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Finite Element Solution to the Helmholtzor _H L
Equation with High Wave Number |
Part II: The h-p-version of the FEM '
Frank Thlenburg Ivo Babuska Dist Avas“peac?igll o
Institute for Physical Science and Technology, -/

University of Maryland at College Park, College Park MD 20742

ABSTRACT

In this paper, which is part II in a series of two, the investigation of the Galerkin
finite element solution to the Helmholtz equation is continued. While part I con-
tained results on the h-version with piecewise linear approximation, the present
part deals with approximation spaces of order p > 1. The method is assumed to
be uniform both w.r. to A and p. As in part I, the results are presented on a
one-dimensional model problem with Dirichlet/ Robin boundary conditions. In
particular there are proven stability estimates, both w.r. to data of higher regu-
larity and data that is bounded in lower norms. The estimates are shown both
for the continuous and the discrete spaces under consideration. Further there
is proven a result on the phase difference between the exact and the Galerkin
finite element solutions for arbitrary p that had been previously conjected from
numerical experiments. These results and further preparatory statements are
then employed to show error estimates for the Galerkin finite element method.
It becomes ‘evident that the error estimate for higher approximation can - with
certain assumptions on the data - be written in the same form as for the piece-
wise linear case, namley, as the sum of the error of best approximation plus a
pollution term that is of the order of the phase difference. The paper is concluded
. by a numerical evaluation.
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2 F. Ihlenburg and I. Babuska

1 Introduction

This paper is the second part (of two) of an investigtion devoted to the numerical
analysis of the Galerkin finite element method for the reduced wave (Helmholtz) equa-
tion. The interest in this topic has grown over the last years; related results have
been published by a number of authors, both in the mathematical and in the engineer-

ing literature [AKS], [De] [DSSS], [Bu], [TP1], [TP2], [HH]. In part I of the present
investigation [IB], we analyzed the h-version of the Galerkin finite element method

with piecewise linear approximation (i.e. elements of polynomial degree p = 1) on the
following one-dimensional model problem:
Let = (0,1) and consider the boundary value problem;
W) + Fu(z) = —f() (L)
u(0) = 0 (1.2)
u'(1) — iku(l) = 0. (1.3)

or, equivalently, the variational problem: Find u € HY(), w(0)=0 such that
1 1
B(u,v) = /0 (w'(2)7'(=) ~ Ku(z)o(2)) dz — iku(1)o(1) = /0 f(z)o(z)yde  (14)

holds for all v € H(2), v(0) = 0.
Since we will analyze specifically the case of large wavenumber k, we assume

throughout the paper that k>1.
We showed [IB]:

Al. For data f € L?(0,1), the BVP (1.1-1.3) has unique solution u € H*(0,1).

A9. For data f € H'(0,1)', the VP (1.4) has unique solution u € H(0,1).

A3. The form B defined by (1.4) is continuous for each fixed wavenumber k:
|B(w,v)| € Co(R)lulilols

with C, =1+ k + k2.

A4. The Babuska-Brezzi constant ¥ of the VP (1.4) is inversely proportional to the
wavenumber k.

Remark 1: Obviously, the statements Al and A2 hold true for higher regularity of
the data; in general, the operators given by BVP (1.1-1.3) and VP (1.4) define bijective




Finite Element Solution to the Helmholtz Equation II ... 3

mappings from H* to H*t2,

For the Galerkin finite element method with piecewise linear approximation (p=1)
we then proved:

F1. The finite element solution is (asymptotically) quasioptimal w.r. to the H!-
seminorm provided k?h is sufficiently small, where A is the size of the elements.

F2. The discrete B-B-condition holds with 5, ~ %

F3. In the preasymptotic range, the error bound in H'-seminorm consists of a term
of order kh (reflecting the error of best approximation) and a pollution term
of order k*h? (reflecting the phase difference between exact and finite element

solutions).

Finally, we conluded from a numerical evaluation that the terms mentioned in F3
do indeed occur in the error and, consequently, the estimate (obtained from F3. by
setting § = kh)

Iell S C]g + Cgk02, (15)

where C10 is the minimal error in the approximation space, cannot be principally im-
proved.

In the present paper we extend our study to elements of arbitrary (but fixed) poly-
nomial order p. Due to the oscillatory character of the propagating solutions, the
application of higher order (egs., quadratic or cubic) elements is considered a natural
choice in many applied computations (cf. [TP1], [TP2] and references therein). How-
ever, except for an asymptotic error estimate, no results stemming from the numerical
analysis of Galerkin-type FEM for Helmholtz problems seem to be available for p>1
In the abovementioned asymptotic estimate, which is given without rigorous proof in
[BayGTul, it is assumed that k%h < 1 (cf. Theorem 3.2 of this paper). As we showed
in part I, this assumption on the meshsize does not cover the size of practically applied
meshes where the wavenumber k (but not k2, which is a significant difference for large
k) is commonly normalized® by the stepwidth A [TP1], [HH].

Consequently, as in part I, it is the principal goal of the present investigation to
show error estimates that hold under assumptions on hk only. We call these esti-
mates "preasymptotic” in order to distinguish the results from the abovementioned
asymptotic estimates. In section 3 of this paper, we prove two error estimates that

li.e. h is choosen such that the product kk remains close to some apriori fixed value
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hold in the preasymptotic range. Both estimates are written as a sum of the error of
the best approximation (naturally, the estimates coincide in this first member) and a
pollution term. While in the first statement the pollution term is obtained by using
an L2-estimate of the data, the second estimate employs a dual argument to raise the
degree of hp™" in the pollution term. Under certain additional assumptions, namely, if
the exact solution is sufficiently regular and oscillating with frequency k, we see that
the pollution term of the second estimate has (in k, k and p) the order of the phase
difference between the exact and the finite element solutions.

It is this phase difference that has been used as the principal criterium for the quality
of various finite element approaches [HH], [TP1], [TP2]. We show here (Theorem 3.2)

that, for arbitary p, the phase difference between the exact and the Galerkin finite
element solutions is of order kO (%)2'). To our knowledge, this statement has not
been previously proven. It is in accordance with published computational results that
have been obtained by Taylor series expansion in the finite element matrices for several
fixed p [TP1].

Throughout the paper, special care is given to state, as precisely as possible, the

dependence of the constants involved in the estimates on the principal parameters k,h
and p.

Tt turns out (both theoretically and in the numerical evaluation) that the constant
in the best approximation estimate grows only moderately with p. On the other hand,
the constant in the estimate of the pollution in dual norms (Theorem 3.7) theoretically
grows significantly with increasing p. However, this growth has not been observed in
several numerical experiments; it is therefore an open question whether this estimate

is sharp w.r. to p.

The paper is organized as follows. In section 2 we fix notations and discuss a defi-
nition of negative norms that is suited for our purposes. Further, we discuss auxiliary
problems and conclude the section with the proof of stability results. In section 3 we
investigate the Galerkin finite element solution to the model problem. First (subsec-
tion 3.1) we identify the approximation spaces 57(€) and give an outline of the finite
element solution procedure (subsection 3.2). In subsection 3.3 we prove the proposition
on the phase lag (Theorem 3.2). Subsection 3.4 is devoted to stability propositions on
the approximation subspaces. We first have a result that is true for general L%-data
f (Theorem 3.3); in the proof we employ an inf-sup-condition for arbitrary order of
approximation (Lemma 3.4). We then show a dual theorem for specific "bubble’ data.
This is motivated as follows. In the approximation theorem (Theorem 3.1) we had con-
structed, for a given function u, an approximizing function s that is of optimal order
of approximation in in H!-, L*-, and dual norms and, beyond that, posesses specific
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interpolation properties w.r. to u. It is these interpolation properties that we make
use of in the error analysis where we show that the finite element error is majorized
by certain norms of the difference u — s. Since u — s occurs as the data in variational
problems related to the error estimation, we have to prepare the error analysis with
stability specific propositions. Thus prepared, we turn to the error analysis of the
Galerkin finite element method (subsection 3.5). We show an asymptotic estimate and
then, in light of the previous discussion, turn to a study of the finite element solution
in the preasymptotic range.We show that, for oscillating solutions, the pollution term

is of the order of the phase lag.
Finally, in section 4, we discuss results of selected numerical experiments that have

been carried out to evaluate the error estimates of section 3.

2 Analytic solution properties

2.1 Notations and Preliminaries

We will use the following notations:

o Constants: If not stated otherwise, all constants C, D, E,... or C;, where 7 is a
natural number, are understood to be generic, independent of all parameters of
the given estimate, and having, in general, different meanings in different context.
However, some specific constants that are used repeatedly with the same meaning
in different context are marked by literal subscript; so, we write C, for a constant
arising from the principal approximation estimate in the discrete space, and so

forth.

e L%(0,1) is the space of all square-integrable complex-valued functions equipped
with the inner product

(v,w) := /; v(z)w(z)dr

and the norm
llwl| == y/(w, w).

o H*(0,1) denotes the Sobolev space
H® = {u|u€ L*AOue LYi= 1....9}

where &u are the derivatives of order i in the distribution sense. As usual, we
define the subspace

H2(0,1) = {u € H*(0,1)[0"(0) = F'u(1) = 0,i =0...s = 1}.
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We will also work with subspaces H{, and H;) consisting of functions with Dirich-

let data O given only in 2 = 0 or = 1, resp. By [uls := |0%u|| a seminorm is
given on H*. A norm of the space H°(0,1) is defined as lulls := (Zizo |u|3)1/2.
On H}, H{, and Hj) the seminorm | - |s is a norm equivalent to || - .

o H~2(0,1) = (H*(0,1))' denotes the dual to H{, space equipped with the norm

fllos = sup L2 @)
uEH(’o I'Ula

o As usual, f, i = 0,1,2,..., denotes the i-th derivative of f. We generalize
this notation for integration: f(-9 is a function s.t. o' f-)(z) = f(z). More
specifically, we define for f € L*(Q) and : =0,1,...

F@) = - [ FOe

With these definitions, the dual H'norm of a L2-function f is equal to the L?-norm
of f=4:

Lemma 2.1 For f € L}(Q) and 1 =0,1,2,...

1Al = 1LFE0N (2.2)
holds.
Proof : Let | = 1 and write F = f(-1). Then, by partial integration,
F
1Fll= sup BIY wp JlV
verr@) ol verz@ |0l

holds with V := [Fuv(t)dt. Obviously V € H{,(Q) and V' = v. On the other hand,
every V € H(IO(Q) can be represented by an integral of a L?-function, hence

Fo
IFll= sup f2f
veH},(Q) Il

= || fll-2-

This proves the statement for I = 1. The induction to higher [ is obvious and the proof

is completed. <«
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Variational forms arising from the Helmholtz equation are, in general, indefinite.
One can obtain, however, coercive forms if the wavenumber is properly restricted (we
write K in order to distinguish this problem from the general case where k may be
large). For later use, we consider here the case of Dirichlet boundary conditions:

Find u € V = H}() such that forallv € V

Bi(u,v)= [ e - K " ub = (f,v). (2.3)

0

holds.

Lemma 2.2 Let u € V = H(R) be the solution to the VP (2.3) with data f. Assume
that 0 < K < a <, then

1

Il € = Il (2.4)

)l < == Il (2.5)
71.2

[ e A (2:6)

Proof : All inequalities are trivial for u = 0, hence we may, without loss of
generality, assume |[u]| > 0. It is easy to see that, for all v € HA(9),

']l = =|u]l.
Hence
By (u,u) > (x* — K?)||u||?
and \ \
Biclu, ) 2 T o).

From the first inequality we easily conclude eq (2.4):

1= sup 25 )5 2oy,

verz@) ol = llell ~

Equation (2.6) follows similarly.
Eq (2.5) follows from (2.4) by

/2 = (f, ) + K[l < Ml + o flul®
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The proof is completed. <

Remark 2: The statement of the lemma holds also if u and v are choosen from a
Hilbert subspace Vi C V. Indeed, since obviously minyev (|ul1/|[u]|) < mingev, (Juli/]u]l),
the form By is strongly elliptic on the subspace and the same arguments apply.

2.2 Stability estimates for higher p

In part I we proved stability estimates for L[%- and H-'-data. We now generalize
these properties in two directions. Namely, we first consider data of higher (than L?)
regularity and prove that for [ > 2 the solution norm |u|;41 is bounded by E=[ f -1

We then show a dual result, i.e. we bound [ul; by ||f~™||. In this case we consider
data of a specific type - ’bubble’ data - for which the integrals vanish at the boundaries
of Q. The sense of this assumption will become clear in the error analysis.

Theorem 2.1 (Continuous stability): Let f be the data and u the solution of the
BVP (1.1-1.3). Assume, for 1 > 1, f(z) € H'=Y(0,1). Then u € H*'(0,1) and the

estimate

ulisr < Co(DE | flli-1 (2.7)
holds for a positive constant Cy(1) < DI, where D does not depend on k and .

Remark 3: Except for the dependence on k (and ), the statement is similar to the
well known regularity result for the Laplace equation (cf. [Sch, p.52/53]).

Proof : Let us first consider the case [ = 2. We have to prove |uls < Ck||f|l. We
start from the Green’s function representation of u (see part I for details):

u(z) = /01 G(z,s)f(s)ds (2.8)

where .
sinkze®; 0<z<s

' G(z,s) = -,1; { . (2.9)

sinkse’**; s<z<1

By partial integration,

u(e) = (@, ) (T~ [ Ha5)f (s)ds (2.10)
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with

H(:I:,s) :=/G(a),s s—-l_

isinkze®™ 4+1; 0<z<s
5 (2.11)

cos kse'*=; s<z<l

For any fixed s (or &, resp.), H(z, s) is a H>-function of z (or s, resp. ). In the boundary
points, H(z,0) and H(z,1) are smooth (C*) functions. We now estimate

lu()| < |H (=, 0)|If(0)] + |H (z, DIIF (V)] + sup | H (=, )l F1l
From eq (2.11) we have directly
Vz,s: |H(z,s)|] < -,;2;

and with

Vs:  |f(s)l < V2S£l
(for the proof see, e.g., [BKS]) we get

lull < 2 2 (14+2v2) Il (2.12)

For an estimate of the derivatives of u, differentiate in eq (2.10) to obtain
(o) = [Hale, )N~ [ Hele,9)f (s)ds (2.13)
and from this and differentiation w.r. to z in (2.11),
juh < £ (1+2v3) Il (2.14)
Similarily, since H € H?(Q), we obtain differentiating (2.13)

[ule < (1 +2v2) Il (2.15)

Finally, since u € H*(Q), the differential equation u" + k*u' = f' holds (at least in the
weak sense). Hence

lul3 < Klul} + 26 fulilflr + If17-
and with (2.14) we obtain

[ul} < SEIFIT + 2¢k |1 £11T + I£12
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or, equivalently,

luls < Ck||fllx (2.16)

which proves the statement for [ = 2.

For higher I we proceed analogously. First we integrate in eq (2.8) by parts (I —1)
times:

we) = [GCD(z,9)f(5)] 6, 0)r) T

+(-1) [GH(e, 9] (2.17)

s=0

+ (-1 [ G, 0 e)ds

where G (z,s) = [ G~Y~V(z,t)dt with Gz, s) := G(z,s) and appropriate inte-

gration constants for continuity at z = s. .
For fixed z resp. s, the regularity is now G- (z,s) € H**1(0,1). At the boundaries

we have again G(=9)(z,0),G(=9)(z,1) € C*=(0,1).
Therefore differentiation of G(-9(z,s) w.r. to z is is well defined at most I times.
Hence for j = 1,...,1,

u(z)| < IG(j”l)(x,0)| (0] +]GY ™, D|IFWI+ - +

+ 'G(j"“)(a:, O)I lf(l-2)(0)| + lg(j-l+1)(m, 1)| |f(1-2)(1)l +

+ ’ /0 l GU-H)(g, 5) fU-1)(5)ds

The data is bounded in any point by
veel0,1, Vi:  |fO@)] < VaIFOlh < VRISl
Generalizing eq (2.11), the integrals of the Green’s function can be written in the form
GE™(z,s) = k-0t™op(z, s) + k7 Pr-i1(, )
where ©(z, s) is an oscillating part (with sup | < 1) and P, is a sum of polynomials
of degree m — 1 in s and z, resp. Consequently, Pr-; is bounded on  and
Ci(j,m)k™% + Co(j,m)k~™1 i j<m
ki-m-1 if j>m .

|G (=, 5)] < {
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In particular, for j = I — 1 there exists a constant C3(!) = max; . (C1(j, m), C2(j, m))

s.t.
lu(l—l)(x)| <Cs(2(K2+k 4.+ K1) + 67 V2 | flli-1-

Similarly, for j = [ there exists Cy4(l) s.t.
[u®(z)| < Ca (2 (B2 + B0+ + 1) +1) VZ || fllp-1-
Hence for k > 1 and [ > 2 there are constants Cs(!) and Ce(!) not depending on & s.t.

lulp-x < Csk?72|| fllp—1 (2.18)
lup, < Cek®2||flp-1 (2.19)

hold. By their definition, Cs and Cs are of order [.
Then, finally,

1 _ 2
'u!l2+l = /0 (f(l 1) _ g2yl 1)) dz
< kulfy + 287 |ulica| fl-a + |l

< (KC2K?-° + 21205k + 1) I I
and the statement readily follows. The proof is completed. <«

We now proceed to a second stability result that is dual to the first one, i.e. we will
bound lower solution norms by negative norms of the data. We employ two auxiliary
problems:

1. Consider the 2nd-order Dirichlet BVP on £ = (0,1).

w" — kw = —g (2.20)
w(0) =w(1) =0 (2.21)

and the associated variational problem: for g € H*(0,1)’ find u € H,(0,1) s.t.

‘ 1 1 1
Vv e HX0,1): Bi(w,v) =/0 w'v' + k2/0 wv =/0 gv = (g,v) (2.22)



12 F. Ihlenburg and I. Babuska

9. Consider the 4th-order Dirichlet BVP

w"+Hw=g (2.23)
w(0) = w(l) = v'(0) = w'(1) =0 (2.24)

and the associated variational problem: for g € H*(0,1)' find u € HZ%(0,1) s.t.
1 1 1
Vv e H3(0,1): By(w,v)= / w'v" + k“/ wy = / gv=(g,v) (2.25)
0 0 0

The forms B; and B, are coercive, hence egs (2.22) and (2.25) have unique solutions.

Lemma 2.8 Let u; and up be the solutions of By(w,v) = (g,v) and By(w,v) = (g,v),

respectively.
Then for uy
] < Jlgt2) (2.26)
and for us
lugll < g2 (2.27)
1
Klugl < —= llgt™? 2.28
lall < 75 g~ Il (2.28)
1, (-
Fhl < Sl (2:29)
hold.
Proof : Let ||| - ||l: and ||| - |||z be the energy norms induced by the forms B; and

B,, resp. In these norms, the B-B-constant is trivially 4 = 1 and hence
uallls < gl

Izl < llglllz-

It is then easy to see from the definitions of the various norms that
Il < Nuallls < Ml < Halli = g™l

N2l < Nuslllz < Nlgllly < llglly = g2
hold. This proves (2.26) and (2.27).
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To show eq (2.29), let v € HZ(Q?). From
0 < (flu”|l = #*|lull)?

we conclude

2k*|[u"[[llull < Ba(u,u)
and, by Schwarz inequality and partial integration,

Bs(u,u) > 2k*|(u,u")| = 2k%||u’||%. (2.30)
On the other hand, also by partial integration and Schwarz inequality,
Ba(u,u) < [(g0,u)] < llgV NI

Hence

282l < gl

Cancelling ||v|| we obtain (2.29).
Finally, multiplying (2.30) by the trivial relation By(u,u) 2> |u”||> we have

2k2||||P[lw”|I* < Ba(u,u)’. (2.31)

But B,(u,u) is majorized by {|gC=2||[|lu"||, and (2.28) readily follows cancelling ||u"}|?

and taking roots. This completes the proof. «

Theorem 2.2 (A dual stability result): Assume that, for integer m > 1, there is
given a function f € L*(2) such that FEN0) = fC9(1) =0 fori = 1,...,m. Let
u € H{,(Q) be the solution to the VP (1.4) with data f.

Then
luly < CL™ || ™| + Call £ (2.32)

holds with Cy,C, independent of k.

Remark 4: The assumption on the data means that m integrals of f vanish inz =0
(note that all integrals vanish at the endpoint by definition). Without this assumption

we can just prove that

lul < C ISV
(see part I). In general, |u}; cannot be bounded by a term C||f-Y) indepenently of k.
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Proof : (1) For m = 1 the statement simplifies to
lul < CEIFCY|

and is directly obtained from the B-B-condition (Introduction, A4.) and general theory
([BA]).

(2) Let m = 2. The basic ingredience of the argument is the introduction of a smoother
kernel to the Green’s function representation u(z) = (G(z, s), f(s)) of the solution. We
define

K(z,s) = G(z,s) — H(z,s)
where H(z,s) is the Green’s function to the first auxiliary problem (2.22). Per defini-
tion of Green’s functions, the equations

H,o(z,s) — k* H(z,s) = —6,(x) (2.33)
Guo(z,8) + k2 G(, 8) = —b,() (2.34)

hold (in the sense of distributions). Hence, after substraction,
K., = —k*G + H). (2.35)

Since G, H € H'(Q) (as functions of z for any fixed s) it follows that K € H3(). We

have constructed an equivalent integral representation of u as
1 1
u(z) = /0 K(z,3)f(s)ds + /0 H(z,s)f(s) = w(z) + uz(a). (2.36)
For estimation of ||u}]| we integrate by parts
uy(z) = /1 K (z,3)f(s)ds = /1 Koso(z,8) fC2(s)ds
1 - z ] - Iss ] )
0 0

(note that the boundary terms vanish due to the specific assumption on f) hence by
Cauchy-Schwarz inequality

lui(2)] < | Kass LA
From eq (2.35) and the symmetry property of Green’s functions, Kzss = (G+ H); and

1 Kessl < & (Gl + | Hell)
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follows. It is straightforward to show that ||Gz|| and ||Hc]| are bounded independently
of k and we thus have

i (2)] < C RIS (2:37)
To estimate uy we apply eq (2.26), Lemma 2.2, for g = f:
lugll < 1AV
which, together with eq (2.37) yields the statement, case 2.

(3) Consider the case 3 < m < 6. In analogy to the previous step, we introduce a
still smoother kernel to the integral representation of u. Let us prove the extreme case
m = 6. We start from eq (2.36) and define

L(z,s) := K(z,s) — J(z,s)

where J(z, s) is a Green’s function with the same singularity as K. Then
1 1 1 '
we) = [ Ues)feds+ [ Iea)f()+ [ Hz9f6)
0 0 0

= uo(z) + ui(z) + ua(x). (2.38)
To find the appropriate J, add egs (2.33) and (2.34): |
(G + H)go(z,8) + k(G — H)(z,s) = —26(z,s).
Multiplying this eq by —k? and substituting K = G - H, eq (2.35) leads to
Koneo(2,s) — KK (z,8) = 2K §,(z, 5)-

Hence if J(z,s) is the Green’s function to the second auxiliary problem with data

g(z) = 2k*f(z) then
La::v:rz = (-K - J):z:za:z: = k4 (I{ -+ J)
Since K, J € H3(Q) it follows that L € H"(Q). Thus, integrating by parts,

|u,o($)| = l/Lxssssss(x,s)f(_s)(S)dS

_ /(K+J),,z(w,s)f(’s)(s)ds

= k!

(k2 J(G + Bz, )50 e)ds + [ f(“‘)(s)ds>
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and therefore

lupll < CEEIIFON + k¥ lusll
where us is a solution to the second auxiliary problem (2.25) with data g = 2 k2 f(=9),
From Lemma 2.2 and Poincaré’s inequality,

lugll < lusle < 4821 £9,

hence
]| < Co 8| F9).

By definition (2.38), u; is the solution to the VP (2.25) with data g = 2k%f and u,
solves the VP (2.22) with data f. Then it follows from Lemma 2.2. that

’ 4 - -
laall < 43 g™V = C s

and
gl < A2

so that finally u can be estimated as
luly < CLES || FCO + Coll 70|

which proves the statement for m = 7.
For m = 4...m = 6 the argument is completely analogous, the only difference being

the number of partial integrations in the representation of u,. For m 2 7, we intro-
duce further smootheners and proceed in the same manner. The proof is completed. <

3 Finite element solution

In this section we analyze the h-version of the Galerkin finite element method with
approximation order p. We first identify the finite dimensional approximation space
Vi C H(IO(Q) and prove two properties of the best approximation in H '_seminorm.
After an outline of the finite element solution procedure (subsection 3.2) we turn to
the analysis of a h-p Galerkin finite element method for the numerical solution of the
model problem. In subsection 3.3. we prove a result on the phase difference between
the exact and the numerical solutions. In subsection 3.4. we give several stability
estimates for the numerical solution uz. We prove a discrete inf-sup-condition for
general p and conclude stability of ug, w.r. to L?-data, measured in L?- or H '-norm,
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respectively. We then proceed to the proof of a dual estimate in still lower norms, given
for specific ’bubble’ data as it is encountered in the error estimation for p > 1. All
stability constants are explicitely computed w.r. to the wavenumber k. The analysis
of the finite element method is concluded with error estimates (subsection 3.5.).

3.1 The approximation space V;

Assume that the solution domain §2 has been uniformly divided into n disjunct intervals
A; = (zi-1,;) called finite elements. Let h = z; — z;_; (stepwidth). The set of nodal
points

X ={0=2z,21,...,2, =1} (3.1)

will be called finite element mesh. We will consider mesh functions defined on X,
and refer to them by subscript h; for the nodal value of a mesh function u; in a node
z; € X» we will write shortly u; := up(z:).

Let p > 0 be integer and A a finite element. We denote by S?(A) the linear space
of all polynomials with domain of definition A and degree < p. For given mesh, we
define the space of piecewise polynomial, continuous functions

Vi i= S2(0,1) = {s € HL(Q), s(z)la, € S7(A), i= 1...n}.

Thus by definition V, C H(IO(O, 1). If not stated otherwise, we will assume that Vi is

equipped with the H'-seminorm.
Within the elements we introduce the local coordinate ¢ by linear mapping A; —
I = (—1,1). The polynomials in S?(I) are then written as linear combinations of the

nodal shape functions

N1(§)=L;'-'§,N2(f)=——‘; -1<¢£<1

and (if p > 1) the internal shape functions
Nl(é) = ¢1—1(£) ; [=3,4,...,p+ 1

where ¢, is written in terms of the Legendre polynomials P;

$i(€) = \/‘—21—2—-1 / i Pia(t)dt

(see [SB, pp. 38/39]). The internal shape functions vanish at the element boudaries,
forming the subspace S?(I) = span {Na, Ny, ..., Npt1} C SP(I).
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Let A; = (;-1,;) be a finite element of length h. Denote by (-,-)a the L? inner
product on A and by || - ||a the induced local L*-norm. Similarly we use the notation
|- lls on I = (=1,1). On S?(I), an inverse inequality (in p) is given by the well known
Markov Theorem? stating for y € S?(I) the inequality

I9'll7 < Cino(p) P*|l¥ll1 (3.2)

with Cine(p) = (p + 1)*/(p*V2) [Be]. Hence Ciny(p) < 44/2 and Ciny(p) — 1/+/2 for

p—-)OO.

We now prove that for any u € H +1(Q)) one can find a piecewise polynomial,
nodally exact (on X}) function s € V} s.t.

e sis an optimal (in h and p) approximation of u in the H !_seminorm and

o the integrals of s are nodally exact, quasioptimal approximations of the integrals

of u.

Theorem 3.1 (Approximation in Vi): Let l,p be integers with 1 < | < pandlet
u € H'*(0,1). There ezists an s € Vi = 5((0,1) s.t.

1. (nodally ezact approzimation)

Vz; € Xt s"™(z) = u™(z;), m=-p+1,...,0 (3.3)

2. (order of approzimation)

h l-m+1
|l(u— 5) ™| < Co(1)Co(—m) (2—5> lujigr, m=-p+1,...,1 (34)

where C, satisfies:
1. Cy(—=1) =1 (formal definition)
2. Co(0) =1,
3. C, decreases for 0 <1< \/p,
4. C, increases for | > \/p and

2This inequality is usually given in the L%-norm (cf., egs., [N, p. 124]). We use an L2-variant [Be].
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Culp) = (3) (o)™ (55)

is the mazimum of Co(l) over 1 € {0,1,...,p}.

Remark 5: With respect to the stepwidth h, the estimate (3.4) is the standard ap-
proximation result of finite element theory (see, e.g., [Sch, pp. 46-49]).

Remark 6: For I = 0,1 the statements are proven in [BKS]. The following argument
is a generalization of this proof.

Proof : We start on the local level. Let A; be a finite element and let I = (—1,1).
We write u'(£) € H'(I) C L*(I) as

=§mmo

where P;(£) are the Legendre polynomlals of order 7 and equality is understood in the
L?-sense. Set

(&) = Z a;P;(€)

=0
and define the integrals (: =0,1,2,...):
. . 1 .
£CN(e) = u() - /E (1) dr (3.6)
. . 1 .
) = ut) - /E s (1) dr (3.7)

We will now prove that (3.3) holds. Let first ¢ = 0, then from egs (3.6, 3.7) we have
trivially u(1) = s(1). Further, by definition,

u(é) = u(l) — /: u'(r)dr = u(l) — ZaJ/ (1)dr = u(1) — 2a,

J=0

= u(1) - / ’(t)dt—u(l)—ZaJ/ (r)dr = s(=1).

3=0




20 F. Ihlenburg and I. Babuska

Now we integrate u’(£), using the well known relation
Pi(r) = (Py(7) = Pina(7))/(20 + 1)

to obtain

) = u(1) + aulBi(©) - Bo(©) + 3o ar =Pt

=1

Integrating once more (we write U := ul=1),

1
U-1)=0(Q1) - /1 u(r)dr = U(1) — 2u(1) — 2a, — gg—l—.

Obviously, the same result is obtained from the integration of the polynomial s(¢) since
only the coeffient of P, influences the result of integration over the whole interval I.
By similar argument we conclude that integration of the polynomial s on the one and
the function v on the other hand leads to the same result exactly p — 1 times. Indeed,
by replacing repeatedly P;(1) = (P_y(7) — P (7))/ (2t + 1), we see that with the ith
succesive integration of u(¢) or s(¢) the coefficient a; enters the set of coefficients mul-
tiplying P,. Since the norms of u®) and s depend only on the coefficient of P,, both
norms are equal until P, is multiplied by a,_1, i.e. in general u=PH)(€) = s(-PH(¢)
and u=P)(€) # s(-P)(£). Thus nodal exactness, eq (3.3), is proved on an arbitrary
element and hence it holds globally.

Let us now prepare the proof of estimate (3.4). With above definitions, the error
of approximation is
¢'(€) :=v'(§) = 5'() = Y a:Pi(§)
t=p

and from the orthogonality property of the Legendre polynomials we have

2
le')? = Y 5 ai. (3.8)

241

i=p

It can be proven (see [BKS], chapter 3) that ' is the best L?-approximation to u' on
I and the estimate cu(l)
lu' = || < ;, i1 (3.9)

holds for 0 < I < p, where the constant C, has the properties 2. - 5. given in the
theorem.
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Integrating the error ¢/, we get

/ (W(t) - 8'(t)) dt = za,/ t)dt = —

1=p i=p

o0

i+1 (f) i—l(g))

2+1

After reordering,

= 5 WO+ g RO+ 5,55 RO

i=p+1

with
i1 a1

T oi+3 2i-1

and the norm is

”6”2— io: 2 b2+ a127 2 + a}2>+1 2 (3 10)
T o241l (2 +122p—1 0 (2p+3)72p 41 ‘

We apply the relation (a — )% < 2a® + 2b? to obtain (for ¢ 2 p + 1)

B < 2a?_, + 2a?,,
P (2i-1)2 0 (20 +3)?

and thus

© 9 )
2 b'21+1"2p22 ’21+1 2 Z ’2z+1

i=p+1 i=p+2
holds. Taking now into account the second and third member in the r.h.s. of eq (3.10)
we get

1 & 2
2< 2__~2
lell” < P ,-=,,a' 2i + 1
and hence .
llell £ ;Ile'll- : (3.11)
From eq (3.9) it then follows that
el < S ub (3.12)

holds for 1 <1 < p.




22 F. Ihlenburg and I. Babuska

Let us conclude the local analysis showing an orthogonality property for e. Since
s' is the L?-projection of u’ on SP~'([),
1
| w© - s@mde =0 (3.13)
holds for m =0,1,...,p — 1. We claim that e(¢{) = fel(u’(t) — §'(t))dt is orthogonal to
SP=2(1).

Indeed, for [ > 0 we compute

/_lle(é)ﬁ’"dé = /_11( /;(u’(t)—s'(t))dt)gmdg
/ (@) - ) / ' emde)dt
= —7 [ WO =S + i

which, together with eq (3.13), proves that e LS?~%([).

This completes the local analysis. By back-transform I — A and summation over
the elements we conclude eq (3.4) for H'— and L?—norm , i.e. cases m = 1,0 in eq

(3.4).

It remains to prove eq (3.4) for dual norms. We apply a standard argument [Sch].
By definition, for m > 1,
(e, v)

2 [vlm

llell-m = =

Let P™v € SP*() be the L?-projection of v € H{; on S7*(€2). Then by orthogonality,

as proven in step 1,
(e,v — P™"1v)

Ivlm

llell-m = sup
veEH™

holds for 1 <m < p — 1. Applying Schwartz inequality and eq (3.12) we conclude for
1<l<pand1<m<p-—1, the estimate:

41 m I+m+1
lellom < Ca(0) (-é’j—o) (uliss Calm) (2—’;) ol < (1, m) (;j‘;) s

Ivlm

where
Cl,m) = Co()Ca(m) < (g)  (rp)~M2,

This completes the proof of Theorem 3.1.
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3.2 The finite element method

Let Vi, C H, (IO(Q) —: V be the approximation space introduced in the previous subsec-
tion. As usual, function u € Vj is called the finite element solution of the VP (1.4)
if
YoeVi: Bluge,v) = (f,v) (3.14)
The approximation space V, = SP(Q can be written as a direct sum of two sub-
spaces, namely,

SHQ) = Su(Q) & 53(),

where S} is the space of continuous, piecewise linear functions and

52(9) = B S2B))

i=1
with ‘ .
SP(A;) = span{N3, ..., Njp1 }-
Here, A; are the finite elements, hence S?(A;) are local spaces of "bubble” polynomials.
Writing now uje = up + Up, v = Up + Up, Where up, vh € S3(Q) and up, v, € SE(S),
we have from eq (3.14)

Vo, € S}IL(Q) : B(ufe,vh) = (f, vh). (315)
and
Yo, € SP(Q):  B(uge,vp) = (f,0p)- (3.16)
From eq (3.15) we conclude
Vo, € Si(Q):  Blup,vs) = (f+ k*up, vh). (3.17)

On the other hand, eq (3.16), inforce of SP(Q) = @757(A), decouples into n indepen-
dent local systems

Vw e SP(A):  Bal(up,w) = (f + kun,w)a, (3.18)

where Bl is the restriction of the form B to the finite element A. By formally solving
these equations, we express u, In terms of f and us. The result can be inserted into

(3.17), giving rise to i 3
B(uh, ’Uh) = (f, vh). (3.19)

Discretising this equation by standard approach, we obtain the linear system

[Lal{un} = {rs}, (3.20)
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where [Ly] is a (n x n) matrix, usually called the condensed stiffness matrix, and
{ur} = uyely, is the vector of nodal values of the finite element solution on the mesh
X,. The piecewise linear part of uys. is determined by eq (3.20), provided [L4] is
nonsingular. The internal part u, can then be found locally by egs. (3.18).

For the sake of further analysis, we outline below the details of the solution proce-

dure:

Step 1 (Local approzimation and static condensation): On any element Aj, the trial
function u and the test function v are written as scalar products of shape functions

{Nf, Nj,..., N;_H} and the vectors of unknown coefficients {a’} = {a{, ajy ..., a:,H}

and {¥} = {b{,b%,...,bf;+l}T, respectively. Identifying a! = u(zj_1),a} = u(z;) and
b = vj_l,bg = v;, we have upla;, = alNi + a}Nj. The condition that uys be the
solution of the VP (1.4) for all v € V; leads locally (i.e. on A;) to

{#Y'1B){a’} = {¥'}{r'} (3-21)
with the (p + 1) x (p + 1) square matrix (l,m=1,...,p+1)

[B] = [{ /A Ni(2) Nj(z)dz - ¥ /A Ni(z) N;(m)dm-ikN{(l)N;(l)}} (3.22)

and the right hand side

, , T
{1} = {(f(2), Ni(2))a; = 1,....,p+1} .
Now, decomposing ‘ '
(s (B
[B’] = ' . (3.23)
[BL] (B
where [B{l] is the left upper 2 x 2-submatrix of [B?], and assuming for the moment
that [B§2] is nonsingular, we define

(cB] = [B}] - [Bi:] [BL ™ [Bh). (3:24)

Then, by local variation of {83, ... bf;_,_l}T, we find - cf. eq (3.18) -

{vj-1 v;) [CBf]{ " }= {01 v,-}{ ’:;;;1 } (3.25)
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where

{ Fgl }= { :i }" (B [BE] S (3.26)

Tp1

On uniform mesh, the local matrices [C B’] are identical on all elements and can be

written in the form
So(K) To(K
[CB] = [ T,,(Kg S,,(Kg l (3:27)

where S,(K) and T,(K) are rational polynomial functions of K = kh/2.

Remark 7: The analogy to the h-version with piecewise linear approximation is given
by the following consideration. On Aj;, the homogeneous h-p-finite element solution is

written as
uge(z) = use(zio1) N (2) + use(z;) N7 () (3.28)

where the condensed shape functions N} € SP(4A;) are local variational solutions to
the homogeneous Helmholtz equation with appropriate boundary conditions.

The local stiffness matrix is written as®

[ B(NT,NT) B(NT,NY)
[CB’] =
B(Nf,NY) B(N3,N7)

which is again the formal analogon to the h-version (cf. part I).

vStep 2 (Global assembling and solution for u;): Enforcing continuity of the test func-
tions in the nodal points of X} we obtain the set of linear equations (3.20). The discrete
operator Ly is an n X n tridiagonal matrix:

[ 25,(K) To(K)

T (K) 25,(K) Ty(K)

[La] = . , (3.29)

T,(K) 25/(K)  To(K)
T(K) Sp(K)—iK

3see next subsection for the proof
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the global right hand side vector is

R, =< Fj1+7; ¢ (3.30)

and K = kh/2 is a measure for the number of elements per wavelength (see part I,

remark 8).

Step 3 (Local "decondensation”): The discrete equivalent of egs (3.18)

~ [Bi)] { “;;1 } (3.31)

a3 3

[B2]

i
Gp41 Tp+1

can be inverted - provided [Bgz] is regular - to determine locally the bubble modes of
the finite element solution.

3.3 Discrete Green’s function and discrete wavenumber

The nodal values of the finite element solution on X, are found from the tridiagonal
linear system (3.20). On uniform mesh, this system consists of formally identical
difference stencils

Tp(K)un(zjo1) + 25p(K)un(z;) + To(K)un(zjt1)-
Equating these stencils to zero we find the homogeneous solutions
ym = exp(ik'zy), yne = exp(—ik'zs) (3.32)
where the parameter k' is determined as a function of k, h and p by

Sp(K)
Eh) = —E—=. .
cos(k'h) T.(K) (3.33)
The discrete wavenumber k' is, in general, different from k, causing a phase difference
between the finite element and exact solutions.
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The discrete finite element solution {us} can be written as

un(z) = h'S" Ga(as, 55 Ra(s;) (3.34)

Jj=1
with the discrete Green'’s function (cf. part I)

1 { sin k'z; (Asin k's; + cos k's;) z<s

sin k'h (3.35)

Gh(k’, .’I),‘,Sj) =
sin k's;(Asink'z; + cosk'z;) s<z <1

Note that the Green’s function does not depend directly on p. The dependence
occurs only implicitely through the parameter k’. This means that the estimates of
G that are given in part I for piecewise linear approximation carry over to higher p
without modification - except for the estimation of &’ in terms of k, k and p.

Theorem 3.2 (Phase difference): Let p > 1 and k' be the parameter in the funda-
mental system (3.32) of the set of linear equations (3.20).

Then, if hk < 1, \ \
C.(p) REN?
' < —_— —_—
|k k| <kC ( 5 ) (2p) (3.36)

where k is the ezxact wavenumber, C, is the approzimation constant from Theorem 3.1.
and C does not depend on k,h and p.

Remark 8: The phase difference between the exact and the finite element solution

has been extensively studied in [HH] (for p = 1) and [TP1] (for p = 1,2,3). Asa
conlusion from numerical experiments, the statement of the theorem has been induced
in w.r. to k and k in [TP1]). We now prove that with increasing p the phase difference is

2
also going down with a factor (511) ? (7p)~1/%(2p)~?, i.e. the improvement with higher
approximation is still more significant than it was assumed in above named references.

We will give the proof of this theorem after the following preliminary discussion:
First we observe that any homogeneous solution to the Helmholtz equation can be
written on each inner element A; C 2 as

u(z) = u'ti(z) + v?ta(z) (3.37)
where u! := u(z;_1),u? := u(z;) are the nodal values of u on X, whereas 1,1, satisfy

"4+ k% =0 on A; (3.38)
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with inhomogeneous local Dirichlet data

tl(Zlfj_]) = 1, tl(IEJ) =0 (339)

or
tz((l)j_l) = 0, tz(:l?j) = 1, (340)

resp.
By discrete evaluation of the VP (1.4) in the nodal points of X, we find that, for

j=1,...,n-1,
T, (K Yu(z;41) + 2S0(K )u(z;) + To(K)u(zj-1) =0
holds with
T,(K) = B(t1,t2) = B(tz, 1)
25,(K) = B(t1,t1)+ B(tz,t2)-
The fundamental solutions are

zn = exp(ikzy), zne = exp(—ikzs)

and

So(K)

cos(kh) = — T.(K)

holds.
Second, writing the finite element solution on A; as

u_fe(.'l?) = U}EN{,(.T) + u?’eNg(x)

where NP, N¥ € SP(A;) are approximate solutions to eq (3.38) with boundary condi-
tions ((3.39) or (3.40), resp., we have

T, = B(N!,N})=B(Nj,N}) (3.41)

25, = B(NI,Nf)+ B(N},N}). (3.42)

To see this, let us analyze the BVP’s (3.38, 3.39) and (3.38, 3.40) on I = (—1,1).

After linear transformation A; — I we arrive at

1"(€) + K*(¢) = 0. (3.43)
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We assume that K < a < 27. The boundary conditions are

t(-1)=1, t1)=0 (3.44)
or

t(-1)=0, t(1)=1 (3.45)

resp.
To formulate an equivalent variational problem, we write the admissible functions

as
t=Ni+¢ or t=N;+¢

resp., where ¢; € H}(I) and Ny, N; are the linear shape functions. The objective is
then to find ¢¢? € H}(I) such that

Vr € Hg(]) : BK(¢?,T) = —BK(N.',T) (3.46)

holds for i = 1,2, resp. (cf. [SB, pp. 16/17]).
The real bilinear form

BK(“7U) = (u”vl)l - Kz(uav)l

is symmetric and coercive (cf. Lemma 2.2). We can find uniquely defined ’one element
solutions’ NP, N? by solving: Find ¢7 € V, = SE(I) s.t.

Vo € Vi: Bk(¢f,0) = —Bg(N;,0) (3.47)

holds.
We now show eqs (3.41, 3.42). Writing (with the usual summation convention for

§j=3,...,p+1)

N2(&) = Ni() +aiN;(€)
NE(E) = Na(€) +adNi(6)

we find from eq (3.31) the vectors {a1}, {az} to be
=15 {3 )i =B al{ 1) @9

It is now easy to see that

[CB] = (3.49)

Bk (N}, Nf) Bk(N%,N7)
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Indeed,
By(N?,N?) = Bg(Ny, M)+ Bg(Ni,al'Nm) + Bx(a\ Ny, N1) + Bk (ai Ny, o' Nyn)

= Bk(Ni, M)+ 2{Bx(N1, Np)Har} + {1} [{ Bk (Ni, Nm)}]{a1}
T
= sew -2 3} 1B @B 80 g ]
T
e (4} BB (3ol (e 180 § )

= Bu[l,1] —{ (1) }T[Blz] Bz [B’“]{ (1) }

CB[1,1]

and so forth for CB[1,2],CB[2,1] and CB[2,2]. In the equation chain above, we have
repeatedly used both the symmetry of the form By and the local stiffness matrix.
This validates eq (3.49). Transforming back to global coordinates and assembling,

we obtain eqs (3.41, 3.42). «
In the proof of Theorem 3.2. we will also use the following result.

Lemma 3.1 Let ¢;,t, and N7, N} be ezact and finite element solutions to eq (3.43)
with Dirichlet data (3.44) or (3.45), resp.
Then fori=1,2;5 =1,2

Bg(t; — N,-p,tj — NJP) = BK(Nf,N;) — BK(t,',tj) (3.50)
holds.
Proof :
Let us specify in eq (3.46)
i=1,7=¢7: Bg(Ny,¢1)=—Bk(47,41) (3.51)
i=2,7=¢7: Bx(Ny,¢7) = —Bk(43, ¢1) (3.52)

i=l,r=¢3: Bx(N,¢3)=—Bx(41 ¢2) (3.53)
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and, similarly, in eq (3.47)

i=l0= ¢11’ : BK(N1,¢’1’) = —BK( 11,7¢11’) (3'54)
i=20=¢]: Bg(Ny,¢)=—Bx(6: 1) (3.55)
i=1,0=¢5: Bx(Ni,¢}) = —Bk(¢1,2)- (3.56)
Furthermore, since S? C H},
1=1,7= ¢71’ : BK(NI’ ¢’1,) = _BK(¢‘1,’ ¢}1)) (357)
i=2,r=¢7: Br(Na,¢}) = —Bk(43 4) (3.58)
which, together with eqs (3.54) and (3.55) shows
Bk (43, 4%) = Bk (41, 41) (3.59)
B (45, 4%) = Bk (45, 41)- (3.60)

We now can check the statement of the lemma by direct computation. For 1=3=1
the Lh.s. is

Bx(t1 — N2ty = N) = Bg(Ni+¢{—Ni— 61, N1+ ¢7 - N — &Y)
BK(¢‘1)7 ¢‘1,) - QBK( (1)7 ¢’l’) + BK(‘#I” ¢,1’)
= BK( (l” ¢¢1)) - BK(¢II,, ¢11’)

by eq (3.59). The r.h.s. is

Bx(N?, NP) — Bx(t1,t1) = Bx(Ni+ ¢, Ni+47) — Bx(M + ¢, N1+ ¢7)
= Bg(Ny, N1) + 2Bk (N1, ¢7) + B (45, ¢1)
—BK(Nl,N1) - 2BK(N11 ¢(1,) — Bk (41, ¢‘17)
= Bk(¢3,47) — B (¢}, 41)

where we have used egs (3.54) and (3.51).
This validates the statement for i = j = 1. The computation of the remaining cases

i =1,7=2andi=2,j =1,2 is entirely analogous. <
We are ready to give the proof of Theorem 3.2.

Proof : (Theorem 3.2.) We will show that, neglecting higher order terms of
(kh),
Ca(p)

2p
| cos(k'h) — cos(kh)| < Ck2h2—T (%) (3.61)
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holds with an independent constant C. Assuming this relation for the moment we

continue with (Cy(p) := CC%(p)/4)

' '
2sin k ;khsin k 5 k | | cos(kh) — cos(k'h)| < k*h2Cy(p) (hk)
Let k'h — kh = €, then

2p

s (1)
sin(kh + %)

w00 (3)
- kh

|2ﬁng|<

Since by assumption (hk/2p)? < 1 we see that ¢ is small and we may neglect higher
order terms in the Taylor expansion of 2sin £. Thus we obtain

e < hkCi(p) (h::)

and replacing € = k'h — kh we conclude the statement of the theorem.

We now have to prove eq (3.61) which we write in the form

Sp S,

Y4 o]

<:knﬂ0dp)(h;) . (3.62)

Consider any internal element A being mapped on the master element I = (—1,1). On
I, the exact homogeneous solution of the VP (1.4) is represented by

uez(é) = u tl( ) + uext2(€)

where
_ sinK{  cosK ¢
h€) = - 2sin K 2cos K
_ sinK{ | cosK{
() = 92sin K 2cos K’

are solutions of the BVP’s (3.43, 3.44) or (3.43, 3.45), resp., with K = kh/2.
The finite element solution is written on I as

uje(é.) = u}eNf(é) + u?eN’f(é‘)




Finite Flement Solution to the Helmholtz Equation II ... 33

where N}, N} are approximate solutions to the BVP’s (3.43, 3.44) or (3.43, 3.45), as
discussed in the preliminaries.
By continuity of Bg,

IBK(tl - Nl,tm - Nm)l S (1 + ]{2)|tl - Nlllltm - lel,

and applying now eq (3.9) we have

Ca(p)?
¥

Bk (t = Niytm — Nim)| < (1 + K7) [t1lp+1]tm p41 (3.63)

for ,m=1,2.
By direct computation,

K#2)|4|? if p isodd
|tliz+1=

K?|y? if p iseven

(3.64)

with
2 1
l6]* = 3+ OK?); Juli = 5 + O(K").
Here and in the following, O(KX?) means an expression of the form C1 K%+ CoK* +...

with constants C; not depending on h,k and p.
Also by direct computation,

Bi(tn, ) = Br(ta 1a) = 5 + O(K?) (3.65)
and !
Bxk(t1,3) = Bg(ts, t1) = -5+ O(K?). (3.66)
Finally, we recall from Lemma 3.1 that
Bg(ti — Niytm — Ni) = Bg (N1, Np) — Bi (1, t). (3.67)

holds for I,m =1, 2.
Returning to the proof of eq (3.62), we have

1SpTo — SoTp| = |Bk(t1,t1)Bk(N1, N2) — Bg(t1,t2) Bk (N1, N1)|

= |Bg(t1,t1) (Br(t; — Ni,t3 — N3) — Bg(t1,t2)) —
Bg(t1,t2) (B (t1 — N1,t; — N1) — Bi(t1, 1)) |

= |Bk(t1,t1)Bk(t1 — Ny,t2 — N2)
—Bk(t1, tg)BK(tl — Ny, ity — N1)| (3.68)
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Here, we applied eq (3.67) to expand the expression on the r.h.s. Thus

|SpTo - SoTpI < IBK(tl’tl)”BK(tl - Ny, t2 — N2)l +
IBK(tlatz)”BK(tl — Ny, t1 — N1

and applying egs (3.63, 3.69, 3.66) leads to

1 Ca(p)?
1S, T, — SoTp| < <§ + O(K?')) ((1 + K?) p(2€) (|t1|p+1|t2|p+1 + |t1|§+1)) .

For odd p we then have directly by (3.64)

l 2 2 Ca(P)2 2p+2 fl_ 2)
5,7 = ST < (5+0U ) <(1 + 1)K (5 +ou)

Ca(p)?
< 75;_1{21&2. (3.69)
where we neglected terms of order O(K 2), Then also (3.62), and hence the statement,
holds since
5, S| _ 18,0 = 5T
T, T, |T,T5|

and it can easily be seen that
T, T,| = | Bk (t1,t2)|| B (11 — N1,t2 — N;) + Bi(t,t2)l

is bounded from below by a constant independently from K, p.
If p is even then we insert eqs (3.65, 3.66) into eq (3.68) to get

1
ISpTo - SoTpI S 5 |BK(tl - Nl,tl + t2 - (Nl + NZ))‘ +
O(K?) (1B (t: — Ni,tz — N2)| + |Br(t: — Ni,t1 — Ni)l)

For the first term in this equation we have

Ca 2
| B (t1 — N1yt + 22 — (M+N2))| £ ng:) t1lp+1 [(B1 + t2)lp2

cos K¢
cos K |

Ca(p)2
Kl

IA

Kwt?
P

IA

CCa(p)2
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with C not depending on K,p. Again, terms of order O(K?) have been neglected.
For the second term, a similar estimate follows directly from egs (3.63,3.64). Thus the
estimate (3.69) holds also for even p, and the statement follows by similar argument. <

3.4 Discrete stability

In Part I, when investigating the h-version with p =1, we proved the stability estimate

lufell < CIFN

and showed that the inf-sup-constant on the discrete subspace is ¥, = Ck™1. A stan-
dard corollary then yields the stability estimate

llufell < CEIFTH-

We will now show that both results carry over to higher p.

Further we will define in this subsection a specific data subspace that we will en-
counter in the error analysis. In this subspace we will prove stability w.r. to higher
integrals of the data - the discrete analogon to Theorem 2.2.

Let hence us. € S? be the finite element solution to the VP (1.4) for data f € L*(%).

We write
Ufe = Up T+ Up

where uj, is based on the nodal shape functions and u, on the internal ones. From
the definition of the shape functions N; and orthogonality property of the Legendre
polynomials it follows that

lufell? = lechl® + [l I (3.70)

Furthermore, u, satisfies on each element A eq (3.18). Transforming A — It =
(0,1), we get

Yw € SP(A):  Bg(up,w) = B*(f,w) + K*(up,w). (3.71)
We now prove a first stability lemma on ||u’|| for data f € L*(Q).

Lemma 3.2 Let, for uj, be the finite element solution to the VP (1.4) with data
f € L*Q). Assume that hk < a <.

Then
lufell < ClIA (3.72)
holds with a constant C independent of h,k and p.
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Proof : Let use = up + up as defined above. We know (cf. part I, Lemma 3) by
straight estimation of the discrete Green’s function representation that ||ui]| < Cillfll,
where C; does not depend on h,k and p. Applying eq (2.5) from Lemma 2.2 and
Remark 2 to eq (3.71), we have

Il < D (B21 + K*llwall)
where D = 7 /(x? — o?). Back-transform to A then yields
lulla < D (1flla + Rllualla)
Summing up and applying Schwarz inequality, we get
lugll < DA (£l + Fllusl]) < 1F11R (D + C2k)
where we applied k|jus|| < Callf]] with Cz not depending on k, k,p. Thus
lufll < (Cy + Dh + Cakh) I f]l;

and the statement is readily obtained by neglecting Dk and setting C =C; + Cra.
The proof is completed. <

We now prove the inf-sup-condition for V, = SE(€).

Lemma 3.3 (Discrete inf-sup-condition): Let Vi = S;(?) and let B: Vi, xV—

C be the sesquilinear form defined by eq (1.4).
Then, if h is such that hk < a <,

(3.73)

inf sup B(u,v)]

ueVavev, [uf1lv)1

= Q

where C does not depend on h,k and p.

Proof : The argument is similar to the case p = 1. For arbitrarily fixed u € V; set
v := u + z where z € Vj, is solution to the VP

YweVi: B(w,z) =k (w,u).

Let z := z, + 2, as above. In part I it was shown that

, k
I < Cak () el




Finite Element Solution to the Helmholtz Equation II ... 37

The ratio k/k’ is bounded for kh < 7 and p > 2 by Theorem 3.2. Further, z, solves
locally, i.e. for all w € SP(A),

Ba(zp, w) = k*(u + 2n,w)a-
Applying Lemma 2.2 and Remark 2,
llzpll < Cuk(llull + ll2all)-

Again by discrete Green’s function representation, we can show that ||zx]| < Callv|l,
with C, not depending on h,k and p. Applying a Poincaré inequality for ||u||, we
conclude

1]l < Caklle]

and the statement is concluded, using the particular choice of z (cf. part . «

It follows by standard theory that |ul; < Ck|[f¢Y).
We collect both stability estimates in the following proposition.

Theorem 3.3 (Stability of the FE-solution I): Let f € L*(§)) and let uge € Vi =
SP(Q) be the finite element solution to the VP (1.4).
Then, if h is such that hk < a <, the stability estimates

lusels < Gl ]l (3.74)

and

luseh < Cok||FY (3.75)
kold for Cy,C, not depending on h,k and p.

Next we formulate a dual stability property that we will use to prove a preasymp-
totic error estimate for the p-degree finite element solution. To this end, we define a
specific data subspace.

Definition 3.1 For integer | > 0 we define a subspace F}(€) € L*(Q) by
FO)={fel’@ | flx, =0 for i= 1...1}

with F°(Q) := L*(Q).
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Observe that for this space we can show, by adding up local Poincaré inequalities,
£ < Al (3.76)

In particular, for f € F} and hk < o, inequality (3.74) directly follows from (3.75).
For the discrete data obtained from f € F}() by the finite element procedure, the

following proposition is true.

Lemma 3.4 Consider the VP (1.4) on Vi = Sh(Q) with data f € F}7'(Q). Let A; be
an arbitrary finite element and let {Fj_l,fj}T be the condensed right hand side vector
given by eq (3.26). Assume further that the stepwidth k is sufficiently small so that

hk < a<m.

Then
[ < Ca(p, m)R K™ (| F™ a, (3.77)
holds for even m = 0,2,... < p—1 with
Ca(p,0) =1
and

(p+Die+1)
(p-m+D0)” "=

Ca(p,m) = Cy + Cpa?~™ 2(m~1)/2
where Cy,Cy do not depend on h,k and p.

Proof : Let first m = 0. We omit in the notation the element number j and renumber
formally {7;_1,7;} = {1,72}. Eq (3.26) then reads

(1} ) -

It is straightforward to show that r; = (f, Ni)a and rp = (f,N2)a satisfy Ir;] <

Clhln”f”Aa .7 =12
Define {y} := [Ba2] ™" {r3,--.,7p+1}7. This vector is the discrete solution to the VP

T3

Tp+1

Ywe SP(A):  Ba(y,w) =(f,w)a

and by Lemma 2.2 and Remark 2,

s

lly'll <k 11l

72 — a2
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By simple computation, ||y'||% > #/{y}|?, hence

{y}l < Cik*| flla,

where Cy = 7/(x* — o?) does not depend on k, k and p.

Consider now the term {z} := [Bi2)[Baa] *{r3,...,mp41}" = [Bra]{y}. The coef-
ficients of the matrix [Big] are bij = Ba(N;, N;) with ¢ = 1,2 and j = 3...p+ 1.
For these i,j we can, using integration by parts, that (N/,Nj)a = 0 and hence
bij = —k*(N;,Nj)a. Obviously, the euclidian norm of the rows {b;},2 = 1,2 can
be bounded as

[{b:}| < C2k?h.
The constant C, does not depend neither on k, k nor on p since the bandwidth of the
local mass matrix does not increase with p for p > 3 (cf. [SB, p.46]).
Thus, with the previous estimate of ||{y}|], for ¢ = 1,2,

|z 165951 < {b:HaHy}a

C1Cok*R3| £l
Csh*?|flla (3.78)

IA A

with C3 = C;C2a®. Together with the observation for 71,72, the last estimate proves

the statement for m = 0.
Let next m > 2 and assume for convenience that A has been mapped to I* = (0,1).

Then, for j = 1,2, .
7= h /0 F(0)p;(6)d6 (3.79)

where 1,3 € S{,(I*) or S5(1 +), resp., are the ’one-element’ solutions to the homo-
geneous Helmholtz equation

u + k2 h*u =0 (3.80)
with the boundary conditions
w(0)=1, u(l)=0 (3.81)
or
u(0) =0, u(l)=1, (3.82)

resp. The exact solutions ¢; and ¢, of these BVP are

t1(0) = coskh8 — cot khsin kh0 (3.83)
t2(8) = sinkhf/sinkh. (3.84)
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Integration by parts in eq (3.79) leads to
1
75l =1 [ £ 0™ (0)de);
0

no boundary terms occur for m < p — 1 since f € F?7'(Q). Consequently we have for
7=1,2
171 < RIS e lpd™ s

For the estimation of H(,og-m)””, we define x; € S{,(I*) or Sp(I*), resp., by
xl(ﬂ) = 7'1(0) - 07’1(1)
and
x2(6) := m2(0) + 0(1 — 72(1))
where 71,7 € S?P(I*) are the Taylor polynomials of order p in 6, = 0 for t,(f) and
t2(0), resp. Now trivially
e e < No§™ = x5 s + 16l

As to the second member on the r.h.s., it can be shown by direct computation that for

even m > 2

™l < Cilhk)™. (3.85)
holds with a constant C; not depending on h,k and p. Turn to the estimation of
Hso_gm) - X.(jm)”1+. For m = 1, we have

lo; — xih < It; — @il + [t — xil £ Calt; = xih (3.86)

by Céa’s lemma. * By construction of x;,

s = xih = 1t =+ O ((’”“)p) < Cs ((h'“)p), (3.87)

p! p!
where C; does not depend on &, k and p.

For m > 2, we use repeatedly the inverse inequality (3.2) to relate

m_ e+1)! ) oo
||‘P§' ’—x§~ )”1+S<m 2mD20; — xjh.

4To be precise, we write x, ¢ as sums of linear and bubble functions and apply the statement of
Céa’s lemma on an appropriate subspace Vi C Ho(It).




Finite Element Solution to the Helmholtz Equation II ... 41

Inserting this estimate into (3.86) vs. (3.87), we conclude that

1\2 9(m—-1)/2
(p+1)})*2 —(hkY?
((p—m+1)})%!

where C; = C;C;3 does not depend on h,k and p.
Thus

llwﬁ’") - xﬁ-’"’lln < Cs

(P + 1)!(17 + 1) 2(m—l)/2(hk)p

(.m) < m
”‘PJ ”I+ - Cl(hk) + 04((17 —m+ 1)1)2

and, finally

(p + 1)!(p + 1) m-1)/2 p-m
Gomere B0 ) '

The statement now follows by back-transform I+ — A. The proof is completed. <

5] < h(hE)™ (cl )

Remark 9: For odd m this statement holds true with the additional assumption that

kk is bounded from below, i.e. 0 < 8 < hk.
Let us show this for m = 1 and j = 2. We have

Ixll < limll + 111 = ()]

By construction, the second memberis O (!h_pﬁ)ﬁ) Also 74(8) = t5(0)+0O (L%)ﬁ) Hence,
neglecting terms of higher order (note that by assumption p > m),

kh
Gl < NGl = <l cos khollz

< o (1vo()

Furthermore, |2 — x2|1 = O (ih—:,z) Hence ||@hlir+ < C2 and
fal < Cohllf Ve
< GV
after back-transform It — A. Multiplying and dividing now by kh'/%, we get

. hl/zk
il < Comm 1AV

< CRR|I )|

with C = C,8~1. This shows our case; the argument for j =1 or higher m is similar.
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Corollary 3.1 For the norm of the discrete right hand side Ry, the estimate
|IRxlls < Cap,m) RE™| ™ (3.88)

holds form=0...<p—1.
Proof : By definition (cf. part I,
I Ball} = b 3 Rl
i=1

where the coefficients R; are given by eq (3.30). By Lemma 3.4,

" 1/2
Bl < Culpym) (hzhkmnf(-m’nz..)

i=1

and the statement readily follows. <

We now prove a proposition on dual stability if the data f € F*(Q).

Theorem 3.4 (Stability of the FE-solution II): Let us. € Vi = SP(2) be the FE-
solution to the VP (1.4) with data f € F[*(Q), where m is even, m < p — 1. Assume

that 0 < kh < a <.

Then
lusels < Ca(p, m)E™ || ™) + Cull £V (3.89)

where Cy is the discrete dual stability constant (cf. Lemma 3.4) and C; does not depend
on hk and p.

Proof : In light of Theorem 3.3. we only need to prove the statement for m > 2.
As before, we write uge = uj + u,. Then

el < gl + oA + B2l )
by Lemma 3.2. It can be shown, using the Green’s function representation of uj that
- C
il + Cok?ui | < IRl
where C;, does not depend on h, k and p. On the other hand,
IR|| < Ca(p,m)RE™ 1S,
from Lemma 3.4, and the statement follows. The proof is completed <

Remark 10: The stability theorem holds for odd m with the additional assumption
that 0 < B < hk - cf. the previous remark.




Finite Element Solution to the Helmholtz Equation II ... 43

3.5 Error estimates for the finite element solution

Throughout this subsection, we denote by ! the regularity of the exact solution u, i.e.
we assume that u € V! := H¥1(Q) NV with V = H{,(9).

In part I we proved that the finite element solution is asymptotically quasioptimal.
The same result holds for higher approximation. However, the range of asymptotic
behaviour, as taken w.r. to the meshsize k™1, grows with p.

Theorem 3.5 (Asymptotic estimate): Let I > 1,p > 1. Let further u € V' and
uge € Vi = SL(Q) be the ezact and finite element solutions to the VP (1.4), resp.
Then, if k*h/p is sufficiently small, the quasioptimal estimate

lu — use)s < C inf Ju—ol; (3.90)
veV,
holds with 12
2
44 (8
C = (1 — 2(2") = 2) : (3.91)
-6k (5) a+vi(3)
provided the denominator of C is positive.
Proof : Denote e := u — uye and let z be the solution to the VP
YweV: B(w,z)=(w,e). (3.92)

This problem has a unique solution z € H 3(Q1). We can show (part I, Theorem 3) that
llell? < 2(1z — whlel + K1z — wllllell)

holds for all w € V. In particular, for w = s, where s is the approximation of z as
constructed in Theorem 3.1., we have

llell* < 2(£Izlz|e|1 + k? b 3 |z[slle]])-
- 2 2p

We now apply the stability estimates (part I, Lemma 1, and eq (2.24), Theorem 2.1)
to get

lzlz < (1 +E)e]l

3
l2ls < (1+4k)elh < \/;(1+4k)|e|1
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by Poincaré inequality since e € H,(€).

Hence
||e[|2 <9 -—h (1 +k)+k2(1+4k) —h 3\/§ llell lels;
— 2p 2p 2 1y

dividing now by ||e|| and neglecting terms where k is of order higher than k, we arrive

at the intermediary result
kh 3 (kh\®
<— = — . .
e < 2013 (54 (399

In the next step we use B-orthogonality of e to show (cf. again part I, Theorem 3)

that !
§|elf < 6% le]|? + 4lu — vff + K*flu — o|f?

holds for all v € V;. We choose v = s from Theorem 3.2, then

and applying now eq (3.93) we obtain
1, kh\* \/E kh\? k2h?
- — k2 - il Bhdad 21,12 < (4 _ el2
2|e|1 6 (p) (1+ 2\ Ylels < (4 + 4p? )u — sly

lels < Clu—sh

hence

where

1/2
44
¢= 1 2 (hk\? 3 (hk)? '
1-ek () 1 +v3 (%))
This completes the proof. <
Remark 11: For piecewise linear approximation we proved (part I, Corollary 2)

lu —uge| < Ch uléléh |u — v|

with s
2 (14 (&)’

(1 - 6C2k2h2(1 + k)?)

C =

(ST
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where

2
(1-2(1+k 1‘-:;’;—2-)7r
Obviously C; > 2, hence k*h? < 53 is necessary for well-definiteness of C;. A similar

computation yields k*h? < ’1% as a necessary condition for well-definiteness of C in the
theorem above.

Co =

Remark 12: In the form given in Theorem 3.5, the quasioptimal estimate holds
independently on the regularity of the solution u. The order of convergence, in terms
of hp~1, is obtained by introcucing the approximation property of the subspace V}, from
Theorem 3.1. For given p, the maximal order of convergence

- b\’
g < C /2 ()™ (2 ) Tl
is achieved when the regularity of u is I > p.

We now proceed to error estimates in the preasymptotic range (i.e. without restric-
tions on k2h). Let us first relate the finite element solution to best approximations in
Vi, = S2(R), as constructed in Theorem 3.1.

Lemma 3.5 Let, for p > 1, u and uy. be the ezact and finite element solutions to the
VP (1.4), resp., and let s € Vi be a nodally ezact quasioptimal approzimation to u in

the sense of Theorem 3.1.
Then z := use — $ is the finite element solution to the VP (1.4) with data k*(u—s).

Proof : Trivially z = uye — u + u — s, and by B-orthogonality of u — uy. to V4,
B(z,v) = B(u — s,v) holds for all v € V4. The boundary term in B(u — s,v) vanishes
due to ulx, = $|x,. Using local exactness of the integrals of s we show, repeatedly
integrating by parts, that also the term ((v — s)',v') vanishes. Thus, for all v € Vj,

B(u — s,v) = —k*(u — s,v)
which completes the proof. <«
It is now straightforward to show a first error estimate.

Theorem 3.6 (Preasymptotic estimate I): Let, for1 <1< p,u€ V! and use € Vi
be the solution and the finite element solution to the VP (1.4), respectively. Assume
that hk < a < 7.
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Then for e :=u — ug,

el < Ca(l) (1 +Cik (%‘-)) (E";)I lulisn (3.94)

holds, where Cy does not depend on h,k and p, whereas C.(1) is the approrimation
constant (Theorem 3.1), being at most of order (g)p.

Proof : Let z = us,—u+u—s as above. By Theorem 3.3 and the previous lemma,
|z}, < Ck?||lu — s||, hence

lely = |z +u — sy £ CK?||lu — s|| + [u — s|s. (3.95)

To complete the proof, we insert the appropriate results from the approximation the-
orem.

Remark 13: Note that, if kh/2p is bounded, the error estimate is equivalent to the
asymptotic quasioptimal estimate given in Theorem 3.5. This, again, is an analogy to
the h-version with p = 1 (part I, section 3.6).

The estimate of the previous lemma can be generalized for p 2 2, employing dual
stability estimates for the data k?(u — s) € FF~1(9).

Theorem 3.7 (Preasymptotic estimate II): Let 1 < I < p and 0 <m < p, m
even, with p > 2. Let u € V' be the solution to the VP (1.4) with data f € H-D(Q)
and let use € Ve the finite element solution to this problem. Assume further that the

stepwidth h is such that hk < a <.
Then

el < Gl [1 e (gg) + ECa(pym)Ca(m) (-’%‘)M] (21;) . (3.96)

holds with Cy not depending on k,h,p.

Proof : Let s € V, be a nodally exact, optimal approximation of u in the sense
of Theorem 3.1 and define, as before, z := us. — u,. We know that z solves B(z,v) =
—k?(u — s,v) for all v € V;. The data of this problem is in the space FP~1) hence by

Theorem 3.4.
l2ls < B2 (Calp, m)k™||(u = 8)™] + Call(w = )1
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holds for m < p — 1. Inserting the from Theorem 3.1

h

I+m+1
1= )™ < Ca(l)Calm) (é—p) .

we conclude the statement. <«

Remark 14: With the additional assumption 0 < 8 < kk, the statement holds also
for odd m - cf. remarks 9,10. This assumption is consistent with the error estimation
in the preasymptotic range and with computational application where the magnitude
of hk is, for medium and high k, bounded from below by practical considerations.

Remark 15: We obtain estimate I from estimate II by setting m = 0, hence II gener-
alizes I.

Let us specify the estimate II for a certain type of solutions, namely, those oscillating
with frequency k. These solutions are of practical importance in physical applications
in wave propagation and wave scattering; they are, among others, produced by Dirac

data (point sources).
Thus, having in mind to specify solutions that essentially behave like exp(ikz), we

define:

Definition 3.2 Let, for 1 > 1, u € V' be a solution to the VP (1.4). We call u an
oscillating solution if

IU|1+1 S Dk'lUIl (3.97)
holds with a constant D not depending on k.

With this definition, we directly have the following corollary.

Corollary 3.2 (Error estimate for oscillating solutions): Let'l < 1 < p and
p > 2. Assume that there is given a data f € H'-Y() such that the solution
u € V! to the VP (1.4) is oscillating. Assume further that the stepwidth h is such that
hk < a < 7. Let uge € Vi = SE(R) be the finite element solution to the VP (1.4).

Then the relative error |€y := |u — ugel1/|uly s bounded by

~ < phiid hhdad - . .
g, < (213) l:Cl + Cs (217) :| + kC3 (217) (3.98)
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where Cy = DC,(1),Cy = EC,(l) and C3 = DCa(p,m)Ca(1)Ca(m), with D,E not
depending on h,k and p.

Proof : We introduce the definition of oscillatory behaviour into the estimate II,
eq (3.96). «

Let us consider special cases of the previous corollary.

M)”
2p

1. If 1 > p we have with 8 := (
&}y < 8(Cy + C26%/7) + Cskb®.

This is principally the estimate that was given in the analysis of the h-version -
of. Introduction, eq (1.5) - with 8§ = kh. Note also that, formally, the error is
written as the sum of best approximation error plus pollution term of the order
or the phase lag. However, the constant C3 depends on p (see next section).

2. In the case of lower regularity (I < p) the pollution is for higher p relatively (i.e.
compared to the best approximation order) still smaller as in the case of full
regularity. Consider the lowest possible case of Dirac data. Then | =1 and the

estimate is

&, < 0(Ch + C26%) + Cakfr+!
In general, the constant C3 depends on m. Note that, for fixed approximation
order p, one is free to choose m in the range of 0,...,p— L. This can be used to
optimize the size of the pollution term Cs(p, m)(hk/2p)*™+1.

Remark 16: We will show in the numerical evaluation that the constants C,,C, are
sharp. On the other hand, the theoretically predicted growth in Cs(p) was not ob-
served in several numerical examples. It is an open question whether the dual estimate

is sharp in the pollution term.

We conclude this subsection with an error estimate in negative norms. We first
show a mapping property; the proposition then readily follows.

Lemma 3.6 Let u € V! and uj. € Vi be the ezact and the finite element solution to
the VP (1.4). Then, for1<m <p-1,

m+1
lellm < DCy(m + 1)k (%f) lels (3.99)

where C, is the stability constant from Theorem 2.1 and D is a constant not depending
on h and k.




Finite Element Solution to the Helmholtz Equation II ... 49

Proof : Since X = H™(Q) is a Hilbert space there exists v, € X s.t.

(e, vo)]

[volm

llefl-m =

Let z € H™?(Q) U H,(R) be the solution of the VP (1.4) with data v,. Then by

Theorem 2.1. we have
|2|m42 < Cs(m + 1)E™ ||vo||m

where C, grows at most linearly with m. On Hf}, the full norm | - llm is equivalent to
the seminorm | - |, hence there exists a constant Cs s.t.

|2|m+2 S C’lc',(m + 1)k"‘|vo|m. (3100)
Further, from B(z — x,€) = (vo,€) for all x € V4 we conclude

lell-mlveln < Colk) inf |z = Xhleh

m+1
< (Y™ nsale
— 2p m+2 1

where the continuity property of the form B and the approximation property of V4
have been used. The statement now follows, inserting eq. (3.100). <

Theorem 3.8 (Dual error estimate): Let u € V! and use € Vi be the ezact and
the finite element solution to the VP (1.4). Assumel1 <m <p-—1 and1 <1 <p.
Then, if kk < a <,

h kh m+i41
leln < Omp [+ G| () W @10
holds, where C(m,1) = Ca(l)Cs(1)Cs(m + 1), whereas C1,C; do not depend on h,k and
.
Proof : Combining Lemma 3.7 with the preasymptotic estimate I, as given in

Theorem 3.6, we obtain an estimate w.r. to |u|i41- The statement is then concluded
from Theorem 2.1 «

Remark 17: All propositions on the finite element solution contain the assumption
hk < 7. Essentially, we ensure herewith that the inversion of the local stiffness matrices
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is well defined (hk has to be smaller than the minimal eigenvalue of the condensation).
However, the inversion is also well defined if Ak lies between the first and the second
eigenvalue and so forth (to be more precise: is bounded away both from the first and
second exact and the corresponding numerical eigenvalues). It is expected that, under
this condition, more than one halfwave can be resolved by one element of higher ap-

proximation in practical computations.

4 Numerical evaluation

In this final section we present some results of numerical experiments that illustrate
the theoretical results obtained in the previous section. We solve the model problem

for the constant data f = 1. The exact solution

u(z) = —k1—2 ((1 — cos kz — sin ksin kz) + i (1 — cos k) sin kz)).

is regular and oscillating.

Best approximation in Sf: In Theorem 3.1 we constructed a function s € S}()
that has the best H!-approximation property to a given function u € Hy1($2). Writing
s locally, after scaling to I = (—1,1), as

p+1

s(€) = 3 PNy (8).

i=1

we have, by interpolating property, cgj ) = u;—1 and cgj) = u;. Further, by orthogonality,
D = (), NY). and |ew|? = |u —slf = |ulf - |s|? with
n . 2 Pj+1 .
s =3 (WDl + 5 X 1)

j=1 1=3

The approximation property, as given in Theorem 3.1, reads form=1and [ =p as

. lu = sh h\? lulpts
= < a — — .
e lup T Ce(p) 2p |u|s (1)

where C, is the approximation constant, growing as (e/2)?/ p(1/4).
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In Fig. 1 the error |é]; is plotted for k¥ = 50 and hk < x. The slopes are —p, in
accordance with eq (4.1).

Consider next a plot for the approximation error on coarse grid (hk > 7 - Fig. 2).
We observe an interesting effect whenever the mesh locally ’hits’ the size of a halfwave
(two, three, .. .) halfwaves. To explain this effect, note that for k = nm (m-integer) the
solution u reduces to

1
u= E(l — cos kz).
Hence in this case we locally solve the problem of best H!-approximation of ujo. = cos
on one, two, three, ... halfwaves. For even n, this approximation problem is symmet-

ric and has identical solutions for even/odd p (lines I, IIl in Fig. 2). For odd n, the
problem is antimetric and has identical solutions for odd/even p (line II in Fig.2). We
have choosen k = 2m7 to highlight the character of the observation. The same effect
occurs, however, for any k if either k or kh are close to integer multitudes of .

Returning to the estimate in Theorem 3.1. - here: eq (4.1) - we next present numer-
ical data illuminating the dependence of the constant C, on p. Namely, for p = 1...6
and hk = 1 (case n = k = 50) we record the relative error, the measured value of

Ct.meas(P) = |€l1,meas(2p)* and the predicted Cy(p) from eq (3.5).

Table 1: Constant C,(p) in the Approximation Theorem: magnitude as computed
from measured data compared to magnitude as computed from theoretical prediction

in eq (3.5)

P |é|l,meaa Ca,meas Ca, (35)
1 0.2823 0.5646 1.02
2 0.367E-1 0.5872 1.17
3 0.3095E-2 0.6685 1.43
4 0.1965E-3 0.9049 1.81
) 0.9829E-5 0.9829 2.33
6 0.4135E-6 1.2357 3.02

We see that, for the particular case computed, both the magnitudes of the measured
constant and it’s growth rates with p are lower than the upper theoretical estimates.
We conclude that for the example under consideration, no further growth with p occurs
in the relative error due to the ratio |u|p41/|ul;.
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For graphical illustration we compare in Fig. 3 (for £ = 30r and m = 50) the
estimated and measured errors for p = 1...6. Namely, we plot (setting Ca(p) = 1)

est,(p) = (n-2p)~°

for n = 50 and 1 < p < 6. We compare with the relative error |é|; as obtained from
computation. The measured error is in close agreement with the estimator, indicating

that the estimate (4.1) is sharp.
Finally, we relate the error of best approximation to the number of degrees of

freedom of the discrete model. In one dimension, this number is d := h~1p. For fixed
k, the error estimate (4.1) becomes

jeh < S, (4.2)

Observe in Fig. 4 both the predicted rate of convergence w.r. to d and the decrease of
the multiplicating factor with the increase of p.

Error of the finite element solution: The error of the finite element solution is

computed by

leseld = lu—ugelt
no9 pj+l1 R . . . . R
= - Z = Z (ag.?)c'(_]) + aga)égJ) _ &fj)a,(-])) (4.3)
j=1 "7 i=3
where .
6? = Iu]f —h Z (DjuDju“h + DjuhDjﬂ - DjuhDju'h) (4.4)
i=1

is the error of piecewise linear approximation (cf. part I) and agj ) are the coefficients
of the bubble modes in the local finite element ansatz, cf. subsection 3.2.

In Fig. 5, the relative error of the finite element solution is plotted against the
relative error of the best approximation. The wavenumber is k = 307 and the results
are compared for p = 1...6. We clearly see the optimal convergence of the finite .
element solution for sufficiently small k. In the given example, the optimality constant
C in Theorem 3.5 is asymptotically 1 as the figure shows.

To illustrate the behaviour in the preasymptotic range, consider the horizontal line
drawn at & = 0.1. Compared to the asymptotic behavior with the optimality constant
close to 1, the finite element solution is significantly polluted on the preasymptotic
error level. We give the numerical results in Table 2.
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The error estimate for oscillating solutions has been given in Corollary 3.2, eq (3.98).
For our solution, the special case 1. applies, hence we have the estimate

|él: < Ci(p)0 + Ca(p)kh? °

with

In this inequality, C1(p)d estimates the error of best approximation as discussed in
the previous paragraph. The second member C,(p)k6? reflects the pollution and is of
the same order as the phase lag (cf. Theorem 3.2). Theoretically, the constant C.
may significantly grow with p, cf. Theorem 3.7 vs. Lemma 3.5. As the table shows,
we do not observe this growth in the example considered. As commented before, we
cannot exclude that the theoretically established dependence of C3(p) on p is due to a
technicality in the proof.

Finally we observe that the number of elements for which the finite element error
is a fixed magnitude (given tolerance) decreases significantly with increasing p.

Table 2: Errors of finite element solution and best approximation at ése ~ 0.1 for
p=1...6.

5We neglect the term Cj(p)8'+%/? of eq (3.98)
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T » B 2 3 1 5 5 |
glmees) 0.099947 0.09956 0.09683 0.0911  0.0829 0.09833

n (of elem.) | 491 76 35 22 16 12
#of DOF 491 152 105 88 80 )

0=(’°)’° 0.09597 0.09612 0.0904 0.0822 0.07092 0.7861

2np

gimeas) 0.05538 0.05607 0.05640 0.05543 0.0520  0.0626

€fe — €ba 0.044567 0.04349 0.04040 0.03567 0.02380 0.0380

k6? 0.8681  0.8707 0.7702 0.6373  0.474  0.5823

G | 00513 0.050 0.0525 0.056  0.0502 0.0656

C(p)
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-125

Figure 1: Relative error (eba) of the best H'-approximation in Si(f?) to the exact
solution. Rates of convergence in H'-seminorm for p = 1,2,...,6 (k =350, n = h-1 -
number of elements).
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Relative error of best approximation in H1-seminorm, k = 30*Pi, n=4,70,1, p = 1,6,1

1E -T'"'o--*i."~:—_:—.\ E
- - -0 -l
01F
001
3 1
B
2
g 0.001 F
£ E
0.0001 ¢
0.00001 F <
-6
3 A s A o PP | i L " -
10. 15. 20. 30. 50. 70.
degrees of freedom
Y I | I

Figure 2: Relative error of the best approximation in H 1_seminorm on coarse grid for
k = 30~x.
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Figure 3: Relative error of the best approximation in H l_seminorm: estimated
measured values for k =30r,n =50 and p=1,2,...,6.
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Figure 4: Relative error of best approximation vs. number of degrees of freedom for

k=50and p=1,2,...,6.
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Figure 5: Relative error of the finite element solution versus best approximation error
for k = 307 and p=1,2,...,6.
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