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I. INTRODUCTION

The two-dimensional superquadric equation (Reference 1)

(/a)V + (y/b)V=1 1)

has been applied recently to electromagnetic problems in the context of scattering from
perfectly conducting superquadric cylinders (Reference 2) and also in the analysis of
reflector antennas with superquadric aperture boundaries (Reference 3). References 2 and

3 have used Equation 1, emphasizing the value of v to be an integer. However, there is no
prohibition against assuming that v can be any real number, i.e., v e R. Also, generally x

and y are assumed to run over the intervals -a<x <a, -b <y <b. In the following we
write Equation 1 in the form

y = (bla) @’ - xV) IN Q)

b < a, v equals any positive real number, and we keep in mind that in taking the vith root,
we are interested in real roots only. In Equation 2 we allow x to take on positive values

only, i.e.,, 0 <x <a. In this case Equation 2 is an arc in the xy-plane, which is completely

above the x-axis except at the end point, x = a. By taking this arc, y = f(x) 2 0, and
revolving it about the x-axis, we obtain a body of revolution (BOR) given by (Reference 4)

y2 + 22 = (bla)? (@Y - xV) 2V 3)

having a circular cross section in the yz plane and half of a superquadric cross section in the

xz or xy planes. Immediately it is obvious, when v = 2, that Equation 2 is the arc that will
generate the right half of a prolate spheroid. In keeping with previous conventions

(Reference 1), we will refer to the BORs generated by Equation 2 when v # 2 as
superspheroids. We have found that these shapes are quite similar to traditional high speed

missile radome shapes when appropriate values of a, b, and v are used.
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For example if we set z=0,b =1,a =4, and v = 1.5 in Equation 3, in the xy plane
we obtain Figure 1, which is a typical radome shape. The parameters b and a can be
interpreted as the radome radius and length, respectively. The planar cross section is an
open boundary in the xy plane since x is allowed to run between 0 and a only. The radome
fineness ratio is given by a/2 b. If some special cases of Equation 3 are considered, we see
that when v = 1, Equation 3 is the equation of a cone (in cross section, a wedge) and when
v = 2, Equation 3 is half of a prolate spheroid (in cross section, half of an ellipse). When
1 <v <2, we obtain a family of radome cross sections appropriate for high speed missile
applications with v controlling their curvatures (see Figure 2). If blunter nose shapes are
desired, one can choose v > 2, shown in Figure 3, while for pinched shapes, one uses
0 < v < 1, shown in Figure 4. Note that v = 0.2 produces a mathematical shape that is
very close to an aerospike (Reference 5).

The real value of the two-dimensional superquadric Equation 1 or the superspheroidal
Equation 3 for radome applications lies in their simplicity. Analytically they are much
easier to work with than the Von Karman or ogive equations (Reference 6). Thus since
these shapes are mathematically simple, it is possible to obtain closed form expressions for
some of the geometric quantities associated with them, such as planar area (Reference 3),
volume, etc. Usually this is not possible for traditional radome geometries.

In Section II, we will consider the tangent and rurmal vectors associated with
superspheroids as well as formulas for the curvature and incidence angles since these
quantities are necessary for many methods »f radome analysis (References 6 through 12).
In Section III, we will compare the superspheroid family with traditional radome
geometries and show that a number of traditional shapes can be well approximated by
superspheroids using appropriate values for @, b, and v. In Section IV, we will indicate
how to determine the arc length, area, and volume properties of such shapes. In Section V,
we use a ray tracing technique to obtain boresight error curves as functions of gimbal angle
for various superspheroid geometries and compare the electrical properties of a Von
Karman shape and an ontimized superspheroid. Section VI contains our conclusions.

I1. TANGENTS, NORMALS, AND INCIDENCE ANGLE MAPS

Considering the arc in the first quadrant of the xy plane where y = f(x) 2 0 for
0 £ x € a, we find that the derivative of Equation 2 is simply

1
f'<x)=—§x V“(aV-xV)(T‘) . @)
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Setting the antenna gimbal point at the coordinate origin, the equation of the central ray
projected from the ongin is just

y=xtany &)

where v is the antenna gimbal angle.

The x-coordinate of the point at which the central ray (or radius vector) intersects the
superquadric is given by

ab
X = i7v - (6)

—‘ [a"(tan y)" +b"]

The unit tangent vector to the superquadric is

1
l-— ~ — ~
a(av—xv) vi-bxV1ly

RN ?
{a (a" - xv) v+ b2x2("‘1)}
and the unit normal is
-1
X bxv‘li+a(av—xv) v
n= ) 5 77 (8)
{aZ(av _xv) v +b2x2(v—l)}
Thus the incidence angle, 0, is given by either
cos 0 =(F ¢ 1) )
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sinO--(F-?) (9a)

where the unit radius vector, 7 has been written in the form

. > (10)
;}l+tan2 ”

Dividing Equation 9a by Equation 9 and substituting Equation 6 into # and 7, we obtain a
convenient form for the incidence angles of superspheroid shapes in the xy plane as a
function of the antenna gimbal angle, i.e.,

1

[a2"(tan w)v] ( ")—b"a"'2 tan y

tanf =3 i . (11)
tan [ 2v v] G“T,) v, v-2
v|a“Y(tan y) +b%a
Note that for v = 2, i.e., half of an ellipse, Equation 11 reduces to
2,2

a*an y + b’ctny

as given in Reference 6. Plotting Equation 11, Figures 5 through 8 show incidence angle
maps for given fineness ratios and different values of v.

In some radome analysis methods, attempts have been made to take curvature directly
into account (References 13 and 14). In such methods, it is often helpful to know the

principal radii of curvature. The first and second principai radii of curvature are given by
the standard formulas (References 15 and 16)

21302
P s o Ry == f1+ £ 2] (13)

f (x

or for the superspheroids
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R

1
avx* V(av - xv)(z_;)[l + (2)212( V'l)(av - x")(;—szz
a
[
he b(1-v) (14)
while
112

Rz=-—Z(av-xv>"”[‘+(§)2x2“—‘><av*xV>(%'2)] o

When the value of v is 2, the formulas for Ry and R, reduce to those for a spheroidal
surface given in Reference 15.

Also, the superspheroids possess the quality of similarity (Reference 17), meaning
that one can obtain curves from the superspheroid equation that are exactly the same in
form and that differ only in scale. For example a simple generalization of Equation 1 in the
xy plane is

x 14 y)V—
DGR

where 1 is any constant. This automatically causes the g and b parameters to scale to

14 1 4
2= (17)
na nb

or the new a and b are @' = an1/V, b' = bn 1NV Thus we can use Equation 16 to obtain
"nested” or similar superquadrics where the fineness ratio of each shape is i = 5'; and is

independent of 1 (see Figure 9). This quality is not always present (or, if present, is not
always obvious) in the equations describing traditional radome geometries.
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III. APPROXIMATION OF TRADITIONAL RADOME SHAPES
USING SUPERSPHEROIDS

In this section, we compare the equations describing the Von Karman, Sears-Haack,
tangent ogive, and power law radomes with superspheroidal approximations. Beginning
with the Von Karman geometry, we use the Haack-Von Karman equation in the xy plane
(References 6 through 8),

2
7 = gz 6 qenag e et "
where
4 =cos'l(———2(x;h) —1) 19
and
X = a constant
D = diameter
{ = total length

h = antenna gimbal point of the radomc.

When the constant x is equal to zero, we have a Von Karman shape. When x 1s equal to
one-third, we have a Sears-Haack shape. Both of these geometries have been very
successful in radome design due mainly to their aerodynamic properties (Reference 6).

In attempting to approximate the traditional radome shapes with superspheroids, we
have used the distance between two curves, f(x) and g(x), given by (Reference 18)

a 172
lf—gl={f [f(x)—g(x)lzdx} (20)
0

as a measure of how "good" the approximation is. Equation 20 is a functional of the least-
squares type and is the simplest possible functional, which yields au accurate positive
definite residual (Reference 19). Thus by minimizing lif-gll, and choosing fixed values for

a and b, we can find that value of v, which corresponds to the minimum of lif-gll. This
value of v is then optimum in provi*ing the "best" approximation of g(x) to f(x) in the
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least-squares sense. Table 1 gives the optimized values of v, which result in the best least-
squares approximation of the superspheroid geometry to the Von Karman, tangent ogive,

Sears-Haack and power law radome contours. The optimum value of v is not affected by
changes in the radome fineness ratio.

Table 1. Optimized Values of v.

Shape Optimum v Minimum lif-gll
Von Karman 1.381 0.00915
Tangent Ogive 1.449 0.06756
Sears-Haack 1.555 0.02523
Power Law (m =) 1.161 0.03012
Power Law (m =3) 1.457 0.067711
Power Law (m =) 2.252 0.104671

Figure 10a shows a comparison between a Von Karman shape with D = 2, £ = 4,
h=0, x=0, and a superspheroid witha =4, b =1, v = 1.381. We have found that these
two geometries are indistinguishable graphically over a range of v where 1.34 <v < 1.40.
Thus the approximation of the Von Karman by a superspheroid is not very sensitive to
changes in the v parameter. When «x is equal to one-third, Equation 18 describes a Sears-
Haack radome shape. Figure 10b shows a comparis »n between the Sears-Haack geometry
with D=2, { =4, h =0, and a superspheroid with b =1, a =4, v = 1.555. As for the
Von Karman shape, the difference between the superspheroid and Sears-Haack is
indistinguishable graphically.

Comparison between a tangent ogive and a superspheroid is shown in Figure 10c.
The ogive defining equation in the xy plane is

y2=(\/R2-x2 +b,,-1e)2 1)

where bg = base radius and R = radius of the "parent circle,” which traces out the shape.
The tangent ogive is much harder to approximate using a superspheroid than the Von
Karman or Sears-Haack shapes.
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In Figure 10c, we have chosen bg = 1, R = 8.5 for the tangent ogive, and a = 4,
b =1, and v = 1.449 for the approximating superspheroid. This value of v causes the
two geometries to match in an overall sense but with significant differences near x = 1 and
3 <x< 4. Itit not surprising that the comparison between the tangent ogive and the
superspheroid is worse than for the Von Karman; since at the nose the derivatives of the
two shapes are fundamentally different with the tangent ogive having no unique derivative
at x = a while the superspheroid derivative is infinite there when v >1. However for many
numerical purposes, the approximation of a tangent ogive by a superspheroid (with
v = 1.449) would be acceptable.

The set of previously known shapes which is closest analytically to the
superspheroids is the set of power law shapes (Reference 6). They are defined in the xy
plane by

y =2(£:—{)m (22)

where

D = base diameter

£ =length

m = constant.

In its three-dimensional form, when m is one-half we obtain a paraboloid, and when m is
one, Equation 22 defines a cone. The most famous of this set of shapes is the three-quarter
power law (m = 0.75) which is itself an approximation to a true Newtonian shape.

Figure 10d compares the three-quarter power law shape with a superspheroid where

D=2,{=4,m=0.75,anda=4,b=1,v =1.161. As for the Von Karman and Sears-
Haack contours, the three-quarter power law shape and the optimum superspheroid are
again graphically indistinguishable. However as shown in Figure 11a and 11b, as m
decreases to one-half and further to one-fourth, it is much harder to approximate the power
law shapes using optimized superspheroids. While the power law shapes are analytically
as simple as the superspheroids, they are unable to approximate the Von Karman, Sears-
Haack, or tangent ogive geometries as well as do the superspheroid family.

10
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IV. GEOMETRIC PROPERTIES

Now we consider the planar area, volume, arc length, and lateral area of the surface
of revolution of the superspheroids. The planar area of the superspheroids (in the xy
plane) is given by the area between the two arcs, y = * f(x), such that

26 ¢ I/
A=_;_£ (a¥-x") Yax . 23)

Equation 23 can be evaluated in closed form using gamma functions and is given by

1), 1
i+ )r3)
A=22 LZEAN 7NV (24)

v I‘(l + 3)
v

The planar area for superquadrics with closed boundaries (i.e., -a <x <a, -b <y < b) was
given in a somewhat different form in Reference 3.

Considering some special cases of Equatior 24, when v = 1, we have A = ab, the

plane area of a wedge; whenv=2,A = ’-'—022 , the area of half an ellipse; and as v = oo,

A — 2ab, the area of a rectangle in the right half plane only.
The volume of the superspheroids is given by the integral

2/v

V=nbzz [1-(-2” dx . (25)

v
Equation 25 can be evaluated in closed form also, using the variable substitution ¢ = (i) ,

resulting in

11




e —

NAWCWPNS TP 8216

2).(1
y o ma I‘(l * V)F(V)

3 ;o v>0 . (26)
v I‘(l + -)
v
Again considering some special cases of Equation 26, whenv =1,V = % nb2a, which is
2nbla

the volume of a cone with base radius b and altitude a. Whenv=2,V = 7 which 1s

the volume of half of a prolate spheroid. When v — oo, the superspheroid geometry
becomes that of a circular cylinder with length a and radius b and volume nb2a. Thus by
normalizing tke superspheroid for any v to nb2a, we obtain Figure 12, which shows
normalized volume as a function of v. The top (Figure 12a) is a blow-up of the region 0 <
vV < 2 while the bottom (Figure 12b) shows the volume behavior when v is large. It is
interesting that as v becomes less than 0.4, the volume decreases sharply toward zero.

The arc length of the superspheroids is a far more difficult property to determine
analytically. We have found that the arc length can be put in the form of a generalization of
the complete elliptic integral of the second kind, i.e. the arc length is

1/2
Ll (1-2)7 + 1222
=34 ( ) > 1-P)gy 01}
v 0 (1__ t2)

where t = (f)v, p=2- % and k = g. Immediately for the case of the ellipse (v = 2), we
have p = 1 and Equation 27 reduces to

) (l—tzk'z) 1/2
L=2aj s dt (28)
0

where

k2=1-12=1-(2)?

12
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or

L=2aE(k’) 29)

where E(k') is the complete elliptic integral of the second kind (Reference 20).

2
For the cone, where v = 1 and p = 0, Equation 27 becomes L=a l+(2) . In
a

Figure 13, we have plotted the arc length normalized to 2a versus v for various fineness
ratios, 7%—-— 1, 2, and 3. These curves are quite similar in appearance, each sharing a

minimum at v = 1. This, of course, indicates that the arc length ¢ -one is the minimum

of all the superspheroidal shapes. As Vv — oo, the arc length of the superspheroids plane

goes to that of a rectangle of perimeter L — 2(a+b). Thus %‘; -1+ % , and we see n

Figure 13, that for v large, 1 + ;—’ is the asymptotic limit for each curve and as v — 0,
1+ % is the limit for each curve also. Thus no matter how small v hecomes, the arc

length does not approach zero even though the volume does.

The lateral surface area of the superspheroids is determined similarly. We have found
that this quantity is given by

S= 47ab j [(1 -2 )p(tz)p—2 + kz(l - t2)2p—2] td: 30)
0

where

From Equation 30, we find that the lateral surface area of a cone (v =1) is Scone = nb‘J aZ+b2
while the lateral surface area of half of a spheroid is

13
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sin" 1 (k")

1
x (31

Sg = nb? + mab

where k' = ‘\/ 1-(2)2. In Figure 14, we have plotted the lateral surface area in Equation

30 normalized to the lateral surface area of a circular cylinder versus v for the same fineness
ratios as in Figure 13, i.e,, -2% = 1, 2, 3. These curves approach one as v gets very large

(the area approaches the lateral area of the circular cylinder, 2nab). Asv — 0, each curve

approaches a nonzero limit, -2%.

V. NUMERICAL COMPARISON OF ELECTRICAL PARAMETERS
USING RAY TRACING

Using a ray tracing computer program developed at the Naval Air Warfare Center
Weapons Division, China Lake, CA (Reference 7), we can compare the electrical
performance of a Von Karman radome with that of the corresponding optimized
superspheroid with v = 1.381. Also we can evaluate the performance of the superspheroid
family of contours in terms of boresight error (BSE), boresight error slope (BSES), and
power transmission. Throughout we assume that the antenna is linearly polarized along the
y axis such that the elevation plane corresponds to what is generally called the E-plane and
the azimuth plane corresponds to the H-plane. Initially we have assumed a single layer
radome of wall thickness /2 at 10 GHz and e = 5.5 (pyroceram), a two to one fineness
ratio, and an antenna aperture of 6 inches.

In Figures 15 through 20, each of the parameters characterizing the radome and the
antenna is varied, and the effect of this variance on BSE, BSES, and power transmission is
determined. Figure 15a compares the BSE in both elevation and azimuth planes from a
Von Karman radome with that from the optimized superspheroid as a function of antenna
gimbal angle. Figure 15b compares their BSES and Figure 15¢ compares their power
transmission. There are small discrepancies in the BSE from the two contours in both
planes, but the general agreement is close as would be expected from the closeness of the
geometric approximation. The elevation BSE shows worse agreement near the nose region
and better agreement beyond the 15-degree gimbal angle; while this effect is exactly the
opposite in the azimuth plane. The same is true of the error slope and the power
transmission. There are small differences in each case, but, in general the differences
between the Von Karman and the superspheroid shapes are negligible in terms of the limits
of accuracy of the ray tracing method.

14
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In Figure 16, the fineness ratio of the two shapes has been increased to 3 to 1.
Figure 16a compares the elevation and azimuth BSE, Figure 16b compares the error slopes
in both planes, and Figure 16c compares the power transmission in both planes.
Increasing to this larger fineness ratio either has no effect on the curves or causes them to
have better agreement. Figure 17a, b, and compare the two shapes when their fineness
ratio is decreased to 1.5 to 1. All the electrical parameters still agree very closely and we
conclude that a change in fineness ratio does not affect the electrical characteristics.

In Figure 18, we consider the effect of changing the antenna aperture size on the
electrical properties of the Von Karman and superspheroid contours. BSE is shown in
Figure 18a, BSES in Figure 19b, and transmission in Figure 19¢ for both principal planes.
Again little effect is noted.

If the geometric size, the radome wall thickness, and the dielectric constant remain the
same while the frequency is increased, the wall will be much thicker electrically; causing
larger BSE, BSES, and transmission loss. Figures 19a, b, and ¢ show the effect of
increasing the frequency from 10 to 13 GHz. In this case the difference between the
electrical performance of the Von Karman and superspheroid contours is larger for BSE,
BSES, and power transmission. Thus changing to an electrically thicker wall is a situation
that causes distinct differences in the respective electrical performance of the two shapes.

Finally in Figures 20a, b, and c, we have considered the effect of multiple layers on
the comparison between the Von Karman and superspheroid shapes. Using a symmetric
A-sandwich wall, we find that there is close agreement between BSE, BSES, and
transmission curves in both principal planes.

Figures 21a and b indicate the BSE behavior of the superspheroids as a function of
gimbal angle for various v values. For a 2 to 1 fineness ratio and 1.2 < v < 2.0, we see
that typical BSE curves result for both the elevation plane in Figure 21a and the azimuth
plane in Figure 21b. In the elevation plane the smallest BSE occurs at v = 1.2, the largest
atv =2.0. In the azimuth plane the smallest BSE occurs at v = 1.4, the largest at v = 2.0.
Thus for this particular case, a more conical radome produces less BSE (in the elevation
plane) than a more elliptically shaped radome. In the azimuth plane a more intermediate
shape produces less BSE for this case.

VI. CONCLUSIONS

We have used the two-dimensional superquadric equation in the first quadrant and
revolved it about its major axis to obtain a body of revolution family of geometric shapes
called superspheroids. For certain values of length and radius and assuming that 1 <v <2,
we have determined shapes appropriate for high speed missile radomes. We have found
that the superspheroid characterized by the curvature parameter v = 1.381 is an almost exact

match for the Von Karman shape. We have determined incidence angle maps, geometric
properties, and used ray tracing to obtain boresight error as a function of gimbal angle for
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the superspheroids. This family of shapes is mathematically simple, can approximate most
of the traditional radome geometries quite well, and is exceptionally easy to either program
or use analytically.

FIGURE 1. Superspheroid Cross Section in the xy Plane (z =0,
b=1l,a=4,v=15).

FIGURE 2. Family of Superspheroid Cross Sections in the xy
Plane (z=0,b=1,a=4,1<v<2).
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FIGURE 3. Family of Superspheroid Cross Sections in the xy
Plane z=0,b=1,a=4,v > 2).
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FIGURE 4. Family of Superspheroid Cross Sections in the xy
Plane (z=0,b=1,a=4,0<v<1).
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FIGURE 5. Superspheroid Incidence Angle Map for a 2-1 Geometry
Using v as a Parameter (1 <v <2).

— e a/2b=2.0

a2b=15

FIGURE 6. Superspheroid Incidence Angle Map for v = 1.3, Using the
Fineness Ratio as a Parameter.
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FIGURE 7. Superspheroid Incidence Angle Map for a 2-1 Geometry
Using v as a Parameter (v > 2).
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FIGURE 8. Superspheroid Incidence Angle Map for a 2-1 Geometry
Using v as a Parameter (0 <v < 1).
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FIGURE 9. "Nested" Superspheroid Cross Sections in the xy
Plane Withn = 1.0 and 1.3.
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(a). Comparison between a Von Karman and a superspheroid
geometry D=2,{=4, h=0;a=4,b=1,v=1.381).

FIGURE 10. Comparison of a Superspheroid Geometry With a
Von Karman, a Sears-Haack, Tangent Ogive, and Three-Quarter
Power Law Geometry.
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(c). Comparison between a tangent ogive and a superspheroid
geometry (bg=1,R=85a=4,b=1,v= 1.449).

FIGURE 10. (Contd.)
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(d). Comparison of a three-quarter power law and a
superspheroid (D= 2, £ =4, m=0.75,a=4,b =1,
v =1.161).

FIGURE 10. (Contd.)
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FIGURE 11. Comparisons of a One-Half and a One-Quarter Power Law With
a Superspheroid
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FIGURE 11. (Contd)

(a) Small values of v.

FIGURE 12. Normalized Superspheroid Volume Versus v for Small
and Large Values of v.
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FIGURE 13. Normalized Superspheroid Arc Length {in xy Plane)
Versus v for3-= 1, 2, 3.
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FIGURE 15. Comparison of Von Karman Shape and its
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Transmission.
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FIGURE 16. Effect of Increasing Fineness Ratio (to
3-1) for Von Karman/Superspheroid Approximation on
(a) BSE, (b), BSES, (c) Power Transmission.
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FIGURE 18. Effect of Increasing Antenna Aperture
Size for Von Karman/Superspheroid Approximation on
(a) BSE, (b) BSES, (c) Power Transmission.
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(c) Power transmission

FIGURE 19. Effect of Increasing Frequency for Von
Karman/Superspheroid Approximation on (a) BSE, (b)
BSES, (c) Power Transmission.
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FIGURE 20. Effect of Multiple Layers for Von
Karman/Superspheroid Approximation (a) BSE, (b)
BSES, (c) Power Transmission.
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FIGURE 21. Elevation and Azimuth BSE Versus Gimbal
Angle for 2-1 Superspheroid Contours (1.2 <v <£2).
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