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Abstract

In [1] (resp. [2]) we studied the pollution-error in the h-version of the finite
element method and its effect on the quality of the local error indicators (resp. the
quality of the derivatives recovered by local postprocessing) in the interior of the
mesh. Here we show that it is possible to construct a-posteriori estimates of the
pollution-error in a patch of elements by employing the local error indicators over
the entire mesh. We also give an adaptive algorithm for the local control of the
pollution-error in a patch of elements of interest.




1 Introduction

M _
Let & C R? denote a polygonal domain with boundary 90 =T = U T,

where I';, ¢ = 1,..., M are the open straight edges connecting the endpoiI;tsl A;
and Aiy1 (A; = Am+1) (see Fig. 1). We will denote the internal angles at the
vertices by ©1,...,om (0 < @i < 27 if @; = 27 we have a slit-domain and in
this case we have to understand the boundary in the obviously modified sense).
Further, let T’ = f‘D Uly, I—‘D NT'y = @ where I'p is the Dirichlet- and I'y is the
Neumann-boundary. We will consider the mixed boundary-value problem for the
Laplacian:

-Au:= -V :-Vu= 0 in Q (la)
u= 0 on I'p (1%)

0
B_Z =Vu-n=g on I'y (1)

Here u is the exact solution; nn denotes the exterior unit-normalon 'y ; g € L*(Tw)
and is smooth ineach T';,j=1,..., M.
The variational formulation of the model problem (1) is:

Find u € Hf := {u € H\(Q) l ©u=20 on FD} such that

Bg(u,v) := /nVu-Vv = /FNgv Vove H: 2)

If T'p =0 it is assumed that g satisfies the consistency condition /r g = 0; in this

case the solution u is determined uniquely up to an arbitrary constant.
For the finite element method we partition the domain € into triangular or
square elements with straight edges 7 defined by the mesh T}, and let

S2@) = {vn e B, | vl € S;7)  VreT,} 3)

Here S}(7) denotes the finite-element space over T and p is the degree of the
elements. For the meshes of triangles Sp(r) = P,(r), while for the meshes of
squares Sh(7) denotes the tensor-product polynomial space of degree p

() = {P | Plavzy) = T aisaiat } 4)

The finite element approximation of the solution of (1) satisfies:




Find u, € Sir, := S(Q) N HE,, such that
Bolunv) = [ gvn Vv, €SP, (5)
I'n

There exists a large literature devoted to the a-posteriori estimation of the
error of the finite element solution e, := u — u;, and to the recovery of the data of
interest (e.g. derivatives, stresses, etc.). For a complete discussion and references
to the vast literature see [3]-[8] for the problem of a-posteriori error estimation and
[9])-[13] for the problem of the recovery. All of these procedures have local character
i.e. the computed data in the element or patch of elements depend on the finite
element solution and the input-data only in the neighborhood of the element or
patch under consideration. In [6]-[8] and the theory presented there we underlined
the assumption that the mesh outside the region of interest has to be appropriate
so that there is no significant pollution, which cannot be detected by any local
analysis. We have shown in detail the effect of the pollution on the a-posteriori
error estimation and recovery in [1] and (2], respectively.

In [1] and [2] we have seen that the pollution-effect is negligible for meshes
which are constructed adaptively with respect to the energy error-measure in the
entire domain (we will call such a mesh a fully-adaptive mesh). Nevertheless, very
often in engineering computations, the mesh employed is very different from a
fully-adaptive mesh because of limited computer resources. It is often assumed
that the computed data are reliable (if this is indicated by the local error estimates
or the difference between the recovered data and the data computed-directly from
the finite element solution) without paying attention to the refinement of the mesh
outside the region of interest, as it is done, for example, in the global-local approach
[14]-[16]. This assumption can be correct or false, as has been shown in the results
given in [1] and [2] (see also [17]). From these results it is clear that there is
urgent need for the a-posteriori control of the pollution. This control cannot be
local, has to be cheap and accurate and will be addressed in the present naper.
We will assume that we have at our disposition error indicators which are very
robust modulo the pollution (i.e. the element effectivity indices are close to one
if there is no pollution). We have shown (see [6]-[8]) several examples of robust
indicators in the interior of the mesh. The analysis of the various error indicators
for the elements at the boundary and especially for the unsmooth solutions (in the
neighborhood of the singular points) will be done in forthcoming papers. In the
present paper we mention only a few illustrative examples related to the standard
estimators.

2 Local error indicators

Below we describe two types of local error indicators which will be used in the
numerical examples for the construction of a-posteriori estimates of the pollution.




2.1 Error indicators based on patch-recovery

Let wy denote the patch of elements connected to vertex X. For each patch
wy we recover the smoothened-gradient §*, by solving the following least-squares
problem:

~ X
1Vus ~ T2, ). g0,00 = f " WVun = @7 llz2wx). warpee (6)

in
qx € (Pp(wx

where {y,},27 denotes a set of sampling points in wy (given in [18-20]) and

nsp

umwmm=zk@%ﬂ (7)

m=1 Li=1

A continuous piecewise polynomial recovered gradient g%Z is obtained over the
mesh by combining the smoothened-gradient §* from the patches which correspond
to the vertices of the element (see [18-20] for the details). In the construction of
g%% we employ only patches wy for vertices X in the interior of the domain. The
values of g%Z at the boundary are obtained using extrapolation from the interior
patches. The element error indicators are given by:

177 := ||¢%% - Vullpa (8)

In the numerical examples we will call this estimator the ZZ (Zienkiewicz-Zhu)-
estimator.

2.2 Error indicators based on element-residual problems

Let € be an edge and J, denote the jump of the normal derivative of u, on ¢,
defined by:

' (V'u,l

- V‘uh

Tin

)m, egan

J, =4 2(g - Vu,

L) ecn ®

LOa 6§FD

Here n, 7,, and 7,,, denote the unit-normal and the elements associated with the
edge ¢, as shown in Fig. 2. We will denote by r_ := AuhL the interior residual for

element 7 and let 7, : H} — R be the residual functional given by

1
F.(v) :=/Tvr,. +3% [vh,  veH, (10)

Carve
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The error e, satisfies the residual-equation:

Find e, € Hf, such that

Ba(eyv)= Y. F.(v)  VwveH}, (11)

T€T,

Let us assume that the element-residuals have been modified in the following
way (for the construction see the Appendix):

FR@w):=F,0)+ Y [ vt (12)
eCOTNE, , £
such that
FERw)= 0 Y ve Si(r) (13)

Here 6 is the correction for the edge € and the element 7 and E,,, denotes the set

of interior edges. For any interior edge € the correction 6% is constructed such that
0; = -6 - We then have

2 F(v)=3 F) (14)

T€T, T€T,

Let us introduce the local problems:

For each element 7 € T}, find é, € H'(r) such that
B,(¢,,v) = FEQ(v) V ve H(r) (15)

Note that €, exists and is unique up to a constant since FE9(1) = 0. (If 9vNT'p #
@D we let é.|, = 0 for edges ¢ € OrNT'p and, in this case, the solution is unique.)

Let us denote by |||v|||s := \/Bg(v,v) the energy norm over any S C Q. We then
have

EE B.(ep,v) 5 F.(v) g FE(v)
T T T
llenlllg = sup —f—m—— = sup —t—r—= sup —2———— (16a)
veh} [llv]liq vert,  llvllla veH} ||v}llg
and hence
5 Bi(en)
lleallle = sup —2——0— < [ |{|é,]]12 (16b)
veH} lvllf €T,
6




Thus an upper-estimator for the global energy-norm of the error is obtained pro-
vided that the local problems are solved ezactly. We will denote this estimator by
ERp.

In the implementations we employed approximate solutions of the local prob-

lems which are computed as follows:
Find é{P+%) € PP+k(r1) such that

B,(éF*M,v) = F79(v) V v e PPH(r) (17)
with the corresponding element error indicators
i o= (1O, (18)

In the numerical examples we will denote the estimator defined by (17) and (18) as
ERpPp+ k (element-residual with p-order equilibration and (p + k)-degree polyno-
mial space). For further details about element-residual estimators see (8], [21-29]
and the references therein.

Remark 2.1: By letting ¥ — oo in (17) we recover the exact solution €, of
the local problem (15). In most cases, by letting k£ = 3 we obtain element error
indicators which are practically the same as the indicators corresponding to the
exact solutions of the local problems.

We also considered the following variation of the local residual problem:

Find &P+ € MP*!(r) such that
B.(e7*V,v)= FF9(v)  V ve MP*(r) (19)

Here M?*1(7) is the bubble-space of degree (p+ 1) (see [28]-[29]). In the computa-
tions we employed the hierarchical element families given in [30] and let M2+!(7)
be the span of the edge shape-functions of degree (p + 1) only (i.e. three (resp.
four) edge shape-functions for a triangular (resp. square) element) together with
all interior shape-functions in S?*'(7). We will call the estimator based on (19)
the ERpB-estimator (element-residual with p-order equilibration and with (p+ 1)-
degree bubble space). (For a detailed study of the element-residual estimators in
the interior of the mesh see [6-8].)

We also considered the following patch-residual estimator: Let T be the element
of interest, w; be a patch of elements which includes 7 and a few mesh-layers around
it and consider the local problem:

Find elr*%) € S} ,(w,) such that

Y B(efv)= 3 FPOv) Y ve Sho(wn) (20)

TCw, 7Cw,




Here we let

Sholwy) := {v € C°%wy) ! v], € Si(r), v=0 on 0Ow,NTp } (21)

The error-indicator in the element 7 is computed by
noH = ||| |II, (22)

We will use the notation PRpPp + k to refer to the patch-residual problem with
equilibration of order p and (p+ k)-degree polynomial space. Below we will consider
patches which consist of a few mesh-layers of elements around the singular point.

2.3 The quality of the error-indicators in the neighbor-
hood of the singular points

We now give sample results on the quality of the error indicators in the
neighborhood of singular points for uniform meshes of triangles and squares; we
will present a more systematic study in a forthcoming paper.

Let us consider the problem (1) in the L-shaped domain (—1,1)%- {0,1]x [0, —1]
(resp. the slit domain (—1,1)?— [0,1]) and assume that the boundary-conditions
are such that (for a complete study of the properties of solutions in polygonal
domains, see [31]-[34]) u(r,9) = r*y(ad) where (r,9) are polar coordinates with
r = 0 at the singular point. We employed homogeneous boundary-conditions on
the edges of the domain emanating from the singular-point at (0,0) such that
Y(ad) = sin(a?) (resp. Y(ad) = cos(ad)) for homogeneous Dirichlet or mixed
(resp. homogeneous Neumann) boundary conditions, and Neumann boundary-
conditions computed from the exact solution in the rest of the boundary. We

employed the values a = 3 and -i— in the case of the L-shaped domain (resp. a=

1 1
1 and a = 3 for the slit-domain). We computed the finite element solution using

the uniform-meshes of triangles with A = T shown in Fig. 4a, for the L-shaped

domain, and in Fig. 5a for the slit-domain.

In Tables 1a, 1b (resp. Tables 1c, 1d) we give the effectivity indices for the vari-
ous estimators in the neighborhood of the singular point for linear (resp. quadratic)
triangles. The effectivity indices are given for the elements near the singularity
shown in Figs. 4b, 5b. In Tables 1a-1d we included the estimators ERpPp + 1,
ERpB, ZZ and PRpPp + 3 (for the patch-residual estimator we employed two
mesh-layers around the singular point to define the patch). In Table 2 we give the
effectivity indices for the estimators ERpPp + k for k = 1, 2, 3, 4, PRpPp + 3 and

ZZ for the L-shaped domain with a = % where the finite element solution was




computed using the uniform mesh of bilinear-squares shown in Fig. 6a (p =1,h=

313) The effectivity indices are reported for the elements in the neighborhood of

the singular point shown in Fig. 6b. Note that for the meshes of squares we em-
ployed three mesh-layers around the singular-point as the patch for the estimator
PRpPp + 3.

We see that the error in the layer of elements adjacent to the singularity can be
relatively large (e.g. more than 50% of the error in the entire mesh). The elements
where the energy of the error is more than 10% of the global energy of the error
will be called key elements. The large spread of the effectivity indices in the key
elements is in contrast to the robustness of the estimators for smooth solutions and
interior elements that we reported in [6]-[8].

As we said above the quality of the pollution estimates depends on the quality
of the estimator. Hence we should also consider another estimator which is very
accurate in the key elements. Such an estimator can be obtained by assuming the
asymptotic expansion

3
u(r,9) = Y_C;r™ sin(a;J) (23)

i=1
(or u(r,9) = Y_ C;v* cos(a;?) depending on the boundary-conditions) and by
extracting the coefficients C; from the finite element solution by employing the
contour-integral method given in [30]. For example for the case of the strongest

singularity & = —, the mesh shown in Fig. 5a and the elements shown in Fig. 5b
the effectivity indices, obtained by the extraction method, are,

K, =091, K, =091, K, =093
(24a)
k., = 0.95, K, = 0.97, %, =0.99
for linear triangles (p = 1) and
K, = 0.91, K, = 0.92, k., =0.94
(24b)

k, =097, k. =099, &, =100
4 5 [}

for quadratic triangles (p = 2). Comparing the above effectivity indices with the
effectivity indices reported in Tables 1b, 1d we see significant improvement in the
quality of the estimator in the key-elements.

Remark 2.1. In the examples below we know the exact solution and we could get
the exact error indicators. We employ the extraction method as a general approach




for the error computation. We will discuss the construction of error-indicators in
the neighborhood of singular points in a forthcoming paper.

3 A posteriori estimate of the pollution error

In Section 2 we introduced various error estimates. We will now consider the
estimator ERp.

Let w, be a patch of elements (possibly consisting of one element) and let w,
denote a patch which consists of w, and a few mesh-layers around it (e.g. Fig. 3).
From (11)-(14) we get

Bo(epv)= Y, Fr%v) VYveHr (25)
T€T,

Let V€ H}_for j = 1,2, be defined by

J

Ba(W™v)= 3 FP»u) Yuve HE (26)
req‘
Tg(:ih

Ba(V;*v)= 3 Ff(w) VYwve HE (27)
req'
rgay

Obviously
V™ + V" = e, (28)
In {1} we showed that, in general, we have
Eop ~ IV, a8 A— 0 (29)

The symbol =~ means that there exist constants C}:”‘, c;';", which depend on the
geometry of the mesh in &,, but uot on the mesh-size h, such that
Cr" € < ™M, < C0°

— Wh

(30)

In [6]-[8] we computed the values of C;*, Co* for several estimators and a variety
of meshes and identified several robust estimators (e.g. estimators with C;* and
Cy* close to one for the types of meshes which occur in practical computations) for

1

mesh-cells w, in the interior of the mesh. Here, as usual, we let €wh = ( Z 173) 2
T€wh

with 7, being the element error-indicator corresponding to the particular estimator

(e.g. ERp). From (28)-(30) (and the results in [1]) we see that IHV;"IHW'. is the

10




measure of the pollution and that the estimate of the pollution is equivalent with
the estimate of HIV;"leh. We also note that V,™ is harmonic in w.

Let G(-‘B'), Z € Q, be the function satisfying

~AGH® = —g(i) in Q (31a)
G®= 0 on Tp (31b)
0

%GS’= 0 on [y (31¢)

. a6 s :
Here i = 1 or 2 and ——(&) denotes the z;-derivative of Dirac’s delta centered at

Oz,
z. Eq. (31a) is understood in the sense of the theory of distributions. Obviously

G® ¢ H} . By the standard arguments we see that
1 Tp g

vy s
(@)= 3 FPUGP) (32)
t TGTh
rgwh

Let us now replace the function G,(-i) by the difference

_ (G )(2) — G1)(z)) (33)

Gi(z) = ¢

where n, denotes the unit-vector in the i-th coordinate direction and G(®) is the
(classical) Green’s function. Then for any € Q — &, we have

G(=) - G (=)| < Cch (34)

We note that we can replace Gsé) by another combination of Green’s functions so
that the error will be of order A* (s > 0, arbitrary) instead of order % as in (34).
Using (13) and (32) we get

% @)= 5 £ ) (33

6xi T€T,
rg&h

where w, is the best-approximation of fo) on 7 from S(7) in the energy-norm.
By employing the definition of &, (see (15)) we see that

‘W’w”(') = Y B,(¢,GP - w,) (36)

Oz, ‘e,
rl&h

11




Hence

v, A :
5 (@) < 2 eI NG = wil, (37)
T T€T,
rZ&h

Replace now G\ by G and w, by w, (u':, is the best-approximation of G on
‘r) to obtain

Pl @) < T 1 @)llIG = b, 1fl,(1 +Ch) (38)

é’xi T€T,
fgﬁh

where 7.(u,) is the ERp-indicator computed from u,. Because w, is the best-
approximation on 7 of the function G we get

NGE =@, |l, < 7.(GE) (39)
and using (38) we obtain
6V z
5 @) < (2 malw) . (EED) (1 +Ch (40)
rET
rZw

Here we are assuming that & is a nodal point of the mesh and that n,(éﬁ)) is

the ERp-indicator computed from the finite element solution C;’fih) € S,’:'FD which
satisfies

Ba(G®),v) = ’ll(v(i Fnh)—v(2) VoveSh (41)

We assume that & + n;A is also a nodal point of the mesh (this can be always
achieved with obvious modifications of the approximation of GSE)).

We note that C:'f’_;,) approximates well the function G~’,(i) on {1—- @, although G
does not belong to H}D. Note that Gsi) has singular behavior at the corner-points.
For further details see [35]-[36]. Note also that éf? (and hence the corresponding

error indicators n,(é(i) )) is cheap to compute because it requires only the solution
of the system of discrete equatlons for an additional right-hand side.

We employ the indicator n,(G ) only as an estimate of the error in the best-
approximation on the left hand snde of (39) and hence the possible pollution does
not play any role. Also, from the construction of V,*, we see that it relates only
to the residuals (which are local) and hence the absence of the pollution-term
from 7, (u,) does not influence the accuracy of the estimate (40). Hence the only

12




requirement for the reliability of (40) is the accuracy of the indicators modulo
the pollution. Further, since V,™ is smooth in w, we can approximate Hle“"')Hw’I

assuming that VV;’" is constant in w, by letting

mw%wmszTJ(ﬂf%)f+(2i%mf (42)

With x € W

Remark 3.1. Although we mentioned the pollution error in connection with the
error estimate in w,, the same idea can also be used to estimate the effect of the

pollution on the error in recovered quantities.
&h

In summary the a-posteriori estimate of ‘ (a:)| is constructed as follows:

We compute the indicators 7, (u,), 17,,(G ) and define
MP@) = 3 |B, (&, (up),&,(GD)] (43)

rET,l
€op

where é_(u;) and é,(éf'ih)) are the error-indicator functions corresponding to u,
and Gfﬁ), respectively,
MP@) = 3 n.(un) 7,(G3) (44)

rETh
r@&h

TE€T, TET,
'r@wb r@wh

Mwa=izxm%wjzxmdﬁﬁ (45)

We then have

125" 2)] < M) < ME(e) < M) (46
We will define the pollutlon indicators p{™(2), m = 1, 2, by
pR(@) = | B, (&,(ws), &, (GEN)|, = n () 0 (GE) @)
We then have M{™(z) = ) pm(&) fori = 1, 2, m = 1, 2. We will also define
2

pollution-estimates for [VV;'“ [(2) in the form

13




MM(Z) = (MM (@) + (M (2)2, m=1,2,3 (48)

Remark 3.2. Although the derivations are valid only for the case where the
error-indicators are based on the ERp estimate we can expect that the above es-
timates give reliable answers if they are computed using indicators other than
ERp-indicators (provided that these indicators are reliable modulo the pollution).

4 The quality of the a-posteriori estimates of
the pollution-error

We will give sample results on the a-posteriori estimation of the pollution error.
We employed the estimates M), M) M) given in Section 3 in the following
form:

Mg:) = MS:,)sing + Ml(:,)smooth (49)

By Mﬁ),;,,y (resp. M;,';)mao,h) we denote the contributions to M) from the ele-

ments adjacent to the singularity (resp. the elements in the rest of the mesh). For

the meshes of triangles (resp. meshes of squares) we computed Mg)_,,-ng from the

first layer (resp. the first two layers) of elements around the singular point. In the

results the M f:;),mooth-part was computed using one of the indicators given in Sec-

tion 2 (e.g. ERpPp+3, ERpB, ZZ) while the Mf,',),,.ng-part was computed either by
employing an extraction method or by employing the same indicators used in the
interior. We also computed estimates for |VV,*(2)| by combining the estimates
for the z,- and z,-components. )

Wi

In the numerical results we also computed the “exact” value of —2—(2) by

oz,

ah
1

oz

solving the residual equation (26) for (&) using elements of degree (p + 2)

and by letting (see also [1])

vy de,, Ve

axi (2) = azi (Z) - ax'_ (z) (50)
We measured the quality of the estimators by computing the effectivity indices
(m) (m)
£™ = —M‘:—,’—— , 1=1,2, k(™) = MO (51)
AP V" (2)|
5 (2)|
form=1,2, 3.

14




In Table 3 we give an example of how the quality of the estimates of the
pollution is affected by the quality of the error-indicators near the singular point.

1 .
We considered the L-shaped domain with o = 3 and computed the pollution

estimates at & = (0.5,0.5) for the uniform mesh of triangles shown in Fig. 5a (h =

1 . . .
E) for linear and quadratic triangles. We computed the pollution-estimates by
employing the error-indicators from the ERpB estimator. The results in Table

3 show overestimation by a factor of 1.9-2.5 by the M(®) and M® pollution-
estimates. This is due to the fact that the error-indicators for the ERpB estimator
overestimate the error in the key elements (see the results in Tables 1a, 1b).

In order to be able to evaluate the performance of the pollution-estimates in
the ideal case (without the influence of the quality of the particular indicators near
the singular point) we also computed the error-indicators in the key elements using
the extraction method as outlined above. In Table 4a (resp. Table 4b) we give the

results for linear and quadratic triangles for a = 1 for the mesh shown in Fig. 5a
(resp. a= % for the mesh shown in Fig. 4a). In Tables 5a (resp. Table 5b) we

. - . . 1 .
give the results for bilinear (resp. biquadratic) squares for a = 3 and in Table 5¢

. 1 . . .
we give the results for « = = and biquadratic squares. In the above computations

for the meshes of triangles we let

@y, = (Z, —3h, Z, + 3h) x (Z, — 3k, T, + 3h) (52)
while for the meshes of squares we used

@y = (T, — 2k, &, +3h) x (3, — 2h, T,+ 3h) (53)

We observe that the M) and M(?) estimates of the pollution have effectivity
indices between 0.9-1.4.
We also computed the M(®)-estimates of the pollution for the cases given in

Tables 5a, 5b and 5c. We obtained the following effectivity indices

=476 k=483 @ =481 (54)
for the case in Table 5a,

) =568 &P =480, «® =532 (55)
for the case in Table 5b, and

Y =1653, &P =1343, £ = 1477 (56)
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for the case in Table 5c. From these results we see that the M®)-estimate grossly
overestimates the pollution-error and should not be used.

In the Remark 3.2 above we noted that the derivations of the estimates for the
pollution are valid only when the ERp error-indicators are used but nevertheless
they could be computed from other error indicators too provided that these indi-
cators are robust modulo the pollution. In Table 3 we gave examples of pollution
estimates based on the ERpB error-indicators. To illustrate further the point of
Remark 3.2 we computed the M(?-estimates for the case in Tables 5a, 5b and 5¢
using the ZZ error-indicators. We obtained the following effectivity indices

=116 &P =133 =12 (57)
for the case given in Table 5a,

£ =221, kP =235« «?=231 (58)
for the case given in Table 5b, and

=118 sP=168 £®=1712 (59)

for the case given in Table 5c. As in the case of the ERpB-based pollution estimate
we get (reasonable) overestimation of the error which is related to overestimation
by the ZZ error-indicators in the key elements.

5 Adaptive control of the pollution-error

Let t% be a given tolerance and let us assume that the goal is to construct a
mesh T, by employing regular subdivision of the elements of an initial mesh 77,
such that

V2 ., < %111V 1L, (60)

where w, C TP. The mesh T}, which achieves local control of the poilution-error
in w;, according to (60) may be obtained using the following algorithm:

1. Let T, = T and go to 3.

2. For each element 7 € T} do:

2.1. Compute p., 7 €T, 7L @,
22 Ifu, > 7 max fi,, subdivide .

3. Compute the finite element solution on 7}, and €, -
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4. Check if
< tRE, (61)

w, =
If not, go to 2, otherwise stop.

Here 4, is the pollution-indicator for the element 7, M,, is an estimator for

IHV;'“IHW , ¥ € (0,1) is a user-specified constant. The algorithm may be also
modified so that step 3 is executed only after a certain number of refinement steps.
In the examples below we let w;, coincide with an element 7 and we employed the
estimate

M, = /Il \/ MO @) + (MP(2)’ (62)

and for the refinement we used the pollution-indicators

=) + ()’ (63)

where Z is taken to coincide with a vertex of the element 7.
We employed the above algorithm with t% = 10% for meshes of bilinear and

biquadratic squares in the L-shaped domain (a = -;;) for w, = 7 = (0.5,0.625)?
(the element shown shaded gray in Figs. 7a, 7Tb). We employed, as the initial

mesh, a uniform mesh of squares with hy = 5 in the second and third quadrants

and elements of size hy = —;— in @, = [0.25,0.75]%. In Fig. 7a (resp. Fig. 7b) we
show the final mesh of bilinear (resp. biquadratic) squares constructed by the

L =9.57% < 10% (resp. M. _ 9.81% < 10%).

In both cases we employed the M(!)-estimate of the pollution computed using the

error-indicators obtained from the extraction method in the key elements and the
ERpPp+ 3 error-indicators in the rest of the mesh. We also note that in the initial

uniform mesh of bilinear (resp. biquadratic) squares we have ———— = 0.035

[flexlll- ;.IIIT

Nz “ . 0 ;
resp. ——— = (. 017) while in the final mesh ——— = 0.994 (res S — =
( P Meallls el P Meallly

0.923). Thus by controlling the pollution-error to less than 10% the value of the

indicator 1, we get a very reliable local indicator.
We also considered the domain ABCDEFGH shown in Fig. 8 and exact solution

u(z,y) = r¢Ssin (%00) + rg® sin (%05) (64)
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wh = /(z, = (2-);)? + (23 — (2()5)?, ¥ = tan™! (ﬂ;(xL)z) and simi-
ere re \/( 1= (@ch)? + (22 = (z¢)2)% Yo 1 — (20);

larly for rg and 9g, a¢ = 3 and ag = % We let 7 be the element shown shaded in

Fig. 8 and we adapted the mesh to achieve |||V¢|||, < 20%|||Vy™|||;- By &, we mean
the patch which includes 7 and two mesh-layers around it. We employed quadratic
element (p = 2) and we based the estimate M, and the pollution-indicators g,
on the ERpB. In Figs. 8a and 8b we give the pollution-adaptive meshes (obtained
used v = 0.8) for two locations of the element 7, (shown shaded gray with a bullet
at the centroid). In both the examples, &, is the patch which includes all the
shaded elements and one layer of elements around them. In Fig. 8a we show the

final grid for which we have A:f = 18.6% < 20%. For this mesh ﬁ-l'—- = 0.92
¥ hitts

while in the initial mesh ﬁ”— ~ 0. In Fig. 8b, for the second location of the
il
element 7, we show the final grid for which M, = 29.8% < 30%. For this mesh,

Nz

——“IZ’“I ~ 0. We also computed the effectivity-index for the pollution-estimate
hillr

M, for the final mesh shown in Fig. 8a; its value was found 1.89. Hence we note
that the pollution-estimates were based on ERpB produce slight overrefinement of
the mesh.

6 Summary of conclusions

In this work we constructed a-posteriori estimates for the pollution-error. The
main tools are the local error-indicators and a finite-element approximation of the
Green’s function. We also proposed an algorithm for the adaptive control of the
pollution-error in any patch of interest.

The major conclusions of this study are:

1. The quality of the estimates of the pollution-error depends on the quality
of the error-indicators near the singular points. Existing estimators over- or
underestimate the error in the key elements depending on the unsmoothness
of the solution and the degree of the elements. Hence it is necessary to
construct estimators with element effectivity indices close to one near the
singular points. This will be addressed in another work.

2. It is possible to control the pollution-error in any patch of elements by refining
the elements with the biggest pollution-indicators.

3. When a direct solver is used the cost of the pollution-estimates is negligible.
It is practically the same cost as computing with a few additional right-hand
sides.
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4. For elements of degree p > 2 it is also possible to construct estimates of the
pollution in the value of the finite element solution. This will be addressed
in a future paper.
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Appendix

We will now outline the recipe for the local construction of equilibrated element-
residuals which is employed in the numerical examples. This construction was
proposed in [21]-[26]. We let ¢° be a function defined piecewise as a ¢-degree
polynomial on each edge €. We define (see Fig. 2)

6= =6, 6

out n

= —¢ (A.1)

Given any interior element 7 and ¢, 0 < ¢ < p, the aim is to determine edgewise
g-degree polynomials 6, such that

FRm) = F,(0)+ ¥ [ oo =0 VvesSin) (A2

c€ O

The residuals which satisfy (A.2) are said to be g-order equilibrated. Eq. (A.2) is
equivalent to

E/m _FAé.), i=1,...,N? (A.3)

eCor

where ¢, is the i-th shape-function of the element and N7 denotes the dimension

of S}(7).
A.1 Equilibration for an interior vertex X

A set of edgewise polynomial corrections for edges connected to interior vertices
is constructed as follows:

a. Linear corrections.

Let us first determine edgewise linear corrections in the form

0° = (6195 + 9°%¢5) (A4)
VY5 = 2—(2)‘ —23) Py 1= —2— 2X5 — A9) A5
l._-[Ef 1 2/ 2'“‘]6‘( 2= M ( . )

where A{, k = 1, 2 are the linear shape-functions defined over the edge €. Note
that

0=v'==/0= e k=12 (A.6)

Let X denote an interior vertex of the mesh with the element 7 and the edges
eX, i =1,...,4, connected to it, as shown in Fig. 9a and let V(Ek ) denote the
local number (1 or 2) of the vertex X with respect to the edge ef. The values of

gei #(«X) are obtained from the linear system
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) / Oxdx = —Fxldx), k=1,...,4 (A7)

eCarX

which reads

T 10 0 =17 (DY (—Fox(ex))

-1 1 0 0f/]eF~eD —F.x(¢x)
1 ¢ = 9 4 (A.8)

0 -1 1 0f]gswed —Fox(¢x)

L0 0 -1 1D ] U =Fox(ex) )

Here we assumed that the directions of edge-normals are the ones shown in Fig. 9a.
The matrix has exactly one zero eigenvalue with corresponding eigenvector
[1,1,1,1]7. Moreover from the orthogonality condition we have

,;ff(éx) =0 (A.9)

and the system is consistent. Particular solutions can be obtained from various
choices of the free-constant. For example one may choose 6% *(<3) = 0 (e.g. [24])
or one may choose the constant by minimizing various norms of the solution of
(A.8), namely

4
JUOFR ) = T wy (6% 0y (A.10)
k=1
where w, denotes the weight associated with . Here we employed the choice
1
w, = =] (see [25]).

b. Higher-order corrections.

Let us denote by ¢, ;, k = 1,...,(¢+1) the basis-functions which do not vanish
on the edge . We extend the conjugate basis introduced in (A.5) as follows:

0, ifj<:
/ Yid,,; = { ' (A.11)
¢ 1, ifj=1

where 3 < i,7 < (g +1). After the linear edge corrections have been determined,
the higher-order corrections can be computed from

i-1 ,
0 = ~Fr($e) = 0 [ Wi0ei, i=3,...,(g+1), eCon., (A12)

j=1
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Note that the higher-order corrections can be determined explicitly and are defined
uniquely for each edge.

A.2 Equilibration for a vertex X on the boundary of the domain.

The edgewise polynomial corrections for edges connected to boundary-nodes
are constructed as follows:

a. Linear corrections.

Let X be a vertex on the boundary of the domain, with elements 7%X,: =1,...,3
and edges ef ,j=1,...,4 connected to it, as shown in Fig. 9b. The edges ¢ and
eX lie on the boundary. For the vertex X we get the following linear system

Y [ Gxbx=~Fixlox), k=123 (A.13)
eCorX €

which reads as,

¢ g (=)

-1 1 0 0 ~Fx(dx)
aef,u(eg‘) !

0 -1 1 0 = _F x(dy) (A.14)
03:’,(,11(3;‘) 2

0 0 -1 1 ~F,x(¢x)
keef,u(c{)l ’ 8

The directions of the edge normals are shown in Fig. 9b. We will have various
possibilities for the type of boundary conditions on edges €X and eX. Based on
these possibilities a solution to the above system is obtained. The following types
of boundary conditions are possible:
(i) Dirichlet boundary conditions on both edges eX and eX:
The system (A.14) has an infinite set of solutions. A particular solution
which minimizes (A.10) is selected.
(i) Neumann boundary conditions on both edges ef and e:
The system (A.14) has a unique solution which is obtained by setting g1 *(=)
and 653 “() equal to zero.
(ili) One of the edges €X, €X is on the Dirichlet boundary while the other is on
the Neumann boundary:
A unique solution is obtained for the system (A.14) by setting 8 *(=X'} equal
to zero for the edge on the Neumann boundary.
b. Higher-order corrections.

The higher-order corrections are computed following exactly the same steps as
for the interior vertex.
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List of Figures

Fig. 1. An example of polygonal domain.

Fig. 2. An interior edge with its unit-normal and the elements 7;,, and 7,,, attached
to it.

Fig. 3. An example of a patch of elements w), included in a larger patch @, which
includes w, and three mesh-layers around it.

1
Fig. 4. (a) The L-shaped domain covered by a mesh of triangles with A = 16
(b) Detail of the mesh showing the enumeration of the elements in the neighborhood
of the singular point.
Fig. 5. (a) The slit-domain covered by a three-directional mesh of triangles with

h = 6 (b) Detail of the mesh near the singular point showing the enumeration
of the elements.

1 .
'33’
(b) Detail of the mesh in the neighborhood of the singular point showing the
enumeration of the elements.

Fig. 6. (a) The L-shaped domain covered by a mesh of squares with b =

Fig. 7. Adaptive control of the pollution error: Final mesh obtained for the control
of the pollution-error in the shaded element 7 for t% = 10%. L-shaped domain

with a = %— Adaptive mesh of:

(a) Bilinear squares (p = 1) which satisfies M _ 9.57% < 10%.

Nz

(b) Biquadratic squares (p = 2) which satisfies M. _ 9.81% < 10%.

. Nz
Fig. 8. Adaptive control of the pollution error: Adaptive mesh of quadratic tri-
angles (p = 2) obtained for the control of the pollution-error in the shaded ele-

ment, ¥ with a bullet at the centroid. Polygonal domain, u(z,y) = r(%; (2190)+

r§ sin (—1-19 ) 3
’ 3 M
(a) Adaptive mesh which satisfies —7’—’ = 18.6% < 20%;
?
(b) Adaptive mesh which satisfies %— = 29.8% < 30%.
i

Fig. 9. (a) An interior vertex X, (b) A boundary vertex X. Here we show the
elements {r¥}4_, and the edges {e}i_, and the unit-normals assigned to the
edges.
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Effectivity indices in the elements in
the neighborhood of the singular point
Uniform mesh of linear triangles (p = 1)
Element | |lle,If2
== | ERpPp+1 | ERpB Y4 PRpPp+3
No. | Tlleally
u(r,9) = ri sin(g)
1 0.147 2.544 1.897 0.475 0.759
2 0.123 3.008 1.959 | 0.562 0.788
3 0.154 2.737 1.656 0.502 0.916
4 0.106 1.930 1.361 0.603 1.031
5 0.138 1.787 1.037 | 0.701 1.098
6 0.114 0.729 0.558 1.298 1.178
u(r,9)=r$ sin(%)
1 0.129 1.696 1.268 1.028 0.964
2 0.088 1.372 1.037 1.183 0.979
3 0.127 1.306 0.776 0.907 1.026
4 0.127 1.585 0.920 | 0.907 1.026
5 0.088 1.739 1.269 1.183 0.979
6 0.129 1.972 1.473 1.028 0.964

Table 1a. The quality of the error indicators in the neighborhood of the singular
point: The element effectivity indices for the mesh and elements shown in Figs. 4a
and 4b, respectively. Uniform mesh of linear triangles (p = 1), & = 6’ u(r,d) =
1 2

“ sin(ad == =)
r® sin(ad) (a 3 3)
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Effectivity indices in the elements in
the neighborhood of the singular point
Uniform mesh of linear triangles (p = 1)
2
Blement | llel: | ppopyy1 | ERpB| 22 | PRpPp+3
No. | fllexlll%
u(r,9) = rt sin(%)
1 0.111 2.861 2.133 0.300 0.575
2 0.099 3.498 2.250 | 0.461 0.608
3 0.190 2.071 1.667 | 0.565 0.774
4 0.108 2.625 1.575 | 0.561 0.943
5 0.079 1.718 1.231 | 0.868 1.086
6 0.172 1.076 0.687 | 1.009 1.143
u(r,9)=r} sin(g)
1 0.106 2.003 1.494 | 0.775 0.886
2 0.079 2.074 1.432 | 1.169 0.929
3 0.187 1.266 0.799 | 1.154 1.035
4 0.086 0.907 0.724 1.133 1.077
5 0.113 2.060 1.200 1.120 1.010
6 0.174 1.221 1.181 | 0.933 0.898

Table 1b. The quality of the error indicators in the neighborhood of the singular
point: The element effectivity indices for the mesh and elements shown in Figs. 5a

and 5b, respectively. Uniform mesh of linear triangles (p = 1), h = 6 u(r,d) =
o 11
r° sin{ad) (a = Z,-2—)
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Effectivity indices in the elements in
the neighborhood of the singular point
Uniform mesh of quadratic triangles (p = 2)
Element | Wlewlll? | ppopyy 1| ERpB| 22 | PRoPp+3
No. | llle,lli
u(r,9) =r} sin(g)
1 0.164 2.370 1.915 0.513 0.593
2 0.155 2.655 2.153 | 0.574 0.657
3 0.163 2.397 1.914 0.572 0.779
4 0.147 1.776 1.441 0.662 0.898
5 0.155 1.407 1.086 0.848 0.986
6 0.146 0.681 0.493 1.266 1.046
u(r,9) = rt sin(??;z)
1 0.170 1.543 1.275 1.178 0.833
2 0.148 1.361 1.084 | 1.256 0.939
3 0.171 1.002 0.713 | 1.079 1.037
4 0.171 1.201 0.881 1.079 1.037
5 0.148 1.650 1.325 | 1.256 0.939
6 0.170 1.791 - 1.474 1.178 0.833

Table 1c. The quality of the error indicators in the neighborhood of the singular
point: The element effectivity indices for the mesh and the elements shown in
Figs. 4a and 4b, respectively. Uniform mesh of quadratic elements (p = 2), h =

1 o T12
6’ u(r,9) = r*sin(ad) (a_ T 3).
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Effectivity indices in the elements in
the neighborhood of the singular point
Uniform mesh of quadratic triangles (p = 2)
Element | |lle,]l|?
> | ERpPp+1 | ERpB ZZ | PRpPp+3
No. | llleyllly | =777 g
u(r,9) =rt sin(g)
1 0.123 2.689 2.166 0.336 0.456
2 0.119 3.116 2.521 | 0.471 0.509
3 0.222 1.851 1.743 0.588 0.665
4 0.133 2.291 1.829 | 0.703 0.823
5 0.103 1.610 1.301 | 0.943 0.924
6 0.197 0.945 0.679 | 1.108 1.022
u(r,¥) =r¥ sin(-g-)
1 0.125 1.820 1.485 | 1.895 0.732
2 0.114 1.824 1.471 1.192 0.828
3 0.234 1.130 0.798 | 1.263 1.009
4 0.117 0.866 0.640 | 1.313 1.046
5 0.128 1.698 1.326 | 1.289 0.957
6 0.232 1.044 1.019 | 0.981 0.775

Table 1d. The quality of the error indicators in the neighborhood of the singular
point: The element effectivity indices for the mesh and the elements shown in

Fligs. 5a and 5b, respectively. Uniform mesh of quadratic elements (p = 2), h =
— ag 11
16’ u(r,¥) = r*sin(ad) (a =1 5)
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Effectivity indices in the elements in the neighborhood of the singular point

Uniform mesh of bilinear squares (p = 1)

u(r,9)=ri sin(%)

Element | [lle,lilz ERpPp+1 | ERpPp+2 | ERpPp+3 | ERpPp+4 | PRpPp+3 | 22
No. | llleslli3
1 0.005 0.667 0.709 0.796 0.807 0.811 | 0.408
2 0.008 0.325 0.471 0.487 0.509 0.510 | 0.403
3 0.008 0.821 0.864 0.923 0.933 0.892 | 0.686
4 0.005 0.527 0.538 0.557 0.559 0.600 | 0.477
5 0.006 1.240 1.358 1.443 1.468 1219 | 1.107
6 0.287 0.770 0.859 0.990 1.012 1.106 | 0.795
7 0.313 0.798 0.845 1.008 1.020 1.014 | 0.727
8 0.009 2.389 2.456 2.904 2.922 2.716 | 0.627
9 0.007 0.883 1.057 1.110 1.141 1.207 | 0.887
10 0.262 1.084 1.212 1.402 1.434 1.381 1.555
11 0.006 0.757 0.816 0.938 0.954 0.974 | 0.347
12 0.006 .| 1.284 1.457 1.540 1.574 1.613 | 2.379

Table 2. The quality of the error indicators in the neighborhood of the singular

point: The element effectivity indices for the mesh and the elements shown in
. . . e 1
Fig. 6a and 6b, respectively. Uniform mesh of bilinear squares (p = 1), h = —

16’
u(r,d) = r} sin($).
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A-posteriori estimates of the pollution-error

Estimates based on the ERpB estimator

Mesh-patch &, centered at # = (0.5,0.5)

u(r,9) = ri sin(g)

Exact MO MP
Quantity v

v ] k(D) v k()

Uniform mesh of linear triangles (p = 1)

ov;* (:c)| 0332 | .0631 | 1.90 | .0640 | 1.92
Oz,
-'I
aat;; (i)l 0281 | .0585 | 2.08 | .0597 | 2.13
2

WV z) | 0435 | .0860 | 1.98 | .0875 | 2.01

Uniform mesh of linear triangles (p = 2)

6:: ()l 0157 | .0382 | 2.43 | .0382 | 2.43
1

az ()l 0132 | .0349 | 2.64 | .0349 | 2.64
2

WV z) | 0205 | 0517 | 2.52 | .0517 | 2.52

Table 3. The quality of the a-posteriori estimates of the pollution-error: The

'. -
Ao )l |6V: (i’)l or [VV,*|(z), the corresponding M- and

exact values of I

M@ _estimates (computed by employing the error-indicators from the ERpB esti-
mator) and the corresponding effectivity indices. Uniform mesh of linear (p = 1)

or guadratic (p = 2) triangles shown in Fig. 4a (h = 16) u(r,9) = r3 sin(-g).
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A-posteriori estimates of the pollution-error

Estimates based on the extraction method

Mesh-patch @, centered at z = (0.5,0.5)

u(r,9) =rt sin(-g)

Exact ML M3

Quantity v

v ] &(9) ] k()

Uniform mesh of linear triangles (p = 1)

v

(z)l 0498 | .0459 | 0.92 | .0527 | 1.05
oz,

(z)l 0437 | .0441 | 1.01 | .0481 | 1.10
3::2

WV |(2) 0663 | .0637 | 0.96 | .0714 | 1.08

Uniform mesh of quadratic triangles (p = 2)

| ()| 0293 | .0276 | 0.04 | 0307 | 1.05
oz,

v
52 (z)l 0258 | .0252 | 0.98 | .0265 | 1.03
2

IVVr|(2) | .0390 | .0374 | 0.96 | .0406 | 1.04

Table 4a. The qua.lity of the a-posteriori estimates of the pollution-error: The

exact values of | Bz, )I | (z)l or IVV;"I(:B), the corresponding M{)- and

M@.estimates (computed by employmg the error-indicators from the extraction

method in the key elements) and the corresponding effectivity indices. Uniform
1

mesh of triangles shown in Fig. 5a, h = —, u(r,¥) = risin(=). The error-

indicators computed from the extraction method were employed in one mesh-layer
around the singular point; the error-indicators from ERpPp + 3 were employed in
the rest of the mesh.
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A-posteriori estimates of the pollution-error

Estimates based on the extraction method

Mesh-patch &, centered at = (0.5,0.5)

u(r,9) = r} sin(g)

Exact MO M®

Quantity v
v ] k(?) 0 k(%)

Uniform mesh of linear triangles (p = 1)

v

2 (:c)| 0332 | 0343 | 1.03 | .0382 | 1.15
1

‘;i

a;/: (e)l 0281 | .0338 | 1.18 | .0379 | 1.35
2

|V |(z) | 0435 | .0482 | 1.11 | 0538 | 1.24

Uniform mesh of quadratic triangles (p = 2)

G’h

a(;/; (5)' 0157 | .0152 | 0.97 | .0161 | 1.03
1
@y

a;/: (5)| 0132 | 0149 | 1.13 | .0149 | 1.13
2

IWVr|(z) | .0205 | .0209 | 1.02 | .0219 | 1.07

Table 4b. The quality of the a-posteriori estimates of the pollution-error: The ex-
aV:h = aV;’h = V‘Dh = 3 1

Bz, (z)l, |a—%(z)| or |[VV,™*|(&) and the corresponding MV)- and
M _estimates (computed by employing the error-indicators from the extraction
method in the key elements) and the corresponding effectivity indices. Uniform

act values of |

mesh of triangles shown in Fig. 4a, A = 6 u(r,d) = ri sin(-t?—). The error-

indicators computed from the extraction method were employed in one mesh-layer
around the singular point; the error-indicators from ERpPp + 3 were employed in
the rest of the mesh.
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A-posteriori estimates of the pollution-error

Estimates based on the extraction method

Uniform mesh of bilinear squares (p = 1)

u(r,d) = rt sin(-g)

Mesh-patch &, centered at 2 = (0.5,0.5)

Exact MB)(v)) M®(vy)

Quantity v,
v Y K(vy) Yy x(vy)

BV“”'

()| 0.0212 | 0.0242 | 1.14 | 0.0301 | 1.41

(z)l 0.0188 | 0.0199 | 1.06 | 0.0228 | 1.21
322

|VVE|(z) | 0.0288 | 0.0314 | 1.09 | 0.0378 | 1.31

Table 5a. The quality of the a—posteriori estimates of the pollution-error: The

v, 5
exact values of I 33:2 | I | or |VV,*|(z), the corresponding M- and
M?)_estimates (computed by employmg the error-indicators from the extraction

method in the key elements) and the corresponding effectivity indices. Uniform

mesh of bilinear squares (p = 1), h = —; u(r,9) = r3 sin(3). The error-indicators

computed from the extraction method were employed in two mesh-layers around
the singular point; the error-indicators from ERpPp + 3 were employed in the rest
of the mesh.
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A-posteriori estimates of the pollution-error

Estimates based on the extraction method

Uniform mesh of biquadratic squares (p = 2)

u(r,9)=rd sin(g)

Mesh-patch @, centered at Z = (0.5,0.5)

Exact MW(v,) M) (v,)
Quantity v,
v ! K(v;) u x(vy)
'h
vy (a':)l 0.0168 | 0.0202 | 1.20 | 0.0233 | 1.38
oz,
-h
vy (5:)' 0.0154 | 0.0177 § 1.15 | 0.0184 | 1.19
Oz,
|VV.:,:"‘|(:E) 0.0228 | 0.0269 | 1.18 | 0.0297 | 1.30

Table 5b. The quality of the a-posteriori estimates of the pollution-error: The
W h -

exact values of lac,;;"’ (5:)', la;f’ (i)l or [VV;*|(), the corresponding M1 and
1 2

M?).estimates (computed by employing the error-indicators from the extraction
method in the key elements) and the corresponding effectivity indices. Uniform
mesh of biquadratic squares (p = 2), & = =; u(r,d) = r¥sin(z). The error-
indicators computed from the extraction method were employed in two mesh-layers

around the singular point; the error-indicators from ERpPp + 3 were employed in
the rest of the mesh.
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A-posteriori estimates of the pollution-error

Estimates based on the extraction method

Uniform mesh of biquadratic squares (p = 2)

u(r,9)=rt sin(%)

Mesh-patch &, centered at 2 = (0.5,0.5)

Exact MD(v,)) M) (v))

Quantity v,
v Lol #(vy) 21 #(vy)

h

8;:" (2 )| 0.0272 | 0.0332 | 1.22 | 0.0429 | 1.58
1

v

(:i:)l 0.0323 | 0.0397 | 1.23 | 0.0485 | 1.51

vV (z) | 0.0420 | 0.0517 | 1.23 | 0.0647 | 1.54

Table 5c. The quality of the a-posteriori estimates of the pollution-error: The

exact values of I oz, ' I (z l or |VV;"|( ), the corresponding M(1)- and

M@ .estimates (computed by employlng the error-indicators from the extraction
method in the key elements) and the corresponding effectivity indices. Uniform
mesh of bilinear squares (p = 2), h = <; u(r,9) = ri sin{-). The error-indicators

computed from the extraction method were employed in two mesh-layers around
the singular point; the error-indicators from ERpPp + 3 were employed in the rest

of the mesh.
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The Laboratory for Numerical Analysis is an integral part of the Institute for Physical
Science and Technology of the University of Maryland, under the general administration of the
Director, Institute for Physical Science and Technology. It has the following goals:

To conduct research in the mathematical theory and computational implementation of
numerical analysis and related topics, with emphasis on the numerical treatment of
linear and nonlinear differential equations and problems in linear and nonlinear algebra.

To help bridge gaps between computational directions in engineering, physics, etc., and
those in the mathematical community.

To provide a limited consulting service in all areas of numerical mathematics to the
University as a whole, and also to government agencies and industries in the State of
Maryland and the Washington Metropolitan area.

To assist with the education of numerical analysts, especially at the postdoctoral level,
in conjunction with the Interdisciplinary Applied Mathematics Program and the
programs of the Mathematics and Computer Science Departments. This includes active
collaboration with government agencies such as the National Institute of Standards and
Technology.

To be an international center of study and research for foreign students in numerical
mathematics who are supported by foreign governments or exchange agencies
(Fulbright, etc.).

Further information may be obtained from Professor L. Babudka, Chairman, Laboratory for
Numerical Analysis, Institute for Physical Science and Technology, University of Maryland, College
Park, Maryland 20742-2431.




