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Abstract

The Air Breathing Medium Range Air-to-Air Missile (ABMRAAM) represents
developmental technology which incorporates both a rocket engine and a RAMJET
engine. Such a missile uses proportional navigation guidance plus an additional
trajectory loft command. This thesis examines the optimal trajectory, and hence the
optimal lofting command, for an ABMRAAM. A numerical simulation of the missile
is presented and the necessary conditions for the optimal trajectory are derived.
From these conditions, the problem can be numerically solved for the optimal loft

command,
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Formulation of the Optimal Trajectory for an Air-Breathing Medium

Range Air-to-Air Missile

1. Introduction

1.1 Background

The United States Air Force (USAF) is investigating the feasibility of air-to-

air missiles that incorporate both a rocket engine and a variable throttle RAMJET

engine. The missile with both a rocket engine and a variable throttle RAMJET has
been termed a Variable Flow Ducted Rocket (VFDR). The goal is to improve the

performance of the missile for the same preflight weight as a purely rocket-propelled

version. Currently, these missiles incorporate proportional navigation guidance plus

a loft command, gjo5:. Generally, the loft command is related to the ratio of the

current line of sight distance to the original line of sight distance between the missile

and the target and an altitude command. As the range between the two decreases,

the magnitude of the command decays exponentially:

where

Tlo
Rros \ '
Gioft = Galtema Rios

Jait,,, = the altitude command,
Rpos = the current range along the line of sight vector,
Rros, = the initial range along the line of sight vector, and

Tioft = the loft decay constant.

1-1
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Due to the short duration of propulsion and near constant thrust, commanding a
loft according to Eq. (1.1) has proven to be effective in rocket-propelled missiles
as a method of increasing the potential energy of the vehicle. Attempting to gain
altitude, thus increasing potential energy, may or may not be the most effective
guidance implementation for a variable throttle RAMJET. Therefore, the optimal
trajectory of this missile is being investigated in an effort to determine the correct

loft command for the VFDR to minimize intercept time.

The RAMJET engine compresses the incoming air without the mechanical
compressor associated with most air-breathing engines (4). The pressure of the in-
coming air is increased by passing through standing shock waves. To ensure appro-
priate pressure increase, the incoming air flow must remain relatively undisturbed.
To prevent disturbances, the sideslip angle must be approximately zero for the VFDR
due to the configuration of the RAMJET inlet. Hence, the missile equipped with
a RAMJET must fly a bank to turn (BTT) profile to maintain zero sideslip angle.
Therefore, the VFDR utilizes coordinated turning to alter its cross range position,
rather than the skid to turn (zero roll angle) profile of the typical rocket propelled

missile.

1.2  Previous Work

The model for the simulation is based on the simulation ENGAGE (10). EN-
GAGE was created for use with personal computers and simulates a one-on-one
aircraft pursuit and evasion. Each aircraft is capable of launching one missile at the
other aircraft. The algorithms are versatile and permit extensive variations of guid-
ance and control algorithms for both the aircraft and the missiles they fire. However,
ENGAGE is not useful as a tool to optimize a given performance criterion; whether
the criterion is minimum time, maximum range, etc. Parameters such as feedback
gains, loft command cutoff values, and altitude commands can be varied by the user

in an attempt to achieve improved performance. This type of optimization is ad hoc
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at best. The variable throttle RAMJET complicates performance evaluation even
further by greatly increasing the variation of the missile’s performance based upon
the trajectory flown (6:319). Paris et. al. evaluated the optimal trajectory for an
air-breathing missile problem but only for the RAMJET phase of boost. ENGAGE
simulates the full flight of the missile but is not designed to allow the application of

the calculus of variations to determine optimal loft command.

1.8  Project Scope

The scope of this project is to first recreate a simulation for the VFDR using
MATLAB™. During the course of recreating the missile portion of ENGAGE, a
few errors were discovered so an analysis of the impact is presented. Second, the
necessary conditions for the optimal loft control are developed. The minimum time
optimal loft control for the three-dimensional interception problem is shown to be
most interesting when the engagement is in a vertical plane. Therefore, the emphasis
is shifted to determining the optimal control assuming missile flight is restricted
to the vertical plane. Third, a numerical shooting method is developed to solve
the two-point boundary-value problem that is derived as a result of optimizing the
loft command. The discussion so far has frequently referred to “optimal control;”
however, optimal performance is never complete until a measure of performance is
presented. The goal of this analysis is to find the optimal control for loft to minimize
the final time of rendezvous with the target. Hence, the performance index can be
stated as

minimize J = t; (1.2)

where

J = the performance index, and

ty = the final time.
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1.4 Sequence of Presentation

The first step in solving this problem is to develop a simulation for the VFDR.
Chapters two and three describe the model that is simulated in ENGAGE. The
description includes the coordinate systems, the atmospheric model, the equations
of motion, the engines and the guidance and control. Chapter four analyzes the
simulations and discusses the errors discovered. Chapter five presents the derivation
of the necessary conditions for an extremal solution for the free final time problem.
The shooting method is presented as a numerical technique for solving the two-point
boundary-value problem formulated from the necessary conditions for an extremal
solution. An example problem and the numerical results accompany the discussion.
The formulation for the optimal trajectory is presented for the three-dimensional
intercept. An interesting situation occurs when flight is restricted to the vertical
plane. Therefore, the two-dimensional intercept is examined and the formulation for

the optimal trajectory two-point boundary-value problem is presented.
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II. Basic Equations for the Simulation
2.1 Atmosphere

The atmosphere is modeled using the U.S. Standard Atmosphere, 1962 (1).
The model assumes that the atmosphere is comprised of ideal air that contains no
moisture or dust and can be characterized by the ideal gas law. An ideal gas is a
gas in which the molecules are sufficiently far apart so that intermolecular forces
are negligible; the gas acts as a continuous material in which the properties are
determined by statistical average of the particle effects (8:48). Up to altitudes of 80
kilometers (km), air is assumed to be homogeneously mixed with a relative volume
composition that leads to a constant molecular weight, MW,;.. Applying the ideal

gas law to air yields
pR,T

F=

(2.1)

where

R, = the universal gas constant,
P = the total pressure of air,
T = the total temperature, and

p = density.

However, since the molecular weight of air is assumed constant,

R,
MWair ’

= constant.

Rair =

Therefore, the ideal gas law for air becomes,

P = pRairT- (22)
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To 80 km, the modeled atmosphere is also assumed to be in equilibrium which means

that the pressure is related to the geometric altitude by the differential relation
dP = —pgdhg (2.3)
where

he = the geometric height above the earth’s surface, and

g = gravity as a function of altitude.

Equation (2.3) is the hydrostatic equation. The customary approach in standard
atmosphere calculations is to eliminate the variation of gravity with altitude from the
hydrostatic equation. To effectively eliminate the dependence, geopotential altitude
h is introduced. Before the geopotential altitude can be defined, the variation of

gravity with geometric altitude is examined.

Consider two small elements of the atmosphere, where one is just at the surface
of the earth (h¢ = 0) and the other is at some geometric altitude, kg, above the
surface of the earth. The inverse square law of gravitation expresses the attractive

force between each element and the earth as

g = GMgf’“, (2.4)
B
- Mgm,
mMag = (RE n hG’)2 (2’5)

where

Rg = the radius of the earth,
G = the gravitational constant,

my and m, = the mass of the elements, and
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Mpg = the mass of the earth.

Defining ¢ as the acceleration due to gravity at the earth’s surface, it is noted that
g = g when hg is zero. Also noting that the mass of each element cancels from the

expressions above, Eqgs. (2.4) and (2.5) become
(2.6)

Mg
g= G‘R—%‘,
27)

Mg
§= G—B
g (RE + hg)?

An expression for § as a function of geometric altitude is obtained by forming the

ratio of the above equations,
(2.8)

g___ RE
9 (Rg+he)?
R
§ = ) 2.9
9= 9T ha)? (2.9)
The hydrostatic equation, Eq. (2.3), can be expressed either as
dP = —pgdhg (2.10)
or noting that if § = g, then dhg is equal to an arbitrarily small change in geopo-
tential height, dh, and the hydrostatic equation can be expressed as
dP = —pgdh. (2.11)
Equating Egs. (2.10) and (2.11) and solving for dh yields
_ g
dh = Zdhg. (2.12)
g
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Temperature Profile in the Standard Atmosphere
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Figure 2.1 Standard Atmosphere Relation Between Temperature and Altitude

Substituting the relation obtained in Eq. (2.8) and then performing the integration

an expression for h is

R%
dh = ——=——dh
(RE + hg)? ¢
Rg
h=-———o—h 2.13
(Rg + hg) ¢ (2.13)

Equation (2.13) is the geopotential altitude, an altitude that assumes gravity is
constant and equal to its sea level value. The variation of temperature with altitude
was determined experimentally for the U.S. Standard Atmosphere, 1962 and is shown
in Fig. 2.1. For the atmosphere in which air-breathing flight takes place, there are two
noticeable traits. There is a temperature gradient region and an isothermal region.

The temperature in the gradient region varies linearly. Therefore, the temperature




at a given h is expressed by

dT
T=T,+ E]-l-(h — hb) (2.14)

where

Ty = the reference temperature at the start of the region of interest, and

hy = the associated reference geopotential altitude.

Dividing Eq. (2.3) by Eq. (2.1)and performing the integration, two expressions for
density are formed. The first expression is valid for the region that temperature

varies linearly with h. The second expression is applicable in the isothermal region.

T —(1+Rair ) dT
p=pPo (ﬁ) for T #0, (2.15)
_ _glh—h) | AT
p=p exp{ R, for = 0. (2.16)

where,
p» = the reference density at the start of the region of interest.

Equations (2.15) and (2.16) are two expressions for p, depending upon whether the
altitude is in an isothermal region or a temperature gradient region. Table 2.1 gives

the corresponding reference values for h, Ty, pp, and %'

The above atmospheric model allows the determination of T, p, and P solely
as a function of geopotential altitude up to 80 km. Figure 2.2 shows the variation
of density and pressure as a function of geopotential altitude for the atmospheric

model. The values for density and pressure are normalized by the respective sea-
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Reference Altitude, | Reference Temperature, Reference Density, %%’
h, km Tb, K Pb, kg/m3 K/km

0 288.15 1.225 -6.5
11 216.65 3.639 x 107! 0
20 216.65 8.803 x 1072 1
32 228.65 1.332 x 1072 1
47 270.65 1.427 x 1073 2.8
52 270.65 7.594 x 10~4 0
61 252.65 2.511 x 10~ -2

Table 2.1 Properties of the Atmosphere at the Isothermal Gradient Boundaries
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Figure 2.2 Density and Pressure as Percent of Sea Level Value
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level value. Above 80 km, air begins to diffuse and the molecular weight can no

longer be assumed constant.

From these quantities, the following expressions for a, the speed of sound in

air, and @,, dynamic pressure, can be obtained:

a = \/’ym'TRm'TT (2.17)

Qo = 5PViiy- (2.18)

~4ir = the the specific heat ratio of air

V.ir = the velocity of the freestream air.

2.2 Coordinate Systems

This section describes the various coordinate systems used in the model and
the necessary rotation sequences used to define the axis systems. This model is
developed assuming that the earth is a flat, non-rotating reference frame. This
assumption is valid given the relatively short duration of a typical flight which is on

the order of one minute.

2.2.1 Inertial Azis.  The inertial axis is formed by using the right hand rule
with zg and yg forming a plane parallel to the surface of the earth, and 2z normal

to the surface of the earth. Figure 2.3 depicts the earth fixed coordinate system.

2.2.2 Velocity Axis. To go from the Earth-fixed, or inertial, axis system
to the velocity axis system, a rotation of angle ¥ is made about the zg axis. This

forms an intermediate axis zg1, yg1, and zg;. Figure 2.4 shows this rotation. The




Ve

T 777777777

Earth

Figure 2.3 Inertial Axis System

ys} ______ 1)’5 v .- ]z El
Rotation 1 Rotation 2
Yeiv
Xg / Xy
/“I xE Y ) :‘l xgl
ZEFE1

Figure 2.4 Rotation Sequence From Earth to Velocity Axis

transformation from the inertial axis to the intermediate axis is given by

TE1 costp sinyy 07 [zg
ygr | = | —siny cosy¥ 0| | yE
ZE1 0

(2.19)
0 1 ZE

Next, a rotation of angle v is made about the resulting -yg; axis. This is chosen so

a positive v represents climbing flight. This produces unit vectors in zvy, yv, and zy




Figure 2.5 Rotation from Velocity to Stability Axis

directions with the total velocity, V, always pointed in the zy direction.

Ty cosy 0 sinvy] [zm
yv | = 0 1 0 YE1 (2.20)
v —siny 0 cosvy ZE1

Equations (2.19) and (2.20) can be combined allowing the definition of Tgv to be

the rotation matrix from the earth to the velocity coordinate system.

Ty [ cosy 0 sinvy costp sinyy 0] [zg
yy | = 0 1 0 —siny cosy O | yE (2.21)
v | —siny 0 cos~y 0 0 1 2E
[ cosy cos cosysiny siny] [zg
= —siney cos 0 YE (2.22)
| —sinycosy —sinysiny cosvy] | 2E
TE
=Tgv | yE (2.23)
2E

2.2.3 Stability Azis.  The stability axis is defined by a roll angle, o, about
the -zy axis. This results in coordinates zs, ys, and zg. Figure 2.5 shows the

rotation sequence to the stability axis system and is given by
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Figure 2.6 Rotation Sequence from Stability to Body Axis

rs 1 0 0 Ty

ys| =10 cosoc —sino| [yv (2.24)

zs 0 sinec coso v
Ty

= Tvs yv | . (2.25)

2y

Equation (2.24) leads to the definition of the rotation matrix from the velocity to

the stability axis system, Tvs.

2.2.4 Body Azis.  The body axis system is defined relative to the stability
axis system by two rotations. Figure 2.6 shows the rotation sequence from the
stability axis to the body axis. The first is a rotation of angle B about the zg axis.
The second rotation is an angle a about the resulting -y axis. The transformation

from the stability axis to the body axis is
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Figure 2.7 Body Fixed Axis System

TB [ cosa 0 sinoa cosfB sinf 07 [zs
yp | = 0 1 0 —sinfB cosf 0| |ys (2.26)
ZB | —sina 0 cosa 0 0 1 zs

[ cosacosf  cosasinf  sina] [zg

= —sin cos 3 0 Ys (2.27)
| —sinacosf —sinasinf cosa] | zs
Is
=Tsp |ys | - (2.28)
<s

The resulting direction vectors, zg, yg, and zp, are fixed to the missile with zp out
the nose, yp out the left side of the missile and zp out the top; see Fig 2.7. The

transformation from the stability axis system to the body axis system is accomplished

by Tss, which is defined by Eq. (2.28).

2.3 Force Equations

Figure 2.8 is a free body diagram of the missile in flight. The missile is assumed

to be a point mass. The sum of forces produces the net acceleration of the vehicle.
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Velocity

Xg

Axial

Figure 2.8 Free Body Diagram of the Missile in Flight

The acceleration terms are derived followed by a development of the force terms.

d
=1m Zl—t(vv) + wyyg X Vv (229)

where

Fv = the total force on the missile,
ay = the total acceleration of the missile,
Vv = the velocity vector in the velocity frame,
wy/g = the angular velocity vector of the velocity frame

relative to the inertial frame.
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The forces acting on the missile in flight are in various reference frames. Weight, W,
is acting in the inertial frame and the axial, F,, normal, F,, lateral, F,, and thrust,

Frp, forces are in the body frame.

By definition, the velocity axis system is aligned with the velocity vector,
|4
Vv=|[0]. (2.30)
0

The angular velocity of the velocity axis system relative to the inertial frame is
known through the rotations required to go from the inertial to velocity coordinate

systems.

wy/p = Pip — ¥im (2.31)
However, t/}éE and yyg; must be expressed in the velocity frame, hence

0
%, =Tav | 0
¥
[ cosycosty  cosycosyp siny] [0
= —sin®y cos P 0 0
| —sinycosy —sinvysiny cosy ¢
[ siny
= 0

_1/-)008’)’

and

cosy 0 siny] [0
Yy, = 0 1 0 o1 (2.32)
—siny 0 cosy] |0
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0
= |7
0
Therefore, wy/g can be expressed entirely in the velocity axis system as

Wy/E = Psinydy — Yiv + W cos Y2y (2.33)

Knowing wy,g and V', the cross product of Eq. (2.29) becomes

A A ~

v Yv v

wy/exVy = ¢.sin7 —y g!)cos*y

|4 0 0
0
= | Vipcosy | . (2.34)
Vy
Also,
| 4
d
-d—t-(Vv) =0
0
=Viv (2.35)
Combining Egs. (2.34) and (2.35) the total acceleration vector, ay becomes
d
ay = E(VV) + wy/gxVy
14
= | Vihcosn | . (2.36)
Vy
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For completion of Eq. (2.29), the net forces in the velocity axis frame must be
determined. The forces acting in the body frame are the thrust, the axial force, the
normal force and the side force. The thrust force is aligned with the Zp axis. The
axial force is also aligned with the &p axis but acts in the opposite direction of the
thrust force. The normal force acts normal to the Zg — §p plane in the Zg direction.

The lateral force acts in the §p direction. The force vector is expressed as

Fr—F,
Fe=| F, |, (2.37)
F,

where F'g indicates the force vector is only thrust and aerodynamic forces, and
gravity is not yet included. As a first step in transforming Fg, the force vector is

rotated to the stability axis,

Fs = TpsFp
= Tsp Fp
[cosacosB —sinfB —sinacosfB] [Fr~ F,
= |cosasinff cosff —sinasinf F,
sin & 0 cos F,

[ Frrcosacos B — F,cosacos f — Fysin§ — F, sina cos 3
= | Frcosasinf — F,cosasin 3 + F, cos B — F, sinasin (2.38)

Frsina — F,sina + F, cosa

Equation (2.38) represents the thrust and aerodynamic forces acting on the missile
relative to the stability axis system. Drag, D, side, S and lift, L, are defined in
the missile stability axis and are pictured in Fig 2.9. Lift is the total aerodynamic
force acting on the missile in the stability axis in the Zg direction. Drag is the total
aerodynamic force acting on the missile in the stability axis in the -5 direction. The

side force is the total aerodynamic force acting on the missile in the stability axis in
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Zs

Velocity

Figure 2.9 Forces on Missile in Stability Axis System
the gs direction.
D =F,cosacosf+ Fysinf + F,sinacos 3
= —F,cosasinf + Fycos f — F,sinasinf
L=-F,sina+ F,cosa
The above definitions reduce Eq. (2.38) to

FrcosacosB— D
f‘s = | Frcosasinf+ S
Frsina+ L

(2.39)
(2.40)
(2.41)

(2.42)

The final rotation sequence from the stability axis system to the velocity axis system

is accomplished by the transpose of the rotation matrix in Eq. (2.25). The result of

the rotation is the thrust and the aerodynamic forces are expressed in the velocity
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axis system.

Fv = Tvs'Fs
' 1 0 0 Frcosacosf—D
=|0 cosoc sino || Frcosasinf+ S
|0 —sino coso Frsina+ L
[ Frcosacosf— D
= | (Frsina+ L)sino + (Frcosasin f+ S)coso | . (2.43)

| (Frsina+ L)coso — (Frcosasinf + S)sino

Fv is the thrust and aerodynamic forces acting of the missile in the velocity reference
frame. Gravity effects are now included to produce the total force vector in the
velocity coordinate system, Fy. Gravity acts in the -2g direction of the inertial

frame. Noting the mass of the missile is m and using the relation

0
Wg=m]| 0 (2.44)
-9
yields
0
Wg=| 0
-W

Resolving the weight vector into the the velocity axis components yields,

0
Wy =Tgv|{ 0
-W
COS 7y COS cosycosty  sin7y 0
= —siny cos 0 0

—sinycosy —sinvysiny cosvy| [ —-W
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~Wsiny ]
= 0 . (2.45)

~W cosy

The thrust and aerodynamic forces, Eq. (2.43), are combined with the weight,

Eq. (2.45) to denote the total forces acting on the missile in the velocity frame.

Fv =Fy+ Wy
I Frcosacosff— D —Wsiny
= | (Frsina+ L)sino + (Frcosasin S+ S)coso | + 0
| (Frsina + L) coso — (Frcosasinf + S)sino —W cosvy
[ Frcosacosff— D — Wsiny
= (Frsina+ L)sino + (Frcosasin§ + S) cos o . (2.46)

| (Frsina+ L)coso — (Frcosasin f + S)sino — W cosy

The expressions for the acceleration of the missile in the velocity axis and
the total forces acting on the missile in the velocity axis can now be combined in
Eq. (2.29) to complete the expressions for the equations of motion of the missile.

Recall Eq. (2.29):
Z Fv = may

Substituting the expression obtained from Eq. (2.46) for Fyv and the expression
obtained from Eq. (2.36) for ay yields

1% Frcosacosf— D — Wsiny
m | Vicosy | = (Frsina+ L)sino + (Frcosasin 8+ S)coso
Vi (Frsina+ L)coso — (Frcosasinf + S)sino — Wcosy

(2.47)
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Dividing both sides of the equation by the mass of the missile, the above equation

becomes
1% Frcosacosp— D — Wsiny
. 1
Vipcosy | = — (Frsina+ L)sino + (Frcosasin 34 S) coso
m
Vi (Frsina+ L)coso — (Frcosasinf 4+ S)sino — W cos vy
(2.48)
Substituting
1 g
— == 2.49
— =W (2.49)
into Eq. (2.48), the expression becomes
1% g(%cosacosﬂ——v%—sin'y)
VQLCOS’)’ = g[(%sina+—v%)sina+(%"—cosasinﬂ+-vsv)cosa}
V4 g[(%sina-}-%)cosa—(%Vfcosasinﬁ—l-%)sina—cos'y
2.50)
Rearranging the terms, expressions for Vv, 1/) and v are
1% g(%,lcosacosﬂ——v%—-sin'y)
)| = T [(1—;‘,1 sina + %) sino + (Ev"vn cosasin f + %) cosa] . (2.51)
0] %[(%sina+%)ccsa—(%cosasinﬂ+—v‘%)sina—cos'y]
Noting S = 0 and S = 0 for this missile, the equations of motion reduce to
1% g(%ﬂcosa——%—-sinv)
)| = Vs (Eu%l sina + VLV_) sin o . (2.52)
A £ [(1—;‘,71 sina—}-%{,—) cosa—cos'y}

Zg, YE, and Zg are related to the velocity vector in the velocity axis system

through the transpose of Eq. (2.23)
TE Vv
g | = Tev’ | 0

ZE 0
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V cosycos 9
= | Vcosvysineg |. (2.53)
Vsiny

Equation (2.53) gives the translational equations needed to determine the po-
sition of the missile in the inertial coordinate system and Eq. (2.52) represents the
equations of motion in the velocity frame for the missile in flight. Specific expressions

for Fr, L and D are developed in the following sections.

2.4 Aerodynamic Forces

The aerodynamic forces for this missile are in the form of dimensionless aero-
dynamic coefficients. This data is in tabular form and was generated through wind
tunnel testing. There is no sideslip angle, hence there is no side force. The axial
force is modeled as a function of a dimensionless axial force coefficient, C,, based
on Mach number, M, and a. A dimensionless compensation to the axial force coef-
ficient, AC,, as a function of altitude and Mach number corrects for the variations
in aerodynamic effects as density and Mach number vary. The axial force, F,, is

expressed as

F, = (Co + AC)A,5Q, (2.54)
Co = fla, M) (2.55)
AC, = f(h, M) (2.56)

where
A5 = the aerodynamic reference area of the missile.

Two sets of data are required for C,. The RAMJET requires air flow into the com-

bustion chamber, which requires ducts to open. These ducts are not deployed during
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the rocket boost phase, hence the two different axial force profiles, one corresponding
to the axial coefficient during the rocket boost phase, and the other corresponding

to the axial coefficient during the RAMJET boost phase.

The normal force, F,, is modeled as a function of a dimensionless normal force

coefficient, C,,, based on M and a.

Fo=CrA5Q, (2.57)
Crn = f(aa M) (258)

2.5 Fngine

The engine needs to be described during the three phases of its flight. Overall,
there are two propulsion phases and one coast phase. The rocket boost phase is the
first phase. The rocket booster burns at a fixed rate until the propellant is depleted.
The next propulsion phase is the air-breathing boost phase. This phase is terminated
when the oxidizer is depleted. Unlike the constant fuel flow rate in the rocket boost
phase, the fuel flow rate is variable in the air-breathing boost phase. Separating the
rocket boost phase and the air-breathing boost phase is a brief (0.2 sec) coast phase
where there is no thrust developed and no fuel depletion. This phase begins when
the propellant for the rocket engine is depleted and the transition time permits the
opening of the RAMJET inlet. Finally, the missile returns to the coast phase if the

oxidizer is depleted prior to target intercept.

2.5.1 Rocket Boost Phase.  The thrust, Fr, of a rocket engine pictured in

Fig. 2.10 is given by
FT — Tsl + Aexit(psl - p)7 (259)

where

T = the thrust at sea level,
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Ambient pressure, p,

Thrust, FT
Exit Area, Am., I

' Control Volume

Figure 2.10 Rocket Engine Control Volume

Aezit = the exit area of the nozzle,

psi = the atmospheric pressure at sea level.

This equation is useful since Ty is known from test data and Ay is known from the
geometry of the missile. The pressure, p,, is known as a function of altitude from
the atmospheric model and is given by Eq. (2.1). The weight of the missile, W,,,,

decreases at the rate the fuel is depleted, wy;

Tsl
Ispsl

by = (2.60)

where
Iy, = the sea level specific impulse

and is known from test data. Ty and I,,, are modeled as constant values which

implies that w;y is constant for the rocket boost phase of flight.

2.5.2 Air-Breathing Boost Phase. A general RAMJET engine is pictured
in Fig. 2.11 (11:96). Air at station 0 enters the engine at free-stream velocity, V,, and
pressure, p,, at a rate of w,. The capture area is A,. The velocity of the entering air
is reduced and the static pressure is increased by the supersonic diffuser at station
1. The subsonic diffuser, station 2, then compresses the air further. The air flows

into the combustor at station 3, which houses the burners. The air is heated by the
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Figure 2.11 Features of the General RAMJET Engine

continuous combustion of fuel. The heated products of combustion are expanded in
the nozzle, station 4, and are ejected at station 6 at a speed greater than the incoming

air. The increase in momentum of the gas results in a thrust in the direction of flight.

Since this engine requires flowing air in order to build pressure for the combus-
tion process, the engine is not able to generate thrust at zero flight speed. Hence, the
RAMJET must be propelled to a minimum velocity to operate. The ABMRAAM
accomplishes this through the rocket booster previously described. Once in flight,
the thrust, Frr, generated by the RAMJET is given by

W, + W W,
FT = (__g“ﬁ‘/exit - "g_v; + (pezit - po)Aezit’ (261)

where

Vezit = the velocity of the gases exiting the nozzle,
Perit = the pressure of the gases exiting the nozzle, and

A.zis = the exit area of the nozzle.
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A throttle is used to control the fuel flow rate, wy, entering the combustion
chamber which regulates the thrust. The throttle logic will be discussed further
in the next chapter. Once wy is determined, w,, Vezit, and pesi¢ in Eq. (2.61) are

functions of M and a. Again, the data for this model is in tabular form.

2.5.3 Coast Phase. As previously mentioned, the coast phase can occur
twice during a missile flight. The first time it occurs is between the rocket and the
RAMJET boost phases. The duration is for 0.2 seconds and allows for the transition
of power modes. The next time the coast phase can occur is if intercept has not
happened prior to the expenditure of the fuel to sustain the RAMJET propulsion.

In either situation, the drag induced by the aerodynamic effects over the inlet, D; of

the RAMJET is given by
D; = Cy,Q,A, (2.62)

where

Cq; = the coeflicient of induced drag.

Cy, is a function of M and ¢ and is in tabular form for the missile model. This table

was generated by wind tunnel testing.
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III. Guidance and Control
3.1 Guidance

The VFDR uses a mixed guidance strategy to guide it to the target. The
lateral guidance is a proportional navigation command. The horizontal guidance is
a combination of a Mach command and a gravity command. The vertical guidance is
a combination of a loft command, a proportional navigation command and a gravity
command. This section will describe the guidance of the VFDR and derive the
line of sight parameters for proportional navigation. Commands not generated by
proportional navigation will then be discussed. Proportional navigation guidance
results in an acceleration command in the velocity axis system proportional to the
angular rate of change of the line-of sight vector, wrps, from the missile to the
target. NN is called the proportional navigation constant. Therefore, the commands
generated to guide the missile are proportional to the angular velocity of the missile
relative to the target by a factor of N. Generally, N ranges from 2 to 6 which
implies that the missile develops a lead angle on the target (9). If N = 1, then the
resulting missile accelerations will alter the relative velocity between the missile and
the target and drive the line of sight rate to zero and if N < 1, the missile will lag
behind the target (3:262). Differentiating the velocity vector with respect to time,
Eq. (3.1), yields the desired acceleration vector, a,, of the missile in terms of the

angular velocity of line of sight vector.

_4av
Am = "

dv
—d—t-v-i-NwLosXV

=V#y + Nwros x V. (3.1)

E
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Figure 3.1 Typical Missile-Target Intercept Scenario

Taking the cross product of the final term in Eq. (3.1) yields

v v v 0
NwrosxV=|Nw, Nw, Nw,|=| VpNuw,
Vin 0 0 ~ViNw,
= Viniv + Vi Nw,gv — Vi, Nw, 2y (3.2)

Normalizing the acceleration vector, an,, with respect to gravity yields

V; ViNw, .  VuNuw,,

gy gy, - Mgy (3.3)
Specific expressions for w, and w, in Eq. (3.3) are developed by examining the line of
sight parameters between the missile and the target. Note that w, does not appear in
Eq. (3.2). Figure 3.1 shows a general three-dimensional missile target game. Before
expressions can be obtained for w, and w, in Eq. (3.2), some initial definitions must

be made for the components of distance from the target to the missile and the
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components of relative velocity from the missile to the target.

TLOS = TT — Ty (3.4)
YLos = Y1 — Ym (3.5)
2108 = hr — by, (3.6)
Veros = &1 — Vi €08 P, €OS Yy, (3.7)
Viros = YT — Vi sin ¢y, cos v, (3.8)
Visos = hr — Vi sin v, (3.9)

where the subscript T' denotes the target and m denotes the missile. From the
definitions in Eqs (3.4) through (3.9), the range along the line of sight, Rros, can

be expressed as

1
| Brosl|l = (wios +Yios + Zzos) ’ (3.10)
The closing velocity, Vs can be expressed as
Voo Rios ® Vios
CIOSC e
| Rosl||
T

— [-'L'LOS Yros ZLOS] o [Vz‘Los ‘/;JLOS VzLos] ) (3.11)

| Rrosl|

Dividing the line of sight range by the closing velocity, an estimation for the time

remaining until intercept, ¢4, is expressed as

[ Brosl|
tgo = —. 3.12
9 ‘/clase ( )
Referring to Fig 3.1, the rate of change of the position vector from the missile to
the target can be described by a cross range angular velocity, ¥0s, and an angular
rate of change from the horizontal, 4105. The total angular velocity of the line of

sight vector is

wros = YrosiE — ArosiE. (3.13)
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Figure 3.2 Line of Sight Geometry for the z1.0s — yros Plane

Specific expressions for z/')Log and 4ros in terms of the definitions for the line of sight
parameters are required to generate the necessary guidance commands in Eq. (3.3)
to intercept the target. Examining the z10s — yros plane, ¥ros is shown in Fig 3.2
along with the tangential and normal components of the line of sight velocity vector
in the plane. V., and V,,,, are the line of sight components in the z70s and
yros directions, respectively. Resolving the velocity vectors into their zg; and ¥z

components yields

VeLosEl [ cosYros sinYros 07 [Viros
Vioskr | = | —sintros cosros 0| | VyrLos
VirosEl | 0 0 11 [ Viros
[ Viros €08¥ros + Vi, o5 sSin¥ros
= _V;:Los sinYros + VyLos cos Yros | - (3.14)
L ‘/ZLOS

The line of sight velocity component in the yg; direction is the tangential velocity

of point A that is being swept by the radius (z}og + y7 2 with angular velocity
p g Lo Los g
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YrLos. Equating the two expressions for the velocity of point A yields

1

2 2 \ij :
(mLos + yLOS) Yros = Vyp05 €08 PLos — Viyos 8InPLos.

Therefore, ¥10s can be expressed as

V?/LOS cos Pros — V;?Los sin Yros

1
(2305 + ¥i0s)?

'(/)LOS =

Noting from the geometry in Fig 3.2 that

TLoS
cosPros = - I
(z30s + ¥ios)?
) YLOS
sinYros =

N

2 2
(ztos + ¥ios)
the expression for ¥70s becomes

Viros®ros — VarosYLOS

Yros = 5 3
Zios + Yios

The rotation due to the yr0s is shown in Fig 3.3.

Vorosv [ cosy 0 siny] [ Veposcosyros + Vyos Sin¥ros
Virosv | = 0 10 ~Veros8in®ros + Vi 05 cOs Yros
‘/ZLosv | — Sin7 0 COS'Y ‘/zLOS

= —"‘/:L‘Los sin ll)bLOS + ‘/Z/LOS cos ¢LOS

As before, the tangential components of velocity are equated

RrosiLos = Vzyos cO87Y — (Vzros CO8 Yros + Viros sin Yros) sin~y.
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[ (VELos cos Pros + V;/Los sin d)LOS) cos 7y + VZLos siny

L~ (Vl‘Los cosYros + ‘/;ILOS sin '(/)LOS) siny + V;Los cosy

(3.15)

(3.16)

(3.17)

(3.18)
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Vz,

Vz,05008Y o - (VX008 Vo + Vy sinV¥oo) sin¥

YeiLos

Rios ' Vx, . cosV. .+ Vy sin¥
oo j : o€ Los Y oS LoS

X
EILOS

Figure 3.3 Line of Sight Geometry for the zr.0s51 — 205 Plane

Dividing by Rros, YLos is expressed as

V.

ZLOS

cosy — (‘/;‘LOS CcOs ’(/JLOS + V;.JLOS sin ¢LOS) sin 7. (3-20)
Ryos

YrLos =
Noting from the geometry in Fig 3.3

1
2 2 2
(zios + ¥Yios)?
Rios
2108

Rios

COSYLOS =

sinyros =

and substituting expressions for cos ¥1os and sinros, YLos can be expressed by

[ S

2 2
Viios (Thos + Yios) VeLosTLOSZLOS

YLos = 2 1
Rros (z}os + yios)? Rios
VyLosyLOSZLOS
1
(305 + ¥i0s)? Rios
— sz,os (w%OS + y%OS) — ZLOS (Vl‘LostOS + V;JLOsyLOS) (3 21)

1
2 2 \% p2
(z30s + ¥i0s)? Rios




Recall the angular line of sight velocity vector
wros = YrosiE — Y1osiE (3.22)

Rotating 1/.)L052E to the intermediate coordinate system yields

TE [ cosy siny 0 0
gg1 | = | —siny cosyp 0 0
2m | 0 0 1] |¥ros
[ 0
= 0 |. (3.23)
| $ros

The line of sight angular velocity rate becomes
W, osE1 = YrosiE1 — ALosim- (3.24)

Rotating to the velocity axis system produces

( cosy 0 sin~vy 0

WoosV = 0 1 0 —9Los

| —siny 0 cosy Yros

[ Prossiny

=| —-Aros (3.25)

| Yros cosy

The angular rate of change in the velocity axis of the line of sight vector is given by

Eq. (3.25). Therefore,

wy = —ﬁ’LOS (3.26)

w, = 1/}Log cos 7y (3.27)




are the expressions required to generate a proportional navigation command. Recall
Eq. (3.3) for the proportional navigation command vector

Vo  VuNw,, VypNuw,,
n, = —=zy + yv — <

V. (3.28)

Substituting Egs. (3.26) and (3.27) yields

V... V.Ni . Vo.NAos.
n,, = —g—.’I,’V + ¢LOS COS’YyV + '——-—:—YL—O-EZV (329)

which is the dimensionless command vector. The proportional navigation command

vector used is

0

g ppy = | Peldioseon | (3.30)

VmNA10s
g
Proportional navigation is not the only command used to guide the missile.
The other commands employed by the VFDR will be examined. Only proportional

navigation is used in the lateral, §,, direction. Therefore, the total g.q4, is given by

Vm NKZ’LOS Cos 7y
gcmdy = gcmdp/ny = (3.31)
g
where
gemd, = the total command in the g, direction. (3.32)

The command in the horizontal direction is a combination of a command to control
the Mach number and a command to counter the effects of gravity. The Mach
command, gmqch, 18 generated first comparing a desired Mach number to the actual

Mach number of the missile;

Momg — M = AM (3.33)




where

M, nq = desired Mach number
M = actual Mach number

AM = delta Mach number, desired - actual.

The VFDR uses a fixed M g for the desired Mach number. AM is multiplied by
the speed of sound to obtain a delta velocity. The delta velocity is divided by a time

constant and gravity to produce a dimensionless ¢pach,. gmach, can be expressed by

a
9machy = (Mcmd - M) ;M—g (334)

where

a = the speed of sound
Tam = the time constant

g = gravity

The total gemq, is a combination of gach, and a command to counter the effects of

gravity.
0
gv=Tev| 0 (3.35)
Y-
—gsiny
= 0 (3.36)
—gcos ]

Making gy, dimensionless and opposite to the gravity term yields

Gemdg, = sin - (337)
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The total command in the horizontal direction is expressed by

Gemd: = Ymach; + Gemdg,

= (Mema — M) 2 + sin 4. (3.38)
™Y

ENGAGE does not use the actual value of the speed of sound in air. ENGAGE

approximates the speed of sound and assumes it is constant with a = 304.3 m/sec

(998.2 ft/sec).

The commands in the vertical direction, Z,, are a combination of proportional
navigation, gravity effect, and a loft command. The proportional navigation com-
mand is expressed in Eq. (3.30)

VNqLos
g

gcmdP/Nz = (339)

The command to counteract the effect of gravity in the 2, direction is determined
by examining the gy vector.
0
gy=Tev | 0

.—g-
—gsiny ]
= 0 (3.40)

—{g COS 7 |

which can be expressed as a dimensionless command by dividing by gravity

Jemdg, = COS7. (3.41)

The loft command is employed to increase the altitude of the missile. gj,f: is the

control that is unknown in the formulation of the optimization problem. The total
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Jemd, vector is expressed as

9emd, = YemdP/N, + Gemdg, + Gloft
V N4
= L1ros + cosy + Gioft- (3.42)

3.2 Control

This section describes the control logic for the fuel flow rate of the RAMJET

engine, the missile roll control, and the missile pitch control.

3.2.1 Fuel Flow Rate Control.  The throttle logic accomplishes three things.
First, it prevents the pressure inside the combustion chamber, station 3 in Fig. 2.11,
from getting too large. In turn, this prevents too large a pressure at the inlet. Ex-
cessive pressure at the inlet would prevent sufficient air flow to support combustion.
Second, the throttle logic maintains w; between a minimum and maximum value.
Decreasing wy too low will cause a flame out. Increasing w; too much will result
in wasted fuel since exceeding the stoichiometric fuel air ratio will cause fuel to be
exhausted without being converted to energy by the combustion process. Third, the
throttle logic will prevent the missile from exceeding a maximum velocity. For sus-
tainment of propulsion in the combustor, the air flow rate must not blow the flame
out the rear of the engine. This can happen if the velocity of the air through the

combustor is too large.

3.2.2 Roll Control. A block diagram of the roll control for the missile is
pictured in Fig. 3.4. The control logic is simply a feedback of the actual roll angle,
o, using static gains. From the diagram,

Co

=17C,F, e =) (3.43)

o
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c G 1
omd VAR C 1

Figure 3.4 Block Diagram of Roll Control

where

¢ = the roll rate of the missile,
Oema = the roll command,

C, = the feedforward gain, and,

F, = the feedback gain.

Defining 7, as

1 Cs
T Yo (3.44)
Eq. (3.43) is reduced to
. 1 1
o (t) = 'T—HO'cmd”u_l (t - to) - T—'O' (t) (345)

where

||oemal| = the magnitude of input

u_; = the unit step function
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where

0,t <t,
1,t>t,

u_1(t—t,) = {

Taking the Laplace transform of both sides yields

1 1 e~
so(s)—a(0) + —0 (s) = = lloemall- (3.46)
Collecting terms, the expression becomes
1 1 e~
(s + T_a) o(s)= s loemd|| + o (0) (3.47)
or, in terms of o(s)
—sto
o(s) = L eloemdll 2 (0) (3.48)

To s (3 + é) s+ % )
The first term on the right side of the equation can be expanded in partial fractions

to yield

B A(s+:—a)+Bs

st ()
= jlﬂ(g%— (3.49)
A and B are determined from the above expression to be
A = ||ocmdl] (3.50)
B = —||ocmd]|- (3.51)
Substituting these values for A and B yields
o< Dol _ Nl o, o (0) 52

I Y )
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Figure 3.5 Roll Response to a 5 Degree Step Command

Inverting, o as a function of time becomes
L _i
o(t) = o(0)e " + ||oemalluc1(t — t,) = ||ocmalle” 7 ‘uy(t = 1,).  (3.53)

The expression for o(t) is continuous for all time, however &(t) is discontinuous at
time t,. Therefore, the commanded value of roll is achieved by a continuous change
in o rather than by a discrete step. The first two terms on the right side of the
expression are the zero state solution (7:7). The final term is the zero input solution
(7:8) and assumes the response is due to initial energy in the system and the input
is zero. For a linear system as the roll control for the missile, the complete response
is just a linear superposition of the zero input and the zero state response (7:9). The
roll response for a step input of 5° is shown in Fig 3.5 assuming the input occurs at
to = 0 and o, = 0°.

To determine 0.4, the command vector in the velocity axis is transformed to

the missile body axis system.

gcmdB = TVBgcmdv
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Figure 3.6 Block Diagram of Pitch Control

= TvsTsBYG cmd,
Gemd, COS @ + (gcmdy $in & + gemd, COS a) sin o

= Gemd, COS O — gemd, SIN O . (3.54)

~Gemd, SN Q + (gcmdy Sin o + gemd, COS 0') cos «

However, for a BTT missile the following must be true:
Gomdy,, = 0 = gemd, COS O — gemad, SIR 0. (3.55)

The expression for o.,4 is therefore

Ocmd = arctan (—gimiy-) : (3.56)
Gemd,
3.2.8 Pitch Control. The pitch control of the VFDR is accomplished

through the deflection of control surfaces on the tail. The deflections cause the
rotation of the body to a new angle-of-attack and lift is generated by the wings
and the body (9:18). The angle of attack of the missile changes proportionally to
the difference between the magnitude of the commanded acceleration in the velocity
yv — zv plane and the actual acceleration in the velocity yyv — zyv plane. A block

diagram of the pitch control is pictured in Fig 3.6. Therefore,

& = [|gemaye || — lImaerop- |l - (3.57)
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The magnitude of gemay. is given by

=

l9emavzll = (92ma, + 9oma) (3.58)

and the magnitude of the actual acceleration is given by
7

ey (s )]
San_’ smmo WCOSQSIH W CoOs o

Fyy\?

ool = [

ST

Fr . L Fr : S) : }2
+{(Wsma+W>cosa—(Wcosasmﬁ—}-w sin o (3.59)

Recalling that S = 0 and 8 = 0 for the VFDR, the equation reduces to

1
2

T . LN /., 2
Inaerouz | = (—W— sma+—W—> (sm o + cos a)

Il—— sina + (3.60)

wl

The pitch control is an open loop system and integrates the command. A bounded
input does not produce bounded output. An angle of attack response for a 1g delta
command is pictured in Fig 3.7. As is the case with the roll control logic, the pitch
control logic produces a continuous change in the angle of attack so discontinuities

in a do not exist.
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Figure 3.7 Angle of Attack Response to 1g Command
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IV. Analysis of Simulation
Upon completion of the modeling, the simulation was coded into MATLABTM,
Two baseline test flights were used for comparison and the results of ENGAGE were
not duplicated for flight based solely on proportional navigation. For the first test
flight, the missile and target are initially at the same altitude and relative cross
range; the flight is in a vertical plane. Figure 4.1 depicts the scenario. The target
flies a constant altitude profile and is non accelerating at an air speed of 0.9 Mach.
The missile is launched with an initial speed of 0.9 Mach and is pointing directly at
the target. For the second test flight, the target is at a lower altitude and a different
cross range position than the missile. Table 4.1 summarizes the initial conditions and
the results for the two flights. The states for the first flight are shown in Figs 4.2
and 4.3. The solid lines indicate the simulation results from the MATLAB™M code
and the dashed lines represent the results obtained from ENGAGE. An error exists
between the two simulations. The states for the second test case are shown in Figs 4.4

and 4.5. Again, an error is noticeable.

During the course of comparing results to those obtained from ENGAGE, two
errors were found in the original code of ENGAGE. The first error was in the model

of the atmosphere. Recall the two expressions obtained for density depending upon

L
Missile

Figure 4.1 Initial Conditions of Baseline Simulation
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Altitude (meters)

| | Flight 1 | Flight 2 |
Missile | Target | Missile | Target
Down Range (km) 0 27.8 0 18.5
Cross Range (km) 0 0 0 9.26
Altitude (m) 6098 | 6098 | 6098 | 4573
Mach Number 0.9 0.9 0.9 0.9
Flight Path Angle (Deg) 0 0 0 0
Heading Angle (Deg) 0 -180 0 -180
Intercept Time (Sec) 24.76 21.10
Rios (m) 2.03 0.640

Table 4.1 Initial Conditions and Results for Baseline Simulations
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Figure 4.2 zg, yg, zg and V Simulation Comparisons for Flight 1
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Figure 4.6 Density as a Function of Altitude

the characteristics of temperature for the local region; Eq. (2.15) and Eq. (2.16).

To>‘(1+'}§f)

Po = Pb (ﬁ
_slhg=hy) dT

pPo=ppe B for — = 0.

dhg

daT
for dhe # 0, and,

The first expression is used to approximate air density in regions that temperature
is characterized as varying linearly with altitude, Fig 2.1. The second expression is

used within regions that temperature is constant with altitude.

ENGAGE utilizes the expression for density valid only in isothermal regions.
Figure 4.6 shows the density calculated with both equations. Figure 4.7 shows the
percent error between the correct expression and the incorrect expression. Notice

that near the top of the gradient region the error is almost 10.0 percent. The density
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Figure 4.7 Percent Error in the Density Value
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value is used to determine the aerodynamic forces acting on the missile; Egs. (2.54)
and (2.57) where
1

Qo = EpVZ (41)

Hence, the aerodynamic forces acting on the missile in a region of the atmosphere
that temperature is modeled as varying with altitude will be in error and this error
could be a high as 9.7 percent at 8,400 m.

The throttle control logic during the RAMJET boost phase requires the den-
sity of the air in determining the maximum airflow rate through the engine. The
maximum airflow rate information is then utilized in the determination of the fu-
elflow rate. Consequently, an incorrect density value will result in an improper thrust
level.

The thrust calculated during the rocket boost phase will also have an associated

error due to the density error. Recall Eq. (2.59), the thrust for the rocket boost phase,
Fr =Ty + Aczit(pst — p)- (4.2)

Due to the error in the density calculation, the atmospheric pressure calculated will
be lower than the actual atmospheric pressure. Hence, the thrust value calculated

in ENGAGE will be too large.

A second error was discovered in the line of sight algorithm of ENGAGE.
Recall from Eq. (3.21) that

1

YLos = T {VzLos (‘Eios + y%os)
R}os(t}os + ¥ios)?

—2108 (Vi,ostLos + Vyrosyros)} -
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Figure 4.8 Percent Error in 4105

ENGAGE calculated 4105 as

. 1 2 2
YLos = - T {Vzms (mLOS + yLos)
Rios(zlos +yios +2210s)?
—2105 (Var0s%L05 + VyposYL0s)} -

Upon inspection, an error between the two expressions for 4105 occurs when the
target and missile are not at the same altitude. The relative error between the two
expressions is shown in Fig 4.8. The z10s and yros values were both fixed at 9.3 km
and zpps was varied from -8 to 8 km. Recall the proportional navigation command
in the vertical direction:

_ VNdLos
9emaPIN, = _—g—
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The command is proportional to y.os. Hence, ENGAGE generated less of a vertical
proportional navigation command. Figure 4.8 depicts the percentage decrease of the

proportional command.

The errors noticed in Figs 4.2 through 4.5 are a combination of these two
errors. Modifying the MATLABTM code to recreate the errors, the simulations
agreed and the missile still intercepted the target. The MATLABT simulation can
interface with computer workstations so that numerical techniques can be employed

to optimize the missile’s performance.
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V. The Optimal Control Problem

5.1 Necessary Conditions For a Minimum

This chapter describes the necessary conditions for the standard optimal con-
trol problem with free final time (2:71) (5:155). Consider a dynamic system described

by a set of differential equations with known initial time, ¢,, in the form of
i = f(z,u,1) (5.1)
where,

& = an n X 1 vector of the state variables,
u = an m X 1 vector of control variables, and

t,, @, = known.

The system is subject to p constraints on the terminal conditions of the state vari-
ables, ¢ constraints on the state variables, and r constraints on the control variables,

so the constraints can be expressed by

U,(es,t5)=0fori=1...p, (5.2)
Si(x,t)=0fort=1...q, and (5.3)
Ci(u,t)=0fori=1...r. (5.4)

The problem is to determine a function u(t) which minimizes a scalar performance
index, J, subject to the conditions stated in Eqs (5.1) through Eq. (5.4). The

performance index is given by

t
J=®(x;, i)+ /t " L(e, u, t)dt. (5.5)
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The performance index is adjoined with the system differential equations, Eq. (5.1),
by introducing Lagrange multipliers, A(¢), as a multiplier function. Similarly, the
constraints, Eqs (5.2) through (5.4), are also adjoined to the performance index with
additional Lagrange multipliers, »(t), 6(t), and u(t). Therefore, the augmented

performance index, J', is given by,
11
J' = Gt xs,v) + / "[H (t,2,u,A,0, 1) — AT dt (5.6)
to

where the Bolza function, G, and the variational Hamiltonian, H (5:156), are defined

as

G(ts,zs,v) = O(ty, @) + v (L, xy),
H(t,z,u,\,0,p) = L(t,z,u) + AT f(z,t,u) + 87 S(x,t) + " C(u,1).

Furthermore, the constraints can be of an equality or inequality type. For inequality
constraints, slack variables, I, are introduced. For example, assume a control u is

limited to some maximum value, %,,,,. The constraint equation is,
U < Upmaz- (5.7)
The new constraint equation is expressed by Eq. (5.8),
U— Upay +12=0 (5.8)

The inequality constraint is now an equality constraint because any value of u greater
than %,q, will never satisfy Eq. (5.8) for real valued I. When 1 is zero, the control
is at the constraint value. When [ is not zero, g is identically zero. A potential

drawback is there exists another unknown variable. Note the Hamiltonian is now a

5-2




function of I also. Thus,
H(t,z,u,,0,p,1) = L(t, @, u) + AT f(2,,u) + 67 S(,1) + p" C(u,1,1)(5.9)
and the augmented performance index becomes

t
J' =Gty @s,v) + / "B (420,00, 1) - AT] dt. (5.10)
to

The first variation of the augmented performance index is given by

6J' = Gy, 6ty + G 625 + G, 6v
t . ~ ~” - ~ ~ o o
+ f "UH 8% + Hobu+ HA6X + H50 + H 8p + H5l — 276X — AT8é)dt
to
+[H — AT&)6t |1 (5.11)

where the notation implies

90)
(i = B evaluated at t = 4,
8() = a time free variation,

6() = a time fixed variation.
The last term in Eq. (5.11) can be evaluated at ¢, and ¢ as
[H — XT&)st | f= (H; — ATag)sty — (H, — Ala,)ét,. (5.12)

The initial time is known, hence 6t, is zero. Therefore, the final term on the right

in Eq. (5.12) is eliminated. Eliminating this term, the variation of the augmented
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performance index becomes

§J = th5tf + foéa:f + G, bv + (Hf — ,\?:bf)étf
t ~ ~ - “ " ~ “ ~
+ [ {H.b2 + Hobu + H\6A + H50 + H 8 + H 3l — 275X — ATéa}dt.
to
(5.13)

Recall the constraint equations given by Eqs (5.2) through (5.4). Recognizing

G, = U(z;,t;) =0 (5.14)
H,=S(z,t)=0 (5.15)
H,=C(u,t)=0 (5.16)

eliminates G,év, H360 and Hﬂgu from Eq. (5.13). Thus, the variation of the

augmented performance index is now expressed as

§J' = thétf + wa&cf + (Hf - A?if)(%f
t ~ ~ ~ ~ ~
+ / "{H.bz + H.bu + HSL+ (H, - &T)6A - Mo} dt.  (5.17)
to

Noting Hy = fT and recalling Eq. (5.1), the terms multiplied by 6 reduce to
Hy,-a"T=fT-—aT=2T-2"T=0. (5.18)

Hence, the term multiplied by 6 is always zero. Substituting Eq. (5.18) into
Eq. (5.17) yields

§J' = Gy,6t; + Gu,bms + (Hy — Xjdg)bts
t . ~ o “
+ / "{H e + H.8u + Hl — \T8i}dt. (5.19)
to

5-4




—— Nominal Path % dt
. . roy
---- Neighboring Path| | —" 2
' & x;
!
t

to tf tf +dtf
Figure 5.1 Relationship Between S:cf, bz, and ;61

The last term in the integral in Eq. (5.11) can be integrated by parts in the following

fashion,
tf T%- T% T % ty ‘T~
/ “X§& = —ATéa; + ATw, + [ —ATdwdt. (5.20)
i

o to

Therefore, substituting the above information into Eq. (5.11), §J' can now be ex-

pressed by

§J' = th5tf + foéa:f — A?gwf + Afgwo
t . - ~ ~
+ (Hy — N )6t; + / "(H, + ADoe + Hbu + Hd:.  (5.21)
to

The relationship between the final time free variation and the final time fixed varia-
tion is

by = bxy — @461, (5.22)
This relationship is presented graphically in Fig 5.1. Also, since the initial conditions

are known,

b, = 0= Aléz, = 0. (5.23)
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Substituting Eq. (5.22) and Eq. (5.23) into Eq. (5.21) yields

8J = Gy, 8t; + G by + X[ s6t; — N bmy + [Hy — Aa)6t;
t . ~ ~ ~
+/%@h+fﬁm+ﬂﬁu+ﬂmw.
to

Collecting terms and noting AT& — A& = 0 yields
) s f

8J" = (Gy, + Hy)bts + (Goy — X)) b
t . “ o ~
+/%@u+ﬁ%m+H¢u+Hmw. (5.24)
to

For an extremal, the variation of J must be zero. Additionally, each variation is

independent yielding the free final time necessary conditions for an extremal;

Hy = -G, ~ (5.25)
A;=G3, (5.26)
A=-HT (5.27)
H,=0 (5.28)
H =0 (5.29)
T=8=C=0 (5.30)
to = tos (5.31)
T, =&, (5.32)
& =f. (5.33)

Equations (5.25) through (5.33) provide the necessary conditions for an extremal.

The Weierstrass condition and the Legendre-Clebsch condition are two suffi-
cient conditions for a minimum (5:106). The Weierstrass condition is necessary for
a strong relative minimum. This condition states that no other control can pro-

duce a lower value of the Hamiltonian than the optimal control. More precisely, the
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Weierstrass condition states that for any control u, other than the optimal control

[

H(t,e,u.,A) — H(t,z,u,A) > 0. (5.34)

The Legendre-Clebsch condition is sufficient for only a weak relative minimum.
The weak variation is a particular case of a strong variation and is applicable only

for small variations in the control. The Legendre-Clebsch condition requires
H,, > 0. (5.35)

When the Weierstrass condition is satisfied, the Legendre-Clebsch condition is auto-
matically satisfied. However, the Weierstrass condition is not necessarily satisfied if
the Legendre-Clebsch condition is satisfied. When the Legendre-Clebsch condition

is not satisfied, the Weierstrass condition will not be satisfied.

5.2 Shooting Method

The shooting method is an algorithm that provides a numerical solution to a
two-point boundary-value problem. Hence, if the optimal control problem can be
converted into a two-point boundary-value problem, the shooting method can be
used to provide a numerical solution. Recall the necessary conditions for the free

final time problem;

z=7f (5.36)
A=-HT (5.37)
to = tos (5.38)
T, = Tos (5.39)
Hy = -G, (5.40)




0=H, (5.41)
As=Gy (5.42)
H =0 (5.43)
¥=S=C-=0. (5.44)
The Lagrange multipliers adjoined to the constraints, v, @ and p and the slack
variables, I, are eliminated through the solutions to Eqs (5.40) through (5.44). The
control, u, is expressed as a function of @, A, and ¢ from the solution to Eq. (5.41).
Hence the problem is reduced to a function of &, A, and ¢. The necessary conditions

become

&=F,(t,z,\) (5.45)
A=F,(tz,A) (5.46)
h(ts, @z, Af) =0 (5.47)
by = tos (5.48)
T, = Tos (5.49)

A new vector is defined that is a combination of @ and A

=° 5.50
=[J. (5.50)

Therefore, the necessary conditions are restated in terms of this new definition as

3= F(t2) (5.51)
to = tos (5.52)
Z, = [’\o} (5.53)
h(ts,z5) = 0. (5.54)




z is a vector of length 2n where n is the number of original states. n of the initial
conditions of 2z are known (i.e. @,). Equation (5.54) gives the 2n + 1 terminal
conditions for z; and ¢;. The conditions stated in Eqs (5.51) through (5.54) represent
a standard two-point boundary-value problem. The n unknown initial z values and
a final time are guessed and the shooting method iteratively updates the unknown
initial z (i.e. A,) and ¢; until Eq. (5.54) is satisfied to within a specified tolerance.

Therefore, a method is required to update the initial guesses.

Taking the first variation of Eq. (5.51) yields

62 = F,éz (5.55)

d - 3
B—Zéz = F,éz. (5.56)

Recall the definition for 2 and that the initial conditions for @ are known. Therefore,

the total variation of z at the initial time is

i [ b,
6z, = | . (5.57)
_6/\0_
o (5.58)
LA '

Assume the initial guesses are in the neighborhood of the actual values. A state
transition matrix, ®, is introduced to relate the total variation of z at any time to

the initial total variation of z. Using ®, 6z is expressed by
bz = ® (t,1,) b2, (5.59)

and the initial condition on ® is

& (t,,t,) = I. (5.60)
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Substituting Eq. (5.59) into Eq. (5.56) yields

d - .
gﬂ@@m&4=pma%w% (5.61)
B (t,1,) 6z, = F,® (t,1,) 6z,. (5.62)

Equation (5.62) reduces to another set of differential equations
® (t,t,) = F,® (t,1,) (5.63)
with the initial condition
®(t,,t,) = I. (5.64)

This equation is integrated from ¢, to ¢; to yield an expression for the final total

variation of z in terms of linear combinations of the initial total variation of z
bzp = ® (ty,1,) b2, (5.65)

Applying the initial total variation of z to the above equation, the final total variation

of z becomes

SZf =& (tf,to) Szo

0
= & (t;,1,) [3,\ } . (5.66)

The transition matrix can be partitioned to yield

x 0
oz = [ By (t5,t,) Ba(ty,t0)] [5A } . (5.67)
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Therefore, the final total variation of z is expressed solely as a total variation of the

initial unknown elements of z

bz; = ®, (t1,1,) A, (5.68)

The final boundary conditions of Eq. (5.54) are evaluated based upon the
initial guess for the unknown initial variables. Assuming Eq. (5.54) is not satisfied,
the initial guess of the unknown variables must be modified. To determine the
modification to the guess, the time free variation of the terminal boundary condition

1s examined

§h=hy,6t;+ h,,6z;. (5.69)

The relationship between a time free variation and a total variation is
5Zf = SZf + ijétf. (570)
Substituting Eq. (5.70) into Eq. (5.69) yields

8h=hy 8ty + h, bz + h, 26t
= hy 625+ (hi, + sy 2y) 6t (5.71)

The total variation of the final z is known through Eq. (5.68). Making the substi-

tution for 6z, §h becomes
Sh=h, ®; (tr,to) A, + (he, + o 2g) 6ty (5.72)
The variation of h can also be expressed as

5h = hpew — h. (5.73)
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Recall the previous assumption of the neighboring path. With this assumption, the
variation of h due to variations in z is small. Hence, the value for h,., is close to

the old value of h and is expressed as

h... =nh (5.74)

with 7 close to 1. (5.75)

Substituting the expression for k., into Eq. (5.73), 6h becomes

6h=—-(1-n)h
= —ah (5.76)
where « is defined as,
a=(1-7n). (5.77)

Typically, a is about 0.1. Combining Eq. (5.72) and Eq. (5.76) yields

6,
[he, @ (t5,t0) he, + hoy2y] [& } = —ah. (5.78)
f

A means to modify the initial guess is provided by Eq. (5.78). The initial guess for
A, and t; is updated by

Anew = Ao + 5Ao (579)
ty., =t + 8t (5.80)

To implement the algorithm, A, and ¢; are guessed. Equations (5.51) and (5.63) are
integrated from ¢, to t;. 2y, ®a(ts,1,), and | k|| are computed. ||| is checked to
determine if it is within a specified tolerance. « is set to 1 and 6, and 6t 5 are cal-
culated and intermediate values for the initial guesses are formed. Equations (5.51)

and (5.63) are integrated again from t, to t; using the intermediate values. ||h|| is
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u(t,) = 1660 m/s

—

15,244 m

X

Figure 5.2 Lunar Launch Example Problem

checked again to determine if its value decreased. If not, « is reduced by half and
6, and 6t; are recomputed. If ||h|| was less than the previous value, then the inter-
mediate values are accepted as the new A, and ¢; values. This process is repeated

until the specified tolerance for ||h|| is achieved.

5.8 Shooting Method Example Problem

The necessary conditions are utilized to formulate a two-point boundary-value
problem for a lunar launch. The shooting method previously described is imple-
mented to provide a numerical solution to the problem. The problem is to find the
control history which minimizes the final time for a spacecraft’s injection into Lunar
orbit at prescribed final conditions from the surface of the moon. Figure 5.2 depicts

the scenario. The problem is stated as;

minimize J = t; (5.81)
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subject to the differential equations

T=u (5.82)
y=v (5.83)
0= %cos 6 (5.84)
b= %;—-sin 0—g (5.85)
with initial conditions

t, =0 (5.86)
z(0)=0 (5.87)
y(0) =0 (5.88)
u(0) =0 (5.89)
v(0)=0 (5.90)

and the terminal conditions
t; = unknown (5.91)
z () = free (5.92)
y(t;) = 15.24 km (5.93)
u(ty) = 1660 m/s (5.94)
v(ty) = (5.95)

where

u = the velocity component in the z direction

v = the velocity component in the y direction
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= 6.34 m/s? and is constant

T

m
g = the force of gravity, 1.62 m/s? and is constant
6 = the control variable.

Expressing the terminal constraints as functions of % yields

U, = y; — 15,240 = 0 (5.96)
U, =us— 1660 =0 (5.97)
U, =v; =0. (5.98)

Adjoining the terminal constraints with Lagrange multipliers, », the Bolza function

is expressed as

Gty msv) =¢(ts,x5) + V" ¥ (t;,25)
= t_f + vy (yf — 15240) + vy (uf — 1660) + vyvy. (599)

Adjoining the differential equations with Lagrange multipliers, A, the Hamiltonian

is expressed as

H(t,z,0,A) = L(t,x,0)+ X f(t,,0) (5.100)
= Au+ Ao+ Ay (ZCOSO) + Ay (—T—sina—g) .
m m

The augmented performance index is given by

t
J = G(tf,mf,v) +/, [H(t,w,u,A) —AT(iZ] dt
to
=15+ v, (y; — 15240) + v, (uy — 1660) + v,v;
t
+ ! [/\zu-}- AU+ Ay (Z— Ccos 0)
to m

Yy (2 5in 6 — g) - )\Ts'c] dt. (5.101)
m
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The necessary conditions for a minimum result from the first variation of the aug-

mented performance index being set equal to zero. Hence, the differential equations

for A result from the necessary condition
A=—HT(t,2,0,)).

Applying Eq (5.102), the expressions for A are

Az =0
A, =0

| A=A
do = =Xy

The control is eliminated by the necessary condition
Hy; =0.
Applying Eq. (5.107) yields

Hg = -\, (Z sin 0) + Av (—1: cos 0)
m ™m
=0.

Solving for 8 yields two possible control laws

Ay sind = X, cosf

sin 0 A
=tanf = =
cos § an Ay
6 t Ay
= arctan —
1 X
6, = arctan —
or 2 = arctan — "
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Figure 5.3 Quadrant Problem for Lunar Launch Control

The quadrant problem shown in Fig 5.3 results because of the two possible solutions
for §. Evaluating the second partial derivative of the Hamiltonian with respect to
resolves which solution is sufficient for a local minimum. Taking the second partial

derivative of H with respect to 8 yields

0*H T T .
507 = —)‘“E cosf — )\,,;n— sin @

= ——r—n]: (Aucos + A, sin ). (5.114)

Substituting 6; into Eq. (5.114) yields

*H -T A2 A
- = T - (5.115)
o0 m \pzant T+t

<0, (5.116)
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6, is a local maximum. Substituting 6, into Eq. (5.114) yields

?H -T -2 x (5.117)
o0 m \(MH+N)T (4N |
> 0. (5.118)

0, satisfies the sufficient condition for a local minimum because it is always positive.

Hence, 0 is eliminated from all equations by using the relationships

Ao Au

sinf = ————; cosly = ——————.
(A +A%)2 (A3 +A%)2

The terminal conditions are the three constraint equations and A, = 0 because
z(ts) is unspecified. The necessary condition H; = -Gy, provides the additional

expression required to determine ty. These conditions are expressed by

A () ut) + 0 () o () — (£) 2l (1) B0 _ gy 417 1oy
y(t;) /15,240 — 1 0

u () /1660 — 1 =0

v (ts) /1660 0

0

L Az (tg) I Lol

where

A=(22+ /\ﬁ)% (5.119)

The problem is now in the form of a standard two-point boundary-value prob-
lem. To obtain a numerical solution to the problem using the shooting method, the
lunar launch problem is formulated to coincide with the description of the shooting

method provided in the previous section. Defining

z=[z vy u v & A A AT (5.120)
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the differential equations become

I

B

34

o o bR IR <
!
@

(5.121)

where A is defined by Eq. (5.119). The initial conditions are given by

to=0 (5.122)
2(t)=[0 0 0 0 Ao Ao Ao AwlT. (5.123)

The terminal conditions are expressed in the form of Eq. (5.54) by

A () u(tn) + b (1) () — () 200 (1) 2800 _ g 1)+ 1

y (t7) /15240 — 1

h(tf,Zf)Z u(tf)/l660—1

v (t;) /1660

L Az (t5) ]

Note some scaling has been applied to the terminal conditions for numerical condi-

tioning. The differential equations for the state transition matrix, Eq. (5.63), require
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an expression for F', which is expressed as

[0 0 1 0 O 0 0 07
0 001 O 0 0 0
0 0 00 O 0 A B
0 000 O 0 B C
F,= (5.124)
0 000 O 0 0 O
0 0 00 O 0 0 O
0 000 -1 0 0 O
0 0 00 0 -1 0 0]
T (-1 X
Where A= ;,; (—A—— + Zg) (5125)
T Ay
B=—-"4 (5.126)
T (-1 X

The update to the initial guesses requires expressions for h;, and h,, and these are

expressed by

hy,=[0 0 0 0 0] (5.128)
[0 0 A(ty) A(ty) wu(ty) wlty) D(tr) E(ty)]
0 s O 0 0 0 0 0

h.,=10 0 i 0 0 0 0 0 |(5.129)
0 0 0 a0 0 0 0
0 0 0 0 1 0 0 0 .
T [A A2 X3 2),

WhereD:E[—A_f-*-E_ A} (5.130)

T [X2X, X 2),

E:EZ[A-'* + 35— A]—g. (5.131)

Applying the shooting method to the sample lunar launch problem, the min-

imum final time was determined to be 272.706 seconds. The tolerance for ||h|| was
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| Iteration | Az | Ay [ A | Ao J
Initial 1.000 x 10— —1.000 x 10~* | —1.000 x 10~2% | —1.000 x 102
1 5.150 x 10719 | —1.483 x 10~* | —5.370 x 1072 | —2.668 x 102
2 —1.215 x 10721 | —8.676 x 107> | —4.684 x 102 | —2.456 x 10~2
3 0 —T7.863 x 107° | —4.865 x 1072 | —2.382 x 102
4 0 —7.763 x 1075 | —4.867 x 102 | —2.374 x 10~
5 0 —7.762 x 107°% | —4.867 x 1072 | —2.374 x 1072

Table 5.1 Iteration History of A, for Shooting Method Example Problem

| Tteration | ¢; (Sec) | Rl |
Initial 300 9.846 x 10~!
1 240.08 | 1.529 x 107!
2 271.45 | 2.311 x 1073
3 272.68 | 1.047 x 10~*
4 272.71 | 5.194 x 10~°
) 272.71 |6.942 x 10~°

Table 5.2 Iteration History of ¢; and ||h|| for Shooting Method Example Problem

1 x 107® and was achieved in five iterations. Table 5.1 summarizes the iteration
history of A,. Table 5.2 summarizes the iteration history of ¢y and ||k||. The time
histories of the states are shown in Fig 5.4. Table 5.3 summarizes the prescribed
final states and the numerical results for the final states. The time history of the

control required to achieve the terminal conditions is shown in Fig 5.5.

| (ts) | Prescribed Value | Numerical Result |

z(ty) Free 222.29723 (km)
y(t;) | 15.24 (km) 15.239999 (km)
u(ty) 1660 (m/s) 1660.0000 (m/s)
v(ty) 0 -8.86199%x10~" (m/s)

Table 5.3 Summary of @(2;) for Shooting Method Example Problem
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5.4 Three-Dimensional Pursuit

Consider the three-dimensional intercept scenario where the problem is to find

the control u(t) that minimizes the final time. The performance index is given by

.]=tf.

The differential equations described in chapters 2 and 3 are

& =V cos~ycos

y =V cosysiny

iszsin’y
V—W(Tcosa—D)—gsin'y

. _ 9 _9
'y—VW(Tsma—i-L)cosa 7 €087
th= VW conn J (Tsina+L)sina

W co
i phase )
u + 92 .4 ) - (T'sina+ L)

[arctan( ”‘d”) - ‘]/V

where

and the terminal constraint

bt = [(er o)+ (o —1m)" + (b~ k)] =0
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5.133)
5.134)
5.135)
5.136)
5.137)

TN SN N N s

5.138)
(5.139)

(5.140)
(5.141)

(5.142)

(5.143)




The control, u, is chosen to represent the total commanded g’s in the Zy direction.

Recalling Eq. (3.42), u is defined as

U = Gemd, = YemdP/N, T Jemdg, + Gloft- (5.144)

The terminal constraint requires that the missile intercepts the target at the final

time. The state constraint is given by

Si=a—-204+012,=0 (5.145)
Sy =—a+,= (5.146)

which implies that the angle of attack must remain between 0° and 20°. I, is the
slack variable added to the « state since the constraint is an inequality constraint.

The control constraints are expressed as

Ci=u—-20+02,=0 (5.147)
Co=-u—-20+12,=0. (5.148)

The control is limited to a value of -20 to 20 g’s. For simplification define the state

vector as @

e=[z y AV v ¢ a ¢ W[ (5.149)

then
¢ = f(x,u,t) (5.150)

where f(@,u,t) is the system of equations given above. The Bolza function, G, and

the variational Hamiltonian, H, are expressed as

2 2 2
G(tf,:vf,v)ztf—!-v[(wf—x;rf) +(yf—ny) +(hf—-hTf) ]
H(t,z,u,A,0,p,1) = A\;V cosycosyp + A,V cosysiny + A,V siny
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+Av [ (T'sina — D) — gsin’y]

i
|14

g
A [v—

(T'sina+ L)coso — %cos'y]

+/\¢ Tsma + L)sin 0]

ISWeA [(gcmdy +u?)? — phgfe (Tsina + L)}

arctan ( il ) — a] — Awws
+01( 20 + 2 )+02 (—a+12,)
i (= 20+ 12,) + piz (—u — 20 — 12,) (5.151)

In addition to satisfying the constraints, the remaining necessary conditions are

expressed as

H;= =G, = ~1 5.152)
f f
-21) (xf - :BTf) ]
2v (yf - ny)
2v (hf - hTf)
0
T _
Ar=GI = 0 (5.153)
0
0
0
i 0 1
Ao =0 (5.154)
A, =0 (5.155)
M =0 (5.156)

Ao = —As cosy cosy — Ay cosysineh — /\hsin'y

+X, [V2W(T sina+ L) coso — V"" cos Y
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g

W(T sina + L)sin

+Ay

d

/'\.y = AV sinycosy + A,V sinvysiny — A,V cosy
gsin~y

+Avgcosy — Ay
/.\1/, = AV cosvysiny — A,V cosycosyp

« _ _g- . _
Ao = )\VW(Tsma D) - /\7VW

V siny + Ay lVW cos?y

(Tsina+ L)sino

(T cosa+ L) cosa

(5.157)

(5.158)

(5.159)

(5.160)

(5.162)

(5.163)

(5.164)

(5.165)

(5.166)

phas
)‘d’VW (Tcosa—l—L)sma+)\ Ca - (Tcosa+L)
0, + 0,
Ao = Ay VW(T sina+ L)sino — )‘¢VWTC_—(T sina+ L)coso + —(5 161)
w = Ay = (Tcosa—D)+)\,Y—VW2—(Tsma+L)coscr
+A¢W%§(T5ina + L)sino — A,Cq phase(Ts ina+ L)
[ 2011011 1
202102
H, = =0
2p1luy
| 2p2lus
H,=0
Examining the optimal control law, H, = 0
Hy = 3aCo (g, +02) Fum 20 (2mte_ _ o
u — NaVo gcmdy u u T, gczmdy + u2 + H + K2 =
and the necessary condition H; =0
[ 2601101 ]
20510
H, = = 0.
2,ulllul
_zﬂzluz ]
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three cases are required to be examined depending upon the value of u to satisfy

Eqs (5.166) and (5.165).

CASE 1: u = Up,.,; = 20. This case occurs when the constraint at e, s
active. Hence, uy is zero because the constraint at u.,,;, is inactive. l,; is zero to
satisfy Eq. (5.147) and I,z = V40 to satisfy Eq. (5.148). An expression for y; is
obtained from Eq. (5.165) with the substitution u = 20 yielding

-3 A Gomd
= —201.Cy4 (g? 20%) 4+ 2 . 5.167
M1 (gcmdy + ) + Ty (gzmdy _|_202) ( )
CASE 2: u = uy;, = —20. This case occurs when the constraint at wu,;, is
active. Hence, u; is zero because the constraint at u,., is inactive. [, is zero to
satisfy Eq. (5.148) and l,; = v/40 to satisfy Eq. (5.147). An expression for p, is
obtained from Eq. (5.165) with the substitution u = —20 yielding

-1 A Gemd
= 201,Ca (g2 20°) P4+ 2 | 52— ). 168
K2 (gcmdy + ) + Ty (gczmdy + 202) (5 )
CASE 3: Upin < U < Upqq. This case occurs when u is between the upper and
lower constraint values. Hence, 3 = p = 0 because both constraints are inactive.
la = V20 —u to satisfy Eq. (5.147) and l,2 = v/20+ u to satisfy Eq. (5.148).
Equation (5.165) is used to determine the value of u. Adding a common denominator,

Eq. (5.165) becomes
1 A,
AQCQ (gzmdy + u2)2 U = ;;gcmdy. (5,169)

Squaring both sides of the equation and expanding yields

U gy, 0 — K, = (5.170)
where
K = 2 (5.171)
" ToAaCa '
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Solving for u produces four possible solutions:

XTI

i {% [—gzmdy + \/ Gomdy T 4K2gzmdyJ}
{3 [~ ey + Ty + 4K |}
(3 [=g2 0, — Js, ¥ A0 ]}
{4 [ty = Voo, T 1520}

The last two possibilities are always imaginary and can immediately be discounted.

D=

(5.172)

Hence, the remaining solutions are

w = { {% [_medy + \/gigmdy + 4I(ZggmdyJ}

- {% [_medy + \/ggmdy + 41{293md3,J}

N[

(5.173)

[ 1

An interesting problem arises when g.q, is zero which implies flight is occur-
ring in a vertical plane. Solving for u with gemq, = 0 indicates u = 0. When these
values are substituted back into Eq. (5.165), the result can only be evaluated in the
limit as u goes to zero. Additionally, the numerical value of o4 is either 0° or 180°,
depending upon the manner in which v approaches zero. If u approaches zero from
below, then o4 1s 180° and if u approaches zero from above, then o.,,4 is 0o. Thus,
Ocmd is not an explicit function of u. Therefore, Eq. (5.164) with a constant value

applied for o.,,q reduces to
AaCo = 0. (5.174)

An expression for the control is not contained in Eq. (5.174). For this third case,

flight in the vertical plane is a special case and will be examined in more detail.

5.5 Two-Dimensional Pursuit

The differential equations for the two-dimensional pursuit reduce to
z =V cosy (5.175)
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h =V siny (5.176)

/ = -Ig—/(Tcosa——D)——gsin'y (5.177)
"yzf/gW(Tsina—FL)E—-%cos'y (5.178)
a=0C, -%—/(Tsina+L)E (5.179)
W = —u; (5.180)
where
Lbu>0
r= . (5.181)
-1,u<0

¥, is representing the roll in this model. Recall the roll command for the three-

dimensional intercept
Oemd = arctan (Ml) . (5.182)
u

When gcma, is zero and ocpq is 0° for positive v and 180° for negative u if a four

quadrant erctan is used. The terminal constraints reduce to
2 2
U, = [(xf —ar,) + (hy = hay) ] = 0. (5.183)

The state and control constraints remain the same as in the three-dimensional pursuit
and are given by Eqs (5.145) through (5.148). The Bolza and Hamiltonian functions

are

2 2
G=t;+v [(xf—fo) + (ks = ha,) ] =0 (5.184)
H =X Vcosy+ MVsiny + Ay [ﬁg/_ (T cosa — D) ——gsin’y]

+A, [‘_/{]W (Tsina+ L)Y — %cos*y]

+2,C4q [u - —-&7 (Tsina+ L) 2]
—Awtg + 01 (0 =20+ 12,) + 6, (—o + 2))

o (=20 + 1) + iz (—u— 20 + 12,) . (5.185)
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The necessary conditions are

Az =0 (5.186)
A =0 (5.187)
Av = —=Agcosy — Ay siny — A 29 (5.188)
V= —Ag COSY R SIDY VUW .
g : 29L g
+A, [V2W (T'sina+ L)E — V2WE ~ 173 €087
2L
+/\aCaW2
;\,, = A Vsiny — AV cosy+ Aygcosy — )\.y;q— sin~y (5.189)
Vo= L Tsinag — M (=L
Ao = /\VWTsma Ay (VWTcosa) Y
4+ (Ca% cos a) Y4 0; 46, (5.190)
dw = Avﬁgﬁ; (T cosa — D) + AA,-VQWZ- (Tsina + L)
Co .
—/\Q—W—E (Tsina+ L)X (5.191)
Hy=-1 (5.192)
[ 2v (a:f — :L'Tf) ]
2v (hf - hTf)
T 0
A =Gl = (5.193)
0
0
I 0 ]
-201la1 ]
2021012
H = =0 (5.194)
2Nllul
_2“21112_
H,=)Cy+pr—p2=0 (5.195)
Hy = 0. (5.196)
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As in the three-dimensional pursuit, three cases must be examined to satisfy Eqs (5.194)

and (5.195).

CASE 1: u = up.; = 20. This case occurs when the constraint at g, 1s

active. Hence, ps is zero because the constraint at wu,;, is inactive. [l,; is zero to
satisfy Eq. (5.147) and l,» = /40 to satisfy Eq. (5.148). An expression for y; is
obtained from Eq. (5.195) yielding

p1 = =AaCl. (5.197)

CASE 2: u = u,,;, = —20. This case occurs when the constraint at u,;, 1s

active. Hence, uy is zero because the constraint at u,., is inactive. [,5 is zero to

satisfy Eq. (5.148) and l,; = V40 to satisfy Eq. (5.147). An expression for s is
obtained from Eq. (5.195) yielding

pt2 = AaCl. (5.198)

CASE 3: upmin < ¥ < Umae. This case occurs when u is between the upper and
lower constraint values. Hence, p; = py = 0 because both constraints are inactive.
lu = V20 —u to satisfy Eq. (5.147) and l,, = /20 + u to satisfy Eq. (5.148).
Examining Eq. (5.195) to determine the value of u yields

Ao = 0. (5.199)

The necessary condition is satisfied when ), is zero. An expression for u is not
contained in the optimality condition. However, since H,, is singular, the extremal
arc for Ay = 0 is called a singular arc (2:246). It is still possible to determine an
expression for u for some finite time interval that satisfies the optimality condition.

The time rate of change of the optimality condition must remain zero along the

5-31




singular arc (2:252). Hence,

— (Hy) = ACla (5.200)

_ I Psing— (5 xr ) §
= a[/\VWTsma Ay (VWTcosa>E+/\aCa (Wcosoz ¥5.201)

= 0. (5.202)

This expression still does not contain the control, so the second time derivative of

H, must be zero. The differential equations for the system can be expressed as

z=f(x)+g(x)u (5.203)
where
V cos vy 1
Vsiny
Z (T cosa — D) — gsinvy
f=| 7 ( . ) (5.204)
v (T'sina+ L)X — & cosy
—%a (Tsina+ L)X
A —wy |
0
0
=" (5.205)
g= .
0
Co
| 0
Note that Eq. (5.200) can be expressed as
d T —
=g (5.206)
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where

A 0 -

0
CotT'sina
= u. (5.207)
~CovipT cos aX

Cj;’,% cos a2

0

With the above definitions for f, g, and ¢, the second time derivative of H, can be

expressed as

d? . iT
5 (H) =24+ g (5.208)
=g, (f +gu) — AT (f, +3,u)q (5.209)
=M (q.f - £.9) + A" (4.9 — §.9)u (5.210)
=0 (5.211)

Noting that

9.=0 (5.212)
f=2-gu (5.213)

and recalling that A, is identically zero for the singular arc, an expression for u is

AT (g, f - f.9)
= — £ L 5.214
AT (g,9) (5.214)
AsA+ MB = AvC — A\, D
= 21
AzWE + M\ F (5:215)
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where

A=
B =

C =

D

F =
F =

CQ%T (sin cvcos 7y + cos asin yX)
CQ%T (sin asiny — cos a cos yY)

sin o

9 __C_’g . _?“_Ui . 2Dg
CaWT[ W (T'sina+ L) cosak + W sina + W

T
—-—g‘; cosaX + C’QW sin o cos aE]
QVQW [ng—/ (Tcosa — D)* % — %T cos asinyX

Ca . . T . g . .
_WT (Tsina+ L)sina — s cos aX + WT (T'sina + L)sinaX

Cq
__%LT sin o} — %T sin & cosy + —‘g7T cos a cos YX — ‘—/V—T2 cos? a]

C’g—;—/T cos

cgngT sin aX

Having determined u for all three cases, the two-dimensional pursuit is now formu-

lated in such a matter that the shooting method previously discussed can be used

to find the optimal trajectory.
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VI. Conclusions and Recommendation

The simulation was successfully recreated in MATLABTM, Errors discovered
in ENGAGE were analyzed to determine the impact of the errors. The recreated
simulation will permit future numerical analysis of the missile’s performance. The
necessary and sufficient conditions for an extremal solution to the free final time
optimal control problem were presented. The shooting method was developed to
provide a numerical solution to the optimal control problem posed as a two-point
boundary-value problem. An example problem of a lunar lift off Was formulated as
a two-point boundary-value problem and then numerically solved via the shooting
method. The necessary conditions for an extremal solution were applied to the three-
- dimensional pursuit. The vertical plane intercept scenario was determined to be an
interesting case. Therefore, the two-dimensional intercept was analyzed and a two-
point boundary-value problem was formulated to determine the optimal trajectory
for a minimum time target intercept.

Future efforts in this project should be directed towards numerically solving
the two-dimensional pursuit to analyze the behavior of the optimal loft command

for various initial conditions. Efforts should then expand the problem to the three-

dimensional pursuit to develop an expression for the loft control which approximates

the optimal loft control.
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