Il < (1 + (K5/n)
IT,,li, therefore

- K; K; Kgl _ K _
IT, - T, < [—’ (1 + =2+ ——”]nrruu < =TI,
n n n _ n

where K, = Kz + K Ka‘*'KB |

Lemma 4 below captures the idea that (7, )& approx-
imates &, because the sampling operator <, samples only
elements in #(#), and since there is a bound on the
variation of functions in (&), one can get a bound on
how well (7,%,) approximates elements in F(&). Similar
arguments are made about (%.7,) Bl This lemma is the
key to obtaining approximations that are mdependent of
the controllers, since the behavior of the signals in the
input and output spaces is governed by & and Bl, the
nature of the approximation depends on these two opera-
tors and not C. The rate of convergence of the approxi-
mations is determined by the constants K, K, which are
completely determined by the operators B and &, respec-
tively, which in turn, are completely determined by the
original plant.

Lemma 4: Assume n > 2n_, and 7/n is not a patholog-
ical sampling period, then

a) 3 an operator (%,5,)"L: 92(,”,.3)—>L[0 7]
such that (#.9,) "L (%5, ) a5, = identity,

L0, 7] L'0,7] L'[o, 7]
Y PEAS v 224 U
F8)) «  Zrgesy < Fehy
and a constant Kj, such that
Ky
(2 - &)™ Vel < =
b) 3 an operator (#.%,)"": Z 4 o 4, = L710, 7] such
that (#,.%,)" L(fy )Imm ldentlty,
L0, 7] Lo, 1 Lo, 7]
U XA Y @ Y
Z4) < ZPassH < )
and a constant K, such that
K4

(1 - ™)

lﬁ'w;.s’,,é)” -
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The proofs of this lemma and the next one are quite
technical and involved, and thus are relegated to the

-appendix.

The next lemma takes care of approximating the direct
feed-through operator D,, which is _approximated by the
direct feed-through operator D, of G,.

Lemma 5: There is a constant K5 such that

n - Kp
"Du - D,,” < —n'

Combining Proposition 3 and Lemma 5, we get that T,
approximates T by

- K, _ Kjp
IT-TJl < —lT,.ll + —.
n n

To get a bound with IT.ll on the right, note that T, =
T, + D,, which implies by the triangle inequality that
IT, .l = ID,ll < IT,|l, and '

IT,, I < 1D, + (Tl < 1Dy Il + T,

Since fiDy,ll is a constant, combining with (13) yields
- K, K, . Kj
IT = Tl < —lIDyll + —HT Ml + —.
n n n
Finally, since [ITll = IIT,ll < IT - Tl we get

KND, |l + K K\~
ITH < -——‘;———2 + (1 + —n—)ur,,u

K, K,\ =
= — <+ (1 + ——)IIT,.II
n n

and thus we have arrived at the main inequality (5).

V1. GEOMETRICAL INTERPRETATIONS

In the previous section we gave an approximation pro-
cedure to obtain approximately optimal controllers. The
procedure is based on forming an “approximate” finite-
dimensional system to an infinite-dimensional one.
A question may be asked as to whether the infinite-
dimensional problem may be exactly reducible to a
finite-dimensional /' problem. For example, in [1], the
%~ sampled-data problem was treated by the lifting
technique, and an exact reduction of the resulting
infinite-dimensional problem to a finite-dimensional one
is possible. This motivates the question as to whether a
similar exact reduction is possible in the I ! problem.

In this section, we will not give a definite answer to this
question, but it is our purpose to illustrate some of the
underlying geometry in the reduction, and to suggest that
the {! sampled-data problem may not be exactly reducible
to a finite-dimensional /! problem. We will give a geomet-
ric reasoning which shows that the fundamental differ-
ence between the reduction of the 7 and the ['
sampled-data problems has to do with the difference
between the geometry of finite-dimensional Hilbert and
Banach spaces.

(13)

Let us go back to the formulation of the problem
involving the infinite-dimensional generalized plant G,
and consider the decomposition of G in feedback with the
controller C (Fig. 6).

To facilitate the geometric arguments we are about t0
make, we assume that the operator D,, = 0. Note that
this assumption is valid only when G;; = 0, and this is an
unrealistic assumption for most interesting control prob-
lems, but the assumption is made for the purpose of
illustration. With the assumption D, = 0, the decom-
posed system in feedback with C is shown in Fig. 8,
where & = [C; Dyl

We first look at possible decompositions of the output
space L*[0, 7]. From Fig. 8, it is clear that

#6,0) = 65(G,,.C)B,

which means that the output signal 7 takes values
in @(&) cL70,7] (at each point in time). Since &
R+ — [0, 7], then H(&) is a finite-dimensional
subspace of L0, 7], and there exists a projection on it
M g4y L0, 7] (&) [20]. By the definition of a projec-
tion, we have that for any x € R ||@xll 0,1 =
I g 5)& Xl 2(6), therefore

T2, 8%( G0 € ) Bl = |85(G... C)Bill = I51G- Ol

Note that II g(i)é.?(G-ao,C )B, is a system with a finite-
dimensional output space, namely (&), and the norm on
(&) is the norm it inherits as a subspace of 10,71

A similar reduction is possible with the input space, for
this, we need to look at the preadjoint operators. Since for
any Banach space operator 4, {|4ll = . 4*|, we have that

”n.ﬂ(i)é'?(c-oo’c)éln = H*éx *-7'(6‘50’6.) ‘é*nsw‘)"

and as before, we can project on (*B,) c2'0, 7] with-
out changing the induced norm

”*éfg(éoo’ C)*é*nzw‘)“
= ”H.ar(-é,)*éx'y(éoo» C)*é*na(i)”
= ”na(a')éy(éoa’ C)ﬁlﬂ"&(-ﬁ,)ll

where the last equality follows by taking the adjoints.
Also, note that since IIgez L'0,7) = %(*B,) then
MYyes, (FCB) — L0, 7], where (%(*B)))* is the
dual space of Z(*B,), and it is finite-dimensional since
Z(*B,) is.

Combining the reduction on both the input and the
output spaces, we have

”éy(éoo’ C)B\IH = “na(«")é‘?(éoo’ C)éln}(‘él)”
= ||#(G, )|, (14)
where G is defined by

0 I 0 I
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Fig.8. Decomposition of G with D, = 0.

Equation (14) shows that the original problem is reducible
to the standard problem with the generalized plant G.
Since G has finite-dimensional input and output spaces
(since #(#) and (#(*B,))* are finite dimensional),
we have arrived at an equivalent finite-dimensional prob-
lem. This problem is not necessarily a standard finite-
dimensional /! problem, it is only so if the input and
output spaces (&) and (Z(*B,))*) are linearly
isometrically isomorphic to an [“(n) space for some .

Remark: In the 7~ sampled-data problem, the situation
is much simpler. In that case, (&) and (ﬂ(*ﬁl))* as
subspaces of L?[0, 7}, are immediately linearly isometric
to Euclidean spaces (that is [*(n)), since every finite-
dimensional Hilbert space is linearly isometric to a
Euclidean space of equal dimension.

Thus, the question arises as to what the spaces H(E)
and (%(*B,))* look like, and to whether they are isomet-
ric to [*(n)? If the answer is affirmative, we can use this
identification with /“(n) and obtain a generalized plant
which has an I”(n) for each of its input and output spaces,
and the problem then becomes a standard 1! problem.
However, the answer is negative. This can be seen by a
simple example, where we plot the unit ball of the space
F(#) and show that there is no linear transformation that
can transform it to a unit ball of an [”(n) space.

The example we consider is as follows: first recall that
the operator & is given by the following kernel function

8(t) = [E(0) Dp®)] = [Cle"" c,( ]:e""ds)Bz].

We will consider the subspace #(C,) c (&) and show
that it cannot be a subspace of any /"(n). Recall that the
norm on the space %#(C;) is the norm inherited as a
subspace of L7{0,7]. The unit ball in #(C,) can be
plotted by choosing a basis, and then computing the
170, 7] norm for combinations of the basis elements. The
particular example we pick is

A=[(1) 'ﬂ; c=01 1/2],

with 7= 1. For this example %#(C,) has dimension two,
and a basis for it is given by

x,() = Cle’“[é]; x,(t) = Cle"’[o].

1

To plot the unit ball in F(C,), we tepresent any x €
A(C,) by x = ayx; + a,x,. The ball in Fig. 9 represents

t.oeee .

[ 3
-

&

¢

Fig.9. The unit ball of #(C,).

lxll = 1, and the axes are @, and a,. The unit ball in
an [(n) space is an n-cube, and the unit ball of any
2-dimensional subspace of [*(n) is a 2-dimensional “slice”
through an n-cube, and it is clear that the boundary of
this 2-dimensional cube must be made up of straight lines,
i.e., it must be a polygon. Now, for Z(C,) to be linearly
isometric to a subspace of (1), a necessary condition is
that its unit ball {that of %#(C,)] must be linearly trans-
formable to a polygon, which means that it should itself
be a polygon. Since the unit ball of the particular example
in Fig. 9 is not a polygon, we conclude that H(C,)
land consequently X&) is not linearly isometrically
isomorphic to an [™(n) space for any n.

We end this section with a geometric interpretation
of the approximation procedure given previously. If we
apply the approximation procedure to the system in
Fig. 8, the result is the system

£,6%(G,,.C) B,

Looking only at the output side (the input side can be
interpreted similarly using adjoints), the norm on the
output side is essentially measured by sampling the ele-
ments in (&), that is, the norm of a function f € (&)
is computed by taking the ["(n) norm of n samples. As
before, we can plot the unit ball of S#(C,) in this new
norm which we will call the “samples norm.” (Actually, we
will plot the coefficients a;, @,, hence the plot is two
dimensional). This norm approximates the actual norm on
C)) for large n. This approximation can be seen in Fig.
10 (for n = 3), where the samples norm unit ball is
superimposed over the actual unit ball of #(C,). It is
interesting to see that what is being done, is approxima-
tion of the unit ball of (&) by polygons. Thus the
approximation procedure for solving the sampled-data
problem can be interpreted as an approximation of norms
of the input and output spaces. It is interesting to note
here that the unit balls of (&) and (Z(*B,))*, generally
represent nonlinear constraints, very much as in the con-
tinuous-time L! problem [6], while in discrete-time I'
problems, the constraints are always linear. Therefore, the
fact that the norms in the sampled-data problem repre-
sent nonlinear constraints (roughly speaking), seems to be
a consequence of the continuous-time nature of the prob-
lem (just as in the L' problem). However, by essentially

(15)
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Fig. 10. The unit balls of Z(C,) with the actual, and the samples
norms.

approximating the nonlinear constraints by linear ones,
we are able to reduce the problem to a standard discrete-
time {* problem.

Finally, we point out that the mathematical reason
behind the difference in the reductions of the #° and ! !
sampled-data problems, is that in the former, any finite-
dimensional Hilbert space is linearly isometric to 1%(n),
while in the latter. not every finite-dimensional Banach
space is linearly isometric to /°(n). This reflects the fact
that the isometric class of Banach spaces of dimension n
is a much richer class (there is an infinite number of
them, for example /7(n) for 1 < p < =), than the class of
I-z’Iilbert spaces of dimension n [of which there is only one,
13(n)}.

VII. CONCLUSIONS

This paper provides a solution for the sampled-data n
problem through approximation. Utilizing lifting tech-
niques, the input/output map is decomposed in such a
way that the infinite-dimensional part of the system is
isolated independently of the controller. This part is then
approximated in a precise way by a finite-dimensional
system, whose dimension can be determined given any
degree of accuracy. Computable bounds on the norm of
the difference of the actual system and the approximated
system are furnished, and they ail depend entirely on the
system’s data. It is shown that the rate of convergence of
this approximation is (1/n).

It is interesting to note that the same approach and
approximation arguments in this paper can be followed to
obtain bounds like the main inequality for the L'-induced
norm sampled-data problem. A combination of this with
the Riesz—Thorin convexity theorem would then show
that the main inequality (with different constants) holds
for general L7-induced norm problems. In particular this
holds for the L*induced norm case. In this case, this
approximation procedure was shown to converge in [15}.
The results of this paper and the above convexity argu-
ment indicate that stronger convergence at the (1/7) rate
actually holds. However, for the case of the L*induced
norm sampled-data problem, an exact equivalence to a
discrete-time problem can be obtained [1]. It is indicated
in this paper by geometric arguments that this exact

" pote that %5, is the same as the range of {B

correspondence may not be possible in general for
[=-induced norm sampled-data probiems.

The approach followed in this paper is readily applica-
ble to the structured perturbations problem for sampled-
data systems [16). The minimization problem in this set-up
involves spectral radius functions, and a similar result
follows from the continuity of the spectral radius function.
The derivation of explicit bounds takes more work and
will be reported elsewhere.

APPENDIX A

In the following proofs it is assumed for simplicity
that the matrices D, and Dy, are zero. If D, is not
zero, the statement of Lemma 4 still holds. If Dy, is
not zero, the statement of Lemma 5 does not hold, how-
ever the main inequality does hold but has to be derived
differently.

Proof of Lemma 4

a) If f €&.5, then f(t) = *B,(t)x = Bje* " "x, for
some x € R":, We may assume without loss of generality
that (A, B,) is controllable, since if not, we can decom-
pose the state space into the controllable and uncontrol-
lable subspaces, and write

o 4.0
*B,(1) = [B, O]e[? A'.,](""T,

where (A,, B,) is controllable, T is nonsingular, ax;cz( th‘e);l
c ?
and thus work with (4,, B,) instead of (4, B,). We also
note that since the eigenvalues of A, are a subset of the
eigenvalues of A, then if 7/n is nonpathological for 4, it
is nonpathological for 4.

Now, to show that (#.,) has a left inverse, we need to
show that (ZT,): s, — L0, 7] is injective, but since
#: 1N(n) - L0, 7] is injective, it suffices to show that J;:
Rnp,y = 1'(n) is injective, or equivalently, that it has no
null space. Given f €%.5,, let f=J.f, since ft) =
Bje*""9x for some x € R", then

- D orGi+n/n

fi=- BleA "™ Vxdt
T ir/n

= 13;}’7/"‘3/4'«/:-—?) dieAtn-i-br/ny
T o

n .
= —;B;‘I"(f/n)e" (n—i=lyr/ny
or in matrix notation

fo By (r/n)et /"
n
. : x = —T-Q,’,x (16)

]
alx

f;._l B;‘P'.(T/n)

Note that for n > n,, &, contains the controllability
matrix of (47", ¥(r/n)B,), and since (A4, B,) is control-
lable and 7/n is a nonpathological sampling period, then
(e47/",¥(r/n)B,) is controllable, and thus the matrix Z,
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has full rank. Therefore, if f €5, f#0, then f=
*B, x, for some x € R™, x # 0, consequently f # 0 (since
&, has full rank), implying that &, has no nuil space and
thus is injective.

To obtain the bounds we need, it is necessary to bound
the norm of x that solves the equation f =%, x by the
norm of f. Since &, has full rank (as a matrix), there
exists a constant ¢, such that if f=(n/7)%,x then
(n/Nxlh < ¢yl flliay (where fixlly is the 1-norm on R™).
The constant ¢, can be taken as the norm of the left
inverse to &,. See the appendix for the proof that c, is
independent of n. _

If we define f := .7 f, then we have from the definition
of #: I'(n) - LY0, 7] that |Ifllye.. = (/U fllia).
Combining this with the previous bound yields that for
f=55)B,x ‘

xlly < eyl flle, -

Now, to compute a bound on [KJ - Z) "Dl awz )l

let f be an element in Fy 7.5 i€ f =i?,9;*ﬁ,x for
some x € R™. We have already shown the existence of
the left inverse (2L, by its definition (#9,)"f =
*B, x, therefore

"(1 - (Znyn)-l- )f”L‘[o,f]
= |W,r7,."1§;x ~ *B,xll o,

- [ImzB)0 - (Bur)ol

n-1

=T [ W) - (B0l
jm=
n—1
G+ Dr/my B pli+i/n, A
= - *B ds
El L/n "f(j;r/n (o) )x

—*B(t)xl|| dt

n-1
i+ Dr/n, 1t
T e

=] Jit/n

IA

[(i+ I)T/H‘BAI(S) dS)

ir/n

—*By(0)]] delixll;

n=1 72 d*B,(1)
< — sup llx]l
i§l n? 05151” dt ” '
72 n-1 )
<—lixl; & sup IBjA’e4 1)
2n im1 OstsT

2
T £ ’
Szl finlBil LAl

IA

2
Y a17)

.
< =Bl 4'lleM "’;Ilfll
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see (18) which means that

“(I - ("?'rz)_L)”x(z,sn'ﬁo‘

_Tz e 1 Ky
< Cl”B"[" ”A'“e“ Ir— = —
2 n -

Proof of b): By definition, & = [C; Dj,], and

é(1) = [E(0) Dyy(0)] = [C,e’“ cl( f e As ds)Bz]
0
o o]|0 B
=[0 C ! 21,
[ I]e[l A] [1 0 ]
where the last equality is a consequence of the formula

00
JEeAds =10 I]e[l Al;[;l. With an argument similar to
that in the proof of part ), we can replace [0 C,] and
[¢ 8] by €, and 4, such that (C,, 4,) s observable, ie.,

o ol 10 B 4, 0 0 B
0 C t 21 o [? ]r 2]
[ 1]8[1 A] [I 0] {C, Ole} 2 4., T[I 0
R
= [C e 0][ R‘] = Cye*'R,,
2

where [ﬁ;] = T[‘l’ ’:2]. Furthermore, we can replace R,

by B;, which is made up of the linearly independent
columns of R,, and define &,(t) = C,e*'By, we then

have
g(é)=5£({[0 clel? 3]'[‘; %]})

- A([C.erB,)) = H().

Now, to show the existence of (#%.5,) ™" on F. s 4y OF
equivalently, that (%,%,) is injective, it suffices to show
that %, has no null space in £, (since Z;: F(n) -
L0, 7] is injective). By the representation above, if fe
R4y [+ 0, then f(r) = C,e*'B;x for some x # 0, x €

R? (where p <n, +n,). Let f=%f, then f, =
C,e“+"/"B,x, or in matrix notation
fo G
- = : 1 Bx = %,Bx.
fn-l Co(eA"f/n)n-

Since (C,, 4,) is observable and 7/n is not pathological,
then (C,,e**"/") is observable implying that the matrix
@, has full column rank (for n > 2n,), and since B, also
has column rank, then f # 0, which shows that &, has no
null space in %4

To obtain the bounds we need, it is necessary to have a
bound on the norm lxll. (I |l» is the maximum compo-
nent norm in R?) of solutions of the equation f = &, Byx.
Since both %, and B, have full column rank, they both

have left inverses €;~, B*, and

Ixlle < IBFEIIZ, LN U llmcay-
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Since Z: (n) = L*[0, ] preserves norms, that is, for
F=af = (%5,)f, we have that liflli70.n) = W f llmny, the
above bound becomes

lxlle < ¢l fll o0, 1

The proof that the bound ¢, is independent of n, though
long, is entirely similar to that for ¢, in part a).

Now let f € %), therefore f € %4 which means that
f=&,x for some x € RP. Let f=(Z%)f, by the defi-
nition of (%.%,)"t, we have that ZL) Lf=f=6,x
We now compute,

(7 = @)™ )l

sup H(Z{,.?;,éox)(t) - (éox)(t)”

0t

sup  sup ||[(ZFHE,x)(E +ir/n)

0si<n-1 0sist/n

~(8,x)(E + ir/n)|

- sup  sup |[(&,x)(ir/n)

O<gisn~-1 0<ist/n

—(8,x)(i +izr/n)

IA

T+ir ndéa
sp  sup [|fT7—== (o) dsfl e

0gisn-1 Osis-r/n ir/n

cvir/m A0,
t+it/n [
sup  sup f ll—ds—(s)ll dslixll

0<isn-1 0gis/n “i7/n

A

(i+1)/n déo
sup [T —=2 ()| dslixle

0<ign—1"it/n

A

deo,
sup sup || —

O<gigsn—-1 0<ss7

A

,
(s)ll-';ll.vclla°

< sp  sup ICHIANMEIB Il

0gisn-1 0<s<7

T,
<lc,l lIA,,IIe""""’IlB,lI;cz|If Il =0, 71>
which results in

Iz - #5) ™ Vel

< liC 4 et Belic,7— = —. W

|-
i

Proof of Lemma 5

If D,, comes from the lifting of a MIMO G, then Dy,
operates on vector signals, i.e., Dy;: L3[0,7]1 - Lo, 7}
The induced norm of such an operator is bounded above
by the maximum row sum of the matrix of the L70, 7}
induced norms of the SISO subsystems. We will prove the
lemma as if D,, is scalar, the MIMO statement follows

At Bt et % W B4 T T

from the fact that if each entry in the matrix of norms
tends to 0 separately, then the maximum row sum will also
tend to zero.

The L0, 7]-induced norm of an operator & given by a
kernel function #1t, 5) is

lorll = sup

O<t<T

[0 (e, 5) ds.

The kernel function of Dy, is given from (1) by
Dy, s) = C1e# ™1y B

The operator D, = (#.5,)D,(%.7,) has a kemel func-
tion which is piecewise constant over squares of width 7/n
in [0, 7] x [0, 7], in particular, for ¢ =f+ir/n and s =
§ + jr/n,i,5 €10,7/n]

— n ; j+1
D"(t, s) = _CleAx-r/n(/(]+ )‘r/ne-Ar dr)l(i-j-l)Bl’
T jr/n

where 1, is the unit step function with a discrete parame-
ter. We now compute

Dy, — Dyl
= sup f|15n(t,s)—5,,(t,s)|ds
0stst 0
n-1 .

0<i<n—1 0st<t/n j=0 “j1/n

-|13u(t,s) -D,(t, s)lds

n-1

Z (j+l)‘r/n
j=0"f/m

sup sup
i i

,‘C!(eA(i(r/n)+f—s)1('_,) - %eAi(‘r/n)

(G+in/n _ 4,
’f € 4 drl(i—j—l))Bl ‘is

Hr/n)

n-1

< IIC, 1| B, ]| sup e!4""/™ sup )
i i j=0 j(r/n)

(j+1)/n

\ n
AL =
'f(jﬂ)r/ne—hd’l(i—j—l)" ds

jr/m)

< IC, | B,lle"" sup sup

i H

(j+1)7/"“e14(i-5) _ .'_l_
j=0 j(z/n) T

j+1
.f(l"' )‘f/"e_A,dr"ds
jr/n)

+ [T e =) d.e},
0
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where the last term represents the case i = j. From (20)in  of the norms. Note that in the following bounds, -1 is

Appendix B, we can bound

f(j"'l)"/" IeA(i-s) — ﬁf(j’l)f/"e-Ar dr“ dS
z/n) T 7j(z/n)

T R
< ._”eA(l‘f(T/")) — e-Aj(-r/n)“

X

sup || AeAE=9)|

1
+—[
2 jr/n)ss<(j+r/n

~

T

+  sup nAe-A'u]-7

jGa/n)srs(j+r/n n

T Al At m
< ;e" Wir/m)e4t — [ + ||A||e||Allf_?
n

,
T N T

< M| — (el — 1) + ||AII—2).
n n

Substituting back yields

\D,, — D, Il < IC,IllIB,lle*" sup sup
i f

Und i 5 . r? T
. —{( ohalr —_ —
{Z(n(euu 1)+||A||n2) + n}

j=0

< IC, Il B, e 41

2
.{:(ellAllf -1+ “A".T_ + 1}
n n n

— KD.
n

APPENDIX B
Integral Inequalities

Let F(1), F{(t), F,(t) be differentiable matrix valued
functions. Some useful bounds shown below can be estab-
lished by using the formula

dF
F(t) = F(a) + [ E—(s)ds,

4

a
and some manipulations involving cancelling common fac-
tors and bounding the norm of an integral by the integral

any matrix norm provided that the same norm is used on
both sides of the same inequality,

b, 1 b
LH;)——_—;('LF(S)ds) - F()|| at

& Wi (8
E*‘M

sup ||

astsh

(b—a)z(
<
2

T , 1,1 T,
I FOF - ;(/0 F(s)d.s)(foF(r)dr)ll

dF \*
sup ”E-ll) 19)

0<tsT

sZT{

b 1 b
[IF - -b—_—a( ) Fz(r)dr)" d

< |b - allFy(a) — Fy(a)!
1 dF,

+={ sup ||—=1(1)
2 (dStSb ” dt “

dF.

+ sup || dtz(t)")

asgtgh

-1b - al®. (20)

Completion of Proof of Lemma 4-a)
Claim: c, is independent of n.

Proof: We will construct c, as an upper bound on the
norm of the left inverse to .. This is done by taking the
pseudo-inverse as a left inverse to Z,, and finding a
bound on its norm that is independent of n. The pseudo-
inverse to &, is (&, %,)"'%,, and note that the inverse
exists since &, has full column rank. We first bound
®,%.)""|l. From the definition of &;, we have

n—-1
BB = 3 eAi/" Y (7/n) B, BY' (1/n)e* /",
i=0

Denote the controllability Grammian over the finite time

7, by

W= [e“B,Bie" dr.
T J
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We will first show that (n/f)(@n,@;)"f W,

7, - =(2.2)|

=ilf e 4B, Bie*" di

n n-1

Z eAir/n\I,(T/n)BIBI{\PI(T/n)eA’i-r/n”

T =0

n=-1 .
-1 f(‘“”"ef“BlB;eA" dt
i=0 it/n
nn-l )
-z e47/" Y (7/n) BB (r/m)e /|
i=0

A

n-1
Y ”eAif/n(j”/"eAiBleleA'i d?)eA’if/n
0

i=0

n . 3
_ L eAit/ny(r/n)B,BY (r/n)e? /|
T

A

n-1
> ez“““"’"“ff/"e’“BlB’le”" dt
0

i=0
T/n , T/ 4,
f; e ds) BlBl(j; et dr) Il

n
T
3

n-1 . T
E e2|l.4uxf/n2_3_
i=0 n

A

2
sup 1Byl nAue"A"f) @1

(Osisf/n

where the last step is a consequence of formula (19).
After bounding e24¥7/" < ¢*4I" and summing to yield a
factor of n, (21) becomes

n . 2 gdiAlr 2 273 : !
\w, - _T.(gn.@n)“ < 2 eY14Im|| B, |I*11 Al == M\~

where M, is a constant. Now, since (n/ ‘r)(.%’,,.%’,)"::° w,,

it follows that ((n/ 7).@,,.@,’,)'1":”“’:’ (18, theorem
10.12]. An explicit bound (for large n) on the norm of
(n/7)%,&,)"" in terms of the norm of W,! can be
constructed in several ways, one way is by (18, theorem
10.11] '

() s - ()l
+ AW P, - (:‘T_gﬂ;)”z

< WML+ WM, + 20w M
= MZ’

for n® > 2M,IIW 'l To take care of the case of n
such that n2 < 2M,IW'1}, note that is only a finite num-
ber of such ns, and let M, be the maximum of
(/) B, &) |l over this finite set of n’s (note also that
(2, &) lexists if n = n, and 7/n isnot a pathological
sampling period). Letting M, = max{M,, M,}, we obtain

n -1 _ n
I R B

Vn > n, such that 7/n is not pathological. Finally, to find

(&, %.)"'%,|. note that this is the induced norm from

1(n) to R™ with the [|-|l; norm, ie., it is the maximum
column sum norm on the matrix, therefore

[CXAREARY EXAN|
[ /m|esrm ™ B, - Bl
< (&, 2 || ¥ (z/n)|| max

{llceA ™" s, e/ B

n T
< _MA_eIIAIIr/n eilAIIf“Bl“
T n

< M, VBl = ¢y,

since I1W(r/mll = 1577 e dsll < f5/" eV ds < f§”
el4ir/n gs < (r/n)el4l7/". This yields the desired bound
¢, which is independent of . o

Existence of Preadjoints

Given an operator H: X* - X*, where X* is the dual
of some Banach space X, its preadjoint *H is such that
*H: X — X and (*H)* = H. Not every operator has 2
preadjoint, but the operators that we are dealing with do.
For example, B;: L‘f[O,T] - R": has a preadjoint *B;:
R™ — L0, 7). Let B,(s) denote the matrix valued kernel
function representing the operator B,, it is very easy t0
check that the operator from R to L}0, 7] given by the
matrix valued kernel function Bi(t) (here * denotes matrix
transpose) is a preadjoint to the operator B,.
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